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PREFACE

This is a cumulative thesis based on the published articles |15, 16, 18] and the preprint |[17].
Specifically, Chapter 2 is based on [16]; Chapter 3 is based on [15]; Chapter 4 is based on [18];
and Chapter 5 is based on [17]. The introductions of the original articles have been modified

to account for a coherent presentation in this thesis. All three published articles |15, 16, 18]
are licensed under a Creative Commons license (CC BY-NC-ND 4.0). In particular, the
reproduction of their content, including all figures, in this thesis is permitted.

For each of those four articles, I have made major contributions: I led the development
of the new concepts, the results, the proofs, and the writing. In the course of my doctoral
studies, I also made a contribution to the published article [14] and proved a theoretical
result about efficient numerical Sobolev approximations of solutions to linear parabolic partial
differential equations, the preprint of which is in its final stage but is unpublished as of the
submission date of this thesis.
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SUMMARY

Neural networks have gained widespread attention due to their remarkable performance in
various applications. Two aspects are particular striking: on the one hand, neural networks
seem to enjoy superior approximation capacities than classical methods. On the other hand,
neural networks are trained successfully with gradient-based algorithms despite the training
task being a highly nonconvex optimization problem. This thesis advances the theory behind
these two phenomena.

On the aspect of approximation, we develop a framework for showing that neural networks
can break the so-called curse of dimensionality in different high-dimensional approximation
problems, meaning that the complexity of the neural networks involved scales at most
polynomially in the dimension. Our approach is based on the notion of a catalog network,
which is a generalization of a feed-forward neural network in which the nonlinear activation
functions can vary from layer to layer as long as they are chosen from a predefined catalog
of functions. As such, catalog networks constitute a rich family of continuous functions.
We show that, under appropriate conditions on the catalog, these catalog networks can
efficiently be approximated with rectified linear unit (ReLU)-type networks and provide
precise estimates of the number of parameters needed for a given approximation accuracy.
As special cases of the general results, we obtain different classes of functions that can be
approximated with ReLLU networks without the curse of dimensionality.

On the aspect of optimization, we investigate the interplay between neural networks and
gradient-based training algorithms by studying the loss surface. On the one hand, we discover
an obstruction to successful learning due to an unfortunate interplay between the architecture
of the network and the initialization of the algorithm. More precisely, we demonstrate that
stochastic gradient descent fails to converge for ReLU networks if their depth is much larger
than their width and the number of random initializations does not increase to infinity fast
enough. On the other hand, we establish positive results by conducting a landscape analysis
and applying dynamical systems theory. These positive results deal with the landscape of
the true loss of neural networks with one hidden layer and ReLLU, leaky ReLLU, or quadratic
activation. In all three cases, we provide a complete classification of the critical points in the
case where the target function is affine and one-dimensional. Next, we prove a new variant
of a dynamical systems result, a center-stable manifold theorem, in which we relax some of
the regularity requirements usually imposed. We verify that ReLLU networks with one hidden
layer fit into the new framework. Building on our classification of critical points, we deduce
that gradient descent avoids most saddle points. We proceed to prove convergence to global
minima if the initialization is sufficiently good, which is expressed by an explicit threshold
on the limiting loss.



ZUSAMMENFASSUNG

Neuronale Netze haben aufgrund ihrer bemerkenswerten Leistungsfahigkeit in verschiedenen
Anwendungen viel Aufmerksamkeit bekommen. Zwei Aspekte stechen dabei heraus: einer-
seits besitzen neuronale Netze bessere Approximationseigenschaften als klassische Methoden.
Andererseits konnen neuronale Netze effizient mit Gradienten-basierten Algorithmen trai-
niert werden, obwohl das Training eines Netzes ein stark nichtkonvexes Problem ist. Diese
Dissertation entwickelt die Theorie hinter diesen beiden Phénomenen weiter.

Im Rahmen der Approximationstheorie entwickeln wir ein Konzept, welches illustriert,
dass neuronale Netze den sogenannten Fluch der Dimensionalitit brechen konnen. Préaziser
bedeutet dies, dass die Komplexitét eines neuronales Netzes hochstens polynomiell mit der
Dimension wéchst. Unsere Herangehensweise basiert auf dem Begriff eines Katalognetzes,
welches eine Verallgemeinerung eines vorwéarts gerichteten neuronalen Netzes ist, bei der die
nicht linearen Aktivierungsfunktionen von Schicht zu Schicht unterschiedlich sein kénnen
solange sie aus einem Katalog von vorgegebenen Funktionen stammen. Somit bilden Kata-
lognetze eine umfassende Familie von stetigen Funktionen. Wir zeigen, dass Katalognetze
unter bestimmten Annahmen effizient mit “recitified linear unit” (ReLU)-artigen Netzen
approximiert werden kénnen, und wir liefern genaue Abschédtzungen an die Anzahl Parame-
ter, die fiir eine gegebene Approximationsgenauigkeit benotigt werden. Als Spezialfille der
allgemeinen Theorie erhalten wir verschiedene Klassen von Funktionen, die ohne den Fluch
der Dimensionalitdt mit ReLU Netzen approximiert werden kénnen.

Im Rahmen der Optimierungstheorie untersuchen wir das Zusammenspiel von neuronalen
Netzen und Gradienten-basierten Trainingsalgorithmen, indem wir die Verlustoberflache un-
tersuchen. Einerseits charakterisieren wir eine Schwierigkeit fiir erfolgreiches Lernen, welche
aus einem unvorteilhaften Zusammenspiel von der Architektur des Netzes und der Initiali-
sierung des Algorithmus herriihrt. Genauer gesagt zeigen wir, dass das stochastische Gradi-
entenverfahren zu konvergieren fehlschliagt sobald die Tiefe von ReLU Netzen viel grofer ist
als ihre Breite und die Anzahl von zufélligen Initialisierungen nicht gentigend schnell gegen
unendlich wéchst. Andererseits leiten wir positive Resultate her, indem wir eine Landschafts-
analyse durchfiihren und einen Satz aus der Theorie dynamischer Systeme verwenden. Diese
positiven Resultate beschéftigen sich mit der Landschaft der tatsédchlichen Verlustfunktion
neuronaler Netze mit einer verborgenen Schicht und ReLU, “leaky” ReLLU oder quadratischer
Aktivierungsfunktion. In allen drei Fallen erstellen wir eine vollstdndige Klassifizierung der
kritischen Punkte fiir eine affine eindimensionale Zielfunktion. Anschliefsend beweisen wir
eine neue Variante eines Resultats {iber dynamische Systeme, einen Satz iiber zentral-stabile
Mannigfaltigkeiten, in der wir einige der iiblichen Regularitdtsannahmen abschwéchen. Wir
stellen sicher, dass ReLU Netze mit einer verborgenen Schicht diesen Bedingungen geniigen.
Aufbauend auf unserer Klassifizierung kritischer Punkte schlieffen wir, dass das Gradienten-
verfahren die meisten Sattelpunkte vermeidet. Des Weiteren beweisen wir Konvergenz zum
globalen Minimum unter der Voraussetzung, dass die Initialisierung hinreichend akkurat ist.
Dies wird durch eine explizite Schranke an die Verlustfunktion quantifiziert.

XI






CHAPTER 1

INTRODUCTION

The two faces of neural network theory

Neural networks have received a lot of attention in the past decade. Originally studied
in the past century, they had still been dominated by classical or other machine learning
methods, causing interest in them to temporarily stagnate; [112]. The emergence of increased
computing power announced the dawn of a new era of interest in neural networks. Motivated
by their widespread success in various applications, research on their mathematical theory
resurged; [17,81,112]. Two aspects observed in applications are particularly striking: on the
one hand, neural networks seem to enjoy good approximation capacities. More precisely,
simulations suggest that they are able to break the so-called curse of dimensionality, meaning
that the complexity of a neural network needed to solve a certain approximation task on a
high-dimensional space scales at most polynomially in the dimension; [35,17,81]. On the other
hand, training a neural network poses a highly nonconvex optimization problem; [104, 110].
The algorithms used for this optimization task are typically variants of gradient descent — an
algorithm only known to work on convex problems. It is a long-standing open problem why
these algorithms perform well on the nonconvex task of training a neural network; [28,858, 115].
Understanding the success of neural networks entails both of these topics — approximation
and optimization. This thesis explores theoretical results advancing our understanding of
the subject matter in both topics. The results will shed light on why neural networks are
successful, but also reveal some limitations of the theory.

A standard, fully connected, feedforward neural network, which we simply call a neural
network or a network, encodes a succession of affine maps alternating with a fixed nonlinearity,
called the activation (function). An activation function we will encounter frequently is the
rectified linear unit (ReLU) p(x) = max{x,0}. The architecture of a neural network refers
to the number of affine maps (number of layers), which is called the depth of the network,
and the dimension of the domain of each of these affine maps (the number of neurons in
each layer). The first and the last layer are referred to as the input and the output layer,
respectively; the layers in between are called hidden layers. A network of depth one (no
hidden layer) is an affine function and, as such, not particularly interesting in itself. A shallow
network is a network of depth two. The antonymous adjective deep is not used consistently
in the literature. While practitioners tend to call a network deep if the number of layers is
heuristically large (what that means is subjective to the respective current state of the art),
theorists tend to call a network deep if it is not shallow, that is it has two or more hidden
layers.
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Approximation

Since the late 80’s and early 90’s, neural networks (of any fixed depth) have been known to
be universal approximators, meaning that any function from a reasonable class of functions
can be approximated arbitrarily well by a neural network; [24,12,56-59,86,93]. Typically,
this reasonable class of functions is taken to be the class of continuous functions or the class
of LP-functions. The approximation is then measured in the supremum norm on compact
sets or the LP-norm, respectively. These early approximation results did not specify a rate,
that is how the required number of neurons depends on the desired approximation accuracy.
Later, such rates have been established, but it was found that neural networks suffer from
the curse of dimensionality. Even more so, on a general approximation task, neural networks
do not perform better than polynomial regression; [105, 106, 129]. This is in contrast to the
performance observed in empirical studies; [35,17,81]. Noteworthy is that the negative results
are not constructive. While we know that there are functions that cannot be approximated
efficiently, we do not know how they look. This leaves hope that any approximation task
encountered in real-world applications is not described by such a function. In particular,
it makes sense to restrict the attention, for example, to subsets of the set of continuous
functions, trying to exclude the above nonconstructive counterexamples. This is the strategy
we adopt in Chapter 2. Therein, we introduce the concept of a catalog network. A catalog
network is a generalization of a neural network. Instead of having a fixed nonlinearity
that acts component-wise between any two affine layers, we allow the nonlinearity to be
a stacking of functions drawn from a prespecified catalog of functions for each layer. The
idea is that the catalog contains “simple” functions and a catalog network can represent
highly complicated functions. We derive rates of approximation for neural networks when
the target function is given by such a catalog network. Naturally, this rate is affected by
the chosen catalog. The strength of the approximation results in Chapter 2 is that the
complicated analysis of a catalog network reduces to the simpler analysis of the functions in
the catalog. We will demonstrate this in examples, showing that catalog networks provide a
very general framework for constructing classes of functions, in the approximation of which
neural networks break the curse of dimensionality. Due to the constructive nature of catalog
networks, we can cook up these examples explicitly. The key property of neural networks
for this to work is their compositional structure because it enables us to concatenate and
parallelize several networks into one; [19]. To improve the approximation rates, we develop a
new way to parallelize networks, which is more efficient than the way it was previously done
in the literature.

In the following, we contrast our approach with existing methods. [0, 71| have proved an
(’)(n‘l/ 2)-rate for approximating functions in the L?*-norm with shallow sigmoidal networks
with n neurons. In particular, this breaks the curse of dimensionality, but it only applies
to a special class of functions. Since then, their results have been applied and generalized
in different directions, always yielding rates of the same nature, but always applicable
only to similarly restricted classes of functions. For example, in [31,15] these results have
been extended to the LP-norm for 1 < p < oo and p = oo, respectively, and in [30] the
approximation rate has been improved to a geometric rate for single functions. However, the
basis 0 of the geometric rate O((1 — §)") is usually not known. It could be so small that the
geometric rate does not give useful bounds for typical sizes of n. For further generalizations,
see, e.g., |5,7,51,72,73,75,77=79]. All of them use shallow networks. However, deep networks
have shown better performance in a number of applications; [17,81]. This has also been
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supported by theoretical evidence; for instance, in [39], an example of a simple continuous
function on R has been given that is expressible as a small network with two hidden layers
but cannot be approximated with a shallow network to a given constant accuracy unless its
width is exponential in the dimension. Similarly, it has been shown in [109] that indicator
functions of d-dimensional balls can be approximated much more efficiently with two hidden
layers than with one. Related results for functions on the product of two d-dimensional
spheres have been provided by [25].

[50,92, 106] have constructed special activation functions which, in principle, allow to
approximate every continuous function f: [0,1]? — R to any desired precision when used in
a two-hidden-layers network with as few as d neurons in the first and 2d + 2 neurons in the
second hidden layer. Theoretically, this breaks the curse of dimensionality quite spectacularly.
However, it can be shown that the approximation result only holds if the size of the network
weights is allowed to grow faster than polynomially in the inverse of the approximation
error; [11,105].

Further studies of the approximation capacity of neural networks with standard activation
functions include [89,93, 105,127, 129]. Their approach is based on approximating functions
with polynomials and then approximating these polynomials with neural networks. Polynomi-
als can approximate smooth functions reasonably well, and neural networks are known to be
able to approximate monomials efficiently. However, since the number of monomials needed
to generate all polynomials in d variables of order k is (kzd), the intermediate step from
monomials to polynomials introduces the curse of dimensionality. It has been shown in [129]
that this cannot be side-stepped. For instance, it is provably impossible to approximate
the unit ball in the Sobolev space of any regularity with ReLU networks without the curse
of dimensionality. To break the curse of dimensionality with ReLLU networks, one has to
concentrate on special classes of functions. |6, 71| and their extensions offer one such class.
Coming from a different angle, [9] has obtained the same rate for periodic functions with an
absolutely convergent Fourier series. In [113], the approximability of “separately holomorphic”
maps via Taylor expansions and applications to parametric partial differential equations have
been studied. The approach of [113] is again based on the intermediate approximation of
polynomials, but the holomorphy ensures that the approximating polynomials contain only
few monomials. [18,60,68] have proved that solutions of various partial differential equations
admit neural network approximations without the curse of dimensionality. Their arguments
use the hierarchical structure of neural networks, which has more extensively been exploited
in [11,38,82]. These papers are similar in spirit to Chapter 2 in this thesis since they also
start from a “basis” of functions, which they approximate with neural networks, and then use
this basis to build more complex functions. However, [11,38] do not study approximation
rates in terms of the dimension. On the other hand, in [$2] the curse of dimensionality is
broken, but the “basis” in 32| consists of the functions considered in [6]. In Chapter 2, we
consider more explicit classes of functions and provide bounds on the number of parameters
needed to approximate d-dimensional functions up to accuracy e.

Optimization

When aiming to numerically solve an approximation task with neural networks, the available
results on approximation capacities discussed above give an idea of what a reasonable choice
for an architecture might be. The theory may state that there is a network with a certain
architecture that solves the task. But we do not know a priori which network that is.
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The unknowns of a network are the parameters that specify the affine maps. This poses
an optimization problem: we need to find parameters for which the network is a good
approximator. This optimization problem is highly nonconvex; [104, 110]. To date, there
are no efficient algorithms that are guaranteed to solve nonconvex optimization problems.
Instead, practitioners rely on variants of (stochastic) gradient descent. These are known to
find the optima of convex problems, even with good rates; [12,96,114]. But in a nonconvex
problem, gradient methods can get stuck at saddle points or local minima. This has not
stopped practitioners from achieving remarkable results with stochastic gradient descent in
the training of neural networks; [417,81,112]. Advances in the theory indicate that there is
something specific about the interplay of stochastic gradient descent and neural networks
that makes it work. But a full theoretical understanding of gradient-based methods in
network models is still lacking. In this thesis, we take a closer look at this interplay between
gradient-based methods and neural networks.

To obtain optimal approximation results, several hyper-parameters have to be fine-tuned.
The first one we discussed above: the architecture of the network determines what type of
functions can be approximated. To be able to efficiently approximate complicated functions,
the network needs to be sufficiently wide and deep. Secondly, the goal is to approximate
a target function, but the target function itself is unknown and we only have access to a
finite amount of data points. Phrased in the language of machine learning: we intend to
approximate the target with respect to the true risk, but the algorithm only has access to the
empirical risk. The gap between the two goes to zero as the amount of training data increases
to infinity. Thirdly, the gradient method attempts to minimize the empirical risk, and the
chance of finding a good approximate minimum increases with the number of gradient steps.
Finally, since a single gradient trajectory may not yield good results, it is common to run
several of them with different random initializations. [8,09] have shown that general networks
converge if their size, the amount of training data, and the number of random initializations
are increased to infinity in the correct way, albeit with an extremely slow speed of convergence.
In general, one cannot hope to overcome the slow speed of converge; [I16]. On the other
hand, it has been shown that, for the training error, faster convergence can be guaranteed
with certain probabilities if overparametrized networks are used, that is an exceedingly large

number of neurons; see [2,21,34,36,120, 131] and the references therein. The initialization
method is important for any type of network. But for ReLLU networks it plays a special role
due to the particular form of the ReLU activation function; [52,54,90,117].

The main contribution of Chapter 3 is a demonstration that stochastic gradient descent
fails to converge for ReLLU networks if the number of random initializations does not increase
fast enough compared to the size of the network. Our arguments are based on an analysis of
regions in the parameter space related to “inactive” neurons (sometimes also coined “dead”
neurons in the literature). In these regions, the neural network function is constant not only
in its argument but also in the network parameter. Suppose 6 denotes the vector containing
the parameters of a network. Recall that these are the parameters of the affine functions. Let
AY be the affine function from the input to the first hidden layer. If # contains only strictly
negative parameters, then p o A{ o p(x) is constantly zero in z and in a neighborhood of 6.
As a consequence, stochastic gradient descent will not be able to escape from a neighborhood
of 6. The fact that random initialization can render parts of a ReLU network inactive has
already been noticed in |90, 117]. While the focus of [90,117] is on the design of alternative
random initialization schemes to make the training more efficient, we give precise estimates
on the probability that the whole network becomes inactive and deduce that stochastic
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gradient descent fails to converge if the number of random initializations does not increase
fast enough relative to the size of the architecture. In our proof, the depth grows much faster
than the maximal width of all layers. This imbalance between the depth and the width has
the effect that the training procedure does not converge.

The negative result about convergence we just discussed is based on a careful study of
the interplay between the architecture of the network and the initialization of the algorithm.
Another approach, which we pursue in Chapter 4, is a landscape analysis of the loss surface.
This landscape analysis provides an indirect tool for studying the dynamics of gradient-based
algorithms, as these dynamics are governed by the loss surface. One goal of landscape
analysis is a better understanding of the occurrence and frequency of critical points of the
loss function and obtaining information about their type, that is, whether they constitute
extrema, local extrema, or saddle points. Using the hierarchical structure of networks, some
partial results have been obtained; [11]. Though, the choice of the activation function in the
network model can have a significant impact on the landscape. For instance, it is known that
the loss surface of a linear network, that is a network with the identity function as activation,
only has global minima and saddle points but no non-global local minima; |1, 71]. However,
the picture becomes less clear if a nonlinearity is introduced; [110, 111, 125].

In the last decade, progress has been made in this more difficult nonlinear case. In [22],
the loss surface has been studied by relating it to a model from statistical physics. This
way, detailed results have been obtained about the frequency and quality of local minima.
Although the findings of [22] are theoretically insightful, their theory is based on assumptions

that are not met in practice; [23]. In [122], similar results have been obtained for shallow
networks with less unrealistic assumptions. We refer to [28] for experimental findings, on
which [22,122] is based.

Besides the work studying the effects of overparametrization on gradient-based methods
directly as mentioned further above, there have also been investigations of its impact on the
loss landscape. For instance, it has been shown in [105] that taking larger networks increases
the likelihood to start from a good initialization with a small loss or from which there exists a
monotonically decreasing path to a global minimum. However, it is still not fully understood
in which situations a gradient-based training algorithm follows such a path. If the quadratic
activation function is used in a shallow network, then, in the overparametrized regime, only
global minima and strict saddle points remain, but no non-global local minima; [33, 126].
Even for deeper architectures, all non-global local minima disappear with high probability
for any activation function if the width of the last hidden layer is increased and, under some
regularity assumptions on the activation, this continues to hold if any of the hidden layers
is sufficiently wide and the proceeding layers have a pyramidal structure; [38,97, 120, 121].
However, note that these results only apply in this level of generality if the loss is measured
with respect to a finite set of data. In particular, these global minima are (potentially) prone
to overfitting.

In contrast to the literature mentioned above, our results in Chapter 4 concern the
landscape of the true loss instead of the empirical loss. The final goal in machine learning is
to minimize not only the empirical loss, but the true loss, so it is of essence to understand
its landscape. In Chapter 4, we consider shallow networks with (leaky) ReLLU or quadratic
activation. As an alternative to the popular theme of overparametrization, we do not impose
assumptions on the network model that are not met in practice, but instead focus on special
target functions. In [14], this strategy has been pursued with constant target functions. In
Chapter 4, we expand the scope from constant to affine functions. This represents a first step



6 CHAPTER 1

towards a better understanding of the true loss landscape corresponding to general target
functions.

In this framework with affine target functions, we provide a complete classification of
the critical points of the true loss. We do so by unfolding the combinatorics of the problem,
governed by different types of hidden neurons appearing in a network. We find that ReLU
networks admit non-global local minima regardless of the number of hidden neurons. At
the same time, it turns out that these local minima are solely caused by the dead ReLLU
neurons we found in Chapter 3. In particular, for leaky ReLLU networks, which are often
used to avoid the problem of dead neurons, there are only saddle points and global minima.
This provides further theoretical evidence that leaky ReLLU can avoid issues with training
that appear for ReLLU networks; see also [52]. Interestingly, also for the quadratic activation,
non-global local minima do not appear, which is in line with the observations in [33, 120]
for the discretized loss but does not require overparametrization. In addition, for networks
with quadratic activation, all saddle points have a constant realization function, whereas for
(leaky) ReLU networks we show that there exist saddle points with a nonconstant realization.

These complete classifications in the proposed approach to consider special target func-
tions shed new light on important aspects of gradient-based methods in the training of
networks. Knowledge of the loss surface can be transformed into results about convergence
of such methods as done in, e.g., [(7]. The set of non-global local minima, being caused by
dead ReLLU neurons, consists of a single connected component in the parameter space. We
had already discovered these non-global local minima in Chapter 3. But we had not known
that these are in fact the only ones. Chapter 3 revealed issues with initializing in that set of
local minima. For the dynamics after initialization, originally, local minima were assumed
to pose the greater challenge still, but recent results suggest that saddle points are the main
obstacle; [22,28,126]. An important ingredient in tackling saddle points is strictness, mean-
ing that the Hessian of the loss function has a strictly negative eigenvalue at these saddle
points. The strictness ensures that there is a direction along which the loss surface declines
significantly. Under the strictness assumption, a stochastic version of gradient descent with
suitable noise in each step has the ability to avoid saddle points because the noise ensures
that we discover the declining direction; [43,70,102]. The noise even guarantees a polynomial
speed in escaping these saddle points; [32].

In the case of vanilla gradient descent, there is no noise to rely on, and one needs more
involved analytic methods. A useful tool in this context is the stable manifold theorem, which
is a cornerstone of classical dynamical systems theory; [118]. It has recently been applied to
prove that vanilla gradient descent with suitable random initialization avoids strict saddle
points with probability one if the loss function is sufficiently regular; [31,99]. We remark
that the applicability of the stable manifold theorem goes beyond vanilla gradient descent;
see [26,83,98] for its application to variants of gradient descent and other first-order methods.

Accumulation points of gradient descent trajectories are critical points. Under typical as-
sumptions like boundedness of trajectories and, e.g., validity of Lojasiewicz-type inequalities,
it is also known that trajectories converge to a critical point; see [29,10] for the stochastic
and [1,85] for the non-stochastic version. It follows that, with probability one, these limit
critical points are local minima or nonstrict saddle points. The strictness assumption has
been discussed in the literature and has been shown to hold in a variety of settings; e.g,
in matrix recovery |10, 44, 123], phase retrieval [124], tensor decomposition [13|, shallow
quadratic networks, [33,120], and deep linear networks [3,74]. In particular, nonstrict saddle
points appear to be less common than strict ones, and the above results shrink the gap to
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proving convergence to local minima.

Whereas strictness has been discussed in abundance, less attention has been given to the
regularity assumptions imposed on the loss function. In [26,83,84, 98], the loss function is
taken to be twice continuously differentiable with a globally Lipschitz continuous gradient,
and in [99] these conditions are assumed to hold on a forward-invariant convex open set.
This level of regularity makes the classical dynamical systems theory directly applicable
to gradient descent algorithms. However, in many modern machine learning applications,
the loss function is neither twice continuously differentiable nor is its gradient uniformly
Lipschitz continuous on suitable invariant sets. One of the main difficulties on the side of the
dynamical systems theory is to provide a variant of the center-stable manifold theorem that
relaxes these restrictions. To this end, we extend a result of [100] in Chapter 5, no longer
requiring uniform Lipschitz continuity. A regularity requirement in this new center-stable
manifold theorem persists. To deal with that, we tweak the framework to which we apply
that theorem. More precisely, we will modify the gradient of the loss for ReLU networks so
that it fulfills the assumptions and do it in a way that we can recover the dynamics of the
original gradient. The final ingredient is strictness of saddle points. The strictness will be
deduced from the classification of critical points from Chapter 4. Thanks to the classification
being explicit, we can study the spectrum of the Hessian of the loss function as previously
pursued in, e.g., [33, 103].

With Chapters 4 and 5, we have gained a good understanding of why gradient-based
methods can successfully train shallow ReLLU networks on affine target functions as long as the
obstacle observed in Chapter 3 is taken care of. This also serves as a basis for understanding
the case of more general architectures and target functions. Indeed, after the publication of
the articles corresponding to this thesis, our results have been used as a starting point for
further investigations. We will survey these in Chapter 6 to conclude this thesis.



CHAPTER 2

EFFICIENT APPROXIMATION OF HIGH-DIMENSIONAL
FUNCTIONS WITH NEURAL NETWORKS

This chapter is an adaptation of the published article [16]. The proofs have been moved from
appendices to the main body.

1. Introduction

In this chapter, we prove that different classes of high-dimensional functions admit a neural
network approximation without the curse of dimensionality. To do that, we introduce the
notion of a catalog network, which is a generalization of a standard neural network in which
the nonlinear activation functions can vary from one layer to another as long as they are
chosen from a given catalog of continuous functions. We first study the approximability
of different catalogs with neural networks. Then, we show how the approximability of
a catalog translates into the approximability of the corresponding catalog networks. An
important building block of our proofs is a new way of parallelizing networks that saves
parameters compared to the standard parallelization. As special cases of our general results,
we obtain that different combinations of one-dimensional Lipschitz functions, sums, maxima
and products as well as certain ridge functions and generalized Gaussian radial basis function
networks admit a neural network approximation without the curse of dimensionality.

The remainder of this chapter is organized as follows. In Section 2, we first establish the
notation. Then, we recall basic facts from [19, 68, 105] on concatenating and parallelizing
neural networks before we introduce a new way of network parallelization. In Section 3,
we introduce the concepts of an approximable catalog and a catalog network. Section 4 is
devoted to different concrete examples of catalogs and a careful study of their approximability.
In Sections 5 and 6, we derive bounds on the number of parameters needed to approximate a
given catalog network to a desired accuracy with neural networks. Theorems 5.2 and 6.3 are
the main results of this chapter. In Section 7, we derive different classes of high-dimensional
functions that are approximable with ReLLU networks without the curse of dimensionality.
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2. Notation and preliminary results

A neural network encodes a succession of affine and nonlinear transformations. Let us denote
N ={1,2,...} and consider the set of neural network skeletons

N=J U @ xRY).

DeN (Lo ZD)GNDJrl k=1

.....

We denote the depth of a neural network skeleton ¢ € N by D(¢) = D, the number of
neurons in the kth layer by lﬁ =, k€ {0,...,D}, and the number of network parameters
by P(¢) = Sry l(lu_1 + 1). Moreover, if ¢ € N is given by ¢ = [(Vi,b1),...,(Vp,bp)],
we denote by Aﬁ € C(R*1 R%), k € {1,..., D}, the affine function = — Vix + by. Let
a: R — R be a continuous activation function. As usual, we extend it, for every positive
integer d, to a function from R¢ to R? mapping (1, ...,74) to (a(xy),...,a(xy)). Then the
a-realization of ¢ € N is the function R? € C(R, R!?) given by

RS = A} o0ao0 A} o---aoAf.

We recall that suitable ¢1,¢ € N can be composed such that the a-realization of the
resulting network equals the concatenation R¥2 o R¢'. This is done by combining the output
layer of ¢; with the input layer of ¢o. More precisely, if ¢; = [(V1,b1),...,(Vp,bp)] and
¢ = [(Wh,c1),...,(Wg,cg)] satisty l%1(¢1) = lg"’, then the concatenation ¢, 0 ¢, € N is given
by

¢2 o ¢1 = [(‘/17 b1>7 ER) (VDfla bDfl)a (W1VD7 WlbD + Cl)a <W27 02)7 ceey (WE7 CE')]

The following result is straight-forward from the definition. A formal proof can be found
in [19].

Proposition 2.1. The concatenation

(o (): {(dr,¢2) €N XN I, =102} = N

is associative and for all ¢, P € N with l%l((m) = ng one has

(i) RE2°% = R%2 0 R for all a € C(R,R),

(ii) D(p2 0 ¢1) = D(¢1) + D(g2) — 1,
(iti) 1727 = 12" if k €{0,...,D(¢1) — 1},

)
)
)
(iv) 1% =12 _pyyy if k €{D(d1), ..., D(g20 1)},
(V) P20 1) = P(¢n) + Plda) + 112150y 1 — 16717 = 1o Upigry 1 + 1)
(Vi) P20 1) <P(d1) if D(go) = 1 and I{* < I3, )

(vii) and P(dyo ¢1) < P(po) if D(b1) = 1 and 1§ < 15>

The next lemma is a direct consequence of the above and will be used later to estimate
the number of parameters in our approximating networks.
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Lemma 2.2. Let a € C(R,R) and ¢ € N. Suppose that V1,1 € N satisfy D(1y) =
(1/;2) 2, I = 15" =12 and 1> = 13> = 12 ... Denote m = 1" if D(¢) = 1 and

if D(¢) > 2. Then,

D(¢)
m= D(cb) 1

P(wZ o¢go ¢1) = P(¢) + lwl(l¢ + 1) + le(W + 1) + l¢(l¢1 i l¢) + m(lwz B lqﬁ )

Proof. Abbreviate D = D(¢). By Proposition 2.1 and the fact that P (i) = IV (18" + 1) +
I (1% + 1), we have

Plpotn) =P(d)+ 1" (1§ +1) + 171 —17)

and l%owl = m. So, by applying Proposition 2.1 once more and observing l%ofll = l¢ = l;”,
we obtain

P(w20¢otn) =P(don) +*(Ip +1) +m(lf* — Ip),
which completes the proof. [ |

The standard parallelization of two network skeletons ¢; = [(V4,b1),...,(Vp,bp)] and
oo = [(Wi,c1),...,(Wp,cp)] of the same depth is given by p(¢1, ¢2) =

(o o) (00 ) )]

From there, arbitrarily many network skeletons ¢y, ..., ¢, € N, n € N3, of the same depth
can be parallelized iteratively:

p(¢17 ceey gbn) = p(p(¢17 s 7¢n—1)’ an)

The first three statements of the next proposition follow immediately from the definition.
The last one is shown in [19].

Proposition 2.3. The parallelization

neN

satisfies for all ¢y, ..., ¢, € N, n € N, with the same depth

(i) REC9) (g x) = (RO (31), ..., RE(x,)) for all z, € RE ...z, € RY" and

(it) @) = S for all k € {0,...,D(é1)},

(iti) P(p(d1,...,¢0n)) < n?P(¢1) whenever I = l,fj for all k € {0,...,D(¢1)} and all
i,je{l,...,n}

(iv) and P(p(ér, .-, 6n)) < 5[ X7, P)]

Neural networks with different depths can still be parallelized, but only for a special class
of activation functions.
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Figure 2.1: Parallelization of a network ¢; (depth 4) and a shorter network ¢, (depth 2)
obtained by concatenating ¢, twice with a network I arising from the 2-identity requirement,
resulting in ¢o = I o [ o ¢.

I U U p(#1, ¢2)

¢2 P~
PN[[ 00

Figure 2.2: The parallelization of ¢; with architecture (1,[,1,1) and ¢, with architecture
(1,1,1,1) has more than [* parameters.

Definition 2.4. We say a function a € C(R,R) fulfills the c-identity requirement for a
number ¢ > 2 if there exists I € A such that D(I) = 2, I} < ¢ and R! = idg.

Note that if I satisfies R = idg, one can also realize the identity function idga for any
d € N, using d-fold parallelization I; = p(/,...,I). Obviously, l{d < cd.

The most prominent example satisfying Definition 2.4 is the rectified linear unit activation
R — R, z — max{x,0}. It fulfills the 2-identity requirement with I = [([1 — 1]T,[0 0]7),
([1 —1],0)]. However, it is easy to see that generalized ReLU functions of the form

re ifx>0
a(z) = .
st ifz<0

for (r,s) € R? with r + s # 0, such as leaky ReLU, also satisfy the 2-identity requirement.!

Using the identity requirement, one can parallelize networks of arbitrary depths. If
®1,...,0, € N have different depths, one simply concatenates the shorter ones with identity
networks until all have the same depth. Then one applies the standard parallelization; see
Fig. 2.1 for an illustration.

Although this successfully parallelizes networks with arbitrary architecture, one can do
better in terms of parameter counts. The estimate in Proposition 2.3.(iv) contains a square of
E?Zl P(¢;). This is not due to lax estimates, but a square can actually appear if, for some 7,
there are two large consecutive layers in p(¢;, ¢;11) which in ¢; and ¢;;; were next to small
layers; see Fig. 2.2. To avoid this, we introduce a new parallelization which uses identity
networks to shift ¢1,...,¢, away from each other and, as a result, achieves a parameter
count that is linear in Z?Zl P(¢;). For instance, to parallelize ¢ and ¢, we add D(¢s)
identity networks after ¢, and D(¢;) identity networks in front of ¢o before applying p. The
realization of the resulting network still is (z1,7s) — (R%(21), R%*(z3)). Extending this
construction to more than two networks is straight-forward; see Fig. 2.3. We denote it by py,
where I € N is the network satisfying the identity requirement. The following proposition
shows that p; achieves our goal of a linear parameter count in Z?zl P(p;)-

LOther activation functions satisfying the identity requirement are polynomials. For example, %((l‘ +
1)2 — 22 — 1) = 2 shows this for 2.
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hidden
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Figure 2.3: New “diagonalized” parallelization resulting from shifting ¢1, ¢, ¢35 away from
each other.

Proposition 2.5. Assume a € C(R,R) fulfills the c-identity requirement for a number ¢ > 2
with I € N'. Then the parallelization p;: J,, ey N™ = N satisfies

P(p1(¢17“'7¢ ))S 11 2l2 2 - ZP ¢J

foralln € N and ¢1, ..., ¢, € N, where we denote | = maxjeq1,.. n} max{loj, lg(ab }

»»»»»

Proof. Assume without loss of generality that n > 2. To simplify notation, let us introduce

some abbreviations. Write D; = D(¢;), I l@ ; Z] Dy, Si = >0 li) and
Ti=> I3. Moreover, denote ¢; = c if i € {1, ) 1} and ¢; = 1 if s € {0,n}. Consider
the network architecture (Lo, ..., Lg,) of depth E, given by
I, — ¢iSi +¢iTiq if k = E;,
b CSi_l + lin + CTi_H if k= Ei—l + m,

where m is ranging from 1 to D; — 1. As discussed in the paragraph preceding Proposition 2.5,
there is a skeleton 1) € N with this architecture that realizes the parallelization of ¢1, ..., ¢n;
see also Fig. 2.3. One has P(¢)) = > | P for P, = ZkE;EHH Li(Lg-1+1). In the remainder

of the proof, we show that P; < (15¢*1*n* — 1)P(¢;). We distinguish the cases D; > 2 and
D; = 1. Let us begin with the former case. By the definition of Lj, we have

P = (cSic1 + 1} + cTipa)(cio1Sio1 + ¢ Ty + 1)
+ ) (eSimy + 1y 4 i) (€Simt + Ly g + Ty +1)

+ (¢;S; + ¢iTi1)(eSim1 + U,y + ¢Tig + 1),

Now we use ¢ > 2, ¢ > ¢;, S; = Si_1 + U, T; = 1y + Tiq and S;y + Tipqy < I(n — 1), and
reorder the resulting terms to obtain

D; D;
Py L, + D) +fln—1)) I,
m=1 m=0

+ (e = DL+ (e = DI, (I, + 1) + Dicl(n — 1)(cl(n — 1) + 1).

Then, we bound the second line by 2(¢c — 1)P(¢;), the sum 3
D; by +P(¢;) to find

P, <P(¢i)[2c— 1+ Plin—1) + 3cl(n — 1)(cl(n — 1) + 1)].

' by P(¢;) and the depth

mOm
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Finally, since ¢ > 2 and n > 2, the term in the brackets can be bounded by 1tc?>n? —1, and

the proposition follows in the case D; > 2. Now assume D; = 1 so that P((;Sz) =15+ 1).
Then, by the same inequalities as in the previous case,

P, = (¢;S; + ¢iTi1)(cim1Si—1 + i Ty + 1)
<A(n—1)+1H(I(n—1)+ lé + %)

If I{ = 1, then P(¢;) = 2% and, hence,
P+ P(¢) < (= 1+ 5P(6:)(n + 5) + P(é)
< APP(gi)[2(n+3) + 5]

Since n > 2, we have 2(n+3) 4§ < 1¢n?, which concludes the case Ij = 1. Finally, if [j > 2,
then P(¢;) > 3 and [ 2 2, 50 we obtaln

P+ P(65) < AB(n — 1+ 31 (n — 3 + L) + P(¢n)
§c2z2[( —1><n——>+"71l2 O3+ 0]+ TP
&

and the term in the brackets is bounded by §n2, which finishes the last remaining case. W

It can be seen from the proof that the inequality of Proposition 2.5 is never an equality.
However, it can be shown that it is asymptotically sharp up to a constant for large n. Indeed,
if ¢ = 2 (as is the case for ReLU) and if ¢; = --- = ¢, has depth at least two (D(¢;1) > 2)
and a single neuron in each layer (I{* = 1 for all k), then

2n® —n*)P(1) = Pp1(d1, ..., d0)) < (Bn® —n)P(1).

The inequality on the right is a consequence of Proposition 2.5. We verify the equality on
the left: with the notation from the previous proof, we have S; =i and T; = n — 7+ 1. Thus,
the formula for P, reads

(2n —1)(n+1) +4n? ifi=1,
Po=02n—12n(D; —2)+ < (2n—1)2n+ 1) +4n?, if2<i<n—1,
(2n—1)2n+1)+2n?, ifi=n.

Since P(¢1) = 2D;, we find for the diagonal parallelization

Ppi(¢r, ..., ¢n)) = P+ (n—2)Py+ P, = (2n° — n*)P(¢1).

Hence, the bound in the proposition is asymptotically sharp up to a factor of at most %.

Proposition 2.5 illustrates that there is a fundamental difference between counting the
number of neurons and counting the number of parameters. As already observed in [19,68,105],
this also plays a role for the concatenation. The standard concatenation of two networks ¢,
and ¢, has roughly P(¢1) + P(¢2) neurons. But the parameter count may increase much
more dramatically. If, e.g., most of the neurons of ¢; are in the last hidden layer and most of
the neurons of ¢, in the first hidden layer, then ¢5 o ¢; has roughly P(¢1) - P(¢2) parameters;
see Fig. 2.4. To counter this, one can use the concatenation

Lo, O¢20[lgzofl¢1 © @10 L

D($2) D(41)
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Figure 2.4: Concatenation with and without additional identity networks. Here, ¢ is a
network of depth 2 with [ neurons in its hidden layer, and [ is assumed to satisfy the
2-identity requirement.

instead of ¢ o ¢1, where I; is an identity network in d dimensions. Even though this results
in more neurons, it reduces the parameter count. The following estimate is a consequence of
Lemma 2.2.

Corollary 2.6. Assume a € C(R,R) satisfies the c-identity requirement for a number ¢ > 2
with I € N and denote I; = p(I,...,I) for alld € N. Let ¢ € N and abbreviate m =
max{lg,l%((b)}. Then

P(Ie © ¢o ]zg) < 3emP(¢) + 2cPm?.

D(¢

Proof. Abbreviate D = D(¢), k = I and n = I3, .

First, assume D > 2. Lemma 2.2 yields
P(Iyo¢oly)=P(d)+ 1 (k4 1)+ 1n(n+1) + 1011 — k) +15,_, (1" —n).

Note that l{’“ and 1" are at most ck and cn, respectively. This and the fact that l‘f + l%fl <
2P(¢) imply

< P(¢) + 2em(m + 1) + (If +15_,)(em — 1)
< §emP(9) +2¢°m?,

where the last inequality holds because ¢ > 2. Now, suppose D = 1. Then, by Lemma 2.2,

P(l,opoly) <n+ck(k+1)+cn(n+1)+c*nk
< 3cP(¢) + mP + Iem(m+ 1) +m
< gcmp(qﬁ) + %02m2,
where we again used ¢ > 2. [ |

Corollary 2.6 will be used in our proofs to estimate the number of parameters of
I, o@aols, 0l o0¢r10le.
D(62) 0 D(¢1) 0
3. Catalog networks

In this section, we generalize the concept of a neural network by allowing the activation
functions to change from one layer to the next as long as they belong to a predefined
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Figure 2.5: Realization of an example catalog network.

catalog F C U, ey C(R™,R"). We denote the dimension of the domain of a function
f € Upnen C(R™,R™) by Z(f) and the dimension of its target space by O(f), so that

as

D

| - E e {(fl,...,fn) €F": Y I(f;) =l and Y_O(f;) = z%}.
j=1

k=1 neN j=1

The set of all catalog networks corresponding to F is given by

An element ¢ € Ci,—? """ 20 s of the form

f = [(‘/17[)17 (f1717 BRI fl,m))’ SR (VDabD, (fD717 ceey fD,nD))]‘

For each k € {1,..., D}, we let A% € C'(R'+-2 R!2¢-1) be the affine function x — Vjyx + by.
By G&* € C(R!+1 R%*), we denote the function mapping z € R'+1 to

Qé’k(ﬂf) = [fm (fEb s l’z(f,cyl)) ) fk,? (xz(fk,1)+1> S iUI(fk,l)ﬂ(fk,g)), ceey

fk,nk (xI(fk,l)+"'+I(fk,nk—1)+17 v >xI(fk,1)+“'+I(fk,nk))}’

that is, we apply fi 1 to the first Z(fy1) entries of x, fio to the next Z(fy2) entries and so
on; see Fig. 2.5. This is well-defined due to the sum conditions in the definition of Cé? """ fap
The overall realization function R¢ € C (R R™22) of the catalog network £ is

RE=GSPo AP 0. .0 GEL o AST,

We define the depth of £ as Dy = D. Its input dimension is Z¢ = [y, its output dimension
O¢ = lsp, and its maximal width W = max{ly,...,lap}.
Our goal is to show that catalog networks can efficiently be approximated with neural

networks with respect to some weight function, by which we mean any function w: [0, c0) —
(0, 00).

Definition 3.1. We say the decay of a weight function w is controlled by (s1, $2) € [1,00) %
[0, 00) if
s1r°%w(r max{z, 1}) > w(x)

for all z € [0,00) and r € [1, 00).
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Controlled decay is a general concept applicable to different types of weight functions.
The inequality in Definition 3.1 is exactly what is needed in the proofs of our results. Useful
weight functions are constants and functions of the form (1 + 29)~! or (max{1,z9})! for
some g € (0,00). Constant weight functions have decay controlled by (1,0). The functions
(1+ 297" and (max{1,x9})~" are covered by the following result.

Lemma 3.2. Let 0 € (0,00) and consider a nondecreasing function f: [0,00) — (0,00).
Moreover, let g: [0,00) — [0,00) be of the form x Z?:o a;z% for ¢ € Ny = NU{0} and
a0, bos - -+, g, by € [0,00). Then the decay of the weight function w(z) = f(z)(max{g(x),d})~"
is controlled by (max{g(1)/0, 1}, max{by,...,b,}).

Proof. Denote s = max{bo,...,b,}. Since the coefficients ay,...,a, of g are nonnegative,
one has g(rz) < r°g(z) for all x € [0,00) and 7 € [1,00). This and the assumption that f is
nondecreasing yield

fr) e

r*w(rx)

S o), 0 = maxlg(ra) o}

for all z € [0,00), r € [1,00). That f is nondecreasing also gives

) max{e(1).5)
~ max{g(z),d} — J

(1)

w(z

for all z € [0,1). Combining the previous two estimates yields

J

mw(x) < w(max{z,1}) < r’w(r max{x, 1})

for all z € [0,00), r € [1,00), which finishes the proof. |

Our main interest is in catalogs of functions that are well approximable with neural
networks. For the proofs of our main results to work we need the approximations to be
Lipschitz continuous with a Lipschitz constant independent of the accuracy. To make this
precise, we denote the Euclidean norm by || - ||.

Definition 3.3. Consider an activation function a € C'(R,R) and a weight function w. Fix
constants L € [0,00) and € € (0,1]. Given a function f € (J,, ey C(R™,R") and a set

Q C RTY), we define the approximation cost Costaw(f, Q, L, ) as the infimum of the set

¢ € N with R¢ € C(RTV) ROW))
P(¢) € N: s.t. R¢ is L-Lipschitz on RZY) and
supoeq w(llzlDlf () = RE ()] < &

where, as usual, inf()) is understood as oco.

The next definition specifies the class of catalogs for which we will be able to prove
Theorem 5.2 on the approximability of catalog networks.

Definition 3.4. Let a € C(R,R), k = (ko, k1, k2, k3) € [1,00)% x [0,00)2, € € (0,1], and
suppose w is a weight function. Consider a subset F C Um,neN C(R™ R") together with a
family of sets Q) = (Qy)ser such that Q; C RZ() contains 0 for all f € F and a collection of
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Lipschitz constants L = (Ls)rer C [0,00). Then we call F an [a,w, @), L, €, k]-approximable
catalog if sup ez || f(0)| < ko and

COSta,w<f> va Lfﬂ 5) < K1 max{I(f), O(f)}@a_ﬁg
for all f € F and 6 € (0,¢].

Note that if F is [a,w, Q), L, ¢, k]-approximable, then every f € F must be L;-Lipschitz
continuous on the set ();. Indeed, the definition implies that for all 6 € (0,¢] there exists

¢s € N such that w(||z])|| f(z) — RE (2)|| < 6 and R () — R (y)|| < Lyllz — y| for all
x,y € (5. Hence, one obtains from the triangle inequality that

1F(z) = Fw)ll < + Lyllz =yl +

0
(H Iy w(llyl)

for all z,y € Q; and § > 0, which shows that f is Ly-Lipschitz on Q.
If 7 is a catalog approximable on sets () = (Q)ser with Lipschitz constants L =
(Lf)fer € [0,00), we define for a catalog network ¢ € Ci,—? """ 20 of the form & = [(V1, b,

(fl,h ey fl,nl))u ceey (VDa bD7 (fD,17 ey fD,nD))]7
ng ng
= Hka C HRZ(fk,j) — Rlzk—1
=1 e

and

L% =  max Ly, .
Je{l 7777 'I’Lk}

for all k € {1,...,D¢}. Then the following holds.

Lemma 3.5. Let £ € Cr be a catalog network based on an |a,w,Q, L, e, k|-approzimable
catalog F. Then
1G5*(x) = G*F(y)|| < L[|z —y|

forallk € {1,...,D¢} and z,y € Q%*.

Proof. Assume ¢ is of the form [(V1,b1, (fi1,---s fim))s---s Vb, bp, (fDas-- -, fonp))]. As
discussed after Definition 3.4, every f € F is Ls-Lipschitz continuous on the set Q). For
ke{l,...,D}, j€{1,...,n} and @ € R"-1, denote by z(;; the vector

T(Fr -
L(k,j) = ('Tz(fk,l)+"‘+z(fk,j—1)+17 <o 7xI(fk,1)+"'+I(fk,j)) eR (hs),

Then, for all k € {1,...,D} and z,y € Q%F,

IG5 (z) — G**(y)|I* = lefmivm = i W) I

s

<> L3 lews = vap P < [Pl —yl?

7=1

which is what we wanted to show. [ |



18 CHAPTER 2

4. Examples of approximable catalogs

In this section, we provide different examples of approximable catalogs that will be used
in Section 7 to show that various high-dimensional functions admit neural network approx-
imations without the curse of dimensionality. Our catalogs are based on one-dimensional
Lipschitz functions, the maximum function, the square, the product and the decreasing
exponential function. They will be collected in Examples 4.1, 4.2, 4.4, and 4.6.

First, consider a K-Lipschitz function f: R — R for a constant K € [0,00). For any
given r € (0,00), f can be approximated on [—r, r] with a piecewise linear function supported
on N + 1 equidistributed points with accuracy Kr/N. Such a piecewise linear function can
be realized with a ReLLU network ¢y with one hidden layer and N hidden neurons. This
results in P(¢n) = 3N + 1, from which it follows that

COStReLU,l(f; [—T, ’f’], K, 5) < ,P(gb(KTs—l}) < 3KT’€_1 + 4.

Alternatively, one can approximate f on the entire real line with respect to a weight function
of the form w,(x) = (14 z?)~! for some ¢q € (1,00). Then

COStReLUﬂuq(f, R7 K7 5) S 21/4—13<K€_1)q/q_1 + 4,

the proof of which is a variant of [60, Corollary 3.13]. Indeed, set r = (2Ke)/@ " and
N = [Kre7']. Using ¢ as above, we have |f(z) — ¢n(x)] < € for all z € [—r,r] and
|f(z)—oén(x)| < 2K|z| for all x € R\[—r,r]. The choice of r then ensures that w,(|x|)|f(x)—
on(z)] < e for all z € R. In the notation of approximable catalogs, we can summarize as
follows.

Example 4.1. Let r € (0,00) and consider the weight function wy(x) = (1 + 29)~! for a
q € (1,00). For K € [1,00), introduce the K -Lipschitz catalog

FpP = {f € C(R,R): f is K-Lipschitz and | f(0)| < K}.

Set Lig, =1 and Ly = K for f € FiP\{idg}. If we define approzimation sets by Qia, = R
and

(i) Qf=[—r,r] forall f € FP\{idg}, then F® is a [p,1,Q, L, 1, k]-approzimable catalog
for k = (K,3Kr +4,0,1)

(i) Qf = R for all f € FyP\{idg}, then FgP is a [p,w,, Q, L, 1, k]-approzimable catalog
for* k= (K,5(2K)"™,0,9/q-1).

Let us now turn to the maximum functions maxy: R — R, z — max{zy,..., 74}, d € N.
They admit an exact representation with ReLLU networks. Indeed, max; is simply the identity
and maxsy is the ReLU-realization of

1 —11 [o
by = 0 11],[0f]).([t 1 —=1],0)
0 —1| |0

If I € NV is a skeleton for which ReLLU satisfies the 2-identity requirement and we define
I; = p(l,...,I), d € N, then it easily follows by induction that max,, d € Nsj3, is the

2Here we use that 4 < 2(2Ke~1)7@=" gince K > 1.
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ReLU-realization of ¢4 = ¢4_1 0 p(¢2, I4_2), whose architecture is (d,2d — 1,2d —3,...,3,1).
From this, we obtain P(¢4) = 5(4d® + 3d*> —4d + 3) < 2d*. In other words, for all d € N and
any weight function w,

CostreLu w(maxy, RY, 1,¢) < 2d°.

Adding the maximum functions to the Lipschitz catalog, we obtain the following.

Example 4.2. Adopt the setting of Example 4.1 and define the K -Lipschitz-mazimum catalog
Fppmax — FP g fmaxy: d € N}. Add the approzimation set Quax, = R and the Lipschitz
constant Lyay, = 1 for all d € N. Then F[I“(lp’max is

(i) a [p,1,Q, L, 1, K]-approximable catalog for k = (K,3Kr +4,3,1) and Q as in Exam-
ple 4.1.(1).

(ii) a [p,wy, Q, L, 1, k]-approzimable catalog for k = (K,5(2K)Y@« Y 3 4/¢-1) and Q as in
Example 4.1.(ii).

Next, we study the approximability of the square function sq: R — R, z + 2% . It has
been shown by different authors that it can be approximated with accuracy € > 0 on the
unit interval by the ReLU-realization of a skeleton ¢. € A satisfying P(¢.) = O(log,(e71));
see [38,49,113,129]. A precise estimate of the required number of parameters is given in
Proposition 3.3 of [19]. In our language it can be stated as

Costreru,1(sq, [0,1],2,¢) < max{13, 1010g2(5_1) — T}

Moreover, the neural network Rﬁ“éw achieving this cost is 2-Lipschitz and satisfies ’Rﬁzw =
ReLU on R\[0,1]. Using a mirroring and scaling argument, we can deduce the following

estimate for approximating the square function on the interval [—r,r] for any r € (0, 00).

Lemma 4.3. For all r € (0,00) and € € (0,1], there exists a skeleton .. € N such that
Rﬁ;’EU € C(R,R) is 2r-Lipschitz, SUDpe(—r] |Rﬁ;EU(x) — 22| < ¢, Rﬁ;iU(x) = rlz| for all
x € R\[-r,r] and

P(¢,.) < max{52,80log,(r) + 40log,(s ') — 28}.

Proof. Choose ¢,.1,¢r2 € N of depth 1 such that Rﬁ’;iU € C(R,R?) realizes z — (£,—2)

and RY2 € C(R?,R) realizes (z,y) — r2(z+y). If (@)ec(01) € N are the e-approximations
of the square function on [0, 1] derived in Proposition 3.3 of [19], then® the ReLU-realization
of V.. = ¢p20p(Pr—2e, Pr—2:) 0 $,1 approximates the square function on [—r, r| with accuracy
e. To see this, note that Rﬁre’iU(m) = 7“27%%?5(@) for all x € R since Rﬁ;}f@ = ReLU on
R\[0, 1]. This also implies Rﬁ’;ﬁU(a:) = r|z| for all x € R\[—r,r] as well as the 2r-Lipschitz
continuity. Finally, (vi) and (vii) of Proposition 2.1 together with (iii) of Proposition 2.3
assure that P(v,.) < 4P(¢,—2.), which concludes the proof. |

More concisely, for all r € [2,00) and € € (0, 1], the statement of Lemma 4.3 can be
written as

CostreLu 1(sq, [—7, 7], 2r,¢) < 80log,(r) + 40 logQ(s_l) — 28.

3Here, we understand ¢,—2. as ¢; if r—2e > 1.
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Now, let us take a closer look at the decreasing exponential function e: R — R, =+ ™.

Its restriction to [0, 00) is covered by the general approximation result for Lipschitz functions.
But exploiting its exponential decrease, we can obtain better estimates. More precisely, e can
be approximated to a given accuracy € € (0, 1] uniformly on [0, 00) with a piecewise linear
interpolation supported on the |¢7!| points —log(ne), n € {1,...,|e"!|} which is constant
on R\[—log(|e7!|e), —log(¢)]. Realizing this piecewise linear function with a ReL.U network
with one hidden layer yields

COStReLU,l(ey [O, OO), 1,6) S 3L6_1J +1 S 48_1.

Together with idg and sq, e gives rise to the following catalog, which we will use to approxi-
mate generalized Gaussian radial basis function networks in Section 7.

Example 4.4. Let r € [5,00). Define the catalog F2BY = {idg, e, sq} with approximation
sets Qiap, = R, Qe = [0,00), Qsq = [—7, 7] and Lipschitz constants Liq, = L. = 1, Lsq = 2r.
Then FRBE 45t a [p,1,Q, L,r73,(1,4,0,1)]-approximable catalog.

Using the identity zy = i((m—ky)Q —(z—1y)?), we can also estimate the approximation rate
of the product function pr: R?> — R, (z,y) — xy. This trick has already been used before
by, e.g., [37,129]. We still provide a proof of the following proposition since the results in
the existing literature do not specify the Lipschitz constant. Our proofs of both, Lemma 4.3
and Proposition 4.5, follow the reasoning of Section 3 in [19)].

Proposition 4.5. For all r € (0,00) and ¢ € (0, 1], one has
CostreLu (pr, [—7, 7]%, V87, ) < max{208, 320 log,(r) + 160 log,(c ') + 48}.

Proof. Choose 1,15 € N of depth 1 such that RY., ; € C(R? R?) realizes (,y) — (z +
y,x —y) and R, € C(R% R) realizes (z,y) — 1@ —y). If (Yre)re000),ce01) € N denote
the e-approximations of the square function on the interval [—r, 7] from Lemma 4.3, then
the ReLU-realization of x,. = 12 0 p(ta2, ¥ar2:) © ¥y approximates the product function
on [—r, r]? with accuracy e. Furthermore, RyJs is V/8r-Lipschitz continuous because R;Q'ZLQ[?

is 4r-Lipschitz continuous and, hence,

IRieiu (@1, 22) — R¥sr v (i, y2)| < 2r(|lzy — wa] + |22 — yo)
< V8r||(z1 — y1, w0 — 1)

As in the proof of Lemma 4.3, combining (vi) and (vii) of Proposition 2.1 with (iii) of
Proposition 2.3, shows that P(x,.) < 4P (12 2:), from which the proposition follows. [

The following is our last example of an approximable catalog.

Example 4.6. Take Fi2® from Example 4.1, let R € (0,00), and define the K-Lipschitz-

product catalog fII}ip’pmé(: Fi® U {pr}. The approzimation sets and Lipschitz constants
are defined as in (i) of Evample 4.1 for Fg* and Qp = [~R, R]?, Ly = V8R. Then

Fprred s 0 0p,1,Q, L, 6, (K, M,0,1)]-approzimable catalog for® § = min{l/2, B*/2} and M =
max{3Kr + 4,105R?}.
4That r > 5 and € < r~3 shows 80log,(r) + 40logy(c71) — 28 < 4e~L.

This specific choice of § and M ensures that max{208, 320 log,(R) + 1601og,(e~1) + 48} < Me~* for all
e €(0,9].
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5. Approximation results

In this section, we state the first of our main results, Theorem 5.2, on the approximability
of catalog networks with neural networks and explore the special case of ReLU activation in
Corollaries 5.5 and 5.6. The next lemma is crucial for the proof of Theorem 5.2. It establishes
the approximability of the functions G*, k € {1,..., D¢}, in a catalog network £ € Cx. Since
G&* is composed of functions fy.1,. .., frn, from the catalog F, it can be approximated by
approximating fy1,..., frn, With neural networks and then parallelizing them as in Fig. 2.3.
Proposition 2.5 allows us to keep track of the resulting number of parameters.

Lemma 5.1. Assume a € C(R,R) satisfies the c-identity requirement for some ¢ > 2.
Let F be an [a,w,Q, L, e, k|-approximable catalog for a nonincreasing weight function w,
and consider a catalog network £ € Clo """ fap for some D € N and ly,...,lsp € N. Then
for all k € {1,...,D} and § € (0, 6] there exists a skeleton ¢ € N with a-realization
RS € C’(Rl%—l,Rl%) such that

(1) supcqer w([lz)IGH* (z) — RE(@)]| <6,

(i) R¢ is L&k -Lipschitz continuous on R™2—1 and

(111) P(¢) S 1%%102 maX{lgk 17l2k}’€2+’i3/2+5(5—’i3

If, in addition, Z(f) < d and O(f) < d for some d € N and all f € F, then one also has
(iv) P(¢) < tiric?d® max{log_1, loy }r2 /23578,

Proof. Assume ¢ is of the form [(Vi,b1, (fi1,- -, fina)), -, (Vpobp, (foa, -+, fony))]- Fix
any k € {1,...,D} and ¢ € (0,¢]. The assumption that F is [a,w, @, L, €, k]-approximable
for k = (Ko, K1, k2, k3) guarantees that there exist skeletons ¢; € N, j € {1,...,ng}, such
that the a-realizations Ry’ € C(RTUrs) ROUrs)) satisfy

(i) [|[RY (x) — R& ()| < Ly, |z — y| for all z,y € R,
(i) w(llz])l fig(z) — R (2)]| < = for all z € Q,

(i) and P(¢;) < ki max{Z(fy;), O mww@”&@

Pick an I € N such that a fulfills the c-identity requirement with I, and let ¢ € N be
the [-parallelization ¢ = pr(¢1,...,¢,,). For j € {1,...,n;} and x € Rl denote

(k) = (II(fk,1)+~”+I(fk S e TI(fy, 1)+"'+I(fkj))' Then, for all z,y € Rls-1,
RS () = REW)I* = Z IRY (5)) — R (yee)I*
(5.1)
< ZLfck,ij(k,j) YeplI® < [Pl =yl
j=1
Moreover, since w is nonincreasing, we obtain, for all x € Q%F,
1G5 () = Ry (2)||* = Z e (@ eg) — R (o))
52 - (5.2)
S o > wlllews D)™ < 8*fw(|l])]

j=1
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[t remains to estimate the number of parameters P(¢). Since lg)j = Z(fr;) < lox—1 and
l%’@j) = O(fr;) <o for each j € {1,...,n4}, Proposition 2.5 yields

P(¢) < 1t max{lop_1, lor }°n} ZP(%’)
=1 (5.3)

11 2
< qekic” max{log_1, lok

}H2+2ni+%36—1€3_

Note that we always have ny < max{lar_1, lox }, which yields (iii). If Z(f) < d and O(f) < d
for some d € N and all f € F, then we use the estimate ngj = I(fkx;) < d instead of
107 = Z(fr;) < Iy (and similarly for lg’@j)) to obtain P(¢) < {gcd®nj 3 0%, P(¢;) in

(5.3), which shows (iv). |

Before we can formulate Theorem 5.2, we have to introduce a few more concepts. Let
F be a catalog that is approximable on sets () = (Qy)fer with Lipschitz constants L =
(Lf)fer € [0,00). Then, for any catalog network & = [(Vi,b1, (fi1,---, find))s---, (VD,bp,
(foa,--s fonp))] € Cr, we define

Domg ¢

= {x eR™:forallk € {l,...,De}: (A* oG o 0 A0 GO o AYY)(2) € ka}

and
D¢
Lipy ¢ = [ [ L IVall,
k=1
where | - || denotes the operator norm when applied to matrices. The set Domg ¢ describes

where we will be able to approximate the catalog network £. It takes into account that
each each layer function G* can only be approximated on the set Q*. The number Lip;
represents the worst-case Lipschitz constant of the catalog network.

To estimate the approximation error, we need two more quantities. The first one is

Be = max {1, |4 (O)]] ..., [|ASP<(0)]},

which simply measures the maximal norm of the inhomogeneous parts of the affine transforma-
tions (capped from below by 1). When using weight functions of the type w,(z) = (1+27)7!,
functions in the catalog are approximated better close to the origin. The quantity B, together
with the kg-boundedness of the catalog in the origin will be used to control how far away one
is from the region where one has the best approximation. However, this becomes irrelevant
for constant weight functions, as can be seen in Corollary 5.6 below.

The last quantity we need is 77 ¢, defined as the maximum of 1 and

D—-1
1. L&k L&DV, L&V
ey st L LT | D”jzlll Vil

where we abbreviate D = D; and use the convention L*° = 0. This combines the Lipschitz
constants of the affine and nonlinear functions appearing in the different layers of the catalog
network &.
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Theorem 5.2. Suppose a € C(R,R) fulfills the c-identity requirement for some num-
ber ¢ > 2 and let w be a monincreasing weight function whose decay is controlled by
(s1,82) for some s; € [1,00) and sy € [0,00). Consider a catalog network & € Cx for
an [a,w,Q, L, e, k]-approximable catalog F. Then there exists a skeleton ¢ € N with a-
realization R? € C(R%,R%) such that

(1) suP,epom, ¢ wllz)IRE(z) = RE(2)] < e,
(ii) R¢ is Lipy, ¢-Lipschitz continuous on R* and

(iii) P(¢) < CBE_W727§D2+1W52+t/2+66_“3 fort = k3(s2 4+ 1) and C = 53 (4kg) " k15,

Proof. We split the proof into two parts. In the first part, we construct an approximating
neural network and bound the approximation error. In the second part, we estimate the

(S fim))s - (Vp, b, (fpas - fD,nD))] Denote GO idgsy and
Gr=G" oA oG 1o...0G5 0 A%

for k € {1,..., D}. Before constructing the approximating network, we show by induction
over k that
k—1
104 0 G @) < [Vill (TTZ 1V 1) el + )
= (5.4)
+Z||vk||( I LIV ) (2] + 195 (0)])
j=i+1

forallk € {1,..., D} and x € Domg ¢. The base case k = 1 reduces to the obvious inequality
AL ()| < [IVillllz|| + [|b1]]. For the induction step, suppose the claim is true for a given
ke {l1,...,D —1}. Then we obtain from Lemma 3.5 that
(A 0 Gi) (@) < Vi (G5 0 A% 0 Gra) (@)] + [[brega
< Vit |ZEHI(ASE 0 Goy) (@) + Vi IIGEH O] + s |

for all # € Domg ¢, where we used that the sets )y contain 0. Applying the induction
hypothesis to ||(A%F o Gy_;)(x)||, we obtain that (5.4) holds for k + 1. Next, observe that

IG*(0)[1* = Z g (O < rgny < WV (5.5)

for all k € {1,..., D}. Hence, (5.4) yields

I(A%? o Gpa) (@)l < Trellell + B + DTre(Be + roy/We)

(5.6)
< 4/<LoB£ID§\/ W§7-L,£ maX{L HxH}

for all x € Domg .
To construct an approximating network, we note that it follows from Lemma 5.1 that
for all 0 € (0,¢] and k € {1,...,D}, there exists 15, € N such that the a-realization

RY* € O(Rl+-1RI2+) satisfies
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(i) |RY (z) — RE*(y)|| < LE* ||z — y|| for all z,y € Rlzs-1,
(i) w(||z[)[|GE* () — Re* (x)]| < 6 for all 2 € QF and
(i) P(ehss) < Wiyt 7 o5,

Moreover, since each A%* is an affine function, there exist unique y, € N of depth 1, such
that RX» = A% forall k € {1,..., D}. Let s, € N be given by ps = 15 0xk0" - -0th510X1.
The a-realization of ¢5p will be our approximation network. To verify that it does the job
in terms of the approximation precision, we show that

LI L LS|V
6o = RE4 (@) < 3 Efts: - ”( )'|'|) 5.7

for all k € {1,...,D}, 6 € (0,¢] and z € Domg,¢ by induction over k. The base case
k = 1 holds by the approximation property of 15, and the fact that A%!(z) € Q%! for all
z € Domg ¢. For the induction step, we assume (5.7) holds for a given k € {1,...,D — 1}.
By the Lipschitz and approximation properties of 1541, we obtain

1Gr1(@) = R (@) < S[w((| (A 0 Gi) (@) D] + L[ Vi || Gr(z) — Ra™ ()]

for all § € (0,¢] and € Domg ¢, where we used that (A1 o Gy)(z) € Q5! for all
x € Domg¢. Using the induction hypothesis on ||Gx(z) — R&™* ()|, we obtain that (5.7)
holds for k£ + 1. Now, we combine (5.6), (5.7) and the assumption that the decay of w is
controlled by (s, s2) to find that

1Gp(z) — REP (2)|| < DTy ¢ [w(4roBe Den/We T ¢ max{L, ||z[|})]
< 510[4k0Be] 2 [De T e T W (|l )]

(5.8)

for all 6 € (0,¢] and z € Domg .

Next note that it follows from the fact that the concatenation of Lipschitz functions is
again Lipschitz with constant equal to the product of the original Lipschitz constants that
R&*" is Lipy, ¢-Lipschitz.

It remains to estimate the number of parameters of the constructed network. To do
this, we slightly modify ¢sp by interposing identity networks. This does not change the
realization but reduces the worst-case parameter count, as discussed before Corollary 2.6.
Choose I € N for which a fulfills the c-identity requirement and let I, = p(I,...,I), d € N.
Define psx = I, o Y5 0 I, _, for k € {1,...,D} and 6 € (0,¢]. Combining Corollary 2.6
with our parameter bound for P(¢sx), we obtain

P(pa,k) %H C3Wna+n3/2+65—n3 + 29 2W5

tr3/246
< %/@ C?’W@ K3 /246 5

(5.9)

for all § € (0,¢e] and k € {1,..., D}, where we used that ¢ > 2. Since l{d < cd for all d € N,
Proposition 2.1 yields that
P(psge 0 xi) < Plps) +Wg (5.10)

for all § € (0,¢] and k € {1,...,D}. Next, we show that

2
Plpsroxko---opsiox1) < (k—1)W; + ZP(P&J‘ o X;) (5.11)

j=1
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for all k € {1,...,D} and § € (0,¢]| by induction over k. The base case k = 1 is trivially
satisfied. For the induction step, we assume (5.11) holds for £ € {1,...,D — 1}. Then
Proposition 2.1 and the induction hypothesis show that

P(p&,k+1 O Xk+1©--0Ps10° Xl)

< P(psg+10 Xit1) + P(psk o Xk 0 -0 ps1 0 X1) + Clagryny—1lox
k1

<kAWE+ D Plpsj o x;)

Jj=1

for all § € (0, €], which completes the induction. Now we combine (5.10) and (5.11) to obtain

D
P(Pé,D OXpO++0ps10 Xl) < %C2DW§ + ZP(’O‘SJ)

j=1
for all § € (0,¢], where we used ¢ > 2 again. Using (5.9) gives
P(p&D OXpO-:-0ps10 Xl) S %CQDWg + %DK163W52+H3/2+65_H3

< %ch3pgwg2+ﬂ3/2+6571{3

(5.12)

for all 6 € (0,¢]. We conclude by summarizing what we have proved so far. Motivated by
(5.8), let n € (0,¢] be given by

0 = & (s1[4r0Be) 2 [DeTr e W) 7,

and define ¢ = p, poxpo---0p,10x:. Then, R? = ReP and Gp = RE. So, one obtains
from (5.8) that

SUPsepomg « W[ RS (2) = Ry (2)[| <,
and (5.12) gives

] K3
P(Qb) < %03,%181@ [4/{0[5&]&352 Ijz(Sz-ﬁ-l)Dgs(Sz-i-l)-i-leQJr 3 (32+1)+6€—537

which completes the proof. [ |
The conclusion of Theorem 5.2 could be written more concisely as
. —K K -‘rt 2+6 — KA
Costy (RS, Domg ¢, Lipp ¢, €) < CBE 372”751)2“)/\/52 /246 =5

We point out that the rate in the accuracy is O(e7"3), the same as for the underlying catalog
F.

In the proof of Theorem 5.2, we combine the approximations of the functions G&* obtained
in Lemma 5.1 with the affine maps A%*. When concatenating different approximating
networks, we interpose identity networks. This reduces the parameter count in worst-case
scenarios but can lead to slightly looser estimates in certain other situations.

Remark 5.3. If Z(f) < d and O(f) < d for some d € N and all f € F, we can use (iv)
instead of (iii) of Lemma 5.1 in the proof of Theorem 5.2 to obtain the following modified
version of the parameter bound in Theorem 5.2:

P(g) < CdQBé_HS7—575D2+1Wg2+t/2+45_“3 '

Since in many of the example catalogs of Section 4, the maximal input/output dimension is
1 or 2, this will allow us to obtain better estimates in some of the applications in Section 7
below.



26 CHAPTER 2

Remark 5.4. A careful inspection of the proof of Theorem 5.2 shows that it does not only
work for the Euclidean norm but also, for instance, the sup-norm.

Proof. To see that the proof of Theorem 5.2 also works for the sup-norm, we note that in
(3.1), (5.1), (5.2) and (5.5), we used the property ||lz[|* = =", ||z ;|* of the Euclidean
norm. However, since the sup-norm satisfies ||z||2, = max;eq1,. n.} |2k ]|%, and we did not
use any specific property of the Euclidean norm anywhere else in the proof, Theorem 5.2 still
holds for the sup-norm. [ |

We know that the ReLLU activation function satisfies the 2-identity requirement. The-
orem 5.2 recast for ReLU activation and the weight function w,(z) = (1 + 27)~! reads as
follows:

Corollary 5.5. Consider the weight function w,(z) = (1 + z7)~" for some q € (0,00). Let
¢ € Cr be a catalog network for a [p,w,, Q, L, €, k|-approzimable catalog F. Then there exists
a skeleton ¢ € N with ReLU-realization Ry, € C(R%, RO) such that

(1) $UPsenomg (1 + 12 IR (@) = Ry (@)l <,
(il) RE. Ly is Lip;, ¢-Lipschitz continuous on R* and
(iii) P(¢) < CBL™ T DW= for t = ky(q +1) and C = S22kl "o,

For the weight function w = 1, the parameter estimate in Theorem 5.2 simplifies consider-
ably. This is because the decay of w = 1 is controlled by (1,0), which makes the translation
size and the bound of the catalog in the origin irrelevant.

Corollary 5.6. Let & € Cx be a catalog network for a [p,1,Q, L, e, k]-approzimable catalog
F. Then there exists a skeleton ¢ € N with ReL U-realization RﬁeLU € C(R%,R%%) such
that

(1) SupxeDomQ@ ||R§(ZL‘) - R?{eLU("L‘)“ < &
(il) RE. Ly is Lip;, .-Lipschitz continuous on R* and

(i) P(¢) < %H17?2D’53+1W§2+m/2+65_53-

6. Log-approximable catalogs

In this section, we modify the way we measure the approximation cost and derive correspond-
ing approximation results.

Definition 6.1. With the setup of Definition 3.4 and ¢ < 1/2, F C |
called [a,w, @, L, ¢, k]-log-approximable if sup ;. || f(0)[| < o and

COSta,w(f7 va Lf7 5) < IilmaX{I(f), (9<f)}ﬁ2 [lOgQ((S_l)]HS
for all f € F and 6 € (0,¢].

C(R™, R") is

m,neN

This log-modification is designed for catalogs made of functions like the square or the
product, which can be approximated with rate O(log,(¢7!)), as we have seen in Lemma 4.3
and Proposition 4.5. Its usefulness will become apparent in Proposition 7.6, which is based
on the following catalog.
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Example 6.2. Let P4 = {idg, pr} be the product catalog and fix r € [1,00) and d € N.
Consider the approximation sets Qig, = R, Qpr = [—r¢,r%? and the Lipschitz constants
Lia, = 1, Ly, = v/8r?. Then FPd is a [p,1,Q, L, min{1/2,1/r}, (1,320d + 208, 0, 1)]-log-
approximable catalog, where k1 can also be chosen as 208 instead of 320d + 208 if r = 1.

Using the notion of log-approximable catalogs, we can derive the following analogue of
Theorem 5.2.

Theorem 6.3. Assume a € C(R,R) satisfies the c-identity requirement for some number
¢ > 2, and let w be a nonincreasing weight function whose decay is controlled by (s1, s3) for
some s1 € [1,00) and s9 € [0,00). Consider a catalog network & € Cx for an [a,w,Q, L, €, k|-
log-approximable catalog F. Then there exists a skeleton ¢ € N with a-realization R? €
C(R%,R%) such that

(i) SUPsepom,  w(lIZ[)IR (2) — RE(2)] < e,

(i) R

(iit) P(¢) < 53¢°m DV [logy (s1[4k0Be] [ TreDer/Wel#H1e™) |7

Proof. In case the catalog F in Lemma 5.1 is [a, w, @, L, €, k]-log-approximable instead of
[a,w,Q, L, e, k]-approximable, a slight modification of the proof yields a version of Lemma 5.1,
for which the parameter bound in (iii) is

is Lipy ¢-Lipschitz continuous on RZ% and

\/maX{l;k_l, lox } )] K3

1(151'{10 max{l% 1, lgk}n2+5 |:10g2(
Then, in the proof of Theorem 5.2, one only needs to replace (iii) with

Plas) < Firac e [logy (Ve )]

(5.9) with
Ppsk) < —/-i c3W“2+6 [logz(\/ Wed™ )]
and (5.12) with

P(Pé,D OXD©:+-0pPs10 Xl) < %chngwg#G [108;2(\/ Wéail)r?’
The rest of the proof of Theorem 5.2 carries over without any changes. |
The following is the analogue of Corollary 5.6 for log-approximable catalogs.

Corollary 6.4. Let £ € Cx be a catalog network for a [p,1,Q, L, e, k|-log-approximable catalog
F. Then there exists a skeleton ¢ € N with ReL U-realization R‘ﬁeLU € C(R%,R%%) such
that

(1) SUPsepomg ¢ [RE(@) = Ry (@)l < ¢,
(il) RG v 78 Lip Le-Lipschitz continuous on R* and

(iii) P(¢) < Bky DWW 0 [log, (TreDe/Wee™)]™
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7. Overcoming the curse of dimensionality

Next, we apply the theory of catalog networks to show that different high-dimensional
functions admit a ReLLU neural network approximation without the curse of dimensionality.
We use the catalogs introduced in Sections 4 and 6 to construct families of functions indexed
by the dimension of their domain that are of the same form for each dimension. The results
in this section are proved by finding catalog network representations of the high-dimensional
target functions, so that one of the general approximation results of Sections 5 and 6 can
be applied. The mere approximability of these functions with ReLLU networks follows from
classical universal approximation results such as [$6]. But the quantitative estimates on the
number of parameters in terms of the dimension d and the accuracy ¢ are new.

Our general results cover a wide range of interesting examples, but it is possible that, for
some of them, the estimates could be improved by using their special structure.

Proposition 7.1. Fiz K,r € [1,00), and let f;: R — R, i € N, be K-Lipschitz continuous
with |f;(0)] < K. Define gq: RT — R by gq(x) = Z?:l filz;). Then for all d € N and
e € (0,1], there exists ¢ € N with R,y € C(RER) such that

(1) SUPge[—r,r)d |gd<l’) - RﬁeLU(ZBM <e,

(i) Ry is VK -Lipschitz continuous on R and

(iii) P(¢) < 2103K2rdoe".
Proof. Let F = ]-}I}ip be the K-Lipschitz catalog and suppose Q) = (Q)ser and L = (Ly)ser
are defined as in (i) of Example 4.1. For d € N, let V; € R™? be the matrix V; = (1,...,1)
and &; € Cr the catalog network &; = [(idga,0, (f1,..., fa)), (Va,0,idg)]. Then R% = gg,

Dey = 2, We, = d and Tre, < VdEK. Moreover, Domg ¢, = Q' D [—r,r]? because
Q%? = Qiq, = R. Now, the proposition follows from Remark 5.3 and Corollary 5.6. [ |

The following is a generalization, whose proof only requires a slight adjustment.

Proposition 7.2. Fiz K,r € [1,00), and let f;: R - R, i € Ny, be K-Lipschitz continuous
with |f;(0)] < K. Define gq3: RT — R by gq(x) = fO(Zle fi(z;)). Then for all d € N and
e € (0,1], there ezists ¢ € N with R,y € C(RER) such that

(1) SUDge[—r,r)d |gd<l’) - ,R’(IieLU(:B” <e,

(i) Ry is VAK2-Lipschitz continuous on RY and

(ili) P(¢) < 210°K*rd®e.
Proof. This proposition is proved as Proposition 7.1, except that we fix d in the beginning,
use (i) of Example 4.1 with dK (r + 1) instead of r and define

§a = [(ide707 (fla <o 7fd>>7 (‘/21707 fO)]

Then, Tre, < VdK? and Q%2 = [~dK(r + 1),dK (r + 1)], which ensures that Domg ¢, 2
[—r, 7] |

Note that the parameter estimates in Propositions 7.1 and 7.2 depend on r since we
approximate uniformly on the hypercube [—r,7]?. However, the estimate is only linear in r,
even though the volume of the hypercube is of the order 7¢.
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Proposition 7.3. Let K,r € [1,00) and suppose f;: R — R is K-Lipschitz with | f;(0)| < K
and g;: R — R 1-Lipschitz with g;(0) = 0, i € N. Let hy: RY = R, d € N, be given by
hy = f1 and hg(z) = gg(max{hg_1(x1,...,2q-1), fa(xa)}) for d > 2. Then for all d € N and
e € (0,1], there exists ¢ € N with R%.; v € C(R?,R) such that

(1) Supxe[—r,r}d |hd('r) o RﬁeLU (‘T)| <€,

(i) Ry is K-Lipschitz continuous on R and
111 <z T e .
(i) P(9) < 210'Krd e

Proof. Let F = F™™ be the K-Lipschitz-maximum catalog and suppose Q = (Q;)fer
and L = (Ly)ser are defined as in (i) of Example 4.2 (with R = K(r + 1) instead of r).
Since we know that the functions g; are 1-Lipschitz, we may actually set L, = 1 for all i € N
without affecting the approximability of the catalog. Consider §; € Cr, d € N>,, given by

& = [(idga, 0, (f1,- .., f4)), (idge, 0, (maxs, idg, . . ., idr)), (idga-1,0, (g2,idg, . . ., idg)),
(idga-1, 0, (maxs, idg, . . ., idr)), . . ., (idge, 0, (g4-1,1idr)), (idrz, 0, max,), (idg, 0, ga)].

Then RS = hg, De, = 2d — 1, We, = d and T¢, < K. Moreover, Q%% = RI~*1 and
Q? 1 = [-R R] x R for all i € {1,...,d — 1} as well as Q%! = [-R, R]%. If we
define H;: R® —» R, i € Nso, by H;(z) = max{h;_1(z1,...,z;_1), fi(z;)}, then it follows by
induction that H; is K-Lipschitz with respect to the sup-norm and |H;(0)| < K. This proves
(Hi(xy, .o 20), Tig1s - -5 2q) € Q%27 for all x € [—r,7]? and i € {2,...,d}. Since this
corresponds to the evaluation of the first 2(i—1) layers of £, we have shown [—r,7]? C Domg_¢,.
Now we conclude with® Remark 5.3 and Corollary 5.6. [ |

Note that if the functions g;, for 1 < i < d — 1, are chosen to be the identity and g; = fo,
then hy reduces to fo(max{ fi(z1),..., fa(za)}).

The functions in the previous propositions were approximated on bounded domains, but
if one is willing to pay a higher approximation cost, one can also approximate the family of
functions from, e.g., Proposition 7.1 on the entire space without the curse of dimensionality
for an appropriate weight function.

Proposition 7.4. Let ¢ € (1,00), K € [1,00) and suppose fi: R — R, i € N, are K-
Lipschitz continuous with | f;(0)| < K. Define gq: R = R by ga(z) = S0, fi(x:). Then for
all d € N and ¢ € (0,1], there exists ¢ € N with Rb.;; € C(R? R) such that

(i) sup,epa(1+ 2]9) 7 ga(@) — Riepu(@)] < e,

(il) RG. .y is VAK -Lipschitz continuous on R? and

iii <27 323t(q+1)K2t(q+1)dt(q+l)+4 —t fort = a/q_1.
(iii) P(¢) <510 et f /a

Proof. Let F = }}L(ip be the K-Lipschitz catalog and suppose Q) = (Q)ser and L = (Ly)ser
are defined as in (ii) of Example 4.1. For all d € N, let V; € R*? be the matrix V; = (1,...,1)
and & € Cr the catalog network &; = [(idga,0, (f1,..., fa)), (Va,0,idg)]. Then R% = gq,
Bey =1, Dey = 2, We, = d and Tre, < VdK. Moreover, Domg ¢, = Q%! = R? because
Q%2 = Qiq, = R. Now, the proposition follows from Remark 5.3 and Corollary 5.5. [ |

6Strictly speaking, Remark 5.3 is not applicable to the Lipschitz-maximum catalog, but we only used
maxy and could remove maxg, d > 3, from the catalog. This also enables us to use x = (K, 13K?r,0,1)
instead of ko = 3.
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An analogous result with the maximum function instead of the sum can be shown similarly.

In the next two propositions, we replace the sum by a product. Then we cannot establish
the approximation on an arbitrarily large domain since the Lipschitz constant of the product
function on [—r,r]? grows linearly in 7.

Proposition 7.5. Let K € [1,00) and suppose f;: R — R is K-Lipschitz and g;: R — R
1-Lipschitz with f;(0) = 0 = ¢;(0), i € N. Let hy: R* - R, d € N, be given by hy = f
and hq(x) = ga(ha—1(x1, ..., xq-1) fa(zq)) for d > 2. Set r =1/v8k. Then for all d € N and
e € (0,Y16], there exists ¢ € N with Rb.y € C(RY R) such that

(1) SUDge[—r,r)d |hd(x) - 7-\)’(#l;{eLU('I)l <e,
(il) R&. .y is K-Lipschitz continuous on R? and
(iii) P(¢) < 210" K2d"2e1.

Proof. Let F = FPP be the K-Lipschitz-product catalog and suppose Q = (Qf) e+ and
L = (Ly)ser are defined as in Example 4.6 (with 1/v8 instead of r and R = 1/v8). Since we
know that the functions g; are 1-Lipschitz, we may actually set L, = 1 for all ¢ € N without
affecting the approximability of the catalog. Consider {; € Cr, d € Nxo, given by

gd = [(ide, 0, (f17 f27 s >fd))7 (idev 0, (pra idR7 s aidR))7 (ide—la 07 (g2a idRa s 7idR))7
(idga-1,0, (pr,idg, . .., idr)),. .., (idg2,0, (g4_1,idr)), (idge, 0, pr), (idr, 0, ga4)].

Then R% = hg, D¢, = 2d — 1, We, = d and Tr¢, < K. Moreover, Q%% = [~ R, R]? x R¢~~1
and Q%%+ = [-R R] x R for all i € {1,...,d — 1} as well as Q%! = [-R, R]%. If
we define H;: R — R, 1€ NZQ, by Hl(.f) = hi—l(‘r17 . ,in_1>fz'(l‘z‘), then Hz((]) =0 and it
follows by induction that |H;(z)| < R" and |h;(z)] < R for all z € [—r,r|¢ and 7 > 2. This
shows that [—r,7]? C Domg ¢,, and we can conclude with Remark 5.3 and Corollary 5.6. H

This example includes the special case fo(]_[f:1 fi(x;)). Since on large hypercubes the
quantity 77 ¢,, where £, is a catalog network representing the function hg, starts to grow
exponentially in the dimension, the approximators in the proof of Proposition 7.5 can only
be built on the hypercube [—1/v8k, 1/v8k]?.

However, it has been shown in Proposition 3.3. of [113] that the product [], #; can be
approximated without the curse of dimensionality on the hypercube [—1,1]¢. Applying the
log-modification of our theory, we can recover this result and even allow for arbitrarily large

hypercubes.

Proposition 7.6. Consider the functions f;: R — R, d € N, given by fy(x) = H?Zl x;,
and let r € [1,00). Then for all d € N>y and ¢ € (0, min{1/2,7'}], there exists p € N with
RiLu € C(RER) such that

(1) SUPze[—r,r)d |fd(x) - R?{eLU(‘T)' <€,
(i) R
(i) P

) P

(iv

ﬁeLU is 8" V2pdd=1)_Lipschitz continuous on RY,
(¢) < 510°logy(d)d®logy(e7) if r =1 and
(¢) < 210°log,(r) logy(d)d® logy(e™1) if r > 2.
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Proof. Assume without loss of generality that d > 3, let F = FP*4 be the product catalog,
and suppose Q) = (Qf)rer and L = (Ly)er are defined as in Example 6.2. Moreover, let
&4 € Cr be given by

& = [(idga, 0, (pr,idg, ..., idg)),
(idga-1, 0, (pr,idg, ..., idg)), ..., (idgs,0, (pr,idg)), (idg2, 0, pr)].
Then R% = f;, De, = d — 1, We, = d and T, = 8“7 "2r4d=1 " Moreover, Q%" =
[—Td,rd]2 x R for all n € {1,...,d — 1}. Hence, the fact that for all n € {1,...,d — 1}

and z € [—r,r]" we have |[]\_, z;] < r? ensures that [—r,r]? C Domgg,. Now, we can
conclude with Remark 5.3 and Corollary 6.4 using the inequality

logQ(\/E(d — 1)8(‘[’1)/26’1) < 3ldlogy(d) log,(e7")
if » = 1 and the inequality
10g2(\/3(d — 1)8UD/2pdld=1) =1y < 8T 160, (r)d* logy (d) logy (™)
if 7 > 2, for which we note that logy(d) > 2 since d > 3. |

In our next result, we show the approximability of ridge functions based on a Lipschitz
function.

Proposition 7.7. Let K,r,S € [1,00), 04 € [-S,S]¢, d € N, and suppose f: R — R is
K -Lipschitz continuous with | f(0)| < K. Consider the ridge functions gq: R? — R given by
ga(x) = f(84-x). Then for alld € N and e € (0,1], there exists ¢ € N with Ry, € C(R% R)
such that

(1) SUPye(r e |9a(2) = Rigopy(@)] < e
(il) RG. Ly s VAKS-Lipschitz continuous on R? and
(iti) P(¢) < 2103K?rS2d0e 1.

Proof. Let F = ]—"[L(ip be the K-Lipschitz catalog and suppose Q) = (Qf)fer and L = (Ly)ser
are defined as in (i) of Example 4.1 (with drS instead of r). Let £ € Cx be given by
& = (02,0, f), where T denotes transposition. Then R% = g4, De, = 1, W, = d and
Tre, < VAKS. Moreover, [—r,7]¢ C {x € R?: |0, - x| < drS} C Domg ¢, by the Cauchy-
Schwarz inequality. So the proposition follows from Remark 5.3 and Corollary 5.6. |

As our last example, we consider generalized Gaussian radial basis function networks, i.e.
weighted sums of the Gaussian function applied to the distance of x to a given vector.

Proposition 7.8. Let N € N, r,.S € [l,00) with r + S5 > 5 as well as ay,...,ay €
0,5], ui,...,uy € [=S,8] and vq1,...,van € [=S,S])¢, d € N. Consider generalized
Gaussian radial basis function networks fy: R — R with N neurons given by fi(z) =
S ez vadl® - Then for all d € N and e € (0, (r 4+ S)73], there exists ¢ € N with
RS v € C(RLR) such that

(1) SUDge[—r,r)d |fd($) - R?{BLU(m)l <e,
(i) RG.pu i 2(r + S)S*VAN -Lipschitz on R and
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(i) P(¢) < 210*(r + S)SEN"2dPe

Proof. Let F = FRBF he the Gaussian radial basis function catalog and suppose Q = (Q;) jer
and L = (Ly)ser are defined as in Example 4.4 (with r + 5 instead of ). For all d € N, let
Uy € R4 he the block-matrix Uy = (idga, . . ., idga)T, by € R the vector (vgy,...,van)T,
Vy € RV*IN the block-matrix with a;(1,...,1) € R4 blocks on the i-th entry of the diagonal
and 0 entries otherwise and W € RY™¥ the matrix (us,...,uy). Moreover, let £, € Cx be
given by

[(Ud, —bg, (sq, . .. ,sq)), (Vd, 0, (e,... ,e)), (VV, 0, idR)}.

Then R& = f4, De, = 3, We, = dN and Tre, < 2(r + S)VANS?. Moreover, Q%! =
[—(r +9),7 + S|, Q%% = [0,00)" and Q% =R. It follows that [—r,r]? C Domg¢,, and
the proposition follows from Remark 5.3 and Corollary 5.6. [ |
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NON-CONVERGENCE OF STOCHASTIC GRADIENT DESCENT
IN THE TRAINING OF DEEP NEURAL NETWORKS

This chapter is an adaptation of the published article [15].

1. Introduction

The main contribution of this chapter is a demonstration that stochastic gradient descent
(SGD) fails to converge for ReLLU networks if the number of random initializations does not
increase fast enough compared to the size of the network. To illustrate our findings, we
present a special case of our main result, Theorem 5.3, in Theorem 1.1 below.

We denote by d € N = {1,2,...} the dimension of the input domain of the approximation
problem. The set Aq = [Jpen({d} x NP1 x {1}) represents all network architectures with

input dimension d and output dimension 1. In particular, a vector a = (ao,...,ap) € Aq4
describes the depth D of a network and the number of neurons aq,...,ap in the different
layers. For any such architecture a, the quantity P(a) = Zle aj(aj—1 + 1) counts the

number of real parameters, that is, the number of weights and biases of a deep neural
network (DNN) with architecture a. We consider networks with ReLU activation in the
hidden layers and a linear read-out map. That is, the realization function R?: R? — R of a
DNN with architecture a = (ao, . ..,ap) € Aq and weights and biases § € R”(® is given by

D—1 D—2
0 _ 40,272 ai(ai—1+1) 0,3 =1 ai(ai—1+1) 0,a1(ap+1) 0,0
R, = Aapan's opo AaD—zl,aD—Q °opo---0 Aaz,m copo Aal,ao’

where A%% : R™ — R™ denotes the affine mapping

Ort1 Ort2 o Opn x O+mnt1
9k+n+1 9k+n+2 s 6k+2n T2 9k+mn+2

(T1,...,%n) = . . . + )
ek—i-(m—l)n—‘rl ‘9k+(m—1)n+2 o ek—i—mn T, 0k+mn+m

and p: Upey R = Upey R” is the ReLU function
(x1,...,x) — (max{zy,0},..., max{zg, 0}).

In the following description of the SGD algorithm, n € N is the index of the trajectory,
t € Ny represents the index of the step along the trajectory, m € N denotes the batch size of

33
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the empirical risk, and a € A, describes the architecture under consideration. We assume
the training data is given by functions X;L’t: Q — [0,1]¢ and Yj"’t: Q —[0,1], j,n,t € Ny, on
a given probability space (2, F,P). In a typical learning problem, (X;L’t, Yj"’t), j,n,t € Ny,
are i.i.d. random variables. But for Theorem 1.1 to hold, it is enough if (X]Q’O, Y;-O’O), J € Ny,
are i.i.d. random variables, whereas (X;l’t,an’t): Q — [0,1]%*! are arbitrary mappings for
(n,t) # (0,0). The target function £: [0,1]? — [0, 1] we are trying to learn is the factorized
conditional expectation given (P-a.s.) by £(X°) = E[Yy°|Xy°]. The empirical risk used for
training is

1 m
Lyt(o :EE |co ROXT) — (1.1)
=1

where we compose the network realization with the clipping function ¢: R — R, =z —
max{0, min{z, 1}}. This composition inside the risk is equivalent to a nonlinear read-out
map of the network. However, it is more convenient for us to view ¢ as part of the risk
criterion instead of the network. But this is only a matter of notation. Observe that (1.1)
is a supervised learning task with noise since, in general, the best possible least squares
approximation of Y with a deterministic function of X s & (Xy 20, Which is only equal
to YO in the spemal case where YO 0 s X -measurable. We let Q”t RP@ x ) — RP@ he
a function that is equal to the gradient of Lt where it exists. The trajectories of the SGD

algorithm are given by random variables @an Q — RP@ satisfying the defining relation
O, = O — WG (@)

for given step sizes (7;)ieny € R. Now, we are ready to state the following result, which is a
consequence of [69; Theorem 6.5] and Corollary 5.4 below.

Theorem 1.1. Assume that the target function & is Lipschitz continuous and that £(X") is
not P-a.s.-constant. Suppose that, for all a € Ay and m € N, the random initializations @an,
n € N, are independent and uniformly distributed on [—c,c]P®, where ¢ € [2,00) is larger

than the Lipschitz constant of £. Let ko pn1: €2 — N x Ny be random variables satisfying

. 0,0 n,t
Ko pnr(W) € argming, yeo vy 1y, 07 @)el—edP@ Lan (O (@), w)- (1.2)
Then, one has
lim sup limsup sup
a:(ao,...,aD)EAd M,NeN TeNy
min{D,al,...,apfl}—)OO min{M,N}—)oo (13)

(c o RO ) (2) - £(x)

E {min{ /
[0,1]¢

inf lim sup inf
NeN . a=(ag,...,ap)EAq TeN,
min{D,a1,...,ap_1}—00

E [min{ /
[0,1]4

Poo(dz), 1}] =0

and

<c o ROV LN’T) (x) — E(x) Y

PXS,O(dI), 1}:| > 0.



CHAPTER 3 35

The integrals in (1.3) and (1.4) describe the true risk. Note that in Theorem 1.1 the
random initializations of the different trajectories are assumed to be independent and uni-
formly distributed on the hypercube [—c, ¢]7(®), but our main result, Theorem 5.3 below, also
covers more general cases. The random variable k, »; v 7 determines the specific trajectory
and gradient step among the first N trajectories and T' steps which minimize the empirical
risk corresponding to the batch size of M. Note that £(Xg*) not being a.s.-constant is a
weak assumption since it merely means that the learning task is nontrivial. Moreover, the
stronger condition that & must be Lipschitz continuous is made only to ensure the validity of
the positive result (1.3), whereas our new contribution (1.4) does not require this. Similarly,
we use the clipping function ¢ to ensure the validity of (1.3), which in [69] is formulated for
networks with clipping function as read-out map.

As outlined in Chapter 1, our arguments are based on an analysis of regions in the
parameter space related to “inactive” neurons. In these regions, the realization function
is constant in the network parameter and, hence, SGD will not be able to escape these
regions. We give precise estimates on the probability that the whole network becomes
inactive and deduce that SGD fails to converge if the number of random initializations does
not increase fast enough. Note that in (1.4) we take the limit superior over all architectures
(ag,...,ap) € Ag whose depth D and minimal width min{as,...,ap_1} both tend to infinity.
In particular, to prove (1.4), it is sufficient to construct a single sequence of such architectures
over which the limit is positive. For the sequence we use, the depth grows much faster than
the maximal width max{a,,...,ap_1}. This imbalance between the depth and the width
has the effect that the training procedure does not converge.

The remainder of this chapter is organized as follows. In Section 2, we provide an abstract
version of the SGD algorithm for training neural networks in a supervised learning framework.
Section 3 contains preliminary results on inactive neurons and constant network realization
functions. In Section 4, we discuss the consequences of these preliminary results for the
convergence of the SGD method, and Section 5 contains our main results, Theorem 5.3 and
Corollary 5.4.

2. Mathematical description of the SGD method

In this section, we give a mathematical description of an abstract version of the SGD
algorithm for training neural networks in a supervised learning framework. To do that, we
slightly generalize the setup of the introduction. We begin with an informal description and
give a precise formulation afterwards. First, fix a network architecture a = (ao, ...,ap) € Aq.
Let X: Q — [u,v]? and B: Q — [u, b] be random variables on a probability space (2, F,P),
on which the true risk £(6) = E[|(c o R?)(X) — B|] of a network # € R”(® is based. Here,
¢: R — R can be any continuous function, which covers the case of network realizations
with nonlinear read-out maps. In the context of the introduction, B stands for the random
variable £(X?). Throughout, n € N will denote the index of the gradient trajectory and
t € Ny the index of the gradient step. L™' denotes the empirical risk defined on the space of
functions C(R? R). In this general setting, L™ can be any function from C(R% R) x € to
R, but the specific example we have in mind is

1 =~ t n,t
L) = DG = v
j=1
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for a given batch size m € N. L™ is the empirical risk defined on the space of network
parameters, given in terms of L™ by L*(0) = L™!(c o R?). Let G™*: RP(@ x ) — RP(@ he
a function that agrees with the gradient of £™' where it exists. Then, we can introduce the
gradient trajectories ©™!: @ — RP(@ gatisfying

@n,t — @n,t—l _ ,ytgn,t(@n,t—l>

for given step sizes 7;. The N random initializations ©™° n € {1,..., N}, are assumed to
be i.i.d in n and have independent marginals. Lastly, k: Q2 — N x Ny specifies the output
of the algorithm consisting of a pair of indices for a gradient trajectory and a gradient step.
The expected true risk is V = E[min{£(0%),1}]. In the following, we present the formal
algorithm.

Setting 2.1. Let u,u € R, v € (u,00), v € (u,00), ¢ € C(R,R), d,D,N € N, a =
(ag,...,ap) € Ag, and (v )ien € R. Consider random variables X: Q — [u,v]? and B: Q —
[, 0] on a probability space (2, F,P). Let £: R”@ — [0, 00] be given by £() = E[|(co
R2)(X) — B|]. For all n € N and t € Ny, let L™ be a function from C(R% R) x € to
R, and denote by £™f: RP(® x QO — R the mapping given by £™f() = L™*(c o R’). Let

Grt = (G ..., g’(ta)): RP@ x Q0 — RP@ be a function satisfying
G0, w) = 0 L0, w) (2.1)
v 00 ’ '

forall n,t e Nyie {1,...,P(a)}, w € Q, and

L9, 01, (), Vg1, .., 0 w)
— P(a) . 1 y Vi—1, "), Vi+1, y UP(a)s
be {19 = W Upw) € REE: as a function R — R is differentiable at ;. |~

Let O™ = (O, .. .,@%’(ta)): Q — RP@ n €N, t e Ny be random variables such that

O, ..., 0N are iid., ©}°, ... ,@71;?(1) are independent, and
@n,t — @n,t—l o rytgn,t(@n,t—l) (22)

for all n,t € N. Let k: Q@ — {1,..., N} x Ny be a random variable, and denote V =
E[min{£(6¥), 1}].

Note that, by [09, Lemma 6.2] and Tonelli’s theorem, it follows from Setting 2.1 that
£(0%): Q — [0,00] is measurable and, as a consequence, V = E[min{£(6%),1}] is well-
defined.

3. DNNs with constant realization functions

In this section, we study a subset of the parameter space, specified in Definition 3.1 below,
for which neurons in a DNN become “inactive”, rendering the realization function of the DNN
constant. We deduce a few properties for such DNNs in Lemmas 3.2, 3.3, and 3.4 below.
The material in this section is related to the findings in [90, 117].
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Definition 3.1. Let D € N and a = (ag,...,ap) € NPT For all j € NN (0,D), let
Ja; € RP@ be the set

Jj—1 J
Jaj = {e = (01,...,0p@) € RP®: [Vk e NN (Zai(ai_l—i-l),Zai(ai_ﬁ—l)] 0, < o} }

i=1 i=1
and denote I, = UjeNm(l,D) Jaj-

First, we verify that the realization function is constant in both the argument and the
network parameter on certain subsets of J, ;.

Lemma 3.2. Let D € N, j € NN (1,D), a = (ag,...,ap) € NPT 0 = (61,...,0pw),
V= (V1,...,9()) € Jaj, v € R®, and assume that O, = Uy, for all k € NN (Zgzl a;(a;_1 +
1),P(a)]. Then RE(0) = Ri(z) = RY(x) = RZ(0).

Proof. For all k € {1,..., D}, denote my = Zle a;(a;—1 + 1). Since, by assumption, 0,9 €
J,,;, one has for all £ € NN (m;_1, m;] that 6, < 0 and ¥, < 0. This and p(R%-1) = [0, 00)%
imply for all y € R%-1, ¢ € {6,9} that Afﬂ;j o p(y) € (—00,0]%. This ensures for all
y € R%-1 ¢ € {0,9} that po Afﬁ;j o p(y) = 0. Moreover, the assumption that 6, = 9}, for
all k € NN (Y0, ai(a; + 1), P(a)] yields Agliit = Anlet for all k € NN (4, D]. This
implies that RY(y) = RY(2) for all y, z € R%, which completes the proof of Lemma 3.2. H

The next lemma shows that networks with parameters in I, cannot perform better than
a constant solution to the learning task.

Lemma 3.3. Assume Setting 2.1 and let 0 € 1,. Then £(0) > infyegr E[|0 — B|].

Proof. Let ¢ € Q. By Lemma 3.2, one has RY(x) = RY(0) for all z € R% Therefore, we
obtain RY (X (w)) = RY(X(¢)) for all w € Q. In particular, £(6) = E[|(c o RY)(X(¢)) — B|] >
infbeR EHb - BH |

Finally, we show that SGD cannot escape from I,.

Lemma 3.4. Assume Setting 2.1 and let n,t € N, w € Q, j € NN (1,D). Suppose that
0"%w) € Ty ;. Then O™ (w) € T, ;.

Proof. Denote mgy = Z‘Z;ll a;(a;_1 + 1) and m; = 25:1 a;(a;_1 +1). We prove by induction
that for all s € Ny we have ©"°(w) € J,;. The case s = 0 is true by assumption. Now
suppose that s € Ny and 6 = (0y,...,0p)) € RP@ satisfy § = ©™%(w) € J,;. Let
U C RP@ be the set given by U = {(01,...,0m)} X (—00,0)™ ™0 x {0, 11, -, 0pa))}-
Then 0 € U C J,;. By Lemma 3.2, we have R¢(z) = R%(z) for all ¢ € U and x € R%
Hence, LT (¢, w) = L¥*T1(0,w) for all ¢ € U and, as a consequence, %ﬁ"’”l(é,w) =0
for all k € NN (mg, my]. So, it follows from (2.1), (2.2), and the induction hypothesis that
O™t (w) € J,;, which completes the proof of Lemma 3.4. [ |
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4. Quantitative lower bounds for the SGD method in the training of
DNNs

In this section, we establish in Proposition 4.2 below a quantitative lower bound for the error
of the SGD method in the training of DNNs.

Lemma 4.1. Assume Setting 2.1 and suppose D > 3. For all j € {1,...,D — 1}, denote
ki =31 ai(ai-1+1), p=inficr, Py IP’(@}’O <0), and W = max{ay,...,ap_1}. Then

D—1 k; N
P(Vne {l,...,N}, t € Ng: O™ €1,) :[ H(1— IP’(@;’O<O)>
j= 1=1+k;_1

v

[ 1—p W+1))D72}N.
Proof. 1t follows from the independence of @}’0, .. @1 0 that

PO e1,) =P(3j e NN (L, D)'ViENﬁ(kj 1Lk 9,0 < 0)
_1—H(1— H PO} <0)).
i=14kj_1

By definition of p and W, the right hand side is greater than or equal to 1 — (1 —pW(W+1)D=2,

Moreover, Lemma 3.4 and the assumption that ©'°, ... N0 are i.i.d. yield
P(Vne{l,....N},teNg: 0" €1,) =P(Vne{l,...,N}: 0™ € 1,)
= (P(0" € 1,))"
which completes the proof of Lemma 4.1. [ |

Proposition 4.2. Under the same assumptions as in Lemma /4.1, one has

V = E[min{£(6¥),1}] > {1 - ﬁ (1 - f‘[ PO < 0)>]Nmin{ inf E[b — B]] 1}
=2 i=1+kj_1

> [1— (1 —pWWen)p-2]N min{ inf E[|b — B]] 1}.
(4.1)

Proof. Denote C' = min{infyeg E[|b — B|], 1} and observe that Lemma 3.3 implies for all
w € Q with 0¥« (w) € 1, that min{£(6O¥“) (w)),1} > C. Markov’s inequality hence ensures
that

CP(Ok €1,) < CP(min{£(6%),1} > C) < V.

Combining this with Lemma 4.1 and the fact that P(©% € I,) > P(Vn € {1,...,N}, t €
Np: ©™" € 1,) establishes (4.1). |

Let us briefly discuss how the inequality in Proposition 4.2 relates to prior work in the
literature. Fix a depth D € N and consider the problem of distributing a given number of
neurons among the D — 1 hidden layers. In order to minimize the chance of starting with an

inactive network, one needs to minimize the quantity 1 — Hf:_;(l — fi1 ko P(©;" < 0))
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from (4.1). Under the assumption that P(6, < 0) does not depend on i, this can be achieved
by choosing the same number of neurons in each layer.

The effects of initialization and architecture on early training have also been studied
in [52,54]. While [52] investigates the problem of vanishing and exploding gradients, [5/]
studies two failure modes associated with poor starting conditions. Both find that, given a
total number of neurons to spend, distributing them evenly among the hidden layers, yields
the best results. This is in line with our findings.

5. Non-convergence of the SGD method in the training of DNNs

In this section, we prove the chapter’s main results, Theorem 5.3 and Corollary 5.4. While
Theorem 5.3 provides precise quantitative conditions under which SGD does not converge
in the training of DNNs, Corollary 5.4 is a qualitative result. To prove them, we need the
following elementary result. Throughout, log denotes the natural logarithm.

Lemma 5.1. Let D, N,W € (0,00) and x,p € (0,1) be such that D > |log(p)|Wp~" and
N < |log(r)|(1 —p")'=P. Then [1 - (1 —pW)D]N > K.

Proof. Let the functions f: [0,1) — Rand g: [0,1) — R be given by f(z) = z+log(1—2z) and
g(z) = (1—p")tz+log(1—=x). Since f(0) =0and f'(z) =1—(1—2)"t < Oforallz € (0,1),
one has [log(1 — z)|™! < 27! for all z € (0,1). Hence, D > [log(p)|W [log(1 — p")|~!, from
which it follows that (1 —p")? < p"'. In addition, g(0) = 0 and ¢'(z) = (1 — p")™! — (1 —
x)~t > 0 for all z € (0,p"), which implies that |log(1 —z)| < (1 —p") "tz for all z € (0, p").
Hence, we deduce from (1—p")? < p" that N|log(1—(1—p")P)| < N(1—-p")P~! < |log(k)|,
and taking the exponential yields the desired statement. [ |

We proved Proposition 4.2 in the abstract framework of Setting 2.1. For the sake of
concreteness, we now return to the setup of the introduction. We quickly recall it below.

Setting 5.2. Let u,u € R, v € (u,00), v € (1,00), ¢ € C(R,R), d € N, and (74)en C R.
Consider functions X;L’t: Q — [u,v]? and Yj"’t: Q — [u,v], j,n,t € Ny, on a probability
space (Q,F,P) such that X and Y;"" are random variables. Let &: [u,v]® — [u, 0] be
a measurable function such that P-a.s. £(XJ°) = E[Y;°| X;"]. Let Lrt RP@ x Q — R,
m € N, n,t € Ny, a € Ay, be given by

1 m
Lrt(0) = — RO (X 5.1
40 = Do R - 5.0
and assume Gpy, = (Gt - gjj; P R7@ x 0 — R are mappings satisfying
0

Gomi(0:w) = - L7,(0,w)

00,

forall m,n,t e Njae Ag,i € {l,...,P(a)}, w € Q, and

L0 (D, Dty () Dssts s D)y @)
_ _ P(a). a,m\Y1) y Vi—1,\" )5 Vi+1, s UP(a)s
b =c {19 = (01, V) € R as a function R — R is differentiable at ;. [
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Let O}, = (@Zﬁnl,.. @anp ) — RP@ m,n € N, t € Ny, a € Ay, be random
variables such that ©79, n € N, are i.i.d. @a Ml ,@i’?n P(a) r€ independent for all m € N,

a € Ay, and

Ot =emt — gt (e
for all m,n,t € N, a € Ad. Let ka,M,N,T: Q— {1,,N} X No, M,N € N, T e No, a € Ad,
be random variables.

The following is the main result of this chapter.

Theorem 5.3. Assume Setting 5.2 and fit M € N. Consider sequences (Dy, N;, Wi)ien, € N3,
(aien, = (ag, ..., ah )ien, © Agq and constants k,p € (0,1) such that, for all | € Ny,
W, = max{dl, ... ab, i}, Dy > [log(p)|Wi(W, + 1)p~"With + 2 and N; < [log(r)|(1 —
pW(Wl“))?’_Dl Let ®;7: Q — ]RP @) 1T € Ny, be given by Oy = @:fl’NI’Nl’T, and assume

M
,,,,, alM <0) > p. Then

liminf inf E{min{ /
l—oo TeNp [u,v]d

(c OR‘I’ZT) () — 5(90)] Pyoo(dx), 1}}

(5.2)
> /imin{ égﬂf{E“b - E(Xg’o)” : 1}.

Proof. Denote q = infien, inficq1 . pray IP’(@}Z’O

UM,
[, T € Ny,
]E{min{ / (coRE™) (@) - £Ga) Pxo,oua:),l}}
(0] 0

> [1— (1— ") Y min L inf B[ — £(X07)]], 1},
S

< O). By Proposition 4.2, one has, for all

Moreover, Lemma 5.1 implies that, for all [ € Ny,

[1 _ (1 _ qu(Wz-i-l))Dz—?] Ni > [1 _ (1 _ sz(Wz+1))Dl—2] Ny > K
which completes the proof of Theorem 5.3. |

Instead of focusing on a single sequence of architectures as in Theorem 5.3, one can instead
consider the limit superior over all possible architectures, which we do in Corollary 5.4 below.
Note that this allows us to increase the constant x from (5.2) to 1.

Corollary 5.4. Assume Setting 5.2 and let ¢ € (0,00). Suppose that Var(E(Xy°)) > 0 and
assume that @"0 is uniformly distributed on [—c,c]”@ for allm,n € N, a € Ay. Then

kKo, M,N, T
<c o Ry ) (x) — E(x)| Pyoo(dz), 1}]

> min{ inf E[Jb — £(X0°)]]. 1} > 0.
(5.3)

inf lim sup inf £ {min{ /
NeN  4—(ag,....ap)edy MEN [u,v]@

min{D,a1,...,ap_1}—00 TeNo
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Proof. First note that infyeninfoca, inficqi . pran P(@i’,{z)w,z <0) = % So, it follows from

11111

Theorem 5.3 that for all k&, N € N, k € (0,1) there exist D € N and a = (ag,...,ap) € Aqg
such that min{D, ay,...,ap_1} > k and

@ka,M,N,T
inf E{min{/ [(coRa™™ ) (2) —5(m)|IP>Xg,o(dx), 1H
[u,v]?

TeNp

> mmin{ Ii)n]gEﬂb — E(Xg’o)”, 1}
€

for all M € N. As a result, one has
eka,M,N,T
<c o R, M ) (x) — &(x)

> ﬁ'min{ ll)IelﬂgEﬂb — E(X3)], 1}

i)

inf lim sup inf E {min{ /
NeN a=(ag,...,.ap)EAg JJ\"/IEGNNO [u,v]®
min{D,a1,....,ap_1}—00

for all x € (0,1). Taking the limit x 1 1 and noting that the assumption Var(€(XJ°)) > 0
implies infycr E[|b - & (Xg’O)H > 0 completes the proof of the corollary. [
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LANDSCAPE ANALYSIS FOR SHALLOW NEURAL NETWORKS:
COMPLETE CLASSIFICATION OF CRITICAL POINTS
FOR AFFINE TARGET FUNCTIONS

This chapter is an adaptation of the published article [15].

1. Introduction

In this chapter, we conduct a landscape analysis of the loss surface. Our goal is to understand
the occurrence and frequency of critical points of the loss function and knowing their type.
We consider shallow networks with (leaky) ReLU or quadratic activation. As mentioned in
Chapter 1, we do not impose assumptions on the network model that are not met in practice,
but instead focus on special target functions, namely affine ones. In this framework, we
provide a complete classification of the critical points of the true loss. We do so by unfolding
the combinatorics of the problem, governed by different types of hidden neurons appearing
in a network.

Using the classification in this chapter, we are able to derive results about the existence
of strictly negative eigenvalues of the Hessian at most of the saddle points (understood in a
suitable sense because we have to deal with differentiability issues arising from the (leaky)
ReLU activation). This will be important later in Chapter 5.

The remainder of this chapter is organized as follows. The first activation function we
consider is the ReLLU activation in Section 2. We begin by introducing the relevant notation
and definitions, including a new description of the types of hidden neurons that can appear
in a ReLLU network, in Sections 2.1 and 2.2. The first main result, the classification for ReLU
networks, is Theorem 2.4 in Section 2.3. The remainder of Section 2 is dedicated to proving
the classification. More precisely, we discuss a few important ingredients for the proof in
Section 2.4. Thereafter, Section 2.5 is devoted to the differentiability and regularity properties
of the loss function in view of the non-differentiability of the ReLU activation. The heart of
the proof is contained in Sections 2.6 and 2.7. Finally, we establish in Section 2.8 a special
case of Theorem 2.4 and deduce it in full generality afterwards in Section 2.9. Section 3 is
concerned with extending the classification to leaky ReLU, stated as our second main result
in Theorem 3.5, which heavily relies on understanding the ReLLU case. To conclude, we also
classify the critical points for networks with the quadratic activation in our third main result,
Theorem 4.1 in Section 4.

42
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2. Classification for ReLU activation

2.1 Notation and formal problem description

For simplicity, we focus on shallow networks with a single input and output neuron. The
set of such networks with N € N hidden neurons can be parametrized by R3¥*!. We begin
by describing the problem for the ReLU activation function x +— max{z,0}. We will always
write an element ¢ € R3*N*! as ¢ = (w, b, v, ¢), where w, b,v € RY and ¢ € R. The realization
of the network ¢ with ReLU activation is the function f, € C(R,R) given by

N
folz) =c+ Z vy max{w;z + b;,0}.

Jj=1

We suppose that the objective is to approximate an affine function on an interval [Ty, 7] in
the L?-norm. In other words, given A = (o, 3) € R? and T = (Tp,T}) € R?, one tries to
minimize the loss function Ly 74 € C(R3V*T! R) given by

T
Lxira@) = [ (fule) = 5 de
To
The purpose of the first half of this chapter is to classify the critical points of the loss function
Ly 7 4. Since the ReLU function is not differentiable at 0, we work with the generalized
gradient Gy 7 4: R3VFTL — R3NF1 of the loss obtained by taking right-hand partial derivatives;

(Grir.a(6))i = lim Larald+ he;f — Lyr.a(9)

for all k € {1,...,3N + 1}, where ¢ is the k' unit vector in R3¥*!. The function Gy 7 4 is
defined on the entire parameter space R3¥*1 and agrees with the gradient of Ly 7 4 if the
latter exists. We verify this and study regularity properties of Ly 1 4 more thoroughly in
Section 2.5.

Definition 2.1. Let N € N and A, T € R% Then we call ¢ € R3**! a critical point of
Lnraif Gyura(®) =0 and a saddle point if it is a critical point but not a local extremum.*

It can be shown that if ¢ is a critical point of Ly 1 4, then 0 belongs to the limiting
sub-differential of Ly 1 4; see’ [37, Prop. 2.12|. With Definition 2.1, it is not immediately
clear whether all local extrema are critical points. However, we will show that this is the
case by demonstrating that local extrema are points of differentiability of the loss function.
In particular, Definition 2.1 is well-suited for our purposes. The next notion relates the outer
bias, i.e., the coordinate ¢, to the target function =z — ax + 5.

Definition 2.2. Let N € N, ¢ = (w,b,v,¢) € R¥3*NT! A= (a,8) e R?, and T = (T, T}) €
R2. Then we say that ¢ is (T, A)-centered if ¢ = §(Tp + T1) + 5.

To motivate this definition, note that §(7p+171)+ 0 is the best constant L?-approximation
of the function [Ty, T1] — R, x — ax + 5.

!We consider nonstrict local extrema, i.e. ¢ is a local minimum (maximum) of Ly 7.4 if Ly 7,.4(¢) <
Lnr,4() (>) for all ¢ in an open neighborhood of ¢, allowing equality Ly 1 4(¢) = Ln,7.4(¥).

2In [37], the authors use a different generalization of the gradient, which can be obtained by taking
left-hand partial derivatives. However, if Gy 1 4 is zero at some ¢, then its left-hand analog is also zero at ¢,
so [37, Prop. 2.12] is applicable.
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Figure 4.1: Illustration of the notions introduced in Definition 2.3: regions* with different
types of a hidden neuron as seen in the (w;, b;)-plane.

2.2 Different types of hidden neurons

In this section, we introduce a few notions that describe how the different hidden neurons in
a network are contributing to the realization function. In the definition below, we introduce
sets I;, which are defined such that [Tp, 73]\, is the interval on which the output of the ;%
hidden neuron is rendered zero by the ReLU activation.

Definition 2.3. Let N € N, ¢ = (w,b,v,c) € R¥»N*1 j e {1,... N}, and Ty, T} € R such
that To < T7. Then, we denote by I; the set given by I; = {z € [T, T1]: wjz + b; > 0}, we
say that the j** hidden neuron of ¢ is

o flatif v; =0, o active if w; # 0 < b; + maxyeo,1y w; Tk,

e non-flat if v; # 0, o type-1-active if w; # 0 < by + mingeo1y w;Tk,
e inactiwe if I; =0, o type-2-active if O # I; N (Ty, Th) # (To, Th),

o semi-inactive if #1; =1, o degenerate if |w;| + |b;| = 0,

o semi-active if w; =0 < by, e non-degenerate if |w;| + |b;| > 0,

and we say that ¢ € R is the breakpoint of the j hidden neuron of ¢ if w; # 0 = w;t + b;.

Let us briefly motivate these notions. Every hidden neuron is exactly one of: inactive,
semi-inactive, semi-active, active, or degenerate. Moreover, observe that I; is always an
interval.

For an inactive neuron, applying the ReLU activation function yields the constant zero
function on [Tp, T1]. The breakpoint t; might not exist (if w; = 0 and b; < 0), or it might
exist and lie outside of [T, T1] with ¢; < Ty if w; < 0 and t; > T} if w; > 0. Note that
inactivity is a stable condition in the sense that a small perturbation of an inactive neuron
remains inactive.

Applying the ReLLU activation to a semi-inactive neuron also yields the constant zero
function on [Ty, 73]. But in this case, a breakpoint must exist and be equal to one of the
endpoints Ty, 77 (which one depends on the sign of w; similarly to the inactive case). However,
a perturbation of a semi-inactive neuron may yield a (semi-)inactive or a type-2-active neuron;
see Fig. 4.1. In this sense, semi-inactive neurons are boundary cases.

1Fig. 4.1 shows the case Ty = 0, T} = 1. The general case is obtained by a shear transformation.
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The realization of a semi-active neuron is also constant, but not necessarily zero since the
corresponding interval I; is [T, T1]. As can be seen from Fig. 4.1, perturbing a semi-active
neuron always yields a semi- or type-1-active neuron.

Non-flat active neurons provide a nonconstant contribution to the overall realization
function. Note that a hidden neuron is active exactly if it is type-1- or type-2-active. These
two types distinguish whether the breakpoint ¢;, which exists in either case, lies outside
or inside the interval (Tj,T7) and, hence, whether the contribution of the neuron is affine
(corresponding to I; = [Ty, T1]) or piecewise affine (corresponding to I; = [T, t;] or I; =
[t;,T1]). Type-1 and type-2-active neurons both form two connected components in the
(w;, bj)-plane; see Fig. 4.1. A perturbation of an active neuron remains active.

The case w; = 0 = b; is called degenerate because it leads to problems with differentiability.
Perturbing a degenerate neuron may yield any of the other types of neurons.

Lastly, a flat neuron also does not contribute to the overall realization, but the reason for
this lies between the second and third layer and not between the first and second one, which
is why this case deserves a separate notion.

2.3 Classification of the critical points of the loss function

Now, we are ready to provide a classification of the critical points of the loss function.

Theorem 2.4. Let N € N, ¢ = (w,b,v,c) € R¥®TL A= (a,8) € R, and T = (Tp, T1) € R?
satisfy a« # 0 and 0 < Ty < Ty. Then the following hold:

(I) ¢ is not a local maximum of Ln 1 4.

(IT) If ¢ is a critical point or a local extremum of Ln 1 a, then Ly 1 4 is differentiable at ¢
with gradient VLy7.4(¢) = 0.

(III) ¢ is a non-global local minimum of Lnr 4 if and only if ¢ is (T, A)-centered and, for
all j € {1,..., N}, the i hidden neuron of ¢ is

(a) inactive,
(b) semi-inactive with I; = {Ty} and av; > 0, or
(c) semi-inactive with I; = {11} and av; < 0.

(IV) ¢ is a saddle point of Ly if and only if ¢ is (T, A)-centered, ¢ does not have any
type-1-active neurons, ¢ does not have any non-flat semi-active neurons, ¢ does not
have any non-flat degenerate neurons, and exactly one of the following two items holds:

(a) ¢ does not have any type-2-active neurons and there exists j € {1,..., N} such
that the " hidden neuron of ¢ is

(i) flat semi-active,
i1) semi-inactive with I, = {1y} and av; <0,
j j
iii) semi-inactive with I; = {1} and av; > 0, or
J j
(iv) flat degenerate.

(b) There exists n € {2,4,6, ...} such that

U {-nmn-Ufn-
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and, for all j € {1,...,N}, i e {l,...,n} with w; #O:bj‘i_wj(TO"i_%), it
holds that sign(w;) = (—=1)"*' and

3 oo — 2

ke{1,....N}, wp £0=by +uwj, (To+ 110
(V) If ¢ is a non-global local minimum of Lnr.a or a saddle point of Lnr.a without
type-2-active neurons, then fg(x) = §(To +T1) + B for all v € [To, T1].

(VI) If ¢ is a saddle point of Ly 1.4 with at least one type-2-active neuron, then there exists
n€42,4,6,...} such thatn < N and

w@ g G —T0)>

Jolo) =+ f =177 - n+l

for alli € {0,...,n}, x € [ﬂﬁ—%,ﬂmLW].

Theorem 2.4.(IV.b) says that the set of breakpoints of all type-2-active neurons agrees
with the set of n equally spaced points Ty < ¢; < --- < ¢, < T1. Furthermore, for any
type-2-active neuron with breakpoint ¢;, the sign of the coordinate w is given by (—1)"*L.
Lastly, the sum of vywy, where k ranges over all type-2-active neurons with breakpoint ¢;, is
equal to f—& The term v,wy, is the contribution of the &' hidden neuron to the slope of the
realization.

Remark 2.5. Note that, by Theorem 2.4.(II), all local extrema and all critical points of
Lnr1,.4, which we defined as zeros of Gy 1 4, are actually critical points of Ly 74 in the
classical sense, i.e. points of differentiability of Ly 1 4 with vanishing gradient. In particular,
the classification in Theorem 2.4 turns out to be a classification of the critical points in the
classical sense as well.

Remark 2.6. Gradient Descent-type algorithms typically use generalized gradients to train
ReLU networks. For instance, they might compute G, its left-hand analog, the average of
the two, or quantities obtained by artificially defining the derivative of the ReLLU function
at 0. For each of these versions, a similar classification of critical points could be derived.

Theorem 2.4.(V) shows that any non-global local minimum has the constant realization
S(To +T1) + 8. In particular, there is only one value that the loss function can take at
non-global local minima. Similarly, it follows from Theorem 2.4.(VI) that a saddle point can
lead to exactly one of | N/2] + 1 possible loss values.

Corollary 2.7. Let N e N, A= (o, 3) € R?, and T = (Typ, Ty) € R? satisfy 0 < Ty < Ty,
and assume that ¢ € R3N*1 is a critical point of Ly 1.a. Then the following hold:

(i) If ¢ is a non-global local minimum of Lz .a, then Lyra(¢) = 550°(T1 — Tp)?.
(i) If ¢ is a saddle point of Ly 1 4, then there exists n € {0,2,4,...} such that n < N and
Lnra(9) = g’ (11 — To)®.

Formally, Corollary 2.7 only follows from Theorem 2.4 for a # 0. But for o = 0 it holds
trivially since for constant target functions there exist no critical points other than global
minima; see [14].
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2.4 Ingredients for the proof of the classification

As a first step, let us provide a simple argument to establish Theorem 2.4.(1).

Lemma 2.8. Let N € N, A € R?, and T = (Ty, T1) € R? satisfy Ty < Ty. Then Ly 1.4 does
not have any local maxima.

Proof. Write A = (a, ). The lemma directly follows from the simple fact that

T

'CN,T,.A(wa b7 v, C) = /

To

N 2
<c + Z vjmax{w;z + b;,0} — azr — B) dx
j=1

is strictly convex in c. |

As a consequence of this lemma, whenever we want to show that a critical point ¢ is a
saddle point, it suffices to show that it is not a local minimum, that is, it suffices to show
that, in every neighborhood of ¢, £ attains a value that is below L(¢).

Remark 2.9. The previous proof only used linearity of the realization function in the c-
coordinate and strict convexity of the square function. In particular, the same argument
shows that the square loss never has local maxima regardless of the target function, the
activation function, and the architecture of the network.

Let us now provide a sketch of the proofs to come. Instead of proving Theorem 2.4
directly, we first assume that the affine target function is the identity on the interval [0, 1],
corresponding to the special case Ty = f§ =0 and 77 = o = 1 in Theorem 2.4. Afterwards,
we will verify that the general case can always be reduced to this one. For convenience of
notation, we assume the following convention to hold throughout the remainder of Section 2.

Setting 2.10. Fix N € N and denote £ = Ly (0,1),1,0) and G = Gy (0,1),(1,0)- We say that a
network ¢ € R3V*+1! is centered if it is ((0,1), (1,0))-centered.

The generalized gradient G was defined in terms of the right-hand partial derivatives of
L. These are given by

aa—wjﬁ(qb) = 2u; /Ij z(fy(z) — z)dx, g—;ﬁ(gb) = Q/Ij (wjx + b;)(fs(x) — x)dz,
o* + 1
S0 =20, /Ij<f¢<x> s P o) =2 [ () -

Regularity properties of the loss function will be discussed in detail in the next section. We
will see then that these right-hand partial derivatives are proper partial derivatives if the
4% hidden neuron is flat or non-degenerate. If these partial derivatives are zero, then we
encounter the system of equations

0= 2v; / z(fy(x) — z)dx,

0 = 2v;, / (fo(z) — x)dx,
i (2.1)

0=2 /‘(wﬂ +0;)(fo(x) — z)dz,

I;

0=2 [ (fole) = o).
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from which we deduce that any non-flat non-degenerate neuron of a critical point or local
extremum ¢ satisfies

/ (fole) — a)dr =0 = / (f5(2) — 2)de. (2.2)
I I
This simple observation will be used repeatedly in the proof of Theorem 2.4. Moreover, for
a type-l-active neuron (for which I; = [0, 1]), (2.2) is even satisfied if the neuron is flat as
can be seen from the third and fourth line of (2.1). Here is an example of how (2.2) can be
employed: note that any affine function f: [0,1] — R satisfying

/Ol(f(x) —)dr = 0= /01 2(f(z) — 2)da (2.3)

necessarily equals the identity on [0, 1]. Thus, if ¢ is a critical point or local extremum of
L for which f, is affine and if ¢ admits a type-1-active or non-flat semi-active neuron (so
that [; = [0,1]), then we obtain from (2.2) that ¢ is a global minimum. If f, is not affine,
we will be able to develop similar arguments for each affine piece of f,. In this case, we will
obtain a system of equations from (2.1) that intricately describes the combinatorics of the
realization function.

2.5 Differentiability of the loss function

Since the ReLU function is not differentiable at 0, the loss function is not everywhere
differentiable. However, a simple argument establishes that £ is differentiable at any of its
global minima as the following lemma shows.

Lemma 2.11. Let ¢ € R3*N*L [f f,(x) =z for all x € [0, 1], then L is differentiable at ¢.

Proof. Tt is well known that the realization function R*¥*! — C([0,1],R), ¢ — fs|pa; is
locally Lipschitz continuous if C'(]0, 1], R) is equipped with the supremums norm; see, e.g.,
[104]. Thus, there is a constant L > 0 depending only on N and ¢ with |fyiy(z) — fe(x)] <
L|[1]| uniformly on [0, 1] for all ¢ sufficiently close to ¢. Then

£(¢+ﬁ2||_ =0 ||11m| / (foru(2) = fo())*dx < L2|[9],

which shows that L is differentiable at ¢. [ |

The next result shows that there even are regions in the parameter space where L is
infinitely often differentiable in spite of the ReLU activation.

Lemma 2.12. The loss function L is everywhere analytic in (v,c). Moreover, if the j
hidden neuron of ¢ € R3N*1 is inactive, semi-active, or type-1-active with breakpoint neither
0 nor 1 for some j € {1,...,N}, then L is also analytic in (w;,b;,v,c) in a neighborhood
of ¢, and mixed partial derivatives of any order can be obtained by differentiating under the
integral. In particular,

(%jc(cb) = 2u; /Ij 2(fo(x) — )d, a%ﬁ(gb) — 2/1]_ (w;z + b)) (f4(x) — x)dz,
0

o C0 =2 [ (0 —nde Do) =2 (e - )i
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Proof. For the first part, note that £ is a polynomial in the coordinates (v,c). Secondly,
assume that the j** hidden neuron of ¢° € R3¥+! is inactive. Then for all ¢ in a sufficiently
small neighborhood of ¢° and all z € [0,1] we have max{w;z + b;,0} = 0. Hence, L is
constant in the coordinates (w;,b;) near ¢° and it is a polynomial in (w;, b;, v, ¢). Thirdly,
assume that the j hidden neuron of ¢° is semi-active or type-l-active with breakpoint
neither 0 nor 1. Then for all ¢ in a sufficiently small neighborhood of ¢° and all z € [0, 1]
we have max{w;z + b;,0} = w;z + b;. In particular, £ is a polynomial in the coordinates
(wj,bj,v,c) near ¢°. The statement about differentiating under the integral follows from
dominated convergence. [ |

In regions of the parameter space not covered by Lemma 2.12, we cannot guarantee
as much regularity of the loss function, but we can still hope for differentiability. In-
deed, we already noted in the proof of Lemma 2.11 that the realization function R3*V+! —
C([0,1],R), ¢ — [yl is locally Lipschitz continuous. So, it follows from Rademacher’s
theorem that G is, in fact, equal to the true gradient VL of £ almost everywhere. In the
next result, we obtain insights about the measure-zero set on which G may not be the true
gradient.

Lemma 2.13. For all j € {1,..., N}, the right-hand partial derivatives 0T L(¢p)/0w; and
0T L(¢)/0b; exist everywhere and are given by
o+

8_wj£(¢) = 2u; /Ij z(fs(x) —x)dr and g—;ﬁ(@ = v, /Ij(f¢(x) — z)dz.

Moreover, if the j™* hidden neuron is flat or non-degenerate, then L is differentiable in
(wj,bj,v,¢) and, in particular, the right-hand partial derivatives 0% L(¢)/Ow; and O L(¢p)/Ob;
are proper partial derivatives.

Proof. Let ¢ € R3T! be arbitrary and denote by ¢, h = (h', h?) € R?, the network with
the same coordinates as ¢ except in the j hidden neuron, where ¢, has coordinates w; + h'
and b; + h*. We use the notation I Jh for the interval I; associated to ¢, and denote

e = L(¢n) — L(¢) — 2v;h' / z(fy(x) — x)dr — 2vjh2/ (fo(zx) — x)d.

I I;

The proof is complete if we can show that & goes to zero faster than (h', h?). To do that, we
estimate the two terms of the last line of

o= [ Uat@) - @)y
2 [ (fanle) = Fola)fola) = )de =20, [ (a4 1)fy(o) = a)da

I
1 1
= [ Gole) — fola)dn + 20, [ (s 4 b+ Bla 4 12)(£u(w) = )Ly () = Ly ()
0 0
To control the first term, we use local Lipschitz continuity of the realization function, which

yields a constant L > 0 depending only on ¢ so that | fy, () — fs(2)| < L(|h'|+]h?|) uniformly
on [0, 1] for all sufficiently small h. To estimate the second term, we note that the absolute
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value of 1;n — 1, is the indicator function of the symmetric difference I; AL jh By definition
J
of these sets, we obtain the bound |w;z + b;| < |h'z 4 h?| for any 2 € [;AI. This yields

€] 2/ 3,1 2 '

T+ 172 < LA(JR° [ + [A7]) + 4]vj] ; |[fo(x) = 2|l ap (z)dr.

The term L?(|h'| + |h?|) vanishes as h — 0. We need to argue that the second term also
vanishes as b — 0. If the 5" hidden neuron is flat, then the second term is trivially zero. On
the other hand, if the j** hidden neuron is non-degenerate, then the Lebesgue measure of
IjAIJh tends to zero as h — 0. Thus, in this case, the integral also vanishes as h — 0. If the

5" hidden neuron is non-flat degenerate, then we consider the directional derivatives from
the right, i.e. with h', h* | 0. But then I; = [0,1] = I]’-”, 80 Ly aqn is constantly zero. [ |
J

It is well known that a multivariate function is continuously differentiable if it has
continuous partial derivatives. The following result is a slight extension for the loss function

L.

Lemma 2.14. The loss function L is continuously differentiable on the set of networks
without degenerate neurons. In addition, L is differentiable at networks without non-flat
degenerate neurons.

Proof. The preceding two results established existence of all partial derivatives of first order at
networks without degenerate neurons. Furthermore, these partial derivatives are continuous
in the network parameters. This is clear for (v,c) and it also holds for (w,b) because the
endpoints of I; vary continuously in w; and b; as long as not both are zero. This concludes
the first statement.

To prove that L is still differentiable if flat degenerate neurons appear, assume without
loss of generality that the first M < N hidden neurons of ¢ € R3V*! are flat degenerate
and the remaining N — M hidden neurons are non-degenerate. Denote by ¢, € R3M+!
the network comprised of the first M hidden neurons of ¢ (with zero outer bias) and by
¢y € R3WV=M+1 the network comprised of the last N — M hidden neurons. We write £x_
for the loss defined on networks with N — M hidden neurons. Then, for any perturbation
¢n = ¢+ h € R3N*! of ¢ with the same decomposition into its first M and last N — M
hidden neurons, we can write fg, (¥) = fs, ,(7) + fg,,(7) and, hence,

Lén) = / fon, ()2 42 / Fo (2)(fionn (2) — )+ Lxv—rs(an).

Since the first M hidden neurons of ¢ are flat degenerate, fy, ,(z) is given by

M
f¢1,h (%) = Z hj+2N HlaX{th; + hj+N, 0}

j=1

In particular, fg, ,(2)/[|h]| — O uniformly in = € [0,1] as h — 0. Denote by h the last
3(N — M) components of h. Since ¢, has only non-degenerate neurons, £y_, is differentiable
at ¢y with some gradient A. Using that the first M hidden neurons of ¢ do not contribute



CHAPTER 4 51

to its realization and, hence, £(¢) = Ly_n(p2), we find
L(¢n) — L(p) — Ah _ i En-0(02) = Ln-n(¢2) — A ||h|

lim = lim —
B0 7] B0 I1A]| 17|
1 1 1
i o ([ @ +2 [ Joy(0) (o, (o) - 2)de) =0
h=0 [[R]|\ S 0
This proves differentiability of £ at ¢. [ |

So far, we have seen that, in some regions of the parameter space, the loss is differentiable
while in others it may not be. In the following, we show that, for type-2-active neurons, one
even has twice continuous differentiability.

Lemma 2.15. Leti,j € {1,...,N}. If the i and j* hidden neuron of ¢ € R¥*N*L are type-
2-active, then L is twice continuously differentiable in (w;, wj, b;,b;,v,c) in a neighborhood
of ¢ in R3N+L,

Proof. We established twice continuous differentiability of £ in (v, ¢) in Lemma 2.12. Suppose
the i'" and j* hidden neuron of ¢° = (w°,4°,0°, %) € R3N*! are type-2-active. Since a
small perturbation of a type-2-active neuron remains type-2-active and since a type-2-active
neuron is non-degenerate, it follows from Lemma 2.13 that £ is differentiable in (w;, b;) in a
neighborhood U C R3V*! of ¢° with partial derivatives

O rig) =2, / e(fol2) — )de and 2-£(6) = 20, / (fole) — 2)da

Ow; I b I

for any ¢ = (w,b,v,c) € U. Because the j hidden neuron is assumed to be type-2-active,
the interval I} is exactly [0,¢}] or [t},1] for the breakpoint t§ = —b%/w) € (0,1). Assume
IJQ = [O,t?] as the other case is dealt with analogously. By shrinking U if necessary, we
therefore integrate over [0, —b;/w;] in the above partial derivatives for all ¢ = (w,b,v,c) € U.
In particular, the integration boundaries vary smoothly in (w;,b;) in U. So, it follows from
Leibniz’ rule that these partial derivatives are continuously differentiable with respect to
(wj,b;). Furthermore, since t; = —b;/w; does not depend on (w;, b;, v, c), it follows from
dominated convergence that 0L(¢)/0w; and 0L(¢)/0b; are also differentiable with respect
to (w;, b;, v, c). The mixed partial derivative with respect to w; and w, is given by

J 0 0 5
awia—wjﬁ(gb) = 2u; /Ij x 8_w,f¢<x>dx = 20,0, /Iimj rodx.

That the i** and j** hidden neuron are type-2-active ensures that f Iar x%dx is continuous in
il My

(w;, w;, b;,b;) and, hence, that *L(¢)/(0w;0w;) is continuous in (w;, w;, b;, b;,v,c). Analo-
gous considerations show that all mixed partial derivatives with respect to w;, w;, b;, b, v, c
up to second order exist and are continuous. Thus, £ restricted to (w;, w;, b;, bj, v, ¢) is twice
continuously differentiable in a neighborhood of ¢°. |

Remark 2.16. We mentioned in Remark 2.5 that all critical points and local extrema of £
are actually proper critical points and, hence, the classification actually does not deal with
points of non-differentiability. Furthermore, by modifying the Gradient Descent algorithm
and the initialization in an appropriate way, one can ensure that the trajectories of the
algorithm avoid any points of non-differentiability; see [128] and also the appendix in [20].
Nonetheless, to formally prove the classification, including that all critical points are proper,
an extensive regularity analysis of the loss function as done in this section is necessary.
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2.6 Critical points of the loss function with affine realization

In this and the next section, we develop the building blocks necessary for proving the main
result. The first lemma establishes one direction of the equivalence in Theorem 2.4.(III).

Lemma 2.17. Suppose ¢ € R3N*! is centered and all of its hidden neurons satisfy one of
the properties (I1L.a)-(I1l.c) in Theorem 2.4. Then ¢ is a local minimum of L.

Proof. Denote by Jy C {1,..., N} the set of those hidden neurons of ¢ that satisfy Theo-
rem 2.4.(IIL.b), and, likewise, denote by J; C {1,..., N} the set of those hidden neurons of
¢ that satisfy Theorem 2.4.(ITL.c). Write ¢ = (w°, 0°,0°, ") and consider ¢ = (w,b,v,c) € U
in a small neighborhood U of ¢. Since a small perturbation of an inactive neuron remains
inactive, we have for all ¢ € U and every x € [0, 1] that

fo(z) =c+ Z vy max{w;x + b;,0}

Jj€JoUJy

if U is small enough. Moreover, for any j € Jy and ¢ € U, note that max{w;z + b;,0} =0
for all x € [1/4,1]. Similarly, max{w;x+0b;,0} =0 for all z € [0,3/4] if j € J;. Since we also
know v) > 0 for all j € Jy and v) < 0 for all j € J;, we find that the realization of ¢ € U
satisfies
c+ 2 jes vy max{w;x +b;,0} > ¢ ifx€[0,1/4]
fo(x)=4qc if © € [1/4,3/4]
c+ D e vimax{w;x +b;,0} <c ifx€[3/4,1]

for sufficiently small U. In particular, it follows that |f,(z) — z| > |c — x| for all z € [0, 1]
and, because ¢ is centered, that

L(y) > /01<c — x)’de > /01(% —x)*de = L(¢).

Thus, ¢ is a local minimum. [ |

The proof of the next lemma revolves, for the most part, around the argument (2.3),
presented in Section 2.4. The last statement of the lemma paired with Lemma 2.14 shows
that saddle points with an affine realization are also points of differentiability of L.

Lemma 2.18. Suppose ¢ € R3NT! is a critical point or a local extremum of £ but not a
global minimum and that fy is affine on [0,1]. Then ¢ is centered and does not have any
active or non-flat semi-active neurons, so, in particular, fs = 1/2. Moreover, if ¢ is a saddle
point, then it also does not have any non-flat degenerate neurons.

Proof. We know from Lemma 2.13 that L is differentiable in those coordinates that correspond
to non-degenerate neurons and its partial derivatives must vanish at ¢. Thus, the argument
using (2.3) shows that ¢ does not have any type-1-active or non-flat semi-active neurons. If
¢ had a non-flat type-2-active neuron, say the j*, then we could, using the same argument
with I; in place of [0, 1], conclude that f,(z) = x on I;. But since f, was assumed to be affine,
this could only be true if ¢ were a global minimum. Having no type-1l-active or non-flat
type-2-active neurons, f, must be constant. By the fourth equation of (2.1), this constant is
1/2, so ¢ is centered.
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Next, suppose that the %" hidden neuron is flat type-2-active. In particular, I ; =1[0,¢;] or
I; = [t;, 1], where t; = —b;/w; € (0,1) is the breakpoint. After dividing by 2w, the integral
in the third equation of (2.1) evaluates to

0:/1@_%‘)(% —2)dr = {_%t?(%__‘t;‘) ) %f I]: i [O?tj] } Lo,

J

yielding a contradiction. Lastly, suppose ¢ is a saddle point. If there were a non-flat
degenerate neuron, then G(¢) = 0 would imply 0 = fol z(fy(x) — x)dz. But since we know
that f,(z) = 1/2, this cannot be. |

The next lemma serves as the basis of Theorem 2.4.(IV.a). However, note that we
also consider the possibility of a non-flat degenerate neuron, whereas Theorem 2.4.(IV.a.iv)
requires the degenerate neuron to be flat. This generalization is needed in the proof of
Theorem 2.4.(I1T), which will be given later by way of contradiction. In addition, Lemma 2.19
shows that non-global local minima with an affine realization cannot have non-flat degenerate
neurons and, hence, are points of differentiability of £ by Lemma 2.14. Together with the
preceding lemma and Lemmas 2.11 and 2.14, we conclude that all critical points and local
extrema with an affine realization are points of differentiability.

Lemma 2.19. Suppose ¢ € R3NT! is a critical point or a local extremum of £ but not a
global minimum and that fs is affine on [0,1]. Suppose further that at least one of its hidden
neurons satisfies one of the properties (IV.a.i)-(IV.a.iii) in Theorem 2.4 or is degenerate.
Then ¢ is a saddle point.

Proof. Since, by Lemma 2.8, £ cannot have any local maxima, it is enough to show that
L is strictly decreasing along some direction starting from ¢. First, assume that the ;'
hidden neuron of ¢ is flat semi-active. Then Lemma 2.12 asserts smoothness of the loss in
the coordinates of the j** hidden neuron and

1
iiﬁ(@ = 2%./0 x if¢($)dx =0,

ow; Ow; ow;

a0 o '
5ol =2 [ g f@te 42 [ (o) - a)as

= 2/0 z(fo(r) — x)dr =: R,

o 0 ! 0
a0, 8vj£(¢) /0 (wjz + b;) o, fo(x)de =: S,

where we used that the j* hidden neuron is flat. Since 2 fol(f¢(x) —z)dx = £L(¢) =0, we
must have R # 0 for otherwise ¢ would be a global minimum by the argument (2.3). This

yields
0.0 pig)y 00 r(g) 0 R
det [ 9%i 9w Ow; 9, = det ( ) = —R*<0.
(a%ja%jcws) L) RS

In particular, this matrix must have a strictly negative eigenvalue, and a second order
expansion of the loss restricted to (wj,v;) shows that £ is strictly decreasing along the
direction of an eigenvector associated to this negative eigenvalue.
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Next, assume that the j hidden neuron is semi-inactive with I; = {0} and v; < 0 (case
one) or that it is degenerate with v; < 0 (case two). In either case, note that b; = 0 and
consider the perturbation ¢, = (w*,b°,v% ¢c*), s € [0,1], of ¢ = ¢g given by w§ = w; — s,
b; = —sw}, and v; = v; — s (all other coordinates coincide with those of ¢). Note that we
have w? < 0 and vj <0 for all s € (0,1] in both cases. For simplicity, denote a® = viw;. By
Lemma 2.18, we already know that ¢ is centered and does not have any active or non-flat
semi-active neurons. Thus, for every s,z € [0, 1], we can write

fou(x) = ¢+ vf max{wiz + 3,0} = ¢+ v; max{w;(z — 5),0} = § + a’(x — s)Lpq ().

Using this formula, we have for all s € [0, 1]

£6) ~ £00) = [ (e = 9Pde = [ 20— 9)a - Yo

= 1a°(a® +1)s* — 1a°s”
—1vjwjs? 4+ O(s?) if w; # 0 # v,

- _%]Uj+wj]s3+(9(s4) if w; #0=wv; orw; =0# v
—3s 4+ O(s%) if w; =0 =,

which is strictly negative for small s > 0. Hence, ¢ is a saddle point.

Lastly, assume that the j hidden neuron is semi-inactive with I; = {1} and v; > 0 (case
one) or that it is degenerate with v; > 0 (case two). This is dealt with the same way as the
previous step. Let ¢, € R**!, s € [0,1], be given by wf = w; + s, b} = —(1 — s)w}, and
v? = v; +s. This time, we have w$ > 0 and a® = vjw; > 0 for all s € (0,1] in both cases.

j
The realization of ¢ on [0, 1] is given for all s,z € [0, 1] by

fo.(x) = c+vj max{wj-a: + b7, 0} = % +a*(x — 1+ 5)lp_sq(x).
Essentially by the same computation as in the previous step,

L(¢s) — L(¢) = 3a°(a® +1)s° — La°s?

—tvw;s? + O(s?) if w; # 0 # v,
=< —3(vj +w;)s* + O(s*) ifw; #0=v; or w; =0#v;
—35* + O(s%) if w; =0 =y,
from which we conclude that ¢ is a saddle point. [ |

This finishes the treatment of the affine case, and we now tend to the more involved
non-affine case in the next section.

2.7 Critical points of the loss function with non-affine realization

The following lemma is the main tool for this section. It generalizes the argument (2.3)
that we presented in Section 2.4; see Lemma 2.20.(vi) below. This lemma captures the
combinatorics of piecewise affine functions satisfying conditions of the form (2.2).

Lemma 2.20. Let n € Ny, Ao, ..., An,Bo, .., Bu,qo,- -, qnr1 € R satisfy qo < -+ < @1,
and consider a function f € C([qo,qn+1],R) satisfying for all i € {0,...,n}, x € [¢;, ¢i+1]
that f(x) = A;x + B; and qu_”l(f(y) —y)dy =0. Then
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(i) we have for alli € {0,...,n} that
; 41— qo
A= 1= (=) 00 4, 1,
( )Qi+1_%’( ’ )

11%i+1 T4 1 — Qo
B, = (—1) I Ag—1),
( ) 2 qi—i—l_Qi( 0 )

(ii) we have f =1idjg 4., <= Vi€ {0,...,n}: A; =1, B;=0
— Fiec{0,....n}: A =1 B =0 < Jic{0,....n}: flgg) =
1d(g; g1
(iii) for alli € {0,...,n} we have sign(A; — 1) = (—1)"sign(4y — 1).
If, in addition, 0 = quO"“ z(f(x) — x)dz, then

(iv) we have 0 = (Ag — 1) > i o (= 1) (qit1 — @)?,
(V) if f # idjge.gnia]s then 0 =37 (=1)" (g1 — @)%,
(vi) if n =0, then f =idg.q-
Proof. First note that we must have A;q;.1 + B; = Aiy1¢iy1 + Bipq for all i € {0,...,n—1}.

Moreover, the assumption 0 = f;i“(f(x) — z)dz is equivalent to B; = —1(qiy1 + ¢:)(4; — 1).
Combining these yields

A — 1= _M(Ai —-1)
dit2 — Qi1
for all i € {0,...,n — 1}. Induction then proves the formula for A; — 1, and the formula for

B; follows. Lastly, by plugging the formulas for A; and B; into f(x), we compute

/q:nﬂ z(f(z) — x)de = g /:Hl 2((A; — Da + B)dx

- 1—2% (Ag— 1) Z(—l)i(%‘ﬂ — ).

=0

The remaining items follow immediately. |

In order to apply this lemma later on, let us verify that our network always satisfies the
condition qu_”l( f(y) — y)dx = 0 for suitable choices of ¢; and ;1.

Lemma 2.21. Suppose ¢ € R3N*! is a critical point or a local extremum of L and denote by
O0=q <q1 <+ <@n < qns1 =1, for n € Ny, the roughest partition such that f, is affine
on all subintervals [q;, gi+1]. Then we have for all i € {0,...,n} that

[ tota) = yz =

qi
Proof. First, note that ¢ must have a non-flat type-2-active neuron whose breakpoint is ¢;,

for all i € {1,...,n}. From the fourth line of (2.1), we know that fol(f¢(x) —x)dz = 0. This
and the second line of (2.1) imply, for any non-flat type-2-active neuron j,

[ Gota) =)z =0 - /[ | Uolo) =

Since either I; = [0,t;] or [0,1]\I; = [0,;], it follows that ["(fs(z) — x)dx = 0, for all
i €{0,...,n+ 1}. Taking differences of these integrals yields the desired statement. [ |
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Next, as a first application of Lemma 2.20, we prove that only global minima can have
type-1l-active or non-flat semi-active neurons. We already established this in Lemma 2.18 in
the affine case, but now we extend it to the non-affine case. The statement from Lemma 2.18
about saddle points not having non-flat degenerate neurons also holds in the non-affine case,
but we will not see this until later in Section 2.8.

Lemma 2.22. Suppose ¢ € R3N*! is a critical point or a local extremum of £ but not a
global minimum. Then ¢ does not have any type-1-active or non-flat semi-active neurons.

Proof. For affine f,, the result has been established in Lemma 2.18. Thus, suppose f, is
not affine on [0, 1] and that ¢ has a type-1l-active or non-flat semi-active neuron. Denote by
O0=q <q1 < <qn<gny1 =1, for n € N, the roughest partition such that f; is affine on
all subintervals [g;, ¢i+1]. We know from Lemma 2.21 that quol (fo(x)—2x)dz =0, and we claim
that also quol z(fy(x) — x)dx = 0. To prove this, note that ¢ must have at least one non-flat
type-2-active neuron (without loss of generality the first) with breakpoint —b;/w; = q;.
Moreover, (2.2) shows that 0 = fo () —x)dx if applied with the type-1-active or non-flat
semi-active neuron. Using this and 1£(¢) = 0, one deduces the claim as in the proof of
Lemma 2.21. Hence, we conclude f¢] lgo,1] = 1d[go,q1] With the argument (2.3). But then we
also get fy = id[gyq.,,) by Lemma 2.20.(ii) and Lemma 2.21, yielding a contradiction. |

We now turn to the proof of Theorem 2.4.(IV.b). More precisely, we show that critical
points and local extrema whose realizations are not affine must take a very specific form. The
only degree of freedom of their realization functions is a single parameter varying over the set
of even integers in {1,..., N}. Examples of the possible realizations are shown in Fig. 4.2
which illustrates that the degree of freedom is reflected by the number of breakpoints. Once
this number is fixed, the shape of the function is uniquely determined: the breakpoints are
equally spaced in the interval [0, 1], and the slope of the realization on each affine segment
alternates between two given values in such a way that the function symmetrically oscillates
around the diagonal. In addition, we deduce in Lemma 2.23 that critical points and local
extrema can realize these functions only in a very specific way, limited by few combinatorial
choices.

Lemma 2.23. Suppose ¢ € R3*N* is a critical point or a local extremum of £ but not a global
minimum and that f, is not affine on [0,1]. Denote by 0 =qy < ¢1 < -+ < ¢y < Gn+1 = 1,
for n € N, the roughest partition such that f, is affine on all subintervals [g;, ¢i+1], and
denote by K; C {1,..., N} the set of all type-2-active neurons of ¢ whose breakpoint is g;.
Then the following hold:

(i) n is even,

(ii) ¢ :n+1 forallie{1,...,n},

(iii) —bj/w; € {q1,...,qn} for all type-2-active neurons j € {1,...,N} of ¢,

(iv) sign(w;) = (=1)"*! for alli € {1,...,n}, j € K;,
)
) ¢
) f.

(V) Djer, vjw; =2/(n+1) foralli € {1,...,n},
(vi

(vii

18 centered,

s(r) =2 — (7:)1 (:v — ZA“/Q) foralli € {0,...,n}, x € [gi, qis1]-

n+1
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n=2 n=4
T T T T T T T T T T

09 r 09

08 08
06 0.6
05 05
04 04

031 03[

021 0.2

01r 01

I I I I I I I I I I I I I I I I I I
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1 0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

Figure 4.2: Examples of the network realizations (red) in Lemma 2.23 for the cases n = 2
and n = 4. The blue line is the target function (identity function).

The proof of this lemma requires a successive application of Lemma 2.20. We prove
the statements of the lemma in a different order than stated. First of all, Lemma 2.20.(ii)
will enforce the correct sign for each w;, 7 € K;. That n is even will be a consequence of
these signs. It will also follow from the signs together with Lemma 2.20.(v) that ¢; = n+r1
Afterwards, we use the formulas (2.4) from Lemma 2.20 to verify that any type-2-active
neuron must have as breakpoint one of ¢q,...,q,. Once this has been shown, we obtain a
more explicit version of those formulas and deduce ), . vpwy = 2/(n + 1). That f, takes
exactly the form in Lemma 2.23.(vii) is a byproduct of the last derivation, and that ¢ is
centered is shown last.

Proof of Lemma 2.23. We begin by noting that none of the sets K;, i € {1,...,n}, can
be empty. Furthermore, the third equation of (2.1) and Lemma 2.21 imply that (2.2) holds
for all neurons in |J, K; even if they are flat. Applying Lemma 2.20.(ii), which we can
do by Lemma 2.21, ensures that fs|ig 4,11 7 idjgiq.,) for all @ € {0,...,n}. In particular,
(2.2) and the argument (2.3) show for all i € {1,...,n — 1} and j, € K;, j1 € K;;1 that
sign(w;,) # sign(w,,) for otherwise we would have I; \I;, = [¢, ¢i+1] or I;,\Lj, = [, Gi+1]
(depending on the sign) and, hence,

qi+1 qi+1
/ (folw) — x)dz = 0 = / 2(f(x) — 2)dz.
a a
Likewise, we must have fO‘h z(fy(z) —x)dx # 0 and, hence, w; > 0 for any j € K;. Combining
the previous two arguments establishes sign(w;) = (—1)""! for any i € {1,...,n}, j € K.
Just like w; > 0 for any j € K, we must also have w; < 0 for any j € K,,. Thus, —1 =
sign(w;) = (=1)"* for all j € K,,, so n is even. Now that we know the sign of each parameter
w; for neurons j € |J; K;, we can use (2.2) again to find that fq(f“ z(fy(x) — x)dx = 0 for all
i€{0,...,n—1}. Then Lemma 2.20.(v) (with the partition ¢;, ¢; 11, gi+2) tells us

0= <Qi+2 - Qi+1)2 - (Qi—i-l - %‘)2-

This can only hold for all 7 € {0,...,n—1} if the points ¢i, .. ., ¢, are equidistributed, which
means ¢; = i/(n+1). Next, if we denote fy(x) = A;x+ B; on [g;, ¢i+1], then the formulas (2.4)
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must hold for all ¢ € {0,...,n}. Since ¢, ..., g, are equidistributed, the formulas simplify to

4 i+ 1
Ai—1=(-1"(4—1) and B;=(—-1)"—2(4,—-1) (2.5)

n+1
for all : € {0,...,n}. Using (2.5), one can verify that any type-2-active neuron of ¢ must
have as breakpoint one of the points ¢i, ..., g,. If this were not the case, say the j*" hidden
neuron were type-2-active with breakpoint t; = —b;/wj;, then one could choose i € {0,...,n}

such that ¢; < t; < ¢;+1. Using (2.2), (2.5), and Lemma 2.21, the integral from the third line
of (2.1) reads (after dividing by 2w,)

[ @=t)0e) — a)s

I
0 if ¢ is even
= /[qi’qHﬂij(ZE — tj)(f¢($) - IE)d:E - {f;H—l x(f¢(x) _ :L")d:}: if 7 is odd
if I; = [0,¢;] and 7 is even
or if I; = [t;,1] and 7 is odd
if I; = [0,¢;] and 7 is odd

orif I; = [t;,1] and i is even.

§(40 = )t = @)’ (@1 =t + )
(Ao = D(givs — t))*(t; — ¢ + 5507y)

5o, the partial derivative of £ with respect to v; does not vanish, yielding a contradiction.
This proves that all type-2-active neurons lie in | J, K;. In particular, we can write

l n
Al = E E vjwj + E E ijj
i=1 jeK; i=l+1jeK;
i Oddj ‘ i even I

for all I € {0,...,n} because ¢ does not have any type-1-active neurons by Lemma 2.22. We
can combine this formula with (2.5) to find for all i € {0,...,n — 1}

(A —1) = (1) (Aips =) = (DA =)+ D vwj=Ag—1+ > vju;

jEKH_l jGKH_l

Thus, the quantity a := >, vjw; is independent of i € {1,...,n}. Consequently, we
obtain A; = an/2 for even i (including i = 0) and A; = a(1 4+ n/2) for odd i. The identity
A —1 = 1— A then forces a = 2/(n + 1). That ¢ has to be centered follows from

As our final building block for the proof of Theorem 2.4, we show that the networks from
Lemma 2.23 are saddle points of the loss function. To achieve this, we will find a set of
coordinates in which £ is twice differentiable and calculate the determinant of the Hessian
of L restricted to these coordinates. It will turn out to be strictly negative, from which it
follows that we deal with a saddle point.

Lemma 2.24. Suppose ¢ € R3NT! is a critical point or a local extremum of L but not a
global minimum and that f, is not affine on [0,1]. Then ¢ is a saddle point of L.
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Proof. Take n € N satisfying the assumptions of Lemma 2.23 and let K; C {1,..., N} denote
the set of those type-2-active neurons with breakpoint 1/(n+1). Denote by K; C K the set
of all those hidden neurons j € K; with v; < 0. It may happen that K| is empty. However,
the complement K;\K; is never empty since ), vjw; = 2/(n + 1) and sign(w;) = 1 for
all j € K; by Lemma 2.23. Let j; € K; be any hidden neuron with v;, > 0 and denote by
Joy -y g1, for L € {1,..., N}, an enumeration of K; . Moreover, let k € {1,..., N} be any
type-2-active neuron with breakpoint ¢, = 2/(n + 1).

We know from Lemma 2.15 that £ is twice continuously differentiable in the coordinates
of type-2-active neurons and in (v,c). We will show that the Hessian H of £ restricted to
(bj,,.-.,bj,, vk, c) has a strictly negative determinant.

In order to compute this determinant, we introduce some shorthand notation. For
i € {1,...,1}, denote \; = “Hovj;w;, so that S>'_, A < 1 by the choice of neurons in the
collection {ji,...,ji}. Define p = %! and the vectors uy = (vj,,...,v;), up = (ﬁwk, 1),
and u = (u1,uz). Furthermore, let D be the diagonal matrix with entries —v7 /(4\n),
i€ {l,...,1}, let A be the Hessian of L restricted to (vy,c), let B = A — ugul, and let F
be the diagonal block matrix with blocks D and B. Then H = l%(E +uu®) and, hence,

det(H) = =21 + u" E~ ) det(F)

once we verified that F is invertible. We calculate directly

2 w2 =l o — 1
det(A) = det ( n)? Tk ("‘;L)jl ") = n—4w,€ > 0.

Next, we compute

32n% —21n +3
[i=—ulA™! 0,1). 2.6
u“2 2T e —1) © (0.1) (2:6)
Using T, we obtain det(B) = p?(1 —T) det(A) >0and B™' = A7 + ﬂA Yugud A=1.
In particular, F is invertible. Using ul B~luy = 1Er> we can write

_ _ _ r
UTE 1“/ - ur{D 1u1 + UgB 1U2 = —4nZ )\’L + ﬁ

The determinant of D is —(4n) ' [],_, vZ|\i| ' < 0 so that
A= —p (1 —T) "t det(D) det(B)

is strictly positive. Summing up, we obtain that the determinant of H is

det(H) = <4n (1- Z)\ - 1)

We already mentioned that Zi’:l Ai < 1. Finally, we compute 4n(1 —I') = 2;‘:2 < 1 to

conclude det(H) < 0, which finishes the proof. |

We now have constructed all the tools needed to prove Theorem 2.4 in the special case
in which the target function is the identity on [0, 1]. This will be done in the next section.
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2.8 Classification of the critical points if the target function is the identity

In this section, we gather the results of the previous two sections to prove the main theorem
in the case where the target function is the identity on [0, 1].

Proposition 2.25. Let ¢ = (w,b,v,c) € R3NTL. Then the following hold:

(I) ¢ is not a local maximum of L.
(IT) If ¢ is a critical point or a local extremum of L, then L is differentiable at ¢ with
gradient VL(p) =

(III) ¢ is a non-global local minimum of L if and only if ¢ is centered and, for all j €
{1,..., N}, the j" hidden neuron of ¢ is

(a) inactive,
(b) semi-inactive with I; = {0} and v; > 0, or
(c) semi-inactive with I; = {1} and v; < 0.

(IV) ¢ is a saddle point of L if and only if ¢ is centered, ¢ does not have any type-1-
active neurons, ¢ does not have any non-flat semi-active neurons, ¢ does not have any
non-flat degenerate neurons, and exactly one of the following two items holds:

(a) ¢ does not have any type-2-active neurons and there exists j € {1,..., N} such
that the §*" hidden neuron of ¢ is
(i) flat semi-active,
(i) semi-inactive with I; = {0} and v; <0,
(ili) semi-inactive with I; = {1} and v; >0, or
(iv) flat degenerate.
(b) There exists n € {2,4,6,...} such that

U een-uls)

je{1,..,N},w;#0

and, for all j € {1,...,N}, i € {1,...,n} withw; # 0 =0b; + %, it holds that
sign(w;) = (1) and
2

Z VW = n——H_

ke{l,...,N}, wy7#0= bk—i-::_kl

(V) If ¢ is a non-global local minimum of L or a saddle point of L without type-2-active
neurons, then fys(x) =1/2 for all x € [0, 1].
(VI) If ¢ is a saddle point of L with at least one type-2-active neuron, then there exists

n € {2,4,6,...} such that n < N and, for alli € {0,...,n}, x € [nJ‘rl, LL], one has

B == (e ) 27)
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Proof. Statement (I) follows from Lemma 2.8 and the ‘if” part of the ‘if and only if’ statement
in (III) is the content of Lemma 2.17. Moreover, if ¢ is as in (IV.a), then it is a critical point
because it satisfies (2.1) and it is a saddle point by Lemma 2.19. Next, denote ¢; = i/(n + 1)
for all i € {0,...,n+ 1}. If ¢ is as in (IV.b), then its realization on [0, 1] is given by

1 -

fola) = 5+ — D (-1 max{(-1)* (w - ), 0}. 28)

i=1

which coincides with the formula (2.7). In particular, we have qu:“ (fo(x) —x)dz = 0 for all
i€{0,...,n} and fq‘ii” z(fo(x) —x)dr =0 for all i € {0,...,n — 1}. The latter asserts that

fqli 2(fy(x) — x)dx = 0 for odd ¢ and [ z(f4(x) — x)da = 0 for even i. Thus, ¢ satisfies (2.1)
and, hence, is a critical point. Furthermore, it is a saddle point by Lemma 2.24. This proves
the ‘if” part of the ‘if and only if’ statement in (IV).

Now, suppose ¢ is a non-global local minimum. Then fy is affine by Lemma 2.24.
Lemma 2.18 asserts that ¢ is centered and does not have any active or non-flat semi-active
neurons. Furthermore, for each hidden neuron, Lemma 2.19 rules out all possibilities except
(III.a)-(IIL.c). This proves the ‘only if” part of (III).

Next, suppose ¢ is a saddle point. If f is affine, then ¢ is centered and does not have any
active, non-flat semi-active, or non-flat degenerate neurons by Lemma 2.18. If there is no
hidden neuron as in (IV.a.i)-(IV.a.iv), then all hidden neurons satisfy one of the conditions
in (IIL.a)-(III.c). But this contradicts Lemma 2.17. This proves (IV.a). If f4 is not affine,
then it still does not admit any type-1-active or non-flat semi-active neurons by Lemma 2.22.
Moreover, Lemma 2.23 shows that ¢ is centered and its type-2-active neurons satisfy (IV.b).
We need to argue that ¢ does not have any non-flat degenerate neurons in this case either.
If there were a non-flat degenerate neuron, then G(¢) = 0 implies 0 = fol z(fy(x) — z)dx.
But Lemma 2.20.(v) and Lemma 2.23 ensure that this integral is different from zero. This
finishes the proof of the ‘only if’ part of (IV).

Next, we prove (II). If ¢ is a saddle point, then it does not have any non-flat degenerate
neurons by (IV). If ¢ is a non-global local extremum, then (I) and (III) imply that ¢ does not
have any non-flat degenerate neurons either. Thus, £ is differentiable at ¢ by Lemma 2.14.
If ¢ is a global minimum, then ¢ is point of differentiability by Lemma 2.11.

Statement (V) follows immediately from (III) and (IV.a). The remaining statement (VI)
is implied by (IV.b) and (2.8). |

2.9 Completion of the proof of Theorem 2.4

In this section, we show that Theorem 2.4 can always be reduced to its special case, Propo-
sition 2.25, by employing a transformation of the parameter space.

Proof of Theorem 2.4. First, we assume that 7" = (0,1). Consider the transformation
P: RN — R3NHL of the parameter space given by P(w,b,v,¢) = (w,b, 2, C;ﬁ). We then
have Lyra(¢) = a’L o P(¢) for all ¢ € R¥T1. Since the coordinates w and b remain
unchanged and the vector v only gets scaled under the transformation P, the transformation
P does not change the types of the hidden neurons. Moreover, a network ¢ € R*N*1 is (T, A)-
centered if and only if P(¢) is centered. The map P clearly is a smooth diffeomorphism and,
hence, Theorem 2.4 with T'= (0, 1) is exactly what we obtain from Proposition 2.25 under

the transformation P.
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Now, we deduce Theorem 2.4 for general T'. This time, set B = («(Ty — 1), o1y + ) and
denote by Q: R3VF1 — R3N*! the transformation Q(w,b,v,c) = ((Ty — To)w, Tow + b, v, ¢).
Then Lyr.a(¢) = (T — To) Ly, 0,1)5°Q(¢) for any ¢ € R*V*1. As above, the transformation
(2 does not change the types of the hidden neurons. Note for the breakpoints that
Z(T1 — T()) Towj + bj . 1

L T Y e = :
' 0 TL—I—l (Tl—To)wj n+1

Also, ¢ € R3¥*1 is (T, A)-centered if and only if Q(¢) is ((0, 1), B)-centered. Since we have
shown the theorem to hold for 7" = (0, 1), the smooth diffeomorphism @ yields Theorem 2.4
in the general case. [ |

3. From ReLU to leaky ReLU

In this section, we attempt to derive Theorem 2.4 for leaky ReLU activation, given by
z + max{z,yz} for a parameter v € (0,1). We denote the realization f] € C(R,R) of a
network ¢ = (w,b, v, c) € R¥**! with this activation by

N
fl(x) =c+ Y vymax{w;z + by, y(w;z + bj)}.

j=1

Analogously to the ReLU case, given A = (o, 8) € R? and T = (Tp,Ty) € R?, the loss
function £} . , € C(R*N*! R) is the L*-loss given by

T

£7V7T,A(¢) = / (f;@) —ax — ) d.

To

Again, we call a point a critical point of E?v,T, 4 if it is a zero of the generalized gradient defined
by right-hand partial derivatives. The notions about types of neurons remain the same as
in Definition 2.3. Strictly speaking, the notions ‘inactive’ and ‘semi-inactive’ are no longer
suitable for leaky ReLLU activation, but it is convenient to stick to the same terminology.
We will deduce the classification for leaky ReLLU by reducing it to the ReLLU case in some
instances and deal with other instances directly.

3.1 Partial reduction to the ReLU case

As before, we first consider the special case where the target function is the identity on [0, 1].
Let us abbreviate £7 = 57\77(071),(1’0) and L = Lon,0,1),1,0 Let P: RN — ROV denote
the smooth map P(w,b,v,c) = (w,—w, b, —b,v, —yv, c). Then, f; = fp@) and L7 = Lo P.
Hence, if £ is differentiable at P(¢), then £7 is differentiable at ¢, so differentiability
properties of £ convert to £Y. The partial derivatives of £ at any network ¢ and any



CHAPTER 4 63

non-degenerate or flat degenerate neuron j are given by

o £7(0) = () (P0) — () (PO
0 0 g

5 210) = (5,£) (P = (£ (Po)),
510 = (50-£) (P = (5,

2 016) = (5:£) (P().

We can also write these in explicit formulas. To do so, we complement the notation I; by
the intervals I; = {z € [0,1]: w;jz + b; < 0} = [0,1]\1;. Then,

L)(P(®))

%EV(@:ij/Ijx(f(g( )—.il:)da:~|—2fyvj/] z(fy(z) — r)dz,
%CV(@ = 2v; /Ij(fg(:p) — x)dx + 270, /I](f;(x) — x)dz,
5L0) = / (g + b)) (f)(2) — 2)dz + 29 / (g + b)) ([ (@) — 2)d,

a Y ' Y
5C0 =2 [ (@) - adr

This notation allows to treat non-flat degenerate neurons. For such neurons, the right-hand
partial derivatives of L7 are also given by the above formulas. We now show how the reduction
to the ReLU case works.

Lemma 3.1. Suppose ¢ € R¥*N*1 is a critical point or a local extremum of LY but not a
global minimum and that fo f¢( x) —x)dx = 0. Then all neurons of ¢ are flat semi-active,
flat inactive with w; = 0, or flat degenerate.

Proof. We first show that P(¢) is a critical point of £ and then apply Theorem 2.4 to P(¢).
Since the partial derivative of £7 with respect to ¢ exists and must be zero, we have

550570 = [ Uro @) —ade =0 = [ a(fng (@) - a)dr

This shows that the (right-hand) partial derivatives of £ are zero at P(¢) with respect to co-
ordinates corresponding to inactive, semi-inactive, semi-active, type-1-active, and degenerate
neurons. We need to verify that also partial derivatives of £ with respect to type-2-active
neurons vanish at P(¢). To see this, note that, for a type-2-active neuron j of ¢, the partial
derivative of £7 with respect to w; exists at ¢ and

a Y
0= G €10) =20 =)y | a(f3) — )t
Thus,

o_zvj/ £(f](z) — 2)d = (8%5)(13(@),
9

Qwj N

0= ~20, / 2(7] () — 2)de = (50— L) (P(9).



64 CHAPTER 4

and analogously for the coordinates b;, by, vj, v+ n. This concludes that P(¢) is a critical
point of £. By Theorem 2.4, P(¢) does not have any type-l-active, non-flat semi-active, or
non-flat degenerate neurons. By definition of the map P, it follows that ¢ does not have
any type-1-active, non-flat semi-active, or non-flat degenerate neurons, nor does it have any
semi-inactive, non-flat inactive, or inactive neurons with w; # 0 for otherwise P(¢) would
have one of the former types. Further, by definition of P, any type-2-active neuron of ¢ gives
rise to two type-2-active neurons of P(¢) with the same breakpoint but with opposite signs
of the w-coordinate. This is not possible by (IV.b) of Theorem 2.4, so ¢ cannot have any
type-2-active neurons. In summary, ¢ can only have flat semi-active, flat degenerate, or flat
inactive neurons with w; = 0. u

The condition fol z(fy(z) — z)dz = 0 in the previous lemma is easily converted into a
condition about existence of certain types of neurons. This is done in the first part of the
next lemma. For the second part, we recycle some arguments we learned from the ReLLU
case.

Lemma 3.2. Suppose ¢ € R3N*1 s a critical point or a local extremum of LY but not a global
minimum. Then all neurons of ¢ are flat semi-active, flat inactive with w; = 0, degenerate,
or type-2-active. Moreover, if ¢ does not have any non-flat type-2-active neurons, then ¢ is a
saddle point and it also does not have any flat type-2-active or non-flat degenerate neurons.

Proof. Suppose ¢ had a neuron of a different type than in the first statement of this lemma,
say the j**. Note that one of the mtervals I; and [ is empty and the other one is [0, 1] (up
to possibly a singleton). Since the j* neuron is non- degenerate, L7 is differentiable with
respect to the coordinates of the j™ neuron, so fo fj(x) — x)dx = 0. This contradicts
Lemma 3.1.

The remainder of the proof is similar to the ones of Lemmas 2.18 and 2.19. Assume ¢ does
not have any non-flat type-2-active neurons. Then f; is constant on [0, 1], and this constant is
1/2 since %ﬁ”(@ = 0. We claim that ¢ cannot have any flat type-2-active neurons. Suppose
for contradiction the j™ neuron were that. Let 7 = sign(w;) and t; = —b;/w; € (0,1). Then
a0 L£7(¢) = 0 implies

1
0=

o

<

(— ;)(5 — 2)dz + 77 / (& 1;)( — 2)de

| -

(—1+ Q=93 —2t;)t5).

\V)

1
But, for any ~,t € (0,1), 7 € {—1,1}, we have —1 + (1 —77)(3 — 2t)t* < 0, which is a
contradlctlon. Thus, all neurons of ¢ are flat semi-active, flat inactive with w; = 0, or
degenerate. With an argument analogous to the proof of Lemma 2.19, we find that ¢ is a
saddle point of £7. Indeed, if there is a flat semi-active or flat inactive neuron j with w; = 0,
then, with 7 = 1 — sign(b,),

2o L(0) gur e £(0) : C
det [ 2% aé”ﬂ a}’jﬂ aé“ (277/2/ z(3 — x)dx) =——7" <.
(811] ('9wj L ((b) 811] 811] L ((b) 0 36
Instead, if there is a degenerate neuron j, then, for the perturbation ¢°, s € [0, 1], in the
coordinates of the j* neuron given by wi =78, b] = —75%, and vi =v; + 75 with 7 = 1 if
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v; > 0and 7 = —1if v; <0, we have

L) = L7(¢)

1 -7 T 1 s,..8 —T T
= —vs»wjv(l )/2( —1+4+(1=97)(3-2s)s") + g(vjwj)271 (1=s)°++*s%)

1 1
= —65(|Uj’ +5)yT2 4 g\vj|252714 +0(s%),

which is strictly negative for small s > 0. This concludes that ¢ is a saddle point. In
particular, any degenerate neuron j must be flat because

0= i£7(¢) = ZUj/ x(% —z)dr = —
0

8?1)]‘
|

We finished dealing with critical points of £ that have a constant realization function.
In the next section, we find saddle points of £7 analogous to the ones in Theorem 2.4.(IV.b).
For these, we cannot reduce the analysis entirely to the known ReLU case. However, the
arguments are analogous to the ones developed in Lemmas 2.23 and 2.24, and we can use a
shortcut for small v by arguing that we approximate the ReLLU case in a suitable sense.

3.2 Explicit analysis for leaky ReLU

The following is the analog of Lemma 2.23 in the leaky ReLLU case. Informally, one recovers
Lemma 2.23 from Lemma 3.3 in the limit v — 0. We will discuss this in more detail after
having proved the lemma.

Lemma 3.3. Suppose ¢ € R¥*N* is a critical point or a local extremum of LY but not a
global minimum and that ¢ has a type-2-active neuron. Denote by 0 =qp < q1 < - -+ < qn, <
Gni1 = 1, for n € Ny, the roughest partition such that f; is affine on all subintervals [q;, gi+1],
and denote by K; C{1,..., N} the set of all type-2-active neurons of ¢ whose breakpoint is
¢;- Then n > 1 and there exists o € {—1,1} such that, abbreviating

5 = 7(1—0)/4 4 Ao =0™/4 (n—1)y/1+ 7,
the following hold:

(i) (a) g =q + =) for gili e {2, ,n—1},
(b) 1 =691 and g, =1 — 614V and g, — gy =07 (n — 1)y/T+7,
(i) —b;/w; € {q1,-..,qn} for all type-2-active neurons j € {1,...,N} of ¢,
(iii) sign(w;) = o(=1)"*" for alli € {1,...,n}, j € K;,

12 ifi=1=n,

1 1 1 p -

5 + —o i1 = 1 n’
(lV) (a) Z]EKZ ijj — i(\ém 'y(l )/4) f #

1

1 1 .
3<m - '7(1—0(—1)")/4) ifi=n#1,

(v) ¢ is centered,
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x 1 p -

, T/ — 2 if i =0,

. —o(=1)"(1 — ) K - i (1-0)/4 ) .
(vi) fl(z) -z = - ¥ e ;/2_76m ifl1<i<n-—1,

1 1 e
sa=stnma T sy~ sumeoma i=n
for alli € {0,...,n}, x € [¢;, Gir1]-

Proof. First, note that ¢ must have at least one non-flat type-2-active neuron by Lemma 3.2.
For any such neuron j,

0= 55t 0) = (1= [ alf3@) —ado 7 [ 2(f0) — )i

2Uj awj f

so the two integrals

1

v o v ”
/Ij I’(f¢ (ZE) - fE)dl’ = m ; JT(fd) (1‘) — Ilf)d{lf,

1 1 (3.1)
/fj x(f;(x) —x)dr = T i x(f;(x) — x)dx

are independent of the non-flat type-2-active neuron j. Doing the same with the coordinate
b; and using that 2 fol(f;(a:) —z)dz = £L7(¢) =0, we find

/I (f3(x) —x)dr =0 = /1 (f3(x) — z)dz. (3.2)
The function fg cannot be affine for otherwise we could apply Lemma 2.20 with the partition
0 < t; < 1 for the breakpoint ¢; of any non-flat type-2-active neuron j and obtain a
contradiction with ¢ not being a global minimum. In other words, n # 0. Moreover,
since each K;, i € {1,...,n}, must contain a non-flat neuron, we deduce from (3.2) that
S (f)(x) = x)dw = 0 for all i € {0,...,n}. It follows from this and £ L£7(¢) = 0 that (3.1)
holds even for flat neurons j € J, K;. Also, Lemma 2.20 implies that the two integrals in
(3.1) are not zero. In particular,

[ ali3@) = oo 2 [ atria) - o)io
for any j € |J, K; and, hence, sign(wj,) = sign(wj,) if jo and j; belong to the same set K.
Furthermore, we find from (3.1) that sign(w,,) # sign(w;,) for all : € {1,...,n — 1} and
jo € K, j1 € K1 by taking differences of the integrals fI]_ x(f(;(x) — x)dz for different j.
This establishes item (iii). Consequently, we obtain from Lemma 2.20.(v) (with the partition
Gi; Gi+1, Gi+2) that
0= (gir2 — ¢i+1)* = (g1 — @)%,

for all i € {1,...,n — 2} (note that we do not obtain this equality for i = 0 or i = n — 1).
Thus, the points ¢, . .., g, are equidistributed in [¢1, ¢,,] (but not necessarily in [0, 1]), which
is exactly item (i.a). Next, we prove item (i.b). To do so, we distinguish between even n and
odd n. In the former case, sign(w,,) # sign(w;,) for all j; € Kj, j, € K, by item (iii) and,
hence, by (3.1),

[ 3@~ oyt = [ st - i

qn
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Write f(z) = Az + B on [g;, ¢i1], for all i € {0,...,n}, so that the formulas in (2.4) hold.
We compute

Sto= et = [ a5 - a)ds

B / w((@) — 2)de = S (4 — 1r (1 - )2

Thus, ¢1 = 1 — g, and, by (i.a),

Hence, it follows from (3.1) and item (iii) that

. oy(1=0)/2 0 (L2 ?

! 11— ! n—1 '
Solving this as a quadratic equation in ¢; under the constraint ¢; € (0,1/2) yields ¢ =
6~ 1y(1=9)/4 " Now, assume n is odd. Recall that chzm z(fy(x) — x)dr = 0 for all i €
{1,...,n —2}. In particular, qul” z(fy(z) — r)dz = 0. Note that o is already determined as

the sign of w; for any j € K. The partial derivative with respect to w; being zero for a
non-flat neuron j € K; implies

q1

0= /1 x(fy(x) —x)dr + ’y"/ z(fy(z) — x)dr

qn 0

= —1_12(A0 —Dar((1 = a2)* = 77a5).

Thus, 1 — ¢, = 7°/%¢q;. From this, the formula for ¢; follows in the case n = 1. If n # 1, then

we use that the partial derivative with respect to w; for a non-flat neuron j € K is zero to
calculate

q2

O:/lx(f;(x)—x)dx—i-v_”/ £(f(z) — 2)da

- /:1 o(f](z) — z)dw +~7° /f x(fy(x) — x)dz

1

:E n—1

2
—c —c dn — 1
(Ao~ Da: [7 f- (=g 1=y (222 ] .
Using 1 — ¢, = 77/?¢1, the term in the rectangular brackets becomes a quadratic polynomial
in ¢, and solving for ¢; leads to q; = 6~ '¢(!=?)/4. This finishes item (i.b). From here on, we
no longer treat even n and odd n separately. Next, we show item (ii). Given any type-2-active
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neuron j € {1,...,N}, take ¢ € {0,...,n} with ¢; < t; < ¢;11 and denote 7 = sign(w,).

Then, a%c(gb) = 0 implies

0= / e ) (@) — )z A7 / (e — ) (a) — 2)da
t; 1 . i (3.3)
+ / z(fy(z) — x)dr + 77/ z(fy(z) — v)dz.

qi+1 0

A direct computation with the formulas in (2.4) yields

/ e ) () — 2y AT / (o= t)(f(2) — x)da
tj (_1>Z q; (34)
= o= D[l — ) = (L= = 00 Gaien = 28 — a0

Furthermore, if i # 0 and 7 = o(—1)"", then

/1 z(fy(r) —x)dx +7 /qi z(fy(z) — x)dx

= — /.(h+1 x(fg(ﬂi) —x)dx + / x(f;(.l") —z)dr + 7 /Oqi x(f(z(x) — x)dx
- _ /‘qi-&-l x(fél(ﬁ) - ZE)dI E— (I;)Z (AO _ 1)(]1(%‘4-1 . %‘)2,

where the second-last equality is implied by a%kﬁ(gb) = 0 for a non-flat type-2-active neuron
k € K;. Similarly, if i # n and 7 = o(—1)""2, then

/ () — 2+ [ atsg@ = ays == [ a0 - )

qi+1 0 qi
(=1
12

T

=7

(Ao — D1 (g1 — @:)*

The remaining cases are i € {0,n} with 7 = —o, respectively 7 = o(—1)", for which

/ () — @) / " (£ (@) - 2)de

qit+1 0

_ (=) (Ag — 1)7'™/"qy - {7(”_””/"(]% if n is odd,

12 @ — (g2 —q)* if nis even.

In conclusion, we obtain from (3.3) and (3.4) that

—(t; — qi)*(Bqir1 — 2t; — q;) if i £0 and 7 = o(—1)",
(qit1 — a:)* = (t; — @)*(3qi+1 — 2t — q) if i #nand 7= o(-1)"*2,

0= (1 =97)g} — (1 =~~0)t5(3q1 — 2t;) if nis odd,i =0, and 7 = —o,
(L+7)(1 = qn)g? — (t; — qn)?(3 — 2t; — qn) if nis odd,i =n, and 7 = —o,
2¢7 — qi(ge — q1)* — (1 =y~ °)t5(3q1 — 2t;) if n is even,i =0, and 7 = —o,
14+ = q1(q2 — 1) — (1 =) (t; — qn)?(3 — 2t; —qp) if mis even,i =n, and 7 = 0.
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In the first case, we must have ¢; = ¢;. In the second case, the term can be rewritten as
(qit1 — t)*(gi+1 + 2t; — 3¢;), so we must have t; = g;41. In the third case, the two summands
always have opposite signs, so their difference is always strictly positive or strictly negative
but not zero. In the fourth case, the right hand side is lower bounded by (1 — ¢,)q?, so it
cannot be zero. In the fifth case, after plugging in ¢; and ¢, we find that ¢; must satisfy

0 = Ay 1 1362 (37174 — 216).

However, there is no solution ¢; to this equation with ¢; € [0, ¢1]. Lastly, in the sixth case,
1 — t; must satisfy the same equation, which is incompatible with ¢; € [g,, 1]. This proves
item (ii). Now, we tend to item (iv). Since |J, K; contains all type-2-active neurons of ¢ and
there are no type-1l-active neurons by Lemma 3.2, we can write the slopes of fg as

A= Z’YHG(Q . Z vjw; + Z ’YI S Z U Wy, (3.5)

JEK; i=l+1 jEK;

for all I € {0,...,n}, by item (iii). With this, we find, for all i € {1,... n},

()= ()T A - ) = ()T (A~ D) (1) Y vy

qi+1 — q; jeK;

q1
- o) Y vy
qi — 4i—1 jekK;

Thus, for all i € {1,...,n},

—0 qi+1 — qi—
Zvﬂ'wﬂ'zl_ (Ao_l)‘h( . _H.)( _1 )
jekK; 7 qi+1 qi)\4; qi—1

Combining this with the formula (3.5) for A yields

—0(1 - ’Y) 1-o(-1)° Qi+1 — Gi—1 1-0)/4
1 — + q1 y 2 = ’y( o)/ 5 (36)
Ap—1 Z (gi+1 — @:)(¢i — gi—1)
Plugging this back into the formula for » ;. vjw;, we obtain for n =1 that ). vjw; =

712 and for n > 2,4 € {1,...,n} that

va :i qi+1 — Gi—1
I 5 QZJrl_Qz) qi — i— 1)

JjEK; (
(( 7)™ 1/2 v -(1- cf)/4) ifi =1,
=< 20711 +~)" 12 if2<i<n-—1,
((1 )2 gy U EONAY i =

This establishes item (iv). By the formulas in (2.4) and (3.6),

y~(1=0)/4 if i =0,
Ai—1=o(-1)T 1 -5 1+ if1<i<n-—1,
A== =0"M/4 f =



70 CHAPTER 4

and
X 1 if i =0,
B; = 5(;(—1)1'(1 — )6 02— 1+ 29071 4 4) Y2 if1<i<n—1,
2y~ (=o(=D"/45 _ 1 if i = n.

In particular, item (vi) holds. Lastly, we know from Lemma 3.2 and item (iii) that

n 1—o(—1)"
Ozfg(O)—Bozc—ny P invjwj—Bo.
i=1

JEK;

After plugging in the formulas for By, ¢, ¢;, and ) jex, Vjw;, a lengthy but straight-forward
computation results in ¢ = 1/2. Thus, ¢ is centered, which concludes the proof. [ |

We make a few remarks about the relationship between the previous and Lemma 2.23.
The quantity ¢ in Lemma 3.3 replaces the factor n 4 1 that appears throughout Lemma 2.23.
In the limit v — 0,

n if n is odd,
d—=<¢n+1 ifnisevenand o =1,

n—1 ifniseven and o = —1.

Thus, in order to match Lemma 2.23 with the limit case v — 0 of Lemma 3.3, one would
need to apply the former lemma with

n—1 if nis odd,
n=+<n if n is even and o = 1,

n—2 ifniseven and o = —1

in place of n so that § — n+1. One would hope that the quantities in Lemma 3.3 converge to
their counterparts from Lemma 2.23 with n as v — 0. Although the number of breakpoints
in each lemma is different in most cases (i.e. n # 1), this convergence actually happens: on
the one hand, if n is odd and ¢ = 1, then ¢, — 1 ‘degenerates’ into the endpoint of the
interval [0,1] and only the (n — 1)-many breakpoints ¢i, ..., ¢,_1 remain, which converge
to ==, i € {1,...,n}. Similarly, if n is odd and ¢ = —1, then ¢ — 0 degenerates and

N
qo, - - -, q, remain and converge to the correct breakpoints 7#1, i €{1,...,n}. On the other
hand, if n is even and o = 1, then none of the breakpoints degenerate and ¢y, ..., g, remain
and converge. Lastly, if n is even and ¢ = —1, then both ¢y — 0 and ¢, — n, and we are
left with g, ..., q,_1, which converge.

In addition, note that the parity of the w-coordinate of the type-2-active neurons match in
each lemma even though these are o(—1)""! and (—1)""!, respectively. They match because
¢1 can only degenerate into 0 if o = —1. Lastly, note that the quantities ) jex, Vjw; also

converge to their counterparts as 7 — 0.

Lemma 3.4. Suppose ¢ € R¥*N*! is a critical point or a local extremum of L7 but not a
global minimum and that ¢ has a type-2-active neuron. There ezists 7o € (0,1] depending
only on N such that if v < 7y, then ¢ is a saddle point of L.
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Recall that, in the proof of Lemma 2.24, we studied the Hessian of £7 restricted to a
suitable set of coordinates, taken from type-2- P
To prove Lemma 3.4, we proceed analogously, which works for sufficiently small + by the
above observation about Lemmas 2.23 and 3.3. More precisely, if n # 1 and 0 = 1, then we
will be able to work with the same set of coordinates because Q — ~1 =} and ¢ — 77 On
the other hand, if n > 3 and o0 = —1, then ¢; — 0 but ¢ — =5 and ¢3 — n+1 In thls case,
we will use the analogous set of coordinates with ¢, and g3 1n place of ¢; and ¢». However,
the argument does not work if n =1 or if n = 2 and ¢ = —1 because then ¢ — 0, ¢o — 1,
and f; becomes an affine function as v — 0. We will treat these two cases separately.

Proof of Lemma 3.4. Take n, 4, q1,...,q,, and ¢ from Lemma 3.3. First, assume n = 2
with 0 =1 or n > 3. Abbreviate 7 = (3 —0)/2 € {1,2}. Similar to the proof of Lemma 2.24,
let K. C {1,..., N} denote the set of those type-2-active neurons with breakpoint ¢,, and
let K- C K, be the subset of those neurons j € K, with v; < 0. Let j; € K, with v;, > 0,
which exists since a := ZjeKT vjw; > 0 and w; > 0 for all j € K, and let jo,...,j;, for
[ €{1,...,N}, be an enumeration of K. Moreover, let k € {1,..., N} be any type-2-active
neuron with breakpoint ¢,,;. Asin the ReLU case, we consider the Hessian H of £” restricted
to (bj,,...,bj, vk, C).

We again introduce some shorthand notation. For all i € {1,...,1}, denote \; = a™'vj,w;,
so that Zi’:l Ai < 1. Define pp = 1(1 — (1 —9%)¢,)~" > 0 and the vectors u; = (vj,, .. .,vj,),

Uy = W (7(1 —2¢r41) — (L =) (grg1 — qT)Q)
2—”( 21 — (1 —)q,) ),

and u = (uy,uz). Further, let D be the diagonal matrix with entries —u(1 — )0 /(ad®);),
i €{1,...,1}, let A be the Hessian of £ restricted to (vy,c), let B = uA — upul, and let F
be the diagonal block matrix with blocks D and B. Then H = i(E +uuT). The matrix A is

= (%wi (@1 + 7 (1= grn)?) —wp(gi — (1= qT+1)2)>
—wi (g7, — (1 = ¢r41)?) 2 |

of which both the determinant and the upper left entry are strictly positive. In particular,
A is positive definite and, hence, I' := Lu A=tuy, is strictly positive. If I' < 1, then the same
considerations as in the proof of Lemma 2.24 show that B and E are invertible and

det(H) = p~ (1 + oDy + u2 TB 'uy) det(E)

-5(5 () o ZA 1)

where A = —p#2(1 —T')~* det(D) det(B) > 0. So far, we did not impose any restrictions
on 7. To verify that I' < 1, we use the limit argument to reduce the calculation to the one
we performed in the proof of Lemma 2.24. To this end, we point out that I' is independent
of wy and that 6, ¢,, ¢-41, and w only depend on n and . For fixed n, if we let v tend to
zero, then 6 - n+1, ¢ — = 1, Gri1 — ~+1, and pu — ”;tl, where we taken =n—1+0cif n
iseven and n =n—1if n is odd These limits coincide with the corresponding objects from
the proof of Lemma 2.24 with n in place of n as discussed prior to stating Lemma 3.4. The
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same goes for the limits of a, us, and A. Thus, we find from (2.6) that, for sufficiently small
s

5n —3 -

8n — 4

212 — 217 0 \2
N 223 3(—) (1-T)~4a(l —T) ~
16n(2n — 1) p\1l—~
This concludes the existence of a 7o € (0, 1] such that if v < g, then det(H) < 0. This
depends only on n. Since n < N, we can shrink ~, if necessary so that it depends only on V.

It remains to treat the cases n = 1 and n = 2 with ¢ = —1. Assume n = 1. This time,
let j; € {1,..., N} be any type-2-active neuron with sign(v;,) = o, and let js, ..., for
l € {1,...,N}, be an enumeration of all type-2-active neurons with sign(v;,) = —o. As

before, let a = v~12, A, = a lwjwj, p =221 =\ A+7)7Y, Dy = —p(l— v)203 [ (ad?N;),
and u; = (vj,,...,v;,) so that S'_ A, < 1 and det(D) < 0. On the other hand, let
Uy = opi /(L = v)A1/(6%v;,) and B = pizrr 02 L’ (¢) — u3 = $p*yAfv;,? > 0. Then the Hessian
of L7 restricted to the coordinates (bjl, . ,bjl,vjl) is H = i(E + uu®), where E is the
diagonal block matrix with blocks D and B. Hence,

det(H) = p~ "V Bdet(D)(1 + v D 'uy +u2/B)

—,lL_(l+1)B det(D)4(11_+\/\7%—27> (2 (1 i_ \/_) Z)\ B 1)

In particular, det(H) < 0 for sufficiently small ~.

Lastly, assume n = 2 and ¢ = —1. Similar as in the beginning, let K; C {1,...,N}
denote the set of those type-2-active neurons with breakpoint ¢;, and let K;" C K, be the
subset of those neurons j € K; with v; > 0. Let j; € K; with v;; < 0, which exists since
a= ZjeKlvjwj > 0 and w; < 0 for all j € K, and let jo,...,j, for I € {1,..., N}, be an

enumeration of K7 . Further, denote the same shorthand \; = a 'v;,w;, and vy = (v, ..., v;)
but set p1 = 2(q} +~° —~%¢}) " and D; = —pu(1 — 7v)?q{v? /(ad®\;). Then the Hessian of £
restricted to (wj,, ..., wj,) is H = - (D +uiui ) with determinant

det(H) = p~'(1 4+ ul D™ uy) det(D) = —pu~" det(D) <a—5222 Z)‘i — 1) :

By construction, 22:1 A; < 1 and, by plugging in the formulas for a, ¢;, and 0 from
Lemma 3.3,

ad? 2 Vi+y+ 2 1
== 14+ 70° —9%) == + O(/7).
WP 30 T TR OV
In particular, det(H) < 0 for small . [

3.3 Classification for leaky ReLU activation

In the following, we state the classification of critical points of the L2-loss for leaky ReLU
networks. It is almost analogous to Theorem 2.4, but the main difference is the absence
of non-global local minima. These critical points vanish for leaky ReLLU because they were
caused solely by dead ReLLU neurons.
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Theorem 3.5. Let N € N, ¢ = (w,b,v,c) €e R A= (a,8) € R?, and T = (T, T}) € R?
satisfy o # 0 and 0 < Ty < Ty. Then there exists vy € (0,1] such that for all v € (0,7) the
following hold:

(I) ¢ is not a local mazimum of Ly ¢ 4.

(IT) If ¢ is a critical point or a local extremum of ‘CXI,T,A’ then £7V,T,A 1s differentiable at ¢
with gradient VLY 1 4(¢) = 0.

(IIT) ¢ is not a non-global local minimum of Ly 1 4.
(IV) ¢ is a saddle point of L} 1, 4 if and only if ¢ is (T, A)-centered, for all j € {1,..., N}

the '™ hidden neuron of ¢ is flat semi-active, flat inactive with w; = 0, flat degenerate,
or type-2-active, and exactly one of the following two items holds:

(a) ¢ does not have any type-2-active neurons.
(b) There exist o € {—1,1}, n € N such that if

) = 7(1—0)/4+7(1—0(—1)")/4+ (TL— 1) /1 + 7,
T —T,
g =T+ — > Oy f (i = 1)/1+7),  ie€{l,...,n},

then Ujeqr,.. vy, wyz0{—0i/wit = {ars-- - an} and, for all j € {1,...,N}, i €

.....

{1,...,n} with w; # 0 = b; + w;q;, it holds that sign(w;) = o(—1)""' and

o 1
el ifi=1=n,
1 1 e
Z VW = %(m * 7(1*‘”/4) ifi=1#n,
a 2 . .
ke{l,...N}, 5 Vi if2<i<n-—1,
=b i 1 1 o
wr#0=by+wiq %(m “I’ ’Y(I_U(_l)n)/4) ZfZ =N # 1

(V) If ¢ is a saddle point of L} 1 4 without type-2-active neurons, then f)(z) = 5(To +
1) + B for all x € [Ty, T1].

(VI) If ¢ is a saddle point of ﬁ}*\,’T’A with at least one type-2-active neuron, then there exist
o€ {—1,1}, n € N such that n < N and, for alli € {0,...,n}, x € [¢;, ¢iy1], one has

fo(@) —ax =
z—Tp o T —To cpoe 0
) ST=0)/1 % if i =0,
o)A =y)e] ) ain aynmem) A0 m ) Fl<i<n—1
5 VIt 5 Iy stsn—l
7(1—?7(_—7;(;n)/4 + T12_5T0 - 7(1—Tol(__?)on)/4 Zf@ - n7
where § and q1, ..., q, are the same as in item (IV.Db).

Proof. We prove Theorem 3.5 in the special case A = (1,0) and T'= (0, 1). The general case
follows from this the same way as Theorem 2.4 followed from Proposition 2.25 in Section 2.9.
The first item is shown in Lemma 2.8; see Remark 2.9.

Suppose ¢ is a critical point or a local extremum of £7 but not a global minimum. By
Lemma 3.2, all neurons of ¢ are flat semi-active, flat inactive with w; = 0, degenerate, or
type-2-active. If, in addition, ¢ does not have any type-2-active neurons, then it also does
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not have any non-flat degenerate neurons, it is a saddle point, and ¢ must be centered since
%/ﬁ(gb) = 0. If, on the other hand, ¢ has a type-2-active neuron, then ¢ is as in item (IV.b)
by Lemma 3.3 apart from potentially having non-flat degenerate neurons, and ¢ is a saddle
point by Lemma 3.4. However, a posteriori, ¢ cannot have non-flat degenerate neurons
because, by Lemma 3.3.(vi),

/o z(fy(z) — x)dr = —% <0,

SO g—;ﬁ”(qﬁ) could not be zero for a non-flat degenerate neuron j. This proves item (III) and
the ‘only if” part in item (IV). This also implies that any critical point or local extremum
of L7 is a global minimum or does not have any non-flat degenerate neurons. Hence, the
relation £Y = L o P with the smooth map P and the differentiability properties of £ assert
item (II).

If ¢ is as in item (IV.a), then it clearly is a critical point of £7, and it is a saddle point
by Lemma 3.2. If ¢ is as in item (IV.b), then f] is given by the formula in item (VI). We

can calculate fq‘ii“(f;(x) —z)dx =0 for all i € {0,...,n} and

/1$(f$(93)—ﬂ:)dw+7”( 1M/ z(fy(x) — x)dz =0

qi

for all i € {1,...,n}. It follows from this that ¢ is a critical point of £7, and it is a saddle
point by Lemma 3.4. This proves the ‘if” part in item (IV). Item (V) is immediate and the
last item was implicit in the previous step. [ |

Remark 3.6. The restriction on v to lie in (0,7p) is only needed in the proof of Lemma 3.4.
All other proofs were carried out for general v € (0, 1). We believe that, in fact, one can take
70 = 1 in Lemma 3.4 and, hence, that Theorem 3.5 also holds for general v € (0,1).

4. Classification for quadratic activation

As the last case, we consider the quadratic activation function. The realization fquad €
C(R,R) of a network ¢ = (w, b,v,c) € R¥¥*! with the quadratic activation is

N
FE(z) = e+ ) vj(wz + by)>.

j=1

Given A = (o, 3) € R? and T = (Ty, T1) € R?, the loss function E?\?TA is the L?-loss given
by

£39, () = /T (F3(2) — aw — B)de

This time, there are no issues with differentiability since L3 A is infinitely times differen-
tiable, even analytic, everywhere. The classification turns out to be simpler than in the
ReLU and leaky ReLU case as there are no local extrema and only saddle points with a
constant realization function.
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Theorem 4.1. Let N € N, ¢ = (w,b,v,c) €e R A= (a,8) € R?, and T = (T, T}) € R?
satisfy a # 0 and Ty < Ty. Then the following hold:

(I) ¢ is not a local maximum of 5?\}173}%.

(IT) ¢ is not a non-global local minimum of L’%}f}%.

)
III) ¢ is a global minimum of Lauad if and only if N > 2 and Lauad ¢) = 0.
N,T,A N.T,A
)

(IV) ¢ is a saddle point of L'?\}‘%dA if and only if ¢ is (T, A)-centered and, for all j €
{1,...,N}, the j' hidden neuron of ¢ satisfies v;b; = 0 = w; or w; # v; = 0 =
b + (T() + Tl)w]

(V) If ¢ is a saddle point of E?\}f?pfA, then fquad( ) = STy +T1) + B for all x € [Ty, T1].

Proof. As for the other activation functions, the first item is shown in Lemma 2.8; see
Remark 2.9. Now, suppose ¢ is a critical point of E?Vlfé}(’i 4 and E?\}fi}? A(¢) > 0. Since EC}\}“} 4 18
smooth, we have, for any 7 € {1,..., N},

0 uad n uad
0= g CHA(0) = 0y [ (e )(73(@) — 0 - B
0 uad h uad
= 5, CREA0) = 0y [ e 4 b) (2 0) — By
0 quad n quad
OZ@UJENTA(@:Q/TO (wj$+b)(f (x) — ax — B)dx,

a uad uad
= Depso)=2 [ U3 - ar - e
0
Thus, if there exists j € {1,..., N} with v; # 0 # w;, then f;;l xm(fguad(x) —ax—f)dr =0
for all m € {0,1,2}. However, note that the zero polynomial is the only polynomial p
of degree at most two satisfying fTT;I z"p(x)dr = 0 for all m € {0,1,2}. Hence, since
E‘}\}J}? (@) > 0, we must have v; = 0 or w; = 0 for all neurons. In particular, fguad is constant
and fTT01 x(f;uad(x) — ax — B)dx # 0. Thus, for all j, if v; # 0, then b; = 0. So far, we have
shown that all neurons must satisfy v; = 0 or w; = 0 = b;. It follows that ¢ is (7', A)-centered.

For a neuron j with w; # 0 and t; = —b;/w;, we have
Tl Tl
0= 2/ (wjz + b;)*(c — ax — B)dz = —204wj2-/ (z — t;)*(z — Tt ) da,
TO TO

which is true if and only if ¢t; = (7o +T7)/2. This proves the ‘only if” direction in (IV). Next,
we show that ¢ must be a saddle point. We will pick a path ¢5 = (w®,b°, 0% ¢*), s € (—1,1),
through ¢ = ¢y, which differs only in the coordinates of the first neuron and in

1
¢ =c—vi(b)? — gAS(TO2 + ToTy + T?) — By(Ty + T1),
where A, = v§(w$)? and B, = viwib;. Then,
?\}l;dA(ﬁbs) %?A(ﬁbo)
(Th — To)?

1 1
= EA§(4T02 + TTo Ty + AT?) + gASBS(TO +11)

1 o
+ 335 — E(AS(TO +Ty) + 2B,).
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We distinguish three cases. First, if v; = 0 # wy, then we use wj = wy, b] = by — swy, and
v = —sign(@)s®. In this case, By = —3A,(Ty + 1) — sA, and, hence,

quad quad
NTA<¢s) NT,A<¢0) . lal 3 4
T, —Tp) =g uis + O(s%).

This is strictly negative for sufficiently small s > 0, so ¢ is a saddle point. Secondly, if
v # 0 = wy, then we use wi = s, b5 = —%(TO +T)s +sign(awv;)s?, and v§ = v;. In this case,

LY7A05) = LXTA(G0) _
(Th —Tp)3

|a| |v1|s +O(sh).

In the last case, namely v; = 0 = wy, we use w; = sbj, bj = by + s, and v{ = sign(«a)s3(b5) 2
Then,
uad uad
T — TO 3 .

We have shown that if ¢ is a critical point with L?\}l;d (@) > 0, then it is a saddle point. This

establishes item (II) and it also implies that if ¢ is a global minimum, then EC]‘\}taTc} A(e) =0.
The latter is only possible if N > 2. Conversely, if N > 2, then there are networks with zero
loss, so item (III) holds. If ¢ is (T, .A)-centered and all of its neurons are as in item (IV),
then Vﬁ?\}l}? 4(¢) =0 and ¢ is a saddle point since clearly £§l\}?} 4(¢) > 0. This finishes (IV),
and (V) follows. |

The conditions in Theorem 4.1.(IV) are equivalent to all neurons being flat semi-active,
flat inactive with w; = 0, flat type-2-active with breakpoint —b;/w; = (T, + 11)/2, or
degenerate. However, for the quadratic activation, the notions of in-/active neurons seem no
longer appropriate.

Remark 4.2. In Theorem 4.1, the case N = 1 of a single neuron is special due to the absence
of global minima. The loss can still be arbitrarily small, but there is no network achieving
the infimum. Indeed, for all (w,b) € R? with w # 0,

quad _ o(Ty — Tp)? 60(% + %)2 %Jrgaioo\
12 (Th = Tp)* + 60(H52 + 3)

inf

(v,c)€R? monotone



CHAPTER 9

GRADIENT DESCENT PROVABLY ESCAPES SADDLE POINTS
IN THE TRAINING OF SHALLOW RELU NETWORKS

This chapter is an adaptation of the preprint [17].

1. Introduction

As discussed in Chapter 1, in this chapter, we intend to apply a stable manifold theorem
to analyze the training of neural networks with gradient descent. The intuition behind
this theory becomes clearer if one pictures the linearization of the gradient descent map
f(z) = x—~yVL(x) (the function describing one step of the algorithm with step size v and loss
function £) around a saddle point z. Note that z, being a critical point of the loss function, is a
fixed point of the gradient descent map. For simplicity of the presentation, assume z = 0. The
first-order Taylor approximation of f around the origin reads f(z) & f/(0)x = (I—yV2L£(0))z,
where I denotes the identity matrix. Therefore, after neglecting the second and the higher-
order terms, the behavior of the next step f(z) can be determined by looking at z in the
eigenspace decomposition of the matrix f(0). If the saddle point 0 is strict, then V2£(0) has
a strictly negative eigenvalue, so f’(0) has an eigenvalue strictly greater than 1. Thus, there
is a direction in the linearization along which we move away from the origin. This means that
the only way to actually move towards the origin is if one moves inside a so-called center-
stable manifold. Loosely speaking, a center-stable manifold is a manifold whose tangent
space at the origin is the span E° of the eigenvectors of f’(0) for eigenvalues of absolute
value less than or equal to 1. The span E® is the center-stable space of the linearization,
and a' center-stable manifold takes into account the second and the higher-order terms. The
final step of the approach consists in showing that the set of initializations, from which the
gradient descent trajectory eventually enters this center-stable manifold, has measure zero.
In the argument above, we implicitly use that f’(0) is diagonalizable, which is guaranteed
if I —~V2L(0) is a real symmetric matrix. But this requires £ to be twice differentiable at
the origin. In the framework of ReL.U networks, this regularity is not given for the L3-loss
measured against a given target function. To tackle this problem, we have to modify the
gradient descent map and consider f(z) =z — vG(z), where G is a modification of VL. The
function G may not arise as the gradient of any scalar-valued function. Therefore, we need
to ensure explicitly that G’ is symmetric at the origin so that f’(0) is still diagonalizable.
Another (more restrictive) assumption implicitly used in the above argument is that f’(0)

'While the linear subspace E° is unique, a center-stable manifold is not; [115].

7
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is non-degenerate. Indeed, if f’(0) is degenerate, then, for x in the kernel of f’(0), nothing
can be said about f(x) without considering the second-order terms. In [26,83,84,98 99|, this
non-degeneracy assumption is guaranteed to hold by requiring VL to be globally Lipschitz
continuous. Then, I —yV2£(0) cannot be degenerate for sufficiently small v compared to
the Lipschitz constant.? But global Lipschitz continuity of V£ is a strong assumption and
does not hold in the aforementioned framework of ReLU networks (nor for networks with
other activation functions). In conclusion, one of the main difficulties on the side of the
dynamical systems theory is to provide a variant of the center-stable manifold theorem that
works even if f/(0) is degenerate. To this end, we extend a result of [100], which we present
in Theorem 1.1. Therein, observe that f’(z) need only be non-degenerate almost everywhere
but not necessarily at the saddle points z € S of interest.

Theorem 1.1. Let d € N, let ||-]| : R? — R be the standard norm on R?, let f: RY — R? be
a function, let (X7)(n2)engxrd C R be given by X =z and X*,, = f(XZ), let V C U C R
be open sets, assume that RNV has Lebesgue measure zero, assume fly € CH(U,R?), assume
that U > o+ f'(x) € R4 is locally Lipschitz continuous, assume for all x € V that
det(f'(z)) #0, let S C{x € U: f(x) = x}, and assume for all x € S that the matriz f'(x)
1s symmetric and has an eigenvalue whose absolute value is strictly greater than 1. Then, the
set {v € R?: (3y € S: limsup,,_, || X% — y|| = 0)} has Lebesque measure zero.

Concerning the ReLLU network application, the main challenge is to construct a suitable
modification G of VL mentioned above and verify that it suits our purpose. Of course, we
have to ensure that, upon replacing V£ by its modification G, we do not loose information
about the dynamics of the original gradient descent algorithm. To obtain the necessary
strictness of (in some sense) most saddle points, we rely on the classification of saddle points
from Chapter 4. To apply this classification, we need to restrict our attention to shallow
ReLU networks on the L2-loss with respect to an affine target function. Combining all of
the above, we prove in Theorem 3.7 that the gradient descent algorithm almost surely avoids
most saddle points in this framework, where almost surely is understood with respect to a
random initialization that is absolutely continuous with respect to the Lebesgue measure.

Building more intricately on the classification of critical points from Chapter 4, we proceed
to deduce convergence of the algorithm to a global minimum under a suitable initialization
as stated in Theorem 1.2 below. Let us explain the notation used in that theorem. A shallow
network with N hidden neurons is a collection of weights and biases, represented by a vector
6 € R3V*T! The realization of such a network is the function R,. The map L is the squared
L?-loss measured against a target function f. As £ is not differentiable everywhere, we take G
to be the left gradient of L, that is we take partial directional derivatives from the left. This
specific choice is for the sake of the presentation, but in the main body of this chapter G may
take coordinate-wise any values when L is not differentiable. Finally, @Zfl = @Z’e — 79(@2’9)
is the gradient descent algorithm with step size + and initial value 6.

Theorem 1.2. Let N € N, o, € R satisfy a <  and N/2 € N, for every 0 =

2We remark that local Lipschitz continuity at the origin is sufficient to guarantee that I — yV2£(0) is
non-degenerate for small v. But we want to study many saddle points in an unbounded set simultaneously,
and v would depend on the local Lipschitz constant around each of those saddle points. Therefore, to
guarantee v # 0, we would need a uniform upper bound on these local Lipschitz constants, which essentially
amounts to a global bound.
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(01,...,05n11) € RN let Ry € C([o, 8], R) be given by

N
Ro(x) = O3n41 + Y _ anyymax{d;z + Oy, 0},

Jj=1

let f € C([a, B],R) be affine, let L € C(RNTLR) be given by L(0) = ff(Rg(x) — f(z))? dz,
let G: R3NHL 5 R3NHL be the left gradient of £, and let (@%’9)(km@)eN0X(O’m)stwﬂ C R3V+!
be given by OF" =0 and @Zfl = @Z’g - ’yg(@zﬁ). Then, for Lebesgue almost all v € (0, 00)
and Lebesgue almost all

3N+1 ., 0 . . 0 ' ()]?(B—a)3
b e {19 € R (07" ren, is convergent and l}l_)tgo L(e") < %} (1.1)

it holds that limy_,. £(0)%) = 0.

We remark that the conclusion of Theorem 1.2 is void if the target function f is constant.
In this case, every critical point of £ is a global minimum and there is nothing to prove; [14].

The remainder of this chapter is organized as follows. In Section 2, we state our variant
of the center-stable manifold theorem and deduce Theorem 1.1. Section 3 introduces the
shallow ReLLU network framework and begins with constructing the previously mentioned
modification of the gradient of the loss function. Then, Section 3.1 is devoted to almost
everywhere non-degeneracy of the Jacobian of the modified gradient descent map, and
Section 3.2 deals with strictness of saddle points. In Section 3.3, we deduce Theorem 1.2.
Finally, Section 4 contains the proof of the center-stable manifold theorem.

Notation

We denote by |[|-|| the Euclidean norm when applied to vectors and the operator norm induced
by the Euclidean norm when applied to matrices. Throughout this chapter, we fix a dimension
d € N and write I € R for the identity matrix. The closed ball around a point z € R?
with radius r € (0,00) is denoted B,(z) = {y € R?: ||y —z| < r}. A discrete dynamical
system is written as follows. For every function f: RY — R?, we denote by f¥: R? — R?,
k € Ny, the functions that satisfy for all k& € Ny that f* = idgs and f**! = fo f*. To
describe critical points of a function £: R? — R, we use the following terminology. Local
extrema refer to nonstrict local extrema; a point x € R? is called a critical point of £ if £ is
differentiable at « with VL(z) = 0; and a critical point is called a saddle point if it is not a
local extremum.

2. A center-stable manifold theorem

The core of this section is a variant of the stable manifold theorem. The novelty is that we do
not require the dynamical system to be a local diffeomorphism as is the case in the classical
formulation [118]. Specifically, the Jacobian may be degenerate at the fixed point under
consideration. This comes at the expense of less regularity of the center-stable manifold.
Indeed, the graph in Theorem 2.2 is only proved to be Lipschitz-regular. Our variant is an
extension of the corresponding statement in [100]. The exact regularity requirement needed is
a certain local Lipschitz condition on the remainder term of the first-order Taylor expansion
of the dynamical system around a fixed point:



80 CHAPTER 5

Assumption 2.1. Let f: R? — R? be a function and let S C {x € R?: f(z) = x}. Assume
for all z € S that f is differentiable at z, that the matrix f’(z) € R¥? is diagonalizable over
R and has an eigenvalue of absolute value strictly greater than 1, and that for all € € (0, 00)
there exists r. € (0,00) so that the map B, (z2) — RY, o — f(z) — 2z — f(2)(x — 2) is
e-Lipschitz continuous.

For all z € S, denote by E¢* C R? the span of those eigenvectors of f/(z) associated with
eigenvalues that lie in [—1, 1] (the center-stable space) and by E* C R? the span of those
eigenvectors of f'(z) associated with eigenvalues that lie in R\[—1, 1] (the unstable space).
Then, R? = £ @ E*. Under Assumption 2.1, we have 0 < dim(E%*) < d — 1 for all z € S.
Now, we can state our version of the center-stable manifold theorem.

Theorem 2.2 (Center-stable Lipschitz manifold). Let Assumption 2.1 hold and let z € S.
Then, there ezists an r € (0,00) and a Lipschitz continuous map V: E¢® — E* such that

{x € RY: f*(x) € B.(2) for all k € Ng} C Graph(¥).

This theorem states that all those points, whose orbits under the dynamical system
remain close to z, lie in the graph of a Lipschitz function, whose domain is a linear space
of dimension between 0 and d — 1. We defer the proof to Section 4. In Theorem 2.2, we
considered a single point z € §. We obtain a statement about all points in & simultaneously
the same way it was done in [33,99], using second-countability of Euclidean space. For
completeness, we repeat the argument to prove Corollary 2.3.

Corollary 2.3. Let Assumption 2.1 hold. Then, there exists a set W C R? of Lebesque
measure zero such that

{x R': lim fH(r) € 5} c | rtm.

k,neNg

Proof. By Theorem 2.2, for all z € S, there exists an open neighborhood U, C R? of z
and a Lipschitz continuous map ¥,: F% — E such that {x € R?: f*(z) € U, for all k €
No} C Graph(¥.). Now, [J, 5 U. is an open cover of S and, by second-countability of R?,
there exists a countable subcover (J, oy, Uz, Set W = (J, oy, Graph(¥.,). If y € {z €
R?: limy o f¥(x) € S}, then there exist k,n € Ny such that for all m € Ny we have
FR(fH(()) = ™ (y) € U.,. Thus, f5(y) € Graph(P.,) and, hence, y € f~5(W). Lastly,
the set W, being a countable union of graphs, has Lebesgue measure zero. [ |

Note that Corollary 2.3 is a statement about the stable set of S and not its center-stable
set. However, the proof of the corollary relies on the center-stable manifolds from Theorem 2.2
and would not work with the stable manifolds.

The goal is to show, under reasonable assumptions, that the set {x € R?: limy_,., f*(z) €
S} has Lebesgue measure zero. This follows from the previous corollary if we can ensure that
preimages of measure zero sets under f* have themselves measure zero. This is certainly true
for local diffeomorphisms (see [33,99]), but we do not want to exclude the possibility that
the dynamical system has a degenerate Jacobian at points in S. Fortunately, it is sufficient
to have a non-degenerate Jacobian almost everywhere (but potentially at no point in S), as
the next lemma shows.
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Lemma 2.4. Let f: RY — R? be a function and suppose there exists an open set V C RY,
whose complement has Lebesque measure zero, such that f is continuously differentiable on
V' with det(f'(x)) # 0 for all z € V. Then, for any set W C R? of Lebesque measure zero,
the set f~1(W) also has Lebesque measure zero.

Proof. First, note that f is Lebesgue measurable because it is continuous on a subset of
full measure. It suffices to show that the set f~1(W) NV has Lebesgue measure zero. By
the assumptions, the restriction of f to V is a local C'-diffeomorphism. This and second-
countability of R? guarantee the existence of a countable open cover Unen Dn = V of V
such that, for all n € N, the restriction f|p,: D, — f(D,) is a C'-diffeomorphism. By the
integral transformation theorem, we have, for all n € N,

/ |det(f'(z))| dz = / dr < / dr = 0.
f=1(W)NDy f(F=H(W)NDy) w

Since det(f'(x)) # 0 for all z € V, this implies that f~!(WW)N D,, has Lebesgue measure zero
for all n € N and, hence, so does f~}(W)NV. |

With Corollary 2.3, we conclude that if Assumption 2.1 holds as well as the assumption
of Lemma 2.4, then the stable set {x € R?: limy_,, f*(z) € S} of S has Lebesgue measure
zero. We finish this section by applying this result to a class of dynamical systems that
includes the gradient descent algorithm, which will be of interest in the next section.

Proposition 2.5. Let f: R? — RY be a function and suppose there exist open sets V C U C
R?, whose complements have Lebesque measure zero, such that f is continuously differentiable
on U with a locally Lipschitz continuous Jacobian, which is non-degenerate on V. Let S C
{x e U: f(x) = x} and assume for all x € S that f'(x) is symmetric and has an eigenvalue
of absolute value strictly greater than 1. Then, the set {x € R?: limy o f¥(x) € S} has
Lebesgue measure zero.

Proof. The result is immediate from Corollary 2.3 and Lemma 2.4 once we have verified
that Assumption 2.1 is fulfilled. Let z € S and let R(x) = f(x) — z — f'(2)(x — z) be the
remainder term of the first-order Taylor expansion of f around z. We need to verify that
for a given ¢ € (0, 00) we can take r. € (0,00) so small that the restriction of R to B,_(z) is
e-Lipschitz continuous. Take r € (0, 00) so that B,.(z) C U. For all z € B,(2), note that

R = [ [+ st =) - £ - 2) s
Denote the Lipschitz constant of f/ on B, (z) by L € [0, 00) Then, for all z,y € B, (2),
1R@) - R()|
[ e st oy = £+ 76 st ) - £ sl ] 2

1
< [ Lsllo =2l o =yl + Lslle — gl Iy = 2l ds < Lr o =]
0

So, given € € (0, 00), we pick 7. = min{r,e L~} [ |
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3. Gradient descent for shallow ReLLU networks

We now turn to studying shallow ReLLU networks. Throughout this section, suppose d =
3N 4+ 1 for an N € N and fix o, 3 € R with a < 3. Then, R? represents the space of all
shallow networks with N hidden neurons. We will always write a network 6 € R3V*! as
0 = (w,b,v,c), where w,b,v € RY and ¢ € R. The realization of a network 6 is the function
R, € C(R,R) given by

N
Ry(z) =c+ Z’Uj max{w;z + b;,0}.

j=1

Fix f € C([a, B],R). We denote by £ € C(R? R) the squared L?-loss with target function f,
that is

B8
() = / (Ro() — f(x))? do.

To discuss regularity properties of the loss function, it is convenient to recall the following
definition, which we introduced in Chapter 4 (see Definition 2.3 therein). Motivation and
discussion of these notions can be found there.

Definition 3.1. Let 6 = (w,b,v,¢) € R and j € {1,..., N}. Then, we denote by I; the
set given by I; = {z € [, 8]: wjx + b; > 0}, we say that the j* hidden neuron of 6 is

o flatif v; =0, o active if w; # 0 < b; + max{w,a, w;[},

e non-flat if v; # 0, o type-1-active if w; # 0 < b; + min{w;a, w;B},
e inactive if I; =0, o type-2-active if ) # I; N (o, B) # (, B),

e semi-inactive if #1; =1, o degenerate if |w;| + |b;| = 0,

e semi-active if w; =0 < b;, e non-degenerate if |w;| + |b;] > 0,

and we say that ¢ € R is the breakpoint of the j hidden neuron of 6 if w; # 0 = w;t + b;.

We showed in Chapter 4 that £ is differentiable at all coordinates corresponding to
non-degenerate or flat degenerate neurons. In general, the loss fails to be differentiable at
non-flat degenerate neurons. To apply the dynamical systems theory, we need a function
defined on the whole R?. Thus, we need to work with a generalized gradient of £. There
are many different choices for such a generalized gradient. Here, we actually do not specify
a choice, but only require that our generalized gradient agrees with partial derivatives of £
coordinate-wise. So, throughout this section, let G: R? — R? satisfy for all # € R% and all
j €{1,..., N} such that the j** neuron of # is non-degenerate or flat degenerate that

G,(0) = 5 L0). Guss(6) = 55 £O), Gaxs(6) = ;L6 Gawenl®) = 5£00).
The map G may take any values at coordinates of non-flat degenerate neurons. The dynamical
system we are interested in is the gradient descent step f,(8) = 6 — vG(#) for some given
step size v € (0, 00).

One crucial aspect of Theorem 2.2 is that we do not need the dynamical system to
be a local diffeomorphism, let alone differentiable everywhere. However, the dynamical
system ought to be differentiable at the saddle points of £ we are interested in. Where
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G = VL, differentiability of f, means two times differentiability of £. Even though L is
twice differentiable on a set of full measure (see [(6]), some of the saddle points lie outside
of that full-measure set. More precisely, it is semi-inactive neurons that cause the regularity
problems. The resulting nonexistence of the Hessian of £ urges us to work with suitably
modified dynamical systems. The idea is to replace entries of G that correspond to semi-
inactive neurons of a given saddle point but to keep the remaining entries as they are. For
technical reasons, a prescribed set J C {1,..., N} of semi-inactive neurons is split into two
subsets J; and J_, each containing those semi-inactive neurons with w; > 0 and w; < 0,
respectively. The exact formula for the modified gradient G” is given below. The new
dynamical system f, ;(0) = 6 —~vG”(6) no longer coincides with the original gradient descent
fy, but we will be able to recover information about the dynamics of f, from f, ;; see
Lemma 3.2 below. Now, let J be the set

J={(Js,J): Jy,J- CA{1,...,N} such that J. N J_ = 0}.

For any J = (J;,J_) € J, let G’: R? — R? satisfy for all ¢ € R? and j € {1,..., N} that
Gifn11(0) = Gsn11(0) and

(G792 Gans) (0)

(gj, Gn+j Gangj) (0) ifj ¢ J, UJ_ orw; =0,
= 2]; v;x,vj, wr + b;) (Ry(z) — f(x))dx if j € Jy and w; # 0,

2 [V (vjw, v, wiz + b;)(Ry(x) — f(x)) dx if j € J_ and w; # 0.

Note that G@9 = G. If a neuron j € J, U J_ is semi-inactive or type-2-active with the sign
of w; matching the sign in the subscript of J, then G” agrees with G in the coordinates of
the j* neuron. Thus, we did not actually change G at semi-inactive neurons with matching
signs, but we changed G at inactive neurons in a way that G7 becomes differentiable at
semi-inactive neurons (which are neighbored by inactive neurons). In the next lemma, we
leverage that the original dynamical system f., does not alter coordinates of inactive neurons
to show how to infer dynamical information about f, from its modifications.

Lemma 3.2. Let S C R and, for all J = (J,,J_) € J, let S; C S contain all networks
0 € S such that J; is exactly the set of neurons of 0 that are semi-inactive with w; > 0 and
J_ is evactly the set of neurons of 0 that are semi-inactive with w; < 0. Then, S = J,;c, Ss

and {6 c B Tim 140) } Uy ({9 €R™: lim f7,(0) € SJ}) :

JeJ neNg

Proof. That § = |J,c; Sy is clear. Suppose 6y € {6 € R?: limy_ f5(f) € S} and let
O € S be the limit point of fﬁ(&o) as k — oo. Take J € J with 0, € S; and abbreviate

= fj (fy). Note that f, does not change coordinates of inactive neurons. More precisely,
for all j € {1,...,N} and k,n € Ny, if the 5 neuron of 6, is inactive, then 6, and 0,
agree in the (wj,b;,v;)-coordinates. Furthermore, any sufficiently small neighborhood of
a semi-inactive neuron contains only inactive, semi-inactive, and type-2-active neurons. It
follows from this that there exists an n € Ny such that for all £ € Ny and all j € J, U J_
the j* neuron of 6, is type-2-active or semi-inactive with sgn(w;) matching the subscript
of J1 in both cases. Then, G7(0,41) = G(0n4x) for all k € Ny. In particular, 0, = f,’;J(Qn)
for all k € Ny and, hence, 6, € {# € R?: limy,_,o, fi](G) € S;h. [
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Subsequently, we need to accomplish two objectives. First, we need to verify that the
dynamical systems theory (Proposition 2.5) is applicable to each f, ; to deduce that the sets
{0 € R?: limy_,o0 fF ;(0) € S;} have zero Lebesgue measure. Secondly, we need to apply
Lemma 2.4 to f, to conclude with the previous lemma that {6 € R?: lim;_,o f¥(0) € S}
also has zero Lebesgue measure.

3.1 Non-degeneracy almost everywhere

In this section, we show that there exists an open subset of R? of full measure such that
the modified dynamical system exhibits the regularity required by Proposition 2.5 on that
subset. For any J = (J,,J_) € J, let U] C R% be the set of all networks without degenerate
neurons such that w; # 0 for all j € J; U J_; let U C R? be the set of all networks
without degenerate neurons such that no neuron in {1,..., N}\(J; U J_) is semi-inactive or
type-l-active with breakpoint a or 8; and let U’ = U N U{. Let U, C U%0 A U t-NH0 he
the set of all networks that do not have two distinct type-2-active neurons with the same
breakpoint. We remark that U,, C R? is open and has full measure.
Lemma 3.3. Let J = (J,,J_) € J. Then, the following properties hold.
(i) G’ is continuously differentiable on U”.
(ii) The Jacobian (G”)'(0) is a symmetric matriz for all @ € U’ for which for all T € {+,—}
and j € J. the 7™ neuron of 0 is semi-inactive with sign(w;) = 7.
(iii) If f is Lipschitz continuous, then the Jacobian of G is locally Lipschitz continuous on
U’.
(iv) Iff is a polynomial, then G is a rational function on U.

Proof. The set Ué&@) is the set of all networks without degenerate neurons. For all j €
{1,...,N}, we let rj,s;: Ué@,@) — R be the functions given by

# — % if the j'" neuron of @ is inactive,
s (0) = 6] if the 5 neuron of @ is semi-inactive with w; > 0,
t; if the j' neuron of 6 is type-2-active with w; > 0,
« otherwise
and
r;(0) if the 7' neuron of 6 is inactive,
5:(0) = « if the j' neuron of 6 is semi-inactive with w; < 0,
! t; if the j neuron of 6 is type-2-active with w; < 0,
16 otherwise.

r;(0) and s;(6) are the endpoints of the interval I; if the j* neuron of 6 is not inactive and

[1;, 5] is a singleton if it is inactive. Observe that r; and s; are locally Lipschitz continuous
U0 the restrictions rjlv and s;|y are rational
{330

and, for any connected component V' of U1(

functions. In particular, r; and s; are infinitely often differentiable on Ul( . Next, we
define similar functions 7/, s7: Uj — R by
ri(0) ifj¢J U, s;(0) ifj¢J U,
r1(0) =<t if j € J,, s7(0) =14 B if j € J,,

a ifjed, t, ifje.



CHAPTER 5 85

These functions are locally Lipschitz continuous on Ui and infinitely often differentiable
on U’ because if j ¢ J, U J_, then U’ C Ul({]}c’w). Now, for all § € U, j € {1,...,N},
i€{0,1,2},

s

b0 =2 [ (Gt +) ) (Rofe) = o)) d

B
Gin6) =2 [ (Ryfa) ~ f(a) dz

Thus, all partial derivatives of G’ exist on U” by the Leibniz integral rule and are given by

0 J _ 5 0 P
892-/]\7_’_]., ZN+](0) =2 /T;] (89iN+] (wjl' +b; )) <09 /N__;’_J U'/(U}j/x + by)) :H_[Tj,’sj,](x) dx
0
+ 2 /j 80 i N+4" 801N+] (w]x + bj)) (RO(I) - f(fﬂ)) d(L‘
9 J
2t + ) Rale) ~ )| (1)

-

and
) =2 b;)dx,
893]\[ lgzNJr] ]J anN-H (wjx + )
a J
P S— 0) =2 Neny b d
aeiN—',—j g3N+l( ) /q:j 897LN+]’ U](IUJZE + ]) X,

0

———— Gy (0) = 2.
893N+1 g3N+1< )

In particular, all partial derivatives of G’ are continuous and, hence, G’ is continuously
differentiable on U”. This proves (i). Moreover, since r;, 55, 17/, s7, and 6 — R, are locally
Lipschitz continuous on Uy, it follows from the above formulas that if § is Lipschitz, then
(G7)" is locally Lipschitz on U”. Next, note the following equality, for all j, ;' € {1,..., N},

i,i' €{0,1,2}, 6 € USUIHD),
0
(891N+j Uj(wjx + b]))
Therefore, if § € U” satisfies 7/ = r; and s] = s; for all j € {1,..., N}, then (G7)'(0) is
symmetric. In particular, this holds for all § € U’ satisfying the conditions of (ii).
Now, suppose f is a polynomial. For any 6 € U, j € {1,...,N}, i € {0,1,2}, we can
write

0

x=t; GGZ-NH

0 tj:( 0 v-/(wj/x—irbj/))

r=t; 6(91'/]\[+j/ 8(97;/]\[+j/ J

t.

Gler0) =2 | N 7+ b)) (o= () do

N J
Sj a
+2 ; /r:f Dinrs vj(w;z + bj))vn(wnx + by) Ly, (@) de.
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The functions P;;: R? x [a, 8] — R given by

R.0) = [ (Gar—vstusy + b)) e = o)) do

00N+
= Svjwicr” + vibjer — vi(wiz +b;) [ §y) dy + vjw; f(z) dzdy
aezN—f—] 2 0 0 0

are polynomials. By definition of these functions, for any 6 € Uy,

g, 9
/7“‘-] <891N+jvj(wﬂ " bj)) (¢ = f(2)) dx = P50, 57) — Pij(0, 7).

For any j € {1,..., N} and any connected component of Uy, the functions rj and 53-] equal
each other, are constant, or are equal to t; = —b;/w; throughout that entire component. It
follows that we can take ¢ € N sufficiently large so that

0 — (,[[ wi) /;J (aef\,ﬂ' vj(wjz + bj)) (c—f(x))dx = (}g wZ) (P;(0,s]) — P (0,1)))

is a polynomial on U,,. The remainder of the proof is similar to the previous step. The
functions P, ;,: R? X [a, 8] — R given by

Y0
an(00) = | (Ggr—uilwgy + ;) Jon(way + bu) dy

1 0 1 0
= 5 (g tvs) Qonona® & 3uboa®) + 3 (Gl (tns® + 20abu)

are polynomials. By definition of Uy, given j,n € {1,..., N}, if two of the functions r/, s/,
rn, and s, agree at some network 6 € U, then they agree on the entire component of Uy,
containing 6 or the n'” neuron is inactive for all networks in that component. Thus, given
any connected component of U, one of the following eight cases holds throughout the entire

component:

~

Py jn(0, 3}]) — Py jn(0,50),
Pi:j,n<‘9> S}]) - Pz,j,n<9> Tn)a
Pijn(0,57) = Pijn(0,77),
57 - J
[ Gt s et b= 7 07 0
PZJJL<9> Tn) - PZJ,TL<9> Sn)’
Pijn(0,7n) = Pijn(0,77),
L0

This implies that

N J
s o
k=1 " !

is a polynomial on U,, for a sufficiently large ¢ € N. We conclude that also the map
0 — Gy +;(0) H,ivzl w{ is a polynomial on U, for a sufficiently large ¢ € N. The same

argument in a simplified version works for Gyy,,(0) =2 [ f (Ry(z) — f(z)) du. |
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The last bit of regularity we need to check is the non-degeneracy of the Jacobian [ ;.
Lemma 3.3.(iv) enables this.

Lemma 3.4. If f is a polynomial, then for almost all v € (0,00) and for all J € J there
exists an open set U C Us, of full measure such that det(f] ;()) # 0 for all 6 € U.

Proof. Fix J € J. Since G’ is a rational function on U, there exists a polynomial p: U, —
R, which is not constantly zero on any connected component of Uy, such that 6 — p(0)G”(6)
is a polynomial on U,,. Since the derivative of a polynomial is still a polynomial, it follows
that

0 — p(0)*(G7)(0) = (ppG”) (0) — 2p(0)p'(0)G” (0)
is also a polynomial on Us,. The differential of f, ; on Uy is f] ;(0) = I—~(G7)'(0). Therefore,
the map P: Uy, x R — R given by P(6,7) = det(p(0)*f] ;(0)) is a polynomial. Moreover,
P is not constantly zero on any connected component of U, x R because P(6,0) = p(6)>.

In particular, its zero set P~'(0) has Lebesgue measure zero. For every v € R, denote
Z,={0 € Usx: P(8,7) =0}. By Tonelli’s theorem,

0:/ d@dyz// dod-,
P=1(0) RJZ,

from which it follows that Z, has zero Lebesgue measure for almost every v € R. Set

Ul = U\ Z,. [ ]

This concludes the discussion of the regularity requirements. It remains to establish
strictness of saddle points of L.

3.2 Strict saddle points

To investigate saddle points of L, it is useful to classify them in terms of their types of
neurons. The next result follows from Theorem 2.4 and Corollary 2.7 in Chapter 4.

Proposition 3.5. Assume § is affine but not constant and let 0 = (w,b,v,c) € Uéw) be a
critical point of L that is not a global minimum. Then, the following hold:

(i) € is not a local mazximum of L.
(i1) 0 is a local minimum of L if and only if ¢ = f(a—;ﬁ) and, for all j € {1,..., N}, the ji
hidden neuron of 0 is inactive or semi-inactive with ' (a)v;w; < 0.
(iii) 0 is a saddle point of L if and only if c = f(#), 0 does not have any type-1-active or
non-flat semi-active neurons, and exactly one of the following two conditions holds:

(a) @ does not have any type-2-active neurons and there exists j € {1,..., N} such that
the j hidden neuron of 0 is flat semi-active or semi-inactive with §'(a)vjw; > 0.

(b) There exists n € {2,4,6, ...} such that

e 0 2)

je{l,...N}, w;#0 i=1
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and, for all j € {1,...,N}, i € {1,...,n} with w; # 0 = b; + w;(a + i(f;f‘)), it
holds that sign(w;) = (—=1)"*! and

2f (v

e n+1
kE{1,... N}, wi 0=bj +wy, (a+ L))

[ (@)]*(8 — @)

(iv) There exists n € {0,2,4,...} withn < N such that L(0) = D+ 1) and
_ (=1 (a) (i+3)(8—a)
Ry(x) = f(a) = = 25 (2 — 0 - S

for alli €{0,...,n}, v € [a+ i(f;f‘),a + (i+2fl_°‘)].

Now, we can clarify for which saddle points of £ we can establish strictness. For an
affine target function f, let & C Uéw) be the set of all saddle points of £ that are not
solely comprised of inactive neurons and semi-inactive neurons with f'(a)v;w; < 0. As in
Lemma 3.2, for all J € J, let S; C S be the set of networks 6 such that J, is exactly the
set of neurons of 0 that are semi-inactive with w; > 0 and J_ is exactly the set of neurons
of ¢ that are semi-inactive with w; < 0.

Recall that f, ;(0) = 6 —vG7(6). Thus, to show that f! ;(6) = I —~(G”)'() has an
eigenvalue of absolute value strictly greater than 1, it is sufficient to show that (G”)'() has
a strictly negative eigenvalue.

Lemma 3.6. Assume f is affine but not constant, and let J € J, 0 € S;. Then, G'(0) =0
and the matriz (G7) () has a strictly negative eigenvalue.

Proof. On the one hand, for all j ¢ J, U J_ and i € {0,1,2}, we know that Gy, ;(f) =
Gin+;(0) = 0. On the other hand, for all j € J;, we have that t; = § and, hence, also
vii(0) =0 for all i € {0, 1,2}; likewise for j € J_. This shows that G”(f) = 0.

Proposition 3.5 tells us that € has no type-1-active neurons, so § € U’ and G” is differen-
tiable at § with symmetric Jacobian (G7)(6) by Lemma 3.3. We will conclude the proof by
showing that (G7)() contains a strictly negative principle minor. To this end, we distinguish
two cases. First, if R, is affine on [a, ], then § must have a flat semi-active neuron or a
semi-inactive neuron with §'(«)v;w; > 0, by Proposition 3.5 and by the definition of the set
S. If 0 has a flat semi-active neuron j, then

i [ 9O 55, 0) _( 0 —éf'(a)(ﬁ—a)?’)
5797 (0) e G (0) —F (@B —a)* 2B -a)
1

=~ [F(@P(B-a) <0,

If § has a semi-inactive neuron j with f'(a)vjw; > 0, then

0 / J
S F0) = T (@) 23— ) <0
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Secondly, if R, is not affine on [, 8], then exactly as in the proof® of Lemma 2.24 in
Chapter 4 we can find a set of coordinates corresponding to type-2-active neurons such that
the determinant of the Hessian H of L restricted to these coordinates is strictly negative.
Since this involves only neurons in {1,..., N}\(J; U J_), the matrix (G’)(6) contains H as
a submatrix. [ |

Having established strictness of saddle points, it is now straight-forward to apply Propo-
sition 2.5, which yields the following result.

Theorem 3.7. Assume | is affine but not constant. Then, for almost every step size v €
(0,00), the set {0 € R?: limy_o fF(0) € S} has Lebesgue measure zero.

Proof. By Lemmas 3.3, 3.4, and 3.6, we can apply Proposition 2.5 for almost all v € (0, 00)
and all J € J to the dynamical system f, ; and the set S; with U = U’ and V = U{
to find that {# € R*: limy_ f%;(f) € S;} has Lebesgue measure zero. Since G = G,
Lemmas 3.3 and 3.4 enable us to apply Lemma 2.4 to f, so that, together with Lemma 3.2,
we obtain the desired result. [ |

3.3 Convergence to global minima for suitable initialization

Suppose a trajectory of gradient descent for the loss function £ with affine nonconstant
target function f converges to a critical point of L. If the gradient descent algorithm was
initialized randomly under a probability measure that is absolutely continuous with respect
to the Lebesgue measure, then, with probability one, the limit critical point is not a saddle
point in § by Theorem 3.7. Here, § is the same set of saddle points as specified above
Lemma 3.6. We can say more about the limit critical point using Proposition 3.5.(iv). It
states that there are only finitely many possibilities for the value of the loss function at its
critical points, which we can think of as partitioning the set of all critical points into “layers”.
In particular, if the loss at the limit critical point is below the threshold %, then
this critical point must belong to the first layer, that is it must be a global minimum. In the
following, we improve this threshold to the next layer of critical points.

Proposition 3.8. Assume § is affine but not constant and that N is even. For almost all
v € (0,00) and almost all

. . (a2 (B—a)3
S {19 c RY: (f;“(ﬁ))keNo is convergent and l}l_{gjﬁ (ff(l?)) < %}, (3.1)

it holds that limy_,o L(f¥(6)) = 0.

Proof. Let 6 be in (3.1) and let 6 = limy_,o f¥(6o). By definition of f,, we have

im (|G| = Jim = | 200) = £ (00)]| = . (32)

k—o0

3While Lemma 2.24 in Chapter 4 considers the special case o = 0, 3 = 1, and f(z) = z, the arguments
work exactly the same way in the general case. In the proof of Lemma 2.24 in Chapter 4, only the following
modifications need to be made: the sign condition on v; in K| becomes sgn(v;) = —sgn(f («)) instead of
v; < 0; the sign condition on v;, becomes sgn(v;,) = sgn(f («)) instead of v;, > 0; and the constants p and

i become i = Wﬂla) and \; = %vjiwji7 respectively.
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Let m € {0,..., N} be the number of degenerate neurons of . Note that R, cannot be
constant on [«, 3] since

Lowo 2 3. g 2

£(6) < @G —a)* = jnt [ (€ =f(a)? .

Hence, it cannot be that # has N degenerate neurons. In other words, m < N — 1. Let
¥ € RT3 be the network obtained from # by dropping its degenerate neurons. Since the
generalized gradient is assumed to agree with the partial derivatives of the loss coordinate-wise
when the latter exist, it follows that the generalized gradient defined on R?=™ is continuous
in a neighborhood of ¥J. This and (3.2) show that 9 is a critical point of the loss function
defined on R¥=3™. Moreover, since we only removed degenerate neurons, the value of the loss
at 9 is equal to £(0). Proposition 3.5 and the assumption on £(#) imply that ¢ is a global
minimum or a saddle point with N type-2-active neurons (because ¥ belongs to the first or
second layer of critical points). In the former case, 6 is also a global minimum of £ and we
are done. In the latter case, m = 0, so 8 = ¥ is a saddle point of L. We already know that
all neurons of 9 are type-2-active neurons, so # € S. Finally, Theorem 3.7 tells us that v or
By belongs to a set of Lebesgue measure zero. |

4. Proof of the center-stable manifold theorem

In this section, we present a proof of Theorem 2.2. The structure of the proof follows the
appendix of [100] with some modifications. We begin with a lemma needed later on.

4.1 Auxiliary lemma

The following lemma involves the existence of bump functions on balls of radii » > 0 with
bounds on their derivative independent of r.

Lemma 4.1. For all r € (0,00), there exists p, € C®(R? B,.(0)) with support in B,(0),
which is the identity on B, 5(0), such that the Frobenius norm of p.. is uniformly bounded by
6v/d, so, in particular, p, is 67/d-Lipschitz continuous.

Proof. This can be achieved, for example, by taking a function o € C*°(RR, [0, 1]) such that o
is 1 on (—o0, 1], it is 0 on [4,00), and o'(z) € [—2/3,0] for all € R. A possible choice for o
would be o (z) = ¥/ (@ [¢3/(=4) 4 ¢3/(170)] “orz e (1,4). Then, set p,(z) = zo (4 | ||? /r?%).
We estimate the square of the Frobenius norm of dp, by

Z [%Pr(ﬂf)]} :

J,k=1

— afo (A2lly)?y 100l Al oo Allelly | Sl el
=1 <0 <4/9

.

d
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4.2 Proof of the theorem in the diagonal case

In this section, we will proof Theorem 2.2 in a special case. Denote s = dim(ES*) €
{0,...,d =1} and A = f'(z) € R¥? Assume that 2 = 0 and that A is a diagonal matrix
with diagonal entries A, ..., A\ such that Ay,...; A\; € [=1,1] and Asy1,...,Ag € R\[-1,1].
We deduce the general case in the next section. Denote by B € R**® the diagonal matrix
with diagonal entries Ay, ..., A, and by C € R(@=%)x(¢=9) the diagonal matrix with diagonal
entries Ay, 1,...,\¢. Denote projections II*: RY — E¢ = £ and II": R? — E* = E* onto
the first s coordinates and onto the last d — s coordinates, respectively. For any =z € R?, we
write T = II"(z) and 2~ = II"(z) so that x = (%, 27). Similarly, we write g* =" o g
and g~ = I~ o g for any function g: R? — R? so that g(z) = (¢*(x), g~ (x)). Note that

ma { |||, ]2~ } < =)l < [J2* || + [l

We use the following convention throughout this proof: we denote by A° € R%*¢ and
B € R*** identity matrices even if one of the entries of the matrices A and B is zero. The
matrices A7 € R¥™4  j € Ny, split into a center-stable and an unstable component. More
precisely, they take on the block form

. J . .
Al = (fé (2]) E® @ E' = E* G E', xw— (Biz*,Cla),

Denote by 7: R — R? the remainder term of the first-order Taylor expansion of f around 0,
that is the map n(x) = f(x) — Azr. The dynamical system is given for all k € Ny, x € R? by

) = APw ) " A (7 (2),

i=1

which can easily be shown by induction on k. This can be written in the center-stable and
unstable components as

()" (@) = B'a® 4+ 3 B (f7 (@),
o - (4.1)
(/)7 (@) = Cram + 3 " (17 (@),

i=1

In particular, we obtain
k
2 =07 (@) = YO (T (). (4.2)
i=1

by wy = u~*2. Note that the space Cy = {(zx)r=0 € R¥: supgsqwy [|zx]| < oo} equipped
with ||(zx)r>0ll, = SuPr>owk |7%| is a Banach space since it is isomorphic to the Banach
space (> of bounded sequences. If © = (z1)r>0 € Cy, then

k—oo

|l e || < e lall = wi [l ]| < we llel, == 0.
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Let us introduce the orbit map O to the space of sequences C = {(x3)r>0 C R};
O:R*—=C, x+ Oz = ()0

If Oz € C,, then ||C*(f*)~(z)|| = 0 as k — oo, so the partial sums in (4.2) converge in
this case. Thus, if Ox € C,, then

=2 T (T (@),

Plugging this into (4.1) yields

[e.9]

(ff) (@) == C"n (7 (x)) (4.3)

i=k+1

for all z € R? with Ox € C,. Let p, be the functions promised by Lemma 4.1 and let r. be
the radii from Assumption 2.1. Since p, (R?) C B,_(0) and since 7 is e-Lipschitz continuous
on B,_(0) by assumption with n(0) = 0, we have, for all z € C,, and k € N,

Z Hck ' :07"5 Li— 1>>H

i=k+1
< S 0 (or. (i) =17 (01 (0))]
- . (4.4)
<6eVd D> || CF Nlwioall = 62V D wisgwiiy zi|lwgty
i=k+1 i=k+1
< 6v/d ||, wi, Z Wi = 6eV/d ||, w7 - <00
i=k+1

and for k=0
Z |C™" 0™ (pr. (zi21)) |

< [lo7n @) | + IO SN0 (o )| (4.5)

< |[c [ 6svall, + 7| 6V lizl, T = 6=Vd |,
— W

Hence, for all ¢ € (0,1) and y € E*, the map Ty : C,, — C given by

cr),. = Bky+zz 1Bk7i77 (prs(xi—l)) cs u
(Ty ) ( _Zz k+1 Ch= l “(pr.(wi1)) ) cETOL

for all & > 0 is well-defined. We write . C R? for the set U. = {z € R¢: fF(z) €
B,.2(0) for all k € No}. In (4.1) and (4.3) above, we established that if 2 € U, (which
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implies Oz € C,,), then Oz is a fixed point of T¢,. Since ||B?|| <1 for all j € Ny, we have,
for all z € C, and k € N,

k
By +> B (pr. (1i-1))

=1

< willyll +we Y [l (or. (i)

i=1

Wk

k
< wy [lyll + 6eVdwi Y ||zi]|
=1
k
= wi lyll +6eVd > wi—iswioa i
i=1

k
< e llyll + 6V [zl 3 s
=1

1—w
= wi[lyll + 6=V |zl wig—
w1
< ol + 6=V o,
Together with (4.4) and (4.5), we obtain, for all y € £, x € C,, and k € Ny,
€ w1
ar T3] < gl + 12V, 2,

50 T5(Cy) C Cy. By essentially the same calculations, we find, for all z', 2% € C,, and k € Ny,

w1

wn[(Ta") = (Ta*)]| < 12eVd o =22, 7=
In other words, the restriction Ty Cw — Cp 1s 126\/8&11(1 — wl)_l Lipschitz continuous with
respect to ||-||,,. In particular, for all y € E° and ¢ € (0, (1 —w;)(12v/dw;)™"), the restriction
Ty : Cy — Cy is a contraction. Now, let ¢ = (1 — w1 )(24v/dw,)~". By the Banach Fixed Point
Theorem, there is a unique fixed point map ®: £ — C, specified by T;®(y) = ®(y). Note
that, for any y1,y € £, x € Cy,, and k € Ny,

k —
(T5x — Ty, = (B (v y2)> € E® @ B

0
Thus,
1B (1) — (o)l < || T3 (1) — T, @(wn) ||, + || T3, @ (01) — Ty, @ (2) ||,
<l =l + 5 19030) = @),
and, hence,

1D (y1) = P(y2)lly < 2lw1 — w2l
So, ®: £ — C, is Lipschitz continuous. Denote by ¥: E° — E* the map V(y) = (®(y)), -
Then, for all y;,y, € E,

W (Y1) — W)l < [[P(y1) — P(ya)ll,, < 21ly1 — 22l

so W is also Lipschitz continuous. We noted above that if x € U, then Oz is a fixed point
of T¢,. Thus, if x € U, then Ox = ®(2%) and 2~ = ¥(z"). In other words, we have shown
that U. C Graph(W). This proves Theorem 2.2 in the diagonal case.
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4.3 Proof of the theorem in the general case

In this section, we prove Theorem 2.2 in the general case by reducing it to the special case from
the previous section. As before, denote s = dim(FE¢®). Since f’(z) is diagonalizable, there is
an invertible matrix Q € R%*¢ such that Q=1 f/(2)Q is a diagonal matrix, of which the first s
entries lie in [—1, 1] and the last d—s entries lie in R\[—1,1]. Set f(z) = Q' f(2+Qx)—Q 'z
Given € € (0,00), set 6(e) = ¢/(||Q| |Q!||) and 7. = r5()/ ||Q||, where 75 are the radii from
Assumption 2.1. Then, f and 7. satisfy Assumption 2.1 at the point 0. Indeed, if z,y € B:.(0),
then 2 + Qz,z + Qy € B, _ (2) and

Q7 [f(z+Q2) = 2= f(2)(z+ Qr —2) = (f(z+Qy) — 2 = f'(2) (= + Qy = 2)) ]
1Q7Y|6(e) |1z + Qz — (2 + Qu)|| < =.

fw) = F(O)z = (Fw) - 7)) |
|
<|

By the theorem for the diagonal case, there exist an 7 € (0,00) and a Lipschitz continuous
map V: E% — E*such that {z € R?: f*(z) € B;(0) for all k € No} € Graph(¥). Note that
ECS QE® and E* = QE". Now, set 7 = 7/ |Q"||. Observe that fk( ) = Q iRz +Qx) —
Q 'z forallx e RY and k € Ny. In particular, if f¥*(z) € B,(z), then f*(Q ' (z —2)) € B;(0).
Thus, if y € {z € R?: f¥(z) € B,(2) for all k € Ny}, then Q(y — z) € Graph(¥) and,
hence, y € Q(Graph(0)) + z. Define W: E% — E* by

U(z) = QU(Q ' (z — I (2))) + 1" (2),

where II*: R? — E and 117 : R? — E* are the projections given by I1*(z) = QIIE(Q'x).
Then, Q(Graph(¥)) + z = Graph(¥), which finishes the proof of Theorem 2.2.



CHAPTER O

OUTLOOK

In this thesis, we considered neural network theory from the approximation and the op-
timization point of view. In Chapter 2, we constructed a framework for neural networks
to approximate functions without the curse of dimensionality. Therein, we relied on what
we coined the c-identity requirement (Definition 2.4 in Chapter 2), which is a condition on
the activation function, ensuring that neural networks of depth at least two can represent
identity functions exactly. It is natural to wonder whether one can relax the c-identity re-
quirement. The answer is ‘yes’ as long as we restrict ourselves to approximations on compact
sets, which we did not do in Chapter 2. In fact, for the approximation on compact sets, the
following weak assumption is sufficient: suppose the activation function admits a point of
differentiability at which its derivative does not vanish. Then, the c-identity requirement
is “asymptotically satisfied” in the sense that we can approximate the identity function on
any compact set to any desired accuracy with a shallow network, whose number of neurons
is independent of the compact set and the accuracy; |37, 107]. This includes virtually all
activation functions except for the (noncontinuous) Heaviside activation; [76]. Furthermore,
regardless of the c-identity requirement, any approximation task on compact sets that can
be solved with ReLLU networks can also be solved with sigmoidal networks up to increasing
the number of neurons by a constant factor. This is due to sigmoidal networks with six
neurons being able to approximate the ReLLU activation function on any compact set to any
accuracy. This kind of approximations with an architecture independent of the accuracy,
which are known in the approximation of polynomials (see [30,107]), can be taken further to
the approximation of arbitrary polynomial splines.

Another aspect is the depth-width trade-off. Some of the examples in Chapter 2 featured
wide networks of limited depth, others featured networks of unlimited depth and width. Using
that networks can represent identity functions, one can shift depth and width around. This
has been demonstrated for ReLU networks in [53,55,91] but continues to hold for all other
activation functions that can asymptotically represent identity functions as discussed above.
However, depth and width do not contribute equally to the expressiveness of a network;
recall [25,39,109] from Chapter 1 and also see [13,27,91, 105,129, 130].

In the context of optimization, this thesis presented results based on a landscape analysis
of the loss surface of the true loss as a function of the network parameters. Another possibility
is to study the loss defined on a function space, which does not take the parameter vector
as input but the realization function of the network. One is then interested in how the two
different landscapes interact. This raises the question of stability of the realization operator
that maps a parameter vector to its realization function. In general, neural networks fail

95
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this inverse stability; [101]. For shallow ReLU networks, by restricting the parameter space
and considering realizations in a Sobolev norm, inverse stability can be recovered; [9]. But
for ReLLU networks, the Sobolev norm is a very strong norm in the sense that the realization
operator is no longer continuous. For input and output dimension one, it is possible to drop
the Sobolev norm and still obtain a local inverse stability, which is sufficient to relate local
minima of the two different landscapes. Trying to establish local inverse stability for higher
input dimensions would require a careful study of the tessellation of the input space into the
convex polytopes on which the realization function is piecewise linear. This tessellation is
tractable for shallow networks, but its complexity can grow exponentially with the depth of
the network; [95, 101].

Since training algorithms act on the parameter space and since said local inverse stability
only holds on certain subsets, it is more promising to study the landscape in parameter space,
which we did in the second part of this thesis. We stress again that the landscape analysis in
Chapter 4 was conducted for a fixed number of hidden neurons. In particular, the classification
did not rely on an over-parametrization, with which we would enter the regime of the neural
tangent kernel or of a many-particle flow; [19,21,63]. At the other extreme, previous articles
had studied the case of a single neuron; [16,119]. We used our classification from Chapter 4
to study a convergence property of the gradient descent algorithm in Chapter 5. Inspired by
the ideas introduced in [11] and in Chapters 4 and 5, subsequent works deduced other related
results about gradient-based algorithms. In the simpler case of constant target functions, the
convergence of gradient descent in 1] has been extended to its stochastic analogue in [65]
and has been adapted to the setting of deep networks in [61]. For affine target functions, the
convergence of gradient descent in Chapter 5 has been extended to its continuous analogue,
gradient flows, in [67]. For the discrete algorithm, the range of possible target functions
has been broadened to piecewise affine in [06]. Finally, [37,062,64] study similar problems as
Chapters 4 and 5 for piecewise polynomial target functions.
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