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A Sampling-Based Partial Motion Planning Framework for
System-Compliant Navigation along a Reference Path

Ulrich Schwesingér, Martin Ruflit, Paul Furgalé and Roland Siegwalrt

Abstract— In this paper a generic framework for sampling-
based partial motion planning along a reference path is pre-
sented. The sampling mechanism builds on the specificatiorf o
a vehicle model and a control law, both of which are freely
selectable. Via a closed-loop forward simulation, the vehle
model is regulated onto a carefully chosen set of terminal
states aligned with the reference path, generating system-
compliant sample trajectories in accordance with the spefied
system and environmental constraints. The consideration fo
arbitrary state and input limits make this framework appealing . . . . . o
to nonholonomic systems. The rich trajectory set is evaluad in ~ Fig. 1: Left Trajectories with a fixed longitudinal speed
an online sampling-based planning framework, targeting ral-  profile (green) generated with respect t@‘adiscontinuous

time motion planning in dynamic environments. _ reference path (red) and the minimum cost trajectory (yel-
In an example application, a Volkswagen Golf is mod- o) Right Trajectories generated for a reference path with

eled via a kinodynamic single-track system that is further - . .
constrained by steering angle/rate and velocity/accelet@n curvature close to the vehicle’s maximum steering angle.

limits. Control is implemented via state-feedback onto pieewise

C°-continuous reference paths. Experiments demonstrate the L . . . .
planner's applicability to online operation, its ability to cope €XPlOit this connection to develop a partial motion plamgnin
with discontinuous reference paths as well as its capabiftto ~ framework that utilizes the system model and controller to

navigate in a realistic traffic scenario. ensure that the resulting plans are dynamically feasible by
construction.

|. INTRODUCTION

While autonomous mobile robots have been developedl Related Work

;ince the 1960s, res_earch On autonomous cars only i_nteh;ifie Related work orlocal motion planning & motion control
in the 1990_s—part|cularly at Carnegie Mellon _U_nlver5|ty-s commonly separated into approaches that compute solutio
(Na"'at? prolject [1], 4500km of autopomous driving) andi:urves directly, and such that require a reference path (or
the University Of Parma (AR_GO PI’OjeCt.[Z], 2000km Oftrajectory) for guidance. In the former case, classic sl
autonomous d_r|V|ng). At that t_|me, operation was reStdCteavoidance methods [3], [4] have gradually been replaced by
to lane following and platoomn_g, howe_ver. Later, the Vargiaie |attice graphs [5], [6] and Rapidly-exploring Random
ious DARPA challenges, culminating in the 2007 Urbanl'ree (RRT) [7] methods. Nonetheless, these methods remain

fCTIaIIenge, bundied effqrts _thatt:ed Itok systems_ ap%r;acm?gstricted to approximately four dimensional state spaces
ully autonomous operation in urban-like scenarios, idelg ¢ jine operation is desired—thereby limiting the fidglit

interaction with other traffic participants and adherenze tof the agent models they can faithfully reproduce. Conse-

traffic regulations. quently, they typically find application in situations wbker

One of the C‘?“”a' bwldmg bFOCkS required  for AUg external structure can be extracted for guidance, such as
tonomous operation—the navigation framework—remaingg_oad or on large-scale parking lots

inherently difficult to approach in a unified algorithm. As a If a reference path (or trajectory) is available for guid-

consequence, hierarchical frameworks consisting of aajjlobance, higher-dimensional state-space representatiaosse

Iplanlnerl (commr?nly, ?rapg search)l and a tSyStemjlf:omp“aﬁ‘éproachable. Road and lane information in particular en-
ocal planner have found general acceptance. 10 €nsulky nanow constraints on heading and curvature values. A

safety in dynamic environments, the local planner must ey mmon approach is thus to align the endpoints of local

sure that return_ed_ paths are ac_tually dY’T"’_‘mica"y feasible_ trajectory samples with the reference path [8]. This teghei

that they are within the dynamic capabilities o.f the roboti imultaneously reduces the search complexity and oversome
p_Iatform. Hence, the boundary between p'a“”"?g and tra he danger of entering unsafe end states. Most of these
tional control becomes somewhat blurred. In this paper, Wfpproaches are based on geometric primitives instead of

*The research leading to these results has received furfcting the Eu- aCtu_aI vehicle models, separating the_ computation of vigloc
ropean Union Seventh Framework Programme FP7/2007-2018le@ge 2, profiles from the geometric construction of the path [9],][10

Cognitive Systems, Interaction, Robotics, under grareexgent No 269916, [11] [12]_ This separation may result in conflicts with non-
V-Charge ftt p: //wwv. v- char ge. eu) . hol ’ . latf . iall | d
L Autonomous Systems Lab, ETH Zurich, Tannenstrasse 3, 8agiztz ~ Nolonomic platform constraints—especially at low speeds.

Corresponding autharcul ri ch@ravt . et hz. ch Consequently, trajectories need to be validated in a post-



processing step—which may in turn lead to the pruning ol

gorithm 1 Planning cycle

a considerable amount of candidate motions [8]. In contrastt:
:m < (Xo,t0),

. . . :(n*,e*) <—si mul at e(n,f, g, Teycle, U
generates motion samples by solving two-point boundary: (", &) (n.1,0 Teyces Uo)

value problems subject to the dynamics of a detailed vehicle:
model directly [14]. Unfortunately, this method is prone to &:
convergence issues related to the non-invertibility of -nong:

the local on-road planner described in Urmson et al. [13

holonomic vehicle models. 9:
We thus observe that existing approaches face difficulti
in capturing system constraints characteristic for automeos  15:

cars (including steering angle, steering rate, and aaselens:
tion limits, as well as reaction delays) explicitly. Funthe 14
more, non-holonomic constraints cannot be integrated—ngg:

inverted—in closed form. 17
18:

. . 19:

B. Contributions 20

N+ 0, E«0
N < NU{n}

N+ NU{n*}, E+ EU{e*}
Q.pushn*)
for I =1 — desired tree deptHo
for all nodes at tree levdl do
n + Q.pop()
for j =1 — |M]| do
(dref, vref) <—dr awSanpl e(M)
(n*, e*) «—ex pand(m f, 9, dref, Vref, Tsim)
N+ NU{n*}, E+ EU{e*}
Q.pushn*)
end for
end for
: end for
: conput eCost s(E, N)
7 <— minimum cost node at last tree level
é < edge in tree level 1 leading
s return é

Our approach presented in this paper fully addresses these
important real-world platform and environmental constrsi
without having to revert to model inversion techniques. It Within a loop, pop operations are then triggered one
proposes genericsampling-based framework requiring onlyat a time leading to node expansion. Successor edges are
(i) a reference path verifying piece-wigg® continuity, (i)  constructed by (numerical) forward propagation of a gdnera
a system description suitable for numerical forward propasser supplied vehicle modéi, with
gation, and (iii) obstacle information expressed in vehicl .
frame. Its output consists of a system-compliant command X (¢ +A8) = f([x (@), % (1),
sequence, which may be employed for feed-forward contrgjniqyely, this allows to incorporate arbitrary system

of the platform directly. _ _ _descriptions—even non-linear and non-invertible ones tha
The remainder of this paper is organized as follows: iR hard to work with in competing approaches. In or-

Section Il we introduce the overall structure of the prooseyer to contain the size of the state space when using
motion planning framework. Section IIl then describes &igh.dimensional system representations, however, aaent
sample implementation for a Volkswagen Golf. Section My35ed approach building on terminal manifolds is enforced.
reports on experiments conducted in simulation as well age notion of the terminal manifold [8] refers to a reduced
during physical runs on a full-scale test vehicle. F'na”ysubspace of the state-time space towards which node ex-
Section V concludes this paper and sketches further workpansion is directed. In our framework it takes the form of
heading and curvature alignmemt&ndc) with respect to a
user-supplied reference path,

This section introduces the main contribution of this paper 0 () — Ores (3)
Z(S) _ |: ref

consisting of a novel framework for partial motion planning

; c(s) — cref (s)
along reference paths. The proposed planning framework
consists of a graph search routine, a system model afghving the desired lateral offset to the reference péth,as
a control law. Graph search operates on a tree that vwgell as the desired velocityyer, at the curvilinear abscissa,
constructed online. Nodes;, represent particular vehicle s, as free variables. The alignment is enforced for all states
state/time pairs(x,t), while edgesge, are constructed by ahead of the current curvilinear abscissg, Along the
system-compliant trajectory segments. An outline of alsingreference path, the terminal manifoid,is then sampled into
planning cycle is portrayed in Algorithm 1. a set of terminal states\/ = D x V, built from a discrete
The search routine operates online at a fixed rate in aset of lateral offsets]D, and longitudinal vehicle velocities,
cordance with environmental requirements. During initialV. During node expansion, samples = (dyef, Uref), are
ization, any remaining nodes iV are removed. Then, the iteratively drawn fromM/ and used as a target states for
most recent system state,, obtained from the localization closed-loop system control. The functi@xpand uses a
module is inserted at the root of the tree at timpe To  user-supplied controllerg, with u(t) g(x(t),m) to
account for the planning time7gyce, during which the regulate the forward-simulated system motiébwards the
planner is busy, the root vertex is expanded according gamplem over a fixed time period]sim. The newly retrieved
the initial segment of the solution found during the pregioustate and its incoming trajectory segment are pushed back
search iteration (if available). Actual search thus befiiosn  onto Q as a node/edge-paim*,e*).
(X1,to + Teycle) UsiNg a user-supplied graph search method Once the tree has been expanded to a desired search
which needs to provid@ushand pop operations to insert depth (or maximum planning time has elapsed), edge and
and retrieve items from the search que@e respectively.  accumulated node costs are computed. Then, the lowest

Jou(t),t,At). (1)

Il. FRAMEWORK
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v into its state vectorx. The dynamics are then captured by

tree level O

(compensating T COS (9) ) 0 0
et Y sin (0) - v 0 0

0 = |tan(e) | + [0 0O [Z;] ®)
start node ¢ 0 10 ~—~——

U 0 0 1| wu

—~~

X
This translates into a system model as specified in equation
1viaf =x (t0)+ft';+“5< (t) dt. The inputs take the form of
steering speed,;, and longitudinal accelerationy, stacked

] ' o ] into the control vecton. L represents the inter-axle distance
Fig. 2: A tree composed of system-compliant trajectorys the vehicle. In addition, state and actuator constraings
segments. The edge in tree level zero corresponds t0 tRgnsidered during numerical integration. We limit stegrin
initial part of the solution found during the previous séarc angle,» < ¢émax Steering speedy; < ngaxl longitudinal
iteration. For subsequent tree levels, the lateral terminé‘peed,v < umax longitudinal accelerationys < tmax and
manifold is (for illustrative purposes) discretized into dongitudinal decelerationys > imin. Numerical values used
coarse set of three samplgs dimax, 0, dmax}- in our experiments derived from the manufacturer's spec-

ifications are given in Table I. Retrieving a more involved

system model via an identification step is left as future work
cost node at maximal search depth is identified and back-

propagated, which results in the construction of the sofuti
trajectory. Depending on the fidelity of the system model pgrameter Value
employed during edge construction, inputs corresponding

P,

to the solution trajectory may be directly executed on the ~Maimum steering angleimax 0-64rad
maximum steering spee@émax 0.57rad/s

platform as feed-forward commands. longitudinal accelerationimax 1.0m/s?
Figure 2 illustrates a search tree created using a coarse longitudinal decelerationgpin —1.5m/s?

sampling of the terminal manifold. For illustrative purgss inter-axle distancel 2.578 m

only one velocity profile and three lateral offsets are esgio

in a tree of depth three. TABLE I: Vehicle parameters for the VW Golf platform.

Acceleration limits selected to ensure comfort.

I1l. A PPLICATION TO AN AUTONOMOUS CAR )
B. Controller Design

In this section, we illustrate the proposed framework Control of the single-track vehicle model given in (3) onto
of Section I by ,applying it to the problem of on-road set of reference trajectories following the road (and thus
autonomous driving using lane centers as reference. Ome gen'eratio'n of a §et of Ioca}IIy expressive trajectory- seg
experimental platform—both in simulation and real-world ™" ents) is achieved via the nonlinear state-feedback detro

experiments—is a VW Golf prepared for the European \/_jesqubed in [15]. The controller is designed to fqllow a
Charge project. moving reference cart, where center of the rear vehicle axle

serves as reference position. The error states for thealater
control are given by the heading differenc&f), and the
lateral distance/Ad, to the reference cart in the ego-vehicle
A. System Modeling frame, both depicted in Figure 3. The reference cart is place
with a speed-dependant look-ahead along the reference path
The described operating conditions require a modelinghe lateral control output for the turning ratethen is
approach that is particularly suitable for low-velocity mea-
vers, where non-holonomic constraints dominate. Nonethe- sin (A0)
less, it also needs to maintain accuracy at higher velsgitie Al
provided steering and acceleration commands remain withiith an optional feed-forward term for the turning ratg, =
comfortable ranges and operation is limited to surfaceb wit, ... based on the curvature of the reference path.
sufficient traction (i.e., to paved roads). While this control law guarantees the regulation of the
The kinodynamic single-track model fulfills all of theseerror states to zero eventually for an unconstrained system
conditions. At the same time it remains suitably efficient tdhe introduction of actuator constraints may negate these
implement and forward simulate. It combines 2D positionguarantees. In practice we have been successful in schgduli
(z/y), headingg, steering anglep, and longitudinal speed, the lateral control gaing; and k, for specific longitudinal

w=ws+ kivres Ad — ko A8 4)



Fig. 4: Left: Reference path (red) and forward simulated
trajectories (green) that have been obtained by contgpllin
the vehicle model onto the terminal manifoldenter: Path
distance transform of the reference path. Lighter coldiexre
to larger distancesRight: Voronoi labeling. Colors refer to
the curvilinear abscissa of the associated reference feah i

N

Fig. 3: Control variables for lateral control, the nonlinea
state feedback regulates the error stai@sand Ad to zero.
D. Implementation Details

speed ranges. Note that a proof of stability is in this case This section presents implementation details for aspécts o
not required, as the controller only serves as a generator @ Sample application. _ _
a locally expressive trajectory set, which is then assefsed a) Collision Checking:The static map is represented

suitability by the optimization routine, i.e., the cost étion. @S an occupancy grid. To perform fast collision checks, we
compute a one-time dilatation on the grid at the start of

the planning cycle with the distance transform described in
[16]. The rectangular shape of the car is approximated by a
The design of the cost function should thus both penalizget of discs. The dilatation map is thresholded by the disk
divergence from the reference path as well as rewardirigdius which allows for a single look-up collision check per
progress along it. In general, these two criteria are cdimfic disk. Collision checking with dynamic obstacles is achgve
in situations where the vehicle is not well aligned with thén @ similar manner. Predicted positions and timestamps of
reference path. Due to the nonholonomic constraints actipstacles are stored in an occupancy grid. Using a one-time
on the platform, the vehicle then needs to deviate frordlilatation we obtain a map that, at a given position, allowrs f
the reference path in order to make progress along it. T@st look-ups of timestamps associated with that posiion’
generate a behavior that attempts to fulfill both close angpatially closest dynamic obstacles. Note that this method
quick path following, we linearly combine a lateral cokt is limited to situations where predicted obstacle paths do

C. Cost Function

with a longitudinal cost/, according to Equation (7). not overlap. For spatially colliding objects the time-gap i
inspected.
b) Path Distance TransformOur proposed controller
1 4 requires the orthogonal projection of the current position
Ja = o / (c)dc (5) onto the reference path for all visited cells during the
maztf o forward simulation of the system. For a fast (approximate)
J, = cf (6) computation of said projection, we calculate in a precom-
Umaz Lsim putation step the Voronoi decomposition of the discretized
J = kdg+(1—-k)Js (7)  reference path with the method described in [17]. Each cell

in the map is associated with the curvilinear abscissa of the

Jq integrates the lateral distance to the reference path ovesarest reference path item. The path distances themselves
the curvilinear abscissg wherecy represents the curvilinear are needed to calculate the lateral cost tegmA sample of
abscissa of the reference path associated with the firthle output of this step is displayed in figure 4.
state of the simulated trajectory. The integral penalizes a c¢) Parallelization: The map dilatation of the occupancy
divergence of the platform from the reference path alongrid for fast collision checking and path distance transfor
the simulated trajectory, which counteracts shortcutiimg including Voronoi decomposition are operations that have
sharp turns. The longitudinal cost term, on the other han¢h be performed in a pre-processing step, but may run on
is comprised of the final curvilinear abscissa normalized individual cores in parallel. We found the implementation
by the largest feasible travel distangg.. . Hence, both in OpenCVto operate sufficiently fast. I©@penCV> 2.4.3,
cost terms are normalized to lie within the rari@el], and the function cv::distanceTransfornprovides both distance
an intuitive combination into a single scalar cost tesm transform and Voronoi decomposition used for orthogonal
becomes feasible. Via the factby preference between close projection of any given position on the map onto the refer-
versus rapid path following can be expressed. ence path. Computation times are given in table II.

Trajectories in collision with an obstacle at any singledim  The remainder of the total planning time is subsequently
during simulation are assigned infinite cost. allocated to the processes of trajectory generation and col



allelized among CPU and GPU cores, thereby offering thj
potential for substantial gains in search gaulity if adégqua

Il are in terms of a single CPU.

IV. EXPERIMENTAL EVALUATION

Below we present experimental results based on the s
tem and controller implementations described in Sectian |
We first analyze the effect of discontinuous and strongl§
curved reference paths on the closed-loop system responsgy. 5: Simulated run at Zurich, Hegibachplaiteft Ortho-
Then, we qualitatively demonstrate the capabilities of ougraphic image of Zurich, Hegibachplatz. Reference paths fo
framework in simulated inner-city traffic scenario. Fiyall the ego vehicle (red) and three dynamic obstacle tracks (yel
we provide runtime results. low) are displayed, with their start (green)/end pointsi)re
indicated.Right Binary occupied(black)/free(white) space

A. Sensitivity to Reference Path Shape : . . . .
mask applied to the image, representing road information.
The reference path represents a key aspect of our frame-

work in that it defines the target manifold of the sampling
strategy. It is thus important that its shape does not negjgti IS rather noisy, which enables the demonstration of discent
affect planning results. In this regard, figure 1 indicateyous reference information handling within our framework.
that motion segments are not even unduly affected by paf¥fter every planning cycle, the vehicle in simulation extesu
discontinuities and curvatures close to vehicle limitstdet, the initial parts of the solution = L¢,v as feed-forward
it is the use of a closed-loop control strategy, which allowgommands. In figure 6 four snapshots of the simulated run
to obtain system-compliant trajectories despite refezgrath  are displayed, capturing four distinct situations thatlcha
discontinuities. This property serves well in practice véhe |enge the planner’s capabilitiemtersection handlingstatic
global localization jumps may result in similar effects.  obstacle avoidanceplatooningand purelane following In
the initial part of the run# = [0s,10s]), the ego vehicle
faces oncoming vehicles on tratkThe knowledge that their

In a simulated inner-city traffic scenario, we demonstratg;tre movement is constrained to the oncoming lane allows
our planning framework's capacity for complex decisionthe ego vehicle to avoid improper evasive maneuvers. After
making—including lane and intersection handling, statiqps while approaching the first intersection, the vehicle
and dynamic obstacle avoidance, as well as platodningheeds to yield to dynamic obstacles on tratkThe ego
Importantly, the handling of these situatioemergesfrom  yepicle slows down to let the obstacles pass, as time does
the interplay between the framework (in particular statengi permit pulling out in front of them. At = 18s, the
time space collision checking) and the environment and thyghicle encounters a static obstacle (black ellipse) in the
reduces the need for a separate situational awarenessenodyiigdie of the intersection and steers to the right to pass by.

Figure 5 shows an orthographic image of Zurich, Hegrhis jllustrates that the reference path is readily departe
ibachplatz together with an artificially created referepaéh i circumstances call for it. Thereafter, the vehicle faces
for the ego vehicle and three dynamic obstacle tracks. Eaﬁhconvoy of four slow traveling obstacles withm/s. It
dynamic obstacle track was populated with several circulgfecelerates and follows the convoy with a constant time gap
dynamic objects of radiusm with a constant time gap of of 35 as space does not permit an overtaking maneuver. As
4s between them. Obstacle predictions for the planner we)on as the road is clear, the ego vehicle accelerates again.
taken from the known obstacle tracks. The reference travg| grder to come to a standstill at the end of the reference
speeds for the ego vehicle and the dynamic obstacles ggth the ego vehicle brakes at the end of the run. All these
tracks1 and2 were set t.33m/s = 30 km/h, while those  maneuvers emerged from the same cost function without

on track3 were set t2m/s to cause a congestion. switching between different behavior or parameter sets.
We applied a binary mask to the static environment to mask

impassable areas outside of drivable roads. In this rega@ Framework Runtime Results
note, that the tram displayed in the orthographic image was

not conhsflcliered n thetsgeganod The r(;ferznge path ffor trFSntime. Table Il displays the execution times of the main
€go vehicle was created based on a hang-drawn refereng (?nputation steps of our algorithm on a single core of an
path in the image. Heading and curvature information WaRitel Core i7a2.67 GHz, 4 MiB cache. Using this setup, a set

extracted by pixel-based finite differences, post-prosssia of approximately 3500 trajectories can be evaluated (based

a mo""?g average filtgr for smoothing purposes. Despite t. Sh 100 samples per trajectory) during a planning cycle of
smoothing step, heading as well as steering angle |nfommat|200 ms. This set is large enough to retain adequate motion

IA video of the run can be found 4t t p: / / ww. asl . et hz. ch/ diversity as Wel! as sampllng. density up .tO a tree depth of
peopl e/ scul ri ch/ hegi bachpl at z_i v13. avi . two. Parallelization and GPU implementations would furthe

B. Navigation in Simulated Traffic Scenario

A key aspect of every online planning algorithm is its cycle



with arbitrary motion models and system constraints, the

framework is widely applicable. Motion samples aligned
with the reference path are generated via forward simuatio
of a vehicle model. A controller regulates the vehicle ta¥gar
samples, representing a desired lateral offset and referen
speed. The method is able to generate motions for discontin-
uous reference paths, where previous methods often failed.
Due to the difficulty in controlling combustion engine cats a
low speed, future research will focus on the identificatiba o
system model for the real platform, capturing a probalilist

(1]

(2]

(3]

o
o

— long. speed
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Fig. 6: Top Snapshots of the run. The vehicle (odometry
solution in cyan) successfully avoids dynamic obstaclés(b
circles with velocity vectors) as well as static (black) sne
while following the reference path (red line). From a set of[8
explored trajectories (yellow lines), the best partial imot
plan (green line) is chosem®ottom The graph shows lon-
gitudinal speed as well as steering angle of the ego vehiclé?
Vertical lines refer to the timestamps of the snapshots.

(7]

[10]

speed up the motion generation and collision checking step[f1

operation computation time

obstacle map dilatation 6 ms (12]

path distance transform with Voronoi 6 ms
decomposition

trajectory generation
collision checking

13
43 ms [13]

11 ms

14
TABLE II: Computation times for the algorithm’s main[ !
operations. The obstacle map contains 5@DO0 cells at (1]
0.1 m resolution. Trajectory generation and collision ¢hec

times are expressed per 1000 trajectories and 100 samples.

[16]
V. CONCLUSION

We presented a sampling-based framework for onlin@7]
motion planning. Through a method capable of dealing

input-output map. Incorporating a probabilistic treatmeh
the ego motion uncertainty is intended.
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