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Abstract

An extension of the notion of classical equivalence of equivalence in the Batalin—
Vilkovisky (BV) and Batalin—Fradkin—Vilkovisky (BFV) frameworks for local
Lagrangian field theory on manifolds possibly with boundary is discussed. Equiv-
alence is phrased in both a strict and a lax sense, distinguished by the compatibility
between the BV data for a field theory and its boundary BFV data, necessary for
quantisation. In this context, the first- and second-order formulations of nonabelian
Yang-Mills and of classical mechanics on curved backgrounds, all of which admit
a strict BV-BFYV description, are shown to be pairwise equivalent as strict BV-BFV
theories. This in particular implies that their BV complexes are quasi-isomorphic.
Furthermore, Jacobi theory and one-dimensional gravity coupled with scalar matter
are compared as classically equivalent reparametrisation-invariant versions of clas-
sical mechanics, but such that only the latter admits a strict BV-BFV formulation.
They are shown to be equivalent as lax BV-BFV theories and to have isomorphic BV
cohomologies. This shows that strict BV-BFV equivalence is a strictly finer notion of
equivalence of theories.
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1 Introduction

The notion of equivalence of field theories is one that can be found throughout physics.
Such a concept is relevant and useful for various reasons. At a classical level, the equa-
tions of motions of a given theory might be easier to handle than other “equivalent”
ones, even if they ultimately yield the same moduli space of solutions. Such reformula-
tions often result in different and enlightening new interpretations of a given problem.
Moreover, one theory might be better suited for quantisation than another, but the
question of whether two classically equivalent theories result in the same quantum
theory is in general still open. With this work, we attempt to take another step towards
the answer.

The classical physical content of a given field theory is encoded in the set £L£ of
solutions of the Euler—Lagrange equations. In the case where the theory in question
also enjoys a local symmetry—encoded by a tangent distribution D—we are inter-
ested in the moduli space of inequivalent solutions ££/D. Classical observables are
then defined to be suitable functions on ££/D. Such a quotient is typically singular:
Defining a sensible space of functions over it becomes challenging, and it is often
more convenient to find a replacement; a problem best addressed within the Batalin—
Vilkovisky (BV) formalism.
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The BV formalism was first introduced in [12—-14] as an extension of the BRST
formalism [10, 63], named after Becchi, Rouet, Stora,and Tyutin, used to quantise
Lagrangian gauge theories in a way that preserves covariance. Around the same time,
the Batalin—Fradkin—Vilkovisky (BFV) formalism was introduced, which deals with
constrained Hamiltonian systems [4, 11]. It was later noticed by various authors [8, 31,
32,39, 40, 43, 44, 61, 62] that the aforementioned formalisms enjoy a rich cohomo-
logical structure. For example, a BV theory associates a chain complex to a spacetime
manifold, the BV complex, which aims at a resolution of the desired space of functions
over the quotient £L£/D. In the case of the BFV formalism, one introduces the BFV
complex [55, 56, 61] as a resolution of the space of functions over the reduced phase
space of a given constrained Hamiltonian system.

One can then address the question of equivalence of theories in the BV setting.
Following the discussion above, a natural way of comparing two classical theories is
through their BV cohomologies, also called classical observables, as done for example
in [3]. However, a BV theory comes equipped with several pieces of data other than
the underlying dg-algebra structure (for example, a symplectic structure and a Hamil-
tonian function) that one might want an equivalence relation to preserve. Finding the
appropriate notion of “BV equivalence” is thus a nontrivial open question. In [28,
29], a stronger notion of BV equivalence is implemented, which requires all data to
be preserved by a symplectomorphism. A nontrivial example of such equivalence is
found between 3d gravity and (nondegenerate) B F theory. In [17], various alterna-
tive weaker notions of BV equivalence have been presented, which apply to higher
dimensional formulations of General Relativity.

The BV and BFV approaches were linked by Cattaneo, Mnev and Reshetikhin in
[19], where the authors showed that a BV theory on the bulk induces a compatible
BFV theory on the boundary, provided that some regularity conditions are met. The
presence of a boundary will typically spoil the symmetry invariance of the BV data,
encoded in the BV cohomology, but this failure will be controlled by the BFV data
associated to the boundary. From this perspective, the regularity conditions can be
seen as a compatibility condition between the BV complex on the bulk and the BFV
complex on the boundary.

Derived geometry [50] extends the above setting to algebraic geometry, even though
currently only in the restricted setting of AKSZ theories. The induced boundary theory
is in this case an example of derived intersection, [15, 24]. As derived geometry
mainly addresses classical problems, the nondegeneracy of the symplectic form is
only required up to homotopy, which yields problems in the direction of quantisation.

On the other hand the BV-BFV approach [19, 20] is especially successful since it
allows for a quantisation procedure that is compatible with cutting and gluing. This
has already been shown to work in various examples such as B F' theory [20, 21], split
Chern—Simons theory [22], 2D Yang—Mills theory [42] and AKSZ sigma models [23].

This approach was first tested! on General Relativity in [57]. For diffeomorphism
invariant theories, the compatibility between bulk and boundary data becomes a non-
trivial matter, and there are various cases where the regularity conditions necessary

1 Another approach to General Relativity by means of the BV formalism (without boundary) can be found
in [34, 51].
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for the BV-BFV description fail to be met. Most notable are the examples of Palatini—
Cartan gravity in (3+1) dimensions [27], Plebanski theory [57], the Nambu—Goto
string [46], and the Jacobi action for reparametrisation-invariant classical mechan-
ics [26]. On the other hand, the respectively classically equivalent Einstein—Hilbert
formulation of gravity [25] in (3+1) dimensions and the Polyakov action [46] fulfil
the BV-BFV axioms. The question of how one can go around these problems and
construct a sensible BV-BFV theory for Palatini—Cartan gravity was addressed in [16,
17].

As not all field theories are suitable for a BV-BFV description, the lax approach
to the BV-BFV formalism was proposed in [47], which gathers the data prior to the
step where the regularity conditions become relevant. This setting already allows us to
construct the BV-BFV complex [47], which is the adaptation of the BV complex to the
case with boundary. Likewise, classical observables are contained in its cohomology.
As such, the lax BV-BFV formalism offers a sensible way of comparing two field
theories on manifolds with boundary, even if one does not have a strict BV-BFV
theory.

In this paper, we provide an explicit method to lift classical equivalence to a (poten-
tial) BV equivalence, also in the presence of boundaries. This naturally introduces the
notion of lax equivalence of BV theories on manifolds with boundary, which is in
principle finer than BV equivalence. Our method is applied to the simple cases of
classical mechanics on a curved background as well as to (nonabelian) Yang-Mills
theory, where we explicitly show that the first- and second-order formalisms are lax
BV-BFV equivalent (and hence BV-quasi-isomorphic).

We then turn our attention to the main objective of this paper: the analysis of the
classically equivalent Jacobi theory and one-dimensional gravity coupled to matter
(1D GR). These two models can be regarded as the one-dimensional counterparts of
the Nambu—Goto and Polyakov string models respectively, and they both represent a
reparametrisation-invariant version of classical mechanics. In [26], it was shown that
while 1D GR satisfies the regularity conditions of the BV-BFV formalism, Jacobi
theory produces a singular theory on the boundary, and a similar result was proven for
their 2d string-theoretic analogues [46], which raises the question of the origin of this
boundary discrepancy.

By comparing the BV and BV-BFV cohomologies of Jacobi theory and 1D GR, we
find that, even though the two theories on manifolds with possibly nonempty boundary
are lax-equivalent, and hence their associated BV (and lax BV-BFV) complexes are
quasi-isomorphic, the chain maps that connect the two theories do not preserve the
regularity condition required by the strictification procedure (Theorem 3.5.7).

In other words, quasi-isomorphisms of lax BV-BFV complexes do not preserve
strict BV-BFV theories, which then should be taken as a genuine subclass of BV
theories: Even in the best case scenario of two theories that are classically equivalent
with quasi-isomorphic lax BV-BFV complexes, an obstruction to their strict BV-
BFV compatibility distinguishes the two. Indeed, consider two lax equivalent theories
(Definition 2.6.3—see, e.g. the case described in Theorem 3.5.6) such that one of the
two models fails to be compatible with the strict BV-BFV axioms (cf. Remark 2.5.6).
In this case, only one of the two admits a quantisation in the BV-BFYV setting. Even if
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they both could ultimately admit a sensible quantisation, our result suggests anyway
that they might have different quantisations in the presence of boundaries.

Another way of viewing our result is the following. Suppose we are given a lax
BV-BFV theory that is not strict (Definition 2.5.5 and Remark 2.5.6). Can we find
a quasi-isomorphic lax BV-BFV theory that is strictifiable? If so, we may think of
the second theory as a good replacement for the first, suitable for quantisation with
boundary.

We should stress that the enrichment of the BV complex by the de Rham complex of
the source manifold (in the sense of local forms) has been the object of past research
(see among all [3]). The lax BV-BFV complex we consider coincides with their
Batalin—Vilkovisky—de Rham complex; however, our notion of lax equivalence is
different (Definition 2.6.3), as it requires the existence of chain maps that are quasi-
inverse to one another and compatibile with the whole lax BV-BFV structure.

Crucially, our approach diverges from other investigations of local field theory that
only look at pre-symplectic data. The strictification step is precisely the pre-symplectic
reduction of such data, and where the obstruction lies. We are not aware of a viable
quantisation procedure for pre-symplectic structures.

This paper is structured as follows: Sect.2 is dedicated to a review of local
Lagrangian field theory (Sect. 2.1), which is followed by the BV formalism (Sect. 2.2)
and the BV-BFV and lax BV-BFV formalisms (Sect. 2.4). We will showcase several
notions of equivalence in classical field theory, starting from Lagrangian field theory
in Sect. 2.1, while the discussion of equivalence in the BV and lax BV-BFV cases can
be found in Sects. 2.3 and 2.6 respectively. Later in Sect. 3 we discuss our general pro-
cedure to prove lax equivalence between two theories (Sect. 3.1) and three examples
of such equivalence, namely

e first- and second-order formulations of classical mechanics on a curved back-
ground (Sect. 3.3);

o first- and second-order formulations of (nonabelian) Yang—Mills theory (Sect. 3.4);

e one-dimensional gravity coupled to matter and Jacobi theory (Sect. 3.5).

Results and outlook: We present our notion of BV equivalence (Definition 2.3.1)
for theories over closed manifolds and lax equivalence (Definition 2.6.3) in the case
of manifolds with higher strata, and show that the latter implies the former for the
respective bulk (codimension-0 stratum) BV theories (Theorem 2.6.9).

We then show lax equivalence for the aforementioned examples, in the sense that
their lax BV-BFV data can be interchanged in a way that preserves their cohomological
structure. In particular, we show that the respective BV-BFV complexes are quasi-
isomorphic

H*(BU-BFY]) =~ H*(BYU-BFV3).

Most notably, this means that the boundary discrepancy present in the BV-BFV
formulations of Jacobi theory and 1D GR found in [26] does not have a cohomological
origin, and is rather to be interpreted as an obstruction in pre-quantisation.

We expect the procedure to be applicable to other relevant examples of BV-BFV
obstructions such as the Nambu-Goto and Polyakov actions [46] and, for a more
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challenging one, Einstein—Hilbert and Palatini—Cartan gravity in (3+1) dimensions,
whose extendibility as BV-BFV theories have been shown to differ in [25, 27].

This obstruction, which bars certain theories from being quantisable in the BV
formalism with boundary without additional requirements on the fields, suggests that,
even assuming that some quantum theory exists for both models, they might differ.
Alternatively, it might suggest that among various classically and BV-equivalent mod-
els, there is a preferred choice for models which are BV-BFV compatible. Either way,
these results call for additional investigations in this direction.

2 Field theories and equivalence

We start by presenting the field theoretical structures and objects used throughout this
work, following [1, 30]. Subsequently, we review the BV formalism for closed mani-
folds? [12—14] — see also [37, 40, 45] — and the BV-BFV formalism, its generalisation
for manifolds with boundaries and corners [18, 19]. As some theories we consider are
not compatible with the BV-BFV axioms, we revise the lax BV-BFV formalism [47],
which not only lets us study these cases, but presents a better stage for our discussions
in the presence of boundaries and corners.

Moreover, this section is used to develop our notion of equivalence of field theories
at every step of the way, first showcasing how we want to compare two classical
field theories in Definition 2.1.6 and adapting these considerations to the BV and lax
BV-BFV formalisms in Definitions 2.3.1 and 2.6.3, respectively.

2.1 Lagrangian field theories

Let M be a manifold of any dimension. In order to build a classical field theory on
M, we need a space of fields &, a local functional S called the action functional and
local observables. In most cases, we can achieve such a construction by considering a
(possibly graded) fibre bundle £ — M over M and by defining the space of fields as
its space of smooth sections £:=I"(M, E) with coordinates ¢'. Local objects can then
be regarded as a subcomplex of the de Rham bicomplex ©2**(£ x M), where “local”
essentially means that these objects only depend on the first k derivatives of the fields
@' (or the kth jet). Let us make this notion precise:

Definition 2.1.1 ( (Integrated) local forms [1]) Let E — M be a (possibly graded)
fibre bundle over M, £ = I'(M, E) its space of smooth sections, J k(E) the kth jet
bundle and {j*: £ x M — J*(E)} the evaluation maps. We consider j* as the inverse
limit of these maps and construct the infinite jet bundle J°°(E) as the inverse limit of
the sequence

E=J%E) < JYE) « ... <« JNE) «— ...

2 For a discussion of the BV formalism in the setting of noncompact manifolds see [33, 51]. For the
extension of the BV-BFV framework to manifolds with asymptotic boundary, see [53].
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The bicomplex.® of local forms on £ x M is defined as
(Qioe (€ x M), 8, d):=(j)" (Q**(J¥(E)).dv. dn) ,

where dg and dy are the horizontal and vertical differentials on the variational complex
for J°(E), respectively. Let « € Q**(J°°(E)). The differentials 8, d are defined
through

d(j%) e = (j*) dya, (1a)
8™ e = (j)*dva. (1b)

Elements of Q%z (€ x M) will be called local functionals on & x M.

Whenever the manifold M is compact, one can define the complex of integrated

local k forms Q} (€), as the image of |, L Q{CO’EOP((? X M) — Q’} (&) with the (varia-

tional) differential® 8.

Remark 2.1.2 (On various notions of local forms) Notice that, in some field theory
literature (see, e.g. [30]), the term “local form” is often used to denote integrals over
the manifold M of elements of QI:;EOP(E x M), which instead we call integrated local
forms.

When M is not compact, integration comes with caveats. One can either consider
compactly supported sections or adopt the point of view of [33], where the Lagrangian
density is tested against a compactly supported function. Alternatively, one can forgo
integration and consider the following quotient

. o, o, —1
QL ()= P (€ x M)/AQ P (E x M).

In[1, Page 21], the elements of Q2 () are called variational forms when endowed
with the induced vertical differential® 8y .

Clearly, if M is closed, (Q} (&), 8) is isomorphic (as a complex) to (27 .(£), dv).

Indeed, let f, g € Ql'(;?p(g x M) and define .7:= [, f,¥:= [,, g, their respective
integrals over M. Then . = ¥ iff the difference f — g is d-exact

ﬁ—fh[ (f—g>=/ d(...) =0,
M M

where we used that M is closed in the last step. Hence, QF, .(£) can be taken as a
replacement of integrated local forms in the noncompact case (assuming there still is
no boundary).

3 Note that, strictly speaking, this works when j° is surjective. When E has connected fibres, this is true
if and only if E admits a global section [7, Proposition 3.1.14].

4 Explicitly, this is 8 [y (G a = [, 8(j%) a = [, (j®)*dya.
5 Itis possible to induce a differential coming from the variational bicomplex, by means of the interior
Euler operator (see, e.g. [1]). We will not be concerned with the details of this construction.
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If M has a nonempty boundary 0M # (¢, these considerations no longer hold:
Boundary terms become relevant. If, on the local densities side, we can work with
Q]'(;C'(S x M), we will see in Sect. 2.4 what the consequences of integrating over
boundaries bring about in field theory.

In addition to the previous construction, we will extensively use the following type
of vector field:

Definition 2.1.3 An evolutionary vector field [11 X € Xeyo(E) on & is a vector field
on J*°(E) which is vertical with respect to the projection J°°(E) — M, such that

[Lx,d] =0,

where Lx = [1x, 8] is the variational Lie derivative on local forms on £ x M.

We are now ready to define the notion of a classical field theory. We will assume
for simplicity that M is compact, possibly with boundary:

Definition 2.1.4 A classical field theory on M is a pair (£, S), consisting of a space

of fields £ = I'(M, E)° and an action functional S € Q(} ).

Since S = [ L for some local form L, applying the variational differential on & to
S is the same as applying §, defined in Eq. 1b, to L and integrating. This yields two
terms:

8§ = EL + BT.

The term EL is an integrated local 1-form.” on &, whose vanishing locus defines the
Euler-Lagrange equations EL. = 0. The space where these are satisfied is called the
critical locus, the zero locus £L£ := Locg(EL) C F, and its elements are called
classical solutions. The term BT is a boundary term (i.e. an integral over d M, when
not empty), which will be crucial for the construction of field theories on manifolds
with boundary (cf. Sect. 2.5).

A further important aspect of field theories is the notion of (gauge) symmetries,
which are transformations that leave the action functional S and the critical locus ££
invariant. Infinitesimally, they can be described as follows:

Definition 2.1.5 An infinitesimal local symmetry of a classical field theory (£, S) is
given by a distribution D C T&, such that®

LxS=0 VX eTl(&, D).

6 More generally, the space of fields is an affine space modelled on a space of sections; e.g. a space of
connections. Even more generally, e.g. in the case of sigma models, one expands fields around a background
field. It is the space of these perturbations that is a space of sections.

7 The integrand of EL is the pullback along j* of a form of source type in the variational bicomplex, see
[1, Definition 3.5].

8 Notice that we want D to be a (generically proper) subspace of all vector fields that annihilate the action
functional. We want it to be maximal, in the sense that all symmetries are considered except trivial ones,
i.e. those that vanish on £L. As such it is not automatically a subalgebra. See [40, Section 1.3]. Observe
that, although not necessary, one might want to restrict D to only (genuinely) local symmetries, meaning
that we do not consider constant Lie group/Lie algebra actions at this stage.
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Furthermore, we require D to be involutive on the critical locus ££, i.e. if X, Y €
I'(£, D), then [X, Y]|o, € T'(€, Dlgp).

Whenever local symmetries are present, the space of interest is not £ L but rather the
space of inequivalent configurations ££/D.’ i.e. the space of orbits of D on the critical
locus £L. Classical observables are then suitable functions over ££/D, whose space
we denote by C°°(£L/ D). Note that, as aquotient, £L£/ D is often singular and defining
C°°(EL/D) is a nontrivial task. One way of handling this is to build a resolution of
C°(£L/ D), by means of the Koszul-Tate—Chevalley—Eilenberg complex, also known
as the BV complex (see Definition 2.2.4).

We are interested in analysing to what extent two field theories are equivalent.
Starting the discussion of equivalence in the setting of classical Lagrangian field theory,
we consider the

Definition 2.1.6 Let (&;, S;), i € {1, 2}, be two classical field theories with symmetry
distributions D;. We say that (&;, S;) are classically equivalent if

ELL = EL,,
Dileg, = Daleg,-

Remark 2.1.7 If two theories are classically equivalent, we have EL£1/D| >~ EL,/D».
If we have a model for the respective spaces of classical observables, they are isomor-
phic:

C™(EL1/Dy) = C®(ELy/ Dy).

This notion will be central in our discussion, and we will provide a refinement of it
within the BV formalism, with and without boundary.

Remark 2.1.8 In certain cases, we can find C; C &, defined as the set of solutions
of some of the equations of motion EL; = 0. Then, if we can find an isomorphism
¢e1 - C1 — &> such that

el
Stler = 6452 and Dilc, = Da,
the theories are classically equivalent. This is a simple example of the situation in

which two theories are classically equivalent because they differ only by auxiliary
fields (see, e.g. [3]).

2.2 Batalin-Vilkovisky formalism

The BV formalism is a cohomological approach to field theory, that allows one to
characterise the space of inequivalent field configurations by means of the cohomology

9 By abuse of notation, we denote by D also the restriction of D to EL.
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25 Page 10 of 91 F. M. C.Simao et al.

of an appropriate cochain complex. It turns out that it also provides a natural notion of
equivalence of field theories, that also takes into account “observables” of the theory.
In this setting, a classical field theory is described through the following data:

Definition 2.2.1 A BV theory is the assignment of a quadruple § = (F, w, S, Q) toa
closed manifold M where

e F =T'(M, F) is the space of smooth sections of a Z-graded bundle!® F — M
(the BV space of fields),

e wEe 827 (F) is an integrated, local, symplectic form on F of degree —1 (the BV
form),

eS¢ Q(f)(]-') is an integrated, local, functional on F of degree O (the BV action
functional),

e O e Xqo(F) is a cohomological, evolutionary, vector field of degree 1, i.e.
[Q. Q1 =2Q% =0,and [Lo,d] =0,

such that
tow = 3S. )

The internal degree of F is called the ghost number and will be denoted by gh(-).

Remark 2.2.2 In principle, we only need to consider either S or Q, as they are related
to one another through Eq. (2), apart from the ambiguity of an additive constant in S.
We will nonetheless regard them as separate data for later convenience, as we will see
that introducing a boundary spoils Eq. (2).

As Q is cohomological, its Lie derivative L is a differential on Q2 (F), since

gh(Lp) =1 and 2£2Q =[Lg, Lol = L[g,0) = 0. In this context, Lp-cocycles are
interpreted as (gauge-)invariant local forms.

Remark 2.2.3 Itis easy to gather that both @ and S are £ p-cocycles by applying § and
to to Eq. (2), respectively. We have

Low=0, (3a)
LoS =(S.S) =0. (3b)

where (-, -) is the Poisson bracket induced by w. Eq. (3b) is known as the Classical
Master Eqns [14, 58], and encodes the property that S is gauge invariant. In particular,
Eq. (3) mean that we have the freedom to perform the transformations w +— w +
Lo(...)and S — S+ Lo(...), as long they preserve Eq. (2).

Definition 2.2.4 We define the BV complex of a given BV theory § as the space of
integrated local forms on F endowed with the differential £¢

BY*:= (Q}(]—"), cg) :

10 For simplicity, in this note, we assume that the Grassmann parity of a variable is equal to the parity of
its Z-degree. This is okay as long as we only consider theories without fermionic physical fields.
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where the grading on BU* is given by the ghost number. Its cohomology will be
denoted by H*(2B0*) and called the BV cohomology.

While the BV complex B°U*® consists of inhomogeneous local forms (inhomoge-
neous also in ghost number), its 0-form part'! BU C BY® is of interest as it is
a resolution of D-invariant functionals on ££ or, when the quotient is nonsingular,
functionals on ££/D in the sense that the BV cohomology is given by'? [33, 40, 62]

H'(BVY) =0 fori >0,
HO(BYY) ~ C>*(EL/D).

Example 2.2.5 (Lie algebra case [14], see also [40, 45]) In this paper, we will only
consider examples which enjoy symmetries that come from a Lie algebra action. Let
(€, S) be a classical field theory over a closed manifold M with a symmetry on £
given by the action of a Lie algebra (g, [-, -]). We can build a BV theory as follows:
Choose the space of fields to be

F =T -11(€ x Q°M, 9)[1]),

with local coordinates ®' = (7, £€%) on the base £ x Q°(M, g)[1] and CDZ.L = ((pj., &I)
on the fibres. Usually, one calls ¢/ the fields, £ the ghosts'> and ®] the antifields.

Note that the ghost numbers are related by gh(®?) + gh(CDiT) = —1 due to the -1 shift
on the fibres. We take the BV form to be the canonical symplectic form on F

w= / (507, 5D),
M

where (-, -) is a bilinear map with values in QI'O’ZOP (M). In the case of a Lie algebra

action, the cohomological vector field O decomposes into the Chevalley—FEilenberg
differential y and the Koszul-Tate differential §x 1

Q =y +dkr.

The action of y is defined on the fields and ghosts as

4 . 1
yo! =&%;, yE' = S18.81

1 1n the literature the terminology “BV complex" is used to denote BL. We use the same name for BU*®
as it is the natural extension in the present setting.

12 Counterexamples to this scenario have been observed [35, 36]. In local field theory, the request that the
BV complex be a proper resolution of the moduli space of the theory is generally too strong. Hence, we do
not insist on the vanishing of negative cohomology.

13 In the case of Yang-Mills theory, the ghost field will be denoted as c.
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where vfz are the fundamental vector fields of g on F. In turn, k7 acts as

Skre' =0, Skr€* =0,
t_ 88 P it
Skry; = g SKkTEy = Va9; - “)

The BV action functional can then be constructed as an extension of the classical
action functional

S[®, @' =S[go]+/ (@7, Q)
M

and Q(-) = (S, -) can be used to compute the full form of QGD;. The data (F, w, S, Q)
form a BV theory.

2.3 Equivalence in the BV setting

We now have all the necessary tools to develop a notion of equivalence in the BV
formalism. We are interested in comparing the BV data and cohomology H*®(527)
of two BV theories §;, i € {1, 2}. We recall that a quasi-isomorphism is a chain map
between chain complexes which induces an isomorphism in cohomology. In this spirit,
we define:

Definition 2.3.1 Two BV theories §; and §; are BV-equivalent if there is a (degree-
preserving) map ¢: F» — F that induces a quasi-isomorphism ¢*: BU] — BY3

of BV complexes, such that ¢* preserves the cohomological classes of the BV form
and BV action functional as

¢*lwi] =[], ¢*[S1]=[S]. )

A BV equivalence is called strong iff ¢ is a symplectomorphism that preserves the
BYV action functionals.

Remark 2.3.2 If §, §> are BV-equivalent, we can find a morphism ¢ : F; — F»,
such that its pullback map * is the quasi-inverse of ¢*. In particular, the composition
maps

x*=vy*o@* : BY] - BY], A" =¢ oy™: BY;, > BY,
are the identity in the respective BV cohomologies H*($80%), H*(®8*03). This is

equivalent to the existence of two maps i, : BU] — BYY, hy : BY; — BYJ of
ghost number —1 such that [64]

x* —id; = Lohy+hyLo,, A —idy = Lo,y +hyLo,.
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Furthermore, note that applying ¥ * to Eq. (5) yields
Yl = (o], ¥ [S] =[S (6)
Let us now explore some direct implications of Definition 2.3.1, in particular that

the transformation of w; and S; are not independent:

Proposition 2.3.3 Rewrite Egs. (5) and (6) as

P w1 = wr + Lo, 2. Vw2 =w1+ Lo, p1,
¢*S1 =8+ Lo,00, VS =81+ Lo, 01,

with p; € Q}(ﬁ), o; € Q(} (Fi). Then

Lo, (tg; pi +d0i) = 0. M
Moreover, Eq. (7) is satisfied if
pi = —8i, Oi =1Q;Mi 3
with i € Qlf(]-',-).

Proof Applying ¢* to 1p, w1 = 85 yields

Lo, w2 + 10, L0, 020 =85+ 8Lg,02
= Lg,(g,p2 +802) =0,

and analogously Lo, (tg, p1 + 01) = 0.
The simplified condition (8) implies Eq. (7) since

Lo, (g, pi +80i) = Lo, (=108 + g, i) = =L, i =0,

where we used Lo, = [tg,. 8] o

Remark 2.3.4 Let §; and §, be BV-equivalent theories as per Definition 2.3.1, and
let x* : BY] — BV} and 1" : BY; — BYJ be the chain maps defined in
Remark 2.3.2. Then, the theories §; and x*§1:=(F1, x *w1, x*S1, Q1) are clearly
BV-equivalent, and so are §, and A*35.

Remark 2.3.5 In the literature, there exists another notion of equivalence of BV the-
ories, based on what is usually called elimination of (generalised) auxiliary fields or
reduction of contractible pairs (see, e.g. [3, 41] and [5] for a review). When two
theories differ by auxiliary fields content, they have the same BV cohomology. In
Sect. 3.2, we show how the presence of auxiliary fields leads to the process of elim-
ination of cohomologically contractible pairs by explicitly constructing chain maps
that are quasi-inverse to one another and homotopic to the identity. Hence, theories
that differ by auxiliary fields/contractible pairs are BV-equivalent in the sense of Def-
inition 2.3.1.
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2.4 Field theories on manifolds with higher strata

The BV formalism can be extended to the case where the underlying manifold M has
a nonempty boundary M # {J, as presented in [19]. This construction relies on the
BFV formalism introduced in [4]; see also [55, 56, 61].

Definition 2.4.1 An exact BFV theory over a manifold ¥ is a quadruple §° =
(F?, 0?, 87, Qa) where
e FO =T(Z, F?) is the space of smooth sections of a Z-graded fibre bundle
Fo — M?,
o v = sa? ¢ Q}(}' ?) is an exact, integrated, local, symplectic form on F? of
degree 0,
S? e Q(} (F 3) is a degree 1, integrated, local, functional on F 9

Qa € XevolF?) is a degree 1, cohomological, evolutionary, vector field, i.e.
[0?, 0?1 =0,and [Ls,d] =0

such that Q7 is the Hamiltonian vector field of S?
g1’ =887

We call w?, §? the boundary form and boundary action functional, respectively.

Definition 2.4.2 A BV-BFYV theory over a manifold M with boundary d M is given by
the data

(F,0,8,0,F, 0 8, 0° )

where (}"3, w?, 89, Qa) is an exact BFV theory over ¥ = oM and 7 : F — Fiisa
surjective submersion such that

Lpw = 8S + *a’ 9)
and Q ow* =% 0 QF.

Remark 2.4.3 Equation (9) implies that in general @ and S are no longer £ g-cocycles
in the presence of a boundary. Instead, we have [19]

Low=rm*w’, (10a)
LoS =71*28" —1pia?). (10b)

Note that the failure of the structural BV forms to be £g-cocycles is controlled by
(boundary) BFV forms. In particular, Eq. (10b) means that S fails to be gauge invariant,
and the right-hand side can be related to Noether’s generalised charges [53]. Further-
more, the CME no longer holds. Instead, we have the modified Classical Master
Equation [19]
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1
ELQLQQ) = 1*8?.

2.5 Inducing boundary BFV from bulk BV data

It is important to emphasise how one can try to construct a boundary theory ° from
a BV theory §, since there might be obstructions. The problem we want to address is
that of inducing an exact BFV theory on the boundary 0 M, starting from the BV data
assigned to the bulk manifold M.

Define « as:

a:=tgw —8S. (1D

By restricting the fields of F (and their normal jets) to the boundary dM, we can
define the space of pre-boundary fields F° and endow it with a pre-boundary 2-form
@ = 8a. Usually o turns out to be degenerate. In order to define a symplectic space
of boundary fields, one then has to perform symplectic reduction, see, e.g. [60]. Let
kero = {X € X(F®) |LXJ) = 0} and set

Fo.=F /ker . (12)

Since we are taking a quotient, nothing guarantees that F° is smooth, but we want
to assume that this is the case. However, a necessary condition for smoothness is
that ker @ has locally constant dimension, i.e. it is a subbundle of TF?. As we will
see, this condition is not always satisfied, namely that there is a unique symplectic
form w? such that 7*w? = @, and a unique cohomological vector field Q? such that
Qon* = m*o Q% We assume (although this may not be true in general) that there is
a 1-form o? such that 7*a? = &. Note that, in this case, a? is unique and @? = §af.
See [18] for details. However, for F 9 smooth, we have the surjective submersion
7 F— FO.
Consider now

Definition 2.5.1 The graded Euler vector field E € Xeyo(F) is defined as the degree
0 vector field which acts on local forms of homogeneous ghost number as

LgF = gh(F)F.

Similarly, we have E ¥ = 71, E € Xevo(F?) on the boundary.

The cohomological vector field Q? is actually Hamiltonian and the corresponding
boundary action functional can be computed as [52]

S = tpogia. (13)

The data &B = (F I @, S§9, Qa) define an exact BFV manifold over the Vboundary
dM . For completeness, we also define the pre-boundary action functional S:=mn*S?.
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Pulling back Eq. (13) via 7* yields

v

S = glgw. (14)

Note that by taking Egs. (11) and (14), we ensure that the data (&, S’) can always be
defined, even if the quotient in Eq. (12) does not yield a smooth structure.

Remark 2.5.2 The procedure we just presented can be repeated in case that the manifold
M not only has a boundary but also corners (higher strata), as presented in [19, 47].
If this is possible up to codimension n, then we call the theory a n-extended (exact)
BV-BFV theory.

Remark 2.5.3 The quantisation programme introduced in [20] relies on the BV-BFV
structure of a given classical theory. As such, even if two theories are classically
equivalent, only one might turn out to have a BV-BFYV structure and so be suitable for
quantisation, as we now explore in the example of the Jacobi theory and 1D GR.

Remark 2.4.3 and Sect. 2.5 discuss two potential roadblocks for our construc-
tion of equivalence in the presence of boundaries and corners (and more generally
codimension-k strata). First, to extend the notion of equivalence discussed in Sect. 2.3
to the case with higher strata, we wish to capture the possibility of local forms being
L p-cocycles up to boundary terms, as is the case with w and S. This is the problem of
descent, where we enrich the differential Lo by the de Rham differential on M. The
second big problem one encounters is that not all BV theories satisfy the regularity
requirement necessary to induce compatible BV-BFV data. In order to describe such
theories as well, we will relax our definitions.

In order to do this, we turn to a “lax” version of the BV-BFV formalism [47].
We will work with local forms on F x M with inhomogeneous form degree on M,
namely «*® € Qf;’: (F x M), and use the codimension to enumerate them, as it makes
the notation less cumbersome and more intuitive, i.e. k¥ denotes the (top — k)-form
part of

s —k
where k& € QPP (F ).

Remark 2.5.4 What we call “lax” BV-BFV formalism is a rewriting of known
approaches to local field theory in the BV/BRST formalism such as [2, 3, 9, 38, 59].
We use the term “lax” to contrast it with the “strict” version given by the BV-BFV
formalism proper.

This should be compared to the standard BV-BFV formalism (extended to codi-
mension k [19]), which instead looks at €2} .(F ®) with F® an appropriate space
of codimension-k fields. In other words, we describe the BV-BFV picture presented
above in terms of densities instead of integrals (cf. Remark 2.1.2), and forfeiting the
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symplectic structure at codimension k. This setting allows us to phrase equivalence
with higher strata in a cohomological way, and it collects all the relevant data before
performing the quotient in Eq. (12), thus temporarily avoiding potential complica-
tions. !

The definitions that we work with rely on the lax degree™ #(-), which describes the
interplay between the co-form degree on M and the ghost number. Let fdy () denote
the form degree on M. The lax degree is defined as the difference of the ghost number
gh(-) and the co-form degree cfdy,(-):=dim M — fdy,(-)

#(-):=gh(-) — cfdp ().

In particular, if an inhomoegeneous local form has vanishing lax degree, then the
codimension of its homogeneous components corresponds to their respective ghost
number. Most notably, this will be the case for the Lagrangian density. We will use
the total degree for computations, which for elements in 7.2 (€ x M) is given by
|- | = gh(-) +fdp(-) + fd£(-), where fd£(-) is the form degree on F.

Definition 2.5.5 (Lax BV-BFV theory) A lax BV-BFV theory over a manifold M is a
quadruple Flax — (Flax g* [* 0) where

o Flax — ['(M, F) for some Z-graded fibre bundle F — M,
P AN Qll(;g(]-'lax x M) is a local form with lax degree -1,

o L*c Q?O’C' (}"a" x M) is a local functional with lax degree 0,
0 € Xevo(F™) is an evolutionary, cohomological vector field on F12* of degree

[ ]
Lie. [Lg,d] =0, 0] =0,
such that
tow® =8L° +do°, (15a)
totow® =2dL°, (15b)

where w®:=§6°.

Remark 2.5.6 (Strictification of lax data)
Let M° be the interior (bulk) of M.

(1) If M = M? is a closed manifold, then we can assign a BV theory § to M° from a
lax BV-BFV theory §#* by choosing'®

F=Fy, o= o° S=[ L°
Me° Me

and restricting Q to F.

14 A similar idea is contained in the work of Brandt, Barnich, and Henneaux [3], but without the structural
BV-BFV equations.

15 In [47] the authors denote the lax degree by total degree.

16 We denote by F lax| o (resp. F lax| g0 the restriction of fields to the interior (resp the boundary stratum,
where we also restrict normal jets) of M, seen as section of a fibre bundle (resp. the tangent bundle to the
induced bundle).
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(2) Similarly, if M is a compact manifold with boundary, the pre-BFV data on M
may be induced by setting

F = F ™y, &:/ o', s=| L,
M? M?

and restricting Q to F? When pre-symplectic reduction w.r.t. @ = §& = || Mo !

is possible [19], we can define the space of boundary fields F? := F? /ker(aF).
Together with the bulk data presented above, this produces a BV-BFV theory.

The procedure is analogous for higher codimensions: If M® denotes the kth-
codimension stratum, we can induce a Hamiltonian dg manifold of fields in
codimension k by performing pre-symplectic reduction of

(ﬁ(k) — ]_'laX|M(k)’ d)(k) — /
M

wk) s FO = FO jker(@®F)

®

Notice that pre-symplectic reduction might fail to be smooth, resulting in an obstruc-
tion to strictification. When there are no obstructions to the pre-symplectic reduction,
this procedure yields an n-extended BV-BFV theory (cf. Remark 2.5.2), and we have
an n-strictification of a lax BV-BFV theory. (For more details we refer to [47].) It is
crucial to observe that this step can fail [26, 27, 46].

Unlike the latter, a lax BV-BFV theory does not require working with symplectic
structures at higher codimensions > 1. This means that lax data allow us to extract
some information about the higher codimension behaviour of the field theory but,
as we will see, the fact that a theory is strictifiable at a given codimension yields a
refinement of the notion of BV equivalence.

Remark 2.5.7 At codimension > 1, it is sufficient to know 8° in order to compute L°.
Applying (g to Eq. (15a) yields

tgtgw® = LEL® 4 1£d6°,

which implies
LgL® =g (108 —d)o°. (16)

We can then compute L¥ at codimension k > 1 by using gh(L¥) = cfdy, (L¥) = k:
k_ 1 k _ qok+l
L" = %LE (LQ59 —do )

Lemma 2.5.8 ([19, 47]) The following equations hold for a lax BV-BFV theory:

Low® =dw®, (17a)
LoL® =dQ2L® —1(0°%). (17b)
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Remark 2.5.9 Equations (17) are the density versions of Eq. (10). Comparing the two
versions, we see that boundary terms are now encoded as d-exact terms, instead of
objects in the image of 7 *. Note that @ *® is a cocycle of the differential (Lo — d) and
that L® is so whenever L* — 1p0* = 0.

In the lax BV-BFV formalism, the relevant differential will no longer be L, as we
want to take the boundary configurations into account. Instead, we want to consider a
cochain complex of local forms on F lax » M with differential L o —d, which describes
the interplay between gauge invariance and boundary terms:

Definition 2.5.10 ([3, 47]) The BV-BFV complex of a lax BV-BFV theory §* is
defined as the space of inhomogeneous local forms on F!2* x M endowed with the
differential (Lo — d)

(BY-BFV)*:= <<@ Qpk (Flax M)) (Lo — d)) :
k

where the grading of (BU-BFV)® is given by the lax degree. We will denote its
cohomology by H*((BU-B3FU)*) and call it the BV-BFV cohomology.

Remark 2.5.11 The cocycle conditions for an inhomogenoeous local form O° e
QP (F12 x M) are often called the descent equations [47, 48, 65, 66]

loc

(Lo —d)O®* =0

ie.Lo Ok = dO**! with homogeneous components OX. Such equations are of interest
since their solutions produce classical observables, i.e. local functionals (i.e. p =
0) which belong to H 0(BU*). Let y* denote a (dim M — k)-dimensional closed
submanifold of M. We can then construct a classical observable by integrating OF

over y* since
cQ/ 0":/ LQ0k=/ doM! =,
v v vk

As such, comparing the BV-BFV cohomologies of two lax theories offers a natural
way of comparing their spaces of classical observables.

2.6 Equivalence in the lax setting

Before adapting our notion of equivalence to the case when a boundary and corners
are present, let us define f-transformations, which encode the facts that eventually (i)
we are interested in the 2-forms @ ® (and not in their potentials 6°) and (ii) Lagrangian
densities will be integrated (so total derivatives become irrelevant). The two issues are
actually related.
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Definition 2.6.1 Let f € Q?(;C' (F12% % M) be a local functional with #(f) = —1. An
f-transformation of a lax BV-BFV theory §?* changes (6°, L®) as

0% > 0° +5f°, L°r L*+df°.

Remark 2.6.2 Note that an f-transformation preserves Eq. (15) since @® = §0° and
dL* are unchanged, as is the term §L® + d6°®

SL® +dO® > SL® + 8df +dO°® +dsf = SL® + db°,

where we used [§,d] = 0. Hence, we will also allow this kind of freedom in our
definition of equivalence.

In the following, we will denote the vertical differentials on ]—'}a" by & and the
horizontal (de Rham) differentials on M; by d.

Definition 2.6.3 (Lax equivalence) We say that two lax theories Slf‘x and 312‘”‘ are
lax-equivalent if there are two morphisms of graded manifolds ¢: 7, — F7 and
Y F1 — JF,, which induce quasi-isomorphisms ¢*: BU-BFYU] — BYU-BFY3,
Y*: BYU-BFYV; — BU-BFY] between the BV-BFV complexes, such that ¢* and
Y* are quasi-inverse to each other and transform (62, L}) as

¢ 07 =05 + (Lo, — DB +68f7. Y703 =07 + (Lo, — )BT + 37,
LY =Ly + (Lo, — D7 +dfy, Y LI =L+ (Lo, —dgf +dff,  (18)

with B € QUS(FIX x My), #(B?) = —2,£° € QU2 (F x My), #(Z*) = —1 and

. 0.0 112& . o loc
f € QIFI X M) #(f7) = —1.

loc

Remark 2.6.4 Similarly to the bulk case, in order to show that the composition maps

x"=vy*o¢"  BY-BFV] — BYU-BFYS,
A =g* oyt %‘B—’B&m; — %m-%%mi,
are the identity when restricted to the respective cohomologies, one needs to find two

maps h, : BYU-BFY] — BU-BFY], hy 1 BYU-BFY; — BU-BFY); of lax
degree —1 such that

x*—idi = (Lo, —dhy +hy (Lo, —d),

A —idy = (Lo, —Dhy + (Lo, —d).
Proposition 2.6.5 If gh(¢) = gh(y) = 0,'7 then the transformation of L} is not
independent from the transformation of 07 :

(1) ¢f =19, B at codimension k > 1,

17 We restrict ourselves to the gh(¢p) = gh(¥) = 0 case as this will be the relevant one in our examples.
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(2) Lo, top? —¢)) =0.

Proof (1) As gh(¢) = 0, ¢* commutes with the Euler vector fields Lg;: Lg,¢* =
¢*LE,. Applying ¢* to Eq. (16) then yields

Lg,¢"LY =g, (10,8 —d) ¢™07
=lE (‘Q28 - d) 03 + ke, (‘Qz‘S - d) (Lo, = D3 +tE, (‘Qz‘S - d) 83

The first term is simply Lg, L3. For the second term, we compute

tE, (10,8 —d) (Lo — B3 =ik, (810, + Lo, —d) (Lo, — B3
=1E,010,(Lg, —DB; = (LE, —StEy)i0, (Lo, — B3
=L, (Lo, —d)ig, B,

where we used that (Lo, —d)B3 € QU*(F!™ x M) implies tg,10,(Lo, —d)BS =
0. The third term reads

tEy (10,8 — d) 87 = —tpyd8 7 = dip) 83 = dLE, f5 = L, df3.
hence
By counting degrees, we see that both sides have ghost number k at codimension k,
and therefore for k > 1, one can use this equation to determine ¢* L’f , in particular
we have ;ik = LQ“Bik.

(2) Applying ¢* to 19} = SLT + d6; yields

10,8(Lg, —d)B3 =8(Lg, —d)g; +d(Lg, — B3

= (Lo, =d)g,865 = (Lo, —d)8; + (Lo, —d)dp;
= (Lo, —DI(tg,d —d)B; —8551=0, (19)
where we used 1,3 = 8L + d63, § = 0 and the fact that f-transformations
preserve Eq. (15a). Note that this condition holds automatically for condimention

higher than zero due to g“é‘ =19, ﬂlz‘. To see what Eq. (19) implies at codimention
zero, first note that

‘Q28:821 - 54—21 = LQ25:321 - (SLQzﬁzl = £Q2:321~
Keeping in mind that [Lg, d] = 0, Eq. (19) gives

L0,[t0,88) — dp) — 8291 — dlig,881 — 82)1=0
= L0,8(0B — &) =0.
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‘We now apply tg,, but first note that
[Lo:tel = UE .01 = trp0 = Lo
therefore

(e L0380, B3 — &) = lig — Lote18g,B) — &3
=2Lg, (10,83 — &)
= Lg,(tg,B ) =0
where we used LQ(S([Qi,Bg — ;20) = ,CQ(LQ[.,BS — §§) and gh(thﬂg — ;‘g) =

#(g; ,33 — {20) = —1. The computations are analogous for i = 1.
O

Remark 2.6.6 The previous lemma means that there is a redundancy in our definition
of lax equivalence, as the transformation of L? at codimension > 1 can be determined
through the transformation of 6°. In particular, when computing explicit examples one
only needs to check whether we have the right transformation for 6 and L?. Observe
that if we have H_I(EQ) = 0 we can conclude that ¢, ,Bg — {20 =Lo(...).

Remark 2.6.7 Our definition of lax equivalence directly implies that the local 2-forms
;" are interchanged up to (L, — d)-exact and §-exact terms

Viws =8YT0; = w! — (Lo, — d)SBT.
Similar to the bulk case (cf. Proposition 2.3.3), choosing {io =g, ﬂ? ensures that the

second condition from Proposition 2.6.5 is satisfied.

Proposition 2.6.8 The theories F%, x*F¥:=(F|™, x*0r, x*L}, Q1) and F,
A*@’lzaxzz(]:la", A*03, A*L5, Q2) are pairwise lax-equivalent.

Proof The proof is analogous to the proof of Proposition 2.3.4. O

Theorem 2.6.9 Let S%ax, i € {1,2}, be lax equivalent. Then the respective BV theories
$i (cf. Remark 2.5.6) are BV-equivalent.

Proof Letk® € Ql’;’; (€ x M) and K::fM k0 e Q?(é‘). We need to check if:

(1) ¢*, ¥* are chain maps w.r.t. the BV complexes,
(2) the cohomological classes of w; and S; are mapped into one another,
(3) x*, A* are the identity on H*(BU?}).

To prove these, we simply need to integrate the various conditions over the bulk M.
For the chain map condition, we have

9* o (Lo, — d)k® = (Lo, —d)o %k
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:>/ ¢*(Lo,k® —dich =/ (L,¢* k" — dg*ic!)
M M
= (b*EQlK = £Q2¢*K.

We can compute the transformations of w; and Sj in a similar way
P'w! =y — (Lo, —d)8B3, "L = L5+ (Lo, — Ay +d f5,
= ¢*w; = wy — ‘CQZ / 8,33,(13*51 =85+ ‘CQZ/ {20
M M

In the same manner

(x* —id)k® = (Lo, — Dhyk® +hy (Lo, —d)k®,
= (x* —idDK = LohyK+hLo K,

implying that x*, and analogously A*, are also homotopic to the identity in B0} and
as such the identity when restricted to H* (827 ), meaning that the BV complexes are
quasi-isomorphic. O

3 Examples

This section is dedicated to the explicit computation of lax BV-BFV equivalence
in three different examples. We start by presenting the general strategy in Sect. 3.1.
We then look at the examples of classical mechanics on a curved background and
(nonabelian) Yang—Mills theory in Sects. 3.3 and 3.4 respectively. Subsequently we
turn our attention to the classically equivalent Jacobi theory and one-dimensional
gravity coupled to matter (1D GR) in Sect. 3.5, and show that they are lax BV-BFV
equivalent, despite their different boundary behaviours w.r.t. the BV-BFV procedure.
Furthermore, we show that the chain maps used to prove lax BV-BFV equivalence
spoil the compatibility with the regularity condition for the BV-BFV procedure in the
case of 1D GR.

3.1 Strategy

We shortly demonstrate our strategy to show explicitly that two theories Siax are lax
BV-BFV equivalent. In practice, we need two maps ¢*, ¥* between the BV-BFV
complexes BU-BFY;

¢*
BYU-BFY] — BY-BFVS
,‘p*
which (cf. Definition 2.6.3):

(1) are chain maps,
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(2) transform 6°, L? in the desired way (cf. Eq. (18)),
(3) are quasi-inverse to one another.

In order to check the first property, we note that, as pullback maps, ¢* and ¢*
automatically commute with the de Rham differentials § and d. Thus it suffices to

show that ¢*, ¥* are chain maps w.r.t. Q; on the fields goij € .7-"1.1‘5lx
¢* Q9] = 026"l V020 = Q17 g3.

as this together with the fact that they commute with § then implies that they are chain
maps w.r.t. (Lo, — d) on BYU-BFY°®, resulting in the following Lemma:

Lemma 3.1.1 If the pullback maps ¢*, ¥* are chain maps w.rt. Q; on F;, then they
are also chain maps w.r.t. (Lo, — d) on BYU-BFY?.

Showing the second property is a matter of computation. For the third property, we
shortly present our strategy to show that x* = ¢* o ¢* is the identity in cohomology.
The same procedure can then be applied to A* = ¢* o ¥*. Recall that we need a map
hy : BU-BFYU] — BU-BFY] of lax degree —1 such that

x*—id) = (Lo, — Dhy +hy (Lo, —d). (20)

We start by constructing a homotopy between x* and id;, by finding an evolutionary
vector field Ry € Xeyo(F1) with gh(Ry) = #(R1) = —1 and defining a one-parameter
family of morphisms of the form

X:::es[(ﬁgl —d),ﬁRl]’

such that x* , = id; and lim,_, » x; = x*. Note that choosing s = —In 7 gives the

usual definition of homotopy with t € [0, 1], i.e. a continuous map F(t):= X(*, In7)

satisfying F(0) = x* and F(1) = id;. We will nonetheless work with the parameter
s to keep the calculations cleaner, changing when necessary. Furthermore, we can
simplify the term in the exponent by setting D:=[Q1, R1], since

[(Lo, =), Lr, 1 =L, Lr] = L0, R = Lby>
which results in

* _ sLp
Xs = e 7P,

Lemma3.1.2 The Lie derivative Lp, commutes with the differential (Lo, — d).

Proof Since R and Q are evolutionary vector fields, we directly have [Lp,, d] = 0.
To see that Lp, commutes with £y, we compute
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[Dy, Q11 =101, R1], Q11 = —[[Ry, Q1], Q1] = [[Q1, O1], R1] = —[Dy, Q1]
=[Dy, 011 =0.

where we have used the graded Jacobi identity and [Q1, Q1] = 0. Thus
[‘CDI ’ ‘CQI] = [’[DlsQl] =0,

proving the statement. O

We can then determine the map &, by rewriting the RHS of Eq. (20) as

o0 d o
x*—id; = —ehn = L Ly ds
0o ds 0 :

o
= fO (Lo, — d) LR, + Lr, (Lo, — d)]ds

o o
= (£Q1 - d) (/é €X£Dl £R1ds) + (/0. eSEDl ERlds> (EQI - d)’

resulting in the following Lemma:

Lemma3.1.3 The map h, : BU-BFY, — BYU-BFY] defined through
oo
hyk =/ esaDlﬁR,K ds
0

satisfies Eq. (20).

If i, converges on BU-BFYV], then x* will be the identity in the BV-BFV coho-
mology H*(BY-BFYY) as desired. For this last step, the next Lemma will be useful:

Lemma 3.1.4 Ifh, converges on Fi, then it converges on the whole BV-BFV complex
BU-BFY].

Proof Letx € BYU-BFY]. Startby redefinings = —In v witht € [0, 1], such that we

integrate over a compact interval instead of over Rx¢. Performing this transformation
results in

S 0 1 ,—In(x)Lp,
hge = / D1 L e ds = / e IMOLD L ed(~InT) = / L.
0 1 0 T

Assuming that
. oo . 1 ,—In(0)Lp, . .
hx‘p{ :f eSEny ngof ds =/ —Rl(p{ dr < o0 Vgo{ e Fi,
0 0 T
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we can show that /1, k converges on BU-BFY]. Let first « = f be alocal functional.
Writing Ry = R](p{ % then gives
¥

1 ,—In(x)Lp, 1 ,—In(x)Lp, 8
hxf :/ e—led‘E :f e— <R1§0{—f. dr
0 T 0 T S¢!

1 —In(v)Lp
e 1 - 1)
=/ ——Rig] | (e "2 —f] dr,
0 T 3¢y

where we used that x* = Lot = ¢~ MLDy g 4 morphism in the last equality.
The integral over the first integrand is finite by assumption and the second integrand
e~ () Lp, ;_fj — ¢SED) % is nowhere divergent Vr € [0, 1], since we assume x;" =
(41 (21
¢*£P1 1o be well-defined on BU-BFV?.
Consider now the local formk = fd¢; ®v € BY-BFYT, where J is a multiindex

raging over the fields and their jets, and v € Q°*(M) is a form on M. We then have

lefln(v:),CD1
hyk :/ ————Lr[fp; ® vidr
0

— 11’1(1’)51)1

1
e
- /0 Lk, f30s % [Lr,50s] @ vde

1T [ p=In@Lp,
e
0 T
e_ln(T)LDl
:Fe—ln(r)EDl fé lefﬂ] :|® vdr.

The terms in the brackets {-} are just the integrands of &, f and h,¢,, which con-
verge. Since the other terms e~ P01, = ¢ £P1g,, e MOLDy £ = LDy £ are
well-defined V7 € [0, 1] and we are integrating over a compact interval, the integral
converges and £, is well-defined on BU-BFV]. O

3.2 Contractible pairs
The simplest example we can discuss is when the cohomologically trivial fields are
nicely decoupled from the rest. This follows the procedure of [41], which we explicitly

embed in our framework by constructing suitable chain maps to fit Definition 2.3.1
(see also [3] and [5, 6, 38]). Namely, we have an action of the form

v gt ot 5ot L
Sila,v,a",v'] = $[a,a ]+§(v,v),

where (, ) is some constant nondegenerate bilinear form on the space V of the v fields
and S is a solution of the master equation (w.r.t. the fields a, a’). We want to compare
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this theory with the one defined by Sy[a, a], where we remove the tilde for clarity of
the notation.

The cohomological vector field Q; of S| acts on the fields a, atas Q1. In addition
we have

o' =v, Q=0
where we hve identified V* with V using the bilinear fom. The fields (v, v") are called

a contractible pair.
Define maps ¢, V.

d*a=a, ¢*a'=a’, ¢*v=0, ¢ =0, (21a)
via=a, y*a =a . (21b)

Lemma 3.2.1 The composition map A* = ¢* o™ is the identity, while the composition
map x* = y¥* o ¢* acts as

xfa=a, x*a'=d", x*v=0, x*' =0,

and is homotopic to the identity.

Proof One can directly check that A* is the identity. In order to show that x* is
the identity in cohomology, we define a family of maps x; = e*£01 | where D, =
[Q1, R1], and show lims_, o0 X = x*.
We choose R; to act as

Ria =0, RlaJr =0, Riv= —v?, Rlvfr =0.
We can then compute
Div=(Q1R1 + R1Q1)v=0Q1Rjv=—v = levz(—l)kv, Vk > 1,
and

Dlef = Riv = —vT, — D]var = —vT,

which yield

o0

x  k
] N g S—
Xs*v:emnlvzv—i—g FD’fv:eAv—>X
k=1 "

k
oV =0,

and similarly x* v’ = 0.
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On the other hand,
Dia=Did' =0= '“Pia =a, *Pra’ =af, Vs,

so that lims_, oo x5 = x*.
Furthermore, the map /i, converges on all the fields, as hya = h X{ff =h XvT
trivially and

o0 oo oo
hyv= / P L vds = —/ Loyt ds = —/ eSvlds = —o,
0 0 0

]

A direct consequence of this Lemma, together with the facts that $*S; = §, and
¢*w| = wy for the canonical BV forms, is

Theorem 3.2.2 The BV theories defined by S| and S, are BV-equivalent.
3.2.1 More general contractible pairs

Asin [41], we may consider a situation where S; depends on fields @, w, @', W', where
(w, w") are not a contractible pair on the nose but satisfy the condition that

(Q1w)yicg =0

has a unique solution w = w(a, a@"). We can then get closer to the previously discussed
case by defining'®

v = Qle, v =w'.
We have indeed that Qv = v and Qv = 0. Moreover, the above condition implies
that the change of variables (w, wh) > (v, v") is invertible (near w™ = 0, or every-
where if w' is odd) and that the submanifold defined by the constraints v = 0 and
v = 0 is symplectic.

The above strategy then works, in the absence of boundary, with some modifications.
Namely, the fact that now v and v are not Darboux coordinates requires modifying
the map of Eq. (21). In turn, the transformation R; will get a nontrivial action on the
fields (a, a’).

All the examples we discuss below belong to this class of contractible pairs. As we
will see, the modifications required in the case of classical mechanics and Yang—Mills
theory are minimal, whereas those required in the case of 1D parametrisation invariant
theories are more consistent—due to the fact that pairing of the v fields will depend on
the a fields. In addition, in all the examples we show how to extend this construction
to lax theories in order to encompass the presence of boundaries.

18 we may also think of this construction as the semiclassical approximation of a BV pushforward [20,
Section 2.2.2] vthat gets rid of the (w, w"') variables. Indeed, the above condition may be read as the statement
that setting w" to zero is a good gauge fixing.
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3.3 Classical mechanics on a curved background

We start by discussing the example of classical mechanics on a curved background as
a warm-up exercise. We take the source manifold to be a time interval I = [a, b] C R
and some smooth Riemannian manifold (M, g) as target. We will denote time deriva-
tives with a dot and use tildes to distinguish fields between the different formulations
of the theory.

We can formulate the theory by considering a “matter” field g € F»:=C*® (I, M),
and the metric tensor on the target will depend on the map ¢. We introduce the shorthand
notation g:=g(q). The classical action functional is given by

1. .
$1d] = / S8 dar.
1

This is usually called the second-order formulation.

On the other hand, we can phrase the theory in its first-order formulation, by
considering again a map ¢: I — M, together with an “auxiliary” field"” p e
C°(I, q*T*M) and the classical action functional

1
Sl[q,p]=/<<p,é) —zh(p,p)) dr,
1

where h:=g~! denotes the inverse of the target metric.
For ease of notation, we will introduce the musical isomorphisms

¢ TM—T*M, h*:T*M - TM
LW =g, ) @) =g ),

and clearly g” o h¥ = h' o g" =id.
‘We recall the rather obvious and well-known

Proposition 3.3.1 The first-order and second-order formulations of classical mechan-
ics with a background metric are classically equivalent.

Proof Following Definition 2.1.6, we start by solving the EL equation of the first-order
theory corresponding to the auxiliary field p, we have

5,S1lq. p] = /I<(c; — R (p)) . 8p) dr,
which results in

p=2g"Q.

19 Obviously the pair (¢, p) is amap from [ to T*M.
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Let C; be the set of such solutions and define the map ¢ : C; — F> through
*q = q. Then the restriction of Si[g, p] to C| coincides with the pullback of S; via
*

cl
1 1. . - -
S1[q,p]|cl = Silg. p = 8" @] =/15(gb(q'),é>dt =¢§1f[ Eg(q,q)dt=¢§‘152[q],

hence the two formulations are classical equivalent. O

Both of these theories can be extended to the lax BV-BFV formalism. Note that,
as there are no gauge symmetries in these models, there is no need to introduce ghost
fields. We start with the second-order formulation:

Proposition/Definition 3.3.2 The data
5em = (Falu. 03, L3, 02)

where
Fl,, = T*[-11C%°(, M).

together with 63 € QIIOC' (]—'%‘M) and L5 € Q?OC' (]—'%‘M), which are given by
03 = (G".8q)de + (3°(§). 84).

1~ P
L3 =58 gdr,
and the cohomological vector field Q> € X, (féag‘M)
~ ~F I, .. - d by 2 ~p 2
029 =0, 029" = +§ag(q,q) - E(g () — & (q),

where®® 3g:= %, defines a lax BV-BFV theory.
Proof We need to check Eq. (15) at codimension 0 and 1, namely

Lo, @y = 8L +d;, 1o,y =2dL},

1 1 1
Lo,y =6L;, Lyt @, =0.

Note that the Lagrangian only has a top-form term L] = L(l). The only nontrivial
equation is tpwy = §LY + db), since L} = 19,10, = 19, ;) = 0. We compute

L 0 __ o~ _ l~;;_1~b N Y ~
0,®; = {(02q",38q)dt = 2Bg(q,q) 78 (q)—28'(q)),d8q)dt

20 Observe that, in a local chart, we have 3g(g, §) = 8pg,vG"q", while (%gb)((}) =q¢"3pguvdtq”.
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SLY = ~83(§. ¢)dt + (84, §)dt

.. d . . d . .
(0g(q,q),8q)dt + a(é(éi, g))dt — E@(‘Sé’ q)dt — g(8q, g)dt

N = N —= ] =

dt
~b, 2 ~ | S d ~b, 2 b, ~

= —d(87(q). 89) +{5098(q.9) — —-&(q) = §°(q)). 64 ) dt

= —d921 +LQ2w20,
where we used |d¢| = —1 and |§g| = —1.

In the case of the first-order theory, we have the lax BV-BFV theory:
Proposition/Definition 3.3.3 The data
icw = (Fidu. 01, LY. Q1)
where
Figw = T —11(C>U, M) x C¥(I, M),

together with 07 € Qlloc' (f}‘g‘M) and L € Q?(;C' F}%‘M), which take the forms
0 = (la", 8g) + (p", 8pN)dr + (p, 5q),

. 1
LY = ((p, q) = 5h(p, p)) dr,
and the cohomological vector field Q1 € X¢po (F {‘g‘M)

. . 1 4 .
Qig=01p=0, Qig"=—p—39h(p,p), Qip' =4 —h(p),

with 0h:=8h/8q, defines a lax BV-BFV theory.

.. . d . .
(08, q), 8¢)dt — d(8°(q), 8G) — <—gb(q~>, 8q~>dr —(8"(¢)), 8q)dt

Proof Again we need to check Eq. (15) at codimension 0 and 1. Explicitly we have

to, @) =8LY) +4db}, 1p,10,@) =2dL},
1 1 1
tg,wy =08Ly, to;tg, @ =0.

As in the second-order theory, the Lagrangian only has a top-form component. The
only nontrivial equation is .pw| = §LY+d6], since L| = 1g,10, @) = 19, m| = 0.

We compute

Lo, @) = (0147, 8q) + (Q1pT, 8p))dr
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1
=- <P + Eah(l?, p), 3q> dt, +((g — h*(p)), 8p)dt,

1
SL) = <<p, 3q) (0h(p, p), 861)) dt + (G — h¥(p), 8p)dt

2
d ! -

= d—t<p, dq)dt — (p + Eah(p, p),8q)dt + (g — h*(p), dp)dt
= —d91l +LQ1w10.

O

We now present the main theorem of this section, together with an outline of its
proof.?! The computational details and the various lemmata are presented afterwards.

Theorem 3.3.4 The lax BV-BFV theories Sllag y and Sllacx v Of the first-order and
second-order formulations of classical mechanics with a background metric are lax
BV-BFYV equivalent.

Proof We need to check all the conditions from Definition 2.6.3. The existence of
two maps ¢, ¥ with the desired properties is presented in Lemmata 3.3.5 and 3.3.6
respectively, where we also show that the pullback maps ¢*, ¥* are chain maps w.r.t.
the BV-BFV complexes BU-BFY?, and that they map (67, L}) in the desired way.

Furthermore, we need to show that the respective BV-BFV complexes are quasi-
isormophic. The composition map A* = ¢* o ¥* is shown to be the identity in
Lemma 3.3.7. In Lemma 3.3.8, we prove that the composition map x* = ¢* o ¢*, is
homotopic to the identity by following the strategy presented in Sect. 3.1.

In Lemma 3.3.9, we demonstrate that x * is the identity in cohomology by showing
that the map

. o .
hyol = /O 0 Lyl ds

satisfying x* —id; = (Lo, — Dhy + h, (Lo, — d) (cf. Lemma 3.1.3) converges,
therefore proving that the two lax BV-BFV theories in question have isomorphic
BV-BFV cohomologies

H*(BU-BFVicm) = H*(BUV-BFVacm)

and thus that they are lax BV-BFV equivalent. O
Let us now look at the computations in detail. We start with the chain maps:

Lemma3.3.5 Let ¢ : f%‘M — fing be the map defined through

o*q =4, ¢*p=9¢"p=28"Q),

21 For a similar conclusion to the one presented here, see [38, Section 3.2] Our method allows to additionally
construct explicit chain maps that implement the quasi-isomorphism.
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T

¢o*¢" =q", ¢*pi=0.

Its pullback map ¢* is a chain map w.r.t. (Lo, — d) and maps the lax BV-BFV data
of the first-order theory as

¢*0r =05, ¢*L} = LS.
Proof To check that ¢ is a chain map, we compute

$*01q = ¢*(0) = 0 = 02§ = 029"q,
¢*01p = ¢*(0) = 0= 02(8"(§) = Q20" p,

* ';“_ * _'_lah( )__d("‘b(’:' _1aﬁ"‘b:‘ "‘b(’:’)
¢ 019 —¢<p 3 p,p>— 7@ 9)) 3 & (@).8(q)

d . = shox Ppipr ~F * 1
=2 @)@ - & @ +508G.9) = 024" = Q267q",

¢*01p" = ¢*(g — h*(p)) = 0= 020*p’

Together with Proposition 3.1.1, this shows that ¢* is a chain map w.r.t. (Lo, —d). In
turn, ¢* acts on 67, L as

9*0t = 9" ((a".8a) + (P 6p))dr + (p, 30)) = (@, 60} + (2°(@), 83) = 03,
1 .o 1. . .
$°Li=9¢" (<p, q) = 5h(p. p>) dr = (g(é, 9 = 5h@ @), gb@)) dr

1_ . - .
= Eg(q,q)dt =Lj.

Lemma3.3.6 Lery : f}%‘M — ffg‘M be the map defined through

*~ *~F T_l T T_i b st
Vvig=q, ¥vqg'=¢q 23g(p,Q1p) dt(g(p))+3g(q,p)

Its pullback map ™ is a chain map w.r.t. (Lo, — d) and maps the lax BV-BFV data
of the second-order theory as

Y03 =07 + (Lo, — BT + 817, YL = LT + (Lo, —dig, BT +dff.

where
o _ 1ot syt t e_ Lo 0t
Bl = Eg(p ,ophdt +g(p'.8q), ff = —Eg(p , Q1ph)de.

@ Springer



25 Page 34 0of 91 F. M. C.Simao et al.

Proof The only nontrivial calculation that is needed to check whether v* is a chain
map w.r.t. (Lo, —d) is 01v*G" = ¥*01G". We compute

szt _ oot Lo + N PP NS t : +
01v"q' = Qiq zag(Qm,le) g (01p") — () (Q1p")+3gq, Q1,p")

1 1 1
=—p—50h(p.p) — 584, 4) — Eagwﬁ(p), h*(p))
+0g(q, h*(p)) — &" (G — h*(p) — h*(p))
— 8" (g —n*(p)) +0g(d, §) — dg(g, h*(p))

1 .,
=—£"G) — ") + 59804, 4) = V025"

where we used ¢°(h*(p)) = —g"(h¥(p)), in virtue of the fact that g” o h? = id.
Let AG3:=y*03 — 0F and ALS:=y*L5 — L. We need to check whether

AOY = Lo, B) —dBl + 517,
A0} = Lo Bl + 517,
ALY = Lo,i0,B) —dig, Bl +df}.

Recall that we only need to compute ALY, as AL’; for k > 0 are determined through
A3 (cf. Proposition 2.6.5, Remark 2.6.6). Furthermore, note that fl1 =0.

Computation of A@g: For the first equation, we compute
A6Y = y*((g", 8q)dr) — (g7, 8q) + (pT, sp))dt
1 d
= [<qT — 598" 019" = (51 = (&P + 5. PN 4. sq>
~(p',6p)] e
1 d
= [(—Eaguﬂ, 01pH -8 ("~ E(g%(p*) +0g(d. p"). 8q> —(p", 8p>] dr
1 1 1
Lo, 8= Lo, <5g(1ﬁ, 6p*>dr) = [§g<Q1pT, sph)+ Eguﬂ, 8Q1p*>] dr,
d . . PR
apt =i (3", 50)) = [ 60) + 55" 80) + 8 (p" 50 ] .
1
5f0 =6 (—Eguﬂ, leT)dt)
_ [+1<ag<p*' 01p").89) — Lept. 01pH) + Le(p' aQuﬂ')] di
2 ’ ’ 2 ’ 2 ’ ’
Using
80197 = 8(G — h*(p)) = 8¢ — (3h*(p), 8q) — h* (8 p),

g(, (3R*(), 8q)) = —(dg(-, h*()), 8q),
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the last three terms together yield

1 + 1
Lo, B —dpl +of) = 28(Q1p".5p") + 52(r. 501
+ 1 +
= [sr".8010") — 5" 80) — 5. 89) = (b, 89 + 5 (08P, Q1pT). 890 Jar
= [s 5@ — 5" (0h%(p). 80)) — g (pT ¥ 0p)) — &' 6) — g (" 59)

1
— 259 + 5 08(p", Q1p).50) Jar

1 +
= 0g(p" ¥ (p)). 09) = (b, 6p) = 3", 80) — 35T, 8) + S (05(pT. Q1 pT).89) Jar

1
= 0s(p".q = 01pH = &N = 3N + S 08", Q1p").89) = (p. ) ar

1 . b, F .
= <—§<ag<p*, 010" + 35" ) =& (P") — " (51, 8q> —(p.op)]dr = A6f.
Computation of A6’21: In this case, we have

AGY = ¥*((8°(3), 89) — (p.8q) = (&"(G — h*(p)), 8q) = g(Q1p", 89),
Lo Bl = Lo, (g(pT,qu)) =¢(01p", 8q),
sfi =0,

thus showing AGQI = EQI,BI1 + 5f11.
Computation of AL(Z): For the third equality, we compute

1. . - ) 1
ALY = y* (58(% q)dt) — ((p, q) — Eh(p, p)) dr
| ) 1
= [Eg(q, q) —(p,q) + zh(p, p)] de,
1
EQthlﬁ? = Lg,t0, <§g(PTa 5PT)dt>

1 1
=-g(Q1p", Q1pHdr = 58 - " (p), ¢ — h*(p)), dt

2
.. ) 1
= [Eg(q, q) —{p.q) + Eh(p’ p)] dt,
dig, Bl =d (g(pT, qu)) =0,
dfi =o,

as desired.
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Lemma 3.3.7 The composition map .* = ¢* o y* : BY-BFY; — BYU-BFY; is
the identity

Vi=q, 23 =q"

and as such the identity in cohomology.
Proof Using A* = ¢* o ¥*, we have
MG =" oyt =9"q =4,
2q" =9 oy (@

1 d . .
=¢* (cﬂ = 508", 01" = £ (P1) = (@ (D) + 02, p*))) =gt

as ¢*p’ = 0. O

Lemma 3.3.8 The composition map x* = y*o¢™ : BU-BFY] — BYU-BFY] acts
as

*

x*a=q, x*p=2g@:,
. .1 ) d )
x*q"=q" - Eag(pT, 01pH) —g"(p") - E(gb)(p*) +dg(q, pH, x*p'=0.
and is homotopic to the identity.
Proof By definition x* = ¢* o ¢*. Then
x g =v*od*(q) = ¥*q,
X*p=v*o¢*(p) =¥ @ ==v*E @) =g @),
x*q¢ =y o9*(q") =v*q’
1 ) d .
=q - Eaguﬂ, 01p") - " (pH) - E(g”)(p*) +3g@. p",
X*pi =y og*(ph) = y*(0) =0.

In order to prove that x* is homotopic to the identity, we first compute x = e,
where D1 = [Q1, R1], and show lim;_,» ;" = x™*. We choose R; to act as

Rig=0, Rip=g"(p"). Rig"=0, Rip'=0.
For g we have

Dig =[01, R1lg =0,
N esﬁplq =gq,
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= lim €'“Pig = q = x*q.

§—>00

For p:

Dip=0iRip=01E" () =g -

= D%p =Di(g(§)— p)=-Dip=—(&"@) — p),
Dfp=—(-DXg"@ —p) fork=>1,
= ¢*FPip = p+2 k,D'fp P Z—(g @) = p)
-~ (e—f (L)) —p)
= lim ¢"“?1p = g"(p) = x"p.

For pT:

Dip' = RiQ1p'=Ri(g — ¥ (p)) = —h* (" (p") = —pT,
= DipT = (=Dfp"  fork >0,

_o\k
= P pt = p +Z D’fl’T—IH‘ZuP =e'pf

= lim ¢*“P1pt =0 = x*p'.

§—>00

For ¢

T T o1 _ 4y be t
Dig"=RiQ1qg'=—Ri|p+ Zah(p, p)= dt(g (p") —0oh(g (p"), p)
=—¢"(p") — (" — dh(p. & (p"))

=—-"(p"H - " (p"H — 8g(01p", p") + 0g(4, p"),

where we used p = gb(c} — QpT), and 8h(gb(-), gb(-)) =—3dg(-, ).
We see that

. . S . d
Di(¢"(pH + " (p") — dg(q, p")) = & (D1p") + g“(Ewuﬂ)) —dg(q, D1p")

=-"(PH+¢"(p"H - g, p)),

so that, for all k > 0

DY (pH +8"(p") — dg(q, p1)) = (=DX " (p") + & (pT) — dg(q, p))

@ Springer



25 Page 380f91 F. M. C.Simao et al.

and (recalling that [D1, Q1] = 0)
Dy (3g(p", 01p") = dg(D1p", Q1p") +dg(p", 01D1p") = —205(p", 019",
we have
Df@g(p’, 01p"N) = (=2 ag(p". Q11"
for k > 0, which ultimately yields

Drq" = D@ (ph) + (6" — dg(g, pT)) — DI N Bg(pT, 01p7)
= (=D pH + " (pN) — dg(g, pT)) — (=" g (pT, 01p")

. 1
= (—D*E"(PH + " (") —ag@d, ph) + 5(—2>k(ag<p*, 0ip")
for all k > 0, so that

1
eEoigt =gt + € = D@g(p". 01p")
+ ™ = DE"(pH - BN +dgd. pH)

| 1 e .
lim 214" = g7 — ~(@g(p’, 01p")) — PN + (BT — g, pH) = x*p".

§—> 00 2

All in all, the homotopy x.* takes the form

Xsq=q,
Xip=ep—(c - g’ @),

1 _ _ . . .t
xfq" =q"+ 5 2 —1agp’, 01pN) + @ = DE PN - B + 8@, ).
wpt = pl,

and clearly satisfies lim;—, o x5 = x*. O

Lemma 3.3.9 The map x* is the identity in cohomology.

Proof We have to check whether the map /, converges on F }"C"M, namely
) o0 . .
hyo!l = / ePIR gl ds < 00 Vol € FIE,,.
0

As{q,q", p'} € ker R| we have

hyqg=0, hyg' =0, hyp' =0.
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For i, p' we compute

o0 o0 . o0
hyp = / £ Ry pds = / Lo (g (pT))ds = gb(p')/ e ds = g"(p"),
0 0 0

thus, by Proposition 3.1.4, h, converges on BU-BFYV] and x* is the identity in
cohomology. O

3.4 Yang-Mills theory

We now look at the example of (nonabelian) Yang—Mills theory. Let (M, g) be a
d-dimensional (pseudo-)Riemanian manifold and G a connected Lie group with Lie
algebra (g, [+, -]1), endowed with an ad-invariant inner product, which for ease of nota-
tion will be denoted by means of an invariant trace operation22 Tr[-]. As we consider
two formulations of Yang—Mills theory, we will use tildes to distinguish the fields
between the two. We point out that an alternative proof of the equivalence of first-
and second-order formulations of Yang—Mills theory has been given in [54] using
homotopy transfer of Ao-structures. We will give here an argument that is different
on the surface, but which is compatible to their results. However, we stress that our
analysis also includes a comparison of the boundary data of the first- and second-order
formulations.

We can phrase the theory by considering connection 1-forms A € Q'(M, g), with
curvature F i and the classical action functional

~ 1~ -
S$H[A] = / Tr [EFA*FA] .
M
This is often known as the second-order formulation.

Alternatively, one can phrase the theory in its first-order formulation, by considering
an additional “auxiliary” field B € Qd_z(M , @) and the classical action functional

Si[A. B] :f Tr [BFA . E—SB*B],
p 2

where e, = %1 denotes the signature of g.

Proposition 3.4.1 The first- and second-order formulations of Yang—Mills theory are
classically equivalent.

Proof Solving the EL equations of the first-order theory w.r.t. the auxiliary field B
gives

6gS1[A, B] =/

Es Es
Tr [aBFA — 5 5BxB — —B*SB]
p 2 2

22 For a better nonperturbative behaviour, one usually requires G to be compact, in which case one uses
the Killing form as the invariant inner product. This is the motivation for using the trace notation.
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= / Tr[6B (Fp — es%xB)].
M
Let C; be the set of solutions of F4 = ;% B, or equivalently
*Fy = g4°B = 2(—1)?@"2B = B,

where we used *2 = & (- 1)k(d k) when acting on k-forms, and let ¢.; : C1 — F> be
the map defined through ¢, A = A.Then

2
1
S1 2/ Tr|:*FAFA—8—S*FAFAi|=/ Tr|:—FA*FA]
C1 M 2 M 2
" 1~ - o
=¢y | Tr EFA*FA = ¢ 2 Al
M
showing that the two theories are classically equivalent. O

Both first- and second-order formulations of Yang—Mills theory can be extended to
lax BV-BFV theories as follows. As the symmetries of the theory are given by a Lie
algebra g, we can follow the construction of Example 2.2.5.

Proposition/Definition 3.4.2 ([19, 47]) The data
S3u = (Fa¥u. 03, L5. 02,
where
Fiw =T -11Q' M, g) & Q°(M, 9)[1]),
together with 03 € Qloc (.7-'1YM><M) and L3 € Qloc (}'IYM X M), which are given by
03 = Tr[A10A + &0 + 8AF; + ATse ++F z0¢]
1~ - ~ 1, ~ 1 -, 1 -
L= Tr [EFA*FA + ATd e+ ST &) 4 Fydge + S ATE 6+ SxF51E, 5]] ,
and the cohomological vector field Q) € Xy (}'gi‘M)
~ 5 B |
02A =d;c, Qac= E[C’ cl,
02AT = dixF; +[6,AT], 026" = d; AT +[¢,¢M,
defines a lax BV-BFV theory.

In the first-order formulation we have:
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Proposition/Definition 3.4.3 ([19, 47]) The data
Slla))’(M =( %a)}M’el.’ LY, Qv),
where
Fiy = T =11(Q' (M, 9) & Q/2(M, g) & "M, g)[1]).

together with 67 € Qlloc'( %%}‘M) and L} € Q?OC' (f{YM) which take the form

or =Tt [A*&A + BTSB + c'sc + BSA + ATsc + Bac] :
. £ t t 1+
LY =Tr BFA—EB*B+A dac+ B'[c, B]+§C [c, c]

1 1
+ Bdac + zAT[c, c]l+ EB[c, c]i|

and the cohomological vector field Q1 € Xy (f%YM)

014 = dac, 01A" =dsB +1[c, AT,
Q1B=Ic,Bl, QiB"=Fs—exB+I[c, B,

1 .
Qic = sle.cl, Q1" =daA" +[c, "1+ [BT, B,

defines a lax BV-BFV theory.

We now present the main theorem of this section, together with an outline of the
proof. The computational details and the various required Lemmata are presented in
“Appendix A”.

Theorem 3.4.4 The lax BV-BFYV theories SlaxM and Slzaf;M of the first- and second-
order formulations of nonabelian Yang—Mills theory are lax BV-BFV equivalent.

Proof We need to check all the conditions from Definition 2.6.3. The existence of
two maps ¢, ¥ with the desired properties is presented in Lemmata A.1.1 and A.1.2
respectively, where we also show that the pullback maps ¢*, ¥* are chain maps w.r.t.
the BV-BFV complexes BU-BFY;, and that they map (67, L?) in the desired way.
Specifically, ¢ : ff}}‘M — ]-"%Y )y 1s defined through

P*A=A, ¢*B=xF;, ¢*c=¢,
¢*AT = AT, ¢*BT =0, ¢*cf =&l
and maps the lax BV-BFV data of the first-order theory as

907 =03, #*Li=13,
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whereas v : -7:}%/1 — f;a;}‘M is given by
YrA = A, Yt =c,
YrAT = AT —daxBt, yrEt=cf - %[B"', *B'],
and maps the lax BV-BFV data of the second-order theory as
Yr03 =07 + (Lo, —DBT + 87, YL =LY+ (Lo, — g, B +dfT.

where
. L o8B + +B i . Lot
BT =Tr| B'xB" ++BT8A +«B'sc|. [ =Tr| BB —+Fy)

in accordance with our notion of lax BV-BFV equivalence. Note that fl1 = f12 =0.

Furthermore, we need to show that the respective BV-BFV complexes are quasi-
isormophic. The composition map A* = ¢* o ¥* is shown to be the identity in
Lemma A.1.3, which follows directly from ¢*BT = 0. In Lemma A.1.4, we prove
that the composition map x* = ¢¥* o ¢*, which has the explicit form

x*A=A, x*AT= AT —ds«B',
X*B=xFa, x*B'=0,
__ | ¥
X*C=C, X*C{ =ET_§[BI7*BI]7
is homotopic to the identity by constructing the morphism . = e*£01 with D =

[R1, O1], where R; is chosen to act as

RIA=0, RAT=0,
RiB=x*B", R/B'=0,
R]C:O,R1CT=O.

The homotopy is explicitly given by

XIA=A, xfAT=AT 4+ (e — 1)darB’,
XB=eB— (e —1)xFs, x!B'=e BT,

. 1 )
Xic=c¢, xric'= c+ §(e72A — DB, xB™.

and fulfils lims_, o x5 = x*. In Lemma A.1.5, we demonstrate that x * is the identity
in cohomology by showing that the map

o0
' ' ' 1
hx‘/){ :/ eMDIERH"de ‘Pi/ € Fiyms
0
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satisfying x* —idy = (Lo, — d)h, + hy (Lo, — d) (cf. Lemma 3.1.3) converges to

hyA=hyA" =hyB" =hyc=h,c" =0,
hyB =xB",

therefore proving that the two lax BV-BFV theories in question have isomorphic
BV-BFV cohomologies

H*(BU-BFViym) = H*(BU-BFVoym)

and thus that they are lax BV-BFV equivalent. O

3.5 1D reparametrisation-invariant theories

In this section, we compare two one-dimensional reparamentrisation invariant theo-
ries, namely Jacobi theory, which one can think of as classical mechanics at constant
energies, and one-dimensional gravity coupled to matter (1D GR). For an in-depth
discussion of these theories we refer to [26]. We recall that the motivation to inves-
tigate the equivalence of these two theories is that, even though they are classically
equivalent, 1D GR is compatible with the BV-BFV procedure while the Jacobi the-
ory is not and yields a singular boundary structure. Firstly, this raises the question
whether this boundary discrepancy is reflected at a cohomological level. Secondly,
this discrepancy in the boundary behaviour is also present in the classically equivalent
Einstein—Hilbert gravity and Palatini—Cartan gravity in (3+1) dimensions, where the
latter is incompatible with the BV-BFV procedure. Our hope is that the comparison
and analysis of these toy models might shed light in the question of equivalence of the
(3+1) dimensional theories.

We take the base manifold to be a closed interval on the real line M = [ =
[a, b] C R with coordinate ¢ for both theories, which should be interpreted as a finite
time interval.

In the case of Jacobi theory, we consider amatter fieldg € I'(R" x I) = C*°(1, R")
with mass m. The kinetic energy is taken to be 7(q) = %Hé”z where || - || is the
Euclidean norm on R” and é = 0,q is the time derivative of g. Let E denote a
parameter and V(g) a potential term. We do not assume E = T(g) + V(g). The
Jacobi action functional takes the form

Sslgl = /2\/(E — V)T dr.
I
To see that S; is parameterisation invariant, note that writing
ds* = 2m(E — V) dg>

lets us interpret the Jacobi action functional as the length of a path in the target space R”
with metric ds?. As such the symmetry group of Jacobi theory is the diffeomorphism
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group of the interval Diff(/), i.e. the reparameterisations of /. The critical locus of S
is then given by the geodesics of the metric ds?, which are the trajectories of classical
mechanics with an arbitrary parameterisation [26]. Imposing E = T(g) + V(q)
allows us to recover the standard parameterisation. We set V (g) = 0 for the rest of
the discussion. The EL equations can be shown to have the form

3 (@mq) =0,

which are singular for é = 0. As such, the space of fields for Jacobi theory is not
C®(I,R™) but rather

Fr= {q” € C®(IL,R") | §(t) £ 0Vt € 1].

We can then interpret Jacobi theory as classical mechanics at constant energies where
the solutions do not have turning points, i.e. points in which the first derivative vanishes.

In the case of 1D GR [26], we also consider a metric fieldg € I’ (S_2|r T*I) as anon-
vanishing section of the bundle of symmetric nondegenerate rank-(0, 2) tensors over
1. For simplicity, we writeg = g d¢? and work with the component g € C°(1, R.).
The space of fields is given by

Fer = F; ® C¥(1,R-p).

The condition ¢ # 0 in Fj is strictly speaking not necessary in the 1D GR case, but
we are ultimately interested in comparing 1D GR with the Jacobi theory and therefore
impose it for consistency. In this picture, we can interpret 1D GR as an extension of
Jacobi theory. We consider the action functional

SGR[q,g]=/I<§+E> ﬂdz:/{(%Jr@E) dr.

Note that the Ricci tensor vanishes in 1D and hence the Einstein—Hilbert term is
absent. The first term in Sg g is simply the matter Lagrangian for vanishing potential
in the presence of a metric field and the second is a cosmological term. As such we
interpret the parameter E as a cosmological constant. Since we are integrating over
the Riemannian density ,/g dt of the metric ds? = gdr?, the symmetry group is again
Diff(1).

Proposition 3.5.1 ([26]) Jacobi theory and 1D GR are classically equivalent.

Let us now turn to the lax BV-BFV formulation of Jacobi theory. We first need to
introduce the ghost field, which in case of diffeomorphims invariance is chosen to be
é dr € X(I)[1] [49]. In this setting, the Chevalley—Eilenberg operator acts on the fields
as the Lie derivative yy = Eg 5 and on the ghost as the Lie bracket of vector fields (cf.

Example 2.2.5). We work with the component § € C*(1, R)[1] for simplicity.
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Proposition/Definition 3.5.2 The data
B = (FP™,05. LS. Q))
where
FP = T*[-11(F; & C®°U, R)[1)). (22)

together with 05 € Ql"(]:?x x1I)and L € Qo”(fbax x 1), which are given by

loc loc

03 = (3" 85 +& ok |dr + @mé -84 +q7E - 5q —§TE8E,

L= [2«/ET +GtoEG+ é*éé] dr.

and the cohomological vector field Q j € Xepo (F lflx)

defines a lax BV-BFV theory.

Proof 1t is a matter of a straightforward calculation to check that the formulas above
satisfy the axioms of Definition 2.5.5. O

Remark 3.5.3 Note that we can explicitly decompose the cohomological vector field
Q into its Chevalley—Eilenberg and Koszgl—Tate parts as Qj = y; + 8, by using
Eq. (4) and setting y; = Q; — 8y on {GgT, £*}. We have:

~ P £ ~ E .-
vigm =&qt +&qT, 8,67 =—0, (V Tm‘IE> ,

yiEt = §§+ + 2§§+, 8T =—-G"-q.

As ¢ is a function and £ is the component of a vector field, defining g and £t
through Eq. (22) lets us interpret them as components of tensor fields in Q°P(]) ®
C®°(I,R"[—1] and QP(1) ® QP(I)[—2], respectively, or rather as components
of a rank-(0, 1) and a rank-(0, 2) tensors over /. As such we see that the Chevalley—
Eilenberg differential also acts as y; = L, on (gt &ty

In the case of 1D GR we have

Proposition 3.5.4 The data
T = (FE% 08k Lr- QGr)
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where
F& = T*I1(F; ® C®R=0) ® CX(D[1]).

together with 6, € Q]IOC' (]—"gﬁ xI)and Lg,, € Q?(;: fg} x 1), which are given by

. mq
0ok =[a" - 8q +ET8E + gtogldr+ —=-8q+qTE 8q
Ve
+gTEsg — gt g +£TE)SE,

T . . T
GrR = [ﬁ +VBE+q" - £G+gT(Eg +2g8) + E*EE} dr + (E - E) V&

and the cohomological vector field QGgr € Xevo (fg})

=£§, Ly +>,
OGrq = &4, QGrq t<ﬁ qré

QGrg = £&+26g, Qcre™ =EL, +Eg+ —ég™,
QGréE =64, QGrET =—q - g+gtg+28Tg+&ET + 2867,

with

5S E T
ELy:=2"9%

sg 27 2837

defines a lax BV-BFV theory.

Proof 1t is straightforward to show that these formulas satisfy the axioms of Defini-
tion 2.5.5. O

Remark 3.5.5 As in Jacobi theory, we can decompose the cohomological vector field
as QGR = YGRr + SGr. We have

gty fat + mq
YGRY =§q" +§&q", dGrqT = —0; (—) ,
NG

vorgt =8 —Eg" Sorgt =ELg,

vorET = EET +285T, Sorét = —qt g+ g+ 28T
Similarly to the Jacobi case, g+, g™ and £ are components of tensors in Q°P(/) ®
C®(,R"H[-1], F[—l](SiT]) ® Q°P(]) and Q°P(]) ® QPP (I)[-2], respectively,

or rather components of a rank-(0, 1), a rank-(2, 1) and a rank-(0, 2) tensors over 1.
Therefore, we again have yggr = Ley, on {g+, g7, 1}

Before presenting the main theorem of this section, we need to introduce some
useful notation. Let v € C*°(I, R") be a R"-valued field and let u = ¢/||¢|| denote
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the normalised velocity of g. Note that u is always well-defined because we assume
g # 0. We can then decompose v = v + v into its parallel vj and perpendicular v |
components with respect to u as

¥ ”2 =G v)%,
. 23)

— v — (4 —— (.
vy=v—w-vu=v—(q U)ZT’

vy=w-vu=(G- -v)—sy

where we used that 7' = 75 g3

We now present the main theorem of this section, together with an outline of the
proof. The computational details and the various required Lemmata are presented in
the “Appendix B”.

Theorem 3.5.6 The lax BV-BFYV theories Slg" and Slax of 1D GR and Jacobi theory
are lax BV-BFV equivalent.

Proof We need to check all the conditions from Definition 2.6.3. The existence of
two maps ¢, ¥ with the desired properties is presented in Lemmata B.2.1 and B.2.2
respectively, where we also show that the pullback maps ¢*, ¥* are chain maps w.r.t.
the BV-BFV complexes BYU-BFY;, and that they map (67, L?) in the desired way.
Specifically, ¢ : .7-'5&" — fg",‘e is defined through

* ~ * T
$a=q. $8=_. ¢*E =&,
¢*qt =", ¢'gt =0, ¢ET =¢".
and maps the lax BV-BFV data of 1D GR as
P0G =05, ¢"Lgp =
On the other hand, ¥ : fg‘} — fllax is given by
VG =4q.
VE =,
wst+ 32 + +5 omg g ,+1 M4
vrar =n"" ey — g7 e+ 28" e] 55 — = [Bleg” —ELgd "] ).

- 2m . .
vrgh=n? <qI + 7g+fu> :

P 3/2 83/2
YrRET = (s* + g‘+g+) :
where 7: —— , and maps the lax BV-BFYV data of the Jacobi theory as
V07 =05k + (Logr — DBGR +0/Gr-
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YLy = Lgg + (Logr — DigerBGr + AR

where (writing x® = «°dr + «!)

47/ 2¢° 23
0 _ +5o+ 32 + .+
=— Tg™s = e -8
GR o2 1898 + Q +1n £ )g q| - 0q
487/2 ; g3/2 mg mg
T —n322 ) otet—L .5g — (nP? — DT — . §¢q,
+<Qz n E)ggZT qg— )§ o7 %4

32
gtmg - 8q,

2g
Bir = §Ber +
2g3/2
0 +
:2 —_T )
fGr g (g ) )
f(l;RZEngv

with Q = ,/gT + g\/ﬁ , in accordance with our notion of lax BV-BFV equivalence.

Furthermore, we need to show that the respective BV-BFV complexes are quasi-
isormophic. The composition map A* = ¢* o ¥* is shown to be the identity in
Lemma B.2.3. In Lemma B.2.5, we prove that the composition map x* = ¢¥* o ¢*,
which has explicitly form

x*q=gq,
x'E =&,
T
*o —
Xe =4
. 3/2 .
* + _ 3/2 + _Tots 26t ﬂ_g EL + _EL '+ﬂ
x*q =n <q| [¢78 +28"¢] T — 5 [ElLgsg €157 )
2m .,
x*ql =n*? (qi + ffcu) ,
3/2
g7,
X*é+:n3/2 <E++Tg+g+>’
x*gt =0,

is homotopic to the identity by constructing the morphism y; = e*£r6r with Dgr =
[RGr, OGRr], where Rgg is chosen to act as

_283/2 .
RGrg =0, RGgré§ =0, Rgrg= 78
3.8 mq
RGRqﬁr = _T\/_ELgerﬁ, RGrET =0, Rgrgt =0,
3V8 4.
Rerqf = T\/_fﬁqj
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The homotopy is given by
X5q=q.
X €=,

T
x;g=e’g+(1- e‘s)—,

* o+ __ 8 32 ++(€—S 12 —3/20. Z —
Xsd) = _Xs*g q 8 E

) 3 mq
2s 3/2 . 3/2
+ -1 o EL,) —,
(e )E (8 3T >

3/2
g _
xiql = ( *g> (qI — (e - 1)—q¢g+)

where o (¢) = ¢9;(g3/?g1) — ¢g3/?g™, and fulfils lim,_, o X5 = x*. There are some
steps that are important to highlight in this case. First, in Lemma B.2.4, we show that
R r commutes with the Chevalley—Eilenberg differential y z>>

[RGr, Yor] =0,

by using general arguments and ygr ~ Lgp,, but it can also be checked through
straightforward calculations. We do this as it greatly simplifies the computations since
Dgr = [RGRr, Ocr] = [RGR, GR].

Furthermore, while the computations for the action of x;" = ¢*£PGr on the fields
¢ € {q, &, g}is analogous to the ones presented for the other examples, it turns out that
in this case of the antifields o+ € {g™, £T, g™} finding a recursive formula for D, ,
is quite challenging. Instead, it is easier to take a slight detour: We first compute

x;(g%%¢") through DX . (g3/?¢™) and then use the property that x; = e EoGr is a
morphism in order to recover o™

32
X @) = (ko) xiet
.+ X&) x5 (83 2p™) ”
< X9 = (g ~ TN13/2 24)
X8 [s+ ™ =D(g—F)]
The limit s — oo then reads
32

lim x; ot (—) lim X;"(g3/2go+). (25)

§—> 00 T s—>00 "

23 Note that this is also the case in the Yang-Mills example.
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Since x;g is nowhere vanishing for any s € Rxq, this expression is well-defined
Vs € Rsq iff x*(g%?¢™) is well-defined Vs € R as well.

We exemplify this procedure with the computation of xg™. In order to see where
the aforementioned problem arises, we compute

N N SEL,
DGrg™ = (86rRRGR + RGRSGR) § = Rgr(ELg) = FRGRg

B E_ 3T —2¢%% . (1 3T\ |
"\ T agr) T E ¢ T\ k)8

One can then proceed with the calculation of D’é z& " for higher k’s and notice that the
expressions become quite lengthy as Dgrg = T /E — g (Eq. (43)). The idea to avoid
this complication by considering Dlé R(g3/ 2g™), where a recursive formula becomes
apparent. We have

3
DGr(g*?s™) = Z¢'?Dgreg™ + 8 /*Dore™

2
_3apn (T +oan(l 3TN 4+
=38\ g 8)e e (505 )¢
_ g2t

It is then straightforward to see that

DE R (g¥%gT) = (=¥ g*?gT fork >0,
= ¢"L06r (g¥2gF) = =5 g¥2g |

Using Eq. (24) we then have

The computations for g, £ are lengthier and can be found in the “Appendix B.2”.
In Lemma B.2.6, we demonstrate that x * is the identity in cohomology by showing
that the map

o0
hy @’ =f eSLDGRLRGRgofds, @’ GflGa},
0

satisfying x* —idgr = (Losg —Dhy +hy (Logr —d) (cf. Lemma 3.1.3) converges
to

hyqg=hy&E=hy 6t =h,g" =0,
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2632

hyg=— ,
x8 Eg

3/2 i 3p—2yn—1g32 '
(1 = n*?) |:$++8E gt +:|ﬂ m—2yn—1g7" . L mg

hyqit ,
x4 2T ()2 Ty

2 n
hoot =2 +1 325+ ,F
4L T(ﬁ—l—l )g £ 41

therefore proving that the two lax BV-BFV theories in question have isomorphic
BV-BFV cohomologies

H*(BU-BFV,) ~ H*(BUV-BFVsr)

and thus that they are lax BV-BFV equivalent. O

In this example, we are also interested on how the composition maps A*, x* affect
the boundary structure, namely the strict BV-BFV structure of the Jacobi theory and
1D GR. More specifically, we want to investigate how they change the kernel of the
pre-boundary forms @ and as such the quotient 7% = Fo / ker @ (cf. Eq. (12)).

In the case of A*, this is trivial since it is the identity. Regarding x*, we argue
that ker x *wgg has a singular behaviour and that we cannot construct a BV-BFV
theory from the data X*Slg’kzz(}"g}, X*0% s X L s QGr)- Thus, although x*
the identity in the BV-BFV cohomology H*(BU-B35Usr), it spoils the BV-BFV
structure of 1D GR.

Theorem 3.5.7 The lax BV-BFV theory X*SIGZ"}?::(}'E";Q, 05> X LR QGR) does
not yield a BV-BFV theory.

Proof Recall that pulhng back (03¢, L; ) With ¢* gives ¢™0%,p = 05 and ¢* Ly, p =
LS. Applying the map x* = ¥* 0 ¢* to (65,5, L z) then yields

*ez;R = (" 0 dM0Gr = ¥70 = 051v "G, g, yrE YETL,
Lo = W 09 Ly = LY = LIIW'q. v*qF v, v ET].
Thus, the lax BV-BFV data of x *SIG"”;Q has the same form as the lax BV-BFV data for
Jacobi theory presented in Proposition/Definition 3.5.2 on the submanifold of fg‘}

with local coordinates {y*G, v*Gt, w*&, ¥*E1}. Furthermore, applying x* to Eq.
(15) for the lax BV-BFV formulation of 1D GR yields

LQGRIﬁ*wJ' = 81ﬁ*L'J + dl/f*e;,
Logrtogr Y @) = 2dy LY.

This means that the theory x *Slax is just a version of Jacobi theory which is defined on
a submanifold of F1% with local coordinates {y*G, ¥*§*, ¥*&, ¥*€*}. This theory
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will have the same behaviour as the original Jacobi theory and as such the kernel of
the pre-boundary 2-form

X*J)GR:/8[5X*9};Rdt:/Maw*e}dtzw*(b,

CVUJ[W*Q, 1//*6+9 1/’*5, 1//*5-’_]7

will be singular, just as the kernel of the pre-boundary 2-form @, of Jacobi theory
[26]. As such, the data X*Slg’}e does not yield a BV-BFV theory. O

Remark 3.5.8 1Itis clear that the theories 313’53 and x *SlGa’;e are also lax BV-BFV equiva-
lent (see Remark 2.3.4). We have thus presented two pairs of theories, (Slja", 313’}) and
(S‘g}, X*SIG‘”}?), which have isomorphic BV-BFV cohomologies, but differ in terms
of their compatibility with the BV-BFV axioms, a behaviour which is not present in
the examples of classical mechanics on a curved background and Yang—Mills theory
which we considered in Sects. 3.3 and 3.4. Indeed, a remarkable feature of the classical
equivalence between Jacobi theory and 1d GR is that it can actually be promoted to a
quasi-isomorphism of their BV-BFV complexes (lax equivalence), which in particular
implies BV equivalence in the sense of Definition 2.3.1. This is compatible with the
process of removal of auxiliary fields outlined in [3]. However, the request that two
lax-equivalent theories both admit a strictification in the sense of Remark 2.5.6 is a
genuine refinement of the notion of BV (and lax) equivalence of field theories. Since
the BV-BFV quantisation programme requires a strict theory, this obstruction marks
a roadblock for nonstrictifiable lax BV-BFV theories.
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Appendix A: Lengthy calculation for Yang-Mills
A.1.Lemmata used in Theorem 3.4.4

In this Appendix we present the lemmata used in Theorem 3.4.4 and the respective
detailed proofs and calculations.

LemmaA.1.1 Let ¢ : Té*;}‘M — fﬁ}‘M be defined through

¢*A=A, ¢*B=xF;, ¢*c=¢,

¢*AT — AN"Q" ¢*BT — O7 d)*cT — ET.

Its pullback map ¢* is a chain map w.r.t. (Lo, — d) and maps the lax BV-BFV data
of the first-order theory as

¢*07 =05, ¢*L} = LS.
Proof The computations are in the same line as the ones presented in the example of
Classical Mechanics on a curved background (cf. Lemma 3.3.5). One should keep in
mind that Q% F; = [C, *xF;]. O
LemmaA.1.2 Let ) : fﬁ?‘M — }g‘}i‘M be the map defined through
VA=A, yri=c,
~ . 1
Y*AT = AT —daxBT, YT =c" - E[BT, *B'].

Its pullback map ¥* is a chain map w.r.t. (Lo, — d) and maps the lax BV-BFV data
of the second-order theory as

VIS =60 + (Lo, —DBT + 87, YL = LT+ (Lo, — g, BT +dfT,

where
. 1 ot smt o opt t . 1ot
B =Tr| BB ++B'SA ++BTsc|. I =Tr| 3B (B—xFa)|.

Proof The chain map conditions in the case of A and ¢ are straightforward to check.
In the case of AT, we first note that

01d4*B" = —d4 Q1 *B" +[dac, «B'] = —dg(+Fa — B) —dalc, BT 1+ [dac, xB']
= —ds(xFg — B) +[c,da*B],

as such we have

019¥*AT = 01(AT —daxB") =daB +[c, AT] — Q1daxB"
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= daxFa +[c, AT] = [c, daxB] = Yy*(dj+F; + [¢, AT]) = y* Q1A
Before addressing the case of ¢, we compute

01[BT, *B"] =[F4, «B'] — &;[*B, *B"] + [[c, B'], *B"]
— [BY, Fal — [B', B1 + [B", [c, *BT]].

Using [, x8] = —[B, *«] for o, B € Q°*(M, g), the graded Jacobi identity for c, B,
*B and [F, *B'] = d3+B", this yields

01[B", »B"] =2d3%B" +2[B", Bl +[c, [B', »B']].
With this in hand, we have
. - - 1
0197 =daAT +1e, "1+ B, B = S 1[B", +B]
=ds (AT —duxB") + [c, - %[BT, *BT]] = y*(dzAT + 16,6 = yr 008"
Let now A6 :=v*03 — 67 and ALS:=vy*L5 — L. We need to check whether

AGY = Lo, B} —dp) + 817,
A6y = Lo fi —dB} +0 17,
A0 = Lo, BT+ fL,
ALY = Loy1g, 0 — dig, Bl +dfl.
Note that fl1 = f12 = 0. Recall that we only need to compute ALY, as AL’; fork >0

is determined by A6;, as shown in Proposition 2.6.5.
Computation of Aeg : Explicitly computing A8Y = w*&g - 9? yields

A6 =Tr [—dA*B‘aA — 5[31, *BT5¢ — B‘aB] )

Before tackling £, Y = Tr[%ﬁQ1 (BTx8B")], we note that

Bs[c,xB"] = BT[8¢c, *xBT] — [c, 8xBT] = —[BT, *xB"16¢ — [c, §xB]
= BTs[c, *xBT] + [c, sxBT] = —[BT, xBT]5¢,

where we ignored the term [BT8c, *xBT] since Tr[[oc, ﬂy]] = 0 for o, B,y €
Q°*(M, g). As such

Lo, (B"x8B") = (Fs — es*B + [c, BT)*8 BT + B'x8(Fa — exB + [c, BT])
=8B (xF4 — B) +[c, B"1%xB" + B'§(xF4 — B) + B'8[c, B]
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=8B Y(xF4 — B) + B's(xF4 — B) — [B', «»B'15¢
Therefore, keeping in mind that § F4 = —d40A,
Lo B —dpl +6f) =Tr [LQI (%BD&BT> —d(*B'5A) 45 (%BT(B - *FA)ﬂ
Lo gt 1ot 1 gt pt 1. gt
=Tr| 8B (xFs = B) + 5 B'8(xFs — B) = S[BY, xB"16c — ds + 28(BT(B — Fp))

1. 1 . - 1. 1,
=Tr|Tr[=6B «Fy — =B B+ —-BYsxFy — =BTsB — ~[BT,+xBT1s
r[r[2 *Fa—5 T 5B xFa—3 2[ ,*xB']éc

i i Lspip— Lspt ! ptsp 4 Lpt
~dp*BYSA — BTx3Fa + 78B"B — -0B™sFy — 5 BToB + S B'xsF,

—Tr| —duxBT8A — ~(BT «BT)sc — BTsB| = A6Y

= A 2[B ,*B'"]6c — B'6B | = A6, .

Computation of A921: We have A921 = w*&zl — 911 and as such
A0} =Tr[8AxFs — dy»B'6c - BSA|.

Noting the identities

ddac = —dadc +[8A, c],
[c,*BT8A] = —xBT[c, A1+ [c, *xBT]6A = «BT[SA, c] + [c, xBT]5 A,

we see that

Lo Bl —dpr +5f] =Tr [cQI (xB'8A) — d(*BT(Sc)]
Tt [(*FA — B+[c.«B)8A + «B 8d,c — dyxBTsc + *B*dASC]

—Tr [(*FA — BYSA —daxB ¢+ [c, xBT18A + +BT[8 A, c]] = Ab)
Computation of A922: A922 = w*&zz - 012 takes the form
A} = (xF4 — B)éc.
Furthermore since [c, *BT8c] = [¢, *xBT18¢c — xBT[c, 8c], we have

. 1
Lot +8ff = Lo,(xB'8¢) = (xFa — B+ [c.+B"Déc + -+B5c. c]

= A3 +[c, B 18¢ — xB'[c, 8c] = A3

@ Springer



25 Page 56 of 91 F. M. C.Simao et al.

Computation of ALg: Explicitly ALY = w*Lg - L(l) yields
ALY =Tr BFA*FA — BF4 + %B*B —dsxBTdc — %[B*, *BTe, c] — B[e, B]} .

Before computing L, tg, B — dig, B} + df}! we note that

[«*BTFa,c] = «BT[Fa, c] + [*BT, c]F4 = xBT[Fa, c] + Falc,*B']
[c, B"B] = —B'[c, B] +[c, B'1B

and

lc, Blc, *BT = [c, B'[c, *BT1 + B[c, [c, *BT]]
= [c, B'[c,*BT] — BT[c, [*BT, c]] — BT [*xB[c, c]]
= [c, B'[c,*B"1] + [c, BT[*BT, c]]1 = [c, B'[c, *BT]
+ [*BT, B'[c, ]l — [*BT, BT][c, ¢]

1 .
= Tr[[c, Ble, *BT]:| = Tr|: — 5[BT, *BT[c, c]i|.
Since fl1 = 0 we therefore have

1
LoigB) —dig, Bl +df = Tr[EQlBT*QlBT - d(*BTQlA):|
1 .
= Tr|:§(FA — gg%B + [c, BT)(xF4 — B +[c, *B']) — dA(*B'dAc)}
1 . .
= Tr[E(FA*FA — FAB + Falc, *xB'] — e;xBxF4 + ;BB — e;xB[c, *B']
+[c, B'1%F4 — [c, B'1B + [c, B'][c, *B*]) —daxBTdsc + *BTdic]
1 &s ¥
=Tr EFA*FA — BFy4 + 33 —*B — ds*B
. 1 .
+ Fale, B+ «B[F4,c] — [c, BB + Sle. Bllle, *BT]}

1 Es ¥ + | J— §
=Tr EFA*FA — BF4 + EB*B —daxB" —[c¢,B']B — Z[B ,*B'][c, c]

= ALY,
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Lemma A.1.3 The composition map A* = ¢* o y* : BY-BFY; — BY-BFY; is
the identity

and as such the identity in cohomology.
Proof Keeping in mind that ¢* BT = 0, this is a straightforward calculation. O

LemmaA.1.4 The composition map x* = y* o¢™ : BY-BFYV] — BY-BFV] acts
as
X*A=A, x*B=xFa, x'c=c,

. . 1
x*AT = AT —d BT, x*BT =0, x*cT:ET_E[BT’*BT]’

and is homotopic to the identity.

Proof The explicit computation for x* is again straightforward. To show that it is
indeed homotopic to the identity, we choose the vector field R| € Xeyo(F %‘},XM)[—I]
to act as

RiIA=0, R B=x+B', Ric=0,
RiAT=0, RiBT=0, Ricf=0.

We now want to compute x; = eSﬁDl, with Dy = [Ry, Q1], and show that
lims— 00 x5 = x™.
Computation for A and c:
DA =01, R1]A=Ridac=0
= es,chA — A
= lim '“P1A = A = x*A,

S—> 00
1
Dic =[01, Rilc = ERl[C, c]=0
= Loie=¢
= lim *“Pic = ¢ = y*c.
§—> 00
Computation for B:
D\B =[Q1, R1B = Q1*B" + R[c, B]
=%Fy — B+ [c,*B']—[c,*B'] = «F4 — B.
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Noting that D1 A = 0 implies D1 F4 = 0, we have
D?B=—D{B=—(xFs — B)
= DfB=(—1)F(B—+Fa) fork>1
= Loip = B+Z—( D*(B — xFy)
=B~|—(e S — 1) (B —xFy)
= lim ¢*“P1B = xF4 = x*B.
S—> 00
Computation for B':
D\B" = R|(Fy — ;B +[c, B')) = —B
= DBT = ()BT fork=>0
= Lo BT = o5 Bt
= lim '*21 BT =0 = x*BT.

§—>00
Computation for A':

DA = R{(daB +[c, AT]) = —ds»B'
= DFAT = —dsaD¥ "B = (—1)*daxBT  fork > 1
= *Loi AT = AT 4 (7% — 1)dyxBT

= lim SEoi AT = AT - dA*B' = X*AT-

S—>00

Computation for c¢':

Dic’ = Ri(daA" + [e, "1+ [BT, B]) = —[BT, »B"]

= D" = —[D\B", +B") — [B", «D1B"] = 2[B", xB'] = —2D '
. 1

= D¥eT = —(=2)*1[B,+BT] = 5(—2)"[3*, «BT]  fork>1

1 .
= Lot = 4 E(e_zs — DB, xB™]

1 .
= lim efoict = ¢f — i[BT’ *BT] = x*c.

§—>00
Thus we have shown that x* is homotopic to the identity. O

Lemma A.1.5 The map x* is the identity in cohomology.
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Proof We have to show that the map %, converges on ]—'{%}‘M, namely
o
hy i :/ eSDlRl(pi ds < o0 Vg; € fﬁﬁ(M.
0

As RjA = Ric = R1AT = RiBT = Ric" = 0 we have
hyA=hyA" =hyB" =hyc=hyc" =0,

In the case of B we compute
o0 oo .
hyB =/ ¢*P Ry Bds =/ e*xBTds = xB".
0 0

As such i, converges and x* is the identity in cohomology. O

Appendix B: Lengthy Calculations for the Jacobi theory/1D GR case
B.1 Preliminaries for calculations—tensor number

This appendix has two purposes. It serves as a preliminary for the computations, by
presenting a straightforward way to compute the action of the Chevalley—Eilenberg
differentials y;, YGr, and it provides an explaination for why they act as L¢3, on the
antifields and antighosts (see Remarks 3.5.3 and 3.5.5). We will be using the 1D GR
theory in this discussion but all considerations hold for the Jacobi theory as well.

Let M be a manifold of arbitrary dimension and X = X°d, € X(M). Recall
that the Lie derivative Lx acts on the components of a tensor field A € 7,}(M) of
rank-(n, m) as

LxAu T = XT0 AT — 0o XITAGTL), — o = Qo XIUAGTS
O XTARL o, XOAL =
Letnow M = I C R denote an interval and X = £9; € X(I)[[] be the ghost field. In
this setting, Eq. (26) is greatly simplified since u; = v; = t, where ¢ is the coordinate
on/.Let A € 7,}(I) and denote its component by A. We define the tensor number as
t(A) = (m — n). We then have

Leg A=EQA—ndEA+mdEA
= EA+1(A)EA.

As an example, we list the tensor number for the fields, ghosts, antifields and antighosts
of the 1D GR theory

@) =0-0=0, t(g =2—-0=2, t(§)=0—1=—1,
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tgH=1-0=1, t(gH=1-2=—-1, t(H=2-0=2, (27

which explains why we claimed that the Chevalley—FEilenberg differential ygr acts as
Legy, on the antifields and antighosts in Remark 3.5.5. As such we have ygr = L5, on
all the functionson {g, g, g, g%, €T} and ygg = %Ega, on the ghost. Since the ghost
is a special case, we assume that the tensor fields only depend on {g, g, g", g¥, &*}
for the rest of the discussion. When computing yGr (-), we then consider the parts with
ghosts and without separately.

The discussion until now only holds for tensor fields that only depend on the zeroth
jets of {g, g, g™, g",£"}. The action of ygr is then naturally extended to all jets
since we assume that Qgg, and as such yGr, is evolutionary, i.e. [L,;,, d] = 0. For
example, if A only depends on Oth-jets then

YGRA = 8 vGRA = H[EA + t(A)EA]

o . . (28)
=EA+[1+1(A)IEA+1(AEA.

For a general tensor field A which depends on arbitrary jets of the fields, we have

YoRA=EA+ Y 1,(A Eay, (29)

n>1

for some real scalars #,(A) and some functions a,, that depend on the jets of &, ®+ ¢
FaGr. In order to extend the notion of tensor number to such objects we define

Definition B.1.1 Let .4 be atensor field that depends on arbitrary jets of &, ®* e Fgk.
The tensor number #(.A) of A is defined as the scalar #; (A) in Eq. (29).

Note that in order to compute yGg we only have to find out what the 7, (A) are. For
most of the computations, we are only going to encounter tensor fields that depend
on the zeroth jets, and they will atmost include second jets. As such we want to find
a pragmatic way of computing 7(A). If necessary, we then look at higher f,, (A), for
example by following Eq. (28). We list some useful properties of #(-), since they
immensely simplify the explicit computations of ygr(A).

Proposition B.1.2 Let A, B be two tensor fields that depend on an arbitrary number
of jets of @, ®T € Fgr. The tensor number has the following properties:

(1) t(AB) = t(A) + 1(B),
(2) t(A") = nt(A),
(3) t(A) =1+1(A).

Proof Note that the only two terms from Eq. (29) that can contribute to these properties
are the first two. Therefore we will only show the computations for two tensor fields
A, B that only depend on the zeroth jets, but they extend to the general case in a
straightforward way.
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(1) Let gh(A) = a. We compute

YGr(AB) = (L5, A)B + (—1)* A(Ley, B)
= (A4 1(A)EA)B+ (—1)A(EB +t(B)EB)
= £3,(AB) + [t(A) + t(B)]E(AB).

(2) Using that ygr is a derivative we see that
YGRA" = nA""lyGrA = nA"[EA + 1(A)EA] = 5, A" + ni(A)EA".
(3) This equality follows directly from Eq. (28). O

We finish this section by presenting the action of ygr tensor numbers for some
relevant quantities

(@) =1+tg) =1,
H(T) = 1(I41%) = 2t(g) =2,

t(u) =t (II ”) =1t(q) —t(lgl) =0, (30)

T 1 1
S R

We exemplify this method of calculating yg g (A) with the computation of A =T =

g 2. Recall that ygrg = £¢ and as such ygrg = £G+£4. yorT could potentially
have terms proportional to & since it depends on the derivative ¢, but as there are no
such terms in yYgrq there will not be any in yggT. As such we have

vorT = ET +t(T)ET = ET + 2£T.
B.2 Lemmata used in Theorem 3.5.6

In this subsection we explicitly present the lemmata used in Theorem 3.5.6 and the
detailed calculations.

LemmaB.2.1 Let ¢ : F™* — FI%% be defined through

¢*q=q, PE=E, ¢'g=

T
E’
p*qt =gt ¢*Et =&t ¢*g"

=0.

oy

Its pullback map ¢* is a chain map w.rt. (Lo, — d) and maps the lax BV-BFV data
of the first-order theory as

¢*9(.;R = 9;’ ¢*LZ;R = L}-
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Proof The proof for the chain map condition ¢* o Qgr = Qy o ¢* is a matter of
straightforward computations

0*OGra =" (Eq) =EG = 0,3 = 09",
¢*Qort = ¢ (&6) = EE = QJ§ = Q0%
- T
¢*Ocre = ¢*Eg +2kg) = s— +2s— = 0,5 = Q4%
¢*0Gra™ = ¢* ( 3 (ﬁ> +&4T +&q ) ) (ﬁmq) +EGt +EgT

=04 =0,¢%q"
0 OGRET = ¢*(—q T -G gt v2stg v EET v 2beT) = —gT G+ EET y28ET
=Q et = Q 9T,

1 T .
»*OGret = ¢* (ﬁ (E - g) +eg1 - sg+> =0=0,0=0,¢*g"

¢* is then a chain map w.r.t. Lo, —d due to Lemma 3.1.1. Applying ¢ to (67, . LE; r)
gives

0%, =¢* (¢ -0q +EVSE+gT8g) =GT - 8G +EVSE =69,

gl (—5++5++5—2 ++3>
" 0GR ¢ﬁqq§q gtEsg — (gt g +ETE)SE

E . . Eisz
_ \/;mé 83 +qEsq + —ETEOE =

T . .
¢*LE g = ¢* (ﬁ +VSE+qt EqG+gT(Eg+2g8) + é*éé)

LemmaB.2.2 Let ¢ : fg}(e — .7:1;1" be the map defined through

Vg =q,
YrE =&,

. 3/2 .
q : . mq g : .11 mq
v = (af ~ e+ 27 5 - S [l — ELg ) 5.

~ 2m ..
3/2
Pt g,
w*g+ — n3/2 <é+ + Tg+g+) ,
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where n:=gE /T and the q]", qj’_‘ notation works as in Eq. 23. Its pullback map ¥* is
a chain map w.r.t. (Lo, — d) and maps the lax BV-BFV data of the first-order theory
as

Y05 =00k + (Logr — DBGR + /R
Vf*L.J = LE;R + (LQGR - d)‘QGRﬁaR + df(;Rv

4g7/2 2g2 2./8
Bor=— Tgtogt + —+n3/2£ gtql - 5q

Q E

4" 3p8"° mq mq
T — /26 -+ +—'5 _ 3/2_1 +—'8 ,
+( kY w878 (n )§ o7 %4

2g3/2 )
Bor = EBGr + — g8 md - 5q,

2g3/2
fGOR = 2g+ (g - T 5

Q
fer =EfOr

with Q@ = . /gT + g TE.
Proof We start with the chain map condition Y*o Q7 = Qgr o ¥*. In the case of
the fields {g, £} we simply compute

V*013 =¥*(¢9) =G = Qara = QGrY™ G,

V*0,E =y (EE) = £& = QoréE = QrY™E.

When dealing with the antifields {G T, £} it is useful to first show that y* is a chain
map w.r.t. to the Chevalley—Eilenberg differentials and then proceed to show that is
also fulfils this condition w.r.t. the Koszul-Tate differentials.

In the case of the Chevalley—Eilenberg differentials y;, ygr it is sufficient to inves-

tigate how * changes the tensorial properties of the fields, i.e. to analyse the tensor
number introduced “Section B.1.” Indeed using ¥*& = & we can compute

Yryt = g ERT 4 1@ TEDY) = £,y D) +1(@DHEYTRT. (31

The most general form of the other side of the chain map condition yg gy *® is given
by

YoR(UF®T) = £, (YT + 1Y OHEY DT + ) "9 Eay, (32)

n>2

where the field dependent coefficients a, do not vanish trivially since the expressions
for *®* depend on derivative terms such as ¢, ¢, and EL,. In order to show that
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25 Page 64 of 91 F. M. C.Simao et al.

the two sides of the chain map condition given in Egs. (31) and (32) are equal, we
need prove that ¥ * preserves the tensor number 7 (-) and that the coefficients a, vanish

HOY) =1y d), a, =0.
Recalling that 1(g) = #(T) = 2, we see that the rescaling factor n3/ 2 has vanishing

tensor number

8
i =1 (%) =10 -1 =0.
Furthermore, since #,>2(g) = t,>2(T) = 0, we have ygrn = &7 and thus it can be
ignored, since it neither changes ¢(-) nor #;>2(-).
We start by showing ¥* o y; = yGg o ¥* on the antifield G . Using Eqgs. (27), (28)
and (30), it then follows that all the terms in w*éﬁr have tensor number 1

l(qﬁ_) =t(u(u q+)) — t(q+) 2t u) =1,

(e e™) - 1 @eDrOL1—=1
gg—T— +(+)+(+ )—,

2

t g+ﬂEL@ 42 (I DF O+ -2 =1
E for 2 ’
(6™ = (C1i 240412 =1
87857 =-1+D+2+ 0+ ) =1,
3/2 . 3

48 mq

t(eTe—BL,—~ ) =(=14+D+2>-2-14+0+1-2)=1,

(gE g2>(+)+2 +(0+ )

showing that t(t/f*c]f) =1= t(c}ﬁr ). We still need to check what happens with the

terms in yg RI/’*67||+ that are proportional to &. Using Eq. (28), we can see that they
take the form

. 3/2
B9 8 [—ELg"+ Eng+]) -0,

o + _ +
S( [T (2g9) — 257 ¢] T T E

and thus ¥*y, G = yerv™*G;'-

In the case ofcij_' we have t(qj_') =t(g")+2t(u) = t(qg7) since t (1) = 0. The same
reasoning applies to ¢ , but here we need to consider terms which are proportional to
higher derivatives of the ghost since

YorG = 82 (yGrq) = 31(¢) = 4 + 284 + &q.

The terms proportional to & in ygr¥*G1 come from ygrg and u(u - ygr§). As such
they take the form

E@G—u@-u)=£6(G—¢ =0,
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hence showing that there are no terms proportional to & in ygg w*c}j_'. Furthermore,
t(gTG1) = —14+2 = 1 and as such t/f*yjc}jf = yGRw*c}I. In order to check the
chain map condition for % first note that

vorg" = 9647 —EgT) =85 — g7,

since ygrg™ = £¢T — £g™. This in turn implies that

vor(E ") =vorétet —&tvoret =E§Tet — &t
=E0,(¢Te) —Egtet
Assuchr(gtgt) = —1and 1(g3/?stg™t) = % -2 — 1 = 2. Furthermore, t(§ 1) =2
then means that t(l//*§+) = t(€T) = 2 and since there are no other derivative terms
in ¥*&*, we have a, = 0, which completes the proof for

Y oy =vyGrov™.

We now move to the Koszul-Tate differentials. In the case of ¢ ﬁ“ we first note that

vr8q) =y (mf -5)%) = —y* (635*%) = ¥*(0) =0,

since 8,7 = —¢ 7+ - c} and 83 = 0. The term §G g w*c]m' vanishes for a similar reason
S *~+ =3 3/2 + to 1025t mq g3/2 ElL.et —EL.,¢™T mq
GRY™@G) =R 0" ¢ = [¢7&+28"¢] S5 — = [Blgg” —ELgé™] 50
3/2 :
— _p3/252 8 M
n GR {‘5 + E 8 8 }2T )

where we used that Sgré+ = —¢* - ¢ + gT¢ + 28T g and Sgr(¢Tgt) = EL,g™ —

5+
& EL,.
The computations for the perpendicular part of G* go as follows

<
*
>
<
ES)
=+
I
<
*
|
2
.7 ~
oy
3
Q.
~———
+
<
&
/e
l&‘
3
Qe
~———
<
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the other side of the equation reads

. 2m
SGrRY*GT = 8GR (QI + —CIJ_8+>

E
] ] 2m
_ 3/2(—8 (mq) (mq) ..
= — ) +uds| —) -u+—gLEL
e/ Ve ETT
S " owg +0™0 o (2 + 2™ 6L
= et mq +u mq+ —q.1
NOs VO ET
_ 3/2(_m_4+ﬂw+2_m EL)
= g1
JE 2T Jg E ¢
= p3/2 nq L 4 EL
n <f+2Tf q+ f]J_ g >

where we have used that T = m||¢||/2 and T = mg - §. The last term can be expanded
to give

2m . EL _2m" E T 2m q q E T
ENT T I\ g T 200 Tz \2yz ~ 2877

mg mT . T T

~ g Eg32! 2Tf 2EG mq.

Putting everything together results in

Sy it = 2 T T N\ ENY? (T T
GR qg, =1 2Eg3/2 q Eg3/2 q )= T 2E q E mq |,

which shows that 1//*8]6}I = SGRt/f*c]I. Finally we show that ¥ * acts as a chain map
w.r.t. §g7 on €. We have

YSEY =yt (=T =y (—=gT) ¢
3/2 83/2 :
= (—Cﬁ g+ [gte+2iTg]+ = [ELg™ — Eng+]) ,
_ ¢
SGrYET = %8Gk (s+ + Tg+g+)

i PR ¢3/2
=7 ( qg+gtg+28t g+—Eng —Tg+EL>

3/2 . . . 83/2 : .
=/ (—q+ q+[gTe+25Tg]+ = [ELggt — Eng+]) :

finally showing that
Y o8; =8GroY",
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which show that ¥* is indeed a chain map.
We now present the calculations for (y*0%, ¥*L%). Recall that 65 = 09 dr + 61,
L% =LY% dr+ L} with
0 _ =+ . s~ E+sF 1 E - o oizo. ziicr
0)=q"-8q+&788, 0;=\/-mq 84 +q758G — 7588,
LY =2VET + 4 - EG+ETEE, L} =o.
as in Proposition/Definition 3.5.2. Specifically we want compute

A8t = Lo, p0dr — dpl + 8 £0dr,
AOY = Loy B+ 81 dr,
ALYt = Lot Bdr — diggp Bt +df1,
where we skip AL! as it is determined by A9®. We will from now on drop the label
GR in order to keep the calculations cleaner, we will denote the Koszul-Tate operator

by Sk 1 to avoid confusion with the de Rham differential §. The terms on the left hand
sides can be computed explicitly by using the form of ¥*. We get:

A0 = (P* = gt - 8q + (P* — ETE — gTog
. 3/2 .
c L her 7MY g . .1y Mq
- [gte +247g] o7 % 773/27 [ELog" —ELgg™] T

2m . g%,
+ n3/27g+q¢ -8q + n3/27g+g+5é,

Af = \/qu'—m—q -dq
T g
+ 0 = gtEsq — (¥ — DETESE — gt Esg + 28T g0k

. 3/2 .
3270t e 42601 ™ 50 — 1328 [EL ot —EL.ot1 4 g5
n [gg+gg]2TEq n E[ 8 gg]zTEq

2m . g7,
+ n”zfg*&u -8q + n3/2Tg+g+§8§

= \/Emé _md -8q +2g"gsE —END,
T \/§

T
ALY =2VET — — — JgE
V8 v
+ =gt g+ (2 = DEYEE — gt (88 + 2g)
3/2
. g ; ;
— P [gtg +28tg)E - ’73/27 [EL,g" —ELgg"]¢

3 2g3/2 :
+ Tg+g+$§-
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The following identities are going to be used throughout the calculations:

E 1 2g3/?
T AT 9 EL,, (33)
T 4g7
2WET — 7 V8E = ——=TEL;, (34)

where Q = . /gT + g~/TE with t(2) = 3. To see that the first Eq. (33) holds we
compute

TR

3 T JeT [«/T + «/gE_]
2 3/2 E T 2 3/2
=2t - =2 _EL,.
Q \2yg  2¢°7 Q

For the second one (34) we have

1/4

2@-%-@5:—( i E f) |

The term in the brackets can be changed to

oo - [t
ST . 2g7/4«/_
fT+ F( VEEL,) = L,

and as such

4g7/2
02

T
2WET — — — JgE = — TEL2.
Ve ¢

Computation of A6%: We want to show

A0t = Lp%r — dp' +5f0dr.
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In order to compute Lg B° we decompose the cohomological vector field as Q =
y + 8gr. Starting with £,,, we write B0 =A18gT + AL -8q + Ay - 8q where

4g7/2
A] = - 92 Tg+7

2 2
Al=(Q 2 “/_>g at,

47/ 3087 mq mq
Ay = T — 328 ) ot ot 32 _pgt2d
2 ( Q2 TR )88 o — @ ) 2T

with the following tensor and ghost numbers:

7
(A)=5-2-2:3+2-1=2 |All=-L

(A1) =2-2-3—1+1=1, |A/|=1,

7
t(A2)=§~2—2'3+2—1+1—2=1, |[Az] = —

We then have

Ly(A18gT) = yA18gT + A1dygt =EA18g" +2£A188T + A8t

=EA18gT +2EA 18T + A18EgT — A 8881 + ArksgT
=0 (A18g") + A1g7 88,
Ly(ALdq) =yAL-8q—AL-8yq=0(§AL) 8q — AL -3(q)

= 8 (A1) - 8q — A8t + AL £8¢
=8 (EAL - 8q)

Ly(A2-8q) =yAy-8q — Ay - 8yq = i(EA2) - 8q — Az - 8(6G)
= 81(EA2) - 8q — Ay - G8E + ArESq
= 0;(§A2-8q) — Az - g§,

which shows

407/2 ) 407/2
Ly B = on(ep”) — =T e - (éz

3/2
= 068" + St g T os + (7 — DE e,
Before addressing the computation of Ls,., f° we note that

SEL. — E 3T 6T
g = _4g3/2+4g5/2 8§~ 26377

3/283/2 s+, + 3/2
el A 3+ —

(35)

—£&gh)

Detse
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59:5(@T+g«/ﬁ):(7+«/_>5g+<\/‘+gj__>

(o) (o)

Q% = gT2 + 2g3/2T3/2\/E+g2ET,

477 2g> E 1 2
BRI -S G  ( (gz [ET —g3/2T)
Q2 £ Q T Jg Q

2 4¢3/
= §<gQ—2g3/2T) =2g — L T,
&7\ 307 g2 N g2 gVET \ 8T
slo—)=X5g—2>—-(Q-— =2_° |- —
Q 2Q Q2 2 g Q2 2 T
1 (V8 8T g7 gVE\
= — 4+ — 8g — 2
2\ @ TQ  2JTQ2

The calculation for the first term in L3, 8° goes as follows

4g7/2 4g7/2 4g7/2
Lsr (— o7 Tg+5g+) = TEL,8g" — FTngSELg

4g7/2 4g7/2 447/
=4 (FTEng“L +8 —5 TELg gt - FTg“LaELg
40302 432 4302
=4 ( gQ Tgt — 2gg+> +28ggT -8 <gT> Tgt — %8Tg+

4g72 E 3T 4g72 . 8T
s Tg (—4g3/2+4g5/2)8g+ o Tg 2

Gathering everything in front of g we have

2 20T 2ET — 3gT?
+[—2+(*/§+ 8 >T+g g ]ag

Q Q2
i 2./8T  g*ET — gT?

S I L o ]ag
. —_2 L 29— 2¢VET . Q2 — 2432732 JE — 2¢T? 5
=g 5 B g

[ 2eVETQ+2¢32T32JE + 2¢T2

[ 282ET +4¢32T32E + 2672
=g 1-— o) og
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The terms in front of 67 simplify to

g+[ <4g/ 2¢°*VE T) 4g%+2g2T}5T

Q2 Q Q2
1 28%% | eVET + /8T L2832
= 8T = gt =—6T,
Q Q Q

and as such:

4g7/2 4g3/2 2432
Lsyr (- o Tg+8g+> =4 <TTg+ — 2gg+) +g* <TST — 8g> :

The rest of L5, B yields

267 2¢? n
EaKT( o gal 5q) o EquI+g+f -8q

E_ L\ o+ s
=ve|=—-—=]a] Sa+¢ mij| - 8q
T Jg) 't
172 + 2¢°/2
=02 - 1g sq+gT=—mi -8q.

N N T mis
3/2 + o+ 32 + ot
55”(,7/ E S ) " [(M 2g3/2>"“g @]‘“’

2 .
=" =gt - 8q + nmfg*mcu -84,

472 ma 4g7/2 mg
E(;KT< o7 Tg+g+2T 8q | = Eng —g+ELg]ﬁ 8q,
3/28/ — %/28/ .t mq
Lsgr AT B [ELgg™ — ¢ ELg]ﬁ 8q.
mq
Lsr (—(n3/2—1)é+2T 5q> =gt ¢-gTg—2¢ g]ﬁ 8q

= ** =g -8g — > =) [eT e +287T¢]
Gathering everything gives

3/2
Lof" = 0, (6% + n3/z%g+g+5€ + (2 = DETeE

4032 243/2
+5( gQ Tg+—2gg+) +g+< gQ 8T—6g)

mq

2T

-4q.
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" 32

+ @' =g -8q+g* mg, - 8q

2 ..
+ ¥ = n'Hqt - 8q + n3/2Eg+mcu -8q
4g7/2 3 2g/ R mq
=T El,et — ¢TEL, ] — - §
+< 02 E [ 28 4 g] T q

. hetr 1Y
+ 0 =gy 8q — 72 =D [gTg +287g] T 8q

203/2 203/2
= A0+ 0,(EF°) — 810 + g—g+6T + ot E g, - sq
4g7/2
+ T [ELgg™ — ¢VEL, ] 7 8q + gt +2¢ g] o7 -8q,
which in turn implies
23/2 43/2
0° = LoB" — & (sﬁo 128 etmg ~8q) +5f0+ 0 ( 5 otmg .aq)
203/2 2032
- gQ gteT —g* miy - 8q
4g7/2 Y
- T[Blygt — 47 EL] 00 5q — [g+g + 28" ] 2k - 8¢

QZ
=Lop" -0, +681°

2g3/2 2g3/2 283/2 283/2
+ . .. . .

d ) ) L 8g — 5T
+g [:( o )mq q + —g—mg-8q + —o—mg -8 — —=

2T 2T

282 4’ o mg mq
- jL-8g — =—TEL,— -8q — g— - §
q ML T Top I By 10 T 85 10
o [[4g3? 47/ mq
+g+[< 5 T—2g>+FTELg 37 %4 (36)

The last term vanishes due to Eq. (34). In order to show that the term proportional to
g vanishes as well we note:

5T = mdg - 84,
AL PR
117 27

=q—
. E 3T\ . T
Le=\~1n 4572 8~ 2637
_( P

E
4g +
2¢%2 Ve eT\ ., (287 ¢PVE\.
0 — — T
Q 2 TR JTQ?

g1

8
Q+§2
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243/ 2432 243/ 2 3/2
g+|:8( )mq 8q + mg - 8q + g

Then

282 4g7/2 . mg :
- 5 TEL, 24 sq — 24
q MaL%d -~ sor ng 1
~ NG g_ B 243/ B &2JE o
=gt | (X2 gm mg
o T TR JTo?

2877 2877 (. T
+M— Q g —m ‘Iﬁ
45717 E 3T T mq mq
_ T((= ; — T _ s
Q2 (( 27 T 4g5/2> § 2g3/2> 2T ng 1

8 [2 TQ 1 20T2 2T T2 _ QZ:I
Q2 «/g 4 4 4 2T q

= g+
mq
2T

0 m
=g+9i[ZgT2+2g3/2T3/2«/_+g TE - g77 - 22 2? 5q

T
+5t 5 [ —4g%2Q 4 2652VET +2g3/2§2+2g2T] 8¢

T
+g+9—[ 26329 + 2632 ( /3T + ¢VE )]— 5q
— 0.

Taking this into account and introducing df in v (36) yields
AQ%dr = Lop%r — 8,8'dr + 8 f0dr = Lop%dr —dB' + 5%,  (37)

since |8'] = 0.
Computation of A9': We want to compute

=rLop' +8f"

First note that Eq. (37) implies ,CQﬂO AO%+ 3 /31 8f0, which we use to compute
LoB . !, Since

32

pl=&p" + g mg - 8q,

we have

203/2

Lop' =gbp" — & (20" +0,8' —51°) + Lo < :

g+mq' . 8q> .
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Keeping in mind that

2g3/2 L. 3
t =—--2-3—-14+1=0
( Q ¢ ™M)= 3 + ’

the last term reads

2g3 3/2

2837 2oL I
c,,( o 8 mq'5q>=$3z< o8 mq)~5q+ g mg-8(6q)
2432 ‘ 4g32
=§81< Q g+mq)~3q+7g+T8§
2g%? .
+ & gtmg -84,

2g3/2 ) 2g3/2 ) E 1 )
Lsyr <Tg+mq'5q>= o Elemd - 8q = T 7 mq - 8q.
which results in
1 £ 20 0 0, 28" . 0
Lof" =EER° —ENO° — &0, (8" + mq-8q | +&5f
243/2 4032
+ g0 (gt ) -6q + ~=—g " To¢
+€2g3/2 20T T I - P
mq - 8q -~ ——=|mq-8q
T /g

= [@—i}mq'aq—meuw—%ﬁ

NG
963/ 443/
5 %) + sE2g (g— ggﬂ 4 j}rﬁ
= A —5ft.

Showing AQ! = £Q,3] + 8 f1 as desired.
Computation of AL?: We want to show

ALY = LB —digp! +dfl.
Note that 8 is of the form 8% = a;8b;, where we sum over i. We have

Lotg(aidb) = Lo(a; Ob;) = Qa; Ob;
= ya;yb; + dgraiyb; + yaidgrb; + Sgra;dgrh;.
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Starting with the term A;8g™ (see Eq. (35)) we have

4g7/2 4g7/2 . 4g7/2 ) .
y(— T8 ) vet = §0r | =5 T | 26— Te" | [587 —ég”]

472 v 4P
=§?Tg £g —2¥FT8 £g
487/2

= 7Tg+g+§é,

4g7/2 4g7/2 ) .
SkT (— g Te" et = TELg (68" —ég™),

—
487/2 4g7/2 ~487/2
y(— oz T8 |okre™ = | &0 | ——5 T8 | —26—5-Tg" | ELy,

4g7/2 4g7/2 T
) - Tet ) spret = — TELY =2VET — — — /3,
KT ( Qz 8 KT8 92 g \@ 14

where we used Eq. (34). As such

4g7/2
‘CQ‘Q (— 2 Tg+6g+

o 4g72 | 447/ . -
) TgTg 65 -0 \§ o Tg ELg—FTELgé‘g +2\/ﬁ_ﬁ_\/§
472 . 4g7/2 4472 ) 4g7/2 '
=7 Tgtgted — o €FT8+ELg +E-53 Tg+ELg—7TELg§g+
T
+2Jﬁ—$—@.

For the term A - §g we have

Lotp(A1dq) = QA10g =yAL -§q+3kr(AL)-&q
=EA1-5¢+3kr(AL-£¢) = 0.
For the computation w.r.t. the term

4g7/2 ¥\ mg
r 28 328\ Mt s
olo |:< Q2 n E 2Tg 8 q

first define
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with#(B) = 1-2—-2-3+2+1—2=2and note

t(BgtgH) =24+ 141" +1(g") =1.
As such

Lot [BTe™ -8q] = Q[Bitst]4q
=0 [£BgTeT) &4+ B[ELge™ —ELgs™] &4
—EBgteT £+ B[ELggt —ELggt] &g

4g7/2 32877, : 4g7/? 328 : .
=<s22T‘"/ )t T T | [Bleg —BLid e

For the last term in 8°

_aR2 _ e+
(n )§ o7 %

we have

Lot [—(n”2 — 1)5*% -&1] =—y [(n”2 - 1)&*%] £g
— P =D [-qT-¢+gTs+2sTg] % &g
= - DETEE— P -1 [—q" ¢ +gte+28Tg]E.

All in all the expression for EQLQﬂO is

472 ‘ 4g7/2 4g7/2 ‘
Lotgh’ = 2y giee — o, (65 T BL, ) + 625 rg L,
4g72 . T
- E¢T+2VET — — - /g
427/?5]‘3/ V&
4g7/2 22\ . ) 4g7/2 2\
+ ( < T_n3/2? g+g+%-$+ < T_r}?a/ZT Eng+%-

4g7/2 32g3/2 .
_( T - B

+ = DETEE— P =1 [T g +gTg+ 287 g)E
T
:2\/ET___ E
V8 Ve

F P = DgtEG PP — DETEE — g (5 + 2Eg)
32
_ [¢te+28tg]e - ,73/23? [EL,e™ —EL,s"]é
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4g'? + +
— 0 <§ oy Tg ELg> + 0, (Zg gS)

0 + 4g7? +
= AL+ 9, (2gT gt + o TEL,g ¢ ), (38)

where we used that
gT8E +28T gk =g T8k + 9, (251 gE) —2gT 8 —2g7 g
=0 (2g"g8) — 287 gE — gT g,

Recall that we are want to show AL? dr = LZQLQ,BO dr — dtQﬂl +df!. The last two
terms read

32

1 1 0 + + 2g3/2
dipB’ —df =20 [EtQﬁ + g mq -19dq —28g (g— S T>]dt-

which can be simplified by noting that

E1gf° = — 54(2,272/2 Tgt Qo™ +& (% + 773/2%) ctat - 0a.
+é& (4;?272/2T — ,,3/2%) g+g+’;’_7‘% Qg —EP? - 1)§+1;1_g 04
- 4§272/2 TELgg"é, (39)
and
2g;/2 gtmg - 198q = 403/2 Tt “0)

The resulting expression for dig B! —df!is then

4 7/2 4g3/2 2g3/2
digp! —dfl =9, [%TEng“LE—i— 5 Tgte —26g" (g— 5 T)]dt

+ g2 +
=0, (Zg gé + o TEL.g é) dr,

which is exactly the total derivative in Eq. (38). Hence

Lotopdr = ALYt 4 dipB! —df!
= AL%r = Loipp%dr —dipp' +df'.

finishing the proof. O
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Lemma B.2.3 The composition map \* is the identity

A N
and as such the identity in cohomology.

Proof On the matter and ghost fields {g, ~.§ } this is trivial, since at this level both ¢*
and ¢* simply interchange g with ¢ and & with &
Mg = (@ oy"g=0¢"q=4q,
ME=(¢ToyNE =95 =§.
In order to compute the action of A* on the antifield and antighost, first recall that

¢*gt = 0 and note that ¢*g = T /E implies ¢*(1°>/%) = (¢p*(g)E/T)3/> = 1. We
then have

Mg = @ oy

. 3/2 .
s nst.1™d 8 - s+1M4
=" (?)¢* <qT —[g7é+28"¢] 3 — 5 [ELgg™ —BLyd™] ﬁ>
- . 2m .. .
Mql =@ oyNql = ¢ 0r' " (qj + 7gm) =9¢"q7 =41,
_ i g3 _
KEE = (@0 yET = 67 ()" <€+ E g+g+) o=
thus showing A =id;. O

We now prove that Rgr commutes with the Chevalley—Eilenberg differential yg g
if Rgr€ = 0. Effectively, this means that we can ignore the Chevalley—Eilenberg part
of Qgrin Dgr = [QcRr, Rgr] and only have to regard the Koszul-Tate differential
when explicitly computing the action of Dgg. Recall that the Chevalley—Eilenberg
differential acts as yggr = Ly, on{q, g, ¢, g, T and as ygr = %ﬁga, on {£}.

LemmaB.2.4 Let Rgr € Xevo(FGR) be an evolutionary vector field on Fgr with the
following properties

o RgGg vanishes on X[1](1),
e RGr preserves the tensor rank on I,

and let yGr be the Chevalley—FEilenberg differential of the 1D GR theory. Then
[RGr. YGr] = 0.

Proof Recall that all the fields we are considering are components of tensor fields over
[ . In particular, note that the property that Rg g vanishes on X[1](1) implies Rgr€ = 0,
since £0; € X[1](1). As ygr ~ Lgy,, it suffices to show that [RGr, Lg5,] = 0 on
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functions, 1-forms and vector fields over /. We assume that all objects have an internal
grading throughout the proof in order to account for the ghost number.

We will first show [Rg r, Ygr] = Ofor functions and 1-forms. Since Lgj, = [tes,, d]
on 2°(/) we have

[RGr, Lea, 1 = [Rgr, [tes,, A1l = [d, [Rgr, teo, 11 + [ies,, [d, Rgr]l
= [d, [RGr, tea, 1,

where we used that Rgp is evolutionary. As such it is sufficient to show that Q°* (/) C
ker[RGR, ey, ]. By definition all functions on / are in the kernel of tzy;: C°(I) =
Q1) C ker leg,- Let f € QO(1). Since we assume that Rg g preserves the tensor
rank we also have Rgr f € QU(1), then

RGriga, f =0, 5, Rgrf =0,

and as such [RgR, tgg, ] f = 0. Letnow w = fdt € QY(I) be a 1-form. Taking into
account that |[d¢| = 1, we have

RGR g, @ = RGR gy, (fdt) = Rgr(fdt(§0;)) = —Rgr(f§) = —RGRr f§,
teg, Rorow = 19, RGr(fdr) = 1gy,[RGR fdi]
= RGrfdt(§3;) = —RGR f&.
= [RGR: 59,17 = RGRigy, @ — gy, RGRT = —RGRrf§ + RGrf§ =0,

thus showing that Q0(7) x Q!(I) C ker[Rgr, tes,]- This implies
[d, [RGr, tea,]1f =0, [d,[RGRr, ey, 1l = d[RGR, tea, Joo =0,
where we used f € QO(I) C ker[RGRr,tep,], df € QI(I) C ker[RgR, tgs,] and

do = 0, since Q1 (1) = QP(1).
Consider now a vector field X = f9; € X(I) of degree n. In this case we have:

RGRrIED. fOi]= RorEf — (—1)" f£)d,
= —(ERGrf + (=1)"Rer fE)d,
Les, RorX = (63, Rr o] = ERGrfO — (=" 'RgrfE)d;,
= [RGR, Lea,1X = RgrLey, X + Leg, RorX =0,

RGR£§3,X

where we used 0;(Rgrf) = RGRf. Since [RGR, L¢y,] = 0 on functions, 1-forms
and vector fields it holds for all tensors. As such we have [Rgg, vgr] = 0 on Fgr.O

A direct implication of Lemma B.2.4 is that the vector field Dg g reduces to
DGr = [QGRr. Ror] = [6Gr, RGRr].
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Lemma B.2.5 The composition map x™* acts as

x*q=4q,
x'E=¢,
T
* f——
Xg_Ea
. 3/2 .
tot — 032 (0t —Tote 426 0l _ 8 gl ot —EL. o+
X 4 n (Q| [8 g+2¢8 g] T E [ g8 g8 ]ZT ) (1)
2m
X*QIr /2 <¢11r+fg C]J.)

3/2 g
xEt =0 <§'++Tg g )
x gt =0.
and is homotopic to the identity.

Proof Recall that x* = ¥* o ¢* and let ¢; € {g,q™",&,£T}. In this case we have
¢*¢; = ¢; and as such x*¢; = ¥*@;, which reproduces the expressions above due to
the explicit form of ¥*. For {g, g™} we compute

* * E P T _Z
Xg=W odpN)g=1¢ <E>_E’

=W ogMgt =y (0) =0.

In order to show that x* is homotopic to the identity we choose the vector field Rgr
to act as

g3,
RGrq =0, Rgr§ =0, Rgrg= PR
3 mq
Roryy = — fELg§+ RGrET =0, Rgrg™ =0,
Rerql = ng+qf, (42)

Since Rgré = 0 we can use Lemma B.2.4. We start with the computation for ¢ and
&. Recalling that they are both in the kernel of §gr (cf. Remark 3.5.5) we have

Dgrg = (66rRGR + RGréGR)g = R(§q) =0,
= eS[’DGRq =q,
= lim ¢*“Perg = q = x*q,
S—>00

DGré = (66rRRGR + RGréGR)E =0,
= *CParg =,
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= lim e'fP6rE = & = x*E.

§—>00
Keeping in mind that 6grg = 0 and

E T

+ _ _
SGRE _ELg_ﬁ_W’

(cf. Remark 3.5.5), we compute Dgrg to be

_2g¥?
DGrg = (66rRRGR + RGROGR) 8 = 8GR ( g )

E
=232 E T\ T )
~E oz 27) T 8T E)
We can then show
k k r
Dgrg = (=1 g—E fork > 1, (44)

using induction. As we have computed, this holds for £ = 1. Assuming that Eq. (44)
holds for an arbitrary k, we then have the following for k + 1

T T
Dgr*lg = (—DF (DGRg - DGRE> = (=t (g - E) :

where we used DgrT = mgDgrq = mqd;(Dgrq) = 0. This results in

k T , T
eFrorg = g + ZZ—!(—I)" (g - E) =g+’ -1 (g - E)

k>1

T
= lim eS£DGRg =5 = x*g.

§—>00

We now compute x&" and its s — oo limit, which follows the same strategy as
the analogous computations for g+ presented in the main proof. We start with Dg g€ ™

DGrE™ = RordGréET = Ror(—qt ¢ +gT¢+28"g)
—2¢%? o (=2)g%?
g ) —gr2——¢"

=—Rorl@"-¢)—g" % (

E E
283 L 4gd?
=—Ror@" ¢+ —=—gT gt +—=——gtg"
E E
243/2
= —Rgr(qgt-§) + Z gte™,
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where we used that g™ g™ = 0 in the second line and gT¢™ = —gT g™ in the third.
With this in hand we can proceed with the calculation of Dg R(g3/ 25 )

3
Dgr(g¥?t™) = EﬁDGRga? + ¢ Dgre*

3g? 2g% .
= S EL, T — ¢¥?Rer(gT-¢) + =-gTgT
E E
2
= Eat(g3/2g+)g3/2g+-

It should now be clear why we chose the specific form for Rgrqg™ - §: the first two
terms in the second line cancel and we are left with a term for which we know how to
compute D’é - Using induction we can then prove

—2)k
Dk (g™ = —%at (g%gT)g* gt fork > 1.

We have already shown that it holds for k = 1. Assuming that it is true for k, the
expression for k£ + 1 reads:

(—2)k (-2)%
DGt = —Taz(DGR83/28+)83/28+ R &**¢HDgre* gt

(_2)k (_2)k+1
_T

=2—— (Mgt = (g2 gt

Since 9,(g3/?g1)g3/?gt = ¢3¢t g™ dueto gt gt = 0, we then have

k
18326 = ¢ Eror (326 ) = 37 Dl p(s¥76™)
k=0

K\ 3 3
— 32t _ (29" ) 87 o 4 32et -2 8 st
g'E (k§>1 7 g8 8 =grE (e D287’

and
ket ENY? 3/26+
lim &% =| — lim x7(g7/7€™)
§—> 00 T §—>00
E 3/2 3 g3
_(E , Ret+ _ =2 _ 18 o4+
—<T> Slggo(g §7 — (e I)Egg>
i g3/
=n (S* + Tg+g+> = x"&".
The strategy in the case of g™ is the same as for g™ and £. Due to

mq
Dor (L) =0,
GR<2T>
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we have

mq .. mq

We will therefore omit the term m¢q /(2T') from the computations in order to keep them
cleaner. We start by calculating

DGr(a" - §) = GGRRGR + RGROGR) 4T - d

= —8GR (%ELgS"') — RGR (a; (%)) q

3\/§ + . + . L+ mq 2g3/2 + .
—TELg(q 4882878 — 0 WTg q

3 T N . mé - q mllgl? .
(1= + .5 EL + 2 + _ + _ +

2( ng>11 4— — BlLe(g"g+2¢7¢) 78 T 8

3 T N . T 2T |
=(1-=—)g" ¢— X2EL,(gtg+28Tg)— —gT — —3T.

2( Eg)tz q z (878 +2878) 78 78

Let o (p) = ¢d,(g%gt) — ¢g3/*g*. With the result for Dgr(g™ - §) we compute
the following

Dgr(g?q" - q) = S%EDGRSCIJF ¢+ ¢*Dgrg™ - §)
= ¥ <% - g) a4+ Dor@™ @)
= —%ELg(sﬁg +2¢78) - g”zgf - g”%f
= (ﬁ;—; — %gm) (gte+24tg) — g3/2%g+ - gm%g*
= %Bt(gm)gJr + %Tgmg+ - %gmégJr —3gg* %"
_ g3/2%g+ _ g3/22ng'+

T T )
Eaz(g3/2g+) —~ Eg3/zg+ -3 [831(83/28+) —~ g(g3/2g+)]

(5) s (2) (e

= 20 <E> —220(8 /2ELy).
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Reintroducing mq /(2T) gives

T\ mq 3 mq
Dor(g*?q)) = =20 (E) o7 2 7o ELy) (45)

Using induction it is then possible to show that

T\ mq 3 mq
k 3/2 +\ _ (_1\k I i kT 3/2 1
Dl () = (=) 2o(E)2T+( 2 0@ Bl . (46)

for k > 1. The case k = 1 is presented in Eq. (45). To see how the case k + 1 follows
from the case k, note that

T T T T
D N_p 063t — =32+ ) = —o (=)
GRG(E> GR (E 1(877°8™T) g88 7\ g

where we used DgrT = 0 and Dggr(g3/?gt) = —g3/?g*. Before computing
D ro (g¥/?ELy) note that

32 E T E
g ELg=3 8% =—5DcRg

E E
= Dgr(g"ELy) = =5 DGr’g = 5 Drg = —g"/*ELy.

The action of Dgg on a(g3/2ELg) is then

DGr(o(8¥*ELy) = Dar (87 BLydr (¥/%6™) — o1 (¥ EL)g* g ™)

= =2 (g¥ELgd, (62 ™) — 8 (6% BLy)g 2T ) = ~20(4%2ELy),

which proves Eq. (46). Having D]&R(g3/2qm‘) we can now write
%+ sLp 3/2 + sk k 3/2 +
Xsq) =¢€ GR (g q) )= HDGR(g‘ q )
k>0
k . k .
_ 32, =" ,, (L™ (=297 | 3 (,3/2pL.\™4
g% +(k§ n |\E)ar ™ k; P T

T\ mgq 3 mq
_ 32 4+ 4 -5 1\ mq =5 _ )2 (32 4
=87 + (e 120 (E) T + (e l)Ea(g ELg) T

taking the s — oo limit then yields

. T\ mq 3 mq
Shm Xs (8 q ) =28 q 20 ( E) T EU(g EL,) T
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as desired. We can then extract lim;_, oo X;“qﬁr from this expression using
lim xq;" = (E/T)’/* lim x*(g**¢),
§—>00 §—>00

see Eq. (25). We have

. _ T\mqg 3 _ mq
lim Xs*qm' =2 <q|'|" —2g 32 <—> — — =& 3/2G(g3/2ELg)_>

5§—00 E) 2T E 2T
T 3 N C )
=32 (gt =203 26 (L) — 2 o7325(e32EL) ) 74
n (q q—28 "0 <E> g8 o g)> T

This expression can be further simplified, but first note that

g __ E . 3T T

g = _4g3/2g + 4g5/2g T 2432
37 . 2T 4g3/2EL y
Egg E - 8 g’

and
EL. — E T
$ T2y 283
2T 4g3/%

:>F = 2g — ELg.

Using these two identities the last two terms in Eq. (47) yield

B T 3
270 (E) + 28 326 (g*ELy)

= Z—Tg73

E
37 . 2T 3 3 L 2r 3
=gt |:E—gg -+ EELgE)[(g}/Z) - Eat(g3/2ELg):| +gt [f + Eg3/2ELg] ,

2T 3 3
P8¢ ™) — et EELgaz(g3/2g+) - Eaxg”ELg)g*

N g3/2 . 4 g3/2
g3/2 .
e R W=}

and as such
li * + _ 3/2 + + - 2'+ mq g3/2 EL + EL <+ mq
Jim xqff =" (g - [¢7¢ +2878] o — S [Bles™ —ELeg "] oo
* +

=X49 -
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‘We now move to the computation of x S*qi’ As before our strategy will be to compute
XS*qI via D’(‘;R (g3/2q1’). First note that we have

t=
., mgmg-q 1 . mgy
% TN 7 M

It follows that

méi |
DGrq| = 86rRGr + RordGr)4T = 86rRGrGT — RGr (%)
S.nR mi, (—2)g/? t o §enR mg, .
= OGRRGR L+2 52 8 TOGR GRCIJ__Tg )
and thus
8
Dgr(g¥?q Tt )= \/_DGquL + 83/2DGRq
3g? mq |
= ——ELgQI + ¢ %86rRRGrqT — 3/2Tg+
3g2 3g2 mgy
= —?8GR8 ql + ?5GR(8 q, ) 3/2Tg+
3g2 mq
= —?g"'(SGRq 83/2T8+
3g mgy mg, 2m
= 28 AL 3Ly T 32+
E° Sz E E

32

Since Dgrg1 = 0, the computation of the higher powers of D’& r(& qir) becomes

quite straightforward. We have
DE (s %) = —(—1F 22 g gt fork = 1,
which results in

X (g3/2q+) _ eb'CDGR (g3/2q+) _ Z Dk R(g3/2 )
k>0

(—=)*\ 2m .
_g3/2qJ+__ Z x ?ng3/2g+

k>1

o 2m
=gt — (™ -1 i ¢t
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and as such

2m
: s+ _ 32 4+ 2 o+ _ o xt
Jim xiqp =7 (qﬁr 78 qm) X'q"

as desired. O

LemmaB.2.6 The map x* is the identity in cohomology.

Proof We need to show that
o0
hyf = / Lok L. fds
0
is well-defined on Fgg. Note that {g, &, £+, g*} € ker Rgg and as such
hyq=hy€E=hE" =h,gt =0.

In the case of the metric field g we compute

hyg = / e*~Per Rgrg ds = _E/ e*Par (g3/2gT)ds

0 0

2 [ 2
= _E/ e g gtds = — gE
0

3/2

g .

We now compute the action of the map /1, on qﬁr and qu. For the perpendicular part
of g+ we have

o o 3
hxqi_ _ f LR RGRCIIdS = / LR <—\/§g+q1—> ds
0 0 E
3 o
— E f (gs‘C’DGRg)l/zes‘cDGR (g3/2g+)eS£[)GR (g3/2qI)(eS£DGR g)_3dS
0
3 (* 52 — _ 2m .
= Efo (e'FPrg) =25 g3 2 gt (gmfzir — (e - l)ﬂ?,quy%@ ds
3 34+ /Oo e
=—=88 49 ds.
E 0 [e‘“g +1- e_s)%]S/Z
The integral yields
o0 e s 2 T\ ! s s —3/2|>
ILZ/ st_7<g——> |:e g+ —-e) i|
0 [e—vg+(1 e—v)T} / 3 E 0
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. Ly
3T\ 1 ’

Which results in

hxqi

n
< + 1) g3/2g+q+

_2
ST\ /n+1

Similarly we have

e E T mq
e = [ oo rongitas =~ [ eeron (Ve (ﬁ o) € )
5 x
= éﬂ eSL"DGR l -1 §+ ds
22T Jo Eg
5 o
_3mq <Z(eS£DGR 9 - 1)
0 E

g3
x (¢¥5Par )™ | P2t — (™2 — gt | ds

E
3mq T sLCp
i GR
227 <E ¢ §

Egg Egg

B 3 3
X(ESLDGRg)_S/2 g3/2§++i'+ +—e_2S£.+ +:| ds
3mg | 3p.y 8.4 3mg gty
=24 & I b.

22T|:g ST gse T2 E® S

The integrals that we need to consider are

/(T , L TNT _, T
11:/(‘) (E—esg—(l—e’)E)[e‘ 6g—l—(l—e“)E] ds
T )/OO e—s
=|l—=—-g ds
<E 0 [e—sg + - e—s)%]s/2

T 2
=—(-nlL= —gg_m(nm -1,

E
and
T —2s
/ (——e g—(l—e_s)—> Ee—ds
E) (e5LvGr g)5)2
—3s 00
<Z — ) Le dS — _z/ 672si [(eSEDGRg)*:S/z:I dS
E e’*~DGRr <g)5/2 3 Jo ds
2 6’723 o 4 00 efZS
=-—— | — 2| — s
3 (e*Loorg)3 0 3/0 (e*FPer g)3/2
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S2enot [Tl 2 0
3 3Jo ds (g_ %) /esEDGRg
o
_2ep 8 & B ——
3 3 (g_%) /esﬁpckg 3 0 (g_%) /esEDGRg
2 55 8 T\ 16 ™\ [ ™
_%,32,°9 b -12 , 19 b sLpgp
38 +3<g E) & +3(g E) “ e
2 5, 8 T\ i, 16 T\ *( [T
=38 "3 le—g) ¢t 83 V8

EN T2 1 8 1 16 1— 1
=\7 3732 T3 + )

T 3y 3m—Dyn (m—1)
2 apdn-2y7-1

|

3¢ (/7 + 1)?

Where on the third line we used the integral in /; and similarly for the other integrals.
Gathering everything results in

3/2 . 3n—2 -1 3/2 .
hyaf = (1= [s++ 8 gt *} N B et RSP
E 2T (Vi+1? E 2T
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