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Abstract

We study existence of long range order in the random field Ising model.
We define the classical Ising model and use the so-called Griffiths—Peierls
argument to prove existence of long range order for low temperatures,
in dimension two and above. Then, we introduce the random field Ising
model. We use J. Ding and Z. Zhuang recent work in [6], which extends
Peierls argument and shows that long range order also exists in this model
at low temperatures with the presence of a weak disorder, in dimension
three and above.
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Chapter 1

Introduction

The Ising model is a theoretical model in statistical physics, whose primary
incentive is to simplify the complex properties of solids by assuming that they
can be represented by a lattice arrangement of molecules interacting with
their neighbors. The model was initially introduced in 1920 by the German
physicist Wilhelm Lenz and developed later on by his student Ernst Ising in
his PhD thesis.

Given a macroscopic system made of a substantial number of molecules,
providing an accurate description of such system is a strenuous task if one
has to keep track of the positions and speed of all the molecules. As an
alternative, the Ising model gives a probabilistic description of the system by
assuming that each molecule has a random behaviour that can be described
with only few parameters. In particular, the Ising model can be used to
describe properties of magnets. Consider a piece of iron, that can typically
be pictured as a solid made of atoms of iron arranged in a regular crystalline
structure.

Figure 1.1: Piece of iron

One can assume that each atom carries an intrinsic magnetic moment,
called its atomic spin, that can take one of two possible orientations, represented



1. INTRODUCTION

by +1 ("spin up”) or —1 (”spin down”). Short-range interactions between
atoms tend to make neighbouring spins coincide. In particular, when the
magnet is immersed in a magnetic field, spins have a tendency to align with
this field. When decreasing the intensity of the external field to zero, one
can wonder about the behaviour of the spins. A possible scenario is that the
global order of the spins will vanish, in which case we say that the piece
of iron is paramagnetic. The second possible scenario is the one where, even
though the influence of the external magnetic field decreases, the interactions
among the spins maintain polarization of the spins. In this case, we say that
the piece of iron is ferromagnetic. This phenomenon depends especially of the
temperature of the system, as a higher temperature is associated with more
thermal agitation for the atoms, and this in turn interferes with neighbouring
spins interactions. As suggested in 1936 by Peierls [13], with a proof that was
later made rigorous by Griffiths [9] in 1964, in any dimension d > 2, when
the temperature decreases, the piece of iron in the Ising model undergoes
a phase transition from a paramagnetic to a ferromagnetic state at a critical
temperature T¢, called the Curie temperature.

A Magnet polarization

Te

| »  Temperature T

Ferromagnetic state | Paramagnetic state

Figure 1.2: Ferromagnetic/paramagnetic phase transition

To quantitatively measure whether the piece of iron is in paramagnetic
or ferromagnetic state, one can study the average value of the spins. If the
spins, on average, have a preferential value after withdrawal of the external
magnetic field, i.e. if the solid is in a ferromagnetic state, one talks about the
existence of long range order in the model.

Until now, we considered the system to be an ideal system. However,
when conducting real-life experiments, it is often the case that the system
presents some impurities, and that may have significant effects on the out-
comes. In particular, a small disorder in the physical system can antagonize
the ordering induced by spins interactions. In order to take this into account,
one can decide to improve the model by assuming that each atom of the solid
is subject to a "noise”, that will typically be distributed according to a normal
distribution. The global perturbation generated can be identified as a random
field, and for that reason the model obtained is called the random field Ising
model (RFIM).



We are interested, in a first part, in proving existence of long range order
at low temperatures in the classical Ising model. Then, in a second part, we
are interested in determining under which circumstances does existence of
long range order still hold in the random field Ising model. In Chapter 2, we
define the classical model and use Griffiths—Peierls argument to prove the
existence of long range order in dimension d > 2 at low temperatures. In
Chapter 3, we introduce the RFIM. We demonstrate, as in Ding and Zhuang
[6], that in dimension d > 3, when the disruption caused by the external field
is relatively weak, and again at low temperatures, long range order still exists
with high probability, the degree of uncertainty being due to the randomness
of the perturbation.






Chapter 2

Classical Ising model

2.1 Framework

Let d > 1 be a dimension. We give the formal definition of the Ising model on
a d-dimensional square grid graph with nearest neighbors interactions. We
consider the d-dimensional lattice graph on Z?, with the set of edges given by

E={xy={xy} 2 |lx—ylli = 1}.

We write x ~ y if xy € E. Each vertex v € Z? is characterized by a spin
0, = £1. We consider

Q= {-1,+1}%
the set of all spin configurations, or microstates, of the model.

Consider now a finite-volume A € Z?, containing the origin, and repre-
senting the physical system. We define the restriction of the spin configura-
tions to the set A by

Qp = {-1,+1}A

Definition 2.1.1 Vo € Q),, the energy of the configuration ¢ is given by the
Hamiltonian

Ha(0) == ). Boxoy,

xXyCA
X~y

where g > 0.

The Hamiltonian is simply obtained by summing the interactions over
all neighbouring spins, weighted by the coefficient 5 representing the strength
of the interactions. If we choose T > 0 to be the temperature of the system,
then B is related to T by the formula

where kg is the Boltzmann constant.
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Definition 2.1.2 The Gibbs measure, also called Boltzmann distribution, of the
Ising model in A at parameter 8 > 0 is the distribution on Q)5 given Vo € Qp
by
e_HA(U)
I/IA [0-} - ZA 7

where

is called the partition function.

Remark 2.1 We denote by (.) A the expectation with respect to the Gibbs measure in
A.

The Gibbs measure is a natural way to define a probability measure on
the space of spin configurations. Indeed, one can observe from the Hamil-
tonian’s formula that the more the spins agree for a given configuration,
the smaller the associated energy is. Since we consider the system to be an
isolated system, a consequence of the second law of thermodynamics is that
the system is at equilibrium if and only if its energy reaches a local minimum.
Accordingly, the measure defined on (25 should favor the configurations with
smaller energy, which is exactly what the Gibbs measure does.

2.2 Boundary conditions

By symmetry of the model, in order to collect information about the behaviour
of the spins, it suffices to observe the spin at the origin. Let us consider the
value of the expected spin at 0, i.e.

(00)a = paloo = 1] — ppfop = —1].

The invariance of the model under global spin flip, also referred as spin-flip
symmetry, implies that pp[0] = pp[—0] for all ¢ € Q. It is straightforward
to deduce that (0p) A = 0, i.e. spins have no preferential value. We would like
to polarize the spins and break the spin—flip symmetry. This will be done by
immersing the piece of iron in an external magnetic field, whose orientation
will influence the value of the spins. In this section, we model mathematically
the action of plunging the material into a magnetic field and removing this
field afterwards.

From now on, we will assume that A € Z is a finite hypercube. Specifi-
cally, for any N > 1, let

Ay = [-N,N}¥nz4

be the box of side-length 2N centered at the origin 0.

Let N > 1. Up to now, when defining the model on Ay, we implicitly
considered the system to have free boundary conditions, in the sense that we
examined spin configurations within Ay, without imposing any constraints
on the spins located outside of this volume. Let us now “freeze” the spins
outside of Ay.



2.2. Boundary conditions

Definition 2.2.1 Let 77 := {fjx},cz¢\a,- A configuration of the Ising model in
AN with boundary condition # is an element of the set

QKN ={0 € Qpy 1 0x =112, VX € AN}

Now, there are interactions between the external magnetic field and the
spins that are located on the inner boundary of Ay, since the latters are at
distance I; equal to 1 from the external magnetic field. These interactions
contribute to the energy of the system and accordingly, we need to adjust the
previous definition of the Hamiltonian.

Definition 2.2.2 Vo € 07\1\,' the Hamiltonian associated with o with boundary
conditions 7 is given by

Hy (o) = —ﬂ( Y ooy + ) any).

xyCApN YeANYEAN
X~y X~y

Definition 2.2.3 The Gibbs measure in Ay with boundary conditions # is
defined as

where

UGQZN

The presence of the external magnetic field in the Ising model simply
corresponds to particular case of boundary conditions, namely by setting
7 =1 or 1 = —1, depending whether we want the orientation of the magnetic

i

field to be respectively ”"+” or ”-".

Without loss of generality, we consider the Ising model with ”+” bound-
ary conditions. Now, the average value of the spin at 0 when the piece of iron
is under the influence of “+” boundary conditions is

because the propagation of the influence of ”+” boundary conditions through
the piece of iron via neighbours interactions can only increase the chances

PR . . + . . LR s
for 0y to be positive. In particular, if (o) Ay 18 strictly positive, the spin flip
symmetry has been broken.

Definition 2.2.4 We say that long range order exists if the spin—flip symmetry
is not restored when taking the thermodynamic limit of the model with ”+”
boundary conditions, i.e.

md(ﬁ) = 1\1]i£>noo<0-0>XN > 0.

The quantity m;(pB) is referred to as the spontaneous magnetization of the system.
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2.3 Existence of long range order

Let us prove that in any dimension d > 2, there exists a temperature Tc(d) > 0
under which long range order exists in the Ising model.

Lemma 2.2 [14, Proposition 4.3.3] Forall d < d’,

mg(B) < my(pB).

Theorem 2.3 [14, Theorem 4.5.1] ¥d > 2, there exists Tc(d) > 0 such that ¥0 <
T < Tc(d) and N > 1,

B~ W

pa, (oo =1}) >

Proof By Lemma 2.2, it suffices to prove the result in dimension d = 2. In
order to do so, we rely on the Griffiths—Peierls argument.

Let o € Qp,, with g = —1. Let A be the maximal simply connected
component containing the origin in which all the spins have value ”-1”. Ay
must be strictly contained in Ay. Indeed, suppose it is not the case. Then,
there exists a path starting from the origin, and going all the way to the
external boundary of the box, along which all spins have value ”-1”. However,
the spins on the external boundary of the box Ay have value ”"+1”, hence the
contradiction.

We consider the “disagreement loop”

yi={x€eAN\Ag:Ty e Ayst.x ~y} C V.

+
Ay
.+
£
: -
+ +'.'_ 0o T +
+ = o+
— __i"+
+
+

Figure 2.1: Disagreement loop y. For each vertex xy in the graph such that oy = +1 and
0y = —1, one can associate an edge in the dual graph that crosses xy perpendicularly. The union
of such edges in the dual graph forms a loop, hence the terminology used here.

Let
Ey:= {0 € Qy, : 7 is a disagreement loop }

and Vk > 4, let

I't := {7 is a loop surrounding 0 : |y| = k}.
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By union bound,
ﬂXN [{oo=-1}] = P‘XN [ U4 Uger, By ] (2.1)

<)Y X VXN[E’Y]'

k>4 yel;

We prove that the disagreement loops are costly in energy for the system,
and that as a consequence, it is not likely to have a configuration with a
large disagreement loop. In order to do so, let us consider the auxiliary
configuration

~ {—ax x € Int(7y)
Oy =
Oy else.

When flipping the spins inside of the disagreement loop, the change in the sys-
tem’s energy is only due to the vertices that are adjacent to the disagreement
loop. Specifically, those vertices and their neighbours in the disagreement loop
previously had spins of opposite signs and after the flip, they have coinciding
spins. On that account, one obtains that

H, (@) = H, (0) — 2Bl
It follows that

N ZO’EEW .u/J{N [U]

+
HA[Ey] =
N Z/+\N
+ ~
< 67218‘7‘ 720’6E7 ‘uAN [U] < 672ﬁ|7|
_— Z+ _— 7
AN

as
ZU€E7 #XN [‘ﬂ
oz !
AN
by definition of a probability measure.

Let k > 1. Let us bound |T'k|. The loop has to go around 0, so we pick
any of the four straight lines starting from the origin and going outside of
the box, and we know that the loop has to cross that line at some point. It is
equivalent to choose any of the four lines as the loop will in any case cross
each of these four lines. As we know that the loop has to contain the origin
and that it is of length k, we necessarily have to start somewhere on the line
at a distance less than or equal to k from 0. Thus, we have k choices for the
initial step. The loop has to move in a two-dimensional space and has to be
self-avoiding, thus we have at most 3 choices for the other steps. In summary,
one obtains that

IT¢| < k3K

From (2.1),

Hay (oo = —1}] < 3 [Tgle 2
k>4

3¢ P
< k(Be_ﬁ)k < — .
,;1 (1—eF)2
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For 8 large enough, we get, VN > 1,

N

pay oo =-1}] <

10



Chapter 3

Random field Ising model

In this chapter, we study long range order in the random field Ising model.
In case of a strong disorder, it was proved for instance by ]. Frohlich [12]
in 1984 that boundary influence decays exponentially in N, so there is no
long range order. On the other hand, with presence of a weak disorder, a
classical result is that long range order exists at low temperatures. This was
shown by Imbrie [11] in 1985 and Bricmont and Kupiainen [3] in 1988, using
renormalization group theory. Here, we use the proof of Ding and Zhuang [6],
which is shorter and simpler. We note that in 2022, Ding et al. [7] extended
this result by showing that for any temperature lower than T¢ (the critical
temperature without disorder), long range order exists as long as the disorder
is sufficiently small, depending on the temperature.

3.1 Framework

Let d > 2. As in the previous chapter, we consider the Ising model on the
d-dimensional lattice graph on Z? with nearest neighbours interactions, and a
spin configuration in (). Let N > 1. We add some ”+/-" boundary conditions
on the boundary of the box Ay. To obtain the random field Ising model, one
needs to simulate a random perturbation affecting individually each atom
of iron. For this, one can choose any probability measure IP on the space

RZ’, as well as a collection h := {hx} cza of iid. standard Gaussian random
variables under PP.

Definition 3.1.1 For & > 0, we call external field the set

eh = {ehy} cpa-

The external field attributes a magnetic force of random magnitude ek
to each vertex x € Z?. The disorder induced by the external field on the
system is referred to as a quenched disorder, as the environment # is fixed from
the beginning and does not evolve in time.
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Definition 3.1.2 Vo € Q,,, the RFIM Hamiltonian within the box Ay with
+/- boundary conditions and external field ¢h is given by

Hj\EN(h,(f) = —( Y ooy ) - ) shxax).

XyCAN XGAN,yQAN XEAN
X~y X~y

Definition 3.1.3 Let T > 0. The Gibbs measure on the space ()5, at tempera-

ture T is given by
L (o) e_TilH/i‘th(a)
H 0)=—x 7\
A zx ()
where o
Zi, =% et Tl

UGQAN

3.2 Existence of long range order in RFIM

Definition 3.2.1 We say that long range order exists for RFIM if for a typical
instance of the disorder ¢h,

. + : + +
]\llgr;o<(70>Ath = Alllir;o (VAN,h [0 = 1] — ,“AN,h[‘TO = _1]) # 0.

Theorem 3.1 [6, Theorem 1.1] Let d > 3. There exists a constant C > 0 such that
forall T>0,e <C, N > 1, we have

Wl =H1] > 1—¢ T —C

with P-probability at least 1 — e=CT~ — ¢=C¢ 2,

Remark 3.2 In the classical Ising model, existence of long range order is proved also
in dimension d = 2. However, in the RFIM, this result is not true anymore. The
random external field is a spatial perturbation of order O(N?/2), and the boundary
conditions are of order O(N~1). In dimension d = 2, those two quantities are of
the same order and as a consequence, the perturbation cancels the influence of the
boundary conditions.

In the RFIM, the rate of decay of the quantity “MXN [00 = —1] will depend
on the environment induced by the perturbation k. Hence, we define the
quenched probability space

A £ O*
(RN QAN’QAN)’
with Qj{N being the probability measure defined below.

Definition 3.2.2 Let A C R™ and B C {—1,+1}"N. We define the mixed
joint measure for (h,0) by

Qi [heAceB):= ./A Y vk (ho)dh,

oEB

where v* (h, o) is the joint density function for (h, ).



3.3. Proof of Theorem 3.1

Using the fact that the collection {1}, is a collection of independent
and identically distributed standard Gaussian variables, one has that

i (o) = ikl TT lhs),

xXEAN

where & is the density of a standard Gaussian random variable. It follows
that

QL [heAoeBl= /A sy BIAP ().
One can notice that
Qiylon =11 = [ wk ulo0 = ~1}dP(1)
= E" [y, ploo = —1]]. (3.1)

For that reason, in order to prove Theorem 3.1, it suffices to control the
quantity QXN [00 = —1] and apply Markov’s inequality.

3.3 Proof of Theorem 3.1
3.3.1 Preliminaries

Lemma 3.3 (Gaussian concentration inequality) [15, Theorem 3.25]
Let X1, ..., Xy be iid. Gaussian random variables, X; ~ N(0,1). Then for any
f e CYR"), t >0, one has that

2

P f (X1, s Xn) — E(f(X1, ., Xn)| > 1] < 0727,
where 0% = |||V f]1?[|o-

Definition 3.3.1 The free energy associated to the external field & is defined as

Finy(h) = —=Tlog (Zy (1))
Let A C Z%. For any (h,0) € RZ' x ), let

— A — A
phom ] e XEA L qon . ] T XEA 3.2)
hy x¢g A Oy x¢ A

Definition 3.3.2 The maximum amount of work the system can perform while

undergoing a flipping operation of the sign of the external field within A is
given by

ZE (h
Balh) = i (1) = Fip, () = ~Tlog (zé%)
AN

Lemma 3.4 [6, Lemma 3.1] Let A, A’ C An and A > 0. Then

13
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(i) Aa(h)is a €| A|-sub-Gaussian random variable, i.e.
_2
P[|As(h)] > A] < 2e @14l
(ii) Da(h) — Apr(h) is a €| A @ A’|-sub-Gaussian random variable, i.e.
S G
P[|Aa(h) — Aar(h)] > A] < 2e sflaea’],
where A® A" := (AU A"\ (AN A’) denotes the symmetric difference between A
and A'.

Proof Let us first prove (i). The collection {/y}yc 4 is distributed symmetri-
cally around 0, hence

E[A(h)|{hy : x € A°}] = 0.

Notice that the map h — A4 (h) is continuously differentiable. Let x € A.

+
‘%M(h)‘ = % ~Tlog <ZZ£:V((:2)> ‘
- ‘ e PO ey +TW<_M)‘
Zy () T ZZ (1) T
= 8’ ;VAN,h [o]ox + ;ﬂAN,hA o]0
= €’<0'x>AN,h + (o) appa| < 28
Therefore,

9 2
S < 2,
athA(h)’ S |A|4S

[zl < 2

xX€A

We deduce using Lemma 3.3 that

Thenceforth,
Pl[Aa(h)| > A = Y P[|As(h)| > Al{hy:x € A}]P[{hy:x € A°}]
heRAN

_1.)?

<2 4241 Y P[{hye:x € A%Y]

heRAN

_1_)?

< e ZEFAI (3.3)

which yields (i). Let us prove (ii). First, we notice that
Aa(h) = Bar(h) = FE(Y) = F=(1?)

14



3.3. Proof of Theorem 3.1

and that the distribution of (h,h4") conditioned on {h, : x € (AU A’)} is
the same as the distribution of (hAaSA,, h) conditioned on the same set. Thus,
FE) = FE0Y) = da(h) = A (h)
has the same conditional distribution as
FE(h) = FHAY) = Dac ().
From (i), we get
P[|Aagar(h)| > A[{he s x € (AUA')Y]

=P[|Aa(h) = Da ()| > A[{he s x € (A A')}]

< 267W2&M/\,
and by the same argument as used in (3.3), we conclude that

A2

IP“AA@A/(I’l” > )\] < Ze_SSZ\AQAﬂ_ |

3.3.2 Extension of the Griffiths—Peierls argument

Definition 3.3.3 Let 4 be the collection of all simply connected subsets A C
AN containing the origin.

Definition 3.3.4 Let A C Z%. We define

dA:={xy:x~yxecAy¢ A}
the edge boundary of A,

oA ={xcA:Jy¢ A x~y},
the inner vertex boundary of A, and

dxA:={x¢ A:Jyec A x~y},
the external vertex boundary of A.

Remark 3.5 The three notions of contours defined above are related by the equation

9ex Al = [9A] < 249, A]. (3.4)

Let Ag € 4 be the sign component of the origin, namely the maximal
simply connected component containing the origin in which all the spins have
the same sign as the origin. We note that Ay is the component enclosed by the
disagreement loop introduced in the proof of Theorem 2.3 and corresponding
to dex Ag here.

When attempting to use the Griffiths—Peierls argument, the first thing
we notice is that if we flip the spins located inside sign component of the

15
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origin, the sign of the term in the Hamiltonian associated to the action of the
random magnetic field will also be flipped. Hence, the change in Hamiltonian
depends on each instance of the field h. As a result, this change cannot be
uniformly bounded, which prevents us from going further in the argument.
This can be solved by flipping both the spin and the sign of the external field
inside Ap. We do so by considering the mapping
R” x Q — R* x 0
(h,0) — (h4,0%),
where (h,04) is defined as in (3.2).

Let d > 3. We consider without loss of generality that the model has ”"+”
boundary conditions. By flipping both the spin and the sign of the magnetic
field component inside Ay, analogously as in the classical Griffiths—Peierls
argument, the decrease in the system’s energy is only due to the vertices that
are not in the sign component but that are adjacent to it. Consequently,

Hy (W, A0y = Hy (h,0) —2[0.A|
= HXN (h,U) - 2‘83x¢40|
Following tightly the strategy of the Griffiths—Peierls argument, we have
Qi o= A1 = [ wk, A0 = AlP(r)

_r-lpgt
P T HAN(h,U)

_ y & apn)
]RAN UZ.A():A ZXN (h)
~T'H{ (W04 + (KA
[y T arpn Za )
v o ) 2 ) Za,
+ A
S Sup €_2T71‘BEXA‘ M, (3'5)
Aeyl z,,(h)

where the last equation stems from the fact that
—T71H} (W ,e4)
Lny T S dP) = EP [}, (Ao = 4) <1

R oot Za, (1) i -

by definition of a probability measure.
Let
zZ5 (hh -
£ = {(h,a) € (AN, Qny) : supye“aﬂx‘qw ' < 1}.
Acu Zp, (h)

On the event &, the probability that cp = —1 decays exponentially in function
of |9.xAp|. Hence, on this event, the rest of the strategy is utterly similar as
Griffiths—Peierls argument, and the desired result follows seamlessly. The
remaining task consists of proving that the bad event £¢ only happens with
very small IP-probability. More precisely, we want to show that

P(EC) < e C 7,



3.3. Proof of Theorem 3.1

3.3.3 A naive first attempt
First, notice that

Zt (hA - Z5 (hA
gC — {supAfr\]()e_a”AT 1 > 1} — {supTlOg (AN()> — |aexA| > 0}
Aey Zy, () Acyl

Aa(h) }
= qsu >15,
{A€E|a€xA|

Based on Lemma 3.4, A 4 (h) has a sub-Gaussian distribution with respect
to the probability measure IP, and this is a heavy-tailed distribution. We hope
to be able to use this property to bound the IP-probability of £¢.

We start by attempting a naive approach, relying on the classical union
bound. Vn € N, let
Ip:={AcU:|0,A| =n}

be the set of simply connected component in Ay containing the origin and
having an edge boundary of size n. Let us compute |I';;|. First, we notice that
because A € I'y; is simply connected, Vx,y € dex A,

i —yjll <2 (36)

for some i,j € {1,2}, where x1, x, and y1, y, are respectively the endpoints of
x and y.

In order to compute I';, we use the depth-first search (DFS) process,
which is a greedy algorithm that consists in exploring one by one all possible
paths in the graph. We use it to exhibit all possible contours d.xA of size
n. Let us detail the procedure. To start with, based on Equation (3.6), since
we want the origin to be contained in the connected component, one has to
choose an initial edge that is at /;-distance less than or equal to 37 from the
edges adjacent to 0. Accordingly, we can choose any edge in the box Az,. In
A3y, there are exactly (2~3n)d*1d edges. As d > 3, there are

(2-3n)%1d < (2dn)?

choices for initiating the process. Next, when exploring the graph to find
a component of size 7, the algorithm will make 2n steps (each edge that is
crossed will be crossed in both directions by the DFS algorithm). We should
now count, at each step, how many possible moves can be realized. Suppose
we sit on the edge x1x. One can choose to go on one of the edges having one
endpoint in common with xjx. There are 24 edges sharing the endpoint x;
and 2d edges sharing the endpoint x;, which adds up to 4d choices. Those
edges are still at /;-distance 0 of x1x3, hence one can decide either to choose
one of these edges, or to go further. In the second case, one can move on one
of the 2d — 1 adjacent edges. Those edges lie at /-distance 1 of xjxp, so once
more, one can decide to choose one of these edges, or to go further. In the
latter case, one can once again move on one of the 2d — 1 adjacent edges.

Therefore, for each of the n steps where a new edge is explored, there
are
4d-((2d — 1) +1)-((2d — 1) + 1) = 4d-2d-2d = 16d°

17
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Figure 3.1: Edges that can be explored by the DFS at step k + 1 of the process, knowing that we
lie on edge x1x; at step k. The edges colored in orange are at I;-distance 0 of x1x;, the edges
colored in green are at [1-distance 1 of x1x, and the edges colored in blue are at [;-distance 2 of
x1X2. We point out that this picture is in dimension d = 2, and thus not accurate for representing
the situation, as the proof is for dimension d > 3.

choices in total. The other n steps consist in crossing edges that have already
been crossed in the opposite direction, since the DFS algorithm traces back its
path. This yields the bound

IT,| < (2nd)?(164%)%". 3.7)

Now, using Lemma 3.4, one has that

P supAA(h) >1{ <)Y P supM>1
Acy|9exAl neN  |Aer, M
A
<Y ) ]P[M > 1}
neN Ael, n

2
<) (2nd)?(164%)%"2 exp (>

neN 8e? sup ey |4
Using the isoperimetric inequality
|A] < Claex AT = Cni'T (3.8)
leads to

sup Ax(h)

P
Acu|Oex Al

>1

< 2exp (C1 log(n) + Con — C3s’2ng%%).

The dominating term in the above exponential is of order n, hence the
sum does not converge and this approach does not work.

3.3.4 Coarse—graining method

The reason for the previous failure is rather intuitive : if for some A € Iy, the
quantity A4 (h) is greater than 1, then, with high probability, for a component
A’ € T, very similar to A, this will also be the case. In other words, the
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events are highly dependent, hence the same phenomenon is counted with
big multiplicity in the sum. To address this issue, we want to “regroup” the
components that are almost identical, so that they contribute only once to
the sum. The idea, known as the coarse-graining method, is to “blurry” the
elements of I';;, so that the components that appeared previously very similar
will then be identical. Instead of summing on all the elements of I';;, we only
sum on the possibles images of a contour through this process. We will also
have to pay a price for considering coarse—grained components instead of
original components. However, because of Lemma 3.4, the difference between
A4 (h) and its coarse-grained version is a sub-Gaussian process. To detail the

coarse—graining method, we rely on the work of Bovier [2] and Fisher et al.

[8].

Figure 3.2: Successive coarse—graining of a contour

Let k,n € IN. We consider the 2kZ9-1attice, i.e. the lattice made of boxes
of side-length 2k that we call 2¥-boxes.

Definition 3.3.5 We define the 2f-approximation of A € T, as the set of all

2k-boxes being such that at least half of the points in the box also belong to A.

Namely,
A= {Cpisa2fbox : [ConA| > %2’“1}.

We call admissible cubes the elements of A;. We denote Aj the union of all
admissible cubes.

__//_\ A

[
.

fm

ot
)

\

(L

Figure 3.3: 2%-approximation of A € T,

Definition 3.3.6 Let
'Fn,k = {Ak A€ l"n}

19
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be the set of possibles images of the elements of ', by 2*~approximation.

Let m > 1. Notice that

sup |Aa(h)| < sup |An, (h)|+ sup sup |Ang, (h) —Aa(h)]
A€Ty, AmE}—n,m Am€~7:n,m AeTy,

For all a1, € IN such that a7 + ay < n, it follows that

P| sup |[Aa(h)| >n| <P| sup |Aga, (h)]>aq
Aely, Am€Fum
+IP| sup sup |[Aga, (h) —Aa(h)] >1x2].
Am€Fnm ATy

Even though A4, (h) — A (h) is a €| A & Ay |-sub-Gaussian quantity, for
m large, A is too different from its 2" -approximation A,, and as a consequence,
the symmetric difference |A & A,| is too large for our purpose. We resolve
this by using triangular inequality to only compare the difference between
two consecutive box-approximations of A. More precisely, for all (;)" ; such
that

m
Y ai<m,
i=1

it holds that

r <P

sup |Aa(h)| >n
AeTy,

sup [Au, ()] > zxmﬂ]
Am€Fnm

m
+Y P
k

=1

sup  sup |AAk<h>—AAkl<h>|>ak].
Ar€F ke Ak—1€F k1

Next, by union bound,

P| sup |Aa(h)] > ] < Y P[Aaa, 0] > ]
Aely Ame}-n/m
m
Y L L Plaa) - a0 > wl.
k=1 AxeFyx Ak-1€F k-1
By Lemma 3.4,
_“%wrl
P| sup |Aa(h)| > n| < 2|Fum|ex
Aean‘ (h)] | Fon,m| exp 8e2 SUp 7, [A]
+2 ) | Fuxl|Fux-1lexp :
= ’ 8e? SUP A € Py jo A1 € Fu |[Ar © Aga|
(3.9)

20



3.3. Proof of Theorem 3.1

Upper bounding of the symmetric difference between successive coarse—
grained components

Let us show that Vk € N and VA € T,
|Ap® Ap_q| < C2Fn.
We rely on the work of Affonso et al. [1]. We start by computing | A\ Ag_1]-
Definition 3.3.7 Let
Xp:={Cr € Ay :3Cx_1 € Ar_1,Cpq & A1 8t G NG # D,
Cio1 NCr # @}

One readily sees that all contributions to the quantity | A\ Ax_1| will be made
bZ elements of Xj, i.e. admissible 2k_cubes that contain both admissible
25=1_cubes and non-admissible 2k~ 1-cubes.

Let C; € Xi. Let also Cy_q € Ag_1, C;_; ¢ Ax_1 such that Cy_q N C #
@,Cp_y NCr # @. We denote U := C,_1 UC;_;. Without loss of generality,
we assume that U = [1,2K71]971 x [1,2F]. By definition of admissibility,

%2““1)'1 <|ANnU| < 22“‘*1)‘1. (3.10)

J
¢ Cr-1

’
Ck- 1

Figure 3.4: U=C,_.1NC_;.

Lemma 3.6 [1, Lemmma 3.15, Lemma 3.17] Vk € IN, C; € Xy, we have

2KE=1) < |9 AN Cl.

The lemma is intuitively clear as only one cube in U is admissible, so
the boundary has to cover a sufficiently large “area” separating points in A
and points outside of A. In the most simple case, we can imagine that this
area is horizontal and flat, and it cuts the rectangle into two parts. As it is a
surface with side length 2F embedded in a space of dimension d, it has size
2k(@=1) Any boundary that is more sophisticated than that will have a larger
size, hence the lower bound.

21
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Proof We note that since |9,y A NU| < |dex (A N U)|, one cannot simply make
use of the isoperimetric inequality (3.8). Rather, one can decide to project the
points of d.xA N U onto the faces of U and count the number of projected
points on each face. We denote {¢; : 1 < i < d} the standard orthonormal
basis of Z“. For the sake of simplicity, we write U = H?Zl [1,7;], where
r; € {2k=1,2K}. For all i < d, we define
U,‘Z:{XEU:xi::l},
the face of U that is perpendicular to the direction e;. The line that connects a
point x € U; to the opposite face of U; is
= {x+ke:1<k<r}.
For any set A C Z, the projection of A N U into the face U; is the set
P(ANU):={xec U :LNA#Q.

If, when traveling via a straight line from U N A to a face of the cube, we cross
points that are outside of A4, it is certain that at least once we had to cross the
boundary d.yA. In this case, we say that the projected point is a good point.
Otherwise, it is a bad point. The sum of the good points over all the faces of
the cubes then gives a lower bound for dex A N U, and this will be the key for
proving the desired statement. We let

PE(ANU) = {x € P;(AnU):I.N(U\A) # D}
be the set of good points and
PE(ANU) := P,(ANU)\PE(ANU)
be the set of bad points.

.................

-xp ’
: Ck 1

Figure 3.5: p; is a good point and p; is a bad point for the face U;.

Letj<dandp € P]B (ANU) be any bad point in the projection onto
the face j. Let rj := |l;,| We have

PRANW = ¥ [l
perB(AﬂU)

3
-1 95 (k=1)d,,—1
Srj |AOU|§22 i
We differentiate two cases.

22



3.3. Proof of Theorem 3.1

(i)

(ii)

Suppose |P;,(ANU)| > Z|Uj| for some j < d. Then,
7
Sl < IP(ANU)| < PP (AnU)|+|PF(ANU)|

< [0 ANU| + gz‘“k*l)r;l

Using that r; € {2(k=1) 2k} and \u;| € {24(k=1) 2dkY it holds that

7 3 k1 _ 1 1) —
gl - E2(’< Dipt = 71Ul - 1227007
> %(7.2“‘—1)" — 6.240k=1))
1 40
> —pd(k=1)
> 42
Finally,
240=1) < 419, AN U] (3.11)
Suppose |P;(ANU)| < %\Uﬂ for all j < d. We start by proving by

induction on the dimension d that

d
Y IPi(ANU)| < CloeANUY.
i=1

Ford =2, U = [1,r1] X [1,rp]. If there are no bad points in P;(ANU),
then one readily sees that

PLANU)| = |PE(ANU)| < |9 ANU.

If there is a bad point p = (1,p2) € PB(ANU), by definition, l}g C
ANU. By assumption, |Pi(ANU)| < Z|U;| < |Uj], so there exists
p' = (1,p5) € U1\P1(ANU). This implies in turn that l;}, € A°Nnu.
Therefore, for any k < ry, as (k, p2) € ANU and (k, p}) ¢ ANU, we can
find a point pF = (k, p§) € dex A N U. We notice that Vk; # ko, pX1 # p*2,
s0 1 < [dexANU|. Hence

|P1(Aﬁ U)| < |U1| =1 <2r < 2|aexAﬂ u‘
By the same argument,

and thus,

2
Y IPi(ANU)| < 4o ANU.
i=1

Now, if the statement holds in dimension d — 1, we prove that it also
holds in dimension d. We split U into layers by setting

Lk:Z{XEZd:dek}
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—

unkL,

UnlrLy

Figure 3.6: Splitting U into layers

for every k < ry. Then, we have

d—1 7

N

d
; Pi(ANU)| 4

[Pi(ANU) N Lg| + [Pa(ANU)|

Il
[
T
_ =

I
=

‘P[(A N U) N Lk| + |7)d(A N U)‘
1

=~
Il

1i

One can notice that P;(ANU) N Ly = P;i(ANUNLyg). Define
uk .= unkLy.
For all p € PF(ANUY), by definition, Ij, C ANUF. Let x € I, We

can associate x to a point ¥’ € P;(ANU) by setting x;, = x,, for all
mgdfl,andx{’izl.

B / UNL;

Figure 3.7: x’ is the projection of x on Uy

Hence, it holds that

Y B < |PiAn)l.
peP]-B(AﬂU")
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3.3. Proof of Theorem 3.1

This leads to

HPPAnUN = Y (B <[PgANU).
pGP]B(AﬁUk)

It follows that

[PP(ANUN)| <7t Pa(AN U
7 47 .
< gl < 5 (TTr)r;
g7#d
7 7
<z( T1 ) =5l (3.12)

where |(Uy)j| is simply the projection of U N Ly on the face j.

We consider again two cases.

7
o If [P(ANUY)| < 52|(Uy);| for all i < d —1, then by induction
hypothesis,
d—1
Y [Pi(ANUF)| < Cloer AN UK.
i=1

7
o If there exists j < d — 1 such that |P;(ANU¥)| > %H’(Uk)]’
Equation (3.12)

, by

[PE(ANUY| = [Pi(ANUY| - [PP(ANUY)]

z+1 7 7-1
> 25— (U] = 5| (U] = 25— (U

Accordingly,

2

—[0ex AN UK.
8

2
Uyl < =7 IPP(anudl <
~ 8

By noticing that for all i < d,

[(Ue)i] < (2U)172 < 2772|(Uy),

4

we obtain that
d—1 ¢ d—1 .
Pi(ANUN[ < ) [(U");]
i=1 i=1

d—1)24-1
@D AN
~ 8
< Cloex AN UK.
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Now, it holds that
vy d—
2|7> (AnU)| SZZ Pi(ANUN| + |Ps(ANU)|
i=1 i=1i=1
’d
< Y CloxANUY| +[Py(ANU)|
i=1
< CloexANU| + |Ps(ANU)|.

One notices that for any j < d, we can repeat the same strategy by
splitting U into layers {x € U : x; = k}, where k < r;. This way, we
obtain ]

Y IPi(ANU)| < CloexANU|+|Pj(ANU)|

i=1

for all j < d. By summing over all possible values of j, we conclude

d d

YN P Amu|<ZC|aexAmu|+Z\P (Anu)|
j=1li=1 j=1 j=
= Z|Pi(Aﬁll)| < CloexANU|, (3.13)

i=1
which ends the induction.

Next, by Remark 3.4 and Equation (3.13),

1

ﬁwex(f‘m U)| < |ain(Aﬁ U)|
< [0 (ANU) N U| + |0 (AN U) N (U\9;, U]
< |ainu‘ + |ainA N U|

d
<2) [Pi(ANU)|+ [9exANU
i=1
< ClocANU. (3.14)

Furthermore, by isoperimetric inequality (3.8), Equation (3.10) and Equa-
tion (3.14),

M- < clanu|T
< Cloex(ANU)|
< CloexANU]. (3.15)
From Equation (3.11) and Equation (3.15), we obtain

29071 < Cl9ex AN U < Cloex AN Cyl. -

VCy € Ay, using Lemma 3.6,
|Ck| — zkd — 2d2k(d71)
< 25C|0er A N Cy.
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3.3. Proof of Theorem 3.1

Hence,

|AN\A-1 = ) [AN\A NG

CkGXk
< Y |Gl <28 Y ClanANG
CreXy CreXy

< 25C|0g A| = 2FCn.
We apply the same reasoning for the quantity |A;_1\ Ag|. This yields

| Ak © Ag—a] = A\ Ar—1| + | A1 \Ag| < C2%n.

Upper bounding of the number of possible 2f-approximation of a contour in
Iy

Let us prove that

Ckn
| Pl < exp (z(dl)k). (3.16)

In order to do so, we rely on Fisher et al. [8].

Remark 3.7 By a slight abuse of notation, we denote
ainAk = {JC € Ag: 3]/ ¢ Ay, x Ny}
i.e. 0i, Ay is the surface delimiting the coarse-grained set Ay.

It is clear that Ay defines uniquely 0;,Ax. Conversely, if we are only
given the boundary 9;,Ay, it is also the case that it uniquely defines Ay.
Indeed, given x € 0;,Ax, as Ay is connected and as it is a finite union of
cubes, we have sufficiently enough information to determine unambiguously
which neighbours y ~ x belong to Ay and this way, we can recover the whole
set Ax. As a consequence, |F, | is also equal to the number of possible
coarse—grained contours 0;, A.

Lemma 3.8 [8, Proposition 1] Vk € IN,
‘ainAk| S Cn.

Proof Recalling Definition 3.3.7, and because the surface of a 2k_cube is equal
to 2d-2%(@=1) "one can notice that

‘ainAk| < Z 24-2(@=1k
CreXy

Using Lemma 3.6, it holds that

|0, A <2d Y 200Dk

CreXy
< Z C|aexAka|
CreXy
< CloerA| = Cn. O

27



3. RANDOM FIELD ISING MODEL

28

Let us prove Equation (3.16). It might be that Ay is not connected, but
that it is made of a collection of connected components { A} },. Using Lemma
3.8,

‘ainAk| Cn *
< =:
2421k = @1k - *

so there are less than |a* | such connected components. Moreover,

Y10 Af] = [0i,Ax| < Cn. (3.17)
14
For {x,}« a set of lattice points in 2Z%, we define d; := ||x'||; and for
any «,
le = Hx“ — X,X,1||].

Let Ty ({xx, a4 }) be the number of contours 9;, Ay such that for all «,
Xy € 0, A¥ and [0, A?| = a4. By Grimmett [10, (4.24)], Va € R, x € Z¢,

#{E : E connected component of size a containing x} < 7%, (3.18)

Va < |a*], 0;,Af is a connected component. Hence, using Equation (3.17)
and Equation (3.18) yields

I‘k({xa,a,x}) < H 770

a<|a*]

< (7daa) la* ]
CY. 4 Cn
<exp (M) <exp <2(dl)k> (3.19)

Let us bound the number of possible choices of {dy }«. If Ay is connected,
we set D := Ay. If Ay is made of at least two connected components, we set

D :=9;,AU ( U amA]Dé>

a<|a*]

and one can check that it is a connected set. In both cases, Equation (3.17)
yields
|D| < Cn.

Since D is a connected set, it is proved for instance in Diestel [5, Proposi-
tion 1.5.6.] that we can remove edges from D until we extract a spanning tree
from it. One can explore this tree by using depth—first search process. We
decide to order the x, according to the order of exploration of those vertices
by the DFS process. We note that Voo < |a* |, the I;-distance d,, is less than the
distance between x, and x,_1 in the tree. The number of edges in D is less

than @ = d|D| and each edge is used at most twice during the exploration
process. Hence, it holds that

Y dy <2d|D|.

a<|ax|



3.3. Proof of Theorem 3.1

By a classical counting argument,

#{(dl,...,dw) ez Y 4 < 2d\D|}

a<|a* |
2d|D|

zl\;l#{<d1,...,dw*J)€Z£f*J: Z d“:N}

S AL

Hence, we get at most

choices for the collection {d, }4.

Let us bound the number of possible choices of the collection {xg }4.
Suppose that the collection {d, }, is fixed. For x!, one can choose any point
among the a; points of aexA}{. There are less than Cn points in d.y Ag, hence
a; < Cn. Then, to choose x2, one has to pick a point at /;-distance dy of x1,
so a point among the Cd4 points in the ||.||;-ball of radius dy. We repeat the
same operation for all the a’s. We get

cn ] cdd

a<|a*]
possible outcomes for this process. Using the method of Lagrange’s multiplier

yields that the above product is maximal when all the x, are equidistant and
dy, = ﬁ for all a. Hence, for {d, } fixed, we have at most

dla* *
cn() 2 cn(cata vyl
< exp (Cln(n) + In(2)d%k|a*])

Ckn

choices for {x4 } -

Let us now bound the number of possibilities for {a, },. We have that

Z ay < m,

a<|a*]

and that a, is divisible by 2(4=V¥ for every a. Let a < |a*|. There exists
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my € N such that a, = m,2@ Dk Hence,

#{(’11/'--/‘1@4*” € Zf*J : Z a, < n}
J

a<|a*

ot n
:#{ (ﬂ],...,ﬂp&J) S ZE» J . 2 un < m}

a<|a* |
w21k .
= Z #{(al,...,a[a*J) EZE&J : Z ma:N}.
N=1 a<|a* |
Similarly as in Equation (3.20), we get at most
exp (255’&) (3.23)

possibilities for {ag }4.
In summary, | F,, | is given by

Ty ({xa, a0 }) #{ choices for {xs}a}-#{ choices for {dy}« }-#{ choices for {as}«},

and by Equations (3.23), (3.19), (3.22) and (3.20), it holds that
y Bq

Ckn
| Fuxl < exp <2(dl)k>

as desired.

Upper bounding of the bad event &°¢

Let us come back to Equation (3.9). At least half of the elements in the
boxes belonging to the 2"-approximation of A must also belong to A, thus
there must be at most 2‘,‘,,‘3,‘1 boxes in the 2™-approximation of A. Using the
isoperimetric inequality (3.8) yields

Al
m—1

A <20 AL o 4) < e,

2d

Accordingly, Equation (3.9) becomes

2 m 2
P| sup [Aas(h)| > n| <2|Fpmlexp | — 241 | 4+ 21 Fu il | For1lexp | ——K—
Aean\ A( )‘_ = | n,m| p(&gZCnddl = | n,k|| nk 1| P 8e2C2kn

d
Cimn  Coa nT=d a4 Can Cyn?
< 2exp <2m(d—1) - 2 + Z 2exp Sk(d—1)  g2pky

We choose m € N such that 2" = n% and for all k < m, ay := nk~2. The first
term in the equation becomes

d
Cymn  Coa?, ni- 4-d -2 4
2exp <2m1(d_1) _ m:zl ) < 2exp (C1 In(n)n3 — Cynd=11In(n) e 2)

< 2exp (C1 1n(n)n% — Czn% ln(n)_4s_2)

d—2

< 2exp ( —ni1 (Cpe 2 In(n)~* - Cyniis 1n(n)4))
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As d > 3, we have that 5 Zd < 0, so for n large, the term is of order

exp(—Cndi2 *)<exp< Cnie 2).
As for the second term in the equation, it holds that
Can Canp . Can 2, -4.-2—k
ZZeXp <2kd T T 2ok, §2k;exp m—@mk e 2
C3n2d+1 42
< 2mexp (32md — Cyn*m e 22 m)
< 2mexp (anl_%zd - C4n% ln(n)_4s_2>
Once again, we have 1 — % < 0, so for n large, the term is of order
exp (— Cn%sfz).

In summary, we get that

sup [Aa(h)| >n| <exp(— Cn%efz).

AeTy,

It follows that

Ple°] =

U { sup |Aa(h)| > n}

nelN AeTly,
<)L p
nelN

<Y exp(— Cn%sfz) <o CE?, (3.24)
nelN

sup |Aa(h)| > n]
AeT,

3.3.5 Conclusion of the proof

Let us bound Q" [0y = —1]. The event {0y = —1} can be split into two
subevents, depending on whether £ is happening or not.

Qfeo = -1 =Q"[{oo = 1} NE] + Q" [{op = ~1} N €]
< Q" [{on = ~1} N ]+ P[£].
According to Equation (3.5),
Q+[{U'o —1} ﬂg Z QJF g, {(70 = —1} NAy = ]

Acll

<Y sup "ot 2 Ay (%)
Acil A= AheS Z+ (1)

< Y sup e Al
Aesl,AcT, Ag=Ahel

< Z Z 2T

n>1Aesl ATy,
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Using Equation (3.7),
Q[{og = ~1}N&] < Y [Tufe ™
n>1
< Y (2nd)?(164%)¥1e T

n>1

<Y exp (’;, (4T log(2d) + 2T log(164%) — 1) ) .

n>1

Let us choose

1
< dlog(2d) 4 2log(16d3)’

T

so that
dTlog(2d) 4+ 2Tlog(16d°) —1 < 0.
One obtains

QT [{oo=—-1}n€] < Y e T <Gl (3.25)
n>1

Putting together Equation (3.24) and Equation (3.25) and choosing a positive

constant C < min {%, % }, one gets

Qf[op = —-1] < o~ 2CT! +e—2c€*2_
Ultimately, by using Markov’s inequality and Equation (3.1),
EP [t [oo = —1]]

87CT*] + 87C£*2

Q" [op = —1]
= e CT1l 4 o—Ce2
-1 2
872CT + €72C€

_ -1 _Ce—2
SECT +e Ce

7

e—CT1 + e—Ce2

which yields exactly the desired result.
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