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Abstract

The present dissertation addresses the design and control of a quadrupedal
robot that achieves locomotion skills ranging from static walking to dynamic
running. By combining novel techniques in the field of system design, actua-
tion, and control, this work is a step towards closing the gap between legged
robotic devices and their natural counterparts.

Inspired by nature, where elastic elements in muscles and tendons largely
contribute to the impressive locomotion capabilities, the quadruped robot
StarlETH is built mechanically compliant. In each of the twelve joints, se-
rial springs provide the necessary robustness to perform dynamic maneuvers.
They improve energetic efficiency by intermittently storing energy, and they
enable precise torque control for elaborate interaction with the environment.
We specifically engineer the mechanical properties of the actuators to sup-
port the natural dynamics of running gaits and provide low-level control
techniques to precisely regulate the joint torque and position.

The performance of the applied design, actuation, and low-level control
approach is evaluated in planar single leg hopping experiments. To this end,
the motion is generated and stabilized by emulating bio-inspired locomotion
templates. Thereby, the leg can passively recover as much as 64% of the
energy, while the peak power and speed at the joint are more than four times
higher than at the corresponding motor. These findings are highly consistent
with different biomechanical studies and the underlying control principles can
be directly extended to multi-legged systems.

Legged systems continuously interact with their surroundings through
multiple permanently changing contact points in order to keep balance or
propel themselves forward. Dealing with the corresponding high-dimensional,
nonlinear, non-smooth and underactuated system dynamics represents a very
challenging control problem. In this context, we present a hierarchical task-
space inverse dynamics framework that is based on projected, support con-
sistent equations of motion. Using prioritized least square optimization, the
complex behavior of a robotic system evolves through simultaneous execu-

v



Credit: Marie-Christine Gerber

tion of different motion tasks such as ensuring stability, moving a foot point,
or keeping certain posture while optimally distributing the joint torques or
contact forces.

The proposed method is evaluated in a series of experiments on the de-
veloped quadrupedal robot StarlETH . Static locomotion is optimized with
respect to energetic efficiency or robustness against slippage while handling
position and torque saturation limitations. Even on rough terrain, the robot
can robustly walk by exploiting internal force directions. It can smoothly
change its contact situation by interpolating between subsequent stance con-
figurations. Building on similar principles as for single legged hopping, the
quadruped is able to perform dynamic trotting gaits even under substantial
external disturbances such as an unanticipated change in ground elevation
or a kick on the main body. The experimental section is concluded with en-
ergetic measurements during long term trotting and followed by a discussion
and comparison with the biological counterparts.

Keywords: Quadruped Robot, High Compliant Series Elastic Actua-
tion, Hierarchical Operational Space Control, Inverse Dynamics, Dynamic
Locomotion
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Kurzfassung

Die vorliegende Arbeit beschäftigt sich mit der Konstruktion und Regelung
eines vierbeinigen Roboters, welcher sich sowohl langsam und statisch in un-
wegsamem Gelände fortbewegen kann, gleichermassen aber auch fähig ist,
dynamisch zu rennen. Durch Einsatz modernster Methoden aus den Bere-
ichen Systemdesign, Antriebs- und Regelungstechnik ist es gelungen, die
Laufrobotik einen Schritt näher an die Biologie zu bringen.

Bei der Konzipierung unseres Roboterhundes StarlETH liessen wir uns
von der Natur inspirieren. Anstelle von Muskeln und Sehen, welche durch
ihre Federwirkungen erheblich zu einer schnellen und energieeffizienten Fort-
bewegung beitragen, ist StarlETH mit Federn in Serie zu den Gelenksmo-
toren ausgestattet. Dies stellt die nötige Robustheit für dynamische Manöver
sicher, erhöht die Energieeffizienz beim Rennen durch zwischenzeitliche En-
ergiespeicherung und ermöglicht eine sehr fortschrittliche Interaktion mit der
Umgebung dank präziser Kraftregelung. Die mechanischen Eigenschaften
dieser Federn sind so optimiert, dass sie die natürliche Systemdynamik von
dynamischen Gangarten maximal unterstützen.

Die Leistungsfähigkeit des mechanischen Designs, der Serie-elastischen
Aktuatoren, sowie der Regelstrukturen wurde zuerst in Experimenten mit
einem einzelnen Bein evaluiert. Durch Nachbilden einer stark vereinfachten
Dynamik des menschlichen Rennens konnten planare Hüpfbewegungen gener-
iert und stabilisiert werden. Dank der Federn wird 64% der Energie pas-
siv rückgewonnen und gleichzeitig werden Spitzengeschwindigkeiten und -
leistungen am Gelenk mehr als vervierfacht. Die Resultate zeigen erstaunliche
Ähnlichkeiten zu verschiedenen biomechanischen Studien und können direkt
auf mehrbeinige Systeme übertragen werden.

Laufroboter interagieren an ständig wechselnden Kontaktpunkten mit der
Umgebung um sich fortzubewegen und zu stabilisieren. Für die Regelung
dieser hochdimensionalen, nicht-linearen, nicht-glatten und unteraktuierten
Systemdynamik haben wir eine Methode entwickelt, welche auf einer In-
vertierung der Kontakt-konsistenten Systemdynamik basiert. Dazu werden
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die verschiedenen Aufgaben wie Balance halten, einen Fusspunkt verschieben,
eine gewisse Haltung einnehmen oder auch Kontaktkräfte und Motormo-
mente optimal verteilen als Fehlerquadratminimierungen ausgedrückt und
mit unterschiedlichen Prioritäten behandelt.

Diese Regelstruktur wurde folglich in einer Vielzahl von Experimenten
mit StarlETH getestet. So kann zum Beispiel eine Gangart auf Motoren-
effizienz oder Sicherheit gegen Rutschen der Fusspunkte optimiert werden.
Gleichzeitig garantiert unser Algorithmus, dass Drehmoment- und Winkel-
limitierungen eingehalten werden. Durch das Aufbringen von internen Kon-
taktkräften ist der Roboter sogar fähig, sich während statischem Gehen auf
unebenem Gelände festzuhalten und mittels Interpolation eine kontinuierliche
Kraft- und Drehmomentverteilung trotz ständig wechselnden Kontaktpunk-
ten zu erreichen. StarlETH beherrscht nicht nur statische Gangarten, son-
dern kann auch schnell und dynamisch trotten, selbst unter Einfluss von erhe-
blichen Störungen wie Erhebungen im Boden oder externen Stössen. Der ex-
perimentelle Teil wird abgerundet mit Energiemessungen beim Trotten über
eine längere Distanz. Schlussendlich werden alle Resultate in der Diskussion
nochmals aufgegriffen und mit biomechanischen Studien verglichen.

Stichworte: vierbeiniger Roboter, Serie-elastische Aktuatoren, hierar-
chische Regelung, inverse Dynamik, dynamisches Laufen
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Chapter 1

Introduction

Research in legged robotics has always fascinated mankind with the idea to
build systems that are not tied to streets or artificial environments but that
can operate virtually anywhere. 45 years after the first autonomous walking
robot (Frank, 1968; McGhee, 1967, Figure 1.1(a)), this field currently faces
a large push from an increasing demand for robotic solutions that step out
of a factory building and support us in our daily life. Boosted by techno-
logical advances, but also called for by recent environmental disasters (e.g.
Fukushima 2011), different large-scale projects (e.g. DARPA’s Robotics Chal-
lenge) are starting to support the existing research community towards clos-
ing the performance gap between robots and their biological counterparts.
From a research point of view, we can identify four important properties
that need to be commonly improved with novel legged robots: versatility,
speed, efficiency, and robustness. These systems should offer different modes
of locomotion spanning the range from running to climbing. They should
be able to robustly interact with the environment and to cope with signifi-
cant uncertainties or disturbances, while at the same time using only small
amount of energy to quickly propel them forward.

Animals and humans unite these coarse specifications in perfection. We
can move in rough and highly unstructured terrain, can easily climb over
obstacles the size of our leg length, or move along steep slopes by carefully
selecting footholds and precisely moving our limbs to keep balance at all
times. On less demanding surfaces, however, we switch to periodic gaits (such
as walking or running) which are largely driven by the natural dynamics of
our mechanical structure (Cavagna et al., 1977; Dickinson et al., 2000) and
are hence fast and energetically efficient. Unifying all this in a single robotic
device poses fundamental challenges to system design, actuation, and control.

1
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(a) Phony Pony (b) Titan IV (c) LittleDog

Figure 1.1: Traditional quadrupedal robots such as Phony Pony (Frank, 1968),
the Titan series (Hodoshima et al., 2004), or Little Dog (Murphy et al., 2010) are
built with a stiff drive train making them unsuited for dynamic maneuvers.

1.1 Motivation and Objectives

Over the past decades, the robotics community was able to successfully re-
duce the performance gap between robots and nature in terms of versatility by
building on their strong background in industrial robotic arms. The resulting
humanoids (e.g. Honda’s ASIMO (Sakagami et al., 2002), Toyota’s humanoid
(Tajima et al., 2009), the HRP series (Hirukawa et al., 2005)) or quadrupedal
machines (e.g. TITAN series (Hodoshima et al., 2004, Figure 1.1(b)), Little-
Dog (Murphy et al., 2010, Figure 1.1(c)), ALoF (Remy et al., 2011a)) are
built mechanically rigid and are driven by stiff actuators with large gearbox
transmissions and high-gain controllers. The rigid structure cancels out any
undesired dynamic effect (i.e. passive oscillations) and allows precisely follow-
ing preplanned kinematic joint trajectories. To extend the field of application
beyond a deterministic environment with perfect motion planning and execu-
tion, these robotic devices are more and more equipped with extensive (and
expensive) force/torque sensor technologies and corresponding control capa-
bilities. This paradigm shift from position to force/torque control opens new
capabilities to interact with other robots or with its surrounding (Ott et al.,
2006). While enabling a large variety of motion skills, the “stiff” robot con-
cept has a substantial drawback that is reflected in terms of robustness and
efficiency. The lack of robustness becomes particularly apparent in highly dy-
namic maneuvers. Peak loads occurring at the intermittent ground contacts
harm the gearboxes and force/torque sensors since the system is unable to
passively adapt to this interaction to prevent damage to themselves or their
surroundings. Joints and links are neither backdrivable nor decoupled and



1.1. MOTIVATION AND OBJECTIVES 3

(a) PDW (b) Cornell Ranger (c) PDR (d) Scout II

Figure 1.2: Passive dynamics was extensively studied in so called passive dynamic
walkers (McGeer, 1990a) and the same principles were adopted by the Cornell
Ranger setting the world record in efficient long distance walking (Bhounsule et al.,
2012). The integration of springs enables passive running (Owaki et al., 2011)
and opens large possibilities to achieve efficient and fast dynamic locomotion with
quadrupeds (e.g. Scout II developed by Battaglia, 1999)

hence the entire inertia of the rigidly connected system is seen at the end-
effector. This can be a safety problem both for the robot and its environment.
Low energetic efficiency results from the fact that “stiff” actuation principles
allow in practice only for a unidirectional energy conversion. There are no
means for intermittent energy storage or recuperation and the entire power
required at the joints has to be actively delivered by the drive train. As a
result, locomotion can be compared to stop-and-go traffic in the city. More-
over, the high peak power to accelerate requires powerful and large actuators
which makes the system unnecessarily big and heavy.

In contrast thereto, the high energetic efficiency and locomotion speed
found in nature can be attributed to a large extent to the exploitation of pas-
sive pendulum- and spring dynamics (Alexander, 2003; Geyer et al., 2006;
Kuo, 2001). The pendulum motion passively supports the swing leg phase
while walking such that nearly no torque at the hip joint is required to move
the leg forward. This principle was adapted in so called passive dynamic
walkers (PDW) introduced by McGeer (1990a,b, Figure 1.2(a)) and was lately
extensively exploited when the Cornell Ranger was setting the world record
in long distance walking with a low cost of transport (Bhounsule et al., 2012,
Figure 1.2(b)). Passive spring dynamics on the other hand evolve due to
compliant elements in muscles and tendons that allow for mechanical stor-
age of potential energy after landing and to release it again before lift-off
(Alexander, 1990; Cavagna et al., 1964). As outlined by Alexander (2002),
the exploitation of these elastic properties has a beneficial impact in three
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ways. First, intermittent energy storage allows reducing the metabolic cost
of locomotion. Second, as the tendons can recoil elastically much faster than
muscles can shorten, animals can jump further due to an increased peak
power. Third, tendon elasticity affects the control of muscles, enhancing
force control at the expense of position control. These biomechanical find-
ings initiated a fundamental shift in the development of robotic systems for
dynamic maneuvers away from the classical paradigm “the stiffer, the bet-
ter”. Along the lines of Raibert’s seminal work on hopping robots based
on pneumatic pistons (Raibert, 1986), these principles were adopted by the
community to develop robotic legs that use mechanical springs not only to
protect the system from landing impact but also to enable dynamic gaits by
means of temporary energy storage. As an augmentation of PDWs, imple-
menting mechanical springs can even enable passive dynamic running (PDR)
(Owaki et al., 2011, Figure 1.2(c)) or support efficient and fast locomotion
of legged machines (e.g. Battaglia, 1999, Figure 1.2(d)). Unfortunately, com-
pliant robots that exploit natural dynamics are inherently hard to control
and are thus gravely limited with respect to their application, respectively
versatility.

So far, the presented systems and solution share one substantial draw-
back: They either solve the versatility OR the efficiency problem, but to the
best of our knowledge, legged robotic devices that unite both properties are
still not available. One of the main reasons is that combining these fields re-
quires joint effort from a design and control engineering point of view. This
strongly motivated us to address these topics by a hand-in-hand develop-
ment of legged systems, actuation principles, and control structures. Our
goal is to provide the research community with an inherently compliant and
fully torque controllable legged system. To this end, we developed the qua-
drupedal platform StarlETH (Springy Tetrapod with Articulated Robotic
Legs). The four-legged setup enables a large diversity in gaits or modes of
locomotion that ranges from static walking with at least three simultaneous
contact points to highly dynamic running gaits with a full flight phase. We
jointly developed the mechanics and control principles of compliant and very
robust series elastic actuators that allow for precise joint torque and position
control as well as for energy storage and hence exploitation of the system’s
natural dynamics. Such engineering advances open wide opportunities for us
roboticists to develop and study various novel control concepts and to bring
them from simulations into hardware applications. It further fosters the un-
derstanding of locomotion principles found in nature and represents a small
step towards closing the existing gap between legged robots and the natural
counterparts.
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(a) BigDog (b) HyQ

Figure 1.3: BigDog (Raibert et al., 2008) and HyQ (Semini et al., 2011) are large-
scale hydraulically actuated quadrupedal robots. Hydraulic actuation is known to
be robust and powerful but energetically highly inefficient.

1.2 State of the Art in Legged Robotics
This section gives an overview on relevant research about design, actuation,
and control of legged and in particular quadrupedal robotic systems with the
focus on recent achievements and research results that have an impact on our
approach. Readers that are interested in a historical review of legged robotics
are referred to (Gonzales de Santos et al., 2006; Raibert, 1986; Song and
Waldron, 1988). A very complete overview on different actuation principles
and their application in legged systems can be found in (Semini, 2010).

1.2.1 Design and Actuation Principles
The design of legged robots with respect to size and research focus is tightly
coupled with the applied actuation principle.

Hydraulic Systems

Advanced development related to legged robotics is nowadays inevitably
linked to recent achievements of Boston Dynamics (2012). Highly elabo-
rated quadrupedal robots like BigDog (Buehler et al., 2005; Raibert et al.,
2008, Figure 1.3(a)) or more recently LS3 have not only benchmarked this
area but got also large public attention not least due to their large-scale mil-
itary application. Unfortunately, there is nearly no information about their
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systems accessible for the research community. Very promising research re-
sults with a comparable platform in terms of weight, size, and actuation
principle are published along the development of HyQ (Semini et al., 2011,
Figure 1.3(b)). All these devices are driven by impact-robust hydraulic actu-
ators that have the highest power to weight ratio among standard actuation
principles (Hollerbach et al., 1991). While these heavy, huge and bulky sys-
tems clearly set the state of the art in terms of versatility and speed, they are
rather difficult to handle and require substantial installations. Furthermore,
hydraulic systems are known as highly inefficient from an energetic point of
view. To illustrate this with numbers, we know from Semini (2010) that the
leakage flow in every valve of HyQ and BigDog is about 0.35 l/min. At an op-
erating pressure of about 200 bar, this amounts to an energy loss in BigDog
(16 valves) of about 16 · 0.35 l/min · 200 bars ≈ 2 kW without doing anything.
Other estimations based on experimental data available for BigDog resulted
in a dimensionless cost of transport (COT) (Kuo, 2007) in the order of 15
(Ruina and Cortell, 2011) which is substantially higher than some electrically
driven robots or values found in animals (Kuo, 2007).

A further drawback of hydraulic actuation illustrated by Zinn et al. (2004),
is its high output stiffness characteristics. The virtually infinite impedance
generates high impact loads during collisions. Hence, these actuators have
very poor inherent safety characteristics. The integration of torque sensing
and control capability can reduce this only to certain extent. It allows for zero
low-frequency impedance which ensures an excellent force control character-
istics, but, above the control bandwidth, joint torque control is ineffective
at reducing the end-effector impedance. Hence, large impact collisions in
dynamic maneuvers can harm the environment or the system itself.

Compliant Systems

A particularly promising approach to overcome the drawbacks of stiff systems
and to develop inherently safe, robust, and energetic efficient robots is the use
of mechanical springs. The working principle is very similar to the muscular-
tendon system that we find in the natural counterparts (Alexander, 1990).
The elastic elements decouple the actuator from the link or the end-effector
which provides low output impedance across the frequency spectrum and
hence ensures perfect impact resistance (Zinn et al., 2004). It mitigates the
limitations of high impedance actuators and allows for direct usage of widely
available and largely scalable electric motors in combination with gearboxes.
Thereby, systems become very user friendly, clean, and can be operated in
labor environment. The springs further allow temporarily storing kinetic
energy and thus preserving it throughout the gait cycle. Thereby, they can,
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(a) KOLT (b) Tekken2 (c) Puppy

Figure 1.4: Electrically actuated quadrupedal robots of various size like Stanford
KOLT (Nichol et al., 2004), Tekken 2 (Kimura et al., 2007), or Puppy (Iida et al.,
2005) use compliant elements to support dynamic gaits.

in a purely passive way, largely contribute to the natural system dynamics
and thus improve locomotion efficiency and enable running at high speeds.

Initiated by Raibert’s seminal research on hopping robots with pneumatic
pistons (Raibert et al., 1986; Raibert, 1986; Raibert et al., 1983), researchers
employed mechanical compliance in various configurations to enable dynamic
gaits. Depending on the particular design, springs are integrated directly in
prismatic legs (Ahmadi and Buehler, 2006; Gregorio et al., 1994, 1997; Taghi-
rad, 1993) or in the knee and ankle joints of articulated designs (Berkemeier
and Desai, 1996; Curran and Orin, 2008; De Man et al., 1998a,b; Grimes
and Hurst, 2012; Hurst, 2008; Hyon and Mita, 2002; Nichol and Waldron,
2002; Palmer et al., 2003). In all these robots, motion emerges to a large
extent passively from the mechanical dynamics and the actuators are merely
used to shape the motion and to compensate for friction and impact losses.
Similar approaches were also used to develop quadrupedal robots of very
different scale such as the KOLT (Nichol et al., 2004, Figure 1.4(a)), Scout
series (Poulakakis et al., 2005, Figure 1.2(d)), Tekken series (Kimura et al.,
2007, Figure 1.4(b)), or Puppy series (Iida et al., 2005, Figure 1.4(c)). Like
the single legs, these more complex systems use the springs not only to ab-
sorb impact shocks at landing but also to enable dynamic gaits by means of
temporary energy storage.

In fact, not only legged robots profit from compliant mechanisms, but
also humans. To support fast and efficient running of handicapped athletes,
prosthetic devices, such as Oscar Pistorius’ artificial carbon-fiber limbs (Cam-
poresi, 2008), are built to act as springs in the lower extremities (Weyand
and Bundle, 2010). This replaces the most important functionality of the
ankle joint during running namely efficiently storing and releasing energy.
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(a) Pratt’s SEA (b) Meka Compliant Arm A2 (c) PowerFoot

Figure 1.5: Using the principles of Pratt’s first torque controllable SEAs (a),
different robotic arms and hands (b) were developed for research purpose. SEAs
are also applied in active prostheses like the PowerFoot BiOM (c).

Series Elastic Actuation

Compliant elements are not only used to enable and support dynamic loco-
motion. Based on work done by Pratt and Williamson (1995, Figure 1.5(a)),
people started to use so called series elastic actuators (SEA) for precise and
low impedance force control (Pratt et al., 2002). To this end, spring de-
flection is measured using position encoders and actively controlled to ad-
just the desired torque output. The advantages of impact robustness and
force/torque controllability motivated different groups to apply these ideas
in robotic devices. A large research branch evolved in the field of grasping
and manipulation where SEAs are used in dexterous robotic hands or arms
like for example the ones developed by Meka Robotics (2011, Figure 1.5(b)).
In the same line, research groups also built legged systems or humanoid plat-
forms like HUME (Slovich et al., 2012), BIOBIPED (Radkhah et al., 2011),
COMAN (Moro et al., 2011; Tsagarakis and Li, 2011) or M2V2 (Pratt and
Krupp, 2008) to name a few. A large spectrum of applications can also be
found in the field of rehabilitation robotics as assistive devices (Pratt et al.,
2004b), therapeutic support (Vallery et al., 2008) or artificial limbs. World-
wide, research labs and companies are developing powered prostheses which
restore ankle (Au and Herr, 2008; SpringActive, 2013; Versluys et al., 2009)
or even knee motion (Pfeifer et al., 2012). The first of these devices that
reached the clinical market (PowerFoot BiOM, iWalk, Cambridge, MA; Fig-
ure 1.5(c)) uses a series elastic actuator to provide powered push-up (Au
et al., 2007). These robotic legs can help disabled people to normalize their
walking gaits (Herr and Grabowski, 2012).

Despite the advantages that make SEAs perfectly suited to interact with
humans or the environment, the intrinsic compliance is a drawback for the
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control performance. Due to the mechanical low-pass filtering, the closed
loop control bandwidth significantly drops in comparison to rigidly actuated
devices and requires to carefully design the overall system, actuator, and
control strategy.

1.2.2 Control
The progress in hardware, sensor, and actuator development of the last years
is making torque controllable robots widely available for a broad range of
research projects. Such systems can softly interact with their environment
and are hence ideally suited for legged locomotion, manipulation, or human-
machine interaction. This fundamental change away from stiff, position con-
trolled devices as employed in traditional industrial robot arms towards com-
pliant, torque controlled robots opens wide opportunities to bring novel and
very sophisticated control concepts from simulations into real world applica-
tions. Instead of slow, static walking based on kinematic motion planning and
execution (Gonzales de Santos et al., 2006), these new principles allow for ag-
ile, highly dynamic, and versatile maneuvers (e.g. Coros et al., 2011). Torque
controllability enables adapting the motion and behavior of the robot to ex-
ternal influences, but also to distribute the joint torques and contact forces
in a clever way to improve robustness while walking.

Controlling a legged robot can be classified into three layers that are
motion generation, motion control, and actuator control. Motion genera-
tion deals with general concepts to create the behavior of the system, often
without any knowledge of the final realization. Motion control transfers the
desired behavior into high-level actuator commands such as joint torque or
position demand signals. Actuator control finally regulates each joint inde-
pendently. This strongly depends on the actuator type and is often tightly
coupled with the mechanical implementation.

Motion Generation

Different research directions have been extensively engaged with the first
part. For example, the field of animation has been working for a long time
towards creating natural looking motion with gradually increasing physics
based approaches. Some of these methods demonstrated astonishing locomo-
tion skills for quadrupedal systems (e.g. Coros et al., 2011). Other groups
are developing very powerful techniques that allow to numerically optimize
even for highly difficult maneuvers (Schultz and Mombaur, 2010). Moreover,
continuously increasing computational power allows to exploit optimization
techniques or in particular model predictive strategies in real-time control of
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reasonably complex devices (Tassa et al., 2012). Other approaches which are
inspired by nature and in particular neurophysiology and biomechanics, use
Dynamic Movement Primitives (Schaal, 2003) or simplified templates (Full
and Koditschek, 1999) to generate the motion for robots of very different
morphology. Planning, optimization, and learning methods are of course not
limited to the internal robot state but can in fact be expanded to traverse very
challenging terrain that requires careful foothold selection. In the DARPA
learning locomotion challenge, different groups pushed the state of the art in
this area (e.g. Kalakrishnan et al., 2010; Kolter et al., 2011; Neuhaus et al.,
2011; Zucker et al., 2011).

Motion Control

The probably best established method to stabilize a desired motion of torque
controllable legged systems is so called virtual model control introduced by
Pratt et al. (1997). Virtual forces acting on a body are distributed to the
different contact points and subsequently mapped to the individual joint
torques. This controller has successfully proven its applicability for various
robots not at last due to its simplicity. Control gains for the virtual elements
can be adjusted in an intuitive way and the computational effort to generate
the joint torques reduces to a matrix multiplication with Jacobians that are
accurately available. Virtual model control is a static method that takes only
kinematic system properties into account.

In most cases, the control engineer has additionally access to descriptions
of the system dynamics which allows designing much more elaborated control
concepts. A particularly interesting and widely used approach is inverse
dynamics. Given a desired motion, the multi-body system dynamics of the
robot is inverted to generate required joint torques. While this works straight
forward for fix-base manipulators, it is only recently applied to floating base
systems such as legged robots, i.e. to systems that are not rigidly attached
to the environment and that are hence underactuated. To this end, the
system dynamics are first projected onto a support consistent manifold using
methods such as the dynamically consistent support null-space (Sentis, 2007),
linear projection (Aghili, 2005), orthogonal projection (Mistry et al., 2010),
or others. Subsequently, this reduced dimensional description is inverted.

To control the behavior of complex systems with a large number of de-
grees of freedom in an intuitive way, it is preferable to describe the desired
dynamics only at particularly interesting points instead for the complete sys-
tem. To give some examples, this can be controlling the center of gravity
to ensure stability, performing stepping or grasping tasks with hands or feet,
keeping a certain optimal posture, or applying a desired contact force. This is
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called task or operational space control (OSC), which is used synonymously
in this work. Using different control gains and priorities, it can be ensured
that important or high precision tasks are accurately executed while other
less important tasks are only fulfilled as well as possible without impairing
the ones with higher priority. Such a differentiation is not a purely robotic
construct: Various behavioral and neuro-scientific studies (e.g. Saltzman and
Kelso, 1987; Schaal and Schweighofer, 2005; Scholz and Schoner, 1999) have
indicated that humans show a very similar task decomposition with high-gain
control for example in reaching task with the hand, and compliant null-space
posture control.

Such prioritized control formulations were first proposed by Hanafusa
et al. (1981) and Nakamura et al. (1987) in the context of inverse kinematics
control and were later picked up by Siciliano and Slotine (1991). Along the
lines of the seminal work on OSC by Khatib (1987), his group extended these
ideas to floating base systems. They set up a software framework to solve
inverse task-space dynamics with various priorities for both motion as well
as force/torque tasks which guarantees that a task never impairs a higher
prioritized task (e.g. Sentis, 2010). Philippsen et al. (2011) recently released
this powerful software package for the public.

Actuator Control

The final realization of a desired behavior on a robotic platform requires
high-performance actuator control. This topic is very hardware specific and
strongly coupled with the mechanical design and its integration in the over-
all system. The main difficulty thereby is the continuously changing model
at the actuator output while the robot interacts with the environment at
different locations. As documented in the seminal papers by Colgate and
Hogan (1989); Hogan (1988), this requires that the joint actuator is stable
and passive.

There are two different approaches in terms of SEA control structure. The
first documented controller by Pratt and Williamson (1995) regulates the mo-
tor force as a function of the desired output torque using a PID structure
with feedforward acceleration compensation. To ensure passivity, the inte-
grator has to be augmented with a roll-off (Williamson, 1995) which leads to
an undesired steady state error. One of the major disadvantages when con-
trolling the motor force is gearbox friction, stiction, or backlash that is nearly
impossible to model and hence hard to compensate. This can be improved by
using disturbance observers (Kong et al., 2009, 2012) and by augmenting it
with model-based strategies by (Paine and Sentis, 2012). As a different way
to overcome these deficiencies, Pratt et al. (2004a) later suggested to close
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the motor velocity loop and hence to locally regulate the undesired gear-
box dynamics. Similar encoder based principles were also applied by Wyeth
(2006) and by Vallery et al. (2007) who addressed the issues of stability and
passivity in very detail.

1.3 Approach and Contribution
The vision at the beginning of this project was to develop and control a qua-
drupedal robot that combines versatility, speed, efficiency, and robustness.
This electrically driven dog should be able to perform different gaits from
static walking to dynamic running. Such an engineering project requires re-
search in three areas, namely system, actuator, and control development
(Figure 1.6). In our eyes, it is crucial to tackle these topics not indepen-
dently but to consider them as tightly connected and foster progress at the
intersection areas.

To realize the four coarse specifications, we attempt to unify existing
solutions based on compliant actuation in one single device. This ranges
from one ending of the spectrum, where mainly bio-inspired researchers are
using elastic elements to enhance the natural dynamics of the system, to
the other ending, where springs are solely applied in a closed loop setup as
robust force or torque sensor for control. To combine these advantages we
developed highly compliant series elastic actuators that protect the gearbox,
can intermittently store energy, and enable precise, low-impedance torque
control. Thereby, control is not exclusively considered as a software problem.
The actuator properties are specifically designed for the final quadrupedal
system with a combination of springs and dampers to improve controllability
while optimizing the efficiency of energy storage.

The developed actuators were first tested on a single planar leg to vali-
date their performance and applicability. Various experiments showed good
torque and position control performance in comparison to state of the art so-
lutions. Inspired by templates which describe the biomechanical locomotion
principles with astonishing accuracy, we use a generalized version of virtual
model control (Pratt et al., 1997) to emulate different spring-damper behav-
iors during ground contact interaction. Combining this with angle of attack
control similar to (Raibert, 1986), the single leg can robustly and quickly
locomote between different target points. We experimentally demonstrated
high energetic efficiency by exploiting the natural dynamics introduced by the
elastic elements. Thereby more than 60% of the mechanical work is passively
stored in the spring after landing and released before lift-off. In the same
experiment the peak power and speed at the joint are more than four times
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Figure 1.6: The presented work is contributing to three core pillars: system design,
actuation, and control.

higher than at the corresponding motor. These results confirm that highly
compliant SEAs are a very valuable actuation approach for legged systems.

Based on these findings, we created StarlETH , a fully actuated (12 DOF)
four-legged robot that resembles the dimensions and weight properties of
a medium-sized dog. To control such complex machines under continu-
ously changing ground support, we elaborated a task-space inverse dynam-
ics control framework based on hierarchical least square optimization. This
combines advantages from prioritized task decompositions (e.g. Sentis and
Khatib, 2005) with kinematic projections for inverse dynamics (e.g. Mistry
et al., 2010). It allows generating nearly arbitrary behaviors by simultane-
ously executing a set of motion tasks while optimizing the ground contact
forces or joint torques. We put a strong focus on demonstrating the ap-
plicability of each and every presented concept in real hardware experiments
using StarlETH . This ranges from pure performance evaluation of robustness
and payload capabilities, over static walking on different ground, to dynamic
running under significant external disturbances. To the best of our knowl-
edge, this is the first experimental demonstration of hierarchical task-space
inverse dynamics control on a fully torque controlled legged platform with-
out (low-gain) joint position stabilization. The results highlight the value and
applicability of the proposed system, actuator, and control package and
is considered as a significant step towards fulfilling our mission statement of
developing and controlling a quadrupedal robot that unifies versatility, speed,
efficiency, and robustness.
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1.4 Thesis Outline
This introduction is followed in Chapter 2 by a description of modeling tools
for floating base multi-body systems. We present methods to deal with the
contact constraints as well as with impact collisions which results in a con-
straint consistent description of the system dynamics. We further elaborate
the theoretical background to generate an analytical representation of the
system dynamics as required for controller design.

One of the major contributions attributes to the development of the qua-
drupedal robot StarlETH as summarized in Chapter 3. The description is
tiered into quadruped, single leg, and series elastic actuator design. We dis-
cuss different design guidelines and choices that led to the actual robotic
prototype. We further outline the electronics and software environment, a
combined C/C++ realtime simulation and control tool that allows efficient
controller testing and validation in computer based simulations and real hard-
ware experiments.

In Chapter 4 we discuss how to control highly compliant SEAs in a way
that allows exploiting the beneficial properties introduced by the mechanical
elasticity but preserves high torque and position control performance. To
this end we do not consider control as pure software problem but strongly
improve controllability by a sophisticated hardware design. To balance the
robot, we use task-space inverse dynamics described in Chapter 5. Using a hi-
erarchical least-square optimization, different motion and force/torque tasks
are handled simultaneously with different priorities. We outline and compare
a sequential and a combined method as well as a hybrid setup that combines
fast low-level joint position control with inverse dynamics. In Chapter 6 we
describe different locomotion templates that help understanding the mechan-
ical principles behind walking and running in nature, and which are used for
motion generation of single-legged hopping and quadrupedal running gaits.

Starting with the archetype of dynamic locomotion, namely single-legged
running (Chapter 7), we present a series of experimental results. This test
bench validation highlights some of the beneficial properties of the applied
system, actuation, and control principles with respect to robustness, control-
lability, and especially efficiency. Combining the individual building blocks,
we finally successfully perform a variety of walking and running experiments
with StarlETH (Chapter 8).

A large part of the research progress within this thesis is hard to capture
in numbers, formulas, or figures. As an illustration of the findings we made
a movie collection of most experiments which is accessible at:

http://leggedrobotics.ethz.ch/phdthesis-mahutter

http://www.leggedrobotics.ethz.ch/phdthesis-mahutter


Chapter 2

System Modeling

Legged robots belong to the class of floating base or free-floating systems,
i.e. to systems that are not rigidly connected to their environment like a
robotic arm, but can move anywhere in space using the ground as support.
They have an unactuated base and interact with the environment through
multiple and continuously changing contact points to stand still or propel
them forward.

This chapter provides the theoretical background to model the kinematics
and dynamics of floating base multi-body systems (MBS). Using the concept
of generalized coordinates, we outline how to handle the ground contact con-
straints and the resulting reaction forces. Based on that, constraint consistent
equations of motion (EOM) are introduced and different projectors for the
underlying mapping are summarized. We further show how to handle instan-
taneous changes in the contact situation that are accompanied by collisions
with impulsive forces and an associated energy loss. The presented methods
are required for theoretical investigations in the hardware design process, to
create model-based control strategies, and to validate the proposed solutions
in simulations as accurately as possible. We additionally provide the theo-
retical background for a software tool to analytically derive the EOM based
on projected Newton-Euler equations.

15
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Figure 2.1: The kinematic structure of a floating base system is described by
actuated joint coordinates qr and unactuated base coordinates qb. The contact
forces Fs occur due to the contact constraints.

2.1 Floating Base Multi-Body Dynamics
To represent the motion of floating base systems, we use the concept of
generalized coordinates. To this end, system kinematics and dynamics are
described as a function of the nq-dimensional vector

q =
(

qb
qr

)
, (2.1)

which is composed of the nb-dimensional vector qb describing the unactuated
floating base coordinates and the nr = nq − nb dimensional actuated joint
coordinates qr. As depicted in Figure 2.1, one of the robot’s links is dedicated
as the base with the body fixed frame B which can be arbitrarily displaced
with respect to the inertial frame I. The position (∈ R3) and orientation
(∈ SO (3)) of this link in space are measured with respect to the inertial frame
I using the unactuated floating base coordinates qb. For simplicity, we keep
the formalism in this report on Euler respectively Tait-Bryan angles (nb = 6,
qb = (x, y, z, α, β, γ)T ). If necessary, this is transformed to quaternions and
vice versa without explicit mention.
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All kinematic properties such as position vectors r (q) or Jacobians J (q) =
∂r(q)
∂q as well as the system dynamics are expressed as a function of generalized

coordinates q. Correspondingly, the EOM are written as

Mq̈ + h + JTs Fs = ST τ , (2.2)

with the mass matrix M (q), the force vector h (q, q̇) as the sum of Coriolis,
centrifugal and gravitational forces, and the actuator torque τ . The selection
matrix S =

[
0nr×nb Inr

]
separates the nr actuated joint coordinates qr =

Sq from the unactuated floating base coordinates qb.
The reaction forces at the contact points Fs ∈ R3ns×1 are mapped into the

generalized coordinate space using the 3ns×nq dimensional support Jacobian
Js = ∂rs

∂q that is given by a partial derivation of the contact point vector rs ∈
R3ns×1 after q. Vectors rs and Fs represent stacked vectors of the position
rsi ∈ R3×1 respectively force Fsi ∈ R3×1 at the ns active contact points. The
definition of active contact in this context is that the corresponding contact
is closed, i.e. the relative normal (N) distance between the contact point and
the environment is and remains closed (rNsi = ṙNsi = r̈Nsi = 0) with a pressure
force exerted between them (FNsi ≥ 0). This formulation is independent of the
choice of contact model and is valid if the robot stands still or slides in (local)
tangential direction along a surface. In contrast thereto, the calculation of
the corresponding forces Fs strongly depends on the actual contact model.

2.2 Contact Models
In general, two different approaches of soft and hard models can be distin-
guished for contact analysis and handling. This is well summarized by Gilardi
and Sharf (2002).

2.2.1 Soft Contact
The soft contact approach, also known as continuous model, explicitly ac-
counts for the deformation of the bodies during contact. The definition of
an active contact is slightly different in this context as the model requires
certain penetration rNsi ≤ 0 and not necessarily zero velocity. The contact
force is expressed as an explicit function of the local indentation respectively
its rate and can be seen as a relatively stiff spring-damper model at the point
of contact

Fsi = f
(
rsi , ṙsi , r0

si

)
, (2.3)
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with r0
si being the contact point when the bodies first touched. This ap-

proach provides an intuitive description of the real behavior of the system,
in particular, when including contact friction. More importantly, it is natu-
rally suitable for contact modeling and complex contact scenarios involving
multiple contacts and bodies. Due to its simplicity, most simulation engines
including the one used by us (Schaal, 2009) are based on soft contacts. How-
ever, in most applications and in particular when interested in fast simulation
of the MBS behavior, the contact parameters such as stiffness and damping
are tuned as numerical parameters in a trade-off between accuracy and stiff-
ness of the differential equations. The actual values are often not related to
a physical contact model at all.

2.2.2 Hard Contact
In contrast thereto, the hard contact approach assumes that the interaction
between the objects occurs in short time and that the configuration of impact-
ing bodies does not change significantly. The contact forces between bodies
are not a function of force elements but result from algebraic constraints that
prohibit mutual penetration. For all closed contacts (rNsi = ṙNsi = 0) it must
hold that either the acceleration in normal contact direction or the force is
positive but never both. These unilateral constraints can be described with
linear complementary problems (LCP):

r̈Nsi ≥ 0, FNsi ≥ 0, r̈NsiF
N
si = 0. (2.4)

Special treatment of the tangential directions additionally allows to integrate
stiction (FTsi < µFNsi ) and friction (FTsi = µFNsi ) effects into this formalism.
As a result, it is possible to formulate the system dynamics including all
possible constraints and transitions at once. The interested reader is referred
to (Glocker, 1995; Pfeiffer and Glocker, 1996) for a very detailed and precise
discussion.

When focusing on control instead of simulation, the contact situation
and complementary condition is in most cases a priori known from sensor
information. As a further simplification, contact slippage is often neglected
such that the contact constraint reduces to

ṙs = Jsq̇ = 0, (2.5)
r̈s = Jsq̈ + J̇sq̇ = 0. (2.6)

Combining the contact constraint for generalized accelerations (2.6) with the
system dynamics (2.2) yields a closed form solution for the contact forces:

Fs =
(
JsM−1JTs

)−1 (JsM−1 (ST τ − h
)

+ J̇sq̇
)
. (2.7)
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This is of great benefit as it gives direct access to estimated contact forces
solely based on the description of the MBS dynamics and without any further
contact force sensor information.

2.3 Constraint Consistent Dynamics
Following the well-established nomenclature and formalism introduced by
Khatib (1987) and extended by Sentis (2007) for floating base systems, we
can define the dynamically consistent support null-space matrix as

Ns = I−M−1JTs
(
JsM−1JTs

)−1 Js. (2.8)

Ns defines a generalized space of motion with no acceleration or force cou-
pling effects on the supporting links. Additional properties of this projector
can be looked up in (Sentis, 2007). Substituting the solution for the contact
force (2.7) into the EOM (2.2) results in

Mq̈ + NT
s h + JTs

(
JsM−1JTs

)−1 J̇sq̇ = NT
s ST τ . (2.9)

By further including the support constraint (2.6) which implies J̇sq̇ = −Jsq̈,
the constraint consistent equations of motion can be compactly formulated
as

NT
s (Mq̈ + h) = NT

s ST τ . (2.10)

As described by Righetti et al. (2011a), the dynamically consistent sup-
port null-space matrix Ns belongs to a large class of projectors that can be
understood as linear operators P that map the system dynamics onto the
constraint consistent manifold such that the EOM are independent of the
contact forces

P (Mq̈ + h) = PST τ . (2.11)

The sufficient requirement on the operator P is

PJTs = 0 ∀q. (2.12)

2.3.1 Constraint Projector
The choice of the constraint manifold projector P is not unique. Instead,
there exist different methods that can be reduced to this general formulation
by appropriately choosing the projection matrix.
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Dynamically Consistent Support Null-Space

Direct substitution of the contact constraints as done in (2.10) is equivalent
to choosing

PNs = NT
s . (2.13)

Operational Space Control

OSC was introduced by Khatib (1987) and later augmented to floating base
systems by Sentis (2007). As outlined in Appendix A.5, this control method
can be expressed in the general form by

POSC = SNsM−1. (2.14)

QR Decomposition

Mistry et al. (2010) introduced another well-established projector that is
based on a QR decomposition of JTs = Q

[
RT 0

]T with the orthogonal
matrix QT = Q−1 and the upper right triangular matrix R. This method
has the advantage that it is a purely kinematic construct and does not contain
any inverted mass matrix (cf. PNs , POSC). By splitting Q =

[
Qc Qu

]
into

constrained and unconstrained components, the manifold projector is written
as

PQR = QT
u . (2.15)

The QR decomposition gives additionally direct access to the contact force

Fs = R−1QT
c

(
ST τ −Mq̈ + h

)
. (2.16)

Kinematic Null-Space

A very simple approach is to use the pseudo-inverse JTs
+ of the transposed

support Jacobian JTs and to define

PJs = I− JTs JTs
+
. (2.17)

The proof of PJsJTs = 0 follows directly from the Moore-Penrose pseudo
inverse property JTs JTs

+JTs = JTs . This method is again only a function of
kinematic system properties and was applied e.g. by Aghili (2004).
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SVD Null-Space

Similar to the previous method, it is also possible to use the SVD null-space
calculation

Psvd = N
(
JTs
)

(2.18)

defined by a singular value decomposition (SVD) as outlined in Appendix A.4.
The orthogonality of the projector matrix can be beneficial for later optimiza-
tion methods.

Comparison and Selection of Projector Matrix

While the choice of P is often not relevant from a theoretical point of view or
for ideal simulations, it can still influence the implementation in real hardware
experiments. As we will discuss a bit more in detail in Chapter 5, methods
that are purely based on kinematic properties can be beneficial as they are
less prone for numerical or modeling errors. The control methods we develop
in this work are independent of the projector. Since most of the related
research results that have been published with supporting experiments are
based on the QR approach, we use P = PQR = QT

u in the experiments to be
comparable.

2.3.2 Minimal Coordinates
A widely used concept for support consistent descriptions is minimal coor-
dinates. While such a representation will not be used in the context of this
thesis, it nicely illustrates the working principle of support consistent pro-
jections. A floating base robot in contact with the environment implies that
the nq generalized coordinates cannot be arbitrarily chosen but have to be
consistent with the support constraint, i.e. q = qconsistent (2.6). In fact, the
system has only nm = nq − rank(Js) degrees of freedom and its dynamics
can hence be fully described using nm minimal coordinates

ξ = ξ (q) , Qξ := ∂q
∂ξ
. (2.19)

To study the relation between generalized and minimal coordinates, we
consider virtual displacements indicated by δ. It holds that arbitrary virtual
displacements in minimal coordinates δξ produce only virtual displacements
in generalized coordinates that are consistent with the support constraints

δqconsistent = ∂q
∂ξ
δξ = Qξδξ. (2.20)
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Consistent in this context means that virtual displacements are not allowed
to produce a displacement at the contact point:

δrs,consistent = ∂rs
∂q δqconsistent = JsQξδξ = 0 ∀ξ, (2.21)

⇒ JsQξ = 0. (2.22)

Comparing (2.22) with (2.12), we realize that Qξ can again be seen as a
projector matrix P = QT

ξ . Since we consider the contact constraint as an
ideal constraint, it has to hold that a support consistent virtual displacement
does not produce any virtual work (principle of virtual work):

δqTconsistent
(
Mq̈ + h + JTs Fs − ST τ

)
= 0 ∀δqconsistent, (2.23)

δξTQT
ξ

(
Mq̈ + h + JTs Fs − ST τ

)
= 0 ∀δξ. (2.24)

Using (2.22) and substituting q̈ = Qξξ̈ + Q̇ξξ̇, the EOM can be written
as a function of minimal coordinates as

QT
ξ MQξξ̈ + QT

ξ

(
h + MQ̇ξξ̇

)
= QT

ξ ST τ . (2.25)

The change from generalized coordinates q to minimal coordinates ξ al-
lows analyzing the dynamics of a floating base system without considering
additional constraints. However, the choice of mechanically meaningful min-
imal coordinates that would allow for a useful interpretation is only possible
in simple cases. Additionally, like the projections introduced before, the con-
cept of minimal coordinates suffers from the discontinuity when the contact
situation changes, which enforces to switch the coordinate set.

2.4 Contact Switches and Impact Collisions
A hard contact model requires subdividing the analysis of the system dy-
namics into two intervals, before and after a change in the contact situation
respectively an impact. The impact itself is a complex physical phenomenon
which occurs when two or more bodies collide with each other. The char-
acteristic of an impact is a very short duration with high peak forces that
results in a rapid dissipation of energy and large accelerations. To model the
process of energy transfer and dissipation, various coefficients are employed,
such as the coefficient of restitution and the impulse ratio. Idealizing the pro-
cess, respectively considering the impact as an infinitesimally short process
requires to include instantaneous changes in velocities if bodies are making
contact.
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2.4.1 Impulse Transfer
To resolve the contact impulse, we use the integrated EOM over a single
point in time {t0}∫

{t0}

(
Mq̈ + h + JTs Fs − ST τ

)
dt = M

(
q̇+ − q̇−

)
+ JTs Fs = 0, (2.26)

with the impulsive force Fs and the pre- respectively post-impact generalized
velocities q̇− and q̇+. Assuming a perfect inelastic collision with a Newtonian
collision law (Glocker, 2001), all contact points that are considered part of
the collision instantaneously come to rest (ṙ+

s = Jsq̇+ = 0). Combining this
post-impact constraint with the integrated EOM (2.26), we can solve for the
impulsive force as

Fs =
(
JsM−1JTs

)−1 Jsq̇− = Λsṙ−s . (2.27)

Analyzing this formalism a bit more in detail by considering the basic me-
chanics that defines impulse = mass · speed, we identify the inertia that is
seen at the support point as the so called end-effector inertia

Λs =
(
JsM−1JTs

)−1
. (2.28)

Substituting (2.27) into (2.26) yields the instantaneous change in generalized
velocities

∆q̇ = q̇+ − q̇− = −M−1JTs
(
JsM−1JTs

)−1Jsq̇−. (2.29)

Using again the nomenclature introduced previously for the dynamically con-
sistent support null-space projector Ns, the post-impact generalized velocities
are determined by

q̇+ =
(
I−M−1JTs

(
JsM−1JTs

)−1Js
)

q̇− = Nsq̇−. (2.30)

The result that is obtained by satisfying the post impact contact constraint is
intuitively clear. Using the support null-space projector Ns, the pre-impact
velocity q̇− is projected onto the support consistent manifold.

2.4.2 Energy Loss
The instantaneous change in the contact situation is always associated with
a kinetic energetic loss. This can be quantified in generalized coordinates
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or as a function of the end-effector inertia and the change in velocity at the
support point by

Eloss = ∆Ekin = − 1
2∆q̇TM∆q̇ (2.31)

= − 1
2∆ṙTs Λs∆ṙs = − 1

2 ṙ−Ts Λsṙ−s . (2.32)

Since only part of the derivation was given by Schmiedeler and Waldron
(2000), the entire proof for (2.31) and (2.32) is compactly outlined in Ap-
pendix A.3.

2.5 Analytical Representation
We use projected Newton-Euler equations to analytically derive the EOM.
This method can be understood as projection of the conservation of impulse
p and angular momentum L onto generalized coordinates∑

JTCOGi ṗi + JTRiL̇COGi − JTCOGiFgi − JTsi(−Fsi)− JTRiτ i = 0, (2.33)

with the impulse pi (q) = miṙCOGi , the angular momentum LCOGi = θiΩi,
gravitational forces Fgi , support forces Fsi , and external torques τ i evaluated
for all links i. The change of impulse and angular momentum is

ṗi = mir̈COGi , (2.34)
L̇COGi = θiΩ̇i + Ωi×θiΩi, (2.35)

whereby Ωi ∈ R3×1 and θi ∈ R3×3 are the angular velocity and inertia w.r.t.
the COG of link i, respectively. Using the kinematic relations

r̈COGi = JCOGi q̈ + J̇COGi q̇, (2.36)
Ωi = JRi q̇, (2.37)
Ω̇i = JRi q̈ + J̇Ri q̇, (2.38)

as a function of the translational Jacobians JCOGi = ∂rCOGi
∂q and the rota-

tional Jacobian JRi = ∂Ωi

∂q̇ , the elements of the EOM (2.2) are:

M =
∑

JTCOGimiJCOGi + JTRiθiJRi , (2.39)

h =
∑

JTCOGimiJ̇COGi q̇ + JTRi
(
θiJ̇Ri q̇ + Ωi×θiΩi

)
− JTCOGiFgi (2.40)

JTs Fs =
∑

JTsiFsi , (2.41)

ST τ =
∑

JTRiτ i. (2.42)
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2.6 Summary
The kinematics and dynamics of legged systems are described by a floating
base representation and generalized coordinates. We apply a hard contact
model such that the contact forces origin from algebraic constraints. Using
a generic class of support null-space projectors, the EOM can be stated on
a constraint consistent manifold. This reduced dimensional description is
independent of contact forces and particularly useful for model-based control
design. The application of a hard contact model further entails that a switch
in the contact situation needs to be analyzed by the impulse dynamics. It is
associated with an instantaneous change in velocity and an energy loss. This
chapter finally provided the theoretical background to generate an analytical
description of the MBS which is later used in our control framework.
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Chapter 3

System Design

Credit: François Pomerleau

Figure 3.1: StarlETH is a compliant quadrupedal robot for dynamic locomotion.

Design guidelines for legged systems that are specifically built for dynamic
maneuvers can be directly adopted from their counterparts in nature. For
example, to reduce the leg inertia, segments should be built as lightweight
as possible and heavy components, such as actuators, should be placed close
to the main body. This allows for faster swing leg motion and additionally
decreases the impact energy losses at touchdown. Elastic elements should
decouple actuators and joints in order to make the system inherently robust
against landing collisions, to allow passive adaptation, and to enable tempo-
rary storage of energy (Alexander, 1990). To maximize mobility, one should
aim for a large range of motion in all joints and thus tightly integrate all
mechanical and electrical components.

27
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In this chapter we show how these coarse design guidelines have been
realized in the quadrupedal robot StarlETH (Figure 3.1). We outline the
mechanical properties of the complete system and its four legs that can be
operated individually. The legs can be equipped with two different types
of feet elements to robustly and energetically efficiently interact with the
environment, namely a soft rubber ball with contact sensors based on air
pressure measurement, and a passive ankle joint with springs imitating the
function of the Achilles tendon. The main focus is put on compliant joint
actuation as we consider this as the key element when combining versatility,
speed, efficiency, and robustness in one single robotic device. We discuss
and compare different SEA arrangements and present the final hardware
realization. To make the entire robot lightweight and powerful, it is essential
to jointly design and tightly integrate the system mechanics and actuation.
The chapter is completed by a description of the electronic setup and the
centralized software environment for simulation and control.

3.1 StarlETH– a Compliant Quadruped Robot
StarlETH (Springy Tetrapod with Articulated Robotic Legs) is a quadruped
robot that features four identical, completely symmetric articulated legs con-
nected to a rigid main body. With a body length of about 0.5m, segment
lengths of 0.2m, and a total weight of 23 kg, this robot has roughly the over-
all dimension of a medium-sized dog (Figure 3.2). A summary of the mass
properties and joint actuation specifications is given in Table 3.1.

3.1.1 Why Quadrupeds?
The decision for a quadrupedal design is mainly motivated by the fact that
we seek for a legged platform that can perform a large variety of gaits from
dynamic running on flat ground to statically stable climbing over challeng-
ing terrain. Four is the minimal number of legs that is needed to statically
locomote with point feet. In contrast thereto, a bipedal robot would require
actuated feet elements which drastically increase the mechanical complex-
ity, the mass of the end-effectors, and hence the impact losses at landing
as well as the actuator effort for swing leg motion. A further advantage of
the multi-contact situation is the large footprint which enables different load
distributions to optimize actuator efficiency, contact stability, or even to per-
form sophisticated climbing maneuvers by clinging to the ground. With all
these advantages, it is not a coincidence that nature has designed the most
advanced (large-scale) animals with four legs.
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Figure 3.2: StarlETH has four symmetric legs each with three actuators arranged
similar to mammals with successive HAA, HFE, and KFE. The dimensions and
weight resemble a medium-sized dog.

3.1.2 Dimension and Structure

The choice of the size and dimensions of StarlETH is driven by different
elements. An important requirement is that the robot can be safely operated
by a single person without large test bench installations. At the same time,
the machine has to be large and powerful enough to carry sophisticated sensor
equipment and onboard power. These contradictory goals in combination
with the available motor and electronic components impose tight size and
weight restrictions.

StarlETH is built to perform dynamic running (e.g. Gehring et al., 2013;
Hutter et al., 2013a,b) as well as static walking in challenging terrain (e.g.
Hoepflinger et al., 2010c; Hutter et al., 2012b). This variety in gaits requires
to make a compromise in body width bM between supporting static stability
with a large foot print and facilitating dynamic locomotion by a narrow leg
arrangement.

A large point for discussion in the research community is the structural
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Table 3.1: Specifications of StarlETH in addition to Figure 3.2.

total mass 23 kg max./min. ϕj,HAA -45/45 ◦

- mM (body) 13 kg max./min. ϕj,HFE -80/80 ◦

- mH (hip) 0.6 kg max./min. ϕj,KFE -175/60 ◦

- mT (thigh) 1.56 kg max. joint torque 30 Nm
- mS (shank) 0.32 kg max. joint speed 600 ◦/s
payload 25 kg

design. On one side, the system should be naturally compliant to ensure
safe interaction with the environment. On the other side, a precise and
fully actuated kinematic structure is preferable to control the robot. To
satisfy both requirements, we build the individual links as rigid as possible
and integrate well known and specifically tuned compliances in the torque
controllable joints.

3.1.3 Main Body Design
The main body is manufactured as a monocoque based on a carbon-fiber
sandwich structure with aluminum front- and back connectors. This stiff
structure guarantees minimal (unobservable) body deflections with a total
weight of less than 2 kg. It contains well protected and cooled by active air
circulation all electronic parts such as motor controllers and sensor boards.
At the same time, the aluminum construction satisfies the tolerances to attach
the hip abduction drive units.

3.1.4 Leg Configuration
A critical element to enable a variety of gaits on different types of terrain is
joint mobility respectively ground clearance. It is hence preferable to apply
articulated legs in contrast to a prismatic design that is mostly used for pure
dynamic gaits (e.g. Poulakakis et al., 2005; Raibert, 1986). The resulting
kinematic structure of StarlETH (see Figures 2.1 and 3.2) consists of 12 ac-
tuated rotational degrees of freedom. The joints are arranged similar to mam-
mals with successive hip abduction/adduction (HAA), hip flexion/extension
(HFE), and knee flexion/extension (KFE). All legs and segments are built in
a completely symmetric way with modular plug-interfaces at the hip as well
as at the knee joint. This makes manufacturing cheaper and allows to quickly
(<5min) exchange the shank and thigh modules as required to replace cer-
tain parts during maintenance or to change the leg configuration. Although
there exist different theoretical and simulation studies indicating that the



3.1. STARLETH– A COMPLIANT QUADRUPED ROBOT 31

(a) X-configuration (b) O-configuration

(c) M-configuration (d) XO-configuration

Figure 3.3: Due to a fully symmetric design of all links and a modular interface
in the knee and hip joint, the configuration of the legs can be arbitrarily changed
within short time.
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most common X-configuration is best suited for quadruped robots (for a de-
tailed discussion see (Semini, 2010, chap. 3.2.4)), there is no clear evidence
on this. To our best knowledge, experimental studies with a sophisticated
platform are still missing. Figure 3.3 depicts some possible leg configurations
we can implement on StarlETH , whereby exactly the same parts are used in
any of them: the default X-configuration (Figure 3.3(a)), the O-configuration
(Figure 3.3(b)), the mammalian M-configuration (Figure 3.3(c)), and the un-
usual XO-configuration (Figure 3.3(d)). While a detailed differentiation is
beyond the scope of this thesis, a set of dynamic trotting experiments was
successfully conducted for prove of concept (see video link in Section 1.4).
As all our controllers are fully model-based, all experiments are conducted
with the same control parameters but different default postures.

3.2 Single Leg Design
The single leg as depicted in Figure 3.4(a) was designed as a planar version
(HFE and KFE) for test bench evaluation (Chapter 7) and augmented with
the hip abduction actuator for the final integration in StarlETH .

3.2.1 Mechanical Structure
In the development of the mechanical structure, we put emphasis on keeping
the inertia of the moving segments minimal. This was achieved through a
dense integration and a lightweight construction using high-tensile aluminum.
All actuators are concentrated at the main body, driving the individual joints
by chain and cable pulley transmissions (Figure 3.4(b)). A single, weight op-
timized drive unit containing harmonic drive gearboxes and two brushless
motors for HFE and KFE serves itself as the hip joint axis. StarlETH fea-
tures a high power to weight ratio as each leg, detached from the main body
and including all three actuator units, weights roughly 3.3 kg. This results
in an average actuator weight of about 1.1 kg, which is comparable with
high-performance stand-alone SEA solutions using equivalent motors (see
e.g. Paine and Sentis, 2012). The compact design with the chain and cable
pulley transmissions further results in a joint mobility which is significantly
higher than what can be achieved with a design based on linear actuators (see
e.g. Semini et al., 2011). The leg can be completely extended and retracted
(ϕj,KFE ∈ [−175◦,+60◦]) while the hip joint can undergo a swing angle of
ϕj,HFE ∈ [−80◦,+80◦]. The abduction angle range of ϕj,HAA ∈ [−45◦,+45◦]
is only limited due to cabling. This mobility is crucial when it comes to spe-
cialized maneuvers like standing up, walking in rough terrain, or climbing
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Figure 3.4: System description of a planar version of the single including a visu-
alization of the SEA principle for HFE and KFE.

obstacles. For safety reasons, the drive transmission respectively the chain is
dimensioned as the weakest part with a breaking point that is slightly below
the gearbox specifications. This ensures fast and cheap maintenance in case
of mechanical failure when the system is involuntarily overloaded.

3.2.2 Modular Foot Design

The leg can be equipped with a tactile ball foot or with a passive compliant
ankle joint. The latter solution is beneficial from an energetic point of view
but is only used for planar running experiments due to its passivity and
directionality.
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integrated silicon
pressure sensor

 

sealed sensor
inlet

 

ABS foot
support

  

racquet ball 

Figure 3.5: The compliant, lightweight, and highly damped rubber feet are
equipped with a Freescale Semiconductor MPXV5004 pressure sensor that provides
sensitive and reliable information about the absolute contact force.

Compliant Ball Foot

To detect ground contact, a differential pressure sensor (Freescale Semicon-
ductor MPXV5004 ) is incorporated with a sealed, air-filled racquet ball and
used as soft and tactile foot element (Figure 3.5). Thereby, tiny pressure
changes in the ball are registered and used to reliably determine the current
contact situation. This sensor measures only an amplitude value for the over-
all contact force. In return, the lightweight design (total foot weight is about
70 g) is perfectly robust against impulsive forces and additionally provides
useful compliance and damping at the point of contact.

Compliant Ankle Joint

To optimize energetic efficiency of legged locomotion, it is crucial to keep
damping small, to ensure large energy storage capabilities, and to minimize
impact losses. In particular the latter energy drain is often disregarded but
can be substantial for an articulated, 2-segmented leg, as the impulses are
propagated through the structure and instantaneously lower the main body
speed after landing. A comparison of different robotic legs with known mass
and geometric parameters (Stanford KOLT (Nichol, 2005; Nichol and Wal-
dron, 2002; Nichol et al., 2004), OLIE (De Man et al., 1998a,b), the leg
designed by Curran and Orin (2008); Knox and Schmiedeler (2007) and two
legs developed at our lab by Hutter et al. (2013c)) shows an energy loss of
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distributed 
contact sensors

spring deflection 
encoder 
(80'000qc/turn)

modular
ankle springs
(Achilles tendon)

Figure 3.6: A robotic foot with a compliant ankle joint is used to increase running
efficiency. Inspired by a human leg, springs emulate the behavior of the Achilles
tendon and Soleus muscle while an orthopedic foot sole ensures a soft impact.
Distributed contact switches and a spring deflection encoder provide information
about the contact situation and ankle joint torque.

12%±4% when evaluating (2.32) at a reasonable inner knee elongation angle
of about 120◦1. Due to the kinematic coupling, this drastically increases the
more the knee joint is extended. An experimental confirmation is given in Sec-
tion 7.3.3. As the impact energy loss is proportional to the mass of the most
distal segment (compare with (2.32)), efficiency can be increased by integrat-
ing an additional lightweight foot segment. To this end, we manufactured
a structurally optimized foot (Figure 3.6) as a single high-tensile aluminum
part that has a total weight of only 125 g. It includes a high resolution joint
encoder (80’000 qc/rev), 10 digital distributed ground contact switches, and
an orthopedic foot sole. Inspired by biology, the foot is equipped with mod-
ular springs emulating the behavior of the Achilles tendon and Soleus muscle
to intermittently store energy during contact phase. In the depicted setup,
the two exchangeable ankle springs (56 g) produce a rotational stiffness of
kAFE = 10 Nm/rad.

1180◦ would be completely stretched
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3.3 Actuator Design

The goals of versatility and efficiency seem to be contradictory when it comes
to actuation and control (Kuo, 2007). To make systems versatile, it is desir-
able to have actuators with high-performance torque and position tracking
capabilities. This seeks for stiff actuators with high bandwidth and high
feedback gains that can nearly arbitrarily shape the motion of the system.
To make them energetically efficient on the other hand, it is preferable to let
the passive system dynamics perform most of the locomotion and only shape
and maintain it. This can be only achieved by compliant actuation.

A particularly interesting approach that tries to combine these two contra-
dictory requirements is series elastic actuation (SEA). Unlike rigid actuators,
SEAs employ an elastic element in series with the mechanical energy source.
This gives them several beneficial properties such as force controllability with
low mechanical impedance, robustness to impact loads, increased power and
velocity output, and the capability of mechanical energy storage. At a first
glance, all these properties seem to perfectly fit the requirements of legged
robotic systems.

Following the first documented design rules for such actuators provided
by Robinson et al. (1999), the designer is suggested to select the compliance
element as a function of the desired control bandwidth. There are different
groups that provide such SEA solutions both as linear (e.g. Paine and Sentis,
2012; Pratt et al., 2002) and rotary setups (e.g. Donald and Li, 2012; Kong
et al., 2012; Sensinger and Weir, 2005; Tsagarakis et al., 2009). A characteri-
zation and comparison of these solutions among each other mostly reduces to
comparing control bandwidth and power(-density). To perform well in this
competition, the series compliance inevitably needs to be chosen stiff or even
highly damped (Hurst and Rizzi, 2004) as it acts like a mechanical 2nd order
low pass filter.

The analysis of the actuation principles for locomotion as they are em-
ployed by nature slightly changes these design objectives. Humans and ani-
mals have a rather low control bandwidth in their actuators for disturbance
rejection (depending on study somewhere in the range of 4 – 8Hz (e.g. Fitz-
patrick et al., 1992)), still they are able to perform highly complicated and
versatile tasks. Moreover, different biomechanical studies showed clear evi-
dence that the muscular tendon system acts to a large extent as a mechanical
spring to store and return elastic energy (Cavagna et al., 1964, 1977). It was
found that the long and compliant Achilles tendon is an impressive exam-
ple: In a hopping kangaroo or a running human, the Achilles tendon alone
conserves as much as 35% of the mechanical energy required for a stride
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M GSFL ML

(a) Mixed arrangement

MGSFL ML

(b) Inverse arrangement

M G SFL ML

(c) Classic arrangement

Figure 3.7: For HAA (a), HFE (b), and KFE (c) we employ different SEA ar-
rangements of the motor (M), gearbox (G), and spring (S) between the fixed link
(FL) and moving link (ML).

(Alexander, 1988; Farley et al., 1993). Ker et al. (1987) found that more
than 50% of the total energy turnover in human running during one stance
phase (100 J) is mechanically stored with about 35 J as strain energy in the
Achilles tendon and about 17 J in compliant elements in the foot.

Transferring this knowledge from biomechanics into robotics implies that
we need to consider SEA design as an “embodied” approach (Pfeifer and
Scheier, 2001), or in other words, the compliant actuator has to be engi-
neered hand-in-hand with the entire robot and its application. To this end,
we adapt the design guidelines defined by Robinson et al. (1999). Starting
with (i) a concept of the leg respectively quadruped robot as well as desired lo-
comotion speed and stride frequency, we can extrapolate (ii) the desired joint
stiffness to support the motion passively as well as the motor specifications
in terms of speed and torque requirements. This is an iterative process and
can only be conducted to a small extent without actually building the device.
As a simplification, we designed all our actuators based on a set of springs
with equal dimensions but different stiffness. This allows for fine-tuning the
passive system dynamics without remanufacturing any component.

3.3.1 Possible Arrangements
The classical SEA arrangement as it was designed and patented by Pratt and
Williamson (1995, 1997) has the gearbox output shaft connected through a
spring with the successive link. This is schematically depicted in a rotary
setup in Figure 3.7(c) and we will refer to this as the classic arrangement with
the individual components motor (M), gearbox (G), and spring (S) between
the fixed link (FL) and moving link (ML). Talking about fixed link in this
context refers always to the predecessor link while the moving link is the
successor link (e.g. FL = thigh, ML = shank).

In addition to this classic configuration, there are different other possibil-
ities to arrange these components. The main reason for changing the order
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of energy source M and G and the spring S as in Figures 3.7(a) and 3.7(b)
is to be able to remotely locate the springs anywhere on the fixed link. This
makes it often possible to achieve a more compact design or even to reduce
the weight. In return, and this is a clear drawback, the mechanical decou-
pling element is not located between the gearbox output and the moving
link. Hence, in an impact at landing, the output mass and also the rigidly
connected gearbox and motor mass encounter an instantaneous change in
velocity. Given an impulsive force Fi acting on link i in actuator direction,
the load that may harm the gearbox amounts to Fgb,i = mM+mG

mM+mG+mMLFi
1

in the mixed setup (Figure 3.7(a)) and to Fgb,i = mG
mM+mG+mMLFi

1 in in-
verse setup (Figure 3.7(b)). Correspondingly, these designs are less tolerant
to impacts as the standard SEA arrangement. Furthermore, the rigid con-
nection to the output requires to assign the motor inertia to the moving link.
This increases the overall mass of the moved segment and hence lowers the
acceleration during flight phase.

3.3.2 Hardware Realization
Most existing SEAs are based on the combination of an electric motor and
a gearbox which delivers high power at a moderate speed. In our robot,
we decided to use Maxon EC-4pole brushless 200W motors in combination
with Harmonic Drive CSG-14 Units with a 1:100 reduction. The choice for a
rotary setup is motivated by the fact that it allows for high joint mobility and
hence supports the versatility aspect of the whole design. Using Harmonic
Drive Units further keeps the weight extremely low, the design compact,
and prevents any backlash in the system. All actuators are designed to
deliver 30Nm torque with a maximal turning speed of more than 600 ◦/s.
Joint angles and spring deflections (AVAGO AEDA3300 80’000 qc/rev), as
well as the motor angles (AVAGO HEDL 2000 qc/rev) are precisely measured
by incremental quadrature encoders. The joint springs can freely move such
that frictional effects are immaterial and the identified spring characteristic
shows a negligible hysteresis (Appendix A.7).

The hip actuators HAA and HFE are built as the mixed (Figure 3.7(a))
and inverse (Figure 3.7(b)) arrangement, respectively. This has the advan-
tage that springs can be “remotely” stored on the main body or the hip
module to make the design very compact. We implement the rotary com-
pliance by two antagonistically precompressed springs (kHAA = 100 Nm/rad,
kHFE = 70 Nm/rad) in combination with a cable pulley (HAA, 3mm inox

1These formulations result from an impact analysis of three rigidly connected masses
which all encounter the same velocity change.
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Figure 3.8: Three SEAs for StarlETH : HAA is rigidly attached to the main body
(a). The KFE motor (not depicted) is integrated in the mirrored drive unit of HFE
(b) with the chain drive connecting to the knee joint (c).

steel) or chain drive (HFE, 6mm pitch). To minimize the drawback of the
additional mass that is rigidly connected to the moving link, both motors are
placed directly on or, in case of HFE, in the rotation axis. Thereby, their
contribution to the segment inertia remains minimal. Since the main oscil-
latory motion during stance phase of running is generated by the knee joint,
the compliances of HAA and HFE have a rather low contribution to the use-
ful passive dynamics and are hence mainly selected to achieve good torque
and joint position control performance. This requires a careful selection of
the spring stiffness: Springs that are too stiff let the unloaded leg oscillate
at frequencies that are impossible to control with the limited bandwidth of
the actuators, while springs that are too compliant require large travel dis-
tances in the actuators to produce a desired force during stance phase. This
would decrease the force control bandwidth and drastically reduce the overall
performance.

The knee actuation concept was implemented as the classic arrangement
(Figure 3.7(c)). This setup was chosen as the inertia of the most distal link
has the largest influence on impact losses and the swing leg performance.
To further reduce the overall leg inertia, the KFE motor and gearbox are
located in the hip axis and connected through a miniature chain drive to the
knee joint. The spring of KFE is the main contributor in passively storing
and releasing energy and it is hence mainly defined by the desired system
dynamics.
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Figure 3.9: The real-time simulation and control environment is based on SL
(Schaal, 2009). The framework allows an immediate switch between simulation
and actual robot by changing the communication interface.

3.4 Electronics

The electronics setup of StarlETH is summarized in Figure 3.9. The joint
motors are regulated by 12 Maxon EPOS2 70/10 control modules A that
are connected through 4 parallel operating CAN buses with the host PC.
Using the same communication interface, custom-made sensor boards based
on Maxon EPOS2 36/2 modules B provide the sensor signals of the addi-
tional joint encoders and foot contact sensors. These components are located
well protected within the main body of StarlETH . A X-sense MTi inertial
measurement unit (IMU) C is attached to the main body to measure body
acceleration and rotation rates as required for state estimation. Different in-
put devices are used by the operator to steer the robot and to give high-level
commands D . StarlETH can be externally powered or autonomously oper-
ated with an onboard PC and standard LiPo batteries (≈ 1.7 kg additional
weight).
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3.5 Software
Safe debugging and testing of complex and computationally intensive control
strategies requires a powerful and reliable software setup. After several iter-
ations through different configurations, we realized a framework as depicted
in Figure 3.9. It is based on a single centralized host PC that conducts the
entire high-level control part. The software contains the real-time simulation
and control environment SL (Schaal, 2009), which is used as a MBS engine,
for visualization of the robot and its environment, as well as for handling the
internal messaging between the different servos through shared memory. It
additionally provides tools for data logging and post-processing.

As a core element, the motor servo is responsible for timing and coordina-
tion of the individual modules. It contains all low-level regulators (position,
velocity, torque) and signal filters. Using either shared memory to access the
simulation, or a CAN gateway to communicate with the actual robot (red
box), there is the possibility to run simulations and experiments (even in par-
allel) with exactly the same controller implementation. This is advantageous
for development, since it avoids code reimplementation, simplifies debugging
and testing, and ensures certain safety if the controllers show good robustness
in the simulation.

The ROS servo provides an interface to the robotic operating system that
cannot meet the hard real-time constraints of SL itself. This connection opens
the door to a huge set of existing sensor drivers and software packages. In
our current setup, it is mainly used for external devices such as a 3D joystick,
gamepad, or MIDI controller to steer the robot.

Finally, the task servo includes all high-level control, state-estimation, and
motion planning tools. To decouple it completely from the MBS simulation,
global kinematics and dynamics are implemented analytically (Section 3.5.1).
In addition to speed, the clear separation between the model used in the
controller and the simulation ensures that only actual sensor signals coming
from the robot or the simulation are passed from the motor servo to the
task servo, which makes the simulation as realistic as possible. Sensor noise,
imperfect state estimation, or (intentionally) introduced model errors allow
to examine the robustness of the controller and hence to limit the problematic
of unstable plant inversion before testing it on the hardware.

This software environment is operated at 400Hz for hardware experi-
ments. However, the rate-limiting factor is the data connection of the CAN
bus system between the host PC and the motor controllers. Although we
managed to parallelize 4 channels (1 per leg), the bit rate of 1MBits/s confines
the overall loop cycle time.
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3.5.1 Analytical Kinematics and Dynamics
To generate an analytical model of the MBS dynamics, we developed the
open-source software package proNEu (Hutter et al., 2011a) based on the
MATLAB Symbolic Math Toolbox (The MathWorks, 2013). It requires as
input a relative kinematic tree of the MBS as a function of arbitrarily defined
generalized coordinates. This includes a description of the rotation and trans-
lation of the COG of each link with respect to its predecessor. Based on this
input, global kinematics are generated by Euler rotations and finally, all dy-
namic properties are calculated using the projected Newton-Euler equations
outlined in Section 2.5.

3.5.2 State Estimation
To assess the base location and orientation with respect to the inertial frame,
we developed in (Bloesch et al., 2012a) a state estimator framework based
on an extended Kalman filter. This combines accelerometer and gyroscope
measurements for state prediction with the kinematic information from the
precise joint sensors in the update step. In contrast to most available solu-
tions, this framework does not make any assumption about the environment
but considers the contact points as augmented states of the system. It hence
allows not only for precise estimation of the floating base position and ori-
entation but additionally provides a sparse elevation map of the temporary
contact points.

3.6 Summary
StarlETH is a dog-sized, fully actuated quadrupedal robot. It is built to per-
form different gaits from static walking in rough terrain to dynamic trotting.
In the design process we put emphasis on a lightweight and highly integrated
construction with all actuators concentrated at the main body. The leg seg-
ments are completely symmetric with modular interfaces in all joints which
allow to quickly change the robot configuration. The legs can be equipped
with two complementary feet such as a compliant ball foot and a passive
ankle joint to increase the energetic efficiency. To actuate StarlETH , we de-
veloped highly compliant SEAs of different mechanical structure to protect
the gearbox from landing impact, to enable precise torque control, and to
intermittently store substantial amount of energy during stance phase. To
simplify controller testing and implementation, the software setup was based
on a centralized host PC with a real-time control and simulation environment.



Chapter 4

Low-Level SEA Control

Legged systems are facing two fundamentally different periods in locomotion
that are defined as stance and swing phase. This separation is not only
reflected in a very different plant model that each joint actuator experiences
at its output, but also in two different control objectives.

During stance phase on one side, the system has a high output mass since
the main body is comparably heavy and the ground does not move at all
(Figure 4.1(a)). In this phase, the joint actuators should enable compliant
interaction with the environment and adapt to ground elevation. They must
regulate the body attitude even under substantial external disturbances by
producing appropriate support forces at the contact points. Additionally,
to make locomotion energetically efficient, the mechanical properties of the
actuators should be designed to efficiently store energy in the passive ele-
ments after touchdown and to release it again before lift-off. In other words,
the series elasticity must have minimal damping to maximally support the
vertical mass-spring oscillation that characterizes most running gaits. This
requirement is in line with the properties of tendons of humans and animals,
that are, in fact, excellent biological springs with nearly no hysteresis and an
efficiency of about 95% (Alexander, 2002; Novacheck, 1998). Building SEAs
with low natural damping further simplifies precise torque control, as the out-
put torque is only related to position deflections and not largely influenced
by velocity dependent friction that is often hard to measure or model.

During swing phase on the other side, the leg is freely moving in air, which
corresponds to a model of low output mass (Figure 4.1(b)). In this contact-
free situation, the joint actuator should quickly control the position of the foot
point to maintain and balance a locomotion gait. Thereby, the series elasticity
in the joint is undesired as it creates deflections and oscillations that hamper

43
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Figure 4.1: The joint actuators of legged systems are facing a high output mass
during stance phase and a low output mass during swing phase.

fast and precise foot positioning. This causes a “damping dilemma” as the
joint should have low damping during stance phase and high damping during
swing phase. A proper controller design can compensate to some extent
for these adverse effects by actively damping the joint motion. However, as
the motor has bandwidth and saturation limitations, regulation by software
is often insufficient and hence needs to be achieved by additional means.
To solve the “damping dilemma” without increasing actuator complexity,
we propose two hardware design concepts based on internal collisions in a
setup with a unidirectional compression spring and nonlinear damping in a
combined series spring-damper arrangement.

4.1 Control Structure
This section first introduces and compares the two commonly used control
structures for SEAs based on direct motor current and cascaded motor veloc-
ity control. Considering the advantages for our implementation, the outher
joint torque and position control loops are subsequently designed based on
the latter setup.

4.1.1 Motor as a Torque Source
An electric motor is in literature generally known as torque source (Isermann,
2005). On the lowest control level, the electric circuit A is regulated using
a current controller B to achieve a desired motor torque τm = κaIm that
accelerates the rotor and gearbox respectively. This inner feedback loop of
the motor electronics is typically very fast (BW ≥1 kHz) and hence we can
assume Im = Im,des for further control design.
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The first class of SEA control designs makes use of this linear relation
between motor current and torque, and commands the setting value Im,des
as a function of the desired and actual joint torque τj at the series elasticity:

Im,des = CFBτ→I (τj,des − τj) + CFFτ→I . (4.1)
This uses a feedback controller CFBτ→I to minimize the error of the command
signal and a feedforward compensator CFFτ→I . In the early work of Pratt and
Williamson (1995), CFBτ→I is designed as PID control with roll-off and the
feedforward compensation CFFτ→I is used to counteract the external load and
to accelerate the motor respectively. More elaborated approaches use model-
based techniques and disturbance observers (e.g. Kong et al., 2009; Paine and
Sentis, 2012). A major difficulty and disadvantage with this direct method
is to establish accurate models to properly compensate for the (nonlinear)
gearbox friction, stiction, or backlash.

4.1.2 Motor as a Position Source
To overcome these deficiencies, Pratt et al. (2004a) later suggested to consider
the combination of motor and gearbox as a position controlled device. To
this end, an additional cascading feedback loop C can be used for regulating
the motor speed D . This is described in a generic formulation as

Im,des = CFBϕ̇m→I (ϕ̇m,des − ϕ̇m) + CFFϕ̇m→I . (4.2)

The feedback part CFBϕ̇m→I = kvelp + kveli

s is mostly implemented as a PI-
controller. Additional feedforward compensation CFFϕ̇m→I further improves
the reference tracking behavior. In contrast to the previous method, this
cascaded motor velocity loop compensates for undesired gearbox friction ef-
fects, typically with a bandwidth in the order of 100Hz.

Convinced by these benefits, different groups (e.g. Pratt et al., 2004a;
Vallery et al., 2007; Wyeth, 2006) realized such a cascaded structure and
designed the outer spring torque control loop as

ϕ̇m,des = CFBτ→ϕ̇m (τj,des − τj) + CFFτ→ϕ̇m . (4.3)

The feedback compensator CFBτ→ϕ̇m = kτp + kτi
s + kτds is mostly realized as a

PID controller while the FF part is used to compensate for the joint motion.

4.1.3 Implementation
The choice for the right control structure is greatly influenced by the me-
chanical properties of the actuator and plant but also the available control
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electronics. We decided to use a cascaded, motor velocity based structure
due to the following reasons:

Mechanic Properties: The actuator consists of a harmonic drive gearbox,
which is generally known as rather hard to model especially for frequently
alternating load direction. Additionally, the spring in series is highly compli-
ant in comparison to other SEAs and hence needs large travel distances to
actually build up a desired spring force.

Control Electronics: The final control electronics need to be integrated
onboard with tight weight and size restrictions. Hence, we cannot rely on
large-scale equipment as often used in a test bench setup, but have to utilize
existing, high-performance motor controllers in combination with small-scale
sensor boards. Such a setup entails longer communication paths, delays,
less deterministic and synchronized timing, and finally a lower loop cycle
time. In our implementation, the spring torque control loop runs at 400Hz
limited by the communication bit rate of the underlying CAN bus. The
low-level velocity and current PID+FF control loops are operating at 1 kHz
and 10 kHz respectively – perfectly timed and highly optimized. It is hence
advantageous, to have the undesired motor and gearbox dynamics locally
controlled.

For the subsequent simulation results, the entire structure as depicted
in Figure 4.2 was rebuilt in MATLAB/Simulink including saturation, sam-
pling, discretization, and filtering effects. To simplify the notation, gearbox
transmission is omitted in the following formulations (ϕgb = ϕm).

4.2 Joint Torque Control
In StarlETH , the identified spring characteristics in all three joints (HAA,
HFE, and KFE) show nearly perfect linearity with minimal hysteresis effects
(see also illustration in Figures A.1(a) and A.1(b)). A linear, least square
model fit results in a regression coefficient of R = 0.999 and a mean absolute
error smaller than |e| = 0.08Nm for all joints. Hence, the springs are well
suited as precise torque sensors by measuring the deflection

δs = ϕm − ϕj , (4.4)
τj = kSEAδs, (4.5)

and an integration of additional load cells that are expensive and might break
under peak load can be avoided.

For designing the joint torque controller, different aspects need to be
considered. In terms of performance, the closed loop system has to achieve
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Figure 4.3: Experimental and simulated results of the SEA torque controller with
a blocked output shaft show a fast step answer (a) with no overshoot and small
delay due to the communication and control loop cycle time. The transfer function
(TF) estimation of T (s) = τj(s)

τj,des(s) (b) indicates a bandwidth of up to 28Hz for
small amplitudes; about 11Hz remain when saturation effects occur.

good tracking and good disturbances rejection. To ensure stability also in
case of interaction with different types of environment, it further must be
stable as well as passive (Colgate, 1988).

4.2.1 PI Feedback Control
Good tracking performance is usually characterized by a high closed loop
control bandwidth and low maximal gain amplification. Given the rather
uncomplicated linear plant dynamics P = τj

ϕ̇m,des
= kSEAϕm

ϕ̇m,des
of the simplified

high output mass model of the velocity controlled motor and spring with
blocked output shaft ϕj = ϕ̇j = 0, we implement as feedback regulator a PI
controller

CFBτ→ϕ̇m = kτp + kτi
s (4.6)

with a slow integrator. Thereby, kτp and kτi represent the proportional and
integral gain, respectively. Figure 4.3(a) shows the response to a desired step
input of 3Nm in simulation and experiment. The system can follow the refer-
ence signal in about 30ms. A transfer estimation of T (s) = τj(s)

τj,des(s) based on
a logarithmic chirp for the demand joint torque is depicted in Figure 4.3(b).
The bandwidth varies between 28Hz for 1Nm (blue), 20Hz for 3Nm (red),
15Hz for 5Nm (green), and 11Hz for 10Nm (black). These results em-
phasize the drawback of high compliance: with increasing amplitudes, the
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Figure 4.4: Using an additional disturbance compensator CFFτ→ϕ̇m significantly
lowers the impedance Z(s) without changing the reference tracking behavior T (s)
(black dotted). In contrast, increased integrator gains lower the impedance (red
solid) but increase the overshoot (blue dashed) (a). In a zero torque experiment
(kτi = 0) with external disturbance, the measured error signal can be lowered to a
large extent by the disturbance compensator (b).

bandwidth substantially drops due to saturation effects. However, the per-
formance of our actuators is well-comparable with some of the best values
found in literature for electrical SEAs by Pratt and Williamson (1995)(5-
25Hz), Vallery et al. (2007)(16 Hz), Kong et al. (2009)(10 Hz), or Sensinger
and Weir (2005)(19 Hz).

4.2.2 Velocity Feedforward Compensation
In addition to a fast reference signal response, good disturbance rejection
is crucial. This is particularly important in the field of haptics or human
assistive devices and is mostly characterized by the output impedance1

Z (s) = τj (s)
−ϕ̇j (s) . (4.7)

1There is some confusion in literature about impedance. In the different work of Hogan
and Colgate, impedance Z(s) is defined as the dynamic relationship between velocity input
and force output at some physical location. Other researchers in particular when working
with SEAs, use the relation between position input and force output as impedance. In
this thesis we follow the definition of Hogan and Colgate and call the latter one dynamic
stiffness K(s) = τj(s)

−ϕj(s)
.
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Good disturbance rejection means that the impedance needs to be as low
as possible over the entire frequency spectrum. For high frequent distur-
bances, above the control bandwidth, the impedance and dynamic stiff-
ness correspond to the mechanical spring properties (Z(jω)|ω→∞ = dSEA,
K(jω)|ω→∞ = kSEA). This emphasizes the benefit of compliant systems with
low natural damping and stiffness in comparison to mechanically stiff devices,
as the former reject high frequent disturbances much better as they occur,
e.g. in an impact. To improve disturbance rejection for low frequencies with
pure feedback control, the integrator gains must be increased (CFFτ→ϕ̇m = 0,
Figure 4.4(a), red solid). While lowering the impedance for low frequen-
cies, increased integrator gains degrade the reference tracking behavior (blue
dashed), can lead to a loss of stability and passivity (Vallery et al., 2007),
and require for additional damping. To overcome this trade-off between good
impedance and good reference tracking behavior, we include a simple distur-
bance compensator for the measured joint velocity ϕ̇j

CFFτ→ϕ̇m = ϕ̇j(s)
Tds+ 1 , (4.8)

with the time constant Td. As depicted in Figure 4.4(a) (black dotted), this
reduces the impedance at low frequencies without influencing the reference
tracking behavior. The performance was validated in an experiment with the
spring torque controlled to zero. As illustrated in a zero-torque experiment,
applying the feedforward compensator significantly decreases the occurring
deflections (Figure 4.4(b), blue solid) in comparison to pure feedback control
(Figure 4.4(b), black solid).

4.2.3 Stability and Passivity
The proposed torque control structure needs to fulfill stability and passivity.
The former criterion is evaluated by the poles of the closed loop system
T (s) = τj(s)

τj,des(s) . As depicted in Figure 4.5(a), increasing the integrator too
much will destabilize the system. Passivity on the other hand is required
to guarantee stability when interacting with any other passive system. In
our case this is a combination between all other joint actuators and links
of the robot as well as the environment. It is evaluated by considering the
impedance or admittance of the system. As outlined in (Colgate, 1988), the
following conditions have to hold:

• Z (s) is asymptotically stable

• Re (Z (jω)) ≥ 0
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Vallery et al. (2007) give some theoretical boundaries for the choice of control
gains that guarantee passivity. However, as their study does not include
mechanical damping in the motor dynamics as well as in the series elasticity,
these boundaries are very conservative. Mechanical damping dSEA pushes
the Nyquist plot (Figure 4.5(b)) into the right half plane for high frequencies
such that no passivity problems occur even for very high integrator gains that
would lead to a unacceptable large overshoot (see Tmax in Figure 4.4(a)).

4.3 Joint Position Control
The standard approach to regulate the joint position ϕj by a SEA is to build
upon the torque regulator introduced beforehand. Thereby, the desired ac-
tuator torque τj,des is commanded as a function of the measured (ϕj) and
desired (ϕj,des) joint position, again mostly with a PID controller whereby
the P-gain and D-gain represent the virtual joint stiffness and damping, re-
spectively. Since the dynamics of this additional outer cascading structure
needs typically to be significantly slower than the inner loop, this works only
well for low-gain joint position control. Such approach is not sufficient when
it comes to fast and precise swing leg positioning, as the motor should be
able to actively damp out the natural mass-spring oscillations that occur due
to the system compliance.
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4.3.1 Disturbance Modeling
To model the disturbances occurring in a swing leg, the inertia of all moved
segments is lumped in a single parameter θsw. For example, to control HFE,
θsw contains the inertia of the thigh and shank around the HFE axis. The
dynamic behavior of this inertia can be expressed as a function of the motor
angle ϕm, joint angle ϕj , stiffness kSEA and damping dSEA:

θswϕ̈j = kSEA (ϕm − ϕj) + dSEA (ϕ̇m − ϕ̇j) . (4.9)

This simplified swing leg dynamics induces typically poles of the entire system
in the order of 10Hz. In comparison thereto, the motor velocity control
loop is much faster and achieves a bandwidth in the order of 100Hz (Hutter
et al., 2011c). Therefore, the spring-mass dynamics dominates the closed
loop behavior and the internal motor dynamics (Figure 4.2 A - D ) can be
neglected for further position control design (ϕ̇m = ϕ̇m,des).

4.3.2 LQR Control
For fast and highly damped joint position control we implement an LQR (lin-
ear quadratic regulator) control structure based on joint and motor encoder
measurements:

ϕ̇m = kϕ1 (ϕm,des − ϕm)− kϕ2 (ϕj,des − ϕj) + kϕ3 (ϕ̇j,des − ϕ̇j) . (4.10)
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Figure 4.7: The proposed LQR joint position controller (blue dashed) performs
significantly better than the initial cascaded PD setup (black dotted)(a). A band-
width of about 9Hz in combination with high damping (Tmax < 1dB) was achieved
in simulations and experiments (b).

As we have accurate position and speed measurements of the joint and motor,
there is direct access to the full state of the simplified plant and hence no need
for an observer. Combining (4.9) and (4.10), whereby ϕm,des = ϕj,des +const
and ϕ̇j,des = 0, the closed loop joint position transfer function is given by:

ϕj (s)
ϕj,des (s) = (kϕ1 − k

ϕ
2 + kϕ3 s) (kSEA + sdSEA)

θsws2 (s+ kϕ1 ) + (s+ kϕ1 − k
ϕ
2 + kϕ3 s) (kSEA + sdSEA) . (4.11)

To determine for example the control gains for HFE2, we choose the state
weighting matrix QLQR = C̃T C̃ with C̃ = diag([1, 10, 0.1]) and the control
effort weighting parameter rLQR = 0.1. In fact, proper adjustment of the
control gains kϕ1 > kϕ2 > 0 and kϕ3 > 0 shifts the poles of (4.11) from the
natural spring-mass oscillations (circle in the pole-zero map of Figure 4.6)
to higher damped regions while keeping the response time of the system
constant. This helps fine-tuning the control gains in hardware experiments.

The proposed control strategy was tested in simulation and hardware
experiments and a significant improvement in comparison to a standard cas-
caded PD setup is achieved (Figure 4.7(a)). The closed loop transfer function
was estimated with a logarithmic chirp (Figure 4.7(b)) applied in hardware
experiments (dashed) and the detailed simulation (solid). The LQR controller
achieves a bandwidth of about 9Hz while ensuring high damping respectively
almost no oscillations (Tmax < 1dB).

2θsw = 0.03 kg/m2, kSEA = kHFE = 70 Nm/rad, and dSEA = dHFE = 0.2 Nms/rad
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Figure 4.8: Internal collisions occur due to the uni-directional cable pulley setup
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neutral position (a). The more the spring is pre-compressed (red solid), the smaller
the undesired deflections during swing leg motion (b).

4.4 Hardware Optimization
Analyzing and evaluating the simplified swing leg model (4.9) for the knee
results in a high eigenfrequency as a result of the low shank inertia. Hence,
active damping of the knee oscillations during flight phase is barely achiev-
able by motor control alone, in particular since the shank has substantial
kinetic energy at the point of lift-off. Consequently, other means for damp-
ing during flight phase need to be employed. To keep the design lightweight,
no additional couplings, brakes, or other adjustable dampers (Boyle et al.,
2000) can be used. Instead, we take advantage of the fact that the knee is
always loaded in the same direction during stance phase and crossings of the
neutral position (τKFE = 0) occur only during swing phase.

4.4.1 Exploiting Internal Collisions
In a first concept (Figure 4.8(a)), we use a single compression spring placed
within the shank. The lower ending of the spring is tied to two cables (solid
and dashed) which are connected to the knee motor placed at the hip joint.
This setup provides additional damping of the unloaded leg by exploiting
the pre-loaded spring characteristic and internal dynamic effects of the uni-
directionally loaded spring.
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Figure 4.9: Spring pre-compression and internal collisions when crossing the neu-
tral position cause phase shortening (a) and higher damping (b).

Pre-loaded Spring Characteristic

Pre-compressing the uni-directional spring by a distance x̄p leads to a non-
linear characteristic with an offset at the neutral position of τoffset = kSEA

x̄p
rp

(Figure 4.8(b), spring characteristic), such that external loads smaller than
τoffset do not lead to a spring deflection. Hence, the disturbance due to shank
acceleration during swing phase motion implies only negligible oscillations
as shown in the experimental step response in Figure 4.8(b). The nonlinear
offset further increases the local stiffness for small deflections and hence ad-
ditionally shortens the oscillation period P as illustrated in Figure 4.9(a) and
discussed in detail in Appendix A.8.3.

Impact Speed Loss

Whenever the knee is crossing the neutral position (Figure 4.8(a)), the direc-
tion of motion of the spring must change. This instantaneous speed reversion
has to result from a mechanical collision within the spring. Thereby, energy
is lost and the deflection speed δ̇s (− = before collision, + = after collision)
is slowed down (Figure 4.9(b)). By applying impulse equations along the
spring and in rotational direction (eq. (A.50)), the relative change in velocity
can be expressed as a function of the shank inertia around the knee joint
θS,KFE = θS +mSs

2
S , the spring mass mF , and the pulley radius rP :

δ̇+
s

δ̇−s
= θS,KFE −mF r

2
P

θS,KFE +mF r2
P

= ε < 1. (4.12)
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These impulsive energy losses at zero crossings reduce the oscillation ampli-
tude δ̂k. As outlined in eq. (A.55), the equivalent damping ratio δ̂k+1

δ̂k
can be

expressed as a function of the spring pre-compression x̄p and pulley radius
by:

1
2rpδ̂

2
k+1 + x̄pδ̂k+1

1
2rpδ̂

2
k + x̄pδ̂k

= ε4. (4.13)

By varying x̄p, the damping ratio δ̂k+1

δ̂k
can be increased from ε2 for x̄p = 0

to ε4 for x̄p � 1
2rpδ̂k.

4.4.2 Combined SEA and SDA Setup
The second concept to prevent oscillations during flight while keeping damp-
ing low during stance is based on a combination of series elastic (SEA) with se-
ries damping actuation (SDA) (Figure 4.10(a)). In this design, a steel spring
is pre-compressed against a damper unit, which creates an overall nonlinear
spring-damping characteristic as depicted in Figure 4.10(b). If the leg is in
ground contact, the actuator is operating in the linear, low damped region of
the spring (SEA), allowing for efficient energy storage and precise torque con-
trol based on deflection measurement. During flight phase, the knee crosses
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Figure 4.11: High damping in the unloaded knee joint (swing phase) enables
precise position control with minimal deflection for demand step inputs (a) and
nearly no overshoot for initial joint deflections (b).

the neutral position τKFE = 0 and hence experiences high-damping and
high stiffness (SDA). Similar to the previous method, the high stiffness/high
damping range can be scaled by changing the amount of pre-compression.
Disturbances smaller than the pre-compression create practically no deflec-
tion. For motor position step inputs in both directions, there occur only
minimal tracking errors in the region of maximal positive acceleration (Fig-
ure 4.11(a),(A,B)). Furthermore, initial joint deflections (Figure 4.11(b)) are
immediately damped out with no overshoot (C).

4.4.3 Comparison

Both solutions ensure a highly improved damping behavior for the swing
phase without impairing torque controllability and energy storage during
stance phase. As a common drawback, the non-linearity or hysteresis effects
around the neutral position degrade the torque controllability in the non-
contact phase. This is not an issue so far as the swing leg requires anyway
position control. The benefit of the spring-damper solution is the immediate
overcritical damping when the joint crosses the neutral position and the low
mechanical complexity for the cabling. Correspondingly, this method was
finally realized in StarlETH .
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4.5 Summary
The applied control structure for the highly compliant SEAs is cascaded with
an inner motor current and velocity control loop. To regulate the joint torque,
we integrate a PI feedback loop and feedforward disturbance compensator.
This allows to simultaneously achieve good closed loop performance (28Hz
small amplitude BW) and low impedance. The controller is designed to en-
sure coupled stability with any type of environment as the system is stable
and passive. For fast and precise swing leg joint position control, we propose
a LQR control structure that can actively damp undesired joint oscillations.
In the knee joint, we additionally improve position controllability by me-
chanical means. To this end, two approaches based on internal collisions and
a combined SEA/SDA joint are compared from a theoretical aspect and in
hardware experiments with a single leg setup.



Chapter 5

Model-Based Locomotion
Control

Legged locomotion is a challenging control problem as it involves balancing
an underactuated robot with many degrees of freedom in continuously alter-
nating contact situation with the environment. To tackle this problem we use
model-based control strategies based on kinematic and dynamic information
that generate the desired actuator torque commands.

A widely used concept to shape the behavior of legged systems is virtual
model control introduced by Pratt et al. (2001). In this static method, the
joint torques are adjusted to create the same reaction as if external forces
would be applied. Following basic mechanical principles, this control method
can be generalized such that the robot can emulate the effect of an arbitrary
set of virtual forces and moments.

In most cases, there exists not only a kinematic description of the robot
but a model of the MBS dynamics such that it is theoretically possible to
impose a largely arbitrary behavior using the concept of floating base inverse
dynamics. In most applications, the desired behavior evolves by simultane-
ously executing a set of motion tasks of different priority such as shifting the
COG, moving a foot point, or keeping certain posture. At the same time,
the robot should optimally distribute the contact forces, e.g. to guarantee
safety against slippage or to minimize the actuator effort. To realize this, we
have developed a control framework based on least square optimization for
hierarchical task-space inverse dynamics control which ensures that critical
tasks are fulfilled by all means while less important ones are only fulfilled as
good as possible. We present two compulsory methods: The outlined sequen-
tial approach controls motion and force/torque tasks with different priorities

59
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purely based on inversion of kinematic system properties. It represents a
missing cornerstone linking kinematic projections (e.g. Mistry et al., 2010)
with a hierarchical task description (e.g. Sentis and Khatib, 2005) for float-
ing base systems. To additionally handle truly-underactuated systems where
some degrees remain uncontrollable, this method is further extended to a
combined formulation that enforces consistency with the EOM. A theoretical
analysis indicates that a lot of existing solutions are in fact only a special
case of the presented approach.

To achieve good control performance with naturally compliant legged sys-
tems, it is often insufficient to consider the robot as a perfectly torque control-
lable device. This is particularly true for fast and precise maneuvers where
the elasticity in the joints substantially influences the control characteristics.
In this context, we propose to apply a hybrid setup whereby part of the
robot remains locally position controlled to improve performance, while at
the same time, the remainder of the robot compensates for coupling effects in
an inverse dynamics framework. This is a final module on the way to transfer
the presented inverse dynamics methods from idealized simulations to real
hardware experiments.

5.1 Generalized Virtual Model Control
Virtual model control (VMC) as introduced by Pratt et al. (2001) is a static
method which generates desired joint torques to produce the same effect on
the system as if there were external (virtual) forces Fvi acting at specified
locations rvi . To derive a generalized form of VMC for floating base systems,
we apply the principle of virtual work which states that variations in work
must cancel for all virtual displacements of the MBS. A virtual displacement
at an arbitrary point pi can be written as

δrpi = δrb + δϕb × rbpi + δrbpi =
[
I −r̃bpi Jbpi

] δrbδϕb
δqr

 , (5.1)

with δrb and δϕb being the variation in position and rotation of the base node
b with respect to an inertial frame. The skew-symmetric matrix r̃bpi = −r̃Tbpi
corresponds to the cross-multiplication matrix r̃bpiϕb = rbpi × ϕb of the
relative position vector rbpi from base b to point pi. The relative position
variation δrbpi = Jbpiδqr is expressed by a variation in generalized joint
coordinates δqr projected by the relative Jacobian Jbpi = ∂rbpi

∂qr . With this
parametrization of an arbitrary field of variations the virtual work generated
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by external and internal forces results in

δW = δqTr τ +
∑
i

δrTpiFpi

=
[
δrTb δϕTb δqTr

]0
0
τ

+
∑
i

 I
r̃bpi
JTbpi

Fpi

 = 0 ∀

 δrbδϕb
δqr

 ,

→ 0 =
∑
i

Fpi , (5.2)

→ 0 =
∑
i

rbpi × Fpi , (5.3)

→ 0 = τ +
∑
i

JTbpiFpi , (5.4)

with
∑
i Fpi =

∑
i Fgi −

∑
i Fvi −

∑
i Fsi representing all external forces

such as the gravitational forces (Fgi), virtual control forces (−Fvi), and the
contact forces (−Fsi). Equations (5.2) and (5.3) correspond to the force
respectively torque equilibrium of all external loads and are used to determine
the unknown ground contact forces Fsi . In most cases, this is done by a
pseudo-inversion according to Fs1

...
Fsns

 =
[

I . . . I
r̃s1 . . . r̃sns

]+ [ ∑
Fgi −

∑
Fvi∑

rgi × Fgi −
∑

rvi × Fvi

]
. (5.5)

However, in a contact situation with more independent contact forces than
equilibrium constraints, additional conditions can be defined (Pratt, 1995) or
numerical optimization routines can be executed (e.g. to minimize slippage,
Bloesch et al., 2011). Given all external forces, the desired joint torques are
extracted from (5.4):

τ = −
∑
i

JTbgiFgi +
∑
i

JTbviFvi +
∑
i

JTbsiFsi . (5.6)

For simplicity of notation, we avoided the inclusion of external moments τ ai .
They can be simply added in the formalism with the corresponding rotational
Jacobian as

∑
i JTRiτ

a
i .

5.2 Inverse Dynamics of FloatingBaseSystems
The goal of the inverse dynamics method is to compute the necessary joint
torques τ that will realize a desired motion respectively acceleration q̈ =
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q̈des as a function of the current state (q, q̇) of the robot. The problem
can be solved straight forward for fixed-base manipulators as τ = Mq̈ +
h. However, the problem becomes ill posed at first glance for floating base
systems due to the contact forces which are a direct function of the applied
joint torque (Mq̈ + h + JTs Fs = ST τ , (2.2)). An obvious solution is to
consider them as measurable external forces as done e.g. in (Nakanishi et al.,
2007). The same authors later write that this approach is undesirable since
force sensors must exist at all contact points, and are typically noisy and
delayed if filtered (Mistry, 2009). These deficiencies can be overcome by
working with the constrained dynamics (P (Mq̈ + h) = PST τ , (2.11)) in a
reduced dimensional space. Given desired generalized accelerations q̈, the
joint torque can be calculated through pseudo-inversion

τ =
(
PST

)+ P (Mq̈ + h) + NPSτ 0, (5.7)

with the pseudo-inverse
(
PST

)+, the null-space projector NPS = N
(
PST

)
,

and the null-space torque τ 0. As it was proven by Righetti et al. (2011a),
the joint torque τ calculated by inverse dynamics (5.7) is independent of
the choice of P, i.e. all projectors presented in Section 2.3.1 result in the
same controller. The choice of P remains only important from a computa-
tional point of view. Righetti et al. (2011a) concludes that this constitutes
a strong argument for the use of the simplest projection possible that uses
only kinematic parameters to compute the control output.

Depending on the properties of PST ∈ Rnm×nr respectively the support
Jacobian Js =

[
Jsb Jsr

]
=
[
∂rs
∂qb

∂rs
∂qr

]
, we have to make two important

differentiations:

Definition 1 (truly-underactuated). A system is called truly-underac-
tuated if there are not enough ground contact constraints to independently
control the nb unactuated base coordinates qb. nu = nm − rank

(
PST

)
=

nb − rank (Jsb) coordinates remain uncontrollable.

This entails that the pseudo inversion may not fulfill the desired dynamics
but only minimizes ‖P (Mq̈ + h) − PST τ‖2. In this case, special attention
has to be paid when choosing the desired accelerations q̈ such that they are
achievable.

Definition 2 (overconstrained). A system is called overconstrained if there
exist nc = nr − rank

(
PST

)
= rank (Js)− rank (Jsb) internal force directions

respectively a null-space matrix NPS = N
(
PST

)
∈ Rnr×nc .
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(a) truly-underactuated (b) truly-underactuated and
overconstrained

(c) overconstrained

Figure 5.1: A quadruped robot with point feet is truly-underactuated ((a); nc = 0,
nu = 3) in single leg support, truly-underactuated and overconstrained ((b); nc = 1,
nu = 1) in double support, and overconstrained ((c); nc = 3, nu = 0) during static
walking with three simultaneous points of contact.

This means that the torque vector τ can be changed by an arbitrary
internal torque vector τ 0 without impairing the desired motion q̈. Instead,
these internal torques τ 0 can be used to optimize the load distribution.

A quadrupedal robot is the ideal platform to highlight these different con-
tact properties. In contrast to most bipedal systems that have extended foot
elements which constrain position and orientation of the foot segment, we
employ on StarlETH only point feet. Each contact point implies three inde-
pendent contact constraints that allow controlling some of the six unactuated
base coordinates.

The most simple case with a single leg in contact that constrains only
three degrees of freedom corresponds to a truly-underactuated system with
nu = 3 uncontrollable directions (Figure 5.1(a)). As the robot cannot apply
torque around the point contact, the three blue rotational directions remain
uncontrolled.

An overconstrained situation can be realized with three (or more) contact
points that are not aligned in a singular configuration (e.g. on a single line).
As depicted in Figure 5.1(c), the nc = 3 internal directions result from 9
independent contact constraints with only 6 unactuated base coordinates.
Thereby, the robot can produce internal forces between the contact points
(red arrows) without changing the actual motion.

A quadrupedal robot can also be truly-underactuated and overconstrained
at the same time (Figure 5.1(b)): Two simultaneous contact points allow to
generate a single internal force between them (red arrow). At the same time,
the system is not able to apply a momentum around the line of support (blue
arrow).
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5.3 Hierarchical Least Square Optimization

To prepare for prioritized task-space inverse dynamics, we introduce in this
section the concept of hierarchical least square optimization of a set of nT
linear equations

Aix = bi, (5.8)

with the optimization variable x. Problems of the same priority i ≥ 1, with
i = 1 being the highest priority, are stacked in matrix Ai and vector bi. As
it will be shown later, motion tasks as well as joint torque and contact force
tasks can be brought into this linear form whereby the optimization variable
is the joint acceleration and joint torque, respectively. In the proposed hi-
erarchical framework, the goal is to solve each task as good as possible in a
least square sense

min
x

‖Aix− bi‖2 , (5.9)

without influencing task of higher priority. There exist different methods to
solve this problem such as e.g. iterative null-space projection (Section 5.3.1)
or as a sequence of constrained quadratic programs (QP) (Section 5.3.2).

5.3.1 Iterative Null-Space Projection

The requirement that a task is not allowed to influence any task with higher
priority can be formulated by defining x as a sum of task specific xi pre-
multiplied with the null-space projection matrix Ni of higher prioritized
tasks:

x =
nT∑
k=1

Nkxk. (5.10)

The null-space projector Ni is defined as Ni = N
([

AT
1 . . . AT

i−1
]T) with

N1 = I and the sufficient property

AiNj = 0 ∀i < j. (5.11)

There exist different methods for null-space projector calculation. In this the-
sis, we use the singular value decomposition (SVD) outlined in Appendix A.4.
Using property (5.11), the prioritized minimization problem (5.9) can be
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solved for each task individually by inserting (5.10) and solving for xi:

Aix− bi = Ai

nT∑
k=1

Nkxk − bi (5.12)

xi = (AiNi)+

(
bi −Ai

i−1∑
k=1

Nkxk

)
. (5.13)

The calculation sequence of the optimization procedure is implemented as:
Algorithm 1 Hierarchical Least Square Optimization
nT = Number of Tasks
x = 0 % initial optimal solution
N1 = I % initial null-space projector
for i = 1→ nT do

xi = (AiNi)+ (bi −Aix)
x = x + Nixi
Ni+1 = N

([
AT

1 . . . AT
i

]T)
end for

Lemma 1 (Task invariance). Using formulation (5.10) ensures due to
property (5.11) that tasks with higher priority are not influenced by tasks
with lower priority, respectively that xj>i has no influence on task i.

Proof.

Aix− bi
(5.10)= Ai

nT∑
k=1

Nkxk − bi
(5.11)= Ai

i∑
k=1

Nkxk − bi (5.14)

Lemma 2 (Global optimality). Formulation (5.13) is globally optimal in
the sense that there exists no other solution x that fulfills a task i better in
the least square sense, while all higher priority tasks j < i are equally good
satisfied.

Proof. See Appendix A.1.

Lemma 3 (Exact task). Task i is exactly fulfilled in a least square sense
(Aix− bi = 0) if the rows of AiNi are linearly independent.

Proof. This follows through inserting (5.13) into (5.14) and using the Moore-
Penrose pseudo inverse AiNi (AiNi)+ = I for row independent matrices.
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Due to its simplicity, the experiments in Chapter 8 are all based on an
implementation of this method.

5.3.2 Sequence of Constrained Optimization
Every single step of the hierarchical least square optimization corresponds
to a quadratic optimization with the linear constraint that tasks of higher
priority are not allowed to change:

min
x

‖Aix− bi‖2

s.t.

 A1
...

Ai−1


︸ ︷︷ ︸

Âi−1

x−

 b1
...

bi−1


︸ ︷︷ ︸

b̂i−1

= c. (5.15)

Note: As long as Âi−1 has full column rank, the cost c is 0.
This sequence of constrained quadratic optimization can be solved using a
standard QP solver (Björck, 1996).

5.3.3 Inequality Constraints
To describe the behavior of complex legged robots, it is often required to
integrate inequality constraints

Aix ≤ bi, (5.16)

in the proposed control framework, e.g. to handle joint angle limitation or
motor torque saturation on task-space level. One possibility is to activate the
corresponding inequality task as equality tasks (with high priority) as soon as
the inequality constraint is violated and to shift all remaining tasks to lower
priorities. This corresponds to constraining the optimization problem (see
Section 5.3.2). Given the convex structure of the least square formulation as
depicted in Figure 5.2(a), global optimality of the solution is still guaranteed.
This would not be possible for a non-convex problem (Figure 5.2(b)). How-
ever, to handle multiple independent inequality tasks, it is required to iterate
trough all possible combinations of active and inactive constraints, which can
become computationally intensive. While this approach works well for our
applications, the interested reader is referred to (Kanoun et al., 2011) for a
more elaborated method based on a sequence of QPs (Section 5.3.2) using
slack variables.



5.4. SEQUENTIAL HIERARCHICAL OSC 67

 
i i- =A x b 0

optimum with
equality constraint
=
optimum with 
inequality constraint

  
optimum
without constraint

 
i i- £A x b 0

(a) Convex problem

 
i i- =A x b 0

 
i i- £A x b 0

optimum
without constraint

optimum with
equality constraint

  

optimum with
inequality constraint

  

(b) Non-convex problem

Figure 5.2: Global optimality of the solution under inequality constraints is only
guaranteed if the problem is convex as in our formulation.

5.4 Sequential Hierarchical OSC
In this section, we describe an approach that allows sequentially optimizing
a set of motion and force/torque tasks with different priorities. First, desired
task-space dynamics of various points are combined in a hierarchical way to
generate support consistent generalized accelerations. Second, contact force
and joint torques are optimized using the same tool.

This two-step algorithm benefits from a very simple formulation and im-
plementation. It is computationally fast and numerically robust since it re-
quires only inversion of (well-conditioned) kinematic system properties that
are generally accurately available and which can be analytically stated before
runtime.

5.4.1 Motion Optimization
The motion of a complex robotic system evolves through a combination of
individual motion tasks of different priorities (Aq

i , bqi , x = q̈), each of them
describing the dynamics of a particularly interesting point in task-space. The
generalized accelerations q̈ are optimized such that the motion for every task
point r̈i = Jiq̈ + J̇iq̇ matches a desired task acceleration r̈i,des as well as
possible in a least square sense

min
q̈

‖r̈i − r̈i,des‖2 , (5.17)

Aq
i = Ji, bqi = r̈i,des − J̇iq̇. (5.18)

In most cases, r̈i,des = r̈FFi + kp (ri,des − ri) + kd (ṙi,des − ṙi) is described
as an impedance control problem including a position kp and velocity kd



68 5. MODEL-BASED LOCOMOTION CONTROL

feedback gain. To account for the support constraint (2.6), it is necessary
to choose the constraint satisfaction as the task with the highest priority P q1
by defining Aq

1 = Js and bq1 = −Jsq̇. Thereby, Js represents the stacked
Jacobian of all active contact points.

5.4.2 Force/Torque Optimization
Applying inverse dynamics for an overconstrained robot does not yield a
unique solution but has an associated null-space that allows to change the
load or torque distribution without influencing the resulting motion. To
exploit this, we formulate a set of force/torque tasks (Aτ

i , bτi , x = τ ) for
hierarchical least square optimization. Fulfilling the system dynamics (2.11)
as well as possible is formulated as

min
τ

∥∥QT
uST τ −QT

u (Mq̈ + h)
∥∥

2 , (5.19)

Aτ
i = QT

uST , bτi = QT
u (Mq̈ + h) . (5.20)

Note: any other projector can be used here (Section 2.3.1).
Quadratic optimization problems in joint torques, e.g. to optimize for

energy efficiency, can be written as

min
τ

‖Wττ − bτ‖2 , (5.21)

Aτ
i = Wτ , bτi = bτ , (5.22)

and finally contact force optimization objectives can be transformed using
(2.16) into a least square problem that is linear in joint torques τ :

min
τ

‖WFFs − bF ‖2 , (5.23)

Aτ
i = WFR−1QT

c ST , bτi = bF + WFR−1QT
c (Mq̈ + h) . (5.24)

The matrices Wτ and WF correspond to weighted selection matrices. This
approach produces solutions that are consistent with the EOM as long as
Lemma 3 is fulfilled for (5.20). By taking (5.20) with highest priority (Aτ

1 ,bτ1),
consistency is guaranteed if the system is not truly-underactuated.

5.4.3 Relation to Other Work
A recent study by Righetti et al. (2013), which is a summary of several pre-
vious work by the same group (Righetti et al., 2010, 2011b), investigates
inverse dynamics based on QR decomposition in combination with contact
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force as well as joint torque optimization. They propose a generalized inver-
sion method

τ = QT
uSTQT

u (Mq̈ + h) +
(
I−QT

uSTQT
uST

)
W−1τ 0, (5.25)

with the weighted pseudo-inverse QT
uST = W−1SQu

(
QT
uSTW−1SQu

)−1,
and showed that this special inversion minimizes the quadratic cost function

min
τ

1
2τ

TWτ − τT0 τ

s.t. QT
u (Mq̈ + h) = QT

uST τ
(5.26)

as a function of a positive-definite weighting matrix W and null-space torques
τ 0. Proper choice of W and τ 0 allows to additionally include optimization
of contact forces.

The weighted pseudo-inverse method turns out to be a special case of the
hierarchical optimization presented in this thesis with the support consistent
dynamics (5.20) fulfilled with highest priority and a single optimization task
(Aτ

2 , bτ2). As there are only two priorities, it can be written as a constrained
optimization (5.15):

min
x

‖Aτ
2x− bτ2‖2

= min
x

xTAτ
2
TAτ

2x− 2bτ2
TAτ

2x

s.t. QT
u (Mq̈ + h) = QT

uST τ

(5.27)

Comparing (5.27) with (5.26) yields W = Aτ
2
TAτ

2 and τ 0 = bτ2
TAτ

2 .
In fact, the potential of the hierarchical method goes beyond the weighted
pseudo-inverse without increasing computational complexity. First, there is
no need for Aτ

2 to be positive definite and an arbitrary combination of joint
torque and contact force tasks can be handled. Second, the optimization task
can be further subdivided into different priorities.

5.4.4 Advantages and Drawbacks
The presented method establishes a link between existing work on hierar-
chical task-space control (e.g. Sentis and Khatib, 2005) and inverse dynamic
methods based on kinematic projections (e.g. Mistry et al., 2010). The for-
mulation of a set of motion (Aq

i , bqi , x = q̈) and force/torque (Aτ
i , bτi , x = τ )

objectives is very simple and intuitive, and the hierarchical least square prob-
lem can be solved efficiently. Since it requires only inverting kinematic sys-
tem properties that are mostly accurately available and well-conditioned, the
method is computationally robust.



70 5. MODEL-BASED LOCOMOTION CONTROL

However, as this method does not enforce consistency with the EOM when
generating the desired motion q̈, this approach is not well suited for truly-
underactuated systems. Lemma 3 is not fulfilled for the inverse dynamics task
(5.20) and hence the optimized joint torques τ satisfy the system dynamics
not exactly but only as good as possible in the least square sense. This
can be an issue if the desired motion is not well chosen. To blindly apply
the proposed methodology for truly-underactuated systems, we extend our
framework to a combined approach (Section 5.5) that enforces consistency
with the system dynamics. This comes along with the inevitable drawback
that it is not anymore purely based on kinematic properties.

5.5 Combined Hierarchical OSC
For the combined optimization we formulate the two steps of motion (Aq

i , bqi ,
x = q̈) and force/torque (Aτ

i , bτi , x = τ ) generation defined for the sequential
approach as one single hierarchical least square optimization problem (Ac

i ,
bci , x = ν) by extending the optimization variable to

ν =
(

q̈
τ

)
. (5.28)

By this combination we can ensure consistency of the solution with the EOM
and hence apply the method blindly for any type of systems. It further offers
the possibility to freely mix motion with force/torque tasks in a hierarchical
way.

Using the combined optimization vector, the dynamics of floating base
systems (2.11) are written as a least square problem:

QT
u (Mq̈ + h) = QT

uST τ , (5.29)
Ac
i = QT

u

[
−M ST

]
, bci = QT

uh. (5.30)

Taking (5.30) at highest priority, dynamic consistency is ensured because
Lemma 3 holds for Ac

1Nc
1 = QT

u

[
−M ST

]
.

Proof. Q is orthogonal and hence QT
u ∈ Rnm×nq has rank nm. Given that

the mass matrix M is invertible, the matrix
[
−M ST

]
∈ Rnq×(nq+nr) has

rank nq. Using Sylvester’s rank inequality it follows directly that Ac
1 has full

rank (rank (Ac
1) = nm).

In the combined method, motion tasks (5.18) are stated as

min
ν

‖r̈i − r̈i,des‖2 , (5.31)

Ac
i =

[
Ji 0

]
, bci = r̈i,des − J̇iq̇. (5.32)
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Similar thereto, joint torque optimization objectives can be written as

min
ν

‖Wττ − bτ‖2 , (5.33)

Ac
i =

[
0 Wτ

]
, bci = bτ , (5.34)

while contact force objectives (5.24) are transformed to

min
ν

‖WFFs − bF ‖2 (5.35)

Ac
i = WFR−1QT

c

[
−M S

]
, bci = WFR−1QT

c (b + g) + bF . (5.36)

5.5.1 Relation to Other Work
This framework is a general and compact formulation of (Sentis, 2007) and
similar to work presented by de Lasa and Hertzmann (2009). As an advantage
over the latter method, the use of constrained dynamics as done here allows
to reduce the dimensionality of the problem without loss of generality. This
is possible since contact forces, joint torques, and accelerations are rigidly
coupled through the support constraint.

5.5.2 Advantages and Drawbacks
Augmenting the optimization variable to simultaneously contain joint accel-
erations q̈ and joint torques τ ensures consistency with the EOM also for
truly-underactuated systems. It further opens the possibility of arbitrarily
mixing motion tasks with force/joint torque optimization objectives.

As a drawback, stacking the optimization variable is inevitably accompa-
nied by the inclusion of the mass matrix in the optimization matrix Ac

i . The
mass matrix is often prone to modeling errors and badly conditioned, e.g.
because of heavy base and light-weight end-effectors (see also Featherstone,
2004). While this is not an issue for ideal simulations, it can largely dominate
in hardware experiments as documented by Nakanishi et al. (2008) and lead
to numerical problems or a loss of controller robustness. Additionally, stack-
ing the optimization variables increases the dimensionality and hence requires
computationally more effort than solving both problems sequentially.
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Figure 5.3: A position tracking task in an inverse dynamics framework requires
joint torque controllability. This leads to a cascaded structure and can reduce the
performance of fast position tracking tasks.

5.6 Hybrid OSC
This section describes a hybrid control setup to combine fast swing leg posi-
tion control with the inverse dynamics framework presented beforehand.

5.6.1 Problem Description
Inverse dynamics controllers make the assumption of a perfect torque con-
trollable robot. This is by definition true when working in a simulation
environment, but does not hold for real robots. Common electrical actua-
tors in particular require high gearbox reductions and are consequently not
backdrivable. For practical purposes, they must be considered as a veloc-
ity rather than a torque source, and joint torque controllability can only
be retrieved by including additional torque sensors. In Figure 5.3, we illus-
trate the typical signal flow when performing a simple joint position control
task using an inverse dynamics framework. First, a task-space tracking con-
troller generates desired accelerations as a function of the reference error
like ϕ̈j = kp (ϕj,des − ϕj) + kd (ϕ̇j,des − ϕ̇j) and, using inverse dynamics, es-
tablishes desired joint torques. The subsequent torque controller translates
demanded joint torque signals into motor commands such as motor current
or velocity. On the lowest level finally, the motor is regulated. Since the
achievable controller fidelity (in terms of bandwidth and feedback gains) is
lowered within every additional loop of the cascaded structure, inverse dy-
namics based position regulation can greatly limit performance in practice.
This is not an issue for “soft” tasks as required for interacting with the envi-
ronment, but is disadvantageous when it comes to fast and precise position
control as for example during swing leg motion. In such situation, the local
performance can be significantly improved by applying a position controller
on joint level which directly sets the desired motor commands (cf. LQR struc-
ture for SEAs presented in Section 4.3).

We accordingly propose a hybrid control setup: Parts of the robot that are
conducting high-performance tracking tasks (in particular swing leg control)
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are locally position controlled, while the remainder of the robot compliantly
interacts with the environment in an inverse dynamics framework.

5.6.2 Disturbance Compensation Task

To capture the influence of the motion of the position controlled joints on
the remainder of the system, it is necessary to include a task in the inverse
dynamics framework which models their behavior as accurately as possible.

Acceleration Measurement

The obvious way for describing the disturbance is to measure the acceleration
at the position controlled joints ˜̈qp and to include a task in the sequential or
the combined approach such as

Aq
i = Sp, bqi = ˜̈qp

Ac
i =

[
Sp 0

]
, bci = ˜̈qp,

(5.37)

with Sp being the selection matrix of the position controlled joints (qp =
Spq). Unfortunately, measuring the joint acceleration ˜̈qp by double differ-
entiation of the joint encoder signal is inapplicable in practice due to sensor
noise. However, as a valid simplification for slow maneuvers it is possible to
expect the motion to be non-accelerated and hence to set ˜̈qp ≈ 0.

Torque Measurement

When it comes to highly dynamic maneuvers, disturbances due to accelera-
tion effects become significant and a non-accelerated motion assumption is
improper. Instead, we can make use of accurately available joint torque mea-
surements at the position controlled joints τ̃ p and include a task which keeps
the torque constant for the next control step:

Ac
i =

[
0 SpST

]
, bci = τ̃ p. (5.38)

This method is especially valid for a compliant system with low bandwidth
torque actuators. In fact, as outlined in Appendix A.6, it can be shown that
including this torque task corresponds to estimating the acceleration at the
position controlled joints as a function of the measured torque and desired
motion of the inverse dynamics framework.
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5.7 Summary
This chapter introduced two control concepts used for legged robotic sys-
tems, namely virtual model control and inverse dynamics. The former one,
a static method, allows emulating virtual forces acting on the system, while
the latter one can superimpose nearly arbitrary dynamics. We have com-
bined inverse dynamics based on kinematic projections with a hierarchical
task decomposition using least square optimization. This results in a very
compact, simple to implement, and numerically robust framework to con-
trol complex robotic devices by describing the desired task-space dynamics
at multiple locations and with different priorities. This includes for exam-
ple the COG motion, end-effector positioning, whole body postures, but also
contact force and joint torque optimization. The framework is finally aug-
mented to a hybrid controller which allows locally regulating part of the robot
by high-performance position controllers while the remainder of the robot is
controlled by inverse dynamics. All proposed methods are applied in different
hardware experiments in Chapters 7 and 8.



Chapter 6

Motion Generation

The highest level in control of legged systems is dedicated to motion genera-
tion. Gait patterns and precise foothold locations need to be chosen to propel
the robot forward, to react against external disturbances, and to cope with
challenging terrain. Humans and animals can do this in perfection. They
can climb in very difficult environment by carefully selecting the footholds,
and likewise walk or run nearly effortlessly on less challenging ground while
maintaining balance even in case of large external disturbances.

Biomechanists have been focusing for a long time on understanding the
underlying principles that enable this incredible locomotion performance. To
this end, they try to condense the complex whole-body dynamics into sim-
plified templates that describe the most important features of walking or
running. For example, linear inverted pendulums (LIP) are used to explain
human balancing or walking (e.g. Winter, 1995). A second, widely accepted
template in the biomechanics and robotics community is the spring loaded
inverted pendulum (SLIP) (Alexander, 1990; Blickhan, 1989), in which the
rigid leg of the LIP is replaced by a massless spring that better represents
the physical properties of elastic muscles and tendons. Different experiments
have shown that the SLIP model describes the COG motion and ground re-
action forces (GRF) of human and animal gaits with astonishing accuracy
(Blickhan and Full, 1993; Full and Koditschek, 1999; Geyer et al., 2006). De-
spite its simplicity, it further allows explaining some self-stabilizing effects of
locomotion found in nature. As our robotic leg is mechanically very similar
to the SLIP model, we analyze and extend it to investigate the locomotion
properties of our device.

Understanding the basic locomotion principles through these templates
also significantly contributes to the mechanical design of robotic systems
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and to the development of control algorithms for balancing dynamic gaits.
For example, the LIP dynamics is widely used in bipedal walking with hu-
manoids (Kajita et al., 2001) and to determine capture points (Pratt et al.,
2006) to quantify stability properties. The SLIP template on the other side
has already served as a qualitative model for the groundbreaking robots at
the MIT Leg Lab in the 1980’s and a lot of other systems that were built
for highly dynamic locomotion. In most of these robots, be it single-legged
hopping (Raibert et al., 1984) or quadrupedal trotting (Raibert et al., 1983),
dynamic balancing and adjusting forward or sideward speed is solely achieved
by regulating the ground contact points based on template predictions. Us-
ing similar foot placement concepts, Coros et al. (2011) recently published
impressive locomotion skills with a simulated dog. Convinced by the results,
we adopted the framework to StarlETH to generate the motion for different
types of dynamic gaits (Gehring et al., 2013).

The application of dynamic gaits works only well on level ground. As soon
as it comes to conquer challenging terrain with sparsely available footholds,
the robot has to switch to static gaits. The feet are moved one after the other
in a predefined order such that the quadruped robot has at least three legs
in simultaneous contact. At the same time, the main body is shifted between
the successive support polygons to ensure maximum static stability in any sit-
uation. Major progress in this field was achieved within the DARPA learning
locomotion challenge, where different groups (e.g. Kalakrishnan et al., 2010;
Kolter et al., 2011; Neuhaus et al., 2011; Zucker et al., 2011) developed opti-
mization and learning strategies to traverse substantial obstacles of different
shape. While a full knowledge transfer is beyond the scope of this thesis, we
adopt some of the underlying methods to our quadrupedal device.

6.1 SLIP Template
Biomechanical studies suggest that the dynamics of the COG in running
gaits (which include bounding, trotting, or galloping), in walking gaits, and
in particular in single-legged hopping can be described by the model of a
spring loaded inverted pendulum (SLIP) (Alexander, 1990; Blickhan, 1989;
Geyer et al., 2006). The SLIP template as depicted in Figure 6.1 is described
by a point mass mσ attached to a massless prismatic spring with resting
length lσ,0 and leg stiffness kσ. During flight phase, the model is only subject
to the law of gravitation and follows a parabolic trajectory. The leg length
and angle of attack are brought to the desired landing configuration lσ,0 and
ασ,0 respectively. When the leg strikes the ground, the motion of the COG
is redirected by the exerted spring force in the leg Fσ = kσ (lσ,0 − lσ) that
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Figure 6.1: SLIP running is analyzed on a step-to-step basis between successive
apex1 transits by a Poincaré map P.

acts between a fixed ground contact point and the COG:

mσ r̈σ = Fσ +mσg, (6.1)

where rσ = (x, z)T is the position of the point-mass and g = (0,−g)T is the
gravitational acceleration vector. Unfortunately, there exist no analytical
solution for this differential equation but only approximations (Geyer et al.,
2005; Schwind and Koditschek, 2000).

6.1.1 Self-Stability and Dead-Beat Control
There is evidence that dynamic locomotion found in humans and animals
is profiting from passive stabilization effects such that external disturbances
can be compensated without large feedback control effort. Different studies
have shown that these self-stability properties can be reproduced with the
SLIP template (Geyer et al., 2002, 2006; Ghigliazza et al., 2005; Schmitt and
Holmes, 2000; Seipel and Holmes, 2005; Seyfarth et al., 2001, 2002). To this
end, the SLIP dynamics are analyzed on a step-to-step basis, where one step
is defined as the period between two successive apex1 transits. The mapping
of the state variables xk = (z, ẋ)Tk at apex over one full period (Figure 6.1)
can be described in a Poincaré map as

xk+1 = P (xk, ασ,0, lσ,0, kσ,mσ) . (6.2)

A motion is called periodically stable, if it is periodic xk = xk+1 = x∗ and
if deviations from this periodic solution decrease from one step to the next.
Stability is assessed via linearization of the Poincaré map P as state errors

1apex = highest point in flight curve with ż = 0
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propagate in one step over the monodromy matrix MP :

∆xk+1 = ∂P
∂x

∣∣∣∣
x∗

∆xk +O
(
∆x2

k

)
= MPxk +O

(
∆x2

k

)
. (6.3)

The eigenvalues of MP determine the stability: As the SLIP model is ener-
getically conservative, the first eigenvalue λ1 is equal to one since apex height
zk and forward speed ẋk are coupled by the given energy level. If the second
eigenvalue |λ2| < 1, an (energy conserving) error will vanish, and the periodic
solution is called asymptotically stable. Figure 6.2(a) depicts the surface of
passively stable fixed points as a function of the parameters stiffness kσ, an-
gle of attack ασ, and apex height zk. If a system is operated at one of these
fixed points, disturbances, e.g. variations in ground elevation are passively
rejected (Figure 6.2(b)).

Instead of relying purely on passive stability, the ground elevation distur-
bance rejection can be maximized by including a dead beat controller that
ensures apex height conservation (zk = zk+1) in every single stride. Since the
system is energy conservative, this automatically implies that the locomotion
speed remains constant (ẋk = ẋk+1) as well. A dead beat controller searches
for fixed points on the surface depicted in Figure 6.2(a) as a function the mea-
sured relative apex height zk and spring stiffness kσ. As there is no closed
form solution for the SLIP dynamics, they are generated by forward simu-
lation. Unfortunately, working with relative apex height on a step-to-step
basis (e.g. Ernst et al., 2009) comes along with a loss of fixed point stability
(Figure 6.2(c)) and already numerical errors will lead to a drift away from
the nominal fixed point in long term simulations. In case of an imperfect
model in the deadbeat controller, this method completely fails.

To overcome this deficiency, we present in (Hutter et al., 2010a) an ex-
tended method that is robust against numerical errors, imperfect sensor sig-
nals, and modeling errors. To this end, the relative height zk = 1

2g · t
2
fall is

measured by the time of flight tfall after apex and augmented with a boundary
value problem (BVP) for the stance phase. Given the additional knowledge
about the impact angle, lift-off angle, and downward velocity żTD = −g · tfall
we solve a stance phase BVP using a standard single shooting method. This
allows to estimate in real time the absolute velocity ẋk and the model param-
eter kσ

mσ
. As a result, drift problems are fully avoided and modeling errors

can be robustly handled.
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Figure 6.2: The fixed point stability analysis of uncontrolled (a) and controlled
(c) running shows different eigenvalues. If the angle of attack is kept constant (b),
disturbances are passively rejected. By integrating a deadbeat controller based on
relative height measurements, large disturbances are rejected (d) but self-stability
is lost.
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6.1.2 Template of an Articulated Leg
The fundamental difference between the SLIP template and a real robotic
device is the massless leg assumption. Since the main body is never com-
pletely decoupled from the foot point, impulses are transferred and lead to
an instantaneous change in the COG velocity and in a drop of kinetic en-
ergy even in case of an extremely lightweight construction. This raises the
research question, how it effects the passive stability and hence disturbance
rejection properties during locomotion. For investigation, we propose a SLIP
model with impact compensation (SLIPic). At the point of landing, the
pre-impact COG velocity ṙ−COG = JCOGq̇− is instantaneously changed to
ṙ+
COG = JCOGq̇+ using the impact equation (2.30). To keep the template
dynamics energy conservative, the associated energy loss ∆Ekin is compen-
sated by a virtual spring elongation to lσ,0+ = lσ,0

− + ∆lσ:

Espring = ∆Ekin
1
2kσ∆l2σ = 1

2mσ

(
ṙ−COG

2 − ṙ+
COG

2
)

→ ∆lσ =
√

mσ
kσ

(
ṙ−COG

2 − ṙ+
COG

2
)

(6.4)

In other words, instead of tracking the dynamics of a single SLIP model,
we first track the dynamics of a model with leg length lσ,0− (which defines
the kinematic positions at touchdown) and then switch to a model with leg
length lσ,0

− + ∆lσ (which defines the ground contact forces during stance
and the leg length at lift-off).

Improved Self-Stability

Using the model parameters of our real robotic leg (Section 3.2), we can per-
form the same stability analysis of single-legged locomotion. As depicted in
Figure 6.3(a), the inclusion of impact at landing substantially increases the
basin of attraction respectively the range of parameters that yields stable
fixed points. These results are similar to those documented by Rummel and
Seyfarth (2008), but must have a different origin. In their work they base
the analysis on massless segments, which limits the explanation to the non-
linear relation between the force acting on the point mass and the torque in
the knee. For our study we have a SLIP equal stance phase with a linear
spring. The stabilization effects must hence originate entirely from the colli-
sion. A somehow intuitive explanation is that an increase in forward velocity
automatically results in a higher impact and consequently in larger COG
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(b) Virtual spring lengthening

Figure 6.3: The stability of the SLIP template is increased when including the
impact occurring in an articulated robotic leg (a). Virtual spring lengthening can
be used to compensate for the impact losses and to change energy level (b).

speed loss in the opposite direction. This holds equivalently for the normal
direction.

Augmented Dead-Beat Control

Virtual spring elongation is so far only used to compensate for impact energy
loss. By considering ∆lσ as an additional control parameter, we have, in
contrast to the energy conservative SLIP model, means of changing the energy
level and hence to independently modulate forward speed or hopping height
while keeping the continuous dynamics of the SLIP model. As an example
(Figure 6.3(b)), this can be used to change the forward velocity while keeping
the height constant over rough terrain. Such virtual leg lengthening is later
used for single leg hopping experiments (Section 7.2).
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Figure 6.4: This picture illustrates a running motion from left to right with
landing, maximal compression, and lift-off configuration. A symmetrical motion
with zero net acceleration is achieved if the foot is placed in the middle of the
COG-print (a). Shifting the foot position to the back accelerates the system (b)
while shifting it to the front decelerates it (c).

6.2 Dynamic Gaits
Templates cannot only be used to deepen the understanding of locomotion
principles but help additionally to design control strategies to stabilize and
maintain dynamic locomotion gaits. Such gaits are characterized by inherent
instability as the robot automatically falls if the legs are not appropriately
positioned. For illustration, we consider a SLIP model which represents the
leg of a monopod runner or the virtual leg of a biped or quadruped robot.
In the first phase before maximal compression, the center of pressure (COP)
is in front of the COG and decelerates the motion. In the second phase
after maximal compression, the COP is behind the COG and hence acceler-
ates it. To maintain a constant forward velocity we need to ensure that the
nominal foot position will generate zero net acceleration on the main body
(Figure 6.4(a)). Following the notation of Raibert (1986), zero net accelera-
tion of the symmetric SLIP template is achieved if the contact point is placed
in the middle of the COG-print, i.e., in the middle of the projected travel
distance of the COG during stance phase. Despite the fluctuation in speed
during stance phase, the length of the COG-print can be estimated to ẋTst
as a function of the average locomotion speed ẋ and the stance duration Tst.

To change forward velocity or to react upon errors, the foot location is
offset from the nominal center of the COG-print. Placing the contact location
behind the center of the COG-print shortens the deceleration phase and thus
leads to a net acceleration of the system (Figure 6.4(b)). If the contact point
is in front of the center of the COG-print, the acceleration phase gets shorter
and the system is slowed down (Figure 6.4(c)). Combining this with the
nominal foothold location in a controller yields the desired contact position
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in forward direction as

xF = 1
2 ẋTst + kFBR (ẋdes − ẋ) , (6.5)

where kFBR < 0 corresponds to the feedback gain and ẋdes to the desired
forward speed.

6.2.1 Single Leg Locomotion
To transfer this controller to single-legged hopping with the articulated leg,
we slightly reformulate it. First, knowing that the angle of attack α is rather
small for the achieved forward locomotion speed ẋ, we linearize sin

(
xF
lσ

)
≈

xF
lσ
. Second, as the stance time is only minimally changing as a function of the

speed, we keep it constant and replace it by a feedforward gain kFFR . Third, as
we are operating in a planar test bench with limited horizontal travel distance,
the controller is augmented with a saturating proportional controller kposR for
the desired travel position. Finally, due to the articulated design, the system
encounters a horizontal impulse at landing which leads to an instantaneous
change in forward velocity ẋ. To compensate for this asymmetry beforehand,
we introduce an experimentally tuned offset angle α0 such that the system
performs a vertical jump at the nominal state (x = 0, ẋ = 0). This yields an
augmented angle of attack controller as

α (x, ẋ) = kFFp ẋ+ kFBR (kposR sat (xdes − x)− ẋ) + α0. (6.6)

6.2.2 Quadrupedal Locomotion
As it was demonstrated by Raibert et al. (1986), the control principles for
single-legged running can be directly transferred to multi-legged systems by
including “virtual” reference frames and contact points as indicated in Fig-
ure 6.5(b). Our implementation is based on the work of Coros et al. (2011)
and was adapted to our needs by Gehring et al. (2013). In this thesis, only
the most important points are outlined for the sake of completeness. The
additional element in quadrupedal locomotion is interleg coordination re-
spectively the timing of the footfall pattern which is decoded in a so called
gait graph. In Figure 6.5(a) this is depicted for a walking trot whereby the
black bars indicate that the corresponding legs are in ground contact. The
current position (green bar) of this symmetric gait is close to the middle
of the swing phase of the left-front and right-hind leg pair (compare with
Figure 6.5(b)).
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Figure 6.5: Timing of the contact points for every gait is defined by a gait graph
(a) and the swing foot is positioned as a function of the speed at the corresponding
hip reference frame (b) to maintain balance.

Similar to the single leg situation, the desired foothold locations are de-
termined to maintain forward motion and to recover balance when the robot
is pushed or when it encounters unanticipated variations in the terrain. Our
framework considers every leg independently. To this end, we define two ref-
erence frames located in the middle of the front and back leg pair respectively.
The swing leg offset relative to the nominal standing position is determined
by

rF = 1
2 ṙHC,desTst + kFBR (ṙHC,des − ṙHC)

√
hHC . (6.7)

The feedforward contribution remains equal to the previous formulation (6.5)
with ṙHC,des ∈ R2×1 being the desired velocity in the horizontal plane at the
corresponding hip reference frame and the stance duration time Tst which
is defined by the gait pattern beforehand. The feedback term depends on
the actual velocity ṙHC at the respective reference frame. To make the con-
trol gain independent of the hip height hHC above ground, it is scaled with√
hHC . This scaling factor originates from the Froude number (Vaughan and

O’Malley, 2005) that is largely accepted by biomechanics to be a fundamental
criterion for dynamic similarities indicating that speed ẋ is proportional to
the square root of a characteristic length such as the hip height

√
hHC . For

the implementation, the feedback gain is always chosen to be kFBp = −0.4.
Given the initial foot location as well as the subsequent stepping location rF ,
we define a spline parameterization of the swing leg trajectory that guaran-
tees sufficient ground clearance. For all dynamic gaits applied in this work,
the main body orientation is kept constant and the base position is moved
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Figure 6.6: During static walking, the footholds are preplanned by shifting a de-
fault configuration dshift ahead (a). Subsequently, the COG trajectory is generated
by minimizing the body motion while guaranteeing a safety margin dsafety (b).

forward in the body fixed frame (Bẋb = vdes, B ẏb = 0) with a superimposed
vertical oscillation (Izb (t)) to change the appearance.

So far, motion generation respectively foothold selection is solely a func-
tion of internal states of the robot to maintain and stabilize a dynamic gait.
This works well on comparably level ground whereby changes in ground ele-
vation are considered as disturbances and compensated by reactive stepping.
When it comes to traverse challenging terrains however, the robot has to
switch to a static gait and plan the sparsely available foothold locations as a
function of the terrain

6.3 Static Gaits
Static gaits are characterized to be stable at any point of time and hence
preferred when it comes to slow walking or challenging terrain. Following
the early work by McGhee et al. (1968) we employ a static quadrupedal
crawl gait that is favored by most animals for low speed locomotion and
which represents the optimal gait to maximize static stability1. Thereby, the
robot continuously executes a stereotypic footfall pattern right-hind (RH),
right-front (RF), left-hind (LH), left-front (LF). The proposed locomotion

1static stability defines that the projected COG lies within the support polygon
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algorithm starts from an initial stance configuration that defines the default
foothold locations with respect to the body. In every step, the default con-
figuration is shifted about some fixed distance dshift ahead to determine the
subsequent swing leg position (Figure 6.6(a)). Given the timing and location
sequence for the footholds, the main body motion trajectory is generated. To
this end, a constant safety margin dsafety is defined as the minimal distance
between the base location and the corresponding support polygon projected
onto a horizontal plane. With this boundary condition, the way points of
the base location are determined for two successive steps ahead by search-
ing for intersecting areas of the safe support triangles (Figure 6.6(b)) and
hence minimizing the main body motion. The actual target position is then
determined by interpolation as a function of the gait phase.

6.4 Summary
Legged locomotion is a complex interaction between a large number of links
and actuators. However, the most important features can be described with
astonishing accuracy by very simple motion templates such as SLIP. This
helps not only to understand the biomechanical principles of walking and
running but provides means for controlling the robotic counterparts. In this
chapter, we studied stability and control properties of this template and
augmented it with collision compensation for a more accurate description
of an articulated robotic leg. We further used the template to determine
desired foothold locations as a function of the forward speed to maintain and
stabilize single-legged hopping and quadrupedal running gaits. In addition to
that, we outlined motion generation for static gaits with three legs in ground
contact. As this gait ensures continuous stability, it finds application in low
speed walking or when it comes to crossing challenging terrain.



Chapter 7

Single Leg Experiments

Single-legged hopping is the archetype of all running gaits. Already the
seminal work by Raibert in the 1980’s on balancing legged systems first in-
vestigated a planar monopod before extending the findings nearly one to one
to 3D hopping and later to multi-legged systems. Experimenting with sin-
gle legs is used to validate the performance of hardware and control while
keeping the complexity minimal and avoiding interleg coordination.

To evaluate our system, we created a single leg test bench (Figure 7.1)
composed of a planar leg version that incorporates two actuators for flex-
ion/extension at the hip and knee joint. By building on the previously out-
lined principles, the single leg can robustly locomote between different target
points. During flight phase, the impact angle is adjusted to keep balance
and to accelerate the system forward accordingly. During stance, the torque
controlled SEAs shape the motion to virtually behave like a SLIP template.
To this end, we use the concepts of virtual model control and task-space in-
verse dynamics to emulate a the spring force or COG dynamics respectively.
Thereby, the benefit of highly compliant SEAs for improving energetic effi-
ciency becomes apparent as the mechanical elasticity is compressed to tem-
porarily store energy and to release it again before lift-off. Similar to the role
of muscles and tendons in humans or animals, this passively supports the
vertical oscillation and significantly reduces the amount of energy the motors
need to introduce. As further advantages, peak power and maximal speed
requirements of the electric motor can be lowered by factors.

The principles of exploiting passive dynamics can be maximized by using
optimization methods in simulation or by applying learning techniques on
the hardware. However, the limitations are defined to a large extent by
the system mechanics and actuation. Some of them can be overcome by
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Figure 7.1: The proposed actuation and control methods were thoroughly tested
with this planar single leg test bench that can freely move in horizontal (x) and
vertical (z) direction but has a blocked main body pitch angle.

augmenting the leg with an additional lightweight foot element. This reduces
impact losses and additionally supports the motion by springs that represent
the functionality of an Achilles tendon.

7.1 Experimental Setup
The planar leg depicted in Figure 7.1 has two actuated degrees of freedom for
hip and knee flexion/extension. Supported by low-friction guiding units A
it can freely move in horizontal (x) and vertical (z) direction while all other
degrees of freedom are blocked. To get ground truth data, the base position
in both directions is precisely measured using incremental wire sensors B .
The single leg carries the motor controllers C and sensor boards D attached
to the main body such that the total weight including the vertical guiding
unit represent about a quarter of StarlETH . The control setup is identical to
the description in Section 3.5 with a host PC connecting through CAN bus
to the motor controllers and sensor boards.
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7.2 Single Leg Running Control
An intuitive control approach for single-legged running emerges directly from
observation of running gaits of humans or animals that can be accurately de-
scribed by the SLIP template (Section 6.1). During flight phase, the leg
follows a ballistic curve and the foot needs to be appropriately positioned to
keep balance and to adjust the locomotion speed. The underlying angle of
attack control is explained in detail in Section 6.2.1. During stance phase,
the leg undergoes a spring like compression after landing and expands again
before lift-off to redirect the body motion. Although the mechanical prop-
erties of the leg are built to support this oscillation passively, energy has to
be introduced to compensate for damping and impact losses and to balance
and maintain periodic hopping. This section summarizes how such a stance
behavior is achieved by the feedback methods virtual model and inverse dy-
namics control, and how it can be pushed to the limits using optimization
and learning techniques.

7.2.1 Virtual Model Control
Single-legged hopping can be controlled by applying a virtual force Fv at
the main body. For achieving a SLIP-like oscillation, a spring-damper force
element is emulated in vertical direction by

F zv = kσ (l0 − (zb − zs)) + dσ (−żb) , (7.1)

with the desired spring stiffness kσ and damping coefficient dσ, as well as
the base and foot height zb and zs respectively. According to the virtual
leg lengthening (6.4), the parameter l0 represents the unloaded spring length
which is larger than the impact leg length and hence used to (virtually)
compensate for energy losses. For periodic hopping, the damping parameter
dσ is kept zero. However, when it comes to special maneuvers, damping
can be activated, e.g. to immediately stop while running. Due to bandwidth
limitation of the actuator, the virtual stiffness is bounded by max (kσ) ≈
ω2
BWmσ, with ωBW being the actuator bandwidth andmσ the total leg mass.

To stabilize forward running motion and to improve agility, the virtual force
in horizontal direction is modulated based on a simple proportional position
controller

F xv = sat (kx (xb,des − xb)) ∈ [−F xmax, F
x
max] . (7.2)

To avoid slipping or tipping over, the horizontal force is limited by a satu-
ration function sat (). As the segments are lightweight in comparison to the
base, we additionally compensate for the heavy base mass by a force at the
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main body Fg = [0,−mσg]T . Using the force equilibrium (5.2), the contact
force yields Fs = Fv−Fg. As the virtual force Fv as well as the gravitational
force Fg directly act on the main body (rbv = rbg = 0, Jbv = Jbg = 0), the
desired joint torques can be calculated according to (5.6) by

τ = JTbsFs = JTbs (Fv − Fg) , (7.3)

with the relative support point Jacobian Jbs = ∂rb−∂rs
∂qj .

To ensure efficient excitation, we additionally constrain the knee joint mo-
tion such that the motor always introduces energy into the system (Pm,KFE >
0). As the knee is only loaded in positive direction (τKFE > 0), this con-
straint can be expressed in terms of motor velocity by ϕ̇m > 0. The appli-
cation of virtual model control to emulate the SLIP-like force between the
contact point and the COG is very robust and intuitive. The few parameters
for the virtual force element can be theoretically predicted and hand-tuned in
hardware experiments with low effort. However, the method has limitations
as it does not account for dynamic effects.

7.2.2 Task-Space Inverse Dynamics
Task-space inverse dynamics techniques as described in Sections 5.2 to 5.5
cannot only emulate a SLIP-like force acting on the system, but moreover
shape the entire dynamics to behave exactly like the template. Instead of
high-gain position tracking of a predefined stance phase trajectory, we directly
use the locomotion template as the desired task-space dynamics. Single-
legged hopping in stance phase is not truly-underactuated and hence the
sequential method is perfectly suited. To generate the desired accelerations
q̈, the contact constraint has to be ensured with highest priority

A1 = Js, (7.4)
b1 = −J̇sq̇. (7.5)

With second priority, the COG or base1 dynamics of the prototype has to
match the motion template. This is defined by reformulating the EOM of
the SLIP model (6.1) such that

A2 = Jb, (7.6)

b2 = r̈b − J̇bq̇ = 1
mσ

Fσ + g− J̇bq̇, (7.7)

1In our mechanical design with the lightweight segments, base and COG nearly coincide.
Hence, the base is taken as reference position.
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with Fσ being a function of the deflection of the emulated spring between base
and contact point. Using Algorithm 1 (page 65), this hierarchical problem
is solved for the desired generalized accelerations. In this simple case with
two contact constraints and two COG task-space accelerations that are all
linearly independent, the solution can be directly calculated by an inversion
of a single stacked Jacobian:

q̈ =
[
Js
Jb

]−1( −J̇sq̇
1
mσ

Fσ + g− J̇bq̇

)
. (7.8)

The support consistent generalized accelerations are subsequently utilized to
solve for the joint torque. The constraint actuator selection matrix PST has
full rank and can be inverted such that the joint torque calculates to

τ =
(
PST

)−1 P (Mq̈ + h) . (7.9)

In contrast to virtual model control, this template-based inverse dynam-
ics control does not only superimpose a corresponding force but shapes the
entire dynamics of the articulated robotic leg to the template. By using the
previously described SLIPic dynamics that accounts also for energy losses
and speed changes due to the impact at landing, we can theoretically and
in idealized simulations achieve a perfect template matching (Hutter et al.,
2010b). However, due to modeling errors and actuator limitations, the out-
put motion of the real robotic device will always differ from the underlying
template. The interested reader can consult a detailed study by Gehring
et al. (2011) about the implementation of this method on the single leg test
bench.

7.2.3 Optimization and Learning
With the previously discussed feedback control methods, motion generation
is restricted to spring-mass templates. Due to the simplicity and robustness,
these models have been successfully used in applications with legged robotic
devices. However, they describe the entire system only to certain extent and
cannot be used to push the performance to its limits. Instead, it is neces-
sary to apply numerical optimization and learning techniques to generate the
stance phase motion.

Optimization in Simulation

For a simultaneous optimization of the actuator input u (t) and part of the
system parameters p (e.g. joint stiffness), we use the framework presented
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by Remy (2011). This tool minimizes the mechanical actuator work Pmech =
τT u̇ as a function of u and p while guaranteeing that the solution is periodic
(xk+1 = P

(
xk,p,u

)
= x∗) with a fixed hopping height h and hopping period

Thop:

min
p,u(t)

f (x∗,p,u (t)) =
∫ Thop

0
max

(
0, τT u̇

)
dt

s.t. P (x∗,p,u (t))− x∗ = 0
max (z (t))− h = 0.

(7.10)

In our implementation, the motor actuation u (t) is described as a time-based
Fourier series with 3 coefficients:

u (t) =
3∑
i=0

ai sin
(
i
2π
T
t

)
+ bi cos

(
i
2π
T
t

)
. (7.11)

This has the benefit that continuity in the motor command can be guaranteed
and that it can be accounted for the motor bandwidth limitation by keeping
the number of Fourier coefficients small. We extensively applied this method
in the work of Latta et al. (2010) to generate feedforward motor commands
for an optimal exploitation of the natural dynamics of the system. Although
large effort was put into model identification, modeling errors forced us to
superimpose feedback controllers. This has the same effect as when using the
motion templates: The controller enforces a desired behavior and thereby
limits the system performance.

Adaptive Control and Learning

An attempt to overcome this deficiency of artificial (or simulative) motion
generation is to apply online optimization techniques. In an earlier work
(Hutter et al., 2009c), we used adaptive control to shape the motion trajec-
tories to improve robustness against slippage. A step that goes far beyond
this is reinforcement learning or in particular the PI2 algorithm (Theodorou
et al., 2010) that was successfully applied to the single leg (Fankhauser et al.,
2013). A detailed report on the results of optimizing precise long jumps, max-
imal high jumps, and periodic hopping can be found in (Fankhauser et al.,
2012). In a two-step approach, control policies are first optimized in sim-
ulation and afterwards refined in real hardware experiments. However, the
achieved energetic running efficiency is barely better than the template-based
motion generation approach.



7.3. LOCOMOTION WITH POINT FOOT 93

step length=0.23m 

t=2.43s

v=0.6m/s

0 1 2 3 4 5 6 7

time [s]

0.6

0.4

0.2

0

-0.2

x
 [
m

]

stance
b

stance
s

flight
b

flight
s

x

x

x

x

(a) Target position step response

x [m]
-0.2 0 0.2 0.4 0.6

0

0.1

0.2

0.3

0.4

y
 [
m

]

base

knee

foot

(b) Leg configurations during experiment

Figure 7.2: The proposed control structure allows to quickly and precisely lo-
comote to a target location (a). Thereby, the leg undergoes substantial vertical
oscillations (b).

7.3 Locomotion with Point Foot
To assess the performance of the mechanical structure and control algorithms
in terms of controllability and efficiency, we conducted various experiments
with the single leg test bench.

7.3.1 Controllability
Controllability and robustness of our robot is qualitatively evaluated in planar
running experiments. To this end, hopping height is modified by changing
the length l0 of the virtual spring element (7.1). Gait transitions from rest
to hopping are initiated by a short vertical force offset. To bring the robot to
an immediate stop, virtual damping dσ is increased to an overcritical value.
Changing the vertical stiffness kσ adjusts the hopping frequency. The virtual
forces in horizontal direction (7.2) in combination with the angle of attack
control (6.6) allow to balance the robot under external disturbances and to
reach arbitrary goal positions without any overshoot. Thereby, step lengths
of about 0.25m and a top speed of about 0.6m/s is achieved (Figure 7.2(a)).
Although the body mass experiences huge vertical oscillations (Figure 7.2(b)),
the mechanical cost of transport in this experiment with energy expenditure
taken as the integral of positive mechanical motor power is about COT = 0.9.
This efficiency can be attributed to a large extent to the passive compliance
in the knee joint which undergoes substantial displacement during the stance
phase.
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(b) Motor and joint power in stance

Figure 7.3: The experimental results of stationary hopping indicate the benefit of
the large compliance in the knee joint. The motor travel distance (and its speed) is
only a fractional part of the joint motion (a). The motor introduces energy during
the entire stance phase with small peak power and zero negative work (b).

7.3.2 Efficiency
Efficiency is evaluated in stationary hopping experiments (xdes = ẋdes =
0). Figure 7.3(a) depicts the knee joint and motor position during a single
stance phase. As expected, the spring compliance ensures that the travel
distance of the motor (red solid) is much smaller than the actual joint motion
(blue dashed). Furthermore, the motor is always delivering positive power
(Figure 7.3(b), red solid). The spring passively stores energy (integral area
of the black dotted) after impact and returns it before lift-off. Already after
landing while the main body still performs a downward motion and the leg
is effectively decelerated, the motor is introducing energy. This is in strong
contrast to a stiff actuation approach in which breaking and accelerating
needs to be actively done by the motor.

To quantify the mechanical efficiency of energy storage in single-legged
hopping, we define the hopping efficiency as

η = 1−
∫
T

max (Pm, 0) dt∫
T

max (Pj , 0) dt
. (7.12)

Since electric energy recuperation is generally not possible for a setup with
a highly non-backdrivable gearbox, we use the notation max (P, 0). This
formulation indicates how much of the positive mechanical work (Pj = ϕ̇jτj)



7.3. LOCOMOTION WITH POINT FOOT 95

needed by the joint to perform a hopping cycle can be provided passively and
how much the motor needs to contribute (Pm = ϕ̇mτj). The closer η is to 1,
the lower fraction of energy is coming from the motor. Negative numbers of
η mean that the motor has to provide more positive work than it is needed
at the joint. This case can occur with SEAs if the joint compliance is not
well aligned with the natural system dynamics or if large control action is
required.

The experiments showed an efficiency coefficient η = 0.64, that means
about 64% of the positive work required for hopping is passively stored and
released while about 36% needs to be provided by the actuator to compensate
for damping or impact losses. Although a direct comparison of these values to
nature needs to be critically examined, studies with humans (e.g. Ker et al.,
1987; Lichtwark and Wilson, 2005) or animals (e.g. Alexander, 1988; Farley
et al., 1993) showed that nature recovers substantial fraction of the hopping
energy purely mechanically. They provide numbers in the order of 35% for
mechanical energy storage in the Achilles tendon and 50% or more for the
total energy recuperation.

Additionally to the energetic efficiency, we are interested in speed and
power amplifications that can be achieved with a highly compliant SEA.
Values for the maximal joint speed in relation to the maximal motor speed
(ωrel = ϕ̇j,max

ϕ̇m,max
= 4.7), as well as the maximal joint power in relation to the

maximal motor power (Prel = Pj,max
Pm,max

= 4.1) clearly support the expectations
as both are largely amplified by the spring.

7.3.3 Mechanical Limitations
The performance limitations in terms of hopping efficiency are defined by the
mechanical design of the hardware device respectively by the damping and
friction effects, as well as by the impact losses at landing. Damping and fric-
tion is dominated by the quality of the springs and bearings. Collision losses
on the other hand are defined by the leg kinematics and mass distribution of
the entire design. In Section 2.4.2 we showed that the energy loss in a plastic
impact collision can be written as

Eloss = E+
kin − E

−
kin = − 1

2 ṙ−Ts Λsṙ−s . (7.13)

The highest energy loss occurs if the pre-impact speed ṙ−s is aligned with
the eigenvector e1 which corresponds to the greatest eigenvalue λ1 of the
foot point inertia Λs. Asada (1983) and Schmiedeler and Waldron (2000)
propose a visual interpretation by plotting the generalized inertia ellipsoid
(GIE) with the perpendicular axis 1/

√
λ1,2e1,2. Investigation of different
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Figure 7.4: A GIE analysis (a) indicates that the pre-impact velocity should be
perpendicular to the shank in order to minimize the impact losses. Measurements
of the energy loss in drop-down experiments (b) with nearly no compliance at the
contact point confirm the theory that energy losses are gradually increasing for
smaller knee bending angles.

landing configurations for the single leg based on the GIE (Figure 7.4(a))
indicates that impact energy losses are minimal if the pre-impact velocity
ṙ−s is nearly perpendicular to the inertia main axis of the segment that is
colliding with the ground. For stationary hopping with a 2-segmented leg,
this requires a crouched position with a large knee bending angle. Ideally
the shank segment is close to horizontal (dark area, energy loss < 15%).
On the other hand, more outreached leg configurations (bright area, energy
loss > 25%) have a higher end-effector inertia in vertical direction and hence
significantly more energy drain with the same vertical pre-impact speed.

To confirm this theoretical prediction, we conducted a set of impact ex-
periments. In reality, a contact collision is not an instantaneous process but
it induces extremely high accelerations at the different segments over a short
period of time. The related energy loss is very difficult to capture in mea-
surements as we would need accurate velocity information shortly before and
after impact. To get around this, we propose to measure how much of the
COG energy during flight phase

EFlighttot = mg (zCOG − z0) + 1
2mṙ2

COG, (7.14)

can be preserved until the mid-stance point. At that point, the velocity of
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all segments is zero and the knee spring is maximally compressed

EmaxComptot = mg (zCOG − z0) +
∫ δs,max

0
τKFE (δs) dδs. (7.15)

The height energy is always expressed w.r.t. the body height at landing z0
and the energy in the spring is given by the integral over the spring torque
τKFE(δs). Since energy is constant during flight phase, all available measure-
ments between apex (highest point in flight curve) and touchdown are used
to estimate the pre-impact energy (7.14). The energy at maximal compres-
sion can be determined with high precision as we do not have to account for
kinetic energy which is prone to sensor noise. The total energy loss is com-
posed of impact losses as well as the damping losses in the series elasticity
and the joint.

The results of multiple dropping tests are depicted in Figure 7.4(b). Tak-
ing the height relative to the leg length at impact ensures that only the actual
jumping height contributes to the potential energy. For a constant landing
configuration the dependency between the energy level (7.14) and the energy
loss (2.32) is linear, with an increasing slope for less crouched configurations.
This is in agreement with the theory: Since a different starting height changes
only the norm of ṙ−s = ṙ−COG = (0, ż−)T but not its direction, (2.32) reduces
to ∆Ekin = − 1

2 ṙ−Ts Λsṙ−s = − 1
2λ22 ż

− 2 with the geometric scalar λ22, and
the relation ∆Ekin

E−tot
= −1/2λ22 ż

− 2

1/2mż− 2 = −λ22
m becomes constant. In conclusion,

to keep λ22 small, it is indispensable to minimize the contact segment mass
and to align the inertia main axis perpendicular to the impact direction –
requirements that seek for an additional foot element.

7.4 Locomotion with Foot Element
To overcome the mechanical limitations of a 2-segmented leg in terms of
impact losses and energy storage capabilities, we designed and built a passive,
lightweight foot segment with springs at the ankle joint that imitate the
Achilles tendon principle (Figure 3.6). We applied numerical optimization
techniques to tune the ankle joint stiffness and validated the augmented leg
in stationary hopping experiments.

7.4.1 Ankle Joint Stiffness and Control Optimization
To find the optimal ankle joint stiffness with respect to energetic hopping effi-
ciency, we used the numerical optimization strategy outlined in Section 7.2.3
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Figure 7.5: The positive actuator work minimization (7.10) shows minimal energy
consumption for a stiffness around the critical stiffness (a). This value is close to the
theoretical optimum of the ankle stiffness of a massless 3-segmented leg (b)(Seyfarth
et al., 2001).

and simultaneously searched for the actuator input u = ϕm (t) as well as the
ankle joint stiffness p = kAFE . The solution of the optimization problem is
depicted in Figure 7.5(a): The bars indicate the value of the cost function
(positive actuator work), the red solid line the impact loss of the 3-segmented
leg in comparison to the 2-segmented leg (red dashed line). The actuator work
as well as the total impact loss is reduced by increasing the stiffness. Up to
the critical stiffness (about 10Nm/rad) the ankle spring is compliant enough
to allow for a double contact phase (heel makes contact), above that, only
the toe touches ground. The obtained results are close to the theoretical
predictions by Seyfarth et al. (2001) for a massless leg which showed that
kAFE = lF

lT
kKFE is required for a symmetric bending (Figure 7.5(b)). Our

optimized results indicate that, in terms of energetic efficiency, making the
ankle springs stiffer is beneficial. In the time between toe and heel contact,
a considerable amount of energy is stored and the vertical heel speed is re-
duced such that the second impact at the heel is comparably small. Going
beyond the critical stiffness where the leg experiences only toe contact does
not improve efficiency anymore. However, considering controllability of the
system, double contact is advantageous: since the ankle is not actuated, the
system in point contact is truly-underactuated and full controllability is only
regained in the double support phase. In summary, we propose to choose the
stiffness just below the critical stiffness.
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Figure 7.6: The passive foot segment was tested in single-legged running exper-
iments using a varying ankle joint stiffness. Increasing the stiffness is beneficial
up to the critical stiffness (a,b). The ankle compliance additionally improves the
hopping efficiency by storing energy (c,d).

7.4.2 Experimental Validation
To be directly comparable with the results collected with the ball foot, we im-
plement the same virtual model controller (Section 7.2.1) in the 3-segmented
leg for single-legged running with different ankle joint stiffness kAFE . The
application of a foot segment shows a reduction of motor energy consumption
(Figure 7.6(a)): a compliant ankle spring (4.0Nm/rad (red solid), 2.85 J) re-
quires more energy compared to the stiffer springs (7.2Nm/rad (blue dashed),
10.5Nm/rad (black dotted), both 2.45 J). Evaluating the hopping height (Fig-
ure 7.6(b)) shows the same tendency. Hence, the optimization results could
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be approved: as long as the heel still touches the ground, increasing the
stiffness results in a remarkable improvement. As soon as the critical stiff-
ness (only toe touches the ground) is reached, making the ankle stiffer does
not improve the overall performance. The hopping experiment with an an-
kle stiffness of 10Nm/rad (Figure 7.6(c)) further highlights that the proposed
control strategy provides only positive actuator power (ϕ̇j > 0 during the
entire stance phase). The power and velocity amplifications remain at the
same level as with the 2-segmented design (Section 7.3.2) while the hopping
efficiency (7.12) can be increased up to 70%. This energetic improvement
can be entirely assigned to the ankle. Comparing the stiffest and the most
compliant ankle joint shows that the energy stored in the knee remains the
same (red) while the total energy stored in the ankle and knee spring (black)
can be drastically increased (Figure 7.6(d)).

7.5 Summary
Single-legged hopping is used to investigate the hardware and actuation per-
formance and to evaluate control algorithms for balancing dynamic gaits.
On a step-to-step basis, the angle of attack is adjusted to achieve a desired
horizontal acceleration in the upcoming stance phase. As soon as the leg
makes contact, the COG velocity has to be redirected through the applica-
tion of supporting forces. Inspired by the SLIP model which holds as an
accurate template of dynamic gaits found in nature, we apply virtual model
and inverse dynamics control techniques to achieve a very similar oscillation
behavior. Thereby, we could manifest that the highly compliant actuation
principles used in our robot largely support the motion. By temporarily
storing and releasing energy in the mechanical springs, more than 60% of
the required hopping energy can be provided passively and the motor needs
only to compensate for damping and impact losses. We showed that this
exploitation of the natural system dynamics can be improved on one hand
by numerical optimization and learning algorithms which change the actu-
ation profile, and on the other hand, by adding an extremely lightweight
foot segment with optimized ankle springs. However, to keep StarlETH fully
controllable, the passive ankle joints are not realized on the quadruped robot.



Chapter 8

Quadruped Experiments

The research presented in this thesis in the areas of hardware, actuation, and
control development finally culminates in a series of experiments with the
quadrupedal robot StarlETH . By combining the individual building blocks
presented beforehand, the quadrupedal robot can perform different gaits from
static walking to dynamic running on varying terrain.

Starting with a series of performance tests, we demonstrate that the hard-
ware and actuation is robust and powerful enough for static and dynamic
locomotion tasks. These tests include payload capability measurements and
drop-down experiments. To achieve a compliant but actively damped behav-
ior, a generalized virtual model controller (Section 5.1) is applied to emulate
spring-damper force elements acting on the main body of the system.

The second series of experiments is dedicated to low-speed static walking.
As the quadruped has always three or more legs in ground contact, balancing
the robot is not an issue. In contrary, the multi-contact configuration allows
to exploit different load distributions. Using the sequential inverse dynamic
control approach presented in Section 5.4, we compare the effects of joint
torque and contact force minimization with regard to energetic efficiency and
robustness against slippage. We showcase the simplicity of integrating joint
torque and position saturations and we outline an interpolation method for
a smooth change in the contact situation. As a step towards extending the
range of operation to unstructured terrain, we exemplify a method to align
the contact force with the local surface, which improves robustness against
slippage. We further confirm the benefits of hybrid OSC which allows to
combine fast joint position control of the swing legs with inverse dynamics
control in the remainder of the system (Section 5.6).
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When transitioning to dynamic gaits, StarlETH becomes truly-underac-
tuated and the desired motion must not only be constraint consistent, it
moreover needs to be consistent with the floating base dynamics. To guar-
antee this, we make use of the combined inverse dynamics control approach
presented in Section 5.5. Integrating this with foot location planning allows
balancing a walking and running trot even under substantial external distur-
bances resulting from pushes or unforeseen ground elevation. Although there
remain few simultaneous contact points in dynamic gaits (for trotting only
the two diagonal ones), an internal force direction allows optimizing the joint
torque or contact force distribution. The experimental section is concluded
with an interesting point for discussions, namely measurements of the energy
consumption in autonomous long-distance trotting.

All methods and findings are tested in simulations (Sim) and validated
in hardware experiments (Exp) without any change in the controller imple-
mentation. This enforces to carefully tune the desired behavior and control
parameters as a function of hardware and actuation limitations. To this end,
some guidelines are summarized in Appendix A.9. All our experiments use
pure task-space inverse dynamics control without any (low-gain) joint posi-
tion regulation. Furthermore, StarlETH is operating without visual feedback
or beforehand knowledge about terrain elevation. Hence, the robot has no
information about its surrounding which only allows to adapt the footholds
in a reactive way based on haptic information that is collected by the contact
and joint torque sensors. As a quantitative evaluation of the performance of
the developed hardware and control structures is often difficult to capture in
numbers and figures, all experiments are supported by video material listed
in Section 1.4.

8.1 Experimental Setup
StarlETH is secured from the ceiling by a mobile crane A . In most exper-
iments the machine is operated on a large-scale, custom-made treadmill B
with the dimensions of about 2.90m × 1.60m. To establish ground truth
data and to automatically adjust the treadmill speed, an OptiTrack S250e
motion capture system with 8 cameras C was integrated. Although ground
truth data is available, this is not used for control but only for post processing
of experimental data. Instead, all controllers rely on state estimations based
on onboard sensing (Section 3.5.2). The energy consumption (Exp 17) was
tested in a fully autonomous configuration with an onboard PC and batter-
ies, all other experiments were conducted with an external power source and
host PC.
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Figure 8.1: The experimental setting for StarlETH consists of a mobile crane A
to secure the robot from the ceiling, a large-scale treadmill B (2.90m × 1.60m),
and an external MoCap system C to establish ground truth data and to automat-
ically adjust the treadmill speed.

8.2 Performance Evaluation
This section evaluates two important performance criteria for quadrupedal
robots, namely payload capability and robustness.

8.2.1 Payload (Exp 1)
Walking and running machines need to provide sufficient torque that enables
them not only to conduct various maneuvers but also to carry batteries and
sensor equipment. This enables a long operation time and full autonomy in a
completely unknown environment. A representative scenario to demonstrate
the payload capability is standing up from a completely crouched position
(Figure 8.2). Due to the large hip and knee bending angle this requires
maximal joint torques. StarlETH is able to stand up with an additional
payload of 25 kg, which is more than the total weight of the actual robot. In
theory, the peak torque in all actuators of 30Nm with a lever arm of 0.2m
results in a maximal total lift force of Fmax = 4 · 30 Nm

0.2 m = 600 N or a maximal
theoretical stand-up payload of ≈35 kg. However, such peak forces should
only occur for short periods in highly dynamic maneuvers and were hence
not experimentally validated as payload.
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25kg

25kg

Figure 8.2: Exp 1: The torque capability was experimentally validated in a stand-
up maneuver with 25kg payload.

8.2.2 Robustness (Exp 2)

To perform dynamic maneuvers, it is crucial that the robot can cope with
impacts. In contrast to a stiff actuation principle, the elasticity in series to
the motor and gearbox decouples them from the output link. This ensures
that, even if all motors are blocked, none of the gearboxes gets damaged by
high peak forces. As a result, StarlETH can robustly damp out the kinetic
pre-impact energy or temporarily store it without harming the gearbox. To
demonstrate this virtue, we dropped StarlETH from a height of the full leg
length or ≈0.4m (Figure 8.3(a)). The recorded vertical position of the main
body is depicted in Figure 8.3(b). The highly compliant and low damped
springs in the joints lead to large oscillations (red solid) including a number
of short rebounds (grey background) after landing. While being advantageous
in terms of efficient energy recovery, this behavior is undesired when it comes
to perform a proper landing maneuver. In a next experiment, we suppress the
disturbing oscillations by active damping using the generalized virtual model
control concept introduced in Section 5.1. Thereby, we virtually impose a
spring-damper force Fv and torque τ v at the base (rv = rb)

Fv = kp (rb,des − rb) + kd (ṙb,des − ṙb) , (8.1)
τ v = kp

(
ϕb,des −ϕb

)
+ kd

(
ϕ̇b,des − ϕ̇b

)
, (8.2)

with the main body position rb and orientation ϕb. The matrices kp and
kd represent the virtual stiffness and damping. This controller prevents the
undesired body oscillation after landing (Figure 8.3(b), blue dashed) and
none of the feet loses contact after landing anymore.
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Figure 8.3: Exp 2: The passive compliance in the joints of StarlETH protects
the actuators from large peak forces at landing. The vertical main body position
was estimated using IMU values during flight and kinematic information during
contact phase. The red solid curve shows the high oscillations due to the passive
compliance with intermittent rebounding phases (grey area). This can be actively
damped (blue dashed) using virtual model control.
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8.3 Static Gaits
Static walking gaits are applied for slow locomotion speed and in particular
when it comes to crossing challenging terrain. With three or more legs in
ground contact, static stability can be continuously ensured. The overcon-
strained contact situation thereby offers potential to optimize the contact
force respectively joint torque distribution. As the quadruped robot is never
truly-underactuated in static walking maneuvers, we apply the sequential ap-
proach introduced in Section 5.4. The task-space motion optimization to gen-
erate q̈ is equally performed in all experiments. To this end, the support con-
straint (2.6) with Aq

1 = Js and bq1 = −J̇sq̇ has the highest priority P q1 . The
base position and orientation are combined in a single, six dimensional task of
second priority P q2 with Aq

2 =
[
JTb JTR

]T and bq2 = r̈2,des −
[
J̇Tb J̇TR

]T q̇ =
r̈FF2 + kp (r2,des − r2) + kd (ṙ2,des − ṙ2) −

[
J̇Tb J̇TR

]T q̇. Thereby, Jb = ∂rb
∂q

represents the translational base Jacobian, JR = ∂Ωb

∂q̇ the rotational Jaco-
bian, Ωb the main body rotation speed, and r2 the stacked vector of main
body position and orientation. The desired base position and body yaw angle
are preplanned using the method outlined in Section 6.3 while the body pitch
and roll angle are always regulated to zero.

During the shifting as well as the stepping sequence, at least ns ≥ 3
points are in contact with the ground. Using Definition 2, the system is
nc = 3ns − 6 times overconstrained. Taking the constrained dynamics task
(5.20) as highest priority P τ1 there remains a nc-dimensional subspace for
contact force respectively joint torque optimization with lower priority such
that the motion is not impaired. For Sim and Exp 3, 4, 5, and 6, we compare
energy expenditure and risk of slippage as a function of the optimization
objectives and actuator saturation. As a measure for energy consumption of
electrically driven robots, the most commonly used objective function is the
integral of the square of actuator torques (Remy et al., 2012a)

Eτ =
∫
τT τdt. (8.3)

To quantify the risk of slippage, we calculate the mean of the relation between
tangential and normal contact force

µ̄ = mean
(
Ftangential(t)
Fnormal(t)

)
. (8.4)

The smaller this fraction, the lower the risk of slippage at the evaluated
contact point. Since there are no precise contact force sensors incorporated,
these forces are estimated in the experiments by (2.16) based on joint torque,
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Table 8.1: Static walking experiments with different optimization objectives

P τ1 P τ2 P τ3 Eτ µ̄ τmax
KFE ∆r

[N2m2s] [-] [Nm] [mm]

Sim 3 inv dyn∗ τ min‡ - 3985 0.27 12.2 3.7
Exp 3 inv dyn∗ τ min‡ - 4701 0.20 12.4 7.7
Sim 4 inv dyn∗ Fs min§ - 5730 0.04 16.0 4.1
Exp 4 inv dyn∗ Fs min§ - 5544 0.04 13.7 3.3
Sim 5 τ lim† inv dyn∗ τ min‡ 4034 0.29 10.0 4.3
Exp 5 τ lim† inv dyn∗ τ min‡ 4557 0.24 10.4 7.2
Sim 6 τ lim† inv dyn∗ Fs min‡ 5502 0.10 10.0 4.9
Exp 6 τ lim† inv dyn∗ Fs min§ 5485 0.07 10.6 3.8
∗inv dyn: Aτ

i = QT
uST , bτi = QT

u (Mq̈ + h)
†τ lim (τKFELF < 10Nm): Aτ

i =
[
0 0 1 0 . . . 0

]
, bτi = 10

‡τ min (Wτ = I, bτ = 0): Aτ
i = Wτ , bτi = 0

§Fs min (WF = I, bF = 0): Aτ
i = R−1QT

c ST , bτi = R−1QT
c (Mq̈ + h)

encoder, and IMU signals. Due to an accurate model and precise torque
measurements, this approximation yields quite exact results as validated for
the single leg by Fankhauser et al. (2012).

All walking experiments and simulations show a minimal difference among
each other in the actual base position and orientation. As a quantifica-
tion: The average absolute distance error ∆rbi = mean |rbi(t)− r(t)| of each
recorded time series rbi(t) to the mean r(t) = 1

n

∑n
i=1 rbi(t) of all simula-

tions and measurements is less than 8mm. As we are working with exactly
the same controller in simulation and on the hardware, this small difference
indicates that the underlying models are indeed very accurate. The results
are summarized in Table 8.1 and discussed in detail subsequently.

8.3.1 Actuator Efficiency Optimization (Sim/Exp 3)

The energy consumption is optimized by applying a least square problem
(5.22) with Aτ

2 = Wτ = I and bτ2 = bτ = 0 with priority P τ2 . With this
method, a walking sequence of 3 full cycles (3 steps with each leg) corresponds
to a cost of Esimτ = 3985N2m2s in simulations and Eexpτ = 4701N2m2s in
experiments. Analyzing the contact forces shows that the mean required
friction coefficients are µsim = 0.27 and µexp = 0.20 correspondingly.
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8.3.2 Contact Force Optimization (Sim/Exp 4)
Minimizing the total contact force is equivalent to removing all internal forces
that do not contribute to the net resulting force on the ground. This is like-
wise to work that was done based on static virtual model control (Zhou
et al., 2000) where the pseudo-inversion distributes the virtual forces onto
the individual contact points such that the resulting support forces are least
square minimal. In the presented framework, force minimization is achieved
by selecting WF = I and bF = 0, respectively Aτ

2 = R−1QT
c ST and

bτ2 = R−1QT
c (Mq̈ + h) (see (5.24)). Conducting the same walking experi-

ment with this controller, the tangential contact forces are significantly re-
duced (µsim = 0.04, µexp = 0.04) and the actuation costs ((8.3), Esimτ =
5730N2m2s, Eexpτ = 5544N2m2s) are increased.

8.3.3 Joint Torque Limitation (Sim/Exp 5,6; Sim 7)
A simple method to account for actuator torque limitations |τi| < τsat is to
tackle these inequality constraints as outlined in Section 5.3.3. Limitations
are generally disabled, but as soon as torque limitations are violated, a high
priority task with Aτ

1 = Wτ =
[
0 0 1 0 . . . 0

]
and bτ1 = bτ = ±τsat

is introduced and all other tasks are shifted to lower priorities. If multiple
saturate, they are stacked at the same priority. The procedure guarantees
that the generated torque profiles meet all actuator limitations and that
non-saturated actuators take more load to still achieve the desired accelera-
tion. StarlETH can perform the same walking maneuvers as in the previous
experiments but with (arbitrarily) limited knee joint torque to 10Nm. As
summarized in Table 8.1, the energetic consumption remains more or less
equal if the maximal knee torque is limited. However, the limitation slightly
increases the risk of slipping since the contact force cannot be aligned as well
as without torque saturation. As depicted in Figures 8.4(a) and 8.4(c), the
motion is equal for Exp 3 and Exp 5 independent of the joint torque distri-
bution. At the same time, the knee torque (Figure 8.4(d)) can be limited
to 10Nm: in this region, mainly HFE of the same leg but also other joints
take part of the load (Figure 8.4(b)). The violation of the 10Nm boundary
with the knee joint (gray circle, Figure 8.4(d)) happens due to (external)
disturbances acting on the system.

The method of introducing high priority saturation tasks produces so-
lutions that are consistent with the system dynamics as long as Lemma 3
is fulfilled for the inverse dynamics task at P τ2 . Otherwise, consistency is
violated and the desired motion can only be executed to certain extent. Fig-
ure 8.5 illustrates this in a simulation (Sim 7) of a vertical position step
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Figure 8.4: A comparison of experimental results with (blue dashed, Exp 5) and
without (red solid, Exp 3) joint torque limitations show nearly perfect matching in
terms of motion (a,c). During the phase where τKFE is saturated (d), HFE (and
others) takes over part of the load (b).

command signal applied to the body height: As long as only the knee joint
torque (KFE) is saturated, the desired motion is perfectly executed since the
hip (mainly HFE) is taking part of the load (blue dashed). If the torque of
hip flexion (HFE) is limited as well, the desired motion cannot be followed
anymore (black dotted).

8.3.4 Joint Position Limitation (Exp 8, 9)

In addition to torque saturation, most robots suffer from a limited joint or
tasks space range of operation. This is usually handled by soft limitations
when planning the desired motion. However, joint range limitations should
also be ensured if the actual motion is significantly offset form the desired
motion, e.g. by external disturbances. This happens in particular when regu-
lating the robot with very low feedback gains to emulate a compliant behav-
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Figure 8.5: (Sim 7): As long as only τKFE is saturated, the desired motion of a
vertical step input on the main body position is perfectly executed since the hip
(mainly HFE) is taking over part of the load (blue dashed). If the τHFE saturates
as well, the desired motion cannot be followed anymore (black dotted).

ior. As a solution, we propose to include the position limitation as inequality
constraints in the motion controller (Section 5.3.3). As a showcase scenario,
we command a simple base shift in forward direction. At the same time,
we restrict the maximal HFE angle to 0.9 rad from the main body x-axis as
indicated in Figure 8.6. This limitation is arbitrarily chosen to demonstrate
the working principle when separating main body position and orientation
tasks into different priorities. In Exp 8, we choose the support constraint
with highest priority P q1 as in the previous examples. The second priority
task P q2 attributes to regulate the body position in xy-plane (stability). As
P q3 we ensure that the body orientation is aligned with the environment while
P q4 keeps the ground clearance constant. In Exp 9, the order of P q3 and P q4 is
changed such that ground clearance becomes more important than the body
orientation.



8.3. STATIC GAITS 111

(a) Start configuration (b) No joint limitation

(c) Height compensation (d) Pitch compensation

0 1 2 3 4 5
-0.2

-0.1

0

0.1

0.2

time [s]

x
[m

]

qjoint limit,P =pitch4

qjoint limit,P =height4 
exp w/o joint limit   

(e) Body forward position

0 1 2 3 4 5
0

0.5

1

1.5

2

time [s]

j
[r

a
d
]

L
F

H
F
E

(f) LF HFE joint angle

0 1 2 3 4 5

0.35

0.4

0.45

0.5

time [s]

z
[m

]

0.3

(g) Body height

0 1 2 3 4 5
-0.5

0

0.5

time [s]

β
 [
ra

d
]

(h) Body pitch angle

Figure 8.6: The presented framework compensates for joint angle limitations
(e.g. ϕHFE) while shifting the main body forward. Its motion is distorted either
by lifting the main body upward (Exp 8, low priority in z posture, (c)) or by tilting
the main body forward (Exp 9, low priority for body pitch angle, (d)).
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Body shifting in forward direction, while keeping body height and ori-
entation constant, is first conducted without considering the limits (Fig-
ure 8.6(b)). Thereby, the hip joint angle limitation is violated (Figure 8.6(f),
black dotted). This can be avoided by activating the limitation tasks as done
in Exp 8 (Figure 8.6(c)) and Exp 9 (Figure 8.6(d)). As soon as the limitation
in HFE is reached, a task with P q2 is introduced that ensures that the angle
is not growing anymore in this direction, respectively that the correspond-
ing joint acceleration is pushing away from the soft joint angle limitation.
All remaining tasks are shifted to lower priorities. It can be observed that
HFE does not exceed the limitation (Figure 8.6(f)) but the body motion is
distorted by violating the lowest priority task. In Exp 8 (blue dashed), the
robot starts to increase the body clearance (Figures 8.6(c) and 8.6(g)). In
this way, it can continuously shift its base forward without impairing the
joint angle limitation. In Exp 9 (red solid), the robot starts pitching its body
to avoid the joint limitation (Figures 8.6(d) and 8.6(h)).

8.3.5 Terrain Dependent Optimization (Exp 10)

Stability respectively no slippage at the contact points can only be guar-
anteed if the contact forces are within the local friction cone at all time.
To keep the tangential forces as small as possible while traversing non-flat
terrain, we propose to align the contact forces with the local surface nor-
mal directions. To this end, the force weighting matrix (5.24) is changed to
WF = blockdiag

(
αitTi

)
with ti ∈ R3×2 being the local tangential plane at

each contact point. This control approach was tested in static, in-place walk-
ing on a half-cylindrical shaped surface with known geometry (Figure 8.7(a)).
To quantify slippage, the feet positions were measured by post-processing of
the recorded movie using a color blob tracker for the ball feet. As indicated
in Figure 8.7(b), robustness against slippage can be extremely improved by
this contact force alignment and slippage free locomotion is achieved if the
robot holds itself on the terrain by producing internal contact forces (red
solid). In (Hutter et al., 2012b) we compare this analytical approach based
on weighted local surface tangential planes with a quadratic program (QP)
solver that minimizes the local friction coefficient. For this experiment, the
results of the nonlinear optimization are not considerably better as the pro-
posed analytical solution but in return require significantly more computa-
tional power. Still, generalizing these findings to any type of gait and terrain
requires further investigation.
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Figure 8.7: (Exp 10): If the contact forces are aligned with the local surface
normal direction by applying internal forces, StarlETH can walk on a half-cylinder
surface (a) without slipping (b, red solid). Considering the surface as flat ground
leads to failure after the first step (b, blue dashed).
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Figure 8.8: (Sim 11): The proposed interpolation method leads to smooth contact
transitions while walking (a) without changing the body motion (b). The resulting
torque trajectories can be followed by low bandwidth series elastic actuators.

8.3.6 Smooth Contact Force Distribution (Sim 11)
A change in the contact situation entails a discrete change in the support
Jacobian Js. As a consequence, applying inverse dynamics leads to undesired
discontinuities in the actuator torques τ and contact forces Fs. To make these
changes smooth, we propose an interpolation method between two subsequent
contact situations. In case of static walking, transitions occur always between
three and four contact point situations in both directions.

In the first step, the original contact force problem is solved to generate
the optimal load distribution Fopt for four contact points. Subsequently, the
desired contact force at the changing contact is (linearly) scaled to Fj =
wFoptj as a function of the interpolation parameter w ∈

[
0 1

]
which is

determined by the gait phase or time. Increasing w from 0 to 1 corresponds
to loading a leg, decreasing to unloading. In the second step, the optimization
problem is solved again with an additional high priority task (Aτ

2 ,bτ2) with
WF = Sj and bF = Fj , whereby Sj corresponds to the selection matrix
of the interpolated contact force Fj . As a result, the load distribution is
smoothly transitioned between loading four (Fj = Foptj ) or only three (Fj =
0) legs. This method differs from approaches used by Dietrich et al. (2012)
in a way that the interpolation directly shapes the contact forces and not the
corresponding null-space projectors Ni.

As indicated in Figure 8.8(a), undesired steps (red solid) in the contact
forces and joint torques due to a discrete change in the support configuration
are fully avoided by a continuous interpolation between subsequent contact
situations (blue dashed). Again, the body motion is not affected at all by
this change in load distribution (Figure 8.8(b)). This method was successfully
tested in different walking experiments.
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Figure 8.9: (Sim 12): The disturbances occurring at the main body due to swing
leg oscillation with increasing amplitude can be significantly lowered by a distur-
bance compensation with torque measurements (red x) in comparison to assuming
non-accelerated motion (blue o).

8.3.7 Hybrid OSC (Sim 12)
The locomotion skills of a robot largely depend on a fast and precise swing leg
control performance. For a compliant robot such as StarlETH , this requires
to build on high performance position controllers in the swing leg joints (cf.
Section 4.3) and hence to consider the control problem as hybrid.

Sim 12 illustrates the benefit of swing leg compensation which was first
presented in (Hutter et al., 2012b). To represent typical foot positioning
tasks, StarlETH is standing on three legs while the hip swing angle is position
controlled to follow an oscillation with a varying amplitude from 0 – 0.8 rad at
a moderate frequency of 10 rad/s. Figure 8.9 depicts the tracking error of the
base position. Without compensation (Ac

i =
[
Sp 0

]
,bci = 0), respectively

with the assumption of a non-accelerated motion, the acceleration of the
joint corresponds to an unobservable disturbance. With growing amplitude,
this more and more deviates the main body from its nominal position (blue
o). If compensation is activated by assuming that the torque in the position
controlled joints remains constant (red x, Ac

i =
[
0 SpST

]
, bci = τ̃ p), the

errors can be significantly improved. These findings make hybrid OSC to be
a valuable approach for combining fast position control with compliant whole
body regulation.
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8.4 Dynamic Gaits
The final set of experiments investigates the dynamic locomotion performance
of StarlETH . In dynamic gaits, the robot experiences truly-underactuated
contact phases and the gait can only be stabilized on a step-to-step basis.
To ensure consistency of the control variables with the EOM, we apply the
combined approach (Section 5.5). A summary of the individual tasks of
different priorities is given in Table 8.2. They are described either in inertial
frame I or in body fixed frame B. We use the rotation matrix CBI to
transform translation Jacobians IJ = ∂Ir

∂q and rotation Jacobians IJR = ∂IΩ
∂q̇

form inertial to the body fixed frame and vice versa such that BJ = CBI · IJ.
In all equations, Si represent selection matrices with unit entries for the
corresponding directions.

For the subsequent experiments, the desired body height Izdes(t) oscillates
as a function of time respectively phase of the gait. For a calm walking trot,
the vertical main body position is kept almost constant. For a running trot
on the other side, large vertical oscillations are excited to achieve a natural
behavior. In all experiments, the main body orientation in roll and pitch is
regulated to zero (Bϕdes = 0). To allow for an intuitive steering, the operator
can adjust the desired walking speed in sagittal Bẋ (Bex forward direction in
main body frame) and coronal direction B ẏ (Bey sideward direction in main
body frame), as well as the turning rate I ψ̇ about the vertical axis Iez of
the inertial frame. Figure 8.10 illustrates a typical dynamic trotting gait at
about 0.7m/s whereby the treadmill was kept at zero velocity.

Table 8.2: Motion task priorities for dynamic locomotion with StarlETH .

Prio reference signal Ac
i bi

P q1 support constraint IJs −I J̇sq̇
P q2 base height Iz SzIJ kzp (Izdes − Iz) + kzd (I żdes − I ż)

P q3 body roll, pitch Bϕ SϕBJR
kϕp (Bϕdes − Bϕ) + . . .

kϕd (Bϕ̇des − Bϕ̇)− SϕBJ̇Rq̇
P q4 base rot rate I ψ̇ SψIJR kψd

(
I ψ̇des − I ψ̇

)
− SψI J̇Rq̇

P q5 base velocity Bv SxyBJ kxyd (Bvdes − Bv)− SxyBJ̇q̇
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t=0.300s

t=0.033s t=0.067s

t=0.267st=0.233st=0.200s

t=0.133st=0.100s

t=0.000s

t=0.333s t=0.367s

t=0.167s14cm

Figure 8.10: StarlETH can perform a trotting gait with a forward speed of
approximately 0.7m/s respectively 1.5 bodylength/s.
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(b) Running trot

Figure 8.11: Exp 13, 14: StarlETH was tested in a walking (a) and running (b)
trot. The latter gait shows shorter contact phases, a higher stride frequency, and
larger oscillations of the body.

8.4.1 Running and Walking Trot (Exp 13, 14)
Trotting gaits as applied for StarlETH are characterized by a completely
symmetric gait graph with alternating diagonal pairs of leg in ground con-
tact. A duty factor (% of cycle in ground contact) of more than 50% defines
a walking trot (Exp 13, Figure 8.11(a)). Thereby, during a short phase of
contact transition, all four legs are grounded and the robot keeps the main
body nearly at constant height. In contrast thereto, a running trot is defined
by a duty factor smaller than 50% and hence the robot undergoes a short
flight phase when alternating the diagonal pair of contact legs (Exp 14, Fig-
ure 8.11(b)). The stride frequency of the running trot is chosen to be higher
while the main body executes larger oscillations in vertical direction. Inde-
pendent of the kind of trotting gait we noticed that applying the presented
control structure in simulations as well in real world experiments requires
only small and intuitive gain tuning.
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Figure 8.12: Sim 15: Minimizing the actuator torque (Wτ = I, blue dashed)
instead of minimizing the contact force (WF = I, red solid) reduces the energy
consumption (8.3) of a trotting gait about 20% since HFE takes part of the load.
In return, the contact force increases in horizontal direction and hence also the risk
of slippage.

8.4.2 Force and Torque Optimization (Sim 15)
Having only two feet in contact with the ground reduces the space for opti-
mization of contact forces or joint torques to a single dimension. We tested
and compared minimizing joint torques (Wτ = I) with minimizing contact
forces (WF = I). As indicated in Figure 8.12, the different strategies slightly
change the load distribution while producing exactly the same motion. The
former method (Wτ = I , blue dashed) results in a mean friction coefficient
for in-place trotting of µ̄ = 0.14, minimizing the contact force (WF = I, red
solid) lowers this to µ̄ = 0.05 but in return increases the actuator cost (8.3)
about 20%. However, none of the methods has shown a significant advantage
in hardware experiments.



120 8. QUADRUPED EXPERIMENTS

8.4.3 Stability and Robustness (Exp 16)
Stability and robustness usually determine how well a system can compensate
for disturbances such as external pushes or unknown obstacles. In contrast to
linear control theory that has well elaborated tools to measure this property,
robustness is hard to quantify for legged systems. Maximal disturbances
before tipping over can be analytically determined for static walking as the
COP is not allowed to coincide with the boundary of the support triangle.
This changes when analyzing dynamic gaits, in our example trotting gaits
with just the diagonal pair of legs in contact. There are so many parameters of
influence that a robustness analysis in most cases boils down to a qualitative
evaluation in experiments to identify the stability limitations.

In general, a dynamically balancing legged robot has two means to reject
disturbances. All legs in contact can produce reaction forces to counteract the
perturbations as good as possible. However, to compensate for disturbances
in the truly-underactuated subspace, the contact point locations have to be
adapted accordingly. For a trotting gait, the quadruped has nu = 1 truly-
underactuated degrees of freedom which corresponds to the rotation around
the line of support. Hence, for the task decomposition outlined in Table 8.2,
the base velocity task P τ5 is only fulfilled as good as possible in least square
sense. This implies that acceleration errors causing a rotation around the
line of support can only be compensated in the subsequent contact phase or
by modulating the stepping location. As an example depicted in Figure 8.13,
we kicked the robot from the side. This causes a velocity error at the corre-
sponding hip center in coronal direction and hence, due to (6.7), StarlETH
steps sidewards to compensate. Thereby, it produces a counterforce and,
within two steps, finds back to the nominal trotting gait.

8.4.4 Energy Consumption (Exp 17)
To quantify energy consumption we performed a long term trotting experi-
ment of about 45min over a distance of 1150m while advancing with con-
stant speed. To get comparable values to the metabolic costs found in na-
ture, StarlETH was operated fully autonomous with onboard PC and two
5Ah, 22.2V LiPo batteries. For trotting with an average speed of about
0.43m/s the robot required an average power of Pel = 296 W which cor-
responds to a dimensionless COT of about 2.57. When the robot is fully
disabled, we measured an energy loss of all electronic components of more
than Ploss0 = 100 W. Estimating the average positive mechanical power de-
fined as joint torque times motor speed results in Pmech = 32 W. This means
on one hand that the mechanical COT including all control action required
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t = 0.000s t = 0.160s

t = 0.040s t = 0.200s
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t = 0.120s t = 0.280s

Figure 8.13: Exp 16: StarlETH compensates for external disturbances such as a
kick while trotting by stepping sideward and generating a net counterforce.
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to stabilize the robot on its nominal walking gait is COTmech = 0.28. On the
other hand, we notice that the efficiency of energy conversion from electric
power in the batteries to what is actually used in the joints is as low as about
10%. This is reasonable as already the maximal possible efficiency is not
more than 63%, which is determined by multiplying the values given by the
manufacturer for the motor controller (ηEPOS = 94%), motor (ηmot = 90%),
and gearbox (ηHD = 75%). All components, but in particular motor and
gearbox, have a significantly lower efficiency while walking due to the quickly
alternating load direction in every joint.

8.5 Summary
This chapter demonstrated static and dynamic locomotion capabilities of
StarlETH using the hierarchical task-space inverse dynamics control frame-
work presented in Chapter 5. Starting with a series of performance evalua-
tion tests, we highlighted power and robustness of the developed quadrupedal
platform. This was followed by static walking maneuvers. Thereby, the robot
benefits from multi-contact interaction which allows to optimize actuator ef-
ficiency, to reduce the risk of slipping even when walking in uneven terrain,
and to achieve smooth contact transitions. We demonstrated methods to
cope with torque and position saturation and evaluated the advantage of a
hybrid control setup. Results on fast and robust dynamic trotting gaits un-
der significant external disturbances finally represent the culmination of the
present dissertation. For illustration we refer to the video material listed in
Section 1.4.



Chapter 9

Discussion and Conclusion

This dissertation started with the vision to develop a dog-sized quadrupedal
robot that achieves locomotion capabilities similar to its natural counterparts.
Inspired by nature and driven by the continuous progress in system engineer-
ing, we built and controlled a legged system that is capable of performing
different gaits from slow climbing to fast running. It was our clear mission
not to focus on reproducing single theoretical findings but to come up with a
robotic system that combines versatility, speed, efficiency, and robustness in
one single device. Closing the gap between the machines we develop and the
natural counterparts requires solutions that are advanced with respect to all
of these properties.

9.1 Discussion of Contributions
Referring back to Figure 1.6, it is necessary to tackle a wide spectrum of
problems that encompasses system engineering, actuation design, and control
development for achieving our goal. More importantly, these topics should
not be investigated independently but must be considered as tightly coupled.

9.1.1 Compliant Design
Inspired by nature where elastic elements in muscles and tendons largely
contribute to an efficient running motion, our quadrupedal robot StarlETH
was designed based on highly compliant series elastic actuators. Mechanical
springs in all joints protect the system and its environment from impact loads
as they occur in dynamic maneuvers. After three years of operation of the
single leg and 1.5 years of nearly daily use of StarlETH , the concept has

123
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proven to be extremely robust. A failure occurred neither in the motor or
gearbox, nor in the mechanical structure of the system. Only the predefined
breaking part in the chain had to be exchanged few times after unexpected
overload cases. The springs further hold as an intermittent energy storage
device. After landing, kinetic energy of the system is used to load the spring
and release it again before lift-off. This can be beneficial to achieve high
energetic efficiency in legged locomotion. To highlight this aspect, we found
in hopping experiments that our actuators can passively redirect about 64%
of the energy required while only the remaining 36% are actively provided by
the motor to compensate for damping and impact losses. Moreover, we could
show that the series elasticity leads to a peak power and peak output speed
amplification of more than a factor four. From a design point of view, this
allows to reduce the motor size and hence to lower the weight of the system
in comparison to a robot with stiff actuation. For an optimal exploitation
of the internal dynamics it is crucial to design the series compliance as a
function of its application. This is a paragon indicating that actuation and
system design are tightly coupled and SEA development without integration
in a robot is of marginal interest.

9.1.2 SEA Control

As the most important feature, the series compliance in the actuator holds
as a torque sensor and hence gives the system precise joint torque controlla-
bility. We realized a cascaded control structure with an inner motor velocity
and current loop that compensate for gearbox frictional effects. The closed
loop actuator is stable and passive. With an identified control bandwidth
up to 28Hz, the tracking performance is comparable with state of the art
research. In addition, a disturbance compensator based on joint encoder
measurements improves the sensitivity of the closed loop system and signifi-
cantly lowers the output impedance. As a drawback of SEAs, the compliant
design introduces undesired oscillations during swing phase which reduce po-
sition control performance. We successfully tackled this problem by apply-
ing two complementary approaches. First, an augmented mechanical design
with additional damper elements suppresses the oscillations in the knee joint
without impairing torque control performance. Second, for both hip joints,
an LQR joint position controller based on joint and motor sensor measure-
ments replaces the outer torque control loop to actively damp out the natural
oscillations. Precise torque and position controllability are the basic element
for a sophisticated locomotion control strategy.
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9.1.3 Model-Based Locomotion Control
Inspired by work on prioritized task-space control and kinematics-based in-
verse dynamics methods for floating base systems, we combined advantages of
these techniques in a hierarchical least square optimization framework. Tasks
defining the motion of the robot can be combined with tasks to optimize the
joint torque or contact force distribution. This allows for an intuitive de-
scription of complex and versatile robot behaviors. At the same time, the
framework avoids inversion of dynamic model properties whenever possible
to improve robustness against modeling and numerical errors. All proposed
control strategies were tested in simulations and, without modification, vali-
dated in real hardware experiments ranging from standing over static walking
to dynamic trotting. Thanks to the full torque controllability of StarlETH ,
pure task-space inverse dynamics control could be used without any (low-
gain) joint position stabilization. In static gaits we mainly optimized the
torque and force distribution that allows to increase energetic efficiency and
that enables walking on terrain where the robot has to apply internal contact
forces to guarantee no contact slippage. We additionally presented methods
to include inequality tasks as required to deal with torque or position limita-
tions. Towards highly dynamic locomotion, we presented results of trotting
gaits whereby the controller has to balance a truly-underactuated robot even
under significant external disturbances such as unperceived ground elevation
or external pushes.

9.2 Comparison to Biology
The importance of mechanical compliance in human and animal locomotion
is unquestionable (Alexander, 1990). However, biomechanical researchers
are still working towards fully understanding the underlying principles and a
complete transfer of this knowledge to robotic devices is still a long way to
go. The results presented in this thesis contribute to the ongoing progress
in closing the gap between legged machines and the natural counterparts.
On a high level, it was shown that our actuators can mechanically redirect
the energy of the system by compressing and releasing the series elasticity.
The achieved energetic efficiency is well comparable to values documented
for human and animal locomotion (e.g. Alexander, 1988; Farley et al., 1993;
Ker et al., 1987; Lichtwark and Wilson, 2005). Roberts (2002) analyzed the
mechanical role of tendon and muscle contractile elements during locomotion.
He simulated the muscular tendon system in steady state running and found
that passive compliant elements largely contribute to the power development.
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(a) Length change (b) Power development

Figure 9.1: (Roberts, 2002) simulated muscle contraction during steady-speed
running. The dynamics of the muscle contractile element (red), tendon (blue),
and combined muscle-tendon unit (green) were monitored for a single simulated
contraction. During the steady-speed simulation, energy changes of the body were
stored and recovered in the tendon and little muscle power was developed.

Most of the energy change of the body was stored and recovered in the tendon,
and the power profile of the tendon closely matched that of the body. The
muscle produced force, but underwent little length change (Figure 9.1(a))
and therefore developed little mechanical power (Figure 9.1(b)). Comparing
these results to our findings depicted in Figure 7.3 shows an astonishing level
of agreement between the muscular-tendon system in nature and the highly
compliant SEAs of StarlETH , not only in shape of position and power curves,
but also in relative magnitude.

StarlETH was operated in a trotting gait (average speed 0.43m/s) at an
average power of 296W or overall COT of 2.57 (see Section 8.4.4). A similar
sized dog (canis familiaris, 18 kg) requires for the same locomotion speed a
metabolic COT of 0.73 (Taylor et al., 1970). At a first glance, this seems
to be an extreme difference. However, considering that motors produce an
average mechanical power of about 32W (COT=0.32), there is large potential
to optimize the electronic equipment. Ongoing progress in this field can
potentially fully close this discrepancy with respect to efficiency.

Comparing individual components of the robot to humans or animal un-
veils more interesting aspects. For example, pure actuator performance of the
robot in terms of power and torque was already superior more than 20 years
ago (Hollerbach et al., 1991; Hunter and Lafontaine, 1992). The same holds
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for control bandwidth that is with about 5Hz for reflexes and less than 1Hz
for visual feedback (Fitzpatrick et al., 1992) considerably lower than what
we achieve with our machines. Despite these discrete advantages, animals
still largely outperform our robots and we have to continue jointly improving
our system design, actuation, and control competence before our robots can
compete with nature.

9.3 Future Work
The concept of system design, actuation, and control realized in StarlETH
opens a big variety of fields for future research. With a platform that can
locomote virtually anywhere, the connection is made to a huge community
working on navigation and planning. We recently started integrating these
capabilities on our robotic device. With cameras to perceive the environment,
advanced gait planning algorithms will be developed that allow conquering
difficult obstacles or performing useful tasks in areas that are hardly accessi-
ble with traditional means of transportation. As StarlETH is easy to handle
and requires nearly no maintenance, we plan to provide it to other research
laboratories that do not have access to such elaborated devices.

We are currently launching a larger research project with partners at IIT
that have been working on quadrupedal systems as well (Semini et al., 2011).
We jointly envision to bring these robots out of our lab environment and make
them perform useful tasks that involve contact point planning and dynamic
motion execution. This is a possibility to deploy StarlETH and to directly
apply the presented control techniques in more challenging tasks.

Observing ongoing robotics research, we identified a trend towards ap-
plying machines in dynamic environment and make them work hand in hand
with human operators. This cries out for compliant mechanical designs and
control to increase safety for the robot and its environment. As a contribu-
tion in this direction, we started industrial collaborations to spread out our
technological findings in the field of SEAs. We are convinced that there are
a large number of possible applications waiting for such solutions.

Since more than two years, our group is heavily involved in a long-term,
nation-wide project, launched by the Swiss National Science Foundation, with
the common objective of developing new, human-oriented robotic technology
for improving our quality of life. We are contributing in a research and res-
cue scenario that envisions collaborative tasks with small-scale drones which
deliver topological information of the surrounding to support path planning
and locomotion capabilities of legged systems. We strongly believe that the
rescue dog for the future will be robotic.
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A.1 Global Optimality for a Hierarchical Least
Square Optimization

Theorem 4. Let fi(x) := ‖Aix − bi‖2 denote the objective function of
each task indexed by i and x ∈ Rn be constructed sequentially via (5.10) and
(5.13).

Then x is globally optimal in the following sense:
There is no other x̃ that fulfills a task i better than x in a least square sense,
while doing the higher priority ones as good as x i.e.:

¬∃x̃ ∈ Rn, 1 ≤ i ≤ nT : fi(x̃) < fi(x) ∧ ∀1≤k<i : fk(x̃) = fk(x)︸ ︷︷ ︸
⇔:x̃≺ix

Note that this implies that if a task i can be exactly fulfilled, while equally
good fulfilling the higher priority tasks, (i.e. there is a x̃ �i x, such that
Aix̃ = bi ⇒ fi(x̃) = 0) the constructed x will do so too because otherwise it
would hold fi(x) > 0 and thus x̃ ≺i x.

Proof. Let Xbetter := {(x̃, i) ∈ Rn × {1..nT } : x̃ ≺i x} be the set of all the x̃
better than x paired with the task’s index, starting at which they are better
than x. The statement can now be written as Xbetter = ∅.

Assume the opposite: Xbetter 6= ∅
Let (x̃, i) ∈ Xbetter be minimal (not necessarily uniquely) in Xbetter with

respect to i.
We now distinguish two cases for i and infer for both contradictions.

(a) i = 1 is contradictory:
It holds f1(x) = f1(x1) by (5.14), as it states A1x− b1 = A1N1x1 − b1
and N1 = I.
So in this case we have f1(x̃) < f1(x) = f1(x1). But this is impossible be-
cause x1 = A+

1 b1 by construction (5.13) and thereby the Moore-Penrose
pseudoinverse guaranties x1 to minimize just f1(x′) = ‖A1x′ − b1‖2.

(b) i > 1 is contradictory:
Let firstly x̂j :=

∑j
k=1 Nkxk denote the solution constructed for the

tasks up to a given task index j and
Bi := {x′ ∈ Rn|∀1 ≤ k < i : Akx′ = Akx̂i−1}.

(i) x̃ ∈ Bi:
It is enough to show ∀1 ≤ k < i : Akx̃ = Akx because Akx =
Akx̂i−1 by (5.14).
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Assume the opposite and let k < i be minimal with Akx̃ 6= Akx
and x̄ := 1

2 (x̃ + x).
The new x̄ does not change any higher priority task, because for any
j < k we have Ajx̄ = 1

2 (Ajx̃ + Ajx) = Ajx because Ajx̃ = Ajx,
which implies fj(x̄) = fj(x).
But x̄ outperforms x̃ and x in task k:

f2
k (x̄) = (1

2(Akx̃ + Akx)− bk)2

= 1
4
(

(Akx̃− bk)︸ ︷︷ ︸
=:ṽ

+ (Akx− bk)︸ ︷︷ ︸
=:v

)2
= 1

4
(
ṽ2 + v2 + 2ṽTv

)
< f2

k (x)

because Akx̃ 6= Akx ⇒ ṽ 6= v and ‖ṽ‖2 = fk(x̃) = fk(x) = ‖v‖2,
which together imply that ṽTv < ‖ṽ‖2‖v‖2 = f2

k (x) (application
of the Cauchy-Schwarz inequality theorem).
Both observations together imply: x̄ ≺k x and with that (x̄, k) ∈
Xbetter, which contradicts the minimality in the second component
of (x̃, i) ∈ Xbetter as k < i.

(ii) fi(x) = minx′∈Bi fi(x′):
By construction (5.13) and Moore-Penrose pseudoinverse properties
we have:

xi ∈ argmin
v∈Rn

‖AiNiv− bi + Aix̂i−1‖2

= argmin
v∈Rn

‖Ai(Niv + x̂i−1)− bi‖2

= argmin
v∈Rn

fi(Niv + x̂i−1)

and thus

fi(Nixi + x̂i−1) = min
v∈Rn

fi(Niv + x̂i−1)

= min
x′∈{Niv+x̂i−1|v∈Rn}

fi(x′)

= min
x′∈Bi

fi(x′).

because {Niv + x̂i−1|v ∈ Rn} = {x′ ∈ Rn|∀1 ≤ k < i : Ak(x′ −
x̂i−1) = 0} = Bi (per definition of Ni). Together with Nixi +
x̂i−1 = x̂i and fi(x̂i) = fi(x) (s. (5.14)) it follows the theses fi(x) =
minx′∈Bi fi(x′).
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Putting it all together we have inferred the following contradiction for
case b):

fi(x̃) <
x̃≺ix

fi(x) =
(ii)

min
x′∈Bi

fi(x′) ≤
x̃∈

(i)
Bi
fi(x̃)

Having led all possibilities for i to a contradiction we can finally conclude:
the assumption of a non-empty Xbetter was wrong.
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A.2 Block Matrix Pseudo-Inversion

The pseudo inverse for a block matrix X+ = XT
(
XXT

)−1 with C = 0 and
D invertible is

[
A B
0 D

]+
=
[
A+ −A+BD−1

0 D−1

]
. (A.1)

Proof. The inverse of a block matrix with E,H invertible is calculated as

[
E F
G H

]−1
=
[ (

E− FH−1G
)−1 −E−1F

(
H−GE−1F

)−1

−H−1G
(
E− FH−1G

)−1 (
H−GE−1F

)−1

]
(A.2)

=
[ (

E− FH−1G
)−1 −

(
E− FH−1G

)−1 FH−1

−H−1G
(
E− FH−1G

)−1 (
H−GE−1F

)−1

]
.

(A.3)

Applying this to the pseudo inversion of the block matrix results in:

[
A B
0 D

]+
=
[
A B
0 D

]T ([A B
0 D

] [
A B
0 D

]T)−1

=
[
A B
0 D

]T [AAT+BBT BDT

DBT DDT

]−1

=
[
AT 0
BT DT

] [
m11 m12
m21 m22

]
(A.4)

=
[

ATm11 ATm12
BTm11 + DTm21 BTm12DTm22

]
(A.5)
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with mi being the elements of the inverted matrix
(
XXT

)−1

m11 =
(
AAT+BBT−BDT

(
DDT

)−1 DBT
)−1

=
(
AAT

)−1 (A.6)

m12
(A.2)= −

(
AAT+BBT−BDT

(
DDT

)−1 DBT
)−1

BDT
(
DDT

)−1

= −
(
AAT

)−1 BD−1 (A.7)
(A.3)= −

(
AAT+BBT

)−1 BDT
(
DDT−DBT

(
AAT+BBT

)−1 BD−T
)−1

= −
(
AAT+BBT

)−1 BDTm22 (A.8)

m21 = −
(
DDT

)−1 DBT
(
AAT+BBT−BDT

(
DDT

)−1 DBT
)−1

= −
(
DDT

)−1 DBT
(
AAT

)−1 (A.9)

m22 =
(
DDT−DBT

(
AAT+BBT

)−1 BDT
)−1

(A.10)

and the pre-multiplied matrix transposed

ATm11 = A+ (A.11)

ATm12
(A.7)= −A+BD−1 (A.12)

BTm11 + DTm21 = 0 since DT
(
DDT

)−1 D = I (A.13)

BTm12 + DTm22
(A.8)=

(
−BT

(
AAT+BBT

)−1 BDT + DT
)

m22

= D−1D
(
−BT

(
AAT+BBT

)−1 BDT + DT
)

m22

= D−1m−1
22 m22 = D−1 (A.14)
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A.3 Kinetic Energy Loss
The kinetic energy loss can be written either as a function of the change in
generalized velocities ∆q̇ in combination with the generalized mass matrix
M or as a function of the pre-impact velocity of the contact point ṙ−s and
the foot point inertia Λs =

(
JsM−1JTs

)−1

∆Ekin = − 1
2∆q̇TM∆q̇ (A.15)

= − 1
2 ṙ−Ts Λsṙ−s (A.16)

Proof. To make the proof compact, we use the well-established formalism
introduced by Khatib (1987) and used by Sentis (2007). This defines the
dynamically consistent generalized inverse of the support Jacobian as

J̄s = M−1JTs Λs. (A.17)

∆Ekin = 1
2 q̇+TMq̇+ − 1

2 q̇−TMq̇−

= 1
2
(
q̇+ + q̇−

)
M
(
q̇+ − q̇−

)
q̇+=q̇−+∆q̇= 1

2
(
∆q̇ + 2q̇−

)
M∆q̇

∆q̇=−J̄sJsq̇−= −q̇−TMJ̄sJsq̇− + 1
2∆q̇TM∆q̇

JsJ̄s=I= −q̇−TMJ̄sJsJ̄sJsq̇− + 1
2∆q̇TM∆q̇

MJ̄sJs=(J̄sJs)TM
= −q̇−T

(
J̄sJs

)T MJ̄sJsq̇− + 1
2∆q̇TM∆q̇

∆Eqkin
J̄sJsq̇−=∆q̇= − 1

2∆q̇TM∆q̇ (A.18)
∆q̇=M−1JsΛs∆ṙs= − 1

2∆ṙTs Λs JsM−1MM−1JTs︸ ︷︷ ︸
Λ−1
s

Λs∆ṙs

= − 1
2∆ṙTs Λs∆ṙs (A.19)

∆Exkin = 1
2 ṙ−Ts Λsṙ−s (A.20)
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A.4 Null-Space Calculation using SVD
The null-space projection operator

NA′ = N (A′) (A.21)

can be calculated by the singular value decomposition (SVD) method (Golub
and Loan, 1996). Given that the matrix A′ has rank r, we can write

A′ =
[
U1 U2

] [Σ 0
0 0

] [
VT

1
VT

2

]
, (A.22)

where Σ = diag (σ1, . . . , σr) with σi > 0 ∀i and the null-space projector is
given by

NA′ = VT
2 (A.23)
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A.5 Relation to Prioritized OSC
Operational space control was introduced by Khatib (1987) and later aug-
mented to floating base systems by Sentis (2007). This class of controllers
corresponds to a general projector with

POSC = SNsM−1. (A.24)

Proof. Sentis and Khatib prescribe a hierarchical, support consistent frame-
work to generate the desired joint torques

τ =
nT∑
k=1

J∗
T

k|prec(k)Fk|prec(k), (A.25)

as a function of prioritized Jacobians

J∗k|prec(k) = JkSNsN∗prec(k), (A.26)

and the operational space forces

Fk|prec(k) = Λ∗k|prec(k)r̈k +h∗k|prec(k)−Λ∗k|prec(k)JkM−1 (SNs)T
k−1∑
i=1

τ i|prec(i).

(A.27)
Each of the nT task of different priority is defined by a task Jacobian Jk and
a desired task-space acceleration r̈k. The prioritized task inertia Λ∗k|prec(k)
and differentiable force vector h∗k|prec(k) are calculated by

Λ∗k|prec(k) =
(
JkM−1 (SNs)T J∗k|prec(k)

T
)−1

, (A.28)

h∗k|prec(k) = Λ∗k|prec(k)JkM−1NT
s h−

Λ∗k|prec(k)J̇kq̇ + Λ∗k|prec(k)JkM−1JTs ΛsJ̇sq̇. (A.29)

For a detailed reference and explanation of the notation, the interested reader
is referred to (Sentis, 2007). In inverse dynamics, we deal with a single task
nT = 1 to control the desired joint acceleration r̈d = q̈d. Hence, the task
Jacobian is

J1 = I (A.30)
J̇1 = 0. (A.31)
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Knowing that the first prioritized null-space projector N∗prec(1) = I, the pri-
oritized Jacobian simplifies to the dynamically weighted general inverse of
SNs with the weight equal to M−1:

J∗1|prec(1) = SNs = M−1 (SNs)T
(
SNsM−1 (SNs)T

)+
. (A.32)

Using the support constraint Jsq̈ = −J̇sq̇, we can further simplify

Λ∗1|prec(1) =
(
M−1 (SNs)T SNs

T
)−1

=
(
M−1NT

s

)−1
, (A.33)

h∗1|prec(1) = Λ∗1|prec(1)M−1NT
s h−Λ∗1|prec(1)M−1JTs ΛsJsq̈. (A.34)

Substituting this into the into the operational space force (A.27) results in:

F1|prec(1) = Λ∗1|prec(1)q̈d + h∗k|prec(k)

= Λ∗1|prec(1)
((

I−M−1JTs ΛsJs
)
q̈d + M−1NT

s h
)

= Λ∗1|prec(1)
(
M−1 (I− JTs ΛsJsM−1)Mq̈d + M−1NT

s h
)

=
(
M−1NT

s

)−1 M−1NT
s (Mq̈d + h)

= Mq̈d + h. (A.35)

In fact, the operational space force of an inverse dynamics controller cor-
responds the desired system dynamics. This can be directly used in the
controller to create the joint torque

τ = J∗
T

1|prec(1)F1|prec(1) =
(
SNsM−1 (SNs)T

)+
(SNs) M−1 (Mq̈d + h)

(2.11)=
(
PST

)+ P. (A.36)

Using the property NsM−1 = M−1NT
s = NsM−1NT

s and comparing this to
the generalized formulation with the projector matrix P (2.11), we get the
operational space projector as

POSC = SNsM−1. (A.37)
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A.6 Hybrid OSC –
Simplification for End-Effector Control

This appendix describes the application of a hybrid OSC framework for high-
performance end-effector position control and inverse dynamics control of the
remainder of the system.

A.6.1 Preamble and Notation

For simplicity we will use in the following three sets of coordinates and the
corresponding selection matrices. These are position controlled coordinates
qp = Spq, torque controlled coordinates qτ = Sτq, and the base coordinates
qb = Sbq. The torque controlled and base coordinates are further grouped

together as qd =
(

qb
qτ

)
=
[
Sb
Sτ

]
q, which corresponds to all coordinates that

are regulated by the inverse dynamics framework. By construction it holds
that these selection matrices are in the null-space of each other

SpSTτ = SpSTb = SτSTb = 0. (A.38)

With this notation we can write

q = STp qp + STτ qτ + STb qb = STp qp + STd qd, (A.39)
ST τ = STp τ p + STτ τ τ . (A.40)

A.6.2 Generic Hybrid OSC

In a generic scenario we have a set of motion tasks which describes the de-
sired generalized accelerations of the whole system except for the position
controlled joints Sdq̈ = q̈d,des. From Section 5.6.2 we know that the dis-
turbance introduced by the position controlled joints can be modeled by
including a task based on the measured torque (Spτ = τ̃ p). If we neglect
for a moment the torque optimization in the overconstrained subspace, the
controller can be written as a single least square optimization problem

min

∥∥∥∥∥∥
−PM PST

Sd 0
0 SpST

(q̈
τ

)
−

 Ph
q̈d,des
τ̃ p

∥∥∥∥∥∥
2

. (A.41)
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Using formulation (A.39), we can regroup (A.41) to

min

∥∥∥∥∥∥∥∥
−PMSTp PSTτ −PMSTd PSTp

0 0 I 0
0 0 0 I




q̈p
τ τ
q̈d
τ p

−
 Ph

q̈d,des
τ̃ p


∥∥∥∥∥∥∥∥

2

.

(A.42)
Due to the properties of the pseudo inversion for block matrices as shown in
Appendix A.2, it is possible to write (A.42) as

min
∥∥∥∥[−PMSTp PSTd

](q̈p
τ τ

)
−
(
Ph + PMSTd q̈d,des −PSTp τ̃ p

)∥∥∥∥
2
. (A.43)

A.6.3 End-Effector Simplification
In the case of legged robots, fast and precise position tracking is only relevant
for end-effector respectively swing leg control. This allows to simplify the
formulation introduced above as we can rewrite the projection matrix P as

P =
[
Sp
Pu

]
. (A.44)

Proof. Since only joints of the swing leg are position controlled, the stacked
contact position vector rs = rs (qd) is independent of qp.

SpJTs = Sp
(
∂rs (qd)
∂q

)
= Sp


�
�
�
��>

0
∂rs (qd)
∂qp

∂qp
∂q + ∂rs (qd)

∂qd
∂qd
∂q


T

(A.45)

= Sp
(
∂rs (qd)
∂qd

Sd
)T

= SpSTd
(
∂rs (qd)
∂qd

)T
(A.38)= 0 (A.46)

Consequently, it is possible to state (A.43) as

min

∥∥∥∥∥
[
−SpMSTp �

��*
0

SpSTd
−PuMSTp PuSTd

](
q̈p
τ τ

)
−

(
Sph + SpMSTd q̈d,des −��

�* I
SpSTp τ̃ p

Puh + PuMSTd q̈d,des −PuSTp τ̃ p

)∥∥∥∥∥
2

(A.47)
Using again the block diagonal inversion of Appendix A.2, we identify in
this equation that the acceleration of the position controlled joints q̈p is not
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depending on τ τ but can be calculated as

q̈p =
(
SpMSTp

)−1 (
τ̃ p − Sph− SpMSTd q̈d,des

)
. (A.48)

This direct estimation of accelerations allows applying the concept of hybrid
OSC with the combined (Section 5.5) and the sequential (Section 5.4) ap-
proach. Furthermore, the torques required to perform inverse dynamics with
the remainder of the system given by

min
∥∥PuSTd τ τ − (Puh + PuMSTd q̈d,des −PuSTp τ̃ p + PuMSTp q̈p

∥∥
2 . (A.49)
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A.7 Spring Characteristics
The joint spring characteristics were identified by a 6-axis force/torque sensor
ATI Mini45. Figure A.1 is a plot of measured torque against the spring de-
flection measurement in three load cycles. HFE and KFE show high linearity
and are hence well-suited as torque sensor.
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Figure A.1: The identified hip spring characteristic has a linear regression coef-
ficient of R = 0.999 and a mean absolute error of |e|hip = 0.08Nm (a). The knee
spring characteristic shows high stiffness with a hysteresis and high damping in
the SEA-SDA region (δs<0.05 rad). During stance however, it is very liner with a
regression coefficient of R = 0.999 and a mean absolute error of |e|knee = 0.05Nm
(b).
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A.8 Internal Collision in Unidirectional Spring
This appendix summarizes the effects of internal collisions and pre-compression
in a uni-directional spring.

A.8.1 Impulsive Change in Speed
An internal collision leads to an instantaneous reduction in joint deflection
speed δ̇s, which can be expressed as a function of the shank inertia around
the knee joint θS,KFE = θS + mSs

2
S , the spring mass mF , and the pulley

radius rP according to:

δ̇+
s

δ̇−s
= θS,KFE −mF r

2
P

θS,KFE +mF r2
P

= ε < 1. (A.50)

Proof. The kinematic relation between the deflection angle δs and the linear
spring compression xF is

ẋF = −rP δ̇s · sign (δs) . (A.51)

Crossing the neutral position of the spring (see Figure 4.8(a)) causes a re-
version of the speed direction of the spring mass mF from the pre-impact
velocity ẋ−F to the post impact velocity ẋ+

F . This induces an impulse in the
cable

FF = mF ẋ
+
F −mẋ

−
F = −mrP

(
δ̇+
s + δ̇−s

)
· sign

(
δ̇s
)
. (A.52)

Due to the rotational pulley, this impulse entails a velocity change in rota-
tional direction according to

θS,KFE
(
δ̇+
s − δ̇−s

)
= rPFF · sign

(
δ̇s
) (A.52)= −mr2

P

(
δ̇+
s + δ̇−s

)
. (A.53)

Hence, the ratio between post- and pre-impact angular velocity can be cal-
culated as

δ̇+
s

δ̇−s
= θS,KFE −mF r

2
P

θS,KFE +mF r2
P

. (A.54)
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A.8.2 Reduction in Oscillation Amplitude
This reduction in deflection speed when the leg crosses the neutral position
is caused by an energy loss and consequently leads to a smaller oscillation
amplitude δ̂. It holds that

1
2rP δ̂

2
k+1 + x̄pδ̂k+1

1
2rP δ̂

2
k + x̄pδ̂k

= ε4, (A.55)

with x̄p representing the spring pre-compression.

Proof. Neglecting all other energy losses in the spring (e.g. due to viscous
damping or friction), energy is conserved from maximal deflection (potential
energy) to shortly before impact (kinetic energy):

Ekin,k = Epot,k (A.56)
1
2θS,KFE δ̇

2
s,k = 1

2kSEAr
2
P δ̂

2
k + kSEAx̄prP δ̂k. (A.57)

In a full period, the spring undergoes two collisions in forward and back-
ward motion. The speed over a full cycle hence scales with δ̇s,k+1

δ̇s,k
= ε2 and

consequently the energy with

Ekin,k+1

Ekin,k
=

1
2θS,KFE δ̇

2
s,k+1

1
2θS,KFE δ̇

2
s,k

= ε4. (A.58)

Combining (A.57) and (A.58) yields

Ekin,k+1

Ekin,k
=

1
2kSEAr

2
P δ̂

2
k+1 + kSEAx̄prP δ̂k+1

1
2kSEAr

2
P δ̂

2
k + kSEAx̄prP δ̂k

=
1
2rP δ̂

2
k+1 + x̄pδ̂k+1

1
2rP δ̂

2
k + x̄pδ̂k

= ε4.

(A.59)
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Figure A.2: Phase shortening is caused by pre-compression, which essentially
removes the part of the oscillation that is smaller than x̄p

rP
.

A.8.3 Reduction in Oscillation Period
Additionally to an increase of the damping ration due to the internal collisions
(A.55), the eigenfrequency of a pre-compressed spring is growing when the
oscillation amplitude is getting smaller. This is illustrated in Figure A.2: If
the uni-directional spring is not pre-compressed, the amplitude decreases but
the periodic time P ∗ remains constant (black solid). Pre-compressing the
spring increases the impact damping ration (A.55) and additionally reduces
the period time as a function of the amplitude (red solid line). In comparison
to a linear oscillation δs (t) = (δ̂k + x̄p

rP
) sin (ωt), pre-compressing the spring

removes all states in which δs (t) < x̄p
rP

. This is indicated by the gray area.
The ratio between two successive pseudo period times P̃ is given by

P̃k+1

P̃k
=

2 arccos
(

x̄p

x̄p+rP δ̂k+1

)
2 arccos

(
x̄p

x̄p+rP δ̂k

) . (A.60)
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A.9 Choice of Task-Space Control Gains
OSC has the nice property that, by controlling the acceleration of individual
points, the control parameters can be chosen independently of the actual
model. The desired task-space feedback acceleration is mostly chosen as

r̈i = kp (ri,des − ri) + kd (ṙi,des − ṙi) , (A.61)

which describes an impedance behavior as a function of a position kp and
velocity kd feedback gain. This corresponds to a point mass oscillator. Hence,
the eigenfrequency and a dimensionless damping value of the system are given
by

ω =
√
kp, (A.62)

D = kd

2
√
kp
. (A.63)

Critical damping is achieved for D = 1, overcritical damping for D > 1
and undercritical damping for D < 1. The compliance of the controller can
be adjusted by varying kp. For example, assuming that the time constant
respectively oscillation frequency around the nominal point should be 3Hz,
the ideal control gain kp is 350. Furthermore, critical damping requires kd =
37. This holds as good starting values for controller gain tuning.
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