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Abstract

Photovoltaic technology plays an important role in the efforts to reduce

greenhouse gas emissions during energy generation. The growth in total

installed capacity has been remarkable in recent years, but if energy pro-

duction is to be emission-free by 2050, the energy generated by solar power

must grow by 24% annually. The demand for silicon wafers, on which the

most widespread technology is based, is correspondingly high. To produce

wafers, silicon monocrystals are cut into hundreds of wafers at a time on

diamond wire saws using a < 100 µm thick wire impregnated with dia-

monds. Efforts to maximise material utilisation are leading to the use of

thinner wires to produce larger and thinner wafers. These efforts present

challenges in terms of weakening and deformation of the wafers. The

weakening results from the brittle material behaviour during cutting. Un-

der certain conditions, the hard and brittle silicon can be cut in a ductile

manner, resulting in a less damaged surface. Plastic flow is only possible

under atmospheric conditions by pressure-induced phase transformations,

which, however, can lead to amorphisation of the material on the surface,

thus to volume change and potentially to deformation-inducing stresses.

In this study, a contribution to the state of the art is made by system-

atically investigating the relationship of the pressure induced by the cut

with normal forces and indentation depth in single grain scratch tests.

The scratch and ploughing hardness, friction coefficient and cutting-to-

normal force ratio are determined. The influence of grain shape on phase

change at high cutting speeds is discussed. The results are applied to

diamond wire sawing. A model for the description of the wire bow due

to acting forces is presented. Based on this, a correlation between forces,

cutting speed, wire topography and the achieved material removal rate is

derived. Verification experiments are carried out on a specially developed

wire sawing machine.
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Zusammenfassung

Die Photovoltaiktechnik nimmt bei den Bestrebungen, den Treibhausgas-

ausstoss während der Energieerzeugung zu reduzieren, einen wichtigen

Stellenwert ein. Der Zuwachs der installierten Gesamtleistung ist seit Jah-

ren beachtlich. Wenn die Energieerzeugung jedoch bis 2050 emmissions-

frei sein soll, muss die durch Solarstrom erzeugte Energie jährlich um 24%

wachsen. Entsprechend hoch ist der Bedarf an Siliziumwafern, auf denen

die verbreitetste Technologie beruht. Zur Herstellung von Wafern wer-

den Siliziumeinkristalle auf Diamantdrathsägen durch einen < 100 µm

dicken, mit Diamanten belegten Draht in hunderte Wafer gleichzeitig

getrennt. Bestrebungen die Materialausnutzung zu maximieren führen

zur Verwendung immer dünnerer Drähte um grössere Wafer mit immer

geringerer Dicke zu erzeugen. Diese Bestrebungen bringen Herausforde-

rungen mit sich, die sich durch Schwächung und Verformung der Wafer

äussern. Die Schwächung resultiert aus dem spröden Materialverhalten

beim Schnitt. Das sprödharte Silizium kann unter bestimmten Vorausset-

zungen duktil geschnitten werden, was zu einer weniger stark geschädigten

Oberfläche führt. Das plastische Fliessen ist unter atmosphärischen Be-

dingungen nur durch druckinduzierte Phasenumwandlungen möglich, die

jedoch zu Amorphisierung des Materials auf der Oberfläche, somit zu Vo-

lumenänderung und potenziell zu verformungsinduzierenden Spannungen

führen können. In dieser Arbeit wird ein Beitrag zum Stand des Wissens

geleistet, indem der Zusammenhang des durch den Schnitt induzierten

Druck mit Normalkräften und Eindgringtiefe in Einzelkornkratzversuchen

systematisch untersucht wird. Dabei werden Kratz- und Pflüghärte, Reib-

koeffizient und Schnitt-zu-Normalkraft Verhältnis bestimmt. Der Einfluss

der Kornform auf die Phasenveränderung bei hoher Schnittgeschwindig-

keit wird diskutiert. Die Ergebnisse werden auf das Diamantdrahtsägen

übertragen. Es wird ein Modell zur Beschreibung des Drahtbogens auf-

grund wirkender Kräfte vorgestellt. Darauf aufbauend wird ein Zusam-

menhang zwischen Kräften, Schnittgeschwindigkeit, Drathttopografie und

die erreichte Abtragrate erarbeitet. Verifikationsexperimente werden auf

einer eigens entwickelten Drahtsägemaschine durchgeführt.
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Nomenclature and
Abbreviations

Greek Letters
α wire bow angle [◦]

β parameter accounting for stiffness deviations [−]

∆V removed material volume
[
µm3/min

]
ε geometric constant related to indenter geometry [−]

η viscosity [Pa s]

µ̂ cutting-to-normal-force ratio [−]

κ material constant for determining critical depth of cut for ductile-to-
brittle transition [−]

λ thermal conductivity at 300 K [W K/m]

O higher order terms [−]

µ friction coefficient [−]

ν Possion’s ratio [−]

ν Raman shift [1/cm]

νa Raman shift at peak centre for amorphous peaks [1/cm]

νc Raman shift at peak centre for crystalline peaks [1/cm]

φ angle that spans the scratched arc [◦]

ρ density
[
g/cm3

]
ρg grain density [−]
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Nomenclature and Abbreviations

σ principal stress [GPa]

σf fracture strength [GPa]

σn normal stress [GPa]

σy compressive yield strength [GPa]

σyield yield stress [GPa]

ϕ angular position of a grain on the wire [◦]

ϕ half included indenter angle [◦]

ϕ local deflection angle [◦]

ζ0 constant in threshold load function [−]

ζL constant in limiting crack function [−]

Capital Latin Letters
F̃c cutting force corrected for friction [N]

Ñ number of active grains or active wire sections [−]

A constant related with the relative length of cracks [−]

A0 nominal contact area
[
mm2

]
Aref reference area

[
mm2

]
Ac area projected into the plane orthogonal to the cutting direction

[
mm2

]
An area projected into the plane orthogonal to the normal direction

[
mm2

]
Ar true contact area

[
mm2

]
At area projected into the plane orthogonal to the tangential direction[

mm2
]

ALB load bearing area
[
mm2

]
Ap projected wire area

[
mm2

]
As contact surface

[
mm2

]
C1 Usui wear coefficient [mm/N]

C2 Usui temperature coefficient [K]

C25 ◦C solid heat capacity at 25 ◦C [J K/mol]

E Young’s modulus [GPa]

Es specific cutting energy (= Hp) [GPa]

Eeff effective elastic modulus [GPa]
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Nomenclature and Abbreviations

F0 threshold load [N]

Fc cutting force [N]

Ff feed force [N]

Fn normal force [N]

Fp passive (radial) force [N]

Fr friction force [N]

Fs wire tension in the empty run [N]

Ft tangential force [N]

Fsa wire tension in the load run [N]

H hardness [GPa]

Hc static indentation hardness [GPa]

Hp ploughing hardness [GPa]

Hs scratch hardness [GPa]

HV Vickers hardness [GPa]

I moment of inertia
[
m4
]

Ia Raman intensity of the amorphous phase [a.u.]

Ic Raman intensity of the crystalline phase [a.u.]

Iα-Si475 Raman intensity of the amorphous phase at a Raman shift around
475 1/cm [a.u.]

ISi-IV Raman intensity of the Si-IV phase at a Raman shift around 510 1/cm
[a.u.]

ISi-I Raman intensity of the Si-I phase at a Raman shift around 521 1/cm
[a.u.]

Kc fracture toughnes
[
MN/m2/3

]
L pulley distance [mm]

Lw length of the wire loop [mm]

M bending moment [N m]

Mp melting point [K]

N number of grains or wire sections [−]

P cumulative probability density [−]

P hydrostatic pressure [GPa]
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Nomenclature and Abbreviations

P local normal force [N]

Q local tangential force [N]

S unloading stiffness [GPa]

T temperature [K]

V shear force [N]

We cumulated cutting energy [kJ]

Wu cumulated wear proportionality coefficient derived from the Usui wear
model [N/nm]

Miniscule Latin Letters
p̂ distributed normal force [N/mm]

q̂ distributed cutting force [N/mm]

h̃f mean residual depth [µm]

h̃ mean penetration of active grains [µm]

s̃ characteristic wire length, spacing parameter of currently active grains
[µm]

a indenter radius [µm]

ae average depth of cut [µm]

b coefficient in Sneddon’s load-displacement function [N/µm]

ba half-power bandwidth of the Gaussian distribution representing amorph-
ous phases [1/cm]

bc half-power bandwidth of the Lorentz distribution representing crystal-
line phases [1/cm]

c circle cord length [mm]

cL limiting crack function [−]

cl crack length [µm]

cp half width of the plastic zone [µm]

da thickness of the amorphous layer [nm]

dg grain size [µm]

dn removed depth [µm]

dw wire core diameter [µm]

dL sliding distance [mm]
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Nomenclature and Abbreviations

dW worn volume
[
mm3

]
f feed distance per wire pass [mm]

f ratio of local interfacial shear strength [−]

fb load bearing factor [−]

h sawn height (height of the workpiece) [mm]

h total indentation depth [µm]

ha height of the Gaussian distribution representing amorphous phases [a.u.]

hc contact depth [µm]

hc height of the Lorentz distribution representing crystalline phases [a.u.]

he recovered depth [µm]

hf final (residual) depth [µm]

hg grain protrusion [µm]

hp depth of the plastic zone [µm]

hs grain penetration due to spacing and feed-rate-to-cutting-speed ratio
[µm]

hs sink-in depth [µm]

hcu,crit critical chipping thickness [µm]

hcu,eff effective chipping thickness [µm]

hmax maximum indentation depth [µm]

hcp contact depth considering the pile-up [µm]

hcu undeformed chipping thickness [µm]

hec recovered contact depth [µm]

hfp final (residual) height on the ridge [µm]

kn,f scratch hardness coefficient (final depth)
[
mN/µm3

]
kn cutting ability of the wire [−]

kn scratch hardness coefficient (penetrated depth)
[
mN/µm3

]
kp Preston coefficient

[
mm2/min

]
l contact length [mm]

l workpiece width (approx. contact length) [mm]

lmeas measured wire length [mm]

m exponent in Sneddon’s load-displacement function [−]
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Nomenclature and Abbreviations

mn,f scratch hardness exponent (final depth) [−]

mn scratch hardness exponent (penetrated depth) [−]

n force distribution exponent [−]

n number of pass [−]

p lapping pressure
[
N/mm2

]
r Raman intensity ratio [−]

r pulley radius [mm]

r radial distance on the workpiece surface [−]

re ratio of depth recovery [−]

rk kerf radius [µm]

rr removal rate [mm/min]

rs rate of sink-in [−]

rs scratch radius [mm]

rw wire core radius [µm]

rα−IV Raman intensity ratio between amorphous Si and Si-IV [−]

rα−I Raman intensity ratio between amorphous Si and Si-I [−]

rI-IV Raman intensity ratio between Si-I and Si-IV [−]

s scratch length [mm]

sf scratch length determined from the force signal [mm]

si gap between two active grains [µm]

sp gap between wire and ingot [µm]

ss scratch length determined from the surface topography [mm]

sin horizontal distance of wire entry into the workpiece [mm]

sout horizontal distance of wire exit from the workpiece [mm]

t time [s]

tp bearing ratio [−]

tcut cutting duration [s]

vc cutting speed [m/s]

vf feed rate in normal direction [mm/min]

vp feed rate in passive direction [mm/min]

w width [µm]
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w wire deflection [mm]

w′ wire slope [mm]

w′′ wire curvature [mm]

wmax maximium wire deflection [mm]

yn load-bearing width [µm]

z profile height [µm]

zmax maximum profile height [µm]

Abbreviations
α-Si amorphous silicon

ANOVA analysis of variance

DOF degrees of freedom

DWS diamond wire sawing

erf Gaussian error function

FEM finite element method

HSK hollow shank taper (German: Hohlschaftkegel)
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PID proportional-integrative-derivative (controller)

POI point of interest

PV photo-voltaic

Si silicon
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Chapter 1

Introduction

1.1 Photovoltaic and Solar Industry

The ever increasing need for energy and pro-environmental policy pres-

sure researchers to develop sources of sustainable and renewable energies.

One of the most important sources of renewable energy lies in the solar

energy. The most efficient and common way of harnessing solar energy is

through photovoltaic (PV) cells. The amount of energy generated with

PV increased by 23% in 2020, but the annual increase needs to rise to

24% per year between 2020 and 2030 to achieve the Net Zero Emission

by 2050 Scenario [72]. With a market share of 95%, PV technology based

on single- or multi-crystalline silicon (Si) wafers as substrates is the most

important technology. High cell efficiency of up to 26.7% in the laboratory

has been achieved [138]. The technology is sustainable: in Europe, the

time for amortisation of the energy required for production of a PV system

is lower than 1.2 years [138]. An impediment to widespread adoptions of

PV as an alternative to traditional energy sources is the high cost of solar

cells. 35% of the cost of a module produced at a 600 MW assembly centre

in Australia is attributed to the wafer: approximately 0.1 USD/Wp [38].

A large lever to produce cheaper solar cells is reducing the cost of wafers:

low-cost, thin wafers with high surface quality are needed [94].
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CHAPTER 1. INTRODUCTION

In recent years, the global production capacity for PV modules exceeded

demand, however, each preceding manufacturing stage provided a bottle

neck: module manufacturing capacity was larger than cell capacity, which

was larger than wafer capacity, which finally exceeded polysilicon produc-

tion capacity [73].The latest report on Photovoltaic Applications trends

by the International Energy Agency [114] indicates that reducing poly-

silicon usage has led to a decrease in the thickness of 158.75 to 166 mm

diameter wafers from 175 to 180 µm to 160 µm between 2020 and 2021.

At the same time, the share of larger 182 to 210 mm wafers increased

from 4.5% to 45%, also accompanied with a wafer thickness reduction.

Further polysilicon yield increase is expected due to the ongoing efforts of

improving the wafering process.

1.2 Diamond Wire Sawing

In the last decade, diamond wire sawing (DWS) has emerged as the main

technology to cut hard and brittle materials and is most commonly used

in manufacturing Si wafers for PV industry. Diamond-wire-sawn single-

crystal Si wafers have proven to show high mechanical strength which

enables the production of thinner wafers thus increasing yield [188]. The

schematics of the process is illustrated in Fig. 1.1.

The ingot is fed onto a wire web that is created by winding the wire

around guiding rollers with 600-800 parallel grooves. The wire moves in

one direction for a couple of 100 m before it is decelerated and accelerated

in the opposite direction. The backwards movement is shorter than the

initial direction, hence new wire sections are introduced in each cycle

[119]. Wire speeds reach up to 35 m/s on modern machines, with machine

producers aiming for even higher speeds.

In DWS, abrasive grains are attached to a cold-drawn steel wire body with

electroplating or resin bonding. For the purpose of cutting solar wafers

or wafers for other semiconductor applications, electroplated wires are

most commonly employed, where the diamond grains are held by a metal

filler (nickel - or nickel-cobalt alloy), see Figure 1.2a. Wire core diameters

2



1.2. DIAMOND WIRE SAWING

Figure 1.1: Schematic of the multi-wire sawing process.

are in the range of 60 − 140 µm with typical abrasive grain sizes in the

range of 8 − 25 µm. A scanning electron microscope (SEM) image of an

electroplated diamond wire is presented in Figure 1.2b. The surface of the

unworn wire and the diamond grains are completely or partly covered with

the Ni-filler material that wears off as the wire wear propagates leading

to exposure of cutting edges of diamond grains.

Figure 1.2: a) Steel core and Ni-filler layer of an electroplated diamond wire,
b) SEM image of an unworn electroplated diamond wire, from [132].

The efficiency of the wire sawing process is determined by the output rate

that can be defined as the number of fault-free wafers produced per Si-

ingot and unit time. A significant amount of material is lost due to the

cutting kerf and post-conditioning of the sawn surfaces [26]. Reduction

of kerf loss by reducing the wire diameter has been of interest to reduce

3



CHAPTER 1. INTRODUCTION

the material consumption. Furthermore, the efficiency can be increased

with decreasing wafer thickness, since a higher number of wafers can be

produced from one ingot [119]. A general lower bound for the wafer thick-

ness due to its brittle characteristics has been determined to be 80 µm

[142]. Thinner wafers have advantages when being used for PV cells:

with improved light-trapping techniques, wafers as thin as 50 µm made of

low-quality Si have the potential of outperforming thicker wafers [6].

1.3 Motivation: Current Research Areas

Thinner wafers and wires increase the process complexity, as both become

more prone to failure and decrease the size of the process window. In order

to being able to approach the theoretical limits, a sound understanding of

the interaction between tool and workpiece is necessary.

On the grain-workpiece interaction level, the process of cutting Si is ex-

tremely complex: the generally brittle material can be cut with ductile

material removal mode, if a certain critical penetration depth is not ex-

ceeded. This depth in turn depends on the geometry of the tool, the

crystallographic direction, the cutting speed and the temperature. While

ductile removal is generally favoured since no cracks are generated that

propagate into the surface and lower the fracture strength of the wafer,

ductile removal requires a transition of the brittle Si-I phase to the metal-

lic and meta-stable Si-II phase. This phase transition is problematic as

it sets off a suit of phase transitions when the load is taken from the

material and eventually leads to amorphisation of the silicon on the sur-

face. Phase changes are accompanied by volumetric changes that lead to

residual stress in the wafer, which may lead to undesired deformation of

the wafer. In recent years, efforts to understand the mechanisms of the

ductile-to-brittle transition as well as the effect of process parameters on

phase transitions, have intensified.

In the field of these fundamental aspects of material removal, the present

study aims at understanding the effect of grain shape, depth of cut and

corresponding process forces on pressure exerted onto the workpiece ma-
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terial. The pressure triggers phase transition. The analysis is built upon

the theory of scratch and ploughing hardness. The empiric data-basis is

derived from scratch tests with hardness indentation tools made of dia-

mond, with a contact length of up to 30 mm and cutting speed of 25 m/s.

On a macroscopic perspective, the process is far from trivial as well: Since

the wire provides a compliant support for the grains, the shape of the tool

and thus the trajectory of the grains depends on process forces. The

bow of the wire in stationary process condition is mainly determined by

on wire speed, ingot feed speed and wire tension. These process para-

meters lead to a distribution of normal- and cutting forces acting on the

wire through the individual grains. The pressure the grains exert onto

the silicon determine the material removal mode as well as the removal

rate. Investigating the process is inhibited by high material and tool cost

when using industrial machines, as well as challenging accessibility of the

processing zone. Laboratory-scale wire saws typically do not reach the

wire speeds of industrial machines. While parameter studies evaluating

roughness and subsurface damage, as well as resulting process forces are

abundantly available, a generic transfer function linking wire properties

and kinetic parameters with the removal rate is currently unknown. The

ratio of cutting to normal forces is insufficiently described. Few studies

investigated the effect of phase transitions on wafer warp.

The DWS process is addressed with a model of the wire bow that results

from prescribed process parameters and the compliant tool. A discussion

of the ratio between cutting and feed force acting in the process sheds light

onto the importance of process parameters and wear on the cutting ability

of the wire. A model for the material removal rate is derived from applied

process parameters and tools. The validation is done via experiments on

an endless-wire-saw designed and built specifically for this purpose.
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Chapter 2

Literature Review

This chapter presents the state of the art of silicon-ingot DWS. It provides

the necessary theoretical framework for the thesis and serves as a baseline

to develop the research question and hypothesis. The chapter is structured

in three parts: First, important material properties of silicon and diamond

are introduced. Next follows a section about material removal, which

introduces scratch tests as a way of material testing and the concept of

scratch and ploughing hardness, phenomena of brittle and ductile removal

and friction between silicon and diamond. The chapter closes with a

section about the kinetics of a diamond wire saw.

2.1 Workpiece and Tool Material

In this section, fundamental material properties and behaviour of the

workpiece material Si and the tool material diamond are summarised.

2.1.1 Workpiece Material Silicon

Si is the second-most-common element in the crust of the earth. Due to

its abundant availability and electrical properties, it is commonly used as

7
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a semiconductor in various electrical components. It is a semi-metallic

element found in the fourth group of the periodic table. At room tem-

perature, Si crystallises in the cubic-diamond lattice structure Si-I. The

elementary cell consists of 18 Si atoms, see Fig. 2.1. Other crystalline

forms of Si are metastable at atmospheric conditions. Especially the com-

positions Si-II and Si-IV are relevant in the machining of Si and will be

discussed later on.

Figure 2.1: Lattice structure of Si crystals: stable composition at room
temperature Si-I and metastable metallic structures Si-II and Si-IV,

after [9, 31].

In crystalline form, Si shows strong anisotropy, meaning that the mater-

ial properties depend on the lattice orientation. Commercial Si ingots

are typically drawn along the [111]-axis or [100]-axis [128], while the lat-

ter is typically used for PV cells and the earlier for other semiconductor

applications.

Some of the properties of single crystalline Si are given in Tab. 2.1. At

atmospheric pressure the lattice does not transform with temperature

changes until melting at 1683 K [140]. Due to the covalent bonds, the

electron movement is aggravated at room temperature, the fracture stress

is reached without substantial creep or flow at room temperature. Plastic

flow can occur at temperatures above 800 ◦C [128].

While dislocation movement is impeded, the Si lattice changes its struc-

ture under pressure. According to Page et al. [130] the dislocation nuc-

leation in silicon upon indentation is determined by whether the critical

8



2.1. WORKPIECE AND TOOL MATERIAL

Table 2.1: Properties of Si-I single crystalline silicon [103, 128, 190].

Crystal structure diamond cubic

Young’s modulus E [GPa] E[100] = 131, E[110] = 169,

E[111] = 187

Vickers hardness HV [GPa] 10.0

Fracture toughness Kc

[
MN m−2/3

]
0.6

Fracture strength σf [GPa]

(load direction 〈100〉, surface orientation (100)) 5.31 ± 1.26 [4]

Poisson’s ratio ν 0.27

Density ρ
[
g/cm3

]
2.33

Melting point Mp [K] 1685± 2

Solid heat capacity C25◦C [J/(mol K)] 20.007 [39]

Thermal conductivity at 300 K λ [W/(m K)] 156 [71]

shear stress for the dislocation movement is reached before a critical hy-

drostatic pressure for densification (10−20 GPa) is reached. This suggests

a dependence on contact scale, load and geometry. Indentations at around

350 nm loaded depth lead to structural rearrangement and amorphisation

as well as dislocation structures, while indentations at 250 nm show a

densification transformation but only little dislocation nucleation.

At room temperature, the cubic diamond structure of Si-I subsists up to

a pressure of ∼ 9 − 16 GPa. Upon exceeding the threshold, an allotropic

change is initiated to the denser β-tin structure Si-II. Also Si-IV can be

formed immediately from Si-I, prior to the transformation to Si-II [79],

which was however mainly observed in hot indentation tests [37]. Eleven

more crystalline phases of Si have been identified [41, 71], along with an

amorphous phase (α-Si). Upon release of pressure, and with sufficient an-

nealing time or temperature, the material transitions back to Si-I, however

not necessarily immediately but via other phases as Fig. 2.2 shows. The

order of phase transitions furthermore depends on the rapidity of pressure

release.

9
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Figure 2.2: Phase transitions in silicon under static contact loading and
subsequent annealing, from [79].

Withdrawing the indenter at rates faster than 1 mm/min during unloading

implies no sufficient time for the reconstruction of the Si lattice, leading

to the formation of amorphous material, instead of the kinetically con-

trolled Si-II to Si-XII phase transformation [79]. This agrees with the

observations made in scratching experiments with low scratching speeds

of 1− 10 µm/s, where the sequence for slow static contact unloading was

observed, with the only difference being a transition back to Si-XII after

reaching Si-III [190]. In the m/s-range however, mainly Si-IV and α-Si

were reported [164], suggesting that the unloading rate is not the only

decisive factor.

Tab. 2.2 summarises the different phases of Si along with their conditions.

A common method of determining the presence of crystalline phases is

Raman backscattering [78]. The wave-numbers associated with the phases

are also indicated in the table and taken from measurements in scratched

grooves excited with a 488 nm laser [92, 164]. The Raman shift depends

also on the strain in the material, therefore the values are indicative.

An annealing temperature of 500 ◦C is sufficient to transform all phase

changed material induced by scratching back to Si-I [27].

Hydrostatic pressure values indicated in Tab. 2.2 refer to the transition

to the phase mentioned in the table from the corresponding phase as in-

10
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Table 2.2: Phases of silicon after [41, 71], Raman shift from [92, 164].

Label
Lattice

structure
Hydrostatic
pressure GPa

Raman shift
1/cm

Primary
source

Si-I diamond cubic 0.1− 12.5 520 [22, 68]

Si-II
body centred

tetragonal (β-tin)
8.8− 16 n.a. [67, 68, 74, 125]

Si-III body-centred cubic 2.1 166, 432, 464 [1, 67, 68, 80]

Si-IV hexagonal diamond
from Si-I at
450− 650 ◦C

290, 497− 510 [141]

Si-V
primitive hexagonal

(zinc-blende)
14− 35 n.a. [68, 125]

Si-VI (undefined) 34− 40 n.a. [44, 125]

Si-VII hexagonal closest packed 40− 78 n.a. [44, 67, 125]

Si-VIII tetragonal 14.8 → 0.1 n.a. [191]

Si-IX tetragonal 12 → 0.1 n.a. [191]

Si-X face centred cubic 78− 230 n.a. [43, 44]

Si-XI
body centred
orthorhombic

13− 15 n.a. [117]

Si-XII trigonal 2 350, 384 [36, 79, 139]

Si-XIII diamond cubic 0.1 n.a. [21, 32, 79, 130]

α-Si amorphous 0.1
150, 300, 475
(all broad)

[164]

dicated in Fig. 2.2 where applicable. Si-I to Si-II transition happens at

9 − 16 GPa under near-hydrostatic stress [67, 68, 74, 125]. The trans-

ition is not reversible since Si-II transforms into other metastable phases

depending on how the pressure is released. Upon slow pressure release,

Si-XII forms at 10−12 GPa [36, 139], followed by a partial transformation

to Si-III. Some Si-II remains present until reaching ambient pressure [41].

The generation of the Si-IX phase from Si-I to Si-II phase upon rapid

pressure release from 12GPa has been reported [36, 191], although not in

indentation tests [41]. It is believed that the formation of Si-IX precedes

the formation of amorphous silicon at fast unloading rates [41] since its

structure is the closest to amorphous silicon [76].

11
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When pressure is induced by a sharp and pointy indenter, very high stress

at the tip is quickly reached. Upon unloading, the transformation reverts,

recovering parts of the indenters displacement by a non-elastic process

[65]. This implies that shape recovery after indentation is not only due

to the elastic response of the material but also due to plasticity in the

phase transition. The non-elastic deformation stems at least in part from

volume change due to density differences of the phases. It was found that

ρSi-XII > ρSi-III > ρSi-I ∼ ρSi-IV > ρa-Si [41].

The Si-I to Si-II transformation results in ∼20% densification. Upon slow

decompression, transition from Si-II to Si-XII leads to ∼9% volume ex-

pansion, with ∼2% recovered from the Si-XII to Si-III transformation at

low pressures, since the equilibrium Si-III structure was found to be ∼9%

denser than Si-I and ∼2% less dense than Si-XII. Finally, the hexagonal

diamond Si-IV phase has an atomic volume identical to that of Si-I. [41]

2.1.2 Tool Material Diamond

Diamond wire is made up of cold-drawn steel wires with diamond splin-

ters held in a nickel matrix electroplated onto them. In the following

paragraphs, important properties of diamond are presented.

Diamond is an allotrope of carbon, crystallised in cubic diamond struc-

ture, the same as Si-I. Diamond is metastable at room temperature and

atmospheric pressure, but conversion to the stable form of carbon, graph-

ite, is very slow. It is the hardest material known and therefore suitable

for abrasive tools. It moreover exhibits further favourable properties such

as high thermal conductivity and high chemical inertness. From a chem-

ical perspective, synthetic and natural diamonds are identical and feature

the same mechanical properties. Some properties of diamond are recapit-

ulated in Tab. 2.3

Since diamond is metastable, high temperature or stress may accelerate

graphitisation. The decomposition further depends on the atmosphere.

Diamond graphitises at 1973 K in vacuum after less than 15 min [66] and

at around 900 K in air [52]. It was calculated that diamond may undergo

graphitisation at shear stresses of 95 GPa, it was noted that the effect

12
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Table 2.3: Properties of diamond [147] apud [53].

Crystal structure face-centred (diamond) cubic

Young’s modulus E [GPa] 1141

Shear modulus G [GPa] 553

Bulk modulus E [GPa] 442

Poisson’s ratio ν 0.07

Density ρ
[
g/cm3

]
3.52

Compressive yield strength σy [GPa] 130-140 [45]

Thermal conductivity λ [W/(m K)] 900-2320 [170], 2000-2200 [118]

is anisotropic [24]. Traces of graphite were found on diamonds used for

sawing of Si [180]. Diamond starts to oxidise at lower temperatures of

around 625 ◦C [185]. Diamond can form carbides with Si (SiC) at higher

temperatures and pressures [185], which was also observed when cutting

Si [192].

2.2 Material Removal

Material separation through abrasion of chips is the consequence of a typ-

ically harder tool body (in this case diamond, section 2.1.2) penetrating

a softer workpiece body (in this case Si, section 2.1.1), thereby inducing

plastic and elastic deformation and eventually material separation and

fracture. According to DIN 8580 [46] manufacturing processes that sep-

arate material are classified in 5 groups, of which the group 2, chipping

with a geometrically defined cutting edge such as turning, and group 3,

chipping with geometrically undefined cutting edges such as grinding or

honing, are of particular interest in the context of this work. Material sep-

aration happens if the shear stress surpasses the material strength, either

through fatigue or exceeding the ultimate strength.

Depending on the direction and amplitude of load, a ductile or brittle ma-

terial response can be achieved. When the applied stress exceeds certain
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limits, a transition from elastic to plastic behaviour or material failure

may be observed. Ductile and brittle material removal are illustrated in

Fig. 2.3.

(a) Micro-ploughing (b) Microchipping

(c) Microfracture (d) Brittle wear track

Figure 2.3: Different abrasive material removal modes: ductile modes a)
micro-ploughing, b) micro-chipping and brittle mode c) microfracture, d)

micrograph of a wear track in Si in the range of the ductile-to-brittle transition.

In either removal mode, a plastically condensed zone forms under the wear

track. When the stresses are not sufficient to form a chip, the abrasive

grain ploughs through the material and generates plastically deformed

pile-ups, ridges, on the sides of the wear track, as shown in Fig. 2.3a. If

a successive grain passes near the ridges, the material may fracture due

to fatigue and be removed. In the case of machining through ductile chip

removal, as depicted in Fig. 2.3b, the formation of a chip is associated with

plastic flow and exceeding the fracture strength locally. Brittle material

removal shows failure with no or little plastic deformation and propagation
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of cracks. The different crack systems are shown in Fig. 2.3c. Large

material volumes that have not been subjected to excessive stress may be

removed if cracks grow to the surface. The micrograph shown in Fig. 2.3d

shows the onset of fracture on a wear track in Si, with clam-shaped shelling

of material where the cracks intersect. The mechanics of the two material

removal regimes and their necessary conditions is discussed in the following

sections.

2.2.1 Scratch Tests as a Means of Analysing Material
Removal and Hardness

Scratch tests with a single diamond tip on a monocrystalline Si surface

have been developed to study the material removal mechanism for the fixed

abrasive sawing process. Because of the size distribution of the diamond

particles on the wire, the forces and indentation depth vary throughout

the process, leading to changes in the material removal mode. Therefore,

it is important to know the influence of process parameters on the surface

quality. Under normal sawing conditions, the size distribution will also

change due to wear or pull-outs which changes the total forces [132, 133].

There is considerable interest focused on the machining of Si and process

parameters prediction. Gogotsi et al. [60] affirmed that prediction of the

conditions for ductile regime machining of brittle materials from scratch

tests is possible for diamond wire sawing.

Scratch tests are often used to analyse material removal at small scales,

at penetration depths in the nano- or micrometer range. In-situ process

parameters such as forces and temperatures, as well as residual properties

such as wear, removed volume, edge zone damage or phase change can be

measured.

Test rig designs for scratch tests

Many different setups are reported on in literature. Often, scratch tests

are carried out in atomic force measurement devices, which is convenient

but limited to very small scales and speeds. An overview of scratch test

designs is presented in [131]. Limitations to the speed range of scratch-
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ing experiments are typically due to the high engagement frequencies in

rotatory setups which excite the force dynamometers or the short contact

lengths. Linear setups are limited by the acceleration and final velocity

of the axis. Some relevant setups are presented here.

Melkote et al. performed several studies on scratched Si [93, 95, 96,

164, 167, 172, 173]. They used a set-up consisting of a vacuum chuck

or other holder mounted to a force dynamometer on a x-y-z-stage. A

disk holding an indenter eccentrically is attached to a spindle mounted

above the vacuum chuck. By fixing a piece of a polished wafer on the

vacuum chuck and moving it sideways while the spindle is rotating, a

series of quasi-parallel scratches with a depth adjusted via the z-stage is

achieved. Cutting speeds of up to 25 m/s where achieved. Linear scribing

was performed by mounting the indenter above the vacuum chuck directly

without a spindle and using the x-y-stage to displace the wafer at speeds

of up to 100 mm/min [93, 95, 172, 173]. In a similar way, diamond wire

can be clamped instead of the indenter and used as a scratching tool [96].

Pala et al. used a setup in which a Si workpiece is clamped to the spindle

of a machine tool, rotated and moved sideways across a diamond wire

bent around a sharp tip with an isolated grain on top, thereby achieving

sections of circular scratches with lengths of up to 40 mm at cutting speeds

of up to 20 m/s. The tool is mounted on a dynamometer and a pyrometer

fibre is pointed at the diamond, allowing for measurement of forces and

temperature [87, 131, 134].

Indentation hardness, scratch hardness and ploughing hardness

Hardness is a material property, which is a measure of the resistance

of a material to penetration by a body. In classic indentation hardness

tests, such as Vickers, Rockwell, Brinell or Knoop hardness tests, a geo-

metrically defined body is penetrated into another one with controlled

force, velocity and/or distance. Another way of determining hardness

is to evaluate the ability of one material to abrade or scratch another

material [171]. Even thought the tests for determining the scratch hard-

ness have not been formalised to the same degree, they have been used
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from early on and one of the earliest hardness scale is that developed by

Mohs in 1824 [120]. In the following paragraphs, after shortly pointing to

established hardness measurement methods, concepts of hardness meas-

urement by indentation put forth by Oliver and Pharr [126, 127] are

introduced to set a framework before elaborating on analytical models of

scratch hardness as described by Williams [171].

In Rockwell measurement, a spherical indenter tip is pushed into the work-

piece with a defined force and duration and the hardness is derived from

the penetration depth [49]. In Brinell hardness measurement, it is calcu-

lated from the applied form and the diameter of the residual imprint left

by a sphere [48]. The Vickers method uses a pyramidal indenter but is

otherwise identical to the Brinell method: the hardness is evaluated on

the basis of the indentation force and the area of the imprint left on the

surface [50]. The Knoop hardness test is a variation of the Vickers test,

where a rhombic indenter is used [51]. The methods have different areas

of application and are chosen on the basis of hardness of the test material,

scale as well as layer thickness and distance of the test location from the

specimen edge.

In summary, indentation hardness measurement methods use some kind of

load-displacement relationship. Oliver and Pharr analysed the load-

displacement curves of different ductile and brittle materials and derived a

measurement methodology [126] and later refined and elaborated upon it

[127]. Earlier, Sneddon had shown that for any indenter, the relationship

between load Fn, displacement h and contact area is given by the function

of a solid of revolution of a smooth function [150]. For simple geometries,

the load-displacement function can be described by a power law of the

form

Fn = bhm (2.1)

where b is a constant depending on the material properties and the in-

denter shape and m is a constant depending on the indenter shape only.

The constants can be determined analytically. The exponent is given as

m = 1 for a flat cylinder, m = 2 for a conical shape, m = 1.5 for spheres
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at small displacements and a paraboloid of revolution, and m = 1.38 for

a Berkovich indenter [136]. Oliver and Pharr’s analysis starts from

the assumption, that the behaviour of conical or paraboloid of revolution-

shaped indenter as resolved by Sneddon approximates the behaviour of

other indenter geometries well. The conical indenter accounts for a geo-

metrical singularity of the tip and represents Berkovich or Vickers pyram-

ids in that way, and the area of the cross section varies with the square of

the depth of contact [126]. The paraboloid of revolution features no such

singularity and therefore accounts for some rounding of the tip. Another

assumption is that the elastic unloading of a flat, semi-infinite half space

is the same as that of a real indented surface [126].

The geometry of a hardness indentation test and corresponding schematic

loading and unloading curves are depicted in Fig. 2.4 and show most

parameters necessary for the analysis.

(a) Section of an indentation test (b) Load-displacement curve

Figure 2.4: Schematics of an indentation test: a) cross section of the surface
during and after loading with quantities, b) load-displacement curve with

graphical interpretation of the contact depth hc, after [126]

Fig. 2.4a shows a schematic of a cross section of an indentation test with

the trace of the surface before, during and after loading with a pointy

indenter. The total displacement while any load is applied h is

h = hc + hs (2.2)
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where hc is the contact depth and hs is the depth at which the indenter

loses contact with the material as the surface at the perimeter of the

contact is displaced. At maximum load Fn,max, the total displacement

reaches hmax, as seen in Fig. 2.4b. The radius of the contact is 1
2w,

half the width in the cross section. When the load is removed, some of

the displacement is elastically recovered, leaving an impression with the

residual depth hf , while the width of the imprint is as large as the width

of the contact at maximum displacement.

As seen in Fig. 2.4b, the stiffness in the beginning of the unloading state

S = dFn/dh can be determined experimentally and can be determined as

S =
dFn
dh

= β
2√
π
Eeff

√
An (2.3)

with the effective elastic modulus Eeff that takes compliance of both the

specimen and the indenter into account

1

Eeff
=

1− ν2s
Es

+
1− ν2i
Ei

(2.4)

Es and νs being the Young’s modulus and Poisson’s ratio of the specimen

and the indenter, and An the normally projected area of the elastic contact

[126]. The geometrical shape of pyramidal indenters cannot be paramet-

rised as a solid of revolution of a smooth function. The resulting stiffness

deviations can be corrected by applying a dimensionless parameter β [127],

that is approximated on the basis of the half included indenter angle ϕ

and the Poisson’s ratio of the specimen νs [63]

β = π

[
π
4 + 0.155 cot(ϕ) 1−2νs

4(1−νs)

]
[
π
2 − 0.831 cot(ϕ) 1−2νs

4(1−νs)

]2 (2.5)

Equation (2.3) holds for any indenter of the shape of revolution of a smooth

function [137], and is reasonably correct for Vickers and Berkovich in-

denters [19, 86].
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An is a function of the contact depth hc and can be determined from

the indenter geometry by measurement. The contact depth hc is also

determined from experimental data as

hc = hmax − hs (2.6)

and the elastic deflection of the surface follows from Sneddon’s analysis

[150] for a conical indenter

hs =
π − 2

π
(h− hf ) (2.7)

Consideration of (2.7) limits the applicability of the model to cases where

pile-up is negligible. The effect of pile-up is discussed in [127]. The force-

displacement analysis furthermore gives

(h− hf ) = 2
Fn
S

(2.8)

When considering peak load, (2.7) and (2.8) yield

hs = ε
Fn,max

S
(2.9)

with the geometric constant ε. For a conical indenter ε = 2
π (π−2) ≈ 0.72.

For a flat punch, ε = 1, for a paraboloid of revolution ε = 0.75 and for a

Berkovich indenter ε = 0.76 [136]. In the graphical representation of the

unloading curve in Fig. 2.4b, the effect of different values of ε is indicated,

while only the case of the flat punch is correctly represented by the linear-

elastic behaviour of the initial unloading curve and other indenters reach

higher contact depths [126]. Besides the modulus, the static indentation

hardness Hc is defined as

Hc =
Fn,max

An
(2.10)
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Oliver and Pharr [127] pointed out, that by this definition of hardness

as contact area under load, it diverges from the traditional method of

measuring a residual imprint, and the derived hardness deviates especially

if large elastic recovery is observed. Bolshakov and Pharr [13] noted,

that when the proportion of the residual depth from total indentation

depth exceeds
hf
hmax

> 0.7, the method overestimates hardness significantly.

It is therefore important to note, that this measure of hardness is not a

material property but a process quantity.

If the indenter is moved sideways during the indentation, that is applying

an additional tangential load Ft, the load-bearing area is reduced as the

indenter forms a wear track and the rear faces on a Vickers and Berkovich

indenter or rear half in case of a conical indenter do not support the normal

load any more [171]. A schematic of the scratching indenter is shown in

Fig. 2.5a, the corresponding load-bearing areas for pyramidal and conic

indenters in normal and tangential direction are depicted in Fig. 2.5b.

(a) Indenter ploughing through
material (b) Load bearing areas

Figure 2.5: Schematics of an scratch test: a) indenter ploughing through
material, pushing a prow and leaving ridges on the side of the scratch, b) top
row: load-bearing areas in normal direction An during scratching (pyramidal

indenter face first and edge first orientation and conical indenter), bottom row
load-bearing areas in tangential direction At, after [171]

As a result, the indenter will sink in further in comparison with the static

indentation test. A prow will form in front and ridges on the side of the

indenter, adding some support and lifting it out of the material again.
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The two effects will partially compensate each other in a steady state,

where plastic deformation is also constant [171]. Scratch hardness Hs can

the be defined as the static indentation hardness

Hs =
Fn
An

(2.11)

while the load bearing area is now that which is supported by material

during scratching. In the same way, the hardness can be evaluated in

tangential direction, leading to the definition of the ploughing hardness

Hp

Hp =
Ft
At

(2.12)

The load bearing areas An and At in (2.11) and (2.12) are the areas of the

indenters supported by material projected into the vertical plane normal

to the direction of the normal load and the sliding direction, respectively,

as indicated in Fig. 2.5b.

It was shown that scratch hardness differs from indentation hardness using

identical indenters [17, 20], which is associated with different rates of ma-

terial displacement, work-hardening and variations in the measurement of

the topography of the residual surfaces. Since scratch hardness measure-

ments vary significantly with crystallographic anisotropy and their control

is crucial, comparing independent investigations is challenging [17]. This

underlines again, that measures of hardness that relate an area with an

applied load are specific process forces rather than quantities describing a

material parameter.

When scratching brittle materials, hydrostatic compression forms under

the indenter, leading to a plastic zone surrounding the area of impression

(see Fig. 2.3c) and to plastic deformation and/or ductile removal and

inhibiting brittle fracture. As the penetration depth h increases, cracks

may develop. The local plasticity moves the concentration further into

the material below the indenter, where median cracks nucleates. As the

indenter moves forward, lateral and radial cracks develop with release of
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the load, behind the indenter. Consideration of an energy balance shows

a scale effect [171]: elastic strain energy released in cracking has to equal

the surface energy of the cracks generated. The released elastic energy

depends on the volume of a cube with a characteristic length in which the

elastic strain energy is confined. The surface energy of the generated crack

depends on its length squared. Therefore, the smaller the indentation, the

larger is the shear stress required to produce cracking.

An additional scale effect stems from the consideration of defects in the

bulk material, for instance dislocations. When these are present, the stress

necessary to initiate plastic deformation is much smaller than in a perfect

crystal, where dislocations have to be generated. At small scales of micro

scratching experiments, at depth between 1 nm to ∼ 10 µm, it may be as-

sumed that the crystal is default-free [171]. Note that in mono-crystalline

Si, the bulk material may be assumed to be default free, but cracking will

occur before reaching depths of more than ∼ 2 µm or less depending on

the crystallographic orientation. Furthermore, phase transformation due

to high load is likely to happen before to dislocation nucleation [55]. The

scale effect was shown in molecular-dynamics simulations, where the spe-

cific energy per area displaced increases with decreasing depth of cut [8],

see Fig. 2.6. This specific energy corresponds to the ploughing hardness.

Chavosi et al. [27] reported observing strain hardening when scratching

Si with Berkovich indenters in different configurations at higher speeds of

10 µm/s as opposed to 1 µm/s: The scratch hardness increased by more

than 35% at room temperature and more than 20% at 500 ◦C. The obser-

vation of increasing scratch hardness with increasing speed was confirmed

on the nanoscale for speed ranges between 10 and 100 µm/s; the scratch

hardness then remained approximately constant up to the highest tested

speed of 300 µm/s [149]. In that same study, the scratch hardness values

when scratching with Berkovich face first were consistently higher than

when scratching with edge first.

Tsybenko et al. [156] performed scratch hardness measurements in dif-

ferent ductile and brittle materials and stated, that the scratch hardness

in softer materials decreases with increasing depth, while it increases for

harder materials, such as Si.
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Figure 2.6: Curated experimentally and simulatively acquired data illustrating
the scaling effect of specific energy with diminishing depth of cut normalized

with the cutting edge radius. The observed proportionality of specific energy Es
with depth of cut h is Es ∼ h−0.6, from [8].

Conclusion: Scratch tests, scratch hardness

Scratch tests are an established means to analyse material removal be-

haviour and to derive material characteristics. Scratch and ploughing

hardness, which essentially describe the force necessary to deform the ma-

terial in normal and tangential direction and constitute a process quant-

ity, scale significantly with the penetration depth. Furthermore, when

deviating from the idealised shape of an indenter that is described by a

axisymmetric body, e.g. Vickers and Berkovich indenters that do not fea-

ture axial symmetry and more importantly arbitrary abrasive grits, the

analytic solution is less accurate. Williams states, that Vickers indenter

in face first orientation is supported on only a quarter of its projected
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area (see Fig. 2.5b) [171], which neglects the effect of elastically recover-

ing material on the flanks of the indenter and which does not agree with

observations made when simulating the behaviour of Si scratched with a

geometrically undefined grain [87]. The scratch and ploughing hardness

of Si when using different indenter geometries have not been comprehens-

ively determined, comparison of values determined in independent studies

is problematic [17]. No studies on scratch hardness determined at speeds

as high as in diamond wire sawing have been found.

2.2.2 Phenomena of Material Removal in Silicon

The following paragraphs deal with phenomena that occur in or are re-

lated to material removal when cutting Si with diamond, namely ductile

and brittle removal modes as well as the transition between the two, and

occurring phase transitions.

Brittle Material Removal

Brittle materials show a fracture strength that is lower than or similar

to their yield strength. The abrasive material removal is governed by a

sequence of crack initiation, crack growth and minor plastic deformation.

As cracks grow to the surface of the workpiece or intersect, larger volumes

of material are removed due to spalling. Three kinds of cracks can be

distinguished as shown in Fig. 2.3c: axial or median, radial [100] and

lateral cracks [113]. The mechanics of the formation of these cracks will

be discussed in the following paragraphs.

Axial and lateral cracks are the result of stress field exceeding fracture

strength caused by the indention of a harder body into the specimen

surface. A commonly-used configuration of the Hertzian contact theory

used for the analysis of indentation applies an indenter assumed to be

ideally rigid while the specimen is considered to be an ideally elastic and

brittle flat half-space. The elastic stress field in this case is well defined

until fracture occurs [98].

According to Griffith’s theory of ”the phenomena of rupture and flow

in solids” fracture occurs at the position of greatest stress, while stress
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is greatly intensified at flaws, and propagates in agreement with ener-

getic equilibrium states [61]. The application of a pointy indenter leads

to a singularity in the elastic stress field at the tip resulting in plastic

flow. The indention stress field always contains a tensile component; con-

sequently crack initiation arises in brittle materials upon exceeding of

the yield strength. Once a crack is initiated at a position of dominant

flaw, it propagates in the material in an orientation that maximizes the

mechanical-energy-release rate in an isotropic solid [98]. The formation of

cracks during an indention test of a brittle material with a pointy indenter

is shown in Fig. 2.7.

a)

f)

c)

d) e)

b)
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N
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Figure 2.7: Load curve and schematic of crack formation in a brittle material
upon indention, [131] after [98].

According to Lawn et al. [98], the sequence for the development of the

median-lateral-crack system is as follows: Upon contact, the indenter gen-

erates a zone of plastic deformation (a). With increasing load a median

crack is initiated at the position of the dominant flaw, which in an ideal-

ised surface and isotropic material is at the tip of the indenter (b). As

the load increases further, the median crack propagates stably (c). Upon

unloading, the median crack closes (d). Further reduction of the load

triggers the development of lateral cracks starting from the interface of

the zone of plastic deformation and the lateral crack (e). As the load is

removed completely, lateral cracks continue extending sideways and may

grow to the surface, leading to chipping (f).
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The radial cracks indicated in Fig. 2.3c (p. 14) are a consequence of a slid-

ing movement of the indenter including friction. Hamilton and Good-

man [62] derived an analytic solution for the determination of stress fields

generated by a circular sliding contact on the basis of Hertzian contact

theory. Radial cracks are a result of failure due to tensile stresses behind

the indenter and their shape can be determined analytically. Lawn [99]

further shows that the shape and extension of the cracks can be estim-

ated by analysis of the principal stresses at the relative distance from

the centre of the indenter along the crack path. He discusses that the

stress trajectories indicate the shape of partial cone cracks well for crack

lengths c in the magnitude of the indenter radius a, since σ1 is always the

greatest principal stress. However for crack length c � a, with increas-

ing distance from the contact area, the principal stress σ2 can become as

large or larger as σ1, especially for large friction coefficients. In this case,

the crack may deviate from its well defined path and description of the

geometry becomes more difficult. Lawn [99] argues furthermore that in

reality, the assumptions of the theory (Hertzian elastic theory with purely

elastic respectively elastic-brittle indenter and specimen and idealised slid-

ing motion free of stick-slip) are hardly met. Experiments performed by

Zhang et al.[190] indicate that Hertzian elastic contact theory is indeed

not suitable to describe the behaviour for scratching Si with a Berkovich

indenter.

In case of brittle material fracture during indentation, a model developed

by Marshall et al. [113] accommodates spalling of material due to brittle

fracture. The geometry of the lateral crack system, as well as the dimen-

sions of the plastic zone are shown in Fig. 2.8.
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Figure 2.8: Schematics of the geometry of the lateral crack system in an
indentation test with a sharp indenter and a brittle solid, upon release of the

load Fn, from [113].

When material is removed due to the propagation of lateral cracks to the

surface [122], the depth of the material removed equals the depth of the

plastic zone where the cracks start [113]. The plastic zone extends equally

in half width cp and depth hp [100] and equals the residual, measured

depth, while the length of the lateral cracks cl equals half of the meas-

ured width of the residual scratch. The displacement depth h can be

determined with [113]

h = Fn
Ac2l
Eh3p

(2.13)

where Fn is the peak point load applied onto the indenter, E stands

for the Young’s modulus of the indented material, and A depends on

the relative sizes of lateral and median cracks. A is approximated as

A = 3(1−ν2)/4π for a full-plate approximation and A = 0.75 for a quarter-

plate approximation, ν denoting the Poisson’s ratio. The latter quarter-

plate approximation implies that lateral cracks are shorter than median

cracks, the earlier implies the opposite. In case of a sliding indenter,

radial cracks develop additionally to median and lateral cracks and are

approximately as long as the median cracks [100]. Since radial cracks are
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visible upon close observation and often extend beyond the chipped-off

width assumed to equal the length of the lateral cracks, the quarter-plate

assumption is reasonable in this case.

The size of the plastic zone is derived from analysis of the elastic field and

varies with [113]

hp ∼ cp ∼

[(
E

H

)1/2

(cotϕ)
1/3

(
Fn
H

)1/2
]

(2.14)

with Young’s modulus E, hardness H and half included indenter angle

ϕ. Furthermore, the length of the lateral cracks cl can be expressed as a

function of material properties E, H, and the fracture toughness Kc, the

applied load Fn and ϕ according to Marshall et al. [113]:

cl = cL

[
1−

(
F0

Fn

)1/4
]1/2

(2.15)

where cL is called the limiting crack function and F0 is the apparent

threshold load. The limiting crack function is:

cL =

{(
ζL
A1/2

)
(cotϕ)

5/6

[(
E

H

)3/4

/KcH
1/4

]}1/2

Fn
5/8 (2.16)

where ζL is a dimensionless constant independent of the material pair and

is given as ζL = 0.025, A is the same as in (2.13).

The threshold load has been defined by Marshall et al. and is not to

be confused with the critical load for the onset of cracking:

F0 =
ζ0
A1/2

(cotϕ)
−2/3 K

4
c

H3

E

H
(2.17)

where ζ0 = 1200 for all cases.
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Ductile Material Removal

Ductile removal is typically a mixture of plastic deformation and chip

removal, visualised in Figs. 2.3a and 2.3b (p. 14).

In ploughing, no material is actually removed, instead the material is

displaced by the indenter and pushed sideways. The plastically deformed

ridges are strained and if deformed again by a following cutting edge may

chip off due to fatigue. This mode is favoured when the active rake face

(which may be on the rounding of the cutting edge for shallow depth

of cut) features a large negative rake angle. As the negative rake angle

becomes smaller (as in closer to zero), the shear stress in the prow of the

indenter will eventually exceed the ultimate strength of the material and

lead to material separation and chip formation.

Since perfect plasticity, in which the trace left by the indenter would

have the exact shape of the indenter, does not exist in Si (and in metals,

ceramics and most polymers in general), plastic deformation is always

accompanied by elastic deformation. The extent of elastic deformation

is defined by the elastic limit and the Young’s modulus of the material.

Elastic deformation is fully recovered after unloading.

In Si, according to Huang et al. [70], the ratio of elastic recovery re over

the penetration depth h decreases with increasing penetration depth and

grain size. They proposed a semi-analytic model to derive the recovered

depth for scratching with spherical bodies on the basis of the work of

Oliver and Pharr [126]. Their grinding experiments with Si showed

that rate of elastic recovery approaches 1 at very shallow penetration

depth and follows a power law with a negative exponent. The rate of

recovery decreases with increasing speed, grain size and tip or cutting

edge radius [69, 70]. Purely elastic behaviour up to a penetration depth

of approximately 250 nm when scratching a Si (001) wafer with a blunt

Berkovich tip at 2 µm/s velocity was observed by Gassilloud et al. [55].

Whenever plastic deformation occurs in a crystal, dislocations are nuc-

leated, migrate or multiply. At room temperature, dislocation slip in Si

is largely inhibited and is only eased at temperatures above 750 ◦C [103],

which is more than 60% of the melting temperature. As the ultimate

strength of Si decreases with increasing temperature, chip formation is
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favoured at higher temperatures. Thermal softening and increased plas-

ticity was reported when scratching wafers heated to 500 ◦C [27]. Ex-

tremely high flash temperatures exceeding 1500 K have been reported

when scratching Si with diamond [134], suggesting that dislocation slip

may actually play a role in ductile removal of Si. It is however not clear

whether the material in the shear zone reaches such high temperatures, as

the thermal conductivity of diamond is up to 14 times higher than that of

Si (compare Tabs. 2.1 and 2.3 in sections 2.1.1 and 2.1.2). Gassilloud

et al. [55] furthermore suggested that the stress needed for activating dis-

location slip is higher than that which leads to a phase transition in Si.

Ductile-to-Brittle Transition

Balancing crack nucleation and growth, dislocation migration and phase

transitions decides on whether Si is removed in ductile or brittle mode,

meaning that a transition between the two modes happens.

Established models on the transition of ductile-to-brittle material removal

regimes consider the critical penetration depth and material properties.

Most prominent is a model proposed by Bifano et al. [10]

hcu,crit = κ

(
E

H

)(
Kc

H

)2

(2.18)

where hcu,crit is the critical depth of cut for transition from ductile to

brittle removal regime, E and H denote Young’s modulus and Hardness

as before, Kc is the fracture toughness, and κ is the material constant

identified as κ = 0.15 for many brittle materials including Si.

Although several studies suggest that the transition is further dependent

on parameters such as tool geometry [12, 60, 96], cutting speed [124, 164],

crystallographic orientation [96, 172, 176], or lubrication [181] there are no

established models defining the interconnection of such properties. Work

on the topic is mainly limited to experimental research and more recent

studies focus on finite element models. Wang et al. [167] published a

extended finite-element-based model that accurately predicts the critical

depth of cut. Deviations of the simulation from the experiments were
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accounted to differences in the simulated and real tool geometry and the

anisotropy of the fracture properties of silicon.

Zhang et al. performed scratching experiments with Berkovich indenters

[190]. Keeping the load constant, they scratched a polished silicon surface

and measured the resultant cutting depth and investigated the topography

of the scratch and phase transitions of the material. The effect of scratch-

ing speeds between 1 and 10 µm/s was found to not have a significant

effect on the maximum depth of cut and depth of the plastic zone. Plastic

flow resulting from shear in the direction of the scratch was observed.

Plastic deformation in the form of pile up at the edge of the scratches.

No cracks (purely ductile material removal) were induced at loads of 10,

20 and 40 mN, lateral cracks were observed at loads of 60 and 80 mN and

shelling occurred at loads of 100 mN.

The effect of crystallographic orientation on the ductile to brittle trans-

ition was thoroughly investigated by Wu and Melkote, who scratched Si

wafers in the (111), (110) and (001) plane in different directions [173]. It

was found that the ductile to brittle transition happens at lowest depths

in the (001) plane, followed by (110) and (111) where the critical depth

of cut varies significantly with the direction scratched. The critical depth

of cut varies between 0.11 and 1.27 µm.

It was furthermore shown that the cutting force decreases with the ap-

pearance of first cracks [29].

Phase Transition and Analysis of the Crystallography

Gogotsi et al. [59] demonstrated that phase transformations occur in

a variety of silicon machining operations, including slicing, dicing and

grinding . To study the effect, phase transitions in Si were experimentally

induced by indentation or scratching, which is elaborated upon in the

following paragraphs.

Phase transitions during indentation tests in Si have frequently been re-

ported on, e.g. in [40, 42, 189]. A so-called pop-in and pop-out in the

loading and unloading curves respectively is attributed to changing phases.

The observations led to the development of a new constitutive material
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model that accounts for several of the transitions and points out that they

manifest in material hardening and volumetric change [161].

In indentation tests, a pop-in was observed at a penetration of around

210 nm, with loading of 10 GPa of pressure, which corresponds to approx-

imately 30 mN load with a spherical indenter. A pop-out was observed

upon unloading at ∼ 200 nm and 15 mN load [161]. From the same experi-

mental series, the formation of a metallic phase followed by the appearance

of planar defects under the transformation zone, that was however trans-

formed to an amorphous phase upon unloading was reported [189]. By

modelling this transition from Si-I to the metallic Si-II phase and then

to α-Si with an extended Drucker-Prager constitutive model, Wang et

al. [167] were able to predict the ductile-to-brittle transition with an error

of only 3% in an XFEM-model, which underlines the significance of the

phase transition for ductile material behaviour.

Gogotsi at al. [59] discussed the formation of a Si-II phase that is

formed during scratching in the compression zone under the indenter and

that this metallic phase can be removed in ductile mode, however it is

transformed into Si-XII and Si-II behind the indenter immediately after

the compression is removed. They further found that more amorphous

Si is produced at lower depth of cut. In a different study they evaluated

the effect of the indenter geometry on the residual phase in scratching

and found similar behaviour for sharp and blunt tools with regards to the

phase transition, even though the material removal behaviour varied [60].

Yan et al. [178] proposed the use of the Raman intensity ratio r to quantify

the relative significance of two phases for the analysis of the Raman spec-

trum of Si. The thickness of the amorphous layer da is proportional to

the ratio r of the intensities Ia of the α-Si peak with that of the Si-I peak

Ic:

r =
Ia
Ic

(2.19)

Ia and Ic are the integrals over the amorphous and crystalline peaks, re-

spectively. A Gaussian distribution fGa(ν) is fitted to the broad amorph-
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ous peak and a Lorentz distribution fLc(ν) to the sharp crystalline peak.

fGa(ν) = ha exp(− (ν − νa)2

b2a
) (2.20)

and

fLc(ν) =
hc

1 + (ν − νc)2/b2c
(2.21)

ν is the Raman shift, h is the height and b is the half-power bandwidth,

with indices a and c indicating amorphous or crystalline phases. Integrat-

ing (2.20) and (2.21) ans substituting in (2.19) yields

r =

∫
fGa(ν)dν∫
fLc(ν)dν

=
haba
√
π

hcbcπ
=

1√
π

haba
hcbc

(2.22)

Yan et al. [178] identified a strong, locally linear correlation between the

logarithm (base 10) of the Raman intensity ratio rα−I of α-Si to Si-I and

the thickness of the amorphous layer da as shown Fig. 2.9a.

(a) rα−I vs. da, from [178] (b) r vs. vc, from [164]

Figure 2.9: Dependencies of the Raman intensity ratio: (a) relation between
the Raman intensity ratio rα−I of α-Si to Si-I and the thickness of the

amorphous layer and (b) change of the Raman intensity ratio rα−IV of α-Si to
Si-IV with increasing cutting speed vc.
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The effect of scratching speed on phase transformation in high-speed

scratching of monocrystalline Si was studied by Wang et al. [164]. With

variable loading/unloading rates different phases of Si are formed. The

study also shows that with cutting speed up to 1 mm/min, the unloading

rate is not high enough to produce amorphous silicon but only Si-III and

Si-XII – those phases were not produced on cutting speeds higher than

1 mm/min where only Si-IV and α-Si were observed. Wang et al. fur-

thermore evaluated the Raman intensity ratio of α-Si to Si-IV and found

a strong dependency on the scratching speed as shown in Fig. 2.9b. A sig-

nificantly larger amount of α-Si is produced at higher scratching speeds.

Conclusion: Material Removal in Si

The material removal behaviour of Si is a complex and highly researched

topic. The greatest challenge is to transfer the observations in the micro

and nano range to the dimensions that exist in the wire sawing process.

Here, a need for research on the effect of high cutting speeds and different

grain geometries on the material removal mode and, when ductile removal

is concerned, the phase change in the material is identified. In addition,

due to the challenging experimental parameter range, the development of

constitutive material models is interesting, which can represent the high

shear rates during cutting and phase changes.

2.2.3 Friction

Fundamental Aspects of Friction

Friction describes the restrictive reaction when one body is moved or at-

tempted to be moved tangentially to another one [23]. The classic friction

laws were put forward by Amontons in 1966 (friction is proportional to

the normal force applied Fr ∝ Fn, and friction is independent of the nom-

inal contact area A0) and de Coulomb (sliding friction is not dependent

on the relative velocity of the bodies v). Atmontons’ first law can be

used to quantify the reactive friction force Fr in terms of the acting normal

force Fn by introducing a proportionality coefficient of friction µ:

Fr = µFn (2.23)
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µ depends mainly on the materials of the contact bodies. It was later

shown that friction is proportional to the true contact area Ar due to

roughness on the micro-scale which leads to adhesion on the individual

contact spots [15]. Since the size and amount of contacts making up the

true contact area are proportional to the normal load, the same holds for

the friction force according to Amonton’s first law. For that reason, the

true contact area being smaller for a harder contact pair subjected to the

same load, friction is generally lower for harder materials then softer ones,

albeit the hardness having only a minor influence on friction [121]. It was

shown that the coefficient of friction remains constant over a very large

range of normal forces ranging from 10−5 to 104 N in case of rubbing of

steel against poly-tetrafluoroethylene (PTFE) [146].

These laws have proven useful on the macroscopic scale and for dry, un-

lubricated friction which describes a wide range of engineering applica-

tions. On the atomic scale, frictional phenomena are more complex, as

experiments with atomic force microscopes [64, 187] and by means of mo-

lecular dynamics simulation [7] showed temperature dependence as well

as load dependence of the coefficient of friction. Energy is dissipated in

friction due to the stick-slip movements of individual atoms [64], which

also leads to wear of the contacting bodies.

The Effect of Friction on Material Removal

Regarding the effect of friction in ductile material removal processes,

Klocke and König state that the effective chipping thickness hcu,eff

increases with increasing friction as shown in Fig. 2.10 [88].

(a) high friction (b) low friction

Figure 2.10: Influence of friction on the chipping thickness, after [88].
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Due to the upwards shift of the material separation point in front of the

cutting edge, it can be assumed that fewer cracks propagate into the bulk

material when cutting brittle materials at a depth of cut near the critical

depth of cut by decreasing the friction between workpiece and tool.

Considering a sliding indenter incurring friction, Hamilton et al. [62]

modelled the tangential load as a Cerruti Problem and have shown that

increasing the tangential load by increasing friction, the locus of maximum

yield stress moves towards contact surface and that another region of high

local yield stress appears at the rear end of the indenter. Considering more

relevant tensile stresses which lead to crack development and growth in

case of brittle material behaviour, they further showed that increasing

friction leads to increasing tensile, radially acting stress near the rear end

of the indenter as well.

Friction Between Si and Diamond

Friction between diamond and Si is a comparatively sparsely investigated

topic. Few studies on the coefficient of friction as in Coulomb friction

are available, when limiting the search to macroscopic scales and omitting

studies on an atomic scale:

• The coefficient of friction shows anisotropic behaviour when rubbing

Si against Si in different crystallographic directions within a crys-

tallographic plane. The same behaviour was much less pronounced

when rubbing Si probes coated with diamond-like carbon against

Si and was not observed when using a diamond tip. The coeffi-

cient of friction varies slightly when rubbing on different crystallo-

graphic planes with a normal force Fn = 100 µN and a scratch length

s = 6 µm. Values of µ ≈ 0.08 in the {100} plane and µ ≈ 0.12

in the {001} and {111} planes where determined. The difference

was deemed insignificant and it was concluded that the coefficient

of friction between diamond and Si was independent of the lattice

orientation and direction of movement. [56]

• It was shown that friction in the {111} plane is lower than in the

{100} plane when rubbing metallic and ceramic balls against Si
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wafers (diamond was not tested) at forces ranging from Fn = 10 to

80 mN, which was attributed to the lower surface energy and higher

in-plane strength. For a rough Si wafer, an effect of crystallography-

influenced anisotropy was not observed, which is attributed to the

presence of a third body (rubbed-off particles) in the contact. [151]

• In a tribometer test using a {111} wafer and a sphero-conical dia-

mond indenter with a nominal radius of 11.9 µm applying loads of up

to 10 mN and a sliding distance of 50 µm resulted in a coefficient of

friction µ = 0.097. Only elastic indentation behaviour was observed

under these conditions. [18]

• It was shown that the presence of an oxidised layer at the interface

reduces the coefficient of friction [121]. In tests evaluating friction

of Si against Si and silicon dioxide SiO2 against SiO2, it was shown

that the final coefficient of friction does not differ significantly for

the two material pairs, however it was shown that the atmosphere,

ambient in comparison with dry nitrogen, has a significant influence

with the coefficient of friction being much higher when oxygen is

present. [160]

Coefficient of Friction and Force Ratio

It should be noted that the term ”coefficient of friction” and letter ”µ” are

often used synonymous with the ratio of tangential force and normal force

µ̂ = Ft
Fn

and not to be confused with the definition as the proportionality

constant µ as defined in 2.23. The difference stems from the fact that

in material removal processes the tangential force Ft (often defined as

the cutting force Fc) includes also forces resulting in material separation

and plastic deformation along with frictional forces. Notable work on the

consideration of the force ratio µ̂ as the coefficient of friction in material

removing processes has been put forth by Challen and Oxley [25, 129]

and then been elaborated on by Back et al. [11], where the parameter f

was defined as the ratio of local inter-facial shear strength of a lubricating

film and yield shear strength of the deforming material. Three different

models for the removal modes wave formation, wave removal and chip

formation have been introduced. According to the models, the forces Ft
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and Fn can be determined by analysing the slip-line field defined by the

geometry of the indenter and the resulting material deformation when

knowing f [25]. This shows that µ̂ defines the mode of material removal

for certain wedge angles (or indenter included angles) and values of f .

The models agree with Atmontons’ laws of friction.

Conclusion: Friction

The literature review shows that friction plays an important role resulting

in different stress fields. The stress fields define the material separation

point in case of ductile removal and the location and length of cracks

in brittle removal. While cutting speed, acting normal force and crys-

tallographic orientation appear to have low or no influence on the coef-

ficient of friction between Si and diamond, rubbed-off particles present

in the contact zone lower the coefficient of friction. No tests consider-

ing the long contact length, high sliding velocity and high pressure as

present in diamond wire sawing are available for the material pair. Due to

the above mentioned considerations, a coefficient of friction of maximum

µ ≈ 0.08 − 0.12 can be expected for the diamond wire sawing process,

but since cutting speed and contact length are extrapolated and debris is

present, this assumption has to be verified.

2.3 Analysis and Modelling of the Diamond
Wire Sawing Process

In DWS, the path of individual diamond grains is defined by the current

shape of the wire, which provides a compliant support. As such, the forces

acting on individual grains or, more general, segments of the wire, have

a direct influence on the path of the grains, therefore on the depth of

cut of the grains. This in return influences the material removal mode,

which again affects process forces. Overall, the kinetics are a complex

and interdependent aspect of the process. In this section, an overview of

literature findings that deal with the kinetics of the process and the origin

of the process forces is presented.
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2.3.1 Modelling of the Wire Bow

The wire bow is a result of forces acting upon the flexible tool body.

Studies on the bow of slurry diamond wire sawing (lose-abrasive sawing -

LAS) process are more numerous than on the fixed abrasive process. While

the basic reaction of the wire due to forces is the same, the distribution

of the forces and the ratio of cutting to normal forces differ and cannot

assumed to be the same for both processes.

A simplifying assumption is that the wire bow in the cutting area has

the shape of a circular arc. This assumption has been made by Yang

et al. [179] for the slurry based process, who used it to calculate reac-

tion forces depending on the angle of the contact zone, leading to results

similar to the capstan equation for belt friction. Furthermore a finite ele-

ment model was applied to analyse the effect of bending stiffness. Later,

Turchetta et al. [157] used the same assumption for the determination

of forces acting on diamond beads on diamond saws used to cut blocks of

rock in quarries.

Liedke [109] derived a differential equation for wire bow deflection based

on forces acting on an infinitesimal wire segment for the slurry process.

Forces are shown to be the result of lapping pressure distributions. The

model is able to accurately capture an asymmetric wire bow and describe

the effect of pulley distance, workpiece position, ingot size as well as fric-

tion for a steady state cut. Bending stiffness and the creation of the

bow in a none stationary process state are not considered. The same

differential equation has been derived by Konyukhov [91] from the gen-

eralized capstan equation for ropes clinging to arbitrary surfaces applying

the principle of virtual work. Palathra et al. [135] included bending

stiffness and the dynamic generation of the bow by calculating the bow

incrementally using an Euler finite difference scheme. Their solution for

the wire bow is symmetrical since they neglected cutting forces acting

on the wire. A very detailed process model for the slurry process has

been presented by Lorenz [112], who applied the Hamilton’s principle

and FEM. The solution comprises the dynamic creation of the bow while

considering vibration and contact mechanics.
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Teomete [154] used a rope model for the fixed abrasive process, describ-

ing the deflection of the wire in and orthogonal to the working plane, on

the basis of an acting force distribution. Balancing oblique cutting energy

with work done by the wire tension leads to an energy balance that drifts

the wire back into the cutting plane. If the work done by wire tension

is lower than the work done by free standing wire, representing an up-

per bound for wire deflection, the wire may drift out of the cutting plane

which leads to waviness, high-frequency roughness in the ingot centre and

tapered edges.

A general model of the asymmetric wire bow was developed and used

to discuss loss in cutting power and stiffness in the wire web by Qiu et

al. [145]. An effort is made at discussing the relationship between removal

rate and cutting power which is however limited to a description of the

observed effects.

2.3.2 Analysis of the Removal Rate in Diamond Wire
Sawing

In LAS, which is essentially a lapping process, the Preston equation [143]

governs the material removal rate rr

rr = kppvc (2.24)

with kp being the Preston coefficient, a material-pair-dependent constant,

lapping pressure p and relative velocity between tool and workpiece vc.

This relationship was used to derive a functional relationship between pro-

cess forces and removal rate for LAS [109]. In DWS however, where both

ductile and brittle removal can be present, a linear relationship between

feed force and removal rate is not obvious.

Very recently, Wallburg et al. [163] published a parameter range for

kp in diamond wire sawing. The value is derived from FEM simulations

considering phase transitions through the application of an Extended-

Drucker-Prager-Cap constitutive material model (detailed in [162]). The
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case considered is scratching with a Vickers indenter, the removed volume

is determined by the length and depth of the lateral crack calculated in the

finite element analysis. They gave kp = 125.5 µm2/N as an upper bound

and stated that, with wire wear, the value may decrease by as much as

50%. The dependence of the coefficient on the wear state indicates a

strong dependence on the shape of the abrasive grits.

More generally, the removal rate in diamond wire sawing is governed by

the sum of the amount of material removed by the individual grains. Each

grain subjected to load penetrates into the workpiece, performs a scratch-

ing motion and removes material according to the mechanisms described

in section 2.2. Effects of process parameters on material removal as well as

modelling approaches are described in this section. In the static process

state, when the bow is fully developed, the removal rate is equal to the

feed rate.

Kim et al. [84, 102] studied the cutting ability of electroplated diamond

wire in two studies. In the later one [84] they introduced a method to

derive the removed depth dn of a pass with the length l:

dn =
∑

knFnl (2.25)

with the constant kn indicating the cutting ability of the wire and Fn being

the feed force in normal direction. They proposed a simple equation for

the normal load on the basis of wire tension Fs, maximum wire deflection

wmax and pulley distance L

Fn =
4Fswmax

L
(2.26)

which neglects bending stiffness of the wire and asymmetry due to an

acting cutting force. The feed distance of the ingot f per pass n is the

sum of the removed depth dn and the deflection wmax

f =
wmax + dn

n
(2.27)
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The cutting ability of the wire kn at a given pass can be obtained by

evaluating (2.25), (2.26) and (2.27):

kn =
1

Fnl

(
nf − FnL

4Fs
−
∑

kn−1Fn−1l

)
(2.28)

In other words, the determination of the current removal rate from acting

forces requires knowledge of the history of the cutting ability and current

wire deflection. The cutting ability embodies several aspects when defined

in this way, and while normal force and loaded length are factored expli-

citly, factors such as wear and cutting speed are implicit to the history

and the definition of an initial k0.

A semi-empirical model for the derivation of the normal force acting on a

wire with resin bonded diamond grains was put forth by Liu et al. [111],

considering feed rate vf , cutting speed vc, contact length l and wire dia-

meter D:

Fn = 0.141
vf

0.728

vc0.656
D1.017l0.975 (2.29)

The equation shows that the feed rate behaves proportionally to the feed

force and the cutting speed and anti-proportionally to the wire diameter

and the workpiece width.

The dependency of the removed depth per pass on different parameters is

introduced mostly qualitatively in the following paragraphs.

Effect of Wire Tension and Normal Load

Increasing wire tension increases the normal load onto the grains, therefore

leads to increased removal and consequently to a smaller wire bow [109,

154]. As the protrusion of grains is statistically distributed, more grains

become kinematically active with increasing penetration and the total

load-bearing area increases [83]. Consequently the force and penetration

per grain decrease. The feed rate or normal force therefore has to be

adapted to the load-bearing characteristics of the wire.
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Effect of Wire Speed

Equation (2.29) shows that an increase in wire speed leads to a higher

removal rate. This relationship has been analytically demonstrated by

Costa et al. [35], who argued that the average depth of cut ae is a function

of the sawn height h, the cutting time tcut and the active wire length l

ae =
h

tcut vc
l (2.30)

Considering that the ratio between the sawn height and the cutting time

is the effective removal rate rr leads to

rr =
ae
l
vc (2.31)

which shows that the removal rate correlates directly with the average

depth of cut per wire length and the cutting speed.

Effect of Grain Density

The load is distributed onto more grains when the density is higher. The

removed material volume ∆V is proportional to the grain density ρg and

the penetrated area projected into the plane normal to the cutting direc-

tion Ac [83]:

∆V ∝ ρgAc (2.32)

Grain protrusion is limited by the contact of the bonding material and

lifetime of the wires is shortened when the density is high [83], if the same

feed rate is prescribed. When the grain density is too low, excessive load

on individual grains may lead to rapid wear [83]. This suggests that the

process parameters have to be adapted to the grain density in order to

optimise removal rate and wear.

Effect of Wear

Aside from the effect of kinematically activating grains with loss of protru-
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sion, the grain sharpness influences the removal rate. As the grains dull,

the wire loses its cutting ability. Lee et al. [102] analysed the cutting

ability of wires during their life-time and noted four phases: the cutting

ability initially decreases during a ”levelling” phase where the cut is dom-

inated by few grains with large protrusion. The grains quickly wear off

leading to increasing normal and decreasing cutting force. ”Levelling” is

followed by a ”dressing” phase where the nickel layer rubs off and grains

with sharp edges become exposed, leading to decreasing normal and sta-

bilising cutting force. The cutting ability reaches its maximum, which

slowly decreases during a following phase characterised by a stable con-

dition. The grain protrusion decreases steadily, leading to slowly rising

normal force. Dulling of the grains leads to decreasing cutting force. To-

wards the end of the life-time, the wire deteriorates rapidly, grains get

pulled out, normal force rises quickly and cutting ability and cutting force

drop sharply.

When prescribing a uniform feed rate, the normal force is larger on the

used-wire side of the ingot than on the new-wire side if the amount of

wire per wafer fed into the web is below a critical value, which may lead

to non-uniform cutting behaviour over the ingot length [85]. Moreover,

the ratio of cutting to normal force increases with increasing wire wear

[85].

Higher normal force leads to greater wear [82], resulting in turn in lower

penetration per grain.

2.3.3 Kinematic Process Modelling

Kinematic models are becoming increasingly popular to analyse and simu-

late machining processes. Searching the web service app.dimensions.ai

for publications with the keywords ”kinematic model” and ”grinding” in

the field of ”manufacturing engineering” reveals, that the number of pub-

lications per year on the topic increased from 206 to 301 between 2016 and

2021 [148]. Their popularity is due to their ability to accurately capture

and describe the main effects and therefore they provide an alternative to

otherwise complicated and expensive experimental analysis.

45



CHAPTER 2. LITERATURE REVIEW

According to Brinksmeier et al. [16] kinematic models are based on the

geometric interaction between tool and workpiece. A detailed model of the

tool topography is required. Sophisticated models consider the interaction

of individual grains and therefore require high computational power. Typ-

ically, idealised material removal without plastic or elastic deformation is

assumed, however more advanced models considering deformation, mater-

ial pile-up or thermo-mechanical aspects have been reported. They offer

high flexibility for different grinding processes and tools and can be ex-

tended with models for forces, temperature and surface damage. Because

of their detailed description and the consideration of physical process be-

haviour, they are deemed to have high potential for application in the

industry. While the initial effort to set up a simple model is considered

to be low, they require profound knowledge of the underlying process in

order to derive meaningful results. The results themselves are transparent

and can therefore be interpreted easily and used as a decision-making tool.

The current limitation of the models in general lays in the material be-

haviour at high cutting speeds and simulation of temperatures to predict

surface damage.

Several approaches at modelling the diamond wire sawing process by

means of kinematic simulation have been reported on in literature, e.g.

[30, 105, 107, 111, 166, 177, 182]. As their quality evolves rapidly, only a

few notable and recent ones are presented:

Le and Tran [101] implemented a kinematic model where ductile removal

is simplified to perfect micro chipping without elastic effects and brittle

removal is modelled on the basis of [113] after transition determined by

the critical depth of cut [10], as described in section 2.2.2. They pointed

out that brittle removal in the kerf ground and ductile removal on the

sides of the kerf are possible simultaneously, that a higher grain density

leads to more material removed in ductile mode and that brittle removal

is observed regardless of the grain density.

Ge et al. [57] developed a kinematic model to predict the depth of sub-

surface damage on the basis of the work of Marshall, Lawn and

Evans [100, 113]. Their model includes the development of a wire bow,

ductile and brittle removal and, according to the authors, is able to predict
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the damage with a maximum relative error of 5.26%.

An extensive kinematic model was published by Qiu et al. [144]. The

wire bow is derived from the equation of a hanging rope and extended to

account for distributed process forces, considering the effect of pilgrim and

wire torsion due to the pitch of the grooves on the guide rolls. However,

only ductile removal is considered. The model is primarily used to discuss

the origin and extend of saw marks.

Li et al. [104] introduced a model that combines stress field modelling (see

also [2, 106, 186]) with kinematic modelling and used it do analyse sub-

surface damage of sawn wafers. They determined that high wire speed

in combination with a low feed rate can reduce the damage depth but

increases the amount of cracks. Both damage depth and crack amount

increase with increasing abrasive density. While the average abrasive size

has no significant effect on subsurface damage and crack count, a smaller

abrasive size variation range leads to lower subsurface damage and an

increased crack count.

2.3.4 Conclusion: Kinetics of Diamond Wire Sawing

At the beginning of the research work leading to the present dissertation,

the wire deflection in DWS had not been formalised as for lose abrasive

sawing. In the meantime, several solutions for the wire bow have been

published, however a universal link describing the dependence of the re-

moval rate on process parameters such as the Preston equation is yet to

be delineated: no general model to describe the removal rate of the dia-

mond wire sawing process in terms of prescribed normal force, cutting

speed, wire, workpiece and machine geometry and wire topography has

been introduced.

Most kinematic models consider analytical force and removal models which

provide a universal and well theoretically secured basis. A draw-back is

that they typically consider idealised conditions. Also, scaling effects are

often not considered, e.g. the fundamental analysis is based upon different

sizes or loading rates. The processes therefore have to be simplified which
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forcedly leads to deviations between the experimental observations and

the simulated results. To account for the errors, empiric constants are

introduced. Their validity is however also limited to the parameter range

tested and extrapolation leads to uncertainty. Therefore, a need for ex-

perimental analysis at identical scales and otherwise realistic parameters

is identified.

48



Chapter 3

Research Objectives

The literature review shows that the application of fundamental material

removal models to DWS remains a frequently investigated topic. The

following conclusions are drawn and research objectives derived:

1. Specific process forces:

On the aspects of fundamental material removal, no comprehensive study

on the scratch hardness of Si, that explores conditions similar to those

present in diamond wire sawing, is available. The interaction of grains

with the material is typically studied by means of scratching experiments,

however the relative velocity typically falls short of that applied in the

industrial wire sawing processes. Scratch hardness relates geometric para-

meters with forces and can serve as a specific feed force, while the plough-

ing hardness provides a model for the specific cutting force, both of which

are useful for the evaluation of kinematic models of machining processes.

Specifically in DWS, the process kinematics depends on acting forces due

to the compliant support of the grains, making force models necessary for

accurate kinematic modelling.

• Empiric functions for the calculation of specific process forces are

to be derived from single-grain experiments at high speed and long

contact length.
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• The transferability of the relations to the DWS process must be

established.

2. Ductile-to-brittle transition:

It has furthermore been shown, that the description of the ductile-to-

brittle material behaviour on the basis of Bifano’s work alone is not

sufficiently accurate. The critical depth of cut ultimately depends on

stress and strain acting on the material and phenomena such as phase

changes and plastification in the immediate contact zone. The stress has

to be sufficiently high to enable phase transition to a metallic phase, which

allows for plastic deformation.

• A more general model for the transition between ductile and brittle

removal is to be derived. The focus is not laid on the conditions that

lead to the appearance of first cracks, but rather on conditions that

lead to a residual surface whose state is predominantly determined

by ductile traces or brittle fracture.

• The residual depth of cut after elastic recovery, volumetric change

due to phase transition and removal due to fracture has to be derived

on the basis of tool shape, acting stress and penetrated depth.

3. Surface integrity:

Most studies analysing the residual crystalline phase on the machined

surface use only one grain geometry. Comparative studies investigating

the effect of the grain shape on the amorphisation of the Si surface at

scratching speeds in the metre-per-second range are not known. Different

Si phases exhibit different specific densities. Depending on the composi-

tion, thickness and regularity of the surface layer, different residual stress

states may result. Especially on thin and large wafers, they potentially

lead to considerable deformation.

• The effect of different tool geometries on the residual surface crystal-

lography when scribing in the high-speed range must be determined.
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4. Friction:

Only one value for the coefficient for dry friction is available in literature.

This parameter is frequently used as an input in process simulations based

on for example FEM and SPH.

• A value for the coefficient of friction between Si and diamond under

macroscopic contact conditions must be determined. These condi-

tions are characterised by high contact pressure and elastic deforma-

tion of the surface rather than phenomena acting on molecular level.

5. Cutting-to-normal-force ratio:

In DWS, the ratio between cutting and feed force is not constant and

the derivation of the ratio from process parameters is not trivial. Most

published work is limited to an empirical description of the ratio based

on experimental data derived from limited parameter space. The com-

prehensive cause-effect relationship of the process parameters on the force

ratio is not yet established.

• The cutting-to-normal-force ratio must be explored on the basis of

the fundamental interaction between tool and workpiece for different

contact geometries and transferred to DWS.

• The effect of process parameters in DWS on the cutting-to-normal-

force ratio must be experimentally analysed.

6. Material removal rate in DWS:

The material removal rate in DWS is not yet described as a function of

the process parameters, the forces resulting from a prescribed feed rate

can currently not be derived analytically. An expression such as the Pre-

ston equation for polishing and lapping, as used to describe the material

removal rate in lose abrasive sawing, is not applicable for diamond wire

sawing. The Preston coefficient is not sufficiently explanatory and appears

to functionally depend on the process parameters. When modelling the

removal rate with kinematic models, idealised grain shapes are assumed,

while a discussion whether these represent the grains on wires with respect

to load-bearing characteristics accurately has so far not been presented.
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• An established macroscopic model for the wire bow that forms in

LAS must be re-evaluated with the boundary conditions present in

DWS. It must be evaluated, whether an extension of the available

model to include effects of pulley guidance and wire stiffness is ne-

cessary.

• Expanding from the macroscopic process model, the grain-workpiece

interaction must be formalised with the goal of deriving the relation

between acting forces and cutting speed and the material removal.

• The wire topography has to be considered to derive fitting para-

meters for the material removal rate model. In this context, the

load-bearing area of idealised grains and grains on diamond wires

must be compared.

To achieve these goals, the work is divided into two parts:

In chapter 4, the fundamental material removal behaviour is investig-

ated. Ductile material removal of a sliding indenter is modelled on the

basis of hardness theory. The contact conditions derived from measured

forces, scratch and indenter geometry are to be represented by the model.

The Raman spectroscopy technique is used to quantify residuals of phase-

changed material on the surface that was scratched by indenters of varying

shapes. The results are then analysed in relation to the contact geometry.

A cutting-to-normal force ratio and a friction coefficient are furthermore

derived on the basis of the experiments.

In chapter 5, the fundamental aspects of material removal in silicon are

applied to DWS. Initially the process kinetics is derived macroscopically;

the wire bow is obtained from the acting forces. Based on microscopic,

grain-level interactions between the tool and the workpiece, the mater-

ial removal rate is theoretically derived. A representative grain shape is

determined for the wire topography which is then used to deduce the pen-

etration depth and removal behaviour based on the forces on the wire.

The thereby derived removal rate model is compared with experimental

findings. The dependence of the force ratio on process parameters and its

evolution is experimentally investigated and discussed with the findings

from single grain scratch tests.
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Chapter 4

Material Removal Mechanism
of Silicon

4.1 Motivation: Material Interaction Mod-
elling in Diamond Wire Sawing

Diamond wire sawing is a complex process, in which microscopic, grain-

level interactions between tool and workpiece inter-depend with macro-

scopic aspects of tool shape deviation. The phenomena happening on

grain level determine the material removal mode, which leads to more

surface damage and less phase-changed material on the surface and there-

fore residual stress in the subsurface in case of brittle material removal. On

the other hand, ductile removal results in fewer cracks, extensive elastic

spring-back, phase-transitioned material in the material zone affected by

contact pressure and a pronounced residual stress field. The removal mode

influences the removal rate. The material behaviour depends in particular

on the stress state.

In kinematic modelling of material removal processes, process variables

such as forces, temperature or removed material volume are often derived

on the basis of the geometrical overlap between tool and workpiece. For
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this reason, it is purposeful to describe the interaction behaviour, espe-

cially the forces, normalised with the contact area. Scratch and ploughing

hardness are examples of such specific process forces, as the hardness is

specified as load per load-bearing area.

In diamond wire sawing, the feed rate and cutting speed are typically spe-

cified and the forces develop according to the resulting wire arc. With the

experimental setup discussed in the chapter 5, it is beneficial to prescribe

a force and therefore a wire bow and evaluate the resulting material re-

moval rate. In order to analyse the process, empirical functions describing

the relation between hardness and residual depth hf , contact depth hc,

and normal force Fn are to be derived by means of single-grain scratch

tests on Si. Due to the scaling effect elaborated in the literature review,

section 2.2.1, power-function type relationships describing the hardness

are anticipated. Geometrically defined and standardised tools are used

to assure reproducibility. Specifically, Berkovich and Vickers indenters in

face-first and edge-first orientation are evaluated and and a dependence

of the hardness on different indenter shapes and orientations is expected.

Furthermore, the material on the scratched surface is to be analysed by

means of Raman spectroscopy to evaluate the crystallographic composi-

tion.

A flow-chart of the experimental analysis described in this chapter is

presented in Fig. 4.1. In the analysis several quantities from multiple

sources are combined to ultimately determine and relate scratch and

ploughing hardness, crystallography of the scratched surface, friction and

depth recovery (the ratio of recovered depth from total penetrated depth),

which are edged in red.

Starting from an experiment in which a Si disk is scratched with geomet-

rically defined diamond indenters, process forces and a scratch topography

are obtained. Points of interest (POI) on the Si surface are optically identi-

fied along with their coordinates. POI are beginning and end of a scratch,

intersection of the scratch with a reference mark on the surface, ductile-to-

brittle transition zone and areas with well visible radial cracks. The length

of the scratch traces is derived from the coordinates. The crystallographic

composition of the scratched material can immediately be determined at
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Figure 4.1: Flow chart showing the dependencies in the analysis of the
material removal mechanisms in Si.

POI applying Raman spectroscopy. From the scratch topography at the

POI the physical parameters scratch width, residual pile-up height and

residual depth are determined. By intersecting the scratch topography

with the optically measured geometry of the indenters prior to the ex-

periment, the depth of the contact during the scratch can be determined.

Since the width of the scratch is measured on top of the ridges next to

the scratch, the contact depth has to be corrected by the height of the

ridges, if one assumes that the pile-up does not significantly contribute

to the load-bearing area, which can then be determined. By comparing

contact depth and residual depth, the rate of recovered depth, consisting

of an elastic component and a component stemming from the volumetric

change due to phase transitions, is calculated. In order to spatially re-

solve the force signal, that is, determining the measured force at a given

coordinate along the scratch, the duration of the contact from the force
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signal is aligned with the length of the scratch measured on the surface.

The instantaneous forces at the POI are therefore known. Scratch and

ploughing hardness are determined from the corresponding forces and as-

sociated load-bearing surfaces. The coefficient of friction is determined

from the force signal measured in experiments with spherical indenters

that remove no material.

4.2 Material and Experimental Procedure

All experiments have been conducted on a novel experimental setup which

is introduced in this section. In the next subsections, the experimental

setup, the tools and material used, and the experimental procedure are

introduced.

4.2.1 Test Rig: Single Grain Scratching Set-up

In order to achieve long scratch distances at varying cutting depth and

high speed, the test rig introduced in [87, 131, 134] is adapted and im-

proved. The basic kinematic applied is that of a face turning process with

no overlapping traces: A stationary tool leaves a spiral-shaped trace on

a rotating workpiece face. The Si workpiece is rotated and fed vertically

into a stationary tool while being moved radially as shown in Fig. 4.2.

The 5-axis milling machine used is a Fehlmann Picomax Versa 825. The

workpiece is mounted in a specially designed tool holder with a Hollow

Shank Taper (HSK63) interface and fixed to the spindle. The machine and

interface were chosen due to their high stiffness and good repeatability

when re-clamping the tool into the spindle. The Fehlmann also allows for

precise movement of the axes at high spindle speeds required to achieve

the relevant cutting speed.

A diamond indenter is attached to a Kistler Type 9109AA three-component

piezoelectric dynamometer and fixed on the machine table. The force

measurement system further consists of a Kistler Type 5080A charge

amplifier, a Kistler Type 5697A data acquisition system and a computer
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Figure 4.2: Experimental setup: The diamond indenter is fixed to the
dynamometer under the Si workpiece attached to the spindle. The motion of

the workpiece is indicated in the magnification on the right: angular velocity ω,
vertical feed vf and horizontal feed vp.

running Kistler’s ”Dynoware” software. The signal is low-pass filtered at

1 kHz by the charge amplifier and digitalised at a sampling rate of 120 kHz.

4.2.2 Workpiece: Silicon Disk

The workpiece is a roughly 20 mm thick disk cut from a photovoltaic grade

Si ingot. The rotational axis is aligned with the [001] axis of the ingot

and the working plane is the (100) crystal plane, accordingly. A shoulder

was machined onto the disk which is used to fix the workpiece in the

HSK-holder. The workpiece face has a diameter of 100 mm. In order to

achieve as good a perpendicularity of the surface with the kinematic axis

of the machine as possible, the surface was machined in the fixation on the

machine and by facing with a sharp polycrystalline diamond insert with

rake angle of 0◦ and nose radius 4 mm at the lowest adjustable axial infeed

1 µm, radial feed 5 mm/min and spindle rotation speed of 5000 min−1. The

surface was machined repeatedly until all traces of previous operations

were removed and a relatively smooth and shiny surface was achieved.

The holder with the disk was then removed and lapped externally to

achieve a surface roughness of Rz < 0.5 µm. In a last step, the workpiece

was balanced on the machine in one plane to an imbalance of ∼ 5 g mm.
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4.2.3 Tools: Diamond Indenters

The tools used in the study are diamond indenters with the standardised

hardness testing geometries Berkovich, Vickers and Rockwell, which were

supplied by Eugen Buob AG, Switzerland. The geometries along with the

tested orientations relative to the direction of scratching (face first and

edge first for Berkovich and Vickers geometries) are shown in Fig. 4.3.

The correct orientation is verified using a microscope aligned with the

kinematic axis of the machine with an accuracy < 0.2◦.

Figure 4.3: Sketch of the used indentation geometries with their orientation
relative to the direction of cut.

Each geometry and orientation is tested three times, of which each at

least with one pristine indenter. Experiments with a Rockwell indenter

and Berkovich indenter with edge first orientation have been repeated five

respectively six times due to irregularities during the experiments or poor

quality of the resulting scratches. Thus, a total of 19 experiments have

been performed. Some indenters are used several times.

In order to be able to account for geometrical imperfections and wear,

the indenter geometries are measured optically (Sensofar Neox, Focus

Variation, 150x magnification) before and after each experiment. The

indenter geometry is exported as a point cloud and processed in Matlab

for the determination of the contact geometry. The processing procedure

is introduced in section 4.3.2.
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4.2.4 Experimental Procedure

One experiment generates a series of approximately 10 scratches. The con-

tact point between the indenter and the workpiece is determined manually

by slowly approaching the workpiece and observing the force signal. Once

the spindle axis position at the contact is determined, the actual exper-

iment is started. Using a program run on the CNC of the machine, the

spindle is moved vertically downwards to the contact point, then radially

by 0.5 mm and at the same time downwards by 1 µm. The spindle speed is

chosen in such a way that the resulting initial cutting speed is 25 m/s. The

change of the cutting speed due to the changing radius and the constant

rotational speed is negligible. The radial feed rate vp is chosen accord-

ing to the rotational speed such that the workpiece performs 10 rotations

while the radial motion of 0.5 mm is achieved. This motion should result

in 10 scratches with a distance of 50 µm and with increasing depth.

The workpiece after all experiments have been performed is shown in

Fig. 4.4a. Fig. 4.4b shows a microscopic image of the scratch series gen-

erated during one experiment.

(a) Workpiece after performing all
scratch tests, with an indenter.

(b) Scratches resulting from one
experiment and horizontal reference mark.
The leftmost scratch stems from initially

determining the contact point.

Figure 4.4: Workpiece and scratch series overview.

Due to a combination of workpiece shape deviation and kinematic error

of the setup, the scratches are interrupted and have a length of up to
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40 mm depending on the depth of cut and the radius. Because of the

path interpolation of the CNC and the finite axis acceleration, the lateral

movement is accelerated and decelerated in the beginning and end of the

motion, leading to smaller distances between the first and last scratches

and sometimes even overlapping scratches.

Cutting speeds other than vc = 25 m/s are not considered in this study.

The low observed effect of cutting speed on ductile-to-brittle transition,

along with the extremely high heat conductivity of diamond in compar-

ison with Si leads to the assumption that Si does not significantly soften

due to higher temperatures that come along with higher shear rates (i.e.

cutting speeds). Therefore it is expected that the observations from ex-

periments at cutting speeds within the same order of magnitude do not

differ significantly, aside from the known dependency of the Raman in-

tensity ratio with sliding speed. vc = 25 m/s was chosen as it is relatively

close to the industrially applied cutting speed of vc = 35 m/s in diamond

wire sawing and as the corresponding rotational speed of the workpiece is

within a range that does not excessively excite the machine structure due

to imbalance.

4.3 Analysis and Modelling

The following section introduces the analysis and modelling methods ap-

plied. Starting with the measurement and analysis of the surface topo-

graphy, it proceeds to the geometric measurement of the tools, the analysis

of forces and the determination of the grain penetration depth. Finally

the methodology of the analysis of the crystalline structure in the scratch

ground is explained. The results are discussed in section 4.4.

4.3.1 Measurement and Analysis of the Scratch To-
pography

In order to facilitate the measurement of the workpiece topography, a

mark in radial direction passing approximately through the centre of the
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scratches was produced on the surface with a laser, as visible in Fig. 4.4b

as the horizontal line.

The measurement of the workpiece topography was conducted with a

Sensofar Neox S microscope using focus variation with 150x magnifica-

tion. The vertical scan speed was kept on the lowest setting and each

scan was repeated once.

The measurement procedure for each set of scratches of one experiment

performed with a Berkovich or Vickers indenter was as follows:

1. The coordinates of the scratches and the touching-scratch at the

laser mark are recorded. They will later be used to determine the

length of the scratches and the relative position of the mark on the

scratch.

2. A microscopic depth image of all scratches is generated. The image

is approximately 0.7 mm by 0.5 mm large, the vertical scan rate is

chosen according to the distance between the surface and the deepest

scratch, typically around 3 µm.

3. The individual scratches are traced and the coordinates at their

beginning and end are recorded.

For Rockwell indenters, only the overview image has been captured.

Determination of the Scratch Length from the Topography

The length of the scratches ss on the surface can be determined imme-

diately from the radius of the scratch rs and the start and end point

coordinates (xstart|ystart) and (xend|yend). The radius of the mark from

touching is considered the most accurate, since no lateral motion of the

machine tool was performed and therefore no path interpolation in radial

direction was active. The radius of each scratch can be determined by

measuring the radial distance along the laser mark. The angle θ that

spans the arc is given as

θ = 2 arcsin

(
c

2rs

)
(4.1)
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where c is the length of the circle chord defined by the start and end point

coordinates:

c =
√

(xstart − xend)2 + (ystart − yend)2 (4.2)

The length of the scratch is then given by

ss = rsθ (4.3)

The surface scratch length is compared with the scratch length calculated

from the force signal, as described in section 4.3.3, in order to be able to

derive the acting force at a certain location (x|y).

Classification of Ductile and Brittle Scratches

It is important to note, that the classification aims at describing when

the removal is characterised by predominantly ductile or brittle removal

mechanisms. The goal is not the identification of a critical depth or stress

at which the material first fails due to fracture.

The ductile-to-brittle transition is not sharp and locations determined

merely indicate a range in which the transition is expected to happen.

Often cracks and chipped of material are clearly visible on a scratch, fol-

lowed by several hundreds of microns without any traces of brittle removal.

In that case, the brittle behaviour may be attributed to pre-existing dam-

age on the surface. Furthermore, several different brittle phenomena can

be observed visually on the scratches, as exemplarily shown in Fig. 4.5.

Especially a new, unworn Berkovich indenter in face first orientation leaves

a series of radial cracks on the scratch flanks, pointing in the direction of

cut (top to bottom in Fig. 4.5). It can also be seen, in the detail in the

left side of the image, that pitting appears at the bottom of the scratch

when the tip is very sharp. It does not appear any more as the tip wears

off slightly, even though greater depth of cut is achieved, as visible in the

third scratch in the centre of the image. However, first chipping on the

surface appears shortly after the first radial cracks are visible, see detail

on the right of the image. Mainly radial cracks are visible, while median

and lateral cracks become visible only once the material chips off and
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Figure 4.5: Details of brittle phenomena visible in the ductile-to-brittle
transition zone (sharp Berkovich indenter, face first, scratching direction top

to bottom).

constitute the limits of the chipped-off area.

All scratches are categorised into ductile (d), predominantly ductile (dt),

predominantly brittle (tb) and brittle (b). This categorisation is some-

what arbitrary and subjective, as even scratches classified as ductile show

radial cracks or occasional breakouts and therefore have been produced at

least in parts in brittle regime with cracking on the surface. The reason

for the categorisation is mainly to judge whether the residual stress field

around the scratch will be dominated by phase-changed material or by

stress relaxation due to frequent cracks. In that sense, a ductile scratch

is expected to show residual phase-changed material with negligibly few

stress relieved areas, while a brittle scratch will show barely any residual

stress fields due to a phase transition. The intermediate categories will

show a more or less well developed stress field. The exact categorisation

is not important and is meant to be used for a qualitative comparison of

the removal regime between the geometries and orientations.

Examples for the categorisation for the Berkovich and Vickers experiments

are shown in Fig. 4.6. Scratches with the Rockwell indenters show no

material removal and are therefore not classified.
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(a) Berkovich edge first (b) Vickers edge first

(c) Berkovich face first (d) Vickers face first

Figure 4.6: Examples for the categorisation of the scratch appearance for the
different geometries and orientations: d = ductile, dt = transition mainly

ductile, tb = transition mainly brittle, b = brittle.

Analysis of the Scratch Geometry

In order to apply the theory of scratch hardness presented in section 2.2.1,

the penetration geometry has to be known. Values to be determined are

the final, residual depth of the scratch hf , the final height of the pile-up

on the flanks of the scratch hfp and the width of the scratch w. The

derivation of the contact geometry from an overlap of measured tool and

scratch cross-sections is presented in the following section 4.3.2.

Fig. 4.7 shows an example of how the values are measured from the cap-

tured workpiece topography.
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Figure 4.7: Example of the derivation of the scratch geometry in the Sensofar
SensoVIEW 1.8.0 software, indicating the residual depth hf , final height of the

ridges hfp and the width of the scratch w.

Depicted is a scratch in the region of the ductile-to-brittle transition,

which features both ridges on the sides of the scratch as well as fracture

on one side of the scratch. Analysing the profile is only possible in regions

with at least partially ductile material removal: The scratch ground and

at least one edge must be recognisable and not exclusively characterised

by brittle fracture. A profile line is drawn perpendicularly across a rep-

resentative position of the scratch. The profile trace is determined from

a region spanning 5 to 50 µm along the scratch, shown as a shaded area

around the profile line in the false-colour image on the top of Fig. 4.7.

The profile trace plotted in the bottom of Fig. 4.7 is the mean profile gen-
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erated from the shaded region and therefore averages the effect of pile-up

and fracture on the left scratch flank.

Marked on the profile trace in the bottom of Fig. 4.7 are the scratch

width w, the residual depth hf determined as the vertical distance between

the scratch ground and the unscratched surface, as well as the height of

the ridges on the left and right of the scratch hfp,left and hfp,right. The

height of the ridges hfp is determined as the mean height of the pile-up

on the left and right side.

There are different possibilities to define the width w of the scratch. The

effect of the choice was discussed thoroughly by Tsybenko et al. [156]:

1. Using the width at the level of the undisturbed surface perpendicular

to the scratch between the pile-up to calculate the contact depth

shows the best agreement with the contact depth measured in-situ,

during the cut.

2. Using the width between the peaks of the pile-ups considers the

additional height of the ridges for the determination of the contact

depth and signifies that the pile-up contributes to the load-bearing

area.

3. Using the width between the points of maximum slope in the height

profile indicates the width at which the indenter loses contact to

the material and considers partial contribution of the pile-up to the

load-bearing area.

The points of maximum slope are the most difficult to determine. In case

of Si, volume change due to phase transition contributes to the recovery,

which might affect the scratch flanks as well.

The width at surface level is very sensitive to the presence of brittle break-

out at the scratch flanks. The profile trace in the bottom of Fig. 4.7 shows

a step on the left ridge near the green line marking the surface level. The

sensitivity can be illustrated from the shape of the ridge on the left: if the

surface level was determined as little as 0.05 µm higher, the step would

be below the surface level and the scratch width determined at surface
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level would be approximately 1 µm wider, which is equal to the residual

depth of the scratch and constitutes a large error. Furthermore, since large

elastic recovery and pile-up of material is observed, the width at surface

level does likely not represent the width of contact during scratching.

For these reasons, the width of the scratch is determined from the distance

between the maxima of the ridges. It is easier to identify the maxima in

comparison with the point of maximum slope. Brittle break-out affects

the horizontal location of the maximum on the ridge less than on surface

level.

As argued by Tsybenko et al. [156], the pile-up contributes to the load

bearing area if the width is determined from the maximum on the ridges.

In case of scratching Si, simulations have shown, that the prow that builds

in front of the tool and the ridges on the side do not significantly contribute

to the load bearing are. The simulation result is shown later, see Fig. 4.28,

left, section 4.4.4. A compensation is therefore suggested when deriving

the contact depth from the measured scratch geometry.

4.3.2 Generation of the Contact Geometry

In order to derive the scratch and ploughing hardness from the exper-

iments, the load-bearing areas in cutting and normal direction Ac and

An have to be identified as a function of the contact depth hc. This is

achieved by overlaying the geometry of the indenter with the geometry of

the residual scratch, as illustrated in Fig. 4.8. The underlying presump-

tion is that the residual scratch width equals the width at the indenter at

contact height. However, as described above, the width of the scratch is

determined as the width of the maxima on the ridges, while the contact

height of the pile-up is supposed to not contribute to the contact height.
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Figure 4.8: Illustration of the overlay of indenter and scratch geometries in a
cross section normal to the cutting direction with the goal of determining the

load-bearing area Ac.

Fig. 4.8 shows the profile of residual scratch after elastic recovery as a red

solid line, with to ridges of height hfp,left < hfp,right. From the maxima on

the ridges, points A and B, the width w is determined. The indenter of

known shape, indicated in blue, is overlaid in such a way, that its edges

intersect with the identified maxima. The area of the triangle 4ABC cor-

responds to the load-bearing area when the ridges are taken into account.

The triangle 4CDE, defined by the intersection points D and E of the

indenter contour with a line shifted parallel from the original workpiece

surface (red dashed line) by hfp = 1
2 (hfp,left +hfp,right), has the same area.

The height of the triangle 4CDE is the contact depth with contribution

of the pile-up hcp. Since the pile-up is not to be considered, the contact

height hc is calculated as hc = hcp − hfp. hc is then the height of the

triangle 4CFG, which represents the contact between the non-scratched

surface and the indenter during scratching. The area of this triangle is

the load-bearing area Ac without consideration of pile-up, shaded in grey

in Fig. 4.8.

Thus, the contact depth hc determined in this way is decisive for the

derivation of the load-bearing areas An and Ac from the measured indenter
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geometry. The automated processing of the point-cloud representing the

indenter geometry is visualised on the example of a Berkovich indenter in

face-first orientation in Fig. 4.9. The process is as follows:

(a) Empirical Berkovich indenter

(b) Tip of indenter, empirical (red dots) and idealised (blue planes)

Figure 4.9: Example of the point-cloud processing of a Berkovich indenter: a)
visualisation of the point cloud with color indicating height, b) detail of the tip,

idealised Berkovich shape visible in blue.
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(c) Load-bearing area An (red) (d) Load-bearing area Ac (red)

Figure 4.9: (cont.) view projected in the plane orthogonal to the direction of
the applied normal load (c) and the plane orthogonal to the cutting direction

(d), red data points are used for determination of An and Ac, respectively
(hc = 0.3 µm).

1. The highest point of the point cloud is determined. The point-

cloud is cropped at h = 5 µm so all lower data points are on the

same level. The edges are determined and the dataset is oriented

so the face facing in (face-first) or away from (edge-first) cutting

direction (depth) is oriented parallel to the x-axis (width) as shown

in Fig. 4.9a. The example shows a Berkovich indenter in face-first

orientation, cutting motion is in negative depth-direction.

2. An idealised Berkovich indenter with a perfectly sharp tip is fitted

into the point-cloud and shifted downwards so its tip is on the same

height as the highest point of the point-cloud. This is done mainly

to visualise the shape deviation, but by evaluating the idealised geo-

metry, it is also possible to analyse the effect of wear. The shape

deviation is visible in the detail in Fig. 4.9b.

3. Based on the width w of the analysed scratches, the contact height

with pile-up hcp at which the indenter is w wide is determined. The

contact height is then corrected for the pile-up hc = hcp − hfp.

All data points with a height-value larger than the contact height

are indexed, as visualised with red points in Figs. 4.9c and 4.9d.

A polygon is fitted around the indexed data points projected in a

plane orthogonal to the normal direction (An) or cutting direction
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(Ac) using the MATLAB object alphaShape with an alpharadius of

0.5 to avoid holes [115]. The load-bearing area in either direction is

determined as the area of the alphaShape-object.

4. Finally, a bearing-factor fb is multiplied to the load-bearing area in

normal direction to account for the lower material support in the

rear of the indenter during scratching. The bearing-factor depends

on the shape and orientation:

• Berkovich edge-first: fb = 2
3

• Berkovich face-first: fb = 1
3

• Vickers edge-first: fb = 1
2

• Vickers face-first: fb = 1
4 according to Williams [171];

Vickers face-first: fb = 3
4 in the present study, see discussion

Vickers face-first: in section 4.4.4

4.3.3 Analysis of Forces

Signal Processing

The force-signal processing is automated in Matlab. The code reads the

raw force signal and corrects drift and offset. The zero level is determined

as the mean of the whole signal; the peaks are negligible as they make

up less than 1% of the signal. Next, the peaks are identified in the signal

of the normal force Fn, which has the best signal-to-noise ratio. The

beginning and the end of the signal of a single scratch are determined as

the crossing with the zero line. A data file containing the data points

belonging to each scratch along with their timestamps is saved. The force

signal of the passive force Fp (radial, passive direction), the cutting force

Fc (tangential, cutting direction) and the normal force Fn are displayed

as shown in Fig. 4.10.
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Figure 4.10: Example of the force signal generated from scratching Si with a
Berkovich indenter, face first.

The passive force Fp, normal to the working plane kinematically defined

by Fc and Fn is supposed to be near zero, as the radial feed rate is about

three orders of magnitude smaller than the cutting speed and the indenters

are symmetric to the cutting speed vector. Deviations from zero, such as

the one seen at about 0.14 s, are comparably small in amplitude and are

possibly due to cross-talk or brittle fracture. They are significantly more

pronounced in case of rubbing with a Rockwell indenter, which is ad-
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dressed in section 4.4.5. Because of the high eigenfrequency of the Kistler

Type 9109AA dynamometer and the light tool holder, no significant ex-

citation in direction of the cutting or normal force despite the very short

force impulses are captured.

Analysis of a Single Scratch Signal

When analysing the force signal of one single grain-workpiece interaction,

the file containing all data points and timestamps belonging to the inter-

action are loaded and a polynomial of 5th order is fitted to the cutting

and normal force signal. Ideally, the force peaks would have the shape

of a sine-function. However, since the force signal represents only a small

proportion of one period, fitting an odd polynomial is much easier to im-

plement numerically and yields sufficiently accurate results. A 5th order

polynomial is able to represent one period of a sine-wave accurately. As

the passive force should be zero, it is represented with a line-fit for visual

inspection, but not evaluated further. The plots of the force signals and

the fits are exemplarily shown in Fig. 4.11.

Figure 4.11: Force peak signal generated with a Vickers indenter, face first,
with material removal mode transition points marked. The scratch appearance

at the mark is brittle.
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Spatial Resolution of the Force Signal

In order to identify the acting force at a certain position on the scratch

(e.g. the ductile-to-brittle transition or at the reference mark), the force

signal has to be aligned with the scratch geometry, which is done via the

information of the scratch length. The scratch length sf can be deter-

mined from the duration of contact ∆t identified from the force peak and

the known cutting speed vc. The scratch length is

sf = vc∆t (4.4)

By calculating the ratio of the surface scratch length with the force scratch

length ss/sf for each scratch, it is possible to map forces measured at a

certain time to a location on the scratch, given by its distance from the

beginning or end of the scratch. The determined ratios for all scratches

plotted over the radius over the scratches is shown in Fig. 4.12

Figure 4.12: Ratio of scratch length on the surface ss and in the force signals
sf .

Overall a ratio close to unity is achieved, signifying that measurement of

the scratch length on the surface agrees well with the length determined
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by the force signal. Nonetheless, some outliers are identified: a data set is

considered an outlier, if the length ratio is further than three scaled median

absolute deviations away from the median of all ratios, indicated as bounds

in Fig. 4.12. Outliers typically originate from a wrong identification of the

beginning of the scratch in the force signal due to noise. Furthermore, the

manual recognition of the beginning or end of the scratch on the workpiece

surface is a potential source of error. Identified outliers are not considered

henceforth. In all further analysis, the exact ratio is used for each scratch.

4.3.4 Determination of the Penetration Depth and
Rate of Recovery

With the width w of the scratch determined, the contact depth hc can be

derived from the measured indenter geometry as described in section 4.2.3.

The penetration depth h at a given normal force, which is necessary to

derive the elastic recovery rate, is based on (2.2) where the contact depth is

derived as described above from experimental data, but the sink-in depth

hs is unknown. Using (2.9) [127], which assumes that pile-up is negligible,

hs can be estimated as follows:

hs = ε
Fn
S

(4.5)

with the unknown elastic modulus of the unloading curve S and ε = 0.76

for a Berkovich indenter [136]. Here, it is assumed that ε is the same for a

Berkovich and a Vickers indenter. The potential for error due to this as-

sumption is not large as argued by Oliver and Pharr, who recommend

ε = 0.75 if no better value can be reasoned for [127]. S is given by

S = β
2√
π
EeffAn (4.6)

Eeff = 126.16 N/mm for the indenter-specimen pair of diamond and Si[100],

An is derived from the scratch width and the indenter geometry with

consideration of a load-bearing correction factor due to scratching as de-
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scribed above. β = 1.0742 is calculated using 2.5 [63] with νSi[100] = 0.27

and an equivalent indenter angle ϕ = 70.32◦. The consideration of an

equivalent indenter angle instead of the half-included angle of the Vickers

or Berkovich indenter is necessary, since β is derived applying Sneddon’s

theory [150] which applies to axisymmetric punches only. In their rep-

resentation by equations, the geometries of the Vickers and Berkovich

indenters are therefore changed to that of a cone that has the same con-

tact area to height function as a Berkovich indenter. Since Vickers and

Berkovich geometries are the same in that aspect, ϕ = 70.32◦ applies to

both of them.

With all quantities for the derivation of h according to (2.2) now known,

the elastically recovered height he can be determined as

he = h− hf (4.7)

and the rate of the depth recovery re as

re =
he
h

(4.8)

Experiments that show a negative rate of recovery are considered outliers

and not considered for further analysis.

An alternative way of calculating elastic displacement is the determination

of the elastic field in front of the indenter, as proposed by Tayebi et

al. [153]. The derivation of stress and strain in the elastic field is based

on Boussinesq’s theory of potentials [14]. As it is expected that the final

depth of a scratch in Si is not only determined by the elastic response

of the material but also by volume changes due to phase transition, this

approach is not pursued in this study.

4.3.5 Analysis of the Crystallographic Composition

The aim of analysing the crystallographic composition of the material

after scribing is to identify phase-changed material and ideally quantify it.
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Especially amorphous Si shows a lower density than Si-IV and its accumu-

lation leads to volumetric expansion and residual stress. The dependence

of the crystallographic composition on indenter shape and orientation, as

well as penetrated depth is to be investigated. The necessary theoretical

background is presented in the state of the art, sections 2.1.1 and 2.2.2.

Raman measurements were performed to evaluated the crystallography of

the scratched material. Scratches to be measured were identified on the

basis of their ductile appearance, since brittle regions show little to no

signs of phase transition. The region measured is close to the reference

mark on the surface to allow for correlation with force, scratch depth and

determined scratch hardness. All measurement points lay in the bottom

of the scratch, which was determined as the point where maximum signal

intensity indicates vertical orientation of the light path to the surface.

A line scan was performed across the scratch to determine this point

of maximum intensity. Each scratch was measured at 3 to 5 different

locations with a distance of approximately 20 µm from one another along

the scratch.

A commercial Raman microscope Alpha CRM 200 from WiTec modified

by the Nanometallurgy Group LMN of ETH Zürich was used. A laser of

wavelength λ = 532 nm was employed to excite the material through a

100x lens with a numerical aperture of AN = 0.8. The resulting penet-

ration depth in the pristine crystal is λ/4πk ≈ 814 nm (with extinction

coefficient k = 0.052 [5]) and the estimated diffraction limited spot has

a diameter of λ/2AN ≈ 330 nm. The integration time used was 10 s, 5

accumulations per measurement were averaged. The Raman data was ex-

ported using ProjectFour software. In the final step of the evaluation, the

signals were smoothed, the Raman shift was corrected according to the

location of the Rayleigh peak and consecutively evaluated on the basis

of the intensity ratio proposed by Yan et al. [178] applying a MATLAB

code.

Analogous to Wang et al. [165], mainly α-Si and Si-IV and occasionally

Si-I are observed in the area of the scratch ground. The intensity ratio of

measurements in the scratch ground between the peaks of Si-IV around

510 1/cm and the adjacent α-Si peak around 475 1/cm is evaluated, that
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is rα-IV =
Iα-Si475

ISi-IV
. While this intensity ratio does not provide a measure

for the thickness of the phase-changed layer but only one for the relative

amount of Si amorphised from crystalline forms of Si, it gives an important

measure for the change of density and therefore the residual stress present

after cutting: a high intensity ratio indicates a lot of material in the less-

dense amorphised form and therefore higher compressive residual stress.

The densities of Si-IV and Si-I are approximately equal [41].

To calculate the intensity ratio, the intensity of the Raman signal must be

approximated by a sum of Lorentz and Gaussian distributions [178]. Only

the distributions for the phases of Si-I, Si-IV at 510 1/cm as well as for

α-Si around 150, 300 and 475 1/cm are fitted. These phases represent the

overall spectrum reasonably well, even though sometimes additional smal-

ler peaks corresponding to other Si phases are detected. A representative

resulting peak separation is shown in Fig. 4.13.

Figure 4.13: Peak separation of the measured Raman spectrum in order to
identify the intensity of the Si-IV phase at 510 1/cm and the neighbouring α-Si

peak at 475 1/cm. No Si-I is detected in this example.

In the example shown in Fig. 4.13, the measured intensity shows a small

Si-IV peak at around 290 1/cm which does not affect the overlapping α-Si

peak. No Si-I is fitted in this example, showing that the fitting of the two

crystalline peaks at similar Raman shifts is parametrised to distinguish
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between the two phases. If both a Si-I and a Si-IV peak are detected, the

measurement is only taken into account if the intensity ratio of Si-IV and

Si-I ISi−IV
ISi−I

> 4.

The fitting algorithm is implemented in Matlab. The fit function is defined

as the sum of the individual Lorentz and Gaussian distributions, described

by their shift ν, amplitude h and width w, and fitted to the measured

signal. In order to achieve reproducible results, the limits in which the

peaks are fitted to all measured intensity curves are restricted as shown

in Tab. 4.1.

Table 4.1: Fitting boundaries of the Lorentz and Gaussian distributions fit to
the measured Raman shift.

Lorentz distribution fLc(ν) = hc
1+(ν−νc)2/b2c

Gaussian distribution fGa(ν) = ha exp(− (ν−νa)2
b2a

)

Raman shift ν amplitude h width b

initial min max initial min max initial min max

Si-I 521 516 526 500 0 60000 5 0 20

Si-IV 507 502 512 500 0 60000 8 0 24

α-Si150 150 145 155 500 0 60000 50 0 100

α-Si300 300 295 305 500 0 60000 50 0 100

α-Si475 475 470 480 500 0 60000 50 0 100

4.4 Results and Discussion

A total of 102 scratches show a force signal and a measurable scratch

topography of which 83 are considered valid data points: 25 Berkovich

edge (+3 outliers), 17 Berkovich face (+5 outliers), 21 Vickers edge (+7

outliers) and 20 Vickers face (+4 outliers). Furthermore, 47 scratches with

a Rockwell indenter are analysed, of which 34 are used to determine the

coefficient of friction.

All following analysis considers a load-bearing area ALB = 3
4An (three-

quarters of the contact area projected in a plane perpendicular to the
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normal force) for a Vickers indenter in face first orientation (see discussion

in sec. 4.4.4)

4.4.1 Surface Appearance

As explained in section 4.3.1, scratches are characterised qualitatively

by the appearance of their surface and assigned a category ”predomin-

antly ductile”, ”ductile transition”, ”transition brittle” and ”predomin-

antly brittle”. The aim is to achieve a notion of when material removal

is defined rather by phenomena of ductile removal, such as elastic recov-

ery and phase transition, or brittle removal with larger break-outs. With

the indentation depth h determined, it is possible to compare the appear-

ance with indentation depth for each indenter geometry and orientation.

Fig. 4.14 shows this comparison.

Figure 4.14: Box plots visualising the indentation depth h and corresponding
scratch appearance for groups of indenter shape and orientation.

It is observed that increasing depth consistently leads to more brittle be-

haviour. However, for scratches made with Vickers indenters in face-first

orientation, which exhibit predominantly brittle behaviour, it is not pos-

sible to determine the contact geometry, and therefore no data is presented
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for this category. Additionally, scratching with Vickers edge-first results

in more brittle behaviour and an earlier transition compared to other geo-

metries. With Berkovich indenters, only a slight trend towards ductile

removal in face-first orientation with increasing depth is observed com-

pared to edge-first orientation. However, for Vickers indenters, this trend

is clearly more pronounced, with scratches generated in face-first orient-

ation showing some remaining ductility at higher depths and remaining

in the ”transition brittle” category, while scratches made with Berkovich

indenters already exhibit mostly brittle removal at similar depths.

4.4.2 Rate of Depth Recovery

Fig. 4.15 shows the relative recovered depth re for all geometries scattered

over the indentation depth h and the measured normal force Fn. This rate

incorporates the effects of elastic recovery and reduction of residual depth

due to volumetric expansion stemming from phase transitions.

The rate of recovery scatters significantly over all geometries but also

within one geometry. It is higher at lower penetration depth and normal

forces as expected and found by other researchers [3, 70]. Furthermore,

scratching with a Vickers indenter face first produces the highest relat-

ive recovered depth. When scratching with a Berkovich indenter, more

depth is recovered when scratching edge first than face first, agreeing with

the theoretical analysis and experimental observation of Ge et al. [58].

Scratching with Vickers oriented edge first produces more recovery than

Berkovich face first but less than Berkovich edge first.

When investigating the scratch appearance in relation with the relative

recovered depth, these observations are underlined as seen in Fig. 4.16.

Vickers in face-first orientation shows the largest recovery especially in the

mainly ductile range and its recovery is consistently higher in comparison

with Berkovich in face-first orientation. Berkovich in edge-first orientation

shows slightly higher recovery especially when partially brittle behaviour

is observed and similar recovery in comparison with Vickers edge-first in

all categories.

While it is not possible to separate elastic recovery from volumetric ex-
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Figure 4.15: Rate of depth recovery re over all experiments versus the
determined indentation depth h (top) and the measured normal force Fn

(bottom).

pansion completely, it is possible to evaluate the rate of sink-in rs = hs
h ,

which is elastically recovered upon unloading. Fig. 4.17 shows the rate of

sink-in plotted over the total indentation depth.

Sink-in is determined on the basis of an analytical solution by Sneddon

which considers the experimentally determined normal force and load-

bearing area (see (2.9) and (4.6)). It is therefore reasonable, that the data

can be fitted with a power function. Fig. 4.17 demonstrates that sink-in

is more significant at low penetration depth and becomes less significant

with higher indentation depth. The data would suggest that scratching

with a depth of indentation of approximately h < 100 nm leads to no

defined contact or purely elastic displacement, which is in line with other

observations [55] where full recovery was observed up to h = 200 nm.

The depth recovery can be analysed further by subtracting the sink-in
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Figure 4.16: Box plots visualising relative recovery re and corresponding
scratch appearance for groups of indenter shape and orientation.

depth hs from the recovered depth he, which gives a value hec.

hec = he − hs (4.9)

or by elementary algebraic transformation of (2.2) and (4.7) and substi-

tution in (4.9)

hec = hc − hf (4.10)

This value represents the recovered depth that stems solely from the con-

tact depth hc, as illustrated in Fig. 4.18. Per (2.2), the total depth of

indentation while the load is applied h consists of the sink-in depth hs,

indicating the elastic response of the material around the contact, and

the contact depth hc, which describes the depth in which the material

touches the indenter. The residual depth hf is the total depth h reduced

by the total recovered depth he. All of hs is recovered elastically and not

by volume expansion due to phase transition. The rate of contact recov-

ery rec is defined as the absolute contact recovery divided by the total
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Figure 4.17: Rate of sink-in rs versus indentation depth h.

Figure 4.18: Schematic illustrating the different depth quantities accessible
from the analysis of a static indentation test, notably the derivation of the

recovered depth attributed to the contact depth hec in orange.

indentation depth

rec =
hec
h

(4.11)
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Figure 4.19: Rate of contact recovery rec versus indentation depth h.

Fig. 4.19 shows the rate of material recovery in the contact scattered over

the indentation depth. Negative values for the rate of material recovery

can stem from two circumstances: the sink-in depth is not fully recovered,

which means that plastic deformation or residual stress suppress the elastic

recovery; or the residual depth is greater than the contact depth, which is

the case when additional material is removed, as happens during brittle

removal.

Overall, the rate of recovery depends on the geometry and orientation

of the indenter and decreases with increasing normal force and therefore

indentation depth. No empiric function describing the recovery accurately

on the basis of indenter geometry and penetration depth or normal force

can be derived. Negative recovery, in other words additional removal, is

sometimes observed in the contact zone over all penetration depths.

4.4.3 Scratch and Ploughing Hardness of Si

Scratch and ploughing hardness, as introduced in the state of the art in

section 2.2.1, are to be understood as specific process forces rather than a

material property. Scratch hardness relates the prescribed load in normal

direction with the load-bearing area projected in a plane orthogonal to

the direction of load, while ploughing hardness provides a specific cutting

force which is defined as the force opposing the transversal motion divided

by the area projected into a plane orthogonal to the cutting direction.
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Scratch and ploughing hardness are evaluated for each geometry and ori-

entation with regards to total penetration depth h, contact depth hc,

residual depth hf and normal force Fn. A power function y = bxm is

fitted to each set of data. The functions are amalgamated in Tab. 4.2,

together with their R2-values showing the quality of fit and an indication

of the respective figure. For reasons of readability, the plots for individual

geometries are listed in appendix A from p. 211 onward. To exemplify the

analysis, a plot of the hardness for each indenter geometry is presented

in Fig. 4.20, followed by overviews with all data points and respective fit

functions in Figs. 4.21 and 4.22.

Figure 4.20: Scratch hardness Hs plotted against total indentation depth h for
different geometries: (a) Berkovich edge, (b) Berkovich face, (c) Vickers edge

and (d) Vickers face.

Fig. 4.20 shows scratch hardness for all geometries plotted over the total

indentation depth. As expected, fitting a power function to the empiric
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data yields a negative exponent and shows generally good agreement [8].

However, the quality of the fit changes significantly with different geomet-

ries and also with different categories of sets, as seen in Tab. 4.2 below.

The fit quality of data generated from Berkovich edge first is often poorer

in comparison with the other configurations, however no systematic cause

is identified. Neglecting the data of the Berkovich indenter edge first from

the overall fits does not lead to significant improvement of the fit quality.

The plots are also colour-coded based on the scratch appearance classi-

fication, as described on p. 62. It is observed that the hardness decreases

as the scratch becomes increasingly brittle. Scratches are mostly ductile

up to a depth of approximately h ≈ 2 µm, and this value can be used

as a threshold for determining the dominant removal mode. The corres-

ponding scratch hardness falls within the range of 5 GPa ≤ Hs ≤ 15 GPa.

This pressure range is below or in the lower range of the range stated for

the possible transition from Si-I to Si-II in Table 2.2, which is given as

8.8−16 GPa under near-hydrostatic stress [67, 68, 74, 125]. However, this

difference is acceptable since scratch hardness does not measure hydro-

static pressure, and the transition classification is subjectively based on

the visual appearance of the scratched surface.

Figure 4.21: (a) Scratch hardness Hs and (b) ploughing hardness Hp plotted
against total indentation depth h.

87



CHAPTER 4. MATERIAL REMOVAL MECHANISM OF SILICON

Fig. 4.21 shows that a fit function with reasonable quality can be derived

even if all geometries are jointly considered. The quality of the fit is

particularly positive when it is taken into account that the functions differ

significantly for different geometries. Outliers accumulate at very low

hardness values and small indentation depth, which suggests that either

forces are underestimated when they are very small or that the load-

bearing area is excessively overestimated. The latter is the case if the

width of the scratch is poorly represented by the measured width on the

peak of the ridges. Material recovery is large at low penetration depth

and the ridges become increasingly pronounced if material is ploughed

rather than removed, the relative contribution of the piled-up material to

the load-bearing area is more pronounced for small scratch depths than

for larger ones.

Fig. 4.22 shows the same kind of plots when deriving the hardness from a

set of normal forces. The quality of the fit decreases, indicating that the

errors in the measurement of the force affect the hardness more signific-

antly than errors in the determination of the contact geometry.

Figure 4.22: (a) Scratch hardness Hs and (b) ploughing hardness Hp plotted
against normal force Fn.

Tab. 4.2 shows scratch and ploughing hardness functions for different sets:

penetration depth, contact depth, residual depth and normal force. These
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functional relations have special significance:

• The total penetration depth h is the parameter that is typically con-

sidered as the undeformed chip thickness hcu. The load-bearing area

derived from this parameter is often used to describe the geometric

overlap of tool and workpiece in kinematic models.

• Contact depth hc represents a more accurate estimation when de-

riving the load-bearing area, but requires knowledge of the contact

conditions including sink-in and development of a burr in front of

the tool (if the burr is considered to bear load).

• The residual depth hf is the easiest quantity to determine after an

experiment and represents the amount of material removed. Since

the material height after the pass of a tool is the determining height

that has to be removed by the next pass, it can be related directly

with the feed rate.

• The normal force Fn is the determining factor when assuming that

the total force is distributed onto grains following a given distribu-

tion. This is particularly relevant for processes with force-bound

grains, such as honing or diamond wire sawing.
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Table 4.2: Overview of all hardness functions with R2 values and figure
references.

Scratch hardness Hs Ploughing hardness Hp

Fit equation R2 Fit equation R2

Penetration depth h Fig. A.1 Fig. A.5

all geometries Hs = 13.22h−0.76 0.78 Hp = 17.85h−0.99 0.7

Berkovich edge Hs = 10.8h−0.69 0.65 Hp = 14.69h−0.8 0.83

Berkovich face Hs = 13.38h−0.53 0.92 Hp = 12.91h−0.55 0.94

Vickers edge Hs = 15.91h−0.75 0.84 Hp = 16.19h−0.58 0.76

Vickers face Hs = 11.64h−0.79 0.92 Hp = 19.54h−1.43 0.96

Contact depth hc Fig. A.2 Fig. A.6

all geometries Hs = 11.16hc
−0.64 0.82 Hp = 14.43hc

−0.8 0.7

Berkovich edge Hs = 9.49hc
−0.63 0.71 Hp = 12.57hc

−0.71 0.87

Berkovich face Hs = 12.23hc
−0.49 0.93 Hp = 11.75hc

−0.52 0.95

Vickers edge Hs = 13.23hc
−0.61 0.86 Hp = 14.02hc

−0.47 0.77

Vickers face Hs = 9.84hc
−0.65 0.94 Hp = 14.96hc

−1.13 0.97

Residual depth hf Fig. A.3 Fig. A.7

all geometries Hs = 9.62hf
−0.46 0.57 Hp = 11.6hf

−0.68 0.65

Berkovich edge Hs = 7.75hf
−0.53 0.83 Hp = 9.96hf

−0.54 0.82

Berkovich face Hs = 11.7hf
−0.46 0.93 Hp = 11.21hf

−0.48 0.95

Vickers edge Hs = 12.49hf
−0.65 0.8 Hp = 13.35hf

−0.53 0.78

Vickers face Hs = 7.61hf
−0.49 0.77 Hp = 11.51hf

−0.73 0.58

Normal force Fn Fig. A.4 Fig. A.8

all geometries Hs = 4.53Fn
−0.51 0.67 Hp = 4.88Fn

−0.62 0.54

Berkovich edge Hs = 4.48Fn
−0.38 0.36 Hp = 4.84Fn

−0.51 0.62

Berkovich face Hs = 5.66Fn
−0.34 0.88 Hp = 5.24Fn

−0.35 0.91

Vickers edge Hs = 5.55Fn
−0.52 0.82 Hp = 7.47Fn

−0.38 0.65

Vickers face Hs = 4.06Fn
−0.54 0.82 Hp = 2.56Fn

−1.03 0.92

The best overall fit is achieved when considering the contact depth hc, the

worst is acquired from the normal force Fn.

The quality of the fits for scratch hardness when considering all geometries
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are overall slightly better than those for the ploughing hardness. The only

exception are the fits based on residual depth. This may be due to the

better signal-to-noise ratio of the ploughing hardness-determining normal

force in comparison with the scratch-hardness determining cutting force,

meaning that the scratch hardness is more prone to error. However, the

average R2-value for all individual fits Hp and Hs: R2
Hp

= R2
Hs

= 0.79,

meaning that on average, models built on the basis of the cutting force

are as good as those derived from normal force. For that reason, this error

source is considered insignificant.

Furthermore, the exponents in the ploughing hardness functions derived

from Vickers face-first experiments are much smaller than those of other

geometries, leading to a worse fit when all geometries are considered to-

gether. The exponent indicating the gradient of the slope when plotting

a power function on double-logarithmic scale illustrates that a smaller ex-

ponent leads to a faster decrease in hardness with increasing force or pen-

etration depth. That in turn means that the ploughing hardness, or mean

specific cutting force, decreases more rapidly with higher depth when us-

ing a Vickers indenter in face-first orientation than other geometries and

orientations. Moreover, experiments with Vickers face-first orientation

stand out in terms of mostly higher multiplicative coefficients, which is

addressed in the following section 4.4.4.

Hardness values underlay several potential sources of error:

• When determining the depth of the sink-in by (2.8), pile-up is neg-

lected, even though pile-up is observed in the experiments. Fur-

thermore, the method for calculation of the unloading stiffness was

developed for static indentation with axisymmetric punches, while,

here, it is applied to scratching with pyramidal indenters.

• The largest source of error is the derivation of the scratch width.

The profile is averaged over a certain area, in which both brittle

breakouts and irregular ridges occur. The height of the ridges is

averaged, sometimes left and right deviate significantly and one side

is twice as high as the other. It can be assumed that the error is

normal distributed, so that it will be averaged out if enough data
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points are considered. With only approximately 20 data points of

each geometry available, the uncertainty is rather large.

• Some uncertainty stems from the force measurement, especially for

the cutting force where the signal-to-noise ratio is lower. Noise af-

fects mostly the determination of the beginning and the end of the

scratch (zero crossing), but also the shape and amplitude of the force

peak. The effect is considered minor but is proportionally larger for

smaller forces than larger ones.

• The contact depth and consequently the load-bearing area are al-

ways derived from the indenter shape at the beginning of the exper-

iment and do therefore not consider progressing wear. Wear is small

but not zero. Later scratches at higher contact depth are affected

more than earlier ones, implying that the error is larger for deep

scratches. In turn, the topography measurement is more reliable at

deep scratches due to relatively lower pile-up. For this reason the

error potential due to wear is also considered minor.

• Errors from misalignment of the tool on the machine, relative to the

direction of cut, would manifest as pervasive radial forces, which are

not observed.

• As in most hardness measurement methods, the effect of friction

is neglected. Measured forces always contain a friction component.

A separation is only possible by the application of models and by

measuring the friction separately. The effect of friction on scratch

and ploughing harshness is assumed to be negligible, but has an

influence especially in the Vickers face-first configuration where half

of the contact area is subjected to rubbing only. This is discussed

in connection with the friction coefficient in section 4.4.5.

4.4.4 Load-bearing Area when Scratching with Vick-
ers Face First Orientation

The rate of recovery of material displaced during scratching of Si is signific-

ant, especially for small indentation depths, as pointed out in section 4.4.2.
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Fig. 4.15 reveals that especially when scratching with a Vickers indenter

in face first orientation, more than 50% of the total penetrated depth is

recovered. Two faces of the indenter in this configuration are aligned with

the direction of cut and exposed to friction. This leads to the question of

whether the assumption of Williams, who suggested that 1/4th of the

area projected into the plane normal to the direction of indentation An is

bearing load during scratching [171], is reasonable.

The material recovery rate combines the effect of elastic recovery and

volume expansion due to phase transition. The Si-I to Si-II transition

leads to densification of the material, taking pressure away from the in-

denter if it doesn’t lead to additional sink-in. The following phase trans-

ition towards α-Si is accompanied by volumetric expansion, which leads

to a high recovery rate. However, the transition happens upon release

of pressure, behind the indenter, and does not contribute to additional

support on the side flanks of the indenter. Therefore, all contribution of

the side faces of the Vickers indenter must be due to elastic displacement.

The contact between indenter and Si workpiece can be analysed within a

numerical simulation model utilising the smoothed particle hydrodynam-

ics (SPH). Within this simulation model the hydrodynamic stress dis-

tribution is evaluated below the indenter contact surfaces, which in the

following is used to discuss load-bearing characteristics and is related with

the derived scratch hardness. Scratch hardness, however, describes uni-

axial contact stress in global normal direction and neither normal to the

indenter face nor a three-dimensional stress state. While scratch hardness

differs from hydrostatic pressure, it is expected to be proportional to it

for particles in contact with the indenter.

The simulation of ductile removal of Si with grits of arbitrary shape SPH

simulation with the Johnson-Cook flow stress model is described in [87].

Material model parameters for Si are taken from [159]. The Johnson-Cook

flow stress model [77] evaluates the flow stress based on strain and strain

rate hardening, as well as thermal softening. This model was developed

for materials subjected to large strains, and high strain rates and temper-

atures as present in metal cutting operations and is typically applied to

ductile materials.
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However, the model has limitations regarding the applicability to brittle

materials: Ductile materials undergo plastic deformation before failure,

whilst brittle materials fail without significant plastic deformation due to

cracking. Cracking as a failure mode is not represented in the Johnson-

Cook flow stress model. Furthermore, in the specific case of Si, the model

does not account for changes in mechanical and thermal properties due to

phase transitions. The validity of the model is therefore limited to ductile

behaviour and it has to be assumed that model parameters derived for

Si in [159] consider the material properties of Si-II or Si-IV where plastic

flow is possible. In [87] it was concluded that the model is partially useful

for the representation of the ductile response of Si with regards to the

modelled hydrostatic and contact stress but not for the prediction of the

temperature. The majority of the deviations are attributed to a false

assumption of the coefficient of friction and the unknown Taylor-Quinney

coefficient. The coefficient of friction was assumed to be µ = 0.3 in [87] but

is determined as µ = 0.06 in this work. The Taylor-Quinney coefficient

describes the proportion of plastic work converted into heat. It is typically

assumed to be around 90% for metals, although the exact value can depend

on the material and the conditions of deformation. In the case of Si, some

of the energy otherwise dissipated in heat is stored in phase transitions.

As shown in [87] on the example of a grain of arbitrary shape, sections in

the rear and the side of the grain are in contact with material and sup-

port the grain. Applying the same methodology while using an idealised

Vickers indenter instead of a geometrically undefined tool and the friction

coefficient of µ = 0.06 determined in section 4.4.5 enables the evaluation of

hydrostatic stress in particles under the indenter as visualised in Fig. 4.23.
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Figure 4.23: SPH simulation of a scratch test showing the resulting hydrostatic
pressure: ideal Vickers indenter, face first, vc = 25 m/s, h = 0.5 µm, movement
direction of the indenter from right to left. The colour-map is capped at 0 and
30 GPa. Particles that are subjected to hydrostatic stresses outside this range

are shown with the colour of the limits.

The simulated normal force, derived from the total stress in normal dir-

ection, is Fn = 53 mN. The projected area of the Vickers indenter in

normal direction at a penetration depth h = 0.5 µm is Ap,n = 6 µm2.

Assuming that the side flanks bear the same load in normal direction

as the front face, the equally distributed pressure in normal direction is

P = Fn/
3
4Ap,n = 11.8 GPa. The result corresponds reasonably well with

the simulated hydrostatic pressure. Obviously, the front face bears addi-

tional load due to the cutting force acting on it, this force does however

act tangentially and increases the hydrostatic pressure.

To investigate the effect of a changed load-bearing factor assumption, the

experimental data is evaluated with fb = 1
4 and fb = 3

4 in terms of scratch

hardness. The results are shown in Fig. 4.24.
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Figure 4.24: Comparison of scratch hardness for Vickers scratching face first
assuming a load-bearing factor of 1/4 as assumed by Williams [171] and 3/4.

The scratch hardness predicted from the evaluation of the fit functions

derived in Fig. 4.24 are Hs = 16.7 GPa when evaluated with the indent-

ation depth at h = 0.5 µm and Hs = 15.4 GPa when calculated from the

simulated normal force at Fn = 53 mN. These results agree very well with

the hydrostatic pressure at the flanks of the indenter shown in Fig. 4.23.

Consideration of a load bearing area An = 1
4Ap,n as suggested by Willi-

ams would lead to unrealistically high values of Hs = 57.9 GPa (via the
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penetrated depth) or Hs = 46.2 GPa (via the simulated normal force).

On the basis of this analysis, it is concluded that a load-bearing factor

fb = 3
4 produces more consistent and accurate results for the determina-

tion of the scratch hardness of Si than a load-bearing factor fb = 1
4 .

4.4.5 Determination of the Coefficient of Friction
between Si and Diamond

The determination of the coefficient of friction is done on the basis of force

data acquired from experiments with Rockwell indenters. No material

was removed, but the cracks appeared on the surface when normal forces

exceeded Fn ≈ 15 N, as can be seen in the microscopic image of the

residual surface after an experiment with a Rockwell indenter shown in

Fig. 4.25.

Figure 4.25: Examples of a surface generated by rubbing with a Rockwell
indenter. Cracks are visible around the rightmost traces which were generated

with a normal force of Fn > 15 N.

In order to determine the friction coefficient and whether it changes when

the material cracks, the force ratio µ of the cutting and passive forces

Fc and Fp with the normal force Fn is analysed. The passive force is
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considered in this case, as it sometimes diverted significantly from zero in

these experiments, and is also fitted with a polynomial of 5th order. The

coefficient of friction is calculated as

µ =

√
F 2
c + F 2

p

Fn
(4.12)

using data points from the fits to the continuous force signals (see sec-

tion 4.3.4) as shown in Fig. 4.26

Figure 4.26: Examples of the determination of the coefficient of friction from
the force signal, with an example of an outlier on the right with red axes.

The value of the coefficient of friction of one data set is its mean, calcu-

lated from the middle 50% of the data points. A data set is considered an

outlier, if its mean coefficient of friction diverges more than three scaled

median absolute deviations away from the median of all calculated coef-

ficients of friction. Outliers show much higher values for the coefficient

98



4.4. RESULTS AND DISCUSSION

of friction and significantly larger standard deviations. This can be at-

tributed to the noisy passive and cutting forces, as seen in the rightmost

plot of Fig. 4.26. The signal-to-noise ratio is small when forces are in

the range of 0.025 N, which is about 10 times above the threshold of the

dynamometer (< 0.002 N according to the data sheet). The signal in this

range is dominated by a disturbance with a frequency slightly lower than

3000 Hz and an amplitude of ≈ 0.025 N, therefore in same range as the

forces. This disturbance must be due to data processing as the signal is

low pass-filtered at 1000 Hz.

An overview of the mean coefficients of friction and their standard de-

viations of all data sets generated with Rockwell indenters is shown in

Fig. 4.27, with outliers marked in red.

Figure 4.27: Determined values for the coefficient of friction µ and their
standard deviations from all experiments with Rockwell indenters.

The coefficient of friction between Si and diamond is µ = 0.062. The

standard deviation from the mean of all valid data sets is σµ = 0.0053.

In agreement with theory, the analysis shows no dependence between the
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friction coefficient and the acting normal force. It can also be seen, that

the coefficient of friction does not change when cracks are induced. The

standard deviation decreases with increasing normal force which is attrib-

uted to the better signal-to-noise ratio at higher force. This value for

the coefficient of friction is slightly smaller than the value of µ = 0.08

determined elsewhere [56]. An effect of crystallographic orientation was

not observed in similar experiments [151], and is not expected for the here

invested load spectrum either.

The importance of the coefficient becomes obvious when simulating the

process in the SPH modelling environment as in [87] and as described

in sec. 4.4.4. Neglecting friction (µ = 0) shows 3% smaller normal and

32% smaller cutting forces as opposed to a simulation with µ = 0.062.

Increasing the friction to µ = 0.3 changes not only forces and therefore

contact pressure, but has the potential to also change the cutting mode.

As shown in Fig. 4.28, the higher friction leads to the development of a

prow and the onset of a ductile chip in front of the indenter, while the

material only densifies with lower friction. It should be noted, that the

underlying Johnson-Cook flow-stress model is not able to describe phase

transitions that would happen in reality, so the example shown here is

only illustrative and does not represent the actual removal mode well.

Figure 4.28: SPH simulation of a Vickers indenter moving from left to right at
h = 0.5 µm with µ = 0.3 (left) and µ = 0.062 (right), the scratched distance is

the same in both images.
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The question, whether friction is to be considered specifically in the devel-

opment and parametrisation of force models such as the ploughing hard-

ness model, arises and is discussed in the following.

The largest effect of friction is expected for the Vickers indenter in face

first orientation. In this configuration, friction on the side faces, which

according to the analysis above bear approximately two-thirds of the load

in normal direction, might influence the ploughing hardness significantly.

Without consideration of friction, the front-facing surface is subjected the

full force acting in cutting direction, that is actual cutting force and the

friction force. A considerable amount of the friction force does however

not act on the front face, but on the two side faces. Accordingly, the

cutting force acting on the front face has to be reduced by the friction

force Fr acting on the side faces, which is

Fr =
2

3
Fnµ (4.13)

The force ratio Fc
Fn

for a Vickers indenter in this configuration is

µ̂ =
Fc
Fn

= 0.2 (4.14)

as derived from Fig. 4.29. Solving for Fn, substituting in (4.13) and setting

µ = 0.06 yields Fr = 0.2Fc. That means that around 20% of the measured

tangential force acts as friction force on the side flanks of the indenter.

Additional friction occurs on the front face, which is however not separated

from force applied for material deformation and separation. Since in all

other configurations the entire tangential and normal force acts on the

friction surfaces and the frictional force is thus at least partially taken

into account, the expected effect of separating friction from cutting force

is significantly lower there. In addition, the exact analysis is complicated

by the consideration of friction: part of the tangential force acts in the

direction of the normal force due to friction on inclined surfaces, just as

the normal force causes a frictional force. A division of the forces is not

possible without the use of further models and, as explained above, is also
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not sensible against a practical background.

In the case where friction is to be taken into account for a Vickers in-

denter in face first orientation, limited to the effect of friction on the side

faces, this can be done by reducing the cutting force used to calculate the

ploughing hardness by the amount of the friction force. The corrected

cutting force F̃c is then

F̃c = Fc −
2

3
Fnµ (4.15)

Applying this equation and re-calculating the fit functions for the plough-

ing hardness leads to new fit equations as summarised in Tab. 4.3.

Table 4.3: Ploughing hardness functions for Vickers face-first orientation,
corrected for friction.

Ploughing hardness Hp

Fit equation R2

Penetration depth h

all geometries Hp = 16.82h−0.98 0.72

Vickers face Hp = 16.21h−1.54 0.96

Contact depth hc

all geometries Hp = 13.62hc
−0.79 0.73

Vickers face Hp = 12.23hc
−1.21 0.97

Residual depth hf

all geometries Hp = 11.11hf
−0.65 0.63

Vickers face Hp = 9.5hf
−0.76 0.56

Normal force Fn

all geometries Hp = 4.62Fn
−0.62 0.57

Vickers face Hp = 1.8Fn
−1.12 0.93

In comparison with the values from Tab. 4.2, a slight improvement of the

fit quality for all geometries of at least 2% is achieved. This means that
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by addressing friction in case of Vickers face-first, the results agree better

with those of other geometries, albeit not by much. The fit functions for

Vickers in face-first orientation still stand out by their large exponent.

As argued above, the effect of consideration of friction is expected to be

largest for this geometry. The fact that the improvement of the fit qualities

for all geometries by consideration of friction is between 2 and 3% only

shows, that the neglect of friction when determining the cutting force does

not significantly worsen the model quality.

While the consideration of friction is significant when modelling the ma-

terial removal process with methods such as SPH or FEM or to compare

the work done by friction with the work done to separate the material,

it is not necessary to consider frictional forces separately from the forces

applied for material separation. Friction is always present in real manu-

facturing processes and the determination of scratch hardness should have

friction integrated rather than be corrected for the effects of friction.

In summary, it is shown that the macroscopic friction coefficient between

Si and diamond is µ = 0.062, which is lower than the value found in

the literature. Furthermore, the influence of friction on the ploughing

hardness for the Vickers Indenter in face first orientation is discussed and

optimised functions are determined.

4.4.6 Force Ratio

The force ratio µ̂ is derived from experiments with sharp indenter geo-

metries and plotted over the contact depth hc in Fig. 4.29.
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Figure 4.29: Force ratio µ̂ derived from experiments with sharp indenter
geometries. Means are derived from data points where the contact depth

hc ≥ 1 µm to mitigate effects of the dull tip.

Fig. 4.29 shows the experimentally resolved force ratio µ̂ = Fc
Fn

for each

tested geometry, along with their mean indicated by the dash-dotted lines

and the respective number. Inspecting data points belonging to exper-

iments with Vickers indenters shows that force ratios at a penetration

depth h < 1 µm deviates strongly from the mean of data points at greater

penetration depth, which may be attributed to the imperfect tip of the

indenter. In micro-cutting, the effect of the cutting edge rounding has a

significant impact on forces and material flow (see e.g. [175]). The round-

ing of the top dominates the behaviour at very low contact depth until the

rake face is sufficiently determining the scratching process. For this reason,

the means are derived from data points at contact depth hc ≥ 1 µm. The

SPH simulation predicts a force ratio µ̂ = 0.225 for a Vickers indenter

with an ideally sharp tip in face-first alignment at an indentation depth

h = 0.5 µm. This result agrees well with the experimentally determined

average value for contact depths hc ≥ 1 µm, thus confirming the assump-

tion that the error is mainly due to the rounding of the tip. Experiments

with a Berkovich indenter in edge-first orientation scatter more than those

with other geometries. The force ratio µ̂ depends on the geometry used
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and is 0.2 ≤ µ̂ ≤ 0.45 for scratching Si with diamond.

4.4.7 Crystallography Composition

As pointed out in the literature review, ductile removal is thought to be

possible only if Si metallises under high pressure and undergoes a phase

transition from Si-I to Si-II. Si-II is metastable and transitions back to

amorphous α-Si and finally back to Si-I when the pressure is released.

The pressure range for the transition is given as 8.8 to 16 GPa. While

the scratch hardness does not equal the contact pressure or the stress

in the material under the indenter which ultimately determines the phase

transition, it may be used to approximate the pressure in normal direction

near the tip of the indenter. The scratch hardness functions determined

in section 4.4.3 for all geometries can be used to estimate the depth of cut

at which the pressure in normal direction is sufficiently high to activate

the phase transition and allow for ductile material removal:

Hs = 15.4h−0.82 (4.16)

Setting Hs = 8.8...16 GPa and solving for h yields h ≈ 0.95...1.95 µm as

the range defining the upper bound in which ductile removal can hap-

pen. The pressure is high enough at depth lower than 0.95 µm and not

sufficiently high at depth larger than 1.95 µm. This means that up to

contact depths in this range, amorphised silicon must be present. In spite

of all shortcomings of this very simplified approach, the range agrees well

with the observation of predominantly ductile scratch appearance up to

h ≤ 2 µm described in section 4.4.3.

The crystallographic composition of the scratched material is analysed

on the basis of the Raman intensity ratio between the peaks of Si-IV at

510 1/cm and the adjacent α-Si peak around 475 1/cm rα-IV =
Iα-Si475

ISi-IV
. It

should be noted, that the presence of both phases indicates a preceding

phase transition from Si-I to Si-II. Datasets where a Si-I-phase is detected

and the intensity of that phase is more than 1/4th of the intensity of the

Si-IV-phase are disregarded for reasons of consistency, as these data sets
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show an intensity ratio rα-IV that is orders of magnitude greater than when

no Si-I phase is present. Still, the determined intensity ratios calculated

for the same scratch at different locations in the scratch ground on a length

of approximately 20 µm scatter strongly as shown in Fig. 4.30.

Figure 4.30: Raman spectra (left) and intensity ratios of the Si-IV-phase with
the adjacent α-Si-peak (right) for a Vickers indenter in edge-first orientation.

Of 151 measured positions, 73 fulfil the above mentioned criteria and

furthermore belong to scratches, that were not considered outliers in the

hardness analysis. Seeing that many data points analysed showed Si-I

indicates, that the response volume is larger than the volume affected by

phase change. This is the case if either the material transitioned back to

Si-I or the phase changed layer is thinner than the penetration depth of

935 nm and pristine crystalline regions beneath the phase changed layers

are measured.

The data is grouped by indenter type and orientation analysed with re-

spect to the total indentation depth, normal force, scratch hardness and

ploughing hardness of the respective scratch. The results are shown as

box-plots in Figs. 4.31 to 4.33, where each box represents the data points

acquired from measurements within the same scratch. Box plots show the
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median of the measured values inside the box. Further analysis showed

that for almost all data sets, the median does not differ at a 5% signific-

ance level. Accordingly, further interpretation is subject to a high degree

of uncertainty. However, most importantly, this signifies that the phase

transition is not significantly influenced by indenter shape and orientation.

Figure 4.31: Box plot of the intensity ratio rα-IV plotted over the total
indentation depth h.

Fig. 4.31 shows a decreasing trend for the intensity ratio with increas-

ing depth for all geometries, meaning that less amorphous α-Si is present

when the penetration depth increases. This means either that more α-Si

is changed back to crystalline Si or less material was phase-changed in the

first place. Since there is no immediate reason for an improved annealing

process, the latter phenomenon is more likely and agrees with the obser-

vation that less amorphous material is present in regions processed in the

brittle cutting regime dominating at higher depth of cut. The graphic

shows furthermore, that larger amounts of amorphised Si are present at

total indentation depths h smaller than approximately 2 µm, the threshold

below which the pressure is high enough for a phase transition between

Si-I and Si-II. However, the determination of the scratch geometry is only

possible where at least partially ductile behaviour was observed, meaning

that no purely brittle scratches were measured. Therefore, the dataset is

biased in this context. A lower limit is identified at around rα−IV = 25,
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which could indicate a minimum thickness or a detection limit of the

amorphous layer.

Figure 4.32: Box plot of the intensity ratio rα-IV plotted over the normal force
Fn.

Analysing the effect of increasing normal force in Fig. 4.32 shows a similar

trend as the total indentation depth, as expected due to the correlation

between normal force and penetration depth.

Figure 4.33: Box plot of the intensity ratio rα-IV plotted over the scratch
hardness Hs.
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When intensity ratio is plotted against the scratch hardness, a trend of

higher amorphisation with higher contact pressure can be observed in

Fig. 4.33, with the exception of one sample scratched with Vickers in edge

first orientation. Scratch hardness presents a measure for the contact pres-

sure between indenter and material. The trend is reasonable considering

that more Si-I is changed to Si-II if the contact pressure is higher and the

critical pressure is upheld further into the plastic zone.

Yan et al. [178] measured the thickness of the amorphous layer and correl-

ated it with the Raman intensity ratio rα−I. In their work, a ubiquitous

presence of the Si-I and ubiquitous absence of the Si-IV phase was ob-

served, which is not the case in the experiments presented here. Their

correlation cannot be applied to the here-determined Raman intensity ra-

tio rα−IV. Further investigation of the depth of the amorphous layer is

therefore not possible on the basis of the data available. Analysing the

intensity ratio between Si-I and Si-IV rI-IV = ISi−I
ISi−V I

shows no trends and

scatter of 20 orders of magnitude, as either the intensity of Si-I or Si-IV

tends to be very small. Fig. 4.34 uses all data points (regardless of whether

they are outliers or not) where 0.1 ≤ rI-IV ≤ 10, illustrating the scatter in

a range of values that would be relevant.

Figure 4.34: Scatter plot of the intensity ratio between Si-I and Si-IV rI-IV.

Similar observations are made when analysing the intensity ratio between

amorphous Si and Si-I rα-I = Iα-Si

ISi-I
as seen in Fig. 4.35. The scatter plot

illustrates the typically very small intensities of Si-I which lead to very

high intensity ratios. From the plot it cannot be deduced that a thicker

layer of amorphous Si is produced at low depth of cut where removal

is mostly ductile and proportionally a lot of material undergoes phase
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change.

Figure 4.35: Scatter plot of the intensity ratio between α-Si and Si-I rα-I.

Summarised, Raman spectra for scratches produced with different orient-

ations and geometries exhibit mostly the same residual phase changed

material on the scratch surface. The Raman intensity ratio is a para-

meter which describes and quantifies the relative presence between two

phases, in this case Si-IV and α-Si, giving an estimation for the quantity

of material in each phase present. This ratio is a measure for the density

change of the material on the machined surface and therefore a measure

for the compressive residual stress as α-Si shows a 10-15% lower density

than pristine Si [123]. It is shown that for higher cutting depths, this ra-

tio decreases, meaning that relatively less amorphous silicon is produced.

No significant change in the intensity ratio is found on the comparison of

different indenters or orientations - the amount of phase produced is not

controlled by these parameters.

The result of no effect of the grain shape on the Raman intensity ratio

is contradictory to the expectation, which results from the observation

that the shape influences the ductile to brittle transition (see for example

Fig. 4.14). Two potential causes for the inconsistency are identified:

1. In terms of observed scratch ductility, only the Vickers indenter in

edge first orientation differs statistically significantly with regards

to total indentation depth at which predominantly ductile removal
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is observed, see Fig. 4.14. The effect is not strong and it is possible,

that it lost in the scatter of the measurement data. Since only

few data points at a given depth of force level are available, the

uncertainty regarding statistical significance remains high.

2. The Raman intensity ratio measures the composition of the material

after scratching, not during scratching. It is plausible that different

contact stresses during the loading phase could result significantly

different phase transitions and different material removal modes.

However, after unloading, stress relaxation occurs with various phase

transitions and potential cracking. Additionally, the degree of elastic

recovery could vary. As a result, the residual stress state for all

indenters may eventually become equal. Since all phases of Si other

than Si-I are metastable at room temperature, it is possible that the

residual Si-IV phase is only present due to high residual compressive

stress. If further all indenter shapes yield similar residual stress in

the scratch ground this may lead to an equalised residual phase

composition.

This observation is important for the DWS technique as phase transitions

occurring during sawing cannot be attributed to the the shape and wear

of the diamonds. It furthermore shows that ductile removal comes at

the expense of compressive residual stress on the surface. If unevenly

distributed over the wafer surfaces, it has the potential to warp the wafer.

Finally, the scattering intensity ratio within one scratch shows that the

Raman intensity ratio is very sensitive to the position where the analysis

is made and as many measurements per conditions as possible should be

performed.

4.5 Conclusions: Material Removal Mech-
anism of Si

This chapter prepares the foundations for the analysis and modelling of

the diamond wire sawing process. Based on fundamental single grain ex-
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periments with different grain geometry and orientation, empirical equa-

tions for the determination of the specific cutting force are derived by

the scratch and ploughing hardness and are extensively discussed. The

experimental conditions are comparable with the sawing process in terms

of cutting speed, contact length and depth of cut.

The scratch hardness using a Vickers indenter in face-first orientation is

discussed in detail. The literature suggests a load bearing ratio of 1/4 of

the total area, but it is shown that the assumption of a bearing ratio of

3/4 leads to more accurate results.

The discussion also looks at the recovery rate, noting that much of the

recovered depth cannot be attributed to elastic recovery and must instead

come from the volume change associated with the phase change.

The coefficient of friction of µ = 0.062 determined here is slightly smaller

than the only comparable value found in the literature for friction at the

macroscopic level between diamond and Si in the (100) plane. The ratio

between cutting and normal force is derived and discussed.

In particular, the investigation of the crystalline phase at the scratched

surface shows that the grain shape has no significant influence on the phase

composition and the amount of amorphised material. Amorphisation due

to a reconversion of the material after a previous transformation from Si-I

to Si-II occurs mainly up to undeformed chip thickness in the range of

0.95 to 1.95 µm. Higher undeformed chip thickness leads to insufficient

pressure for the transformation. Below this range, the contact pressure is

certainly high enough for the phase transition to happen. As plastic flow

of Si requires the presence of a metallic phase, such as Si-II, the transition

from primarily ductile removal to primarily brittle removal is expected

to happen as a depth of cut of 0.95 to 1.95 µm. This simplified analysis

agrees well with observation of the scratch appearance for all geometries,

where predominantly ductile behavior is observed up to an indentation

depth of h = 2 µm.

Furthermore, the higher amorphisation rates at smaller depths of cut lead

to an increased formation of amorphised Si, which can lead to residual

compressive stresses due to the lower density in comparison to pristine
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Si-I and residual Si-IV. Additional measurement of the thickness of the

amorphous layer, ideally with stress measurement, is necessary to reach a

final conclusion and to correlate the α-Si to Si-IV Raman intensity ratio

with the amorphous layer thickness.
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Chapter 5

Process Modelling of Diamond
Wire Sawing

5.1 Motivation: Kinematic Modelling of the
Diamond Wire Sawing Process

At the time this research work was launched, no holistic kinematic models

for the DWS process were available in literature. A mathematical formu-

lation for the wire bow had also not yet been derived and the assumptions

made by Liedke and Kuna [109] for LAS had not yet been discussed

with the boundary conditions of diamond wire sawing. Notably, a func-

tion linking contact pressure and cutting speed with removal rate has to

be discussed, as well as the assumption of a constant coefficient of friction

or force ratio.

The results of chapter 4 offer a relationship of load-bearing area and force,

in other words contact pressure, with penetration depth and residual depth

for sharp grains. It has to be verified that this formulation accurately

describes the conditions present in DWS when used for the derivation of

the missing removal-rate function.

The identified dependence of the force ratio µ̂ on grit shape and orientation
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results in the assumption that the force ratio is distributed similarly to

the shape distribution of the grains.

5.2 Chapter Outline

This chapter deals with the kinetics of the DWS process. Experimental

analysis was performed on a laboratory-scale diamond wire saw, which

was developed and is introduced first. The saw requires the use of a wire

loop whose characteristics differ from those of the electroplated wire used

in industry.

A macroscopic model to describe the wire bow is derived. The process

is analysed with the help of the model and verified experimentally. Ob-

servations on the cutting-force ratio are discussed with results from the

single-grain experiments, described in the preceding chapter.

Following the general process kinetics and kinematics, a model for the pre-

diction of the material removal rate based on process forces and cutting

speed is derived on grain and topography level. Wear and wire topo-

graphy are analysed in detail before the material removal rate model can

be evaluated.

5.3 Experimental Materials and Methods

The experimental analysis of the DWS process in a laboratory is difficult

due to several properties of the industrially applied process:

• Diamond wire saws are built for cutting several hundred wafers at

once. The spacing between the wires in the web is set by grooves

on the guide rolls and while individual grooves can be skipped to

increase the space, it remains small. The web also continues in front

of and behind the ingot, limiting accessibility to the first and last

wire in contact and impeding bow measurement from the side. To

date, there is no commercial solution available for measuring the
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bow of an individual wire on these saws.

• Measurement of forces on the ingot is possible with force sensors,

however as these are designed for analysing the forces acting when

several hundred wafers are cut and their sensitivity is not sufficient

for reliably measuring the small forces resulting from a single cut.

• The high cutting speed typically applied when slicing wafers leads

to a very high wire consumption. Considering that the wire has to

be accelerated, even a short cut of 10 s duration requires well over

250 m of wire, assuming a cutting speed of 25 m/s. To study the

process in a stable condition, the wire must be run in a single dir-

ection for a prolonged period. However, in industrial applications,

the process is operated in pilgrim mode, which involves periodically

reversing the direction of the wire. As a result, the wire needs to be

several hundred meters in length. This leads to high tool costs, and

experimenting with different wires becomes expensive. Moreover,

repeated identification and analysis of the same individual wire sec-

tions is complex.

• With up to several km of wire on the industrial machines, invest-

igating the wear of individual grains on a specific section is im-

possible. Additionally, if only one pilgrim cycle is examined, the

contact length per unit wire length is minimal.

• On industrial machines, the cutting energy is introduced to the wire

through the accelerated guide rolls, resulting in small slip on the

guide roll surfaces. This leads to loss of wire tension in the web.

While the tension can normalise with time, it imposes an additional

boundary condition, as the wire tension is then time dependent.

Due to the above mentioned reasons, researchers often use sinlge wire

saws that differ from the industrial saws. In order to analyse specific

aspects of the process, the rigs are normally limited in emulating the

whole of the cutting process, especially in terms of cutting speed. The

cutting speed normally falls well behind the high speeds used in produc-

tion (≤1.3 m/s [107, 183, 184], ≤2 m/s [54], ≤3 m/s [145], ≤5 m/s [81] or
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6 m/s [174]). Wang et al. [168] overcome this limitation by rotating the

workpiece, achieving a cutting speed of 5 m/s superposed with a work

piece rotative speed of up to 50/min; the contact conditions do however

differ significantly from those of the industrial process. Some researchers

use industrial saws with a single winding [108] or several windings [110].

Knoblauch et al. [89] and Costa et al. [33, 34] employ an endless wire

sawing rig that applies wire welded to a loop, achieving cutting speeds

of up to 26 m/s. The approach applying a wire loop is the only one that

allows for long cutting duration at high speed without changing the wire

direction or interrupting the cut, therefore this approach is pursued.

In the following sections, the developed endless-wire saw, along with in-

corporated measurement systems and analysis methods are presented.

5.3.1 Test Rig: Endless Wire Saw

A test bench was designed, built and qualified. The concept is based

on a wire loop run around five pulleys where each pulley fulfils one single

purpose. A schematic illustrating the arrangement of the pulleys, motions

and acting forces is presented in Fig. 5.1.

The wire loop is guided around five rolls. While the wire can run in both

directions, in the presented work it always runs counter-clockwise, driven

by a pulley in the centre. The wire tension is set by a movable tensioning

pulley, which can move up and down and thereby compensate the addi-

tional wire length necessary as the wire bow develops. The wire is guided

vertically to and from the pulley, so the tension in the wire Fs is approx-

imately equal to half of the force applied to the pulley. The subsequent

two idler pulleys guide the wire to and from the workpiece. The workpiece

is placed between the two pulleys and fed vertically into the wire. The

fifth idler pulley serves the purpose of increasing the wrap angle of the

drive pulley and is therefore positioned above the drive pulley. Increasing

the wrap angle ensures that the wire does not slip as the momentum ne-

cessary to achieve the cutting force on the workpiece is transferred to the

wire.
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Figure 5.1: Principle of an endless-wire saw with five pulleys: 1 driven pulley,
2 moveable idler, 3 and 4 deflection rollers at the workpiece, 5 pulley to

increase the wrap angle on pulley 1. Motion of the workpiece (grey) and wire is
shown on the left with feed rate vf and cutting speed vc, respectively. Forces
acting on wire (Fs and Fsa) and workpiece (feed force Ff and cutting force

Fc), as well as pulley-reaction forces Ri and drive torque Ma are shown on the
right. Dimensions are not to scale.

The wire tension is set in the idle side of the pulley system so the pre-

set tension force does not change as the bow develops and as the spindle

applies the additional momentum needed to supply the cutting force. If

the wire was tensioned on the loaded strand, the wire would slacken in

the idle strand, which is possible in principle but would require a different

formulation of the wire bow differential equation developed in section 5.4.

Furthermore, in the extreme case that the cutting force equals the tension-

ing force, the cutting process would take all the tension out of the wire.

When the idle side is tensioned, the tension on that side is defined and
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does not change while the maximum tension in the loaded side is defined

by the spindle torque and the friction around the driven guide roll.

A CAD model and a photo of the machine are shown in Fig. 5.2.

Figure 5.2: CAD model and photo of the wire sawing test rig with indication of
the most important components.

The drive pulley is accelerated by a dressing spindle AES-72x260/1 GAP

(Fischer Spindle Group AG), which is supplied by an Altivar ATV74

(Schneider Electric) frequency converter. The spindle is powered by an

asynchronous motor, where slip increases with increasing drive torque.

The actual speed is therefore lower than the speed specified by the fre-

quency inverter. Accordingly, speed control is necessary, which is realised

with an inductive proximity sensor (IFRM 08P1701/S35L, Baumer Elec-

tric AG) placed behind the drive pulley. A crown-shaped sensor ring

mounted to the pulley is designed in such a way that the sensor measures

a rectangular signal with 6 rising and falling edges per revolution. At high

speeds, the Nyquist-Shannon theorem must be observed, which specifies

the minimum sampling frequency for controlling the highest frequency

that occurs. If the theorem was not met, aliasing effects would return a

frequency that is too low and the control would increase the frequency

unrestrained. Furthermore, the speed must not change abruptly, as the
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inertia of the system would lead to wire breakage or very high wear on

the rollers when the wire slips. The control is realised with an Arduino

computer. The cutting speed vc is derived from the switching frequency

f with the pulley radius r according to (5.1)

vc = 2πrf (5.1)

The effectiveness of the cutting speed control system was verified through

measurement with a high-speed camera.

The linear vertical motion of the tensioning pulley is realised as it pivots

around a hinged vertical lever. Typical wire bows lead to negligibly small

rotations of the lever; the motion of the tensioning roll is therefore nearly

vertical, keeping the wire tension constant as the bow develops. The lever

is pulled upward by a cable attached to a weight.

The linear axis realising the feed motion consists of a stepper motor

(PANdrive PD-109-57 with NEMA-23 Stepper Motor Mechatronic Mod-

ule, Trinamic Motion Control GmbH & Co KG) and a ball screw drive

(Schneeberger AG Lineartechnik). The motor is linked with the ball screw

drive through a synchronous belt. The feed rate can be established in two

ways - by using a constant feed or by controlling the feed rate through

the feed force, with the feed rate as the manipulated variable. The con-

trolled feed rate has the advantage of quickly achieving a steady process

state, where the wire bow remains constant and the force applied to the

workpiece through the wire tension stays constant. In this state, the feed

rate equals the material removal rate. Using feed-force-controlled feed

rate, the wire displacement approaches the ultimate level quickly, and the

feed rate is adapted while the workpiece takes the shape of the final bow.

The PID-controller takes input parameters such as a target feed force

(Ff,ref), a maximum feed rate (vf,max) and the largest permitted change

of the feed rate over one control sequence (δvf,max). The controller para-

meters, including proportional, integral and derivative gain, need to be

determined experimentally since the transfer function of feed force to feed

rate is unknown.

The measurement of cutting and feed force is realised with strain-gauge-
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based 3-axis force sensor K30D120-100N and a GSV-4USB M12 amplifier

(both ME Meßsysteme GmbH). The force sensor is designed for a nominal

load of 100 N and features an accuracy of 1%. Static noise is in the order

of 0.05 N.

The wire bow is captured with two USB cameras (C310, Logitech interna-

tional SA) which are mounted next the left and right guide pulleys. The

wire image is first converted into a black and white image. Next, a Hough

transformation is used to detect and assign weights to the straight lines.

The angle of the line representing the wire relative to the angle of the

line detected at zero deflection before the cutting process began is then

determined. The resolution of the bow angle measurement is 0.1◦, the

accuracy is estimated to be ±0.3◦ but worsens with wire vibration.

A computer runs the control of the machine which is implemented in

C #. The same environment also logs the measured process forces, current

cutting speed and feed rate and measured wire bow. As the process is not

very dynamic, a low sample rate between 4 and 10 Hz is chosen.

A cooling system has been added to the wire saw, however, in order to

keep the process simple, to avoid interference between the coolant and

the measured process forces and to ensure comparability with the scratch

tests, all tests are performed dry. The cooling system is not shown in

Fig. 5.2.

5.3.2 Workpiece: Silicon Bricks

Si bricks are sawn from an as-drawn Si-[100] ingot with diameter 130 mm

supplied by Tianjin Century Electronics Co., Ltd. First, disks of the

proper thickness are sawn off, which are then squared and cut into 4 bricks

per disk. The resulting workpieces have the dimensions l = 14..24..35 mm

by h = 45 mm by t = 90 mm. l is the width of the workpiece and is

approximating the contact length li between wire and workpiece in the

experiments. This simplification underlies the assumption that the elong-

ation of the contact length due to the curvature of the wire is negligible.

h is the height of the workpiece in feed direction. t is the usable length

of the workpiece from which specimen of approximately 2 to 3 mm thick-
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ness will be sliced off. Feed and cutting direction in the experiments are

oriented along the 〈100〉 axes.

5.3.3 Tool: Stranded Diamond Wire

The requirement of having to use a wire loop with the endless wire saw

presents a significant challenge: Electroplated diamond wire loops with

high tensile strength are commercially not available. The currently avail-

able devices for electroplating wires require the wires to be fed through

a hole, meaning that only open wires can be equipped with diamonds by

galvanisation.

Knoblauch [89, 90] approached this challenge by butt-welding a com-

mercial wire to a loop. Upon testing these wires it was found that the

strength of the weld is insufficient for the high tension required and the

exposure to a frequent reciprocal bending load. A new, improved welding

device was designed and tested, however, the strength of the weld was

insufficient to reliably use the wire loops on the test rig.

Instead of using electroplated diamond wire, loops of stranded wire coated

with diamonds were acquired from Insoll Tools Technology Co., Ltd. The

attachment process of the diamonds to the wire loops is undisclosed, but

it is presumed that the wires are coated with solder and pressed into lose

diamonds while the solder solidifies. This results in high grain density and

bare-laying grains, as seen in Fig. 5.3.

Figure 5.3: Stranded diamond wire, core diameter dw = 450 µm,
grain size dg ≈ 50± 20 µm (not specified), grain density ρg = 100%.

The wires were ordered in loops of length Lw = 1950 mm. At the time
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the wires used in this study were ordered, the grain size could only be

specified as ”normal” or ”small”, while the average grain diameter for the

specification ”normal” is estimated as dg ≈ 50 ± 20 µm. Grain densities

were specified to ρg = 100%, ρg = 60% and ρg = 50%. The grain density is

however not constant over the wire length. There are sometimes sections

with higher and lower density. Furthermore all wires show slight kinks

with fewer grains.

5.4 Model for the Description of the Wire
Bow

In this section, the analytic wire bow model is derived and discussed. The

model describes the fully developed wire bow in steady state.

5.4.1 General Process Kinematics

Fig. 5.4 shows the wire bow schematically, with two guide rolls on the left

and right, an ingot indicated in grey centrically between the guide rolls

and a wire forming a bow. The ingot is being pushed upwards into the

wire, which travels left-to-right.

Figure 5.4: Schematic of the conditions at steady-state with cutting speed vc,
feed rate vf , wire tension on the workpiece entry side Fs and exit side Fsa, as
well as the distributed normal force p̂ and cutting force q̂ acting on the wire in

the ingot.
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In the beginning of the process, the feed rate vf is higher than the material

removal rate rr, which leads to the development of a wire bow. As the bow

increases, the tension in the wire acts as a feed force Ff , distributed onto

the workpiece as a vertical line load p̂, which indents the grains on the

wire deeper into the workpiece. Due to the lateral movement of the wire

with cutting speed vc, a cutting force Fc acts on the wire as the grains are

sliding on and indenting into the material. The cutting force is distributed

along the wire as an axial line load q̂, leading to an asymmetry in the wire

tension. The wire tension on the workpiece entrance side Fs is therefore

smaller than on the workpiece exit side Fsa. Once the material removal

rate equals the feed rate, the process reaches steady-state. In steady state,

the wire bow is developed as schematically indicated in Fig. 5.4.

5.4.2 Wire Deflection Model

The wire deflection model has to consider all geometrical process para-

meters as indicated in Fig. 5.5.

Figure 5.5: Geometric dimensions of the diamond wire sawing process with
coordinate origin at the bottom of the left guide roll: vertical distance between
the pulleys L, vertical distance from the guide roll centre to the beginning of

the workpiece sin and its end sout, and guide roll radius r.

Two guide rolls of radius r are positioned at a horizontal distance L.
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The coordinate origin lays vertically below the bearing point of the left

guide roll on the radius of the pulley. The wire enters the ingot at position

x = sin and exits at x = sout, defining the width of the ingot l = sout−sin.

The vertical deflection of the wire at position x equals w(x). The deriv-

atives of w, w′ and w′′ indicate the slope of the wire and its curvature,

respectively. The wire is characterised by its core diameter dw and its

material’s Young’s modulus E.

Derivation of a Differential Equation Describing the Displace-

ment of the Wire under Acting Forces

The shape of the deflected wire inside and outside the workpiece can be

derived analytically based on geometry (distance between the guide rolls,

diameter of the rolls, width and position of the workpiece), properties of

the wire (diameter and Young’s modulus) and the acting forces (wire ten-

sion, feed and cutting force). Such a model has been presented by Liedke

and Kuna [109] for the LAS process. The kinematic of the DWS process

is similar to that of the LAS process, with major differences only in the

acting forces. The following model is based upon Liedke and Kuna’s

work.

The model is derived upon the observation of forces and moments on an

infinitesimal element of the wire as shown in Fig. 5.6.

Figure 5.6: Forces and moments acting on an infinitesimal wire segment.
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The tangential force Ft stems from wire tension, the line loads q̂ and p̂ are

reduced to single forces acting on the centre of the wire segment, indicated

as dQ = q̂(x)ds and dP = p̂(x)ds respectively. Bending moments M and

shear forces V are considered due to the stiffness of the wire. The local

deflection angle ϕ indicates the slope at the segment ends. Centrifugal

forces due to the movement of the wire along a curve, as well as a force

resulting from the weight of the wire are insignificant in relation with

acting process forces and are neglected.

The following simplifications are made prior to the development of the

equilibria of forces and moments. Firstly, ds can be approximated by

linearising w(x+ dx) with a first-order Taylor expansion as

ds ≈
√
dx2 + (w(x+ dx)− w(x))2

≈
√
dx2 + (w(x) +

∂w(x)

∂x
dx− w(x))2

=
√
dx2 + w′(x)2dx2

=
√

1 + w′(x)2dx (5.2)

Secondly, since the deflection of the wire is typically one order of mag-

nitude smaller than the distance between the guide rolls, a small angle ap-

proximation is reasonable for ϕ. This leads to ϕ(x) = arctan(∂w(x)/∂x)

and then ϕ(x) ≈ ∂w(x)/∂x = w′(x), sinϕ(x) ≈ w′(x) and cosϕ(x) ≈ 1.

On basis of the same argumentation, terms including w′(x)2 and shear

force values that are diminished by a product of derivatives of the wire

deflection are ignored. Shear force values are small due to the small dia-

meter of the wires and the resulting low stiffness. Lastly, higher-order-

terms O(dx2) are neglected.

A differential equation for the wire deflection at horizontal distance x

from entrance side of the workpiece is then derived from the equilibrium

of forces and moments:
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ΣFx
!
= 0 = −Ft(x) cosϕ(x) + V (x) sinϕ(x)− dQ cosϕ(x)− dP sinϕ(x)

+Ft(x+ dx) cosϕ(x+ dx)− V (x+ dx) sinϕ(x+ dx)

≈ −Ft(x) cosw′(x) + V (x) sinw′(x)− dQ cosw′(x)− dP sinw′(x)

+Ft(x+ dx) cosw′(x+ dx)− V (x+ dx) sinw′(x+ dx)

≈ −Ft(x) + V (x)w′(x)− dQ− dPw′(x)

+Ft(x+ dx)− V (x+ dx)w′(x+ dx), (5.3)

Ft(x+ dx) = Ft(x) + dQ+ dPw′(x)− V (x)w′(x) + V (x+ dx)w′(x+ dx)

= Ft(x) + dQ+ dPw′(x) + V (x)w′(x)w′′(x)dx+ V ′(x)w′(x)2dx

+O(dx2), (5.4)

ΣFy
!
= 0 = −Ft(x)w′(x)− V (x) + dP − dQw′(x) + Ft(x+ dx)w′(x+ dx)

+V (x+ dx)

≈ −Ft(x)w′(x) + dP − dQw′(x) + (Ft(x) + dQ+ dPw′(x)

+V (x)w′(x)w′′(x)dx+ V ′(x)w′(x)2dx)(w′(x) + w′′(x)dx)

+V ′(x)dx

= dP (1 + w′(x)2) + Ft(x)w′′(x)dx+ V ′(x)(1 + w′(x)2)dx

+V (x)w′(x)w′′(x)dx+O(dx2)

= p̂(x)
√

(1 + w′(x)2)3dx+ Ft(x)w′′(x)dx+ V ′(x)(1 + w′(x)2)dx

+V (x)w′(x)w′′(x)dx+O(dx2)

≈ p̂(x) + Ft(x)w′′(x) + V ′(x), (5.5)

ΣMx+dx
!
= 0 = −M(x) +M(x+ dx)− (1 + w′(x)2)V (x)dx+O(dx2)

≈M ′(x)− V (x), (5.6)

⇒ V ′(x) = M ′′(x) (5.7)

which finally yields

p̂(x) + Ft(x)w′′(x) +M ′′(x) = 0 (5.8)

Modelling the wire as an Euler-Bernoulli beam with M = −EIw′′ leads

to

p̂(x) + Ft(x)w′′(x)− EIw′′′′(x) = 0 (5.9)
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For an analysis of the effect of bending stiffness, this differential equation

can be changed to that of a limp rope by letting EI approach zero:

w′′(x) = − p̂(x)

Ft(x)
(5.10)

Definitions of Forces and Boundary Conditions

In order to solve equations (5.9) and (5.10), relevant forces and boundary

conditions have to be defined.

In steady state, the wire is moving only in axial direction and the wire

deflection w(x, t) remains constant in time, dw(x, t)/dt = 0, and the re-

moval rate rr equals the feed rate vf . Especially, vf hast to be constant

over the ingot width. As the wire bow does not change, the forces acting

upon the wire do not change either and p̂ does not depend on x. Con-

sequently, p̂(x) is independent in space and time in the equilibrium state.

It can therefore be concluded that a force Fn applied to the ingot will be

distributed equally over the wire length that is in contact with the ingot.

Furthermore, due to the small-angle-approximation, the length of the wire

arc in contact with the ingot is approximately as long as the width of the

ingot. No force other then the wire tension acts upon the wire outside of

the ingot. p̂(x) can be stated as

p̂(x) ≈

{
Fn

sout−sin
sin ≤ x ≤ sout

0 else
(5.11)

The axial tension force Ft(x) acting on the wire is equal to the wire pre-

tension Fs before the wire begins to cut the ingot. The axial line load

q̂(x), stemming from the cutting force Fc, increases the tension along the

length that is in contact with the ingot. After the wire left the ingot, the

tension force is equal to Fsa. As already stated in [109, 179], Ft(x) can
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therefore be expressed as

Ft(x) = Fs +

∫ x

0

q̂(x)ds

≈ Fs +

∫ x

0

q̂(x)
√

1 + w′(x)2dx (5.12)

In LAS, the cutting force, resulting from the relative movement between

wire and workpiece with velocity vc under acting lapping pressure p(x), is

described by a Coulomb friction force µp(x) and a viscous friction force

ηvc/sp with coefficient of friction µ, slurry viscosity η and gap between

wire and ingot sp [109]. The reference area for the determination of the

Coulomb friction force is the projected wire area Ap = dwdx, for viscous

friction it is the surface in contact As = 1
2πdwdx. The expression of the

tangential force of the wire in contact is thus

q̂(x) =

∫ x

0

µp̂(x)dw +
ηvc
sp

1

2
πdw ds (5.13)

Due to the continuous two-body contact in DWS and the absence of a

slurry, viscous friction is negligible. A dependence of the cutting force

from the cutting speed is therefore not obvious. Furthermore, observa-

tions from experiments with fixed abrasives showed, that µ is not a con-

stant describing Coulomb friction but a coefficient µ̂ = Fn
Fc

that seemingly

depends on process parameters and wear. The force ratio was discussed

on the basis of forces acting on single grains in 4.4.6. The cutting force is

derived from the normal force by assuming constant proportionality with

the constant µ̂, which was also suggested e.g. in [157].

q̂(x) =

∫ x

0

µ̂p̂(x) ds (5.14)

µ̂ has to be determined for each stable process condition, verification

experiments require the measurement of Fn and Fc. Combining equa-
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tions (5.12) and (5.14) leads to the expression

Ft(x) ≈ Fs +

∫ x

0

µ̂p̂(x)dx (5.15)

Initial conditions for the solution of the differential equations (5.9) and

(5.10) are derived from the geometric constraints at the guide rolls as

exemplarily shown for the left pulley in Fig. 5.7:

Figure 5.7: Wire deflection at the left guide roll.

At x = 0 the wire will be guided by the pulley roll and therefore the

deflection as well as the slope have to be equal to zero. The same applies

at the right pulley where x = l, so that the following boundary conditions

have to be satisfied:

w(x = 0) = w′(x = 0) = w(x = l) = w′(x = l) = 0 (5.16)

Furthermore, the deflection of the wire cannot be larger than the guide
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roll:

w(0 ≤ x ≤ r) ≤ r −
√
r2 − x2

w(l − r ≤ x ≤ l) ≤ r −
√
r2 − (x− l)2 (5.17)

where r is the radius of the guide roll. In practice, r is not large and w(x)

only violates (5.17) for small bending stiffness when it approaches x = 0.

The effect of (5.17) is negligible due to the small deflection of the wire

bow compared to the pulley radius and the distance between the guide

rolls and the ingot, as the following analysis shows.

The exact contact situation is evaluated with the assumption that stiffness

is negligibly small and shown in Fig. 5.8.

Figure 5.8: Exact contact conditions at the left pulley.

Displayed is the left guide roll with the wire leading into the workpiece.

The coordinate origin is vertically below the centre of the pulley. The limp

wire is guided by the pulley to the point shifted by ∆x and ∆y where the
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wire loses contact with the pulley. The angle α rotating about the pulley

bearing spans the arc from the coordinate origin to the point of loss of

contact. α is also the measured ”real” wire bow angle, as the wire touches

the pulley tangentially due to its bending compliance. ∆x is given as

∆x = r sinα (5.18)

and ∆y follows as

∆y = r − r cosα (5.19)

The horizontal distance from the centre of the pulley to the workpiece is

sin, the wire deflection at the entry point is w. The radius of the pulley

is r.

The vertical wire displacement is always determined from the coordinate

origin. The shift ∆y is not considered and the assumed contact point is

closer to the origin than the actual one. The horizontal shift ∆x̂ back

towards the origin is given by

∆x̂ =
∆y

tanα
(5.20)

When using this contact point for calculating the wire deflection at the

workpiece, a wrong deflection ŵ is determined:

ŵ = sin tanα (5.21)

The real deflection w can be found when reducing sin by the distance of

the virtual contact point to the origin ∆x − ∆x̂. The real deflection is

then given as

w = (sin − (∆x−∆x̂)) tanα (5.22)
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The error ε can be calculated from the ratio of the virtual deflection with

the real deflection ŵ
w . Substituting equations (5.18) to (5.22) yields

ε =
sin

sin −
(
r sinα− r − r cosα

tanα

) − 1 (5.23)

In the experiments presented in section 5.4.4, the largest observed wire

bow angle was α = 3.6◦, for a workpiece clamped at sin = 141 mm.

The radius of the pulley is r = 48 mm. For this configuration, the error

amounts to ε = 1.5%. The real displacement is w = 8.67 mm instead of the

measured one ŵ = 8.8 mm, which is acceptable. Wire stiffness reduces the

error, larger pulleys or smaller distance from the pulley to the workpiece

increase the error. Configurations with larger workpieces and therefore

smaller distance between pulley and workpiece do not show larger errors.

Obviously the error increases when larger wire bows are present.

For the rope-like model (5.10), analogous to [109], only the boundary

conditions

w(x = 0) = w(x = l) = 0 (5.24)

are applied. Applying this condition on w′(x) makes the wire bow equation

without bending stiffness unsolvable. As p̂(x) is equal to zero outside the

ingot, w′(x) has to be constant and non-zero if p̂(x) is non-zero in the

ingot.

Numerical Solution to the Wire Bow Differential Equation

The solution to the differential equations for the wire considering bending

stiffness (5.9) and the flexible rope neglecting stiffness (5.10), applying

boundary conditions (5.16) and (5.24) respectively, is obtained numeric-

ally through an implementation in the numerical computing environment

MATLAB. The MATLAB function bvp4c is used for solving boundary

value problems for ordinary differential equations and can thus be used to

solve the wire bow differential equations for w(x).
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5.4.3 Verification of the Wire Bow Differential Equa-
tion by FEM modelling

In the following, the solution of the wire bow differential equation is com-

pared with the deflection derived from a finite element model implemented

in ABAQUS. The wire is modelled as a static beam element as shown in

Fig. 5.9

Figure 5.9: A simple representation of the wire as a chain of rigidly connected
finite beam elements, not displaced in grey and displaced in black as indicted by

the arrow on the top.

The grey beam shows the initial configuration, the black beam shows the

displaced model with forces Fn and Fc applied. The beam is hinged at its

ends, allowing free rotation while being constrained against translation. A

beam in this configuration elongates with deflection. Axial stress increases

with increasing displacement. In DWS, the wire is not elongated, as addi-

tional wire can be fed into the web. A more accurate representation of the

problem is one, where the translation is unrestrained and that virtualises

the additional wire fed into the wire arc, illustrated in Fig. 5.10.

Figure 5.10: Approximation of the boundary condition at the left pulley.
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The displayed boundary condition is neglecting bending stiffness and the

guiding effect of the pulley surface. As the length of the beam does not

change, the leftmost node has to move along the dash-dotted line. The

displacement in y-direction is then

∆y = ∆x tanα (5.25)

where α is the bow angle in the first element or the rotation in the x-

y-plane and ∆x is the horizontal translation of the first node. The dis-

placement in one degree of freedom dependant on a displacement in an-

other degree of freedom is a non-linear constraint equation, that requires

a multiple-point-constraint. A multiple-point-constraint can be imple-

mented in ABAQUS with a user-subroutine, which is attached in the

appendix B.

When the boundary condition is applied to the other end, there is no

constraint to the displacement in x -direction. The system is statically

indeterminate and would result in a rigid body motion. In the DWS

process, the rigid body motion is restrained due to the force equilibrium

with the wire tension. For this reason, the displacement in x -direction has

to be restrained at the right pulley in the FEM implementation, leading

to a less accurate representation of the process on the right side than on

the left.

The beam model is implemented with 1000 round beam elements dia-

meter dw = 100 µm, Young’s modulus E = 210 GPa and a total length

of L = 100 mm. The beam is subjected to a vertical load Fn = 5 N

and horizontal load Fc = 1.5 N distributed onto the elements between

x = 40− 60 mm to simulate the contact with an ingot. Horizontal tension

Fs = 25 N is applied to the leftmost node. The parametrisation is approx-

imately that of a sawing process on an industrial diamond wire saw, except

for higher normal and cutting forces. These are chosen higher to achieve

larger displacement facilitating the comparison between the models.
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Figure 5.11: Evaluation of the boundary condition in the FEM model.

The resulting displacement is shown in Fig. 5.11. The displacement in

y-direction is small. Therefore, it is reasonable to suppress the displace-

ment in the vertical direction at the ends of the beam. This suppression

condition is more stringent than the boundary condition that limits the

deflection to the contact between the beam and the guide roll surface.

Figure 5.12: Comparison of the analytic model with the FEM model.

To account for bending stiffness, the rotation of the ends has to be con-

strained. In Fig. 5.12, the resulting model is compared to the analytic

wire bow model with the same geometry, material parameters and forces

applied. The displacements predicted by the two models agree well.
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It can be concluded that the analytic model describes effects of bending

stiffness accurately. The boundary conditions are more accurate in the

analytic model, it is therefore considered more accurate than the FEM

model.

5.4.4 Experimental Verification of the Wire Bow Model

The wire bow model predicts the wire deflection on the basis of acting

forces Ff and Fc, the wire tension Fs, the geometry prescribed by the

wire guide distance L, workpiece width l and position sin and wire stiffness

f(dw, E). Effects of wire parameters such as the grain size dg and density

ρg or the cutting speed vc are not modelled directly.

Preliminary Assumptions

Several assumptions are necessary to evaluate the wire bow model with

the test rig available:

1. The stiffness of the stranded wire is not known and not easily de-

rived, because the properties of the wire (diameter of the individual

strands, wrapping pitch, material) and of the coating (influence on

stiffness, thickness and material) are unknown. For reasons of sim-

plicity, it is therefore assumed that the bending stiffness is the same

as that of a solid wire with the same diameter. This assumption

is certainly wrong, it is known that the stiffness of stranded wire

is lower than that of a solid strand. However, it is an assump-

tion towards the worst case in which the stiffness becomes relevant

and an estimation towards lower deflection, while the other extreme

case, the limp rope, provides an estimation towards higher deflec-

tion. It is further assumed, that the Young’s modulus is that of steel

E = 210 GPa.

2. The wire bow is sufficiently symmetric and shallow that the force

in horizontal direction Fx and vertical direction Fz acting on and

measured below the workpiece represent the force exerted normally
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Fn and tangentially Ft by the wire. These forces then equal the feed

and cutting force Ff and Fc, respectively.

3. Equation 5.14 is valid: The force ratio µ̂ is the same for all grains

in contact and the ratio of cutting force to normal force can be used

to derive q̂ from p̂.

4. Equation 5.30 is valid: The normal force is evenly distributed onto

the wire through the grains, leading to the line load p̂ distributed

with n = 0.

5. Measurement of the wire bow angles αin and αout allows for the

calculation of wire deflection at the entry of the wire into the brick

and its exit by application of equations

w(x = sin) = sin tanαin (5.26)

and

w(x = sout) = (L− sout) tanαout (5.27)

Experimental Plan and Procedure

The five parameters varied are feed force Ff , cutting speed vc, brick

width l, grain density ρg and wire tension Fs. Each factor is tested on

three levels. As the grain density can not be chosen on three approxim-

ately equidistant levels, it is tested only on two levels. Three repetitions

are necessary to spread the effect of process disturbances, most import-

antly that of wear. In order to keep the experimental effort on a reasonable

level, a reduced experimental plan is chosen, as shown in Tab. 5.1.

Table 5.1: Experimental plan, - indicating the low factor level, 0 the medium
and + the high level, respectively.

Exp. 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18

Ff - - - + - + + + 0 - + 0 0 0 0 0 0 0

vc - - + - + - + + 0 0 0 - + 0 0 0 0 0

l - + - - + + - + 0 0 0 0 0 - + 0 0 0

ρg + + + + + + + + - - - - - - - + + +

Fs + + + + + + + + + + + + + + + - 0 +
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This plan consists of a full factorial plan (experiments 1 to 8) for testing

feed force Ff , cutting speed vc and ingot width l at high grain density ρg at

two levels with an additional centre point (experiment 18). The low grain

density level is tested once at high and low level of each factor, while the

other factors remain at the medium level, except for wire tension Fs which

is always high (experiments 10 to 15), again with one centre point where

all factors are at medium level (experiment 9). The factor wire tension

Fs is kept at high level for all experiments. Two additional experiments

(16 and 17) are conducted at low and medium wire tension level, with all

other factors remaining at medium level. The order of the experiments

and their repetitions is randomised.

The settings of the levels were determined in pre-trials, where the critical

points were evaluated regarding stability of the feed control (reaching

and maintaining a stable state before half the specimen is cut) and the

maximum wire bow (aimed to be smaller than 10 mm). The settings

chosen are summarised in Tab. 5.2.

Table 5.2: Settings of the levels for all tested factors.

Parameter Unit Levels

- 0 +

feed force Ff N 1.5 2.25 3

cutting speed vc m/s 12 24 36

workpiece length li mm 14 24 35

grain density ρg % 50 100

wire tension Fs N 20.35 25 30.25

Relevant parameters that are not manipulated are the distance between

the pulleys L = 307 mm, wire diameter dw = 450 µm, assumed Young’s

modulus of the wire E = 210 GPa and height of the workpiece h = 45 mm.

The quantities feed, cutting and passive force Ff , Fc and Fp are measured

throughout the experiment. The passive force is approximately zero and

its measure only serves the purpose of evaluating the stability of the cut

and detecting disturbances. Furthermore, the wire bow angle on the left
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and right, αin and αout, respectively, is logged, along with the current

feed rate vf and cutting speed vc.

Results: Verification of the Model

Fig. 5.13 shows the predictions of the model for all experiments. The

presumed feed force Ff is the target force set in the experiments, the

force ratio is µ̂ = 0.3.

Figure 5.13: Predicted wire bow deflections of the experiments.

Several settings are equivalent as vc and ρg do not influence the deflection

in the model directly. It can also be seen, that settings that differ only

in the level of the workpiece width show the same wire bow angles at the

pulleys; dotted lines belong to narrow workpieces, dashed lines to medium

workpieces and dash-dotted lines to wide workpieces. The solid lines show

the experiments where the wire tension is varied. Five groups of settings

can be made out in Fig. 5.13.

The experimental results and model predictions (based on measured forces

Ff and Fc) are shown in Fig. 5.14 for the deflection at the workpiece
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entrance side.

Figure 5.14: Predicted and measured wire bow deflections on the workpiece
entrance side, grouped by feed force and wire tension level settings.

The first observation is that grouping the experiments by feed force Ff
and wire tension Fs level settings is reasonable. Smaller feed force Ff and

larger wire tension Fs lead to a smaller wire bow. Workpiece width l has a

minor effect. As the workpieces are clamped centrically between the guide

pulleys, the bow angle does not change with varying workpiece width l.

Scatter of the measured forces between the repetitions of experiments is

low. The change of the wire bow with variation of the cutting speed vc or

grain density ρg is negligibly small. A significant manifestation of changes

in the cutting speed and grain density on the cutting force, the force ratio

or the asymmetry of the bow is further not identified.

The wire bow model predicts the wire displacement at the edges of the

workpiece accurately when it is evaluated with measured forces and com-

pared against experimentally determined displacements. Fig. 5.15 shows

measured displacements with modelled ones for the workpiece entrance

(left) and exit side (right).

Experimental points where the process or the measurement of the wire

bow was unstable are marked in red. This concerns a total of 12 out

of 108 data points. Of all valid data points, only 6 show a difference of

more than 1 mm between the measured and simulated displacement. The
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Figure 5.15: Measured and modelled displacements at the workpiece entrance
(left) and exit side (right). The solid line signifies a perfect fit, the dashed lines

a absolute error of ±1 mm.

simulation tends to under-estimate the bow. The error scatters regularly

over all experiments, no systematic errors are detected.

Discussion of the Signal Quality

Whenever the angle measurement signal is good, the model shows very

good agreement with the experiments, as exemplified in Fig. 5.16.

The settings of experiment 4 (high feed force, low cutting speed, small

workpiece) resulted in an unstable process that did not reach a steady

state. Instead, both the controller-set feed rate and the measured feed

force oscillated, and by the time the oscillation had decayed, the work-

piece had already been cut. It was not possible to find suitable control

parameters that could reach a steady state in a shorter time than the

duration of the cut.

After conducting the experiments it was noticed that the cameras often

did not return reasonable angle results. The right camera on the exit side
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Figure 5.16: Example of the analysis of an experiment: (a) Wire bow model
with projected measured angles, (b) prescribed feed rate during the experiment,

(c) camera signal of the bow measurement, (d) force signal.

often returned an unchanging value for several seconds, the left camera

often returned unreasonably large or negative values. An example is shown

in Fig. 5.17.

A signal section where the bow measurement was deemed reasonable and

in which the measured angle was averaged, was manually chosen as indic-

ated by dashed lines in Fig. 5.17c. The presented signal is still considered
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Figure 5.17: Example of the analysis of an experiment with poor wire bow
measurement quality. The measured deflection is larger than the one modelled
(a), the wire bow measurement scatters (c) and variation in the feed rate (b)

and force signal (d) is large.

”stable”. If no reasonable section was identified, the bow measurement

was labelled ”instable”.

In addition, the determination of the angle of the undeflected wire before

the start of the spindle, sometimes resulted in an angle that did not accur-

ately reflect the true angle of the undeflected moving wire. Consequently,
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the zero level angle was manually averaged from a signal section where

the spindle was being accelerated and the wire was not in contact with

the workpiece. The mean standard deviation of the angle measurement

on the in-side was σα,in = 1.42◦, on the out-side σα,out = 0.24◦.

Discussion of the Preliminary Assumptions

In the following, the validity of the assumptions stated in the beginning

of this section is discussed.

Because of the inherent variability in the process, it is more appropriate

to verify assumptions 1 (stiffness of the stranded wire) and 2 (symmetry

of the bow) using the wire bow model within the constraints of the exper-

imental framework, rather than relying on the experimental results. The

wire bow model is evaluated with the parameters of the centre point exper-

iment 9, which is equivalent to experiments 12, 13 and 18, and the overall

largest observed force ratio µ̂ = 0.43, representing the largest asymmetry.

Figure 5.18: Effect of bending stiffness assumptions under the experimental
framework conditions.

The model predicts a wire deflection of w = 5.03 mm on the brick entrance

and exit side for the wire with bending stiffness and w = 5.19 mm without

stiffness. The resulting difference is about 3% of the total deflection and

with an absolute value of around 160 µm deemed negligible. The height

difference of the deflection on wire entrance and exit side is ∆w < 10 µm.
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The asymmetry is therefore negligible. Assumptions 1 and 2 with regards

to symmetry are therefore justified.

Assumption 2 (the bow being shallow enough for Ff to represent Fn) and

assumption 3 (equal distribution of forces) can be tested by reducing the

distributed load to a point load. In this extreme case, the load is carried

by a single grain and the resulting forces can be measured vertically and

horizontally using the sensor. Figure 5.19 shows the model with a load

distributed over l = 50 µm, which is the width of a single grain, compared

to the same load distributed evenly over the contact. The narrow width

is necessary to avoid a singularity in the model.

Figure 5.19: Wire bow with a point load in comparison with a distributed load.

The effect of the changing workpiece width is obvious and the effect of

bending stiffness becomes dominant. Assuming a rope, the slope of the

free wire does not change. In case of consideration of bending stiffness,

curvature approaches zero with sufficiently large distance from the force

application position. In the presented case, the angle of the free standing

wires with bending stiffness differ until the wire reaches the pulley. The

distance between the pulleys is not large enough, however when L = 1 m,

the effect of the load distribution diminishes at the workpiece edges, as

seen in Fig. 5.20.

It may therefore be assumed, that Ff represents Fn sufficiently well and
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Figure 5.20: Wire bow with a point load, larger pulley distance and zoomed
into the workpiece.

that Ff is equally distributed when the stable state is reached.

Assumption 4 (µ̂ is equal for all grains, q̂ derived from p̂) cannot be tested

with the given means and would require additional measurement of the

wire tension force in the loaded side to check if Fsa = Fs+Fc at all times.

Assumption 5 (calculation of w(x = sin) from αin) essentially combines

the assumption that bending stiffness is negligible and that the guiding ef-

fect of the pulleys is negligible. The earlier assumption has been discussed

and accepted with assumption 1. The error due to the guiding effect can

be calculated by considering the exact contact conditions, which is shown

in section 5.4.2, pp. 129. The error is at most 1.5% for the conditions

tested in the experiments, amounting to an over-estimation of the wire

displacement of no more than 130 µm.

In summary, the assumptions 1,2,3 and 5 are accepted and 4 cannot be

tested. Since the experimental results agree well with the model, the

model is considered to be verified.

148



5.4. MODEL FOR THE DESCRIPTION OF THE WIRE BOW

5.4.5 Parameter Analysis of the Wire Bow in Equi-
librium

In the following, the effect of varying process parameters on the wire bow

will be graphically evaluated by solving the wire bow differential equation

and plotting the resulting wire shape. The baseline condition is solved for

the parameter set shown in Tab. 5.3. Derivations from these parameters

are indicated in the respective figures.

Table 5.3: Baseline parameters for wire bow evaluation.

Parameter Value

wire tension Fs 25 N

feed force Ff 5 N

force ratio µ̂ 0.3

distance between pulleys L 1 m

ingot width l 200 mm

ingot position in sin 0.4 m

wire diameter dw 0.1 mm

Young’s modulus wire E 210 GPa

Effect of Bending Stiffness

Firstly, the importance of wire stiffness is evaluated as it is typically neg-

lected in other wire bow solutions. The wire diameter is changed to model

the effect and shown in Fig. 5.21. A limp rope is also evaluated as it neg-

lects bending stiffness.

The solution for a wire of diameter dw = 0.1 mm covers the solution for

the limp rope. The results show that wire stiffness can be neglected for

typical wire diameters applied in diamond wire sawing of Si. The effect of

stiffness becomes increasingly pronounced when the wire diameter exceeds

dw = 1 mm and leads to a shallower bow.

Furthermore, if non-constant distributions of p̂ are to be considered as
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Figure 5.21: Effect of different wire diameters dw on the wire bow, modelling
different wire stiffness.

they may appear while the bow develops or changes (see section 5.4.6),

sharper bending at the edges may occur. For this reason, bending stiffness

is still taken into account in the further analysis.

Effects of Feed Force and Wire Tension

An increase of the feed force Ff increases the maximum wire deflection, as

well as the deflection at entrance and exit of the ingot as seen in Fig. 5.22.

Figure 5.22: Effect of different force forces Ff on the wire bow.
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Figure 5.23: Effect of different wire tension Fs on the wire bow.

Decreasing the wire tension Fs has the same effect as increasing the feed

force. Wire tension and feed force, as well as a part of the cutting force,

have to cancel each other out to satisfy the equilibrium. Decreasing Fs
leads to a larger wire bow as shown in Fig. 5.23.

Effect of Cutting Force

Increasing the cutting force Fc is modelled by increasing the force ratio

µ̂. The effect is shown in Fig. 5.24.

The difference between wire tension on the wire entrance side Ft(x = sin)

and wire exit side Ft(x = sout) increases. The bow becomes increasingly

asymmetric and the position of maximum deflection shifts towards the

wire entrance side, where the tension is lower. Furthermore, the overall

deflection of the wire decreases as a consequence of the increasing wire

tension. Increasing wire tension leads to an increasing vertical force com-

ponent opposing the feed force. In order to satisfy the equilibrium condi-

tion of the steady state, the slope of the wire has to be smaller, resulting

in a shallower bow.

A force ratio of µ̂ = 0 results in no cutting force at all and a symmetric

bow. The realistic case µ̂ = 0.3 (refer to section 4.4.5) is barely distin-

guishable from the case with no cutting force, showing that the simplified
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Figure 5.24: Effect of different force ratios µ̂ on the wire bow.

assumption of a symmetric wire bow as considered in e.g. [84, 102] leads

to only small errors. As the force ratio reaches very large values, the above

described effects become obvious: the maximum deflection decreases and

shifts toward the wire entrance side. Based on the model it can be con-

cluded, that an possible effect of wear on the force ratio has no significant

effect on the wire bow.

Effects of Ingot Width and Positioning

A wider ingot, subjected to the same feed force, produces a smaller line

load q̂. The wire bow will therefore decrease as shown in Fig. 5.25. The

deflection at the entrance w(x = sin) and the exit of the ingot w(x = sout)

does not change significantly as long as bending stiffness is negligible.

Several effects can be observed when the ingot is displaced to the left or

right, as shown in Fig. 5.26. Note that the wire travels left to right.

In Fig. 5.26, the ingot is displaced by an equal distance of 0.3 m to the left

and right. It is obvious that the wire bow becomes asymmetric and the

maximum displacement in the ingot is shifted towards the centre between

the pulleys. Moreover, the maximum wire displacement decreases with

the shift. Upon observing the detail in the to right of the image, it can

moreover be noted that the maximum displacement with a shift of the

152



5.4. MODEL FOR THE DESCRIPTION OF THE WIRE BOW

Figure 5.25: Effect of different ingot width l on the wire bow.

Figure 5.26: Effect of different ingot width positions on the wire bow.

ingot to the left (indicated by the dotted line) is lower than that resulting

from a shift to the right. The acting cutting force displaces the centre

of the bow towards the left where the wire tension is lower. The effects

of shifting the bow away from the centre of the ingot by displacing it

combined with the asymmetry due to cutting force has an effect on the

maximum displacement, albeit a negligibly small one.
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Lastly, a curvature near the pulleys becomes visible, which means that

if the ingot is too close to the pulleys, the effect of stiffness may become

considerable. This conclusion can also be reached from the observation

that the difference between the rope and the wire solutions for the shift

to the left is considerable.

5.4.6 Dynamic Bow Creation

In the transient state, the removal rate does not equal the feed rate. Prac-

tically, scenarios in which the process state changes are for example run-in

phase, wear, changing ingot cross-section, or change of the cutting direc-

tion.

Run-in Phase

In the beginning of the process the ingot is initially fed into the wire

and the wire starts cutting. While the bow is not fully developed, the

normal force is not large enough for the grains to sufficiently penetrate

the material, the removal rate is consequently smaller than the feed rate

and the wire bow grows. Since the shape of the kerf ground does not

correspond to the shape the wire bow would assume in steady state, the

pressure along the wire is not evenly distributed. It may be assumed, that

the local pressure is proportional to the material surplus; in other words

the larger the difference between w(x, t = t0) and w(x, t =∞), the higher

the local pressure p̂(x, t = t0). This assumption leads to high pressure

on the workpiece edges and low pressure in the centre as shown in Figure

5.27.

Figure 5.27 shows a simplified approximation for the shape of the distri-

bution of p̂(x). For a qualitative evaluation of the bow development, the

pressure distribution can be described as a polynomial with even expo-

nents and its axis of symmetry in the middle of the ingot.

p̂(x) = c

(
x− sin + sout

2

)2n

∀sin ≤ x ≤ sout, n ∈ N0 (5.28)
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Figure 5.27: Wire deflection and force distribution in the transient state,
shortly after the beginning of the cut.

The coefficient c takes into account the requirement that the applied feed

force must equal the integral of p̂(x) over the wire bow length that is in

contact with the ingot.

Fn =

∫ sout

sin

p̂(x)ds =

∫ sout

sin

c

(
x− sin + sout

2

)2n

ds (5.29)

leading to the following equation for p̂(x):

p̂(x) =
22nFn(2n+ 1)

(sout − sin)2n+1

(
x− sin + sout

2

)2n

∀sin ≤ x ≤ sout (5.30)

For n = 0, the distribution is that of the steady state. For n > 0, the dis-

tribution of the line load is shifted increasingly towards the edges which is

shown in 5.28. Fig. 5.29 shows the wire bow solution for different assumed

distributions. The solutions are stacked for better visibility. Larger values

for n lead to sharper bending around the workpiece edges.
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Figure 5.28: Distribution of normal force distribution p̂(x) and cutting force
distribution q̂(x) in the ingot as a function of the distribution parameter n.

Figure 5.29: Effect of different force distributions n on the wire bow.

Wear

With increasing wear, the cutting ability of the wire decreases gradually.

Several scenarios regarding the effect of the lowered cutting are conceivable

and can be captured by the wire bow model.

One effect of wear is that the cutting force resulting from a given normal

force changes. The effect is shown in Fig. 5.24 and discussed above with

the parameter analysis on p. 151.

Another effect of wear is the change of the amount of active grains. If the

amount of active grains increases as more protruding grains are worn off
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and less protruding grains are activated, the normal load is distributed

onto a larger area. On the other hand, if the amount of active grains

decreases due to pull-outs of grains, the normal load is distributed onto

fewer grains and a smaller area. However, the load applied per unit wire

length remains the same: The effect cannot be represented in a model

assuming a line load and requires the consideration of individual grains.

As long as the load is evenly distributed along the wire, the bow does not

change with a change in the amount of active grains.

Changing Ingot Cross-Section

When the ingot cross section changes, as is the case when cutting round

ingots, the normal pressure p̂(x) decreases with increasing cutting length

and increases with decreasing cutting length, if the feed force remains

constant. This leads to a decreasing removal rate for increasing cross

sections and vice versa. A smaller pressure leads to a smaller wire bow,

as shown in Fig. 5.25 and discussed on p. 152.

5.4.7 Conclusion: Wire Bow Model

The wire bow model has been verified and is able to represent the deflec-

tion of the wire. Experiments testing the factors feed force, wire tension,

cutting speed, grain density and workpiece length have been conducted,

testing all factors on three levels except for the grain density, which was

tested on two levels. All experimental settings except for one lead to stable

processes with constant wire bow and feed rate. The deflection changes as

expected, deviations between the modelled and observed wire deflection

are attributed to measurement errors of the wire bow angle.

The wire bow model can be employed to provide an input for the cutting

path in kinematic models. It can also be used to derive the currently acting

cutting force distributions when the wire bow can be measured accurately.

This is of advantage on industrial machines, where the cutting conditions

in the wire web change from the wire-supply side to the wire-take-up side:

While is not possible to measure the acting forces in the front and back

of the ingot individually, it is generally possible to measure the bow at
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different positions of the web.

The parameter study evaluates the impact of varying process parameters

on the wire bow, such as wire stiffness, feed force, wire tension, cutting

force, ingot width, and ingot positioning. The results show that wire stiff-

ness can be neglected for typical wire diameters used in diamond wire

sawing of silicon. Increasing the feed force and decreasing wire tension

increase the maximum wire deflection, while an increase in cutting force

results in an asymmetric bow with a shift towards the wire entrance side.

The results show that a wider ingot, subjected to the same feed force, pro-

duces a smaller line load, and thus, the wire bow decreases. The deflection

at the entrance and exit of the ingot, however, does not change signific-

antly as long as flexural rigidity is negligible. When the ingot is displaced

to the left or right, the wire bow becomes asymmetric, the maximum

displacement in the ingot is shifted from the centre of the ingot towards

the centre between the pulleys, and the maximum wire displacement de-

creases. Additionally, the acting cutting force displaces the centre of the

bow towards the side where the wire tension is lower, and a curvature near

the pulleys becomes visible, which could lead to considerable stiffness ef-

fects if the ingot is too close to the guide rolls.

The findings provide insights into the factors that affect wire bow in dia-

mond wire sawing and how they can be controlled. This knowledge can

be used to optimise the process parameters for cutting different materials

and improve the accuracy of cutting paths. Additionally it shows, that

the ability to measure the wire bow accurately can help to understand the

cutting forces acting on the wire, which is important for improving the

efficiency and quality of the cutting process.

5.5 Discussion of the Force Ratio

The cutting-to-feed-force ratio µ̂ = Fc
Ff

has been observed to vary signi-

ficantly throughout all experiments conducted. In the following section,

the experiments conducted for the verification of the wire bow model are

analysed with the goal to determine a relationship between process para-
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meters and the force ratio.

5.5.1 Effects of Process Parameters

It was initially believed that cutting speed might influence the force ratio,

due to an observed increase of the amorphisation rate associated with

ductile cutting upon increasing cutting speed [164]. Furthermore, the

grain density may have an effect as the force is distributed onto more

grains at higher density and therefore decreases the depth of cut per grain,

leading to higher ploughing hardness. The assumptions are tested by

observing the averaged effect of changes in cutting speed and grain density

on the force ratio as shown in Fig. 5.30.

Figure 5.30: Dependence of the force ratio µ̂ on cutting speed vc and grain
density ρg.

Fig. 5.30 shows box plots of the experimentally determined force ratios

in dependence on the cutting speed and the grain density. The red lines

indicate the medians, the blue boxes the 25th-to-75th percentile of the

data and the black whiskers correspond to 2.7σ of the data, assuming

normal distribution [116]. The first observation is, that all observed force

ratios fall in the range 0.2 ≤ µ̂ ≤ 0.44, and the median always lays very

close to µ̂ = 0.3 as predicted on the basis of the scratch tests in chapter 4.
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Further, increasing cutting speed tends to decrease the force ratio, which

does not agree with the assumption that higher ductility of the cut may

be a dominant underlying mechanism. On the other hand, the slight

increase of the force ratio with higher grain density is reasonable, as the

lower depth of cut per grain leads to more ductile removal and therefore

higher cutting force. However, the trends are not statistically significant,

as the analysis of the notches in Fig. 5.30 reveals. The notches indicate

comparison intervals for the position of the median within the 25th and

75th percentile of the data set. They mark a 95% confidence interval for

the median. If the intervals of two datasets do not overlap, the medians

differ significantly at the 5% significance level [116]. Since all intervals

overlap, the difference is not statistically significant.

Analysis of variance (ANOVA) further shows, that feed force, cutting

speed and contact length as well as their interactions have no statistically

significant influence on the force ratio, as summed up in Tab. 5.4.

Table 5.4: Results of the ANOVA to determine significant difference of the
mean effects of the parameters feed force Ff , cutting speed vc and contact

length l on the force ratio µ̂.

Source Sum of squares DOF Mean of squares F p-Value

Ff 0.00046 1 0.00046 0.1 0.7536

vc 0.00144 1 0.00144 0.32 0.579

l 0.00564 1 0.00564 1.26 0.2782

Ff · vc 0.0046 1 0.0046 1.03 0.326

Ff · l 0.00078 1 0.00078 0.17 0.6816

vc · l 0.02255 1 0.02255 5.04 0.0393

Ff · vc · l 0.00043 1 0.00043 0.1 0.7601

Error 0.07162 16 0.00448

Total 0.10751 23

ANOVA tests the hypothesis that all means of the force ratio derived

with groups of different factor settings are equal against the hypothesis

that at least one group shows a different mean force ratio. The F-statistic

in the second to last column of Tab. 5.4 shows the quotient of variation
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between sample means and the variation between samples, or the mean

squares of a source divided by the mean squares of the error. A large

F-statistic signifies a large variation of sample means in comparison to

the variation within samples. Therefore, a large F-statistic indicates a

possible difference between the group means. The statistic significance

is determined by the p-value, which gives the probability of obtaining an

F-ratio greater than or equal the observed one, assuming that all force

ratios derived from different factor settings are equal.

The table shows that only the two-level interaction between the factors

vc and l differs significantly at a 95% confidence level (0.034 < 0.05).

Performing a second ANOVA with groups Ff and vc · l only shows no

statistically significant difference of the means. No parameter combination

with significantly different mean force ratio can be identified as seen in

Fig. 5.31.

Figure 5.31: Mean force ratio µ̂ for parameter combination groups of feed force
Ff and interaction between cutting speed vc and contact length l.

Since all parameter combination groups overlap, they are not significantly

different. It is therefore concluded, that the interaction of cutting speed

and contact length is also not significantly influencing the force ratio.
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5.5.2 Effects of Wear

As the deviation in the force ratio can not be explained with changes

in any of the tested parameters, it is conceivable, that the wires wore

during the experiments. Indeed, plotting the measured force ratio over

the number of the experiments performed with that wire shows a clear

trend of decreasing force ratio, see Fig. 5.32.

Figure 5.32: Dependence of the force ratio µ̂ on the number of experiments
performed with each wire.

The effect of wear becomes obvious when observing the decrease of the

force ratio µ̂ with increasing cutting distance as shown in Fig. 5.32. This

observation serves as a starting point for further analysis. It is assumed,

that the force ratio changes with the grain volume worn. A popular re-

lation describing the wear volume dW in cutting processes was presented

by Usui et al. [158]

dW

σn dL
= C1exp

(
C2

T

)
(5.31)

where C1 and C2 are constants, σn is the normal stress on the contact

surface, dL is the sliding distance and T the temperature on the con-

tact surface. A simplified relationship to describe the proportionality can

be derived with parameters known from the experiments, when the con-

tact length is derived from the cutting speed vc and the contact time dt
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dL = vc dt and the contact stress is derived from the feed force Ff acting

on the area of the wire in contact projected into a plane normal to the

feed direction. In a first approximation, the normal contact area of the

wire is given as

As = ldwρg (5.32)

yielding the proportionality of

dW ∝ Ff
ldwρg

vc dt (5.33)

upon assuming the exponential term to be constant. More precisely, since

Ff is not constant in time, dW is

dW ∝
∫

Ff (t)

ldwρg
vc dt (5.34)

Another, simpler approach, is to assume that the worn volume is propor-

tional to the work done by the cutting force;

dW ∝
∫
Fc(t)vc dt (5.35)

In order to discuss the force ratio with the wear state, the wear states

at each experimental condition have to be evaluated, which is done by

simply cumulating a wear proportionality coefficient after each experiment

i. Two values are derived, Wu assuming a wear proportionality with an

Usui-based factor and We for the proportionality with the cutting energy.

Accordingly, Wu is defined as

Wu =

N∑
i=1

∫ tcut,i

0

Ff (t)

lidwρg
vc,i dt (5.36)
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and We

We =

N∑
i=1

∫ tcut,i

0

Fc(t)vc,i dt (5.37)

where the subscript i indicates the experimental conditions of experiment

i, and tcut,i indicates the cutting duration of the experiment. The resulting

relations are presented in Fig. 5.33.

Figure 5.33: Relation between force ratio µ̂ and the introduced wear factors on
the basis of Usui on the top and on the cutting energy in the bottom.

A difference between the individual wires is clearly visible. There is how-

ever no obvious pattern in the behaviour on the basis of the grain density,

as wires 1 and 3 both show a grain density of 100% and wire 2 of 50%.
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All wires approach a force ratio of µ̂ = 0.2 towards the end of their service

time. Especially wire 1 was changed after it showed macroscopic signs of

wear in the shape of chipping of the coating layer and disintegration of

the individual wire strains.

Due to the asymptotic behaviour, fitting of an exponential function of the

form y = a · bx + 0.2 was chosen. The fit quality is generally good, but

slightly better for the relation on the basis of Usui. By setting a = 0.24,

an upper bound for the function at x ∈ R≥0 is prescribed and the range

of the possible force ratios is limited to that predicted on the basis of the

scratch tests presented in chapter 4. The function is fit to all data points

and is plotted in black in Fig. 5.33 and also shows good agreement with

the experimental data.

5.5.3 Conclusion: Force Ratio in DWS

The recorded force ratio could not be linked to process parameters, the

range of observed force ratios does however agree with the force ratio

observed in single grain cutting experiments. In single grain experiments,

the force ratio depends on the geometry and orientation of the tool body.

For this reason, it is assumed that the change of the microscopic wire

topography due to wear is causal for changes of the force ratio.

Functions for the calculation of the force ratio on the basis of the analytic

prediction of wear by Usui et al. and of the cutting energy are derived and

discussed. While the actual wear is not calculated, cumulative quantities

proportional to wear are introduced. Models on the basis of cutting energy

have the advantage, that they can be applied to industrial machines easier,

as the cutting energy is directly proportional to the spindle power.

The functions can probably be improved by the consideration of temper-

ature. In case of the Usui-wear model, the dependence of wear on the

temperature has been shown [158]. In case of the cutting energy function,

it is relevant, what proportion of the cutting energy is used for material

separation and what is dissipated in heat - and then whether the mechan-

ical stress or the deteriorating effect of heat affects the wear of diamond

more.
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5.6 Model for the Derivation of the Material
Removal Rate

The material removal rate ultimately depends on the interaction of indi-

vidual grains with the workpiece. A single grain loaded with a normal

load Fn indents into the softer workpiece surface. As indentation depth h

increases, the additional load δFn necessary to increase the indentation

depth by δh is monotonously and over-proportionally increasing due to the

increasing displaced volume and the elastic response of the material. This

functional dependence has been analytically derived by Sneddon [150]

for axisymmetric punches of arbitrary profile and is regularly applied for

the experimental determination of hardness following the theory coined

by Oliver and Pharr [126, 127], as derived in the literature review and

applied in the previous chapter. This theory, along with the findings of

the previous chapter, is in the following applied to derive a model for the

removal rate in the DWS process in dependence of process parameters.

5.6.1 Analytical Description of the Removal on Grain
Level

In order to derive a relationship between the feed force Ff and the feed

rate vf , Ff is distributed on the individual grains active in the cutting

process:

Ff =

Ñ∑
i=1

Fn,i (5.38)

where Ñ is the number of active grains. The microscopic, grain-based

process kinematics with forces Fn,i and Fc,i acting on grain i are shown

in Fig. 5.34.
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Figure 5.34: Kinematics on grain level.

The undeformed chip thickness of a grain is equal to its penetration hi.

As shown in the left part of Fig. 5.34, the vertical height of the unde-

formed chip depends on the distance between two active grains on the

same path s and their height difference ∆hg,i. Furthermore, added to the

kinematic proportion of the penetrated depth as shown in the right, is

a removal-mode dependent residual height ∆hf,i−1 left by the previous

grain: ∆hf,i < 0 for ductile removal due to elastic recovery and volume

change from phase changed material and ∆hf,i > 0 if additional material

is removed due to brittle fracture. The removal mode depends primarily

on the penetrated depth and therefore ∆hf,i = f(hi).

Overall, the penetration depth of the active grain i is:

hi = hs,i + ∆hg,i + ∆hf,i−1 (5.39)

with

hs,i =
vf
vc
si (5.40)

and

∆hg,i = hg,i − hg,i−1 (5.41)

The final height of material removed hf,i depends on the material removal
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mechanism and equals

hf,i = hi + ∆hf,i (5.42)

Substituting (5.39) to (5.41) into (5.42) gives

hf,i(hi) =
vf
vc
si(hi) + (hg,i − hg,i−1) + ∆hf,i−1︸ ︷︷ ︸

penetration depth hi

+ ∆hf,i(hi)︸ ︷︷ ︸
removal mode

(5.43)

The removed material height of an individual grain therefore depends

on the preceding active grain and kinematic process parameters. It is

furthermore a function of the protrusion hg,i. The removal rate rr must

equal the removed depth hf of the active grains per pass. The duration

of a pass ∆t is the time one grain needs to pass the contact length l:

∆t =
l

vc
(5.44)

The removal rate of all grains Ñ is then

rr =

Ñ∑
i=1

hf,i
∆t

(5.45)

The steady state in which the removal rate rr equals the feed rate vf
is reached, when the material response equals the prescribed load. The

hardness functions (2.11) and (2.12) introduced in the state of the art 2.2.1

and parametrised in section 4.4.3 describe the dependence of the contact

pressure with the penetration depth:

Fn,i(hi)

An,i(hi)
= kn h

mn
i (5.46)
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with constants kn = 13.22 mN/µm3 and mn = −0.76 for an average,

pointy grain.

By solving (5.46) for Fn,i and recursively analysing the contact of each

grain, the total force per grain acting on the wire (5.38) can be determined

for a given wire topography and and
vf
vc

-ratio. This requires parametrisa-

tion of all grains and furthermore a parametrisation of (5.42), since ∆hf,i
is also a function of the penetrated depth. Such relations are available for

brittle removal (see section 2.2, equation (2.13)) but are not yet derived for

ductile removal with the necessary consideration of material recovery (see

section 4.4.2). The approach based on individual grains is therefore not

practical. Some approximations can be made for the whole of all grains in

contact, that lead to a description of the removal rate on wire-topography

level.

5.6.2 Description of the Removal on Topography Level

Generalisation for Average Active Grains

When assuming that only the currently largest grains are kinematically

active and approximately of the same size, ∆hg can be set zero. If then

the kinematically active grains are approximately equally spaced, si can

be set s̃, s̃ signifying a spacing parameter of currently active grains, that

therefore remains a function of the mean penetration of active grains h̃.

With similar penetration of all grains, the removal-mode-related terms

with ∆hf are not dependent on individual grains and are summed up in

∆h̃f . In this case (5.43) is simplifies to

hf =
vf
vc
s̃(h̃) + ∆h̃f (h̃) (5.47)

where the first term is the penetrated depth of an average, kinematically

active grain h̃:

h̃ =
vf
vc
s̃(h̃) (5.48)
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With eqs. (5.45) to (5.47) follows a general relation for the removal rate

rr = (h̃+ ∆h̃f (h̃))
vc
l

(5.49)

where the removal rate depends on the penetration depth, the removal

mode and the contact duration, determined by the contact distance and

the cutting speed. The penetration of Ñ active grains can be derived from

(5.46):

Ñ∑
i=1

Fn,i(hi)

An,i(hi)
= Ñknh̃

mn (5.50)

which, when solved for h̃ gives

h̃ =

 1

Ñkn

Ñ∑
i=1

Fn,i(hi)

An,i(hi)

 1
mn

(5.51)

The force on active grains Fn,i(hi) has to be the same for all active

grains Ñ in steady state and their sum has to equal the feed force Ff .

Fn,i(hi) can therefore be replaced with

Fn,i(hi) =
Ff

Ñ
(5.52)

Consideration of the Wire Topography-Dependent Load-Bearing

Area

The load-bearing area in normal direction An can conveniently be derived

from the bearing area fraction curve, or Abbott-Firestone curve [1]. This

curve represents the material portion at height z = h above the reference

plane and is the cumulative probability density function of the profile

height z. The reference plane is typically the mean of the profile. As such,

assuming the height probability function p(z) is normally distributed with
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mean µ and standard deviation σ

p(z) =
1

σ
√

2π
e−

(z−µ)2

2σ2 (5.53)

the cumulated probability that the local height of the profile is below the

level at height h is given by

P (h) =

∫ h

−∞
p(z)dz (5.54)

The bearing ratio tp at height h is the complement of the cumulative

probability density function [155]:

tp(h) =

∫ ∞
h

p(z)dz

= 1− P (h)

(5.55)

Multiplying with the reference area Aref returns the load bearing area An:

An(h) = Aref tp(h) (5.56)

Practically, the bearing ratio can be derived by integrating the profile of a

surface [47]. Fig. 5.35 shows an example of a normally distributed random

profile (µ = 0 and σ = 0.3), the corresponding profile height distribution

and the bearing ratio curve.
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Figure 5.35: Random profile trace with normally distributed height as a model
of the profile of a wire, with profile height distribution p(z) and cumulative

probability density function P(z) (Abbott-Firestone curve). The red dashed line
marks the given height h, the red arrow illustrates the graphical derivation of

the bearing ratio tp(h) from the cumulative height distribution.

When the reference plane is chosen as the wire surface and the maximum

protrusion is zmax, evaluating the bearing ratio curve at tp(z = zmax− h)

returns the proportion of the area which is in contact with a surface that

is penetrating by vertical distance h into the profile. The theoretical

reference area is the total projected kerf surface An,k, since the grains

protrude perpendicular to the wire surface. An,k is equal to the width

of the kerf, which is twice the kerf radius rk, multiplied with the contact

length l.

An,k = 2rkl (5.57)

Since the grains are moved across the surface, only approximately half the

static area bears load and the reference area Aref is chosen as

Aref = rkl (5.58)
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The load bearing area at penetration h is then

An(h) = rkl [1− P (z = zmax − h)] (5.59)

The kerf front has a half-cylindrical shape, therefore the profile height of

the contact line cannot be immediately derived but requires a transforma-

tion of the wire profile into the flat, shifted kerf front. The transformation

corresponds neither to unrolling nor to projecting the profile. Instead all

points across the wire diameter are shifted along wire feed direction by

the distance of the idealised kerf front to the plane normal to the feed

direction, in which the profile height distribution needs to be determined.

The transformation is illustrated in Fig. 5.36.

Figure 5.36: Schematic of the kerf transformation for the derivation of the
profile height distribution. Shown is a quarter of a wire cross-section with

grains in a plane normal to the cutting direction. Initial wire and kerf outline
displayed in grey and final position after a vertical shift by f in black.

Penetrated area and transformed grain shape are shown in red, yn marks the
load-bearing width of the grain.
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The top right of Fig. 5.36 sketches a cross-section of the wire in the kerf.

A vertical feed by f leads to penetration of grains on the wire surface into

the idealised kerf front, as shown in red; ”vertical” and ”horizontal” refer

to Fig. 5.36. The centre of Fig. 5.36 shows a quarter of the wire cross

section. The kerf ground in the cross-section is assumed to ba a half-

circle with radius rk, in which the wire with radius rw lies concentrically;

no grains protrude further than rk. The initial configuration of the wire

with grains and kerf front are outlined in grey, the final one in black is

shifted downwards by f . A solid horizontal black line marks the final

transformed kerf front, the horizontal grey line above marks the initial

transformed kerf front. The grey line furthermore indicates the relevant

height of the transformed profile, from which the load-bearing area has to

be determined. The transformed grains i, j, k and l are shown in red, the

transformation of the wire surface is not shown.

The transformation is exemplified on grain j: Three points highlighted

in blue, orange and green mark the corner points determining the grain

outline. The points are positioned at horizontal distances y1, y2 and y3
from the centre of the wire. The vertical distances ∆z1, ∆z2 and ∆z3
indicate the span by which the points have to be shifted downwards in the

transformation, marked by solid coloured arrows. The span is determined

by the vertical distance from the kerf front to the transformed kerf front.

The vertical transformation of the z-coordinate in dependence of its y-

coordinate of any point P on the wire profile with wire centre-point M in

the cross-section plane E that satisfies
{

P ∈ E | rw ≤ PM ≤ rk
}

is given

by f(y, z)

f : z −→ z − rk +
√
r2k − y2 (5.60)

The transformed grains become increasingly distorted the further they

are away from the vertical axis. Grains near the vertical axis, such as

grain l, are almost not affected by the transformation as they penetrate

normally in feed direction. Grain i indicates the other extreme of a grain

that is almost aligned with the horizontal axis and heavily distorted. This

grain scratches the surface with a very low penetration depth and the

area projected in normal direction is small. Due to the transformation,
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the penetrated area and contact cross-section increase in the same way as

when the grain ploughs into the initial kerf front. Its contribution to the

load-bearing area is small as indicated.

To illustrate the effect of the transformation, an idealised wire with grains

shaped like Berkovich indenters is exemplified in Fig. 5.37. The grains

are placed at different distances from the vertical axis, expressed as the

angular position of the grains ϕ. The distance from the vertical axis is

y = rkcos(ϕ). The distortion is clearly visible and the grains become

increasingly narrow with growing position angle.

The bearing ratio P (z = zmax − h) in (5.59) is determined from the

accumulated cross sections of the wire in contact. The idealised kerf front

from which the height h of the bearing ratio is determined, is always set

by the grain with the highest protrusion zmax, which by definition is the

difference of the radius of the kerf front rk and the wire radius rw:

zmax = rk − rw (5.61)

As the penetrations h is gradually increased, the bearing ratio increases

and more grains become active. h is however the penetration depth of the

grain with the largest protrusion, less prominent grains indent less deeply.

Fig. 5.36 shows a two-dimensional schematic, only the load-bearing width

yn is marked by a red solid line on the transformed kerf front. In order to

derive the load-bearing area An, the three-dimensional surface has to be

considered rather than the silhouette of a cross section. Due to the distor-

tion, the load-bearing area decreases significantly and non-linearly with

increasing angular position, as illustrated in Fig. 5.38. The contribution

to the load-bearing area of grains placed at angles ϕ > 60◦ is negligible.

Count of Kinematically Active Grains

The count of the grains in contact Ñ cannot be explicitly established by

the analysis of the bearing-ratio curve. Due to the non-linear dependence

of the scratch hardness from the penetrated depth, it makes a difference,

whether one large grain is penetrated deeply or several smaller ones less

deeply to achieve the force equilibrium and define An. The grains in
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Figure 5.37: Schematics illustrating the transformation of wire topography with
idealised grains with the shape of a Berkovich indenter: The top image shows a

wire with grains placed around its circumference at different angles ϕ, ϕ
increases along the wire axis and the cross-section at ϕ = 60◦ is highlighted.

The bottom graphic shows the grain shapes after the deformation according to
(5.60): The shape gets increasingly distorted with larger angular position.

176



5.6. MATERIAL REMOVAL RATE MODEL

Figure 5.38: Plots highlighting the dependence of the penetrated, load-bearing
area An of Berkovich-shaped grains at different angular positions ϕ. The

left-hand plot (a) shows the relationship between the penetrated depth h and the
penetrated area An for three grains placed at different angles ϕ. The right-hand
plot (b) shows the non-linear decrease of the area penetrated at an indentation

depth of h = 3 µm with increasing angular position ϕ.

contact on one evaluated wire section can be combined into one large rep-

resentative, active grain, even though they penetrate to different depth.

Due to the introduced transformation, this representative grain is para-

metrised regarding its load-bearing characteristics in terms of its actual

position on the wire circumference. Even though material is removed all

over the kerf, the load-bearing area is transformed to the kerf centre and

all transformed active grains may be assumed to be aligned one after the

other along the cutting direction.

In order to reduce the dominating effect of individual very large grains and

account for the contact of multiple grains, several wire sections of charac-

teristic length, ideally with only one grain in contact in each section, are to

be considered over the whole contact length l. This characteristic length

can be interpreted as the average distance between two grains aligned one

after the other on the wire surface along the cutting direction, the same

as the spacing parameter s̃ in (5.47). With this approximation the count
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of active grains Ñ is

Ñ =
l

s̃
(5.62)

The characteristic length has to be estimated. A lower bound for the

amount of active grains and therefore sections of characteristic length is

three, since the system wire in three-dimensional kerf must be statically

determined. The definite limit for the characteristic length is the average

grain protrusion, with the assumption that the expansion of the grains

is the same in all spatial directions and all grains touch each other along

the axial direction of the wire. A less conservative approximation is the

assumption that one active grain supports the wire at least along the

distance of the wire core diameter and up to that length where bending

of the wire due to acting forces will occur.

Formulation of the Penetrated Depth

The average penetrated depth h̃, per (5.51), when substituting Fn,i with

(5.52) and An,i with (5.59) for Ñ individually evaluated contact sections

of length l
Ñ

, yields

h̃ =
1

Ñ

Ñ∑
i=1

hi

=

 1

Ñkn

Ñ∑
i=1

Fn,i
An,i

 1
mn

=

 1

Ñkn

Ñ∑
i=1

Ff
Ñ

rk
l
Ñ

[1− P (z = zmax − hi)]

 1
mn

=

 1

Ñkn

Ff
rkl

Ñ∑
i=1

[1− P (rk − rw − hi)]−1
 1

mn

(5.63)
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P (z) has to be evaluated for Ñ sections on the wire. P (z) can either

be evaluated with topographic data and an empiric distribution function

or, when the current distribution parameters µ and σ are known, with a

theoretical distribution and error function directly.

Consideration of the Removal Mode

To determine the removal rate with (5.49), ∆hf (h̃) has to be estimated.

As mentioned above, ∆hf,d < 0 in case of ductile removal, where recovery

reduces the removed depth, and ∆hf,b > 0 in case of brittle removal when

additional material breaks away due to fracture.

Considering brittle removal, often the model of the lateral crack system

proposed by Marshall et al. [113] is used to estimate the length and

depth of lateral cracks growing to the surface and removing material

(e.g.. [97, 169, 177]). As the lateral cracks propagate from the the edge

of the plastic zone below the indenter (see Fig. 2.8, p. 28), the depth of

the removed material is the vertical dimension of the plastic zone hp. The

depth is derived from (2.13) and yields

hp =
3

√
Ac2l
E

Fn
h

(5.64)

with lateral crack length cl according to (2.15). With (2.15), hp becomes

dependent on the half-included indenter angle ϕ.

The relations are derived upon the analysis of static indentation. When

the indenter is displaced, the stress field generated in the elastic-plastic

contact changes. The tangential force component has an important effect

on the crack driving force [28]. Another prediction of the dimensions of

the plastic zone when scratching across a surface has been introduced by

Ahn et al. [2], who assumed that the radius of the plastic zone is equal

to the scratch half width. Jing et al. [75] suggested that the plastic zone

must be larger. They proposed an expanding cylindrical cavity modelling
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approach to analytically derive the size of the plastic zone:

hp =
w

2

[
3 (1− 2ν)

5− 4ν
+

2
√

3

π (5− 4ν)

E

σyield
cotϕ

] 1
2

(5.65)

with the material yield strength σyield. The yield strength of Si is assumed

to be the fracture strength σf due to its brittle properties [152]. Jing et

al. assumed that the scratch is as deep as it is wide. Their approach

accounts for the generally accepted assumption that hp > w, and since it

has been derived on the presumption of contact conditions in scratching,

it is used to estimate the removed depth in brittle removal.

w is not immediately accessible from the analysis above. It is assumed,

that the average cross section of an active grain in contact is circular. The

average half-width w̃
2 is then the radius of the cross section and derived

as

w̃

2
=

√
1

π

rkl

Ñ
[1− P (z = zmax − h̃)] (5.66)

The half-included indenter angle ϕ is also unknown. It can either be

derived from the aspect ratio of w with h̃ assuming a cone-shaped or

pyramidal grain

ϕ = atan

(
w

2h̃

)
(5.67)

or, since the hardness functions are derived from Vickers indenters with

ϕV and Berkovich indenters with ϕB , ϕB ≤ ϕ ≤ ϕV , e.g. ϕ = 66◦.

The additionally removed height due to brittle fracture is then

∆hf,b(h̃) = hp(h̃)− h̃ (5.68)

In the case of ductile removal, no analytical description of the material re-
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covery is known. The relation would have to account for phase transition.

The mechanism has not been understood sufficiently to account for e.g.

effects of the strain rate, which have been observed in experiments [164].

The lack of an obvious dependence of the recovery on grain shape and

penetration depth as demonstrated in sec. 4.4.2 indicate the complexity.

It is therefore proposed to employ the experimentally derived formulation

for the scratch hardness on the basis of the final depth to account for

ductile removal:

Hs =
Fn
An

= kn,f h
mn,f
f (5.69)

with kn,f = 9.62 kN/µm2 and mn,f = −0.46 per Tab. 4.2 on p. 90. With

the constant scratch hardness Hs follows

kn h̃
mn = kn,f h

mn,f
f (5.70)

and then

hf =

(
kn
kn,f

h̃mn
) 1
mn,f

=

(
13.22

9.62
h̃−0.76

)− 1
0.46

= 0.5 h̃1.65 (5.71)

Finally, a criterion for the ductile to brittle transition is required. The

most popular criterion is (2.18) put forth by Bifano et al. [10]. This

expression does not account for the micro-geometry of the grain. Fur-

thermore, in this context, it is more relevant which mode dominates the

material removal in terms of removed material quantity than at what crit-

ical depth of cut cracks appear. It is therefore suggested, that a criterion

based on contact stress that is sufficiently high to induce phase transition

from Si-I to Si-II provides a more general indication of the dominating
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removal mode. This approach is discussed in sec. 4.4.7. Using a con-

servative approximation, hcrit = 0.95 µm is suggested. Obviously, the

threshold can also be calculated from the contact of each single grain

with Pcrit = Fn(hi)
An(hi)

≥ 16 GPa.

Formulation of Material Removal Rate Model

The proposed model for the material removal rate in DWS is

rr = hf (h̃)
vc
l

(5.72)

with

hf (h̃)) =


0.5 h̃1.65 h̃ < 0.95 µm√√√√ rkl

πÑ
[1− P (rk − rw − h̃)][
3(1−2ν)
5−4ν + 2

√
3

π(5−4ν)
E

σyield
cotϕ

] h̃ ≥ 0.95 µm

(5.73)

5.6.3 Experimental Verification of the Material Re-
moval Rate Model

Verification of the material removal rate model requires the measurement

and processing of the wire topography. An experimental plan, where the

effect of wear is used to generate different topographies, is proposed. The

material removal model is implemented in Matlab and the results are

discussed.

Experimental Plan and Procedure

Analysis of the removal rate observed during the experiments for the veri-

fication of the wire bow model show, that the wear state of the wire affects

the removal rate. Later repetitions of experiments with the same para-

meter sets show a lower material removal rate than earlier ones. It is
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assumed that the change of the wire topography due to wear is reflected

in the bearing ratio of the three-dimensional wire profile.

Preliminary experiments show, that the service life of the wires depends

not on the reduction of grain protrusion as on electroplated wires but on

the integrity of the brazing layer and the cohesiveness between the indi-

vidual wire strands. Fig. 5.39 shows the evolution of the wire topography

in a microscopic false-colour image.

Figure 5.39: Deterioration of the wire integrity with increasing service life:
new wire on the top and state after each consecutive experimental run.

False-colour is indicating elevation.

Until after the second run, no obvious signs of deterioration of the wire in-

tegrity can be identified. Then, the wire starts to develop a waviness with

a wavelength of approximately 3 mm. Especially the image of the wire

after the fourth run shows, that the shape deviation is three-dimensional.

The wire is clearly not straight any more, owing to the loss of cohesion

between the individual wire stands. The structuring of the wire leads to
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an increased removal rate at otherwise unchanging process parameters.

This macroscopic change of the wire topography defines a limit for the

experimental analysis of the dependence of the material removal rate on

the microscopic wire topography.

Eqs. (5.72) and (5.73) summarise the quantities determining the removal

rate: The material removal rate depends in the prescribed feed force Ff ,

amount of active grains Ñ , the bearing characteristics of the wire ex-

pressed by the bearing ratio tp, the area onto which the feed force is

distributed determined generally by the workpiece width l and radius of

the kerf rk, and the cutting speed vc. Furthermore the material removal

mode affects the removal rate, primarily determined by the mechanical

properties of the workpiece.

Different feed force and cutting speed can be prescribed with low effort.

The contact area can only be influenced with the contact length since

only wires with a core radius of rw ≈ 225 µm are available. A large

contact length is desirable to generate a large volume of material removed

while not wearing the wire excessively in between time consuming wire

topography measurements. A workpiece width of l = 35 mm is chosen for

all experiments. Wires with a grain density of ρg = 60 % are used.

The experimental plan is:

• setting 1, experiments 1, 2, 3: wire 1, Ff = 2.25 N, vc = 24 m/s

• setting 2, experiments 4, 5, 6: wire 2, Ff = 1.5 N, vc = 24 m/s

• setting 3, experiments 7, 8, 9: wire 3, Ff = 1.5 N, vc = 36 m/s

Each setting is tested in three consecutive runs. The wire topography is

measured optically with the Sensofar Nexo S microscope using focus vari-

ation with a 20x magnification prior to each cut. Three sections of at least

6 mm length are captured. Illumination of the wire is crucial and a ring

light is employed which provides diffuse light. The wire is continuously

cleaned during the cut by exposing it to a sharp jet of pressurised air at

the top right guide roll. The material removal rate is equal to the feed

rate prescribed by the control at steady process state and logged along

with process forces during the experiments.
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Processing and Transformation of the Wire Topography

Implementation of the material removal model into a Matlab environment

requires pre-processing of the captured point-clouds representing the wire.

With the wire surface transformed as illustrated in Fig. 5.36, the bearing

ratio of individual wire sections can be determined.

At maximum resolution, the Sensofar microscope provides a lateral resol-

ution of 0.69 µm with 20x magnification, resulting in several million data-

points for a measured length of ∼ 6 mm. The measured topography shows

hundreds of artefacts stemming from reflection on the blank wires as well

as on the diamonds themselves, which have to be removed before the to-

pography can be analysed. The point-clouds representing the measured

data, the denoised and filtered data and the flattened wire topography are

shown in Fig. 5.40.

The axis of the wire is determined by fitting a cylinder into the point-cloud

and the data is shifted so the axis aligns with the x-axis of the coordinate

system. With the position of the axis known, wire core radius rw is

estimated and data points with a radial distance smaller rw are deleted to

increase computational efficiency. The kerf radius rk is initially estimated

as the maximum absolute value in y-direction. The data-points are then

shifted along the z-axis according the transformation (5.60), described

in section 5.6. The transformed data is denoised by applying a nearest-

neighbour search and removing all data-points whose distance to their

nearest neighbours is more then 1/10−th of the standard deviation of the

mean distance between the 50 closest data points. The data is transformed

back into cylindrical shape as shown in the middle image of Fig. 5.40. The

final flattened topography of a wire section is generated with the local kerf

radius to minimise error from miss-alignment.

The wire is split into sections of characteristic length s = 500 µm, which

is approximately equal to the wire diameter. The local kerf radius is

determined as the maximum radial distance of any data point and the

data is transformed applying (5.60). The wire surface is assigned the

z-coordinate 0; the protrusion of the data points can then be read imme-

diately from the z-coordinate. The highest protrusion is zmax = rk − rw.

The bearing ratio tp is determined from the z-coordinates. Since the area
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Figure 5.40: Point-cloud representation of the wire topography: Top shows the
aligned, unfiltered point-cloud, centre the denoised data and the bottom the

flattened topography. The colour indicates the radial distance from the assumed
wire surface.
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at An(z = 0) 6= 2rks̃ due to the missing data points, the reference area

Aref is derived as the bounding area of a shape which envelopes the data-

points representing grains. It is implemented in MATLAB by means of an

alphaShape-object [115], with an alpharadius of 5 to reasonably suppress

holes. The resulting penetrated area An is plotted over the penetrated

depth h for some typical wire sections in Fig. 5.41.

Fig. 5.41 illustrates that the load-bearing properties of the wire sections

differ strongly, even if local references are assumed. As the load-bearing

area of a wire section at small penetration depth typically depends on one

or two large grains, the load-bearing area is relatively insensitive to the

choice of the characteristic length. Blocky grains with a high width-to-

height-aspect ratio dominate the bearing-ratio at small penetration espe-

cially when they are near the centre of the wire.

In order to smoothen the topography and avoid the representation of the

highest grain by few, isolated points, additional filtering is performed on

the section topographies. All data-points are assigned to bins representing

their protrusion. Bins have a width of 100 nm. The first, highest bin to

contain a certain number of data-points is identified and all data-points

in bins higher than the one identified are removed. The filter can be para-

metrised by the threshold number of data-points and leads to a flattening

of the load-bearing curve. This corresponds to a higher penetrated area

for low penetration depths, as shown in Fig. 5.42 for a threshold of 35

data-points, where the same wire sections as in Fig. 5.41 are analysed.
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Figure 5.41: Sample of four transformed wire sections with their corresponding
penetrated area in normal direction plotted over the penetrated depth. False
colour indicates protrusion, black shadows are plotted with the point clouds
illustrating the projected area of the grains in the sections. No additional

filtering is performed, representing a conservative filter setting.
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Figure 5.42: Sample of four transformed wire sections with their corresponding
penetrated area in normal direction plotted over the penetrated depth. False
colour indicates protrusion, black shadows are plotted with the point clouds

illustrating the projected area of the grains in the sections. Additional filtering
on the wire sections is performed with a threshold count of 35 data-points to

present the highest 100 nm, which represents an aggressive filter setting.
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Implementation of the Material Removal Rate Model

The contact condition for each section is recursively approximated by

creating a balance of acting forces. The contact length l is larger than

the total of the measured wire sections, which amounts to approximately

lmeas ≈ 18 mm. A random combination of N = l
s = 70 sections is chosen

from all sections determined for an experimental setting. The analysis

is repeated for 30 random combinations of wire sections to estimate the

scatter of results.

The contact depth is iteratively determined on the basis of a force balance.

The sum of the forces acting on all N wire sections must equal prescribed

feed force:

Ff =

N∑
i=1

Fn(hi)

=

N∑
i=1

knh
mn
i An,i

=

N∑
i=1

knh
mn
i tp,i(hi)Aref,i (5.74)

The penetrated depth hi of a section on the wire depends on its promin-

ence zi in relation to the section with the largest protrusion zmax and the

infeed, which equals the penetrated depth of the section with the largest

protrusion hmax:

hi = zi − zmax + hmax (5.75)

When hi < 0, its value determines the distance from the kerf front, while

hi ≥ 0 indicates that section i is active and penetrated by hi.

The infeed hmax is increased from 0 nm in steps of 10 nm until (5.74) is sat-

isfied. The relation is solved for each wire section. Since tp,i(hi ≤ 0) = 0,

inactive grains do not contribute to the force balance per (5.74). The av-
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erage penetration depth h̃ is determined as the arithmetic mean of active

sections. This implementation implicitly assumes that the wire is rigid

and local bending around an active grains does not affect the penetrated

depth of other grains.

The average removed depth h̃f is derived per (5.73). The ductile solution

can immediately be calculated by applying (5.47). The brittle solution is

derived from a hypothetical average wire section generated on the basis

of the evaluated sections. The load-bearing area at penetration depth h̃

is the average of the evaluated load-bearing areas at h̃.

Finally, the removal rate is determined by applying (5.72).

5.6.4 Results and Discussion

Comparing modelled removal rates with experimentally determined ones

shows no agreement of the model with measured results. Fig. 5.43 illus-

trates the modelled and measured removal rates.

Plotted in Fig. 5.43 are the experimentally determined removal rates with

error bars showing the standard deviation as a measure for the fluctuation

of the removal rate over the duration of the cut. Blue x mark the average

modelled removal rates obtained from a hypothetical wire topography

at height h̃, with error bars indicating the standard deviation between

the obtained solutions. It can be seen that the majority of all modelled

removal rates are either much larger than the experimentally determined

ones or significantly smaller. The scatter in the modelled data is large,

indicating a strong dependence of the modelled solution on the random

wire composition. The experimental removal rate is, if at all, only met

randomly. An analysis of the determined amount of active sections shows

deviations for all experimental runs as well, as depicted in Fig. 5.44.
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Figure 5.43: Measured and modelled removal rates rr for different experimental
conditions. Note the broken ordinate with different scaling.

Figure 5.44: Number of active wire sections Ñ for each experimental run.
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Solutions with fewer than three active sections are not plausible since

the system would be mechanically undetermined, combinations which

yield fewer than three contacts are therefore repeated and the graph is

consequently cut sharply at three active sections. From the analysis of

Fig. 5.44 follows that all modelled wires are dominated by at most nine

wire sections, while many seem to be determined by only three active

grains.

The modelled removal rate is affected by the shape and size of grains on

the wire. Sections with pointy or large grains near the kerf side penetrate

deeply but do not contribute much to the load-bearing area, leading to

high removal but low load bearing. In contrast, large and blocky grains

near the centre yield high forces with low indentation. When excessive

modelled removal rates are observed, mostly only a few dominant wire

sections are active, typically those with a blocky grain close to the kerf

centre. Because of the low number of active sections in this case, these

still have to penetrate deeply in order to satisfy the force balance. When

more different sections are active and a high removal rate is modelled,

blocky grains with low penetration bear the load while sharp grains pen-

etrate deeply but bear little load. Therefore, the inhomogeneity of the

analysed grain sections and the opposing significance of sharp and dull

grains with regards to load-bearing and removal characteristics present a

major limitation for experimental verification.

Solutions, where the modelled removal rate agrees with the experimentally

measured one are mostly generated from section combinations, where the

topography of only one section is replicated multiple times. However,

not all solutions with only one topography replicated yield results that

agree with the experiments. This indicates, first, that not all sections

represent the wire well, and second, that the force is not sufficiently evenly

distributed amongst the grains when the difference between the active

grains is too large.

The precise reproduction of the wire topography is crucial and the poor

data point density on the grains is problematic. The filtering method

and filter parametrisation applied to the measured wire topography has

a strong effect on the bearing characteristics and the modelled removal
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rate. Aggressive filtering leads to the removal of larger, isolated groups of

data-points and to flatter grains and bearing-ratio curves. Conservative

filtering allows for spikes and grain geometry features being represented by

few, isolated points, which results in pointy grains and steep bearing-ratio

curves. Also, the difference in maximum protrusion of different sections

is larger with conservative filtering. The effect of different filter para-

metrisation becomes obvious when comparing the modelled removal from

conservatively filtered wire sections illustrated in Fig. 5.45 with the results

from more aggressive filtering in Fig. 5.43.

Figure 5.45: Measured and modelled removal rates rr for different experimental
conditions with conservative filter parameters allowing for fewer data points

representing a grain, otherwise same parameters as Fig. 5.43. Note the broken
ordinate with different scaling.

The model parametrisation which results in the data shown in Fig 5.45

is the same as above except for a more conservative spike removal filter

setting. The setting results in the representation of grain tips by fewer

data points and consequently steeper bearing ratio curves. The modelled
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Figure 5.46: Number of active wire sections Ñ for each experimental run for a
more conservative filter setting which allows for fewer data points representing

a grain.

penetrated depth is higher, leading to brittle removal and much higher

removal rates. Furthermore, due to the larger difference in maximum pro-

trusion on the wire sections more sections are active, as seen in Fig. 5.46.

In order to better understand the removal model and the reason for the

poor agreement with the experimental data, the removal is modelled on

the basis of the idealised wire introduced in sec. 5.6.2 and illustrated in

Fig. 5.37. The wire is generated from sections with one Berkovich-shaped

grain distributed at random angles ϕ = 0◦, 10◦, ..., 90◦. Furthermore the

protrusion of the grains is randomly increased by 0 to 1 µm. Since the

typical indentation depth is hi > 1 µm, all solutions yield Ñ = s
l active

grains.

Fig. 5.47 shows, that under these idealised conditions, the model provides

results that agree better with the experimental observation. The large

modelled standard deviations in experiments 1 and 2 are due to a trans-

ition to brittle removal and therefore higher removal rates in some solu-

tions. These experiments are the ones with the highest measured feed

force. In all solutions, all modelled grains are active. Increasing the crit-

ical depth of cut for the ductile to brittle transition to hcrit = zmax, that is,

only the ductile solution for (5.73) is considered, improves the agreement

between experiment and model, as the comparison between Figs. 5.47
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Figure 5.47: Modelled removal rate determined from the idealised wire with
randomly placed and protruding Berkovich grains. The random difference in

grain protrusion ranges from 0 to 1 µm, which results in 70 active grains in all
solutions.

and 5.48 shows. Since the curve fitting for the derivation of the para-

metrisation of (5.71) is based upon scratch tests exhibiting ductile and

brittle material removal, brittle removal is reflected in the equation and

the neglect of additional brittle removal can also be argued for.
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Figure 5.48: Modelled removal rate determined from the idealised wire with
randomly placed and protruding Berkovich grains and no brittle removal. The
random difference in grain protrusion ranges from 0 to 1 µm, which results in

70 active grains in all solutions.

An increase of the maximum protrusion difference from 1 µm to 10 µm,

well above the average penetration, results in much higher removal rates,

as shown in the left of Fig. 5.49, and fever active sections, as shown in the

right box plot of the same figure.

A possible reason for the observed deviations between model and experi-

ment is a faulty force model, that is, the observations on scratch hardness

made in experiments with single grains are not transferable to the dia-

mond wire sawing process. The shape difference between wire sections

and the Vickers and Berkovich grains used for the determination of the

coefficient becomes obvious in the direct comparison of the load bearing

curves, as illustrated in Fig. 5.50.

Fig. 5.50 shows a comparison of the load bearing areas An of indenters

and wire sections. Plotted are the curves corresponding to idealised and

measured indenter geometries and the wire sections shown in Fig. 5.41. A

difference between the indenters and the wire topography is clearly visible

even for the conservative filter setting. More aggressive filter settings lead

to smoother and flatter curves such as those displayed in Fig. 5.42, that

reach the bearing surface of An = 60 µm2 at profile heights z < 0.5 µm.
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Figure 5.49: Modelled removal rate (left) and corresponding active grains
(right) determined from the idealised wire with randomly placed and protruding

Berkovich grains and no brittle removal. The random difference in grain
protrusion ranges from 0 to 10 µm.

As seen in Fig. 5.50, the load-bearing characteristics of some wire sec-

tions bear resemblance with the load-bearing characteristics of Berkovich

and Vickers indenters at low indentation depth. With idealised grains,

the indentation depth is in the range of h̃ = 0.5 to 1 µm. If only wire

sections with a load-bearing area of 12 µm2 ≥ An(z = 1 µm) ≤ 19 µm2

are considered for the composition of the modelled wire, only a slight im-

provement of the modelled removal rate is achieved, which is shown in

Fig. 5.51.

The requirement for a similar load-bearing area is only met by a small

number of wire sections, typically ranging from one to nine per tested

wire. The varying protrusions of the largest grains on these sections mean

that the removal is dependent on very few sections and their frequency

on the modelled wire. The bearing area of selected wire sections does not

necessarily follow a similar pattern to Berkovich and Vickers indenters at

the evaluated depth due to the step-like increase in bearing area as seen

in Fig. 5.50. Additionally, the differences in protruding heights of the se-
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Figure 5.50: Comparison of bearing areas of empiric and idealised Vickers and
Berkovich indenters with examples of those of the wire sections presented in

Fig. 5.41 where a conservative filter setting was applied. Numbering
corresponds to the sections displayed in Fig. 5.41, counting top to bottom.

lected sections lead to deviations in the penetration depth and variations

in the number of active sections, explaining the scatter in modelled re-

moval rate. Whether or not the modelled removal rate agrees with the

experimentally observed one then depends on the measured and selected

sections used for modelling the wire.

Apart from the limitations related to the difference in grain shape, there

are further limitations stemming from deriving the specific force model

from conditions that differ from the diamond wire sawing process. In

DWS, the surface is not flawless and is generally shaped by the passes of

previous grains, which results in cracks and a phase-changed outer layer

that manifests in poorer mechanical properties. As a result, the final depth

is likely higher, resulting in a higher removal rate. However, since the

modelled removal rate is not consistently smaller than the experimentally

observed one, this cause is not the main reason for the observed difference.

The implementation assumes that the wire is rigid between two active

grains and therefore simplifies the distribution of forces onto the modelled

sections. The assumption is good for a worn-in wire, when many grains

with similar load-bearing characteristics are evenly distributed along the
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Figure 5.51: Comparison of bearing areas of empiric and idealised Vickers and
Berkovich indenters with examples of those of the wire sections presented in

Fig. 5.41 where a conservative filter setting was applied. Numbering
corresponds to the sections displayed in Fig. 5.41, counting top to bottom.

wire axis, but worsens when the wire is dominated by few sections.

Overall the deviation between modelled and measured removal rates can

not be fully explained on the basis of the present data. The data is flawed

in several ways:

• Grain density and grain size distributions of the available wires are

very broad. This results in only very few (∼ 5) captured sections

dominating the removal modelling in all tested combinations. Since

their dominance is physically plausible, excluding them manually is

not reasonable.

• It is possible, that not enough dominating sections are captured to

accurately describe the process. Since however none of the modelled

combinations provides consistent results and for each experiment at

least 36 different topographic sections were available, this is con-

sidered a minor problem.
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• Optical measurement of the wire topography with focus variation

presents another limitation. When looking closely at the plotted

grains in Fig. 5.41, it can be seen that the grain surface is showing

holes, which affect the bearing ratio. Some faces of diamond grains

cannot be captured at all, as they are transparent or reflect the

light in such a way, that the light cannot be focused on them. The

procedure for despiking in order to remove artefacts associated with

reflection also alters the profile and negatively affects the accuracy

of the bearing ratio.

On the other hand, the model includes several assumptions that may over-

simplify the process. Notable potential sources of error are:

• The force model is parametrised with grains, whose load-bearing

characteristics diverge from those of the grains identified on wires.

The model based solely on the penetration depth and the bearing

area at that depth may be inaccurate for describing the wire sawing

process. Improvement of the prediction quality by modelling an

idealised wire points at this being the main source of error.

• The ductile-to-brittle transition and brittle removal are inaccurately

represented. (5.64) and (5.65) that describe the plastic zone under

a loaded indenter and are used to quantify brittle removal both are

derived from pointy indenters, which do not represent the grains

on the wire in this case. The slight improvement of the prediction

quality by relying purely on the empirical removal equation supports

this thesis.

• The alteration of material properties by the machining operation is

not considered. Cracks or protruding material residuals from previ-

ous grain passes are not considered but would likely affect the force

and removal models.

• The assumption of a stiff wire is only accurate when the distance

between active grains is sufficiently short and the grain protrusion

difference is small. The limits depend on the wire stiffness, tension

and bow.
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• The model reduces removal to representative grains, that would have

to be evenly distributed around the wire to remove material uni-

formly on the kerf front. Deviations, especially when few grains are

active and the kerf surface is large, are not considered.

If it is assumed that the limitations stemming from the analysis of the ex-

periments are the main reason for the poor agreement of the model with

the experiments, the derived model has to be analysed with experimental

data from other sources or with different wires. Ideally electroplated dia-

mond wire in run-in state are to be used, where not the protrusion but the

shape of the grains determines the shape of the bearing ratio curve and

therefore the removal rate. The model can also be tested by implementing

it into a kinematic-physical simulation environment such as those presen-

ted in the state-of-the-art. In this way, it may also be tested, whether the

force model, derived from scratching with idealised grains, is sufficiently

accurate for the description of the diamond wire sawing process.

5.7 Conclusions: Process Modelling of DWS

In this chapter, three contributions to the improvement of the understand-

ing of the diamond wire sawing process are presented:

1. A wire deflection model is developed. The model has the shape of a

differential equation that is derived from the consideration of finite

beam elements subjected to a load distribution. The model includes

the consideration of bending stiffness and predicts asymmetric wire

bows on the basis of acting cutting and normal force, wire tension,

pulley distance, workpiece width, wire diameter and wire material.

Asymmetric positioning of the workpiece in between the pulleys can

also be prescribed. Boundary conditions, notably the guiding effect

of the pulley curvature, are discussed. The model is validated with

the help of an FEM model and experiments. The effects of vary-

ing process parameters, wear and a changing ingot cross-section are

discussed.

202



5.7. CONCLUSIONS: PROCESS MODELLING OF DWS

2. The validation experiments of the wire deflection model form the

basis of the analysis of the cutting-to-normal-force ratio. It is shown,

that the ratio depends only on the topography of the wire and not on

prescribed process parameters. The wear-state therefore indicates

the cutting ability. With increasing wear, the ratio decreases and

lower cutting forces in comparison with normal forces are acting on

the material. Force ratios lay between 0.45 and 0.2 for all tested

wires; the values agree with those obtained in single grain scratch

tests. Two quantities are introduced to parametrise the cutting

ability with a power function: a cumulative wear factor on the basis

of analytical wear theory proposed by Usui et al. and another on

the basis cutting energy which can be estimated by integrating the

drive-power consumption over the time period of the cutting process.

3. A material removal rate model is proposed. The goal of the model

is to link process forces, process parameters and wire topography

with the removal rate. Such a relation, the Preston-equation, is

well known for lapping processes and LAS, but currently not avail-

able for DWS. Based on analytic consideration of the engagement of

single grains on the wire, the contact condition is abstracted to be

described by topographic parameters. In this way, the removal rate

is defined by process parameters cutting speed, engagement length,

feed rate, wire and kerf diameters, the average number of active

grains and the load bearing characteristics of the wire. The latter

can be assessed from the surface profile by means of the Abbott-

Firestone curve. The link between normal force, engaged area and

penetrated depth is given by the scratch hardness relations derived

in chapter 4. Ductile and brittle removal can be considered by ap-

plication of a transition criterion (based on Bifano’s work [10] or

critical pressure for the activation of phase changes), as well as an

empiric relation to consider the material recovery in ductile cutting

and fracture theory put forth by Marshall, Lawn et al. [100, 113]

for the brittle case. Brittle removal requires additional assumptions

for the grain shape and knowledge of mechanical workpiece material

properties. The model is formulated and implemented in a numerical

simulation environment and tested with experiments. The model
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cannot be verified with the experimental methods available, does

however lead to plausible results and reasonable agreement with ex-

periments if an idealised wire is used for modelling of the topography

and if brittle removal neglected.

The experimental analysis of the process and model validation experi-

ments are performed on a laboratory-scale DWS specifically designed and

built for the present study. In order to being able to analyse the process

in steady state, a feed-rate control on the basis of acting normal forces is

implemented on the machine. The machine uses a wire loop and is there-

fore able to run with high cutting speeds while consuming low quantities

wire. The drawback of the looped wire is the different wire topography

in comparison with industrially applied electroplated diamond wires. The

wire loop consists of several strands of thin wire, braided to form a loop

and densely covered with diamonds. The grain size and spatial distri-

butions are highly irregular, making it difficult to parametrise the wire

topography. Furthermore, the wear behaviour of diamonds cannot be eas-

ily analysed as the service life of the tool is determined by the integrity

of the cohesion of the strands rather then the protrusion reduction of the

diamond grains.
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Chapter 6

Summary and Outlook

The present work contributes to the current level of knowledge in the field

of machining of Si with diamond tools. Fundamental aspects of material

removal and transition of the crystal phase are covered and applied to

DWS.

After reviewing the theory and state of the art in chapter 2, the following

knowledge gaps are identified:

1. Specific cutting and normal force, expressed by scratching and plough-

ing hardness, were not yet systematically studied for machining of

Si at high speed and with different tool geometries.

2. Similarly, no comprehensive study of the phase-transitions that Si

undergoes when subjected to high pressure at high speed and with

different tool geometries is known.

3. A simple criterion for the ductile-to-brittle transition which incor-

porates grain-shape related aspects is not available.

4. The coefficient of friction between diamond and Si at forces and

sliding speeds relevant for DWS and the therewith associated contact

conditions is not yet known.

5. The cutting-to-normal force ratio in DWS is poorly understood.
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6. The material removal rate in on the basis of acting forces and pre-

scribed process parameters has so far only been determined empir-

ically. A derivation on the basis of prescribed forces and the wire

topography is currently not reported on.

7. Idealised grain geometries are typically considered when modelling

the DWS process; a comparison of the grains on wires with idealised

shapes is however typically only done indirectly. Studies investigat-

ing the wire topography are rare.

In order to advance the understanding of the DWS process and answer the

derived research questions, the work is structured in two parts: Funda-

mental research investigating material removal phenomena through single

grain scratching experiments and application research, where process mod-

els for the DWS are developed and validated.

A scratch test rig has been developed that emulates long contact length

at cutting speeds of 25 m/s. Scratching experiments with Vickers and

Berkovich indenters in edge-first and face-first orientations, as well as

with Rockwell indenters have been performed. Contact forces, indenter

geometry and scratch topography were recorded. Indentation theory on

the basis of the work of Oliver and Pharr and models of scratch and

ploughing hardness proposed by Williams were. The following results

were obtained and conclusions drawn:

• Empiric relations for specific cutting and normal forces were derived

for different engagement parameters (total indentation depth, con-

tact depth, residual depth and acting normal force). It was shown

that more than one quarter of the projected area bears normal load

when scratching with Vickers indenters in face first orientation, de-

viating from Williams’ theory and that three-quarters of the pro-

jected area is a better approximation for the load-bearing area.

• The coefficient of friction was determined as µ = 0.062.

• The phenomenon of depth recovery, especially in ductile cutting

mode, was discussed, however no analytic or empiric quantification

of the recovery rate could be derived. Depth recovery is made up of
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elastic material response and volume expansion due to amorphisa-

tion of the material on the surface.

• Raman spectroscopy of the scratch surface revealed that transition

of the crystalline structure to a metallic phase can occur up to unde-

formed chip thickness of up to 0.95 to 1.95 µm, which explains why

partially ductile removal can still be observed at cutting depth signi-

ficantly larger than the critical cutting depth predicted by Bifano’s

theory. The investigation further showed that the composition of

the scratched surface does is not significantly influenced by the grain

shape.

For the investigation of the DWS process, a wire saw using a wire loop

was developed. The machine is equipped with a feed-force-based feed-rate

control that allows for the efficient analysis of the steady process state.

While wire consumption at high cutting speed is low due to the use of a

looped wire, drawbacks due to the composition of the stranded wire loop

with high grain density and irregular grain size distribution arise. Two

process models were formulated: one describing the wire bow in steady

state on the basis of acting forces and geometry of the setup and one for

the derivation of the material removal rate on the basis of acting forces,

wire topography, cutting speed and engagement length. The following

conclusions were drawn from the experimental analysis and application of

the models:

• The wire bow model accurately describes the wire deflection with

consideration of bending stiffness. Bending stiffness is however neg-

ligible for typical wire thicknesses and machine and workpiece di-

mensions. The asymmetry of the wire bow is also negligibly small

in normal cases. The boundary condition resulting from the guid-

ance of the wire by the curvature of the pulley and deviations due

the its negligence have been discussed: the effect is negligible for

most applications.

• It is shown, that the cutting-to-normal force ratio in DWS does not

depend on process parameters but is determined by the wear state,
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or, more generally, the topography of the wire. The force ratio de-

creases from 0.45 for a new to 0.2 for a run-in wire. The values agree

with the theoretic values derived from single grain cutting experi-

ments. An empiric model in the shape of a power law is derived two

different wear-proportionality factors are presented and discussed:

one on the basis of analytic wear prediction by Usui and one sug-

gesting a proportionality with the cutting energy. The latter can

possibly be approximated from the power consumption of the drives

on industrial machines.

• A material removal rate model is derived with the aim of providing a

link between normal force and removal rate, similar to the Preston

equation applied in LAS. The model considers kinematic process

parameters and the wire topography assessed through the Abbott-

Firestone curve and is fully formulated to consider ductile and brittle

removal. The model could not be validated by experiments, which

is attributed predominantly to the irregular wire topography and

the poor resulting load bearing parameters. It can however also

not be assured, that results from single grain experiments in terms

of acting forces at given penetration depth can be unconditionally

transferred to DWS, as the grain geometries and therefore load-

bearing characteristics differ significantly. Furthermore, the effect of

the pristine surface subjected to load in the scratching experiments

is thought to exhibit higher strength than the pre-damaged surface

in the sawing kerf. Due to the extremely high scatter of the modelled

results, it is not possible to separate the effects.

While some of the knowledge gaps are narrowed by the present study,

several questions remain and potential for improvement was identified.

When determining the scratch hardness, some assumptions such as the

neglecting of pile up for the calculation of sink-in and using the width

on the ridges as the scratch width at the averaged height of those ridges

were identified as sources of error. Sink-in becomes more pronounced at

low depth of cut, at the same time ductile flow and building-up of ridges

are more dominant when material is removed in ductile mode or simple

displaced. It would be helpful to study these phenomena in more de-
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tail, either by microscopic high-speed imaging or appropriate simulation

methods. High-speed imaging is challenging due to the small scale, while

simulating the process requires constitutive material models that account

for the phase transition and consequently volumetric expansion of the

material. Such models have been proposed e.g. by Wang et al. [167]

and Vodenitcharova [161]. Studying whether the ridges form during

scratching from plastic deformation or after scratching from phase trans-

ition, thereby whether they contribute to the load-bearing area, and ad-

apting the analysis method accordingly will lead to improved empirical

functions. This improvement will especially improve the sparse data at

very low indentation depths. Furthermore, it will lead to an understand-

ing of the underlying mechanisms of depth recovery in ductile machining,

needed for more accurate prediction of the residual surface when cutting

in ductile mode.

Currently, there is no study linking the Raman intensity ratio between

Si-IV and α-Si and the corresponding thickness of the phase changed

layer. Determination of this relationship, for example by measuring the

layer thickness with transmission electron microscopy, would be helpful

to quantify the amount of phase changed material and estimating the

residual stress due to volumetric change.

The developed model for the material removal rate could not be verified

by means of experiments with the available tools. Improved tools and

ideally electroplated diamond wires welded or otherwise connected to a

loop are required to achieve a better data basis. Alternatively, different

electroplated wires can be tested on machines that use open wire at lower

speed, as the validity of the model can also be proven independently of the

used cutting speed. Wire topography measurement remains challenging

is also eased by the application of electroplated wires, as the reflectivity

of the nickel layer is not as high as that of the alleged brazing layer of

the wires used in this study. The transferability of models validated in

single grain experiments to the DWS process can then also be discussed

in further details.

High potential for improving the process understanding lays in the de-

velopment of a comprehensive kinematic-physical model for the diamond
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wire process. The here presented scratch and ploughing hardness relations

provide the basis for efficient force and removal models, as they provide a

computationally efficient link between penetrated or final depth, removed

area and corresponding force. It is also conceivable that the material re-

moval model can be validated with such a model. In order to advance the

currently existing kinematic models, it is however necessary to include as-

pects of the change of surface integrity other than surface roughness and

crack depth. As the sawn wafers become thinner, they are more suscept-

ible to deformation, which can be caused by uneven residual stress states

on the surface.

Lastly, the application of the presented analysis models, notably the single

grain tests can be applied to different materials such as silicon carbide.

The direct comparison can help to further develop efficient processes from

the existing processes for the even more challenging machining of SiC.
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Appendix A

Scratch and Ploughing
Hardness - Plots

This appendix contains the plots showing data points and corresponding

fit equations for scratch and ploughing hardness. The plots are referenced

in section 2.2.1, tab. 4.2 on p. 90.

The content is:

• scratch hardness Hs vs. total indentation depth h - p. 212

• scratch hardness Hs vs. contact depth hc - p. 213

• scratch hardness Hs vs. residual depth hf - p. 214

• scratch hardness Hs vs. normal force Fn - p. 215

• ploughing hardness Hp vs. total indentation depth h - p. 216

• ploughing hardness Hp vs. contact depth hc - p. 217

• ploughing hardness Hp vs. residual depth hf - p. 218

• ploughing hardness Hp vs. normal force Fn - p. 219
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Figure A.1: Plots scratch hardness Hs over total indentation depth h.
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Figure A.2: Plots scratch hardness Hs over contact depth hc.
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Figure A.3: Plots scratch hardness Hs over residual depth hf .
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Figure A.4: Plots scratch hardness Hs over normal Force Fn.
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Figure A.5: Plots ploughing hardness Hp over total indentation depth h.
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Figure A.6: Plots ploughing hardness Hp over contact depth hc.

217



APPENDIX A. SCRATCH AND PLOUGHING HARDNESS - PLOTS

Figure A.7: Plots ploughing hardness Hp over residual depth hf .
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Figure A.8: Plots ploughing hardness Hp over normal Force Fn.
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Appendix B

FEM User Constraint:
Multiple-point-constraint
User-subroutine (Fortran)

While implementing simple boundary conditions that enable or disable

specific degrees of freedom at particular nodes is straightforward in any

FEM software, obtaining the boundary conditions at the pulleys, as rep-

resented by (5.25), is not as simple. However, Multiple-Point-Constraints

(MPC) have been found to be an effective solution for integrating these

types of boundary conditions. The MPC method enables the coupling

of nodes in a general manner, allowing for the treatment of non-linear

constraints such as (5.25).

To implement the boundary conditions of the DWS process, the Fortran

code presented below, which contains an MPC user subroutine, is used.

This code is then utilised to verify the wire bow model using a finite

element method model that is implemented in ABAQUS.
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APPENDIX B. FEM USER CONSTRAINT

1 C========================================================
2

3 SUBROUTINE MPC(UE ,A,JDOF ,MDOF ,N,JTYPE ,X,U,UINIT ,MAXDOF ,
4 * LMPC ,KSTEP ,KINC ,TIME ,NT ,NF,TEMP ,FIELD ,LTRAN ,TRAN)
5 C
6 INCLUDE ’ABA_PARAM.INC’
7 C
8 DIMENSION UE(MDOF), A(MDOF ,MDOF ,N),JDOF(MDOF ,N),X(6,N),U(

MAXDOF ,N),UINIT(MAXDOF ,N),
9 * TIME (2),TEMP(NT,N),FIELD(NF ,NT,N),LTRAN(N),TRAN(3,3,N)

10 C
11 IF (JTYPE .EQ. 1) THEN
12 UE(1) = U(1,2)*TAN(U(6,2))
13 A(1,1,1) = 1
14 A(1,1,2) = -TAN(U(6,2))
15 A(1,2,2) = -(U(1,2))/(COS(U(6,2))*COS(U(6,2)))
16 JDOF (1,1) = 2
17 JDOF (1,2) = 1
18 JDOF (2,2) = 6
19 C
20 ELSE IF (JTYPE .EQ. 2) THEN
21 UE(1) = U(1,2)*TAN(U(6,2))
22 A(1,1,1) = 1
23 A(1,1,2) = TAN(U(6,2))
24 A(1,2,2) = (U(1,2))/(COS(U(6,2))*COS(U(6,2)))
25

26 JDOF (1,1) = 2
27 JDOF (1,2) = 1
28 JDOF (2,2) = 6
29 C
30 END IF
31 C
32 RETURN
33 END
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buch Schleifen, Honen, Läppen und Polieren 69,26-42, Essen: Vulkan Verlag.

Pala, U., Süssmaier, S., Kuster, F., Wegener, K., 2018, Experimental investiga-
tion of tool wear in electroplated diamond wire sawing of silicon, 8th CIRP Con-
ference on High Performance Cutting (HPC 2018), 77, 371-374. doi:10.1016/
j.procir.2018.09.038


	Abstract
	Zusammenfassung
	Acknowledgements
	Nomenclature and Abbreviations
	Introduction
	Photovoltaic and Solar Industry
	Diamond Wire Sawing
	Motivation: Current Research Areas

	Literature Review
	Workpiece and Tool Material
	Workpiece Material Silicon
	Tool Material Diamond

	Material Removal
	Scratch Tests as a Means of Analysing Material Removal and Hardness
	Phenomena of Material Removal in Silicon
	Friction

	Analysis and Modelling of the Diamond Wire Sawing Process
	Modelling of the Wire Bow
	Analysis of the Removal Rate in Diamond Wire Sawing
	Kinematic Process Modelling
	Conclusion: Kinetics of Diamond Wire Sawing


	Research Objectives
	Material Removal Mechanism of Silicon
	Motivation: Material Interaction Modelling
	Material and Experimental Procedure
	Test Rig: Single Grain Scratching Set-up
	Workpiece: Silicon Disk
	Tools: Diamond Indenters
	Experimental Procedure

	Analysis and Modelling
	Measurement and Analysis of the Scratch Topography
	Generation of the Contact Geometry
	Analysis of Forces
	Determination of the Penetration Depth and Rate of Recovery
	Analysis of the Crystallographic Composition

	Results and Discussion
	Surface Appearance
	Rate of Depth Recovery
	Scratch and Ploughing Hardness of Si
	Load-bearing Area when Scratching with Vickers Face First Orientation
	Determination of the Coefficient of Frictionbetween Si and Diamond
	Force Ratio
	Crystallography Composition

	Conclusions: Material Removal Mechanism of Si

	Process Modelling of DWS
	Motivation: Kinematic Modelling
	Chapter Outline
	Experimental Materials and Methods
	Test Rig: Endless Wire Saw
	Workpiece: Silicon Bricks
	Tool: Stranded Diamond Wire

	Model for the Description of the Wire Bow
	General Process Kinematics
	Wire Deflection Model
	Verification of the Wire Bow Differential Equation by FEM modelling
	Experimental Verification of the Wire Bow Model
	Parameter Analysis of the Wire Bow in Equilibrium
	Dynamic Bow Creation
	Conclusion: Wire Bow Model

	Discussion of the Force Ratio
	Effects of Process Parameters
	Effects of Wear
	Conclusion: Force Ratio in DWS

	Material Removal Rate Model
	Analytical Description of the Removal on Grain Level
	Description of the Removal on Topography Level
	Verification of the Material Removal Model
	Results and Discussion

	Conclusions: Process Modelling of DWS

	Summary and Outlook
	Appendix
	Scratch and Ploughing Hardness - Plots
	A - Scratch and Ploughing Hardness - Plots

	FEM User Constraint
	B - FEM User Constraint

	Bibliography
	Curriculum Vitae

