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Abstract

The first main topic of this thesis, considered in Chapters I and II, is the study of
the mean—variance hedging problem in the rough Heston model. Rough volatility
models have become quite popular recently, but the question of hedging in such
models is still underexplored. Previous work has focused on perfect hedging in
a complete market and on approximate hedging under the risk-neutral measure.
We use instead a mean—variance hedging approach under the historical measure,
which is more natural for the purposes of risk management. Because the rough
volatility process is neither Markovian nor a semimartingale, the rough Heston
model poses difficulties to classical techniques in stochastic optimal control. By
using the affine structure of the model, we obtain explicit formulas for the op-
timal mean—variance hedging strategies for a wide class of European-type payoffs,
including vanilla call and put options, that can be implemented in practice. We
then use those results to find optimal semistatic trading strategies in the under-
lying asset and a basket of derivatives.

The second part of the thesis, developed in Chapters III and IV, pertains to
quadratic market equilibria in continuous time. Many classical results on the
existence and uniqueness of Radner equilibria such as the capital asset pricing
model (CAPM) require the assumption of a complete market. The study of
equilibria in incomplete setups is more challenging due to the absence of Pareto
optimality. We obtain an explicit equilibrium in an incomplete semimartingale
setup with quadratic utilities by using the linearity properties of mean—variance
hedging. We then extend our results to mean—variance preferences and find an
explicit solution in the linear case. More generally, we show the stability of the
mean—variance hedging problem with respect to the quadratic equilibrium price
process by using a novel result on the stability of quadratic backward stochastic
differential equations under a BM O condition on the stochastic driver and in a
continuous filtration. This yields sufficient conditions for the existence of an equi-

librium for general mean—variance utility functions via a fixed-point argument.
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Kurzfassung

Das erste Hauptthema dieser Arbeit, das in den Kapiteln I und II behandelt
wird, ist das Mean—Variance Hedging (MVH)-Problem im Rough Heston-Modell.
Sogenannte Rough Volatility-Modelle sind in letzter Zeit populédr geworden, aber
das Thema des Hedgings in solchen Modellen ist noch unzureichend erforscht.
Friihere Studien konzentrierten sich auf perfektes Hedging in einem vollstandigen
Markt und auf approximatives Hedging unter einem Martingalmass. Wir versu-
chen, das MVH-Problem unter einem Semimartingalmass zu 16sen, was aus Sicht
des Risikomanagements natiirlicher ist. Da der Volatilitatsprozess weder Mar-
kovsch noch ein Semimartingal ist, konnen klassische Methoden der stochasti-
schen Kontrolle nicht direkt zur Losung des Problems angewendet werden. Dank
der affinen Struktur des Rough Heston-Modells erhalten wir explizite Formeln
fiir die optimalen Hedging-Strategien einer breiten Klasse européischer Optio-
nen, einschliesslich Call- und Put-Optionen, die in der Praxis umgesetzt werden
konnen. Anschliessend nutzen wir diese Ergebnisse, um optimale semistatische
Handelsstrategien fiir den Basiswert und einen Korb von Optionen zu finden.
Der zweite Teil der Arbeit, der in den Kapiteln IIT und IV entwickelt wird,
befasst sich mit quadratischen Gleichgewichtsmodellen in stetiger Zeit. Viele klas-
sische Ergebnisse zur Existenz und Eindeutigkeit von Radner-Gleichgewichten
wie das Capital Asset Pricing Model (CAPM) erfordern die Annahme eines voll-
standigen Finanzmarktes. Aufgrund des Fehlens der Pareto-Optimalitit ist die
Untersuchung von Gleichgewichten im unvollstdndigen Fall schwieriger. Wir nut-
zen die Linearitdt des MVH-Problems, um ein explizites Gleichgewicht in ei-
nem unvollstidndigen Semimartingal-Markt mit quadratischen Nutzenfunktionen
zu erhalten. Anschliessend erweitern wir unsere Ergebnisse auf Mean-Variance-
Préferenzfunktionen und finden eine explizite Losung im linearen Fall. Allgemei-
ner zeigen wir die Stabilitdt des MVH-Problems in Bezug auf den quadratischen
Gleichgewichtspreisprozess. Dafiir beweisen wir ein neues Ergebnis zur Stabilitit

von quadratischen stochastischen Riickwarts-Differentialgleichungen unter einer
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BMO-Bedingung fiir den stochastischen Treiber und in einer stetigen Filtrati-
on. Zusammen mit einem Fixpunkt-Argument liefert dies hinreichende Bedin-
gungen fiir die Existenz eines Gleichgewichts mit allgemeinen Mean-Variance-

Praferenzfunktionen.
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Chapter O
Introduction

Optimal portfolio selection and the pricing and hedging of contingent claims are
two of the central problems in mathematical finance. Simply put, portfolio selec-
tion consists of choosing a portfolio with an optimal risk-reward tradeoff, whereas
for pricing and hedging a claim H, one looks for a portfolio of underlying assets
that replicates or at least approximates H. In mathematical terms, consider a
financial market with time horizon T" > 0 consisting of a riskless asset with con-
stant price 1 and a risky asset with semimartingale price process S = (S¢)o<i<7-
By self-financing trading with initial wealth = € R and a strategy 9 = (U;)o<t<r

from a set ©, an agent achieves the final wealth

T
Vi(z,9) = x—l—/ 9,dS,.
0

In the optimal portfolio selection problem, the agent wants for a given x to max-
imise profits and minimise risk. Under preferences described by a utility function
U on R, the goal is thus to

maximise E[U(Vr(z,9))] over all ¥ € ©. (0.1)

On the other hand, the agent might want to buy or sell a contingent claim with a
random payoff H and hedge it by trading in the underlying assets. In a complete
market, the pricing and hedging problem for H consists of finding 2% € R and
97 € O such that H = V(2 ,91). In that case, 2 is the unique arbitrage-free
price for H and ¥ the corresponding replicating strategy. But if the financial

market is incomplete, such a representation does not exist in general. One can
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consider instead an approximate version of the problem where the agent looks to
minimise E[((H — Vp(z,9))] over all z € R, ¥ € O, (0.2)

where ¢ is a loss function on R. Depending on the application, x may be part
of the control as in (0.2), or fixed a priori so that the minimisation is only over
e oO.

In much of the mathematical finance literature, the problems (0.1) and (0.2)
are studied separately, often with different techniques and different sets of assump-
tions. The present thesis focuses instead on a setting where both U and ¢ are
quadratic. One of the most appealing features of the resulting quadratic problems
is that they are closely related to each other and can be solved within the same

1,2

framework. To see why, consider an agent with quadratic utility U(x) = = — L

for some v > 0. The portfolio selection problem is then to
o J R
maximise F |Vp(z,9) — Q—VT(:c,ﬁ) over all ¥ € O,
y
and completing the square yields the equivalent problem to
minimise E[(y — Vr(z, 19))2] over all ¢ € ©.

The latter is a hedging problem of the form (0.2) with a constant payoff H = ~ and
the loss function £(y) = y?. Thus we have converted the original portfolio selection
problem into a mean-variance hedging (MVH) problem, that is, a problem of the
form (0.2) with a quadratic ¢. Conversely, a MVH problem can be rewritten as
a portfolio selection problem with quadratic utility, where the agent receives the
random endowment v — H at time 7" in addition to the initial wealth x.

The quadratic utility and mean-variance hedging or portfolio selection ap-
proaches have some well-known shortcomings; these include the existence of a
“bliss point” where maximal utility is attained, and the inability to take into ac-
count higher-order moments and heavy-tailed distributions. Nevertheless, these
approaches are widely used in practice because of their tractability, which some-
times yields simple and explicit solutions where other approaches fail to do so.

This doctoral thesis comprises two main topics that showcase applications of
the quadratic utility and MVH approaches. The first is presented in Chapters
I and II, which are based on joint work with Christoph Czichowsky. They are

devoted to the study of the mean—variance hedging problem in the so-called rough
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Heston model. We obtain for a wide class of European-type payoffs explicit
solutions to the MVH problem that can be implemented in practice. The second
topic is studied in Chapters III and IV, which are based on joint work with
Christoph Czichowsky and Martin Herdegen. We first find an explicit formula for
the Radner market equilibrium of agents with quadratic utility in an incomplete
market in continuous time. This analysis is then extended to show the existence of
an equilibrium under generalised mean—variance preferences. Finally, Appendix A
provides some technical results on the existence of solutions to nonlinear Volterra

equations that are used in Chapters I and II.

1 Quadratic hedging in the rough Heston model

In the first part of the thesis, we study mean—variance hedging in a specific
model with a rough stochastic volatility process. Rough volatility models have
become quite popular recently, as they capture both the fractional scaling of the
time series of historic volatility (Gatheral et al. [55]) and the asymptotics of the
implied volatility surface (Bayer et al. [15], Fukasawa [54|) remarkably well. In
these models, S has a volatility process Y that satisfies a stochastic Volterra
equation with a fractional kernel that is singular at 0. This leads to a process
Y that has rougher paths (i.e., paths of lower Holder regularity) than Brownian
motion, and is no longer a Markov process nor a semimartingale. Hence these
models fall outside of the scope of standard techniques in stochastic analysis and
present new mathematical challenges.

The problem of pricing under rough volatility has been considered in Bayer
et al. [15, 16|, and the hedging problem for a complete market with continuous
trading in forward variance swaps has been studied in El Euch/Rosenbaum [45].
However, as pointed out in Bayer et al. [15]|, forward variance swaps are often
illiquid and costly to trade. If only the underlying asset S can be traded, the
market is incomplete, and the problem of hedging in that setting has so far only
been studied in Horvath et al. [66, 67] under a risk-neutral measure. From the
point of view of risk management, it is more natural to work under the historical
measure P, especially since the risk-neutral measure is not unique. We thus use
an approach based on mean—variance hedging (see Schweizer [111] for a recent
overview), where we study (0.1) for £(y) = y* and hence we minimise the expected
squared difference under P between the claim H and the final wealth Vr(z,9) of
the hedging strategy.
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We focus on the rough Heston model of El Euch/Rosenbaum [45] which gener-
alises the classical Heston model by including a fractional kernel in the dynamics
of the volatility process Y. Like the classical Heston model, this rough model
is affine in the sense that the characteristic function of the log-price admits an
exponentially affine representation. However, since Y is not Markovian, it is re-
placed as a state variable by the infinite-dimensional so-called forward variance
curve, and the associated coefficient in the above representation no longer solves
a Riccati ODE, but rather a Riccati—Volterra equation. Thus the volatility in the
rough Heston model is a so-called affine Volterra process (Abi Jaber et al. [1]).
This affine structure preserves the tractability of the classical Heston model and
allows the pricing of European options by Fourier transform techniques as shown
in [45] for the case of a complete market. We show how to combine these tech-
niques with the mean—variance hedging approach to obtain similar results in the
case of an incomplete market.

Our main results provide semi-explicit formulas for the mean—variance hedging
strategies for a wide range of European-type payoffs, including vanilla call and
put options. The formulas are given in terms of the underlying S and the forward
variance curve, with deterministic coefficients that solve one-dimensional Riccati—
Volterra equations. These equations do not admit closed-form solutions but can
be integrated numerically, so that our formulas are implementable in practice. In
order to solve the mean—variance hedging problem and obtain these formulas, we
follow the approach in éerny/ Kallsen [25] and proceed in two steps.

The first step is the subject of Chapter I and consists of solving the so-called
pure investment problem, i.e., (0.2) for {(y) = y?, * = 0 and H = 1. This is
equivalent to Markowitz portfolio selection (see Fontana/Schweizer [48]), which
has also been recently studied for the rough Heston model in Abi Jaber et al. [2]
and Han/Wong [61]. We show an alternative way to solve this via a martingale
distortion technique as in Fouque/Hu [49, 50| and give a formula for a generalised
moment-generating function in the rough Heston model. This yields formulas for
the solution to the pure investment problem and the so-called variance-optimal
martingale measure (VOMM) Q™.

The second step, which is done in Chapter 11, is to find for a claim H the mean
value process defined by V;¥ = Eg.[H | F;] and the pure hedging coefficient =¥
which appears as the integrand in the Galtchouk-Kunita-Watanabe decomposi-
tion of V# under Q*. Because the rough Heston model retains its affine structure
under Q* (even though its dynamics are now time-inhomogeneous), we are able

to obtain explicit formulas for the moment-generating function of the log-price
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under Q*. By linearity, this yields formulas for V# and Z for payoffs H that can
be representated as Mellin transforms, and the mean—variance hedging strategies

are then determined via a feedback equation as in Cerny/Kallsen [25].

2 Mean—variance equilibrium in continuous time

The second part of the thesis studies equilibria for mean—variance preferences
in continuous time and for general semimartingale models in an incomplete set-
ting. The study of market equilibria is a key area of research in economic and
mathematical finance theory. The main idea is to model market prices indirectly
as outcomes of the interaction between market participants and other exogenous
factors. Since every transaction of an asset involves a buyer and a seller, the total
number of units bought by some market participants is always equal to the total
number of units sold by other participants. This is the so-called market clearing
condition. In turn, the trading decisions of agents are determined by their own
preferences, the market price, and their views about other participants and exo-
genous economic factors. Thus in an equilibrium, there is a feedback loop between
prices, which influence the individual strategies, and agents, which set prices via
the market clearing condition. The study of equilibria yields insights into why
markets display certain behaviours, and can be used to extrapolate the effects of
regulatory, fiscal or other large-scale structural changes on financial markets.
Here we work with the well-known concept of a Radner [103] equilibrium.
We consider a financial market consisting of one riskless asset with constant
price 1 and d risky assets with a d-dimensional semimartingale price process
S = (St)o<t<r. Each agent k = 1,..., K has initial wealth x; € R and receives
a random endowment = at time 7. Via self-financing trading in (1,S) with a

portfolio V% = (9F)g<s<r, agent k achieves the final wealth

T
VEWF) = o + / VFdS; + =F.

0

Each agent k has preferences Uy, on L°(Fr) and seeks to
maximise Uy, (V£ (9%)) over all 9",

Then (1,5) is an equilibrium market if each agent has a unique optimal strategy
U* and the market clears, i.e., Zszl Y* = 0. In addition to the market clearing

condition, we impose exogenous constraints on the assets, which we divide into
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productive and financial assets as in Karatzas et al. [76]. Our goal is then to look
for equilibrium markets (1,.5) satisfying those constraints.

In Chapter III, we consider preferences given by expected quadratic utility,

U(V) = E

1

V- —VQ] : (2.1)
2k

for some risk tolerance parameter 7, > 0. In Chapter IV, we consider more

general mean—variance preferences of the form

Up(V) = Uy (E[V], v/ Var[V]) (2.2)

for a mean-variance utility function Uy on R x R,. If the market is complete, it
is well known that the capital asset pricing model (CAPM) gives the equilibrium
prices in both cases. That classical result is in line with much of the research on
Radner equilibria (see Karatzas/Shreve |78, notes to Chapter IV] for an overview),
where it is assumed that the market is complete, or at least that the endowments
of the agents can be perfectly hedged.

However, as argued in Kardaras et al. [79], the completeness assumption is
not always justified, and it is relevant to study the behaviour of equilibrium mar-
kets in which the endowments cannot be perfectly hedged. The main challenge
is that equilibria need not to satisfy Pareto optimality in an incomplete market,
and so the well-known method of using a representative agent does not work.
Despite this difficulty, some positive results on incomplete market equilibria have
been obtained in Basak/Cuoco [14], Cheridito et al. [28], Guasoni/Weber [60],
Kardaras et al. [79], Koch-Medina/Wenzelburger [85] and Zitkovié [122], among
others. Most relevant for us is [85], where a CAPM equilibrium is found for a
discrete-time incomplete market in one period with general mean—variance pref-
erences.

Our results in Chapters III and IV extend to continuous time the existence res-
ults of [85] for incomplete market equilibria. So far, results on incomplete market
equilibria in continuous time have only been obtained under specific filtrations,
such as Brownian ones. In contrast, our results in Chapter III allow general se-
mimartingale price processes with jumps, while the main results in Chapter TV
assume only a continuous filtration. To the best of our knowledge, we thus give
the first results on equilibria in incomplete markets with general semimartingale
dynamics in continuous time.

In Chapter ITI, we find an explicit formula for the equilibrium under quadratic
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utilities (2.1). This is done by exploiting the fact that (as seen in the introduction)
the individual optimisation problems of the agents are equivalent to certain mean—
variance hedging (MVH) problems. The linearity of MVH allows us to deduce
that the aggregate demand for the risky assets is equal to the optimal strategy
for a nonstandard representative agent, i.e., a fictional agent that aggregates the
endowments and preferences of the individual agents. We use this insight to
obtain a pricing measure for the equilibrium prices, which then yields an explicit
formula for the latter.

The next step, which is the subject of Chapter IV, is to extend those res-
ults to the case of mean-variance preferences (2.2) by relating them to quadratic
utilities (2.1). We show that any equilibrium for mean—variance preferences is
also an equilibrium for quadratic utility. At first glance, it may appear that this
directly gives the existence of an equilibrium; but it is merely the starting point
because the relationship between the quadratic utility and mean—variance pref-
erence problems (2.1) and (2.2) depends implicitly on the price process S, which
is not known a priori. Surprisingly, in the case of linear mean—variance prefer-
ences, we are nevertheless able to obtain an explicit formula for the equilibrium.
In the general case, we prove that for some choice of risk tolerance parameters
M1, .-k, the equilibrium market with respect to the quadratic utilities (2.1) is
also an equilibrium market for the original mean—variance preferences. We then
obtain the existence of an equilibrium via a fixed-point argument on (7).
Because we work in continuous time, this is technically challenging and involves

studying the dependence on their parameters of a class of BSDEs.
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Chapter 1

The pure investment problem for

the rough Heston model

1 Introduction

Our goal in Chapters I and II is to solve the mean—variance hedging (MVH)
problem for the rough Heston model, as explained in the global introduction
from Chapter 0. The present chapter thus plays a supporting role to Chapter 1T
by introducing and defining the rough Heston model, as well as proving several
auxiliary results that are needed to tackle the MVH problem. The main subject
of this chapter is the so-called pure investment problem of Cerny/Kallsen [23],
defined as the MVH problem for x = 0 and the constant payoff H = 1. Writing
¥+S = [9dS for brevity, one thus looks to

minimise E[(1 —9+S7)?] over all ¥ € ©1(S),

where the price process S = (S )o<s<7 satisfies the rough Heston model and O1(S)
is the set of L?-admissible strategies on [0, 7] (see Section 3.1 for the definition).
It is well known that the solution ¥* determines the set of mean—variance efficient
portfolios, and hence this problem is equivalent to classical Markowitz portfolio
selection; see Fontana/Schweizer [48]. In this chapter, we obtain an explicit
solution to the pure investment problem in the rough Heston model. We also find

the solution @* to the dual problem, which is to

minimise E[(dQ/dP)?] over all Q € Q3(S),
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where Q2(S) is the set of equivalent martingale measures @ for S on [0, 7] such
that E[(dQ/dP)?] < oco. The measure Q* is the so-called variance-optimal mar-
tingale measure (VOMM) for S on [0,77], and it plays a key role in solving the
MVH problem (Schweizer [110]).

As in Cerny/Kallsen [25] and Czichowsky/Schweizer [32], we solve the pure
investment problem by determining the opportunity process L = (L;)o<¢<r, which

is the reduced-form value process given by
L = essinfycg, ,.(s) E[(1 — VeSr)? | F], 0<t<T,

where ©,7(5) is the set of strategies ¥ € O7(S) such that J1py = 0. It is
well known (see e.g. Bobrovnytska/Schweizer |21]) that L satisfies a backward
stochastic differential equation (BSDE) with a driver determined by the dynamics
of S. Thus our approach is to find a solution L to that BSDE via a martingale
distortion technique as in Fouque/Hu [49, 50| and then use a verification result
of Cerny/Kallsen [25] to show that L = L is the true opportunity process. The
dynamics of L then yield the solution to the pure investment problem as well as
a formula for the variance-optimal martingale measure Q*.

In preparation for the study of the pure investment problem, we also prove
a useful result on a generalised moment-generating function in the rough Heston
model. This generalisation of El Euch/Rosenbaum [46, Theorem 4.1]| allows us
to include changes of measure that preserve the affine structure of the model.
We use this result throughout this Chapters I and II, where it yields formulas
for conditional expectations under Q*. We note, however, that the moment-gen-
erating function can be well defined not for all time horizons, but only up to
a positive time. The same therefore applies to our subsequent results on the
solution to the pure investment problem. This issue cannot be avoided, since
moment explosion is inherent to the rough Heston and other stochastic volatility
models (Andersen/Piterbarg [10], Gerhold et al. [57], Keller-Ressel [82]).

This chapter, based on joint work with Christoph Czichowsky, is structured
as follows. We introduce in Section 2.1 the rough Heston model and its basic
properties. In Section 2.2, we prove the formula for the generalised moment-
generating function. Section 3 is then dedicated to solving the pure investment
problem for the rough Heston model. After introducing the problem in Section
3.1, we find in Sections 3.2 and 3.3 a martingale distortion representation and an
explicit formula, respectively, for the candidate opportunity process L. In Section

3.4, we prove our main result where we verify that the candidate opportunity
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process is the true one, i.e., L. We also obtain a formula for the variance-optimal
martingale measure. Finally, in Section 3.5, we compare our results to the closely
related ones in Cerny,/Kallsen [27], Abi Jaber et al. [2] and Han/Wong [61].

2 The rough Heston model

2.1 Definition and first properties

We begin by recalling the classical Heston model with drift. We consider a fric-
tionless financial market with a finite time horizon T € (0, 00), consisting of one
riskless asset with constant price equal to 1 and one risky asset. The price process
(St)o<t<r of the risky asset is described by the stochastic differential equations
A5t vt + o/ Y, dW,,
St (2.1)
dY, = X0 — Y)dt + ¢\/YdB,

for t € [0,T], where W and B are Brownian motions with constant correlation
0 € (—1,1), and the parameters Sy > 0, Yo >0, u € R, 0 >0, A > 0, 8 > 0,
¢ > 0and p € (—1,1) are fixed constants. The parameters p and o are related to
the rate of return and volatility of S, whereas 6 is the long-term mean volatility,
A is the speed of mean reversion of Y, ( is related to the volatility of Y (“vol of
vol”), and g describes the instantaneous correlation between S and Y.

The rough Heston model, introduced in El Euch/Rosenbaum [46], is a gener-
alisation of the classical Heston model where the stochastic volatility process Y
is replaced by a process that is rougher than Brownian motion. Rough volatility
models have become quite popular recently, as they capture both the fractional
scaling of the time series of the historic volatility (Gatheral et al. [55]) and the
implied volatility surface (Fukasawa [54], Bayer et al. [15]) remarkably well. One
can model a rough volatility process Y by introducing a convolution kernel with
a singularity at 0. This is analogous to the construction of the Riemann-Liouville

fractional Brownian motion, defined for a Hurst parameter h € (0,1) as

t(y S)h—%
W :/ EZ2 oy,
' o T(h+3)

where W is a Brownian motion and T : (0,00) — R, is the well-known gamma

function. The resulting process is then Hélder-continuous of any order strictly
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smaller than h, and thus rougher than Brownian motion in the case h < %
In order to properly define the rough Heston model, we first give some defin-

itions related to the convolution operation.

Notation 2.1. Consider a Borel subset £ C [0,00), some constant p € [1,00)
and let ' =R" or C" for some n € N. We say that a Borel-measurable function
[+ E — F belongs to LP(E; F) if [ |f(t)[Pdt < oo, and it belongs to L} (E; F)
if fEﬂ[O,T] | f(t)[Pdt < oo for all T > 0. We say that a map v : -, B([0,T]) — R
is a o-finite signed local measure on [0, 00) if its restriction to B([0,T7]) is a finite
signed measure for each 7' > 0. We say that v : B(]0,7]) — C is a finite complex
measure on [0,T] if v = vy +iv, for two finite signed measures v4 and v on [0, 7.
Similarly, the map v : (-, B([0,7]) = C is a o-finite complex local measure on

[0,00) if v = vy + iy for two o-finite signed local measures v; and vs.

A o-finite signed local measure on R, can be thought of as the difference of

two o-finite measures on R, in the following sense.

Lemma 2.2. A map v : Ups B([0,T]) — R is a o-finite signed local meas-
ure if and only if there exist mutually singular o-finite measures vy, v_ on
([0,00), B(]0,00))) such that

A(B) = v, (B) — v (B) (2.9
for each B € U5 B([0,T7).

Proof. We start with the “only if” statement. As v|j r) is a finite signed measure
for any T > 0, we have by the Jordan decomposition theorem (Klenke [83, Co-
rollary 7.44]) that there exist unique mutually singular finite measures v1 and v*
on ([0,7],B([0,T])) such that v(B) = vI(B) — vI(B) for each B € B([0,T]).
By the uniqueness of the construction, it is clear that u£/|3([0,ﬂ) = vl for
T > T >0, i.e., the measures (v1)r> are consistent. We can thus construct
functions vy @ Uy B([0,T]) — Ry by vi(B) = vi(B) for each B € B([0,T]);
this is well deﬁned_by the consistency of the measures (v1)rso.

Now let A = J,,en Am € UpsoB([0,T]) for some family of disjoint sets
(Am)men in Upso B([0,T7]). There exists some T > 0 such that [0,7] 2 A D A,

for each m € N, and hence



2 The rough Heston model 13

Thus we have shown that vy is a pre-measure on the ring (J, -, B([0,7]). As
v ([0,T]) = vL([0,T]) < oo for each T > 0, v is o-finite. By Carathéodory’s
extension theorem, v4 can thus be uniquely extended to a o-finite measure on
(10, 50), B([0, 50)).

As v and v are mutually singular for each 7' = n € N, there exist disjoint
sets A", A" € B([0,n]) such that v} is supported on A’t. By the consistency of
the measures (1} )nen, We may assume without loss of generality that AT D A7

for each n € N. If we define AL :=J _ A%, then A, and A_ are disjoint, since

neN

AnA=JAnA_non]) = [ JAtnA") =0.

neN neN

We have vy (B) = vi (A} N B) = vi(AL N B) for any B € B([0,n]) so that the
measures vy and B +— [ 14, dvs coincide on the ring |-, B([0,T]), and hence
they are equal by the uniqueness of the Carathéodory extension. This implies

that v is supported on Ay, so that v, and v_ are mutually singular. Moreover,
for each B € U5y B([0,T7]), we have

v(B) = v|s(om)(B) = vi(B) = v1(B) = vi(B) — v_(B),
and this shows (2.2).
For the “if” statement, let v, and v_ be o-finite measures on (|0, 00), B([0, 00))).

The equation (2.2) defines a unique map v : (Jp-o B([0,7]) — R, and we have

vls(or) = V+lsom) — V-IB(0.1)

for each T' > 0. As v, and v_ are o-finite, this implies that v|go,r)) is a finite
signed measure on [0,7] for each 7" > 0, and thus v is a o-finite signed local

measure. O

As a motivation for this notion of a o-finite signed local measure, consider the
fact that any nonnegative function f € L] ([0, 00); R) induces a o-finite measure
A [, f(s)dson ([0,00),B([0,00))), but this need not yield a well-defined signed
measure if f is allowed to take both positive and negative values. This is not an
issue on each bounded interval [0,77], however, so that A — [, f(s)ds can be
seen as a o-finite signed local measure. One may extend this map to [0,00) by
A~ [, fH(s)ds — [, [ (s)ds for any set A € B([0,00)) such that this is well
defined, i.e., if at least one of the integrals is finite, which is the case for any

bounded set A.
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We next give the definition of the convolution operation, which plays a key
role in rough volatility models such as the rough Heston model. In the following
(as well as in Appendix A), we use the textbook by Gripenberg et al. [59] as the

main reference on the topic of convolutions and convolution equations.

Definition 2.3. For any pair of functions f,g € L ([0,00);C), we define the
convolution [ * g € L ([0,00); C) by

Fai)= | (b = s)g(s)ds = / Fs)glt— s)ds, 13 0.

The fact that f g is well defined and belongs to L{, ([0, 00); C) follows from
[59, Theorem 2.2.2(i)]. It is clear that the convolution has a causality property,
i.e., the restriction of f * g to [0,¢] only depends on the restrictions of f and g to
[0,¢] for each t > 0. Some additional properties of the convolution are listed in [59,
Section 2.2]. For instance, if either f or g is a continuous function on [0, c0), then
so is f g, i.e., there exists a continuous representative of f* g € L. ([0, 0); C),
and it moreover satisfies (f * g)(0) = 0. We always choose such a continuous
representative for f * g if it exists, although we note that such a representative
need not satisfy (f * ¢)(0) = 0 in general. We usually consider functions f and
g that are continuous on (0,00) but may have an integrable singularity at 0; in
that case, there likewise exists a version of f * g that is continuous on (0, c0) with
possibly an integrable singularity at 0. Another notable property is the well-

known Young convolution inequality, given in Lemma A.1.5 in the Appendix.

Definition 2.4. We say that R* € Ll _(]0,00);C) is the resolvent of the second

loc

kind (or simply resolvent) of a function k € Li..([0, 00); C) if it holds that
(kx R*)(t) = k(t) — R*(t), for Lebesgue-a.a. t > 0.

A o-finite complex local measure L* on [0, 00) is the resolvent of the first kind of
k if it holds that

(kx L*)(t) :== / k(t — s)L*(ds) =1, for Lebesgue-a.a. t > 0.
[0,¢]

Any k € LL_(]0,00);C) has a resolvent of the second kind, by [59, Theorem
2.3.1]. On the other hand, a resolvent of the first kind does not always exist. Both
kinds of resolvents R* and L* for k are unique if they exist, by [59, Theorems
2.3.1 and 5.5.2|, and they are real-valued if k is. We also note that if & is locally
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square-integrable, then this property is inherited by R, which follows by applying
[59, Theorem 2.3.5] in the special case f = k there. Some other properties such
as continuity and local boundedness can also be inherited by R* from k, by the

same argument.

Remark 2.5. The resolvents of the first and second kind allow us to solve linear
Volterra equations of the first and second kind, respectively. Given functions
f,k e Ll ([0,00); C), the Volterra equation of the first kind

(kxx)(t) = f(t), t=0, (2.3)

has the solution z = £ (L"x f), if the resolvent of the first kind L* exists. Likewise,

the Volterra equation of the second kind
w(t) + (k*x)(t) = f(t), t=0, (2.4)

has the solution x = f — R* x f; see [59, Theorems 2.3.5 and 5.5.3] for references.
In such a context, we refer to the function k € L _([0,00); C) as a kernel. This
does not impose any additional conditions on k, but rather is a term used in
the literature to describe the role of k in convolution equations such as (2.3) and
(2.4). Likewise, we refer to the functions x and 4 (that we define later) as kernels

to emphasise their role in the rough Heston model.

Remark 2.6. The connections between the convolution operation, the resolvents
and the Laplace transform are also noteworthy; see [59, Theorem 2.2.7 and Sec-
tions 2.3 and 5.5] for references. For f € Ll _(]0,00);C), define the Laplace

transform

fo= | e f(s)ds

for any p € [0, 00) such that the integral exists. Then for each f, g € L. .([0, c0); C)

loc

and p € [0,00) such that f(p) and §(p) exist, we have that m(p) exists and
is given by f(p)j(p). Moreover, suppose that k € LL_([0,00);C) admits the

loc
resolvents L* and R* of the first and second kind, respectively. Then we have
—~ 1 —~ k
LF(p) = —— and RMp) = —=—
pk(p) 1+ k(p)

|
SN—

(2.5)

for any p such that the Laplace transforms exist, where in the definition of ﬁ,
we replace the integrand f(s)ds with L¥(ds). We shall use the formula for R*

below in the proof of Lemma 2.12.
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The rough Heston model differs from the classical Heston model due to the
introduction of a convolution kernel, which we denote by «, in the definition of the
volatility process Y. We impose some assumptions on the kernel  : (0,00) — R,
the first three of which ensure the wellposedness of the rough Heston model, while
the fourth is helpful for obtaining some additional properties, such as Lemma 2.12.
We note that x may (and often does, as in the examples below) have a singularity
at 0, where limj o k(t) = oo. However, such a singularity must be sufficiently

integrable, as specified in the following assumptions.

Assumption 2.7. We assume that the kernel k € L2 ([0, 00); R, ) satisfies each
of the conditions 1)-4).

1) There exists some v € (0, 2] such that fOT(F&(t + h) — k(t))*dt = O(h?) and
foh k(t)2dt = O(h") for every T € (0,00) and small h > 0.

2) The function x : (0,00) — Ry is not identically zero, nonincreasing and

continuous on (0, co).

3) x admits a resolvent of the first kind L” that is a nonnegative and nonin-
creasing measure on [0, 00), i.e., the map s — L"([s, s+ t]) > 0 is nonneg-

ative and nonincreasing in s for all ¢ > 0.
4) For each X\ > 0, the resolvent R of the rescaled kernel \x is nonnegative.

We note that although it is natural to impose the condition 4) for all A > 0,
we only use the fact that R** is nonnegative for the particular choice of A > 0
introduced later in the definition (2.8) of the rough Heston model.

It is pointed out in Abi Jaber et al. [1] (which we use as a reference for
properties of the rough Heston model) that the conditions 2)—4) of Assumption 2.7
can be replaced with the stronger but simpler condition of complete monotonicity,
which may be more convenient for practical applications. We say that a kernel
k1 (0,00) — R is completely monotone if it is infinitely differentiable and it holds
that (—1)7k)(t) > 0 for all t € (0,00) and j € Ny, where ) denotes the j-th
derivative. In particular, any completely monotone kernel x € L{ ([0, 00);R})
that is not identically zero satisfies the conditions 2)-4), which follow by the
definition and [59, Theorems 5.5.4 and 5.3.1|. In this case, we even obtain that
Mk and thus R are also completely monotone by |59, Theorem 5.3.1] for each
A > 0, and hence R also satisfies the conditions 2)-4). We also note that
by Lemma A.3.3, R* always satisfies condition 1) of Assumption 2.7 if x does.

Some notable properties related to complete monotonicity include the fact that
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sums and products of completely monotone functions are completely monotone,
as well as Bernstein’s theorem [59, Theorem 5.2.5] which states that a function is
completely monotone if and only if it is the Laplace transform of a nonnegative

measure on [0, c0).

Example 2.8. We consider the fractional (Riemann-Liouville) kernel

th*l/?
as our main example, where I' : (0,00) — R, is the well-known gamma function
and h € (0,1/2] a roughness parameter, similar to the Hurst parameter for frac-
tional Brownian motion. As they are completely monotone, the fractional kernel,

as well as the more general gamma kernel given by

BhH1/2¢h=1/2 =t
t) = t>0
ri(?) Thti/2) @~ =7

for some parameter S > 0, satisfy Assumption 2.7 with v = 2h. As we will see
in (2.8), the fractional kernel with h = 1/2, so that x = 1, corresponds to the
classical Heston model. The resolvents of the first and second kind are given
explicitly in [1, Table 1] for fractional and gamma kernels. In the case of the

fractional kernel (2.6), we have the resolvent of the second kind

RM™(t) = M Eyo( =A%), >0, (2.7)

for each A > 0, where @« = h +1/2 and E,3 : [0,00) — R, is the generalized
Mittag-Leffler function; see Podlubny [101, Chapter 1] or Haubold et al. [63]
for the definition and properties of E, 3. In this case, the resolvent R* can
also be seen as the density of a Mittag-Leffler distribution (see [63, Equation
(19.1.2)] in the case A = 1), and in particular it is a nonnegative function with
Jo R (t)dt = 1.

We are now ready to introduce the rough Heston model. Consider a finan-
cial market with finite time horizon T' € (0, 00), consisting of one riskless asset
with constant price equal to 1 and one risky asset. The price process (S;)o<i<r

of the risky asset is defined from the unique in law nonnegative weak solution
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(QF, (Fo<i<r, P,W, B, S,Y) to the Volterra stochastic differential equations

d
% = pY,dt + o/Y,dW,,
t

2.8
Y}:Yo+/t/~€(t—s)()\(H—YS)ds+C\/75dBS) .
0
for t € [0,T], where (W;)o<t<r and (Bi)o<i<r are two Brownian motions with
constant instantaneous correlation ¢ € (—1,1). The parameters Sy > 0, Yy > 0,
pw€R o>0 AN>060>0 ¢>0and p € (—1,1) are fixed constants,
whereas k : (0,00) — R, is a fixed kernel satisfying Assumption 2.7. Given
a weak solution (Q,F, (F)o<t<r, P, W, B, S,Y) to (2.8) such that S,Y > 0, we
say as a shorthand that (S,Y) satisfies the rough Heston model on [0,T]. We
sometimes also consider the Brownian motion W+ := %, so that we have the
orthogonal decomposition B = oW + v/1 — g2 W'. We note that the existence
and uniqueness of a nonnegative weak solution (S,Y) to (2.8) follows from Abi
Jaber et al. [1, Theorems 3.6 and 7.1] for any kernel x satisfying the conditions
1)-3) of Assumption 2.7.

The roughness of the volatility process Y is justified by |1, Lemma 2.4 and
Theorem 7.1], i.e., we have that Y is Holder-continuous of any order strictly
smaller than 7/2. This may in general be rougher than Brownian motion: for
instance, if  is the fractional kernel (2.6) with parameter h € (0,1/2], then Y is
only Holder-continuous of order up to /2 = h, similarly to Riemann-Liouville
fractional Brownian motion. The remaining parameters u,o, A, 0, and p have
broadly similar interpretations as in the classical Heston model. Although it is
not always true in general that the process Y reverts to a mean 6, we show in
Lemma 2.12 that the long-term expectation of Y does converge to 0 if we have
Jo” K(t)dt = oo, which is the case for the fractional kernels of the form (2.6). A
more general result on the long-term behaviour of the volatility process is shown
in Friesen/Jin [53, Theorem 1.3].

We next introduce the forward variance curve. This is a key object that has
been used in the literature to deal with the main challenges posed by the rough
Heston model: namely, the fact that the rough volatility process Y is in general
neither Markov nor a semimartingale. It can be seen as an infinite-dimensional

Markovian lift of the volatility process; see Cuchiero/Teichmann [30].

Definition 2.9. The forward variance curve on [0,T] is the stochastic process
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(& (u))ost<usr defined by
Occasionally, it is convenient to extend £ to [0,7] x [0, 7] by setting

ElY, | F], 0<t<u<T,
§t(u) = E[Yu | ]:t} = (2-9)
Y., 0<u<t<T.

The fact that Y, is integrable for each u > 0 is shown in [1, Lemma 4.2|; so the
process (£ (u))o<t<u is a martingale for any fixed u, by the definition.

Although the properties of the rough Heston model pose challenges for tradi-
tional pricing and hedging methods, we can make use of the fact that the process
Y inherits some of the linear structure of the classical Heston model, and in par-
ticular is an affine Volterra process (in the sense of [1]). This means that the
characteristic function of the log-price X; = log S; can be computed in semi-
explicit form as an exponentially affine function of the forward variance curve

and is given by

Elexp(iuX,)] = exp (iuXo + /0 t Gt — s)§0(5)d8) (2.10)

for t > 0 and u € R, where ¢, : [0,7] — C is a deterministic function satisfying

the Riccati—Volterra equation

o~ —iu) | (R * gi) ()"

Giu(t) = lup+ 5 5 +Huoo(k*gw,)(t), 0<t<T, (2.11)
and we set
i(t) = %RM(t), t>0. (2.12)

The kernel & appears in many of our results, and its role is shown in the following
Lemma 2.10. Equations such as (2.11) are the main topic of Appendix A, and
they feature prominently in several results in this chapter as well.

Our main goal in this section is to obtain a considerably more general ver-
sion of the characteristic function (2.10), which we do in Theorem 2.17. This
generalised moment-generating function for the rough Heston model is then used
repeatedly in several proofs towards solving the pure investment problem in the
next section. In order to prove the theorem, we first need some probabilistic

lemmas related to the forward variance curve, as well as some results related to
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(deterministic) Riccati—Volterra equations, which are given in Appendix A.

In the next lemma, we give a formula for the dynamics of ¢ — & (u) in terms
of the resolvent of the second kind of Ak. This is well known in the literature,
and also given in |1, Lemma 4.2|. Since the forward variance curve is one of our
main tools for working with the rough Heston model, this is a key result, and it

also emphasises the role of the kernel %.

Lemma 2.10. For any fized w € [0,T], the process (§(u))o<i<u 1S @ continuous

martingale on [0,u] with the dynamics
d&i(u) = R(u —t)\/YidB;, 0<t<u,

where K = %R)‘“ and R : (0,00) — R is the resolvent of the second kind of \k.
Moreover, we have the initial and terminal values

A0 — Y,

Eo(u) =Yy + c ) /u R(s)ds and &,(u)=Y,, foreachu € |0,T)].
0

(2.13)

This lemma is a particular case of [1, Lemma 4.2|, where in their notation we
identify by := M\, R := R and

_R™ &
=5 =7

Ep I:R—RB*KJ:§<)\I€—R)\K*(/\I£))

by the definitions of R* and &. We give an outline of the proof (using our

notation) in order to illustrate the main idea.

Proof of Lemma 2.10 (sketch). For a fixed u € [0,T], we have by (2.8) that
Y, =Y+ / K(u — s)(/\(H —Y)ds + C\/YSdBS).
0

Assuming that the local martingale M, := fot k(u—s)v/YsdBs is a true martingale
on [0, u] and that the finite variation term is integrable, we can formally take con-
ditional expectations with respect to F; and use the conditional Fubini theorem

to obtain

&(u) =Yy + /Ou K(u— A0 — &(s))ds + C/Otm(u —8)\/YydB,, 0<t,u<T,
(2.14)

where we consider the extended forward variance curve with &;(s) = Y; for t > s.
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We can then rearrange (2.14) in the form

& (u) + /0 Ae(u — $)&(s)ds = Yo + /O Ak (u — s)ds + g/ot k(1 — $)\/YsdB,.

Using the convolution notation, we can rewrite this as

§t(u)+)\(/{*§t)(u):}/()+)\0(/<a*])(u)+§/0 k(u—s)\/YedB,, 0<t,u<T,

where I denotes the constant function I(s) = 1. Fixing ¢ € [0, T, this can be seen
as a Volterra equation of the second kind for (§(u))uecjo,r] in the sense of (2.4),
where &k = Ax. Therefore, this equation can be solved by taking a convolution
with RM, which leads to the result after some simplifications. Some care is still

needed in order to deal with the stochastic integral; see [1, Lemma 4.2]. O

Note that by Lemma 2.10, the initial value of the forward variance curve
(&o(u))o<u<r is continuous in w, and the map t — & (u) is continuous for each
fixed w. It also follows by |1, Theorem 3.4] that the diagonal map t — &(t) =Y;
is continuous in ¢t. Thus it is not difficult to show that £ admits a version that
is continuous in each variable ¢t and u separately. Next, we show that the map
(t,u) — &(u) is jointly continuous and even has the same Hoélder regularity
as Y, as given in [1, Lemma 2.4]. In particular, this implies that the entire
curve (&(u))o<t<u<r is bounded a.s., which will be useful later. After proving

Proposition 2.11, we shall always take a continuous version of (&;(u))o<t<u<r-

Proposition 2.11. For each v € (0,7/2), there exists a version of the forward

variance curve (§(u))o<i<u<r that is a.s. Holder-continuous of order v in (t,u).

Proof. We use the d-dimensional Kolmogorov continuity criterion for the con-
struction; see Revuz/Yor [105, Theorem 1.2.1]. Fix 0 < ¢, < w3 < T and
0 <ty < uy < T, and assume without loss of generality that ¢, > t;. By
Lemma 2.10, we have

to t1

o (ug) — &y (uy) = Uy —i—/ R(ug — 8)\/YsdBs — / R(uy — s)\/YsdBs
0 0
=U; + Us + Us, (2.15)
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. . U u .
where, using the convention fuf = — fu; in the case u; > us, we set

¢
Uy = /0 1 (R(ug — s) — R(uy — 3))\/78st, (2.17)

U,:@wg_@@gzﬂgiﬁﬁ/mm@@7 (2.16)

lg::b/m%@@——@VGZdB& (2.18)

t1

We consider these terms one at a time. Recall that by part 1) of Assumption
2.7, we have foh k%(s)ds = O(h") and fOT(Ii(S +h) — k(s))?*ds = O(h"). Since & is

nonnegative and nonincreasing by Assumption 2.7.2), we also have

Lﬂhﬁ@M5§[7ﬁ@M5:Owﬂ

uniformly in ¢ € [0,7]. Hence by parts 2) and 3) of Lemma A.3.3 and the

definition (2.12) of &, there exist some constants cz,y,d > 0 such that

mw(sm)Zﬂhﬁ@m&ATm@+hy—m@f@>gcwﬂ (2.19)

t€[0,T

for all A € [0,6]. Thus for any p > 1, we have by (2.16) that

g — Y| [
|U1|p: %‘/ /%(S)dS
ui

P
NP0 — Y|P
< M‘W _ U1|p/2
CP

u2
/ () |*ds
u1
Pl — p
< )‘|0g—py‘)|cg/2‘u2 — y [POFD/2 (2.20)

For Us, (2.17) and the Burkholder-Davis—Gundy inequality yield the bound

p/2

EWMﬂS%EKKT@WT”g_MM_$fnﬁyq

t1 p/2
< cpE[ sup Y;p/z] (/ (R(ug — s) — &(ur — s))zds) (2.21)
0<t<T 0

for each p > 1 and some constant ¢, > 0. Since the coefficients in the equation
(2.8) for Y satisfy a linear growth condition, we have by [1, Lemma 3.1| that
supg<,<r E[Y!] < oo for every ¢ > 0. Also by (2.8), the processes (a;)o<i<r and
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(bt)o<t<T appearing in the statement of |1, Lemma 2.4] are given by a; = (%Y,
and by = A0 —Y;), respectively. Thus [1, Lemma 2.4] with o = 0 lets us swap
the supremum and the expectation so that cy(q) := E[supoc,;<r Y] < oo for ¢

large enough (and hence for all ¢ > 1). Returning to (2.21), by (2.19) we get
(V2] < pey (p/2)e|uz — w772, (2:22)

In a similar way, (2.18), (2.19) and the Burkholder-Davis-Gundy inequality yield

Hii= s K/tt Rl = s)QYSds) p/z]

uz—t1 p/2
< cpE[ sup Ytp/Q} (/ /%(t)th)

0<t<T ot

< cpey (p)2) 2 Pty — 1172 (2.23)
Combining (2.20), (2.22) and (2.23) with (2.15) then yields

Bl|&, (uz) = &, (w)[P] < 3" H(|UL P + E[|Ua["] + E[|Us|"]
< Gyl (ta, uz) = (tr,u) 22/ (2.24)

forall p > 1 and 0 < t; < w; < T such that h := |(ta, us) — (t1,u1)|e € [0,9],

where the constant

AP — Yol

Cp = 3p_102/2< p

+ 2¢,ev (p/ 2)>

does not depend on (¢;,u;). With (2.24), we are now finally ready to apply the

Kolmogorov continuity criterion; note that the proof of [105, Theorem 1.2.1] only

requires that the inequality hold for pairs (¢1,u;) and (t2,us) that are close to

each other. Then by taking p large enough so that py/2 > 2, [105, Theorem 1.2.1]

yields that there exists a version of (&;(u))o<t<u<r that is Holder-continuous of
2

any order v € (0,3 — 5). By taking p — oo, it follows that (£ (u))o<i<u<r admits

a v-Holder-continuous version for any v € (0, 2). O

As mentioned in Example 2.8, we have the explicit formula (2.7) for R** for a
fractional kernel s given by (2.6), in which case we have [ R*(t)dt = 1, which
together with the definition (2.12) of & yields [;° %/%(t)dt = 1. Hence by Lemma
2.10 and taking u — oo in the forward variance curve {y(u) at time 0, we obtain

the limit &(u) — € as u — oo. This justifies the interpretation of the parameter
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6 > 0 as the long-term volatility in this case. More generally, we show in the
following lemma that we have the equality [;° %/%(s)ds = [T RM(s)ds = 1 if
k satisfies the additional assumption that [~ x(s)ds = oo (which holds in the
fractional case), so that 6 can be seen as the long-term volatility for any such

choice of k. We defer the details of the proof to Appendix A; see Lemma A.3.2.

Lemma 2.12. Let x € L ([0,00),R) be a kernel satisfying Assumption 2.7 such

that fooo k(t)dt = co. Then the resolvent of the second kind R is integrable for
each X > 0 with [[° R*(s)ds = 1.

Proof. By Assumption 2.7, x is nonnegative and nonincreasing, and moreover
R is nonnegative for each A\ > 0. Thus the result follows by Lemma A.3.2
applied to k := Ak. O

Now that we have established some basic properties of the forward variance
curve, we return to the study of the rough Heston model (2.8). To that end,
we often consider processes that depend linearly on the forward variance curve,
such as the integral term that appears in the characteristic function (2.10). The
following two lemmas show how to obtain semimartingale decompositions for two
types of processes. In Lemma 2.13, we consider a linear functional of the forward
variance curve as well as the past (realised) curve, while in Corollary 2.14, we

consider a functional of the forward curve alone.

Lemma 2.13. Let v be a finite complex measure on ([0,T],B([0,T])). Then there

exists a continuous local martingale (My)o<i<r such that

M, = / Y.v(du) + &(uw)v(du)  for each 0 <t <T, (2.25)
[0,t] (¢,T]

and it admits the decomposition

t
M, = M, + / </ R(u — s)u(du)) VY.dB,, 0<t<T. (2.26)
0 [,T]

Proof. The main idea is to apply the stochastic Fubini theorem of Veraar [118,
Theorem 2.2| together with the martingale dynamics given in Lemma 2.10. Recall
from (2.9) that &(u) =Y, for u < t. We start by taking (2.26) as the definition

for M, where we set the initial value as

M, = Eo(u)v(du), (2.27)

(0,77
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so that (2.25) is satisfied at ¢ = 0. Note that (2.27) is well defined since the map
u +— &o(u) is continuous a.s. and the complex measure v is finite by assumption.
We want to show that M is well defined by the stochastic integral and is a

continuous local martingale. Note that we have the bound

uNT %
[ ([ stwmspvas) avo< [ (18l sw VI
(0,77 \JO [0,T] s€[0,T]

S |V|<[07T]>H’%HL2(O,T) sup |Y9’

s€[0,T

< 00 (2.28)

almost surely, where |v|([0,T]) is the total variation of v on [0, T] (see Rudin [108,
Chapter 6]), since Y is a continuous process, hence a.s. bounded on [0,T7], v is
finite by assumption and # is locally square-integrable. We can then apply [118,
Theorem 2.2] with A = 0, X = [0,7] and ¢ (u,t,w) = &(u — 8)1/Ys(w) 1w (t),
since we have shown in (2.28) that the bound in [118, Equation (2.1)] is satisfied.
Thus it follows from [118, Theorem 2.2(2)| that the process M defined by (2.26)
is a continuous local martingale.
Now we want to show that (2.25) is satisfied. Recall from Lemma 2.10 that

&(u) = &o(u) + /Owt/%(u —s)\YudB,, 0<tu<T.

We again consider the forward variance curve (& (u))o<t <7 in the extended sense,

so that we have & (u) = Y, 1) (u) + &(u) L (u), and we can rewrite

&(u)v(du) = Y.v(du) + &(u)v(du). (2.29)
[0,7] [0,¢] (¢,7]

Using the dynamics for the forward variance curve from Lemma 2.10, we have

the formal computation
[ =gt = [ ([ = yT, i)
= /Ot (LT] Alu — s)du(u)) VY, dB,

=M, —M,, 0<t<T, (2.30)

assuming that the integrals can be interchanged from the first line to the second.
Plugging in (2.29) as well as the initial value (2.27) for M,, this implies (2.25).
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The interchanging of the integrals from the first to the second line is justified
by [118, Theorem 2.2(3)| since we only need the same bound (2.28) as before.
Therefore the equality (2.25) follows from (2.30). O

Corollary 2.14. For any function g € L'([0,T];C), there erists a continuous

semimartingale (Y )o<i<r such that
T
¢ = / g(T —w)é&(u)du  for each 0 <t <T, (2.31)
t
so that in particular Y7 = 0, and il has the decomposition
Y=Y+ A+ M, 0<t<T, (2.32)

where the continuous finite-variation process (Ai)o<i<r and the continuous local

martingale (My)o<i<T are respectively given by

t t
A= — / §(T — )Yyds, M, — / (% 9)(T — 8)y/YedB,, 0<t<T, (233)
0 0

where we write A, M rather than A9, M9 for ease of notation.

Proof. Similarly to the proof of Lemma 2.13, we want to take (2.32) and (2.33)
as the definition for Y9, A and M, setting the initial value to be

5= [ o - s

which is well defined as u +— &y(u) is continuous and g is integrable by assumption.
It is also clear that the process A is continuous and has finite variation, since
Y is continuous (hence a.s. bounded on [0,77]) and fOT |g(T — s)|ds < oo as g is
integrable. We now check that M is well defined by applying Lemma 2.13. Define
the complex measure v(dt) :== g(T — t)dt on [0,T] and note that v is finite as g
is integrable. Thus we have the identity

(kxg)(T —s) = /0 _sg(T — s —u)k(u)du

= /ST 9(T — w)i(u — s)du = /ST R(u — s)v(du)
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for s € [0,7], and hence we have

Mt:/ot(/%*g)(T—s)\/deS:/ot (/ST/%(u—S)V(du)) VY. dB,.

We can apply Lemma 2.13 to the latter integral, keeping in mind that in this case
My = 0. By that lemma, M is well defined as a continuous local martingale, and

we obtain moreover from (2.30) and the definition of v that

M, = /0 g(T — u)&(u)du — /0 g(T —u)é(u)du, 0<t<T. (2.34)

So far, we have shown that the processes A and M are well defined, so that
Y9 is a continuous semimartingale satisfying (2.32) by construction. It remains
to show the equality (2.31) and that Y7 = 0. By adding

A= /Otg(T —w)Y,du = — /Otg(T — w)& (u)du

and Yy = fOTg(T — u)&(u)du to both sides of (2.34), we obtain that

T
Ytg:YOg—l—At—i—Mt:/ g(T —uw)&(u)du, 0<t<T,

t
which shows (2.31). Taking t /T and changing variables u — T — u, we get

Tt
g/ lg(u)|du sup &(u) — 0 ast NT,
0

0<s<u<T

/ " — w6 (u)e

since the forward variance curve is continuous (hence a.s. bounded) due to Pro-
position 2.11 and by the dominated convergence theorem, as g is an integrable
majorant for the family (1or—_g9)o<t<r of integrable functions on [0,7]. Since
the semimartingale Y9 is continuous, we then obtain that Y7 = 0 by taking the
limit in (2.31) as ¢t & T. O

2.2 Generalised moment-generating function for the rough
Heston model
In order to show in the next section some of our results regarding the pure invest-

ment problem, we need an explicit formula for several conditional expectations

related to the rough Heston model. This formula is given in Theorem 2.17, and it
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can be seen as a generalised conditional moment-generating function of the form
Elexp(z"X7) | Fi], where z € C", t € [0,T] and X is an n-dimensional complex-
valued semimartingale whose dynamics depend on the volatility process Y in a
linear way. As an immediate application, we can take n =1 and X = X = log S
to be the log-price. We give in Corollary 2.19 some other natural applications,
and we use the general statement in the next section, as it also allows us to
consider certain changes of measure.

In preparation for Theorem 2.17, we start by giving two Novikov-type criteria
for the martingale property of a stochastic exponential. The second version,
given in Lemma 2.16, can be applied for stochastic exponentials of complex-
valued martingales. This is part of what we need in order to show that the local

martingales appearing in Theorem 2.17 are actually true martingales.

Lemma 2.15. Let T € (0,00) and (M;)o<i<r be a real-valued continuous local

martingale. Suppose that there exists some § € (0,T) such that

s (Bl =1L

<
5 o)

for allt € [0,T — 0]. Then the stochastic exponential E(M) is a martingale on
[0,T].

Proof. This follows easily from the Novikov criterion, by subdividing [0, 7’| into
smaller intervals of length at most § and inductively showing that £(M) is a
martingale on each interval; see Karatzas/Shreve [77, Corollary 3.5.14] for a proof.
(While that corollary is only given for an Itd6 martingale, the proof here is the

same. ) O

Next, we give a version of the classic Novikov criterion for the stochastic
exponential of a complex-valued continuous local martingale M, as well as a
localised version in which we assume that the terminal value £(M)y is integrable.
This assumption is needed in the complex case, unlike in Lemma 2.15, since the
absolute value |£(M)| of the stochastic exponential is in general neither a local
martingale nor a supermartingale. This is in contrast to the real case, where we

have these properties and hence integrability a priori.

Lemma 2.16. Let T € (0,00) and consider the complez-valued process (My)o<i<r

given by M, = M,+iN,, where (My)o<t<r and (Ny)o<i<r are continuous real-valued
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local martingales null at 0. Define the stochastic exponential (Z;)o<i<r Of M by

Z, = E(M), = exp (Mt +iN, — U‘g]t —i[M, N], + @) 0<t<T,

and let p,q € (1,00) be Hélder conjugates, i.e., such that 1/p+1/q = 1.
1) If E[exp(% @)] < 00, then Z is a martingale on [0,T.

2) Suppose that E[|Zr|] = Elexp(Mr — % + %)] < oo and there exists
0 €(0,T) such that

p([M]t+6 - [M]t) Q([N]tJra - [N]t)
E[exp ( 5 + 5

)} <oo, 0<t<T-—0o.

Then Z is a martingale on [0,T].

Proof. 1) It follows by Itd’s formula that

using the fact that [M +iN| = [M]|+2i[M, N]—[N], so that Z is a complex-valued
local martingale; see also [71, Theorem 1.4.61]. To show that Z is a uniformly

integrable martingale, it is thus enough to check that the absolute value process

1 1
| Zi| = exp (Mt - §[M]t + §[N]t)> 0<t<T,
is of class (D), i.e., the set C' := {|Z;| : 7 < T a stopping time} is uniformly
integrable. Fix A € F and a stopping time 7 < 7. Noting that ¢(p — 1) = p, it
follows by the Holder inequality that

B2, 4] = | exp (M, = M), + 5V )14

2 2

. (E[g(pM>T]>; (E[exp (p[A;]T . q[JQV]T>1ADé_

Since £(pM) is a nonnegative local martingale and hence a supermartingale on
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[0, T, we get that E[E(pM).] <1 and thus

el ([ (20 2). )

[M] (V]

obtain that C is bounded in L' as the bound is uniform in 7. Moreover, for any

Taking A = Q and using the assumption that exp( ) is integrable, we

e > 0, there exists some 6 > 0 such that

E[|Z,]1.] < (E{exp (p[]\zﬂT + q[];[]T>1AD; <e

for all sets A € F with P[A] < 4, since the singleton {% + @} is uniformly
integrable. This implies that C' is uniformly integrable by the e-d-criterion for
uniform integrability; see Klenke [83, Theorem 6.24]. Thus we have shown that
the process |Z| is of class (D), and so we conclude that Z is a true martingale
on [0, 7).

2) We want to show that Z is a martingale on [0, 7] by induction, going back-
wards starting from time 7. By the assumption, we have that Z is a martingale
on the trivial interval [T, T| = {T}, as Zr is integrable. For each t > §, we show
that if Z is a martingale on [¢,T], then it is a martingale on [t — 0, T]. For each

s € [t — 0,t], observe that we have

E|:6Xp <p[1(s,t].M]T L e .N]Tﬂ

by the assumption in 2), so that (1,4 « M) is a uniformly integrable martingale
on [0,T] by part 1). By the properties of the stochastic exponential, we can write

Zy = €L+ M), = E(Log* M), E (L M), = Z:E (L M),
Since Z, is integrable by the inductive hypothesis, we have that

Bl|Z) = B[B[1Z,£(1 M)l | ]|

— B||Z|E[|E(1 (00 D)l | F)| = EN1Z4]]

since E[|E(Lsy * M)t| | Fs] > |[EEQ sy ]\;[)t | Fo]l = 1 as E(A(syq M) is a
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martingale on [0, 7). Thus Z; is integrable, and likewise we obtain
EZ; | FJ) = BIZ&E(Lsq* M) | Fi] = Zs.

It follows that if Z is a martingale on [t,T] for ¢t € [0, 7T, then it is a martingale
on [t —9,T], as claimed. Therefore the result follows by induction, as we can

extend the martingale property to the entire interval [0, T]. ]

We now proceed to show the first main result in this section, where we give
a formula for the conditional moment-generating function Elexp(z" X7) | F] for
the terminal values of certain semimartingales X related to the rough Heston

model. Namely, we want to show that
R 5 T
Elexp(z' Xp) | Fi] = exp (zTXt+/ gz7T(T—u)§t(u)du), 0<t<T, (2.36)
t

for some deterministic function g, r that depends on the semimartingale X, and
recalling from Definition 2.9 the forward variance curve (&(u))o<t<u<r associated
with the rough Heston model. We then provide some applications as a corollary.
Theorem 2.17 improves in some ways on Abi Jaber et al. [1, Theorems 4.3
and 7.1(b)| in the case of the rough Heston model, since we do not assume but
rather show that the formula (2.36) produces a true martingale, nor do we impose
restrictions on the coefficients to ensure integrability. However, this comes at the
cost of restricting to a smaller time interval, since in general such conditional
expectations need not be finite for a given time horizon. This is true even in the
classical Heston and other popular stochastic volatility models; see e.g. Keller-
Ressel [82]. Probabilistically, this has to do with moment explosions in both the
classical and rough Heston models, which also correspond to finite-time explosions
in the solutions to Riccati ODEs and Riccati—Volterra equations, respectively.
Since we consider a range of possible time horizons 7" > 0, we fix in the
following some upper bound T € (0,00) and let (S,Y) satisfy the rough Heston
model on [0,7]. Recall from Lemma 2.10 the kernel # and forward variance
curve (& (u))o<i<u<t associated with Y, as well as the orthogonal decomposition
B = oW ++/1— ¢ W given with the definition (2.8) of the rough Heston model.

Theorem 2.17. Fiz T > 0. Let X = (Xt(”,...,)?,f”))ogtg be a C"-valued

semimartingale that satisfies the decomposition

t
XM = %P 4 / (1P (9)Yeds + oM () YodW, + 6™ (s) /Y, dW) - (2.37)
0
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for allt € [0,T] and k = 1,...,n, some constants X(l) ...,Xén) € C and de-
terministic functions p € Ll([O,T], C") and 0,6 € L*([0,T];C").

1) Fiz C > 0 and let Bo(0) € C™ be the closed ball of radius C. Then there
exists some positive time T = T(u,a,5,C) € (0,T] such that for every T € (0,T]
and z € Bc(0), there is a unique solution g, € L*([0,T];C) to the equation

G (t) = 2" (T —t) + f((R*gor)(t); 2 0(T — 1), 2"6(T —t)), 0<t<T,
(2.38)

where the function f: C x C x C — C is defined by

5 B2 le 2 5
Faih, ) = % + (oh + /1= ). (2.39)

Moreover, it holds that E[|exp(zT X1)|] < 0o, and we have for 0 <t < T that

Elexp(z" X7) | Fi] = exp (zTXt + /t ' 9.7(T — u)ft(u)du). (2.40)

2) Conversely, fit z € C and T € (0,T). If E[|exp(z" X1)|] < co and if there
exists a solution g, r € L*([0,T);C) to (2.38), then (2.40) holds for 0 <t < T.

As a matter of fact, we directly prove a more general version of Theorem
2.17; that generalisation will be useful in the next chapter. Indeed, we may view
ZTXT as the terminal value of the process (ZTXt)ogth which is parametrised by
z € Bc(0). By taking the product of z with (2.37), we obtain the dynamics of
27X in terms of 2"y, 270 and z'6. We may then ask whether Theorem 2.17
can be extended to a general family of processes (Xw)@e@ that is parametrised
by an indexing set ® instead of Bo(0), where the dynamics of X¢ are given in
terms of some families of functions (i, )yca, (04)pco and (5,)pce on [0,7]. The
following result gives a positive answer to that question. We first state the result
and show how it implies Theorem 2.17, and then move on to the main task of

proving Theorem 2.18.

Theorem 2.18. Let T > 0, ® be an indexing set, (u,)oco a family of functions
in LY([0,T];C) and (0,)pca, (0,)pca two families of functions in L*([0,T];C).
For each ¢ € @, let 7% € C be a constant and define (Xf)oﬁsf by

t
Xf:i””+/ (11p(8)Ysds + 0,(8)\V/ YedWs + 5,4(s)\/ YedW,), 0<t<T.
0
(2.41)
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1) Suppose that the families (j1y)pea; (|0p]?)pece and (|6,]?)pece are uniformly
integrable. Then there exists some positive time T € (0, T] (that depends on (1y),
(0,) and (5,)) such that for every T € (0,T] and ¢ € ®, there is a unique
solution g, € L'([0,T]; C) to the equation

Goit(t) = 1p(T = 1) + (k% gpur) (D) 04(T = 1),6,(T — 1)), 0<t<T,
(2.42)

where the function f is defined by (2.39). Moreover, E[|exp(X%)|] < co and we
have for 0 <t <T that

Blep(Xf) | 5] = o0 (X7 + [ gun(T—wimn). (243

2) Conversely, fit o € ® and T € (0,T]. If E[|exp(X£)|] < oo and if there
exists a solution g, € L*([0,T); C) to (2.42), then (2.43) holds for 0 <t <T.

Proof of Theorem 2.17. Consider the families of functions (u,),ecn, (0y)pccn and
(6,)pecn defined by a,(t) = p'a(t) for a € {u,0,6} and t € [0,7]. Then for
each ¢ € C", we obtain by taking the product of both sides of (2.37) with z = ¢
that the process X¥ := ¢'X = 2" X satisfies the dynamics (2.41). We thus
obtain part 2) of Theorem 2.17 directly from part 2) of Theorem 2.18, since the
equation (2.42) for g, r reduces to (2.38) after plugging in z = ¢ and a, = p'a
for a € {u,0,5}. If we now consider the indexing set ® = Bx(0), it is clear that
the families (11p) e 5000 (1961%)pese and ([54?)peso on [0,7] are uniformly
integrable by the e-d-criterion for uniform integrability (see Klenke [83, Theorem
6.24]), since ® is bounded, u € L*([0, T]; C") and 0,5 € L*([0,T]; C"). Thus part
1) of Theorem 2.17 likewise follows from part 1) of Theorem 2.18. O

It now remains to show Theorem 2.18. Since the proof is quite technical, we
first give an overview of the main ideas. Indeed, the proof is conceptually simple:
using Corollary 2.14 and It6’s formula, it is straightforward to check that the
expression on the right-hand side of (2.43) matches the terminal value exp(X3)
for any integrable function g, 7, and that it is a local martingale if and only if
gor satisfies the Riccati-Volterra equation (2.42). We then have to show that
there exists a solution to that equation and that the resulting process is a true
martingale, which is technically more challenging. We use Lemma 2.16 for this
task, as well as some of the results in Appendix A on Riccati—Volterra equations.

The main challenge stems from the fact that our results on the existence of
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solutions to Riccati—Volterra equations ensure this existence only locally, i.e., up
to some positive time. Thus it may happen that a solution g, only exists up to
some smaller time 7" < T', so that the expression (2.43) is not well defined on all
of [0,7]. We might then hope to show that (2.43) holds with 7" in place of T
However, this could still fail, since the formula for that conditional expectation is
given in terms of the solution g, 7+ to a new Riccati-Volterra equation, for which
a solution may in turn only exist up to an even smaller time 77" < T”, and so
on. Instead, we take the approach of looking for solutions g, r to (2.42) for all
(parameter) values of T' simultaneously, with the goal of showing that there exists
some small enough 7" > 0 such that for each 7" € [0,7"], there is a solution g, r
on [0,7]. For this, we make use of results from Appendix A on the existence of
solutions to a family of Riccati—Volterra equations on a common time interval,
subject to some uniform bounds on the inputs to the equations. Those results
also allow us to show the result simultaneously for all ¢ € ®. In this way, we
address the issue of showing the existence of solutions g, on [0,7] for small
enough 7.

Once we have obtained the existence of a solution g, r to (2.42) on the interval
[0, 7], we still have to show that the expression on the right-hand side of (2.43)
gives a true martingale, and this need not be true in general. Instead, we show
that there exists some smaller time T' € (0,7"] such that for T € [0,77], there
is a solution g, on [0,7] to an auxiliary Riccati-Volterra equation (see (2.60)
below). We can then use Lemma 2.15 to show that the right-hand side of (2.43)
is a true martingale if T € [0, T]. As it turns out, the main issue here is to check
that the terminal value exp(f(f) is actually integrable, and the second restriction
on the time horizon ensures that this is the case. If we know a priori that exp(X?)
is integrable, this second step is not needed, and we show in the proof of part 2)
that the existence of g, 7 is sufficient. For instance, this can be applied in the
setup of Theorem 2.17 if we have X¢ = 27X, where ¢ = z € (iR)” and X is

real-valued, i.e., for calculating the characteristic function of Xr.

Proof of Theorem 2.18. 1) This proof is rather lengthy and goes over several
steps.

1a) We first show the existence of some 7" > 0 such that there are solutions
go1 to the equations (2.42) for all p € ® and T € (0,77] (later, we further restrict
to a smaller time 7' < T"). Note that (2.42) depends on T both via the index in

9o and the time horizon in 0 < ¢ < 7. To eliminate the second dependence,
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define for T' € (0, T] the functions pi, 7, 0,7, 5,7 : [0,T] — C by
ap1(t) = ay,(T —t)1jo1(t) fora € {p,0,0}. (2.44)

By assumption, the family (a,),co is uniformly integrable for a € {u, |0?|,|5%|}.
Since the indicator functions in (2.44) are bounded, the e-d-criterion for uniform
integrability (see Klenke [83, Theorem 6.24]) yields that for a € {u,|0?|,|52|},
the family {a,r : ¢ € ®,T € (0,T]} is also uniformly integrable.

We now consider for 7' € (0,T] and ¢ € ® the extended equation

Gor(t) = por(t) + f (7 % gor) (1): 07 (1), 57 (1)) (2.45)

for 0 < t < T. These equations now all have the same time horizon T, and
depend on T only through the T-indexed coefficients i, 1,0, and o,7. By
construction, if g, r is a solution to (2.45), then its restriction to [0,77] is also
a solution to (2.42). Indeed, once we restrict to [0,77], the indicator 1y in
(2.44) can be omitted, and the restriction of the convolution £ * g, r to [0, T only
depends on the restriction of g, 7 to [0,7], due to the causality property of the
convolution, as pointed out after Definition 2.3. So plugging (2.44) into (2.45)

shows that we have

gga,T(t) = :U’ga,T(t) + f((’% * ggo,T) (t>; Uap,T(t)v 5-90,T<t))
= pp(T — 1) + f((’% * Gor) (t); 06 (T' — 1), 0, (T — t)), 0<t<T,

which is exactly (2.42).

The extended equations (2.45) need not admit solutions on the whole interval
[0,7] in general. Nevertheless, we show in the next step that there exists some
T' € (0,T] such that (2.45) admits a solution g, € L'([0,7"];C) on [0,7"] for
all p € ® and T € (0,T]. Restricting as above from [0,T"] to [0, 7] then yields
solutions to (2.42), for T < T".

1b) Consider the extended indexing set 7 := ® x (0, T] and index j := (¢, T).
Write yo 1 = pip 1, hor = (01,0, 1) and k, r = &, the latter of which does not
depend on p or T, and set p=qg=a =2, m =2, n=1and f as given by (2.39).
We now want to apply part 2) of Corollary A.2.7 with respect to these functions

and parameters, and so we check its conditions. Define the increasing functions
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k,g,h:[0,T] = [0,00) by k(t) := ||&||12(0,s) and

g(t) = swp |pprlley, M) = sup ([oprllezen + 1007rll200). (2-46)
ped ped
T€(0,T) Te(0,1]
Note that & inherits the local square-integrability from x as pointed out before
Remark 2.5, and so & € L*([0,T];Ry), i.e., the singleton {1y 7|#?|} is uniformly
integrable. Likewise, we have shown in la) the uniform integrability of (i, 1),
(lopr]?) and (|5,.7|?). It then follows by the uniform integrability of these families

and the e-d-criterion for uniform integrability that a(7T) < oo and a(t) \, 0 as
t \( 0 for @ € {k, 7, h}. Moreover, f satisfies the quadratic bound

~ h12 +|hl12 + |z|2 .
oy < PEEPEE I o 7=

_ A+ )AL+ (2 )R + 307
— 2 Y

(2.47)
92|2h|2 + @7 and likewise for h.
Therefore, by part 2) of Corollary A.2.7, there exists some 1" € (0,7 such that
there are solutions g, € L'([0,7"];C) to (2.45) on a common interval [0,T"] for

thanks to the quadratic inequality |ohq|z| <

all p € ® and T € (0,7]. For later use, we note here that part 2) of Corollary
A.2.7 also yields

sup || gp,rllr0a) <oo and lim sup ||gyrllzi0 = 0. (2.48)
ped N0 ped
TE0,17] TEW0,1"]

As argued at the end of step la), we deduce by restricting to [0, 7] that g, r is
also a solution to (2.42) for each ¢ € ® and T € (0,7"]. The uniqueness of the
solution g, 1 to (2.42) follows by part 4) of Corollary A.2.7, since f satisfies the
Lipschitz-type bound

. N /. 7 ‘x2_(x/)2’ 97 o
| f(x;h, h) f(x,h,h)y§—2 + (oh + /1 — 02h) |z — 2|

1 -
< fo =&/ (Gel + ') + lohl + VI 20l ).

1c) Now fix p € ®, T € (0,7}, take the corresponding solution g, of (2.42)
and define the process Z = (Z;)o<t<r by

T
Z; = exp (Xf +/ Gor(T — u){t(u)du>, 0<t<T. (2.49)
¢
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Because g, € L'([0,T];C), the integral term vanishes for ¢ = T by Corollary
2.14 so that
Zr = exp(X%). (2.50)

Moreover, Corollary 2.14 also gives the semimartingale decomposition

d( [ gt u)@(u)du) = g (T — O)idt + (% gour)(T — O)/Vid B,

Recalling the dynamics (2.41) for X, we apply Ito’s formula to (2.49) and collect

the finite variation terms to obtain the decomposition

dz, = 7, (\/?t (0, ()W, + G, ()dW) + (R * gor) (T — 1)/ YidB,

+ (_gw,T(T — 1) 4 11, (t) + f((R % gor) (T — 1); 0,(2), @(t))) mz) :
(2.51)

Because g, 1 satisfies (2.42), the dt-integral in (2.51) vanishes, and so Z is a local
martingale. If we can show that it is a true martingale, we obtain from (2.50)
and (2.49) that

Elexp(X%) | Fi] = Zy = exp (Xf + /tT gor(T — u)gt(u)du>, (2.52)

for 0 <t < T, which is precisely (2.43). Moreover, Zr is then also integrable,
which means by (2.50) that E[| exp(X$)|] < oo.

1d) To complete the proof of 1), it remains to show that the local martingale
Z from (2.49) is a true martingale. More precisely, we claim that there exists
some T € (0,7"] such that for each ¢ € ® and T € (0,7], the corresponding
process Z (or rather Z = Z%T but we omit the parameters for readability) is a
martingale on [0,7]. To that end, fix for now ¢ and 7" and let M and N be the
real-valued local martingales in the decomposition dZ = Z(dM + idN). From
(2.51), we can identify M and N as

AM; =/Y; (Re(0,(1)) AW + Re(5,(t)) dW;")
+ (& * Re(gpr)) (T — t)/YedB,, 0<t<T,
AN, =V/Y: (1 (0,(8)) AW, + T (5,(8)) a7
+ (k*Im(g,7)) (T — t)/YedB:, 0<t<T. (2.53)
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With the identity (Rez)? + (Imx)? = |z|? for z € C, this yields

T
(Mp + Np = [ o = )Y, (2.54)
0
where the coefficient ¢, r : [0,7] — R is given by

Vo (t) = oo (T — 1) + o(& % gor)(t)|”

+|5o(T =) + /1= 2(# * gor) (1)

. 0<t<T. (2.55)

By part 1) of Lemma 2.16 with p = ¢ = 2, the process Z from (2.49) is a true

martingale if we can show that
U := exp([M]r + [N]r) is integrable. (2.56)

We show (2.56) in steps le) and 1f) below. The main idea is to construct a local
martingale Z > 0 of a similar form as Z with the property that Zp = U. Because
Z is a supermartingale, hence integrable, (2.56) will then follow.

1e) To prepare for the construction of Z, we start by obtaining some bounds
on v, r that are uniform in ¢ € ® and 7" € (0,7"]. First, (2.55) and the Cauchy—

Schwarz inequality give

(I
(I

Taking the L'-norm on (0,¢) and using Lemma A.1.5 thus gives

[Yor(s)] < (T = )" +16,(T = 5)I*) +2(0" + 1 = )| (& * gpr) ()

2(|oy
2(loo(T = 8)[* + |5 ,(T = 5)1%) + 2|(F * gpr)(s)[?, 0<s<T.

[Werliron < 2(loprllizen + 100 1T200) + 20812200 1902101

<2(*(t) + K O)llge.r |11 01) (2.57)

for each ¢ € (0,77, where we use the coefficients o, 7, 5,7 from (2.44) and recall
the increasing functions h and k from (2.46). We have shown in step 1b) that h
and k are finite on [0, T'] with h(t) \, 0 and k() \, 0 as t \, 0. Together with the
first part of (2.48), we obtain by setting ¢t = 7" < 7" and taking the supremum
over ¢ and T that

sup H%,Tllm(om§2(712(T')+/52(T’) sup ng,Tlliuo,T/)) <o (258)
ped ped
TE(0,1"] Te(0,1"]
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From (2.57) and the second part of (2.48), we also obtain

i sup [l < lm2(F04 RO 5w laorl oo ) =0

ped 0 ped
T€(0,1"] Te(0,1"]
(2.59)
Now consider the auxiliary Riccati—Volterra equation
. 1, . 2
ggo,T(t) - ]—[O,T] (t)wcp,T(t) + 5((/{ * ggo,T)(t>) ) (260)

for 0 <t <T'. Asin step 2b), we once again check the conditions in order to
apply part 2) of Corollary A.2.7 to (2.60) with the indexing set J = ® x [0,7”]
and index j = (p,T). Set m =0, n=1,p=qg=a =2 and

2

A = T

kor =k =& Jpr:=1prer, [f(z):= 0y

(note that h and h in Corollary A.2.7 are not needed here, since f depends only on

). The quadratic bound on f(z) = ‘%2 is trivial, and we showed in step 1b) that

k(t) == ||&|| 2200 < o0 and k(t) N\, 0 as ¢ N\, 0. Moreover, for Jaux : [0, 7] = [0, o0)
defined by

gaux@) ‘= sup ||g<P,T||L1(O,t)7 0<t< T/y
ped
Te(0,T"]

we obtain by plugging g, = 1, into the corresponding bounds (2.58) and
(2.59) for 1,1 that Faux(T") < 0o and Yaux(t) ¢ 0 as ¢ \, 0. Hence by part 2)
of Corollary A.2.7, there exists some T € (0,7"] such that (2.60) has a solution
Gor € LM[0,T];C) for all T € (0,7"] and ¢ € ®. In particular, for T € (0, 7],

the restriction of g, 7 to [0, 7] satisfies the equation

o (t) = Yo (0) + 5 (i o)1), 0SE<T, (2.61)

as the indicator 1 7] can be removed from (2.60). Moreover, v, r is real-valued
for all ¢ € ® and T € (0,7"] by its definition (2.55), and & = $ R is real-valued
because k is; see before Remark 2.5. As pointed out in Remark A.2.1, the solution
Gy to (2.60) is therefore also real-valued.

1f) We are now ready to construct a local martingale Z >0 with Zp = U
from (2.56). This will complete the proof of 1) as seen at the end of steps 1d) and
lc). Define g, 7(t) := Gor(t) — Ypr(t) for t € [0,T], where g, r is the solution
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to (2.60) from step le). Then like g, and v, 7, the function g, r is real-valued
and in L'([0,T];R), and plugging into (2.61) shows that it solves the equation

1

dor(t) = 3 (5 W +0.00) (1), 0<t<T, (2.62)

Define X = (Xt)ogth by
T
Xt = o r(T — u)&(u)d
| (™ = wig
¢ T
= / ¢¢7T(T—U)Yudu+/ Yo (T — u)é(u)du, (2.63)
0 ¢

where we recall from Definition 2.9 that & (u) =Y, for ¢ > u. In particular,
R T
Xr = / ¢¢,T(T - U)Yudu = [M]T + [N]T =logU
0

by (2.54) and (2.56). Then define Z = (Z,)o<i<r by

T
Z; i= exp (Xt +/ Gor(T — u)gt(u)du) (2.64)
t
Note that because g, is integrable, Corollary 2.14 implies that
ZT = GXP(XT) =U,

as required. Moreover, both ¢, and g, r are integrable and u — &y(u) is
bounded because £ is continuous by Proposition 2.11, and hence X, and Z, are
finite. We also have that ¢, 7, g, and u — & (u) are nonrandom (the latter due
to (2.13)), so that X, and Z, are nonrandom as well. It only remains to argue
that Z is a local martingale, and this is similar to step 1c). By (2.63) and Lemma
2.13 with the measure v(du) = (T — u)du, we have the decomposition

X, = /OT or (T — u)&(w)du = Xo + /Ot (/T Yo (T — u)i(u — s)du) VY, dB,

t
0

- / borr (T — W) (u)du = Xy + / (k% o )(T — 5)v/YudB,
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for t € [0,T]. By Corollary 2.14, we also have the dynamics

T
d( / Gor(T — u){t(u)du> = —Gor(T = 1)Yydt + (i % Gor)(T — t)\/YidB,.

Thus by It6’s formula, we obtain from (2.64) the decomposition

D (e i+ 050)) (T — N/ Ve
~ (6000 (6 * e + o)) (- 1) i

for 0 < ¢ <T. But the dit-integral vanishes because g, satisfies (2.62); so 7 is
indeed a local martingale, and the proof of 1) is complete.

2) The proof of the second part is likewise divided into steps 2a)-2d), which
are similar to the steps 1¢)-1f). We do not need to replicate the steps 1a) and
1b), as the existence of a solution g, € L'([0,T]; C) to (2.42) is assumed.

2a) As in step 1c), consider the process (Z;)o<i<r defined by

T
Z; = exp (X’f —|—/ Gor(T — u)ﬁt(u)du>, 0<t<T.
t

By the same calculation as in (2.51) using Corollary 2.14 and It6’s formula, Z is
a local martingale as the finite variation part vanishes. As g,r € L'([0,T7]; C),
we also get from Corollary 2.14 that the integral term vanishes at ¢ = T and
hence Zp = exp(X%). Thus if we show that Z is a true martingale on [0, 77, the
statement likewise follows by (2.52).

2b) As in step 1d), the idea is to use Lemma 2.16 to show that Z is a true
martingale on [0,7]. The difference in this case is that we cannot restrict the
time interval as T is given, and thus we apply part 2) of the lemma instead of
part 1).

We start by once again decomposing Z = ZyE(M + iN) for real-valued con-
tinuous local martingales M and N, which are given by the same formula (2.53)
as before. Replacing 7" with ¢ and ¢+ 4 in (2.54) and taking differences, we obtain

the equation

Ml = M)+ Wls = V= [ T —aVada (2:)

for each 6 € [0,T] and t € [0,T — 0], where 1, 7 is defined in (2.55), which we
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recall here; it reads

Yor(t) = |0p(T — 1) + o % gor) (1) [}

5T — ) + /1= (& % gour) (O

. 0<t<T.

By part 2) of Lemma 2.16 with p = ¢ = 2, Z is a true martingale on [0, 7] if

there exists some ¢ > 0 such that
UM = exp ([M]irs — [M]¢ + [N]iss — [N];) € L' for each 0 <t < T — 6, (2.66)

since the terminal value Zp = exp(X?) is integrable by assumption. Similarly
to the proof of 1), we want to show (2.66) by constructing local martingales
749 > 0 with the property that ZA;"; = U for each 0 <t < T —§. Then Z9 is
a supermartingale, hence integrable, and (2.66) will follow.

2c) For § > 0 and t € [0, T — 4], consider the Riccati-Volterra equation
Ggir(s) = Yr—e—sr—0(8)tpr(s) + %«“ #dpr)(s) 0<s<T.  (267)
This equation is similar to (2.60), but we need a different approach since T is
fixed a priori, and hence it is not sufficient to find a solution to (2.67) on a smaller
time interval. Instead, we show that 6 > 0 can be chosen small enough so that
(2.67) admits a solution on [0, 7] for each ¢ € [0,T — ¢].

We use Proposition A.2.8 and its Corollary A.2.9 to show the existence of a
solution to (2.67). The equation (2.67) is of the form (A.2.30), with coefficients

1

a = lp_s7—q¥or, b =0, c = 5 and k = k; note that only a depends on ¢.

We also fix the constants 7 =T, B = 0, C' = % and some arbitrary € > 0. By
Corollary A.2.9; there exist large enough v > 0 and small enough A = A(v) > 0

such that if
| Lr—t—s7—gVerllLr01) < A, (2.68)

then (2.67) admits a solution gffT € L'([0,T]; R); the fact that g;’fsT is real-valued
like a,b,c and « follows as in Remark A.2.1. Since ¢, € L'([0,T]; R) as shown
in (2.57), we have

li 5 L s7- =
61{%t€[%171Tp_6] |1 r——s57—0Yp.rll L1 0) = 0

by the e-é-criterion for uniform integrability applied to the singleton {¢, r}. Thus
there exists some 6 > 0 such that (2.68) holds for each 0 < ¢ < T —§. For that
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choice of 0, we get by Corollary A.2.9 a solution gf[;fsT e L*([0,T];R) to (2.67) for
each 0<t<T —4.

2d) The last step is now very similar to 1f). Fix § as in 2c¢) and some
t € [0,7 — ¢], and define

3500 (s) = G500 (8) = Lir—ims ()Y (8), (2.69)

where f];"sT is the solution to (2.67). Then like f];’fT and 1), 7, the function g};’fT
is real-valued and in L'([0, T];R). Plugging into (2.60), we see that it solves the

equation
) L7, 0 2
gor(s) = 5((/@ * (Lyr—i—sr—gWor + gcp,T))(s)) , 0<s<T. (2.70)

Similarly to (2.63), we define Xt = (X;"s)ogng by

. t+5
Xt ::/ Vo1 (T — u)és(u)du, (2.71)

where we recall from Definition 2.9 that & (u) =Y, for ¢t > u. In particular,

= [M]i1s — [M]; 4 [N)pss5 — [N]; = log U*® (2.72)

by (2.65) and (2.66). Then define 2% = (Z%)o<i<r by

T
7 = exp (Xtt,ﬁ + / gng(T — u)ft(u)du). (2.73)
t
Since g;’fT is integrable, Corollary 2.14 implies that
Zy" = exp(Xy') = U,

as required. Moreover, w;’fT and gng are integrable and u — &y(u) is bounded
because it is continuous, and hence X’é’é and 23’5 are finite. We also have that
@/)375@ ggj} and u — & (u) are nonrandom (the latter due to (2.13)), so that X°
and 28’5 are nonrandom as well. It remains to show that Z%9 is a local martingale.
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By (2.71) and Lemma 2.13 with v(du) := 1y 446/ (u)p (T — u)du, we have

X0 = X104 /(/ Yo (T — u) u—sdu)\/_dB
= X5+ / (& * (Lr—t—sr—gpr) ) (T — $)\/ YedBs,
0

for s € [0,T]. By Corollary 2.14, we also have the dynamics

T
d( / oo (T — u)@(u)du) — G (T — )Yedt + (% §500) (T — t)\/Y:dB.
t

Thus by It6’s formula, we obtain from (2.73) the decomposition

dZt76 R A
thé - (H * (1[T*t*5,T*t]w%T + QZfST)) (T'—t)\/YydB;
t

(gffT(T —t) — %((/% * (Lyp—i—s g% + Q;éT)) (T — t)>2> Y, dt

for 0 <t < T. But the dt-integral vanishes because Q;?T satisfies (2.70); so A
is indeed a local martingale for each ¢ € [0, — 6]. Thus the integrability (2.66)
follows due to (2.72), as argued at the end of 2b). As in 2a) and 2b), we can then
apply part 2) of Lemma 2.16 to show that Z is a true martingale on [0, 7|, which
concludes the proof of 2). O

We collect in the next corollary some examples of conditional moment-gener-
ating functions that can be calculated using Theorem 2.17. In the following, we
fix the complex parameter z € C for simplicity, but one could also use Theorem
2.17 to obtain the result for all z € Bc(0) simultaneously, for some C' > 0. We
also note that the coefficients that we obtain here do not depend on 7T’; so we
omit it from the notation. This simplification is possible because the coefficients

i, 0,6 below depend on t only indirectly, via the time to maturity 7" — ¢.

Corollary 2.19. Fiz z € C and let X = log S, where (S,Y) satisfies the rough
Heston model (2.8). There exists some T > 0 such that for all T € (0,7, we
have for 0 <t < T that

Bl | ) e (2X0+ [ T W)
Bl | ] =e (6(0)+ [ 2ol — w6t
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t T
E[eszTXsds | ]:t} = exp (Z (/ XSdS -+ (T — t)Xt> + / 93,2(T — U)gt(U)dU> )
0 t

Bl v ) = e (= [ aas+ Catin) + [ g W u)du ),
0 t t

(2.74)

where g1, 922, 93.2, 9a.. € L' ([0, T); C) are the unique solutions to the equations

o2
2

Go.(1) = & (54(0) + (& % g2.)(1))*,

o? . L,
g3 (t) = zut + 7(22152 — zt) + ozto(k * g3.)(t) + 5((5 * g37z)(t))2,

)= 3 (= [ s + e ga0)) ©.7)

2

9uat) = 2+ (2 = 2) 020 1) () + 5 (R % 01, ()’

[\

for 0 <t <T. Moreover, gi., g3, and gs . are continuous and hence bounded on
[0,T7].

Proof. Fix some time horizon T > 0 and consider the semimartingales (Xt(i))[)gzKT

for i = 1,2,3. 4 defined by .

X(l) = Xt = IOg St, (2) é—t( )
xX® = / Xyds+ (T —t)X,, XY= / Y,ds +/ & (u
Recall the orthogonal decomposition B = oW + v/1 — 0> W+ introduced after

(2.8). By Lemmas 2.10 and 2.13 together with the dynamics (2.8) for the rough

Heston model, we have the semimartingale decompositions

2
dx® = (u - %) Ydt + o/Y,dW,,

dX = &(T = t)\/Yi(0dW, + /1 — g2dW}),

) 2
dXt(3) = (T —1t) <,u - —>Ytdt + (T — t)O'\/?ttha
T
dx," = (/ fo(u — t)du) VYi(0dW, + /1 — o2dWb),
t

for 0 <t < T. Each of these dynamics has the form (2.37), where we identify the
coefficients p") = pu — %2,0(1) = and 6V = 0 for X, and likewise for X
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X©®) and X®. Note that u®,c® and @ are continuous for i = 1,3, 4. Indeed,

this is trivial for i = 1,3, and the continuity of ¢* and * follows since

/t " i — ) = /0 T i(e)ds

is continuous in ¢ by the dominated convergence theorem; recall that & is square-
integrable as it inherits the local square-integrability from x, as noted bhefore
Remark 2.5. In the case i = 2, we have that 4 = 0 and ¢®,5® are square-
integrable on [0,7] as & is. Thus the coefficients have the required integrability
to apply part 1) of Theorem 2.17, which gives some T € (0,T] such that for
T € (0,7], there exist solutions Gi» to (2.38) on [0,7] for each i = 1,2,3,4;
the equation (2.38) yields (2.75) by plugging in the respective coefficients for
i =1,2,3,4. Moreover, Theorem 2.17 also gives (2.74) for all 0 < ¢ < T < T.
By Corollary A.2.6, there exists some (possibly smaller) T' € (0,77 such that
the Riccati-Volterra equations (2.75) for g1 ., g3, and g4, admit continuous solu-
tions on [O,T], since the respective coefficients are continuous as well. Since
Theorem 2.17 gives that the solutions to those equations are unique, we conclude

that ¢1 », g3, and g4, are continuous on [O,T]. H

Finally, we generalise part 1) of Theorem 2.18 by replacing the exponential
term on the left-hand side of (2.40) with a product between an exponential and a
linear term; this will be useful later in the proof of Lemma 3.3 and in Chapter II. In
the proof, we use the identity < exp((a+0)z)|s—0 = x exp(az) to approximate the
linear term by an exponential one for which (2.40) holds. It then remains to show
that both sides of (2.40) converge for the resulting approximation, which requires
some care. In principle, the result could be further extended to polynomial terms
rather than linear ones, but such a generalisation is not necessary for our purposes.
We show the result directly for the generalised setup of Theorem 2.18, and then
apply it to the setup of Theorem 2.17 as a corollary.

Proposition 2.20. Let ® be an indexing set, (j,)pca a family of functions in
LY([0,T);C) and (0,)ped, (5,)pca two families of functions in L*([0,T]; C) such
that (1) pea; (|0o13)pea and (|6,|%)pece are uniformly integrable. For each ¢ € @,
let i% € C be a constant and define (X{)o<icr by (2.41). Then there exists some
T € (0,T) (which depends on (u,), (0,) and (6,)) such that for all vy, py € ®

and T € (0,T), there is a unique solution g, v € L'([0,T];C) to (2.42) (with
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© = 1) as well as a unique solution G,, o, v € L'([0,T]; C) to the equation

g@lam,T(t) = ey (T - t) + f((’% * gm,@z,T)(t); (/% * g4P17T)(t)7 Oy (T - t)v
6901 (T - t)v Op2 (T - t)? 5-992 (T - t)) (276)

for a.a. t € [0,T], where f: C® — C is defined by

F(@;y, ha, by, ho,y hy) = (hy + oy) (e + o)
+ (h1 + /1 = 02y)(ha + /1 — ¢%x). (2.77)

Moreover, it holds for 0 <t <T that

T
E[exp(f(ﬁl)f(%2 | Fi] = exp (f(fl +/ G (T — u)&(u)du)
) T
X (Xf2 + / Gopr o1 (T — u)ft(u)du) (2.78)

Proof. We divide the proof into three steps.
a) Since (py)peas (|04|%)pee and (]6,|*)yee are uniformly integrable, it follows
by the e-0-criterion for uniform integrability (see Klenke [83, Theorem 6.24]) that

each of the families

{11, + Op1gy, = 01,02 € ®,6 € B1(0)},
{‘O—‘Pl +60—$02|2 CP1, P2 € (I)75 € Bl<0)}7
{1y, + 655|171, 02 € ®,6 € B1(0)}

is uniformly integrable as well, where B;(0) is the closed unit ball in C. For
¢1,02 € ® and 6 € B;(0), define X#1#29 by (2.41), where we substitute a, by
Ay, + 0ay, for a € {p,0,6}. Then by applying part 1) of Theorem 2.18 to the

family of processes (X#1:#29) ca2x B, (0), We obtain that there exists some

(p1,92,0)
T > 0 such that for all ¢1,, € ®, § € B;(0) and T € (0, 7], there is a unique
solution gy, ,, 57 € L*([0,77;C) to (2.42) on [0,T] (where we substitute a,, by

(g, + day, for a € {u,0,5}), and it holds that exp(X$#*°) is integrable with

T
E[exp(X;moz,é) | Fi] = exp (Xt%’%’é—i-/ g¢17¢2’57T(T—u)§t(u)du>, 0<t<T.
t
(2.79)

By setting = 0, this already ensures the existence of gy, 7 = gy, 4,0 for any
@1 € ®and T € (0,T]. We now fix T € (0,T], ¢1, 92 € ® and set a5 := a,, +day,
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for a € {p,0,6} and § € [0,1]. We also write X° := X#1#20 = X#1 1 §X¢2 and
G5 = Gip1 0,01 SO that gg = gy, 7. Plugging into (2.79) yields

EplZ0 | F) =2, o<t<T, (2.80)

~

where we define (Zt(é))ogth and (Zt((s))ogth by
Z = exp(X?) = exp(XF* + 6XF?),
T
202000 ( [ w(r-wgton), vt @8y
t

Our goal is to differentiate (2.81) and then (2.80) with respect to § at § = 0, which
requires us to differentiate gs in an appropriate sense. To that end, consider
the function ys := (g5 — go)/d for § > 0. After some simplifications, plugging
gs = go + 0ys into (2.42) and collecting the terms that are linear and quadratic
in 0 yields

95(t) = ps(T —t) + f((~ * gs)(t); 06(T = t),65(T — 1))
= go(t) + Op, (T — 1)
+5f<(/%*yé)(t)§(’%*90)(75)70501(T_t)75901(T_t)>0<p2(T_t)a‘~7<p2(T_t))
+ 82 f((R*ys)(t); 00, (T —1),6,,(T —t)), 0<t<T,

where we recall the definitions (2.39) and (2.77) of f and f, respectively. Sub-
tracting go from both sides and dividing by ¢ yields for 0 <t < T that

ys(t) = F(( % ys)(0); (5 % o) (1), 0 (T = £), 6, (T = £), 0 (T = 1),5,, (T — 1))
s (T = £) + 61 (G % ys) (8); 23 o(T — 1), 2 5(T — 1)) (2.82)

Although we have defined ys only for 6 € (0, 1], note that (2.82) with 6 = 0
coincides with (2.76), where we have gy, ., 7 in place of yy and g,, 7 = go.

b) Next, we want to show that there exists a solution yo to (2.82) with § =0,
and moreover that ys — yo in L'([0,T];C) as 6 \, 0. By plugging in the defini-
tions (2.39) and (2.77) of f and f and collecting powers of & * ys, we re-express
(2.82) in the form

ys(t) = as(t) + bs(t)(k * ys) (£) + cs(t) (7 % ys) (1)), (2.83)
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where ag, bs, cs : [0, T] — C are defined by ¢; = g and

a5(t) = Heo (T - t) + 0y (T - t)o-m (T - t) + 5-901 (T - t)a-QOQ (T - t)
+ (006, (T = 1) + V1 = 065, (T — 1)) (& % 90) (1)

2T~ 1) +3%,(T 1), (284
bs(t) = 0(0p, (T —t) + 60, (T — 1)) 1= 0*(Gp, (T — t) + 54, (T — 1))
+ (R * go)(t). (2.85)

Due to the uniform integrability of (1), (|o,|*) and (]6,|?), we have
€ 1= supmas{lnslun louliz, 19,1123 < oo,
o€

where we write || - ||z» as a shorthand for ||-||z»,r). Moreover, & inherits the local
square-integrability from r (see before Remark 2.5) so that & € L?([0,T]; R), and
we also have gy = gy, 7 € L*([0,T]; C) by construction. By Young’s convolution

inequality (A.1.2), we thus have
15 % goll2 < & L2 llgoll 2 < oo.
Hence the Cauchy—Schwarz inequality, (2.84) and (2.85) yield the bounds

lasllze < € +3C% + &l ZallgollZ: < oo,
10512 < 4C + [[&l| z2[lgoll 2 < o0,

lles|| e = 0/2 < 00

for 0 < <1 so that as € L*([0,T]; C), bs € L*([0,T]; C) and ¢s € L>=([0,T7];C).
Note in particular that ¢g = 0 for 6 = 0, i.e., (2.83) is linear in the case 6 = 0
and thus of the form (A.2.39) with yo in place of . Hence by Corollary A.2.10,
there exists a unique solution yy € L'([0,T]; C) to (2.83) with § = 0. As pointed
out at the end of step a), it follows that g, o, 7 1= o is also the unique solution
to (2.76).

We now want to show that ys — yo in L'. Note that (2.84) and (2.85) yield

as(t) — ap(t) = g(aiz (T —t)+5.,(T —t)),

bs(t) — bo(t) = 6 (00, (T — t) 1 — 0%6,,(T —t))
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for 0 <t < T, and hence

||a5—a0||L1 §C25—>0 and Hb(S_bOHLQ §205—>0

as 0 \ 0, and likewise ||cs||p~ = g — 0. Hence we have ag L—1> ag, bs L—2> by and
cs 5 0asd N\ 0. It then follows by applying Proposition A.2.11 to (2.83) that

Ys L Yo as 0 N\ 0.
c) We return to (2.80) and (2.81), which read EP[Z}‘S) | ] = ZAt(‘s) and

Zt(é) = exp(f(f1 + (55(2”),

T
20 =20 e ([ sl — wunta)
t

for 0 <t <T. We start by differentiating Z;‘S) at 0 = 0. It is clear that we have

7 — 79

U® .—
)

— exp(X£)XP2 P-as. as 0\, 0. (2.86)

Using the elementary inequalities e* — 1 < ze” and x < e” for z > 0, we get for
0 <§ < 7 that

exp (8| X7?]) — 1
)

< exp(X7H)| [X/?[exp (0] X, ])

(1/2 = 0)[X/”]

U] < Jexp(XF)]

= espttp ) WA i)
o exp((1/2 — 6)| X7 S
< | exp(X7)| ( 1//2 — ;’ D exp (4] X*[)
< 4 exp(X{)| exp(|XF?(/2). (2.87)

This gives a bound on U® that is uniform in 6 € (0,1/4]. In order to show the
integrability of the last term on the right-hand side, we should like to take the

absolute value outside the exponential. Note that for every z € C, we have

exp(|z]) < exp (|Re(w)|) exp (|Im(z)])
< (I exp(z)| + | exp(—2)]) (| exp(iz)| + | exp(—iz)|)

—Z‘exp (1+1) )‘
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Plugging into (2.87) yields

3
U] <4 |exp (XF* +i(1+1)X§2/2)| = U.
=0
Since we have [i(1 +1i)/2| = 1 for £ = 0,...,3, it follows from the integrability
of exp(X&' + 6X$?) for all 1,0, € ® and § € By(0), see before (2.79), that
U is integrable. Hence by the dominated convergence theorem for conditional

expectations with majorant U, we obtain from (2.86) that as § \, 0,
L gz _ 70 9) oy g
SE[ZT —Zy' | R = EUY | Fi]| — Elexp(X7)X7? | F] P-as. (2.88)

and thus also in probability.
We now consider Z”. By (2.81), we have

2(5) ~ T
ZAt(O) = exp <5Xf2 + (5/ ys(T — u)ft(u)du), 0<t<T, (2.89)
¢ ¢

where we recall that gs = go + dys for 6 > 0 by the definition of ys. As shown in
step b), we have ys — Yo = §., ., in L' as 6 \, 0 so that

< |lys — vollr sup &(u) — 0  P-a.s.
u€[t,T)

‘ /tT (4s(T = u) — yo(T — u) )& (u)du

as 0 N\, 0, since u — & (u) is by Proposition 2.11 continuous, hence bounded, a.s.

Since Yo = oy 00,7, We deduce that

(5 [ e g ()

Combining with (2.89) yields

T
:/ Gor oo, (T — w)&(u)du  P-a.s.
s=0 Jt

v . 20120 1 ep@X7 +0 J (T — w)(u)du) 1
- L _ 5

T
L%y / Goroar (T —wE(u)du  P-as.  (2.90)
t

as 0 \, 0. Finally, by using (2.80) in the definition (2.86) of U® and then using
the first equality in (2.90), we have

EplU0 | F) = ZOV©
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for each 6 € (0,1/4). In the limit § N\, 0, we get by (2.88) and (2.90) that

T
Eplexp(XENX$ | F] = Zt(O) (sz +/ Gorpor(T — u)ft(u)du),
t
which is precisely (2.78). This concludes the proof. O

The following result follows from Proposition 2.20 as in the proof of Theorem

2.17 by setting ® = B(0), p =z, ppp = 2" pt, 0, =z 0 and G, = z' 5.

Corollary 2.21. Let the process (Xt)ogtgf be given by (2.37) for some functions
p € LY[0,T);C") and 0,6 € L*([0,T);C"). Fiz C > 0 and let Bo(0) C C™ be
the closed ball of radius C. Then there exists some T = T(pu,0,6,C) € (0,T]
such that for every T € (0,T] and 21,z € Beo(0), there is a unique solution
gz € LM[0,T7]; C) to (2.38) (with z = z1) on [0,T] as well as a unique solution
Gor.zor € LY([0,T); C) to the equation

gZLZQ;T(t) = le,zz ((’% * §Z1,Z2,T)(t); (’% * gzl,T)<t)7 M(T - t)? 0<T - t)? 6<T - t))
(2.91)

for a.a. t € [0,T], where le’zZ : C® — C is defined by

f21722 (I7 Y, ba h17 h2) :Z;b + (Zirhl + Qy)(z;hl + Ql‘)
+ (2 he + /1= 02) (2 ha + /1= o). (2.92)

Moreover, it holds for 0 <t <T that
B R R T
Elexp(z] X1)zy X1 | Fi] = exp <z1TXt + / Gor (T — u){t(u)du>
t

5 T
X (z;Xt+ / gzhzz’T(T—u)gt(u)du) (2.93)

3 The pure investment problem

3.1 Setup and auxiliary results

Our goal in this section is to study the pure investment problem for the rough
Heston model (2.8). The pure investment problem (defined below in (3.1)) is a
portfolio selection problem closely related to the well-known Markowitz mean—

variance portfolio selection problem, and thus interesting in its own right. For our
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purposes, the study of the pure investment problem serves mainly as a stepping
stone for tackling the mean—variance hedging problem, which we introduce and
study in Chapter II for the rough Heston model. This is also the approach taken
in éerny/ Kallsen |25, 27| for mean—variance hedging in a general semimartingale
setup and for obtaining explicit results for the classical Heston model.

Although the Markowitz problem has been recently solved for the rough He-
ston model in Han/Wong [62] and Abi Jaber et al. [2], our contribution here is
twofold. By using a martingale distortion formula as in Fouque/Hu [49] to solve
the pure investment problem, we get some additional insight into the structure
of the solution to the latter. In particular, this allows us to explain why a relat-
ively simple solution can be obtained for the rough Heston model. Secondly, we
connect our results with the general theory developed in [25], and this allows us
to obtain results that can later be used for solving the mean—variance hedging

problem for the rough Heston model.

Notation 3.1. For a semimartingale X = (X})o<i<r, we denote by Lp(X) or
L(X) the set of predictable X-integrable processes on [0, T; see Jacod/Shiryaev
[71, I11.6.17]. We say that a predictable process (A;)o<i<r is P-integrable on [0, T
if fOT |A;|dt < oo P-a.s. We generally omit P and T if they are unambiguous.

Let (S,Y) satisty the rough Heston model (2.8) with time horizon 7" > 0. We
consider the classical setup of frictionless trading in the asset S, and assume that
there is a risk-free asset with constant price 1, i.e., that the interest rate is 0. This
means that an agent with initial capital z € R may trade in a self-financing way
with a trading strategy ¥ € L(S) to generate the wealth process (Vi(x,V))o<t<r
given by

t
Vi(z,9) :::B+/19sts::x+z9°St, 0<t<T.
0

We do not impose any constraints on the agent’s positions at a given point in time,
so that leverage and short-selling are allowed, but we do specify an admissibility
condition on the strategy v to prevent doubling-type behaviour. We thus focus
on a subset O7(S) C L(S) of admissible trading strategies, which we take to be
the set of L2-admissible strategies introduced in Cerny/Kallsen [25], defined as
follows. We say that (V;)o<i<r is a simple integrand if 0 = 317" €110, 5,,,] for
some m € N, an increasing sequence of stopping times 0 <oy <--- <07, <T
such that the stopped process S is bounded, and bounded F,,-measurable

random variables &. Then we define ©(S) as the set of integrands ¥ € L(S) for
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which there exists a sequence (9*)gen of simple integrands such that we have
L2
1) 9F+Sp =5 9+Sp and 2) 9F+S, 5 9+S, for all ¢t € [0, T].

An explanation of why this class of strategies is economically reasonable and
mathematically useful can be found in [25].

We can now define the pure investment problem as the minimisation problem

T
1—/ 9:dS;
0

In words, an agent starting with initial capital 0 seeks to trade with an admissible

given by

Epﬂl—\@(oﬂﬂﬁ]::Ep{ T — min ! (3.1)

YEOT(S)

strategy ¢ in order to attain the target wealth 1. This may be interpreted as an
attempt to find an arbitrage opportunity in the market, which would be achieved
if the mean squared error is equal to 0, since in that case fOT %dS; =1 P-a.s. If
that is not possible, then the agent looks instead for a strategy that is closest to
achieving that goal, in the sense of a low mean squared error.

We start by introducing some notation. One of our goals is to find an optimal
pure investment strategy, i.e., a solution ¥* to the optimisation problem (3.1) with
time horizon T, if it exists. In order to find such a strategy, the main step is to
compute the opportunity process (Li)o<i<r, which is defined as the reduced-form

value process for the dynamic problem

T 2
L; = essinf Ep {(1 —/ ﬁudSu>
¥€O(S) t

More precisely, we say that L is an opportunity process with time horizon T if

E} 0<t<T. (3.2)

L is a strictly positive cadlag submartingale, bounded above by 1, and for each
t € [0,T] satisfies (3.2) P-a.s. If such a process L exists, then by (3.2) and the
cadlag property, it is unique up to indistinguishability. We omit the time horizon
T when it is clear from the context.

It is also useful to consider the dual problem to (3.1). As is well known in
the literature, this leads to the problem of finding a variance-optimal martingale
measure on [0, T], or VOMM for short, which is defined as a solution Q* = Q*(7T')

to the minimisation problem

dQ\? ,
w[(29)]
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where Q2.(9) is the set of signed measures QQ ~ P such that the density dQ/dP
is square-integrable under P and @ is a local martingale measure for (S;)o<i<r,
meaning that Z9 =1 and Z9S is a local P-martingale for the density process Z%
of Q, defined as a cadlag version of the P-martingale given by Z& = Ep[% | Fi
for 0 <t <T. We also define the subset

Q%(9) := {Q € Q%(S) : Q is a probability measure and Q ~ P}.

If a VOMM exists, then it is unique; this follows from the strict convexity of
the problem (3.3) and the fact that QZ(95) is a convex set. The existence of the
VOMM is shown in |25, Proposition 3.13] under the assumption that Q%(S) # ()
(see |25, Assumption 2.1]), which can be seen as a no-arbitrage condition on S.
Under this condition, there exists by [25, Lemma 3.2 and Corollary 3.4] an oppor-
tunity process L with time horizon T. We also have by Delbaen/Schachermayer
[36, Theorem 1.3] that Q* € Q7(S) because S is continuous, so that we may
replace Q2(S) in (3.3) by Q2(S) for the rough Heston model. We refer to Q*
simply as the VOMM (without reference to 7') when it is clear from the context.
Given an optimal pure investment strategy v* € O7(S), we note that the
terminal value ¥* Sy of the wealth process generated by ¥* with initial wealth 0
is also the L2-projection of the random variable 1 onto the set of attainable gains,

given by
Gr(S) := {98y : 9 € O7(9)} C LE(Fr). (3.4)

Since ©7(S) and thus Gr(S) are vector spaces, the projection is unique, i.e., for
any two optimal pure investment strategies 9! and 92, we have 9!+ Sy = 9%+ Sy
P-a.s. Under the assumption that Q%(S) # 0, we have by [25, Lemma 2.11] that
the processes ¥'+S and 92+ S are indistinguishable, and so we say that 9! and
9¥? are S-equivalent or 9' =g ¥?. Thus we have under this assumption that the
optimal pure investment strategy ¥* is unique up to S-equivalence.

The main step in our strategy is to find the opportunity process, since this
allows us to solve the pure investment problem in a relatively straightforward
manner by using results from [25]. As is well known in the literature, from
e.g. [25], Hu et al. [68], Jeanblanc et al. [72] and Mania/Tevzadze [91], the oppor-
tunity process L can be characterised as the solution to a backward stochastic
differential equation (BSDE). Equivalently, L may also be characterised by an
equation (given below in (3.5)) in terms of its differential characteristics, which

are defined below for the case of an It6 process. Our approach is to find an expli-
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cit solution to (3.5), and then to check the additional conditions that are needed
in order to show that this solution is indeed the opportunity process.

In preparation for equation (3.5), we briefly define differential characteristics
in the simple case of an Tto process with values in R%; see |71, Proposition 11.2.9]
for the general case, and note that R can be replaced by C everywhere in the
following definition. If (Z;)o<;<7 is an Itd process taking values in R?, then there
exist predictable integrable processes (b7 )o<i<7 and (c?)o<i<r with values in R?
and R%*? respectively such that the process Z — Ik b?dt is a local martingale
and we have that [Z] = [c?dt. In that case, we say that Z has differential
characteristics (b%,c?). Given two Ito processes Z and Z’ with values in R¢
and R? respectively, we also define the differential characteristic ¢4  as the
predictable integrable process with values in R¥*? such that [Z, Z'] = [ ¢#Z#'dt,
Note that b7, ¢ and ¢%%  are unique up to (P ® dt)-nullsets.

As previously mentioned, the main step in order to solve the pure investment
problem is to find the opportunity process L. Suppose that Q%(S) # 0 so that
the opportunity process L exists. We make the ansatz that L is an Itd process,
which is justified later in Lemma 3.3 and Theorem 3.8; this allows us to use the
simplified definition above for the differential characteristics of L. If this ansatz
holds, we have by [25, Lemma 3.19] that the differential characteristics of L satisty

the equation

L. Lif g CFL ?
bt:—R b+ —1), 0<t<T, (3.5)
Ly =1,

where the returns process (R;)o<i<7 is defined by dR;, = dS—S: = uY,dt + oY, dW,
and Ry = 0. In particular, we have that b = pY; and cff = 0?Y,.

Our goal is now to solve the equation (3.5), and then to show that the result-
ing solution is indeed the opportunity process. To that end, we say that (f}t)ogth
is a candidate opportunity process (for S with time horizon T) if it is a strictly
positive Ito6 process bounded above by 1 such that Ly = 1 and its differential
characteristics satisfy (3.5), where we replace L with L. Naturally, the (true)
opportunity process is also a candidate opportunity process, but there may be
multiple candidate opportunity processes. Thus we need some additional condi-
tions in order to conclude that a candidate opportunity process is the true one.
These conditions are given explicitly in the proof of Theorem 3.8 helow.

Given the differential characteristics of the opportunity process L, one can
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compute the adjustment process a, which is a predictable process given by

1 R,

= g (bt + —) 0<t<T. (3.6)
Note that a is predictable because S and, by our ansatz, L are both continu-
ous. For convenience, we take (3.6) as the definition for the adjustment process,
whereas it is defined in |25, Definition 3.8] via the optimal strategy v* for the
pure investment problem. This is justified since a given by (3.6) is an adjustment
process in the sense of |25, Definition 3.8] by [25, Theorem 3.25], and conversely,
any other adjustment process in the sense of [25, Definition 3.8] is S-equivalent
to a by [25, Lemma 3.7|. By replacing L with Lin (3.6), we can also define the
candidate adjustment process a associated with L.

Finding a candidate opportunity process L is done in two parts. First, we give
a martingale distortion formula that gives a process L in terms of a conditional
expectation. This formula is designed in such a way that its output L can be
shown to be a candidate opportunity process; we show below how one can reverse-
engineer (3.5) to arrive at this formula, and then give a rigorous proof in Lemma
3.2. The next step is to obtain an explicit formula for L as an exponentially affine
function of the forward variance curve.

Given a candidate opportunity process ﬁ, we then need a verification result to
show that it is the true opportunity process, for which we need some additional
integrability conditions, given explicitly in [25, Theorem 3.25| and recalled in
the proof of Theorem 3.8. These essentially serve to ensure that the candidate
adjustment and opportunity processes lead to a candidate optimal strategy that
is admissible, and also that the corresponding candidate density process for the

variance-optimal martingale measure is a true martingale.

3.2 DMartingale distortion

We now start to work towards finding a candidate opportunity process L. The ap-
proach we use was first developed in Zariphopoulou [120] and Tehranchi [116], and
more recently applied in Frei/Schweizer [52] to an indifference valuation problem
under exponential utility, as well as in Fouque/Hu [49, 50] for portfolio optimisa-
tion under a rough stochastic environment. It relies on a martingale distortion
formula to express the value function to a stochastic control problem (in our case,
the pure investment problem) as a power of an expectation under an equivalent

measure. The result we obtain is similar to [50, Proposition 2.2|, but we cannot
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assume that the market price of risk (i.e., the ratio ;\/&}% = @ between the drift
and volatility of .S) is bounded, as that is not the case in the rough Heston model.
The change of measure defined in (3.12) is also used in Han/Wong [61, Equation
(2.1)] in order to solve the Markowitz problem for the rough Heston model by a
completion-of-squares technique.

We start by giving an intuitive explanation of how the martingale distortion
technique can be applied to our problem, and then fill in the details in Lemma 3.2.
Recall the definition (2.8) of the rough Heston model, as well as the orthogonal

decomposition
B = oW +/1— ?2W+ (3.7)

and the returns process (R;)o<i<r given by

tdSs t
R, = / 5 = / (uYsds + o/ YsdWy), 0<t<T. (3.8)
0 s 0

We make the ansatz that there exists a candidate opportunity process L that is
an Ito6 process with a local martingale part driven by the Brownian motion B,
ie.,

dLy = bldt +mdB,, 0<t<T, (3.9)

for some unknown predictable integrable process (bti)ogtST and predictable integ-
rand 7 € L(B). This assumption allows us to find a solution L, but it is ad hoc at
this point. We check (3.9) a posteriori in Lemma 3.3, where we find a candidate
opportunity process L explicitly and show that it satisfies (3.9). The assumption
is motivated by the fact that the market price of risk g\/Vt depends only on the
process Y, which is driven by the Brownian motion B and does not depend on
W or S; we might then expect that the same is true of the opportunity process,
and so it makes sense to look for a candidate opportunity process of this type. If
L satisfies (3.9), then b and ¢& = 5?2 are the differential characteristics of L. As
the returns process satisfies (3.8), we have that b7 = Y; and ¢! = 02Y;. Noting
that d[R, j}]t = 00/Yndt by (3.7), we also obtain the differential characteristic
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cf’i = 00v/Y;n,. Plugging into (3.9) and using (3.5) for b- then yields the BSDE

dL, = bEdt + n,dB,

REL
— Lt (bR CL ) dt + ntdBt

Ct t

Lt Qm%:v Y,
= Y, -
L

) dt + ntdBt

t
Y. 2 2.2
Q’m]t\/—t + 2 727% )dt+mdBt, 0<t<T,

t t

with terminal condition Ly = 1 and where L and the integrand n € L(B) are
unknown. The technique then consists of finding an explicit solution to this BSDE
by a change of measure and applying a power function. This takes advantage of
the fact that the driver is a quadratic polynomial in 7,. We first want to remove
the linear middle term of the driver. As shown later in Lemma 3.2, we can define
a new measure P ~ P such that dB, = dB; + %dt is a Brownian motion

under P. Hence we can remove the cross term to obtain under P the BSDE

2y 22
AL, = (“;+Q )dt+ntdBt, 0<t<T
o L?
In order to also remove the quadratic term in 7, we apply a power function to L
with the exponent 3 = 1 — 2%, which is chosen in order to remove this term. By

It6’s formula and using % = —0?, we then obtain

. R 2Y 2,2 —1) . B
d(L?y = gL’ (“U; - QL—Z’*) dt + %Lﬁ‘%ﬁdt + Bn,dB,
t
5’”‘ “-LYdt+ pdB;, 0<t<T. (3.10)

This is a linear BSDE for the process L? , and it is well known how to solve such
equations explicitly; see e.g. Zhang [121, Proposition 4.1.2]. Together with the
terminal condition j}g = 1 and under suitable integrability conditions, we can

find the explicit solution LP as the conditional expectation
: Bu* "
LE:EP[exp(——Q/ Yudu) ‘]—}}, 0<t<T. (3.11)
o Ji

This gives a formula for L by taking the power 1/ on both sides. We note that

(3.10) does not give any information in the critical case § =1 —20? = 0, and so
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the procedure above does not yield a solution in that case. However, by taking a
logarithm instead of a power function, we can obtain an explicit formula for the
critical case as well, as we see later in Lemma 3.2. That case can also be formally
obtained by using the well-known limit E[X?|H]'/# — exp(E[log X|H]) as f — 0
(i.e., the power mean converges to the geometric mean as 8 — 0), for a o-algebra
H and a strictly positive random variable X such that E[X? + X—%] < oo for
some [ > 0.

We now want to prove that the ansatz (3.11) indeed yields a candidate op-
portunity process L. We first need to show that there exists such an equivalent
measure P and that the formula (3.11) is well defined, which is nontrivial in the
case 3 < 0. It then remains to check that L satisfies the assumption (3.9), and fi-
nally that L is a candidate opportunity process, effectively reversing the previous
calculations to show that the BSDE is satisfied. Except for checking (3.9), these
steps are done in Lemma 3.2, using Theorem 2.17 as our main tool for showing
integrability properties. The fact that the resulting process L has the form (3.9)
is shown later in Lemma 3.3.

In the proof of Lemma 3.2 as well as in some subsequent proofs, we apply
Theorem 2.17 to show that certain statements hold for any choice of time horizon
T € (0,7") up to some positive upper bound 7", and this 7" will generally be
different for each of the statements. The overall bound, such as 77 in the case of
Lemma 3.2, should then be interpreted as the minimum of these (finitely many)
times, so that all considered statements hold simultaneously up to 77. This is
made explicit in the proof. When applying Theorem 2.17 to a semimartingale with
dynamics of the form (2.37), we do not always identify the respective coefficients
1,0 and o explicitly unless that is needed. We also note that Lemma 3.2 gives
the candidate opportunity process L for a fixed value of T' (if T is small enough),
but L depends on the choice of T, and so does P defined in part 1); one could
make the dependence explicit by writing L = L(T).

Lemma 3.2. There exists some Ty > 0 such that the following statements hold
for each choice of time horizon T € (0,17]:

1) The process (Z])o<i<r defined by

2
7P = 5(——“\/Y-W) L 0<t<T, (3.12)
g

t

is a strictly positive P-martingale on [0,T], and it is the density process for an

equivalent measure P =~ P defined by % = Zf.
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2) Suppose that B = 1 — 20> # 0. Then there exists a semimartingale
(f/t)ogtST such that

T 1/8
L, = (EP {exp < — —/ Yudu> ‘ E]) for each t € [0,T). (3.13)
t
[fi s an Ité process of the form
A A t 2
Ly = Lo+ / (blds 4+ n.dB,), 0<t<T, (3.14)
0
for some integrable predictable process bl and integrand n € L(B), then Lisa

candidate opportunity process for S with time horizon T'.

3) If 1 — 20* = 0, there exists a semimartingale (ﬁt)ogtST such that

. ,LLZ T
L, = exp (—Ep [;/ Y.du
t

If L is an Ité process of the form (3.14) for some integrable predictable process

]—}D for each t € [0,T). (3.15)

bl and integrand n € L(B), then L is a candidate opportunity process for S with

time horizon T.

Proof. In the following, we write ¢ := fj—z for readability.

1) The process Z” defined in (3.12) is the density process of a probability
measure P ~ P if it is a strictly positive martingale on [0, T]. Since Y is continu-
ous, hence a.s. bounded on [0, 7], we have that N := —%‘R/?W is a continuous
local martingale on [0, 7] and [N]y = fOT 4apYydt < oo a.s. Thus N and [N] are
finite almost surely on [0,7], and so the stochastic exponential ZF is strictly
positive. To apply Novikov’s criterion to Z¥, we need to show that exp(%[]\_f];p)

is P-integrable. We can write
[N\ _ ' _ (1)
Ep|exp 5 = Ep|exp 2¢Yids | | = Eplexp(X;7)], (3.16)
0

where we let X" = fg 2)Y,ds. Then the process X is a semimartingale

of the type considered in Theorem 2.17, taking the functions pu(t) = 2¢ and
o(t) = 6(t) = 0, where p is integrable and 0,6 are square-integrable as they are

all constant. It then follows from part 1) of Theorem 2.17 that there exists some
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Ty > 0 such that for all ' € (0,7}], we have

e e (P10 | = Brfesn() < .

So by Novikov’s criterion, it follows that Z% is a strictly positive P-martingale
on [0,7]. Hence P = P(T) is an equivalent measure for any choice of T' € (0, T3].

2) Suppose that 8 =1 — 20 # 0. We first want to show that the process L
is well defined if T is small enough, and we start by showing that the random
variable exp(—p fOT Y,ds) is P-integrable for small values of T > 0. This is
clearly the case if § > 0, as the rest of the exponent is nonpositive, but we also

consider the case 8 < 0. Plugging in the density for P, we obtain that
T
Ep[exp(—ﬁw/ sts)} Ep{—exp< 51[)/ Yds)}
0
= Eplexp(X{? + pX{’

where we set X* fo (=22 /Y, dW, — 2¢Y,ds) and X® = _ f(f YY,ds. Asin 1),
we apply part 1) of Theorem 2.17 with C' = /2 to the process (X® X®) and
since all coefficients of X® and X® are constant, we get that there exists some
Tt € (0, Ty] such that for each T' € (0,77] and 8 € [—1, 1], we have

T
Ep {exp (— B@D/ Yﬂs)} Eplexp(X}, 2+ BX )] < 00. (3.17)

0
Noting that 8 = 1 —20? € [—1, 1] for any p € [—1, 1], this shows the integrability

of exp(—B [ Yads) for each T € (0, T7).
Now fix T € (0,77]. By (3.17), we can define the P-martingale (M;)o<i<7 by

T
Mt:Ep{eXp(—ﬂw/o de)' .7:,51, 0<t<T.

The exponential is strictly positive a.s. as Y is a.s. bounded, and so M; > 0 for

each t € [0,T]. Thus we may also define the process (Li)o<i<r by

t
Ly = (My)"" exp (¢/ Y;ds>, 0<t<T. (3.18)
0



3 The pure investment problem 63

Tt is then clear that L satisfies (3.13), since we have

ﬁf =FEp {exp (—,B@D /OT sts) ‘ ]:t} exp (ﬁz/) /Ot sts)

T
=Fp {exp (—ﬁw/ Y;ds) ’ .7-}1, 0<t<T. (3.19)

Moreover, it follows by (3.18) and It&’s formula that L is a strictly positive
semimartingale.

So far we have shown that L from (3.18) is well defined and a semimartingale,
although it is not clear at this point whether L or M are continuous. We now want
to show that L is a candidate opportunity process under the assumption (3.14), by
using the definition (3.18) to find a more explicit semimartingale decomposition.
Note that both L and exp(¢ [, Yids) are strictly positive and continuous, by the
assumption (3.14) on L. Since the exponent 1/3 is nonzero, we get from (3.18)
that the P-martingale M is continuous. Applying It6’s formula to (3.18) and
using (3.14), we obtain

L (5 =1L

bldt+ndB, = dL, = ——dM, +

B Wd[M]terﬁthdt, 0<t<T. (3.20)
t t

Recall that [B, W], = ot by (3.7). Thus by Girsanov’s theorem and the definition
of P, we obtain a P-Brownian motion B by setting dB; = dB, + Qf%\/vtdt.
Plugging this into (3.20) gives

A

11N
th+<5 )L

oYz
268 M?

A 9 L
bydt +nid B, — dt = —-

LY, <t<T.
o BM, dIM),+ ¢ LYdt, 0<t<T

Since B and M are continuous P-martingales and the remaining terms are con-
tinuous and have finite variation, it follows from this equality that dM, = nMdB;,
where the predictable integrand nM is given by nM = %1’7’ and is hence in
L(B) like n. Note that L(B) is the same as L(B), since y € L(B) or L(B) if
fOT X2dt < oo P-a.s. or P-as., respectively, and P ~ P. Thus we can rewrite

(3.20) as

i 5= e
o ~ 77t — (B T]t
dL; = L dB Yidt + =————dt
¢ t(ﬁMt ¢ +YYidt + 230 )

M M L 1D (pM)2
2 Tl 20p\/Yim, (,3 (")
=L dB; + —————dt Yidt + F————dt 21

t(ﬁMt T VA Yy Ve o B2
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for 0 <t < T. We use this semimartingale decomposition for L to find its
characteristics. Recalling the definition (3.8) of R and (3.7), we can compute the

quadratic covariation

S LtQU\/YtW

d[R,L); = B, ————dt. (3.22)

From (3.21) and (3.22), we then obtain the differential characteristics b~ and ¢#%

under P as

9
ok Lt( oYM

(5 —D®M)? v Lioo/YinM
BUMt 7

Y, — 2T VIR
MR- A T A

for 0 <t <T.

We are now ready to check that the differential characteristics of L satisfy
(3.5). Note that b = uY; and % —1= % because 3 =1 — 20%. Thus we get by
plugging into the equation for b* that

_ 20u/YiM (5= 1)0)?
o 2T G

_ Ly IMQY—tQ + QQU,U/}/t\/?tntM + QQUQYt(ZtM)Q
U2Yt 5Mt 52Mt
L YinM\ 2
t WY + QU\/_tnt
%Y, BM,
Ri 2
Lt(bR ) 0<t<T,

which shows that L satisfies (3.5). We have already seen that L is strictly positive,
it is clear from (3.13) that Ly = 1, and so it only remains to show that L is
bounded above by 1. Indeed, if 8 > 0, then exp(—pS1 ftT Y,du) < 1 and hence
L <1 by (3.13). If instead 3 < 0, then exp(—S3v ftT Y,du) > 1 and again L < 1
by (3.13), noting that we take a negative power 1/5 < 0 of the expectation. This
shows that if T € (0,77], then L is a candidate opportunity process with time
horizon T for 5 # 0.

3) If 1 — 20 = 0, the proof is similar as for 2). Using x < e® and recalling
from the proof of 2) the processes X®@ and X® | we start by noting the inequality

T P T - -~
Ep [/ @DYSds} < Ep B—P exp (/ 7,DY;ds)} < Ep[exp(Xj(?) + ég))] < 00
0 0

for T € (0,7}], due to (3.17) (with § = 1 there). Fixing some T € (0,7T7], we
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can therefore define the P-martingale (M;)o<i<7 by

T
M, = —EPU VY, ds
0

ft} 0<t<T.

A

We also define the process (L;)o<i<7 as

t
L; = exp (Mt +/ wiﬂds)
0
T
= exp (Ep [ — / VYyds
t

which is a semimartingale by It6’s formula.

]-“tD, 0<t<T, (3.23)

The rest of the argument is completely analogous to the case 1 — 20? # 0.
First, L is strictly positive by (3.23) and as Y is pathwise bounded. Under the
assumption (3.14), which implies in particular that L is continuous, it follows
from (3.23) that M is continuous as well. We then apply It6’s formula and (3.14)
to (3.23) to obtain

A 2 Y, _ A A 1
bldt — 200V 0B, = ai, = 1, (th +Yidt + §d[M]t>, 0<t<T,
o
recalling the P-Brownian motion dB; = dB; + Qf%”\/ﬁdt. Comparing the local

P-martingale parts gives dM = n™dB, where the integrand ™ given by nM = *

is in L(B) = L(B). Plugging in, we get the decomposition
. R 2 Y. M M\2
AL, = I, (nngBt | 2oV BYdt + %dt), 0<t<T,
o

under P, and so we obtain the differential characteristics of L as

(77tM)2 R 1 M
Y+ L) = Lo Y, 0<t<T.

i (20pVYim)!
b = L[ = :

We can then check that (3.5) is satisfied. Indeed, as ¢* = % in this case, we have

L 9 VinM M2
th:Lt(w/ﬁ Qu\ﬁ_tm N (mQ) )

_ [A/t (I[,L2Y2+290-,UY YnM+Q2O'2Y<T]M)2) — & bR+ Cﬁﬁ 2
0_2}/; t t tht t\'/t Cﬁ t it

for 0 < t < T so that (3.5) holds. Finally, we obtain the bound L <1 and
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the terminal condition Ly = 1 directly from (3.15), and so L is a candidate

opportunity process with time horizon 7T for g = 0. O

3.3 Explicit formula for the opportunity process

In Lemma 3.2, we have found a candidate opportunity process [2, given by a mar-
tingale distortion formula in terms of a conditional expectation under P involving
the volatility process Y. Thanks to this formula, we shall obtain an explicit ex-
pression for L in Lemma 3.3. This is possible because the volatility process retains
the structure of an affine Volterra process under P (see Abi Jaber et al. [1]), so
that the conditional expectation (3.13) can be expressed in an exponentially affine
form in terms of the forward variance curve (& (u)) as well as the solution g* to a
Riccati-Volterra equation (3.24) below. A similar representation can be found in
Han/Wong [61, Equations (4.13) and (4.14)], where (3.13) is computed in terms
of a modified forward variance curve & (u) := Ep[Y, | Fi] calculated under P.

In Lemma 3.3, we compute the conditional expectations from (3.13) if we
have 1 — 20? # 0, and from (3.15) for 1 — ¢* = 0. In the first case, this can be
done by a relatively straightforward application of Theorem 2.17. This does not
quite work the critical case 1 — 20® = 0 since we need to calculate a conditional
expectation involving an exponential and a linear term, for which we use Corollary
2.21 instead. As it turns out, both cases yield the same final formula for L.

We recall the forward variance curve (&(u))o<i<u<r as well as the kernel &
from Definition 2.9 and (2.12).

Lemma 3.3. There exists some Ty € (0,1}] such that for each time horizon

T € (0,T3], there is a unique continuous solution g* : [0,T] — R to the equation

g(0) = L5 = 2 e ) () + 5020 (R*g)(0)’ 0<E<T, (324)

A

and the process (L¢)o<i<r given in (3.19) resp. (3.23) satisfies
R T
L; = exp (/ g (T — u)ft(u)du), 0<t<T. (3.25)
t
The process L is an Ito process with the dynamics

dL, = L, ((f%*g*)(T—t)\/?tdBt — g (T —t)Y;dt+ % ((/%*g*)(T—t))zi/;dt> (3.26)



3 The pure investment problem 67

for 0 <t <T. In consequence, L is a candidate opportunity process.

Remark 3.4. We note that although L depends on the time horizon T, the
solution ¢g* to (3.24) does not. More precisely, if 77 > T and there exists a
continuous solution ¢’ : [0,7"] — R to (3.24) with time horizon 7", then we have

g*(t) = ¢'(t) for all t € [0, T], by uniqueness of the solution ¢g* on [0, T7.

Proof of Lemma 3.3. We want to apply Theorem 2.17 to compute the conditional
expectations in (3.19) and (3.23) in the cases 1 — 20* # 0 and 1 — 20* = 0,
respectively; this is done in steps 1) and 2) below. We then show the dynamics
(3.26) at the end, in step 3). The last assertion then follows from Lemma 3.2,
since (3.26) ensures that L is an Ito process satisfying (3.14).

1) Recall the constant ¢ = g—j introduced in the proof of Lemma 3.2. Consider
the process (Xt)ogth = (Y, Ny, [N]¢)o<t<T, Where Y, = fot Y,ds and N is the

stochastic logarithm of the density process ZF defined in Lemma 3.2; so

~ t B t 9 ~ t
Y, = / Y.ds, N;= / ——M\/YSdWS, [N]t = / 4pYds, 0<t<T.
0 0 o 0
(3.27)

Note that the coefficients MY/ =1, o = —%’” and ,u[]\_’] = 41) are constant, hence
bounded.
In the case B =1 — 20? # 0, we have by the Bayes rule that

l%meCﬁwlq%mO‘E]zEphmﬂ—ﬁ¢@%—ﬁDLE]

= E(N); ! exp(B9Y;) Ep[E(N)r exp(—B¢Y7) | F.
(3.28)

In terms of the components of X, the term in the conditional expectation can be
written as _
[V]

2

S(N)T eXP(—ﬁwY/T) = exXp (NT - = _ B?ﬂ{/T)-

By part 1) of Theorem 2.17 applied to X, there exists some T3 € (0,7}] such
that for T € (0,T%], there is a unique solution 23 € L'([0,T];C) to the equation

ralt) = 00— L2 (fwan)(1) + 5 ((heao)(0)’ 0<IST,  (3.29)
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and it holds that

EplE(N)rexp(—ByYr) | Fi] = E(N )texp<—ﬁwfft + /t zp(T — U)&(U)dU>-
(3.30)

In particular, the conditional expectation on the left-hand side of (3.30) is well
defined. Plugging this into (3.28) and using the formula (3.19) for L yields

L; = exp (% /T xp(T — u)gt(u)du), 0<t<T. (3.31)

To bring this into the form (3.25), we note that for T € (0,73], the function
g*:=xg/B € L'([0,T];C) is a solution to (3.24) since for 0 <t < T,

(g — P 1 2
1) = 52 = v = T 5)(0) + 5 (7 x 25)(0)
= = 2 e )0+ 5 (R e ) (0)°
= = L))+ 50 -2 (e )W) (3:32)

Conversely, if ¢g* is a solution to (3.24) on [0, T], we similarly get that x5 := S¢*
solves (3.29). Since the solution xz to (3.29) is unique due to Theorem 2.17, it
follows that the solution g* to (3.24) is unique as well. Plugging into (3.31), we
therefore obtain (3.25).

It remains to argue that ¢* is continuous and real-valued. To see the latter,
note that # and all of the constants in (3.24) are real-valued, and hence the
complex conjugate g* is also a solution to (3.24). Thus g* = g* by the uniqueness
so that g* is real-valued. To show the continuity, note that (3.24) is of the form
(A.2.17), where we replace = with ¢g* and set y = 0 and

As f and y are continuous, it follows by Corollary A.2.6 that there exists some
(possibly smaller) T3 € (0,73] such that there is a unique continuous solution
g* to (3.24) on the interval [0,75]. Note that for any choice of time horizon
T € (0, T3], the restriction of g* to [0, 7] is also a solution to (3.24) on the interval
[0, T7; this follows by the causality property of the convolution mentioned after
Definition 2.3. Since ¢g* is the unique solution in L'([0, T];R) to (3.24), we have
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by uniqueness that g* = §* on [0, 7] and thus it is continuous.

2) The case 1 — 29> = 0 can be checked similarly to step 1). Recall the
process (X;)o<t<r = (Y3, Ny, [N];)o<t<r with dynamics given by (3.27). In this
case, we need to compute the conditional expectation of Yy under P; we use
Corollary 2.21 to deal with the linear term. Consider the equation (2.38) with
z = z = (0,1,—1/2). Since the terms that are constant in g., o vanish, it
follows that g,,» = 0 is the unique solution. Thus by Corollary 2.21, there
exists some Tj € (0,77] such that for T € (0, T}], there exists a unique solution
g € L'([0, T];R) to the equation

2

§t) =¥ - ZE(Ex 9B, 0<t<T, (3.33)
o

which corresponds to (2.91) with z; = (0,1, —-1/2), 2o = (1,0,0) and g., 7 = 0;

the fact that g is real-valued follows by the same argument as at the end of step

1) for g*. Moreover, Corollary 2.21 also gives that

EplE(N) Yy | Fi] = E(N), (Wt + /t G(T — u){t(u)du>, 0<t<T. (3.34)

The equation (3.33) does not exactly match (3.24) with 1—20? = 0, since it lacks a
minus sign next to the constant term ¢» = u?/o%. However, it is clear by plugging
g* := —g into (3.33) that ¢g* is a solution to (3.24) in this case. Conversely, any
solution to (3.24) yields a solution to (3.33) by changing the sign, and hence the
solution ¢g* to (3.24) is unique. By the same argument as in step 1), there exists
some Tf € (0,7y] such that for any T € (0,75, ¢g* is the unique continuous
(rather than L') solution to (3.24) on [0,7]. Plugging ¢* into (3.34) yields

T
Ep[E(N) Yy | Fi) = E(N)t<wfé - / g (T - U)ft(U)dU), 0<t<T,
and hence

Ep [w /t : Y, du

Plugging into (3.15) directly yields (3.25).
3) It remains to show the dynamics (3.26) for L. Note that Corollary 2.14

ﬂ} = Bylo(Ty—7) | F) = - [ g(T-wtidn, 0<t<T
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gives the semimartingale decomposition

cl(/t g (T — u)ft(u)du> — —g*(T — t)Yydt + (k * g*)(T — t)\/Y:dB,.

Applying Tto’s formula to L, = eXp(ftT g (T — w)&(u)du) from (3.25), we then
obtain that

dLy = L, (—g*(T — )Y, dt + (kR g*)(T — t)\/Y,dB, + %((& % ") (T — t))QYtdt>

for 0 < ¢t < T, and this is (3.26). As argued at the beginning of the proof,
this ensures that L is an Ito process satisfying (3.14) and hence a candidate

opportunity process by Lemma 3.2. O

For a fixed time horizon T" € (0, T3], we define h* : [0,7] — R by

R*(t) = (7 % g*)(t) = /O A(t — 5)g*(s)ds. (3.35)

The function A* inherits continuity from ¢*, as mentioned after Definition 2.3.
Like ¢* in Remark 3.4, also h* does not depend on the choice of T" because the
causality property given after Definition 2.3 says that h*(t) = (k * ¢*)(t) only
depends on the values taken by ¢* on [0, ].

With the notation h*, we can directly read off from (3.26) and (3.8) the

differential characteristics of L as
bl = L, <—g*(T — )Y, + (h*(T - t))QYt) L = Looh*(T — 1)Y,,

for 0 <t < T. This makes it straightforward to find the candidate adjustment

process da.

Corollary 3.5. For any T € (0,13, the candidate adjustment process (at)o<t<r

corresponding to the candidate opportunity process from Lemma 3.3 is given by

1
ay = — (H + oh*(T — t)), 0<t<T. (3.36)
USt

o
Proof. Plugging b” and ¥ into the definition (3.6) for @ gives

L N (7 S DU S (P W (T —1)Y, —i<ﬂ+ h*(T—t))
t_Stcﬁ t izt —UQSth nYy+ 00 t _USt p 0 )




3 The pure investment problem 71

]

3.4 Verification

Using the martingale distortion technique and by exploiting the affine structure
of the model, we have found in Lemma 3.3 a candidate opportunity process L
as a solution to the BSDE (3.5) on [0,7]. It now remains to be shown that L
is the true opportunity process, which is done in Theorem 3.8. As mentioned
after (3.6), this follows from Cerny/Kallsen [25, Theorem 3.25| after checking
that certain conditions are satisfied, as we explain in more detail below.

Given L and the candidate adjustment strategy a computed in Corollary 3.5,
we obtain a candidate pure investment strategy o = a€E(—a+ S) and a candidate
variance-optimal martingale measure Q* with density dQ*/dP = &(—a * S)r/Lo.
The density process 79 for @* is given below in Lemma 3.6, and we later show
in (3.42) in the proof of Theorem 3.8 that we indeed have ZjQ? = &(—a+ S)r/Ly.
If L and a are the true opportunity and adjustment processes, respectively, then
9% and @* are the true pure investment strategy and VOMM, respectively, by
results of [25] and as we see later in Corollary 3.9.

Conversely, given a candidate opportunity process ﬁ, we can use [25, Theorem
3.25] to show that L is the true opportunity process. For this, we need to check
some conditions involving the candidate processes a, 9* and Z9" associated with
f}; namely, that the strategy J* is admissible and the measure @* is an equivalent
martingale measure. More precisely, we also need to show a dynamic version of
these properties on each stochastic interval |7, T] for a stopping time 7 < T}
the exact conditions are given in the proof of Theorem 3.8. Before proving that
theorem, we first show two technical results in Lemmas 3.6 and 3.7.

In the following, let (S,Y) satisfy the rough Heston model and 75 and g* be

as given in Lemma 3.3. We also recall the function h* := & % g* defined in (3.35).

Lemma 3.6. There exists some T5 € (0,Ty] such that for each T € (0,T%], the

process (Zté*)ogth defined as the stochastic exponential
79" :8(\/1—92(h*(T—')\/§7)-Wl—gx/?-W) (3.37)

is a strictly positive square-integrable P-martingale on [0,T]. Then the measure
@* defined by the density d@*/dP = chg* belongs to Q.(S), i.e., it is an equivalent
local martingale measure for S such that Ep[(dQ*/dP)?] < co.



72 1 The pure investment problem for the rough Heston model

Proof. As h* and Y are continuous, 79 is a strictly positive local P-martingale.
The stochastic logarithm N®" of Z9" is given by

AN = VT Z(0(T /Tt — £ Faw, o<i<T.

Since the Brownian motions W and W+ are orthogonal and ) = g—z, we have

zﬁkm(gN@hﬂ:J%Fm(;[%qﬁ—fxmw—@f+wﬁﬁ}

oo ()] 38

where we define (f(t(A‘))ogtST by

XW = (1= 0*)h*+v) /tY;ds
0

for h := sup,cpzy [h*(t)]. As the coefficient (1 — ¢*)h* 4 ¢ is constant (hence
bounded), we can apply Theorem 2.17 to the process X® go that there exists
some Ty > 0 such that Ep[exp(%f((;))] < oo for T € (0,T%]. By Novikov’s
criterion and (3.38), 79" is thus a P-martingale on [0, 7] for any such 7.

To show that Z@" is square-integrable, we estimate

Ep[(28)2] = Ep[exp@NE — [N|1)] = Ep[exp(2NE — 4[ND ] + 3[N?]p)]
< Epl€(4ND )] Bp [exp(6]NY )] < Ep[exp(6[N?]7)] "

by using the Cauchy-Schwarz inequality and the fact that E(4N C5*) is a posit-
ive local martingale, hence a supermartingale. Note that as in (3.38), we have
6[N Q*]T < GX(T4). Thus again applying Theorem 2.17 to X® | there exists some
Ty € (0,T¢] such that for each T' € (0, 7}], we have

Ep[(Zg)Q] < Ep[exp(G[NQ*]T)}l/2 < 0.
Hence, 7Z9is a square-integrable martingale on [0, 7] for any such 7" and @* is a
probability measure equivalent to P with Ep[(d@*/dP)Q] < 00.

It remains to show that Q* is a local martingale measure for S on [0,7]

for any T € (0,7%]. By Girsanov’s theorem and (3.37), (W )o<t<r defined by
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Wy =W, + fot L\/Y.dsis a Q*-Brownian motion on [0,T]. Since
dSt = St(MY;dt + o/ Ytth) = StO'\/ Ytth*, 0 S t S T,

and S, Y are both continuous, S is indeed a @*—local martingale. O

Lemma 3.7. Let T} be as given in Lemma 3.6 and a defined by (3.36). There
exists some T* € (0,T5] such that Eplexp([a * S|r)] < oo for each T € (0,T*].

Proof. We recall the formula (3.36) for a as well as the dynamics (2.8) for S.
They are

1 d
a = — o + oh*(T —t) and ﬁ = uYydt + o/ YidW,, 0<t<T.
O'St o St

By plugging in, we thus get
T L 2 ~ (5
Ep[exp(la+ S]r)] = Er {exp ( / (E+on(r-5) stsﬂ < Eplexp(X¥)),
0

where we define the process (X{*)o<icr by X = fot(lai| + oh)?Y,ds, and recall
h := sup,p [*(t)] as used in the proof of Lemma 3.6. By Theorem 2.17
applied to X®), there exists some T* € (0, T3] such that E[exp()z:(r‘:’))] < oo for
each T' € (0, 7*]. This gives the result. O

We are now ready to move on to the main theorem.

Theorem 3.8. Let T* be as given in Lemma 3.7. For each T € (0,T*], the

opportunity process L = (Ly)o<i<r for S with time horizon T is given by

R T
Li= Ly = exp (/ (T — u)ft(u)du) 0<t<T, (3.39)

where g* 1 [0,T] — R is the unique continuous solution to the equation (3.24).

Proof. We already showed in Lemma 3.3 that (3.24) has a unique solution up to
some 15 > T* > 0. We now show that L is the true opportunity process for any
time horizon T' € (0, 7*]. We claim that this is implied by the conditions (a)—(c)

below:

(a) There exists an equivalent local martingale measure for S on [0,7] with

square-integrable density.

(b) For each stopping time 7 < T, the process £((—aly.1) *S)L is of class (D).
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(c) For each stopping time 7 < T, the strategy
0 = a& ((—alyrry)*S) e (3.40)
belongs to ©7(S), i.e., is admissible.

Indeed, the implication follows by éerny/ Kallsen |25, Theorem 3.25|. The condi-
tion (a) is a standing assumption in [25], while (b) and (c) correspond to condition
4. in that theorem. The remaining conditions 1., 2. and 3. in [25, Theorem 3.25]
are satisfied since L is a candidate opportunity process (as defined after (3.5)),
and hence that theorem ensures that L is the true opportunity process under
conditions (a)—(c). It now remains to show that the conditions hold.

We have shown (a) in Lemma 3.6 for T € (0,7*] C (0,73]. We also get
(b) as a consequence of Lemma 3.6, by the same proof as in Cerny’/Kallsen [27,
Proposition 3.2, Step 1|. To see this, note that It6’s formula together with the
dynamics (3.26) for L gives

:( — piSy — g (T — )+ (B(T = 1))” — @ S,00h* (T — t))Y;dt
— 0S40/ YidW, + h*(T — t)y/Y:dB,.

Plugging in (3.36) for a; and h* = & % g* by (3.35), we obtain the dt-integrand

(-1 = 2200 = 0+ (1= AT = 0) = (= 1) it =0

o2 o

because g* satisfies (3.24). By using again (3.36) for a; and the orthogonal de-
composition (3.7) for B, we get

d(g(—a/'s>tLt) _ —dtStO'\/?tth + h*(T . t)\/?tdBt

g(—d‘S)tit
= /1= 2™ (T — )WY dwt — 2\ /vaw,
g

7e"

_d = (3.41)
Z

and therefore . R
EC@n) L 2%, (3.42)

L, 72

note that the numerator on the left-hand side equals L, at time 7. Hence the
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condition (b) is equivalent to the statement that for each stopping time 7 < T,
the process ﬁTng*./ZQ* is of class (D). As L, is bounded above by 1, it suffices
to show that Z?J_/Z? is of class (D). But Z?J,/ZT@* is a positive local martingale
by the construction of 79" and hence also a supermartingale that takes the value
1 on [[0,7]. Since E[Zg*/Z§*|FT] = 1 as Z9" is a martingale, it follows that
Z?V*,/ZQ* is also a martingale on [0, 7] and thus of class (D).

Finally, (c) follows from Lemma 3.7 by the same argument as in |27, Propos-
ition 3.2, Step 2|. To see this, fix T € (0,7*] and recall the set Q(S) of all
equivalent local martingale measures for S on [0, T'| that have a square-integrable

density. For any Q € Q2(S), the Cauchy-Schwarz inequality gives

oo (B50)) < et e[ (12) ] <

Since S is a local Q-martingale on [0, T, it follows by the Novikov criterion that

E(=(13,17a)+S) is a @Q-martingale on [0, 77 for each stopping time 7 with values
in [0, 7). Note that the wealth process generated by the strategy 97 from (3.40)

is given by

IS = (a1ﬂT,Tﬂs((—a1HT,Tﬂ) -S)) .S
= £((=alyrmy)+S) + ((ayrmp)*S)
=1- 5(—1]]7-771]]&)'3,

using the property E(M)+M = E(M) — 1. As E(—(13,170)*S) is a Q-martingale
on [0, 7], so is then 9™ «S. Since this holds for any Q € Q2(9), it follows by |27,
Corollary 2.5] that 9 is admissible. This concludes the proof of the conditions
(a)—(c) and hence of Theorem 3.8. O

As a corollary, we can now collect several formulas that follow from Theorem
3.8 by results of Cerny/Kallsen [25] since we have shown that L from (3.39)
is the true opportunity process; this includes a formula for the optimal pure
investment strategy v*. Thus with the formulas in Corollary 3.9, we have solved
the pure investment problem for the rough Heston model, which was our original
goal. Looking ahead, in the next chapter, we mostly use the variance-optimal
martingale measure Q* given by 4) below since it is useful for solving the general
mean—variance hedging problem.

In the following, recall the orthogonal decomposition (3.7) for B.
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Corollary 3.9. Fiz a time horizon T € (0,T*], where T* is as in Theorem 3.8,
and let (S,Y) satisfy the rough Heston model (2.8) on [0,T]. Then the following

statements hold:

1) The adjustment process a = (at)o<t<T 1S given by

i+ ooh*(T —t)

Qy 0_25t (343)

2) The wealth process (V}*)o<i<r corresponding to the optimal strategy (97 )o<i<r

for the pure investment problem is given by

‘/t* = (ﬂ*’S)t =1 —5(—@ ® S)t

:1—5(/(—§+gh*(T—S>)(

3) The optimal strategy for the pure investment problem is given by

“:s ds + \/ZdWS))

t

’19: = (1 — ‘/t*)at = (ltg(—(l ° S)t

4) The density process (ZtQ*)[)Sth for the variance-optimal martingale measure

Q™ is given by

7 = ¢ (/ ﬁ(ﬂh*(T — §)dWE — gdW5>) . (3.44)

t

Proof. Since L = L is the true opportunity process by Theorem 3.8, it follows
from [25, Theorem 3.25] that the candidate adjustment process a defined in (3.6)
is the true adjustment process; we then get (3.43) by Corollary 3.5. The strategy
U* is given directly in terms of a in [25, Lemma 3.7|, which yields 3), and then
we also obtain the expression for V* = ¢*+S in 2). The density process Z%" is

given in [25, Proposition 3.13] as

«  L&(—a-9)
2 7 Y/
A I, ,

and so we get (3.44) by the previous calculations in (3.41), which shows 4). [

Remark 3.10. By Girsanov’s theorem, we have the (Q*-Brownian motions W*
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and B* defined by

t
Wt*:WtJr/ NG
o
Ot ol t
B::Bt+/ —\/sts—/ (1 — 0*)h*(T — 8)\/Ysds.
o 0 0

Thus by plugging into the dynamics (2.8) for the rough Heston model, we get
that the dynamics under QQ* are given by

dS, = 05,/ Y, dWy,
Y=Y, +/0 k(t — g((ax - (A+ % — (1 — )T — s>)y;>ds
+(\/§Zd3;).

This is similar to the original dynamics under P, with the notable difference that
the linear term in the drift of ¥ now has a time-dependent coefficient h*. Under
@*, the process Y can be seen as a time-inhomogeneous affine Volterra process

in the sense of Ackermann et al. |5].

3.5 Comparison to the literature

In this section, we relate Theorem 3.8 to two results found in the literature. We
start by considering Cerny /Kallsen [27], where the pure investment problem is
solved for the classical Heston model. We want to show that the opportunity
process we obtain in Theorem 3.8 for the rough Heston model coincides with the
one given in |27, Proposition 3.1] in the classical case (where the kernel k =1 is
trivial), as this is not clear at a first glance. In [27], the opportunity process is

given as an exponentially affine function of the spot volatility by
Ly = exp (50(t) +3a(t)Y;), 0<t<T, (3.45)

where the functions s, 7, : [0,7] — R are the solutions to the two ordinary
Riccati differential equations (3.47) and (3.48) below. In these equations, we also
include our parameter o, which is set to 1 in [27], as we can see by comparing
(2.8) with |27, (1.1) and (1.2)]. The formula (3.45) for L involves only the spot
volatility instead of the forward variance curve, which makes sense as unlike the

rough Heston, the classical Heston model is Markovian. Nevertheless, (3.45)
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yields the same opportunity process as (3.39), and we show the equivalence in
the following lemma. To that end, we use the fact that the forward variance curve
can be given explicitly as a function of the spot volatility Y; in this case, which

leads to a simplification in the formula for the opportunity process.

Lemma 3.11. Suppose that the kernel k = 1 is trivial, so that the process (S,Y)
satisfies the classical Heston model (2.8), and there exists a continuous solution
g* 10, T] — R to (3.24). Then we have

/ U T — w ) = sat) + (B 0<t<T, (3.46)

where the functions », > 1 [0, T] — R are continuously differentiable and satisfy

the Riccati differential equations

(1) = Na(t), 0<t<T, (3.47)

) = -1 ()\ + @) o)+ S0 =20 2y g<i<T (3.48)

Proof. As mentioned before, the reason for the simpler formula (3.46) in the
classical Heston model is that the forward variance curve (& (u))o<t<u<r can be
given as a function of the spot volatility Y;. The formula for the forward variance
curve in the Heston model is well known, but for the sake of completeness, we
calculate it here using Lemma 2.10. Recall the definition (2.12) of the kernel
k= %R’\’“, where R is the resolvent of \x. Since the kernel x = 1 is trivial, we
have R (t) = Ae* by Abi Jaber et al. |1, Table 1], so that &(t) = (e=*". Thus

by Lemma 2.10, the forward variance curve has the initial value

o(u) =Yy + M /Ou Ce Nds

= Yo+ (0 -Y)(1l—e™™) =0+eY;—0), 0<u<T.

Based on this calculation, we make the ansatz that & (u) = 6 4+ e 2*=9(Y; — )
for 0 <t <wu < T. For a fixed u, the ansatz matches the initial value &y(u) at
t = 0, and by using It6’s formula and the dynamics (2.8) for Y in the classical
Heston model, we obtain for 0 <t < u that

d(0+e (Y, —0)) = e (dY, = \(Y, —0)dt) = e *“"(dB, = k(u—1t)dB,.
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Since this matches the dynamics of the forward variance curve &(u) given in

Lemma 2.10, we deduce that the ansatz holds, i.e., we have
Eu) =04 MDY, —0), 0<t<u<T. (3.49)
To show (3.46), we can now plug in (3.49) to obtain that
T T
/ g (T — uw)&(u)du = / g (T —u) (0 + e M=t (y; — 0))du
t t
= s0(t) + ()Y, 0<t<T,

where we define s, 72, : [0,7] — R by

() :/tTﬁg*(T —u)(1 — e du, () :/tTg*(T —u)e Ny, (3.50)

Thus we have (3.46), and it remains to show that s and s satisfy the respective
differential equations (3.47) and (3.48). As the integrands are continuous, we
get from (3.50) the terminal conditions »(7") = »(7") = 0. By the Leibniz
integral rule, s and s are differentiable in ¢ since the exponentials are, and

their derivatives are given by
T
x(t) = / — Mg (T — w)e 2 Dduy — 0g*(T — t)(1 — )
t
= —MN(t), 0<t<T, (3.51)
which already shows (3.47), and
T
7 (1) = / A" (T — w)e XDy — g*(T — t)ertY
t
=Xg(t) —g"(T —t), 0<t<T. (3.52)

In particular, (3.51) and (3.52) show that s and s are continuously differentiable
as ¢g* is continuous by Lemma 3.3. We also have (s (t) = (k% g*)(T — t) as
(t) = (e~ and by the definition of s in (3.50). Plugging the Riccati—Volterra
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equation (3.24) for g* into (3.52) yields

4(8) = Mo (1) 5+ 22w ) (7 — 1) — (1= 23 (R )T — 1)

o 2
2 2 2
w2068 CA—-20°) v
==+ (T—f—/\)%l(t) — Tm(t) , 0<t<T,
which shows (3.48) and concludes the proof. O

The second result we consider is given in Abi Jaber et al. [2], where the
Markowitz problem is solved for a general multivariate affine Volterra model.
That class of models includes the rough Heston model as a particular case. In
[2, Lemma 4.2|, they give a formula for a process (there denoted by I') which
coincides with the opportunity process, as we show below, although they do not
identify it as such nor relate it to the pure investment problem. Instead, their
process I is obtained in |2, Lemma 4.2| as part of a linear—quadratic control for

the Markowitz problem. In our setup with a zero interest rate, it is given by

~ T ~
I, =L; :=exp (/ g (T — u)ﬁt(u)du), 0<t<T, (3.53)

where the adjusted forward variance curve (& (u))o<t<u<r is defined by

&(u) = Ep {Yu +A /“ k(u — s)Ysds

]—“t}, 0<t<u<T, (3.54)

and in our notation, g* satisfies the Riccati—Volterra equation, for 0 <t < T,

2 /2
g*(t):—%—( IZQC

+ A) (1% G*)(t) + @((K £g)()" (355

(this follows from [2, Equations (4.6) and (4.7)], where we replace Fj()) with
g*). Our goal is now to show in Lemma 3.12 below that the formulas (3.53)
and (3.39) for the opportunity process coincide. We note that (3.53) is written
in terms of (&(u)), which differs from the forward variance curve due to the
additional integral term. Moreover, (3.55) is given in terms of the original kernel
k for the rough Heston model (2.8), as opposed to k.

We start by finding a relationship between the two forward variance curves &£

and €. By the conditional Fubini theorem, we have

E(u) = &(u) + )\/tu k(= 8)&(s)ds, 0<t<u<T. (3.56)
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Interestingly, in the case of the classical Heston model, we have by plugging in
(3.49) and the trivial kernel k = 1 that

E(u) =0+ e MDY, —0) + A / (0 + e "0(Y, — 0))ds
t

= M(u—1t)+Y, (3.57)

so that the adjusted forward variance é(u) differs from the spot volatility Y; only
by a deterministic term M(u — t). Assume for now that L = L, as we show
below. For the classical Heston model, we have shown in Lemma 3.11 that L is
also given by (3.45). Plugging (3.57) into (3.53), we get in this case that

T T
logit:Y}/ g*(T—u)du+)\9/ (T — u)(u — )du.
t t

Comparing the term linear in Y with (3.45), we then deduce that

a(t) = / §(T — w)du = / G (s)ds = (r* 5)(T — 1),

since kK = 1 for the classical Heston model, and we also get s (t) = —g* (T —t).
These relationships between sr; and g* in the classical case explain the similarity
(up to a change of sign) between the equations (3.48) and (3.58).

We now move on to the main result of showing that the two formulas for the
opportunity process coincide. In the following, let T € (0,00) and (S,Y) satisfy
the rough Heston model (2.8) on [0,7], and recall the forward and adjusted

forward variance curves on [0, 7] from Definition 2.9 and (3.54), respectively.

Lemma 3.12. There exists a unique continuous solution g* : [0,T] — R to (3.24)
if and only if there exists a unique continuous solution §g* : [0,T] — R to (3.55)

on [0,T]. In that case, we have

/t G (T — )& (w)du — /t (T —wéw)du, 0<t<T (3.58)

and thus the formulas (3.39) and (3.53) for the opportunity process coincide.
Proof. Let g* : [0,7] — R be a continuous solution to (3.24). We claim that

A
g =g — Zf% * g (3.59)

is a solution to (3.55) on [0,7]. Note that §* is continuous like ¢g*, as continuity
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is preserved by the convolution; see Gripenberg et al. [59, Theorem 2.2.2|. We
use a resolvent of the second kind in order to invert the Volterra equation of the
second kind (3.59), as explained after (2.4), so that ¢g* is given in terms of §*.
We show this explicitly here. Recall that %/% = R by the definition (2.12) of &,
where the resolvent R satisfies the equality Ak * RN = RM x Ak = Ak — R by
Definition 2.4. Taking a convolution with Ax, we obtain from (3.59) that

§*+)\H>kf]*=g*—RM*g*—|—)\/€*(g*—R)‘“*g*)
=g —R™x g+ x g — N xg"+ RV x g* = ¢*, (3.60)

using the commutativity and associativity of the convolution; see [59, Corollary
2.2.3]. It also follows that

)‘ A * * ~k ~ %
=9 = AR * G,

by rearranging (3.60) and (3.59). Thus by plugging into (3.24), we obtain for
0<t<T that

70 + A= 37 (0) = 15— 22 (e gy + U2 (e ) 1)
(3.61)

so that ¢g* is a solution to (3.55).

Conversely, let §* : [0,7] — R be a continuous solution to (3.55) on [0, 7] and
set g* := §* + Ak * g*. Once again it follows that ¢g* is continuous on [0, 7] as §*
is, and similarly to (3.60), we can solve for ¢* to obtain

*

g — /%*g*:§*+>\/<a*§*—R’\“*(§*+)\/<;*§*)

A
¢
=G HAex G — R G~ Aex T RM g =g (3.62)

We also get %I% * g* = g — g = Ak % §* once again. Plugging into (3.55), we
obtain for 0 < ¢ < T that
A o (QQ,u A

o + Z) (k% g")(t) +

1 —20°
2

(x5 g®)",

so that g* solves (3.24). Thus a solution to either one of the equations (3.24) or
(3.55) yields a solution to the other.

To see that the uniqueness is preserved, consider two solutions g7 and g3 to
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(3.55) on [0, T, and suppose that the solution g* to (3.24) on [0, 7] is unique. By

uniqueness, we then must have
g1+ Ak * g = g" = g3 + Ak * g3,

since each g} is a solution to (3.24), as argued above in (3.61). These two equalities
are Volterra equations of the second kind for g and g3 respectively, and hence
by repeating the steps in (3.62) we obtain

Ji=9 —R“xg =g
Therefore, the uniqueness of the solution to (3.24) implies the uniqueness for
(3.55). The proof of the converse statement is analogous.

Finally, we want to show the equality (3.58). This can be done by using the
same techniques related to convolutions and resolvents, this time applied to the
forward variance processes & and é . Foreach t € [0, T], we define the shifted curves
(AE(5))ossr—s and (AE(s))ossar—i by A(s) = & (t+s) and A&y(s) = & (t+s),
Thus (3.56) can be rewritten as

Al =NE+AexNE, 0<t<T. (3.63)
Similarly to (3.62), we obtain by taking a convolution of (3.63) with R** that

A = B 5 (M) = Al + Mk (M) — BM 5 (Al + Ak AE)
= AL (3.64)

We recall that R = %/%, so that (3.64) can be written explicitly as

§(u) = £t<u> — % u/%(u — S)ét(s)ds, 0<t<u<T.

Plugging into the left-hand side of (3.58) yields for 0 < ¢ < T that

u

/tT g (T = u)&(u)du = /tT g (T —u) (g}(u) filu— s)ft(s)ds) du. (3.65)

_A
¢ J:

By Fubini’s theorem and as s +— &(s) is a.s. continuous, hence bounded, we can
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rewrite the double integral as

[Tfa“—w([mmu—sﬁx@%>m“:ZT([ZwT_ummk-@mQéwms

Plugging into (3.65) then yields

L@ e = [ (@ u) = A )T — ) ()
¢ ¢ ¢

= [ 5 - wétm

where §* := g* — %/% * g*, which shows (3.58). By the same argument given in the
first part of the proof, we have that ¢* is a continuous solution to (3.55). The

conclusion follows immediately by plugging (3.58) into (3.39) and (3.53). O

Finally, we also mention Han/Wong [61]|, where the Markowitz problem is
solved for the rough Heston model as well. Once again, the opportunity process
shows up as the process M from [61, Equation (4.6)], up to the factor 2. The
fact that % coincides with the opportunity process L follows from [61, Equation
(4.13)] with zero interest rate, since that is equivalent to the martingale distortion
formula (3.13) for L in the case 1 — 2¢* # 0. We note, however, that the formula
|61, Equation (4.6)| for M is given in terms of yet another modified forward
variance curve (£F (u))o<i<u<r defined by €7 (u) = Ep[Y, | F;] under the measure

P given in (3.12), as opposed to (£;(u)), which we use here.



Chapter 11

Mean—variance hedging in the

rough Heston model

1 Introduction

The derivation of the Black—Scholes formula is one of the most celebrated results
in mathematical finance. It shows how to perfectly hedge a European call option
by trading in the underlying, in the case where the asset price process is given by
geometric Brownian motion. However, such a perfect replication of a claim by a
self-financing portfolio is only possible in a complete market. In order to hedge
in an incomplete market, one must drop either the requirement of a self-financing
portfolio or that of a perfect hedge. We use the mean—variance hedging (MVH)
criterion, where we look to approximate a claim H in L? by a self-financing
portfolio. This natural approach has been widely studied in the literature (see
Schweizer [111] for a recent overview). Its main advantage is that it is tractable,
i.e., it often provides explicit solutions that can be implemented in practice.
This chapter is the continuation of Chapter I. Our goal is to find explicit
solutions to the MVH problem for the rough Heston model; the pure investment
problem was considered in the previous chapter. As explained in the introduction
from Chapter 0, we consider the MVH problem under the historical measure P,
which is natural for risk management. The problem is more difficult under P
than under a risk-neutral measure (), since the solution under () is given directly
by the Galtchouk-Kunita-Watanabe decomposition for H. Practical applications
of the MVH criterion have often been done under () for this reason, but explicit
solutions have also been obtained for some specific semimartingale models under
P; examples include Biagini et al. [20], Cerny/Kallsen [27], Hubalek et al. [69],
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Kallsen et al. [73] and Kallsen/Vierthauer [75].

Our results in this chapter add the rough Heston model to this list, as we
obtain explicit solutions to the MVH problem for European vanilla call and put
options and other European-type payoffs including spot volatility and geometric
Asian options. We also calculate the hedging errors for European vanilla call
and put options. We then extend the analysis to a semistatic setup where in
addition to the underlying S, one may also trade at time 0 derivatives that must
then be held to maturity. Setups of this type have been studied recently in
Acciaio/Larsson [3], Acciaio et al. [4], Di Tella et al. [38, 39] and Nutz et al. [99]
because they allow for the introduction of derivative or exotic assets that are too
illiquid and/or costly to trade on a continuous basis. We show conceptually how
to solve the Markowitz portfolio selection and mean—variance hedging problems in
the semistatic setup, and also give explicit formulas when the traded derivatives
are Kuropean call options.

To obtain explicit solutions to the MVH problem for a claim H, we need
to calculate the mean value process V¥ i.e., the successive conditional expect-
ations of H under the VOMM @Q* that was obtained in Chapter I. We do this
via the Fourier transform method of Raible [104], which has worked well for
solving mean—variance hedging problems under affine stochastic volatility models
(Hubalek et al. [69], Kallsen/Pauwels [74]). We recall that in the rough Heston
model, the volatility Y is an affine Volterra process (Abi Jaber et al. [1]) under P,
and a time-inhomogeneous affine Volterra process (Ackermann et al. [5]) under
@* as we show in Chapter I. Thus the Fourier transform approach also works well
in this case, where the usual Riccati equations are replaced by Riccati—Volterra
equations. Although the latter do not admit closed-form solutions, they are de-
terministic equations on R that can be solved numerically (for instance, by using
the fractional Adams method of Diethelm et al. [40, 41]).

This chapter, based on joint work with Christoph Czichowsky, is structured
as follows. In Section 2.1, we recall the rough Heston model together with the
relevant results from Chapter I and the literature on MVH. In Section 2.2, we
introduce the class of payoffs that we consider and calculate the characteristic
function of the log-price under *. Our main results are given in Section 2.3,
where we solve the MVH problem and calculate the mean squared hedging error
for the Furopean call and put options. In Section 3, we introduce the semistatic
setup and show how to solve the Markowitz and MVH problems. Finally, in
Section 4, we prove a result on the global existence of solutions to nonlinear

Volterra equations. This result is used to ensure that the formulas for the optimal
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hedges in Section 2.3 hold on a nontrivial time interval. This is needed due to

the issue of moment explosion; see the introduction to Chapter I.

2 Mean—variance hedging

2.1 Preliminaries

In this chapter, we study the mean—variance hedging problem (defined below)
for the rough Heston model, as well as some applications to semistatic portfolio
optimisation. This concludes the study of the rough Heston model initiated in
Chapter I, and provides a natural application of the results obtained therein.

We start with the same setup as in Chapter I. We fix a time horizon 7" > 0
and a nonnegative weak solution (Q, F, (F;)o<i<r, P, W, B, S,Y) to the Volterra
stochastic differential equations (1.2.8), which we recall here as

dS;

? = Ytdt + O‘\/}7,5C”/Vt7
t

t (2.1)
Y=Yy + / k(t — s) (A0 — Yy)ds + (\/Y,dB,)

0
for t € [0,T], where (W;)o<t<r and (By)o<i<r are two Brownian motions with
constant instantaneous correlation ¢ € (—1,1), the parameters Sy > 0, Yy > 0,
peR >0, A>0,60>0and (>0 are fixed constants, and  : (0,00) — R
is a fixed kernel satisfying Assumption 1.2.7. For simplicity, we also assume that

Fo is P-trivial. We also recall the forward variance curve (&(u))o<t<u<r given by
&(u) = EY, | Fi]. By Lemma 1.2.10, £ has the dynamics

d&,(u) = w(u—t)\/YidB,, 0<t<u, (2.2)

where & = %RM and R : (0,00) — R, is the resolvent of the second kind of
Ak in the sense of Definition 1.2.4. The kernel & is locally square-integrable and
nonnegative due to Assumption 1.2.7 and Gripenberg et al. [59, Theorem 2.3.5],
as mentioned before Remark 1.2.5.

We consider a financial market with time horizon T, a riskless asset with
constant value 1 as well as a risky asset with price process S. We assume that an

agent with initial wealth z € R may trade frictionlessly in a self-financing way
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with a strategy ¥ € ©(S), which generates the wealth process
t
Vi(z,9) =2+ 39S, :x—i—/ 9,dS,, 0<t<T.
0

The set ©7(S) of L2-admissible strategies is defined in Cerny/Kallsen |25, Defin-
ition 2.2] and also given in the introduction of Section L.3.

Consider a contingent claim or random payoff at time T, which can be de-
scribed by an Fr-measurable random variable H. A classical question in math-
ematical finance is whether one can perfectly hedge or replicate H, i.e., express
H as the terminal wealth Vr(x,1) attained by some self-financing strategy ¢ with
initial wealth x. This is always possible in so-called complete markets, whereas in
incomplete markets, it is generally impossible to perfectly replicate a claim H in
this way. Given this limitation, several different approaches have been introduced
in the literature in order to obtain a partial or approximate hedge for a claim H.
One natural approach is to consider the mean-—variance hedging (MVH) problem,
which seeks to approximate H in an L2-sense by the terminal wealth attained by
some self-financing strategy. In other words, for a payoff H € L%(Fr), one seeks

to minimise the mean squared hedging error

E(x,H):= inf Ep[(H—Vp(z,9))’]
ﬂG@T(S)

T 2
o ml(ra [oas)] s
¥€OT(S) 0

so that the terminal wealth Vi (z,4) is (on average) close to H. This approach has
a long history, and has been widely studied in the literature in increasing levels
of generality (Duffie/Richardson [43]|, Schweizer [109, 110], Delbaen et al. [34],
Rheinlénder/Schweizer [106|, Gourieroux et al. [58], Bertsimas et al. [19], Kohl-
mann /Tang [86], Cerny [23], Cerny/Kallsen [25], Mania/Tevzadze [91], Jeanblanc
et al. |72], Czichowsky /Schweizer [32], Cerny /Crichowsky |24], among others; see
also Schweizer [111] for a recent overview). Its main advantage is that it is of-
ten tractable and leads to explicit formulas in a number of models, such as the
exponential Lévy models studied in Hubalek et al. [69] and the classical Heston
model in Cerny/Kallsen [27).

Our main goal in this chapter is to find explicit formulas for the optimal
hedging strategies associated with a large class of payoffs H € L%(Fr) in the
rough Heston model. The MVH problem (2.3) is particularly simple to solve when
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P is a risk-neutral martingale measure for S, since it then reduces to calculating
the Galtchouk—Kunita—Watanabe decomposition for H in terms of S. However, it
does not necessarily make sense to measure the hedging error under a risk-neutral
measure. For that reason, we consider a semimartingale (or historical) measure
P, which explains the presence of a drift term in (2.1). In that case, the study of
the MVH problem becomes more involved, but we can still tackle this problem
by using some of the results from the literature cited above, namely [25], which
we use as a reference.

We now briefly recall the introduction of Section I.3. The first step towards

tackling the mean—variance hedging problem (2.3) is to solve the pure investment

problem (I.3.1), which reads
T
1- / % dS,
0

and is also the mean-variance hedging problem (2.3) with initial wealth 0 and

Ep[|1 = Vr(0,9)]?] = Ep{ 2] — min ! (2.4)

YEOT(S)

constant payoff 1. In connection with (2.4), we also studied in Section 1.3 the
so-called opportunity process (Li)o<i<r, adjustment process (ai)o<i<r, variance-
optimal martingale measure Q* and optimal pure investment strategy (97)o<i<r
(which is the solution to (2.4)). Namely, we showed that in the rough Heston
model (2.1), there is some 7* > 0 such that for 7" € (0, 77|, all those quantities are
well defined on (0, 7] with explicit formulas that we recall below in Theorem 2.3.

Thus if T € (0,7*], we have a variance-optimal martingale measure Q* for S
in the sense of equation (1.3.3); in particular, there exists an equivalent local mar-
tingale measure for S on [0, 7] with square-integrable density, namely Q* itself.
As discussed in the introduction to Section 1.3, the existence of such a measure is
a necessary no-arbitrage-type condition; without it, the MVH problem (2.3) for
a given H € L%4(Fr) may admit multiple or no solutions. Due to the existence
of a VOMM on [0,7] (at least for small " > 0), we can apply general results
on the mean—variance hedging problem, including those from Cerny/Kallsen [25]
which we use as our main reference on this topic. It is known from [25, Corollary
2.9] that the existence of an ELMM for S on [0, T'| with square-integrable density

ensures the closedness of the space of terminal gains
gT(S) = {19'ST 9 e @T(Sﬂ’

in L%(Fr). Since the MVH problem (2.3) can be seen as an L2-projection onto

Gr(S), the closedness already ensures the existence of a unique projection and
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hence a unique solution ¥ € O7(S) to (2.3) for every initial wealth /payoff pair
(r,H) € R x L%(Fr). As mentioned above, the existence of an ELMM for S
with square-integrable density can be seen as a no-arbitrage condition for S in
an L2-sense. One can then use an argument based on absence of arbitrage to
show that the terminal wealth Vi (x,d) = x + ¥+ Sr attained by a self-financing
portfolio uniquely determines the wealth process (Vi(x,))o<i<r; see [25, Lemma
2.11]. Recall from Section 1.3 that we identify strategies in ©7(S) if they are S-
equivalent, i.e., 9! =g 92 if (9'+S)o<i<7 and (V?+S;)o<i<r are indistinguishable.
Hence it already follows from general results that there exists a unique solution
9 (z) to (2.3) for every x € R and H € L%(Fr).

It is also well known in the literature that the optimal mean—variance hedging
strategy can be found as the solution to the feedback equation (2.9) given in
[25, Lemma 4.9] and repeated below in Proposition 2.1. However, it can be
challenging in practice to obtain explicit formulas for the processes that enter
into that feedback equation in particular models, and thus to calculate the mean—
variance hedging strategy. We seek to derive such explicit formulas for the rough
Heston model and a large class of payoffs H.

Before moving on, we give here some general results from [25] that we later
apply to the rough Heston model. Note that we can generalise the mean—variance
hedging problem (2.3) by starting at the initial time ¢ € [0,7] with (random)
wealth z; € L%(F;), which leads to the problem

T 2

eX(xy, H) = ess infycs, 1(s) Ep [(H—xt—/ ﬁudSu) .7-}1, 0<t<T, (2.5
' t

where O, 7(5) = {0 € O7(S) : V1 = 0}. We denote the corresponding

optimal strategy by (9 (x4, t))uep 1], or more simply 9% (z) if t =0 and = € R as

considered previously in (2.3).

Given a claim H € L% (Fr), we define the mean value process (V7 )o<i<r by
Vi =FEq.[H|F], 0<t<T, (2.6)

where (Q* is the variance-optimal martingale measure. We also define the pure

hedge coefficient (EH)o<i<7 as the Radon—Nikodym derivative

L dVE S,
e A A e L <t<T. 2.
t d[S]t ) 0 f— f— ( 7)

Since S and V' are local martingales under Q* with S continuous, the pure hedge
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coefficient =¥ can be seen as the integrand in the Galtchouk-Kunita-Watanabe

decomposition
VA=V =05+ Mt (2.8)

of V1 under Q*, where M+ is some local Q*-martingale that is strongly ortho-

gonal to S under QQ*. Indeed, given such a decomposition, we must have
AV, 8], = Z8d[S), + d]M*, S), = EFd[S];, 0<t<T,

where [M+,S] = (M+,5)?" = 0 by the orthogonality and the continuity of S.
We note that the mean value process V# corresponds to that of [25, Lemma
4.1], since the process (N;)o<i<r defined in [25, Definition 3.12| is the stochastic
logarithm of the density process Z9" of Q* so that £(N) = Z9". Likewise, the
pure hedge coefficient corresponds to that of |25, Definition 4.6|, since the ratio
of modified characteristics (see [25, Equation (1.2)]) simplifies to (2.7) in the case
where S' is continuous.

The mean value process and pure hedge coefficient play a key role in the
mean—variance hedging problem, since we can express the optimal mean—variance
hedging strategy as the solution to a feedback equation involving V# and =¥,
together with the adjustment process a. This is recalled in the following result,
which is |25, Theorem 4.10].

Proposition 2.1. Let H € L%(Fr), t € [0,T] and x; € L%(F;). Suppose that
there exists an equivalent local martingale measure with square-integrable dens-
ity for (St)o<t<r. Then there exists a unique mean—variance hedging strategy
I (xy,t) € ©,7(S) starting at time t with initial wealth x;, and 97 (x,,t) satisfies
the feedback equation

Iz, t) =21 +a, (VuH — Ty — / ﬁf(mt,t)d&,), t<u<T, (2.9)

t

where a is the adjustment process and V', ZH are the mean value process and

pure hedge coefficient for H, respectively.

Intuitively, this equation can be interpreted as follows. First of all, we note
that by [25, Theorem 4.10.2] (and as is clear from the following Proposition 2.2),
the mean value process represents the optimal initial wealth in the mean—variance
hedging problem. In other words, if one modifies (2.5) so that the initial wealth
x; is also part of the control, then the minimal value is achieved for z; = V.

Hence the second term in (2.9) can be seen as a mean-reversion strategy where
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the agent seeks to reach V2 from her current wealth
Vu(:ct,ﬁH(xt,t)) = 1 +/ I (2, 1)dS,, t<u<T.
t

In other words, if the current wealth V,,(z;, 97 (z4,t)) is not at the optimal level
VH the agent seeks to compensate by trading with the adjustment process a
(which is closely related to the pure investment strategy 0*; see [25, Lemma 3.7])
in proportion to the difference V. — V, (x;, 9% (x;,t)). This helps the agent to
“catch up” to VI if VH —V, (2,9 (x4, t)) is positive, or “catch down” otherwise.
On the other hand, the pure hedge term = in (2.9) tries to match the forwards
dynamics (2.8) of V¥ by trading only in S. In the case where P is a martingale
measure for S, we have a = 0 so that the pure hedge coefficient is the mean—
variance hedging strategy for H starting from any ¢ € [0,7] and z; € L%(F).
Although (2.9) gives the optimal strategy only in feedback form, we note that
one can also obtain 97 (x;,t) in closed form. Indeed, by integrating (2.9) against

S, we obtain

O (24, 1)+ S = (1Mﬂ (EH + a(vH — zp — 0 (x4, t)-S))) .S

on [t,T], which is a linear stochastic differential equation for 9 (z;,t) « S with
driver —(1j;79a) < S. By standard arguments (see e.g. Protter [102, Theorem
V.52|), we obtain the explicit solution

9 (24,8)+ S = tr(lﬂﬂTﬂ(E tﬁv —TY (54 g [S])) (2.10)

on [t,T], where we define ('T'y)i<u<r by Ty := E(—(1jr7a) * S)u. The formula
(2.10) is also given in [25, Corollary 4.11]. After plugging into the right-hand side
of (2.9), we obtain a closed formula for 97 (x;,¢). Alternatively, by integrating
(2.9) against S and adding x; to both sides, we get the equation

V(20,08 (2,,1)) = 2+ <1Htﬂ (EH + a(vH —V(x, ﬁH(xt,t))))) .S,

which by [102, Theorem V.52| has the explicit solution

V(w, 0" (2, 1)) = T <th + 1“”“(5?; a), (S +a- [5]>> (2.11)
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on [t,T]. Once again, this can be plugged into (2.9) to obtain another equivalent
formula for ¥ (z;,t). One can directly see the equivalence of (2.10) and (2.11)
by adding x; to (2.10) and checking that

1 t,T a
- tr(%.(g_i_ a.[g])) i
holds on [t, T, which follows from the fact that ('I') ™' = £((1}.rpa)* (S +a-[S]))
by the definition of ‘T".

In [25, Theorem 4.10] the formula (2.12) below is given for the optimal mean
squared hedging error £2(x, H) attained by ¥ (x,t). The error can be expressed

in terms of V¥, =% as well as the opportunity process L.

Proposition 2.2. Let H € L%(Fr). Suppose that there exists an equivalent
local martingale measure with square-integrable density for (S)o<i<r. Then the
optimal mean squared hedging error for H starting at time t and initial wealth
x, € LH(F,) is given by

T
6?(1’, H) = Lt(xt — VtH)2 + Ep {/ Lud[VH _ EH‘S]u
t

E}. (2.12)

Finally, we restate here the main results from Chapter I that will be useful
in our subsequent analysis. The following is a combination of Theorem 1.3.8,
Corollary 1.3.9 and Remark 1.3.10; we refer to Section 1.3 for the definitions and

discussion of L, a, 9* and Q*.

Theorem 2.3. Let (S,Y) satisfy the rough Heston model (2.1), where k satisfies
Assumption 1.2.77. Then there exists some T* > 0 such that for any T € (0,T*],
the following statements hold:

1) The opportunity process (Li)o<i<r for S with time horizon T is given by

L; = exp (/tT g (T — u)ft(u)du), 0<t<T, (2.13)

where g* : [0,T] — R is the unique continuous solution to

g (t) = —“——@(f;*g*)(t)+%(1—292)((/%*g*)(t))2, 0<t<T. (2.14)
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2) The adjustment process a = (ay)o<i<T 5 given by

w — w~+ ooh*(T —t)
t — O'QSt Y

(2.15)
where h* := Kk * g*.

3) The wealth process (V¥ )o<i<r corresponding to the optimal strategqy (U7)o<i<r

for the pure investment problem is given by

‘/t* = (ﬁ*'S)t =1 —5(—a ° S)t

:1—5</( 'LL—th*(T—s))(MYSds—l—\/}ZdWS)) .

o o ¢

4) The optimal strategy for the pure investment problem is given by

9 =01-V)a,=a;E(—a -+ S),.

5) The density process (ZtQ*)ogtST for the variance-optimal martingale measure

Q™ is given by

79 = ¢ (/ \/?S<\/1—792h*(T — §)dWt - gdWS>) . (2.16)

t
6) The dynamics of (S,Y) under Q* are given by
dS, = oS/ YidWy, 0<t<T,
t
Y; = Y, +/ Kt — 3)((«9)\ - <)\+ SO _ (1= AT — s)>Ys>ds
0 o

+ C\/ifsdB;), 0<t<T,

where (W )o<t<r and (B} )o<i<r are Q*-Brownian motions defined by
Y

Wt*:Wt+/ —VYds, 0<t<T,
0 0

t t
Bt*:Bt—F/ %\/sts—/(1—92)(/%*g*)(T—s)\/Y;ds, 0<t<T.
o 0 0

The following two results are Theorem 1.2.17 and Proposition 1.2.20, which

provide formulas for conditional expectations related to the rough Heston model.
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Theorem 2.4. Fiz T > 0 and let X = (Xt(l), . 7Xt(n))ogt§ff be a C"-valued

semimartingale that satisfies the decomposition

X9 =x9 + /t (19 (5)Yads + oD (s)\/YedW, + 69 (5)\/YedWE)  (2.17)
0
forallt €[0,T) and j = 1,...,n, some constants Xél), o ,Xén) € C and determ-
inistic functions p € LY([0,T);C") and 0,6 € L*([0,T];C"). Fiz C > 0 and let
Be(0) C C™ be the closed ball of radius C. Then the following statements hold:
1) There exists some positive time T = T(u,0,5,C) € (0,T] such that for
every T € (0,T] and z € Be(0), there is a unique solution g.r € L*([0,T);C) to

the equation

Gor(t) =2 (T —t) + f((f% xg.r)t); 2 o(T —t),2"6(T — t)) (2.18)

for 0 <t <T, where the function f: C x C x C — C is defined by

hi+ h3 + o
f(z; hy, hy) = 1#” + (oh1 + /1 — 0?ho)x. (2.19)

Moreover, it holds that E[|exp(z" X1)|] < 0o, and we have for 0 <t < T that

Elexp(z" X7) | F] = exp (ZT)E} + /tT g.17(T — u){t(u)du> (2.20)

2) Conversely, fit z € C and T € (0,T). If E[| exp(z' X1)|] < oo and if there
exists a solution g, € L*([0,T); C) to (2.18), then (2.20) holds for 0 <t < T.

Proposition 2.5. Let T > 0, ® be an indexing set, () pea a family of functions
in LY([0,T);C) and (0,)pca, (0,)pca two families of functions in L2([0,T];C)
such that (p,), (|o,?) and (|6,|*) are uniformly integrable. For each ¢ € @, let
¥ € C be a constant and define (Xf)ogtsf by

Xf:f90+/t( o(8)Yads + 0,(5)V/Yed W, + G,(s)V/YedWE), 0<t<T.

' (2.21)

Then there exists some T € (0,T) such that for all 1,02 € ® and T € (0,T), the
following statements hold:

1) There is a unique solution g,, 7 € L*([0,T];C) to

9501,T(t) = My (T - t) + f((/% * 9501,T)(t); 0oy (T - t)? &501 (T - t)) (222)
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for a.a. t € [0,T], where the function f: C x C x C — C is defined by

B h2 4+ |2 2 B
Flash, ) = % + (oh + /1= &ha)z. (2.23)

2) There is a unique solution G,y o, € L'([0,T];C) to the equation

§<P17<P2,T(t) = Mo (T - t) + f((’% * .63017%02,7“)(15); (’% * g¢17T>(t)7 Oy (T - t)?
5-801 (T - t)? Op2 (T - t)? 5-902 (T - t)) (2'24)

Jor a.a. t € [0,T], where f: C® — C is defined by

F(xsy, hay hay hay he) = (hy + 0y)(ha + 0x) + (hy + /1 — 02y) (ha + /1 — 0%1).
(2.25)

3) For 0 <t <T, we have
o 3 T
Bles (X757 | 7 =exp (X + [ g = 0
t
. T
X ()(;02 + / §¢17¢27T<T — u)ft(u)du) . (226)
t

Finally, we recall Lemma 1.2.13 and Corollary 1.2.14, which give the dynamics

of linear functionals of the forward variance curve.

Lemma 2.6. 1) Let v be a finite complex measure on ([0,T],B([0,T])). Then

there exists a continuous local martingale (& (v))o<t<r Such that
&(v) = / Y.v(du) + &(u)v(du)  for each 0 <t < T, (2.27)
[0,t] (¢,T]
and it admits the decomposition
¢
&(v) =& (v) +/ (/ Rlu— s)u(du)) VYsdBs, 0<t<T. (2.28)
0 [s,T]

2) For any function g € L'([0,T);C), there exists a continuous semimartingale
(Y )o<t<r such that

T
Y = / g(T —u)é&(u)du  for each 0 <t <T, (2.29)
t
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so that in particular Y7 =0, and Y9 has the decomposition
Y=Y/ +A+M, 0<t<T, (2.30)

where the continuous finite-variation process (Ay)o<i<r and the continuous local

martingale (My)o<i<T are respectively given by

t t
At:—/ g(T = s)Yds, Mt:/(/%*g)(T—s)\/?sst, 0<t<T. (2.31)
0 0

2.2 Setup and moment-generating function under Q*

Fix a time horizon T € (0,7*) and consider a payoff H € L%(Fr). In view of
the discussion above, our main task is to find the mean value process V', from
which we also obtain the pure hedge coefficient =7 and then the optimal MVH
strategy for H via Proposition 2.1. Since the mean value process is given by the
conditional expectation V! = Eg.[H | F,], we want to find an explicit formula
for VI by applying Theorem 2.4, which gives a generalised moment-generating
function for the rough Heston model (more precisely, for the log-price X = log S
and forward variance curve ). As we have seen in some of the proofs in Section
[.3, Theorem 2.4 can also deal with some changes of measure, and that includes
Q*. As we show below in Corollary 2.16, it is relatively straightforward to find

the mean value process for payoffs H of the power type
H = S} = exp(zX7)

for some z > 0 such that E[H?] < oo, and indeed, that calculation can be (at
least formally) extended to complex-valued payoffs where z € C. By taking linear
combinations of such payoffs, this leads us to consider a class of European payoffs
H = f(Sr), where f can be represented as a Mellin transform of a measure on
C. An equivalent formulation is H = ¢g(X7), where g can be represented as a

Laplace transform.

Assumption 2.7. We assume that H = f¥(Sr) € L%(Fr) for some measurable

function f : R — R that can be expressed as the Mellin transform

fH(s) = /CSZWH(dZ) for se R (2.32)
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of a complex-valued bounded variation measure! 7 on (C, B(C)). Moreover, we

suppose that
/ Ep[S2O |8 |(d2) < oo. (2.33)
C

Sometimes we require additional integrability: We say that H satisfies Assump-

tion 2.77 if there exists some d > 0 such that
/ Ep[SE IR 27| (d2) < oo, (2.34)
C

Remark 2.8. We note that (2.32) and (2.33) already imply that H is square-

integrable; indeed, since 77 has bounded variation, we get

Ep[H? < E[( /@ S;‘e('z)\ﬂ(dz))z}
< B|( [ S50 ) micc)]

< |x|(C) / EpS2O)|nH|(dz) < oo
C

by the Cauchy-Schwarz inequality and Fubini’s theorem.

Assumption 2.7 gives the basic setup considered in Hubalek et al. [69], which
we use as a reference regarding the Mellin transform approach and where the
mean—variance hedging problem is studied for an exponential Lévy price process.
As is standard with Fourier pricing and hedging techniques, it is useful to con-
sider a complex-valued integral even though H and f are real-valued. Under

Assumption 2.7, we can write

H:/S%WH(dZ),
C

and we want to find the conditional expectation of H under Q* by taking the
conditional expectation inside the integral. As we shall see later in Proposition
2.15 and Corollary 2.16, we are able to use the structure of the rough Heston
model to obtain explicit formulas for the conditional expectation of terms of the
form S% = exp(zXr). This is due to the fact that although (X,Y") is no longer an
affine Volterra process in the sense of Abi Jaber et al. [1] under Q*, it retains the
structure of a so-called time-inhomogeneous affine Volterra process in the sense

of Ackermann et al. [5] by the dynamics given in part 6) of Theorem 2.3. This

We say that 7 : B(C) — C is a complex-valued measure if 77 = 7; + imy for some (real)
signed measures m; and g, and it has bounded variation if |71|(C) + |m2|(C) < oo.
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allows us to obtain formulas that are given in terms of the solutions to certain
time-inhomogeneous Riccati—Volterra equations such as (2.60) below.

Our main examples of interest are the vanilla European call and put options
on the underlying. These can be represented in the form (2.32) since by [69,
Lemma 4.1], we have the formulas (2.35) and (2.36) below.

Example 2.9 (European vanilla call and put options). Consider the payoffs
Ckr = (St — K)" and Pk = (K — Sr)* with strike K > 0 and maturity 7.

We have the Mellin transform representations

P T e (S / 1 r s (d2) (2.35)
27 Jo e 2(2—1) C o ’
1 az+ioco Klfz
K—3s)mT=— e dz = T e (d 2.36
(K=o =gn [© v it [ a0

for all s > 0 and any choice of a; € (1,00) and ay € (—00,0), where for each
a € R\ {0,1}, we define the complex-valued measure 7, on (C, B(C)) by

Kl—z

2rz(z — 1)/\a(dz), (2:37)

Tra(dz) =
and )\, is the Lebesgue measure on the vertical line (a—ico, a+ioco). We note that
the dz-integrals in the middle expressions in (2.35) and (2.36) should be inter-
preted as complex line integrals, whereas 7 ,(dz) refers to Lebesgue integration.
Curiously, the representations of the put and call payoffs have identical formulas
but different domains of integration. By the above, these payoffs have the form
(2.32), and may satisfy Assumptions 2.7 or 2.7" depending on the time hori-
zon T and the choice of a1, ay in the representations (2.35) and (2.36); sufficient

conditions for Assumption 2.7% are given below in Corollary 2.19.

The setup from Assumption 2.7 is quite flexible and allows us to consider many
types of payoffs that depend only on the terminal value S7; several examples
such as binary options are given in [69, Section 4]. As it turns out, we can use
a similar approach to tackle an even wider class of European options, which we
now introduce, that may also depend on Yr and even the paths of S and Y. Once
again, the key is to represent H in some sense as a linear combination of simpler
payoffs to which we can apply Theorem 2.4. As we shall see, this allows us to
derive an explicit formula for the mean value process V.

Let M([0,T]) be the set of complex-valued bounded variation measures on

([0,77,B(]0,77)), equipped with the topology of weak convergence. For measures
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v, s € M([0,T7), define the processes (X¢(11))icjo,r) and (&(v2))ecpo,m by

Xi(1n) = Xspvi(ds) = X (ds) + X ([t, 1)), (2.38)
[0,7] [0,t)

q) = [ &(s)m(ds) = / Yonlds)+ | &(wm(du).  (2.39)
0,77 0.4 (t.7]

We consider simple payoffs of the form exp(Xr(v1) + {r(v2)) for some measures
v1,vy € M([0,7]). As an example and justification for this choice of notation,
note that we have X;(dr) = X; and &(dr) = &(T) for 0 < t < T, where 07 is the

Dirac mass at {T'}. Hence we can write
S% = exp(2Xr) = exp (2X7(0r)) = exp (Xr(207)), (2.40)

so that the power payoffs S7 belong to this class of simple payoffs. We now
consider claims H that can be represented in terms of simple payoffs. Concretely,
we suppose that H can be given as an integral involving a family of simple payoffs

exp(Xr(z)) parametrised by z := (zq, ..., 2,) € C*, where we set

Xi(2) = Xi(v7) + & (1) (2.41)

and z — (v7, %) is a continuous map from C* to M([0, T])2.

Assumption 2.10. We assume that H = f¥(Sy) € L%4(Fr) is real-valued and

has the form

H= | exp (XT(Z))T('H(dZ) (2.42)

Ck
for some complex-valued bounded variation measure 7% on (C*F, B(CF)) and X
given by (2.41) for some continuous map z — (v, ) from C* to M([0,T])2.

Moreover, we suppose that

/@C Ep [exp <2Re()~(T(z))>] 175 |(dz) < oo. (2.43)

We say that H satisfies Assumption 2.10%" if there exists some § > 0 such that

/Ck Ep [GXP ((2 + 5)Re()~(T(z))>} imH|(dz) < oo. (2.44)

Remark 2.11. In our examples, we often consider £ = 1 so that z € C; how-
ever, a higher-dimensional parameter is needed in order to represent more exotic

options. Indeed, it may be possible to generalise this setup even further by elimin-
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ating the parameter z entirely, and instead considering a measure 7 directly on
the space M([0,T])? together with an appropriate notion of infinite-dimensional

integration.

By setting (vf, ) := (20r,0) for z € C (which is continuous in z with respect
to the topology of weak convergence), it is clear by (2.40) that Assumption 2.10
is weaker than Assumption 2.7, i.e., it allows for a larger class of payoffs. The
integrability condition (2.43) is also the natural generalisation of (2.33). We now

give some examples of exotic payoffs that can be represented in the form (2.42).

Example 2.12 (European call and put options on spot volatility). Consider the
payoffs C) ; := (Yr — K)" and Py ;. := (K — Yr)" with maturity T and strike
K > 0. Setting (v7,1%) := (0, 207) for z € C so that Xp(z) = zYy by (2.39), we
have for any a; > 0 and as < 0 that

Crr=Yr—K)" = /(Cexp (X7(2)) 7y, (dz), (2.45)
Py = (K —Yr)* = /C exp (Xr(2)) 7)o, (d2), (2.46)

where 7} , is the complex-valued measure on (C, B(C)) given by

esz

Wﬁ’a(dz) = Ao (d2), (2.47)

2722

and )\, is the Lebesgue measure on the vertical line (a — ico, a + ico).

Note that these formulas are not analogous to those of Example 2.9 because
we require a representation of the function y — (y — K)* as a Laplace transform
with respect to y, rather than Mellin (which is a Laplace transform in terms of
logy). Depending on the particular choice of T, a; and ay, the payoffs C’};T and
P}QT may or may not satisfy Assumptions 2.10 or 2.10". Sufficient conditions for

Assumption 2.10% to be satisfied are given below in Corollary 2.20.

Proof of (2.45) and (2.46). Let g(y) = (y— K)* for y € R. Integrating by parts,

we obtain the two-sided Laplace transform

[e's) K 22

for Re(z) > 0. Hence the Bromwich inversion integral (see Hubalek et al. [69,
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Theorem A.1]) yields the representation

1 a1+ico —Kz

(&
= (y— K)F = — 2y
9(y) = (y — K) omi ) e

= dz, yeR,

for any choice of a; € (0,00). In an analogous way, we obtain

1 as-+ico —K=z

2 €
(K—Q)JFZ% e

dz, yeR,

2
ag—ioco z

for any as € (—00,0). Plugging in y = Y7 yields (2.45) and (2.46), using the
fact that Xp(z) = 2Y7 and dz = i)\,(dz) when integrating over the vertical line

(a — 100, a + i00). O

Example 2.13 (Geometric Asian call and put options). Consider the payoffs
Cir = (57 — K)" and Pg ;= (K — S)* with maturity T and strike K > 0,

where
I I
SA = exp (—/ Xtdt) = exp (—/ logStdt) (2.48)
T Jo T Jo

is the geometric mean of the price process (S;)ieo,r). Setting vf(dt) = Zdt and
v; =0 for z € C so that Xp(z) = 2 fOT X.dt by (2.38), we have

C}g,T = (S —K)" = /Cexp (XT(Z))dWKm(dz), (2.49)
Py = (I — S3)* = /C exp (X1(2)) Ao (d2) (2.50)

for any a; > 1 and ay < 0, where 7, defined by (2.37) is the same as for the
vanilla European call and put options. The payofts C’;‘é’T and P[*?’T may or may
not satisfy Assumptions 2.10 or 2.10", depending on the particular choice of T,
a; and ay. Sufficient conditions for Assumption 2.10% to be satisfied are given

below in Corollary 2.21.

Proof of (2.49) and (2.50). Plugging in s = S# into the Mellin transform repres-
entations (2.35) and (2.36) and using the fact that exp(Xp(z)) = (54)7 directly
yields (2.49) and (2.50). O

As a more general example, we can also consider claims that depend on the
values of S and Y at discrete time points and can be represented in the form of

a Laplace transform.
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Example 2.14. Consider the claim H = f(X;,,Ys,,..., Xy, Y:,) € LH(Fr), for
some sequence of discrete times 0 < t; < ty < --- < t, < T and where the

function f : R?* — R can be represented as the Laplace transform
f(mlv Yty o5 Tk, yk) - / 62§:1 ijj+2§:1 2jyj7rH(dz)
Ck

of some complex-valued bounded variation measure 71 on (C*,B(C*)). We

denote z = (21, 21, .. ., 2k, 2x) and set
k k
vi = Z zj6y; and v; = Zéj@j, (2.51)
j=1 j=1

so that Xp(z) = F 2 Xy, + Z?Zl Z;Y;,. Then we have

j=1

H:f(th,Ygl,...,th,Y;k):/ exp (Xr(2)) 7" (dz).
(Ck

Depending on ti,...,t, and the choice of measure 7, the payoff H may or
may not satisfy Assumptions 2.10 or 2.10". For example, both assumptions are

satisfied if 77 is finite and supported on (iR)?*.

As previously discussed, by considering claims H that satisfy Assumption
2.10, we are able to find explicit formulas for the mean value process V. This
approach relies on the following result, where we use Theorem 2.4 to find the
conditional expectations of simple payoffs in terms of the solution to a time-
dependent Riccati—Volterra equation. For the following, we recall g*, h* := £ x g*,
T* and Q* from Theorem 2.3.

Proposition 2.15. Let v and vy be complex-valued bounded variation measures
on ([0,7*],B([0,7*])). Then there exists some Ty , € (0,T*] such that for all

v1,v2

T €[0,Ty, ], there is a unique solution g}, ,, » € L*([0,T];C) to the equation

V1,2

Jor a7 () =f*<(/%*931,u2m)(t),h*(t),vl([T—t,T])a/[T '%(U—(T—t))Vz(dU))

—t,7]
(2.52)
for 0 <t < T, where the quadratic function f*: C* — C is defined by
o2(v2 —
(@ by, ) = M + (QU?/l - % + (1 - Qz)h) (z + 1)
2
M) (2.53)

2
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Moreover, for each T € (0,T* ), it holds that eXTW)+r(2) s integrable and

? T rLL,Y2

T
Eg- [eXT(u1)+£T(uz) | Fi| = exp (Xt(yl) + &(1) +/ g;WQ,T(T — u)ft(u)du>
¢
(2.54)
for all t € ]0,T].

Proof. By the definition (2.38), we can express X;(v1) as

Xi(v1) = Xonev1(ds)
(0,77

¢
:/ <X0+/ 1[07S](T)er)V1(dS>
[0,7] 0

= 11(]0, T]) Xo + /ﬂ (/Otl[o,s} (r)er> n(ds), 0<t<T. (2.55)

0

Recall the dynamics dX, = d(log S,) = (1 — %Q)YTdr + 0+/Y,dB,. Note that we

have

T
/ (/ JQYTdr) lv1|(ds) < |ni|([0, T]))To? sup |Y,| < oo
1] \ Jo

rel0,7]
T
Ny

P-a.s., since Y is continuous (hence a.s. bounded) and v4 has bounded variation.

and

2

Viar Jonlas) < (0. 7T~

0.2

)

up [¥;] < oc
re[0,T]

Hence it follows by the stochastic Fubini theorem (see Veraar [118, Theorem
2.2]) that we can swap the integrals in (2.55); to be more precise, this follows by
applying [118, Theorem 2.2| separately to each of the positive and negative parts

of the real and imaginary parts of 1,. Hence we get
t
Xt(V1) = Vl([O,T])XQ + / (/ 1[073] (T’)I/l(dS))er
0 [0,T]
t
= 11([0,T))Xo —i—/ (/ 1[T7T](S)I/1(d8))er
0 [0,T]
t
=11([0,T))Xo —i—/ n([r,T))dX,, 0<t<T.
0
Differentiating this equality and plugging in the dynamics of X yields

2

dX, (1) = i ([t, T)) (u . %)Ytdt F ([t T)oV/YdW,, 0<t<T. (2.56)
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Likewise, the definition (2.39) of & (1») and part 1) of Lemma 2.6 yield the dy-

namics

d&(va) = (/ R(u — t)ve(du) >\/l7tdBt, 0<t<T. (2.57)
[t.T]

Finally, recall from (2.16) that the density process of the VOMM is given by
79" = E(N?"), where

ANE = \/?t(\/l — 2h*(T — t)dW;- — gth), 0<t<T, (2.58)

so that

d[N?], =Y, ((1 — ) (W (T - 1) + Z—i) dt, 0<t<T. (2.59)

Setting (XM, X® X©®) XW) = (X (1), £(1y), N9, [N?']), we thus have from
(2.56)—(2.59) that the dynamics of each process X @ has the form (2.17). Next, we
check the integrability conditions required in order to apply part 1) of Theorem
2.3. We note that 1y and v, have bounded variation, & is locally square-integrable
(see after (2.2)) and h* is bounded. Moreover, we have by the Cauchy-Schwarz

inequality and Fubini’s theorem that

/OT </{m /%(u—t)uz(du))zdt < Iugl([o,T])/OT /{m F2(u — ) (du)dt
— Il (0, 7)) /[ i ( I /%Q(u—t)dt>u2(du)

2,14
< (lwel((0, 7)) “ll&l172(0,.7) < 00,

so that the map ¢ — [, A(u — t)va(du) belongs to L*([0,T],C). It is then
clear that the coefficients in the dynamics (2.56)—(2.59) satisfy the integrability
conditions required by Theorem 2.3. Thus by part 1) of Theorem 2.3, there
exists some T, ,, € (0,7*] such that for all T € [0,7} ], there is a unique

solution gy ,, r € Ll([O,T]; C) to the equation (2.18). Plugging the dynamics of



106 TT Mean—variance hedging in the rough Heston model

(X (v5),&(n), N9 [N9]) with z = (1,1,1,—1) into (2.18) yields

2

Gonan(t) = (u — %)m([t,T]) _-o )(h;(T —1))° %
+ ((’% * gﬁlgz,T)(t))Q + (UVI([tv TD + Qf[tj];(u - t)V2<dU) - 5)2
. (1-— 92)(f[t7T] R(u — t)va(du) + h*(T —t))?

2
vo(one Tl +o [ k= ot =2 )6x 65,0000

+- ) /[ = () £ (T - )5 6,00

which is equivalent to (2.52) after some simplifications. Theorem 2.3 also gives

the conditional expectation, for 0 <t < T,

E {exp (XT(Vl) + &r(ve) + N& — %) ’ E}

CONe, (T
—exp (Xl + 60 + 8 = Bl g (- wuan ),

Since Z9" = £(N?"), dividing both sides by Z# gives

T
EQ* [eXT(m)-i-fT(Vz) | E] = exp (Xt(yl> + &(VQ) + / g;hy%T(T — u)&(u)du),
t

as claimed. O

As a corollary, we obtain a simpler formula for the classical setup from As-

sumption 2.7.

Corollary 2.16. For each z € C, there exists some T; € (0,T*| such that there

is a unique continuous solution gt : [0,TF] — C to the equation
g:(t) = fr((R*g2)(t), h*(t)), 0<t<TT, (2.60)

where the quadratic function fr: C* — C is defined by

2

2.2
M—l— (Qaz—%)x—l—(l—gz)xh—l—%.

et h) = T
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Moreover, for any T € [0, T?], e*X7 is integrable and we have

T
Eo:[e”XT | F] = exp (ZXt +/ g (T — u)ft(u)du), 0<t<T. (2.61)
¢

Proof. By plugging in vy = zdp~ and v, = 0 into Proposition 2.15 and setting
91 = G, 01 We get that there exists some T7 = T% , € (0,7*] such that,
for each T' € [0, T7], there is a unique solution g}, € L'([0,77]; C) to the Riccati-
Volterra equation (2.52), which simplifies to

Ger(t) = fr((R*gip)(t),h*(t), 0<t<T.

By the uniqueness of the solution g7, and since none of the inputs for this
equation depends explicitly on T', it follows that g%, = g% . on [0, T] for each
T € [0, T}]. Setting g} := g} 7., we thus have a unique solution g} € L'([0,77];C)
to (2.60). Moreover, Proposition 2.15 also gives the equality (2.54), which likewise
simplifies into (2.61) since in this case we have X;(11) = 2X; and &(vs) = 0.

It remains to show the continuity of ¢}, which is not given by Proposition
2.15. Recall that g* is continuous by Theorem 2.3 and hence so is h* := & * g*, so
that each of the inputs to (2.60) is continuous. Therefore by the uniqueness of g*
and part 1) of Proposition A.2.2, we can choose some (possibly smaller) 77 > 0
such that the solution g} to (2.60) is continuous on [0,77]. This concludes the

proof. O

2.3 Mean—variance hedging strategies

Thanks to Proposition 2.15, we are now ready to compute the mean value process
(V) o<i<r for a payoff H satisfying Assumption 2.10 (or the more restrictive

Assumption 2.7).

Proposition 2.17. Let T € (0,T7*] and suppose that H € L3(Fr) satisfies As-

sumption 2.10. Moreover, suppose that

: * . H
T <inf{T}. ,; : z € supp(r)}, (2.62)
where T); . is given by Proposition 2.15. Then the mean value process (VT ieqo.y
1S given by

v = /Ck Vertl(dz), 0<t<T, (2.63)
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where (Vi?)o<i<r is defined by

T
V7 := exp (Xt(z) + / 9oz vz (T = u)gt(u)du), 0<t<T, (2.64)
¢

for z € supp(mH).

Proof. Due to (2.54) and (2.62), we have for each z € supp(7*) that the process
V* given by (2.64) is well defined and a Q*-martingale on [0, 7], which yields
V7 = Eg[eX7) | F] for 0 < ¢t < T. By Assumption 2.10 and the Cauchy—

Schwarz inequality, we also have the bound
[, ol et (az)
(ck

dQ* 271/2 -
< EP / EP[GzRe(XT(Z))}1/2|7TH|(dZ)
dP Ck

JO*\ 271/ ) 1/2
< Ep {( dC])D ) ] (/(Ck Ep[eQRe(XT(Z))HWHKdz)) |77 (C)Y? < 0. (2.65)

Hence the conditional Fubini theorem yields

Eg- [eXT(z) | Ft]wH(dz) :/ f/tZWH(dz)
k

Vi = Bqrlt | ) = [ )

C
since V7 is a Q*-martingale on [0, T] for z € supp(«?). This shows (2.63). [

Now that we have determined the mean value process V', we are able to calcu-
late the pure hedge coefficient (£7)y<,<7 under the slightly stronger Assumption
2.10" (or 2.7T).

Proposition 2.18. Let T € (0,T*] and suppose that H € L%(Fr) satisfies As-

sumption 2.10%. Moreover, suppose that (2.62) holds, where T . is given by

V2

Proposition 2.15. Then the pure hedge coefficient (Z2)o<i<r for H is given by

1 -
—H =z _H
= = — =2a (d 0<t<T 2.66
t St ck t ( Z)’ = = ) ( )

where (Z7)o<i<r is defined by
Ef = f/tz (ayf([t, T)) + Q/[ ] R(u —t) (VQZ(dU) + g:f’yg,T(T — u)du)> (2.67)
t,T

and V* is given by (2.64) for z € supp(x™).
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Proof. By Proposition 2.17, we have

Vi = /(Ck Vertl(dz), 0<t<T. (2.68)

In view of the definition (2.7) of =, we want to compute the dynamics of V>
and V. For the former, we start by differentiating the integral term in (2.64).
By part 2) of Lemma 2.6, we have the dynamics

T
d(/t QZf,yg,T(T - U)&(“MU)

for z € supp(r¥). Recall also that X;(2) = X,(v?) + & (), where X (v7) and
£(v5) have the dynamics (2.56) and (2.57), respectively. Hence Itd’s formula
applied to (2.64) yields that the dynamics of V* is given by

dV7 = Vi Yi(vi([t, T))odW, + ¢idB,) +dA;, 0<t<T, (2.69)

for some finite variation process (A;)o<i<r that is absolutely continuous with

respect to dt and a deterministic coefficient (¢} )o<;<7 given by
;= / f(u—t) (V5 (du) + 9oz wz (T — w)ydu), 0<t<T. (2.70)
[t.7]

Since V7 is also a Q*-martingale, it follows from (2.69) that
Vi = VEYi(vi ([t T)od Wy + ¢idBy), (2.71)

where W* and B* are the @*-Brownian motions derived from W and B by
Girsanov’s theorem with respect to Q*, as given in part 6) of Theorem 2.3.

Next, we want to find the dynamics of V. By a similar calculation as in
(2.65), Assumption 2.107 yields

[ B TP n|(d2) = [ B e )
C* Ck

i 1/2
< C,Cy (/k EP[6(2+6)R6(XT(Z))]|7TH|(dZ)>
Cck

< 00, (2.72)



110 IT Mean—variance hedging in the rough Heston model

where C := Ep[(dQ*/dP)?'/? and Cy := |7 |(C)"/? are finite. As 1+ /2 > 1,
there exists by the Burkholder-Davis-Gundy and Doob maximal inequalities

some ¢5 > 0 such that for every real-valued QQ*-martingale M on [0, T,
EQ* [[M](2+6)/4} < CgEQ [|M|1+6/2]

Consider now M = M"+iM"* for some real-valued @Q*-martingales (M/ )o<¢<7 and
(M})o<i<r so that [M, M] = [M"] + [M?]. Tt follows by considering M" and M*
separately that

Eg- [[M, MI$""] < e5Eq-[|M]37]. (2.73)

for some (possibly larger) choice of ¢s > 0. Note that by (2.71), we have

d[V*, V=], = 1?dt, where (¢7)o<i<r is a nonnegative process given by
= |VPYa(lvi ([t Tho + opi] + (1 = )eil?), 0<t<T. (2.74)

Hence by Holder’s inequality with p = 146/2 and ¢ = 142/, Fubini’s theorem,
(2.73) and (2.72), we obtain

o ([ i) "] et ([ ) o]

146/21| H 3
(ca Eoe V2072 |<dz>)

| /\

. . .
In particular, since Q* ~ P,

T 1/2
/ ( / w;dt> |T|(dz) < 00 P-ass.
Ck 0

This corresponds to the inequality in Veraar [118, Equation (2.1)]. Hence the
stochastic Fubini theorem [118, Theorem 2.2| together with (2.71) and (2.68)
yields that the dynamics of VH are given by

i = [ TR T + B a0
(Ck
= ([ vt tyet @) )ovFiaw;
(Ck
+ (/ chfﬂH(dZ)> VYidBr, 0<t<T. (2.75)
(Ck
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Note that by (2.67) and (2.70), we have
VEovi([t,T)) + oVigint(dz) =22, 0<t<T.

Hence by combining (2.75) with the dynamics dS; = S;0v/Y;dW}; from part 6) of

Theorem 2.3, we obtain

_ d[vi s 1 =z
=i _ c[z[s S]jt:USt /Ck:th(dz), 0<t<T

This shows (2.66) and concludes the proof. O

Given a time horizon T € (0,7*) and a claim H € L%(F;) satisfying the
conditions of Proposition 2.18, we have obtained the formulas (2.63) and (2.66)
for the mean value process VI and =¥, respectively, up to solving the family
of Riccati-—Volterra equations (2.52), where we set v, = v and vy = 1§ for each
z € supp(m). While a closed-form solution to (2.52) is not available, one can
use numerical methods to solve this (deterministic) equation on [0, 7] for each z.

As discussed after Proposition 2.1, by plugging the formulas for V and =#
into (2.9) together with the adjustment process a given by (2.15), we thus obtain
the mean—variance hedging strategy ¥ (z,t) semi-explicitly as the solution to
a feedback equation. In principle, one may even use (2.10) or (2.11) to obtain
9 (z,t) in a fully explicit form. Therefore, Propositions 2.17 and 2.18 effectively
solve the mean—variance hedging problem for claims H that satisfy the assump-
tions of Proposition 2.18.

While Propositions 2.17 and 2.18 give the solution in a general setup, the
associated equations and formulas can often be simplified in practice; we show

how to do this for the claims considered in Examples 2.9 and 2.12-2.14.

Corollary 2.19 (European vanilla call and put options). Suppose that a; > 1,
as <0 and T € (0,T*] are such that

E[S%aﬁq, E[S%az—ﬂ <oo and T <inf {TZ* 1z € {ay,as} + ﬂR}

for some 6 > 0, where T is given by Corollary 2.16. Then the European call and
put options Crr and Py from Evample 2.9 satisfy Assumption 2.7°, and the

mean value processes VOET | VPET and pure hedge coefficients Z¢x1, ZPx1 gre
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given by
- 1 ~
Vet = [ Vemea (@), 20 = o [ Eima(a2),
C O'St C
- 1 ~
Ve = / Vimka(dz),  E7 = = [ Eitia(d2) (2.76)
C oS C

for 0 <t < T, where o is given by (2.37), the processes (V7 )o<i<r, (Z7)o<t<r
are defined by

7 — exp (th + /t LT u)ft(u)du), (2.77)

Ef = (za + o(k* g5)(T — t))‘zz, (2.78)

and g : [0,T] — C is the continuous solution to (2.61) for z € {a; + az} +iR.

Proof. For ¢ € {1,2}, the measure g ,,(dz) = %Aa[(dz) (which is supported
on (ay — 100, ay + i00)) has bounded variation on C since it decays quadratically

as z — ay+ico. Thus by assumption, we have for £ € {1,2} and &, := §/|ay| that

/@EP[SWWJ|m<,ag|<dz>

— EP[S;“”(_UZA&]]WK@A((ag — 100, ap + 100)) < 00,

which shows (2.34). Hence Ckr and Pgp satisfy Assumption 2.77. As shown
in (2.40), Assumption 2.7" can be seen as a special case of Assumption 2.10"
with v§ = 207 and v = 0. Since T = T}, by definition (see the proof of
Corollary 2.16), we also have by the choice of T' that (2.62) is satisfied. Thus by
applying Propositions 2.17 and 2.18 to Ck r and Pk, we obtain (2.76). Recall
that we have X,(z) = 2X; in the case v = 20y and v = 0, so that (2.64)
simplifies into (2.77). We also have gZ = g7 - ;» for this choice of v and vj, by
the construction given in the proof of Corollary 2.16. Plugging this into (2.67)
together with vi([t,T]) = z for t € [0,T] and v§ = 0 yields (2.78). O

Corollary 2.20 (European call and put options on spot volatility). Suppose that
a; >0, a3 <0 and T € (0,T*] are such that

E[ePutolt] BlePa2-0Y1] <« oo gnd T < inf {15 .5, : 2 € {a1, a2} + iR}

for some & > 0, where T}, is given in Corollary 2.16. Then the spot volatility

V2

options C’IYQT and P}(/,T from Ezample 2.12 satisfy Assumption 2.107, and the
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PY

Y PY . —Y —
mean value processes VErxr VExr and pure hedge coefficients =Cxr, =Prr gre

given by

Cl}g T 72Y Y P—'C§ T 1 =zY Y

‘/; = ‘/; ﬂ—K,(Zl (dz)7 :t = _S :‘t ﬂ-K,al (dZ),
C oot Jc

Py r

- y 1 .
R A S A PO D

—_— = ™
t K
O'St C 42

for0 <t < T, wherey , is given by (2.47), the processes (VP o<t<r, BF oct<r
are defined by

T
Vtz,Y = exp (z&(T) + / Gy (T — u)ft(u)du) (2.80)
t
= = 0(2R(T = 1) + (R o+ g2y )(T = ) V7, (2.81)
and g5y € L'([0,T1; C) is the unique solution to the equation
Gy(t) = f:,y((’% *gry)(t), h*(t), /%(t))7 0<t<T, (2.82)

for z € {ay, as} + iR, where f}y : C* — C is given by

k

e—Kz

Proof. For ¢ € {1,2} the measure ﬂ—[};ag(dz) N o)

on (a, — 100, ay + 100), has bounded variation on C since it decays quadratically

Aq,(dz), which is supported

as z = a £ ioco. Setting vi = 0 and v5 = 207 for z € C, we thus have

[ Belexp (@24 80Re(F2)) Ikl

= FEp [exp <(2(Lg + (—1)8_15)YT>} T 0, ((@ — 100, a + i00)) < oo

by assumption for £ € {1,2} and &, := §/|a,| > 0, which shows (2.44). Thus C}, »
and Py ; satisfy Assumption 2.107. Since (2.62) also holds by the choice of T', we
may apply Propositions 2.17 and 2.18 to C};T and P}QT, and this yields (2.79).
To show the remaining equations, note that X,(z) = 2&/(7T) in the case v; = 0
and v = z0r, and hence (2.64) simplifies to (2.80). Likewise, (2.52) simplifies
into the form (2.82); note that the third argument of f* is not needed because
vi = 0. As none of the inputs to (2.82) depends explicitly on T, we may omit

the parameter 7' from g7, by the same uniqueness argument used in the proof of
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Corollary 2.16. Plugging g7y into (2.67) together with v5 = 207 yields (2.81). [

Corollary 2.21 (Geometric Asian call and put options). Suppose that a; > 1,
as <0 and T € (0,T*] are such that

E[(SH)? ) B[(S4)?2 % < oo and T < inf {Ty*fﬂ :z € {ar, a0} + iR}

for some § > 0, where vi(dt) = Zdt, SA is the geometric mean of S defined in
(2.48) and T},
Cﬁ,T and PI’Q‘,T from Example 2.13 satisfy Assumption 2.10%, and the mean value

pa .
KT qgre giwven by

1s given in Corollary 2.16. Then the geometric Asian options

V2

A A . —CA —_
processes VOxr VIR and pure hedge coefficients Z°kx.r | =

CA ~ A ,_CA 1 —z, A
mK’T:/ Vit mealdz), B0 = o | S (dz), 0<t<T,
C tJC

A ~ A 1 ~
VtPKVT - / ‘/tZ’ATrK,az (dz>> EnyT - _S / Ef,Aﬂ-K,az (dz), O S t S T’ (283)
C 0ot Jc

where T q is given by (2.37), (V7 ocier, (B0 ocier are defined by

V4 = exp (%( /0 t X,ds + (T — t)Xt> + /t ' giA(T — u)ft(u)du), (2.84)
s <UZ(T — 1)

= g ) (T - 0)) T (2.85)

and g} 4o € L'([0,T];C) is the unique solution to the equation

g:,A,T@) = f;,A,T((’% * g:,A,T)(t)v h*(t)7 t)a 0 S t S T7 (286)

for z € {ay, ax} + iR, where f7 , 7 : C3 — C is given by

. o (22t 2t o 22
flar(z, hit) = 5 (W - T) + (QO— — 7) r+ (1 —o*)wh+ —.

Proof. We already argued in the proof of Corollary 2.19 that 7x ,(dz) has bounded

variation on C. Setting vf(dt) = Zdt and v = 0 for z € C, we have
[ Bel(sy i)
= Bp[(S7)* Y Imic,, | ((ae — o0, ar +i00)) < 00

by assumption for ¢ € {1,2} and &, := &/|as] > 0, which shows (2.43). Thus
C’fé’T and P[?,T satisfy Assumption 2.10" so that by applying Propositions 2.17
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and 2.18 to Cf - and P, we have (2.83). Since (2.38) and (2.48) yield
N )X
Xi(2) = X,(17) = /de+ ) s 0<t<T,

it follows that (2.64) simplifies to (2.84). Moreover, the equation (2.52) simplifies
into the form (2.90) after plugging in 5 = 0 (so that the fourth argument of f*
is not needed) and v§ ([T —t,T]) = zt/T. Plugging this into (2.67) together with
vi([t,T]) = 2(T —t)/T and vi = 0 yields (2.85). O

Corollary 2.22 (Options on discrete-time observations). Suppose that T € (0,T"]
and the complez-valued bounded variation measure 7 on (C** B(C?)) satisfy the

conditions T' < inf{T}; . : 2 € supp(7)} as well as

EM exp ((2 +6) éﬁe(zj)xtj +(240) é Re(zj)yt].) \Hﬂ(d@} < o0

for some 6 > 0, where v{ and vi are defined by (2.51) and T}, ,, is given in
Corollary 2.16. Then the mean value process VH and pure hedge coefficient =

for the payoff H from Example 2.14 are given by

[1]

~ 1
vt [ ) e = - / SHHLH() (2.87)

for 0 <t < T, where the processes (V7" ocier, (B0 )o<i<r are defined by

k k T
‘N/tZ’H = exp (Z Zth/\tj + Z zjft(tj) + / g;H;f(T - u)gt(u)du> ’ (288)

k
= = (Zzyl[ou )+ 0> 2 (DRt — 1) + ok x g ) (T — t))Vf’H,
7j=1

(2.89)
and g5y p € L*([0,T); C) is the unique solution to the equation
k k
g;,H,T(t):f*((’{*ngT azzjlot] —t,zzylot] R (t, —t)>
J=1 j=1
(2.90)

for 0 <t < T and z € supp(r??), where f* is given by (2.53).
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Proof. Definition (2.51) yields for 0 <t < T' that

Mw
Mw

25 l[Ot

zjlpy,(t) and / R(u — t)vi(du)
[t.T)

Jj=1 Jj=1

Thus the result follows directly by plugging into Propositions 2.17 and 2.18. [

Thanks to Propositions 2.17 and 2.18, we have thus been able to obtain explicit
formulas for several different payoffs such as the ones considered in Examples
2.9 and 2.12-2.14. However, the results are somewhat unsatisfactory from a

theoretical point of view since the assumption (2.62) that

: : H

T <inf{T}. ,: : = € supp(m)}
can in principle be quite restrictive. Indeed, for a general payoff H, measure 7/
and associated map z — (vf,r3), it is unclear whether this infimum is nonzero.

i ig supported on a compact subset of C*, one can strengthen

In the case where 7
Proposition 2.15 by using Theorem 2.4 (which applies simultaneously for all z
belonging to a ball B C C*) in order to ensure that (2.54) holds for the measures
vi,v; on a common interval [0,7"] for some 7" and all z € B. In this way, we
can ensure that the infimum is strictly positive if the support of 7 is compact
and hence contained in a ball. However, this approach fails if the support of w/f
is unbounded, as is the case for European vanilla call and put options, where 7
is supported on a vertical line of the form a + iR C C.

One partial workaround is to approximate H by truncating the domain of
integration. For instance, consider the European call option Cxr = (Sr — K)™.

By truncating (2.35), we define the approximate payoff

1 ai1+im Kl—z

;mdz (2.91)

’ 27 ay—im

for m € N and some fixed a; > 1. If T > 0 is small enough so that E[S?"] < oo,
it follows by Fubini’s theorem (in a similar way as in the proof of Corollary
2.19) that Oy € Lp(Fr) and CRp L Crxr as m — oo. As discussed in the
introduction to this chapter, it follows by the general theory of MVH that for
each t € [0,T] and x; € L%(F;), there exist unique optimal hedging strategies
19C?T(xt,t),ﬁc?f(act,t) € 6,7(9) for CRp and Ckr, respectively. Since the
MVH problem can be seen as an L?-projection problem, which is continuous on
L%(Fr), we also have (0K (z, 1)+ S) L (WOET (2, t)+S)r as m — oo. Moreover,
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since the segment a; + i[—m, m] is bounded, there exists by the argument above
some T}, > 0 such that (2.60) admits for each z € ay + i[—m, m| a solution g} on
[0,7,,]. As in (2.76), this yields

cm a1+im B cm 1 a1+im 5
KT __ z - KT __ =z
|74 = / Vimka (dz), E; Sk (dz), 0<t<T,
a

1—im USt ai1—im

if T € (0,T,,], and hence we derive a formula for 9“%.7(z,, t) by plugging into the
feedback equation (2.9). However, the resulting formula only holds if T" € (0, T,,],
and in principle it could be the case that T,, — 0 as m — oco. Therefore, even
though ¥“KT(x,,t) approximates 957 (zy,t) on [0,7], the explicit formula for
YOk (x¢,t) may only hold on a small interval that vanishes as m — oo, so that
the limit does not yield an explicit formula for 9“7 (x,,¢) for any T > 0.
Tackling these issues in the general setup of Assumption 2.10 remains a topic
for future study. We focus now on the case of European call and put options
with the goal of relaxing the assumptions of Corollary 2.19. In the following, we
denote by a a fixed a; > 1 or as < 0 corresponding to the call and put options,
respectively. Our strategy is to use the particular structure of (2.60) to show that
it admits a solution for all z € a + iR on a common interval; this is the main

topic of Section 4 and leads to the following theorem.

Theorem 2.23. Let a € R, fixr TF € (0,T*] as given by Corollary 2.16 and
suppose that the kernel k : (0,00) — Ry in (2.1) is completely monotone. Then
there ezists a unique continuous solution g% : [0,TF] — C to (4.14) for each
z € a+iR.

The proof is deferred to Theorem 4.10. The requirement that s is completely
monotone (in addition to satisfying Assumption 1.2.7) is discussed after the state-
ment of Theorem 4.10.

We now use Theorem 2.23 to strengthen Corollaries 2.16 and 2.19. Even
though we can solve (2.60) for all z € a +iR on a common time interval, we note
that the choice of 77 in Corollary 2.16 not only needs to ensure the existence of
a solution g to (2.60), but also that (2.61) holds, i.e., that the right-hand side of
(2.61) is a true martingale. Thus in principle, even if (2.60) admits a solution g}
on [0,77], (2.61) need not hold. However, by using the second part of Theorem
2.4, we show in the following lemma that (2.61) also holds on a common time

interval for all z € a + iR.

Lemma 2.24. Let a € R and fix T; € (0,T*] as given by Corollary 2.16. Then
(2.61) holds for all0 <t <T <TF and all z € a +iR.
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Proof. Fix T € [0,T;] and z € a + iR. Note that

. [N¥ .
U :=exp (ZXT+N7@ — [ 5 ]T) = ZZC:) X

where we recall the process N9 as well as the dynamics (2.58) and (2.59) from

the proof of Proposition 2.15. In particular, we have
BV = B 28 7)) = Bgu[|e7]] = Eq-[e™¥7] < 00

since T < T, so that U is integrable. We have already shown in the proofs
of Proposition 2.15 and Corollary 2.16 that the equation (2.18) associated with
U simplifies in this case to (2.60). By Theorem 2.23, there exists a solution
g: +[0,T] — C to (2.60) on [0,T}] for each z € a + iR. Thus since U is
integrable, part 2) of Theorem 2.4 yields

T
EU | Fi] = exp (th +/ g (T — u)é}(u)du), 0<t<T,

which is precisely (2.61). O

We are now ready to relax the assumptions of Corollary 2.19.

Proposition 2.25. Suppose that T € (0,7*], a; > 1 and ay < 0 are such that
T S Hllh{T;l ’ T;g? T(:1+67 T;gfts} (292)

for some & > 0, where T s given by Corollary 2.16. Then the mean value
processes VO VPET and pure hedge coefficients Z¢K.7, ZPxT for the European

call and put options Cxr and Pk from Ezample 2.9 are given by (2.76).

Proof. Since T < min{Ty 4 T s}, S¢7° and S527° are integrable by Corollary
2.16. Moreover, by Theorem 2.23 and Lemma 2.24, we may set T, = T
for a € {aj,as} and b € R so that the conclusion of Corollary 2.16 still holds.
Therefore infyer 7)), ;, = T for a € {a;,as} and the assumptions of Corollary

2.16 are satisfied, which yields (2.76). O

With Proposition 2.25, we have achieved our goal of proving for the European
call and put options that the formulas in (2.76) hold on a nontrivial time interval,
since each of the constants on the right-hand side of (2.92) is strictly positive.

We conclude this section by using Proposition 2.2 to obtain an explicit formula

for the mean squared hedging error associated with European call and put options.
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Calculating this error is of independent interest, but also useful for the application
to semistatic portfolio problems that we consider in the next section. We start by
showing an auxiliary result on the conditional expectation of terms of the form
Lulevau for 0 <u <T and z, 29 € C.

Proposition 2.26. For 2,z € C, there ezists T,, ., € (0,77 AT such that
for all0 < u < T <T.,.,, there exist unique solutions g%, h%T € L*([0,u];C)

21,22

to the equations

i, (1) =I5 (R G5 (0 (Ack x g2, L) (T — ), (2.93)
R, () = 2 (R RET) () (B 2, L) (1), (Adk * g2, ) (T — ) /() (2.94)

Jor 0 <t < w, where g%, ., = g%, + g%, +g* for g; and g* giwen by Corollary
2.16 and part 1) of Theorem 2.3, respectively, Ak @ (0,00) — R, is defined by
Aii(s) = i(t+s), and f9 1 C*> = C and f! , : C*' — C are defined by

21,22 21,22

f 2+ 29 — 1)0? + w)?
gl’ZQ(y;w):(Zl+Zz)<“+( S +@U(y+w))+—(y =
NZ,ZQ(x;y7w7€) - ((21 + ZQ)QU + w +y) (€+ I’)

Moreover, for any T € (0,Ts,.,] and u € [0,T), it holds that L,V V7Y, is

integrable and

Ep|L VAV2Y, | F) = z-ba» = gphaenlaz g <p <y, (2.95)

where (Z;"T’Zl’@)ogtgp and ( f’T’Zl’Z2)0§t5T are defined by

T u
Ztu,T,zl,zz = S22 exp (/ 921 2 (T —r)&(r)dr +/ ggl’,TZZ(u — r)gt(r)dr) ,
t

u

f’T’Zl’ZQ =& (u) + /u iL’;II;Q(u —r)&(r)dr, 0<t<T.
t

Remark 2.27. Although it may seem at first glance that the left-hand side of
(2.95) does not depend on T', note that the opportunity process L and the process
& (which may be seen as the mean value process for H := S%.) implicitly depend
on the time horizon T'; this becomes apparent from (2.14) and (2.77). On the
other hand, the solutions ¢* and g} to (2.14) and (2.60), respectively, do not
depend on T

Remark 2.28. Since g, _, ;"1722 and 211722 are symmetric in (zy, z2), it follows by
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the uniqueness of the solutions to (2.93) and (2.94) that g%’ and iLZf;Q are also

21,2
symmetric in (21, 22), i.e., we have g” = guT and h%T = h%" . Therefore,

zwlhaz culznz and Zwl?122 gre also symmetric in (21, z). This observation

will be useful later for the proof of Proposition 3.15.

Proof of Proposition 2.26. Fix 21,2, € C and write T := Ty ATy Consider the
indexing set
®:={(u,T,j):0<u<T<T,je{1,2}}

with index ¢ = (u, T, j). For now, we only view v and T as parameters. For each
¢ € @, consider the process (X'f)ogtgf defined for 0 <t < T by

T
XtuvT’l — / 921’22 (T — r)ft,\u(r)d”r‘ + (Zl + ZQ)Xt/\'UJ

X412 = ¢ (u). (2.96)

It is clear that the processes X“7! and X*T2 are constant on [u, T]. Moreover,
due to (2.1), (2.2) and part 1) of Lemma 2.6 with v(dr) = g5, (T — 7)1 (r)dr,
they have on [0, u| the dynamics

T
dX T = ( / G5y 2, (T —1)i(r — t)dr) VY.dB,

2
+ (2 +zg)(<u— %)Ytdt—l—o\/?tdwt) 0<t<u,

and
dXP T2 = k(u—1)/YdB,, 0<t<u.
Thus the dynamics of X% on [0,T] can be written in the form
AXE = p,(1)Ysdt + 0, (6)/YedW, + ,(0)\/YedW, 0<t<T,

where we define y,, 0,,5, : [0,7] = C by p,72 =0 and

2

o) = G +2) (1= 5 ) L0

T
oura(t) = (<z1 beoto [ gk - t>dr) Lo (1),

O’u’T’Q (t) = Ql%(u — t>1[07u}(t>,
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T
Gura(t) = V1 — 0219 (t)/ g:hm (T — r)k(r — t)dr,

Gura(t) = /1 — 0%i(u—t) 1 (t). (2.97)

It is clear that the family (j,)yece is bounded in L and hence uniformly in-
tegrable. Since & is locally square-integrable (see after (2.2)) and hence in
L*([0,T);R,), we get by the e-d-criterion for uniformly integrability (see Klenke
[83, Theorem 6.24]) that (|oy12|*)o<ucr<t and (|Gur2|*)o<u<r<t are uniformly
integrable as the indicator functions are bounded. Moreover, since g7, . is con-
tinuous (see Corollary 2.16 and part 1) of Theorem 2.3), hence bounded on [0, T},

we have

T
/ zreo (T = )R (r = O)dr | < \gZ, 2, lpee o,y 1) 1 o) < 00

for all ¢ € [0,u] and all 0 <u < T < T. Thus the families (|0, 71]?)o<u<r<7 and
(|6u71]*)o<ucr<t are uniformly bounded in L*([0,77;C), and hence uniformly
integrable. Therefore, we may apply Proposition 2.5 with respect to the indexing
set ® and families (u,), (0,) and (6,). This yields some Ty, ., € (0,77 NT%)

such that for all ¢ € ® and 7" € (0,7}, .,], statements 1)-3) of Proposition 2.5
hold (with 7" in place of T'). Now fix 0 <u < T < sz and set

(p1, 02, T") = ((u, T, 1), (u, T, 2),u) € & x & x 0,15, ,].

Since a change of variables yields

T T—u
/ G2y (T = 1)R(r —t)dr = / g;,zz(r/)/%(u —t+ (T —u)— r/)dr’
u 0

= (A ii*x g}, )T —u), 0<t<u,

we have after plugging in (2.97) and some simplifications that the equations (2.22)
and (2.24) for gy, =: g&%, and gy, gy = iLZﬁ;Q are equivalent to (2.93) and
(2.94), respectively; we note that the indicator functions in the definition (2.97)
of (1), (0,) and (6,,) do not appear in (2.93) and (2.94) since we have restricted
the equations to the interval [0,u]. This shows the existence and uniqueness of

the solutions to (2.93) and (2.94).
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To conclude, we note that setting t = 7" = u in (2.96) yields

T
Ko = / G (T — )eu(r)dr + (2 + 22) X,

X =Y,

for ¢, = (u,T, () as before. Thus we have

T
exp(X91) X = exp ( / g (T = r)eu(r)dr + (=1 + z2>xu) y,

= L,VV?2Y,

due to (2.13), (2.77) and the definition of g} . = g, + g}, +g*. Therefore (2.95)
follows directly from (2.26) (with time horizon 7" = w in place of T'). O

We can now apply Proposition 2.26 together with the general result in Pro-
position 2.2 to obtain an explicit formula for the mean squared hedging error
associated with European vanilla call and put options. We note that the same
issues discussed after Corollary 2.22 apply to the formulas below. That is, the
infimum on the right-hand side of (2.98) could a priori be equal to 0 in some
cases, so that the result becomes vacuously true. While that issue was resolved
in Proposition 2.25 for the mean value processes and pure hedge coefficients as-
sociated with European vanilla call and put options, the question remains open

for the hedging error.

Theorem 2.29. Suppose that T € (0,T*], a; > 1 and as < 0 are such that
T <min{T}, T, Ty s To s} Ninf {10, ., ¢ 21,20 € {a1, a2} +iR}  (2.98)

for some 6 > 0, where T 1is given by Corollary 2.16 and TZLZQ by Proposition
2.26. Then for any t € [0,T] and initial wealth x; € L%(F;), the mean squared
hedging errors for the call and put options with strike K are given by

) 4 e2(CK),

_xt)z +€?(PYI“{)>

7 (x4, Cp ) = Ly(V}
K
eX(ay, PE) = L(V]"
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where we define

2(CKY = (1_Q2>/tT<//al+IR ( I #2. >Z an82 (dzl,dzg))d

m=1,2
T
e2(PK) = (1 — 92)/ <// ( H th )Z“ o ZZWKG (dzl,dZQ))d
t (az+iR)2 m=1,2
Jor W =R gl Tia, = TKa, © T, and 2% given by (2.95).

Proof. Let H, := CK and H, := PX. Recall that the European call and put
options can be represented in terms of the Mellin transforms (2.35) and (2.36)

so that due to (2.40), they are of the form (2.42) with v§ := 2dp, v5 := 0 and

7t = 1 ,,. By Proposition 2.25 and due to the assumption (2.98), Proposition

2.18 applies to H, for ¢ € {1,2}. After plugging in these particular choices of v},
vi and 7 together with g,jlz%z = g7 (see the beginning of the proof of Corollary
2.16), (2.70) and (2.75) simplify to ¢} = h%(T —t) and

v =i |

g+iR

zf/tZWK,ae(dz) AWy + / R(T — t)lzszm(dz) dB:)
ap+iR

for £ € {1,2} and 0 <t < T. By (2.78), we also have =7 = (z0 + oh’(T —t))Vy.
Recalling that dS; = USt\/thWt* by Theorem 2.3, it follows that

2
dVHr —zHee 8], = (1 - 92)(/ hX(T — t)f/fﬂKW(dz)) dt, 0<t<T,
a[+iR

for ¢ € {1,2}. By Proposition 2.2 with ¢ = 0, we have that fOT Lid[VHe —=Hes ],

is integrable. Hence by the conditional Fubini theorem, we deduce that
T
Ep |:/ Lud[VHZ — EH‘}' ‘S]u ‘ Ft:|
t

-0 [ B ([ Tim )

After rewriting the inner integral as

(/ RE(T—u) VT o, (dz ) // ; (T—u)f/jm)wKQ (dz1,dz),
ap+iR (ag+iR)2

2

.7';;| du.
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the conditional Fubini theorem yields

T
Ep[ / Ldvi —=H.g],

t

;

T

=(1- 92)/ // ( IT »2.(T - u)> Ep[L VI V2Y, | Flng?, (dz, dz)du.
t JJ(@+ir)2 N2 ’

By plugging in (2.95), we obtain

T
E|:/ Lud[le _ EHZ.S]u ’ -Ft:| = 5?([—[(),

t

and hence the result follows by Proposition 2.2. O

Since we already have the formulas (2.13) for L and (2.76) for VI and Vr,
Theorem 2.29 can therefore be used to calculate the hedging errors associated

with european call and put options in a semi-explicit form.

3 An application to semistatic portfolio problems

As an application of our previous results on the optimal mean—variance hedging of
claims in the rough Heston model, we now consider the problems of mean—variance
portfolio optimisation and mean—variance hedging in a semistatic setup which we
define below. We start by studying those problems in a general semimartingale
model, and then show how to obtain explicit formulas in the case of the rough
Heston model.

Consider a filtered probability space (Q, F, (Fi)o<t<r, P) satisfying the usual
conditions with time horizon T > 0; for simplicity, we assume that F is P-trivial.
As before, we assume that there exist a riskless asset with constant price 1 as
well as a risky asset with price process (S;)o<i<r, Where S is a semimartingale
that we assume to be continuous, which is the case in the rough Heston model.
As in éerny’/Kallsen [25, Assumption 2.1], we also make the following standing

assumption for this section.

Assumption 3.1. There exists an equivalent local martingale measure @ for S
with square-integrable density dQ/dP.

By Delbaen/Schachermayer [36, Theorem 1.3|] and as explained in Section
[.3.1, it follows from the continuity of S that there exists a variance-optimal

martingale measure QQ* ~ P for S. Assumption 3.1 holds for the rough Heston
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model with any time horizon T" € (0,7*], where T* > 0 is given in Theorem 2.3,
so that Q* given by (2.16) is the variance-optimal martingale measure on [0, 7.
By results of [25] and as discussed in the introduction of the chapter, Assumption

3.1 ensures that the space
Gr(S) = {9+Sr 9 € O7(S)} C LA (Fr)

of attainable gains is closed in L% (Fr), and also that for every payoff H € L%(Fr)
and z € R, there exists a unique mean—variance hedging strategy 9 (z).

In order to introduce semistatic portfolios, we consider an enlargement of the
financial market where in addition to the underlying asset S, we suppose that
an agent may trade in a basket B = (B1,...,By) of financial derivatives with
terminal values® B; € L% (Fr) and prices p; € R at time 0 for j = 1,...,J;
we likewise write p' = (p1,...,ps). Whereas the agent may trade in S with a
“dynamic” strategy ¥ € Or(S) as before, we assume that she may take only
“static” positions in the derivatives B, i.e., they can be bought or sold at time 0
and are subsequently held to maturity 7. Since we assume that Fy is P-trivial,
the static part of the strategy is represented by a vector w € R, which denotes
the number of units of each derivative bought or sold at time 0. By trading in a
self-financing way with a semistatic strategy (w,9) € R’ x ©7(S5), an agent with

initial wealth x € R attains the terminal wealth
Ve(z,w,9) = x4+ w' (B — )+ 0457, (3.1)

We refer to this enlarged market as the semistatic market (or “semistatic
setup”), and to the original market as the dynamic market. While Assumption 3.1
implies the absence of arbitrage in the dynamic market, there may a priori exist
arbitrage opportunities using semistatic strategies. We do not need to assume
the absence of arbitrage in the enlarged market, but we do require the following
standing assumption, which rules out the existence of arbitrage opportunities

that attain a nonzero terminal wealth with zero variance.

Assumption 3.2. For any pair (w,¥) € R’ x ©7(5) such that Vy(0,w,d) = ¢

P-a.s. for some ¢ € R, we have ¢ = 0.

Note that for w = 0, Assumption 3.2 implies in particular that 1 & Gr(95);

2The notation for the basket of claims B = (B1,...,By) is unrelated to the Brownian
motion B underlying the rough Heston model (2.1); this distinction will always be clear from
the context.
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this also follows already from Assumption 3.1. We obtain in Lemma 3.10 below
an equivalent condition to Assumption 3.2 that can be stated explicitly in terms
of quantities related to .S and B. Since the derivatives B can only be traded at
time 0, Assumptions 3.1 and 3.2 imply that the so-called law of one price (see
Cerny/Czichowsky [24]) holds for the market (S, B). Indeed, it may be possible
to weaken Assumption 3.1 by imposing only the law of one price (|24, Definition
2.5]; see also (i)<(v) in [24, Theorem 3.1|) to the dynamic market generated by
S, but we do not pursue this further.

The topic of hedging with semistatic strategies has received some attention in
recent years; see e.g. Acciaio et al. [4], Acciaio/Larsson [3] and Nutz et al. [99].
Particularly relevant for us are Di Tella et al. [38, 39|, where the problem of
mean—variance hedging with semistatic strategies has been studied for general
stochastic volatility models under a risk-neutral measure. The restriction of tak-
ing only static positions is justified in markets characterised by low liquidity or
high transaction costs, such as certain over-the-counter markets, where frequent
rebalancing may be impossible or too costly. The latter point is further emphas-
ised in [39], where the problem of constructing a sparse portfolio is considered,
i.e., one that only takes nonzero positions in a small subset of the derivatives (for

instance, in order to reduce trading costs).

3.1 Semistatic portfolio optimisation

Since our study of the rough Heston model is done under a semimartingale meas-
ure P, we are interested in the mean—variance portfolio optimisation problem as
well as mean—variance hedging. Thus our first goal is to characterise the strategies
(w, ) € R? x ©4(S) that are mean—variance efficient in the semistatic setup, in

the following sense.

Definition 3.3. Let (w,9) € R’ x ©7(S) be a semistatic strategy. We say that
¥ is mean—variance efficient with respect to w if there does not exist any other
) € ©7(S) such that we have the inequalities

’ (3.2)

EP[VT(O,U),’&” Z Ep[VT(O,w,ﬁ)],
Varp[Vr(0,w, )] < Varp[Vr(0,w,d)],

where at least one of the inequalities is strict. Likewise, we say that the pair

(w, ) € R? x O7(S) is mean—variance efficient if there does not exist any other
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pair (,9) € R’ x ©7(S) such that we have the inequalities

EP[VT( , W, ~>] > EP[VT(Oawﬂ%L
,0,0)] < Varp[Vr(0,w,9)],

where at least one of the inequalities is strict.

The concept of mean—variance efficiency is classic, and it is based on the prin-
ciple that a strategy is “good” (from a mean—variance point of view) if it attains
a terminal wealth with high expected value and low variance. In particular, since
the strategy (0,0) attains a terminal wealth with zero variance, it must be mean—
variance efficient due to Assumption 3.2. More generally, if (w, ) € R’ x O4(S)
is such that Vr(0,w, ) = 0 P-a.s., then (w, ) is mean—variance efficient as well.

There are a number of equivalent definitions for mean—variance efficiency,
some of which will be useful later in order to calculate the candidate mean—
variance efficient strategies and prove that they are indeed efficient. We refer to
Eberlein/Kallsen [44, Rule 10.43| for some of those conditions; in our setup, the

first four equivalent conditions given in the rule read as follows.

Lemma 3.4. Let (w,9) € R/ x ©1(S). Then the following statements are equi-

valent:
() (w,?) is mean—variance efficient.

(a) Either Vp(0,w,9) =0 P-a.s., or Ep[Vr(0,w,9)] >0 and (w,?) mazimises
Ep[Vr(0,w,0)] among all pairs (w,0) € R’ x ©1(S) such that

Varp[V(0, @, 9)] < Varp[Vr (0, w, 9)].

(b) (w, ) minimises Varp[Viy(0,%,9)] among all pairs (0,9) € R? x O5(S)
such that

(c) For some m >0, (w,9) minimises Ep[(m — Vp(0,,9))?] among all pairs
(w,79) € R7 x ©4(9).

(d) Either Vp(0,w,9) =0 P-a.s., or (w,d) mazimises the Sharpe ratio

@)
@, D)

SR(@,9) = 0

(Varp [VT(O
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among all pairs (ﬁ),@) € R’ x O7(S), where we set 0/0 = 0.

Proof. We can show the equivalence of (a)—(d) by the same proof as in [44, Rule
10.43]; this is possible due to the fact that the terminal wealth V- (0, w, ) is linear
in (w,d) and the set of admissible strategies R’ x O7(S) is a cone (in our case,
it is even a vector space). Two more comments are needed in order to make the
reasoning fully precise. First, we note that Assumption 3.2 is necessary in the
proof of (d) = (a), since otherwise a Sharpe ratio equal to co is attainable and one
cannot assume that a competitor (@D,@) satisfies Varp[VT(07@D,z§)] > 0. Second,
the converse direction (a) = (d) in [44] only holds with this modified version
of (a), where we deal separately with the case Ep[Vr(0,w,d)] = 0. Otherwise,
the implication would not hold in the case where Ep[Vi(0,1w,7)] = 0 for all
(,79) € R? x ©7(S) (i.e., if P is a martingale measure for the extended market).
In that case, all strategies satisfy the original statement of [44, Rule 10.43(a)],
but the only mean—variance efficient strategies are those that attain the terminal
wealth 0. With these additional remarks, the proof of [44, Rule 10.43] goes
through and gives the equivalence of (a)—(d).

It remains to show that (a)-(d) are equivalent to (). If (w,?) is a mean—
variance efficient strategy in the sense of Definition 3.3, then it clearly satisfies
condition (a), so (x) = (a). Conversely, suppose that (w, V) satisfies both (a)
and (b). We consider two cases depending on which of the conditions in (a)
is satisfied. If Ep[Vy(0,w,d)] > 0, it is clear from the assumptions (a) and
(b) that (w,?) is mean—variance efficient by definition. On the other hand, if
Vr(0,w,9) = 0, we have by Assumption 3.2 that there does not exist a competitor
(w, V) such that Ep[Vy(0,w,9)] > 0 and Varp[Vp(0,%,9)] = 0; hence (w,?) is
mean—variance efficient also in this case. Since we had already shown (a) < (b),
we obtain (x) = (a) < (a)A(b) = (%) so that (x) is equivalent to (a)—(d), and
this concludes the proof. O]

Similarly, we also obtain equivalent conditions for the mean—variance efficiency
of ¥ € ©7(S) with respect to w = 0; such a strategy can be seen as mean-variance
efficient in the purely dynamic market. By the equivalence of the conditions (a)—

(e) in [44, Rule 10.43] and the same argument as for (w, ), we get the following.

Lemma 3.5. Let ¥ € O(S). Then the following statements are equivalent:

(%) ¥ is mean—variance efficient with respect to w = 0.

(a) Fither Vr(0,0,9) = 0 P-a.s., or Ep[Vr(0,0,9)] > 0 and ¥ mazimises
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Ep[Vr (0, 0,15)] among all strategies 0 € Or(S) such that

Varp[Vr(0,0,9)] < Varp[Vr(0,0,9)].

(b) ¥ minimises Varp[Vp(0,0,9)] among all strategies U € ©p(S) such that

Ep[V(0,0,0)] > Ep[V(0,0,9)].

(¢) For some m > 0, ¥ minimises Ep[(m — Vr(0,0,9))?] among all strategies
15 € @T<S)

(d) Either Vp(0,0,9) =0 P-a.s., or 9 mazimises the Sharpe ratio

SR(0 751) _ Ep[Vr(0,0,9)]
’ (Varp[Vr(0,0,9)])1/2

among all strategies 0 € Or(S), where we set 0/0 = 0.

(e) ¥ =g mI* for some m > 0, where 9* denotes the solution to the pure

mvestment problem

E[(1 —9¥+S7)*] — min !
796@7"(5)

We note that condition (e) of Lemma 3.5 is equivalent to that of [44, Rule
10.43] in our setup, since by Assumption 3.1 and éerny/Kallsen |25, Corollary
2.5], ¥« Sp = 0 implies that ¥ =¢ 0 = 00*. Condition (e) of Lemma 3.5 is
particularly useful when we consider only dynamic strategies. Indeed, we have
already studied the pure investment problem for the rough Heston model in the
previous chapter and obtained an explicit formula for 9*; see Theorem 2.3. Thus
condition (e) in Lemma 3.5 parametrises the set of strategies ¥ € ©(S) that are
mean—variance efficient with respect to w = 0.

In order to find explicit formulas for the mean—variance efficient strategies
in the semistatic market, our approach is to first determine the mean—variance
efficient dynamic strategies ¥ € ©(S) with respect to a fixed static strategy
w € R7, and then to find the static strategies w that correspond to a mean—
variance efficient pair (w, ). For the first part, we rely on well-known results on
mean—variance hedging, whereas the second part reduces to a finite-dimensional

optimisation problem that can be solved explicitly. This approach is also similar
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to that of Di Tella et al. [38, 39|, where the mean-variance hedging problem
is decomposed into “inner” and “outer” problems that determine the dynamic
and static parts of the optimal strategy, respectively. Our analysis also fits into
the general framework of Fontana/Schweizer [48], from which we obtain more
explicit results by using the particular structure of the set of terminal gains that
are attainable by semistatic strategies.

We start by giving a decomposition of the derivatives B; in L% (Fr) that
is helpful to our task. This is analogous to the Galtchouk-Kunita—Watanabe
(GKW) decomposition for B; under P considered in [39, Equation (7)], in the
case where P is a risk-neutral measure. In general, the decomposition can be
obtained by solving a mean-variance hedging problem. We point out for later
use that the following result does not require Assumption 3.2, since for now we

work only with the dynamic market.

Lemma 3.6. Every payoff H € L%(Fr) admits a unique decomposition
H=c+9Sy+ H" (3.4)
for some c € R, ¥ € ©7(S) and H+ € L%4(Fr) such that
Ep[H"] = Ep[H"(J+Sr)] = 0 (3.5)
for all ¥ € ©7(S). Moreover, ¢ = Eg«[H] and 9 = 9 (c) is the mean—variance

hedging strateqy for H starting from time 0 and initial capital c.

Proof. We consider the space of terminal gains attainable by dynamic strategies
defined by
Gr(S) = {9+Sr 19 € Or(S)} C L3(Fy).

Assumption 3.1 and Cerny/Kallsen [25, Corollary 2.5.2| yield R N G (S) = {0},
which can be seen as a form of absence of arbitrage. Thus the space L%(Fr) can

be decomposed as the direct sum

1

L3(Fr) =R & Gr(S) & (R& Gr(S)) . (3.6)
This yields for any H € L%(Fr) a unique decomposition of the form
H=c+Hg+H" (3.7)

where ¢ € R, Hg € Gr(S) and H* € (R @ Gp(S))L. Thus we have Hg = 9« Sy



3 An application to semistatic portfolio problems 131

for some ¥ € ©7(S), and because H € (R® Gr(9))*, the condition (3.5) on H*
is satisfied. Hence we have obtained a decomposition of the form (3.4) for H.

Note that the choices of ¢, Hg and H* in (3.7) are unique. It remains to
determine ¢ and 1}, and to show the uniqueness of 1. To see the latter, suppose
that ¥+ Sy = Hg for 9!, 9% € O7(S). Since there exists an ELMM Q* for S with
square-integrable density, we get by the same argument as in the proof of [25,
Lemma 2.11] that the processes 9!+ S and 92+ S are indistinguishable as their
terminal values coincide. Thus up to S-equivalence, there is a unique choice of
¥ € O7(S) such that ¥+ Sy = Hg.

To determine ¢ and ¥, note that ¢ + 9 » Sy is the L?-projection of H onto
R @ Gr(S) by the decomposition (3.6). This implies that the pair (c,1)) attains

the infimum

inf  E[(H—-c—9+Sp)’]=inf inf E[(H—c—19+Sr)%.
(e,9)ERX O (S) cER YO 1(S)
The inner infimum on the right-hand side consists of a mean—variance hedging
problem for H with initial wealth ¢, and hence we must have 9 = 9% (¢). Moreover,
it follows from [25, Theorem 4.10.2| (see also Proposition 2.2) that the minimiser
of the outer infimum is ¢ = V{7 = Eg.[H]. O

We return to the main problem of finding mean—variance efficient semistatic
portfolios. To that end, we introduce some notation. Lemma 3.6 yields for each

derivative B; the decomposition
B; = cPi + 9%+ Sr + B, (3.8)

and we denote @:= (¢B1, ... ¢B7), J = (¥8,...,957) and B+ := (B+,..., BY).
Thus by (3.1), we can decompose the terminal wealth attained by a strategy
(w,¥) € R x O(S) as

J
Vp(0,w,0) = w;(c™ — p;j+ 9% +8r + Bj) + 9+ Sp
j=1
—w (F—p) + (W T+ 9)*Sr+w' B . (3.9)

We also recall the so-called opportunity process (Li)o<i<r that was introduced in
the previous chapter. The definition of L can be found in (I1.3.2), and (2.13) gives
an explicit formula for L in the rough Heston model. For this application, we

need only the initial value Ly, which takes values in (0, 1] by Cerny/Kallsen [25,
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Lemma 3.10|. Moreover, in the special case Ly = 1, we have by |25, Corollary 3.4]
that v* =g 0 and L = 1. In that case, the so-called adjustment process (a:)o<i<r
is also null by [25, Lemma 3.7], and hence S is a local P-martingale due to [25,
Proposition 3.13|. Tt also follows by [25, Lemma 3.2, part 3| that Ep[d+Sy| =0
for every ¥ € ©7(S). For this reason, we sometimes need to consider the case
Lo = 1 separately.

Since it appears in condition (e) of Lemma 3.5, the pure investment strategy
¥* € ©7(S) plays a role in determining the mean-variance efficient strategies,

and so we now compute the mean and variance of Vr(0,0,7*) in terms of L.
Lemma 3.7. It holds that
Ep[t*eSr] =1— Ly and Varp[t*+Sy| = Lo(1 — Ly).
Proof. By |25, Corollary 3.4], we have the two equalities
Lo = Ep[l —9*+Sr| = Ep[(1 — 9"+ 5r)?]. (3.10)
This immediately yields Ep[9*«Sr] =1 — Ly, and we also get
Ep[(9%+S7)?] = Lo+ 2Ep[0*+Sp] — 1 =1 — Ly,

so that Varp[ﬁ*°ST] = Ep[(ﬁ*‘ST)ﬂ — Ep[ﬁ*‘STP = Lo(l — Lo) ]

In order to calculate the mean and variance of the terminal wealth attained
by semistatic portfolios, the last quantity that we need is the covariance matrix
3B of the residuals B defined by

J
=1

%P = (2f

]

)] == Covp(B*) = (COVP(BZ'J_7BJJ'_))

3,j=1

The matrix X encodes the correlation structure of the unhedgeable parts of the
derivatives Bj; we return later to the question of how to compute XF explicitly
for the rough Heston model. For any pair (w,d) € R’ x ©(S), we obtain from
(3.9) that

Ep[Vr(0,w,9)] = Eplw' (6—7)+ (9 + w8y + wTél]
=w' (=) + Ep[(9+w'9)+Sr), (3.11)
Varp([Vir (0, w, 9)] = Varp[(¢9 + w9 )+ Sy] + Varplw' B, (3.12)
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where the last equality follows by (3.5) since
Covp(J+Sr, BY) = Ep[(0+Sr)B+] = 0

for ¥ := 9 4+ w'd. Given a static portfolio w € R’, we can now use (3.11) and
(3.12) to find the set of strategies ¥ € ©7(S) that are mean-variance efficient
with respect to w; as it turns out, it consists of linear combinations of the pure

investment strategy ¥* and mean-variance hedging strategies 5.
Lemma 3.8. The following statements hold for each w € R.

1) A strategy 9 € Op(S) is mean-—variance efficient with respect to w if and
only if
V=g —w' U+ B* (3.13)

for some B > 0. In that case, the terminal wealth
Vir(0,w,9) =w' (B — F) + 9+ Sr
attained by (w, ) has expectation and variance given by

Ep[Vr(0,w,9)] = (1 = Lo)B + (€= p) "w, (3.14)

Varp[Vr(0,w,9)] = Lo(1 — Lo)3? +w ' 2Bw.
2) For any 9 € ©7(S), there exists some strategy Ve Or(S) which is mean—
variance efficient with respect to w and such that both inequalities in (3.2)

are satisfied.

Proof. 1) For any pair (w,9) € R/ x07(5), (3.11) and (3.12) give the expectation
and variance of Vi (0,w, ). Note that the terms wT (¢ — ) and Var[wT B] on
the right-hand side of those equations do not depend on 9. Thus by (3.11) and
(3.12), ¥ is mean—variance efficient with respect to w if and only if ¥ := 9 +w
is mean—variance efficient with respect to 0, i.e., in the pure investment sense.
By Lemma 3.5 (%) < (e), this holds if and only if J = $9* for some § > 0, which
is equivalent to (3.13). Thus ¥ is mean-variance efficient if and only if it is given
by (3.13) for some § > 0. By plugging ¥ =g $9* into (3.11) and (3.12) and using

Lemma 3.7, we obtain

Ep[Vr(0,w,9)] = w' (¢~ p) + Ep[89*+Sr] = (1 — Lo) 3 + (¢~ §) "w,
Varp[Vr(0,w,9)] = Varp[80*+ Sr] + Var[w ' BY] = Lo(1 — L) 5 + w' L w,
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which shows (3.14).
2) Fix some 9 € ©7(S). By (3.12), we obtain

Varp[Vi(0, w,9)] > Varp[w' B = w S w.

First suppose that Lo € (0,1) and set

> 0.
Lo(1 — Ly) -

5= \/Varp[VT(O,w,ﬁ)] —w ' XBw
It follows by the second part of (3.14) that the strategy 0= —wJ+ [ satisfies
Varp[Vi(0, w, )] = Varp[V(0,w,9)]. Because ¥ is mean—variance efficient with
respect to w by part 1), we must also have Ep[V(0,w,9)] > Ep[V(0,w, )], and
this concludes the proof in this case. Suppose now that Ly = 1. As argued before
Lemma 3.7, we have Ep[0+Sy] = 0 for all ¥ € ©7(S). Then by (3.11), we have
Ep[Vr(0,w,9)] = w' (Z— 7). Setting J := —w' 9, (3.12) and (3.14) yield

EP[VT(O, w, 19)] = U)T<5— ﬁ) = EP[VT(O, w, @)],
Varp[Vr (0, w,9)] > w' 28w = Varp[Vy (0, w, 9)].

Since ¥ is mean—variance efficient with respect to w by part 1) with 8 = 0, this

concludes the proof. O

Lemma 3.8 already gives a good intuition about the structure of the mean—
variance portfolio selection problem in the semistatic setup. Indeed, by inspecting
(3.13), we conclude that there are two relevant types of investment opportunities.
The first is given by the pure investment strategy 1*, which is an optimal strategy
in the purely dynamic setup. By investing in § > 0 units of the strategy v*, the
agent attains the terminal wealth ¢+ S* and a risk-reward ratio determined by the
initial value Lo of the opportunity process; see Lemma 3.7. The other relevant
investment opportunities are the hedged derivatives, i.e., where the agent buys a
unit of B; and offsets it with the strategy —9% in the underlying. Due to (3.8),
the terminal wealth attained by this strategy is ¢% — p; + BjL,
value equal to the difference between ¢% and the price p;. Due to Lemma 3.6,
cBi = Eg.[B;] may be interpreted as a “fair value” for B; under the VOMM Q*

for S. Moreover, the hedged payoffs are uncorrelated from ¥*+ Sy due to (3.5),

with expected

and their correlation matrix is given by X5.

Thus the problem effectively reduces to a one-period model with finitely many
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assets, where an agent may only buy or sell the payoff ¥* ¢« Sy or the hedged
derivatives ¢”i — p; + Bj-. Indeed, due to (3.13), it would be suboptimal (from
a mean—variance point of view) to use any other type of strategy. In line with
Lemma 3.8, we denote the strategies in this reduced market by (3, w) € Ry xR}.
The discussion above suggests that any mean—variance efficient strategy (w, ) in
the original market corresponds via (3.13) to a mean—variance efficient strategy

(B,w) in the reduced market. We now make a precise statement of this idea.
Lemma 3.9. Let (w,9) € R? x O4(S). The following statements are equivalent:
(a) (w,V) is mean—variance efficient.

(b) Either Vp(0,w,9) = 0 P-a.s., or there exists some [ > 0 such that (3.13)
holds and the pair (3,w) satisfies (1 — Lo)B+ (¢—p) w > 0 and mazimises
(1—Lo)B + (¢— ) w among all pairs (5,@) € Ry x R such that

Lo(1— Lo)f? + 0" SP% < Lo(1 — Lo) 52 + w'SPw. (3.15)

Proof. “(a) = (b)”: Suppose that (w,?)) is mean—variance efficient. Then it is
clear by Definition 3.3 that ¢ is mean—variance efficient with respect to w, and
so (3.13) holds for some g > 0. If V3 (0,w,¥) is not 0, we have by Assumption
3.2 that Varp[Vr(0,w,d)] > 0. Because (w,?) is mean—variance efficient, we
obtain by comparing with (0, 0) that Ep[Vr(0,w,¥)] > 0, and hence (3.14) yields
(1—Lo)B+ (¢— ) "w > 0. Now suppose for a contradiction that there exists a
pair (3,w) € R, x R’ such that (3.15) holds and

(1= Lo)3+ (E=p) @ > (1 - Lo)B+ (=) "w.

Define 9 by (3.13) with @ and § in place of w and 5. Then by (3.14) and the

assumptions on (f3, @), we have
Ep[Vir(0,w,9)] > Ep[Vr(0,w,9)] and Varp[Vi(0,1w,9)] < Varp[Ve(0,w,9)],

which contradicts the mean—variance efficiency of (w,d). Hence there exists no
such pair (5,), and (8, w) maximises (1 — Lo)S + (¢ — ) T subject to (3.15).
This shows (a) = (b).

“(b) = (a)™ this is immediate if V7 (0,w,d) = 0 due to Assumption 3.2, so
we exclude that case without loss of generality. Suppose for a contradiction that

(w,¥) is not mean—variance efficient. Note that by (3.14) and the assumption,
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we also have
Ep[Vp(0,w,9)] = (1 — Lo)f+ (€—7) "w > 0.

Thus by the equivalence (a) < (e) in Lemma 3.4, there exists (i, 79) € R x©5(S)
such that

Ep[Vp(0,%,9)] > Ep[Vp(0,w,9)] and Varp[Vy(0,w,9)] < Varp[Vi(0,w, ).

Due to part 2) of Lemma 3.8, we may assume without loss of generality that 0]
is mean—variance efficient with respect to w, and hence given by (3.13) for some
3 >0 and with @ in place of w. Then the assumption on (i, ) and (3.14) yield
that (3.15) holds and

(1= Lo)B+(@=p)'d > (1-Lo)B+(¢—p) w,

which contradicts the optimality of (8, w). Thus the pair (w, ) must be mean—

variance efficient. O

Before we proceed to the main result, we take a brief detour and use Lemma 3.8
to characterise Assumption 3.2 explicitly in terms of the matrix ¥”. As we shall
see, this condition arises naturally as a necessary condition when using Lemma 3.9
to find the mean-variance efficient strategies. Of course, in the following result,
we temporarily lift Assumption 3.2, and thus we must be careful to avoid using

previous results that require that assumption when proving the “if” statement.

Lemma 3.10. Suppose that Assumption 3.1 holds. Then Assumption 3.2 also
holds if and only if ¢ — p € Ran X7,

Proof. To show the “only if” statement, suppose that ¢ — 7 € RanX? for a
contradiction. As XP is a symmetric positive-semidefinite matrix, it admits an
orthogonal basis of eigenvectors so that KerX® = (RanX?)*. We can thus
decompose ¢—p = w + w*, where w € Ker ¥ and w* € Ran XF are orthogonal,
and we have w # 0 as ¢ — p ¢ RanXZ. Consider now the semistatic portfolio
(bw, by), where b > 0 and v = —wT¥. Then by Lemma 3.8, 1) is mean—variance

efficient with respect to w and we have

Ep[Vr(0,bw, b9)] = bw ' (¢ — ) = bw " (w + wb) = blw|? > 0,
Varp [Vr(0, bw, b9)] = b*w' SPw = 0,

so that Vp(0,bw, bd) = blw|* > 0 a.s., which contradicts Assumption 3.2.
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For the “if” statement, let (w, ) € O7(S) be such that Varp[Vr(0,w, )] = 0.
We note that Assumption 3.2 is not needed for the proof of Lemma 3.6, and so
the calculations in (3.11) and (3.12) still hold. Thus we have

0 = Varp[(d 4+ w'0)*S7] + Varp[w' B

so that each of the terms on the right-hand side is null. By Assumption 3.1, the
first term can be null only if (19—|—le§) * St = 0 P-a.s. Moreover, the second term

Bw so that w € Ker 2P, Since ¢ — p € RanX? by assumption

is equal to w'X
and Ker ¥ = (Ran X8)1 as ¥ is symmetric, it follows that (¢— ) w = 0. But
then both terms in the last line of (3.11) are null, and hence Ep[Vy(0,w,d)] =0,

i.e., we must have V3 (0,w,d) =0 P-a.s. This concludes the proof. ]

With Lemma 3.9, we have reduced the problem of finding the mean—variance
efficient semistatic strategies (w,9) € R7 x O7(S) to that of solving a quadratic
optimisation problem in R, x R’. The latter can also be seen as a classical
Markowitz mean—variance portfolio selection problem in the reduced market, as
discussed after Lemma 3.8. We are now almost ready to find explicit formulas
for the mean—variance efficient strategies in the semistatic setup. The last step
before giving the main result is to recall how to solve the type of linear—quadratic
optimisation problem considered in Lemma 3.9 in an abstract sense. In the
following, we denote by A~! the Moore-Penrose inverse (or pseudoinverse) of a

square matrix A; see Albert |6, Chapter III] for the definition and basic properties.

Lemma 3.11. Let ¥ € R™? be a positive-semidefinite symmetric matriz, o > 0
and D == {w € R? : w"Sw < 02}. Then for any v € Ran® \ {0}, the set of

solutions w € R? to the problem

o'W — max!
weD
is given by W + Ker 3, where
R ox o
w = € RanX

Proof. First, suppose that @ is a maximiser. Since V4 (0"w) = v # 0, @ cannot
belong to the interior of D, and hence w'Xw = 2. By the Lagrange multiplier
method, we must also have v = AXw for some A > 0; note that A\ # 0 as v # 0.
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Since ¥ € Ran %, we have v = X719 (see [6, Equation (I11.3.9.2)]) and thus

0=17—AZw = X(S"'0 — \w),

g

i.e., X710 — Mo € Ker &. By rearranging, this yields w € £~/ + Ker X. Since
w satisfies the boundary constraint and A > 0, it follows that A = (27 X719)Y/2 /0,
and hence w € w+KerX. As ¥ is symmetric, we have by [6, Equation (I11.3.8.1)]
that =1 = (£2)71%, and hence 1 € RanX.

To show that any such @ is a maximiser, note that % induces a (true) metric
on Ran ¥ so that DNRan ¥ is compact. Thus there exists at least one maximiser
of the continuous function w +— v'w in DN Ran3, and by the same argument as
above, the only possible maximiser is . Since 7 € Ran¥ = (Ker £)*, we have
o' = 0 and @'Sw = 0 for all @ € KerX. It then follows trivially that 0 is
also a maximiser of o'w on D = (D NRanX) @ Ker Y, and so is any element of
W+ Ker X. [

We are now ready to state and prove the main result. In the following, we
write w 1= (f,w) and v := (1 — Lo, ¢ — ) for the strategies and expected values
of the payoffs in the reduced market introduced after Lemma 3.8, with payoffs
W*« Sr and P — p; + BjL. Likewise, we consider the covariance matrix of the

payoffs and its inverse, given by

swp . (Lol =Lo) O (5B)1 = Lizeeanlo (1= Lo)™ 0
0 LY 0 (251

due to Lemma 3.7 and (3.5). For notational convenience, we index these vectors
and matrices by {0,...,J} rather than {1,...,J + 1}. As in previous results,

some care is still needed in order to include both cases Ly = 1 and Ly € (0, 1).

Proposition 3.12. The portfolio (w,9) € R’ x ©1(S) is mean—variance efficient
if and only if

we LB (SP)@—p)+Ker 2P and ¥ =g —w' U+ B9* (3.16)

for some B > 0. In that case, the terminal wealth attained by the portfolio (w, )

has mean and variance

Ep[Vr(0,w,9)] = B(1 — Lo + Lo(¢— p) T (EF) (@ - 7)), (3.17)

)
Varp[Vr(0,w,9)] = LoB*(1 — Lo + Lo(¢ — p) T (SF) (¢ - 7).
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Proof. “If”: Let (w,d) be given by (3.16) for some 8 > 0. We note that (3.17)
follows directly by plugging the first part of (3.16) into (3.14). We now want to
show that (w,?) is mean—variance efficient. Due to (3.17), we have V7 (0, w,9) =0
P-a.s. if and only if either § = 0, or if both Ly = 1 and ¢ — p = 0. In those
cases, we immediately have by Lemma 3.9 that (w, ) is mean—variance efficient.

Otherwise, we can henceforth assume that
£ > 0 and at least one of {1 — Lo,¢— p'} is nonzero (3.18)

so that V7 (0, w, ) is not 0. Our goal is to check that (3, V) satisfies the conditions
of statement (b) in Lemma 3.9, since that will immediately yield the mean—
variance efficiency. First, note that equation (3.13) is the same as the second
part of (3.16). By (3.18) and the first part of (3.16), we also obtain

(1= Lo)B+ (¢=p) w=B((1~Lo) + (¢~ ) ()" (¢~ p)) > 0.

[t remains to show the maximality condition on w = (3, w), i.e., that w maximises

o'W over all w' € R7*! such that (@)X’ < 02, where
o? == w' ' S%Pw = LB (1 — Lo + Lo(@— p) (ZP) ' (@—p)). (3.19)

By the first part of (3.16) and (3.18), we have 6 > 0. Next, we note that Assump-
tion 3.2 and Lemma 3.10 yield ¢ — p € Ran ©”. Moreover, we have 7, = 0 if and
only if 25% = 0, and hence o € Ran ©*%. We also have 7 # 0 by (3.18). Thus by
applying Lemma 3.11 to this maximisation problem, we obtain that w is a solu-
tion if and only if w € W + Ker ¥*F where w := (27 (X%8)~10)~1/2(o(X%8) " 10).
It remains to check that w belongs to this set.

We now distinguish two cases. If Ly = 1 so that ¥} vanishes, then the
condition w € 1w + Ker ¥*¥ does not impose any constraint on 3. Moreover, the
formula in (3.19) for o% and the first part of (3.16) yield

we o p)

(CEYINCRRCE R

and hence w € W + Ker % in this case. Likewise, if Ly € (0,1), we have by



140 TT Mean—variance hedging in the rough Heston model

(3.19) and the first part of (3.16) that

_ o LEI B
w E \/1250 + (5—]7)7'(23)—1(5_]7) ( (EB>—1<5_]7) ) + {0} x Ker ™

= + Ker 205,

Therefore in both cases, it follows by Lemma 3.9 that (w,) is mean—variance
efficient, which proves the “if” statement.

“Only if”: Suppose that (w,?) is mean—variance efficient and hence satisfies
condition (b) in Lemma 3.9. If V;(0,w, ) = 0 P-a.s., we have by (3.12) that

Varp[(9 +w )+ S7] = Varp[w' BY] = 0.

In that case, w'XPw = 0 so that w € Ker©?, and due to Assumption 3.1,
9+ wTd =g 0. Hence in the case Vr(0,w,9) = 0 P-a.s., (w,?¥) must satisfy
(3.16) with 8 = 0. Thus we may assume V7 (0,w,9) # 0, and hence Lemma
3.9 yields the second part of (3.16) for some 3 > 0. We recall o and ¥*F and
consider once again w = (f,w) for this choice of § and w. As before, we have
v € Ran 25, Due to condition (b) of Lemma 3.9, we have o' @ > 0 so that v # 0.
Since v € Ran ¥*B, the inequality ©"w > 0 also implies that o2 := w " ¥*%w > 0.
Condition (b) of Lemma 3.9 also gives that w maximises v @’ over all @’ € R’*!
such that (@')"Y%Pw < 0% Since we have checked its conditions, we may
apply Lemma 3.11 to this problem, which yields that w € w + Ker ¥, where
W= (@T(Z*’B)_117)_1/20'(2*’3)_117.

We once again distinguish the two cases Ly = 1 and Lo # 1. If Ly = 1, then
the condition w € W+ Ker ¥ does not give any information on 3. On the other

hand, it yields for w that

+ Ker 2B,

))1/2

Then the first part of (3.16) holds if we replace g with

—~

oy
|

Ty

Y e o

By the choice of 8 > 0, we also have that the second part (3.16) holds for the
original 5. However, since ¥* = 0 in this case as argued after (3.8), the second
part of (3.16) also holds if we replace 8 with B, and so we conclude that both
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parts of (3.16) are satisfied for 3.
If Ly € (0,1), we have X5” # 0, and hence the condition @ € w + Ker 255
yields
o(X*B) "1y

W E + {0} x Ker X7
@T(E*7B)—1@ { }

L—l
- c ( 0 ) + {0} x Ker©%.
1-Lo (X5 cC—p

and w € LyB(XB) 1@ —7) + Ker P

(3.20)
so that w satisfies the first part of (3.16). The second part of (3.16) also holds
by the choice of 8, and therefore (w, ) satisfies (3.16). This completes the proof

of the equivalence. O

In the process of showing Proposition 3.12, we have already solved the Marko-
witz problem in this setup, namely the version related to condition (a) of Lemma
3.4, where we seek to maximise the expectation of the terminal wealth under
a constraint on the variance. Other versions of the Markowitz problem can be
solved in a similar way; see Fontana/Schweizer [48]. It is now also straightforward

to find the optimal Sharpe ratio in this setup.

Corollary 3.13. Suppose that ¢—p € Ran %8 with ¢ # p or Ly # 1. The optimal

Sharpe ratio for the semistatic portfolio optimisation problem, defined by

Ep[Vr(0,w, )]

SR 5 = sup SR(w, ) = sup ,
5B (w,9)ERY xO1(S) (w,9)ERY xO 1 (S) (Varp[VT((),w,ﬁ)])l/?
Varp [V (0,w,9)]>0 Varp [V (0,w,9)]>0
1S given by
SRy 5= /SRS + (€~ 7)T(28)~1(E~ ), (3.21)

where SRg = ,/12—5" is the optimal Sharpe ratio attainable by trading only in S.

Proof. By Lemma 3.4 (e) = (d), it suffices to calculate the Sharpe ratio of any
mean-variance efficient strategy (w,d) with Vr(w,9) # 0. Due to Proposition

3.12, we may consider the strategy (w, ) given by (3.16) for an arbitrary choice
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of B> 0. We note that Varp[Vp(0,w,9)] > 0 due to (3.17) and the assumptions.
Then the optimal Sharpe ratio is

SR 5 = SR(w, 9) = J Loy eopyrerie-n (3.2

independently of 5 > 0 due to (3.17). Applying this formula in the case J = 0
yields that the optimal Sharpe ratio attainable by trading only in S is given by

SRg = 4/ 1250; this result for the dynamic case can also be found in éerny /Kallsen

[25, Proposition 3.6]. Plugging into (3.22) then yields (3.21). O

We now summarise the main conclusions from the previous results. Under
Assumption 3.2, which is equivalent to ¢ — 5 € Ran X = Ran (X)~! by Lemma
3.10, we have (¢—p) " (X8)~1(¢—p) > 0 if and only if — p'# 0. Thus by (3.21),
the additional possibility of taking static positions in the derivatives By, ..., By
provides a benefit in comparison to being able to trade only S if and only if
¢ # p, i.e., if some of the market prices p; do not coincide with the constants
cPi = Fq.|B;] given by Lemma 3.6. One may interpret the constants ¢ as the
“fair values” of B; under the variance-optimal martingale measure Q* for S. Thus
if there are discrepancies between the prices and fair values of the derivatives Bj,
then (3.16) yields semistatic strategies that achieve a higher Sharpe ratio than
what is achievable by trading in S alone. On the other hand, if ¢=pand Ly < 1,
then by (3.16) it is optimal (from a mean—variance standpoint) to not take any
static positions in the derivatives. Finally, consider the case ¢ = p'and Ly = 1
that is excluded in the assumptions of Corollary 3.13. As argued after (3.8), we
have that P is a local martingale measure for S and hence also the VOMM for S,
i.e., P = Q*, and we have Ep[+Sy] = 0 for any ¥ € O1(S). Moreover, Lemma
3.6 yields

§=¢= Eq[B) = ExlB)
so that P is also a martingale measure for the static payoffs and a local martingale
measure for the enlarged market (S, é) In that case, it is not possible to achieve
a nonzero expected return with any admissible strategy (w,?) € R’ x ©5(S),

and hence it is optimal to not trade in either S or B.

3.2 Semistatic hedging

We now introduce the problem of mean-variance hedging in the semistatic mar-

ket, which is more closely related to the one considered in Di Tella et al. [38, 39].
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We start with the same setup as before, i.e., a risky asset with continuous se-
mimartingale price process (S;)o<i<r and a basket B of claims B; € L%(Fr)
(7 =1,...,J) that may be bought or sold at time 0 for a price p; € R. We also
make the same Assumptions 3.1 and 3.2. We are interested in solving the mean—
variance hedging problem for a claim H € L%(Fr) over the set of semistatic

portfolios (w,?¥) € R’ x O7(S), i.e., we consider the problem

2@ Hy=  inf_ Ep[(H - Vi(z,w,9))"], (3.23)
(w,9)ERI xOp(S)

where z € R is the (fixed) initial wealth and Vp(z,w,?) is given by (3.1). In
other words, we extend the original MVH problem (2.3) by allowing the use of
static strategies w € R’7. We show below that there exists a unique solution
(wH (z), 9" (2)) to (3.23), where we write ¥ instead of ¥ in order to distinguish it

from the solution to the MVH problem (2.3) for H in the dynamic market.
As done previously in (3.8) for the portfolio selection problem, we start by

using Lemma 3.6 to decompose H; and H as

Bj =%+ «Sp+ B;,
H=c"+9"S,+ H*, (3.24)

where ¢ ¢ e R, 95, 9" € ©7(S) and Bf-, H*- € L}, (Fr) are such that
Ep[Bf] = Ep|[B; (9 Sr)| = Ep[H*] = Ep[H*({+S7)] = 0 (3.25)

for all 7 € O7(S). As before, let £ = Covp(BL) be the covariance matrix of
the residuals B+ = (Bf,...,B7). We also consider the covariance matrix of the
concatenation, given by

<H,B «H,B

SHB _ (yHBY gl By - [ Zo o 3.9

= ( ij )i,j:O_ OVP(( ) )) | wiB vB ) (3.26)
0

where 2007 = Varp[H'] and

Z_]é?B = i%’B = COVP(B]-L,HL), forj=1,...,J.

Y H:B i positive-definite, i.e., invertible.

Henceforth we assume for simplicity that
Similarly to Proposition 3.12, one could also consider the case where %78 is

singular, in which case the optimal hedge would not be unique.
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Proposition 3.14. Suppose that 78 is positive-definite. Then there exists a

unique solution (w™ (), 0% (x)) € R x O7(S) to (3.23). It is given by

wh (z) = 2718 (x), (3.27)

O (z) = 9" — (w(2)) T+ (" — 2 — (@—§) Tw (2)) 0", (3.28)

where 3 = X8 4+ Lo(@— p)(@—7)7 and So(z) = B0F + Lo(c” — z)(E - p).

Moreover, the mean squared error (3.23) attained by (w (), 0% (x)) is given by

&2 e, HY = SIP  Lo( — 2)? = (So(2)) S 5(2). (3.29)

semi

Proof. For any semistatic portfolio (w, ) € R’ x ©7(S), we have by (3.24) that

Ep[(H - VT(m,w,ﬁ))Q]
= Bp[( =z —w"(@= )+ (0" —w T —0)+Sp + H" —w' BY)?].

By the orthogonality properties (3.25) of H+ and HL, we can decompose this as

Varp[H- — w' B] + Ep[("—z—w'(@—p)+ (0" — w'd — 19)°ST)2},
(3.30)

where the first term does not depend on 1}, and hence we only need to minimise
the second term over ¥ € ©(S). For a fixed w € R’, note that the problem

= 2

Ep[(" —z—w'(¢—p)—9+5r)"] — min ! (3.31)

ée@T(S)

is a mean—variance hedging problem for the payoff ¢/ —x —w'(¢— p) in the
dynamic market. By linearity and since the payoff is constant, (3.31) is (up to a
scalar factor) equivalent to the pure investment problem (2.4). Thus the optimiser
is a multiple of the pure investment strategy, i.e., ¥ = (B —z—w'(c—p))v,

and by (3.10), we have

= (M —z—w'(¢—p)) Lo. (3.32)

Hence by linearity, ¥ € ©(S) minimises the second term in (3.30) if and only if
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—9H 4T+ 9 = is a minimiser for (3.31), which yields

—

I=9" —w I+ (M —z—w'(c—p))v~

Thus any solution to (3.23) must satisfy (3.28). Plugging (3.32) into (3.30), it

remains to solve over w the minimisation problem
Varp[H* —w' BY] + Lo(c"—z—w'(¢— ﬁ))2 — min!

Recall that we have Ly = Ep[(1 — 9*+S7)?] by (3.10). Together with the ortho-

gonality properties from (3.25), we can rewrite the problem as

B[ (H —wT B 4 (¢ a—w(@ 5)) (1 ﬁ*-ST)))Q] — min!

weRY

Collecting the constant and linear terms in w, we obtain

EP[(HL+(CH_;C)(1—Q9*.5T)—MT(§L+(5—ﬁ)(1_19*-5T)))2] — min! (3.33)

weRY

This is a linear regression problem in L%(F7) of the form

A~

E(U - w'U)* — min!,
weR

where U := B+ + (¢— ) (1 —9*+S7) and U := H- + (¢¥ — z)(1 — 9*+Sy). Note
that by (3.10) and (3.25), we have

Epl00T] = Ep[(B* + (¢— §)(1 = 9*+57)) (B + (¢ — p) (1 — 0*+57)) ]
=28 4+ Lo(c—p)(c—p)" = 3, (3.34)

and hence Ep[UUT] is positive-definite like $ since Lo(é—7)(—p) " is positive-

semidefinite. Therefore (3.33) admits the unique minimiser

A~

wt (z) = (Ep[UUT)) *Ep[UU] (3.35)

with minimum error

A~

e2 (x,H) = Ep[U% — (Ep[UU])(Ep[UUT]) ' Ep[UT]. (3.36)

semi
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Similarly to (3.34), we also have

EplUU] = Ep[(H* + (" —2)(1 — 9"+ S7)) (B + (€~ §)(1 — 9"+ S7))]
= Zg’B + Lo(CH — l’)(E— ]7) = 20.

Plugging into (3.35) together with (3.34) yields (3.27). Therefore, the unique
solution (w (), 9% (z)) € R’ x ©7(S) to (3.23) is given by (3.27) and (3.28).
Note that we also obtain from (3.25) that

EplU? = Ep[(H* + (¢ — 2)(1 = 9*+57))°] = S5 + Lo(c! — 2)?,

and plugging into (3.36) yields (3.29). This concludes the proof. O

3.3 European vanilla options in the rough Heston model

Finally, we return to the question of how to obtain explicit formulas in the rough
Heston model. As discussed at the beginning of the section, we consider a time
horizon T' € (0,7*], where T* > 0 is given by Theorem 2.3 so that the variance-
optimal martingale measure Q* is well defined. For simplicity, we consider a
basket of European call options B; = (Sr— K;)* with strikes 0 < K < --- < K
and prices p; > pa > --- > p; > 0. Under the assumption that ¢ — 5 € Ran X7,
the mean—variance efficient semistatic portfolios (w, ) have by Proposition 3.12

the form
w=LoB(EP)Y N E—p) and ¥ =—w'd+ B,

for some 3 > 0. Hence we should like to have explicit formulas for Ly, 9*, cBi, 9P
and XB. We already have most of those: for instance, we have explicit formulas
for v* and L from Theorem 2.3. Likewise, under some assumptions, Corollary 2.19
gives a formula for ¢% = Eg.[B;] = VOBj. The hedging strategies 95 = 95i(c5i)
can also be determined by solving the feedback equation (2.9) in Proposition 2.1,
since we have formulas for each of the inputs. Therefore, the only missing element
is the covariance matrix X2, In fact, we already have an explicit formula for the

diagonal of X7, since
25, = Epl(B})’) = Bel(B; = % — 9" +52)] = (¢, H™),

where £2(cPi, HB7) is the mean squared hedging error for B; in the dynamic

market defined in (2.3), which we can calculate with Theorem 2.29. As we show
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in the following result, the rest of the matrix X can be obtained by polarisation.

We note that although the discussion above applies to the mean—variance
portfolio optimisation problem, the mean—variance hedging problem for another
European call option of the form H = (Sy— K)" can be handled in a similar way.
By Lemma 3.14, it suffices to additionally determine ¢, 9%, 0% and S(5”. Once
again, we obtain formulas for ¢/ and ¥¥ from Corollary 2.19 and Proposition 2.1,
and the result below can also be used to compute the extended matrix X7 from
(3.26), which yields %7 and $57.

Proposition 3.15. Suppose that T € (0,7*], a; > 1 and ay < 0 are such that
T < mln{ ar? a27 ;1+57 ag— 5} /\ lnf {Tzl 22 Zl? 22 E {a17 CLQ} + IR}

for some & > 0, where T} 1is given by Corollary 2.16 and Tzl,ZQ by Proposition
2.26. Then for B; := (S — K;)* with strikes 0 < Ky < --- < K, the covariance

matriz X of the residuals BjL 18 given by

¥B = (1- / <//C IT »:.( —u)Z"TZlZ27rK a(dzl)kaa(dz2)>d

m=1,2
37)
Jor g,k e {1,...,J}, where 1g, o is given by (2.37), Z“T*% is defined in (2.95)
and b = k* g} , where g5 is the solution to (2.60) with z = zy,.
Proof. As noted above, the diagonal term Z ; corresponds to the mean squared

hedging error associated with B; with 1n1t1al wealth ¢; = VP and hence by

Theorem 2.29 is given by

EB = (1— o / (// H by (T —u) )ZSLTZ1 Z2W§2R(d217d22)du,
CQ

m=1,2

which immediately yields (3.37) for j = k. We can obtain the rest of the covari-

ance matrix by polarisation, since we have

Ep[(B;j + By)*] — Ep((B; — B;)*]

zji = EP[BjB,g] = 1

(3.38)

for j,k € {1,...,J}. Recall that by (3.4), BjL is the projection of B; onto
(R @ Gr(S))*t. Thus by linearity, Bjl + By is the projection of B; + By onto
(R @ Gr(S))*, and hence

Ep|(Bj + By)?] = €5(B; + By),



148 TI Mean—variance hedging in the rough Heston model

where we recall that B; = (S — K;)T. By (2.35), we can express

(s— K" +(s—K)" = /Cszﬂ;fk(dz),

where we set Wfk = TK;a+ Tk, fOr ease of notation. Hence by replacing mx 4,
with 7r & in the proof of Theorem 2.29, we obtain that the mean squared hedging
error 50((ST — K;)* + (S — Ki)*) is given by

(1- g /(//C Hh* ) 25T () (dzbsz))du. (3.39)

By an analogous argument, E[(B;-— By )% = ¢§((Sr— K;)* — (Sp— K) ™) equals

(1- g /(//C IT 5, (0 —w) 255, )° (dzl,dzg))du, (3.40)

m=1,2

where 7} 1= T, r — Tk, g Since we have

+ \®2
(75%) —-WK ot TR0 ® Tia + Tha ® TR0 + T o)

— \®2 ®2
(T5) 2 = TR = Thy 0 © Thya = TR @ TR0+ T g

it follows that
(W]J‘,rk:)®2 - (W;k)®2 = 27TKJ',!1 ® TKy,a + 27TK1€7CL ® TK;.a-

Hence by plugging (3.39) and (3.40) into (3.38) and taking differences, we obtain

A ( / /(C 2 quh* )Z“Tzl Z%rKj,a(dzl)ka,a(sz))du
1_9 / (//C H WL (T =) 23" g a(de ), a(dzg))du
(3.41)

Finally, we note that the product [, _, , b (T —u) is symmetric in (21, 25), and
so is Zy"""* as noted in Remark 2.28. Hence the two integrals in (3.41) are

equal, which yields (3.37). O

As discussed above, we have with Proposition 3.15 all of the elements that we

need to obtain explicit formulas for the mean—variance portfolio optimisation and
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hedging problems in the case of European call options via Propositions 3.12 and
3.14, respectively. It is straightforward to obtain an analogous result for European
put options. In principle, these results can be extended to other cases such as
the ones considered in Examples 2.12-2.14, provided that one can calculate the
mean squared hedging errors as in Theorem 2.29, and thus obtain an analogue of
Proposition 3.15. As mentioned after Assumption 3.1, it would also be interesting
to study whether Propositions 3.12 and 3.14 hold under the weaker assumptions

in Cerny/Czichowsky [24]. We leave such generalisations to future research.

4 Global existence of solutions to nonlinear Vol-

terra equations

Our goal in this section is twofold. First, we seek to obtain sufficient conditions
for the existence of a global solution x : I — R"™ to a nonlinear Volterra equation

of the form

x(t) = xo —I—/O k(t —s)f(z(s),s)ds, tel, (4.1)

for given n € N, o € R", k € L] _(I;R,) (that we refer to as a kernel) and
f:R* x I — R", where [ is an interval of the form [0, 7] or [0,T) for some
T > 0 (which may be oo if I is right-open). Our second goal is to use this result
to show Theorem 2.23, i.e., that if there exists a solution to (2.60) on [0, 7] for
z =a € R for some T > 0, then there is a unique solution to (2.60) on [0, T] for
all z € a+ iR. This can be achieved by modifying (2.60) into the form (4.1) and
then applying the result from the first part. As argued in Section 2, the existence
of solutions to (2.60) on a common time interval for all z € a +iR shows that the
Mellin transform approach can be used for solving the mean—variance hedging

problem for vanilla European call and put options in the rough Heston model.

4.1 Global existence result

We now outline the strategy for the first part. From Proposition A.2.2 in the
Appendix, we know that there exists a continuous solution x to (4.1) at least
locally on some small time interval [0,7]. As pointed out in Remark A.2.3
such a solution can be extended into a noncontinuable solution to (4.1), i.e., a
continuous solution z : [0,7) — R™ to (4.1) on [0,T) for some 7' € (0,T] such
that either 7 = T or x blows up at 7' in the sense that lim sup, »p |(t)| = oo.

Thus if we can ensure that such a noncontinuable solution does not blow up, it
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follows that there exists a global solution to (4.1).

A classic way to prevent such a blow-up is to look for an invariant set D
that “traps” solutions to (4.1), i.e., such that any solution x stays in D forever if
zog € D. If D is also compact, hence bounded, it follows that a solution to (4.1)
cannot blow up, so that any noncontinuable solution is also a global solution.
Thus we look for sufficient conditions that ensure that a given set D C R" traps
solutions to (4.1), which we now briefly explain.

As in the case of an ordinary differential equation (where k& = 1), we look for
a set D such that f “pushes” x inwards at all points of the boundary dD. This
boundary condition is not sufficient to ensure the invariance of D in general, as
discussed below in (4.5). Indeed, although f pushes z back towards the interior
of D whenever x approaches the boundary, the path-dependent “drift” caused by
the convolution with & may outweigh f and push z out of D. However, under
some additional assumptions on k, we can show that the path-dependent “drift”
is mean-reverting towards a weighted mean of the past trajectory of x. Hence
this drift can never push x out if D is convex, so that D is an invariant set.

To prove that the conditions mentioned above imply the invariance of D, we
rely on some key observations from the proof of Abi Jaber et al. |1, Theorem
3.6]. There, sufficient conditions are given for the existence of a weak solution,
taking values in R, to a stochastic Volterra equation. Our insight is that those
observations can be extended to find an invariant set to (4.1) that need only
be convex, rather than an orthant R’} or a convex cone. This generalisation is
useful because we need a bounded invariant set D in order to ensure the global
existence. More generally, the set D can be replaced with an increasing family
of sets (Dy);>o in order to deal with the time-dependence of f in a more flexible
way; this is also given in the main Theorem 4.9 below. After the proof of that
theorem, we compare it with a related recent result by Alfonsi [7].

We now start our analysis of the equation (4.1). In this section, the resolvent
of the first of kind of & shall play a key role, and so we recall its definition (which

is also given in Definition 1.2.4).

Definition 4.1. Let k € L{ _(I;R,). A measure L* on (I, B(I)) is a resolvent of

loc

the first kind for k if it holds that

(k* L*)(t) := /[0 | k(t —u)L*(du) =1 for Lebesgue-a.a. t € I.
it

We say that L* is nonincreasing if the map s — L¥([s, s + h]) is nonincreasing



4 Global existence of solutions to nonlinear Volterra equations 151

on I, for each h € (0,T), where we write I, := [0, T — h] if I is right-closed and
I, :=[0,T — h) if I is right-open.

As mentioned after Definition 1.2.4, if k admits a resolvent of the first kind L*,
then it is unique by Gripenberg et al. [59, Theorem 5.5.2|. We can now introduce
the following standing assumptions on the kernel k£, which are the same as the
conditions imposed in [1, Theorem 3.6]. We note that the assumptions allow for
k to blow up at 0, which is the case for kernels of the fractional type k(t) oc t*!
for a € (0,1).

Assumption 4.2. Throughout this section, we fix a kernel k € L} (I;R,)

loc

satisfying the following conditions:
1) k is not identically zero, nonincreasing and continuous on I \ {0}.

2) k admits a resolvent of the first kind L* that is a nonnegative and nonin-

creasing measure on [.

We recall from Chapter I that a kernel k : (0,00) — R, is completely mono-
tone if it is infinitely differentiable and (—1)"0™k > 0 for each m € N; see
after Assumption 1.2.7. We argued there that if k£ is completely monotone, then
it satisfies conditions 2)-4) of Assumption 1.2.7, and by [59, Theorem 5.5.4], it
also satisfies Assumption 4.2. Completely monotone kernels (which include frac-
tional kernels) are our main examples of interest, but the weaker conditions in
Assumption 4.2 are sufficient for our results here.

We now start to work towards a proof of the main Theorem 4.9. The key
idea is explained below in (4.5) and Lemma 4.5, where we show that for a kernel
k satistying Assumption 4.2, the path-dependent “drift” of a solution to (4.1)
caused by the convolution with £ is mean-reverting towards the past trajectory
of z. To that end, we follow along the lines of the proof of [1, Theorem 3.6|, by
using Assumption 4.2 to deduce some further properties of k£ and some related

functions. In the following, we define the function ¢, : I, = R by
©h = Ahl{? * Lk, (42)
where Apk : I, - R, is the shifted kernel defined by Apk(t) = k(t + h).

Lemma 4.3. For any h € (O,T), Y 18 right-continuous, nonnegative, non-

decreasing and bounded above by 1.
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Proof. Since Ak and L* are nonnegative by Assumption 4.2, so is ), = Apkx L.
It is shown in the proof of [1, Theorem 3.6], specifically in [1, (3.9) and (3.10)],
that ¢y, is nondecreasing and bounded above by 1 under Assumption 4.2 on k.
To show that ¢y, is right-continuous, fix some t € [0,7). Since k is continuous on
I\ {0} by Assumption 4.2, we have for each s > 0 that

Lo (8)E(t' +h —5) — L g(s)k(t +h — s)

as t' N\, t. Note that both sides above are bounded by k(h) < oo, as k is non-
negative and nonincreasing by Assumption 4.2. It thus follows by the dominated

convergence theorem that

li ) = 1i kE(t'+h — s)L*(d
lim ou(t) = lim o ( s)L"(ds)

= / k(t 4 h — s)L*(ds) = on(t).
[0.] ]

Next, we show how ¢, can be used to construct for each t € [ a cer-
tain probability measure puy, supported on [0,¢]. The construction involves the
Lebesgue—Stieltjes measure associated with ¢, which is well defined as ¢y, is
right-continuous and increasing. The observation that p, is not just a non-
negative measure but a probability measure is a key one, since this is what later
allows us to consider invariant sets that are only convex, rather than convex cones

as in [1]. The connection between i, ; and (4.1) will be shown in Lemma 4.5.

Lemma 4.4. Fiz h € (0,T) and t € I,. There exists a probability measure Lht
on (I,B(I)) given by

el ) = (1= OV L) + enOLa) + [ Lat=s)denls)  (43)
(0,¢]
for each A € B(I). Moreover, up; is supported on [0,t], and for any bounded
measurable function x : I — R"™, it holds that

[ 2(6dmnals) = (1= n0)a(0) + eua(t) + [ alt=s)dpn(s). (1)
I (0,¢]

Proof. We have from Lemma 4.3 that ¢, is nonnegative, bounded above by 1
and nondecreasing. From these properties and the definition of u;:, we obtain
pnt(A) >0 for all A € B(I) since each of the summands in (4.3) is nonnegative.

To show that u,, is a measure, consider a sequence (A,) of pairwise disjoint
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sets in B(I), so that 1 _ 4, = > ,en1a,. As 1y _ 4, < 1, it follows by the

dominated convergence theorem that

/(M 1y, A (t = 8)don(s) /0 > 14, (t - s)den(s)
_2/0 La,(t — s)dpn(s).

neN

Thus we have pp (U, ey An) = Donen Mnt(An), so that jy, is a (nonnegative)
measure on [0, 7). Tt is also clear that py,; is supported on [0,t], since each of the

terms in (4.3) vanishes if AN0,¢] = (). Moreover, we have

s ([0,1]) = (1= @n(0)) + n(0) + / don(s) = 1.

(0s¢]

so that ;,+([0,7)) = pns([0,¢]) = 1 and gy, is a probability measure. Finally,
note that (4.4) follows immediately from the definition (4.3) if x = 14 for some
A € B(I). By the dominated convergence theorem, (4.3) then extends to any
bounded measurable z : I — R. We also get (4.3) if = takes values in R™ by

considering each component separately. O]

We are now ready to introduce the key idea for the proof of the main result.

As motivation, consider a simple integral equation of the form

t
z(t) = xo +/ y(s)ds, t>0,
0

so that 2/(t) = y(t). For small h > 0, we have the decomposition

t+h
x(t+h) = x(t) +/t y(s)ds.

Thus in order to “trap” = within a set D, we need to ensure that whenever z(t)
is close to the boundary 0D, the “drift term” ft s)ds pushes z away from the

boundary. Now consider instead a convolution equatlon of the form

2(t) = x0+/0tk(t — S)y(s)ds, t>0.
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Proceeding in a similar way, we obtain the decomposition
t+h
x(t+h) =x¢ + / k(t+h —s)y(s)ds
0
t t+h
=1z + / k(t+ h — s)y(s)ds + / k(t+h — s)y(s)ds
0 t
h
= Tn(t) + / k(s)y(t + h — s)ds, (4.5)
0

where

Tp(t) == xo + (Apk x y)(t) = zo + /0 k(t+h — s)y(s)ds

now takes the place of z(¢). By analogy, the term foh k(s)y(t+h—s)ds in (4.5) can
be viewed as a “drift” induced by y that pushes x away from dD. On the other
hand, the “past term” Z;(t) now also depends on h, and this can cause issues if
Zp(t) exits D as h increases, i.e., if the path-dependent “drift” 2, (t) — x(t) moves
towards 0D and is able to outweigh the effect of y.

Under Assumption 4.2 on k, we now show that Z,(¢) belongs to the convex
hull conv({z(s) : s € [0,¢]}) for all h. This is the key idea that allows us to
find convex invariant sets D for (4.1), since it ensures that Z(t) cannot leave the
convex hull of the past trajectory of z and thus stays within D. On the other
hand, if D is not convex, then the term 7,(¢) may pull x outside of D even if
the “local term” pushes in the opposite direction; this is unlike the classical case

where z(t) € D by construction.

Lemma 4.5. Let o € R" and y : I — R" be a continuous function. Define
x: I —=-R" and 2, : I — R" by

t
olt) =w0+ [ K= )yl
0
Tp(t) == 20 + (Apk *x y)(t), te€L
Then for any h > 0 and t € I, it holds that
in(®)= [ als)malds) (16)
[0,7]

so that Tp(t) belongs to the convex hull conv({z(s) : s € [0,t]}).

Proof. Fix h > 0. We want to apply [1, Lemma 2.6], where we set K = k,
L:=L* Z:= [jy(s)ds, F:= Ayk and X := z in their notation. Note that the



4 Global existence of solutions to nonlinear Volterra equations 155

(deterministic) process
KxdZ =kxy=x—120=X — X

is continuous, where the convolution with respect to dZ = ydt is interpreted in
the sense of [1, Equation (2.1)]. Recalling the definition (4.2), we also have that

FsxL=NMAkxLF=y,

is right-continuous, bounded and nondecreasing by Lemma 4.3. Then [1, Equa-

tion (2.15)] gives that (in our notation)

(Apk xy)(t) = @n(0)z(t) — wn(t)x(0) + / x(t —s)dpp(s), tel.
[0,¢]
The equality holds for all ¢t € I since Ak *y is continuous like y; see Gripenberg
et al. [59, Theorem 2.2.2(i)|. By adding z¢ = z(0) to both sides and plugging in
(4.4), we obtain (4.6). By Lemma 4.4, 115, is a probability measure on [0, ¢] and

hence

in(t) = /[O () € comv({2(5) - € 0.,

as claimed. (Note that by Dudley [42, Theorem 10.2.6], the integral indeed be-

longs to the convex hull, not just its closure.) O

We are now almost ready for the main result. Before proceeding, we need
to introduce some additional notions from convex geometry on R” that help to
formalise the intuition that both of the “drift terms” in (4.5) push z away from

the boundary of a convex set D.

Definition 4.6. Let D C R”" be a compact convex set with nonempty interior.
For any p € 9D, a unit vector n is outward normal to D at p if (x —p)"™n < 0 for
all x € D. We say that p € 9D is a regular boundary point of D if there exists a

unique unit vector n, that is outward normal to D at p.

The following technical lemma gives a useful property of any regular bound-
ary point p with outward normal n,. In words, we have for each circular cone
with apex p and axis —n,, pointing “inwards” towards D that a small tip of that
cone (except for p itself) is contained in the interior D°. We note that ¢ below
parametrises the angle between —n, and the generatrix of the cone, so that the

extreme case ¢ = 1 corresponds to a ray from p in the direction —n,, whereas
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¢ = 0 corresponds to the closed half-space defined by the hyperplane through
p with outward normal n,. This is helpful for dealing with the case where the

initial value xy of (4.1) belongs to the boundary of D.

Lemma 4.7. Let D C R" be a closed convexr set with nonempty interior. Fix a
reqular boundary point p with a unique outward normal n, to D at p. Then for

every c € (0,1], there exists € > 0 such that

{yEBMﬁ\@}A%igjhé—f}gDé

Proof. For contradiction, suppose that the statement does not hold for some
¢ > 0. Then for each m € N, there exists some y,, € Bi/n(p) \ {p} such that

.
—(yﬁ;@p‘% < —c and y,,, € D°. Define the unit vectors u,, := é::il, By compact-
ness of the unit sphere, we can assume (by taking a subsequence) that u,, — u

as m — oo, for some unit vector u. Since uTTnnp < —c for each m, it also holds

that uTnp < —c.

We claim that the ray R,, := {p + yu : 7 > 0} does not intersect D°. We
also show this claim by contradiction, and then return to the main statement.
Suppose that p + yu € D° for some v > 0. We can thus find an open ball
Bs(p+~yu) C D° for some 6 > 0. Using the convexity property of D with respect
to p and all points in Bs(p + yu), it follows that

{p++'v v €0,7],u € Bs(u)} C D.

By taking the interior of both sets, we deduce that p+~'u" € D° for all o' € (0,7)
and v’ € Bs(u). Note that we have y,,, = p + |ym — p|u,, for each m € N, where
U — w and |y, —p| < 1/m — 0 as m — oco. Hence we get u,, € Bs(u) and
0 < |ym — p| < 7y for m large enough, so that y,, € D°. This contradicts the con-
struction of y,,, as we assumed that y,,, ¢ D°. Thus we must have R, , N D° = (.

We can now conclude the main argument by contradiction. Since D° and
R, are convex and we have shown that they are disjoint, by the hyperplane
separation theorem (see Rockafellar [107, Theorems 11.1 and 11.3]), there exists
a unit vector n, such that

sup ﬁgq = sup ﬁ;q < inf N;q < ﬁ;p. (4.7)

qeDe° qeD q€Rp
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Hence 7, is outward normal at p (as p € R,,,). We have

: T T T,
qé%gunpq = npp+}/rzlgvnpu = —00
as n;u < —c < 0 by the construction of u. Thus n, # n, since n, cannot satisfy
(4.7). As n, and n, are both outward normal at p, this contradicts the fact that

p is a regular boundary point. O

We are now ready to move on to the first main theorem, from which we finally
obtain as a corollary sufficient conditions for the global existence of a solution to
(4.1) Recall that we fix the time interval I = [0,T] or [0,T) as well as a kernel
ke Ll (I;R,) satisfying Assumption 4.2.

Theorem 4.8. Let o € R™ and f : R" x I — R" be continuous. Let T eI and

suppose that x : [O,T] — R™ 1s a continuous solution to the equation

:C(t):a:o—i-/Otk(t—s)f(m(s),s)ds, 0<t<T. (4.8)

Let D C R™ be a closed convex set with nonempty interior such that ro € D 1is
either an interior point (xg € D°) or a regular boundary point of D. Moreover,
suppose that for each boundary point p € 0D, there exists a unit vector n, that is
outward normal to D at p and such that f(p,t) ™n, < 0 for all t € [0,T]. Then
x(t) € D° for all t € (0,7T)].

Proof. Tt suffices to prove that
T :=inf{t € (0,T]: z(t) ¢ D°}

is equal to co. Note that we exclude t = 0 as x may start at a regular boundary
point. Suppose for a contradiction that 7 < oo; we assume for now that 7 > 0.
As x is continuous by assumption, we have z(7) € 0D, whereas z(s) € D° for
0 < s < 7. By assumption, there exists an outward normal n, at p := x(7) such
that f(p,7)"n, < 0. Hence by the continuity of x and f, there exists h € (0,7)
such that f(x(s),s) n, <0 for all s € [T — h, 7]. Since x is a solution to (4.8), it
follows by (4.5) with y := f(x(-),-) and ¢ := 7 — h that

p=(r) = in(r — ) + /0 k(s)f (2(r — 5),7 — s)ds. (4.9)
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Moreover, Lemma 4.5 with ¢ = 7 — h yields
Tp(t —h) = / z(8)dup r—n(s) € conv({z(s) : s € [0,7 — h]})
[0,7—h]

so that Z,(7 — h) € D since D is convex and z(s) € D for all s € [0, 7] by the
definition of 7. Thus we have (p — &4(7 — h))"n, > 0 by Definition 4.6 because
n, is outward normal to D at p. By taking the inner product of (4.9) with n,

and rearranging, we obtain

/Th k(T — ) f(z(s), S)Tnpds = /0 k(s)f(z(r —s),7— S)Tnpds

= (p — Tp(T — h))Tnp > 0.

But this leads to a contradiction, since f(z(s),s) n, < 0 for s € [T — h,7] by
the choice of h, and k is nonnegative, nonincreasing and not identically 0 by
Assumption 4.2. Thus we cannot have 7 € (0, T].

We now return to the case 7 = 0. By continuity of z, this is only possible if
xo € 0D, and by assumption, p := xy must then be a regular boundary point of D.
Let n, be the unique unit vector that is outward normal to D at p. Since p € 0D,
the boundary condition gives f(p,0)'n, < 0 and in particular f(p,0) # 0. By
continuity of f and x, we can find h > 0, C' > 0 and ¢ > 0 such that

f(x(s), 5>Tnp
C>|f(x(s),s)|]>c and ——————— < —c¢ forall s € |0,h]. 4.10
7(a(s),5) s 0.1, (410)
By Lemma 4.7, there exists ¢ > 0 such that
Y ) (?J—p>Tno o

We now want to show that there exists some i’ € (0,h) such that 2(t) € D for
all t € (0, h']; namely, we need to check that |z(t) —p| < ¢, z(t) # p and that x(?)
satisfies the inequality in (4.11) for small enough ¢ > 0. To show this claim, note
that (4.8) and the first part of (4.10) yield

|z(t) — p| = ‘/0 k(t —s)f(z(s),s)ds §/0 k(t — s)|f(z(s), s)|ds

<C /O tkz(s)ds
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for £ € (0,h), so that |z(t) — p| < € if [ k(s)ds < €/C. Since [ k(s)ds N\, 0 as
h’ (0 by the dominated convergence theorem, we can choose h’ small enough so
that |z(t) — p| < € for all ¢t € (0,h']. This shows the first condition. By the last
inequality in (4.10), we also get

(z(t) — p)Tnp = /0 k(t — s)f(z(s), S)Tnpds
< —c/tk(t—3)|f(x(s),s)|ds, 0<t<h. (4.12)

Thus for 0 <t < h we have

T

(z(t) —p) n, < —c/o k(t —s)|f(z(s),s)|ds < —02/0 k(s)ds.

Since k is nonnegative, nonincreasing and not identically 0 on (0, co) by Assump-
tion 4.2, we have fot k(s)ds > 0 and hence x(t) # p for ¢t € (0, h]. This shows the
second condition. Returning to (4.12), plugging in (4.8) yields the bound

t

(z(t) —p)Tnp < —c/o k(t—s)|f(x(s),s)|ds

< —c /Otk(t—s)f(x(s),s)ds =—clz(t)—pl, 0<t<h.

Rearranging, we thus get
—c, 0<t<h.

Hence we have z(t) € D for t € (0, /], as we have checked each of the conditions
in the definition of D. Since D C D° by (4.11), this contradicts the assumption
that 7 = 0. Thus we have obtained a contradiction in both cases 7 = 0 and

T € (0, T], so that 7 = oo as claimed, and this concludes the proof. O

As a corollary, we obtain the existence of a global solution to (4.1). As men-
tioned at the beginning of the section, we generalise slightly by considering an
increasing family (D;);e; such that D, “traps” the solution up to time ¢; this

generalisation can be useful when [ is open on the right.

Theorem 4.9. Let xog € R™ and f : R" x I — R"™ be continuous. Suppose
that (Dy)ier is an increasing family of compact convex sets in R™ with nonempty

interior such that xo € Dy is either an interior point (xg € Dg) or a regular
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boundary point of Dy. Suppose moreover that for each t € I and boundary point
p € 0Dy, there exists a unit vector n,; that is outward normal to D, at p and such
that f(s,p) nye < 0 for all s € [0,t]. Then there exists a continuous solution

x: 1 — R" Lo the equation

x(t) = xo +/0 k(t —s)f(z(s),s)ds, tel. (4.13)

Proof. By Gripenberg et al. [59, Theorem 12.1.1] (see also Proposition A.2.2),
there is a continuous noncontinuable solution = to (4.13). That is, either there
exists a continuous global solution = : I — R" to (4.13), or there exists T € (0, T)
(or T € (0,T] if I is right-closed) and a continuous solution z : [0,7) — R"
to (4.13) on [0,7) C I such that limsup, -7 [z(t)] = oo. Suppose that there
exists a solution of the latter type on [0,7). If we can show that this leads to a
contradiction, then there must exist a global solution on [ instead, and that will
conclude the proof.

First, we note that if 2(0) = z is an interior point of Dy, then it is also an
interior point of D; O Dy for each t € I. On the other hand, if z( is a regular
boundary point of Dy, we claim that it is also an interior or regular boundary
point of D, for each t € I. Suppose otherwise; since xg € Dy C D;, we must have
that xg € D, \ D{ = 0D, and x; is not a regular boundary point of D, for some
t € I. By Definition 4.6, there exist at least two unit vectors that are outward
normal to D, at xy. But since Dy C D;, those vectors must also be outward
normal to Dy at x(, which leads to a contradiction since x is a regular boundary
point of Dy.

We have shown that 2(0) is an interior or regular boundary point of D; for
each T € [0,7), and we now return to the main argument. Since the other
conditions in Theorem 4.8 are satisfied by assumption, we apply Theorem 4.8 to
(4.13) on [0, 7] with D = D to obtain that z(t) € D; for all t € [0,T]. Taking
a union over all 7' € [0,T), it follows that x(t) € Dy for all ¢ € [0,T), and hence
z is bounded on [0,7) as D7 is compact. But this leads to a contradiction with
the assumption that limsup, -7 |2(t)| = co. Therefore, T =T and there exists a

continuous global solution to (4.13), as claimed. O

As noted at the beginning of this section, Theorem 4.8 is closely related to the
recent result in Alfonsi |7, Theorem 3.2|. In addition to deterministic Volterra
equations such as (4.13), [7, Theorem 3.2] also covers stochastic Volterra equations

(SVEs) driven by a Brownian motion, and likewise gives sufficient conditions for
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a closed and convex set D to be invariant. The proof of |7, Theorem 3.2| is
based on constructing an approximation to the solution of the SVE and using
the fact that completely monotone kernels preserve monotonicity in the sense of
[7, Definition 2.1| due to |7, Theorem 2.3|. The latter property is used to ensure
that the approximate solution is trapped by D, which implies by taking a limit
that the true solution stays in D as well.

On the other hand, Theorem 4.8 does have some weaker assumptions: namely,
the time interval is not assumed to be [0, 00), f in (4.8) is allowed to depend on
t, and the kernel k need only satisfy Assumption 4.2. The latter condition is
weaker than requiring that k& be completely monotone (see Abi Jaber et al. [1,
Example 3.7|), although completely monotone kernels are our main example of
interest. It is an open question whether Assumption 4.2 implies that k£ preserves

monotonicity in the sense of [7, Definition 2.1].

4.2 Application to g%

As mentioned at the beginning of the section, our motivating goal for the first part
is to show Theorem 2.23, i.e., the existence of solutions to the Riccati—Volterra
equations (2.60) with z = a + ib for some fixed @ € R and all b € R on a common
time interval. We recall here that (2.60) reads

g:(t) = f((R* g2)(t), I (1)) (4.14)

for t > 0, where f7 : C x Ry — C is defined by

2

2 2
M%— <ZO‘Q— %)x%—(l—g%hx%—% (4.15)

f:(ﬁ,h): 9

for (z,h) € CxR, and h* = kxg*, where g* satisfies the Riccati—Volterra equation

. peo20p 1 S ()2
g(t) = == = —= (R xg") (1) + 5(1 = 20°) (A x g")(1))", (4.16)
We now state the main result; the proof is postponed to the end of the section.

Theorem 4.10. Suppose that k : (0,00) — R, is a completely monotone kernel
satisfying Assumption 1.2.77. Moreover, suppose that for some T > 0, there exist
continuous solutions g* : [0,T] — R and g : [0,T] — R to (4.16) and (4.14)
with z = a € R, respectively. Then there exists a unique continuous solution
g [0, T) = C to (4.14) for each z € a + iR,
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We note that the complete monotonicity of & is inherited by & due to Gripen-
berg et al. [59, Theorem 5.3.1] and the definition (I1.2.12) of £. This is key, since
by [59, Theorem 5.5.4], it follows that & satisfies Assumption 4.2, which allows
us to apply our results from the first part of this section.

We also remark that Theorem 4.10 is not vacuous, i.e., there exists some
T > 0 such that both equations (4.16) and (4.14) with 2 = a € R can be solved
simultaneously. Indeed, (4.16) can be solved on [0,7*], where T* > 0 is given
in Theorem 1.3.8. Then by Corollary 2.16, the equation (4.14) with z = a € R
admits a solution on a smaller interval [0, 7], where T := T > 0. As noted
in Remark A.2.1 in the Appendix, the solutions ¢* and g to (4.16) and (4.14)
with 2z = a € R are real-valued, since each of the inputs to the equations are
real-valued; this follows by the uniqueness of the solutions to (4.16) and (4.14).

Our strategy to prove Theorem 4.10 is to first transform (4.14) into a suitable
form for the application of Theorem 4.9, and then to check that the modified
equation satisfies the conditions required by the theorem. The first part is done
in the following lemma by a straightforward transformation: we start by taking a
convolution with & to switch between the two types of Riccati—Volterra equations
as explained before Corollary A.2.6, and then we subtract the solution for z = a.

Indeed, the equation (4.14) can be rewritten in terms of h% := K x gF as

hi(t) = /0 R(t—s)gi(s)ds = /0 Rt —s)fr(h5(s), h*(s))ds, 0<t<T. (4.17)

For z = a-+ib, we make the ansatz h¥(t) = h(t)+hq(t) for some suitable function

hap : [0, T] — C (which is not related to the functions defined in Proposition 2.26).

For h} to satisfy (4.17), h,p must satisfy the equation

hap(t) = hE(t) — RE(t) = /t it = 8) fap(hap(s),8)ds, 0<t<T, (4.18)
0
where

Jan(hap(s), ) = f2(Wi(s), 1" (5)) = fa (hi(s), 1" (5))
= fov (P (s) + hap(s), 17 (5)) — fu(hi(s), h*(5)).

We now reverse this argument, i.e., we show that a solution hay to (4.18) yields

a solution to the original equation (4.14).

Lemma 4.11. Consider the setup of Theorem 4.10 and fix b € R. Suppose that
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there exists a continuous solution hap : [0,T] — C to (4.18) on [0,T], where
fap 1 Cx [0,T] — C is given by

(=5 +i(2ab — b))o?
2
+ ((a +ib)oo — % (1 - AR (t) + hZ(t))x + ‘% (4.19)

fa,b(ﬁ, t) = + ibooh(t)

Then the function g, : [0, T] — C defined by
Gavin(t) = Fran(Ra(t) + hap(t), 1 (1))

is a continuous solution to (4.14) on [0,T] with z = a + ib.

Proof. The continuity of g, follows immediately from that of fa@ h;; and fzmb.
To check that g}, satisfies (4.14), note that we obtain

f;+ib (hZ(S) + ;La,b(s)v h*(s))

_ (a+ib)? —a—ib)o® ((a +ib)oo — %> (hi(s) + hap(s))

2 o

41— () () + Fap()) + Lo Paal))?

2
— Fus(hap(s),s) + f2(h5(s),h*(5)), 0<s<T

after collecting the terms corresponding to each function. Thus by (4.17) and
(4.18), we have

RE(t) 4 hap(t) = / At —s) (f&b(ha,b(s), s) + fr(hi(s), h*(s))>ds
0
_ /0 At — 8)fr s (HE() + han(s), B (5)) ds.
Applying fr.., (-, h*(t)) to both sides, we obtain

Garin(t) = foro (Ra(t) + hap(t), h*(t))

= o [ 5= )20 (0i06) + s 6 10 )
=il [ 5=t s 0). 0<i<T,

so that gX.;, satisfies (4.14) on [0,7] with z = a + ib, as claimed. O
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The second and more challenging step is to use Theorem 4.9 to deduce the
existence of a global solution h, to (4.18) on [0,7]. The main task is to find a
suitable “trapping” set D. For an intuitive way to find such a set, note that the
leading order term in (4.19) is simply 2?/2; so we consider the (ordinary) Riccati
equation 2/(t) = 22(t) and the vector field f(z) = 22 on C. For any starting point
on the imaginary axis, the solution to the equation starts by moving to the left
before curving towards the z-axis and then to the right towards 0; this is also
clear from the explicit solution z(¢) = (1/2(0) — ¢)~!. Thus the solution to that
equation can be trapped between the imaginary axis and and a suitable curve
that encloses part of the half-space {Re(z) < 0}; the hexagon D defined below
is one possible choice. By making the hexagon large enough, we can ensure that
only the leading order term in (4.19) plays a role in the behaviour of f,, along
0D. The exception to that is the vertical axis, which we cannot scale up away
from 0, and hence a finer analysis is needed to make sure that the boundary
condition holds there. Luckily, that is the case due to the transformation from
Lemma 4.11. Indeed, by subtracting i} from A7 ;,, we have removed the terms
that would push the solution to the right starting from the imaginary axis, as can

be seen by comparing the real parts of the 0-order terms in (4.15) and (4.19).

Lemma 4.12. Consider the setup of Theorem 4.10 and fix b € R\ {0}. For
C' > 0, define the closed hexagon D C C (sketched below) by the six vertices

p(t) =iC, pa(t) = —C + 2iC, ps(t) == —3C + 2iC,
pa(t) := =3C = 2iC, ps(t) == —C — 2iC, pe(t) == —iC.

Then D s a compact convex set such that 0 € D is a regular boundary point.
Moreover, if C > 0 is large enough, then for each p € 0D, there exists an outward
normal vector n, to D at p such that n;f&b(p, t) <0 for all t € [0,T), where fa,b
is defined by (4.19) and the inner product is taken with respect to the Fuclidean

metric on R? =2 C.

Proof. For any choice of C' > 0, the boundary 0D consists of six edges between
the points py, pa, P3, P4, Ps, D6, P1, Which we take in this order (counterclockwise).

Denote the respective edges, without the endpoints, by Fy, Fy, E3, Ey, Es, Eg (i.e,
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Ey = (p1,p2), etc.). We define a family of unit vectors (n,),cap by

\%(1+i)7 pe E,U{p},

i7 p S E2 U {p2}7

-1, p € EsU{ps},
n, = .

—1, P S E4 U {p4}7

\/%(1—1)7 p € EsU{ps},

17 p € Eﬁ U {p6}7

\

so that n, is an outward normal vector at p for each p € 9D. It is also clear that
D is compact and convex with 0 € 9D a regular boundary point.

Note that the inner product (p1,p2) > p{ po on R? is given by Re(p;pz) when
we identify R? = C. Thus we need to check that for C' > 0 large enough, we have
Re(fau(p,t)7i;) < 0 for all t € [0,7] and p € dD. We now consider each edge of
D separately, including one vertex in each case. Note that the functions A* and
h in (4.19) are continuous and hence bounded on [0, T]. Thus by considering the
asymptotic behaviour as C' — 0o, we show that the inequality holds for each edge
if C' > 0 large enough. As it turns out, for F1—FE5, we only need to consider the
asymptotic behaviour of order C?, so that only the term z?/2 in (4.19) plays a
role in those cases (the remaining terms are linear or constant in C'). The analysis

is more delicate in the case of Fjg.

Ey: We can parametrise p € Ey U {p1} by p = (—=y + (1 4+ 7)i)C for some
~v € 10,1), so that

2 2

fuslpt) = 2+ 0(C) = %( S 12y - 20y + ) + O(C).

Thus we have

2

Re (fau(p, t)5) = %Re(( —1=2y=2(y +7?)i)(1 - i)) +0(C)
(1 =4y - 2v2)C?
= 275 +0(C),

where
—1—4y—-29*<-1<0 forallyelo1]

E>: We can parametrise p € Ey U {ps2} by p = (= + 2i)C for some v € [1,3),
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so that
~ p2 02 2 .
fa,b(pvt) = E+O<C) = _('7 _4_2’71)+O(C)

Thus we have

Relfuo(p,175) = S Re((02 — 1~ 250)(-1)) + O(C)
= —C*+0(C),

where
—y < —-1<0 forallyell,3].

: We can parametrise p € E3U{ps} by p = (—3+24i)C for some v € (—1,1],

so that

2 2

faslpt) = 2 +0(C) = (9 — 49 = 67i) + O(C).

oS

Thus we have

2

Re(fou (0. 177) = - Re((9 — 4 ~ 690)(~1)) + O(C)

_ (-94+497)C?

5 +0(0),

where 94 42 5
% < -5 <0 forall ye[-1,1].

: This case is analogous to Fs, up to taking the complex conjugate.

: This case is analogous to F;, up to taking the complex conjugate.

: This is the most delicate case. As usual, we parametrise p € Eg U {ps} by

p = (i for some v € [—1,1). Since n, = 1, it is enough to calculate the
real part Re(f,,(p,t)). We also recall that h* and h? are real-valued by the
assumptions in Theorem 4.10. By plugging = = p = ~Ci into (4.19) and
gathering the real terms, we have

72 2 202

Re(fap(p,t)) = —boyC — —

Here, it is not enough to consider the terms of higher order in C, since both
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vanish at v = 0. Nevertheless, we have the inequality

2,2 2 252(1 — o2
—50970—720 :_(704;609) _50(2 ) _q

2

forallt € [0,T],v € [~1,1] and b € R\{0}, since o € (—1,1) by assumption.

Because we have also assumed that b #£ 0, this concludes the proof.
m

The proof of Theorem 4.10 is almost complete; it now follows directly from

the previous results and concludes this section.

Proof of Theorem 4.10. Since k is completely monotone by assumption, so is &
by Gripenberg et al. [59, Theorem 5.3.1| and the definition (1.2.12). Thus by [59,
Theorem 5.5.4|, & satisfies Assumption 4.2. We may then apply Theorem 4.9 to
(4.18) with 2 = 0, f = f.p and D, = D as given in Lemma 4.12; indeed, the
required boundary condition is also checked in Lemma 4.12. Hence we obtain for
each b € R\ {0} a continuous solution A, : [0,7] — C = R? to (4.18). In the
case b = 0, it is clear that h,;, = 0 is a solution to (4.18) by plugging into (4.19).
Therefore the existence of a solution g, to (4.14) follows by Lemma 4.11 for
each b € R. Finally, since f; is quadratic in z and h and hence satisfies the
Lipschitz-type condition (A.2.22), the uniqueness follows by part 4) of Corollary
A2.7 withy =0,k =k h=h~h"and f = [} as well as p = ¢ = “a” = 2 (the
latter is unrelated to the constant a fixed by the statement of Theorem 4.10). [
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Chapter 111

Existence and uniqueness of
mean—variance equilibria in general

semimartingale markets

1 Introduction

The capital asset pricing model (CAPM) of Treynor [117], Sharpe [112], Lintner
[89, 90] and Mossin [95] is one of the first general equilibrium models for finan-
cial markets. Despite its limitations, it is still one of the cornerstones of modern
financial theory and widely used in practice; see |88] for a recent overview. While
the early papers focused on the financial implications and shortcomings of the
CAPM (see e.g. Banz [13] for an early critique), the existence of an equilibrium
was always assumed. The rigorous study of existence and uniqueness of CAPM
equilibria was only initiated two decades later by Nielsen [96, 97, 98] and Alling-
ham [8], with more recent important contributions by Berk [18], Dana [33]|, Hens
et al. [64], Wenzelburger [119] and Koch-Medina/Wenzelburger [85], and has so
far been mainly considered in one-period models. This strand of literature, with
the notable exception of [18], does not study equilibria for preferences described
by expected utility but rather by mean-variance functionals, i.e., functionals of
the form U(u, o), where U is quasiconcave, increasing in the mean p and decreas-
ing in the volatility . This is because without distributional assumptions on
the returns, the only utility functions that are compatible with the CAPM (more
precisely, the two-fund separation theorem) are quadratic utility functions; see
the discussion in Berk [18, after Corollary 3.2]. For expected quadratic utility,

existence and uniqueness of CAPM equilibria in one period (and under suitable
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assumptions) seem to have been regarded as folklore knowledge from early on.

In most of the literature, CAPM equilibria have been studied under the as-
sumption of a complete market. This implies the existence of a so-called repres-
entative agent, which simplifies the task of showing existence and uniqueness of
an equilibrium. In the complete case, every agent chooses to hedge her idiosyn-
cratic risk and own a fraction of the market portfolio; but this is not possible
in an incomplete market. In Koch-Medina/Wenzelburger [85], a similar CAPM-
type equilibrium is studied for an incomplete one-period market in discrete time.
They find that in the incomplete case, each agent still hedges her individual en-
dowment as best as possible, even though this cannot be done perfectly. Unlike
in the complete case, the asset prices are now determined by the so-called exten-
ded market portfolio, i.e., the aggregate endowment of all agents, given by the
terminal value of the market portfolio together with the unhedgeable parts of the
endowments. Our work extends the study of CAPM equilibria to a continuous-
time setup with an incomplete market driven by a general semimartingale, where
the agents receive unhedgeable endowments at the terminal time 7.

We show that analogous results to those of [85] also hold in continuous time.
In this chapter, this is done for expected quadratic utility; the more general
setup of mean—variance utility functions is studied in Chapter IV. Our proof of
existence and uniqueness of an equilibrium is based here on the construction of
a nonstandard type of representative agent, i.e., a fictional agent that aggregates
the preferences and endowments of the K agents. We show that the market clears
if and only if the representative agent does not trade, and this observation yields
a pricing measure for the equilibrium market.

A challenge in moving from the one-period setup of [85] to multi-period and
continuous time is that for the latter, one needs to impose integrability condi-
tions on the admissible trading strategies. These conditions can preclude the
existence of an equilibrium. Indeed, we exhibit an example where the only can-
didate equilibrium is such that the buy-and-hold strategy for the risky asset is
not admissible. If the asset has positive net supply, one of the agents must by
linearity use an inadmissible strategy; therefore, this cannot be an equilibrium
market. We give sufficient conditions to ensure that the required integrability
conditions are satisfied, so that this issue is prevented and an equilibrium exists.

This chapter, which is based on joint work with Christoph Czichowsky and
Martin Herdegen, is structured as follows. In Section 2, we introduce the model
and give the definition of equilibrium in our setup. We also prove some folklore

results on mean-variance hedging (MVH) that are used to show the main results.
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In Section 3.1, we demonstrate the connection between the quadratic utility and
MVH problems of the individual agents. This is used in Section 3.2 to show
that the aggregate demand for the risky assets can obtained via a representative
agent. In Section 3.3, we obtain the main result on existence and uniqueness of
an equilibrium, as well as an explicit formula. In Section 3.4, we give sufficient
conditions for the integrability required by the main result. Finally, in Section 3.5,
we provide more general existence results for CAPM equilibria in finite discrete
time where the equilibrium markets are not unique and may admit arbitrage

opportunities.

2 Model and preliminary results

2.1 Financial market

We work on a filtered probability space (2, F,F = (F)o<i<r, P) with a fixed
finite time horizon T € (0, 00). We assume that the filtration F satisfies the usual
conditions of right-continuity and completeness, and also that Fy is P-trivial and
Fr=F.

The financial market consists of 1+d = 1+d; +ds assets. The first asset, with
price process SV, serves as numéraire and we assume that (S?)o<i<r = 1. In addi-
tion, we consider d; financial assets with price processes SU) = (S}, ... ,Stdl)ggth
and dy productive assets (sometimes also referred to as real assets) with price
processes S = (SHT! .,Sf1+d2)0§t§T. These risky assets are collectively
expressed as S := (S, S@). In the following, we likewise use the notation
= (2, 2?) for each v € R4F% with z() € R%. We also write L? = L?*(P)
where the probability measure is unambiguous.

Our goal is to study a setup where the price processes S and S® are not
given a priori, but rather determined by a Radner equilibrium between K agents
trading in the market according to their individual utility-maximising strategies.
In such an equilibrium, that we define precisely later in Definition 2.5, the asset
prices should be set in such a way that the total demand for the assets, which is
induced by the optimal strategies of the individual agents, equals the total (fixed)
supply at all times. The primitives for this problem are the utility functions and
endowments for the individual agents, introduced later in Section 2.3, as well as
some partial information about the price processes that is given a priori, so that
a unique equilibrium price process can be obtained. The financial and productive

assetsare distinguished by the type of constraint imposed on their price processes,
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as detailed below.

We assume that the initial value and volatility structure of the financial assets
are predetermined and known by the market participants, i.e., for j € {1,...,d;},
we have

SI=S+M +Al, 0<t<T, (2.1)

where S} € R and the local martingale part M7 € /\/1(2%10C are given a priori. The
predictable finite-variation process A7 € FV, null at time 0 is to be determined
in equilibrium. We write S = Sél) + M® + AW The financial assets may
be regarded as securities constructed by the market participants to enable the
trading of short-term risks, determined implicitly by the dynamics of M, at
appropriate prices set by the market, which are reflected in the dynamics of AM.

We assume that each productive asset j € {dy + 1,...,d; + da} with price
process S’ entitles the owner to a random terminal dividend D7 € L? at time 7.

In other words, S7 satisfies the terminal condition
Si =D, (2.2)

and the rest of the price process (S7)o<;<7 is to be determined by the market in
equilibrium. We write S;Q) = D@. The random variable D) : ) — R is fixed
and known to the agents.

Finally, we also assume that each asset S’ is a local L*-semimartingale for
j € {1,...,d}. This means that there exists a localising sequence of stop-

ping times (7,,)nen such that each stopped process S#™ = (S2 . Jo<i<r is an

L?-semimartingale, in the sense that
sup { E[(S2™)%] : o stopping time} < oo; (2.3)

see Delbaen /Schachermayer [35] and Cerny/Kallsen [25] for details. We refer to
this property by calling (1,5) a local L*-market. Note that by [25, Lemma A.2],
a stochastic process is a local L2-semimartingale if and only if it is a special
semimartingale whose local martingale part is locally square-integrable. As a
consequence, in view of (2.1), this is only a condition on the productive assets.
Thus we summarise the market setup as follows. Suppose that (92, F,F, P),
T € (0,00), S5 € RH, MM e M2,
study the set of price processes S = (SM) S?) that satisfy (2.1), (2.2) and (2.3),

while also leading to an equilibrium between K agents that we introduce below.

and D® e L? are given. Our goal is to

We formalise the notion of an equilibrium market later in Definition 2.5.
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2.2 Admissible strategies

In order to describe trading in the market (1,S), we need to specify which
strategies are considered admissible. To this end, we follow a two-step approach

as in Cerny/Kallsen [25], where more details on the rationale can be found.

Definition 2.1. Let (1,5) be a local L?-market. A simple integrand for S is a
process of the form ¥ = Z;’;l §ilyo,.000,]; Where m € N, 0 <oy <+ < 0y, are
[0, T]-valued stopping times, and each &; is a bounded F,,-measurable random vec-
tor, such that each stopped process S77m = (ngAt)ogth is an L?-semimartingale
for j =1,...,d. We denote by Ogmple(S) the linear space of all simple integrands
for S. We also let L(S) be the set of predictable S-integrable processes on [0, 77;

see Jacod/Shiryaev |71, I11.6.17].

Definition 2.2. Let (1,5) be a local L?>-market. Then ¥ € L(S) is called
L*-admissible for S if 9+ Sy € L* and there exists a sequence (") ,en in Ogimple(S)
such that

L2
1) ¥"eSp — J+Sr,
2) Y. S; N VS, for all [0, T]-valued stopping times T,

where ¥ ¢S = (0 ¢ S;)o<t<r denotes the stochastic integral ¥« S; = fot 9,dS, for
t € [0, T]. The set of all L?-admissible trading strategies is denoted by O(S).

Remark 2.3. (a) Our definition of L?-admissible strategies slightly differs from
the original one given in [25], because we stipulate 2) for all stopping times 7
and not only for deterministic times ¢ € [0,7]. However, under [25, Assumption
2.1], i.e., if there exists an equivalent local martingale measure (ELMM) @ for S
with % € L*(P), both definitions coincide. The reason for this change is that it
allows us to use dynamic programming arguments even if there does not exist an
ELMM Q@ for S with Z—g € L*(P), as in Czichowsky /Schweizer |32].

(b) As usual, we assume that market participants choose self-financing port-
folios (99, 9;)o<i<r, where 190 is a predictable process, ¥ € ©(S) and the self-
financing condition 99 + 9] S, = 93 + 9] Sp + ¥+S;, P-a.s. for all t € [0, T, is sat-
isfied. Since we shall include the initial wealth of the agents into their endow-
ments, as we explain in the first paragraph of Section 2.3 below, we have 93 = 0

so that a self-financing portfolio can be parametrised in terms of ¥ € ©(S) alone.

We denote by (ez)ogth =(0,...,0,1,0,...,0) € R?the buy-and-hold strategy
of the j-th risky asset, where 1 is in the j-th position. In general, this strategy
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will not be L?-admissible for S because we only assume S? to be a local L*-

semimartingale. However, if S’ is an L?-semimartingale, then automatically

e/ € Ogmple(S) C O(S). Given a vector n € R? we sometimes denote the
d . . .

constant strategy 23:1 /el simply by n.

2.3 Agents and endowments

Consider K > 1 agents participating in the financial market. We assume that
each agent k € {1,..., K} owns a traded endowment at time 0, consisting of
n*J € R units of the asset j € {0,...,d; + dy}, and is also entitled to receive a
non-traded endowment at time T, which consists of a random income =" € L2

Because we assume zero interest rates and there are no liquidity constraints
on the portfolios of the agents, it does not matter whether a fixed amount of
cash is received via the traded or non-traded endowment. Thus we may assume
that each agent starts with zero cash. We also make the assumption that the
financial assets are in zero net supply, i.e., that these assets are created and traded
internally between the agents so that any long and short positions in the financial
assets must net out between the agents, that is, 25:1 n*J = 0. Since the initial
prices S, . .. ,Sgl are known a priori, each agent is indifferent between receiving
an endowment consisting of units of the financial assets or the corresponding
cash value via the non-traded endowment. We may thus assume without loss of
generality that 7/ =0 for j € {0,...,d,} and k € {1,..., K}.

On the other hand, the agents may have a nontrivial endowment consisting
of productive assets. We set nf = (0,7"®) € RU+% and denote the value
of the traded endowment (in the productive assets) of agent k at time T by
2kt = nkv(Q)TD(z) € L2 The total endowment of agent k at time T is then given
by

=F =2kt 4 Zhn, (2.4)

Each agent k € {1,..., K} interacts with the market by buying and selling
assets according to an L%-admissible strategy ¥ € ©(S), which includes the ori-
ginal endowment n®®) of productive assets. Since the agent does not own riskless
or financial assets at time 0, her initial wealth is nk’(Q)TS((f), which is the initial
value of her traded endowment. Agent k can then generate the wealth process
nk’@)TS(()Z) + ¥+ S by trading with the strategy ¢ in a self-financing way. Since
she additionally receives the non-traded endowment =% at time 7', her terminal
wealth at time 7' is given by T]k’(Q)TS(()Z) + 9« Sy + =k Note that the traded
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endowment has the terminal value
_ T T T
Skt — pki@) D@ = () S(T2) = k@ S((]2) + e Sy,

since nF = (0,7*?)) is constant. Thus the terminal wealth of agent k at time T

can be equivalently written as

2 'SP 4 ge Sy 4 T b eG4 e Sy + 2R = (9 — f) e Sy + 2P
(2.5)

in terms of the total endowment defined in (2.4).

From the right-hand side of (2.5), we see that the total wealth at time T
consists of the total endowment as well as any gains or losses generated by the
strategy ¥ —n". This difference may be interpreted as a discretionary strategy that
is employed by the agent in addition to the fixed endowment n*. The left-hand
side of (2.5) gives an alternative interpretation. Instead of keeping the traded
endowment, agent k may immediately sell it for the price of nk’(Q)TS(gZ) and then
trade with the strategy 1J; the non-traded endowment Z*" is then added to the
wealth at time T'. However, we note that the price S((]Q) is not known a priori, but
rather determined by the equilibrium. Thus the right-hand side of (2.5) is more
useful for solving the equilibrium problem, since the total endowment =¥ is fixed
by the primitives, so that only the stochastic integral term (¢ — n*)+Sr depends
on the dynamics of S.

Each agent k € {1,..., K} has preferences over terminal wealth at time T
described by a functional Uy, : L°(P) — R. We consider two types of functionals:
the case of a quadratic utility function is the subject of Section 3, and a (gener-
alised) mean—variance functional is considered in Chapter IV. Agent k seeks to

maximise utility from terminal wealth at time T, i.e., to solve the problem

Uk((ﬁ—nk)°ST—|—Ek) — max ! (2.6)

9e0(S)
When considering the uniqueness of a solution to the maximisation problem
(2.6), we need to view uniqueness on the level of stochastic integrals ¥+ S, rather
than on the level of strategies . To this end, we introduce the following equival-

ence relation.

Definition 2.4. Let (1,5) be a local L?-market. Then 9,9’ € ©(S) are called

S-equivalent if ¥ « S and ¥ ¢ S are indistinguishable. In this case, we write
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¥ =g ¥'; see Crzichowsky/Schweizer [31] for more details on how to represent

different equivalent classes via the so-called projection onto the predictable range.

2.4 Equilibrium

We can now formulate the key notion of an equilibrium market, which we ad-
apt from the classical concept of a Radner equilibrium. We take the primitives
Sél), M® D pk and Z%" defined in Sections 2.1 and 2.3 as given.

Definition 2.5. A local L>-market (1,SM) S®) is called an equilibrium market
if it satisfies (2.1) and (2.2) as well as the following conditions:

1) For each agent k € {1,..., K}, the maximisation problem (2.6) has a solu-
tion ¥* € O(9) that is unique up to S-equivalence.

2) The market clears, i.e., for ¢t € [0, T,

K o -
.y 4 0, if je{l,...,d},

> 0 =sw =1 o ! { & (2.7)

k=1 Zk:an? 1f]€{d1+1,...,d1+d2}.

3) ¢/ € O(9) for j € {dy +1,...,d, +dy}, i.e., the buy-and-hold strategies of

the productive assets are L2-admissible.

The only slightly non-standard requirement in Definition 2.5 is 3). It ensures
that each n* is L2-admissible, i.e., just keeping the traded endowment corresponds
to an L?-admissible strategy for each agent, which is a natural condition that
the traded endowment should satisfy. Moreover, it is important to ensure that
0% € ©(9) if and only if 9% — ¥ € ©(S), since we later show the existence of the
optimal strategies ¥ by first solving for ok — nk.

Our overall goal is to find an equilibrium market (1, SM, S®) corresponding
to the primitives. More precisely, we look for conditions on the primitives that
ensure the existence and uniqueness of a corresponding equilibrium market, and
we seek to characterise that market. We start by studying the individual op-
timisation problems for the agents, and then show how the individual decisions
of the agents can be aggregated by the concept of a representative agent. To
that end, we first consider the mean—variance hedging problem, and then show
the relevant connections to the quadratic utility problem defined below in (3.2),
which corresponds to (2.6) in the case where the preference functional U, is given

by expected quadratic utility.
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2.5 Preliminaries on mean—variance hedging

The maximisation problem (2.6) for the quadratic utility or (generalised) mean—
variance preferences we study later is closely linked to the so-called mean—variance
hedging problem; see Schweizer [111] for a recent overview. We introduce here
the mean—variance hedging problem, as well as some related results that will be

useful later. For a given payoff H € L?,

e the mean—variance hedging (MVH) problem is given by

E[(9+Sr — H)*] — min ! (2.8)
9€0(S)

e the extended mean—variance hedging (exMVH) problem is given by

El(c+V0+Sp —H)’] —  min_ ! (2.9)
(¢,9)ERXO(S)

Mathematically, the minimisation problems (2.8) and (2.9) are best approx-

imation problems in L? for H with respect to the linear subspaces
Gr(S) == {0+Sr: 9 €0(9)} and R+ Gr(S):={c+9+Sr:ceR,¥ € O(S)}

of L?, respectively. Because L? is a Hilbert space, the terminal values attained by
the solutions to (2.8) and (2.9) are given by the orthogonal projections of H onto
Gr(S) and R+ G7(S), which exist provided that Gr(S) and R + Gr(S) are closed
in L?, respectively. If they exist, we denote those terminal values by ¥(H)* St
and c(H)+9(H)« Sy, respectively, for some ¢(H) € R and ¥(H),0*(H) € ©(S)
such that the corresponding terminal values are attained. In that case, one is also
interested in whether the choices of ¥(H) and (¢(H),9*(H)) corresponding to
these terminal values are unique in the respective spaces. Specifically, we say that
(2.8) has a unique solution if 9! =g ¥? for any two solutions 9!, 9% € O(S); we
use the same convention for the maximisation problem (2.6). Likewise, we say
that (2.9) has a unique solution if ¢; = ¢ and 9! =g ¥? for any two solutions
(c1,9Y), (ca,9%) € R x O(S).

From the interpretation of the MVH and exMVH problems as orthogonal
projections, we easily deduce that these problems are linear, in the following

sense.

Lemma 2.6. Let H,, Hy € L? and X € R.
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1) Suppose there exist solutions 9(H,),V(Hy) € O(S) to (2.8) for Hy and Hy,
respectively. Then U(Hy) + AN (Hz) is a solution to (2.8) for the payoff Hy + AHs.

2) Suppose there exist solutions (c(Hy),9(H,)), (c(Hy), 9 (H,)) € R x ©(S)
to (2.9) for Hy and Hs, respectively. Then (c(Hy) + Ac(Ha), 9 (Hy) + NI (Hz))
is a solution to (2.9) for the payoff Hy + \Hs.

Proof. 1) For any H € L? 9 € ©(S) solves (2.8) for H if and only if
E[(0+Sp — H)(J+57)] =0 (2.10)

for all ¥ € ©(S); this follows from the formulation of the MVH problem as an

orthogonal projection. Note that we have

E[((ﬁ(Hl) + Aﬁ(HQ)) 'ST - H1 - )\H2> (ﬁ'ST)]
= E[(ﬂ(Hl)‘ST - Hl)(é‘ST)} + )‘EKﬁ(HQ))'ST - H2)(1§'5Tﬂ =0

for all ¥ € ©(S), since ¥(H;) and ¥(H,) solve (2.8) for H; and Hy, respectively.
Therefore ¥(Hy) + MI(Hy) solves (2.8) for Hy + AH,, as claimed.
2) Similarly, for any H € L?, (c,9) € R x ©(S) solves (2.9) if and only if

El(c+0Sp — H)(¢+19+Sp)] =0 (2.11)
for all (¢,9) € R x ©(S). We have

E [(C(Hl) + Ae(Hy) + (0°(Hy) + M0 (Hy)) » Sp — Hy — )\H2> @+ &-ST)}
= E[(c(Hy) + 0™ (Hy)+ Sy — Hy)(é+ U+ S7)]

+ AE[(c(Hy) + 9™ (Hz)* Sy — Hy) (¢ + 9+ Sr)]
=0

for all (¢,0) € R x ©(S), since (c¢(Hy),9(H;)) and (c(Hs), 9 (Hs)) solve (2.9)
for Hy and Ha, respectively. Thus (c(H;y) + Ac(Hz), 9 (H;y) + AI™(H3)) solves
(2.9) for Hy + \H,, as claimed. O

If S admits an equivalent local martingale measure (ELMM) with square-
integrable density, then Gr(S) and R + Gp(S) are closed and the solutions in
O(S) and R x ©(S) are unique; this follows by Cerny /Kallsen [25, Lemma 2.11].
However, without that extra assumption, both closedness of Gr(S) and R+Gr(S)
as well as uniqueness of the solutions in ©(S) and R+0(S) (if they exist) do not
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hold in general.
In order to deal with the uniqueness issue, it is useful to introduce the notions
of uniqueness of gains processes and uniqueness of value processes associated with

a price process S.
Definition 2.7. Let (1,.9) be a local L2-market. It is said to satisfy

e uniqueness of gains processes if for any two trading strategies 9', 9> € O(S),
the equality 9!+ Sy = 92« Sy P-a.s. implies that 9! =g 92

e uniqueness of value processes if for any two trading strategies ¥', 9% € ©(9)
and initial values c;,co € R, the equality ¢; + 9'* Sy = co + 9%+ S P-as.

implies that ¢; = ¢, and 9! =g ¥2.

We have the following two equivalent characterisations of uniqueness of gains
and value processes. They follow immediately from the linear structure of the
(extended) mean—variance hedging problems given in Lemma 2.6, as well as the
fact that for H = 0, the problems of MVH (2.8) and exMVH (2.9) admit as
solutions ¥ = 0 and (¢, ) = (0,0), respectively.

Proposition 2.8. Let (1,5) be a local L?>-market. The following are equivalent:
(a) (1,S) satisfies uniqueness of gains processes.
(b) For some H € L*, the MVH problem (2.8) admits a unique solution.

(¢) For each H € L* for which the MVH problem (2.8) admits a solution, the

solution is unique.

Proof. (a) = (b): For the particular payoft H = 0, we claim that ¢(H) = 0 is
the unique solution to (2.8). Indeed, it is a solution as the hedging error is 0.
Moreover, any other solution ¥ € ©(S) must satisfy ¥+Sr = 0 = 0+ S a.s., and
thus ¥ =g 0 by the uniqueness of gains processes.

(b) = (c): For a contradiction, suppose that the MVH problem for H admits
two solutions 9,92 € ©(S). As we assume (b), there exists some H € L? such
that the solution ¥(H) to the MVH problem for H is unique. By Lemma 2.6,
O(H) + (9' — 9?) is a solution to (2.8) for H + H — H = H. Thus we have by
uniqueness that 9(H) 4+ (9' — 9?) =g 9(H), so that 9* =g ¥2. This shows that
the solution to (2.8) for H is also unique, as claimed.

(c) = (a): Suppose that ', 92 € ©O(S) are such that ¥' « Sy = 9%+ Sy,
By Definition 2.2 and as 9! € O(S), we have H := 9« Sy € L% Note that
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both strategies 9! and 92 solve the MVH problem for H, as the hedging error
generated by either strategy is 0. By (c¢), we thus get 9! =g 9?2, so that (1,.9)

satisfies uniqueness of gains processes. O
Proposition 2.9. Let (1,5) be a local L>-market. The following are equivalent:

(a) (1,95) satisfies uniqueness of value processes.
(b) For some H € L?, the exMVH problem (2.9) admils a unique solution.

(¢) For each H € L? for which the esMVH problem (2.9) admits a solution, the

solution is unique.

Proof. The proof is almost identical to that of Proposition 2.8.

(a) = (b): We claim that (¢(0),9°(0)) = (0,0) is the unique solution to (2.9)
for the particular payoff H = 0. Indeed, it is a solution as the hedging error is 0.
Moreover, any other solution (c,9) € R x ©(S) must satisfy ¢ +9J+Sr = 0 a.s.,
and thus ¢ = 0 and ¥ =g 0 by the uniqueness of value processes.

(b) = (c): For a contradiction, suppose that the exMVH problem for H
admits two solutions (c1,9%), (c2,9?) € R x ©(S). As we assume (b), there exists
some H € L? such that the solution (c(H), 9™ (H)) to the exMVH problem for

H is unique. By Lemma 2.6, we have that
(¢,9) = (c(f[) + ¢ — e, (H) + (9 — 192))

is a solution to (2.8) for H + H — H = H, so that (¢,9) = (¢(H),9*(H)) by the
uniqueness of the solution. Thus ¢(H) + ¢; — ¢, = ¢(H) so that ¢; = ¢y, and also
O(H) + (0 — 9?) =g 9(H) so that 9' =g ¥2. This shows that the solution to
(2.9) for H is unique, as claimed.

(c) = (a): Suppose that (c1,9'), (c2,9?) € R x O(S) are such that
(&1 —|—191‘ST = Cy —|—’(92‘ST =: H.

By Definition 2.2 and as 9' € ©(S), we have H € L?. Note that both pairs (c;, ')
and (cg,9?) solve the exMVH problem for H, as the hedging error generated by
either strategy is 0. As we assume that (c) holds, we thus get that ¢; = ¢ and

9 =g 9%, and so (1,.9) satisfies uniqueness of value processes. O

The following two results show that uniqueness of value processes implies
uniqueness of gains processes and link the MVH problem (2.8) and the extended
exMVH problem (2.9).
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Proposition 2.10. Let (1,5) be a local L*-markel salisfying uniqueness of value
processes. Then (1,5) satisfies uniqueness of gains processes. Moreover, if the
MVH problem (2.8) for H=1 has a solution 9(1), then E[(9(1)*Sy — 1)?] > 0.

Proof. Since ¥ = 0 is a solution to (2.8) for H = 0 with hedging error 0, any
solution to (2.8) for 0 is also a solution to (2.9) for 0 with ¢ = 0. Thus the
first assertion follows from Propositions 2.8 and 2.9, using the fact that if the
MVH problem (2.8) for 0 does not have a unique solution, then a fortiori the
exMVH problem (2.9) for 0 cannot have a unique solution. The second assertion
follows from the fact that if E[(¥(1)+ Sy — 1)?] = 0, then the exMVH problem
(2.9) for 0 would have two solutions (—1,9(1)) and (0, 0), which would lead to a

contradiction due to Proposition 2.9. O

Corollary 2.11. Let (1,S) be a local L?>-market satisfying uniqueness of value
processes. Suppose that the MVH problems (2.8) for H and 1 have solutions 9(H )
and Y(1), respectively. Then the exMVH problem (2.9) for H has the solution
(c(H),v*(H)) := (c(H),V(H) — c¢(H)V(1)), where

ETH(1 —9(1)+5r)]

U= B = 00)-5)7

(2.12)

Proof. By Lemma 2.6, for fixed ¢ € R, the MVH problem (2.8) for H — ¢ has the
(unique) solution ¥(H) — c¥(1). Moreover, as E[J(H)*Sp(1 —¥(1)*Sr)] = 0 by
the first-order condition of MVH, it follows that

B[ (e (9(H) — e9(1)) + 57 Hﬂ

— PE[(1=9(1)+57)"] + E[(H — 9(H)*5r)"] — 2¢E[H(1 - 9(1)+57)].
(2.13)

As a quadratic function of ¢, the right-hand side of (2.13) has the unique minim-
iser ¢(H) given by (2.12). O

The following result gives simple sufficient conditions for uniqueness of gains
and value processes and for the existence of solutions to the MVH and exMVH
problems (2.8) and (2.9) in terms of a signed local martingale measure for S.
The assumption that such a signed measure exists is not necessary for the ex-
istence of solutions to the MVH and exMVH problems, but it is a weaker as-
sumption than the existence of an equivalent local martingale measure for S. By
Cerny/Czichowsky [24, Theorem 2.2], the conditions in part (b) are equivalent

to the economic assumption of the so-called law of one price.
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Proposition 2.12. Let (1,5) be a local L*-market and Z = (Z;)o<i<T a Square-
integrable martingale such that ZS’ is a local martingale for all j € {1,...,d}.
Then Z(9+S) is a P-martingale for each 9 € ©(S). Moreover:

1) If Z, # 0 P-a.s. for each t € [0,T], then (1,5) satisfies uniqueness of value

processes.

2) If Zy #0 and Z,— # 0 for allt € [0,T] P-a.s., then the MVH problem (2.8)
and exMVH problem (2.9) have unique solutions for each H € L.

Proof. As Z is a martingale and ZS7 is a local martingale for all j € {1,...,d},
we have that ZS7 is a local P-martingale on [0,7] for any stopping time 7.
Moreover, let o be another stopping time with values in [0,7] and A € F. By

the Cauchy-Schwarz inequality, we have

E[14]2,57|] < E[14Z,7] " E[|57?]"*

< E[lA sup ]Zt]2] 2 sup {EHS;P] : o’ stopping time}l/Q.
t€[0,T]

Note that the bound on the right-hand side is finite, as ST is an L?-semimartingale
and Z is a square-integrable martingale. Since sup,c, 7 |Z:| is square-integrable,
so that the singleton {sup,cj7y|Z:|*} is uniformly integrable, it follows by the
g-0-criterion for uniform integrability that the right-hand side converges to 0 as
P[A] — 0. Since the bound on the right-hand side is independent of o, we
have thus shown that the set {Z,S7 : o stopping time} is uniformly integrable,
i.e., ZS7 is of class (D). Therefore, ZS™ is a true P-martingale on [0, 7] for any
stopping time 7 such that S is an L?-semimartingale. We deduce that Z(J+S)
is a P-martingale on [0,77] for any strategy of the form ¥ = 1j0,). By linearity,
this martingale property extends to Z(9+.S) for all ¥ € Ogpie(S)-

We now show the same martingale property for ¢ € ©(S). By the definition of
O(S), there is a sequence (9"),en of simple strategies such that 9"+ Sy LN VeSr
and 9"« S, L9 S, for any [0, T]-valued stopping time 7. By the Cauchy—
Schwarz inequality, it follows that Zp(9™ < Sr) L Zr(9 « Sp). By the L'-
continuity of conditional expectations and the fact that convergence in L! implies

convergence in probability, we obtain
E[Zp(9"+Sr) | Fi) = E[Zr(9+57) | Fi

for 0 <t < T asn — oo. Since V" is a simple strategy, Z(9"+S) is a P-martingale
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on [0,7] so that E[Zp(9"Sr) | Fi] = Zi(9"+S;) and
Zy(9"S,) =5 E[Zp(9+S7) | F]

as n — o0o. But we also have Z,(9" « S;) L Zy(9 + S;) as n — oo by the
construction of (¥"), which implies that E[Zp(¢ « St) | Fi| = Z,(9 + S,) for
0<t<T,ie., Z(W+S) is a P-martingale for all 9 € ©(S). This shows the first
statement, and we now proceed to show 1) and 2).

1) Fix ¢!, ¢? € R and 91,92 € ©(S) such that ¢t + 9« Sy = 2 + 9%+ Sp P-as.
Then Z(ct +9'+S) and Z(c* + 9%+ S) are both P-martingales. Since they agree
at the terminal time, they are indistinguishable. Since each Z; # 0 P-a.s., this
implies that ¢! +9'+S; = ¢ + 9?2+ S, P-a.s. for each t € [0,T], whence ¢! +9'+S

and ¢® 4+ 9%+ S are indistinguishable. For ¢t = 0, this implies that ¢! = ¢?

, and
subtracting the constants yields that 9¥'+S and 92+ S are indistinguishable.

2) Tt suffices to argue existence, as uniqueness follows from part 1) together
with Proposition 2.9. By the assumptions on Z, we have Z = Z; E(N) for some
local martingale N = (N;)o<t<r; this is due to Jacod [70, Exercise 6.1] and given
in a concise form in Choulli et al. [29, Proposition 2.2]. Hence S is a local
E-martingale and E(N) = Z/Z, is a square-integrable martingale and so-called
regular (since T,, = T for n > 1; see |29, Definitions 3.4, 3.6 and 3.11]). Existence
of a solution to the MVH problem (2.8) then follows from Czichowsky /Schweizer
|32, Theorem 2.16]. Finally, the existence of a solution to the exMVH problem

(2.9) follows from part 1) and Corollary 2.11. O

We close this section by linking the zero solution of an MVH problem to a

local martingale-type condition for S.

Lemma 2.13. Let (1,5) be a local L?>-market and H € L?. Define the square-
integrable martingale Z = (Z;)o<i<r by Zy := E[H | F]. The following are equi-

valent:

(a) 0 € ©(S) solves the MVH problem (2.8).
(b) ZS7 is a local P-martingale for all j € {1,...,d}.

Proof. (a) = (b): Since 0 € ©(9) is a solution to (2.8), it follows as in (2.10)
that H is orthogonal to Gr(S), i.e., we have E[(J+Sy)H] = 0 for any 9 € ©(S5).

Now fix j € {1,...,d} and let o be a stopping time. Since (1,5) is a local L*-
market, there exists a localising sequence of stopping times (7;,),en such that for

each n € N, the stopped process S7™ is an L2-semimartingale. Fix n € N. Then
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the strategy e#" := (0,...,0,1j00n7.], 0, . - -, 0), where the indicator process is at
the j-th position, belongs to Ogimpic(S) € O(S). The fact that Z is a P-martingale
with Zr = H and E[(e°"+Sr)H| = 0 yield

E[S]

ONTn

Zonr, — SSZO] = E[(Sg/\m - Sg)ZT] = E[(e"7"+Sp)H] = 0.
Since o was arbitrary, it follows that (Z57)™ is a P-martingale. As (7,) is a
localising sequence, we conclude that ZS7 is a local P-martingale.

(b) = (a): Fix ¥ € O(S). By Proposition 2.12, Z(d+S) is a P-martingale,

and hence

E((9+Sr — H)*] = E[H?| = 2E((9+St)Zr] + E[(J*Sr)’]
= E[H?) + E[(9¥+Sr)?]
> E[(H — 0+Sr)?.
Thus 0 € O(S) solves the MVH problem (2.8). O

3 Equilibria for quadratic utilities

In this section, we focus on the case where the preferences of the agents are
described by expected utility with a quadratic utility function. More precisely,
the preferences of each agent k € {1,..., K} are characterised by the expected
utility of terminal wealth at time 7', with the quadratic utility function

Ui () L 2 cR (3.1)

) =2——2x°, =« ) .
2%k

where v, > 0 denotes the risk tolerance of agent k. Recall from (2.5) the terminal
wealth generated by a strategy ¥ € ©(S) together with the traded and non-traded
endowments for each agent. Thus the maximisation problem (2.6) of agent k takes

the form

E[U,((0 —n*)+Sp +E")] - max ! (3.2)
9€6(S)

The quadratic utility function U} is concave and increasing for x < ~;, so that
v > 0 can also be seen as a bliss point for agent k. The fact that Uy is decreasing
for © > 7, is economically unreasonable, as it implies that the agent would prefer

to be less wealthy beyond that point; this is a well-known issue associated with
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the choice of a quadratic utility function. Nevertheless, this can be a useful model
provided that v is large enough, so that it is unlikely that an agent can reach
that amount of wealth. A key point in favour of quadratic utility is that it often

leads to tractable problems where explicit results can be obtained.

3.1 Individually optimal strategies

We begin by making some observations on the individual maximisation problem
(3.2) for a fized local L*-market (1,S). More precisely, we link (3.2) to an MVH
problem for the payoff H* := ~,—=*. This is the difference between the bliss point
and the total endowment for agent k, and may be interpreted as the additional

wealth that the agent would like to obtain in order to reach the bliss point.

Lemma 3.1. Let (1,5) be a local L*-market and assume that n* € O(S). Then

the following are equivalent:

(a) The optimisation problem (3.2) of agent k has a unique solution 0% € ©(S).

(b) The MVH problem

E[(¥+Sr — H*)?] = min ! (3.3)
9€O(S)

has a unique solution Y(H*) € ©(S).

In either case, it holds that Ik =g n*+9(H*), and the market satisfies uniqueness

of gains processes.

Proof. Let ¥ € ©(S) and set ¥ := 9 — n* € ©(S). Plugging the definition of Uy
into (3.2) and rewriting (3.1) as Ug(x) = —ﬁ(z —Ye)? + 2 yields

E[U((0 = 1")+Sr +Z4)] = E[Ux(0+Sr + EY)]

1 ~ - Yk
— B[Sy +EF — )+ E
o (VST + )] + >

Because ©(S) is a vector space, this shows that 1 is a solution to the maximisation
problem (3.2) if and only if 9 is a solution to the MVH problem (3.3), and
therefore the two problems are equivalent under the assumption that n* € ©(S).
In particular, (3.2) has a unique solution J* if and only if (3.3) has a unique
solution ¥(H*), in which case we have the relationship 9% =g n* +9(H*) between
the solutions. Finally, if (3.3) has a unique solution, then the market satisfies

uniqueness of gains processes by Proposition 2.8. O
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We proceed to decompose the optimal strategy 9% into a hedging and a pure

investment part by considering two problems:

e The hedging problem of agent k is the exMVH problem

El(c+9+Sr —=F)?] -  min ! (3.4)
ceR,YEO(S)

e The pure investment problem is the MVH problem

E[(9Sr —1)%*] — min ! (3.5)
9€0(S)

If the market satisfies uniqueness of value processes and there exist (unique)
solutions to both (3.2) and the pure investment problem (3.5), then we can de-

compose the optimal strategy of agent k as follows.

Proposition 3.2. Let (1,5) be a local L?>-market satisfying uniqueness of value
processes. Assume that n* € ©(S) and the pure investment problem (3.5) has a
solution 9(1). Then the individual optimisation problem (3.2) of agent k has a
unique solution 0% € O(S) if and only if the exMVH problem (2.9) for Z* has a
unique solution (¢(ZX), 9(Z%)) € R x ©(S). In this case, U* is given by

O =g 0 + (9 — c(EM)9(1) — 9°(=F). (3.6)

Proof. Suppose that the exMVH problem (2.9) for =% has a (unique) solution
(c(ZF),9(Z¥)) € Rx O(S). Then the MVH problem (2.8) with payoff ZF — ¢(=F)
has the unique solution ¥(Z* —¢(Z*)) =5 9*(=*). Hence by Lemma 2.6, the MVH
problem (2.8) for the payoff

HF =y —EF =, — (Ek — c(Ek)) —¢(EF)
has the unique solution
DY) =5 (7 — (Z5))D(1) ~I(EF — (Z5) =s (36— (2))9(1) ~9™(ZF). (3.7

Thus (3.6) follows by Lemma 3.1.

Conversely, if the individual optimisation problem (3.2) of agent k has a
(unique) solution 9% € ©(S), then by Lemma 3.1, the MVH problem (2.8) for
H* = ~, — =% has a unique solution ¥(H*). Hence by Lemma 2.6, the MVH
problem (2.8) for Z* has a unique solution ¥(=*) =g (1) — J(H*). It now
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follows from Corollary 2.11 that the exMVH problem (2.9) for =* has a unique
solution (¢(Z*),9*(Z¥)) € R x O(S), where 9™(ZF) = J(ZF) — ¢(EF)9(1). O

3.2 The representative agent

In order to study equilibrium markets in the case of a quadratic utility func-
tion, we use the standard idea from financial economics to consider a repres-
entative agent that holds the aggregate endowment of all agents, i.e., the rep-
resentative agent owns both n = Zszl n* units of the assets, where we recall
n=(n',...,7%%%) = (0,7?) from (2.7), as well as the sum of the non-traded
endowments of the agents. Equivalently, the representative agent receives the
total endowment = = 2(:1 =F. By the same argument as in (2.5), the repres-
entative agent can attain the terminal wealth (¥ — 7)< Sy + = by trading with a
strategy ¥ € ©(S).
The utility function of the representative agent is defined by

K k
Uy (z) = sup { Z)\kUk(xk) CX1, .., XK € Rd,Zxk = x},

k=1 k=1

where A = (A1, ..., A\g) € RE is a fixed set of Negishi weights summing up to K.!
We make the ansatz of equal weights A\; = --- = A\g := 1 and write U := U;. In
this case, denoting by 7 := Zszl v, the aggregate risk tolerance, it is not difficult
to check that

k=1 2% k=1
s (xfyk 1 /xv 2) 1,
:Z T——<T> =T — =T,
—\7 2nm\7 2

so that the utility function of the representative agent is of the same form as the
utility function of the individual agents. The representative agent then solves the
maximisation problem

E[U((W—-7)*Sr+E)] — max ! (3.8)

VED(S)

From a mathematical perspective, (3.8) has exactly the same structure as the

1 Usually, the convention in the literature is that the Negishi weights sum up to 1, but in our
context, the total weight of K leads to neater formulas. Of course, both parametrisations lead
to the same set of preferences.



188 TIT Existence and uniqueness of mean—variance equilibria in general
semimartingale markets

individual maximisation problem (3.2). Thus we get an analogue of Lemma 3.1
for the representative agent. In the following, we set H = ¥ — Z. Similarly to
HF*, the random variable H may be interpreted as the aggregate shortfall, i.e.,
the additional wealth that the agents would (collectively) like to obtain in order

to reach the aggregate bliss point 7.

Lemma 3.3. Let (1,5) be a local L?>-market and assume that § € ©(S). Then

the following are equivalent:
(a) The optimisation problem (3.8) has a unique solution ¥ € O(S).

(b) The MVH problem

E[(9Sr — H)?] — min ! (3.9)
9€O(S)

has a unique solution Y(H) € ©(S).

In either case, it holds that ¥ =g 7 +V(H), and the market satisfies uniqueness

of gains processes.

Analogously to Proposition 3.2, we can also decompose the optimal strategy
J of the representative agent into a hedging and a pure investment part, where

the hedging problem of the representative agent is the (extended) MVH problem

E[(c+9+Sr—2)°] = min ! (3.10)
cER,YEO(S)

and the pure investment problem is the MVH problem (3.5).

Proposition 3.4. Let (1,5) be a local L*-market satisfying uniqueness of value
processes. Assume that ) € ©(S) and the pure investment problem (3.5) has a
unique solution ¥(1). Then the optimisation problem (3.8) of the representative
agent has a unique solution 9 € ©(S) if and only if the exMVH problem (2.9) for
Z has a unique solution (c(Z),9(Z)) € R x O(S), and ¥ is then given by

U=s7+ (7—c(8)) (1) — I*(Z). (3.11)

The following result shows that the optimal strategy for the representative
agent is given by the sum of the strategies of the individual agents. This result
gives a characterisation of the aggregate demand for the risky assets, which is the

key to finding a market equilibrium.
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Lemma 3.5. Let (1,S) be a local L*-market. Assume that n*,...,n% € 6(9)
and for each agent k € {1, ..., K}, the individual optimisation problem (3.2) has
a unique solution 0%, Then the optimisation problem (3.8) of the representative

agent has a unique solution ¥ satisfying

K
9= " (3.12)
k=1

Proof. By the implication (b) = (c) in Proposition 2.8, the map H +— J(H) is well
defined for all H such that a solution J(H) to (2.8) exists, since such a solution
is unique up to S-equivalence. We also have by Lemma 2.6 that H — ¥(H) is
linear where it is defined.

Because n',...,n% € ©(S9), we get from Lemma 3.1 that the MVH problem
(2.8) for H* has the unique solution 9(H*) = 9% — n* for each k € {1,..., K}
Hence there is a unique solution to (2.8) for H = Y1 H*, which is given by

I(H) =5 Y _ (I(H")=n*) =0 -7 (3.13)

which shows (3.12) and concludes the proof. O

3.3 Existence and uniqueness of equilibria

So far, we have used the linear structure of the quadratic and MVH problems
of the individual agents to characterise the aggregate demand in terms of a rep-
resentative agent. With this insight, we can now proceed to our main results
on the existence and uniqueness of equilibrium markets. We start by giving a

characterisation of equilibria from which we will later obtain an explicit formula.

Lemma 3.6. Suppose that (1,5) = (1,SM,S®) is an equilibrium market and
let (Zy)o<i<r be the (square-integrable) P-martingale given by Z, = E[H | F;] so

that Zy = H P-a.s. Then for each j € {1,...,dy + ds}, the process (Z;S])o<i<r

1 a local P-martingale.

Proof. Denote by 191, e ,@K € O(S) the unique individually optimal strategies.
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Then by Lemma 3.5, ¥ := Zszl Ok € ©(9) is the unique solution to the optim-
isation problem (3.8) of the representative agent. Moreover, the market clearing
condition (2.7) yields ¥ =g 7, so that by Lemma 3.3, 0 is the unique solution to
the MV problem (2.8) for H. Thus Lemma 2.13 yields that (Z,57)o<i<r is a
local P-martingale for each j € {1,...,d; + dy}, as claimed. a

Lemma 3.6 shows that the process Z plays a key role, since any equilibrium
market S must satisfy the condition that ZS is a local P-martingale. We obtain
from this insight necessary and sufficient conditions for the existence of a unique
equilibrium under the assumption that the process Z does not hit 0; for instance,
this assumption holds if Zr = H > 0 so that Z is strictly positive. In that case,
H/E[H] is the density of an equivalent local martingale measure for S. Tt is
economically reasonable to assume that the shortfall H is strictly positive, since
it means that the agents always want to increase their wealth (in aggregate).
Nevertheless, for the sake of generality, we allow Z to take negative as well as
positive values.

Before we proceed to the first main result, it is useful to introduce the Galtchouk—

Kunita-Watanabe decomposition of Z with respect to M) under P, i.e.,
Zy=Zo+ DMV 4+ M7, 0<t<T, (3.14)

where €1 € L2(M®) and M7 is a square-integrable P-martingale strongly or-
thogonal to M. As we will see, the integrand €1 plays an important role in

the price dynamics of the financial assets in an equilibrium market.

Remark 3.7. The choice of £ in (3.14) is only unique up to M M-equivalence.
Because the components of M may be linearly dependent, the components
€« M? need not be uniquely (or well) defined, but we can choose a particular
integrand £ = (£, ..., %) as follows. Applying the Gram-Schmidt algorithm
to (M',...,M*",Z) € M}, yields a unique decomposition of the form

d i
Zy="Zo+y &M+ M7, 0<t<T,
=1
where Y/ € « M’ is strongly orthogonal to %, & « M + M? for each
I€{1,...,d;}. This orthogonality property and the square-integrability of Z
yield that X7, €« M is a square-integrable martingale for each I, and hence

so is £ « M. For this choice of 1) = (£!,... &%) and as MW is a locally
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square-integrable martingale by assumption, the predictable quadratic variation
(€« M, M7y = & (M, M)

is well defined for each j € {1,...,d;} and &' (M, M7] — (M?, M) is a local

P-martingale. In particular, the process
dy
(WMD) M) =& e (M7, M) (3.15)
i=1

is well defined. Although we choose £1) as above, note that the martingale
€W« MM is independent of that choice due to (3.14). Hence the right-hand
side of (3.15) is also independent of any choice of €1 such that the individual
summands are well defined. Likewise, the finite-variation part in (3.16) below

also does not depend on the choice of £

Theorem 3.8. Assume that Z;, # 0 and Z,_ # 0 for all t € [0,T] P-a.s. If
there exists an equilibrium market (1,SW,S®)) that satisfies (2.1) and (2.2), it

18 unique and explicitly given by

. . A YAz, MI
S) =57+ M) — /u

=S} + M — /g d(M: MY, jed{l,... d}, (3.16)

E[HD | }“t]  E[ZD7 | F]
Z - Z ’

S = jef{di+1,....di+dy}, (3.17)
and (Z,S] )0<t<T s a local P-martingale for each j € {1,...,dy + d2}. Con-
versely, (1,5) = (1,SM, S@) defined by (3.16) and (3.17) is an equilibrium mar-
ket if and only if S® is a local L?-semimartingale such that ¢/ € ©(S) for each
je{di+1,...,dy+dy}.

Proof of Theorem 3.8. (a) We start by showing that any equilibrium market
(1,S) is given by (3.16) and (3.17). By Lemma 3.6, ZS7 is a local P-martingale
for each j € {1,...,d; + dy}. We first consider j € {1,...,d;}. Recall the de-
composition (3.14) for Z and the dynamics (2.1) for S?. Applying the product
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formula to ZS7 and rearranging terms, we obtain

d1
8] = Z_eM] = &7+ Z, = &+ (IM', M7] — (M', M),
=1
. dl
=Z_ AL+ (M M), (3.18)

=1

for 0 < t < T. Note that ZS9, M7, Z and & « ([M!, M7] — (M', M7)) are
local P-martingales (for the latter, this is shown in Remark 3.7), whereas A7
and &« (M?, M7) are predictable finite-variation processes. Thus both sides of
(3.18) must vanish, as they are null at 0. By assumption, we have Z; # 0 and
Zi # 0 for all t € [0,T] P-a.s. Since Z is also cadlag, this implies that 1/Z_
is finite-valued and caglad, thus locally bounded. Integrating 1/Z_ against the
right-hand side of (3.18), which vanishes as we have shown, yields (3.16).

Next, consider j € {d; + 1,...,d; + do}. By (2.2) and as Zy = H, we have
ZpSl, = HDI. Since ¢/ € ©(S) and Z is a square-integrable martingale, it
follows from Proposition 2.12 that ZS7 = ZS) + Z(e + S) is a P-martingale, so
that Z,5/ = E[HDJ | F)]. Since Z, # 0 P-a.s., this yields (3.17). We have thus
shown that any equilibrium must satisfy (3.16) and (3.17).

(b) Next, we show the converse statement. Define (1,5) = (1,SW" S®) by
(3.16) and (3.17) and assume that S® is a local L2-semimartingale and ¢/ € ©(S)
for j € {di + 1,...,d; + do}. We claim that (1,95) is an equilibrium market. It
is clear from (3.16) and (3.17) that S® and S® satisfy (2.1) and (2.2), re-
spectively. Note that SV is a a special semimartingale and the local martingale
part M is locally square-integrable, by assumption. Thus by éerny/ Kallsen
[25, Lemma A.2], S® is also a local L2-semimartingale so that (1,SM S®@) is
a local L*-market. Next, we want to show that ZS7 is a local P-martingale for
j€{l,...,di+ds}. Thisis clear for j € {d;+1,...,d; +dy} by the construction
(3.17). For j € {1,...,d;}, we use a result on local £-martingales as in the proof
of part 2) of Proposition 2.12. Indeed, the assumptions on Z yield Z = Z, £(N)
for some local P-martingale N = (N,)o<;<7, namely, N = (1/Z_)+Z. Since for
je{l,...,d1}, we have

i . . 1 _ . _ .
SO SLA0 M), = (2, M), = d(N, MY,
227, 7,

we obtain that S7 given by (3.16) is a local £-martingale by Choulli et al. |29,
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Corollary 3.16] (which generalises Girsanov’s theorem to local £-martingales).
Thus by [29, Definition 3.11] with n = 0, ZS7 is a local P-martingale.

Now note that Z; # 0 and Z,_ # 0 for all t € [0, T] P-a.s. by the assumptions
on Z, and ZS7 is a local P-martingale for j € {1,...,d; + dy} as shown above.
Hence for each agent k € {1,..., K}, the MVH problem (2.8) for H* has a unique
solution ¥(H*) by part 2) of Proposition 2.12. Since moreover n* € ©(S) by the
assumption on S it follows by Lemma 3.1 that the individual optimisation
problem (3.2) for agent k has a unique solution ¥*. This shows condition 1)
in Definition 2.5 of an equilibrium market. Moreover, the strategy 0 solves the
MVH problem (2.8) for H by Lemma 2.13. Thus Lemmas 3.3 and 3.5 yield
Zle Ok =9 = 7, i.e., the market clears and condition 2) is satisfied. Finally,
condition 3) is satisfied by assumption, and thus (1,.5) is an equilibrium market.

O

3.4 Sufficient conditions for the existence of equilibria

Next, we give sufficient conditions on the primitives to ensure the existence of
an equilibrium market; these conditions are generally simpler to check for con-
crete models than the assumptions of Theorem 3.8. We start by looking at the
assumption that Z; # 0 and Z,_ # 0 for all t € [0,T] P-a.s. Since Z is con-
structed as the martingale Z, = E[H | ], this condition holds automatically if
H is P-a.s. positive or P-a.s. negative, i.e., if we impose a one-sided boundedness
condition on the total endowment H. As previously mentioned, the most natural
case is H = 4 — = > 0 P-a.s., where the aggregate endowment = does not exceed
the bliss point 4. The case H < 0 P-a.s. is less significant from an economic
point of view, but mathematically, it can be dealt with in the same way.

The remaining assumptions of Theorem 3.8 are that the process (St(z))ogtST
defined by (3.17) is a local L2-semimartingale, and also that ¢/ € ©(S) for each
j€e{di+1,...,dy +dy}. Both of these conditions hold under the stronger as-
sumption that S is an L?-semimartingale, which yields €/ € Ogppi(S) € O(9)
for j € {di+1,...,d;+ds}. We now give sufficient (but not necessary) conditions

for S©@ to be an L*semimartingale in the case H > 0 P-a.s.

Lemma 3.9. Suppose that H > 0 P-a.s. Then the process (sz))OStST defined by

(3.17) is an L*-semimartingale if any of the following conditions holds:
(a) Dj € LOO(P) fO’I’j € {dl + 1,...,d1 —I—dg}

(b) H,H' e L*(P).
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(¢) H e L' P (P)NLP*(P) and D’ € L*1%(P) for all j € {dy+1,...,dy+ds},
where py,py € [1,00] and 1/p; +1/q; =1 fori € {1,2}.2

Proof. (a) This is (¢) for p; = 1 and ps = 2, so that ¢; = 0o and ¢» = 2.

(b) This is (c) for p; = py = occ.

(c) We only consider the case that p;,ps € (1,00). The arguments for the
other cases are very similar and therefore omitted. Fix j € {d; +1,...,d; + do}
and define Q ~ P by

d@ H Q 1—

— == L 7PY(P)N LP*(P).
By (3.17) and the Bayes rule, S7 is a (true) Q-martingale with S4. = D7. Thus
the inequalities of Holder and Doob (with constant C,,) give

j)2 1 j2 1\"V” 1]
Ep| sup |S]1?] = Eq g sw IS} < Bo| 5 Eg| sup |8/
T

t€[0,T] t€[0,T] T t€[0,T]

1 p1—171/p1 '
< Ep [(?) } Oq1EQ[(D])QQ1]l/Q1

T
— quEP [(Zg)l—pl} 1/p1EP [Z,?(D])Z]l} /g

< C,Ep [(Z$)1—p1] 1/p1EP [(Z?)m] 1/(q1p2)EP[(Dj)2q1q2]1/(q1q2)

by the assumptions. This implies that S7 is an L2-semimartingale. [

3.5 The case of finite discrete time

Theorem 3.8 provides necessary and sufficient conditions for the existence and
uniqueness of an equilibrium under the assumption that Z does not hit 0. Al-
though that is an appealing result, the assumption can be relaxed in general. We
now study what happens if this assumption is lifted in the case of finite discrete
time t € {0,...,T} for T € N. As we shall see, if Z is allowed to hit 0 then
the equilibrium problem becomes ill-posed, leading to issues of nonexistence or

nonuniqueness of equilibria.

77777

,,,,,

2Note that we can always choose py > 2 as H is square-integrable by assumption.
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Zp = H P-a.s. We also consider the Galtchouk-Kunita—Watanabe decomposition
of Z with respect to M) under P, i.e.,

t di
Zy=Z0+» > GAMi+ M7, tel0,T], (3.19)
k=1 i=1

.....

strongly orthogonal to MM under P. As usual, AX; = X;, — X;_; denotes
the increment at time £ of a stochastic process X in discrete time.
We start by giving necessary conditions for the existence of an equilibrium

that are weaker than the assumption that the process Z does not hit 0.

Lemma 3.10. An equilibrium market (1,5) can only exist if both of the conditions

{Z, 1 =0} C{EAMY, =0} forie{l,....dy} andt € {1,...,T},  (3.20)
{Z, =0} C{E[HD’ | F;] =0} forje{di+1,...,dy} andt€{0,..., T —1}
(3.21)

hold up to P-null sets.

Proof. Assume that an equilibrium market (1,S5) exists. For a contradiction,
suppose that (3.20) is not satisfied, i.e., there exist some i € {1,...,d;} and
t € {1,...,T} such that

P[Z;_1 =0, &A(M"), # 0] > 0. (3.22)

.....

the increment of a local martingale. We decompose

1z, =y A(ZS") = 14z, .~y (Zoa AS] + Si_1AZy + AZ,AS})
=1z, - 0}S1AZ + 1z, ,_yAZAS;]
=17, =St A+ 1z —y(A[Z, 57, — A(Z, 57),)
T 1{Zt—1=0}§ZA<Mi>t,

where the last equality follows since A(Z, S%); = &A(M?), by (3.19). Like the
left-hand side, the first two terms in the last expression of the right-hand side are
increments of local martingales, since Z is a martingale and [Z, S| — (Z, S%) a
local martingale. It follows that the last term 1,7, _&A(M"), must also be the

increment of a local martingale. However, this term is also F;_;-measurable, and
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hence null P-a.s. This leads to a contradiction with (3.22) so that (3.20) must
hold.

Similarly, suppose that (3.21) does not hold, i.e.,
P[Z, =0, EFHD’ | F,] #0] >0 (3.23)

for some j € {dy +1,...,d; +dy} and t € {0,...,T — 1}. Since ZS’ is a local
P-martingale and 1 € ©(S7) by condition 3) of Definition 2.5, Proposition 2.12

yields that ZS7 is a true P-martingale. In particular, we have
7,8) = E[HD’ | ;] P-as.

This contradicts (3.23), and therefore (3.21) must hold. O

Lemma 3.10 shows what can go wrong when Z is allowed to hit 0. To under-
stand (3.20) and (3.21) more clearly, consider the simple setup of a one-period
model with 7" = 1 where JF{ is P-trivial, and suppose that d; = 0 and dy = 1.
Thus, there exists a single productive asset S with terminal value S; = D! = D
and unknown initial value Sy € R. Suppose that (3.21) is not satisfied, so that
Zy = 0and E[HD] # 0. In this case, there does not exist any value of Sy € R such
that ZS is a martingale, since Z,S, = 0 regardless of that choice. On the other
hand, if Zy = E[HD] = 0, then ZS is a martingale for any choice of Sy € R, and
one can check that (1,.5) defines an equilibrium. This also illustrates the issue
of nonuniqueness: namely, if 7, = E[HD | F;] = 0 for some ¢t € {0,...,T — 1},
then the price S; in equilibrium can be set in an arbitrary way.

The issue is similar for the financial assets. Consider now a one-period model
with d; = 1 and dy = 0 so that there exists a single financial asset S with
S1 =S5y + AA; + AM;, where AA; € R is unknown and AM; is the jump of a
martingale. If (3.20) does not hold, then ZS is not a martingale for any choice

of A € R, since Z is a martingale and hence
E[Zl(SU + AAl + AMl)] == E[ZlAMl] == €1A<M>1 7£ O - Z()So.

On the other hand, if {§EA(M); = 0 then ZS is a martingale for any value of
AA;. Thus if Z; = 0 and (3.20) is satisfied, then we would expect that the value
A A,y is arbitrary.

As it turns out, (3.20) and (3.21) are the only significant requirements for

the existence of an equilibrium (other than integrability conditions, as we show
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later in Example 3.12). We now show that if these conditions hold, then there
exists an equilibrium which need not be unique. We use the fact that ZS is a
local martingale, by Lemma 3.6, in order to construct an explicit equilibrium. In
comparison to the proof of Theorem 3.8, the construction is here more difficult

because N is no longer well defined as a stochastic logarithm (1/Z_)«Z. Instead,

-----

_ 7z, — 7
N, = N,_ 1thZ—“l{Zt_Héo}, tef{l,....T}, (3.24)
t—1
i.e., we arbitrarily set the increment AN, to 0 whenever Z,_; = 0. For each

s €{0,...,T}, we also define the local martingale *€(N) = (*¢(N)¢)ieqs,.. 7} by

-----

SE(N)y = f[ (1+ AN) (3.25)

k=s+1

In the case where Z does not hit 0, we have *€(N);, = Z;/Z, for each s < t. In
other words, we may view *€(INV) as “restarting” Z at time s (in a multiplicative
way) with *€(N), = 1. The general case is similar, with the important difference
that *€(NN) is absorbed at 0 whenever Z hits 0 from a nonzero value. Thus each
process *€(N) reproduces the dynamics of Z until the latter hits 0. We note
once again that the value of AN, may be chosen arbitrarily whenever Z,_; = 0.
Because we set AN, = 0 in that case by (3.24), the equilibrium constructed below
defaults to behaving as a local martingale whenever Z hits 0.

In the following, we recall the Galtchouk—Kunita—Watanabe decomposition
(3.19) for Z as well as the conditions (3.20) and (3.21) from Lemma 3.10,

Theorem 3.11. Assume that *€(N) is a square-integrable martingale for each
s € {0,...,T} and that (3.20) and (3.21) hold up to P-null sets. Define the

process (St)te{o ,,,,, T} by

Si ;_SJ+MJ+ZZ( & 7l oy A(M, M), ) jefl,... di},

k=1 i=1

Sl = ElE(N)r D’ | ], je{di+1,...,di+do}. (3.27)

If (St( )te{o,... 7} 5 square-integrable, then (1,S) = (1,8M, S@)) is an equilibrium

.....

market.
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Proof. We show in the steps (a)-(d) below that the process (1,S5) defined by
(3.26) and (3.27) is an equilibrium market. In step (a), we check the conditions
required by Definition 2.5 except for 1) and 2). In steps (b) and (c), we show
that (€(N)iS] e 28 icto...
for each s € {0,..., 7 — 1} and j € {1,...,d; + dy}. These results are then used
in step (d) to check that conditions 1) and 2) are satisfied.

(a) We start by checking (2.1) and (2.2). For j € {1,...,d;}, the process
(A{)te{o 77777 7y of S7 given by

iZ( Zk— =Lz, 20 AM', M), ) (3.28)

k=1 i=1

is predictable, so that by the definition (3.26), S satisfies (2.1). Moreover,
plugging ¢ = T into (3.27) yields (2.2) since TE(N)p = 1.

We also have to check that (1,S) is a local L?>-market. As argued in the
proof of Theorem 3.8, S is a local L?-semimartingale as M) is locally square-
integrable and by Cerny/Kallsen |25, Lemma A.2]. On the other hand, S® is an
L?-semimartingale as it is square-integrable by assumption and the set {0,..., T}
of times is finite. The fact that S? is an L2-semimartingale also implies that
condition 3) of Definition 2.5 of an equilibrium market is satisfied.
je{l,...,di}and s € {0,...,T—1}. We use a similar argument as in the proof
of part 2) of Proposition 2.12. Consider the setup of Choulli et al. [29, Section
3] with the family £ = (*¢(N))seqo,..73- Since for j € {1,...,d;}, we have

.....

d
& Lz, .40 :
D7 i MM M), = CmELAZ M) = AN M,
i=1
we obtain that S7 given by (3.26) is a local E-martingale by [29, Corollary 3.16],
i.e., “*€(N)S7 is a local P-martingale for each s € {0,...,T}.
For je{dy+1,...,d; +dy}, we use the definition (3.27) and the square-
integrability of *€(N) and D7 to obtain for ¢ € {s,..., T} that

"E(N)S] = *E(N)E['E(N)rD? | Fi] = EFE(N)r DY | F,

and hence *€(N)S7 is a true P-martingale for each s € {0,...,T}.
(c) Next, we show that ZS7 is a local P-martingale for j € {1,...,d; + da}.
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For je{l,...,di} and t € {1,...,T}, we have by (3.24) that

- Zt_lAStj + Sg<1{2t—17£0}2t_1ANt + 1{Zt—1:0}AZt)
=117, 20 Zi-1(AS] + SIAN,) + 15, ,_ySIAZ,, (3.29)

where we use 7, = l{Zt_1¢0}Zt_1 for the last equality. Note that we have
=18(N);_y =1 and

A(FLE(N)), = TIE(N),, AN, = AN,
By plugging in, this yields
A(TIE(N)SY), = AS! + SL AN, + AS]AN, = AS] + S]AN;.

Since we have already shown in step (b) that *€(IN)S7 is a local P-martingale for
each s € {0,...,T}, this implies that AS} + S/AN, is the increment of a local
P-martingale, and hence so is the first term in the right-hand side of (3.29). We
now consider the second term. Since AZ, = AMZ on {Z,_; = 0} by (3.19) and
the assumption (3.20), we get

17, —ySiAZy =15 —oy (S, + AA] + AM7)AME.

This is the increment of a local P-martingale, as M Z and M7 are strongly ortho-
gonal local P-martingales, whereas Sf_l + AA! is F,_;-measurable. Returning to
(3.29), we have thus shown that ZS7 is a local P-martingale for j € {1,...,d;}.

On the other hand, for j € {d; +1,...,d; +d»}, we claim that ZS7 is even a
true P-martingale. We use backward induction to show this statement, starting
with ¢ = T. Since Zr = H and S} = D7 are square-integrable, we get that Z7.S,
is integrable so that ZS7 is a martingale on {T'}. For the inductive step, we claim
that if ZS’ is a martingale on {t + 1,...,T} for some t € {0,...,T — 1}, then
E[Zi1S., | Fi| = Z,S] P-as. so that ZS7 is a P-martingale on {t,...,T}. To
show this claim, note that the definitions (3.24) and (3.25) yield

] S AZ ) )
Zializ,z0) = 2 (1 + ZH )1{27&0} = Zi(1 + ANp11)1z,20)
t

= Z:'"E(N)e111 (2,201
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By plugging in and recalling that ‘€(N)S? is a true P-martingale and *E(N), = 1,

we get

E[Z141S]1 | Fi] = ZE[E(N) 1Sl | Fillizz0) + ElZeaSi | Fillzi—)
= Z:S{1 7,201 + ElZ131S/11 | Fi) 1 z,=0y- (3.30)

By the inductive hypothesis and the assumption (3.21), we obtain
ElZi1Sly | Fillz,—0y = ElZrS} | F)l(z,0y = E[HD? | Fi]17,—0, = 0.
Plugging into (3.30) yields
Bl Zi1Si | F) = 2SIV 5,00, = 7S],

It follows by backward induction that ZS7 is a true P-martingale on {0,...,7T}
for each j € {d1 +1,...,d; + ds}, as claimed. This also concludes the proof that
787 is a local P-martingale for all j € {1,...,d; + d»}.

(d) We are now ready to show that (1,S5) satisfies conditions 1) and 2) of
Definition 2.5. We first show that (1,5) satisfies uniqueness of value processes.
To that end, suppose that ¢; + 9!+ Sy = ¢y + 9% « Sy for some ¢1,co € R and
91, 9% € ©(9). Recall from (b) that *£(N)S7 is a local P-martingale on {s,...,T}
for each s € {0,...,T — 1}. Since *£(N) is square-integrable by assumption, it
follows by Proposition 2.12 that *€(N)(c; +9'+S) and *€(N)(cy +19%+S) are true
P-martingales on {s,...,T}. Because *€(N), = 1, this yields

¢+ 9"+ S, = EPFE(N)p(cr + 9"+ Sp) | Fil
= E[PE(N)r(ca + 9+ 57) | F] = ca + 9%+ Ss.

In particular, taking s = 0 gives ¢; = co. As s € {0,...,T} is arbitrary, 91+ S
and 92+ S are indistinguishable, so that 9! =g ¥? and (1, S) satisfies uniqueness
of value processes.

Next, we show the existence of solutions to the MVH problem (2.8) for each
H € L?. As in step (b), consider once again the family & = (*¢(N))sefo.... 71,
which is square-integrable by assumption. Let 7 be a stopping time taking values

in {0,...,T}. Since *€(N) is a martingale by assumption for any s € {0,..., T},
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s0is 14+ 1 (*E(N) — 1) as *€(N) —1 =0 on {0,...,s}. Thus we obtain that

TEN) =1+ 1y (FEWN) - 1)

is a martingale. As this holds for any stopping time 7, the family £ is so-called
regular; see [29, Definitions 3.4 and 3.6]. Thus by Czichowsky/Schweizer [32,
Theorem 2.16], the set Gr(S) is closed in L?. This implies the existence of a
solution to the MVH problem (2.8) for any payoff H € L?, since it can be seen
as a projection problem in L?. The uniqueness of value processes (and thus of
gains processes) together with Proposition 2.8 yields that the solution to (2.8) is
unique for each H € L2. Since n* € ©(S) by condition 3) of Definition 2.5, which
we already showed in step (a), it follows from Proposition 3.1 that there exists
a unique solution 9% to (3.2) for each k € {1,..., K}, and thus condition 1) is
satisfied.

It remains to check that (1, S) satisfies condition 2) of Definition 2.5, for which
we use the same argument as in the proof of Theorem 3.8. By Lemma 2.13 and
since ZS7 is a local P-martingale for each j € {1,...,d; + dy}, the strategy 0
solves the MVH problem (2.8) for H. Thus Yr 9% = J = 7j by Lemmas 3.3
and 3.5, so that the market clears. This concludes the proof that (1,5) is an

equilibrium market. O

3.6 Non-existence of equilibria

Finally, we give an example of a setup where an equilibrium market (in the sense
of Definition 2.5) fails to exist due to integrability issues, and not because the
process Z hits 0 as in Section 3.5. We consider the very simplest case of a market
with no financial and one productive asset, i.e., d; = 0 and dy = 1. The setup is
based on the counterexample in Cerny /Kallsen [26], which in turn is inspired by
the well-known counterexample of Delbaen/Schachermayer [37].

The key point is that the candidate equilibrium price process of the productive
asset does not have sufficient integrability for the buy-and-hold strategies to be
admissible. In that case, Lemma 3.1 cannot be applied, so that the existence of
a solution to the optimisation problem (3.2) is not equivalent to the existence of
a solution to the MVH problem (3.3). By part (b) of the proof of Theorem 3.8,
there still exists in this case a unique solution to the MVH problem (3.3) for each

agent k, but it is unclear whether (3.2) admits a solution.
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Example 3.12. After rescaling the time interval [0, oo] to [0, T, there exists by
[26, Lemma 2.2| a filtered probability space (Q, F,F = (F;)o<t<7, P) supporting
two probability measures @, Q" and a continuous process (X;)o<;<7 null at 0 with
the following properties:

1) The measures Q, Q' are equivalent to P, with g—g, (il—% e L*(P).

2) The process X is a uniformly integrable martingale under @, and a strict
local martingale under @'. Moreover, X7 € L*(P).

Fix now some 7 > 0, and suppose that d; = 0, dy = 1, D' := X and
Ei=5— i—g, so that H = g—g > (0 P-a.s. Then it follows from Theorem 3.8 that
if an equilibrium market exists, it must satisfy S} = Eg[Xr | 7] = X;. However,
since X = 1+ X is not a Q-martingale, the strategy e! = 1 is not admissible
by Cerny/ Kallsen [25, Corollary 2.5]. Therefore, an equilibrium market does not

exist in this setup.

The filtered probability space (2, F,F = (F;)o<i<r, P) in the example above
can be chosen in such a way that the filtration is continuous, that is, every local
martingale is continuous. On such a probability space, Example 3.12 is generic
in the following sense. Consider the general setup with d; financial assets and dy
productive assets, and suppose that [F is continuous and H > 0 P-a.s. If an equi-
librium market fails to exist, then one can construct a triplet (Q,Q’, X) with the
properties 1) and 2) of Example 3.12. In other words, any such example of a setup
where an equilibrium market does not exist corresponds to a counterexample of
the type considered in [26, Lemma 2.2|.

To see this, consider the processes S1) and S® given in (3.16) and (3.17).
Note that we must have dy > 1, as otherwise Theorem 3.8 ensures the existence
of an equilibrium. Since S is automatically a local L?(P)-semimartingale by
the continuity of the filtration, the last assumption for Theorem 3.8 must fail to
hold, i.e., there must exist j € {d; +1,...,d; + d} such that ¢/ ¢ ©(S). Note
that there exists an ELMM for S with square-integrable density, namely Q ~ P
defined by i—g = %, by the construction of S and as H is strictly positive and
square-integrable. By [25, Corollary 2.5] and because e/ ¢ ©(S), there must exist
an ELMM ' =~ P for S with square-integrable density such that S7 = Sé +eleS
is a strict local -martingale.

Now we set X := S/. Note that the measures Q,Q’ ~ P have square-

integrable densities, and X is continuous and a strict local martingale under
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Q'. Moreover, since ZX is a uniformly integrable P-martingale by the definition
(3.17), it follows by the Bayes formula that X is a uniformly integrable martingale
under @, since the density process of Q is given by Z/E[H]. Thus we recover
(Q,Q', X) satisfying the properties 1) and 2) in Example 3.12, as claimed.



204 TIT Existence and uniqueness of mean—variance equilibria in general
semimartingale markets



Chapter IV

Equilibrium under general

mean—variance preferences

1 Introduction

As in the previous chapter, we want to find mean-variance equilibria for an
incomplete market in continuous time. In Chapter III, we found an explicit for-
mula for the equilibrium prices under quadratic utility preferences of the form
E[V — V?/v], where V' denotes the final wealth and v, > 0 is the risk tol-
erance parameter of agent k. We now look to extend our results to the case
of mean—variance preferences of the form Uy (E[V], /Var[V]) for mean—variance
utility functions Uy on R x R,. At first, this may seem like a simple task. In-
deed, Koch-Medina/Wenzelburger [85] study the same equilibrium problem for
the one-period model directly under mean—variance preferences, but the exten-
sion becomes considerably more involved in continuous time. In one period, the
unknown time-0 prices are constant, and hence the set of random variables that
can be replicated by a self-financing portfolio (x,19) € R x © is known a priori.
In the continuous-time case, the price process is both random and unknown, so
that the intertemporal dynamics of equilibrium prices play a bigger role.

Our approach is to relate the mean—variance preference and quadratic utility
problems in order to apply the results from Chapter III. Both problems are ver-
sions of classical Markowitz portfolio selection, and hence any solution to either
must be a mean—variance efficient strategy. Thus for a fixed mean—variance pref-
erence maximisation problem, there exist risk tolerance parameters (y;)& , for
the K agents such that each quadratic utility problem with risk tolerance ~;

admits the same solution as the original one. This argument yields that any
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mean—variance equilibrium is also a quadratic equilibrium. However, finding the
equilibrium prices is more involved. Since the choice of ()5, depends implicitly
on the dynamics of the equilibrium, which is unknown, we cannot directly ap-
ply our previous results. The only exception is the case of linear mean—variance
preferences, where the structure of the quadratic equilibrium yields an explicit
formula for the mean—variance equilibrium.

For the general case, we show the existence of an equilibrium via a fixed-point
argument. For a set of parameters (7;)5_,, Theorem I11.3.8 gives the quadratic
equilibrium price process S(7) which depends only on the aggregate risk tolerance
y = Eszl vk Given S(7), there exist implicit parameters 4, such that for each
agent k, the mean—variance and quadratic utility problems with respect to S(7)
have the same solutions. Thus S(¥) is a mean—variance equilibrium if and only if
vk = Ak for all k; this can be written as a fixed-point condition 4 = ¥(%) on the
aggregate risk tolerance. We prove sufficient conditions for the existence of such
a fixed point, and hence of an equilibrium.

We show that a fixed point exists by proving the continuity of ¥ and obtaining
bounds on its output. The hardest step is to show that the 4, depend continu-
ously on S(%), which can be seen as a stability result for the Markowitz and
mean—variance hedging problems with respect to the price process. For utility
maximisation problems, some recent results of this type are given in Bayraktar
et al. [17], Kardaras/Zitkovi¢ [80], Larsen /Zitkovi¢ [87] and Mocha/Westray [94].
Most relevant for us are the results of [94], where the stability of utility maxim-
isation is shown via stability results for BSDEs based on Mocha/Westray [93].
As in [94], we assume that the filtration is continuous. The difference to our work
is that we cannot assume that all exponential moments of the so-called mean—
variance tradeoff process are finite. Instead, we obtain new results on the stability
of mean—variance hedging and quadratic BSDEs under a BMO condition, which
can be ensured to hold via assumptions on the model primitives.

This chapter, based on joint work with Christoph Czichowsky and Martin
Herdegen, is structured as follows. In Section 2, we recall the basic setup and
show the first results on the relationship between quadratic and mean—variance
equilibria. This provides a characterisation of mean—variance equilibria in terms
of a fixed-point problem. In Section 3, we show how to find an explicit solution
in the case of linear mean—variance preferences. In Section 4, we state and prove
our main results on the existence of a solution of a fixed point and thus of a
mean—variance equilibrium. In particular, we prove in Section 4.2 our results on

the continuity of the mean—variance hedging problem. The proofs of some results
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used in Section 4 are deferred to Sections 5 and 6 which are self-contained. In
Section 5, we analyse mean—variance preference functions as well as an abstract
mean—variance optimisation problem. Finally, in Section 6, we show the stability
of quadratic BSDEs under a BM O bound on the stochastic driver.

2 Setup and connections to quadratic equilibria

2.1 Setup

We start with the same basic setup as in Chapter III, which we briefly recall here;
a more extended discussion can be found in Section II1.2 and at the beginning
of Section III.3. Fix a time horizon 7" > 0 and a filtered probability space
(Q, F, (F)o<i<t, P), where (F;)o<i<7 satisfies the usual conditions, F = Fr and
Fo is P-trivial. We consider a market consisting of a risk-free asset with constant
value 1, as well as d; financial assets and dy productive (or real) assets. The
prices of the risky assets are determined as equilibrium prices, as we shall explain
below. We start by imposing some conditions that the price processes must satisfy
irrespective of any equilibrium considerations. First, we assume that the price

processes of the financial assets satisfy the semimartingale decomposition
SI=Sl+ A+ M, 0<t<T, (2.1)

for j € {1,...,d,}, where S} € R and (M})o<i<r € MG 1o are fixed, whereas
the predictable finite-variation parts (A])o<;<r € FVj are to be determined in

equilibrium. On the other hand, the real assets satisfy the terminal condition
S =D’ (2.2)

for j € {dy +1,...,d; + dy}, i.e., the terminal values are given by a random
dividend D7 € L?; the rest of the price process (Sg)oSKT is to be determined in
equilibrium. We denote the prices of the financial assets by S = (S1,..., %)
and those of the productive assets by S?) = (§4+1 . §éh+d2) g5 that the prices
of all assets are given by (1,5) = (1,5, S@). In the following, we likewise use
the notation z = (2, 2®) for each x € R1+% with () € R%. We say that a

semimartingale (S;)o<;<7 is an L?-semimartingale if for j € {1,... dy + ds},

sup{E[|S?|*] : ¢ < T a stopping time} < oo, (2.3)



208 IV Equilibrium under general mean—variance preferences

and that (1,5) is a local L*-market if S is a local L?*-semimartingale. We impose
the condition that any equilibrium market (1,.5) must be a local L*-market.

We suppose that the market consists of K agents who trade with each other
continuously on the time interval [0,7]. Each agent k € {1,..., K} receives a
traded endowment ZHt = (n@)TSP) = (@) DO consisting of 7@ € R%
units of the productive assets and a non-traded endowment =F" € L? at time
T, so that the total endowment is ZF := =¥t 4 ZF" Tt is natural from an
economic point of view to make the following standing assumption about the
endowments that will be useful later in this chapter (see Lemma 2.25 below).
We note that the assumption depends only on the fixed quantities 7%, D and
=k and not on the (unknown) equilibrium prices.

Assumption 2.1. The total endowment =F of each agent k is bounded, nonneg-

ative and not identically 0.

In addition to receiving an endowment, each agent trades in a frictionless and
self-financing way with an admissible strategy 9 € ©(S), where the set ©(S) of
admissible strategies is the one considered in Cerny/Kallsen [25, Definition 2.2
and Definition II1.2.2, that we restate below as Definition 2.3.

Definition 2.2. Let (1,S5) be a local L?>-market. A simple integrand for S is a
process of the form ¥ = Z;Zl §ilo,0ia]y Where m € N, 0 <oy < -+ < 0y, are

[0, T]-valued stopping times and each ¢; is a bounded F,,-measurable random vec-

tor, such that each stopped process S7om = (S5

o

for j =1,...,dy + dy. We denote by Ogmpie(S) the set of all simple integrands
for S.

tdo<t<r is an L?-semimartingale

For a semimartingale X, we denote by L(X) the set of predictable X -integrable
processes on [0, T]; see Jacod/Shiryaev |71, I11.6.17]. Note that we identify in-
tegrands up to X-equivalence, i.e., for n',n* € L(X), we write n' =x n? if the

processes '+ X and n?« X are indistinguishable.

Definition 2.3. Let (1,5) be a local L2-market. A strategy 9 € L(S) is called
L*-admissible for S if 9+Sp € L? and there exists a sequence (9"),en in Ogimple(S)
such that

L2
1) 9"+ Sy =5 9+ Sy,

2) U S; L 9e8, for all [0, T]-valued stopping times T,
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where ¥+ S = (9 +S;)o<i<r denotes the stochastic integral 9+ .S, = fot 9,dS,, for
t € [0,7]. The set of all L?-admissible trading strategies is denoted by ©(S), and

we identify L?-admissible strategies for S up to S-equivalence.

As shown in (II1.2.5), agent k attains the terminal wealth
Vi) = (9 —n*)+Sr + 2 (2.4)

by receiving the total endowment =F and trading with a strategy ¥ € O(S),
where we write * for the constant strategy (0,7%)). We note that the assump-
tion that S is a local L2-semimartingale does not ensure that n* € O(S), i.e.,
holding the traded endowment without any additional trading activity need not
be an admissible strategy for agent k. For this reason, we impose the additional
assumption that e/ € ©(S) for each j € {dy + 1,...,d; + dy}, where ¢’ is the
constant strategy that buys and holds one unit of asset j from time 0. Since the
agents do not receive an endowment of financial assets, this assumption is not
required for j € {1,...,d;}.

We suppose that the agents consume their wealth at the terminal time T,
so that each agent k trades with the goal of maximising the utility from her
terminal consumption. In general, each agent’s preferences may be described by a
functional U}, : L°(P) — R that assigns higher values to more desirable outcomes.

The strategy chosen by the agent k is then the solution to the problem

Uy (9 —n*)*Sr +E*) — max | (2.5)

9e0(S)
We view 561)7 M® and D® together with the endowments Z**, =% and prefer-
ence functionals U, as being exogenously determined and fixed a priori; we refer
to these as the primitives. We now recall Definition II[.2.5 of an equilibrium

market with respect to these primitives.

Definition 2.4. A local L>market (1,SM) S®)) is called an equilibrium market
if it satisfies (2.1) and (2.2) as well as the following conditions:

1) For each agent k € {1,..., K}, the maximisation problem (2.5) has a solu-
tion J* € O(9) that is unique up to S-equivalence.

2) The market clears, i.e.,

K P
. . 0, if j € {1,...,d,},

Y =g =9 (2.6)

k=1 St ifje{di+1,...,d +ds}.
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3) ¢/ € O(9) for j € {dy +1,...,d, +dy}, i.e., the buy-and-hold strategies of

the productive assets are L2-admissible.

In both Chapter III and the present one, our goal is to study the equilibrium
markets, i.e., the family of price processes (1,5:)o<i<r that satisfy Definition
2.4 for a given set of primitives. In particular, we should like to know whether
an equilibrium market exists and if it is unique. The difference between the
previous chapter and the current one lies in the choice of preference functionals Uj.
Previously, we assumed that the preferences are described by expected quadratic
ulility, i.e., that

Up(V) == E[UZ (V)]

for Ve L? and k € {1,...,K}, where U® : R — R is the quadratic utility

function given by

3132

U9z) =2 — — 2.7
fla)=a— 2.)
for € R and some risk tolerance v, € (0,00). Thus each agent k& would solve

the maximisation problem (II1.3.2), which reads

E[U,?((z?—nk)'ST—i-Ek)] — max ! (2.8)
9€0(S)
In contrast to Chapter III, we suppose here that the preferences of the agents are

described by so-called mean—variance utility functions, defined as follows.

Definition 2.5. A function U : R x R, — R is called a mean-variance utility
function if it is strictly quasiconcave, strictly increasing in the first variable g,
strictly decreasing in the second variable o, twice continuously differentiable and

nondegenerate in the sense that VU (u,0)| > 0 for all 4 € R and o > 0.

We note that U is actually defined as a function of the standard deviation o

2. we use this convention for consistency with Koch-

rather than the variance o
Medina/Wenzelburger [85]. This choice also leads to a slightly more general
definition because the strict quasiconcavity and differentiability conditions with
respect to o are weaker than those with respect to o2. From a notational point
of view, we nevertheless refer to U as a mean—variance utility function. If U is
given by

U(,U/?O') =p— ﬁa (,LL,O') €Rx R—H (29)

for some A > 0, then we say that U is a linear mean—variance utility function.

These linear U play a special role in Section 3 below. Other examples of mean—
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variance utility functions can be constructed by setting U(u,0) = f(u) — g(o),
where f : R — R and g : R, — R are twice continuously differentiable functions
with f'(u) >0, f"(u) <0, ¢’(¢) >0 and ¢"(c) > 0 for all x € R and o > 0.

We assume that each agent has an associated mean—variance utility function

Uy so that the preference functional U, is given by

U (V) = U (E[V], v/ Var[V])

for V.e L?and k € {1,..., K}. Thus by (2.4), agent k seeks to solve the problem

Ue(E[(9 — n")* St + Z¥], /Var[(9 — n¥) « St + ZF]) — max ! (2.10)
9€0(S)

A similar setup has been studied in Koch-Medina/Wenzelburger [85] for a one-
period market, but the problem becomes substantially more challenging in mul-
tiperiod markets. Note that for a one-period equilibrium, one only needs to
determine the initial price S(()Q) of the real assets and the predictable increment
AAgl) for the financial assets, both of which are deterministic as F is P-trivial.
Thus even before any equilibrium considerations, the primitives determine the
price process S up to a deterministic shift in the price increment AS; (more pre-
cisely, a deterministic shift in Sfl) for the financial assets and 562) for the real
assets). Since any admissible strategy ¢ is in this case uniquely determined by
Y1, which is Fy-measurable and hence constant, it follows that the set of attain-
able payoffs depends only on the primitives. By the same argument, the variance
of the terminal gain v;AS; attained by a given strategy ¢ is also determined
uniquely by the primitives, unlike the expected return, which is sensitive to a
deterministic shift in the increment AS;.

The latter observation is used in [85] to show that every equilibrium in the
sense of Definition 2.4 corresponds to an equilibrium in a so-called market for
risk (see [85, Definition 2|) and vice versa, which results in a simplification of
the problem. In the multiperiod case, Var[)* Sr| depends on equilibrium prices
(St)o<t<r that are not known a priori, and not just on the primitives. Thus a
different approach is needed. Our main idea is to exploit the relationship between
the mean—variance utility maximisation problem (2.10) and the quadratic utility

maximisation problem (2.8).

Definition 2.6. A local L?-market (1, 5", S®?)) is called a mean—variance equi-
librium market (with respect to the mean—variance utility functions Uy, ..., Uk)

if it is an equilibrium market in the sense of Definition 2.2, where the problem
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(2.5) has the particular form (2.10). Likewise, (1, SM, S®) is called a quadratic
equilibrium market (with risk tolerances v1,...,vx > 0) if it is an equilibrium

market in the sense of Definition 2.2, where (2.5) is given by (2.8).

We recall that Theorem II1.3.8 in the previous chapter gives sufficient condi-
tions for the existence and uniqueness of a quadratic equilibrium, as well as ex-
plicit formulas for the equilibrium market. We occasionally also use results from
Section II1.2.5 on the mean-variance hedging problem (defined below in (2.14)).
Throughout this chapter, we consider the mean—variance utility functions Uy
to be fixed, whereas the risk tolerances v, in the definition (2.7) of UkQ may vary.
By showing that a mean—variance equilibrium is a quadratic equilibrium and vice
versa (under some assumptions), we are able to obtain sufficient conditions for
the existence of mean—variance equilibria and to characterise them.

More precisely, the overall strategy is as follows. First, we study the individual
optimisation problem (2.10) for agent k with respect to a fixed price process S.
As we shall see in Proposition 2.13, the maximiser of (2.10) for a given mean—
variance utility function Uy, is also optimal for the quadratic utility problem (2.8)
for a suitable choice of risk tolerance v, > 0 that depends on U, as well as S.
We can use this observation to show that a mean—variance equilibrium market
is also a generalised quadratic equilibrium (see Definition 2.21 below) for some
risk tolerances 7i,...,vx. Our goal is then to reverse this procedure, i.e., to
use Theorem III.3.8 to construct a generalised quadratic equilibrium S for some
choice of parameters 1, ...,vx such that S is also a mean—variance equilibrium.
This is still challenging, however, since the correct choice of parameters vy, ..., vx
depends not only on the mean—variance utility functions U, but also (implicitly)
on the equilibrium price process S, which is unknown.

We show in Section 2.3 that the quadratic equilibrium with risk tolerances
Y1, ...,k 18 a mean—variance equilibrium if and only if the aggregate risk toler-
ance vy := Zszl v > 0 solves a fixed point problem on R. We then consider two
cases. First, if each Uy is linear of the form (2.9), we show that the fixed point
problem can be solved explicitly for 7, so that we can identify the mean—variance
equilibrium as the quadratic equilibrium with aggregate risk tolerance 7. We then
consider the general case. By studying the fixed point problem, we find sufficient
conditions for the existence of a solution 74, although we do not obtain an explicit
formula in this case. The existence of a fixed point 4 then ensures the existence

of a mean—variance equilibrium.
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2.2 Individual optimisation problems

Our first goal is to study the individual optimisation problem (2.10) for each
agent k with respect to a fixed price process (Si)o<i<r, and to relate it to the
quadratic optimisation problem (2.8). We note that strictly speaking, the quad-
ratic optimisation problem (2.8) is not a mean—variance optimisation problem.

Indeed, for a quadratic utility function U, kQ of the form (2.7), we have

E[V]?  Var[V]
29 2%

E[US(V) =E {V - 2‘/—;} = E[V] -

for all V € L2. The problem (2.8) could thus be written in the form (2.10), where

However, Uy, is not a mean—variance utility function in the sense of Definition 2.5
since it is not increasing in g due to the middle term. In particular, this means
that the quadratic utility problem (2.8) is not equivalent to the problem for linear

mean—variance utility (2.9), despite the apparent similarity.

Remark 2.7. The fact that mean—variance utility functions are strictly increas-
ing in p means that agents always prefer to increase their wealth. Thus mean—
variance utility can be considered to be more natural than quadratic utility from
an economic point of view. However, mean—variance utility functions do not
completely preclude economically irrational behaviour, since an agent may still
reject a positive random endowment (a “free lunch”) if the increase in volatility

outweighs the higher expected return.

We fix a price process (S)o<i<7 satisfying the following standing assump-
tion for the remainder of this section, which is a necessary condition for .S to be

an equilibrium in the sense of Definition 2.4.

Assumption 2.8. We suppose that S is a fixed local L?-semimartingale such
that e/ € ©(S) for each j € {d; + 1,...,d; + da}.

In order to solve (2.10), we start by considering three related problems. The
first is the classic Markowitz portfolio optimisation problem, where an agent seeks
to achieve the highest possible expected return for a certain level of risk (repres-
ented by the variance), or conversely, to achieve a certain expected return with
the minimum possible variance. One classic way to express the Markowitz prob-

lem is in terms of so-called mean—variance efficient strategies that we now define
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for our setup; we refer to Eberlein/Kallsen |44, Rule 10.43] for some equivalent

definitions.

Definition 2.9. A strategy ¥ € O(S) is mean-—variance efficient with respect to
the endowment H € L? if there does not exist any other strategy ¥’ € ©(S) such
that both of the following inequalities hold, with one of them strict:

E[ﬁl’ST—FH] ZE[&'ST—FHL (211)
Var[( « Sy + H] < Var[¢+Sr + H]. (2.12)

We say that 0 is mean—variance efficient for agent k if ¥ — n* is mean—variance
efficient with respect to H = =Z*. The mean-variance efficient frontier for agent
k is defined as the set

X = {(EVF ()], v/ Var[VE(9)]) : ¥ € O(S) is mean-variance efficient
for agent k} C R x Ry, (2.13)

where we recall the formula (2.4) for V}(09).

Lemma 2.10. If 9% € ©(S) is a solution to (2.10), then U% is mean—variance
efficient for agent k.

Proof. Suppose by way of contradiction that U* is not mean—variance efficient for

agent k. Then there exists some 9" € ©(S) satisfying

E[0'« Sy + 2] > E[(0* — n*)+ Sy + 2],
Var[) « S + ZF] < Var[(0* — n*)« Sy + Z¥),

where one of the inequalities is strict. Since Uy is strictly increasing in pu and

strictly decreasing in o by Definition 2.5, we have

Uy (BI0" = ")+ Sy + 2], (Varl(0* = )+ 57+ 24)"7?)

< U, (E[(@ — %)« Sp + =X, (Var[(d — n*)+Sr + Ek])1/2>7

where 9 := ' +n* € ©(S), and this contradicts the optimality of 9% for (2.10). [

In view of Lemma 2.10, it is sufficient to consider mean—variance efficient
strategies for agent k when looking for candidate solutions to (2.10). As we

shall see, the mean—variance efficient strategies for the agents can be given in
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terms of the solutions to certain mean—variance hedging (MVH) and eztended
mean—variance hedging (exMVH) problems, which are defined as follows (see
also Section II1.2.5, where a more detailed discussion can be found). For a claim
H € L2, we consider the MVH and exMVH problems

e(H) = inf E[(¥Sp— H)?, (2.14)
9€0(S)

EQHy:i%Aﬂ@+ﬁﬁf—Hﬂ, (2.15)
ce
9€O(9)

respectively, i.e., we want to find the minimisers for the right-hand side of (2.14)
and (2.15) as well as the mean squared hedging errors 2(H) and €2 (H). Later,
we shall sometimes write ¢?(H; S) and €2 _(H; S) to specify the price process S in
(2.14) and (2.15), respectively. In order to apply classical results on MVH (for
which we use Cerny/Kallsen [25] as a reference), we make for the remainder of
this section the following standing assumption on S. In our existence results
for equilibrium prices below, we provide sufficient conditions on the primitives to

ensure that Assumption 2.11 is satisfied for the equilibrium price.

Assumption 2.11. We suppose that there exists an equivalent local martingale
measure (ELMM) @ ~ P for S with density dQ/dP € L*(P).

Assumption 2.11 can be seen as a no-free-lunch condition in an L2-sense; see
Stricker |115, Théoréme 2|. It is well known that if Assumption 2.11 is satisfied,
there exist unique (up to S-equivalence) minimisers YMVE(H) € ©(S) for (2.14)
and (c(H),9*(H)) € RxO(S) for (2.15); see e.g. [25, Lemma 2.11]. An important
instance of the MVH problem is the so-called pure investment problem, which is
(2.14) with H = 1. In that case, we say that 9MVH(1) is the pure investment
strategy and denote the mean squared hedging error by ¢ := £2(1), i.e.,

(= inf E[(1-9+57)% =E[(1 -9 (1)+57)°]. (2.16)

9EB(S)

We choose this notation since ¢ = L is also the initial value of the so-called
opportunity process (L;)o<i<r from |25, Definition 3.3| that we introduce in Sec-
tion 3 below. Under Assumption 2.11, we have ¢ € (0,1] by [25, Lemma 3.10].
Note that by (2.16) and the uniqueness of the solution 9MVH (1), we have ¢ = 1 if
and only if YMVE(1) =5 0. By Lemma II1.2.13 with H = 1, both properties are
equivalent to the statement that S is a local martingale.

The following lemma shows the relationship between the pure investment
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strategy 9MVH(1) and the set of mean-variance efficient strategies with respect
to H = 0. This is a kind of folklore result with several versions appearing in the
literature; see e.g. Cerny/Kallsen [25, Lemma 3.10] and Fontana/Schweizer [48,
Proposition 3.6] with Y = 1. We use this later to find the mean-variance efficient

strategies for the agents.

Lemma 2.12. A strategy ¥ € O(S) is mean-variance efficient with respect to
H =0 if and only if ¥ =5 y9™VH(1) for some y > 0. In that case, we have

E[0+Sy] =y(1 —¢) and Var[9+Sr] = 3*((1 — ). (2.17)

Proof. Since a strategy is mean-variance efficient if and only if it satisfies the
equivalent conditions (a) and (b) of Eberlein/Kallsen |44, Rule 10.43|, the first
assertion follows directly from the equivalence with condition (e) in [44, Rule
10.43]. Then (2.17) is given by [44, Rule 10.47]. O

We now return to the task of finding the mean-variance efficient strategies
for the agents. For each k, let (c(Z¥),9°*(Z*)) be the unique solution to the
exMVH problem (2.15) with H = =% and denote ¢, := ¢(Z) and &2 := &2 (ZF).
We start by using the structure of the mean—variance hedging problem to obtain
more explicit formulas for the expectation and variance of the terminal wealth
attained by an arbitrary strategy ¢ € ©(S). Indeed, since (cg,9(ZF)) is the
unique solution to the exMVH problem (2.15) with H = =*, we have by (II1.2.11)
that ¢, + 9°(Z¥)+ Sy is the orthogonal projection of ZF onto the set

{x4+9Sp:zeR,¥e€O(S)} C L

which is closed in L2 by Cerny/Kallsen [25, Lemma 2.9] and Assumption 2.11.

Thus we obtain an orthogonal decomposition of the form
=k = ¢ 4+ 9(EF) e Sp + =X (2.18)

where =% € L? is such that E[Z*] = E[(J+S7)=*] = 0 for all 9 € ©(S). Moreover,
we have by (2.15) that

Var[2F] = €2 (%) = 2.
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For any ¥ € ©(S), plugging (2.18) into the formula (2.4) for V}(9) yields

E[VE®)] = E[(0 —n*)+ St + ¢ + 9%(EF)* Sy + =]

=, + E[((9 —n* +9>E"))-57], (2.19)
Var[V(9)] = Var[(9 — n%)* S + ¢, + 9%(EF) Sy + =]
= Var[(J — n* + 9™(E")) < S7] + €. (2.20)

In the following result, we use these formulas to show that a mean—variance
efficient strategy ¢ for agent k is also the solution to the quadratic utility problem
(2.8) for some choice of risk tolerance 7, > ¢, and that ¥ can be represented
as a linear combination of YMVH(1) and 9¥*(=*). In the subsequent corollary, we
obtain an explicit parametrisation for the mean—variance efficient frontier £* (see
(2.13)) in terms of the triplet (¢, cx,e3) € (0,1] x R x R,

Proposition 2.13. For 9 € ©(S), the following statements are equivalent:
(a) ¥ is mean—variance efficient for agent k.
(b) ¥ =5 9*(y) for some y > 0, where 9% (y) := yIMVE(1) + nk — 9=<(=F).

(c) ¥ — 0¥ is the unique solution to the MVH problem (2.14) for the payoff
H* (1) ==y — Z* for some . > c.

The constants y and vy, in (b) and (¢) can be chosen so that y+c = vx. Moreover,

statement (c) holds for some vy, > 0 if and only if

(d) O is the unique solution to the quadratic utility problem (2.8) with risk

tolerance ;.

Proof. (a) < (b): Since ¢ and €7 do not depend on the choice of ¥, it follows by
(2.19) and (2.20) together with Definition 2.9 that 1) is mean—variance efficient
for agent k if and only if ¥ — n* + 9°(Z*) is mean—variance efficient with respect

to 0. By Lemma 2.12, the latter statement is equivalent to
9 — 77k + ﬂeX(Ek) — yﬂMVH(l)

for some y > 0. Thus we have (a) < (b).

(b) < (c): Since (cg, 9(Z*)) is the unique solution to the exMVH problem
(2.15) with payoff ZF_ it follows by fixing ¢; that ¥°<(=*) is also the unique solution
to the MVH problem (2.14) with payoff =% — ¢ so that 9°*(ZF) = YMVE(ZF — ¢p).
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Then by the linearity of MVH (see Lemma I11.2.6), we have for any y > 0 that
ﬁk(y) — yi?MVH(l) 4 nk _ 19ex(5k) — ﬁMVH(y +cp — Ek) 4 nk,

and hence
P (y) —n* = My — 29, (2.21)

where 7y, := y + ¢, > ¢x. Thus by (2.21), we have for a strategy 9 € ©(S) that
¥ = ¥*(y) if and only if ¥ — 1" is the unique solution to the MVH problem (2.14)
with payoff H*(v;) = vy — ZF. This shows (b) < (c), where the constants -, and
y are related by v =y + ¢x.

(c¢) & (d): By Lemma IIL.3.1, ¥ is a solution to the quadratic utility problem
(2.8) with risk tolerance v, > 0 if and only if ¥ — 7* is a solution to the MVH
problem (2.14) for H*(v;) = v, — ZF; in particular, the solution to (2.8) is unique
by the uniqueness of the solution to (2.14). This shows (c¢) < (d) for 7, > 0. O

Remark 2.14. Let Q* be the so-called variance-optimal martingale measure
for S; see the definition above Schweizer [110, Lemma 1| or in Equation (2.38)
below. Note that S satisfies Assumption 2.11 and hence [110, Assumption (1.2)]
so that Q* exists. Then by [110, Proposition 2|, ¢y = ¢(Z¥) = Eg«[Z*]. If the
asset prices S7 are continuous, we have Q* ~ P by Delbaen/Schachermayer [36,
Theorem 1.3] so that ¢z > 0 due to Assumption 2.1. Therefore, the assumption
e > 0 for part (d) of Proposition 2.13 is automatically satisfied in the case of
continuous asset prices. However, (Q* may in general be a signed measure for a
right-continuous price process satisfying Assumption 2.11 (see [110, Example 3|),

and so Assumption 2.1 does not imply ¢; > 0 in general.

Due to Proposition 2.13, it is now straightforward to identify the mean—

variance efficient frontier for agent k.

Corollary 2.15. The mean—variance efficient frontier for agent k is given by

E = { (), o1(y)) = (ex + (1 = Oy, Ver + €1 = Oy?) 1y > 0F. (2.22)

Proof. By the equivalence (a) < (b) in Proposition 2.13, we have

e = {(BVE@ )]\ Var[VE @ w)]) 1y > 0},



2 Setup and connections to quadratic equilibria 219
where 9% (y) = ydMVE(1) 4+ % — 9(Z%). Then (2.17), (2.19) and (2.20) yield

E[VE(0"(y)] = e + Ely?*™" (1) S7] = e + (1 = O)y = i (y), (2.23)
Var [lef (19k(y))} = Var[yd™MVH (1) e Sp] + &3 = e + (1 — 0)y? = oi(y), (2.24)

which shows (2.22). O

We are finally ready to tackle the individual optimisation problem (2.10). As
shown in Lemma 2.10, any solution to (2.10) must be mean—variance efficient for
agent k. Hence by Proposition 2.13, an optimal strategy for (2.10) (if it exists) is
of the form V% = () for some §j; > 0 and is also the solution to the quadratic
utility problem (2.8) with risk tolerance v, = gy + ¢x. In the following result, we
prove the stronger statement that a strategy maximises (2.10) over all strategies
if and only if it maximises (2.10) over the set of mean—variance efficient strategies
for agent k. In other words, we discard all other strategies not only as candidate
solutions to (2.10), but also as competitors to a candidate solution. Thus the
infinite-dimensional problem (2.10) reduces to the one-dimensional problem of
finding the values of y > 0 such that 9¥*(y) is a solution to (2.10).

Corollary 2.16. A strategy Ok e O(9) is a solution to the mazimisation problem
(2.10) if and only if Ik = 9*(Jx), where Jr > 0 is a mazimiser for the problem

U (1 (y), ok(y)) — Tilzagd (2.25)

and py and oy are given in (2.22).

Proof. We first claim that for any strategy ¥ € ©(S), there exists a mean—variance
efficient strategy ¥’ € ©(S) for agent k such that

E[VF(0")] = E[VF (V)] (2.26)
Var[VF(9')] < Var[VF(9)]. (2.27)

Indeed, we note that (2.19) and (2.20) hold for any ¢ € ©(S). Thus in the case
¢ € (0,1), we have by (2.20) and (2.24) that the mean—variance efficient strategy
¥ = 9%(y) for agent k with

_ \/Var[w — )+ 9x(2X)) Sy
v= (1—0

satisfies Var[V} ()] = Var[VE(9)]. Thus ¢ must also satisfy (2.26) because it is
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mean—variance efficient. In the case £ = 1, i.e., if 0 € O(S) is a solution to the
pure investment problem (2.16), we have by Lemma II1.2.13 that S is a local P-
martingale, and hence (¢ —n* 4+ 9°(Z*))+ S is a P-martingale due to Proposition
I11.2.12. Then the second term on the right-hand side of (2.19) is null so that by
(2.19), (2.20), (2.23) and (2.24), we get (2.26) and (2.27) for the mean—variance
efficient strategy ¢ = 9%(0) = n¥ — 9°<(=F). This shows the claim.

By the above and because each mean—variance utility function Uy is strictly
increasing in p and strictly decreasing in o by Definition 2.5, we deduce that a
strategy vF € ©(S) is a solution to the problem (2.10) if and only if it maximises
(2.10) among all mean—variance efficient strategies for agent k. Then the result
follows by plugging (2.23) and (2.24) into (2.10). O

The next step is to solve (2.25), which is a one-dimensional problem involving
the mean—variance utility function Uy, and the triplet (£, cx,e2) € (0,1] x R x R.
We note that ¢ = 1 leads to a degenerate case since the functions y and oy are
then constant and every y > 0 is a solution to (2.25). Since we also have here
IMVE(1) = 0, it follows by Proposition 2.13 that the only mean—variance efficient
strategy is 0% = n* — 9°<(Z*), and hence this is the unique solution to (2.10).

We now consider (2.25) in the nontrivial case ¢ € (0,1). More precisely,
we begin by studying an abstract version of (2.25) as follows. Given constants
(¢,c,e?) € (0,1) x R x R, and a mean—variance utility function U, we consider

the optimisation problem

Ule+ (1= 0y, /e + 01— 0)y*) — rgggc! (2.28)
Aside from a generic choice of U, the main difference between (2.28) and (2.25)
is that we consider arbitrary constants (¢, c,&?) € (0,1) x R x R, as opposed to
the constants (¢, cx, €3) defined before Proposition 2.13 for the given price process
S and payoff ZF. This allows us to study not only the existence and uniqueness
of a solution gy to (2.28), but also whether §;; depends continuously on (¢, ¢, &?).
Although it is not necessary for solving the individual optimisation problems with
respect to .S, the continuity of gy will play a crucial role when we later study the
equilibrium problem for the K agents, since S is not known a priori and hence
neither are the parameters (¢, ¢, £2).
In order to tackle (2.28), we first introduce some standard notions related

to mean—variance utility functions; see Koch-Medina/Wenzelburger [85, Section
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3.3]. For a mean—variance utility function U, we denote by
Zv(p,0) =={(W,0") ERx Ry : Uy, 0") = U(p,0)}

the indifference curve through (u, ). We also define Sy : R x Ry — R, by

aﬁU(”v U)

8U(:u70-> = —m7

(2.29)
so that Sy(u, o) denotes the slope of Zyy(u, o) at (i, o). As in [85], we switch the
order of the coordinates for the geometric interpretation of the “slope”. That is,
we plot Zy on the o-p-plane with o on the horizontal and p on the vertical axis,
as is customary in the literature on mean—variance analysis. We now show the

existence and uniqueness of a solution to (2.28) given suitable bounds on Sy .

Proposition 2.17. Let U be a mean—variance utility function. Suppose there

exist constants \™" A\ € (0, 00) such that

<Spy(p,o0) < % for all (,0) € R x Ry. (2.30)

)\max

Then there exists a continuous map Jy : (0, 1) xRxR, — R, such that §y (¢, c, €?)
is the unique solution to (2.28) for each ({,c,e?) € (0,1) x R x R, — R,.

Moreover, the map 1y satisfies the bounds

)\min max

7 <dullc, %) <

for all (¢,c,€%) € (0,1) x R x R,. (2.31)
Proof. The proof is deferred to the end of Section 5. m

Remark 2.18. The existence, uniqueness and continuity of the solution gy to
(2.25) hold under weaker conditions than (2.28); this is explained in more detail
in Section 5 (see Corollary 5.4). However, we need the extra condition (2.30) in
order to obtain the bounds (2.31) which are used later.

We now return once again to the individual optimisation problem (2.10). To
apply Proposition 2.17, we make the following standing assumption on the

mean-—variance utility functions Uy.

Assumption 2.19. For each k € {1,..., K}, there exist constants A\ \max > ()
such that

< Sy (po) < 2

< < —— forall (u,0) e RxR,. (2.32)
A};‘rlax Alkflln
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We note that Assumption 2.19 is somewhat restrictive on the choice of Uy, and
indeed, it is not necessary for the existence of an equilibrium in the one-period
model; see Koch-Medina/Wenzelburger [85, Theorem 3|. It remains an open
question whether this assumption can be removed or relaxed in our subsequent
results for the multiperiod case. In any case, Assumption 2.19 still allows for
some flexibility in the choice of utility functions for the agents. Most notably,
(2.32) holds for linear mean—variance utility functions of the form (2.9), which

reads )
o

“ o
for some Ay > 0 with At = \max = ;- By analogy with the linear case (2.9), the

Uk(M» U) =

ratio may in general be interpreted as the local risk tolerance at (u, o).

SU(O/-%O-)
Therefore, (2.32) assumes that the local risk tolerance is bounded within the
range [ARin, \max],

Under Assumption 2.19, we can now combine our previous results to yield the

existence and uniqueness of solutions to (2.10) for each agent k.

Theorem 2.20. Let (S;)o<i<r be a fized price process satisfying Assumptions 2.8
and 2.11. For each k € {1,..., K}, define the triplet (¢,cx,e3) € (0,1] x R x Ry
by € :=e%(1), ¢ = c(ZF) and €2 := 2 (EF).

1) Suppose that £ = 1. Then for each k € {1,..., K}, the unique solution to
(2.10) is O% = nF — 9°x(2).

2) Suppose that { € (0,1) and Assumption 2.19 holds. Then fork € {1,..., K},

the unique solution to the individual optimisation problem (2.10) is
ék =" (gUk (Ev Chs 5%)) = gUk (& Ck; gi)ﬁMVH(l) + "7k - ﬁeX<Ek>7 (233)

where the map gy, : (0,1) x RxRy — Ry is given by Proposition 2.17. Moreover,

we have the bounds

/\min . \max
— <iu(lewep) <7 (2.34)

for each k€ {1,..., K}, and ok — n* is the unique solution to the MVH problem
(2.14) with payoff H*(vi.) = v — ZF, where v, = ¢, + v, ({, e, €3). If v > 0,
then 0% is the unique solution to the quadratic utility problem (2.8) with risk

tolerance ;.

Proof. 1) This follows from the discussion after Corollary 2.16.
2) By Proposition 2.17, gy, (¢, cx, ) is the unique solution to the problem
(2.25) and satisfies the bounds (2.34). Thus by Corollary 2.16, the strategy
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0% € ©(S) defined by (2.33) is the unique solution to (2.10). By combining
(2.33) with (b) < (c) < (d) in Proposition 2.13 (the latter of which holds for
vk > 0), we obtain the last two statements. O

2.3 Characterisation of the equilibrium as a fixed point

So far, we have analysed the individual optimisation problem (2.10) and shown
that it is related to the quadratic utility problem (2.8). Namely, by Proposition
2.13, a solution to the former is also a solution to the latter for some risk tolerance
Yk, and so it should follow that a mean—variance equilibrium is also a quadratic
equilibrium for some parameters (v, ..., vk).

To make this argument fully precise, we need to take care with the assumption
v, > 0 in Proposition 2.13, especially in view of Remark 2.14. A convenient way
to circumvent this is to bypass the quadratic utility problem (2.8) by directly
working with the MVH problem (2.14) for the payoff H*(v;) := v — ZF. By
Lemma II1.3.1 and as noted in the proof of Proposition 2.13, that MVH problem
is equivalent to (2.8) for any ~; > 0, but the MVH problem is well posed even if
Y is nonpositive. Note that by the linearity of MVH, ¢ — * solves (2.14) with
payoff H*(y;,) if and only if ¥ solves (2.14) with payoff H*(v) + n*+ Sy. This

leads to the following extension of Definition 2.6.

Definition 2.21. A local L?*market (1,5, S®) is called a generalised quad-
ratic equilibrium market (with risk tolerances v1,...,vx € R and aggregate risk
tolerance 7 = 3.1, ) if it is an equilibrium market in the sense of Definition
2.2, where for each k € {1,..., K}, (2.5) is replaced by the MVH problem (2.14)
for the payoff H*(v;) + n¥eSr.

From the previous discussion, we directly get the following result.

Corollary 2.22. For any v1,...,vk > 0, the market (1,5) is a quadratic equi-
librium with risk tolerances v, ..., vk if and only if it is a generalised quadratic

equilibrium with risk tolerances vy, ..., Vk.

We also note that the only difference in the Definitions 2.6 and 2.21 of mean—
variance and generalised quadratic equilibria, respectively, is that the optimal
strategies for the agents are required to solve different utility maximisation prob-
lems. For later reference, this observation can be formulated as the following

simple result.



224 TV Equilibrium under general mean—variance preferences

Lemma 2.23. 1) Suppose that (1,S) is a mean—variance equilibrium market and
for each k, there exists some ~, € R such that the unique solution 0% € o(9)
to (2.10) is also the unique solution to (2.14) with payoff H*(yy.) +n*+Sr. Then
(1,S) is a generalised quadratic equilibrium market with risk tolerances vy, . .., Vk.

2) Conversely, suppose that (1,5) is a generalised quadratic equilibrium mar-
ket with risk tolerances 1, ...,vk. If for each k, the unique solution to (2.14)
with payoff H*(vi) + n¥+ Sy is also the unique solution 0% € ©(S) to (2.10), then

(1,S) is a mean-variance equilibrium market.

Proof. 1) Since (1,5) is a mean-variance equilibrium market, we have by Defin-
itions 2.6 and 2.4 that (1,5) is a local L?*market and ¢/ € ©O(S) for each
j€{dy +1,...,dy + dy}. Moreover, by assumption, there exists a unique solu-
tion % to (2.14) with payoff H*(v;) + ¥+ S, and since (1, 5) is a mean-variance
equilibrium market with the same optimal strategies, the market clears, i.e., (2.6)
holds. Therefore (1,95) is a generalised quadratic equilibrium because we have
checked all conditions in Definition 2.4 as required by Definition 2.6.

2) The proof of the converse statement is completely analogous. O

We are now ready to formalise the argument above to show that a mean—
variance equilibrium (1,5) is a generalised quadratic equilibrium, even in the

case where it is not a quadratic equilibrium due to issues related to Remark 2.14.

Lemma 2.24. Let Uy,..., Uk be mean—variance utility functions. Suppose that
(St)o<i<r satisfies Assumption 2.11 and (1,5) is a mean—variance equilibrium
market with respect to Uy, ..., Ux. Then there exist parameters vi,...,7x € R
such that (1,S) is also a generalised quadratic equilibrium market with respect to

the risk tolerances vy, ..., VK.

Proof. Since (1,5) is a mean—variance equilibrium in the sense of Definition 2.6,
there exists for each agent k € {1,..., K} a unique solution ¥* to (2.10). By
Lemma 2.10, U* is mean—variance efficient for agent k so that by Proposition 2.13
and the linearity of MVH (see Lemma I11.2.6), 9% is also the unique solution to
the MVH problem (2.14) with payoff H*(+;) + 1Sy for some v, > ¢;. Then by

part 1) of Lemma 2.23, (1,5) is also a generalised quadratic equilibrium. a

Lemma 2.24 already gives a good characterisation of mean—variance equilib-
ria that satisfy Assumption 2.11 since it tells us that they are also generalised
quadratic equilibria. We have already studied quadratic equilibria in the previ-

ous chapter, and so we now want to apply Theorem III.3.8. This gives explicit
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formulas for quadratic equilibria that depend only on the aggregate risk tolerance
vy = Zszl Yk, but not directly on the individual tolerances ;. More precisely,

note that due to Assumption 2.1, we have
0 < 7 := esssup = < 0o. (2.35)

Thus for 4 > 7y, the process (Z;(3))o<i<r defined by Z,(5) = ¥ — E[Z| F] is
a strictly positive bounded martingale with terminal value H (%) := 5 — Z. For
the following result, we recall from the previous chapter that Lemma II1.3.9 gives
sufficient conditions to ensure that the candidate price process for the productive

assets is an L*-semimartingale.

Lemma 2.25. For 5 > 7, the process (1, S:(7))o<t<r defined by

Ld{Z(5), M7).

Stj@) = 58+Mg_/0 T(fy)’ jed{l,... di}, (2.36)

18 the unique generalised quadratic equilibrium market with respect to any choice of
parameters v, . .., vYx € R such that Zszl Y& = 7; for short, we say that (1, 5(7))
18 the generalised quadratic equilibrium with aggregate risk tolerance 7. Moreover,
S(7) satisfies Assumptions 2.8 and 2.11, SP(¥) is an L*-semimartingale, and
the measure Q(y) ~ P with bounded density dQ(%)/dP(7) = H(¥)/Zo(¥) is a

local martingale measure for S(7).

Proof. First, we note that Theorem II1.3.8 still holds for ~1,...,v7x € R if we
replace “quadratic equilibrium” with “generalised quadratic equilibrium”. Indeed,
by Lemma I11.3.6 (the proof of which relies on Lemma II1.3.5), ZS is a local P-
martingale for any quadratic equilibrium market (1,.5). It is clear from the proof
of Lemma II1.3.5 that its conclusion still follows if we only assume that 9% — nk
solves the MVH problem with payoff H*(v;), and so the claim that ZS is a local
P-martingale still holds. The rest of the first part of the proof of Theorem II1.3.8
is unchanged if we consider a generalised quadratic equilibrium. Likewise, in the
proof of the converse direction that (II1.3.16) and (II1.3.17) define a quadratic
equilibrium market, we already show that the optimal strategies O* are such that
U% — n* solves the MVH problem with payoff H *(vi); that argument still holds if
the v, are allowed to be nonpositive. Therefore Theorem II1.3.8 can be extended
to generalised quadratic equilibria.

Now fix 4 > 7. Note that we have the bounds ¥ — 9, < H(¥) < 4, and
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that (2.36) and (2.37) are the same as (I11.3.16) and (I11.3.17) with Z(¥) in the
place of Z. Because condition (b) in Lemma I11.3.9 is satisfied, S® (%) is an L%
semimartingale. As discussed before Lemma I11.3.9, this implies that each buy-
and-hold strategy e/ belongs to ©(S(%)) for j € {d1+1,...,d1+ds}, as required by
Theorem I11.3.8. We also note that the process Z(7) is strictly positive and hence
never hits 0. Therefore by Theorem II1.3.8 (extended as above to generalised
quadratic equilibria), S(7) is the unique generalised quadratic equilibrium with
respect to any choice of parameters 71, ..., vx such that lele Yt = 7. Theorem
I11.3.8 also gives that Z(%)S(¥) is a local P-martingale. Thus Q(¥) is a local
martingale measure for S(7) such that Q(7) ~ P, and dQ(%)/dP is bounded
because Z(7) is strictly positive and bounded. This also implies that S(¥) satisfies
Assumption 2.11, and Assumption 2.8 follows since (1,.5(%)) is a local L?-market

by the definition of a generalised quadratic equilibrium. O]

By Lemma 2.24, we know that a mean—variance equilibrium is also a gen-
eralised quadratic equilibrium for some parameters (vy,...,7k), and if we have
3 = % 4 > Fo, then the mean-variance equilibrium is (1,5(%)) with S(7)
given by (2.36) and (2.37). However, it is still not straightforward to find a mean—
variance equilibrium or determine whether it is unique since we cannot determine
the parameters «, or 74 directly from the primitives. To circumvent this issue, a
natural approach is to “try” every possible value of ¥ > 4, and check whether
S(%) produces the desired equilibrium. Thus our next goal is to characterise the
values of 4 > 4 that generate a mean—variance equilibrium (1, S(%)).

Before moving on, we want to deal with the case ¢ = 1 since it requires special
treatment in several results in Section 2.2. In particular, it is useful to determine
the values of 4 > 7y such that ¢(y) = 1, where £(¥) is the constant ¢ = (1)
taken with respect to S(7); see (2.14). We start by considering the asymptotic

behaviour of ¢ as ¥ — oc.
Lemma 2.26. We have () — 1 as 7 — oo.

Proof. For each 7 > 7y, define Q(S(7)) as the set of absolutely continuous meas-
ures () < P such that the density process (ZtQ)ogth is a square-integrable mar-
tingale with Z& = 1 and Z2S5(5) is a local P-martingale. By Lemma 2.24, Q(7)
is an equivalent local martingale measure for S(7) with bounded density. Thus
Q%) € Q(S(7)) so that Q(S(¥)) is nonempty and Assumption (1.2) of Schweizer

[110] is satisfied. Hence there exists a variance-optimal martingale measure Q*(7)
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for S(%), which is defined as the unique solution to the problem

dQ
E —%  inf ! 2.38
r KdP ) ] QeQ(S(%)) (2.38)

By part (b) of [110, Lemma 1], we have

d*(7) 1= (@"N(1;5(%)+S(3)r

(
P 1- EP[(ﬁMVH(l; S(,?)).S(w))T]a (2.39)

where we define 9MVH(1; S(%)) as the unique solution to the MVH problem (2.14)
with H =1 and S = S(%). Due to (2.17) with y = 1, we obtain

dQ*(7\?  Ep[(1 — (MVE(1;:5(7))*S())r)?]
EPK iP )] Epll — (0"VA(1; 5(7))* S(7))?
PH) A7) 1

() ()

On the other hand, since Q(5) € Q(S(7)), we have by the optimality of Q*(¥)
and the definition of Q(%) that

EPKM)T SEP[(dQ( )) } s Varp[H(7)] s Varp[Z]

ap ap (7 — Ep[=])? (7 — Ep[E)*
and hence
07) = ! > (1 4+ Varpé; )_l —1
Ep|[(dQ*(7)/dP)?] (¥ — Ep[=])?
as 7 — oo. Since £(y) < 1 for each 7 > g, the result follows. ]

We now return to the question of determining for which (finite) values of
7 > 7o we have ((7) = 1. The following result provides a conclusive answer,
namely, that it holds either on the empty set or on the whole set (7y,00). To

show this, we define the square-integrable martingale (Z?)o<;<r by
Z) = Zy() = E[H®o) | Fi] =% — E[E| F], 0<t<T,
as well as the martingales (M,”?)o<;<1 by
M =ED | F), 0<t<T,je{d,....di+d},

and set M@ .= (MP-a+L  ApPditd2) Ip the following, we write M L N if
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M, N are two strongly orthogonal local martingales.

Lemma 2.27. The following statements are equivalent:
(a) There exists some 5" > 7o such that S(¥') is a local martingale.
(b) There exists some 7' > 7y such that ((3') = 1.
(c) It holds for all ¥ > 7y that £(7) =

(d) It holds that M7 L Z° for each j € {1,...,di} and MPJ 1 Z° for each
je{di+1,...,dy +dy}.

(e) It holds for all 5 > 7y that S(7) = (S5 + M®, MP@)).

Proof. We show (b) = (a) = (d) = (e) = (¢) = (b) in this order.

(b) = (a): Suppose that £(y') = 1. Then 9MVH(1;S(¥')) = 0 is a minimiser
for (2.16) with respect to S = S(7'). It follows from Lemma I11.2.13 with H = 1
that S(7) is a local martingale.

(a) = (d): Suppose that S(¥') is a local martingale. By Lemma 2.25, S@®(7)
is also an L2-semimartingale, and hence it is of class (D) and a true martingale
on [0,7]. Thus (2.1) and (2.2) yield

SI(V) =S+ M, jef{l,....di}, (2.40)
SI(Y)=EID | F]=M>, je{di+1,... .d+ds}. (2.41)

Since Z(¥') is a martingale by construction and Z(¥)S(¥') is a local martin-
gale by Lemma 2.25, (MM, MP®) and Z(5') are strongly orthogonal. Thus
(M®, MP2)) and Z° are also strongly orthogonal because Z° = 5, — 5" + Z(¥'),
which shows (d).

(d) = (e): Let 5 > 7. By assumption, we have (MM MP®2) 1 Z° and
hence (MM, MP2)) 1 Z(%). Plugging into (2.36) directly yields

SIF) =S5+ M, je{l,... di}. (2.42)

Moreover, for each j € {d, +1,...,d; +ds}, Z°MP7 is a local martingale by the
strong orthogonality. Since H(%y) is bounded and D7 € L? we have that Z° is
a bounded martingale and M7 is an L*martingale, so that Z°MP+7 is a true

martingale and hence

ZOMP7 = E[H(%)D’ | ], 0<t<T.
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Thus we have

E[H®D' | F]=E[(7 —% + H()) D’ | 7]
= (7 = 7o) M, + Z{ M,
= Z,(3)MP7, 0<t<T.

Plugging this equality into (2.37) yields
Sg(’?) :MtD7j7 VES {d1+1,---7d1+d2}. (2.43)

Together with (2.42), this shows (e).

(e) = (c): Because S(7) is a local martingale, it follows as explained after
(2.16) that ¢(3) = 1 for each 7 > 7.

(¢) = (b): This is trivial. O

With the characterisation from Lemma 2.27, we can now show the existence

of a solution to the mean—variance equilibrium problem in the case ¢ = 1.

Corollary 2.28. Suppose that (MW MP2) 1 Z° and define the price process
(St)o<i<r by S = (S(()l) + MO MP)Y, Then (1,5) is a mean-—variance equilib-

rium for any choice of mean—variance utility functions Uy for k=1,... K.

Proof. Fix some 7y, ...,7x such that 7 := Zszl Yk > Yo. Then by Lemma 2.27,
we have S = S(7) so that (1,.9) is a generalised quadratic equilibrium with respect
to the parameters 71, ..., vi. Let 0F € O(9) be the unique solution to the MVH
problem (2.14) with payoff H*(v;) + 1%+ Sr. Since S is a local martingale, we have
¢ =1 and 9MVE(1) = 0 with respect to the price process S. Then the equivalences
(a) < (b) < (c) in Proposition 2.13 yield that 9% = n* — 9°<(Z*) is the unique
mean-variance efficient strategy for agent k. Thus by part 1) of Theorem 2.20,
U* is also the unique solution to the mean—variance utility problem (2.10), and

hence by part 2) of Lemma 2.23, (1, S) is a mean—variance equilibrium. m

We note that Corollary 2.28 does not give uniqueness for the mean—variance
equilibrium, and it may indeed not be unique in general. One could try to argue
the uniqueness as follows. By Lemma 2.24, any mean—variance equilibrium mar-
ket (1,.5) is also a generalised quadratic equilibrium for some =, ...,vx € R, and
if 4 = Zle Y& > 7o, then Lemma 2.27 yields S = S(5) = (Sél) + MO MP2),
However, the case ¥ < 7q is also possible, in which case Theorem II1.3.8 and

Lemma 2.27 need not apply since the process Z () can hit 0. In general, there may
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exist multiple or no (generalised) quadratic equilibria for parameters (v, ..., vk)
such that ¥ < 7y, as discussed after Theorem II1.3.11 for the discrete-time setup.
In particular, such an equilibrium cannot exist if 4 and the primitives violate
either of the conditions in Lemma II1.3.10.

Due to the previous considerations, we do not fully address the issue of
uniqueness for the mean—variance equilibrium. Instead, we focus on the nar-
rower question of whether there exists some 5 > 7, such that S(7) is a mean—
variance equilibrium, and if so, whether %4 is unique. Under the assumption
(MM, MP2)) 1 Z° we have that every 7 > 7, produces the same mean-variance
equilibrium (M, MP-?)) by Lemma 2.27 and Corollary 2.28. Thus in this case,
we have existence of a mean—variance equilibrium by Corollary 2.28 and unique-
ness in the sense explained above. We can henceforth exclude this trivial case

with the following standing assumption.

Assumption 2.29. We suppose that the local martingales (M(l),MD’@)) and

ZY are not strongly orthogonal.

We now focus on the nontrivial case where Assumption 2.29 holds; by Lemma
2.27, we have ((7) < 1 for all ¥ > 7,. We also get the following corollary to
Lemma 2.27, which shows that the map 5 — S(%) is injective.

Corollary 2.30. Suppose that Assumption 2.29 holds. Then for all ¥ > 7y and
v € R, S(7) is a generalised quadratic equilibrium with aggregate risk tolerance
' if and only if ¥ = 7. In particular, for v' > 7, we have S(3) = S(7') if and
only if ¥y = 7.

Proof. By Lemma 2.25, S(¥) is the unique generalised quadratic equilibrium with
aggregate risk tolerance 5 and Z(%)S(¥) is a local martingale. This shows the
“if” statement. To prove the converse, suppose for a contradiction that S(%) is a
generalised quadratic equilibrium with respect to some risk tolerances vy, ..., Vg
such that Zle Yk =: %' # 7. As argued at the beginning of the proof of Lemma
2.25, the conclusion of Lemma II1.3.6 still holds for generalised quadratic equilib-
ria, and thus the process Z(5')S(%) is also a local martingale. Taking differences
yields that

(Z(7) = Z)S(A) = (7 =NSH)
is a local martingale as well, and so is S(7) because 7’ # 4. Thus the implication

(a) = (d) in Lemma 2.27 contradicts Assumption 2.29, so that 5’ # 7 cannot
hold. This concludes the proof of the first statement. The second statement
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follows immediately from the first since S(7') is the unique generalised quadratic

equilibrium with aggregate risk tolerance 4’ in the case 7' > 7j. O

We now return to the idea of “trying” values of 74 in order to find an equi-
librium. It is useful to express this procedure in more concrete terms. In our
previous results, we have implicitly used the four maps 1; defined below, where

we denote by S(R%%%) the set of R%+%_valued semimartingales on [0, T].

Definition 2.31. We define the maps 1,19, 93, 14 and ¥ as follows:
o ;1 (Fo,00) = S(RUT42) is defined by

01(7) = (S) geyers T > Tos (2.44)

where S(7) is the generalised quadratic equilibrium price process with aggregate
risk tolerance ¥, given by (2.36) and (2.37) which read

. , . YA Z(7), M7,

sl = st - [ ST 0<e<r je i al,
; EH(®)D’ | F,

%W%z[ gw”tL(Kﬁﬁﬂj€wﬁlww@+@}

e 1)y : Rant; — (0,1) x (R x R )X is defined by

U ((St)o<i<r) = (£, (cr, €7)imn) (2.45)

where we define /, ¢, and 7 as in (2.14) and (2.15) in terms of S by

0(S) :=€*1;8) = min E[(1—9+Sr)%, (2.46)
9€O(S)
e2(S) =2 (EF; 9) = min E[(EF —c—19-9)%, (2.47)
9€B(S)
cr(S) = ¢(2;9), (2.48)

and (c(Z*; 9),9%(Z*; S)) is the unique minimiser to (2.47).
e 3:(0,1) x (R x R,)X — RX is defined by

~ K
V3 (67 (Ck> 5%)/5:1) = (Vk)szl = (Ck + Yu, (67 Ck, Ei))k:p (2'49)

where gy, 1 (0,1) x R x Ry — R is the function given by Proposition 2.17 so

that gy, (¢, c, %) is the unique maximiser to the problem

Ur(cx + (1 = Oy, /et + £(1 — £)y®) — max!

y>0



232 1V Equilibrium under general mean—variance preferences

e ¢, : RE — R is defined by

K
Ya(viy -5 VK) = Z V- (2.50)
k=1
o U : (5,00) — R is the composition
U= ¢4 o 77Z)3 o} ¢2 @) ¢1~ (251)

We note that ¢ is well defined since S(7) satisfies Assumptions 2.8 and 2.11
for ¥ > 4y by Lemma 2.25, and because £(7) # 1 under Assumption 2.29 due to
Lemma 2.27. We also have that 15 is well defined under Assumption 2.19 due to
Proposition 2.17. The maps 11, 12 and ¥3 are studied more closely in Sections 4.1,
4.2 and 5, respectively. Nevertheless, we can already prove the first main result
which states that ¥ > 4 yields a mean—variance equilibrium if and only if 7 is a
fixed point of W. Intuitively, we may interpret 7 := W(7) as the aggregate risk
tolerance that is implied by the optimal strategies of the agents with respect to
S(%) and Uy, when we instead view those strategies as the solutions to quadratic
utility problems of the form (2.8). Thus the implied aggregate risk tolerance ¥
should equal ¥ if and only if S(%) is a mean—variance equilibrium, and this is
what we prove now.

Before giving the main result, some bookkeeping is in order regarding the
assumptions. We do not need Assumptions 2.8 and 2.11 any more; those as-
sumptions were imposed on a general price process S, but they are automatically
satisfied by S(%) for ¥ > 7y due to Lemma 2.25. On the other hand, we still
require Assumptions 2.1, 2.19 and 2.29; note that these are conditions only on

the primitives and not on the equilibrium prices.

Theorem 2.32. Suppose that the primitives Sél),M(l),D(Q), n* and ZF" (for
k=1,...,K) are such that Assumptions 2.1, 2.19 and 2.29 hold, and let 7 > 7.
Then (1,5(%)) is a mean-variance equilibrium if and only if ¥ = V(7).

Proof. For a fixed 7 > 7, define S(§) = 11(7) as well as the constants

(69). (@ (). @), ) = b2 0wr(3) (2:52)

associated with the MVH problems with respect to S(7), where we use the short-
hand ¢(5) = £(S(7)), etc. By Lemma 2.25, S(¥) satisfies Assumptions 2.8 and
2.11, and hence we may apply our results from Section 2.2 with respect to S(7).

We start by proving “only if”. If (1,5(%)) is a mean-variance equilibrium,

there exists a unique solution V¥ € ©(S) to the mean-variance utility problem
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(2.10) for each k € {1,..., K}. By part 2) of Theorem 2.20, 9" is also the unique
solution to the MVH problem (2.14) with payoff H*(v;) = v — =F, where

W) = () + Ju, (0(7), e (7), 2 (7))

Thus by part 1) of Lemma 2.23, S(¥) is a generalised quadratic equilibrium with
risk tolerances v1(7),...,vx(7), where (2.52) and the definition of 13 yield

(M) K (3) = Y3 01hy 0y (7).

However, by Lemma 2.25, the unique generalised quadratic equilibrium with risk

tolerances v1(7%),...,vx(y) is S(¥), where

K
F:=Y @) =va(n(), . @) = ¥F).
k=1
Thus we must have S(7) = S(¥(¥)). By Corollary 2.30, this implies V() = ¥
which proves the “only if” statement.

To show the “if” statement, let 4 be a fixed point of ¥ and set

(M), - 7K (F)) = 30 0 Y1 (7).

Then by part 2) of Theorem 2.20, there exists a unique optimal strategy 9% to
(2.10) with respect to S() for each k € {1,..., K}, and 9% — n* is the unique
solution to the MVH problem (2.14) with payoff H*(v.(¥)). By the linearity of
MVH (see Lemma II1.2.6), U* is also the unique solution to (2.14) with payoff
H*(7(%)) + n*+Sr. On the other hand, we have by assumption that

K

D @) =), w@) =E) =7

k=1

so that by Lemma 2.25, (1, 5(7)) is the unique generalised quadratic equilibrium
market with risk tolerances v1(%),...,v7x (7). We have already shown that the
problems (2.10) and (2.14) with payoff H*(v4(¥)) + n®+Sr have the same unique
solution % for each k € {1,..., K}. Therefore, it follows by part 2) of Lemma

2.23 that (1, 5(%)) is a mean—variance equilibrium market. O
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3 The linear case

In the previous section, we have introduced the problem of finding a mean—
variance equilibrium for a given set of primitives S(gl),M M D@ pk =k and
mean-variance utility functions U as in Definition 2.3. We have shown in The-
orem 2.32 that the generalised quadratic equilibrium market (1, 5(%)) is also a
mean—variance equilibrium market if and only if 4 € (%, 00) is a fixed point of
the map ¥ = 14 o 93 0 9y 0 1;. We now study the existence and uniqueness of

such a fixed point in the case of linear mean—variance utility (2.9), which reads
o2

OV (n,0) € R x Ry, (3.1)

Uk’(:uv U) =K

for some A\, > 0. As it turns out, there exists in this case at most one fixed point
~ for which we even obtain an explicit formula. In order to study the mean—
variance equilibria in the linear case, the first step is to use the particular form
(3.1) of Uy, to solve the optimisation problems (2.25) for each k € {1,..., K}. By

doing so, we obtain a relatively simple formula for the map 3.

Lemma 3.1. Suppose that each Uy has the form (3.1). Then we have

K
U3 (€, (cryp)imr) = (Ck + ﬁ) (3.2)
¢ k=1

for all (¢, (cr,e2)5 ) € (0,1) x (R x R, )%,

Proof. We start by considering the abstract mean—variance problem (2.28), i.e.,

Ule+ (1= 0y, /& + (1 —0)y*) — max!

y=>0

for some (¢, c,e%) € (0,1) x R x R,. Plugging in U(u, o) := p— % for some A > 0
yields the problem

e2+0(1—0)y?
— — — |
c+(1—=20)y 2\ W0
This is elementary, and the unique minimiser is given by

A
Ju(l,c,e?) == > 0.

0
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Hence by plugging into Definition 2.31, we obtain

K
U3 (0, (cred)ier) = (e + Ju, (¢, Ck;??Z)),f:l = <Ck + 7) :

as claimed. O

Lemma 3.1 shows part of the reason why finding an equilibrium is simpler in
the linear case: (3.2) yields a simple explicit formula for 13 which is not available
in general. In particular, ¥3 does not depend on the hedging errors €7 in this

case. However, that is not the full story. To see why, fix 7 > 7, and write

K

(€09, (n(), )iy ) = (W2 0 00)(3).

Then by (3.2) and Definition 2.31, 7 is a fixed point of ¥ if and only if it satisfies

the equation
K

y=) (ck(v) + g?—;)) (3.3)

k=1

Although this simplifies the fixed point condition, it is still not obvious how to
solve (3.3) for 7. At first glance, it looks as though we need to study the maps
7 — £(¥) and 7 — cx(7), as we do in the next section for the case of general
mean—variance utility functions. However, this turns out not to be necessary
here, due to a relationship (given below) between £(7) and &(7) = S5 ()
that arises from the probabilistic structure of the problem. Surprisingly, that
relationship even allows us to find an explicit solution to (3.3).

In preparation for the main results, we first recall some notions from the theory
of mean-variance hedging; we use Cerny/Kallsen [25] as a reference. By Lemma
2.25, S(¥) admits an equivalent local martingale measure Q(%) with bounded
density so that |25, Assumption 2.1| is satisfied. We introduce the opportunity
process L(7¥) given by

Li(7) = essinfyeg, sy B[ (1 - (ﬁ-sw))T)2 Fl, o<isT ()
where ©,7(S(5)) C ©O(S(¥)) is the set of admissible strategies ¥ such that
Y1y = 0. We have by [25, Corollary 3.4 and Lemma 3.10] that L(7) is an
(0, 1]-valued submartingale with Lr(7) = 1. Setting ¢ = 0 in (3.4) together with
(2.46) yields Ly(y) = (7). By |25, Lemma 3.1|, there exists for each ¢t € [0,7] a
unique optimal strategy 9(1; S(5)) € ©,7(S(7)) to (3.4); we say that it is the
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optimal pure investment strateqy started at time t.

Next, we introduce the mean value process (Vy(3))o<i<r for H(F) =4 — Z in
the sense of [25, Definition 4.2]. By [25, Lemmas 3.7 and 4.1 and Proposition
3.13.1], V(%) is the unique semimartingale such that

Vi(3) = Liw

E{H(v) (1 - (19(”(1;5(7))'5(7)>T> 'E} 0<t<T,
In particular, V7(3) = H(¥). Moreover, [25, Lemma 4.1] also gives that the

process (Vy(3) M (3))<s<r is a P-martingale on [t, T for any ¢ € [0,T], where
(Ms(t) (7))t<s<r is a P-martingale (see [25, Lemma 3.2|) defined by

MO(7) == Ls(7) (1 ~ (v (1:5(9)-5()) ) 0<t<s<T. (35
The key property from our point of view is that V;(7) satisfies the inequality

essint e, s B[ (A09) — Gi3) - (9+5(),)’ | 7]

B 2
< essinfycg, 1 (s(9)) E[(HW) —U- (19'5(7)>T>

d

for any Fi-measurable random variable U; this follows by [25, Theorem 4.10.2].
In particular, V(%) is the first component of the solution to the exMVH problem

(2.15) for H(%), and hence Vu(¥) = c(H(¥); S(¥)) = 7 — ¢(Z; S(7)).

Remark 3.2. As pointed out in Remark 2.14, the variance-optimal martingale
measure Q*(7) for S(¥) (see (2.38) for the definition) is equivalent to P if S(¥)
is continuous. In that case, the process V(%) can be written more simply as
Vi(7) = Eq-s[H (%) | Fi] by [25, Equation (4.1)].

We are now ready to state and prove the property of S(7) that allows us to
solve (3.3). For a more intuitive explanation of why we obtain (3.8) below, we

first consider the continuous case so that

Vi(3) = Eq:@)[H®) | Fi] =

Ep|Z¢ (DHEG) | Fi

g C0<t<T, (3.6)
Z2 (7)

where (Z2" (7))o<i<r is the density process of Q*(7) with respect to P. For read-

ability, we temporarily omit the parameter 4 below and write 9® as a shorthand
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for 9®(1; S(¥)). By [25, Lemma 3.7 and Proposition 3.13], we have the formula

N (0) _ 9(0),
ZtQ _ Mto _ Lt(]_ /19 St)’ 0 S t S T’
Mé ) Lo

so that dQ*/dP = (1 — 9 +S;)/Ly. By Bayes’ rule, plugging into (3.6) yields

_ Ep[(1—9©«Sp)H | F

Vo= L A= 005,
Ep[H | F] Ep[HW®«Sy — 98, | F]
— — <t <T. .

So far, these calculations hold for the mean value process V of any payoff H € L?.
However, by the construction of S = S(7) as a generalised quadratic equilibrium,
we also know that H = H (%) is bounded and (up to a scalar factor) the density
of an equivalent local martingale measure for S. Since 9} € ©(S), the second

term on the right-hand side of (3.7) vanishes by Proposition I11.2.12, and hence

Vi L(y) = EplH(Y) | Fil = Z:(7), 0<t<T.

Thus in the continuous case, (3.8) below follows from the fact that the payoff
H(¥) =4 — Z also induces an equivalent local martingale measure for S(7¥).

We now give the proof for the general case. This is somewhat more tech-
nical because the variance-optimal martingale measure Q*(¥) can in general be
a signed measure, and so we do not work with it directly. Here we do not ob-
tain an analogue of the decomposition (3.7) which holds for all payoffs, but we

nevertheless arrive at the same formula in the end.

Proposition 3.3. For ¥ > 4y, we have
Z(7) = Vi) Lu(7), 0<t<T. (3.8)
In particular, t = 0 yields ¥ — Ep[Z] = (7 — &(3))4(7), where &(y) = Zszl (7).

Proof. As above, we fix ¥ > 7, and drop it for readability, and write 9® as a
shorthand for ¥ (1; S(¥)). Recall that ZS is a local P-martingale by Lemma
2.25, where Z is a bounded and strictly positive P-martingale. Fix ¢t € [0, T].
Since 9 € O(S), it follows by Proposition II1.2.12 that Z(J® « S) is a true
P-martingale, and hence so is Z(1 — 9 +S). We also know that (‘ZMS(t))tSSgT
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is a P-martingale. By (3.5) and as Ly = 1, we have
VMY = HLp(1 — (99+8)7) = Zp(1 — (99 +5)7).
Thus by taking conditional expectations Ep[- | Fs|, we obtain
VMY = Z,(1— (0"W.9),), t<s<T.

Then (3.8) follows immediately by taking s = t because M\ = L, by (3.5). Since
Lo(7) = £(7), setting t = 0 in (3.8) yields

where
c(H#H);S() =c(3 —E:5(7)) =7 —¢(5:5(%)).

This implies that ¥ — Ep[Z] = (5 — ¢(Z; 5(5)))4(7). By the linearity of exMVH
(see Lemma I11.2.6) and (2.48), we have

c(E55() =Y () =),

k=1 k=1

Mx

and this concludes the proof. O

Finally, we use Proposition 3.3 to obtain a unique solution to (3.3) and hence
a mean—variance equilibrium via Theorem 2.32. In order to apply the latter,
we retain Assumptions 2.1 and 2.29 from the previous section. On the other
hand, Assumption 2.19 is automatically satisfied for linear mean—variance utility

functions given by (3.1) and thus not needed here.

Theorem 3.4. Suppose that Assumptions 2.1 and 2.29 hold, and that Uy, has the
form (3.1) for each k € {1,...,T} and some Ay, ..., A\x > 0. Define

¥:=_ A+ Ep[E]. (3.9)

Then U admits a fized point if and only if ¥ > 7y. In that case, ¥ is the unique

fized point and S(7) is a mean—variance equilibrium.
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Proof. Let 7 > 5y and write

K

(¢3). (n(3), 2Ry ) = (W2 0 00)(3).
As explained after Lemma 3.1, 4 is a fixed point if and only if (3.3) holds with

7 in place of 4. Note that ¢(7) < 1 by Assumption 2.29 and Lemma 2.27. Hence
by rearranging (3.3), 7 is a fixed point of ¥ if and only if

(7 —eE) =D M (3.10)

7= Ep[E] = (7 — e() (). (3.11)

By plugging (3.11) into (3.10), we conclude that 5 € (59, 00) is a fixed point if
and only if ¥ — Ep[Z] = szzl A, 1e., if and only if 4 = 7. Therefore 7 is the
only possible fixed point of the map ¥, and it is indeed a fixed point if ¥ > 7q;
otherwise, 7 cannot be a fixed point since 1; is only defined on (5, 00). If ¥ > 7y,

then S(%) is a mean—variance equilibrium by Theorem 2.32. O

With Theorem 3.4, we conclude that there exists at most one mean—variance
equilibrium of the form S(%) for 5 > 7, and 7 is explicitly given by (3.9). Note
that the constants Ay in (3.1) can be seen as risk tolerance parameters for the

agents, and the condition 7 > 7y in Theorem 3.4 is equivalent to

K
Z)\k > esssup = — Ep[=]. (3.12)
k=1

Thus there exists an equilibrium if and only if the aggregate risk tolerance

Zszl \i is larger than the uncertainty of the aggregate endowment = as measured

by esssup = — Ep[Z] > 0. We note that (3.12) is not necessary for the one-period

model considered in Koch-Medina/Wenzelburger [85]. We include it here because
as argued after Corollary 2.28, it is difficult to characterise (generalised) quadratic
equilibria with aggregate risk tolerance 4 < 4y in continuous time. For the same
reason, we do not claim in Theorem 3.4 that the mean—variance equilibrium is
unique, but rather that it is unique among the set of generalised quadratic equi-
libria S(7) for 4 > 7. Nevertheless, since the quadratic equilibria with 5 > 7,

are the most meaningful from an economic point of view (as can be seen from
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the results in Section I11.3.5 for finite discrete time), this is still a satisfactory
uniqueness result. This concludes our analysis of the linear case (3.1), and we

now turn to the general case.

4 The general case

We return to the case of general mean—variance utility functions Uy and seek
sufficient conditions for the existence of a mean—variance equilibrium in the sense
of Definition 2.6, where each agent £ =1, ..., K solves the mean—variance utility
problem (2.10). Our main tool is Theorem 2.32 which states that for 5 > 7,
a generalised quadratic equilibrium of the form S(7) (see (2.36) and (2.37)) is
also a mean—variance equilibrium if and only if ¥ is a fixed point of the map W
introduced in Definition 2.31. Thus we want to show the existence of such a fixed
point 4 under suitable assumptions.

The overall strategy is as follows. The first step is to show the continuity of
the composition ¥ = 1), 0 13 0 1y 0 9); by considering each map 1; individually.
The continuity of v, is trivial, and that of 3 follows from Proposition 2.17. We
postpone the proof of the latter to Section 5 because it requires a careful study
of the abstract mean—variance optimisation problem (2.28) that is self-contained
and may be of independent interest for other mean—variance utility problems.

On the other hand, the question of the continuity of ¥; and 1) is more in-
volved; these two maps are studied in more detail in Sections 4.1 and 4.2, respect-
ively. Whereas 17 is indeed continuous, as we shall see in Lemma 4.4 below, we
cannot expect 1, to be continuous in general; see Example 4.5. To overcome this
issue, we note that the continuity of 1,01 is sufficient for our purposes, even if 1y
itself is not continuous. We show the continuity of the composition by refactoring
it as Yy 0 = 1/;2 o zZMJl, where LZ~11 can be seen as an “enriched” version of v; that
maps 7 to the coefficients (£(7), A(§)) associated with a structure-condition-type
(SC) decomposition for S(7) of the form

dSy(7) = & ()A(M)&M)M(F) + &(7)dM,, 0<t<T

for a fixed local martingale M that does not depend on 7. The existence of
such a decomposition is shown below in Lemma 4.11 and precise definitions for
¥y and 1 are given below in Definitions 4.12 and 4.24, respectively. The maps
Wy, s, 2/31, 1;2 are represented by the following diagram:
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§ © (€0
Jl \¢2 1[,|2 (4.1)

T (i)
Although the map (£, A) — S (defined below by (4.16)) is injective and hence

admits on its range an inverse map (represented by the dashed arrow in (4.1)), the
latter is not continuous in general. Thus the continuity of ¢); does not imply that
of 19; indeed, the discontinuity of S — (&, A) turns out to be the main obstacle
to the continuity of 1. We show in Theorem 4.18 and Corollary 4.23 below
that £(5) and A(5) (and hence ;) depend continuously on 7 in an appropriate
sense, and this allows us to sidestep the dashed arrow to obtain the continuity of
1&2 o zzl. More specifically, we show that 121 is continuous by obtaining an explicit
decomposition for S(%) and using the fact that S(7) admits an equivalent local
martingale measure satisfying the so-called reverse Holder inequality Ry(P) (see
Definition 4.8 below). We then express the outputs ¢, ¢ and £ of 15 as the initial
values of solutions to a certain set of quadratic backward stochastic differential
equations (BSDEs) with stochastic coefficients that depend on & and A; see (4.56)—
(4.58) below. This allows us to show the continuity of 4, in Theorem 4.26 via a
stability result (Theorem 6.6) for a certain class of BSDEs. Similarly to the study
of the map 13, this BSDE stability result can be shown in an abstract setting and
may be of independent interest for other applications, and hence we postpone its
statement and proof to Section 6.

So far, we have outlined how to show the continuity of the map W. The
second element that we need in order to find a fixed point is a bound on its
range. Indeed, if there exist constants 75 > 4 > 7 such that ¥(3) >
and U(%,) < 79, then the existence of a fixed point follows immediately by the
intermediate value theorem. In order to obtain such a condition on ¥, we first
consider the range of 1, 013. We already have bounds on the outputs of 13 under
Assumption 2.19 by Proposition 2.17. Since )4 is just a sum, those bounds pass
trivially to the output of 14 o )3 and can then be applied to the map V.

We now proceed to the main work of defining the maps Yy and 152 and showing
their continuity. At the end of the section, we then combine these results to show
the existence of mean—variance equilibria. We note once again that the subsequent
Sections 5 and 6 are self-contained and do not rely on any results from this section,

and therefore we may use here some of the results proven therein.
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4.1 Continuity of @Zl

Our first main goal is to show that the generalised quadratic equilibrium S = S(%)
given in Theorem II1.3.8 depends continuously on the aggregate risk tolerance 7,
i.e., that the maps ¢y and ¢ (the latter of which is still to be defined) are
continuous in an appropriate sense.

We start by introducing some notation related to multidimensional stochastic
integration. In this section, we always work with column vectors and thus identify
R™ = R™*!: in particular, we use the conventional definition of a vector stochastic
integral £+ X for R™*!-valued processes ¢ and X. We then extend this notation
mx1

to matrix-valued integrands by considering R
the form £« X for R ™-valued ¢ and R™!-valued X.

-valued stochastic integrals of

Notation 4.1. Let T > 0, n € N and (Q, F, (F;)o<t<7, P) be a stochastic basis
satisfying the usual conditions. We denote by S(R"), M?*(R"), M2 (R") and
P(R™) the sets of R"-valued semimartingales, L*-martingales, local L?>-martingales
and predictable processes on [0, T, respectively. For X € S(R"), we denote by
L(X) = L(X;R"™) the set of R"*!-valued predictable processes (&;)o<;<7 that are
X-integrable in the sense of Jacod/Shiryaev [71, 111.6.17]. We also define for

m € N the set

LIXGR™™) ={&=(&,....6") : ¢,...." e L(X)},

and for £ € L(X;R™™), we write £« X = (1« X, ... &m« X)T with values in
R™*! We identify ¢V, £2) € L(X;R™™) if they are X -equivalent, i.e., if £ e X

and £®)« X are indistinguishable; we write in that case £é1) =y £®),

With this notation, we have for all processes X(1) € S(R™), X ¢ S(R™),
€M e (XM Rm*m) and €3 ¢ L(X®);R"2*™2) that the quadratic covariation
(€W e XM €2 e X)) takes values in R™*™2 and satisfies

dlg® XD 2o xP), = ()X D, XD 0<t<T. (42)
Moreover, we have for £€3) € L(¢M)« X () R™>xms) the associative property
e (Mo x My = (¢We®ye x M), (4.3)

We also introduce the Emery distance on S(R™). For two semimartingales
X, Y € S(R"), we write

ds(X,Y) =sup{E[1 A

ne Xy —n+Yrll:n € P(R"), |Inlle < 1}
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By Emery [47, Lemme 7|, the space S(R™) is a complete topological vector space
under ds. The topology induced by dg is the so-called semimartingale topology.
We denote convergence in the semimartingale topology by « S

Recall the definitions and assumptions related to the agents k € 1,..., K
as well as the financial and real assets introduced in Section 2.1 (including As-
sumption 2.1). We define the local martingale M := (M", MP-®) 11, Z°), where
(Mt(l))ogth is the local martingale part of S (see (2.2)) and (MtD’(2))ogt§T,

(I)o<t<7 and (Z?)o<i<r are square-integrable martingales defined by
MP® = E[D® | F), T, =E[7 -Z)D? | Fl, Z°=ER -E|F] (4.4
t [ | 7, t (50 — =) | il t o —E1F] (4.4)

for 0 < t < T, where we recall 5y := esssup = (see (2.35)) so that Z° > 0. We
note that M takes values in R%, MP®? and II in R® and Z° in R, so that
M takes values in R? for d := d; + 2dy + 1. The local martingale M plays an
important role in the representation of the martingale part of S(¥) since it is
defined directly in terms of the primitives and does not depend on 7. We also

make the following standing assumption.

Assumption 4.2. The filtration F = (F})o<i<r is continuous, i.e., every F-

adapted martingale admits a continuous version.

Assumption 4.2 is somewhat restrictive, and it remains an open question
whether one can relax it in our subsequent results. As we shall see, its inclu-
sion eases the task of showing the continuity of ¥y and 1. This assumption
automatically holds in setups where the filtration is generated by a Brownian
motion since the continuity of F is ensured there by the It6 representation the-
orem. Under Assumption 4.2, we may and always do take a continuous version of
any martingale or local martingale. In particular, Assumption 4.2 implies that M
is continuous. Moreover, for local martingales, we can replace the square brackets
[-,-] by the sharp brackets (-, -).

For some fixed aggregate risk tolerance ¥ > 7, we recall the generalised

quadratic equilibrium S(%) given in (2.36) and (2.37) by

S7(7) ::53+Mg_/tm, jefl,... d}, (4.5)

je{di+1,...,dy +dq} (4.6)
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for 0 <t < T, where the martingale (Z,(7))o<i<r defined by
27)=EH® ) | Fl=7-%+2, 0<t<T, (4.7)

is bounded and strictly positive by Assumption 2.1. Note that Z (%) is continuous
by Assumption 4.2, so that we have Z,(5) = Z,_(¥) in the integrand of (4.5). We
now want to study the map v : (5p,00) = S(R"*%2) 5 — S(5), and the first
step is to rewrite (4.5) and (4.6) in terms of the components of M; recall (4.4).

Lemma 4.3. For each 7 > 7y, we have the decompositions

SF) =80+ MY+ AV (), 0<t<T, (4.8)
SPF) = SP @) + MP ) + AP (F), 0<t<T, (4.9)
_ Dy( —
_ ¥ — o) M, +1I
s (y) = L= 7o)y _——, (4.10)
¥ = + 2y

where the local martingale M®(3) € M2 _(R%) is given by

loc

MO () = / ' ((7 — J0)dM? +dTl, (3 —30) M +T1,)dZ8
: 0 ¥ — o+ Z9 (7 — 70 + 29)2

) (4.11)

for0 <t <T, and the finite-variation processes (Ail)@))ogth and (A® (7))o<t<T

which take values in RY and R%, respectively, are given by

A MDD 70 tAIMP@(R). 70
A =[BT g 4P = - [[EEORZ 4y
0 ’Y - /YO s 0 Y — % s

for0<t<T.

Proof. The decomposition (4.8) for S, where A" (5) is given by (4.12), fol-
lows directly by plugging (4.7) into (4.5). Likewise, plugging the decomposition
H(%) =4 — 4o + 7 — Z together with (4.4) and (4.7) into (4.6) yields

(7 = 30) M, + 10,
¥ =0+ Z¢

5P (5) = 0<t<T

)

Setting ¢ = 0 yields (4.10). By Ito’s formula, we obtain the semimartingale
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decomposition

(7 — Fo)dMP>® +dll, (7 — 7o) MP® +10,)d 20

ds? (7)) = _ _ ]
) Y= Fo+ 2 (5 — 30 + 20)2
UG =M 20, (= )M T
(¥ — 90 + Z7)? (¥ — A0+ Z7)3

for 0 <t < T. By separating the local martingale and finite variation parts, we

obtain (4.11). Moreover, the finite variation part is given by

dAP (7) = _d{(y - _70)]\¥D’(2)7+ I, Z%, n (7 = 70_)Mtli’(2) +7Ht)d<ZU>t
(¥ — 0 + Z7)? (¥ — 0 + Z7P)3
_ d<M(2) (5/)7 ZO)t
=T+ 2

which yields the second part of (4.12), and then (4.9) follows from (4.13). O
The decompositions (4.8) and (4.9) already let us show the continuity of .

Lemma 4.4. The map ¢ : (5p,00) — S(RU+%) 51— S(7) is continuous with

respect to the semimartingale topology on S(R¥1+42),

Proof. Fix a sequence (3,)nen in (%,00) with lim, 007 = Y > J0. By
Lemma 4.3, it suffices to show that S (%) — S (9s0), AV (3,) N AN (75),
M®(3,) S M@ (5,) and A®(3,) S AD(5.) as n — co. The first convergence
follows from (4.10) because 7, := inf,en 7, > Yo and Z° > 0, so that

(0w =70 M" + T (3 = 30) My + 10y
Tn =0+ Zg Yoo = 0+ Zg

2)— 2)/—
S5 () = = 55 (%c).
Using (4.12) together with the elementary inequality |2 — | < |a — b|/ (%, — 50)?
for a,b > 7, — 9 > 0 yields

sup
neP(R™)
lInlloo <1

T
< sup /
neP®R™) Jo
lInlleo <1
- = T -
é?l—:yoil |d<M(1), Z% — 0 P-as. asn — o0
T« — Y0 0

<77' (A(l)(i/r) - A(l)(f_}/W)))T‘

1 1

Yo =0+ 20 Foo = Yo+ 2

[mslldM D, Z°),

<

so that AV (%,) > AW (5.). For the martingale parts, we decompose (4.11) in
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the form
M®(3,) = MP(5,) = X1 + X2 4 X3, (4.14)

where X1 X2n X3m ¢ M2 (R%) are defined by

loc

Xl,n - ( 5/”_,—}/0_ N ’_Yoo_ﬁ/o_ )0]\4[)7(2)7
:)/n_’_}/O"i_ZO i/oo_ﬁ_YO"i_ZO

X“:(_ R — O)E

Yo =T+ 2" FJo—F+Z

o ((% —J)MPE + T (oo — o) MP) + H> . 20
' (Fn — 70 + 2°)2 (Foo — o + 29)2 '

Let 4* := sup,,cn Vn < 00. For each n, we have the inequality

O =M + T (3 =) MP PN
(=% +207 = (e= 0+ 2 :

0<s<T,

where (¢;)o<t<7 18 continuous P-a.s., and hence fOT ©2d(Z%), < 0o P-a.s. Thus

the dominated convergence theorem yields that

3,n _ g (ﬁn - '70>MSD’(2) + 1:[5 N (700 - 70)M£7(2) + ﬁs 2 ~0
(X5 = — =3 ) (2%, — 0
0 (Y — 70 + 22) (Yoo — J0 + 22)

P-a.s. as n — oo. We obtain by similar arguments that (X'")r, (X?>")7 — 0
P-a.s. as n — oco. Hence (4.14) and the Cauchy-Schwarz inequality yield

(MP(3,) = MP(F,))r — 0 P-as. (4.15)

as n — 0o. By Emery [47, Lemma 6], this implies that M) (7,,) 5 M@ (Foo)-
Finally, note that (4.12), the Kunita-—Watanabe inequality and (4.15) yield

sup (77° (A(Z) (Vn) — A® ('700))) ‘
neP(R™) T
[[lloo <1
T
1 1
S = = M(z) :Yoo 7ZO S
/0 Yo =0+ 29 Foo — o+ 27 M oc), 250l
1

T
+ - — | 50 dM(2) r?n _M(2) ’7007205
| [ a6 - 6. 29,

_ _ _ - 1/2 ) 70\1/2
¥ — Yool ’ |d<M(2) (Fo), 24| + <M(2)(7n) - M<2)(7®O)>T/ <ZO>T/
(3 = %0)* Jo e e =0

IN

— 0

P-as. as n — 00, so that A®(%,) > A®(5..). This concludes the proof. O
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Lemma 4.4 gives a continuity result for ¢);. However, it is insufficient for our
original purpose of showing the continuity of 1), o 11, since 15 is in general not

continuous with respect to the semimartingale topology.

Example 4.5. Recall from (2.45) that ¢(S) = €%(1; S) is the first component of
15(S). Consider the sequence of semimartingales (S™),en on [0,7] defined by
Sy = (t+ Wi)/n so that S™ 5 5% =0asn — oco. Forn € N U {00}, let
0, = %(1;8™) € (0,1]. Then we have {,, = 1 as argued after (2.16) since S
is a martingale. On the other hand, ¢; = {5 = --- # 1 since S* is not a local
martingale and the set of wealth processes attainable by trading S™ is the same
for all n € N. Hence we cannot have ¢5(S™) — 1)2(S*) as n — o0.

In view of the counterexample above, we need further insight into the structure
of S(¥) and its dependence on 7 in order to prove the continuity of ¢y 01);. First,
we rewrite the martingale decomposition in Lemma 4.3 more explicitly in terms
of M. This already gives the first output £(3) of the map ¢, that we define below.

Lemma 4.6. For each? > 7y, there ezists a unique (up to M-equivalence) process
£(¥) € LE (M; R¥*d1+d2)) sych that

loc

M(7) == (MW, M (3)) = £(7)+ M. (4.16)
Moreover, the family {{(7) : 4 > 70} can be chosen such that

P{mngwq:&@ywmmogtgzumdﬁ>%]:L (4.17)
=3

P[&(%) has full rank for all 0 <t < T and 7 > 7] = 1. (4.18)

Proof. We construct (&(7))o<t<r explicitly by setting each entry (&(%)); to

1, 1<i=j<d,

(¥ = %)/ Z:(%), di+1<i=j<di+d,

1/Z:(%), dit+do+1<i<di+2dy, j=i—dy,
(= A0) M P)i_gy+ (Me)ica) (Ze())?, i=d, di+1<j<di+dy,

0, otherwise.

(4.19)
Visually, &(5) can be represented as a d x (d; + d3) block matrix of the shape
A0

( 9 g) , where A € R®>% and B, C' € R%*% are diagonal matrices and v € R*%
0w
is a row vector. Then (4.16) follows directly by plugging into (4.11); the fact that



248 1V Equilibrium under general mean—variance preferences

£(7) satisfies (4.16) immediately implies the uniqueness up to M-equivalence.

Because Z° is nonnegative and continuous, we have P[E] = 1, where
E:={Z)>0forall 0 <t <T}.

On the set E, we have that (Z;(7))™' = (§ — % + Z°)~! is well defined for all
t € [0, 7] and 7 > 7. Hence by (4.7) and the construction (4.19), it is clear that
lims 5 Z,(7') = Z,(¥) and limy 5 &(7') = &(5) for all 0 < ¢ < T and 7 > 7 on
E; this shows (4.17). We also have on E that the first dy + dy rows of &(7) are
linearly independent for all ¢ € [0, 7] and 5 > 7y, since the submatrix formed by

these columns has nonzero entries along the diagonal and null entries elsewhere.
Thus (4.18) holds. O

The next step is to study the ELMM Q(%) ~ P for S(¥) given by Lemma
2.25. Namely, we show that (%) satisfies the so-called reverse Holder inequality
Ry(P). The following definitions are given in Delbaen et al. |34, Definitions 2.8
and 2.11]; note that |34, Definitions 2.8 and 2.9] are equivalent in our setup since

all martingales are continuous due to Assumption 4.2.

Definition 4.7. We say that a martingale M € M?(R) belongs to BMO if there

exists a constant Cys > 0 such that
E[(M)r — (M) | F;] < Cu

for every stopping time 7 that takes values in [0, T]. We write ||M|| a0 = +/Ciys
where C'}; is the infimum of all such constants C'y;. The set of BM O martingales
null at 0 is a Banach space with norm || - || gao (see Protter [102, Section IV.4]),

whereas the latter is only a seminorm on the space of all BMO martingales.

Definition 4.8. We say that a strictly positive martingale Z € M?(R) satisfies
the reverse Holder inequality Ro(P) if there exists a constant Cz > 1 such that

Zr\?
EllZL
(%)
Similarly, we say that an equivalent measure () =~ P satisfies the reverse Hélder
inequality Ry(P) if the density process (Z9)o<i<r of Q satisfies Ry(P).

]-“t] <Cy; 0<t<T (4.20)

Lemma 4.9. For each 5 > 7o, the process (Z;(7))iejor) satisfies Ro(P) and the
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stochastic logarithm (Ny())o<i<r defined by

NG = 5i=20) (1.21)

belongs to BMO. Moreover, for each 3. > 7o, the family (N(7))5>5. is bounded
in BMO and there exists some constant C' = C5, > 0 such that for every 5 > 7,
the process Z () satisfies Ry(P) with constant C' on the right-hand side of (4.20).

Proof. Since 0 < Z° < 4y due to Assumption 2.1 and the definitions (2.35) and
(4.4) of 49 and Z°, we have by (4.7) that ¥ — 5 < Z(5) < 7 and hence

o[(20Y

so that Z(¥) satisfies Ry(P). Since the function 5 — 5%/(5 — 70)? is decreasing

=2
]—“t} <1 <o, 0<t<T,

~ (Y= )

on (7o,00), we can set Cs. = 32/(3. — 70)? so that for every 7 > 7., Z(¥)

satisfies (4.20) with the constant C5,. Thus by Delbaen et al. [34, Lemma 4.2],
the stochastic logarithm N (%) belongs to BMO. We can rewrite (4.21) as

_ 1 _ 1

N®) = 5=42(7)
Z(%)

Thus for 0 < s <t <T and %' <7, we have

_ 1 _
(7 —Fo+ 2% = = 7. (4.22)

T+ 2 7=+ 2°

1
Yo + Z9)

<vamwm=/w_ (2%,

t
1 _
< ———d(Z%, = (N(F)): — (N(F))s. (4.23
< [ @ = (V= (V) (423)
Thus for any ¥ > 4, > 7, the increments of (N (%)) are bounded by those of
(N (7)) so that || N(%)| saro < [|N (%) ||ro and (N (%)), is bounded in BMO.

[

The following lemma is well known and helps to explain why the reverse
Holder inequality Ro(P) for Q(7) gives important information about S(%): it
implies that the sets ©(S(¥)) and ©(S(7)) of admissible strategies of Schweizer
[109] and Cerny /Kallsen [25], respectively, coincide in this case. Recall that the

latter is the one we use throughout this chapter; see Definition 2.3.

Lemma 4.10. Let (Si)o<i<r be a continuous semimartingale with canonical de-

composition S = So + M + A, where M is a local martingale and A a finite-
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variation process. Define the set ©(S) := L*(M)N L%*(A). If there exists an equi-
valent local martingale measure Q for S that satisfies Ry(P), then ©(S) = ©(S)
and the set of attainable gains Gr(O(S)) == {V+Sr : 9 € O(9)} is closed in L?.

Proof. Because @ satisfies Ry(P), the implication (2) = (1) in Delbaen et al. [34,
Theorem 4.1] gives that Gr(O(S)) is closed in L2. Thus by Cerny/Kallsen [25,
Corollary 2.9], Gr(0(5)) = Gr(6(S)). By Proposition 111.2.12, the terminal gain
¥+ Sr of a strategy ¥ € ©(S) uniquely determines ¥ up to S-equivalence. Thus
the equality Gr(©(S)) = Gr(O(S)) implies that ©(S) = ©(S). O

We are now ready to define the second output A(7) of ¢y via the so-called (SC)
decomposition (4.24) of S(7). We prove the existence of such a decomposition by
using Lemma 4.9 together with results of Delbaen et al. [34].

Lemma 4.11. For each 5 > 7o, there exists a process A\(7) € L*(M(7); R1+d2)
(which is unique up to M(¥)-equivalence) such that

5.5) =53 + [ (M)A ) + dM(3),) (1.24)
= s+ [ T AATNE NG + &@)AIL), 0<t<T. (4.25)

Proof. Since Q(%) has the density process (Z:(7))o<t<r and S(7¥) is continuous,
Lemmas 2.25 and 4.9 yield that Q(%) is an equivalent local martingale measure
for S(7) and satisfies Ro(P). Hence by Lemma 4.10, Gr(©(S(%))) is closed in
L?. Thus because Q(7) is an equivalent local martingale measure for S(¥) with
square-integrable density, we obtain from Delbaen et al. [34, Theorem 3.7| that
S(7) satisfies the so-called inequality Do(P). Since the martingale part of S(7) is
M(7) = (MY, M®@(5)) by Lemma 4.3, we obtain from [34, Lemma 3.1] a process
A7) € L2(M(%); Ri+42) such that

A7) = / M) M), (4.26)

and hence the (SC) decomposition (4.24) for S(¥) is satisfied. By plugging
M) = &£(5) * M (see (4.16)) and (4.2) into (4.24), we obtain (4.25). To show
the uniqueness of (%), note that due to (4.24), \(¥) is unique P ® (M(¥))-
a.e. Since M (%) is a local martingale, this implies the uniqueness up to M (%)-

equivalence. O

We are finally ready to formally define the map 12)1.



4 The general case 251

Definition 4.12. We define v, : (5o, 00) — L?

loc

(M;RJX(d1+dz)) « p(Rd1+d2) by

U1(3) = (€(7), A(%)), (4.27)

where £(7) and A(7) are given in Lemmas 4.6 and 4.11.

We now want to show an integrability condition on (£(%), A(5)), namely that
A7) s M%) = A7) * (£(7) » M) belongs to BMO. This follows by Lemma 4.9
together with the next (folklore) result which we state in a general form for later

use, where we bound the increments of (A(¥)+M (7)) by those of (N(%)).

Lemma 4.13. Let (S;)o<i<T be a continuous semimartingale of the form
t
St:SO+/d<M>S)\5+Mt, OStST,
0

where M is a local martingale and N\ € L% _(M). If there exists an equivalent
local martingale measure Q for S with continuous density process Z = E(N) for
some local martingale (Ny)o<i<T, then the local martingales M and N 4+ X+ M are

strongly orthogonal, and it holds for all 0 < s <t < T that
(e M), — (A= M), < (N, — (V). (4.28)

Proof. Because () is an equivalent local martingale measure for S, we obtain by

Girsanov’s theorem that
d<M,N>t:—d<M>tAt:—d<M,A'M>t, OStST

Hence we find (M, N + A+ M) = 0, which shows the strong orthogonality. We
thus have the orthogonal decomposition N = —\*M + (N + A+ M) which yields
for all 0 < s <t < T that

(A M)y = (A M)s + (N + A M)y — (N + A M), = (N)y — (N)s,

and this implies (4.28). O

The next step is to study the continuity of A\(7) in 4. For that, we consider the
semimartingale characteristics of M; see Jacod/Shiryaev |71, Definition I1.2.6].
Since M is a continuous local martingale, only the characteristic (CM)o<;<p given
by CM = (M), is nonzero. Define the predictable increasing process (I;)o<i<r

by I, = tr(M), for 0 < t < T. We may and do choose versions of CM and T
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such that P-a.s., we have for all 0 < s < t < T that CtM — CSM is symmetric
and positive semidefinite with tr (CM — CM) = I, — I,. Since ||C|lop < trC for
any symmetric positive semidefinite matrix C, where || - ||o, denotes the operator

norm on R%*4 we obtain
PllCcM —CM|lopy <L, — I, forall 0 < s < t <T] = 1. (4.29)

Hence there exists a Radon—Nikodym derivative for CM with respect to I, i.e., a
predictable process (c,fvj Jo<t<T With values in the set of d x d symmetric positive

semidefinite matrices such that

_ B t
CM = (M), = / Mdl,, 0<t<T. (4.30)
0
The choice of ¢M is unique P ® [-a.e. Moreover, we have
¢ B t _
/ dl, = I, = tr(M), = / (treMydl,, 0<t<T,
0 0

so that tr¢™ =1 P®I-a.e. Thus we may and do choose a version of ™ such that
Pltre™ =1 for all t € [0,T]] = 1. The process ¢V can be seen as a differential
characteristic of M with respect to I; see Eberlein/Kallsen [44, Section 4.4]. We
now show the continuity of the map 4 — A(y) (in the sense of (4.31) below)

under the assumption that M is P @ I-a.e. invertible.

Lemma 4.14. 1) Let 5 > 7o and suppose that &7 (3)eME(7) is P ® I-a.e. invert-
ible. Then \(¥') = A7) P® I-a.e. as ¥ — 7 and

lim (A7) (£(7) M) = A7)+ (£(7)*M)), =0 P-as. (4.31)

¥

2) If M is P® I-a.e. invertible, then €T (7)cM&(7) is P @ I-a.e. invertible for
all Y > Y.

Proof. 1) Since (M, Z°) < (M) < I, there exists an I-integrable predictable
7 70

process (ci” )o<y<r such that d(M, Z°) = MZ°dI. Thus (4.16) yields

d(M(5), 2°) = T ()7 dl
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as well as d(M (7)) = €7 (5)cM€E(5). By plugging into (4.12), we get

ft (7) M, Zod]t

dAt(’7> - /y ()"‘ZO )
t

0<t<T.

It thus follows from (4.26), (4.16) and the invertibility assumption that

T () J1,20
A7) = —(gT(ﬁ)cMé(ﬁ))_l% P ® I-a.e. (4.32)
Fix now 7 > 7. Note that by (4.24), we have (7)) — &(7) as 5/ — 7 for all
0 <t < T P-as. For any sequence of square matrices (C,),en that converge
to an invertible limit C, it holds that C — CT = C~! (see e.g. Stewart [114,
Equation (1.5)]), where C denotes the Moore—Penrose inverse of C,,; see Albert
[6, Chapter III] for the definition and basic properties. Hence it follows from

(4.32) and the invertibility of £7(7)cM&(7) that
AF) — A7) P®l-ae asy —7. (4.33)

Since Z° is a component of M so that (Z°) < I, there exists a predictable
process (¢ )o<i<r such that d(Z° = ¢Z’dI. Indeed, ¢Z° can be taken to be the
(d, d)-entry of ¢™. Now fix some 7, € (0,7) and recall N(7,) = Eﬁ * 7 (%) as
n (4.21). Then by applying the inequalities (4 3) and (4.28) (for the latter with
A= AAs), M = M) = M) * (€(3.) « M), and N = N(7,)), we obtain for
¥ >4, and 0 < s <t <T that

{(EGNGT)) M), = ((EGIANT)) * M) < (N(F2))e = (N(F))s-
Differentiating with respect to I and plugging in the dynamics (4.22) yields
_ CZO
0 <ATF)ETF)MEFINT) < 5 P®lae. (4.34)

(% =0 + 2°)2

for 4" > #,. Since we have

T Z0 70
7
/ - G =0 Qd[t§_<—>_T2<OOa
o (v =7+ 29) (% — o)
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it follows by (4.33), (4.34) and the dominated convergence theorem that

/0 N @EF) = AN @E @) (@ INF) = @A) — 0

P-a.s. as 4/ — 7; this shows (4.31).
2) Suppose that ¢M is invertible and hence positive definite, P ® I-a.e. Thus

on a set of full P ® I-measure, we have for all x € R%*% that

HMeHr=0 = 27 ¢HNMA)r=0 = {H)z=0,

and hence ker €7 (3)cVE(7) = ker€(5) P ® I-a.e. On the other hand, &(5) has
full rank for all 0 < t < T P-a.s. by Lemma 4.6. Since £(7) has dimensions
d x (dy + dy) with d > d; + da, it follows that

ker&T(7)eMe(7) = ker(7) = {0} P @ I-ae.
Since fT(ﬁ)ch("y) is a square matrix, it is thus invertible P ® I-a.e. O

In order to apply part 2) of Lemma 4.14, we henceforth assume that M s
invertible. This standing assumption will also be helpful later for showing the

continuity of 1;2; see Lemma 4.30 below.

Assumption 4.15. We suppose that {(w, ) : ¢M(w) is singular} is P ® I-null.

We can interpret Assumption 4.15 as a requirement that d(M) have full rank,
so that any integrand ¢ € L2 _(M) satisfies £« M = 0 if and only if ¢ = 0 P®I-a.e.
Like Assumption 4.2, this assumption is somewhat restrictive, and it remains an
open question whether our main results still hold if it is removed or relaxed. In
the case of a Brownian filtration, one can in principle ensure that Assumption 4.15
is satisfied by perturbing each component of M with an independent Brownian
motion. We note that due to the definition of M (see (4.4)), this assumption
depends only on the primitives. Assumption 4.15 (together with (4.18)) prevents
degenerate situations where the components of the martingale parts of the of S(¥)
become correlated for some value of ¥ > 7y, which can lead to a discontinuity as
in Example 4.5.

Under Assumptions 4.2 and 4.15, we have shown the continuity of the map
= (£(7), A(7)) in the sense of (4.17) and (4.31). We now want to translate our
results into more explicit statements on the range of continuity of ¥,. We first

define a set D(M) that contains the range of ¢ (as we show below), and will also
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serve as the domain for the map .

Definition 4.16. We define D(M) C L2 (M; R¥<(@+d2)) 5 P(RU+d) ag the set

loc

of pairs (£, ) such that ¢ has full rank P ® I-a.e., A € L2 (£+ M) and for some

loc

So € R, the process (Si(&, \))o<t<r defined by the (SC) decomposition

admits an equivalent local martingale measure Q = Q(&, \) that satisfies Ry(P).
For C' > 1, we also define the set D (M) of pairs (&, \) € D(M) such that there
exists at least one such measure Q(&, \) that satisfies Ry(P) with constant C' on

the right-hand side of (4.20).

By comparing (4.25) and (4.35), we obtain

S(7) = So(7) +S(£(9), A(%)). (4.36)

Thus up to the initial value Sy(7), (4.35) allows us to reconstruct the price process
Y1(7) = S(7) in terms of 1 (7) = (£(3),A(7)). We leave out So(7) in order to
simplify the notation and because a constant shift in the asset prices does not
affect the MVH and exMVH problems (2.14) and (2.15).

For later use, we show that any (£, \) € D(M) satisfies a BMO bound that
depends only on the constant in the inequality Ro(P) for Q(&, \); this is a folklore

result on the (SC) decomposition.

Lemma 4.17. For any (£,)\) € D(M), we have A+ (£+M) = (EX)* M € BMO.

Moreover, there exists an increasing function f : (0,00) — (0,00) such that

A (& M) smo < F(O), (4.37)

where C' is the constant on the right-hand side of the inequality Ro(P) (4.20) for
the density process Z (&, \) of Q(&,N).

Proof. Fix (£,\) € D(M) and write S = S(£,\); likewise for Q and Z. Let
(Nt)o<t<r be the stochastic logarithm of Z. Then Delbaen et al. [34, Lemma
4.2] gives that N belongs to BMO, and an inspection of its proof reveals that
IN||Bao is bounded by f(C) for some increasing function f : (0,00) — (0, 00).
By (4.28) with M = £+ M, the increments of (\+ (£« M)) are bounded by those
of N, and this yields (4.37). O
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We now collect our main results so far on the range and continuity of V.

Theorem 4.18. Suppose that Assumptions 2.1, 4.2 and 4.15 hold. Then the map
U1 satisfies the following properties:

1) The range of WUy is contained in D(M).

2) For any sequence (Y, )nen in (5o, 00) such that ¥, — Yoo > 7o, it holds that

(1) Pllimp o0 &(n) = & (o) for all0 <t < T] = 1.
(i) lmy oo (A () = (€(n) * M) = AMoo) * (6 (Vo) * M>>T =0 P-as.

3) For each 4. > 7o, the family {\(¥)* (£(¥) * M) : ¥ > 7.} is bounded in
BMO. Moreover, there exists a constant C = Cs, > 0 such that U (7) € D (M)
for all ¥ > #,.

Proof. 1) This follows since (%) has full rank by (4.18), Q(%) is an equivalent
local martingale measure for S(¥) with density process Z(5) due to Lemma 2.25,
and Z(7¥) satisfies Ry(P) by Lemma 4.9.
2) The assertions (i) and (ii) were shown in Lemmas 4.6 and 4.14, respectively.
3) For all ¥ > 7, and stopping times 7 taking values in [0,7], we have by
(4.28) with A = A\(§), M = £(7)*M and N = N(¥) and Lemma 4.9 that

E[(A()(€()* M))r — (A7) (£()* M)~ | F]
< EANM)r — (N(¥)7 | F]
< E(N@ ) — (NG | F] < INF)Ipwo - Pas.

and hence ||A(F) ¢ (£(¥) * M)||lsro < ||N(3x)l|Bmo- Lemma 4.9 also gives that
Q(7) satisfies Ry(P) with constant C5, for every ¥ > 4,. Together with part 1),
this yields ¢ (7) € D (M) for all 5 > 7, and completes the proof of 3). O

We conclude the study of ¢ by restating part 2) of Theorem 4.18 more pre-
cisely as the statement that 121 is continuous in an appropriate sense; for that pur-
pose, we first need to define a topology on D(M). We do this by inducing a met-
ric on D(M) via the function fp(y : D(M) — L2, (M; R +da)) 5 A2 (R +d2)

given by

By Lemma 4.17, A+ ({* M) € BMO C M? for (£,\) € D(M) so that fpy is
well defined.
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Definition 4.19. We endow the space L2 (M;R@Fd)xd) 5 AM2(RU+E2) with
the metric d’ defined by

o[ Jo QAllE — &l

1 + E[(M' — M*))Y?  (4.39)

d'((&, M), (&% M%) =

for (€1, M1), (€2, M?) € L2 _(M; R>(@td2)) s AM2(Ré+42) wwhere || - || denotes the
Frobenius norm on R¥>(@+4) We endow D(M) with the psendometric! dp)

induced by d' and fpip, i-e.,

dD(M) ((617 )‘1>7 <€2a )‘2)) = d/(fD(]V[) (51’ )‘1)a fD(M) (627 )‘2)) (440)

for (€1, A1), (€2,\2) € D(M), as well as the pseudometric topology on D(M) gen-
erated by the open balls

Br(fl’ /\1> = {(527 /\2) S D(M) : dD(M)((§17 /\1)7 (§27 /\2)) < T}

for r > 0 and (¢4, \') € D(M).

We note that d’ is indeed a metric, since it is a combination of the M?-norm
and the LO(P @ I)-metric on L2 _(M;R¥(@1+4)) where we include the factor
(Ir 4+ 1)7" to ensure finiteness. Thus it is clear by the construction that dp
is a pseudometric. In general, dp(y;) is not a true metric because fpip) is not

injective on D(M).

Remark 4.20. One could convert dpy;) into a true metric on the quotient space
of D(M) with respect to ¢ * M-equivalence, i.e., where (£}, A1) ~ (€2, \?) if and
only if £' =7 €% and A\' =¢1.57 A%, Indeed, the map induced by fp ) is injective
on that space, and we are only interested in A only up to &+ M-equivalence (see
Lemma 4.13).

Remark 4.21. Replacing M? and its associated norm in Definition 4.19 with
BMO and || - || pamo would result in a stronger topology on D(M). However, in
that case, the continuity of ¥; would not follow from part 2) of Theorem 4.18, even
with the uniform BMO bound given by part 3), as illustrated in the following

example.

Example 4.22. Let 7' = 2 and X be an unbounded (but finite) nonnegative

random variable that is Fj-measurable. Consider a Brownian motion (W;)o<<2

'We say that a map d: A x A — R, on a set A is a pseudometric if it satisfies all of the
axioms for a metric except positivity, i.e., there may exist « # y such that d(z,y) = 0.
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and the family of martingales (N"),en on [0, 2] defined by
NZL = ].{in}]_[l,g](t)(wt - W1)7 0 S t S 2.

Then E[(N")y] = P[X > n] — 0 as n — oo, so that N" — 0 in M? as n — oo.
On the other hand, we have

1 > ||[N"|Bmo = esssup E[(N")y — (N™)1 | F1] = esssup Lix>n} = 1,

ie., ||N"||gmo = 1 for each n € N. Thus the sequence (N"),en is bounded in
BMO, but N* 4 0in BMO as n — oc.

Now that we have defined a pseudometric and a topology on D(M), we can

restate parts 1) and 2) of Theorem 4.18 as follows.

Corollary 4.23. Suppose that Assumptions 2.1, 4.2 and 4.15 hold. Then the
map Uy : (5, 00) — D(M) is continuous.

Proof. By part 1) of Theorem 4.18, the range of ¢ is contained in D(M). To show
the continuity, consider a sequence (7, )nen in (Y, 00) such that ¥, — Y > Yo
We want to show that i (7n) converges to U1 (Jo0) with respect to dp(ir)- Recall
the definitions (4.38)-(4.40) of fp(up), d' and dp(yp), respectively. Thus we need
to show that fD(M)(zzl(%)) = (£(An), An* (€E(Am) * M) converges with respect to
d'. We start by considering the first component. Let 7, := inf,cny 7, > 70. Recall
that by part 2)(i) of Theorem 4.18, we have

P[ lim &(F,) = &(Fu0) for all 0 < t < T} ~1.

n—oo

Then by twice applying the dominated convergence theorem with respect to

fOT -dI and E|-] with majorant 1 in both cases, we obtain

E{ﬁ/{) (1A 16(7n) — gt(%o)u)dftl 50 asnooo.  (441)

For the second component, note that the family {A(y) < (&(5)* M) : ¥ > .} is
bounded in BMO by part 3) of Theorem 4.18. Hence by well-known results on
BMO martingales (see Corollary 6.8 below, which is based on results of Kazamaki
[81]), the set {(\(F)* (£(§)* M))r : 4 > 7.} is uniformly integrable. Thus the
bound (M — N) < 2(M) + 2(N) for local martingales M and N yields that

{OG)* (EFn) * M) = A(Foo) * (€(Fo) * M) ), - m € N}
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is also uniformly integrable. Recall that by part 2)(ii) of Theorem 4.18, we have

lim </\<5/n)' (f('_yn)'M) - /\<7<>0>' (g(f_YOO)'M)>T =0 P-as.

n—oo

so that taking expectations yields

Tim E[(A(Tn)* () * M) = A(0) * (§(Gec) * M) )] = 0.
In other words, we have \(,,)*(£(7,) M) M A Fso)* (E(Aso) * M) as n — co. By
combining this with (4.41), we obtain fpir (th (7)) % Foar (91()) as n — oo

- Ay ~ -
so that 1 (7,) = 91(9s0) as n — oo, and therefore 1, is continuous. O

4.2 Continuity of 122

In the following, we retain the standing Assumptions 2.1, 4.2 and 4.15 and
recall the processes M, I and ¢™ as well as the set D(M); see (4.4), (4.30) and
Definition 4.16. We are now ready to define the map 1), on D(M) and to study
its continuity. Fix (£,\) € D(M) as well as S = S(£,)) and Q = Q(£,)\) as
given by Definition 4.16. Then S satisfies Assumption 2.11 and as discussed in
Section 2.2, it follows that the MVH and exMVH problems (2.14) and (2.15)
for any H € L? with respect to S admit unique solutions. Thus we can define
0 =¢e%1;9), cx = c¢(ZF;8) and €2 = 2 (2F; S) for k = 1,..., K with respect to
S = S(& N) in the same way as in (2.46)—(2.48).

Definition 4.24. We define the map 5 : D(M) — (0,1] x (R x R, )¥ by

e ) = (2(155(6.0). (¢(255(E ), 24 (25506 0) )

) (4.42)

for (€,\) € D(M).

As explained at the beginning of the section (see Diagram 4.1), we have con-
structed the maps 1;1 and 1;2 with the goal of refactoring the original composition
g 0 1)1 as 1y 0 Y. Recall that by Definition 2.31, we have for 5 > ~o that

Py 011 (7) = (52(1;5(7)), (C(Ek;5(7)),€§X(Ek;5(v)))K ) (4.43)

k=1

We now show that the two compositions 15 0 1, and 1;2 ) 1/31 are indeed equal.

Lemma 4.25. We have 1/?2 o zﬁl = 1)y 0 .
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Proof. et 3 € (40, 00). Since 1(3) = (€(7), A7) (see (4.27)), 00 (3) is given
by the right-hand side of (4.42) with £ = (%) and A = A(¥). So it suffices to show
that €2(1;5(%)) = €2(1; S(£(7), AM(¥))), and likewise for the other components in
(4.42) and (4.43). By (4.36), the price processes S(7) and S(£(7), A(7)) differ only
by a constant shift Sy(5) which does not affect the MVH problems because they
depend only on stochastic integrals with respect to the price process. Therefore,

the constants on the right-hand side of (4.43) and (4.42) with (£,\) = ¢, (7) are
equal so that 1 o 11 () = 1 0 11 (¥) for all 7 > 7o. L

We now proceed to study the continuity of LZJQ with respect to the pseudometric
dy; given in Definition 4.19. More precisely, we claim that for each C' > 1, ¢y

is continuous on the set De(M) C D(M) which we recall from Definition 4.16.

This is the main theorem on 122 that we prove in this section.

Theorem 4.26. Suppose that Assumptions 2.1, 4.2 and 4.15 are satisfied. Then
Yo i D(M) = (0,1] x (R x Ry is continuous on De(M) for each C > 1.

The proof of Theorem 4.26 is postponed to the end of the section. Given
Theorem 4.26, we can already connect it with our previous results on 1;1 to show

the continuity of the composition s o ).

Corollary 4.27. Suppose that Assumptions 2.1, 4.2 and 4.15 are satisfied. Then
the map 152 e 1/;1 = )9 0 9y is continuous on (7o, 00).

Proof. We have 1y 0 9y = b5 0 11 by Lemma 4.25 and ¥ (%0, 00) — D(M)
is continuous by Corollary 4.23. By part 3) of Theorem 4.18, we have for every
J, > 7o that ¢y ((50,00)) € De(M) for some C' > 0. Since 1), is continuous on
De(M) by Theorem 4.26, it follows that v, o ¢y is continuous on [, 00), and
Y« > o is arbitrary. O]

Our goal is now to prove Theorem 4.26 by studying the dependence of the
MVH and exMVH problems (2.46) and (2.47) on £ and A. Instead of directly
considering the continuity of o, it is notationally more convenient to start by
studying the continuity in (£, \) (via the asset prices S = S(§,\)) of the generic
MVH problems (2.14) and (2.15) for a given payoff H. We can then apply these
findings to H = =* for each k € {1,...,K}.

To that end, let C' > 0, (£",\") — (£°°,A®) in Do(M) as n — oo and write
Sn = S(&", A") and Z" = Z(&", A"). We also write £, = €2(1; "), é, = ¢(H; S™)
and é2 = 2 (H;S"), where the accents are used to distinguish from the notation

for the K agents. We want to show that (£, ¢, €2) = (oo, éos, £2,). To achieve
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this, the main idea is to relate én, ¢, and éi to the initial values of the solutions to
a certain family of backward stochastic differential equations (BSDEs) and show
the convergence of the solutions by using a BSDE stability result given later in
Section 6. We do this via some results from the analysis of mean—variance hedging
via dynamic programming, for which we use Jeanblanc et al. [72| as a reference.
We define for ¢ € [0,T] and z; € L*(F;) the dynamic version of (2.14) as

e*(t, H — x4;S™) := ess infyeg, ,sm EI(H — ¢ — e SH)? | Fil, (4.44)

where O, 7(5") := {J € ©(5") : ¥1jpy = 0}. We note that the set of admissible
strategies considered in [72]| is ©(S™) (and O;r(S™), respectively); by Lemma
4.10, this coincides with ©(S™) because Definition 4.16 gives an ELMM Q" for
S™ that satisfies Ro(P). Thus the conditions of [72, Theorem 1.4 are satisfied
(see also the Remark before |72, Lemma 1.5]), and |72, Equation (1.6)] yields

E2(t, H — x4, 8™) = 22V, 2" — 22,7,V 4 v, Om (4.45)

for all 0 <t < T and z; € L*(F;), where Y@y and YOn are semimartin-
gales that do not depend on x;; moreover, Y@ also does not depend on H. To
see the relationship between Y@ and (¢,,¢,,£2), note that by the linearity of
the MVH problem (see Lemma II1.2.6), we have

e2(0,0 — 2;8") = 22%(0,0 — 1; S™) = 2%e2(0,1 — 0; S™) = 2%/,
for # € R. Since the Y in (4.45) do not depend on x, we obtain
0, =£%0,1—0;8") = Y2 (4.46)

Next, recall that ¢, = ¢(H; S™), where (¢(H;S™),0%(H;S™)) is the minimiser of
the exMVH problem (2.15) so that

én = argmin  inf E[(H —c—9+5})?].
ceR  Y€O(S™)
By (4.44), the infimum on the right-hand side is equal to (0, H —c; S™). Thus by
plugging in the right-hand side of (4.45) and minimising this quadratic function

over ¢ € R, we obtain

v g
by = =2 = 2 —, (4.47)
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Finally, we have by the definitions of €2 and ¢, that

2 =¢2 (H:S,) =inf inf E[(H—c—95})% =¢*0,H —¢,;5™)
c€ER Yco(Sn)

and hence (4.45) and (4.47) yield

OV Y(l),n 2 O -
&2 =y _ T ) : S _ Yiom g, (4.48)
YE)( )7"

Thus if V" — ¥ as n — oo for i = 0,1,2, we have by (4.46)—(4.48) that
(én, Cry €2) — (@00, Coos €2.) as n — oo. Therefore we want to study the processes
}7(")’", and we prove later in Proposition 4.32 that they converge as n — oo if H
is bounded as in Assumption 2.1.

In the following, we also assume that H is strictly positive and bounded
away from 0; we note that this additional assumption can be made without
loss of generality. That is because for any bounded payoff H, there exists some
constant b > 0 such that H := H + b is bounded away from 0. Then the
decomposition (4.45) for the hedging error associated with H can be converted
into a decomposition for the hedging error associated with H and vice versa.
Indeed, if we write Y )" (H) and Y " (H) for the processes given by |72, Equation
(1.6)] for H and H, respectively, we have by (4.45) that

VO 1) = VO (1) = v, 0<t<T, (4.49)
v () = v ) — by, 0<t<T, (4.50)
YO (H) = VO () = 20O (H) 4 Y, 0<t<T (4.51)

Therefore, we can work with the payoff H > 0, and the convergence of the
processes Y O (H) is equivalent to that of the processes Y@ (H).

In view of the discussion above, the next (and main) step in proving the
continuity of 1), is to show the convergence of the processes Y @O associated with
a strictly positive bounded payoff H. We now fix the setup for the remainder
of Section 4.2 until we return to the proof of Theorem 4.26. Namely, we fix
C > 1 and a sequence (", \") in Do(M) with (£, \") “oyn (€2°,X®) € De(M)
as n — 00, as well as a payoff H > 0 that is bounded above and below away from
0. Our goal is to show that the processes Y (i = 0,1,2) given by (4.44) and
(4.45) with respect to H and S™ := S(£", \") converge as n — oco. We start by

showing bounds on the sequence (£, \™) and the processes Y @m,
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Lemma 4.28. The sequence (A" (£"* M))nenuioo} 48 bounded in BMO.

Proof. By assumption, (", A\") € Do(M) for each n € NU{oc} so that S(£7, A7)
admits an ELMM Q(&™, A") that satisfies Ry(P) with a constant C' which is
independent of n. The result then follows by Lemma 4.17. [

Lemma 4.29. For alln € NU{oo} and 0 <t < T, we have the inequalities

0<C i<y <, (4.52)
0<C lessinf H< }Aft(l)’" < esssup H, (4.53)
0 < YO < esssup H2. (4.54)

Proof. Because each Q" satisfies Ry(P) with constant C, Jeanblanc et al. |72,
Lemmas 1.5 and 2.1] gives § < Y& < 1, where the explicit lower bound § = C!
is given at the end of the proof of [72, Lemma 2.1|. This shows (4.52). Moreover,
the remark after |72, Proposition 2.6] yields for each n € NU {oo} that

~

Yt(l),n _ f/t(Q),nEQ*m [H | ftL 0<t<T, (4.55)

where @Q*™ is the variance-optimal martingale measure (VOMM) for S™ (see
(2.38)). Since S™ = S(£", \") given by (4.35) is continuous, the VOMM is equival-
ent to P (as opposed to being a signed measure) by Delbaen/Schachermayer |36,
Theorem 1.3|. Since H is bounded above and below away from 0, (4.49) and (4.55)
yield (4.53). Finally, note that (4.45) with z, = 0 gives Y, = £2(¢, H; S") for
0 <t < T which immediately gives the lower bound in (4.54). The upper bound
then follows by plugging the (suboptimal) strategy © = 0 into the right-hand side
of (4.44) for (¢, H; S™). O

In order to show the convergence of the processes ?(i)’", we characterise them
as solutions to BSDEs. Fix some n € N, which we temporarily omit from the
notation for readability so that S = S", etc. Note that dS™ = d(M™)\" + dM™"
by (4.35), where M = M" := &"« M. Thus by [72 Theorem 3.1] (see also
Mania/Tevzadze [92, Theorem 4.1]), the processes Y@ satisfy the BSDEs

. 1 . A . ¢

AV = (VN 40 A (VN + ) + 3P dM, + dNP - (4.56)
t

dY;(l) e (Y )\t+wt(2))Td<M>t(Y;(1)/\t_'_wlgl))+¢£1)th+dNt(1)’ (457)
t

o 1 : 0 v
IV AR d(M) (VPN dM, + dN 4.58
1 = SN+ BT, (VN + ) + 0 dM, + dN (4.58)
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for 0 < t < T with terminal conditions ;2 = 1, ¥} = H and V" = H?,
where ¢(®) € L} (M) and N is a local martingale strongly orthogonal to M for
i =0,1,2. Note that N@ is continuous for i € {0,1,2} due to Assumption 4.2,
and hence so is Y, as pointed out in the remark before [72, Lemma 2.3|.

The equations (4.56)—(4.58) are partially coupled BSDEs where the solution
to (4.56) appears in (4.57) and (4.58), and the solution to (4.57) appears in (4.58).
Thus it makes sense to study the equations in this order. At a glance, we observe
that the driver (i.e., the drift term) of (4.56) grows quadratically with 1%2) and

depends on the exogenous stochastic parameter \. Although the term =5 could

<2)
in principle cause some issues, we know a priori that the process v 2)Ybounded
away from 0 due to (4.52); so this is not a concern. The next BSDE (4.57) is
linear in Y@ and 9@ with stochastic parameters A, Y® and ¢, of which the
latter two are determined by the solution to (4.56). Finally, (4.58) can be solved
explicitly by taking a conditional expectation, since the driver does not depend
at all on YO or ¢,

We leave (4.58) aside for the moment. In order to study the stability of (4.56)
and (4.57) in n € N, we transform the equations into a more amenable form.
The first step is to take a logarithm in order to remove the dependence of the
drivers on Y® and Y , respectively. Because Y@ and YO are strictly positive

by Lemma 4.29, we may define YY) = logY @) for i = 1,2, and Ito’s formula yields
v, dyoy,

Y( i) 2(%(@‘))2’
Plugging into (4.56) and (4.57) yields the BSDEs

ay, " = 0<t<T.

() Td(M) 3 + d(ND),

av? =\ + ¢§2))Td<M>t()\t + o) -

2
+ @AM, +dN®, 0<t<T, (4.59)
(1) TdM (1) +d N
d}/;(l) = (N +¢t(2))—rd<M>t()\t +w£1)) . (¢ ") d(M), . ( >
+oWan, +dND, 0<t<T, (4.60)

with YT(Z) =logl = 0 and YT(2) = log H, where ¢ := ¢® /Y@ e [2 (M) and
N® = o) « N@ is a local martingale orthogonal to M for i = 1, 2.

This change of variables makes it simpler to show the stability of (4.59) and
(4.60) in comparison to (4.56) and (4.57) since the drivers do not depend on Y.

We now reintroduce the superscript n, i.e., we write Y@ Y@ and so on, for
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the processes corresponding to (S™, ", A\"). We want to show Yo(i)’” — Yo(i)’oo
as n — oo for ¢ = 1,2. In comparison to classical results on quadratic BSDEs
such as those in Kobylanski [84], (4.59) and (4.60) present two main difficulties.
The first is that the exogenous coefficients A” are not bounded; instead, we have
by Lemma 4.28 that A\« M™ = X"+ ("« M) is a BMO-martingale. The issues
related to the stochastic coefficient are discussed and dealt with in Section 6,
where we show in Theorem 6.6 a stability result for a class of quadratic BSDEs
with a stochastic exogenous parameter satisfying a BMO condition. We later
use Theorem 6.6 to show the convergence of the processes y @m,

Before we proceed, we need to deal with the second main difficulty, which is
that the local martingales M™ := "+ M depend on n € N; recall that in (4.56)—
(4.60), we have written M instead of M" to alleviate the notation. This causes
difficulties because the orthogonality requirement N®n | Mm also depends on
n € N, which is nonstandard for BSDE stability results. Some results in this
direction were obtained recently in Papapantoleon et al. [100]|, but only under
the assumption of a Lipschitz bound on the driver, which does not hold for (4.59)
and (4.60). Our next step is thus to reexpress (4.59) and (4.60) in terms of
M rather than M". For i = 1,2, we have the Galtchouk-Kunita-Watanabe
decomposition for @« M™ 4 N in terms of M given by

P@me g  Nn = (Omy Ny 4 NG (4.61)

for some ()" € L2 (M) and a local martingale N which is strongly ortho-
gonal to M and thus also to M™ = &%« M. We recall that M and M take values
in R and R@+42)x1 regpectively, while the integrands €7, 9@ and (" take
values in RO (@+d2)  Rdi+d2)x1 and RIX1 respectively, so that equation (4.61) is
real-valued. In order to eliminate 1) from the drivers in (4.59) and (4.60), we
need to express )" in terms of (). Since both N and N are strongly
orthogonal to M, 1" is determined uniquely by ¢)" because (4.61) yields the

Galtchouk—Kunita—Watanabe decomposition
COMG T = p@nappn 4 NOm _ N@in

of ()7« M with respect to M". In the next result, we show how to find £%®"
explicitly via a predictable R>_yalued process (7")o<t<r that gives the ortho-
gonal projection onto the (random) range of M ¢ in R with respect to the metric
induced by ¢. In the following, we denote the Moore—Penrose inverse of a mat-
rix C' by CT (see Albert |6, Chapter I1I] for the definition and basic properties);
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it coincides with the usual inverse if C' is square and invertible.

Lemma 4.30. There exist for n € NU{oco} predictable processes (7} )o<t<r with
values in R such that each of the following statements holds P ® I-a.e.:

1) (7)TeM = Mg = (7)) TeMa™ for n € NU {c0}.

2) yT (7T Mary <y My for all y € R? and n € NU {o0}.
3) ¢rpn = 7n¢@n forn € NU{oo} and i = 1,2.

4) ™ — 1 as n — oo.

Proof. By Assumption 4.15, the predictable process (ci\z)ogtgp takes values in the
set of d x d symmetric positive definite matrices P® I-a.e. By Ando/van Hemmen
[11, Proposition 3.2], the map C + C'/2 is continuous and hence measurable
on the set of symmetric positive definite matrices (equipped with the Borel o-
algebra). Thus the process ((¢})'/?)o<i<r is predictable and takes values P ® I-
a.e. in the set of symmetric positive definite d x d matrices. Now fix n € NU{oco}
and recall from Definition 4.16 that & takes values in R?*(@+d2)  The map
C +— C~1 is continuous (and thus measurable) on the set of invertible matrices;
see e.g. Stewart [114, Equation (1.5)]. For a (possibly nonsquare) m x n matrix

A, the construction in Albert [6, Theorem 3.4] gives
AT =1lim(ATA +6%id) AT,
SN0

where id is the n x n identity matrix. Because the inversion map is measurable,
it follows that A — A' is measurable on the set of all m x n matrices. Hence we
can define the predictable process (((cM)Y/2¢/) o< with values in RZx(d1+d2)
as the Moore-Penrose inverse of (¢M)Y/2¢". Moreover, by |6, Corollary 3.5], the
orthogonal projection on the range of (¢M)/2¢" with respect to the Euclidean

metric is given P ® I-a.e. by the predictable process (7}]")o<i<r defined as
7= (Ve (M%) (4.62)
Finally, we construct the predictable process (77" )o<t<r by
T = (CM)—1/27~Tn(CM)1/2 _ gn((C]\;[)l/Zgn)T(Cl\Z)l/Q‘ (4.63)

It remains to check that (7"),enufoc} satisfies conditions 1)-4).
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1) The first equality follows since P ® [-a.e.,

(W")TCMZ(CM)I/Qﬁ"(c )M = (M) R (MY =

Man — CM(CM)—1/27~Tn(CM)1/2

Ql

As 7™ is a projection, 77" = 7" P ® [-a.e., and hence we also have

(ﬂ_n)TC]V[ﬂ_n:(C]V[)I/Qﬁ_n(C ) 1/2 M(C ) 1/2~ n(cM)l/Q

= (M) P (M2 =g, P® I-ae.

2) Since 7" is by construction P® I-a.e. an orthogonal projection with respect
to the Euclidean metric, we have 2"z > 27"« for all z € R? P @ I-a.e. Setting
z = (¢™)Y2y then yields that P ® I-a.e., we have for all y € R¢

n V] n ~Nn Y T~n Y ~n Y.
yT(ﬂ )TCMﬂ' y=y' a'y = ((CM)l/Zy) T ((cM)l/Qy) =z'7r<z'z=y My

3) Since N@m and N are strongly orthogonal to M™, taking the quadratic
covariation of (4.61) with M"™ = "« M yields

(gn,w(z),n)—rcl\zé-n — (C(i),n)TcMé-n P® I-a.e.
By taking differences, it follows that the predictable process (d})o<;<r defined by
d" — (CM)1/2(€n¢(i),n N C(i),n)

satisfies (d")T(cM)/2¢" = 0 P ® I-a.e. Since 7" is the Buclidean projection on
the range of (¢M)'/2€", we thus have 7"d" = 0, i.e.,

ﬁ_n(cM)l/ZC(i),n _ ﬁn(cM)l/anw(i),n P® I-ae.

As (¢M)1/2gm)(D helongs to the range of (¢M)/2¢" it is by (4.62) invariant under
7", and hence we may omit 7™ from the right-hand side. Expressing 7" by (4.63)

in terms of 7" on the left-hand side then yields
(CN[)I/Qan(i)’n — (CM)1/2€n¢(i),n P® I-a.e.

The result follows immediately by the invertibility of (¢)'/2,
4) By assumption, " — £ P® [-a.e. as n — oo. Moreover, by the definition
of D(M), each £" has P®I-a.e. full rank d; +ds, and so does (¢M)Y/2¢" as (¢M)1/2
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is invertible. Hence by Stewart [114, Theorem 4.3|, we have

lim ((CM)I/%”)T = ((0]91)1/25"0)T P ® I-a.e.

n—oo

Thus (4.62) and (4.63) yield 7 — 7> and 7" — 7 P ® [-a.e. as n — oco. [

Now that we have defined the processes (7"),en, we can return to (4.59), (4.60)
and the orthogonal decomposition (4.61). The latter allows us to replace the local
martingale parts in (4.59) and (4.60), and we can use the identity M" = "« M
together with part 3) of Lemma 4.30 to reexpress the first term on the right-hand
side of (4.59) and (4.60) in terms of ()™ and M. For the second term in (4.59)
and (4.60), taking the quadratic variation of (4.61) yields

(W Td(M™) " ANO™Y, = (D e M NOm),
= d<<(l)’n'M + N(l)7n>t
= (¢P™MTA(MY () + AN,

for 0 <t <T. Inserting these into (4.59) and (4.60) yields the BSDEs

2), 2
dy(Q):” _ S\n n~(2),7\T M S\n n~(2)ny ( t( ) )TCMCt ) dl
t = <t+7TtCt )ct<t+7TtCt ) 9 t

d N(2)7n n v n
_ AN, + (B, + AN, 0<t < T, (4.64)

2
ey,

v = (G mt ()T 5 4 a0 -

d N(l)’n BTy n
- % + WAt +dNO" 0<t< T, (4.65)
with Y(2 =logl = 0 and Y = log H, where N@™ 1 M and \* := £"\™.

We write (4.64) and (4.65) in the form

e T (e X”)dlt — od(N®™), + (" dN, + N, (4.66)
W= g (PN AL — o d (N, + (PN 4 AN (4.67)

for 0 <t < T, where we define o = % and f@m:Q x[0,T] x RY x RY — R and
FO Q% [0,T] x R x R x R — R as the predictable functions given by

GG [Cz

FM (6 ) = At mie) T (4 i) = 2 (4.68)
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_ T .M

(6,60 = Bt m )T G mp) - LD (469
for 0 < ¢t < T and (,G,\ € R?. Our goal is now to show the stability of the
BSDEs (4.66) and (4.67), i.e., to show that Y®" — Y0 in a suitable sense as
n — oo for ¢ = 1, 2; at the end, we return to i = 0.

We start with some observations about (4.66) and (4.67). Thanks to our trans-
formations, we have obtained two relatively standard quadratic BSDEs where the
drivers f@)" grow quadratically in ()" and do not depend on Y@, However,
as mentioned after (4.59) and (4.60), the stochastic coefficients \ = £"\" are
not bounded. Instead, N« (€%« M) = X"+ M is a BMO martingale by Lemma
4.28. This is the key condition that allows us to show the stability of (4.66)
despite the unboundedness of the stochastic coefficient. We show below that
¢@n e M also belongs to BMO, as is typically true of solutions to quadratic
BSDEs. Thus there is a certain symmetry in that the exogenous coefficient Am
and the endogenous coefficients () all satisfy the same condition y+*M € BMO
for x € {A\",¢@n ¢} This is particularly relevant for (2" which is both en-
dogenous for (4.66) and exogenous for (4.67).

The BMO properties allow us to establish in Theorem 6.6 a stability result
for quadratic BSDEs of this form, as well as an a priori bound in Proposition 6.2.
We postpone further discussion of BSDEs of this type to Section 6 and now de-
duce the stability of (4.66) and (4.67) by checking the conditions of Theorem 6.6,
which we state below for the convenience of the reader. In the following, we write
z|c i= (z7Cx)/? and ||Al|c := tr(ATCA)/2 for € R?, A € R and symmet-
ric positive semidefinite C' € Rxd, Denoting the rows of A by z1,...,2,, € ]RJ“,

we have by elementary linear algebra that ATCA = (z] Cz;)7_, and hence

JA|Ig = tr(ATCA) = |zil2. (4.70)

i=1

Theorem 6.6. Suppose that (Y"),enufoo} 5 a sequence of continuous semi-

martingales on [0,T] such that Y™ for n € NU {oco} satisfies the equation

AY;' =[G )AL = 0d(N")y 4+ G, + dN', 0<E<T,  (6.14)
Y =G",

where N™ is a continuous local martingale orthogonal to M, " € L3 (M;R™™)

and (" € L2 (M; Rd_) are predictable integrands, (0;)o<i<T S a bounded predictable

loc
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process, G* € L™(Fr) and f* : Q x [0,T] x R x R*™ — R is a predictable
function. Suppose that the following conditions hold:

(a) Cy = SUPyeNU{oo} | SUP¢e(o,1) Y lloo < 00.
(b) The processes X"+ M are BMO martingales for each n € NU {oo} with

sup ||x"*M||pro < oo.
neNU{oo}

Moreover, tr {(x" — x>®)* M)z L0 asn— .
(c) For some Cy, Ly > 0, the functions f" satisfy P ® I-a.e. for alln € N
and Ty, Ty € RY x R&*m = RIX(m+D) yhe hoynds

f(20)] < Crllza )P, (6.7)
|f"(Z1) = f*(Z2)| < Ly(l|21 — 2ol i) (|21 || car + | Z2]] oo )- (6.8)

(d) For any z € R? and & € R™™, it holds that

lim f"(z,z) = f*(z,2) P® I-a.e.
n—0o0
(e) G" 5 G asn — .
Then the families of martingales (¢"* M )nenuioo} and (N™)nenufoo} are bounded
m BMO, and it holds as n — oo that

sup [V — Y| =50, (6.15)
te[0,7
("= ¢®) e M)p + (N = N®)p — 0. (6.16)

We now show how to use Theorem 6.6 together with our previous results to
deduce the convergence of the processes Y. We also obtain a uniform bound
on the BMO-norms of the martingale parts of Y ®™ and Y ()-»; this will be useful
later to show the convergence of Yy,

In the following, we recall the setup that we have introduced so far: as men-

tioned after (4.51), we fix some C' > 1 and a sequence (£, A\") in Da(M) (see
Definition 4.19) such that (67, A") "2 (62, x*) € D (M). We then define the
processes Y@ by (4.45) and YO = log VD" as well as A" := £"\" and the
coefficients ()" and N via the BSDEs (4.64) and (4.65).
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Theorem 4.31. We have as n — oo that (A" — X))« M)y 50 and

sup [V, — v Ly 0, (4.71)
te[0,7)
(O = (D)D) 4 (NO = NO=)7 0, (4.72)

for i = 2, and the sequences (N * M)pen, (CP7 ¢ M)peny and (N®™), oy are
bounded in BMO. If H is a bounded payoff with essinf H > 0, then (4.71) and
(4.72) also hold as n — oo for i = 1, and the sequences ((W™ ¢ M),cn and
(N are bounded in BMO.

Proof. 1) We start by considering Y ®" which does not depend on H as noted
after (4.45). The BSDE (4.66) is of the form (6.14) with " := A" and G™ := 0.
By (4.52), we have —logC' < Y, < 0 for all t € [0,T] and n € NU {o0} so
that condition (a) of Theorem 6.6 is satisfied. By Lemma 4.28, (S‘R.M)nENU{oo}
is bounded in BMO because A" = £"\". Then because (£, A") = (€°,A%°) in
D(M), we have " — £ P®I-a.e. and (X" —\®)+ M M0 asn — oo. The latter
convergence yields (A" —X\)+ M) — 0 P-a.s. so that condition (b) in Theorem
6.6 is satisfied. Condition (e) also holds because G" = 0 for all n € N U {oo}.

Next, we show that the sequence of predictable functions (f(Q)’")neNu{oo} sat-
isfies conditions (c) and (d) in Theorem 6.6. By part 4) of Lemma 4.30, 7" — 7>
P-a.e. so that plugging into (4.68) yields (d). It remains to show (c). By (4.68),
the triangle inequality and part 2) of Lemma 4.30, we have the bound

S 1 - 5
£ORE ) < Rt ¢+ 10Pa < 23 +SIRe P Tae

for all (,\ € R? and n € N U {co}, which is of the form (6.7) by (4.70). In the
following, we use for two variables z, 2’ the notation z, := v — 2" and z, := z+ 2.

The Cauchy-Schwarz inequality =7 ¢z’ < |z|m|2’| = and the identity

2T My — () My = (z— ) T Ma+2) =) M, x2 €RY
together with part 2) of Lemma 4.30, give P ® I-a.e. for ¢, (, A\, N € R? that
[FEMEA) = FEE N < A+ 7 Cal g [N + 7o + %\cdlcm |Gl ot
< (Pl + Galom (Rl + [Golr) + 5 ol

3 . -
< 5 (Aalewr + IGalenn ) ([Aslear + [Glexr)-



272 1V Equilibrium under general mean—variance preferences

This is a bound of the form (6.8), and hence condition (c¢) in Theorem 6.6 is
satisfied. So all the conditions of Theorem 6.6 are satisfied by (4.66), and therefore
(4.71) holds for i = 2, and ((?"+ M),y and (N®™), oy are bounded in BMO.

2) Suppose now that H > 0 is bounded above and away from 0. We likewise
check for Y™ that the conditions of Theorem 6.6 are satisfied by (4.67) with
X" = (C@" X") and G" := log H. Condition (a) is satisfied due to the uniform
bound (4.53) on Y () which yields a uniform bound on the logarithms Y ()", We
have already checked that condition (b) is satisfied by the component (A" M) pen,
and it is also satisfied by ((®" e« M), ey by step 1). Condition (e) holds because
G™ = log H for all n € N, and condition (d) once again follows immediately
because 7" — 7w by part 4) of Lemma 4.30. To show condition (c), note that
by part 2) of Lemma 4.30 and (4.69), we have the bound

5 < < 1
|f(1)’n(C1> G, A)| S A+ TGl [N+ 7"l + 51G 2
2 c
1/ ~ -~
< 5 (l)\ + 7TnC2 zM + |)\ + 7Tn61 gM + |C1 3M>
< 3
<2\ + 5\@ 20 TGPy Pol-ae.

for (1, (2, A € R?, which has the form (6.8). We also have for ¢y, (o, (1, ¢, AN eRE
that

A +7"C) T M+ 7)) — N+ 7)) "M N+ 7¢h)
= (5\d + 7TnC27d)TCM(/~\ +7"¢p) + (5\’ + ané)TCM(j\d +7"Ca) P®I-ae.

Combining this with part 2) of Lemma 4.30 and (4.69) yields that

|FO™(C, G A) = O G N

< P+ 7 Gl A+ 7t + R+ 7ol |V 7 4+ [l Gl

2

< (Palewr + [Gulen + [Gaalen) (Ao + N o + Gl + [Gale) + 5

holds P ® I-a.e, and this is a bound of the form (6.8). So all the conditions of
Theorem 6.6 are satisfied by (4.66), and therefore (4.71) holds for i = 1 as well,
and ((Wme M), cn and (N7, oy are bounded in BMO. O

We are now ready to show the convergence of the original processes y @mn
for ¢« = 0,1,2. This follows directly from Theorem 4.31 for + = 1,2 because
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Y@ — exp(Y®"). In the case i = 0, some work is still required to show the
stability of the BSDE for }A/(O)’", where we likewise add the superscript n to each
of the processes on the right-hand side of (4.58) to obtain

o _ A+ GO T (A 4 90

7(0)m n \7(0),n
ay, 7o + O dM + dN
(4.73)
with terminal condition ¥,”"" = H? for each n. Note that the drift term in (4.73)

does not depend on Y©On op vﬁ(o)’”, and hence one could solve (4.73) explicitly.
Nevertheless, it is convenient to once again use Theorem 6.6 to show the stability
of (4.73), since that avoids some of the work otherwise needed to obtain suitable
bounds for Y (©:n (which would mimic parts of the proof of Theorem 6.6).

Since the driver of the equation (4.73) does not explicitly depend on the solu-
tion Y (" (unlike (4.56) and (4.57)), we do not need to a take a logarithm as for
Y@ and YO, On the other hand, we again have the issue that the martingale
driver M™ = ¢"« M depends on n. As in (4.61), we have the Galtchouk—Kunita—

Watanabe decomposition

7ﬂ((]),n.]\4'n + N(O),n — C(O)vnoM + N(O)’n (474)

for some (V" € L2 (M) and a local martingale N(© strongly orthogonal to M.
Plugging in A" = £"A\" (see after (4.65)), (Mm = YOnyp(n (see after (4.60))
and ¢ = 77¢(Mm due to part 3) of Lemma 4.30, we can thus rewrite (4.73)

in the form
ay, O = fOn O xmyar, 4+ (COman, + dN©O", 0<t < T, (4.75)

with YT(O)’" = H2, where fOn . Q x [0,T] x R? x R? — R is the predictable
function defined by

~ o-(1),my2 5\ n T .M 5\ n
R (4.76)
t

for 0 <t < T and ¢, A € R% Since (4.75) is in the form (6.6), we can apply
Theorem 6.6 to show its stability. Because we consider the original processes

Y@ and not their logarithms Y@ we can now remove the assumption that
H > 0 as explained in (4.49)—(4.51).

Proposition 4.32. Let C > 1. For any sequence (", \") in Dc(M) such that
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dD(M) — .
(€™ A") = (€2°,A°) € Da(M), it holds that

sup [V — vl L0 gsn— oo (4.77)
te[0,T)

fori=2asn — co. If H is a bounded payoff, then (4.77) also holds for i =0, 1.

Proof. The statement for ¢ = 2 follows immediately from Theorem 4.31 since
Y@ = exp(Y@ ") and the exponential is continuous. Now let H be bounded;
by the argument in (4.49)—(4.51), we may assume without loss of generality that
essinf H > 0. Then (4.77) for ¢ = 1 likewise follows immediately from Theorem
4.31. We now consider Y@, The BSDE (4.75) is of the form (6.14) (where f(©)»
does not depend on ¢(©'", so we omit that argument) with x" := (V™ 5\"), 0=0
and G" := H? for each n. Thus condition (e) of Theorem 6.6 is trivially satisfied.
By the bounds in (4.54), condition (a) of Theorem 6.6 is also satisfied, and so is
condition (b) due to Theorem 4.31.

It remains to show that the predictable functions (f©"),cnui0o; defined by
(4.76) satisfy conditions (c) and (d) in Theorem 6.6. Condition (d) follows imme-
diately from part 4) of Lemma 4.30 together with (4.77), which we already showed
for i = 1,2. Next, recall that by (4.52) and (4.53), we have Y®" > O~ and
[YWn| < esssup H for all n € NU {oo}. Thus by (4.76), the triangle inequality
and part 2) of Lemma 4.30, we have with a := C esssup H? that

[FOMC N < ald+ 7l < 2a|A% + 20l P T-ace.
for all ¢, A € R? and n € NU {oo}, which is a bound of the form (6.7) by (4.70).
We write once again r4 = ¢ — 2’ and x, = x + x’ for variables z,2’. By the
Cauchy-Schwarz inequality for |- | ., the identity x "Mz — (2 )TCM = xchxs
and part 2) of Lemma 4.30, we have P ® I-a.e. for ¢, ', \, N € RY that

|FOm(CA) = FOMN)| < alha + 7 Cal o [ As + 7 o
< a(|Xal st + 1Cal o) (sl oar + [Cslor)-

This is a bound of the form (6.8), and hence condition (c¢) in Theorem 6.6 is

satisfied. So (4.75) satisfies all the conditions of Theorem 6.6, and therefore
(4.77) holds for i = 0. O

We are finally ready to complete the proof of Theorem 4.26, which states that

1;2 is continuous. This now follows straightforwardly from Proposition 4.32.
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Proof of Theorem 4.26. Let C' > 0. Since the topology of Do(M) is generated
by a pseudometric dp(y;), we have by Arkhangel’skii/Pontryagin [12, Proposition
[.2.9 and Definitions 1.1.9, 1.2.4] that the space Do (M) is sequential, and hence
by [12, Proposition 1.3.3], it suffices to check that 1;2 is sequentially continuous.

Suppose that (€7, A") — (£°,1®) in Do(M) and define S™ := S(£",\") by
(4.35) with S? = 0. By Assumption 2.1, ZF is bounded for each k € {1,..., K}.
Denote by Y% the process Y given by (4.45) for the payoff Z¥. Then by
Proposition 4.32, %(i)’n’k — ffo(i)’oo’k pointwise as n — oo, since we assumed at
the beginning of Section 2 that Fy is P-trivial. It follows by (4.46)—(4.48) that
e2(1; ™) — €2(1;5%), ¢(=EF; S") — ¢(ZF; 5%) and €2, (ZF; S™) — €2, (Z¥;5%) as
n — oo for each k = 1,..., K. Thus (£, ") — o (£°, A%°) by the definition

(4.42) so that v, is sequentially continuous and hence continuous on Dg(M). [

4.3 Existence of a mean—variance equilibrium

We are finally ready to state and prove sufficient conditions for the existence
of a mean—variance equilibrium in the sense of Definition 2.6 for general mean—
variance utility functions Uy. In addition to our previous results on ¢y and s,
we also use the continuity of the map 3. Under Assumption 2.19, the latter is
ensured by Proposition 2.17, the proof of which is postponed to Section 5. We
also recall Assumption 2.29 which excludes the trivial case (5) = 1 for all ¥ > 7,
that was already considered in Corollary 2.28.

As outlined at the beginning of the section, we can now combine these results
to show the existence of an equilibrium. We note that the bounds in (4.78) below
can be seen as the analogue of (3.9) for the linear case since \Pn = \ax = )\,
for mean-variance utility functions Uy of the linear form (3.1). In the following,
recall Definition 2.31 of the maps ¥y, 15, 93,1, and ¥, as well as Definitions 4.12
and 4.24 of ¢ and v, respectively.

Theorem 4.33. Suppose that Assumptions 2.1, 2.19, 2.29, 4.2 and 4.15 hold
and define the constants yo > 41 by

K K
Fi=Ep[E]+ Y AP 5y = Ep[E] + > A (4.78)

k=1 k=1
Then any fized point of W : (59,00) — R is contained in the interval [y, %2).

Moreover, if 31 > 7o, then VU admits a fived point 7 € [F1,72] and (1,5(%)) is a

mean—variance equilibrium market.
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Proof. We want to find a fixed point of W = 1, 0 13 01y 01y 1 (F0,00) — R,
where 7, = esssupZ; see (2.35). By Assumption 2.19 and Proposition 2.17,

each map gy, is well defined and continuous on (0,1) x R x R, and hence
P3:(0,1) x (R x Ry)E — RE given by

Vs (€, (crne)i)) = (cn + G (bocm )0

is also well defined and continuous, and so is ¥4 : RX — R, (1), — S8 .

Moreover, under Assumptions 2.1, 4.2 and 4.15, we have by Corollary 4.27 that
Wy 0 by =y 01y ¢ (Fo,00) — (0,1] x (R x Ry)K — R¥

is continuous as well. Due to Assumption 2.29 and Lemma 2.27, we have () # 1
for ¥ > 79, where £(3) = ¢(S(%)) is the first component of 15 0 1;(¥). Thus the
range of 1, 01y is contained in (0,1) x (R x R, )% — R¥ which is the domain of
3. Therefore, the composition ¥ : (7, 00) — R is well defined and continuous.

We next show some bounds on the range of the composition. Fix some arbit-
rary (¢, (cr,e2)5,) € (0,1) x (R x R, )% — R and let

(’Ylv s a’yK) = 3(67 (Ck7 5%)]5:1)-

Then by Assumption 2.19 and Proposition 2.17, we have

min . \max
Ck + ]z S Ve = Ck + yUk(£7 Ckagi) S Cr + kg

for k € {1,..., K}. Summing over k yields with ¢ := > | ¢, that

K )\min K \max
e+ ’2 <> w<et >y ’2 .

Since Y4y vk = (Y4 0 Ps) (L, (e, €1)A,), we thus have

K ; K
)\1’1’111’1 )\max
e+ e < Waows) (b (e i) et Y (4.79)
k=1

k=1

for all (4, (cx,e2)K)) € (0,1) x (R x R,)® — RE. For 4 > 7, we set

(60 () 2y ) = (a0 w)(3).
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Then by Proposition 3.3, we have

[1]1

SN - 74— Ep[E]
c(y) = ;%(7) =7- W

By plugging into (4.79) and recalling that ¥ = )4 0 )3 0 1)5 0 1)1, we obtain

= - K min
5 - 7 — Ep[E] __Zk=1 AL <V
460,

Then if 4 is a fixed point of ¥, we must have

= = K max
¥ — Ep[=] — Zk:l Ak '

) <7- )

(4.80)

K K
¥ - EplE] = YA <0<y - EplE] - Y Amn,
k=1 k=1

which implies that 7 € [71,72] by the definition (4.78). To show the existence
statement, suppose that 7, > 7, > 49. We have the inequalities W(%;) > ¥
and ¥(92) < 7, by plugging (4.78) into the left and right bounds in (4.80),
respectively. Therefore, the function 4 — W (%) — 4 is continuous and changes
sign between 7; and 7. By the intermediate value theorem, there exists some
¥ € [, 72] such that U(5)—5 = 0, i.e., 7 is a fixed point of U. Therefore (1, 5(%))

is a mean—variance equilibrium market by Theorem 2.32. O]

The following two sections complete the proof of Theorem 4.33 by showing the
results so far given without proof. Namely, it still remains to prove Proposition
2.17, which is related to the continuity of ¢35, as well as the BSDE results in
Theorem 6.6 that was used to obtain the continuity of 122. Both of these topics
are studied in abstract settings, since they have some independent interest beyond
their role in proving Theorem 4.33. So that there are no circular arguments, those

results are proven without using any of the results from the previous sections.

5 An abstract mean—variance problem

The main goal of this section is to study the abstract mean—variance optimisation
problem defined in (2.28), which reads

Ule+ (1= 0y, v/ + (1 —€)y*) — max! (5.1)

y>0
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for a mean—variance utility function U and constants (¢,c,e?) € (0,1) x R x R.
We refer to Section 2 for a financial interpretation of this problem. In particular,

we want to prove Proposition 2.17 which we now recall.

Proposition 2.17. Let U be a mean—variance utility function. Suppose that there

exist constants \™" \ € (0, 00) such that

)\Zax < Spy(p,o0) < % for all (u,0) € R x R, (2.30)
Then there exists a continuous map Gy : (0,1)xRxR, — R such that §y (¢, c,?)
is the unique solution to (5.1) for each (¢,c,e*) € (0,1)xRxR, — R,. Moreover,
the map Yy satisfies the bounds

)\min max

7 < Ju(l,c,e?) < for all (¢,c,€%) € (0,1) x R x R,. (2.31)

On the way to proving Proposition 2.17, we show some basic properties of
general mean—variance utility functions U and study the existence and uniqueness
of solutions to (5.1) for a fixed parameter 6 := (¢, c,?). The next step is to study
the subset of parameters 6 € (0,1) x R x R, such that a unique solution exists,
and to show that it depends continuously on 6. We then prove the bounds (2.31)
on the solution to (5.1), and this yields Proposition 2.17 (see after Lemma 5.6
below). Finally, we discuss how these results may be applied to the equilibrium
problem of Section 2 under weaker assumptions, i.e., in the absence of the bounds
(2.30) on the mean—variance utility functions of the agents.

We note that some of our results in this section are well known /folklore in the
economics literature. In particular, condition (¢) in Theorem 5.3 below, which
is equivalent to the existence and uniqueness of solutions to (5.1), is already
given in Koch-Medina/Wenzelburger [85, Proposition 1]. We nevertheless give
full proofs of these results in order to keep this section self-contained. This also
yields auxiliary results that are helpful for proving our results on the continuity
of the solution map 6 — gy (0); the latter (starting from Proposition 5.5 below)
are new to the best of our knowledge.

We begin by recalling some notions related to mean—variance utility functions,
with the same notation as in [85]; note that we always write R = [0, 00). Recall
that by Definition 2.5, U : R xR, — R is a mean-variance utility function if it is
strictly quasiconcave, strictly increasing in the first variable, strictly decreasing
in the second variable, twice continuously differentiable and nondegenerate in
the sense that |VU(u,0)] > 0 for all 4 € R and ¢ > 0. As introduced before
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Proposition 2.17, the indifference curve through (u,0) € R x R, is given by
IU(:U70-> = {(ﬂ75) €eRx R—i— : U(ﬂua-) = U(M7U)}v

and the slope of Zy(u, o) is given by the function Sy : R x Ry — R, where

aﬁU(”v U)

S0l 0) = =3 Tlw o)

(5.2)
This is the usual notion of the slope of Zy(u, o) when it is viewed on a plane
with o on the horizontal and p on the vertical axis. We show below that 0,U
is strictly positive so that Sy is well defined and nonnegative on R x R,. On
the other hand, 0,U can take the value 0 at ¢ = 0; indeed, this must hold for
mean—variance utility functions that satisfy the bound on the right-hand side of
2

2.30) including linear ones (2.9) of the form U(u, o) = u— Lo
g 1, o) = p

550+ Finally, we also

define the limiting slope of Zy(u, o) by

o1, @) = sup {Su (i, &) : (1,5) € Tu(,0)}. (5.3)

The following technical result gives a characterisation of the indifference curves

associated with a mean—variance utility function.

Lemma 5.1. Let U : R x R, — R be a mean-variance utility function. The
following statements hold:

1) 0,U(p,0) > 0 for all (n,0) € R x R,. Hence Sy is well defined and
nonnegative.

2) For each pp € R, there exist o*(po) € (0,00] and f,, : [0,0%(10)) — R
such that the indifference curve through (p9,0) is given by

Zu(10,0) = { (fuo(0),0) 1 0 € [0,0%(10)) }- (5.4)

Moreover, f,, is strictly convez, strictly increasing, twice continuously differenti-
able and satisfies f,,(0) = po and fu (o) /o0 as o /7 o*(uo).

3) Every indifference curve for U has the form (5.4) for some py € R.

4) Su(fuo(o),0) = [ (o) for each po € R and o € [0,0%(uo)). As a con-
sequence, Sy(p,0) >0 for all u € R and o € Ry \ {0}.

5) For i > po, it holds that o*(pn) < o*(u2) and fu, (o) > fu,(o) for all
o€ 10,0 (u1)).

6) The map p — puy(p,0) = limg qo- () f),(0) takes strictly positive values,
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18 nondecreasing and left-continuous. If U is concave, then the map is constant,

i.e., pu(p, o) = py for some py € (0,00] and all (p,0) € R x R,

Proof. 1) Fix (u,0) € R x R, and some arbitrary p/ > p. Because U is strictly
increasing in p, we have U(y/,0) > U(p,0). By continuity of U, there exists
some small § > 0 such that U(y',0 +d) > U(p, o). On the other hand, we have
U(p,0 +9) < U(p,0) since U is strictly decreasing in 0. Thus, we have the
bounds

Ulp,o+0) <U(p,0) <U(W,o+9).

The intermediate value theorem yields i € (p, i) such that U(fi, 04+96) = U(u, o).

By the quasiconcavity of U, we have
UM+ (1= XNp,0+A8) > U(p, o)
for all A € [0,1]. Differentiating with respect to A at A = 0, we obtain
(72— p)0.U(p,0) +69,U(p, o) = 0. (5.5)

Note that 9,U > 0 and 9,U < 0 by the monotonicity properties of U. From
the nondegeneracy assumption, we know that 9,U(p, o) and 0,U(u, o) cannot
both be zero. Hence if 0,U(p, o) = 0, then we must have 0,U(p1, o) < 0, which
together with § > 0 contradicts (5.5). Therefore, we must have 9,U(u, o) > 0 so
that Sy is well defined and nonnegative on R x R,..

2) As U is twice continuously differentiable, it follows that Sy is continuously
differentiable and in particular locally Lipschitz. Thus we can find a unique local

solution f,, to the ordinary differential equation

1o (0) = SU(fMO(U),U), oc>0,

(5.6)
f#o (0> = Mo-

This gives a continuous solution f,, on a a maximal domain [0, 0" (o)), where
* (o) € (0, 00]. Since Sy is nonnegative, f,, is increasing. Hence if 0* () < o0,
we must have lim, so+(u0) fuo(0) = 00; otherwise, f,, could be extended continu-
ously to [0,0%(uo)] and then to a larger open interval [0, 5) as a solution to (5.6),

contradicting the maximality of o*(1yp).
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To show (5.4), we first note that (5.6) and the definition of Sy yield

%U@CMO(U)#T) = f;o(a)auU(fuo(U)»U) + aaU(fuo(U)aU)
= S(fu(0),0)0.U (fuo(0),0) + 05U (fup(0),0) =0 (5.7)

for o € [0, 0% (119)), so that U is constant on I, := {(f.,(0),0) : o € [0,0%(10))},
and this gives the inclusion “2” in (5.4). To show “C” | suppose for a contradiction
that (u,0) € Zy(10,0) \ I, If 0 < 0* (1), then we have

U(:u7 U) 7é U(f,uo(a)> 0) = U(:u07 0)

as it # fu,(0) and U is strictly increasing in y, so that (u,0) cannot belong to
Tu (10, 0). If 0 > 0*(p0), we must have o*(po) < 0o and limg, sge(ug) fuo(0) = 00
so that there exists o’ < o*(uo) such that p' := f,,(0’) > p. Since p/ > p and
o' < o*(po) < o, we obtain U(p',0’) > U(p, o). Observing that

U(Nl7 Ul) = U(f!m(OJ)? OJ) = U(:U’Ov 0) = U(:U’a U)

since (p,0) € Zy (1o, 0), this leads to a contradiction. So (5.4) holds.

It remains to prove the properties of f,,. By 1) and since U is twice continu-
ously differentiable, Sy is continuously differentiable. Thus differentiating (5.6)
with the chain rule yields that f,, is twice continuously differentiable. The initial
value f,,(0) = po is given by (5.6). To show that f,, is strictly convex, take
A€ (0,1) and 0y,05 € [0,0%(o)). By (5.4), we have with X := 1 — X that

U(fuo(al), 01) = U(fuo((fz), 02) = U(f,m()\al + \o2), Aoy + Xaz).
The strict quasiconcavity of U then yields
U(>\fuo(01) + XfMO(O_Q), Ao + Xag) > U(fuo()\al + Ao2), Aoy + Xaz) (5.8)

so that Af,,(01) + Afue(02) > fuy(Ao1 + Aay) as U is strictly increasing in p.
Since 01,09 € [0,0%(0)) are arbitrary, this shows that f,, is strictly convex.
Since f,, is also increasing as seen above, we deduce that it is strictly increasing
with lim,_,o fy,(0) = 00 in the case 0*(p) = co. Since we have already shown
that limg_, o« () fue (o) = 00 for 0*(gy) < oo, this concludes the proof of 2).

3) Fix (,6) € R x R, and consider the indifference curve Zy(fi,&). We



282 1V Equilibrium under general mean—variance preferences

consider the backward differential equation

(o) =8 0),0), o<a,
9(0) = §(9(0).0) o)
9(0) = fi
Similarly to (5.6), (5.9) admits a solution on a maximal open interval (o, d]
for some o, € [0,5). Moreover, since ¢’ > 0 so that g is increasing, we must
have by maximality that lim,\,, g(0) = —oo if o, > 0. As in the proof of 2),
we note that Iz = {(g9(0),0) : 0 € (0.,5]} is contained in Zy(fi,&) since
LU(g(c),0) = 0 by the same calculation as in (5.7). Likewise as in (5.8), it
follows by the quasiconcavity of U that g is convex on (0., &|. Hence the derivative
g'(0) = Su(g(o), o) is nonnegative and increasing on (o, ] with a maximum at

. Thus we have 0 < ¢'(0) < ¢'(6) for o € (04,5] and ¢g(5) = fi, which yields

fi—g(6)(G—0)<glo)<fi

for each o € (04,d]. The left-hand side is bounded below by i — ¢'(6)5 inde-
pendently of o so that g is bounded. Since lim,\,, g(0) = —oo cannot hold, we
must have o, = 0. Because g is bounded and increasing, it can thus be extended
continuously to the closed interval [0, &) and we likewise have (¢(0),0) € Zy(fi, 7).
Thus for py := ¢(0), we have U(uo,0) = U(f1, &) and Zy (1o, 0) = Zy (i, &) by the

definition of the indifference curve Zy;. Hence part 2) yields

Ty (1,6) = Tu(p0,0) = { (fuo(0),0) 1 0 € [0,0"(10)) },

and this proves 3).
4) The fact that Sy (fu,(0),0) = f,, (o) for all ¢ > 0 follows by the construc-
tion of f,, as a solution to (5.6). Fix now some ¢ € R and o > 0. By 3), there

exists some py € R such that

Zu(p,0) = Ty (po, 0) = {(fue(0),0) : o € [0,0" (o)) }-

Since U(p,0) = U(f,,(0),0), the monotonicity of U yields u = f,, (o) so that

Sv(p,0) = f,,(0). Since f,, is increasing, we have f/, > 0 and in particular

/
Ho

Sv(p,0) = f,,(c) > 0.

(0) > 0. Since f,, is strictly increasing as f,, is strictly convex, we obtain
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5) Fix gy > po. By 2) and as U is strictly increasing in p, we have

U(fu1(0>70) = U(Ml,O) > U(N%O) = U(fu2(0)70)7 (510)

so that f,, (o) > f,,(c) forall o € [0, 0 (1) No*(12)). Assume for a contradiction
that o* (1) > 0*(u2). Note that (5.10) yields

0/1}71*1(1#2) fiulo) 2 U/‘ltiTEI(lﬂz) fual0) = oo
This leads to a contradiction since f,, is continuous and finite on the interval
[0,0"(2)] € [0,0"(11)). Hence we must have o*(u1) < 0*(u2). In that case, we
have already shown with (5.10) that f, (o) > fu, (o) for all o € [0,0%(p1)), which
concludes the proof.
6) Let 1 € R. By (5.3), (5.4), 4) and since f, is convex by 2), we have

pu(p,0) = sup  Sy(fulo),0) = sup fi(o)= lim fi(o). (5.11)
o€[0,0% (1)) o€[0,0% (1)) o/ (1)

Choosing an arbitrary o € (0,0(u)), we have by 4) that f(c) > 0 so that

pu(p,0) > f(0) >0, ie., py takes strictly positive values.

To show that p — py(u,0) is increasing, we fix pu; > po and claim that
pu(1,0) > pu(pe,0). If 0 (p1) < oo, then limg soe () fu, (o) = 00 so that f,
cannot be bounded above. In that case, we have py(u1,0) = 0o > py(ug,0) and
the claim holds. Thus we may assume o*(u;) = oo so that o*(u) = oo by 5).
Suppose now for a contradiction that py(pe,0) > py(u1,0). By (5.11), we have
' (o) — fl (0) = pu(pa,0) — pu(p1,0) as 0 — oo. This yields

H2 B

(pu(p2,0) = pu(pa,0)) >0

| —

funlo) = fu,(0) =

for all large enough o; in words, f,, must grow asymptotically faster that f,,.
Integrating this inequality, we deduce that f,,(c) > f, (o) for large enough
o > 0, which leads to a contradiction due to 5). Therefore, the map p — py(p,0)
is increasing, as claimed.

To show the left-continuity, consider an increasing sequence (i, )nen such that
tn 7 poo- Thus U(pin,0) 7 Ulpie, 0) as n — oo by the continuity and mono-
tonicity of U. For small 6 > 0, we can find by (5.11) some ¢’ € [0, 0*(pia0)) such
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that f, (0') > pu(pieo, 0) — 0. Setting p' == f,,(0), it follows by (5.4) that

U(fu(0),0") = U(pin, 0) /' Ulpins, 0) = U (', 0")

as n — oo and hence f, (0') 7 ' since U is continuous and strictly increasing
in . Combining this with the first equality in (5.11), the continuity of Sy and
the choice of (1, 0") € Ty (fioo, 0) yields

lim py (1, 0) 2 lm Sy (f,,(0),0') = Su(p', o) = pu(piec, 0) = 6.

n—oo

Therefore lim,, o0 pu(fin,0) > pu(iieo,0) as 6 > 0 is arbitrary. Since we have
already shown that p — py(u,0) is increasing, this proves the left-continuity.
Finally, suppose that U is concave (not just quasiconcave) and fix some
(u,0) € R x R,. By part 3), there exists some py € R such that the indif-
ference curve through (u,o) is given by (5.4). Since U is strictly increasing in
the first variable and strictly decreasing in the second variable, it follows that the

closed superlevel set of U at the level U(u, o) is the convex set given by

SLU(/JH U) : (M/7 Ul) € Rx RJF : U(:ulu OJ) > U(:u’v U)}

(W, o) ERXRy 0" <o™(uo) and p' > fu, (")}

{
{

We know that f/, is nondecreasing with lim, g+ () £/, () = pu (10, 0) = pu (1, 7).
Thus a vector of the form (1, a) belongs to the asymptotic cone of SLy(p, o) (see
Hiriart-Urruty/Lemaréchal |65, Section II1.2.2] for the definition) if and only if
a > py(p,o) (including in the case py(u,0) = o0). On the other hand, since
U is concave (i.e., —U is convex), we have by [65, Proposition IV.3.2.5] that the
asymptotic cone of the superlevel set SLy (i, o) does not depend on the choice

of (1, 0). Therefore the map py is constant, as claimed. ]

We now return to the abstract mean—variance optimisation problem (5.1).
The following result provides a first-order condition for a solution to (5.1), which
later allows us to obtain necessary and sufficient conditions for the existence of a

unique solution. For now, we fix a mean—variance utility function U and a triplet

(¢,c,e?) € (0,1) x R x R,. We also define 1 : R, — R and o : R, — R, by
wy) i =c+ (1 =0y, o*(y):=e*+01-0y* y>0. (5.12)

We note the change of notation: henceforth, ;1 and o2 are no longer constants as
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in Lemma 5.1, but rather the “mean” and “variance” (as implied in the statement
of (5.1)) that are achieved by y > 0 for a given triplet (¢, c,?).
In the following, we define the function s : Ry — [0, o0] by

%% y >0,
s(y) = { oo, y=0and 2 > 0, (5.13)

/2, y=0and e =0.

It follows straightforwardly from (5.12) that s(y) — s(0) as y \( 0. The function
s : Ry — [0, 0o] represents the slope of the curve {(o(y), u(y)) : y > 0} in the o-p-
plane because s(y) = p/(y)/o’(y) for y > 0. It will also be helpful to reparametrise
p(y) in terms of o(y) rather than y. By solving the second equation in (5.12) for
y and plugging into the first equation, we obtain for y > 0 that

Y= —Uzg)__g)ﬁ and u(y) =c+ \/(1 - @(UZ(?J) —€?) _. g(a(y)), (5.14)

where g : [¢,00) — R has the derivative

1-/¢ o
\/7—502762, o > ¢,

g'(o)

Thus by plugging in the first part of (5.14), we obtain that the slope of the
mean—variance efficient frontier £ := {(g(0),0) : 0 > €} at (u(y),o(y)) (in the

o-p-plane) is given in all cases by

g (o(y)) =sly), y=>0. (5.15)

In order to find a solution to the problem (5.1), we obtain a first-order condition
by comparing the slopes Sy (see (5.2)) and s of the indifference curve and the

mean-variance efficient frontier, respectively, at the point (u(y),o(y)) for y > 0.

Proposition 5.2. Fizy > 0. If Sy(u(y),o(y)) > s(y), then

U(u(y),o(y)) > U(u(@),0(y)) (5.16)
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Jor all § > y. I Sulp(y).o(y)) < s(y), then

U(u(y),o(y)) > U(u(@),0(7)) (5.17)

forally < y. In particular, if Sy(pu(y),o(y)) = s(y), then y is the unique solution
o (5.1).

Proof. Fix y > 0 and write o, := o(y) and p, = u(y) = g(o,). By part 3) of
Lemma 5.1, there exists some po € R such that (u,,0,) = (fu,(0y),0,). Then
the indifference curve through (1, 0,) is given by {(f,,(0),0) : 0 € [0,0%(10))}-
We now compare f,, and g in the vicinity of o,. Note that f,,(c,) = g(oy) = 1y
and f,, is strictly convex by part 2) of Lemma 5.1, whereas g is concave by its
definition in (5.14). If y = 0 and s(y) = oo, both statements (5.16) and (5.17)
are vacuously true since neither § < y nor Sy ((y), o(y)) > s(y) can hold. Thus
we need only consider the case where s(y) is finite, and Sy is always finite by
part 1) of Lemma 5.1.

First, Sy(u(y),o(y)) > s(y) implies f, (o) > ¢'(oy,) by (5. 15) and part 4) of
Lemma 5.1. As f,, is strictly convex and g is concave (so that f > 02> g"), w
have f} (5) > ¢'(¢) for all & € (0,0 (uo)). Together with f,,(0,) = g(oy) = py,
it follows that f,,(c) > ¢g(&) for all & € (o,,0*(p0)). Since U is strictly increasing
in u, we deduce that

Uy, o) = U(f0(6),6) > U(9(6),5), & € (0y,0" (o)) (5.18)

Consider now some ¢ > o*(j). Since f,,(6) /00 as ¢ 7 0*(uy) by part 2) of
Lemma 5.1, there exists some ¢ < 0*(f9) such that f, (¢) > g(d). We then have

U(/J,y,O'y) = U(fuo(a-)v&) > U(g((})v&)

by the monotonicity properties of U, since f, () > ¢(¢) and ¢ < o*(po) < 6.
Together with (5.18), we have thus shown U(p,,0,) > U(g(5),d) for all 6 > o,.
As o is strictly increasing in y, this is equivalent to (5.16) for all § > y.
g'(o

Similarly, Sy ((y), 0(5)) < s(y) vields f,(,) < ¢
ty = fuloy) = gloy) and f > 0 > g”. Since f} is strictly increasing and

), and we also have

g’ is decreasing, we deduce that f, (5) < ¢'(¢) and hence f,,(5) > g(7) for all

g € [0,0y). Since U is strictly increasing in p, we then have

U(,U,y,O'y> = U(f#o(&)v&) > U(g(&)>&)
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for all & € [0, 0). Rewriting this in terms of y with & = o(y) yields (5.17).
Finally, if Sy (u(y),o(y)) = s(y), both (5.16) and (5.17) hold so that we have

U(u(y),o(y)) > U(u(y),o(y)) for all § # y. Therefore y is the unique solution to

(5.1). O

Proposition 5.2 provides a first-order condition to identify a solution to (5.1),
and the inequalities (5.16) and (5.17) ensure that such a solution must be unique.
However, Proposition 5.2 does not say whether there exists a solution to (5.1) (or
equivalently, to the first-order condition). The question of existence is answered
by the following result, where the equivalence (a) < (c) below is also given in
[85, Proposition 1]. We give the proof in full for the sake of completeness. We
also show the equivalence to condition (b) below, which will be useful for the
subsequent results. As before, we fix the triplet (£, c,?) € (0,1) x R x R, as well
as the functions p, o defined by (5.12).

Theorem 5.3. The following statements are equivalent:
(a) There exists a solution § to (5.1).
(b) There exists some y > 0 such that

(c) It holds that

sup pu (1(y), o(y)) > /(1 —0)/L.

y>0
If any of the assertions (a)—(c) holds, then the solution y to (5.1) is unique.

Proof. In order to show (a) < (b), we distinguish three cases:
1) 2 =0 and Sy(c,0) > (/-

2) e =0 and Sy(c,0) < (/-

3) 2> 0.
The proof is structured in steps A)—C). In step A), we prove (a) < (b) in case 1).

\‘\

N

In step B), we show (5.19) below for both cases 2) and 3); this allows us to prove
(a) & (b) for 2) and 3) simultaneously. In step C), we show (b) < (c), where we
no longer need to distinguish the cases.

A) We start by considering case 1), where by (5.12) and (5.13), we have

1—-7/

Su (M(O)v U(O>) = SU(C7 0) > T = 5(0>7
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and hence (5.16) gives U(u(0),0(0)) > U(u(9),0(y)) for all § > 0. Thus g =0 is
the unique solution to (5.1) so that (a) always holds in this case and the solution
is unique. Moreover, we must have Sy(u(y),o(y)) > %f) for all y > 0 since
otherwise (5.17) would contradict the optimality of § = 0. Thus (b) always holds
in this case as well. So (a) and (b) always hold and hence (a) < (b) in case 1).
B) In case 3), we have o(0) > 0 so that s(y) = %5) — 00 as y N\, 0. Since

u, o and Sy are continuous (the latter due to part 1) of Lemma 5.1), we obtain

Su (), o(y)) < s(y) (5.19)

for small enough y > 0. In case 2), we have s(0) = \/g < Sy (1(0),0(0)) so
that the assumption and the continuity of u, o and Sy also yield (5.19) for small
y. We can now show (a) < (b) in both cases 2) and 3) simultaneously since we
have (5.19) in both cases.

(b) = (a): Suppose that (b) holds for some y > 0. By the continuity of
Sy and the intermediate value theorem together with (5.19), there exists some
g € (0,y) such that

. a(9) X
Su(p(a).0(0)) = 2 = s(9). (5.20
By Proposition 5.2, g is the unique solution to (5.1), and this shows (a) as well
as the uniqueness of .

(a) = (b): Suppose that § > 0 is a solution to (5.1). We have by (5.19) and
(5.17) (for a small y > 0) that 0 cannot be a solution to (5.1), and hence § > 0.

We claim that

Su(pty).00)) > 72 = sty (5.21)

holds for all ¢ > ¢. To show this, suppose for a contradiction that (5.21) does
not hold for some ¢y’ > . Then (5.17) in Proposition 5.2 (with y := ¢/) yields

U(u(y), o) > U(u(9), 5(9)),

and this contradicts the optimality of §. Thus (5.21) holds for all ¥/ > ¢, and this
shows (b).
C) We have now shown (a) < (b) in all cases 1)-3), and it remains to show

(b) < (c) for which we no longer need to distinguish the cases.
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(b) = (c¢): Suppose that (b) holds for some y > 0. Then we have

, , o J
sup pu (1w ), o (4)) = So (ly),o(w) > T > \[L2L
y'>0 ty l
since o(y) > y/£(1 — £)y by the definition (5.12); this shows (c).
(¢) = (b): If (c¢) holds, then for some y > 0, we have

pu(n(y), o(y)) > /(1= 0)/L.

If Sy(u(y),o(y)) > %}’), there is nothing to prove. If Sy (u(y),o(y)) = %3/), then

(a) holds by Proposition 5.2, and we have already shown (a) < (b). Thus we

may suppose without loss of generality that

o\y
Sv(1(y), o(y)) < % (5.22)
Recall the function g defined by (5.14) and the function f,, that corresponds to
Zy(u(y),o(y)) by part 2) of Lemma 5.1, so that

9(oc®)) = fu (a(y)) = n(y).

Moreover, note that (5.22) can be written as f;, (o(y)) < ¢'(o(y)) by part 4) of
Lemma 5.1 and (5.15), so that f,,(c(y+0)) < g(c(y + 9)) for some small § > 0.
On the other hand, note that by the assumption (¢), part 6) of Lemma 5.1 and
(5.15), we have

im0 = (). o) > G2 =t gl (o).

Hence if 0*(pg) = oo, then f,,(o(-)) grows asymptotically faster than g(o(-)).
Thus by the intermediate value theorem, there exists some 3y’ > y + 0 with
Juo(@(y')) = g(a(y')). The same is true if 0™ (j19) < 00 as iy g (ug) fuo (') = 00
by part 2) of Lemma 5.1 so that f,,(o(-)) must cross g(o(-)). In either case, f,, is
strictly convex and g is concave, and they meet at both points o(y) < o(y’). By
the convexity and concavity, respectively, it follows that f, (o(y')) > ¢'(o(y')) at
the larger crossing point. Using part 4) of Lemma 5.1 and (5.15) once again, this
means that Sy (u(y'),o(y')) > Ué;’,/), and therefore (b) holds. This concludes the

proof of (¢) = (b). O
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By combining Proposition 5.2 and Theorem 5.3, we now obtain a character-
isation of the solution to (5.1). This will be useful later to show that the solution

depends continuously on the parameters (¢, c, ?).

Corollary 5.4. The following statements hold:
1) Ife* =0 and Sy(c,0) > /5%, then § = 0 is the unique solution to (5.1).
2) Suppose any of the conditions (a)—(c) in Theorem 5.3 holds and that either
g2 >0, ore? =0 and Sy(c,0) < ITTE Then there exists a unique solution y > 0
to (5.1), and 7 is also the unique solution to the first-order condition

Su(u(y),o(y)) = %‘3) (5.23)

Moreover, in both cases, it holds that

oy
Sv(u(y),o(y)) 2 o) (5.24)
for 0 <y 2y, respectively.

Proof. 1) The assumptions are those of case 1) in the proof of Theorem 5.3, and
we already showed in step A) of that proof that § = 0 is the unique solution and
(5.24) holds for y > 0.

2) By the assumption, we have one of the cases 2) or 3) of the proof of Theorem
5.3. We showed in step B) for both cases that if a solution exists, then it is unique,
strictly positive and satisfies the first-order condition (5.23) due to (5.20). It
remains to show (5.24). For a contradiction, suppose that there exists y > g with
Su(u(y),o(y)) < 2 = s(y). Then (5.17) holds for § = ¢, and this contradicts

Ly
the optimality of §. Likewise, if 0 < y < g with Sy(u(y),o(y)) > %‘;’) = s(y),
then (5.16) holds with § = g and contradicts the optimality of §. Therefore (5.23)
holds in this case, and this concludes the proof. O]

Theorem 5.3 and Corollary 5.4 provide necessary and sufficient conditions
for the existence of a unique solution to (5.1), and we can in principle find the
solution by solving the first-order condition (5.23) for . This concludes our study
of the problem (5.1) for a fixed parameter 0 = (¢,¢,e?) € (0,1) x R x R,.

Our next goal is to study the set of parameters 6 for which a solution § = gy(0)
to (5.1) exists, and whether the map 6 — gy (0) is continuous. We show that gy
is well defined and continuous on a nonempty open subset V' C (0,1) x R x R,

which depends on the choice of mean-variance utility function U. In the following,
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we define p(-) = p(-;0) and o?(-) = o*(-;0) as before by (5.12), where the

dependence on the underlying parameter 6§ = (¢, c,?) is now made explicit.

Proposition 5.5. Let U be a mean—variance utility function. Then the set
Vi={0=(lce*)e(0,1) xR xR, : a solution §;(0) to (5.1) exists}

is a nonempty open subset of (0,1) x R x Ry (with the relative topology), and it

1S given by

V= {9 €(0,1) x RxR,: ili%)pU(u(y; 9),0(y;9)) > 7} (5.25)

Moreover, the map 0 — §y(0) is continuous on V.

Proof. By Theorem 5.3, a solution gy (0) to (5.1) exists if and only if there is
some y > 0 such that

o(y;0)
by

Su (u(y;0),0(y: 0)) >
Thus V' is the projection on (0,1) x R x R, of the set

Vi={(y,{,c,e*) € (0,00) x (0,1) x R x Ry : d(y; ¢, ¢c,e) > 0},

where the map d : (0,00) x (0,1) x R x R,y — R is defined by

o(y:0)

d(y; 0) = Su (u(y; 0),0(y;0)) — o

Note that d is a composition of continuous functions and hence continuous on
(0,00) x (0,1) x R x R,. Thus V is an open subset of (0,00) x (0,1) x R x R
with the relative topology. Since the projection is an open map, it follows that
V C(0,1) x R x R, is open in the relative topology.

The alternative description (5.25) follows immediately from the equivalence
(a) < (c¢) in Theorem 5.3. To show that V' is nonemtpy, fix some arbitrary
(c,e?) € R x R,. By part 6) of Lemma 5.1, we have py(c,Ve2+ 1) > 0. Note

that the map pu — py(p, o) is increasing for any o > 0, since for gy > g, we have

pu(p1, o) = pu(jin, 0) > pu(fiz,0) = py (i, 0)

for some fi; > fis by parts 2), 3) and 6) of Lemma 5.1. Hence for any ¢ € (0,1)
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and setting y := 3(114)’ we have by (5.12) that
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It follows that

sup pu (u(y; €, ¢, %), 0 (y; £, c,€%)) > pu(e,Ve2 +1) > 0
y>0

for all ¢ € (0,1). On the other hand, we have /(1 —¥)/¢ — 0 as ¢ /1 so that

SuIO)pU(u(y;E, c, 52),a(y;€, c, 52)) >/ (1—=40)/¢ (5.26)
y>
for ¢ close enough to 1. Thus by (5.25), there exists for any (c,e%) € R x R}
some ¢ € (0,1) such that (¢,c,e?) € V. Thus the projection of V on R x R, is
R x Ry, which implies in particular that V' is nonempty.

It remains to prove the continuity of §. Fix a sequence (6,)nen in V' with
0, = 0 € V as n — oo. Writing y,, := gy (0,) for n € NU {0}, we want to
show that y, — Yy, as n — oo. Equation (5.24) yields

0 (Yoo + 0;000)

Sur (1Yo + 65 050), 0 (Yoo + 03 00)) > loo (Yoo + 0)

for each 6 > 0. By the continuity of Sy, p and o, it follows that

U(yoo + (5; Qn)

(5.27)
for 6 > 0 and all large enough n € N. By applying (5.24) with parameter 6,
we deduce from (5.27) that y, < y. + 9 for n large enough. Thus since 6 > 0 is
arbitrary, we have limsup, . Yn < Yoo If Yoo = 0, this already shows y, — vy~
as n — 00. If ys, > 0, we use the left inequality in (5.24) at y,, — 0 to obtain

0<yoo - 5; 900)
so that by the continuity of Sy, p and o, we have
U(yoo - 5; en)

Sy (,u(yoo —0; Qn), U(yoo —0; 0”>) < gn<yoo _ 5)
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for n large enough. Hence y,, > yo, — 9 for n large enough due to (5.24). Therefore
liminf,, o ¥ > Yoo as 0 > 0 is arbitrary, and hence v, — Yo as n — oo. This

proves the continuity of v . O]

With Proposition 5.5 we have shown the continuity of ¢ and characterised its
domain V. We are now almost ready to prove Proposition 2.17; it only remains
to show how each of the bounds in (2.32) yields information about the map .

The result will then follow by combining both bounds.

Lemma 5.6. Let U be a mean—variance utility function. Then the following
statements hold:
1) If there exists ™™ € (0, 00) such that

g

Su(p, o) < i (5.28)
for all (u,0) € R x R, then we have
Ju(l,c,e?) > > \min (5.29)
Jor all (0, c,e?) € V, where V is given by (5.25).
2) If there exists \™** € (0, 00) such that
o
Sy(p, o) > S (5.30)
for all (n,0) € R xRy, then V =(0,1) x R x R, and
~ 9 )\max
yU(£a G € ) S / (531)

for all (¢,c,e?) € (0,1) x R x R,

Proof. 1) Let 0 := (¢,c,&?) € V so that gy (0) is well defined by the definition of

V. Note that part 2) of Corollary 5.4 applies to 6 even for €2 = 0 since (5.28)

yields Sy(c,0) = 0 < /1~ Thus we have gy () > 0, and rearranging (5.23)

yields

o (i (6):) N
= S 0,0 @3 0) - €

by (5.28) and as ¢ < 1. This shows (5.29).
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2) Fix 0 := ({,c,€?) € (0,1) x R x R;. By (5.30), we have

o(y;0) - o(y;0)

Su(uly:0),0(y;0)) = =0 0y

(5.32)
for any y > 27— so that condition (b) in Theorem 5.3 is satisfied. Thus gy (6) is
well defined, and since 6 is arbitrary, it follows that V' = (0,1) x R x R,. Then
(5.24) and (5.32) yield gy () < y for any y > 25—, and this shows (5.31). O

We now collect our results to show Proposition 2.17; the statement is given

at the beginning of the section.

Proof of Proposition 2.17. Since (2.30) gives both bounds (5.28) and (5.30), it
follows from Lemma 5.6 that V' = (0,1) x R x R} and we have the bounds (2.31).
By Proposition 5.5, gy is well defined and continuous on (0,1) x R x R, and by
definition, §(¢,c,&?) is a solution to (5.1) for each (¢, c,&?). The uniqueness of

the solution follows from Theorem 5.3. ]

Our last goal in this section is to show how these results may be applied to the
equilibrium problem of Section 2 in a more general setting. Consider K agents
with mean-variance utility functions Uy : Rx R, — R, £k =1,..., K. In the

previous sections, we worked under Assumption 2.19 which we now recall.

Assumption 2.19. We suppose that for each k € {1,..., K}, there exist con-
stants A\ A\ € (0, 00) such that

g
<S8 < -
Npw = Sulin o) = S

for all (u,0) € R x R;. (2.32)

Assumption 2.19 can be interpreted in terms of the indifference curves for Uy,.
By parts 3) and 4) of Lemma 5.1, Assumption 2.19 is satisfied if and only if

o g

— < fl (o) < —
Agmx —-jkﬂo( )-— Agnn

for all up e R, 0 € [O,UZ(MO))>

where Zy, (110,0) = {(fiyuo(0),0) : 0 € [0,07(110))} is the indifference curve for
Uy through (po,0). For Ain = X< the indifference curves are thus parabolas;
this is the case of linear mean—variance utility (2.9). In general, the curves can be
sandwiched between parabolas, but their precise shape may differ. For example,

consider for a; > by > 0 the function g, : R, — R given by

ak$2

g(x) = 5 —bge f(x+1), x>0,
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so that g,(z) = x(ar — bge™™) > 0 and ¢"(x) = ar — bpe ™™ + bze ™ > 0 for
x > 0. Thus g is strictly increasing and strictly convex, and it is straightforward
to check that the function U : R x R, — R given by

Ue(p,0) == p—ge(o), (n,0) e R xRy (5.33)

is a mean—variance utility function as in Definition 2.5. Moreover, we have

aon<:U’7 0)

_F L T) g —bee®),  (u,0) ER X R,
5’#Uk(,u,0) (k k ) (/JJ ) +

SUk (M? ‘7) =

and hence U}, satisfies (2.32) with APin = i and AP = akibk. Other examples of
mean-variance utility functions of the semilinear form (5.33) can be constructed
for suitable choices of g, : R, — R.

So while Assumption 2.19 is rather restrictive on the choice of functions Uy,
it still allows some flexibility. We now discuss the consequences of omitting it.

Recall from Definition 2.31 the map 13 given by

N K
1#3 (67 (Ckv 5%)5:1) = (’Vk)i(:l = (Ck + Yu, (67 Ck, 82))]4:1'

In Definition 2.31, the map 13 has the domain (0, 1) x (R xR, )X, This is justified
because Assumption 2.19 and Proposition 2.17 yield that each map gy, is well
defined on (0,1) x R x R,. However, without Assumption 2.19, the map 3 may
not be defined on the whole set (0,1) x (R x R, )%, and this would pose problems
for the techniques used in Section 4.

The following result shows that in general, 13 is at least well defined and
continuous on a nonempty set. Indeed, by Proposition 5.5 (which holds in gen-
eral), there exists a unique solution (¢, cx,€2) to (5.1) with Uy in place of U
if and only if (¢, cg,e2) € Vi, where Vi, C (0,1) x R x R, is given as in (5.25).
Moreover, the solution g, depends continuously on (¢, cy,e2). In order to define

the maps 7, on a common domain for all £ = 1,..., K, we consider the set
VE) C (0,1) x (R x R.)X given by

V) — {(€ (crei)iey) € (0, )x (R x R)™ : (€ep,e7) € Vi for k=1,...,K}.

We can now define 15 on V%) without Assumption 2.19.
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Corollary 5.7. The map 15 : VIE) — Rf defined by

¢3 (E, (Ck, 62)521) = (Ck + /gk(g, Ck, 5%))5:1 (534)

is well defined and continuous on V) #£ (. Moreover, the projection of the set
VE) C(0,1) x (RxRL)X on (R x RL)K is surjective, so that V5 is nonempty.

Proof. Fix (cp,e2)K | € (R x Ry)X. By the argument used in the proof of Pro-
position 5.5 to show that V' is nonempty (see after (5.26)), there exists for each
k=1,...,K some {, € (0,1) such that (¢,cg,e3) € Vi for all £ > £, ;. Thus we
must have (¢, (c, e2)5_ ) € VU for £ > maxy, £, so that V) is nonempty. Since
(cr,€2)K | is arbitrary, we also obtain that the projection of V) on (R x R, )X
is surjective. Finally, Proposition 5.5 yields that for each k£ = 1,..., K, the map
(0, (cr, €)Y = G (0, ek, €2) is well defined and continuous on V&), Thus 13 is
continuous by the definition (5.34). O

In order to apply these results in the proof of Theorem 4.33, the main re-
quirement is the continuity of 13 which holds in full generality due to Corollary
5.7. Thus it may indeed be possible to weaken or omit Assumption 2.19; this is
supported by the fact that such an assumption is not necessary in the one-period
model, as shown in Koch-Medina/Wenzelburger [85]. However, one has to deal
with the fact that )3 may be defined on a proper subset V) C (0,1) x R x R,
and so it is no longer clear whether the map W = 1), 0 13 015 0 1)y is well defined.
One also lacks the a priori bounds (2.31) on the output of 135. One approach
to circumvent these issues would be study the range of the map 5 o 1)y, pos-
sibly under stronger assumptions on the primitives of the model. If this range is
contained in V), one may then be able to extend the proof of Theorem 4.33.

However, this seems challenging in the general case.

6 A stability result for quadratic BSDEs

6.1 BSDE stability

We now turn to the study of the stability of quadratic BSDEs of the type con-
sidered in Section 4.2. The results that we obtain here are stated in a general form
and are therefore of independent interest. For our purposes, they are used in the
proofs of Theorem 4.31 and Proposition 4.32 to obtain the continuity of ¢. Al-

though we consider an abstract setting in this section, we retain a similar notation
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to Section 4.2 for the sake of consistency. We impose the standing Assumption
4.2 on the filtration, that is, we fix a probability space (2, F,F = (F)o<t<r, P)
such that Fq is P-trivial and F satisfies the usual assumptions and is continu-
ous. We also fix a (continuous) local martingale (M,)o<i<r taking values in R?
for some d € N, and define the increasing process (Iy)o<i<r by I; = tr (M), As
after (4.29), we introduce a predictable process (cM)o<i<r taking values in the
set of d x d symmetric positive semidefinite matrices such that d(M), = cMdl,;

moreover, we may and do assume that tr c,{V[ = 1for all t € [0,T] P-a.s. Assump-

M need not be

tion 4.15 is not necessary for the results in this section, i.e., ¢
invertible.

For m € N, we call a function f : Q x [0,T] x R 5 R predictable if it is
measurable with respect to P® B (R“ZX’”), where P is the predictable o-algebra on
Q x [0,T]. We denote by | -| and || - || the Buclidean and Frobenius norms on R?
and RJX”‘, respectively. For a symmetric positive semidefinite matrix C' € RJXCZ,
z € R? and A € R™™ we write

z|c = (zTCz)Y? and ||Allc = tr(ATCA)Y? (6.1)

so that | - |¢ and || - ||c can be seen as the seminorm and Frobenius seminorm,

respectively, under the pseudometric induced by C. Since tr cfy[ = 1, we have

E |c£q <|-|and |- Hc,{W < ||| for 0 <t < T. In the following, we shall sometimes

refer to results given in Section 6.2 below; these are well-known and folklore

results on BMO martingales, for which we use Kazamaki [81] as a reference.
We consider the backward stochastic differential equation (BSDE)

dYy = [i(Ce, xe)ddy — 0id(N )¢ + GdAM; +dNy;, 0<t<T, (6.2)
YT == G

for a given G € L*, a predictable bounded process (ot)o<t<r, a predictable
function f : Qx [0, 7] x R x R™™ — R with quadratic growth (see (6.4) below),
and an exogenous predictable process y € L?(M ;Rd_xm) for some m € N such
that y*M € BMO. We say that (Y,(, N) is a solution to the BSDE (6.2) if Y is
a bounded semimartingale, ¢ € L?(M; ]RJ) and N is a continuous local martingale
strongly orthogonal to M such that (6.2) and the terminal condition are satisfied.
Our goal is to show sufficient conditions for the stability of solutions to (6.2).
Equation (6.2) is a BSDE where the driver has quadratic growth in ¢ and an
unbounded stochastic parameter y. BSDEs of this type have been studied in Frei
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et al. [51], Briand /Hu [22] and Mocha/Westray [93| for a continuous filtration; in
the latter two, the stochastic parameter is replaced by a stochastic bound on the
driver. However, each of the Assumptions [51, 2.3|, [22, (A.2)(iv)]| and [93, 1(i)]

implies for (6.2) that the random variable

T —
K :=tr(x*M)r = / tr(x, My, )d,
0

admits exponential moments of all positive orders. Under our assumption that
x*M € BMO, K admits by Lemma 6.7 below an exponential moment of some
positive order, but not necessarily all. It turns out that weakening this condition
has significant implications for the study of (6.2). Indeed, whereas existence
results are obtained in [51, 22, 93|, our assumption does not ensure the existence

of a solution to (6.2) as shown in the following example.

Example 6.1. Fix a process x € L?(M) such that y*M € BMO. Suppose that

for some a > 0, there exists a solution (Y;)o<t<r to the BSDE
dY; = —ax{ e xudl, — ¢ ' Gl + GaM,, 0<t<T, (6.3)

with Y7 = 0 for some ¢ € L2 (M), where we drop N for simplicity (i.e., in this
example, we assume that M has the martingale representation property for F
so that any local martingale strongly orthogonal to M is constant). Since the
first term on the right-hand side of (6.3) does not depend on Y or {, we can set

Y, =Y, + fot ax;rcé‘zxsdfs so that Y satisfies the BSDE
dy; = — tTCtMCtd]t + GdMy, 0<t<T,
with Yy = ak, where K := OT X7 Mxidl,. 1t6’s formula yields

d(exp(2Y}))

2 = 9 e} Gl + GdM, + 2d(Co M), = GdM,, 0<t<T,
exp(2Y})

and hence exp(2Y') is a nonnegative local martingale with terminal value exp(2aK)
and some finite initial value exp(2Y;), which is deterministic as Fy is P-trivial.
Thus the existence of a solution to (6.3) implies that exp(2Y') is a supermartingale
and Elexp(2aK)] < co. Conversely, a solution to (6.3) cannot exist if y € L*(M)
is such that exp(2aK) is not integrable. The condition that y*M € BMO is not
sufficient to ensure the finiteness of all exponential moments of K, and thus it

does not guarantee the existence of a solution to (6.3) for all a > 0.
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Example 6.1 shows why the finiteness of a large enough exponential moment
of K is typically needed to obtain the well-posedness of (6.2), and that condition
does not hold in our setup. As we shall see in Theorem 6.6, we can still show the
stability of equations of the form (6.2) without this assumption, but circumventing
it comes with some tradeoffs. First, in (6.2) we have assumed that the driver does
not explicitly depend on Y; this is also the reason why it was necessary to take
the logarithms of the original processes Y to obtain (4.59) and (4.60) in Section
4.2. More importantly, we assume rather than show the existence of a solution
to (6.2) for some given inputs x, M, f, o and G. Finally, we obtain only a partial
a priori bound in Proposition 6.2 below, in the following sense. Typically, one
would like to obtain bounds on ||Y||se, ||¢* M||saro and || N || paro that depend only
on the inputs. Instead, we show in Proposition 6.2 how to bound ||¢ * M| zuo
and ||N||gyo in terms of the inputs as well as ||Y||o, but we do not obtain a
bound for Y. While the latter bounds are less satisfactory, they suffice for our
main goal of showing the stability of (6.2).

We now give the partial a priori bound, which in particular ensures that the
martingale parts of a solution Y to (6.2) belong to BMO if Y is bounded and f
satisfies a quadratic growth condition. The main idea of the proof is standard;
we want to use (6.2) to construct a certain nonnegative submartingale so that
a moment estimate on its terminal value yields a corresponding estimate on the
whole process. We do this along similar lines as in part (ii) of the proof of Zhang
[121, Theorem 7.2.1]; we do not require part (i) because we do not give an a priori
bound on ||Y||o. We need some additional care since the exogenous coefficient
X is not bounded and we include an orthogonal part N which we only assume
to be a continuous local martingale. The first issue turns out not to make a
significant difference in the resulting bounds, and the second can be dealt with

by constructing a nonnegative local submartingale (rather than a true one).

Proposition 6.2. Let G € L®(Fr), x € L*(M;R™™), (0)o<i<r be a bounded
predictable process and f : Q x [0,T] x RY x R¥™*™m 5 R ¢ predictable function.

Suppose that (Y,(,N) is a solution to (6.2), where (Y;)o<i<r @s a bounded semi-

2
loc

to M. Moreover, suppose that x*M € BMO and that f satisfies the inequality

martingale, ( € L (M;RJ) and N is a continuous local martingale orthogonal

F@ )| < Crllzlan + allw)? P®I-ae. (6.4)

or some constant C'y > 0 and all z € R? and x € R™>™. Then C+M and N are
f
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BMO martingales with

¢*M||smo, |IN|Bmo) < C,

max(|

where C' depends only on C, ||0lleo, [|Y |loe and ||x* M| zro-

Proof. Define X, := exp(aY;), 0 <t < T, for some a > 0 to be chosen later. By

Ito’s formula,

dX (¢ M ¢dl, + d(N
7t =afi(C, Xe)dl; — agid(N); + S 2t !

t
+ a,dM; + adN, (6.5)

for 0 <t <T. We claim that the process (X;)o<;<7 defined by

t t
X, =X+ 2aCf/ Xl Prrdl. — 5/ X|G2dl, — 5(X+(N)),  (6.6)
0 ’ 0 ’

is a local submartingale for some a > 0 and 6 > 0. It suffices to show that
the finite-variation part of X is increasing. We first consider the d/-component,
which by (6.5) and (6.6) is given by

(a® — 20)
2

(aft(gta Xt) + 2a0f||Xt||iéw + |Ct’3éw>)~(td—7t7 0<t<T.

a? —4aCy

If we choose a and ¢ such that a > 4C}; and 0 <0 < —

, then (6.4) yields

a? —26
afi(Ge, xe) + 2aCfHXtsz + ( 9 )Kt’z,{”

2 2 2 (GQ — 20) 2
> ~2aCy(1GP2 + Ioul) + 2aC bl + NG

1
— §(a2 —4aCy — 20)|¢:%: >0, 0<t<T.

Thus the dI-component of X is increasing, and the conditions on a and § depend
only on Cy. We now consider the d(/N)-component of X which by (6.5) and (6.6)
is given by

2 ~
(% — apt — 5) Xtd<N>t, 0 S t S T.

This is nonnegative if a > 2||g[|s and ¢ < "2—2 — al|0]|o- Thus we may fix some
large @ > 0 and small 6 > 0 that depend only on Cf and ||g||~ such that X is a

local submartingale. Let (7,),en be a localising sequence of stopping times such
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that X™ is a submartingale for each n € N. Then for any stopping time 7 with
values in [0, 7], we have F[X,

F:] > X;ar,. By rearranging (6.6), we obtain

6E[ Xo| G| 2w dIs + X, d(N), ﬁ}

TNATn s TNTn

<E lx — X pr, 4 2aC; Xl |2 dI ]-“T}
TATn s

for n € N. Since X = exp(aY), we have || X||os < exp(al|Y]|so) so that

E|: Xs|€s|3]§fd[s+ Xsd<N>s

TN\Tn TNATn

< 2exp(al|Y o) (1 + aCyllx* MllErr0)
- )

7|
for n € N. Taking n — oo, the conditional monotone convergence theorem and

the lower bound info<;<7 X; > exp(—al|Y o) yield

2exp(2a]|Y [loo) (1 + Crllx* Ml[Br0)
- .

5|/ G Radl + (VYo — (V),

T

7| <
As this holds for any stopping time 7, it follows that ¢+ M, N € BMO and the

bounds depend only on C, ||0]lee; [|Y[lee and ||x* M| saro- O

Before proceeding to the main result on the stability of (6.2), we first give

two technical lemmas.

Lemma 6.3. Let (X,)nen, (Ya)nen be sequences of nonnegative random variables
such that X,)Y,, 50 asn — oo and

Cr = sup E[X "] < o0
neN

. P
for some K > 0. Then'Y,, — 0 as n — oo.

Proof. By the Markov inequality, P[X, < €] = P[X,® > ¢ ] < Cie" for all
€ >0 and n € N. Since X,,Y, Loasn— 00, we obtain for any ¢§,¢ > 0 that

limsup P[Y" > §] < limsup(P[X,Y, > ed] + P[X, < €]) < Cie".

n—oo n—oo

Hence because € > 0 is arbitrary, P[Y" > 6] — 0 and Y™ 5 0asn — o O

We now introduce some notation in order to state the next lemma and the

main result in Theorem 6.6.
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Definition 6.4. Let m € N. We say that a family (f"),cnu{e) of predictable
functions f™ : Q x [0, 7] x R™>*™ — R satisfies a uniform quadratic growth bound
(with respect to M) if there exists a constant C; > 0 such that

1" (x)] < Cf]|;1:||§M P ® I-a.e. (6.7)

for n € NU{oo} and z € R®>™. We say that (f™)nenugoo) satisfies a uniform local
Lipschitz bound (with respect to M) if there exists a constant L; > 0 such that

[f" (1) = [ (@) < Ll = wofl o) ([l + |22l on) P @ T-ae. (6.8)
for n € NU {00} and z, 2, € R>™.

We now show that the pointwise convergence of predictable functions f" sat-
isfying the bounds (6.7) and (6.8) implies the convergence of the stochastic pro-
cesses generated by replacing the spatial coordinate x of f™ with a predictable

process (Xt)ogth-

Lemma 6.5. Let f": Q x [0,T] x R>™ — R be a predictable function for each
n € NU {oo} and some m € N. Suppose that (f")nenu{oc} Satisfies the uniform
quadratic growth and local Lipschitz bounds (6.7) and (6.8), and that

lim f*(z) = f*(z) P®I-a.c (6.9)
n—oo
for each x € R&>*™. Then for any predictable process (Xt)o<t<T € LfOC(M;RJXm),

1t holds that
T

lim [ (xe) = /7 (O)ldl =0 P-a.s. (6.10)
n—oo 0

Proof. We start by approximating the process x by a simple process y with values
in RJX’”, and for that we partition the latter space into hypercubes. Fix some
0 > 0 and consider the partition (f)z)zezgxm of R>™ where D, is the hypercube
given by H?é?[zj, z; 4+ 1). For each z € Z%™ we then further partition D, into

dxm

q®*™ smaller hypercubes of side length 1/q,, where

.: SUP,ep, ||
= T mdy s |

Thus if we enumerate the resulting family of smaller hypercubes by (D;);en in

some arbitrary order, it follows that the D; form a partition of Réxm. Moreover,
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let i € N and take z € Z%™ such that D; C D,. Then we have the inequality

(dm)'/?

diam(D;) sup |z| < sup |z| <0 (6.11)
zeD; z z€D,

by the choice of ¢.; this holds for all 7 € N.

We can now use the partition (D;) to show (6.10). Without loss of generality,
we may assume that f> = 0. For each i € N, pick an arbitrary element z; € D;,.
By (6.7) and since || - || < || - ||, we have for i € N that [f"(z;)] < Cplzi]”
P ® I-a.e. for all n € N, where

T
/ CllaslPdl, = Cyli|2tr (M)p < 00 P-as. for i € N,
0

Thus (6.9) with f* = 0 and the dominated convergence theorem with majorant

C't|lx:]|? for each i yield

T
P[ lim / |fi(x;)|dl; = 0,Vi € N| = 1. (6.12)
0

n—o0

Now fix a process y € L2 _(M;R¥>™). Consider the random sets

loc
A ={(w,t) e Q2 x[0,T]: x¢e(w) € D;}, €N,

and define the process X := ), 14,2;. By construction, we have on A; that
X € D; and y = x; € D;. Then by (6.7), (6.8) and (6.11), we have P® I-a.e. that

001 < Crlixle,
[ O0) = S OO1 < Lg(llx = xllean) Ul + 11X )

<D LpLa(lx =zl Ul + llaill) < 2L, (6.13)
1€N

In particular, [f"(X)| < Cylx|I%y +2L;0 so that

T T
Yin '= / La [ £ (Xa)|dL < / L4, (Crlixellw +2Ls0)dI, =1 §;  P-as.
0 0 ‘

for each i € N and uniformly in n € N, where the majorant defined by the map
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1 — ¥; is summable since

T
Zgji = / (CfHXtHiﬂ +2L48)dI; = Cytr (x* M)p + 2L ;6tr (M)p < 0o P-a.s.
0 t

1€N

Thus by (6.12) and the dominated convergence theorem with respect to the count-

ing measure on N, we have

T
lim [ 17 (eldl = lim >y

n—oo
ieN
T
= anl_)II;o Yin = 27}1—{20/0 14,1f](x)|dly =0 P-as.
1€EN ieN

Hence (6.13) yields

n—o0

T T T
lim sup/ |f ()AL < / 20d1; + lim / |f(Xe)|dI, < 26ty (M)r  P-as.

As we assumed f°° = 0 and ¢ > 0 is arbitrary, (6.10) follows by taking § \, 0. [

We are now ready to give a stability result for equations of the form (6.2),
where we replace the inputs f, xy and G with sequences (f")nenufoc}s (X" )neNu{oc}
and (G")nenufoo} such that f* — f*, x" — x> and G" — G* as n — oo in
the sense of (d), (b) and (e) below. As discussed after Example 6.1, we assume
that solutions (Y™ (™ N™) to the corresponding equations are given a priori.
Additionally, we suppose that the sequence of solutions (Y"),cn is uniformly
bounded in L°; this is needed since Proposition 6.2 does not provide an a priori
bound for Y. In addition to the previous results, we also use in the proof some
well-known facts about continuous BMO martingales that are given afterwards
in Section 6.2 for convenience.

We follow the basic structure of the proof of Zhang [121, Theorem 7.3.4]:
namely, we obtain a BSDE for Y — Y*° and simplify it by a change of measure.
More precisely, we find the dynamics of Z"(Y"™ — Y*) for a suitable positive
martingale Z" started at 1, which by Girsanov’s theorem is equivalent to finding
the dynamics of Y —Y* under the equivalent measure with density Z7. We can
then obtain bounds for |Y™ — Y*°| as well as for the differences of the martin-
gale parts. The change of measure is here more delicate than in [121] since the
coefficients that define Z™ are not bounded in this case, and hence more care is

required to obtain the subsequent bounds.
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Theorem 6.6. Suppose that (Y")nenufoo) 95 a Sequence of continuous semi-
martingales on [0,T] such that Y™ for n € NU {oo} satisfies the equation

AY = fP(GE )AL — gd(N™), + (M, + ANy, 0<t<T,  (6.14)
Yr =G,

where N™ is a continuous local martingale orthogonal to M, X" € LQ(M;RJX’”)
and ¢" € L3 (M;R?) are predictable integrands, (0,)o<i<r is a bounded predictable
process, G" € L™(Fp) and f* : Q x [0,T] x RY x R*™ — R is a predictable
function. Suppose that the following conditions hold:

(a) Cy = sup,enuioo} | SUPsepo 1 Y7 lloc < 00

(b) The processes x™* M are BMO martingales for each n € NU {oo} with

sup  ||x"* M| gyo < oo.
neNU{oo}

Moreover, tr {(x" — x>®)* M)t 50 asn— .

(€) (f")nenufeo) satisfies the uniform quadratic growth and local Lipschitz
bounds (6.7) and (6.8) (with (z,x) € R in place of x).

(d) For any z € R? and x € R™™ it holds that

lim f*(z,z) = f*°(z,2) P®I-a.e.
n—o0
(e) G" 5 G® asn— oo,
Then the families of martingales (¢"* M )penuioo} and (N™)penufoo) are bounded
m BMO, and it holds as n — oo that

sup [Y;" = V| =5 0, (6.15)
t€[0,T]
((C" = ¢®)* M)z + (N" = N®)g = 0. (6.16)

Proof. (1) We first derive a BSDE for §"Y := Y™ — Y. In the following, we also
write 0"X (= X" — X and ¢"X = X" 4+ X for X € {(, N, x,G, f}. Taking
differences in (6.14) yields for each n € N and 0 <t < T the BSDE

ds"Ys = (£ (G X)) — £2(6°, xi°) )l — 0 d (0" N, 0" N);
+ 6" dM, + dé™ N, (6.17)
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with terminal condition 6"Yr = §"G. We decompose the drift term as

FICE D) = (G0, X5°) = 6™ £u(G, x5°) + (12 X — F1(EEx5))
+ (PG ) = G xG), 0<t<T. (6.18)

Define the predictable processes (o} )o<t<r, (8i)o<t<r for 0 <t < T as

n FE(CE X)) = (G, xE)
oy = 1{|5n4t‘cg917£0} L 75”@‘; Lot (6.19)
FRGE X = £ G x5)

167X g

B = Lol 20} (6.20)

so that by (6.8), we have
max(|a”], |5") < 2L (I¢" | + [ o - [IX e + X)) P @ [-ace. (6.21)
By plugging (6.19) and (6.20) into (6.18), we can rewrite (6.17) as

domYy = (6" fi(C%x°) + B 10" Xl i + 8" Col g ) By
— 0d{(6"N,0"N)y +dM"", 0<t<T, (6.22)

where we define (M,"™)o<i< by
MY™ = §"Ce M + §"N. (6.23)

Next, we want to remove the drift terms from (6.22) involving §"¢ and 6" N. To
that end, consider the stochastic exponential (Z')o<;<r given by Z" := E(M%™),

where we define the local martingale (M/")o<i<r by

M= ‘(wir ‘5"<> Mt oro"N (6.24)

for n € N. For later use, we also define the local martingales (M;/"™)o<i<r and
(M )oze<r by

MZ,Y,n - 5ny,MZ,n + MYJ'L’ (625)
NZYm .= §ny o M2YT 4 57y o JpYom, (6.26)

We now check that MY", MZn MZYn and MZY" are martingales that are
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bounded in BMO over n € NU {cc}. Note that the sequence (x"*M )enuioo} is
bounded in BMO by assumption (b). Thus by Proposition 6.2 and the uniform
bounds in (a), (b) and (c), the sequences (C"* M)nenufoo} and (N™),enufoo} are
also bounded in BMO; this already shows the first statement of the theorem.
Hence (MY"),cy is bounded in BMO since each of the terms in (6.23) is. For

M?%n with a" := —ﬁé”(, the bound (6.21) yields
B n|2 571 T ]\7[571
d<&n.M>t: |at| ( gt)2ct <tdft
’5”Ct|céq
= |04f|2dft
<AGLE(G P + 16 2s + G120 + I IP)dle (6.27)

for 0 <t < T. Since we have for any ¢ € L _(M) that

loc

T B T
(peM)r — (o= M), = / (pu) ey pudl, = / | oulZwdly, 0<t<T, (6.28)
t t

it follows from (6.27) that the increments of (& * M) are bounded by a linear
combination of the increments of (¢"« M), (¢« M), (x"*M) and {x>+M), and
so @ € L*(M) and a" M is also a BMO martingale. Since the constant 16L?c
in (6.27) is independent of n, also (&"* M ),ecy is bounded in BMO. Likewise, g
is bounded and (0" N )¢y is bounded in BMO so that (p*0™ N ),en is bounded in
BMO, and hence so is (MZ"),en by (6.24). Finally, (M%Y™), .y and (MZ’Y’”)%N
are bounded in BMO like (MY"),cn and (M%™),,en by (6.25) and (6.26) because
(Y"™),en is uniformly bounded by assumption (a).
Returning to (6.22), the orthogonality N, N> L M and (6.24) yield

%
107Gt ogn
= —af|5”<t‘ciqdft + Qtd<6nN, O'nN>t, 0 S t S T. (629)

d(M?" §"Y), = (6"¢) T MG, + 0,d (0" N, 6" N),

By the product rule, plugging (6.24) and (6.29) into (6.22) yields

A(Z75"Y;)

o = (B0 Xl e + 0" (G X)) i+ AMT, 0 <t < T, (6.30)
t

where we recall MZY" from (6.25). For later use, we also derive a BSDE for
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ZM(0"Y;)?. By (6.23)-(6.25), we have

d(MY’n, MZ,Y,n>t — (Sn}/td<]\4Y,n7 MZ,n>t + d<MY,n>t
= 0"V, (a}|0"Ce| g d Ly — 0:d(0" N, 0" N)¢) + d(M™"),.

Thus by applying the product rule to (6.22) and (6.30), we get

n(sn 2 nsn
d(Zt (5 Y;‘/) ) — 5nYt(d(Zt ) }/;5) +d5nYt) _I_d<MY,n’MZ,Y,n>t

Z 4
= 20"Y (B 10" Xl + 0" f:(G°, x57))
+d(MY™Y, + dMPY", 0<t<T, (6.31)

where we recall MZY" from (6.26).

(ii) Next, we show that Z" « M%Y" is a true martingale in order to take
conditional expectations in (6.30). By Lemma 6.9 below and since (M%™), oy is
bounded in BMO, each Z™ = £(M?%") is a strictly positive martingale on [0, 7]
satisfying the bound

n | 1+K

U

Z

sup E[ sup .7-}] < Cy (6.32)

t€[0,T u€lt,T]
for n € NU {oco} and some constants k > 0, Cz > 0 independent of n. Since
MZ%Ym € BMO, we have by (6.32) and Lemma 6.11 below with v = Z" that
Zme M%Y™ is a (true) P-martingale on [0, T]. Taking conditional expectations in
(6.30) and recalling the terminal condition 6"Yr = 0"G, we thus obtain

T
ﬂwanPWW—/‘%@memwwwufwmwn.é
t
for 0 <t <T and n € NU {oo}. Dividing by Z;" yields
5, = 8| A7C [ 2 ol + 0 G| | (6.33)
t t t

for 0 <t < T. Taking absolute values in (6.33), we obtain the bound

T
MWHSEkﬁQWm+1‘mewm%+wwmﬁwﬁbw0]ﬂ}
(6.34)
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for 0 <t < T, where Z}'7. := sup,c;p 1 |20/ Z1'].

(iii) We now use (6.34) to show the convergence of the sequence (0"Y) as
n — oo. By (6.32), (Z;'7 )nen is bounded in L'**. Due to assumptions (a) and
(e), (0"G)nen is uniformly bounded with 0"G 0 as n — co. Next we consider
the integral terms in (6.34). By the Cauchy-Schwarz inequality,

T T 1/2 T 1/2
[ stieagan < ([Cipan) ([ ilgan) o )
0 0 0

We want to show that the first factor on the right-hand side of (6.35) is bounded
in LP uniformly in n € N and the second converges to 0 as n — oo. Note that by
(6.21) and (6.7), we have for each ¢" € {8, 6" f((>, x*°)} that

T T
| eran < [ G+ 16y + NI + NI,
t t

for some constant C' > 0 that does not depend on n. Combining this with (6.28)
and since (¢"* M )penufoo} and (X" * M)penufoo} are bounded in BMO, we obtain

T
sup sup E{/ |l |?dI,
¢

neN t€[0,T]

ft:| < 0.

Hence by Corollary 6.8 below and because (0™ * M ),en is bounded in BMO with
trd(6"x » M)y = [|0"xul|? dL,, the sets

T p T
{‘ / | ?dl,| :n € N} and {‘ / ||5”Xu|]§MdIu
0 0 "

are uniformly integrable for each p € [1,00) and ™ € {8, 5™ f(¢*>°, x*°)}. Moreover,

e N} (6.36)

by assumption (b), we have
T T i B »
|1t = [ (el @) )L = e @ 3 5 0

0 “ 0
as n — 0o, and hence we obtain
T o

/ 16" Xul?wdl, — 0 asn — oo for each p € [1, 00). (6.37)
0 u

Returning to (6.35), it follows from (6.36) for ¢" = p", (6.37) and Holder’s
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inequality that
T o
/ 1Bulllo"xullrdl, — 0 as n — oo for each p € [1,00). (6.38)
0

For the second term inside the integral in (6.34), assumption (d) and Lemma 6.5

yield
T
/ |07 fu (20, x20)|d I, L0 asn— oo
0

Together with (6.36) for ¢" = §™ f({*°, x*°), this yields
T o
/ 10" fu (€0, xo2)|dI, — 0 as n — oo for each p € [1, 00). (6.39)
0

We can now return to (6.34). By Holder’s inequality, we have

~ KAl K
sup |6"Y;| < sup E[(Z75)' | }"t]lﬁ sup E[Gn" | F] =, (6.40)
te[0,T] te[0,T] ’ te[0,T)

where we recall Z;'. := sup,c; 1 |Z1/Zi'| and x> 0 from (6.32) and define
. T
G = 1761+ [ (821"l + 187Gl (6.0)
0

Since (6"G)pen is uniformly bounded by assumption (a) and 6"G B 0asn — 0,
we also have by the dominated convergence theorem that 6"G L 0asn — oo for
each p > 1. Combining with (6.38) and (6.39) yields

Gn 50 asn— oo for each p € 1, 00). (6.42)

~ K+l
Equivalently, G"* 0 as n — oo for each p > 1. Doob’s LP-inequality then
yields
~ Kt1
sup E[Gn" | F] —0 asn— oo
0<t<T

in LP for each p > 1 as well as in probability. Plugging into (6.40) and using
the fact that the first term on the right-hand side there is uniformly bounded by
(6.32), we finally obtain (6.15), i.e., sup;ep 1y |y — V™| L 0asn — oo

(iv) It remains to show (6.16), i.e., that the martingale parts ("+M and N"
converge. To that end, recall the BSDE (6.31) for Z"(§"Y)?. We want to take
conditional expectations in (6.31) similarly to (6.30). Since MZY" ¢ BMO by
(6.26), we have by (6.32) and Lemma 6.11 below with v = Z” that Z"« MZY"
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is a (true) P-martingale on [0,7]. We can then take conditional expectations in
(6.31) with (6"Y7)? = (6"G)? to obtain

Zy A
%0 = B| @6 -2 [ 2 (Glnl + 0 G )L
t t t

T Zn
_ _ud MYvn “
[ S

]-"t} 0<t<T.

Taking ¢ = 0 and rearranging yields

T T
E{ / st<MY’">u}——E[2 | 2Bl + 56 ),
0 0

+ E[ZH0"G)?] — (6"Yp)2. (6.43)

The last term on the right-hand side converges to 0 as n — oo by (6.15). Recalling
the definitions (6.41) of G and Zyr = SUPyep. |Z1i ], we have by assumption
(a), Holder’s inequality and (6.32) that

T
Bl2 [ ZH0 VB8l + 0" (G L + B2
0

T
<40 B| 235 [ 18005l + S LGE AL + 200 B ISG)
0
~ 1 ~Etl ko
< 4CyE[Zg7;:Gn] < 4CyCZI+'€E[GnK } =+l
Plugging into (6.43), we obtain due to (6.42) that

T
E{/ Z;ld(]\/[y’")u] — 0 asn— 0. (6.44)
0
The final step is to remove the integrand Z" from (6.44) to show that (MY"™)p

converges to 0. Note that
T T
ZE(MY™) p = / ZrM(MY™), + / (MY™),dZ" (6.45)
0 0

by the product rule. We also recall that MY™" M%" ¢ BMO as shown after

(6.28). Thus by (6.32), Corollary 6.8 below and Holder’s inequality with p = 11?;2
1+k

K/27

and g = we obtain

B sup (|27 [(MY")) 42| < BI(Z57) "] B[ < o,
te[0,7 )
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By combining this bound with the definition Z" = £(M%"), Lemma 6.11 with
v = Z"(MY") and (6.32), we obtain that (MY")«Z" = (Z"(MY"™)) s M%" is a
true martingale. After taking expectations in (6.45), (6.44) gives

T
E[Z3(MY™)y] = E[ / zgd<MYvn>u] _40 asn oo
0

: P , :
In particular, we have ZZ(MY"™)r = 0 as n — oco. Moreover, since (M%), oy is

bounded in BM O, Lemma 6.10 below gives for some constants %, Cz > 0 that
E[(Z}) "] < Cx for all n € N.

Thus applying Lemma 6.3 to the random variables ZZ and (MY")7 yields that
(MY™ 7 5 0 as n — oco. Finally, by the definition (6.23) of MY™ and since
N™ N> 1 M, we have

(MY = (6"C* M) + (6" N)r L0 asn— 00,

which shows (6.16) and completes the proof, since we have shown after (6.26)
that (¢" ¢ M)penuioo} and (N™)uenufooy are bounded in BMO, and (6.15) was
proven at the end of step (iii). O

6.2 Lemmas on BMO martingales

We collect here some useful results on BMO martingales that are well known in
the literature and needed for the proof of Theorem 6.6; we use Kazamaki [81] as

a reference.

Lemma 6.7. Let (M;)o<i<r be a continuous BMO martingale. Then there exist

constants o, Co, > 0 that depend only on | M||pymo such that
esssupco.r B[ exp (a((M)r — (M),)) | 7] < C. (6.46)

Proof. Choose o > 0 such that «||M||grpo = ||eM||pymo < 1. Then by applying
[81, Theorem 2.2] to aM and all (constant) stopping times ¢t € [0,T], we obtain

(6.46) for the constant C,, = 7—5-—>— < 00. O
1=a?|M|[5p0

Corollary 6.8. Let (M"),en be a sequence of continuous martingales on [0, T
that is bounded in BMO. Then the set {(M")}. : n € N} is uniformly integrable
for each p € [1,00).
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Proof. Fix p > 1. Note that Lemma 6.7 yields (6.46) simultaneously for all
M™ with constants «,C, > 0 that depend only on sup,cy||M"||smo- By the
elementary inequality z < exp(cx)/c with ¢ = a/(p+ 1) > 0, we have

BM™E) < (fil)pHE[expmw%)J < (]il)c

a a
As (M™MPT = ((M”)?)%l, the set {(M™)}. : n € N} is bounded in L and
hence uniformly integrable. O]

Lemma 6.9. Let (M;)o<i<r be a continuous BMO martingale. Then E(M) is a
uniformly integrable martingale on [0, T] and there exist constants k,C\, > 0 that

depend only on ||M | pymo such that

sup i

sup F e
u€[t,T) 5<M>t1+

te(0,7

{ E(M)L++

]—"t] <C.. (6.47)

Proof. By [81, Theorem 2.3|, £(M) is a uniformly integrable martingale. As
pointed out in |81, after Equation (3.4)], the function ® in [81, Theorem 3.1] is
continuous and decreasing on (1,00) with lim,\ 4 ®(p) = co. Thus there exists
k > 0 that depends only on || M| gao such that (1 + k) > || M| pmo, and hence
[81, Theorem 3.1 and Definition 3.1| yield (6.47) for some C,, > 0. By inspecting
[81, Equation (3.5)] and the last equation in the proof of [81, Theorem 3.1|, we
see that C, depends only on || M| gro and the choice of k > 0. O

Lemma 6.10. Let (M,;)o<i<r be a continuous BMO martingale. Then there exist

constants i, Crz > 0 that depend only on || M||grpo such that

S(MM) ]
sup F — | Fi| < (k. 6.48
S L(M)ﬁ = (6:48)

Proof. For a, k > 0 given by Lemmas 6.7 and 6.9, define the constants

_04+1+/£>1 _
- o ) q 1"—:“{]

1 1
_otlts o a(l+ k)

= —">0,
a+1l+k

p:

so that i—l— é =1 with kp = 1 + k and kq = a. Note that
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Then by Hélder’s inequality, we have

£ (M) e v
E[S(M)tk E]SE{ e ] B[ exp (Ra((M)r — (M),)) | 7]
B (M)Hn 1/p o (o B 1/q
E[ e ] E[exp (a((M)r — (M),)) | F]
< C;/pcé/q =: s
for 0 <t < T, which shows (6.48). O

Lemma 6.11. Let (M;)o<i<7 be a continuous BMO martingale and (v:)o<i<r @
predictable process such that E[sup,co 7 |:|'*°] < oo for some § > 0. Then v+ M

is an H'-martingale on [0,T).

Proof. Set v* := sup,¢oq) || By the assumption, Corollary 6.8 and Holder’s

inequality, we have

sl = | ( [ ' 2t ) UT < By (M)

Hence by the Burkholder-Davis-Gundy inequality, we have

E[ sup Iv'Mt|] < CE[(yM){*] <
te[0,7)

for some C' > 0 so that v+ M is an H'-martingale on [0, T7. O



Appendix A

Volterra equations

In this appendix, we give some results on the existence and uniqueness of solutions
to convolution equations, particularly of Riccati—Volterra type. These results
are used in Chapter I for proving Theorem [.2.17, which is needed in several
proofs related to the mean—variance hedging problem for the rough Heston model.
Throughout this appendix, we use the textbook by Gripenberg et al. [59] as the
main reference for results related to this topic.

We start by citing three well-known theorems: the Kolmogorov-Riesz com-
pactness criterion, the Schauder fixed point theorem and Young’s convolution in-
equality. The latter is included in Lemma 1.5, where we show a slightly stronger
result. We also give an auxiliary result in Lemma 1.6. The main results in this
section are then Propositions 2.2 and 2.4, which give general conditions for the
existence and uniqueness of solutions x : [0, 7] — C" to a convolution equation
of the form x = k % f(z), for a given nonlinear function f and kernel k. These
two propositions give the existence of continuous and LP-integrable solutions,
respectively. In Corollaries 2.6 and 2.7, we show the existence and uniqueness
of solutions to equations of the alternative form x = f(k * x), which we use
most often in Chapters [ and II. We also give explicit bounds for the solutions of
Riccati—Volterra equations as well as a stability result. Finally, we conclude with

the proofs of two results directly related to Chapter I.

1 Preliminaries

We recall the definition of the convolution operation.

Notation 1.1. In the following, we generally work with the spaces L%([0,T7];C)
or LU([0,T];C™) for T > 0, g € [1,00) and n € N, where the integrability is
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defined with respect to the Lebesgue measure on [0,7]. For ease of notation, we
denote the norms of either space by || - ||zso,r), || - lze or || - |lg, when it is clear
from the context. Given T € (0, oo, we also consider the space L{ ([0,7);C") of

loc

measurable functions f : [0,7") — C" such that || f||zs(0,) < oo for each t € (0,T).

Definition 1.2. For T' € (0, 00), we define the convolution k =y of two functions
k e L*(]0,T);C) and y € L*([0,T]; C") by

(kxy)(t) = /0 kE(t — s)y(s)ds = /o k(s)y(t —s)ds, 0<t<T, (1.1)

so that k*y € L'([0,T];C") (see below). Alternatively, if k € LL .([0,T);C) and

loc

y € LL.([0,T);C"), then we define k *y by (1.1) for t € [0,T), and in this case

loc

kxye L. ([0,T);C").

The fact that k * y is well defined, measurable and belongs to L'([0, T]; C")
or LL.([0,T);C"), respectively, follows from [59, Theorem 2.2.2(i)[; this can also
be shown using Fubini’s theorem and the Young convolution inequality that we
give later in Theorem 1.5, with p = ¢ = r = 1. Definition 1.2 differs slightly from
Definition 1.2.3, as we allow n > 1 and fix a terminal time 7', which is convenient
for the type of results that we consider here. Note that the convolution has a
causality property, i.e., (k * y)l 7 only depends on klgz and yly ) by the
definition (1.1). Thus the convolution k * y does not depend on the terminal
time, in the sense that (k+*y)(t) is the same for any choice of time horizon T' > t.

We start by giving two well-known theorems from functional analysis that
are helpful for proving the subsequent results; see Alt/Niirnberg [9, Theorem
4.16] and Gripenberg et al. [59, Theorem 12.1.4], respectively, for references. The
first is a compactness criterion for LP-spaces on R”, analogous to the Arzela—
Ascoli theorem for spaces of continuous functions, and the second is a fixed point

theorem that we use for showing the existence of solutions to Volterra equations.

Theorem 1.3 (Kolmogorov—Riesz compactness criterion). Let p € [1,00) and
n,m € N. Then a subset D C LP(R"™; R™) is relatively compact (i.e., the closure
D C LP(R™%R™) is compact) with respect to the LP-norm-topology if and only if
the following conditions hold:

1) D is bounded, i.e., sup;cp || f||Lr@n) < 0.

2) D is equicontinuous, i.e., limp osupsep | f(- +h) — f(-)|[Lr@n) = 0.

3) D is equitight, i.e., imp_oc SUP e p || 1rm\BR(0) || Lr(n) = 0.
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Theorem 1.4 (Schauder fixed point theorem). Let B be a Banach space and
D C B a closed, bounded and conver subset. If ® : D — D 1is a continuous

function such that ®(D) C B is compact, then ® has a fized point in D.

We now give the well-known Young convolution inequality, together with an
additional statement on the compactness of the convolution map on LP-spaces.
This is useful for the proofs of the subsequent propositions on the existence and
uniqueness of solutions to Volterra equations, and generalises [59, Theorem 2.2.5]
in the case where p,q > 1.

Lemma 1.5. Fizn € N, T € (0,00) and p,q,r € [1,00) such that %+% =141
For all k € L*([0,T);C) and y € L9([0,T]; C"), it holds that

|k * yHLT(O,T) < ||k||LP(O,T)||y||Lq(O,T)> (1.2)

and hence k xy € L([0,T];C"). Moreover, for fized k € LP([0,T);C), the linear
map y — k x5y from L1([0,T];C") to L"([0,T);C") is compact, i.e., the set

D:=kxD:={kxy:yeD}CL(0,T];C"

is relatively compact for any bounded subset D C L2([0,T]; C™).

Proof. The inequality (1.2) is Young’s convolution inequality; see Sogge [113,
Theorem 0.3.1]. Since we need a slightly more general version of (1.2) in order
to show the compactness, we also give here a full proof. We start by defining the

constants
, c:g, a=1-b, d=1-c. (1.3)
r

Since p,q,r > 1 and % + % =1+ % by assumption, we must have r > max(p, q),

and thus we get a,b,c,d € [0,1]. We also have the equality

1 d 1 1 1 1 1 1 1 1
94__4__:(___)4__4_(___):— ——-=1 (1.4)
p r g \p r) v ' \¢ rv)] p g r

Now recall the generalisation of Holder’s inequality to n functions on a measure
space (€, A, 1) (see Alt/Niirnberg [9, Theorem 3.18]), which gives that

Hfj

J=1

LY (Q,p

< H 1 fill Ps (o
) =1

1. In

for functions f; € LP/(Q, ) and constants p; € [1,00] such that ) 1% =
'7 —
particular, we can apply Holder’s inequality for three functions on [0, 7] with
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powers 2 7 and %, due to (1.4). Recalling also (1.3), we can bound k * y by

(G0 = | [kt = ] < [t e = Ply(o) o) as

<[ ([ -ormors) ([ e-ors)

< &l 0,7 1911 %0 0,79 (/ [kt = s)["ly(s )|qu) :

for each t € [0,T]. Now consider a subset E C [0,7] with Lebesgue measure
= |E| € [0, T]. Integrating the previous inequality on E, we obtain by Fubini’s
theorem that

3=

ek * )l ez < IR0 0.0 191 Te07) ( / |k(t = s)["y(s )qusdt)

g :
S e ( ( i s)|pdt)ds>
Eﬂ[s T]

1

guku‘zpmuy|\%m 0 \qu) (ne(0))*

= 1B Ze 0.0y 191l 2ac0,) (ne(0)) (1.5)

using that d + ¢ = d + ¢ = 1 and where we define ny, : (0,7] — [0, 00) by
na(0) = sup {K1e | oo« B C 0,71, |E] < £}, (1.6)
Indeed as |E| = ¢, the inner integral in the second line is taken over a set of

measure at most ¢, so that it can be bounded by (n4(¢))?. In the particular case
E = [0,T], so that £ = T and ng(T) = ||k||zr(0,7)» We obtain (1.2) by plugging
into (1.5), sincea +2 =a +b=1.

We have thus shown Young’s convolution inequality (1.2), and so the map
y — k * gy is linear and continuous. It remains to show that it is compact. For a
given kernel k € LP([0,7]; C), we need to show that the set

D:=kxD:={kxy:yeD}CL([0,T];C"

is relatively compact for any bounded set D C L?([0,T];C"). In the following,
we embed L"([0,7];C") into L"(R;C") by setting functions to 0 on R\ [0,T],
and denote the norm in L"(R;C") by || - ||.-- We also define the shift operator
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As : L'(R;C") — L"(R;C™) by (Asz)(t) = 2(t + 9) for 6 > 0. Note that each
z € D is supported on [0,T], so that

z(t +90), t e [-0,0),
t+6)—2(t), tel0,T—56),
Aps(t)— o) = P = A0, tEDT=5)
2(t), te [T —9,T),
0, teR\ [-6,T).
Hence we get the equality
1852 = 2l = ([I2(Xp.5) + Lip—s )l + [1(Qsz = 2) 1 7-g ) (1.7)

for each z € D. Our goal is now to show that sup,_p |Asz — z|[r — 0 as & \, 0,
for which we use (1.7).
To show the convergence, fix y € D, z := k+y € D and § > 0. Considering

the last term in (1.7), we have for 0 <t < T — ¢ that

Agz(t) — (1)) = /0 k(t+ 6 — s)y(s)ds — /0 k(t — $)y(s)ds

t+4d t
_ /t k(t+(5—s)y(s)ds+/0 (k(t+6 —s) — k(t — s))y(s)ds

+ [ ((Ask — k) =) (1)]. (1.8)

< /H(S k(t+ 6 — s)y(s)ds

Taking the absolute value inside the integral, we can bound the first term on the
right-hand side of (1.8) by

e k(t+0d —s)y(s)ds ’ k(s)y(t+6 — s)ds
J J

t+6
< / |k(s)y(t + 0 — )14 (s)|ds
0

= (kLo *lyl) (t +9). (1.9)

Hence taking the L™-norm on [0,T — §], we obtain from (1.8), (1.9) and Young’s
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convolution inequality (1.2) that

H(A(;z—z) < H|]{31[05]|* +|| Ask — k)*yHLT
< (Ik100lze + ||A5k: — Kl ze) Y]l 2o

< (n(0) + 1Ak — K| o) 1yl s (1.10)

where we recall the definition (1.6) of ng. Returning to (1.7) and considering now
the first term, the inequality (1.5) yields the bound

P
T

1-2
12(Lpo,6) + Lir—s o)l < 1kl " [yl Lans(26) 7 (1.11)

Then by plugging in the two bounds (1.10) and (1.11) into (1.7), we obtain
1852 = 2llor < (1Kl 7a(20) +ne(8) + sk — kllze) 1yl (1.12)

for z = k % y. Since the singleton {k} € L? is compact and hence equicontinuous
by the Kolmogorov-Riesz compactness criterion, we have lims o ||Ask—Ek|[z» = 0.
We also have that as § \, 0,

ng(d) = Sup{HklE/”LP(O,T E' C C [0, T] ’E/‘ < 5} N0

since the singleton {|k[’} is uniformly integrable and by the e-d-criterion for
uniform integrability; see Klenke [83, Theorem 6.24]. Because sup,cp ||y« < oo
and the remaining terms in (1.12) are independent of y and converge to 0, we
obtain from (1.12) that

sup [|As(k*y) — kxyllrr — 0 as 6 \,0.
yeD

This shows the equicontinuity of D. Note that D is also equitight as all ele-
ments of D vanish outside of [0, 7] by construction, and it is bounded by Young’s
convolution inequality (1.2), as [|y||zq,r) is uniformly bounded, and hence so
is |k *yll oy < Il zeo,m) |9l Laco,r)- Tt then follows by the Kolmogorov—Riesz
compactness criterion that D is relatively compact. Since this holds for any choice

of bounded set D, we conclude that the map y — kxy is compact, as claimed. [

The following result is also well known, and it shows that any continuous
function f : C"™ — C” satistying a power growth condition induces by composition

a continuous map on LP-spaces. This is used in the proof of Proposition 2.4.
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Although we only need this result for LP-spaces on intervals of real numbers
equipped with Lebesgue measure, we note that this result would also hold on any

finite measure space (Q, F, ).

Lemma 1.6. Fiz m,n € N, T € (0,00) and a,q € [1,00) such that a < q. Let
f:C™ —= C™ be a continuous function and suppose that it satisfies the growth
condition |f(Z)| < C(1 + |Z|*) for some C > 0 and all & € C™. Then the map
x> fox is continuous from Li([0,T); C™) to L9/%(]0,T]; C").

Proof. We note that the map is well defined into L#/%([0, T]; C"), since
1f ozl wraory < NCQ + |2]) paraozy < C(TY + 2l fao,r)) < 00

To show the continuity, let (z,),eny be a sequence converging to some z in
L9([0,T]; C™) and pick an arbitrary subsequence (,, )ren. Then we claim that
there exist a further subsequence (2, )ren and some z € L?([0, T]; C™) such that

Tn,, — @ as. as £ — oo and max(|z,,, |, |z[) < T as. for each £ € N. To see

k
thi;, we first use the L7-convergence to find a subsequence of (z,, )ren that con-
verges to = almost surely and in L?. Then, we find a rapidly convergent further
subsequence (Zy, )ren SO that ||ycn,€z+1 — Ty, | Lao.7) < 27 for each ¢ € N. By
construction, we still have that Tn,, — T a.S. as ¢ — oo, and we also have a ma-
jorant T := |z, |+, |%ny,,, — Ty, |- Note that the triangle inequality yields
\a:nk,z| < 7 a.s. for each ¢, and by taking pointwise limits we obtain |z| < Z a.s. As
we can bound the L%norm of T by a geometric series, we have z € L([0,T]; C™).
Thus by the continuity of f, we have f o Tny, — f o x almost surely as £ — oo.

We can bound

q/a

£ (e, (0) = F )| < (C+ [, B +12)]")
< (20(1 + |:f(t)|“)>q/a,

where the right-hand side belongs to L'([0, T]; C™) since |z|* € L9/*([0,T]; C™).
It follows by the dominated convergence theorem that f o Tny, — foxin
L9/([0,T]; C") as £ — co. Therefore, as every subsequence (7, )ren has a further
subsequence (.fl?nkz)geN such that fox, — fouzin LY%([0,T];C") as £ — oo,
we must also have f oz, — foxin L¥%([0,T];C") as n — oo for the original

sequence. This shows the continuity of the map = — f o x. [
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2 Existence and uniqueness results

We are now ready to prove the following two results about the existence of solu-
tions to convolution equations. The first version is a particular case of Gripenberg
et al. [59, Theorem 12.1.1], and it gives sufficient conditions for the existence of
a continuous solution on a small time interval. In Proposition 2.4, we show a
version of this result for existence in an L?-space. In both cases, we also obtain

uniqueness under a suitable Lipschitz condition.

Remark 2.1. In the following results, namely Propositions 2.2, 2.4 and 2.8 as
well as Corollaries 2.6 and 2.7, we have that the solutions to the corresponding
Volterra equations are real-valued if all the inputs are real-valued. This can be

seen by replacing C with R in all statements and proofs.

Proposition 2.2. Fizn € N, T € (0,00] and k € LL.([0,T);C), and suppose
that y : [0,T) — C" and f : C"* x [0,T) — C" are continuous functions. Then
the following statements hold:

1) There exists a positive time T = T'(k,y, f) € (0,T) such that there is a

continuous solution x : [0, T] — C" to the equation

z(t) = y(t) + /0 k(t —s)f(z(s),s)ds, (2.1)

for0<t< T.

2) If T < T and x : [O,T] — C" s a continuous solution to the equation
(2.1) on [0,T), then there exists some T > 0 such that © can be extended to a
continuous solution to (2.1) on the interval [0,T + 7). That is, there exists a
continuous solution & : [0, + 7] — C* to (2.1) for 0 < t < T 4 7 such that
E(t) = x(t) for all t € [0,T).

3) Suppose that for all B € R, there exists some L(B) > 0 such that

sup { |f(z1,t) — f(22,1)]

|z1 — 1’2|

), |wa| < Bywy # 39, t €[0,T — B—l]} < L(B),

(2.2)
€., f s locally Lipschitz-continuous with respect to the first variable. Then for
each T > 0, there is at most one bounded solution to (2.1) on [0,T].

Remark 2.3. By 1) and a repeated application of 2) (see also Gripenberg et
al. [59, Theorem 12.1.1]), one can find a noncontinuable solution to (2.1), i.e., a

solution = that cannot be extended to any larger interval. Such a noncontinuable
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solution x takes values on an interval of the form |0, T) for some T' € (0,77, and
it satisfies (2.1) for 0 < ¢t < T. Moreover, if T < T, then lim sup; »p |2(t)| = oo,

i.e., the solution blows up at the terminal time T.

Proof. 1), 2) The existence and continuability of solutions to (2.1) follow dir-
ectly from Gripenberg et al. [59, Theorem 12.1.1], by identifying C"* = R?" and
replacing k with the kernel k(t,s) := k(t — s)1j,q(s), as this does not change
the equation (2.1). The fact that k is a Volterra kernel of continuous type in
the sense of |59, Definition 9.5.2] follows from the remark after that definition,
since k is a convolution kernel. Hence [59, Theorem 12.1.1] gives 1) and 2). If we
consider the real case as mentioned in Remark 2.1, we can apply [59, Theorem
12.1.1] directly in R™ to obtain a real-valued solution.

3) To show the uniqueness, suppose that 2 and 2’ are two bounded solutions
to (2.1) on [0, T]. Define the constant

B = sup (|z(t)| V |2'(t)]) V(T —T)"! < co.
te0,77]

The equation (2.1) and the Lipschitz condition (2.2) imply that

2(t) — o/(1)] = /Ot k(e — ) (7 (2(u). ) — £ (o' (w). ) )

g/o LOB)k(t — )| |e(w) — /(u)|du,  O<t<T, (2.3)

as |z(u)],|2'(u)| < B and uw < T — B~ for u € [0,T] by the construction of B.
Note that for 3 € R and y,z € L. _([0,T);C), we have the identity

loc
t
e Py x 2)(t) = / e Pyt — s)e P 2(s)ds
0
= ((ePy)x (e P2))(t), 0<t<T.
Setting ¢ := |z — 2'| in (2.3) and multiplying with e=?, we obtain the bound

‘|6_’8¢HL1(0,T) < L(B)H\e‘ﬁ'k\ * ‘e_ﬂ¢‘|’L1(0,T)
LB)le™ kI oz lle™ @l 0.1 (2.4)

IN

using Young’s convolution inequality (1.2) with p = ¢ = 1 for the second inequal-
ity. Since limg_,o || ?k 1107y = O by the dominated convergence theorem,
we can choose 8 > 0 large enough so that L(B)le™ k|1 < 1. Thus, (2.4)
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implies that He_ﬁ'CbHLl(o,T) = 0 for large 8 > 0, and hence ¢ = 0 a.e. on [0,77].

Therefore we get x = 2’ a.e. on [0, T], and so the solution is unique. O

Next, we give a version of Proposition 2.2 for Li-spaces, which is for us the
main setup of interest. In comparison to Proposition 2.2, we give here an addi-
tional statement on the simultaneous solvability of a family of equations of this
type. That is given in the second part of the following result, which generalises
the first part. This additional result is particularly relevant in Chapter I for the
proof of Theorem 1.2.17, where we solve such a family of equations on a fixed

time interval.

Proposition 2.4. Fitm € No,n € N and T € (0,00). Suppose that p,q € [1,00)
and a € [1,q] are such that % + aT_l =1. Let k € L*([0,T];C), y € L4([0, T]; C"),
h € L]0, T);C™) and suppose that f : C"™ — C" is a continuous function
satisfying the growth condition | f(z,h)| < C(1+ |E|* 4 |h|*) for some C' > 0 and
all & € C" and h € C™. Then the following statements hold:

1) There exists some positive time T ¢ (0,T] such that there is a solution
x € L([0,T];C") to the equation

x(t) = y(t) + /0 k(t — s)f(z(s), h(s))ds (2.5)

for a.a. t € [0,T).

2) Consider an indexing set J and families of functions (k;);er in LP([0,T]; C),
(y;)jes in LU([0,T);C") and (h;)jes in LU([0,T);C™). Define the functions
k,y,h:(0,T] — [0,00] by

k(t) = sup ||kl e, 5(t) = sup [y;lleon, h(t) = sup [|hjllLaos  (2.6)
JjeT JjeT JjeJ
for 0 <t <T. Suppose that we have

k(T),y(T),h(T) < oo and 11\2% k(t) = ll\r“régj(t) = 11{‘% h(t) = 0.

Then there exists some time T € (0,T] such that for each j € J, the equation

z;(t) = y;(t) —l—/o ki(t — s)f(z;(s), hj(s))ds for a.a. t € 0,77 (2.7)
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admits a solution x; € LI([0,T];C"). Moreover, we have

sup ||l pao. 7y < 00 and  limsup ||zl ze,) = 0. (2.8)
jeg ™NO jeg

0
then there exists some T > 0 such that x can be extended to a solution to (2.
on the interval [0,T + 7], i.e., there is a solution & on L4([0,T + 7];C") to (
on [0,T + 7] such that x = Tljo7) a-s.

4) If [ satisfies the local Lipschitz-type condition

(@2, 1) = f(@1, )] < LA 2270 4 22|70 4 [R]*7) |21 — 2o (2.9)

for some L > 0 and all T1,75 € C" and h € C™, then there exists at most one
solution to (2.5) in L4([0,T];C").

Remark 2.5. Similarly to Remark 2.3, it follows by 3) that any solution to (2.5)
can either be extended to the whole interval [0, 7], or to a maximal solution

z e L ([0,T);C") for some T € (0,T] such that 2| oo, = o0

loc

Proof of Proposition 2.4. 1) This follows as a special case of 2) (shown below)
by setting J to be a singleton and k; = k, y; = y and h; = h. Indeed, note that
the functions k(t) := ||kl 0.5 9(t) == |yllzeor) and h(t) := ||| Lo, are finite
on [0, T] by the integrability of k,y and h. We also get that k(t), §(t), h(t) — 0
as t \, 0 by the dominated convergence theorem, where we use k,y and h as
majorants for k1), yL and hly, respectively. Thus 2) applies and we get
the existence of a solution on [0, 7] for some T € (0, T].

2) We construct solutions to the equations (2.7) by a fixed point argument.
For B > 0 and T € (0,T] to be specified later, consider the closed ball

D= {z € L0, C") : |[l| a2y < B} (2.10)

and define the maps ®; : D — L([0,T];C") by ®,(x) = y; + k; * f(x(-), h;(-))-

Then each ®; is well defined since for x € D, we can bound

||(I)j(x)||Lq(0,T) < ||yj||Lq(o,T) + Hl{;] * f(l‘(')7 hj(')) HLq(o,T)
< Hyj”Lq(O,T) + ijHLp(o,T)Hf<»’C(')v hj('))”m/a(oj)
<3l ooty + 13l ooy C (T + 121150 0 ) + Mhsll%n o)
< G(T) + CR(T)(T** + B® + M(T)?) < o0 (2.11)
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by using Young’s convolution inequality (1.2), the growth condition on f and the
definition (2.6) of k,7 and h. Thus ®,(x) € LI([0,T];C") for each j € J and
xe€D.

Fix some arbitrary B > 0. Since k(t), (), h(t) — 0 as t \, 0, we can find
T > 0 small enough (depending on B) so that the bound from (2.11) satisfies

§(T) + CR(T)(T%/7 + h(T)* + B*) < B. (2.12)

For this choice of B > 0 and T > 0, we have by (2.11) and the definition (2.10)
that ®;(z) € D for all x € D and j € J, and thus ®;(D) C D. Note that D is
a closed convex set and each ®; is a continuous map, since it is the composition
of the maps = — f(z(-),h;(-)) and x — y; + k; * = which are continuous by
Lemmas 1.6 and 1.5, respectively. Moreover, the image of D under the map
x> f(x(-), h;(-)) is bounded in L#/*([0,T7;C") due to the growth condition on
f. Since the map = — y; + k; *x is compact by Lemma 1.5, it follows that ®;(D)
is relatively compact. Therefore by Theorem 1.4 applied to ®; : D — D, there
exists a fixed point z; € D C LI([0,T];C") of ®;. By the definition of ®;, the
fixed point z; = ®;(x;) is a solution to (2.5).

Since z; belongs to D, we have [z, < B; so we get a bound on
12|l oo, that is uniform in j € J. This gives the first part of (2.8). Repeating
the estimate (2.11) with ¢ in place of 7" and using the fact that [|z;|| .5 < B,

we also obtain the bound
25| a0y = 195 (25) | ooy < T(t) + Ch() (£ + h(t)* + B*) — 0

uniformly in j € J as ¢ \, 0. This shows the second part of (2.8).
3) To show that a solution z € L4([0,T]; C") can be extended, consider the

new convolution equation

2(s) = ' (s) + (kx (', 1)) (s), (2.13)

for 0 < s <T — T, where we omit the arguments in 2’ = 2/(-) and k' = K/(-) for
readability and for 0 < s < T — T define

~ A

B(s) = h(T + s), y’(s):y(T—i—s)—I—(k:*(l[O,TA]f(x,h))>(T+s). (2.14)

Note that h' € L([0,T — T];Cm) by the Li-integrability of h. Likewise, by

Young’s convolution inequality (1.2), the growth bound on f and as we have
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x e L([0,T];C") and y € L([0,T]; C™) by assumption, we get

La(o,7) T Hk * (1[0,T]f(x7 h>) HLq(oj’)
< HyHL'Z(O,T) + HkHLT’(O,T)Hl[O,T}f(xv h)”Lq/a(o,T)
<yl ooy + 1Kl ooy C (T + Nl ooy + 1Pl Looiy)

< 00,

||y/||Lq(0,T—T) <y

so that i/ € LI([0,T — T]; C"). Hence we can apply the existence result 1) to
(2.13) and get a solution z’ € L%([0, 7]; C") for some 7 > 0. We can then extend
z to [0, T 47] by setting z(T+s) := 2/(s) for s € [0, 7]. Tt is clear by construction
that 2 € L([0,T + 7]; C"), and we need to check that z is a solution to (2.5) on
[0, T + 7]. By the definition (2.12) of &’ and the construction of x on [T',T + 7],

we have

~

(k= f(2' 1)) (s) = /OS k(s — u)f(x(T+ w), (T + w))du

_ / KT+ s —u) f (w(u), h(u)) du

_ /O g (WA + 5 — u) f (2(), hu) ds

= (k* (Qppnf@m)) (@ +3). 0<s<r

Hence by the construction of  on [T, T + 7], the definition (2.14) of 3’ and A’
and the equation (2.13) for 2/, we get

2(T+s) = a'(s) = y/(s) + (k* f(@, 1)) (s)

A ~

= y(Ts) + (ko (a0 1) ) (Ts) + (B (Vg f (2, 1)) ) (T+5)
= y(T+s) + (k= f(z, h))(T—l—s), 0<s<r,

using the linearity of the convolution to obtain the last line. Therefore, z satisfies
(2.5) on [T, T 4 7]. Since z also satisfies (2.5) on [0,7] by assumption, this
concludes the proof of 3).

4) Suppose that the condition (2.9) holds. Let 21,5 € L2([0,T];C") be two
solutions to (2.5) on [0,7] and set

¢i=x1— 1y = (?/—l—/{*f(xlah))_(y‘f‘k*f(x%h)) :k*(f(%ah)—f(l’z,h))-
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We note the identity e 7 (y * z) = (e7#'y) » (7P 2) for any 8 € R, which was
also used in the proof of part 3) in Proposition 2.2. This yields

e Pp=(e"k)x (e’ﬁ' (f(z1,h) — f(za, h))> (2.15)

Recall that % + “T;l = 1 by the assumption on a, so that

—1 1 —1 1 1
q:]M and ——I—M:——Fg:l—l——. (2.16)
p—1 p pla=1) p ¢ q
Thus by Young’s convolution inequality (1.2) with powers p, ZEZ:B and ¢, we

obtain from (2.15) that

e 6lly = [[(e Ry (7 (F(aa.h) = oz ) )|

< e kllplle™ (f(z1, h) = flaz, ) [ oo, -

a(p—1)

By the local Lipschitz condition (2.9) and Hoélder’s inequality with powers a and

_a_

—, We get

e 6l < ekl 1C( BN+ [af*™ + ol + A" o
< Clle bl lle™ Bl |1+ an]o ol 1

< Clle™klly le™ @llg (1 + llwallg™ + llz=llg™ + 12l™) < oo,

once again recalling (2.16) to obtain the last inequality. By the dominated con-
vergence theorem, we can make |[e™7 k||, arbitrarily small by choosing 3 large
enough. This leads to a contradiction in the inequality above, unless we have
le=#¢||, = 0 for large 8, so that ¢ = 0 a.e. on [0,7]. This shows that z; = x5

a.e., and hence the uniqueness. O

It is well known that equations of the form « = k * f(x) as in Propositions
2.2 and 2.4 can be converted into equations of the form y = f(k x y), and vice
versa, by setting © = kxy and y = f(x); see e.g. Gatheral/Keller-Ressel [56,
Theorem A.5 and Corollary A.7]. We show this equivalence in the following two
corollaries, which give the existence of solutions to equations of the latter type.
We start by giving a result in the continuous setting of Proposition 2.2, where
we only need the analogue of part 1) in Proposition 2.2, although one could also

give corresponding versions for parts 2) and 3). We then give a full analogue of
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Proposition 2.4 for this type of equation in the Li-setting.

Corollary 2.6. Firn € N, T € (0,00] and k € Li ([0,T);C), and suppose that

loc

y:[0,T) — C" and f : C" x [0,T) — C™ are continuous functions. Then there
exists a positive time T = T(k,y, f) € (0,T) such that there is a continuous
solution z : [0,T] — C" to the equation

z(t) = y(t) + f(/ot k(t — s)x(s)ds,t), 0<t<T. (2.17)

Proof. By Proposition 2.2, there exists a positive time 7' = T(l{:,y, f) € (0,T)

such that there is a continuous solution 7 : [0, T] — C" to the equation

() = (1) +/0 K(t — 5)f (i(s),s)ds, 0<t<T, (2.18)

where § := k x y is continuous like y; see Gripenberg et al. [59, Section 2.2|.
Defining x : [0, 7] — C" by x(t) := y(t)+ f(2(t), ), note that x is also continuous

as y, f and T are, and the definition of x yields

x(t) =y(t) + f(2(t),1)
=y(t) + f(g(t) + /0 k(t — s)f(2(s), S)ds,t)
=t + 5[ 1t =)o)+ 1505, ) s

— y(t) +f(/0tk(t—s)x(s)ds,t>7 0<t<T,

using the definition of . Thus z is a solution to (2.17) on [0, T]. O

We now consider the L?-case as in Proposition 2.4 and give analogues to
each of the statements 1)-4). Note that the assumptions are largely the same,
except that we make here the weaker assumption that y is L%®integrable, and
the solution is likewise only L%/-integrable. The reason for these differences will

be apparent from the way in which the two equations are related.

Corollary 2.7. Fizm € Ng, n € N and T € (0,00). Suppose that p,q > 1 and
a € [1,q] are such that }D + % = 1. Let k € L?([0;T);C), y € LY*([0,T];C"),
h € L]0, T);C™) and f : C™™™ — C" be a continuous function satisfying the
growth condition |f(z,h)] < C(1+ |Z|* + |h|*) for some C' > 0 and all ¥ € C"
and h € C™. Then the following statements hold:
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1) There exists some T € (0, T such that there is a solution x € LY/*([0,T]; C")

to the equation
x(t) = y(t) + f((k = 2)(t), h(t)) (2.19)
for a.a. t €[0,T).
2) Consider an indezing set J and families of functions (k;);er in LP([0,T]; C),
(y;)jes in LY%([0,T);C") and (h;)jes in LI([0,T]);C™). Suppose that the func-
tions k, 7, h : (0,T] — [0, 00], defined for 0 <t < T by

k(t) = suplk;llzee,  9() = sup lly;llaay,  AE) = sup bl o),
jeT jed JeT

are finite and satisfy the limits k(t),5(t),h(t) — 0 as t \, 0. Then there exists
some time T € (0,T] such that for each j € J, the equation

w;i(t) = y;(t) + f((kj *x;5)(t), hy(t)), (2.20)

for a.a. t € [0,T), admits a solution x; € L¥*([0,T];C"). Moreover, we have
sup ||zl ;a/argm <00 and limsup ||z;|| a/a0s = 0. 2.21
s 2101 imysup 0 (221)

3) If T < T and x € LY*([0,T);C") is a solution to (2.19), then there exists
some T > 0 such that x can be extended to a solution to the equation (2.19) on
the interval [0,T + 7).

4) If f satisfies the local Lipschitz-type condition

(@1, h) = f@2, B)] < L(L+ 3|7+ [Z2]" "+ [B]"7) |71 — & (2.22)

for some L > 0 and all 71,72 € C" and h € C™, then there exists at most one
solution to (2.19) in LY/([0,T]; C).

Proof. 1) This follows from 2) by taking J to be a singleton, by the same argu-
ment as in the proof of statement 1) of Proposition 2.4.

2) For each j € J, consider the modified equation
() = 9;(t) + (kj = f(25,hy)) (), 0<t<T, (2.23)

where ; := k; * y; and we omit the argument in h; = h;(-) and z; = z,(-) for
readability. We want to show the existence of solutions #; to (2.23), and then

use these to construct solutions x; to the original equations (2.20). Note that we
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have

y'(t) = sup |9l paco) = = sup 1% * yjll oo < k(£)F(2)
JjeT
by Young’s convolution inequality (1.2), so that ¢’ is finite with () — 0 as
t ¢ 0. Thus we can apply part 2) of Proposition 2.4 to (2.23), since the required
assumptions on k, 4 and h are satisfied. This shows the existence of solutions

;€ L9([0,T);C") to (2.23). We also get that

sup [|2; | a0y < 00 and  limsup [|Z;]|ze(0,) = 0. (2.24)
jed N0 jeg

Now define the functions z; : [0,7] — C" by z; ==y, + f(2;(-), h;(-)). By the
definitions of k, 7 and h and the growth condition on f, we have the bound

sup H37j||Lq/a(o,t) <y(t) + C’(ta/‘l + sup ijjn%q(o,t) + B@))- (2.25)
JjeJ JET

Setting ¢ = 7', we see that the x; are uniformly bounded in LQ/“([O,T]; C™) by
the first part of (2.24). Letting ¢t N\, 0, we get sup;e 7 |2l pa/aosy — O by the
assumptions on § and h and the second part of (2.24). This shows (2.21).

It remains to check that x; satisfies the original equation (2.20). Plugging in
(2.23) and the definition §; = k; * y;, we obtain

T (t) = yj<t) + f(*'%j (t)v hj (t))
= () + F (5 (0) + (K * (5. h)) (8), 1y (1))
:y](t)+f(<kj*(yj+f(:%j, )
= y(t) + F((k x2) (@) b)), 0<t<T. (226)

Thus each z; € L9/%([0, T]; C") is a solution to (2.19), as claimed.

3) Suppose that 2 € L/*([0, T]; C") is a solution to (2.19). Defining & = kx*u,
we have & € L%([0,T];C") by Young’s convolution inequality (1.2). Similarly to
(2.26), 7 satisfies the equation

#(t) = (k +2)( (k*y +fk:>x<xh))>()
§(t) + (k= f(@,h) (1), 0<t<T, (2.27)

where §j := k*y € L?([0,T];C") by Young’s convolution inequality (1.2). Thus
it follows from part 3) of Proposition 2.4 that the solution Z to (2.27) can be
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extended to a larger interval [0, T + 7] for some 7 > 0. We can then extend z by
setting z(t) := y(t) + f(&(t), h(t)) for t € [0,T +7]. Note that this coincides with

the original  on [0, 7] since

y(t) + f(2(1), h(t) = y(t) + f((k*2)(t), h(t) = 2(t), 0<t<T.

We also have © € LY/%([0,T + 7]; C") by the same bound as in (2.25), and z is a
solution to (2.19) by repeating the steps in (2.26). Thus we have extended x to
a solution to (2.19) on [0,7 + 7].

4) Suppose that (2.22) holds and let z; and x5 be two solutions to (2.19) on
[0,7]. Once again by plugging in, we obtain that &1 := k*z; and @y := k%, are
two solutions to (2.27), and &, 4, € L9([0,7]; C*) by Lemma 1.5. We also have

Since we must have Z; = 3 a.e. by the uniqueness in part 4) of Proposition 2.4,

it follows that x; = f(Z1,h) = f(Z2,h) = Zo a.e. This shows the uniqueness. [J

We can obtain a version of Corollary 2.7 with improved bounds for the par-
ticular case of a Riccati—Volterra equation, that is, when the nonlinear function
f is quadratic. This is done in the following proposition. Later, we shall use
these bounds to obtain weaker conditions under which the solution to a Riccati—
Volterra equation of the form (2.19) is small in the L'-norm, as well as a result
on the stability of solutions to Riccati—Volterra equations. For simplicity, we

consider only the one-dimensional case.

Proposition 2.8. Let a,b, ¢,k : [0,00) — C be measurable functions. Let T >0,
v€e€R and A, B,C, K € [0,00) be constants such that

le™"all o) < A, lell oo,y = €

[0l 20y < B: [le7 7k 20y < K, (2.28)
and suppose that T,’y, A, B,C and K satisfy the inequalities
BK <1 and (1—BK)?>4¢TACK?. (2.29)
Then, there exists a unique solution x € L*([0,T];C) to the equation

x(t) = a(t) + b(t)(k * z)(t) + c(t) ((k = x)(t))2 for a.a. t € 0,77, (2.30)
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and x satisfies the bound

24
1 - BK + V(1 - BK)? — 40TACK?

le™ @ oz < (2.31)

Proof. To show the existence, we proceed similarly as in the proof of Proposition
2.4, by using a fixed point argument to find a solution to (2.30) (more precisely,
we first solve a modified version of the equation). Assume for the moment that
C > 0, K > 0. Define the set

D :={x € L'([0,T};C) : |zl o5y < 7}, (2.32)
where we choose r_ > 0 as the smallest real root of the quadratic function
g(r) = CeTK*? — (1 — BK)r+ A, re€R, (2.33)

which is given explicitly by

_ 1-BK — V(1 - BK)? — 4T ACK?
B 20T K2

r— Y

so that g(r_) = 0. Tt follows from (2.29) that r_ is real-valued and nonnegative

as claimed, since

1— BK = /(1= BK)? > V(1 — BK)? — 4e"T ACK? > 0.

Now consider the map ® : D — L'([0,T]; C) defined by

2

O(z)=eTa+b((e k) x2) +e Ve((eTk) x 7). (2.34)

In the following, we abbreviate L?(0, T) to L for readability, as the time horizon T
is fixed. By Young’s convolution inequality (1.2), the Cauchy—Schwarz inequality
and the definition (2.33) of g, we obtain

19(@)1r < lle™alls + [bllz2ll (7 k) * &2z + € [lellocll(e™ k) * &3
< lleallps + ]2 le™ Kl 2 llllzr + €T lelloolle™ klF2 12113
< A+ BKr_ +CeTK*>2
=g(r_)+r_=r_ (2.35)

for each & € D, so that ®(z) € D. Thus the map ® is well defined and we have
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®(D) C D. It is clear that D is a closed and convex set. As in the proof of
Proposition 2.4, ® is continuous as the composition of the map x — a + bx + cz?,
which is continuous from L?([0,7]; C) to L'([0,7]; C) by Lemma 1.6, with the map
& — k=, which is continuous and compact from L([0,T]; C) to L2([0,T]; C) by
Lemma 1.5. Hence ®(D) is also compact. Therefore by Theorem 1.4, we obtain
a fixed point & = (%) € D.

The fixed point Z is not yet a solution to (2.30), but rather to the modified

equation
E(t) = ©(2)(t) = e "a(t) + b(t) (e k x 2)(t) + () (e 7k i)(zﬁ))2

Setting now & = €&, we have € L*([0,T];C) because # € D C L*([0,T];C)
and 7" is bounded on [0,7]. Moreover, by using that e (y* z) = (e Vy* e 72)

and plugging into the equation above, we have

r=ec"=a+be" (e kxe V)4 ce? (e kxe Vx)?

=a+b(k*x)+c(k*z)? (2.36)

Therefore, there exists a solution = € L'([0,77];C) to (2.30). We can obtain the
bound (2.31) for z by noting that

1— BK — V(1 — BK)? — 4T ACK?
20T K2 )
(1— BK)? = ((1 — BK)? — 4T ACK?)
(1 - BK + V(1 — BK)? — 4T ACK?)2Ce T K
B 24
1 — BK + /(1 — BK)?2 — 40T ACK?'

le™ ]l = [[E]l <7 =

as claimed. Thus, we have shown the existence of a solution and the bound (2.31)
under the assumption that both C' and K are strictly positive.

We now return to the cases K =0 and C' = 0. The case K = 0 is straightfor-
ward, since we must have & = 0 a.e. and thus the only solution to (2.30) is x = a
a.e. In that case, we have [lze™ |15 = |lae™" |17 = A, which precisely
corresponds to the bound (2.31) after plugging in K = 0.

Finally, we suppose that C' = 0 and may now assume that K > 0. The
existence in this case follows by reproducing the proof for the case C' > 0 with
minor adjustments. We set C' = 0 in (2.33), so that ¢ is linear, and replace the

root with r_ = —=1— > 0 by (2.29). We then define D and ® in the same way by
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(2.32) and (2.34) and obtain the same bound (2.35) with C' = 0. Hence Theorem
1.4 gives a fixed point  to ® by the same argument as before. It then follows
that = := €72 is a solution to (2.30) by (2.36) and satisfies the bound

A
1—- BK’

le™ el = [lEflr <7 =

Once again, this precisely matches the bound (2.31) in the case C' = 0. Thus we
have shown the existence of a solution as well as the bound (2.31) in all cases.
It only remains to show the uniqueness of the solution, which also follows by
a similar argument as in the proof of Proposition 2.4. Let x1, 25 € L'([0, T}, C)
be two solutions to (2.30) and set ¢ := x; —x9. By taking the difference in (2.30),

¢ satisfies the equation

¢ = bk *¢) + c(k* @) ((k * (z1 + 22)).

Thus by the property e # (y*2) = (e #yxe 7 2), the Cauchy-Schwarz inequality

and Young’s convolution inequality (1.2) with p = 2 and ¢ = r = 1, we obtain

e~ ’B¢HL1_H < k*¢)+c(k*¢)((k’*(a£1+x2 )H

= |((e” (€79 + ((e7k) = (e779))e((k * (w1 +22)) || .
<||(e”? ) * (6 ﬁ'fﬁ)HL?(HbHL? + llellos Ik * (21 + 22)|22)
< ekl alle™” ¢l ([1bll 2 + llclloo 5]l L2 l|1 + 22| 1)

for any § € R. Note that ||z + x2||r < 0o by the assumption on the solutions,
and we have ||k|;2 < €T K < oo by the assumption on k. Since |l k|2 — 0
as  — oo by the dominated convergence theorem, the above inequality leads to
a contradiction unless ¢ = 0 a.s. Therefore, we have 1 = x5 a.s. and this shows

the uniqueness. O

As a corollary, we deduce from Proposition 2.8 that a solution x to (2.29) is

small if a is small, in the following sense.

Corollary 2.9. Fiz T,B,C,e > 0 as well as a kernel k € Lz([O,T];C). Then
there exist a large enough v > 0 and a small enough A > 0 so that for any
Junctions a € L'([0,T],C), b € L*([0,T],C) and ¢ € L>([0,T],C) such that

le™"all oy < A Ml 20y < B and el ooy < C, (2.37)
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there exists a solution = € L'([0,T]; C) to (2.30), and it holds that
12/l o2y < € e @l prozy < € (2.38)

In particular, the first bound in (2.37) holds if ||all 1o < A, since we have

le™all o) < llall o)

Proof. We have |e™ k|24 — 0 as v — oo by the dominated convergence
theorem. Thus we can choose v > 0 large enough so that K := [[e™7k|| 2o 7
satisfies the inequality BK < 1, which is the first inequality in (2.29). If we now
fix v and K in addition to 7", B, C' and ¢, note that the right-hand side of the
second inequality in (2.29) converges to 0 as A \ 0, and thus we can choose some
A=A(B,C K,~, T, €) > 0 small enough so that the second inequality in (2.29)
holds as well. By choosing A to be possibly even smaller, we can also ensure that
the right-hand side in (2.31) is smaller than e,

With these choices of constants, Proposition 2.8 directly gives the existence
of a solution = € L'([0,77];C) to (2.30) for any functions a, b, ¢ satisfying (2.37),
since the inequalities (2.29) hold. The bound (2.38) also follows directly from

(2.31) and the choice of A, since we get He‘V‘xHLl(O’TA) < e e, ]

In the next corollary to Proposition 2.8, we show that if (2.30) is linear in z,

i.e., if ¢ =0, then (2.30) admits a solution on [0, c0).

Corollary 2.10. For any given functions a € L. ([0,00);C), b € L2 ([0, 00); C)

loc loc

and k € L2 .([0,00); C), there exists a unique solution x € Li ([0,00);C) to the
equation

2(t) = a(t) + b(t)(k * )(t), t>0. (2.39)

Proof. Fix some arbitrary T' > 0 and set B := ||b|| ,2(o,). Since k € L ([0, 00); C),
we have |le™k| 27y — 0 as 7 — oo by the dominated convergence theorem
with majorant |k|. Thus we may choose some v > 0 large enough so that BK < 1,
where K := |[e77k||r20,r). We fix this choice of v and set A := [[e™"al| 11 7)-
Hence the first inequality in (2.29) is satisfied, and the second inequality auto-
matically holds because C' := ||¢||oc = 0. It then follows from Proposition (2.8)
that there exists a unique solution z7 € Li ([0, 00); C) to (2.39) on [0, T7.

By varying the choice of 7" > 0, we obtain a family of solutions (zr)7>¢ to
(2.39) on each interval [0,7]. By the uniqueness of the solutions, we have that
x7 is equal to the restriction of x7+ to [0, 7] for each 0 < T < T’. Thus we can

define z(t) = > | Licn—1,n)Tn, and it is clear that the restriction of x to [0,77] is
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equal to 7 for any T > 0. Hence z € L{ ([0, 00);C) and z is a solution to (2.39).

loc

Conversely, any solution to (2.39) must coincide with z7 on [0,7] for T > 0 due

to the uniqueness of the solutions, and therefore x is the unique solution. O

Finally, as a useful application of Corollary 2.9, we give a stability result for
equations of the form (2.30). Note that we only assume the existence of solutions
to the perturbed equations (2.40) below. This may be ensured with Proposition

2.8 if the inequalities in (2.29) hold, but the latter are not necessary conditions.

Proposition 2.11. Fiz T € (0,00) and k € L*([0,T];C). For eachn € NU{oo},
let a, € L'([0,T];C), b, € L*([0,T);C) and ¢, € L=([0,T];C), and suppose that
there exists a solution x, € L'([0,T];C) to the equation

Tn(t) = an(t) + b (1) (k % 2,) (1) + eu(t) (k% 2)(£))° for a.a. t € [0,T). (2.40)

Lt L? Lo
Moreover, suppose thalt a, — o, b, — by and ¢, — cs aS n — o0o. Then
1

L
Ty — Too AS T —> OO,

Proof. Consider the differences fn ‘= fn— foo for f = a, b, c,x. Taking differences

in (2.40) and using the linearity of the convolution yields

n () + o (8) (K 5 o) (£) 4 by (8) (k% &) (£) + Cn(8) (K % IOO)(t))Z

T.(t)=a
+ () (2(k * 2o ) (8) + (k % T) (8)) (k * &) (¢)  for a.a. t € [0,T].

Collecting the powers of k * Z,,, this can be rewritten as

~

Fn(t) = an(t) + bo () (k % ) () + co(t) ((k * 2,)(8))” for aa. t € [0,T], (2.41)

where we define the coefficients a,, and I;n by

Recall that by Young’s convolution inequality (1.2), we have ||k*Z|| 1z < ||k||r2||Z|| L1 -
Thus the Cauchy—Schwarz inequality yields

lanllzr < Nanllze + ballze &l 2 lzocll o + Gl oo 1Rl 000171 (2.42)
1ballz2 < {1ballz2 + 2llenl[ oo 1Kl 22 [[ 200 | 1- (2.43)
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The sequences (b, )neny and (¢, )nen are bounded in L? and L*°, respectively, since
bn LR bse and ¢, > coo as n — 0o. This implies C' := SUDpen ||CnllLee < 00, and
by (2.43), we also have B = sup,,cy ||bn||z2 < 00. Fix now some arbitrary e > 0,
and let A > 0 and v > 0 be given by Corollary 2.9 with respect to T, B, C, € and
k. Recall that ||an|lzi0r) — 0, [|ballzzory — 0 and |G|y — 0 as n — oo
by assumption, and hence a, L0asn — oo by (2.42). Thus there exists some

N € N such that
le™ anllr0,r) < lanllzror) < A
for all n > N. Since the last two inequalities in (2.37) are also satisfied by b,, and

¢, for each n > N by the choice of B and C, it follows by Corollary 2.9 that the

solution Z,, to (2.41) satisfies ||Z,| 110, < € for n > N. Since € > 0 is arbitrary,

1
it follows that z,, = z,, — T Lo0asn — oo, and this concludes the proof. ]

3 Auxiliary results for Chapter I

Finally, we give two technical results involving convolutions and Volterra equa-
tions that are used directly in Chapter I. First, we show that the solution ¢g* to
the equation (3.1) below takes nonpositive values. This equation is the same as
(I.3.24) from Chapter I, after plugging in the particular kernel k& = & defined in
(I.2.12). Thus the following result yields that the function ¢g* from Theorem 1.3.8

is nonnegative.

Lemma 3.1. Let T > 0 and k : [0,T] — [0,00) be continuous, nonnegative
and nonincreasing. Suppose that g* : [0,T] — R is a continuous solution to the

equation
g (t) = f((kxg)(t), 0<t<T, (3.1)

where f: R — R 15 given by

fla) = o 2o L gy (3.2)

for fized constants p € R, 0 >0 and o € [—1,1]. If p # 0, then g* takes strictly
negative values on [0,T]. If p =0, then g* = 0.

Proof. The quadratic function f satisfies the Lipschitz-type condition
1
o 2

@) — flaa)] < (M a2y (fml + |a:2|>) 21— asl, @13 €R.
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Note that (3.1) is of the form (2.19) with ¢* in place of z, where we set the
constants p=q¢=a=1,y=0,n =1 and m = 0, so that h is absent. Hence by
part 4) of Corollary 2.7, there is at most one integrable solution to (3.1). Since
g* is continuous by assumption, it is thus the unique continuous solution. In the
case ;1 = 0, we have that the constant function 0 is a solution to (3.1), so that
g* = 0 as claimed. Henceforth we assume without loss of generality that p # 0.
Since k is integrable and ¢* is continuous, we have by Gripenberg et al. [59,

Theorem 2.2.2| that k % g* is continuous. We also have the limit

t
|(kxg")(B)] < /0 [kt = s)llg(s)lds < llglloolKl[L1(0.) — O

as t N\, 0 by the dominated convergence theorem with majorant k. This implies
that (k * ¢*)(0) = 0, and hence ¢*(0) = f(0) = —g—z < 0 by (3.1) and the
assumption that g # 0. Now we consider two cases depending on the shape
of the quadratic defined by f: either f(z) < 0 for all < 0, or there exists a
negative root x_ of f, so that f(x_) = 0. If such a negative root is not unique,
we take z_ to be the larger one, i.e., the one closer to 0.

In the first case where f(x) < 0 for all x < 0, define the (deterministic) time

T =inf{t € [0,T] : g*(t) > 0}.

As ¢*(0) < 0, we have 7 > 0. If 7 < T, then g*(7) = 0 by continuity of ¢g*, and
we also have g* < 0 on [0,7). As k > 0, we obtain (k * ¢g*)(7) < 0, and hence

0=g"(r) = f((k=g")(7)) <0,

which leads to a contradiction. Thus 7 = oo, so that g* takes strictly negative
values on [0, 7], as claimed.

In the second case, let x_ be the negative root. If 1 —20? > 0, then f is convex
by the definition (3.2), and it is clear that x_ is the unique negative root in this
case as f(0) = —fj—z < 0. We thus have checked the conditions in Gatheral /Keller-
Ressel [56, Assumption A.1|, where we set a =0, Kk = k, H = f and g = ¢* in
their notation, and let w, = x_ and wy.x = 0. We also have that a = 0 = wyax
is nondecreasing, and the kernel £ is nonnegative, nondecreasing and continuous
on [0,7] by assumption. Thus by applying [56, Corollary A.7(a’)| to f and g*,
we get that ¢g*(t) < 0 for ¢ € [0,T].

If instead 1 — 20> < 0 so that f is concave, we define the new functions
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g(t) = —g*(t) and f(x) = —f(—x). Plugging in yields that g satisfies the equation
g=—9"=—flixg") = f(i*7)

on [0, 7). In this case, f is a convex quadratic function with f(0) = g—z > 0 and
a positive root —x_. By convexity, it follows that any other root of f must also
be positive, since f is decreasing on (—oc,0]. Therefore, [56, Corollary A.7(c)]
applies to f and g with @ = 0 and w, = —x_ > 0, so that g(t) > 0 for t € [0, T].
Returning to the original function, we get ¢*(t) = —g(t) < 0 for ¢t € [0,7], as
claimed.

O

Next, we show a result that is used in Chapter I to justify the interpretation of
the parameter 6 as the long-term volatility in the rough Heston model; see Lemma
1.2.12. By definition, for k € LL.([0,00); R) we say that R* € L. _([0,00);R) is

the resolvent of the second kind of k if
(k* R*)(t) = k(t) — R*(t) for a.a. t > 0. (3.3)

By [59, Theorem 2.3.1], such a resolvent of the second kind RF exists for each
k € Lig ([0, 00); R).

Lemma 3.2. Let k € L _(]0,00);R) be a nonnegative and nonincreasing kernel
such that fooo k(t)dt = oo, and suppose that the resolvent of the second kind R*
is integrable, i.e., [ |RF(t)|dt < oco. Then it holds that [;° RF(t)dt = 1. In

particular, R* is integrable if it is nonnegative.

Proof. Since k is nonnegative, nonincreasing and k € LL ([0, 00); R), we have

k(p) := /OOO e_"tk(t)dtg/Olk(t)dt—l—k:(l)/oooe_ptdt<oo

for each p > 0, i.e., the (one-sided) Laplace transform k of k is well defined on
(0,00). Moreover, the assumption [~ k(t)dt = co implies that lim, k(p) = oo
by the monotone convergence theorem. If R* is integrable, then its (one-sided)
Laplace transform R* is well defined and continuous on R, + iR. As given in a
remark after Gripenberg et al. |59, Theorem 2.3.5, the Laplace transform R* is
given in terms of k by

R (p) = /000 e P'RF(t)dt = %, p >0,
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as both sides are well defined for p > 0. Since R* is continuous on R, taking
the limit as p N\, 0 yields

/Rk t)dt = R*(0) = lim ON — 1,

as claimed.

Assume now that R* is nonnegative, and for a contradiction suppose that
[ R¥(t)dt = co. Thus, there exists some Ty > 0 such that [ R¥(t)dt > 2 for
all T > Tp. Recall from (3.3) that we have

R*(t) = k(t) — (kx R*)(t), t>0.
Since R* is nonnegative by assumption, this yields the inequality
(k* RF)(t) = k(t) — R*(t) < k(t), t>0. (3.4)

By the assumption on R* and as k is nonincreasing, we can bound

(kx RM)(t) = /t k(t — s)RF(s)ds > /t k(t)R*(s)ds > 2k(t), t>Tp.

Since k is locally integrable, nonnegative, nonincreasing and fooo k(t)dt = oo, we
must have k(t) > 0 for all £ > 0. But then we have

(k* R™)(t) > 2k(t) > k(t)

for t > Tp, which contradicts (3.4). Thus the assumption that [ R*(t)dt = oo
cannot hold, which shows that RF is integrable. O

Finally, we show that the resolvent of the second kind R* inherits the con-
tinuity property in Assumption 1.2.7.1) (which we repeat below) from k. This is
a simple consequence of Lemma 1.5 together with some auxiliary results shown

in the proof of that lemma.
Lemma 3.3. Letp > 1, v >0 and k € L}, ([0, 00; R)).

1) If f0h|l€( t)[Pdt = O(hY) for small h > 0, then fo |RE(t)[Pdt = O(hY) for
small h > 0.

2) If 1) holds and additionally fOT |k(t+ h) — k(t)[Pdt = O(RY) for each T >0
and small h > 0, then fOT |R¥(t + h) — RE(t)|Pdt = O(KY) for each T > 0
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and small h > 0.

3) If ft+h (t)|Pdt = O(RY) for small h > 0 uniformly in t € [0,T], then
ftHh |R*(t)|Pdt = O(RY) for small h > 0 uniformly in t € [0,T].

Proof. 1) By Gripenberg et al. [59, Theorem 2.3.1], the resolvent of the second
kind R* for k exists and belongs to Li _([0,00);R). Fix some T" > 0 and let
C' = ||R*||11(0,r) < oo. By the definition (3.3) of R*, we have R¥ = k — k = R".
Thus by applying Lemma 1.5 with ¢ = 1 and r = p, we obtain

IR* ooy < 1Kl zoomy + 1Kl oom |1 BE (| 2i.m) < (C + D[]l oo
for small h > 0 so that the assumption yields
IR oy < (C+ 11K 0, = OR).

2) Fix some T > 0 and define C' := ||R¥||10r41) < o0 and z := k = R*. By
(1.8) and (1.9) with y := R* and 6 := h, we obtain the bound

|2(t+ h) — 2(t)| < (|kLjop] * |R’“|)(t +h) + ((Apk — k) = Rk) (t) (3.5)

for t > 0 and h > 0, where we define A, f € LL_([0,00); R) by Apf(t) = f(t+h)
for f € L] _([0,00);R). Then as in the first two lines of (1.10), integrating (3.5)
yields by Young’s convolution inequality (1.2) with ¢ =1 that

1ALz = 2||rory < 1kLom] * [R*||Loorn) + [[(Ank — k) * R¥|| 1oorm)
< Hkl[o,h]HLP(O,T—l—h)HRkHLl(O,T—i-h) + || Ak — kHLP(O,T)HRkHLl(O,T)
< Okl e o.n) + [[ARE = K[ Lo 0.1)) (3.6)

for h € (0,1). Once again by the definition (3.3), we have
ARRE(t) — R*(t) = Apk(t) — k(t) + Apz(t) — 2(1)
for t > 0 and h > 0. Integrating on [0, 7] and plugging in (3.6) yields

IAWRY — R0y < (1ARK = Kl + [ A0z = 2l 1o0.1)"

<
< (C + DP(Iklen) + 121K = K| Lo0.1)"
27 HC + 1Pk ooy + Q1K = Kl z)) = O(RY)
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for h > 0 by the assumption on k; this concludes the proof of 2).
3) Once again, set C' := ||R¥|| 110 741) < oo. We claim that we have the bound

1k % RE[| or.e4m) < Cg(h), (3.7)

where 75 (h) := sup{||k||r(te4n) : t € [0,T]}. Indeed, (3.7) essentially follows by
(1.5) withy = RF, ¢ =1, r =p, a =0 and E = [t,t + h]. More precisely, note
that 7y is smaller than the ny defined in (1.6), since we only take the supremum
over intervals rather than all sets with Lebesgue measure h. However, (3.7) still
follows as in (1.5) because E is an interval, and hence the inner integral in the
second line of (1.5) is taken over an interval in this case. This shows (3.7) so that
1k % BM|[Dy iy < Ciih(h) < CORY
for some C' > 0, small h > 0 and all t € [0, 7] by the assumption. Thus by (3.3)
and the assumption, we get

IBM s imy < (Wellzoeerny + 1k % R | pogarny)P < 2°7H(C + 1)PCPRY

for small h > 0 and all ¢ € [0, T]; this concludes the proof. ]
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