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Abstract

In this thesis, we develop new dynamic programming approaches for solving the
mean—variance portfolio selection (MVPS) problem in both discrete and con-
tinuous time. Let Gr(0) be the final wealth of a self-financing strategy 6 in-
vesting in the underlying assets S. The MVPS problem consists of maximising
E[Gr(0)] — {Var[Gr(0)] over a suitable set © of stochastic processes 6 for a risk
aversion parameter £ > 0.

Chapters I and II develop results for the market cloning technique in discrete
and continuous time, respectively. This approach consists of constructing inde-
pendent copies of the market, studying the auxiliary problem to maximise the
expectation of empirical mean minus £ times empirical variance of L individual
copies of the final wealth, and passing to the limit as L goes to infinity. To
tackle these auxiliary problems, we use dynamic programming. In Chapter I, a
systematic backward recursive computation leads to both the value process and
an optimal strategy for each auxiliary problem in finite discrete time. In Chapter
II, with a continuum number of time steps, such a recursion is no longer avail-
able. We use a guess-and-verify procedure for solving the auxiliary problem for
continuous processes. In both chapters, our general framework allows us to go
beyond the i.i.d. innovations or Brownian-driven SDE models typically assumed
in the current literature for this kind of approach.

In Chapter III, we develop a deterministic dynamic programming principle
(DPP) for a general class of open-loop McKean—Vlasov control problems in finite
discrete time. We embed the original problem into a sequence of deterministic tail
problems whose criterion and optimisation at time ¢ involve only an expectation,
not a conditional expectation, of variables from ¢t + 1 onward. This works for
controlled processes without specifying any dynamics for the underlying process.
The resulting DPP gives in full generality a systematic backward recursion for

both the value and an optimal strategy for the MVPS problem in discrete time.






Kurzfassung

In dieser Arbeit entwickeln wir neue Ansétze via dynamische Programmierung
zur Losung des p-o-Portfoliooptimierungsproblems sowohl in diskreter als auch
in stetige Zeit. Sei Gr(6) das Endvermégen einer selbstfinanzierenden Strategie
6, die in die zugrunde liegenden Anlagen S investiert. Das u-o-Problem besteht
dann aus der Maximierung von E[Gr(0)]—&Var[Gr(0)] iiber eine geeignete Menge
© stochastischer Prozesse 6 fiir einen Risikoaversionsparameter £ > 0.

Kapitel I und II entwickeln Ergebnisse fiir die sogenannte Marktklontechnik
in diskreter bzw. stetiger Zeit. Dieser Ansatz besteht darin, unabhéngige Kopien
des Marktes zu konstruieren, als Hilfsproblem dann Erwartung des empirischen
Mittelwerts minus ¢ mal empirische Varianz von L einzelnen Kopien des End-
vermogens zu maximieren, und den Limes fiir L — oo zu betrachten. Um die
Hilfsprobleme anzugehen, verwenden wir dynamische Programmierung. In Kapi-
tel I fiithrt eine systematische riickwéarts rekursive Berechnung sowohl zum Wert-
prozess als auch zu einer optimalen Strategie fiir jedes Hilfsproblem in endlicher
diskreter Zeit. In Kapitel II, mit einer kontinuierlichen Anzahl von Zeitschritten,
ist eine solche Rekursion nicht mehr verfiighar. Wir verwenden stattdessen ein
“guess-and-verify”’-Verfahren zur Losung des Hilfsproblems fiir stetige Prozesse.
In beiden Kapiteln erlaubt uns unser allgemeiner Rahmen, iiber die Modelle hin-
auszugehen, die typischerweise in der aktuellen Literatur fiir diese Art von Ansatz
angenommen werden, ndmlich i.i.d. Innovationen oder stochastische Differential-
gleichungen, die von einer Brownschen Bewegung getrieben werden.

In Kapitel III entwickeln wir ein deterministisches Prinzip der dynamischen
Programmierung (DPP) fiir eine allgemeine Klasse von open-loop-McKean—Vlasov-
Kontrollproblemen in endlicher diskreter Zeit. Wir betten das urspriingliche Pro-
blem in eine Folge von deterministischen Endstiick-Problemen ein, deren Kri-
terium und Optimierung zum Zeitpunkt ¢ nur eine Erwartung, keine bedingte
Erwartung, von Variablen ab t + 1 beinhaltet. Dies funktioniert fiir kontrollierte

Prozesse, ohne eine Dynamik fiir den zugrunde liegenden Prozess vorzugeben.



Das resultierende DPP liefert in voller Allgemeinheit eine systematische Riick-
wartsrekursion sowohl fiir den Wert als auch fiir eine optimale Strategie fiir das

p-o-Problem in diskreter Zeit.
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Chapter 0

Overview

1 Setup and motivation

Let T' € N be a time horizon and fix a time index set T C [0, 7] which contains
the terminal time 7T'. Consider a financial market with d + 1 assets with d € N,
among which there are d risky assets and one riskless asset. For simplicity, all
prices are discounted by the riskless asset and expressed by units of 1. Trading
in these assets with respect to a dynamic strategy yields cumulative profits and
losses at each time t € T.

To convert the above concepts into mathematical terms, we consider an R
valued stochastic process S = (S;)ier defined on a probability space (2, F, P)
with a filtration F = (F;)ier. The components of S; represent the discounted
prices at time t of the d risky assets in the market. We denote by © a suitable
set of dynamic trading strategies 0 = (6;)cr. For each strategy 6 € O, there is a
corresponding gains process G(6) = (Gy(0))er recording the cumulative profits
and losses of the strategy 6 at every time ¢t € T. For a risk aversion parameter

¢ > 0, the mean—variance portfolio selection (MVPS) problem is to
maximise F[Gr(0)] — {Var[Gr(0)] over all 6 € ©. (1.1)

Under mild assumptions, it is not difficult to obtain the existence and unique-
ness (in the sense that GT@) is unique) of an optimal strategy f for problem
(1.1). However, we are more interested in a dynamic description of 6. From this
perspective, the problem (1.1) is outside the scope of classic tools from standard
stochastic control theory, like dynamic programming or a stochastic maximum

principle, due to the variance term in (1.1). However, it turns out that one
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can construct a solution for (1.1) from a solution for the so-called pure hedging
problem to
minimise £ (1 — GT(Q))2} over all § € ©, (1.2)

which is a special case of the mean—variance hedging (MVH) problem to
minimise E[(H — GT(G))Q] over all § € © (1.3)

for a given contingent claim H (i.e., random variable H € L*(Fr, P)).

The MVH problem as formulated in (1.3) or similarly has been studied extens-
ively since the 1990s; see e.g. Duffie and Richardson [26], Schweizer [58, 59, 62],
Rheinlédnder and Schweizer [56], Gouriéroux et al. [31] for early developments of
the general theory, or Schweizer [63] for a survey of the early works. Since then,
there has been a lot of literature making progress from different aspects of the
general theory; see e.g. Kohlmann and Tang [42]|, Lim and Zhou [48|, Lim [47]
and Arai [6], which culminates in a general description of the structure of the
solution to the MVH problem given by Cerny and Kallsen [17]. Although this
storyline is complete to some extent, there are much fewer results which manage
to compute the optimal strategy explicitly. For some papers in this direction,
we refer to Schweizer [61], Bertsimas et al. [9], Gugushvili [32] and Cerny [15] in
finite discrete time, and to Laurent and Pham [43|, Biagini et al. [10], Hobson
[35] and Cerny and Kallsen [18] in continuous time.

Our initial motivation is driven by the question whether one can do expli-
cit computations for the MVPS problem (1.1) systematically like for the MVH
problem (1.2). However, problems (1.1) and (1.2) are quite distinct from this
perspective. One can easily state, at least formally, a dynamic programming
principle for (1.2), whereas it is not obvious how to do so for the MVPS problem
(1.1). For a more detailed discussion of the problem, see for instance Bjork and
Murgoci [13], Bjork et al. [11] and Bjork et al. [12, Chapters 8 and 18|. In this
thesis, we attempt to develop tools from a control perspective to tackle the MVPS
problem (1.1) in a general probabilistic framework. Since there is a deep corres-
pondence between dynamic programming and the stochastic maximum principle,
we focus on giving results based on the former and leave the latter for future
research.

The rest of this chapter is organised as follows. We first elaborate on the
connection between the MVPS problem and the pure hedging problem. Then

we give a quick review of the main existing results for the pure hedging problem
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(1.2). The chapter ends with a brief introduction to the approaches proposed in
this thesis.

2 An abstract mean—variance portfolio selection
(MVPS) problem

The idea of connecting the MVPS problem to an auxiliary linear-quadratic stoch-
astic control (LQSC) problem dates back at least to Li and Ng [45]. This tech-
nique is later improved by Sun and Wong [65], Xia and Yan [66] and Fontana and
Schweizer [30] to write the solution to the MVPS problem in terms of a solution to
the pure hedging problem (1.2). Following [30], we give a simple presentation of
this connection. The idea is to forget the temporal structure and look at problem
(1.1) statically.

Let (92, F, P) be a probability space. Denote by L? the space of all (equi-
valence classes of) real-valued square-integrable random variables. Consider a
non-empty subset I' C L?. For a fixed risk aversion parameter £ > 0, we consider

an abstract /static version of the MVPS problem, namely to
maximise F[g] — {Var[g] over g € T, (2.1)

Note that we have already abstracted away the temporal structure in the original

MVPS problem (1.1).

Assumption 2.1. 1) T'is a closed linear subspace of L.

2) I' does not contain the constant (payoff) 1.

Under Assumption 2.1, we can write uniquely L? = I' @ I't, where I'* is the
orthogonal complement of I in L?. Thus we can decompose any random variable

Y € L? uniquely into
Y =¢" +7(Y) with ¢" €T and 7(Y) € T+ (2.2)

Now we argue that the solution to the abstract MVPS problem (2.1) can be read
off from the solution to the abstract pure hedging problem to

minimise E[(1 — g)?] over g € T. (2.3)

Note that using the notation (2.2), we have 1 = g' + 7(1), and thus the solution
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to (2.3) can be simply written as g'.

Theorem 2.2. Suppose that Assumption 2.1 is satisfied. Then problem (2.1) has

a unique solution g™ € I', explicitly given by

11 :

" E g .

Proof. See Fontana and Schweizer |30, Proposition 3.4]. O

To study the abstract pure hedging problem (2.1), it turns out that an im-
portant quantity is the variance-optimal signed I'-martingale measure defined as

follows.

Definition 2.3. A signed measure @) on (), F) is called a signed I'-martingale

measure if Q[Q] =1, Q < P with % € L? = L*(P) and

d@
E{d—Pg}—O forall g €T

The set of all signed I'-martingale measures is denoted by P(T"). We call a signed

[-martingale measure Pr variance-optimal for I' if Pr satisfies

~ d
Pr= argminVar{—Ql .
QeP(T) dr

Whenever P(T") is nonempty, a variance-optimal Pr exists and is unique be-

cause it can be obtained by minimising the strictly convex functional @ — || % 12,

d
over the closed convex set P*(T") (where we identify elements of Q of P?(T") with

their density % € L?).

Lemma 2.4. Suppose that Assumption 2.1 is satisfied. Then

dﬁp_ 1—91
dP  E[1—g'’

where g* is a solution to the abstract pure hedging problem (2.3).

In view of Lemma 2.4, it suffices to study the variance-optimal signed I'-mar-
tingale measure. We end this subsection by translating the correspondence (2.4)
between the abstract random variables into a correspondence between strategies.

To proceed, we first need as a property for the gains process that

G(6) is linear in 6, (2.6)
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without giving a precise definition of G(6). If we want to apply the abstract result
in Theorem 2.2 to the case I' = G7(0©), Assumption 2.1 becomes a corresponding

(implicit) assumption on the set © of strategies.

Assumption 2.5. 1) © is a linear space, and G(0) is closed in L.
2) Gr(©) does not contain the constant payoff 1.

Note that due to (2.6), Assumption 2.5, 1) implies that G7(0) is a closed

linear subspace of L?.

Corollary 2.6. Suppose that Assumption 2.5 is satisfied. Then problem (1.1)

has a solution 0™ € © which can be written explicitly as

~ 1 1
o = — — 0!, teT, (2.7)
28 B[1 — Gr(0Y)]

where O is a solution to the pure hedging problem (1.2). In consequence, the
gains process G (ﬁmV) satisfies
1 1

mv _ 7l
G (™) = o0 G,(0"), teT. (2.8)

Proof. Because Gr(0) is closed in L?, we can write
L? = Gr(0) ® Gr(0)*.

This yields 1 = g' + 7(1), where g' and 7(1) are the orthogonal projections of
1 onto G(0©) and Gr(0)*, respectively. Because g' € G7(©), there exists a
strategy 01 € © such that GT(«/9\1) = ¢!, and thus #' is a solution to the pure
hedging problem (1.2). Inserting the above identity into (2.4) yields

1 1

mv _ L a1
T T % BN G Gr ().

Defining 0™ as in (2.7), using the linearity of the gains process from (2.6) and
invoking the last display, we have
1 1

Amv _ 7l — v
) = s mn— ey T

Because 0™ is in © due to the linearity of © from Assumption 2.5, 1), this shows
that #™ is a solution to the MVPS problem (1.1). Finally, the identity (2.8) is a

direct consequence of (2.7) and the linearity of the gains assumed in (2.6). O
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3 Results for the pure hedging problem

As mentioned earlier, there is a lot of literature on the study of the MVH problem
(1.3). We refer to Schweizer [64] for a general overview. From a methodological

perspective, we can categorise these works as follows:

(a) Viewing problem (1.3) as an L2-projection problem, one obtains an optim-
ality criterion of projection-type for (1.3), which leads to the usual martin-
gale techniques. For works along this line, see e.g. Schweizer [58, 59, 61, 62],
Rheinlinder and Schweizer [56] and Cerny and Kallsen [17].

(b) Viewing problem (1.3) as a stochastic control problem, one uses tools from
standard stochastic control theory to tackle problem (1.3). For works us-
ing general tools like dynamic programming, see e.g. Bertsimas et al. [9],
Gugushvili [32], Cerny [15], Laurent and Pham [43] and Jeanblanc et al. [38].
For works using more specialised results from LQSC and backward stoch-
astic differential equations (BSDEs), see e.g. Kohlmann and Tang [42], Lim
and Zhou [48] and Lim [47].

Although it is difficult to draw a clear boundary between (a) and (b), we hope this
crude classification sheds some light on the ideas used in the existing literature
to tackle the MVH problem.

Let us now discuss methods from (a) in some detail because they give a general
structure of the solution to the pure hedging problem (1.2) more efficiently. Recall
from Section 1 the basic setup: we have a time horizon T" € N, a time index set
T C [0,7] and a filtered probability space (€2, F,F, P). On that space, there
is an R%valued process S whose components model the discounted prices of d
risky assets in a financial market. In Section 1, we only verbally introduced
trading strategies and the associated gains processes. We now frame these in
mathematical terms. As a first assumption, the price process S is required to
be adapted to the filtration F. A trading strategy is a pair (vg, #), where vy € R
is the initial capital and € is an R%valued predictable process. We also want
our strategies (vg,6) to be self-financing so that the wealth process of (vg,0) is

given by
t
‘/lg(’(](),e) = Vo +/ (95 dSs =19+ Gt(9>, te . (31)
0
The process G(0) is called the gains process of 6. Because (3.1) involves a

stochastic integral with respect to S, the presentation is different for discrete-

time and continuous-time processes. We only discuss the latter case here and
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refer to Section 1.2 for the much simpler case of discrete time. For continuous
time T = [0, 7], we impose that S is a semimartingale with respect to the filtra-
tion F and that 6 is S-integrable. This ensures that the (real-valued) stochastic
integral [0dS is well defined. For a precise definition, we refer to Jacod and
Shiryaev [37, Sections 1.4 and III.6]. Thanks to (3.1), there is for fixed vy a cor-
respondence between a trading strategy (vo, #) and a process . Since vy is always
fixed from now on, we use the term “trading strategy” to refer to an R%valued,
F-predictable, S-integrable process 6. We denote the set of all these 6 by L(S).

To ease notation, we assume d = 1 throughout this section.

3.1 General structure

éerny and Kallsen [17] provide a complete description of the solution to the pure
hedging problem. To briefly present their results, we need some terminology. By
§? = §%(P), we mean the space of semimartingales admitting a decomposition
X = Xo+ MX 4+ AX with M* € MZ .(P) and A* of square-integrable variation
(and therefore predictable, so that X is special).

Assumption 3.1. 1) The price process S is in S2

loc*

2) There is some equivalent o-martingale measure with square-integrable dens-

ity, i.e., some probability measure () ~ P with j—g € L?(P) and such that S is a

@Q-o-martingale.

Next we specify the set of trading strategies. A process € L(S) is said to
be admissible if there exists a sequence (6™),en of simple (i.e., piecewise constant

on finitely many stochastic intervals) strategies such that

G¢(0™) — G¢(#) in probability for any ¢ € [0,T], and
Gr(0") — Gr(0) in L*

(Note that this admissibility is different from the one used by Delbaen and Schach-

ermayer [24].) We consider
Ock = {0 € L(S) : 0 is admissible}. (3.2)
The pure hedging problem in this setup is to

minimise E[(1 — G7(6))?] over 6 € Ock. (3.3)
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Lemma 3.2. Suppose Assumption 3.1 is satisfied. Then Gr(Ock) is equal to the
L?-closure of Gp(©s), where

Qs := {0 € L(S): G(A) € §?}. (3.4)

Proof. See Cerny and Kallsen [17, Corollary 2.9]. O

Lemma 3.2 implies that G7(©¢k) is closed in L?. Because Gr(Ock) is already
linear by the definition of admissible strategies, we obtain that Assumption 2.1
holds with I' = G7(O¢k). In view of Lemma 2.4 with I' = G7(Ock), it is therefore
enough to construct the variance-optimal signed G (©ck)-martingale measure.
To this end, a central object is the so-called opportunity process which basically
records a family of optimal values for certain conditional problems, as follows. In
the rest of this subsection, Assumption 3.1 is imposed throughout.

For a stopping time 7, we define
Ock(T) :={0 € Ock : ¢ =0 on [0, 7]}

and call a strategy A" € O¢k T-efficient if A minimises § — E[(1 — G7(0))?]
over § € O¢k (7). For any stopping time 7, such a 7-efficient strategy A7) exists
as shown in Cerny and Kallsen [17, Lemma 3.1]. For ¢ € [0,T] and a t-efficient
strategy A®), we then define

¢ = E[(1 - Gr(\D)|F], telo,T), (3.5)

and call ¢ = (q:)icjo,r) the opportunity process. Lemma 3.2 and Corollary 3.4
in [17] show that we can (and do) choose an RCLL version of ¢ and that ¢ is a
semimartingale (even a submartingale). It is shown in [17, Lemma 3.7| that there

exists a process a € L(S) such that
1= GO7) = E(G(=alyry) =1~ G(5]1117,T115(G(—5]1}]T,T}]))7)

for any stopping time 7. We call this (possibly non-unique) process a an adjust-

ment process. Then we can define a signed measure Q* by

d@* _ &(G(=a))r
dP ~ E[E(G(-a)r]

(3.6)

Theorem 3.3. Suppose Assumption 3.1 is satisfied. Then the signed measure Q*

is a well-defined signed Gr(©ck)-martingale measure and variance-optimal for
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Gr(Ock) in the sense of Definition 2.3.
Proof. See Cerny and Kallsen [17, Proposition 3.13]. O

To convert this result into a solution for the pure hedging problem (3.3), we

define a predictable process @ as the solution of
ar = —a(Gy_(a) — 1), t€[0,T). (3.7)

Theorem 3.4. Suppose Assumption 3.1 is satisfied. Then the equation (3.7) has
a unique solution @ in L(S). Moreover, the process a is in ©ck and is an optimal

strategqy for the pure hedging problem (3.3).
Proof. See éerny and Kallsen [17, Lemma 4.9 and Theorem 4.10]. n

Finally, we convert the solution @ for the pure hedging problem (3.3) to a
solution 6™ for the MVPS problem (1.1) with © = ©¢k. Because Assumption 3.1
implies that Assumption 2.5 is satisfied with © = O¢k, we use Corollary 2.6, (2.7)
and (2.8) and the linearity of the gains process to obtain

Amv_i 1 a v :i 1 =
0= e EE G ™ Y T wEEGR)) O 0T

and hence

1 !
28 E[E(G(=a))r]
1

S (Gt@mv) T o E[@(G(—E))T])’

Example 3.5. We discuss a special case where the adjustment process a can

omv o
o =

a(Gi—(a) — 1)

te0,T). (3.8)

be determined explicitly. Suppose Assumption 3.1 is satisfied. Schweizer |60,

Theorem 1] says that S satisfies the structure condition, meaning that
S:SQ+M+A:So+M+/)\d<M>

with M € MG,,.(P) and A € L (M). If the entire mean-variance tradeoff
(MVT) process K := [ Ad(M) is deterministic, we can define a martingale meas-
ure P via its density g = &([/ —AdM)y. This is called the minimal signed
martingale measure for S by Schweizer [60]. Moreover, [60, Theorem 8| there
shows that the variance-optimal local martingale measure for S coincides with P.

It is not difficult to argue that a variance-optimal local martingale measure for
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S is the same as a variance-optimal G'r(O¢k)-martingale measure in this setup.
Therefore a can be chosen as A\. From (3.8), we then obtain an optimal strategy

for the MVPS problem explicitly given by

1
2 EE(G(=A)r]

o = — )\, (Gt_(@m) - ) te[0,7). (3.9)
If in addition S is continuous, then we only need to assume that the final value

Kr is deterministic to obtain @ = A and hence the identity (3.9).

3.2 Results in discrete time

In finite discrete time, we have more explicit results about the solutions for the
pure hedging problem (3.3) and the MVH problem (1.3). Schweizer [61] first fully
worked out the explicit structure of the solutions for both problems with © = Gg
given in (3.4). In discrete time, the requirement in (3.4) that G(0) € §? trans-
lates into the condition that Gy(f) € L? for t = 1,...,T. Later, various papers
including Gugushvili [32], Cerny [15] and Melnikov and Nechaev [50] extended
the results to more general spaces of strategies. But the explicit structure of
the solutions for both problems remains the same as in Schweizer [61]. We first
follow the recent presentation given in Cerny and Kallsen [17] and then discuss
the connections to other papers.

The opportunity process g and adjustment process a are given more explicitly.
Indeed, we have from [17, Example 3.32| that

(E[QtAStLthl]y

= Flg|Fi_1] — 7

i [qt| ' 1] E[Qt<ASt)2’}—t71]
3 = E[QtASt’]:t—l])
" Elg(AS)|F)

qul,

t=1,...,T (3.10)

Thanks to the discrete-time structure, the stochastic exponential reads

E(G(—a)), = ﬁ(1 —a,ASy), t=1,...,T.

s=1

From (3.6), we also have an explicit expression for the variance-optimal signed

G1(O©ck)-martingale measure.
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The signed measure @Q* from (3.6) in finite discrete time has the density

dQ*  EG=a)r  II-,(1—a@AS))

AP ElE(G(=a)r] B[]S, -als,)]

We translate (3.7) into a solution @ for the pure hedging problem (3.3) in discrete
time via

Et:—at(Gt_l(a)—l), tzl,...,T,

where the adjustment process a is given explicitly by (3.10). Similarly, we trans-
late (3.8) into a solution #™ for the MVPS problem (1.1) with © = O¢x in finite

discrete time via

~ ~ 1
O = —a, | Gy_1(0™) — — , t=1,...,T.
= =60 - )

We now discuss the connections to earlier literature. First, Schweizer [61]
solved the pure hedging problem (3.3) with ® = ©g under the assumption that
the mean—variance tradeoff process is uniformly bounded. Melnikov and Nechaev
[50] considered the space
7 : 0 real-valued, F-predictable and G(0) € L*}  (3.11)

-----

and solved the problem (3.3) with © = ©yn. Note that we immediately have
Og C Oyn. To compare Oy and O¢k in finite discrete time, we need the result

below.

Lemma 3.6. Suppose that Assumption 3.1 is satisfied. Then in finite discrete
time, we have

60K = @MN'

Proof. See Cerny and Kallsen [19, Proposition 8.4]. n

3.3 A backward stochastic differential equation (BSDE) for

the opportunity process

Although (3.7) gives a general structure for the solution of the pure hedging
problem (3.3), the optimal strategy requires to calculate either the opportunity
process ¢ or the adjustment process a, both of which are notoriously difficult

to find explicitly. In this subsection, we present a BSDE approach proposed by
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Jeanblanc et al. 38|, which gives a different characterisation of the opportunity
process ¢ given in (3.5).
We denote by PgJ(S) the set of all probability measures () = P on Fr such

d

that S is a (Q-o-martingale and £ € L?(P), and we consider the spaces

Os = {0 € L(S) : G(0) € S*(P)},
Os(1):={0 €Og:0=0o0n [0,7]}

of strategies, where 7 is an F-stopping time. A basic relation between ©g and

Ock in (3.2) is that Gp(Ock) is the L2-closure of G(Og), i.e.

Gr(0s) = Gr(Ock),
Gr(Os()) = Gr(Ock(7)),

for any stopping time 7; see for instance éerny and Kallsen [17, Corollary 2.9|
for a proof. In view of these identities, we can equivalently rewrite the definition
(3.5) of q as

2 : 2

= inf F|(1—Gr(0)) |F| = fE[(1—Gr(0)) | F|. 3.12

a = esinf B[(1-Gr(6)"| 7] = essinf E[(1 - Gr(6)"|7]).  (3.12)

A natural way to compute ¢ is then to solve the family of conditional problems
given by the right-most expression in (3.12).

To proceed, we assume that Assumption 3.1 is satisfied, i.e., the process S

is in 82,

of arbitrage for the market. Moreover, this implies that S satisfies the so-called

and P2 (S) # 0. The latter condition is one way of imposing absence

structure condition, namely that S has the form
S:SO+MS+AS:SO+M+/Ad<M>,

with M = M® € MG, .(P) and A being predictable and in L{ (M). Before
stating the BSDE, we recall some results and notations from the general theory
of processes. For any locally bounded process X, we denote by PX its pre-
dictable projection. If X is any process of locally integrable variation, then its
compensator XP exists. Let Y = Yy + NY + BY be a bounded (hence special)
semimartingale. The property (2.9) in Jeanblanc et al. [38] shows that if the pro-

cess [NV, [S]] is of locally integrable variation, then its compensator [NY, [S]|P is
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absolutely continuous with respect to (M) and has a predictable density

[N, (S]]

g (Y) = Wa

te 0,7
Finally, we introduce the notation N (Y") given by
NU(Y) =Y (1 + N A(M),) + g(Y), t€[0,T].

Now we consider the backward equation

. U + M (PYr)

Y= = (M), +p dM, + dL;, Yy = 1. (3.13)

A solution to (3.13) is a triplet (Y, 1, L), where L is a local P-martingale strongly
P-orthogonal to M, ¢ is in L{ (M) and Y is a P-special semimartingale with
[NY[S]] of locally integrable variation. For fixed ¢ € [0, T], define the stochastic
exponential starting from time ¢ of a semimartingale X by

E(X)y =1+ / (X)), dX, =&E(X — XYy, uw€elt,T).

t

Theorem 3.7. Suppose that the process S is in S2

loc

and P2 ,(S) # 0. Then the

following two statements are equivalent:

1) For every t € [0,T], there exists an optimal strategy 0*' € Og(t) for the
second conditional problem in (3.12).

2) There exists a solution (Y, 4, L) to the BSDE (3.13) having L € Mg,,.(P)
strongly P-orthogonal to M, ¢ € L% (M), Y bounded and strictly positive and
such that for every t € [0,T], the process tS(G(—wJX/’\((;;/))) is in S*(P).

If either 1) or 2) holds, then for each t € [0,T] the optimal strategy 0*' for the

second conditional problem in (3.12) is given by

eg’t:—wtg(c;(—w)) e val (3.14)

Nu(Y) N(Y)

and the opportunity process q is the unique bounded strictly positive solution'Y of
(3.13).

If in addition there is some () € Pz’g(S) satisfying the reverse Holder inequality
Ry(P), then q is the unique solution to (3.13) in the class of processes satisfying
c <Y <C for some c,C > 0.
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4 A brief introduction to our approach

In this thesis, we develop two types of dynamic programming techniques for the
MVPS problem.

4.1 Chapters I and II

The first method is inspired by the market cloning technique originally proposed
by Ankirchner and Dermoune [5] and extended by Fischer and Livieri [29]. For
convenience, by a financial market, we mean here a tuple (Q, F,F, P, 9, S), where
(Q, F,F, P) is a filtered probability space, O is a set of strategies and S is the
discounted price process. We recall from (1.1) that the MVPS problem in this

market is to
maximise F[Gr(6)] — {Var[Gr(0)] over all § € O. (4.1)

Due to the variance term in (4.1), one cannot easily state a dynamic program-
ming principle for this problem. The idea to get around this issue relies on a
law of large numbers which formally says that the empirical mean %Zle Xy of
i.i.d. random variables (X;)sen converges to the expectation of the random vari-
able X, as L — oo. Inspired by this observation, one then blows up the problem
by first constructing an extended market (QF), F(1) GE) PE) @E) S()) which
supports L i.i.d. copies of the original financial market (2, F, P,©,5), then de-
fining a vector gains process G(1¥) whose /-th coordinate records the profits and
losses of investment in S%%) via 945 according to a vector 95 = (94(H)),_; |
of strategies, and finally replacing the expectation and variance in (4.1) by em-
pirical means and empirical variances. This leads us to consider the extended

problem to
maximise E® [em(GT(ﬁ(L))) — f‘evar(GT(t‘}(L))ﬂ over all 9 € @) (4.2)

where em(-) and evar(-) denote the empirical mean and variance, respectively.
The key observation is now that problem (4.2) is a standard stochastic control
problem with state variable G(9)) and control 9). So we can state and prove
a dynamic programming principle for (4.2), which then gives a systematic way of
computing an optimal strategy 9P for the extended problem.

Having obtained an optimal 9®) for each auxiliary problem (4.2), we then

pass to the limit as L — oo in order to solve the original problem (4.1). Let us
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introduce handy notations J™ and J& by

J™(0) = Gr(0) — £(Gr(0) — E[Gr(9)])°, 0 €0, (4.3)
JB WD) = em(Gr(9")) — Levar (Gr(97)), 9 e @D, (4.4)

respectively, so that E[J™(0)] = E[Gr(0)] — {Var[Gr(0)]. Using (4.3) and (4.4),

we can equivalently write problems (4.1) and (4.2) as to

maximise E[J™ ()] over all § € ©,
maximise EX [ (98] over all 99 € @1,

respectively. For any 6 € ©, we now construct a vector strategy #%* € @)
consisting of L i.i.d. copies of A, which in turn yields that the vector final gain
G7(0%) consists of L i.i.d. copies of G7(). Because J*) in (4.4) involves only the
empirical mean and variance of the i.i.d. random variables (G?(L)(9®L))g:1 77777 I

we can use a law of large numbers argument to show that
ED[JD(9%L)] — E[J™(0)] as L — .

In view of 8% € ®®) and the optimality of 9© for the auxiliary problem, we

always have
E(L)[J(L)(9®L)] < E(L)[J(L)({,@\(L))]'

Combining the above two inequalities yields

E[J™(6)] < limsup EP[JP (D)) for all 6 € ©.

L—oo

Suppose that ™ is a solution to the original MVPS problem. We then have

BLT™ (™)) < lim sup ED[JE) (1)), (4.5)

—00
This can be used to construct a candidate § for the solution to the original
problem in the following manner. For the sake of argument, suppose that an
explicit formula for 91 can be obtained. By passing to the limit formally or
likewise, we can then construct a candidate 9 € O for the original problem based
on that formula for 92, If we can show that E[va(a)] is equal to the right-hand

side of (4.5), we obtain E[J™(6™)] < E[J™(0)], which yields the optimality of
§ for the original problem (4.1).
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The market cloning technique as explained in the above paragraphs does not
seem to rely on the specific dynamics of the price process S. From a methodolo-
gical perspective, a unified mathematical framework is thus worth to be worked
out in detail and constitutes our first contribution to the existing literature.

In Chapter I, we construct the extended market and formulate the auxiliary
problem in finite discrete time. The DPP embeds the auxiliary problem for fixed L
into a temporal sequence of (conditional) stochastic control problems and asserts
that the (optimal) value of the conditional problem at time t—1 can be computed
in terms of the solution to the problem at time ¢. This gives us a systematic
approach for constructing an optimal strategy for the auxiliary problem, which
consists of solving the problem at time ¢ by finding an optimiser, then plugging
that into the value of the time-t problem, and iterating this procedure backward
in time starting from ¢ = 7. Finally, we construct a candidate for the MVPS
problem by exploiting the just obtained strategy and passing to the limit.

In Chapter II, we develop this approach in continuous time with the same
basic idea as in Chapter I. But because we have a continuum of time steps,
we attack the auxiliary problem by guessing an affine-quadratic structure for
the value process and then constructing candidates for both the value process
and an optimal strategy based on a martingale optimality principle. In both
chapters, we manage to solve the auxiliary problem under the assumption that
the MVT process is deterministic. Although in these cases, an optimal strategy
for the MVPS problem can be alternatively obtained as in (3.9), the market
cloning technique exploits a completely different angle and has more the flavour of
McKean—Vlasov control problems which typically consider i.i.d. innovations and
Brownian-driven SDE models. Therefore, our results nicely extend this technique

and give our second contribution to the existing literature.

4.2 Chapter III

The second type of dynamic programming techniques for the MVPS problem is
inspired by recent progress in McKean—Vlasov control theory. Because the MVPS
problem belongs to a category of such problems, it is natural to use results from
that theory to tackle it. Andersson and Djehiche [4] propose a solution technique
based on a stochastic maximum principle for McKean—Vlasov control problems.
Pham and Wei [52] develop a dynamic programming principle (DPP) for processes
driven by i.i.d. innovations and apply that DPP to solve the MVPS problem. The

market cloning technique proposed by Ankirchner and Dermoune [5] and extended



4 A brief introduction to our approach 19

by Fischer and Livieri [29] has some flavour of this type. But at present, it seems
that the current literature mostly considers processes driven by i.i.d. innovations
or Brownian-driven SDE models. This is an aspect worth some improvement.
We first describe the problem. Let (2, F, P) be a probability space with a
filtration F = (F;)i=o.1...7. Consider a family (X)o7 of stochastic processes
controlled by an F-predictable process 6 = (6;);=1. 7, meaning that X! depends
on 6 only via #q,...,6,. For a generic random quantity Y, we denote by Py
the distribution of Y under P. For the sake of argument, we suppose that all
random variables are real-valued and denote by P(R) the set of all probability
distributions on R. For a set © of controls 6, we are interested in a criterion j of

McKean—Vlasov type given by

T-1

J(6) = E[Z Pt X0 Buin, Pasgn,,) + 9(X0 Py

t=0

where f and g are real-valued (measurable) functions with appropriate domains.
The problem is to
maximise j(#) over all 6 € ©. (4.6)

Although the criterion j looks quite formidable, we can embed this problem into
a sequence of deterministic tail problems where both the value v(¢,0) and the
optimisation of v(¢,#) involve only an expectation, not a conditional expectation,
of variables from t + 1 onward. This then yields a DPP which asserts that the
(optimal) value at t—1 can be obtained in terms of the solution to the tail problem
at time t. Since the tail problem for ¢ = 0 corresponds to the original problem
(4.6), we thus obtain a systematic approach via the above backward recursion
to compute both the value and an optimal strategy for (4.6). This idea already
appears in Pham and Wei [52, Lemma 3.1], but the authors work there with
closed-loop controls in an i.i.d. framework. We first extend their results to open-
loop controlled processes without specifying any dynamics for the underlying
process. Because the MVPS problem has a linear—quadratic (LQ) structure, we
study and obtain some structural results for a general class of single-period LQ
problems. We finally piece these one-step results together to solve the MVPS

problem (4.1) in full generality in finite discrete time.
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Chapter 1

Mean field approach for MVPS —

discrete time

1 Introduction

Mean—variance portfolio selection is a classic problem in finance. In financial
terms, the goal is to maximise the expectation and minimise the variance of the
final wealth Gr(0) = fOT 0,dS, of a self-financing strategy 6 investing in the

underlying assets S. Mathematically, this is formulated as
maximise F[Gr(0)] — {Var[Gr(0)] over § € O,

for a suitable set © of stochastic processes and a risk aversion parameter £ > 0.
Compared to its single-period version studied by Markowitz [49], the multi-period
mean-variance portfolio selection (MVPS) problem seems to have gained less
popularity over the decades. One reason is the fact that the variance term in the
mean—variance criterion makes the problem not amenable to a (Bellman-type)
dynamic programming principle or other standard tools from stochastic control
theory. The contribution of this chapter is to extend a novel solution technique
proposed by Ankirchner and Dermoune [5] and apply that to solve the MVPS
problem in finite discrete time.

While the toolbox for tackling the multi-period MVPS problem in generality
seems to be almost empty, there still has been some significant progress on this
problem. The connection to other literature is discussed in detail in Section
6. Roughly speaking, there are three approaches for the multi-period MVPS

problem:
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(a) One considers a time-consistent or equilibrium solution for the MVPS prob-
lem. This approach goes away from the original formulation and studies a
different type of optimality for which a solution enjoys a dynamic program-

ming principle.

(b) One exploits the connection of the MVPS problem to a class of auxili-
ary pure hedging problems which turn out to be standard linear—quadratic
stochastic control problems. Then one solves the latter and translates the

resulting solution into a solution for the original MVPS problem.

(c¢) One views the MVPS problem as a special case of a McKean—Vlasov control
problem and uses tools from there to tackle the MVPS it.

The market cloning technique of Ankirchner and Dermoune [5] seems to lie at
the intersection of (b) and (c) as explained in Section 0.2 in Chapter 0. The au-
thors also consider a class of auxiliary standard control problems. However, these
look more analogous to the original MVPS problem than the class of auxiliary
problems typically considered in (b). We extend the approach of [5] in two as-
pects. First, from a methodological perspective, there is a general mathematical
structure behind their technique which is worth developing systematically and
rigorously. Second, in this more general framework, we can apply their technique
to study the MVPS problem with an underlying price process S having non-
independent increments. Of course, some results for the MVPS problem with
a general underlying process S can be obtained by the approaches in (b). But
since the market cloning technique has more the flavour of (c¢) where one typically
studies processes driven by i.i.d. innovations, our results nicely complement the
current literature.

This chapter is structured as follows. In Section 2, we first introduce the
market and formulate the MVPS problem in precise terms. Then we introduce
the market cloning technique from Ankirchner and Dermoune [5] by constructing
an extended market which supports independent copies of the original market
and formulating in that market an auxiliary problem, with more care, rigour and
in unified form. The section ends with the classic martingale optimality principle
(MOP) tailored for the auxiliary problem and some results for martingales under
shrinkage of filtrations. The latter results allow us later to go beyond the case of
i.i.d. innovations. We keep the development in this section as general as possible
and impose only some mild assumptions.

In Section 3, we study the auxiliary problem in more detail. Using the ab-
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stract MOP in Section 2, we establish a dynamic programming result for the
extended problem and reformulate that into a sequence of single-period (condi-
tional) problems. Then we go away from the general presentation and provide the
necessary details for a concrete setup where we perform the actual computation
of an optimal strategy for the auxiliary problem backward in time in Section 4.

Section 4 proposes a recipe for the systematic computation of an optimal
strategy for the auxiliary problem based on the dynamic programming principle
from Section 3. Following that recipe, we first maximise a conditional problem at
time T and look for a structure that propagates backward in time. But a desired
simple affine—quadratic structure comes at the cost of the extra assumption that
the mean—variance tradeoff process for the price process S is deterministic; this
appears naturally along the computations. Assuming that condition, we present
in the main result of this section (Theorem 4.12) an affine—quadratic structure
for the entire value process and an optimal strategy for the auxiliary problem.

Finally, we explore in Section 5 the connection between the auxiliary and the
original MVPS problems. The connections are two-fold. First, with the help of
the optimal strategy from Theorem 4.12 for the auxiliary problem, we construct
a candidate for an optimal strategy for the original MVPS problem and present
a simple verification procedure. The verification step is new and can be easily
extended to a more general class of problems whose criterion involves a nonlinear
function of an expectation. Second, we show that the gains of the optimal strategy
for the auxiliary problem converge to the gains of the optimal strategy for the
original MVPS problem, as the number of copies in the extended market goes
to infinity, with a precise rate of convergence. This improves the corresponding
results in Ankirchner and Dermoune [5].

In Section 6, we discuss connections to the literature in detail.

2 Problem formulation and general preliminaries

2.1 Mean—variance portfolio selection (MVPS) in a finan-

cial market

Let us begin with some necessary preparation. We first introduce a financial
market and describe investment in this market, both in mathematical terms.
Then we formulate the MVPS problem in this financial market. Finally, we

study the existence and uniqueness of a solution to the MVPS problem under
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some natural assumptions.

Let T € N be a time horizon and fix a time index set T C [0,7]. The two
main examples are T = {0,1,...,7} and T = [0, 7], which stand for the case of
discrete and continuous time, respectively.

Let (£, F, P) be a probability space with a filtration F = (F})ier. We always
assume that Fy is P-trivial, meaning that F; only contains events with probability
0 or 1. In continuous time, i.e. T = [0, T|, we additionally assume that F satisfies
the usual conditions of right-continuity and P-completeness.

Consider a financial market with d + 1 assets with d € N. There are d risky
assets and one riskless asset. For simplicity, all prices are discounted by the
riskless asset and expressed by units of 1. In mathematical terms, the price of
the riskless asset is modelled by S° = (SY);er = 1, and the (discounted) prices of
the risky assets are modelled by an R%-valued stochastic process S = (S;)ier. As
a first assumption, we impose that S is adapted to F.

Next, we mathematically describe trading behaviours in this market. A trad-
ing strategy is a pair (vg, §), where vy € R is the initial capital and 6 is an R%-val-
ued predictable process. Because we want our strategies to be self-financing, the

wealth process of (vg, 0) is given by

Vi(vo, 0) :V;:voJr/tQSdSS =:1vy+ Gy(0), teT. (2.1)
0

The process G(0) is called the gains process of 8. We also use 0 « S to denote the
stochastic integral process of 6 with respect to S. Hence, 6 « S and [60dS are
used interchangeably.

Note that the self-financing condition involves a stochastic integral with re-
spect to S, which requires different assumptions for discrete-time and continuous-
time processes. Therefore, we divide the discussion into two cases.

Trading in discrete time: T = {0,1,...,T}. This requires no additional

assumptions on either 6 or S. We introduce the notation
AXt = Xt_Xt—b tEN,

for increments of any discrete-time process X = (X)ien,. Note that to make

sense of
t

t
/ 0,dS, =Y 0JAS,, t=0,1,... T,
0

s=1

we indeed do not need any further assumptions. Here we adopt the standard
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convention that any sum over an empty set is equal to 0, which yields in particular
[76,dS; = 0.

Trading in continuous time: T = [0,7]. We make a particular choice of
well-defined stochastic integration theories. That is, we impose that S is a se-
mimartingale with respect to the filtration F. Moreover, we require that 6 is
S-integrable. This ensures that the (real-valued) stochastic integral [ 6dS is well
defined. For the precise definition, we refer to Jacod and Shiryaev [37, Sections
[.4 and IIL.6].

To summarise, we consider two classes of assumptions:

e In discrete time, S needs no further assumptions. A (self-financing) trading
strategy (vo,) satisfies that vy € R and 6 is an R?-valued, predictable

process.

e In continuous time, we assume further that S is a semimartingale with
respect to F. A (self-financing) trading strategy (vo, ) satisfies that vy € R

and 6 is an R%valued, predictable, S-integrable process.

Remark 2.1. In discrete time, any adapted R%valued process S is automatically

a semimartingale, and any R%valued process is automatically S-integrable.

Now we turn to formulating the MVPS problem. Let © be a set of processes
such that for any vg € R and any 6 € O, the pair (vg,0) is a (self-financing)
trading strategy. Fix a risk tolerance parameter v > 0 and an initial capital
vy € R. The MVPS problem is to

1
maximise F[Vr(vg,0)] — 2—Var[VT(vo, )] over all § € ©, (2.2)
Y

which by (2.1) is structurally equivalent to
maximise E[Gr(6)] — {Var[Gr(0)] over all 6 € O, (2.3)

where ¢ is a positive real number standing for a generic risk aversion parameter,
and we can choose £ = % for consistency with (2.2) when necessary.

The remaining task is to make additional assumptions on S and © so that the
MVPS problem (2.3) is mathematically well defined.

Assumption 2.2. O satisfies the following:
1) Gr(©) := {Gr(#) : 6 € O} is a closed subspace of L? := L*(P), i.e.,
Gr(©) C L? is a linear space and G7(0) is closed in L.
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2) The constant (payoff) 1 is not in G7(©), the L?-closure of G7(O).

Remark 2.3. 1) Note that Assumption 2.2, 1) is not a specific choice of ©.
Instead, it is a generic condition that © should satisfy. We shall make concrete
choices of © only in Section 3.

2) Assumption 2.2, 2) is a weak kind of no-arbitrage condition. If we also

have 1), it is of course equivalent to 1 ¢ G7(O).

We now show that under Assumption 2.2, the MVPS problem is indeed well

posed as follows.

Theorem 2.4. Under Assumption 2.2, the MVPS problem (2.3) has a mazimiser
b O, and the corresponding GT(é\) is unique.

Proof. Consider the functional F': L? — R given by
F(g) := Elg] — {Varlg]. (2.4)

1) We first show that F' is L?-coercive on G7(0), i.e., if (gn)nen is a sequence
in G7(©) with E[g?] — oo, then F(g,) — —oc. To this end, we denote by (1)
the L2-orthogonal projection of 1 onto G(©)*, the orthogonal complement in
L? of Gr(©). Note that 7(1) exists and is nonzero. Indeed, the linearity of
Gr(0©) from Assumption 2.2, 1) gives existence and uniqueness of 7(1) by the
projection result in Hilbert spaces, and Assumption 2.2, 2) implies that 7(1) # 0.
In particular, we have E[r(1)?] = inf eqr o) E[(1 — g)?] > 0.

Let g € Gr(©). If E[g] # 0, then g/E[g] € Gr(0) by the linearity of G1(0),
and hence factoring out (E[g])? and using E[r(1)?] = infyeq, o) E[(1—g)?] yields

v

Varlg] = E[(g— Elo)?] = (E)E[ (7 - 1) ] = (BL)*ER0?). (25)

Elg]

Of course, if E[g] = 0, (2.5) still holds simply because Var[g] > 0.
Now take a sequence (g, )nen in Gr(©) with E[g2] — oo as n — oo and let
(nk)ken be a subsequence. If (E[gy,])ren is bounded (say by C'), then

F(gn,) = Blgn,] — &Varlg,,| < C+£C* —€E[gr ] — —o0  as k — oo.

Suppose that (E[gn,])ken is not bounded. By taking a further subsequence, we
may assume that E[g,,] — oo as k — oco. Then (2.5) with E[r(1)?] > 0 gives

F(gnk) = E[gnk] - Svar[gnk] < E[gnk] - g(E[gnk])2E[7T<1)2] — —00 as k — oo.
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This establishes that every subsequence (F(¢y,))ken of (F(gn))nen has a further
subsequence converging to —oo and thus verifies F'(g,,) — —o00 as n — oo. There-
fore the functional F is L?-coercive.

2) L?-coercivity of F' implies that there exists C' > 0 such that

sup F(g) = sup F(g)=:c.
9€Gr(©) 9€GT(©):gll 2y <C

Note that due to F(g) = E[g] — £Var[g] < E[g] + £E[g?], we have the inequality
c < C+£C? < 00. Set

D= 1{g€Gr(O): gz < C} (2.6)

and take a sequence (g,)nen in D such that F(g,) T ¢ as n — oo. From its
definition in (2.6), D is closed and bounded in L?. So by the Eberlein-Smulian
theorem, see e.g. Biihler and Salamon [14, Theorem 3.4.1], there exists g € D such
that (g, )nen converges to § in the weak topology of L? as n — co. This implies
Elg,) = FElg.1] — FE[g] and hence (E[g,])* — (E[g])? as n — oo. Because
the norm is lower semicontinuous in the weak topology, we have in addition
E[¢?] < liminf,_, F[g?]. Combining this with F(g,) 1 ¢ and the definition of F
in (2.4), we obtain

¢ = limsup F(g,) = limsup (E[gn] +&(Elgn))* — §E[QZ])

n—oo n—oo

= B[g] +£(B[g])* — ¢liminf Blg;]

< Eg] + £(E[g)* — €E[g°] = F(9).

This shows F'(g) > ¢ > F(g) for all ¢ € G1(©). Because g € D C G7(0) and
hence there exists a corresponding 9 € O such that qg= GT(é\), we conclude that
0 is a maximiser to the MVPS problem.

3) We turn to the uniqueness of g = Gr(6). By a perturbation argument, we

obtain that any optimiser g satisfies
2%Cov(7,g) — Elg] =0, Vg € Gr(O). (2.7)

Indeed, fix g € Gr(0©) and € > 0. By the linearity of Gr(©), we have that g+eg
is in Gr(©). Then using that g is an optimiser and the definition (2.4) of F', we
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get

0<F(@Q)—F(gteg)
= Elg] — &Varlg] — E[g £ eg] + {Var[g + eg]
= FeElg] + 2£Cov(g, +eg) + {Var[+eg]
= FeFE[g] £ 26€Cov(g, g) + e*EVar[g)]. (2.8)

Dividing (2.8) by € and sending ¢ — 0 yields 0 < FE[g] £ 2£Cov(g, g) and hence
(2.7).
Now let g1, go be two maximisers. Then (2.7) with g € {g1, g2} and g = g1 — g2

gives

26Cov(gr, g1 — 92) — Elg1 — g2] = 26Cov (g2, g1 — g2) — Elg1 — g2] = 0,

which yields
0 =2£Cov(g1 — g2, 91 — g2) = 2§ Var[g; — gol. (2.9)

Moreover, we have also by (2.7) that E[gs] = 2£Cov(g1, g2) = E[g1]. Combining
this with (2.9), we conclude that g; = go P-a.s., which proves the uniqueness
of g. O

Having the abstract result in Theorem 2.4 is nice, but our main goal is to
obtain a dynamic description of the maximiser f. In this regard, Problem (2.3)
is a well-known non-standard stochastic control problem. The non-standard part
of its cost criterion is a nonlinear (quadratic) function of an expected value. This
makes the problem not directly amenable to a dynamic programming principle,

and hence the solution is difficult to construct explicitly.

2.2 An auxiliary problem

To tackle the MVPS problem (2.3) beyond mere existence, we follow the idea
from Ankirchner and Dermoune [5] as explained in Chapter 0. This first requires
constructing a new probability space supporting independent copies of the original
filtration F and process S. Then, similarly to Section 2.1, we introduce a financial
market and discuss investments in that new market. Finally, we formulate in
that market a standard stochastic control problem which is closely related to the
original MVPS problem (2.3).

Fix L € NU {co}. We construct a probability space (Q1), F(X) P()) that
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supports L independent copies of (IF,S). The construction is fairly standard.
Nevertheless, we give details below for any L. To this end, consider the product
space (QF) F(E)) defined by QF) = Hle 2, the L-fold Cartesian product of €2,
and the o-algebra F) generated by all finite rectangles with F-measurable sides,

i.e., by the family Z of all cylinders of the form
Z = {w®D = (wy,...,wy) twy, € By, for j=1,... k}

for some k € Nand E,, € F, j=1,...,k. For L = oo, the notation (wy,...,wr)

stands for (wi,ws,...). Also for L = oo, we construct a product measure on F ()
by

k
POI[Ey, x By, x -+ x By x Qx -] =[] PlE,), Ey€F.keN (210)

J=1

By standard results from measure theory, (2.10) defines a unique probability
measure on F(*). Having defined P(>), we construct P%) for L € N as follows.
Consider the projection 7y : Q) — QW) onto the first L coordinates given by

7Ly (wi,wa, ... ) = (wi,...,wr). Then we have or set

0L — W(L)(Q(Oo))7
FH ={ECQ:x}\(B) € F*},

(L) . p(0) g 1
P =P o T(r)

where o denotes the standard operation of functional composition. Indeed, the
first identity is straightforward by definition and the second involves a standard
measure-theoretic argument. From the third, by (2.10) and the definition of 7z,

we have explicitly
PWIE, x By x -+ x B = P [r}(By x Ey x -+ X EL)]
L
=[[PE). EcF LeN. (2.11)
=1
The previous paragraph gives a new probability space (QF), F (L),P(L)) for
L € NU{oo}. Let us make connections between the original space (€2, F, P) and

the new space. Consider the canonical projection 7,1, : Q&) — Q from Q) onto

its /-th coordinate for £ =1, ..., L. In particular, by £ = 1,..., 0o, we mean that
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¢ € N. Via (2.11), we can recover P from P() by
PIE)|=PW[r,[(E), E€F (=1, L (2.12)

Thanks to (2.12), we can probabilistically identify any event E € F with the
event W;é(E) e FB) for any L and ¢ = 1,..., L. More explicitly, we consider

Fhl) = W;i(f) = {W[i(E) EeFycFD, r=1,... L, (2.13)

and identify F with F&(),
Similarly to (2.13), we also consider for the filtration F and any L € NU{oo}

FoW =g (F) = {n H(B): BE€F}, (=1,...,LiteT. (2.14)

From (2.12)—(2.14), it is easy to see that

.....

(FPEY,_, . are PX)independent for any ¢ € T. (2.15)

.....

Via (2.14) and (2.15), we can thus interpret each F“*) as a copy of F in the
product space (QF), F() P and the individual copies are independent. Fi-
nally, we construct S on QW) from S as Sf’(L) = Syomy for t € T and

¢=1,..., L. More explicitly, we have
S?(L)((ﬂl, . 7WL) = St(ﬂ—f,L(w17 . 7WL)) = St(w€)7 g = ]., . ,L,t S T (216)

Notice that the above identity for L = oo means Sf’(oo) (w1, ws,...) = Sy(wp) for
¢ € Nand t € T. From (2.16), (2.14), and (2.15), it is clear that each process
Moreover, by (2.12) and (2.16), we see that each process S“) has under P
the same finite-dimensional distributions as S under P. Therefore, we can view
each (F“(") S%©) as a copy of (F,S) on the space (QF), F(E) PW)) and the
individual copies are independent. However, it is unnatural to use a collection

ey

want to have a single filtration to which every S“() is adapted for ¢ = 1,..., L.
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To this end, we introduce a new filtration G := (Qt(L))teT via

L
(L) . U(U ]-"f’(L)), teT. (2.17)
/=1

In analogy to (2, F, P,F), the resulting filtered space (QW), F(1) PW) GH)) is
our desired space where we next discuss investments.

We pause here to introduce a generic way of “lifting” an object living on the
original space (€2, F, P) to the product space (Q®), P F(1)) Given a process
X, we define X®F by

X=X omy, (=1,...,L, (2.18)

where 7 1, is as above the canonical projection from QL) onto its (-th coordinate.
Roughly speaking, each X%®’ is the same process X applied to coordinates on
Q) which are independent because P is the product measure. In view of the

above notation, (2.16) can be written as

St = g®L,

In the remainder of this subsection, we assume L € N. Recall that
in the original market, we have a set © standing for an abstraction of trading

strategies. Analogously, we define
0t ={fom; : 0 € O} (2.19)

Like F4(1) in (2.14), each ©%®F can be viewed as a direct analogue of © associated
with (S50 F4(F)) for each ¢ = 1,..., L, and in particular by (2.14) and (2.19),
every process in ©4®L is F&(I_predictable. However, because of that coordin-
atewise predictability restriction, we do not use processes from (©%®L),_; | as
(part of) our trading strategies for a new problem that will be presented below

shortly. Instead, we consider

O = {(9)er : 91 is R™*Lvalued, G)-predictable, and
94 satisfies the integrability condition
specified for 4L for ¢ =1,... L}. (2.20)

The key point here is that while the coordinates of S&) = S®L as well as of a
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generic element of (®),_; ; are independent, the coordinates of 9(*) € @@
are not independent because each depends on G). Because we have not yet
specified any particular integrability condition on © or equivalently on ©%®L,
the third condition in (2.20) is only a formal description of the trading strategies,
which will turn into a precise definition after we give more details about S and ©.
At the moment, let us work at this level of generality and proceed to introduce a
notation for the gains process on the new space. For each 9 € @), we define
the vector gains process G(9)) = (GH(I9E))),—; 1 by

t
GL(WD) ::/ 9o astw - p =1, LiteT. (2.21)
0

As a general (and vague) summary, we shall use strategies from @) to invest
in S on the filtered space (Q), FI) PE) G, This motivates the following

definition.

Definition 2.5. For each L € N, we call the tuple (Q), F(&) P& G&) S(H)
an L-extended market. For L = 1, the extended market coincides with the ori-
ginal market (2, F, P,IF,S). When there is no need to mention the underlying
probability space, we also refer to the triple (P, G, S(F)) as the L-extended

market.

Note that in this L-extended market, all quantities are L-tuples of things we
know from the original market. To reduce from L-tuples to the original size, we

form averages. For x,y € R”, we set

xOy =Xy )=, (¥ =x0x, (2.22)

em(x) = % S %, (2.23)
=1

evar(x) := em((x)?) — (em(x))2 =em(x ©X) — (em(x))Q. (2.24)

If b € R, we mean by em(b) the average em(b) with b = (b,b,...,b) € RL, so
that of course em(b) = b.
Now we are ready to present a standard stochastic control problem in the

L-extended market. This problem is closely related to (2.3) and forms the main
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subject of the next few sections. The idea is to replace (2.3) by
maximise B [em(GT(ﬁ( )) - fevar(GT(ﬁ(L)))} over all 9P € @), (2.25)

where E() denotes the expectation under the measure P%) and ¢ > 0 as before
is a positive real number. Here, we also assume L > 2 to avoid the triviality that
evar(x) = 0 by (2.24) for any x € R'.

The key point (as we argue in detail in Section 2.3 below) is that problem
(2.25) becomes a standard stochastic control problem with the state variable
G(9") and control 9. Then we can proceed via a dynamic programming
principle which leads to linear systems of equations derived from the first order
condition for optimality. Under appropriate conditions, a solution 9E) to the
first order condition can be computed explicitly for every L € N with L > 2.

We end this section by outlining the remaining steps for solving the original
problem (2.3); their details are elaborated in Section 5. The idea is to make
comparisons between problems (2.3) and (2.25). Let us introduce handy notations
JpV and J;L) by

2

Ji(0) := Gr(9) — £(Gr(0) — E[Gr(0)])", 0 €8, (2.26)
TP @D = em(Gp(9P)) — cevar (G (), 9P e ©F), (2.27)

respectively, so that E[J®V(0)] = E[Gr(0)] — {Var|Gr(6)]. Using (2.26) and
(2.27), we can equivalently write problems (2.3) and (2.25) as to

maximise F[J;"(0)] over all § € ©, (2.28)
maximise EX [ (95)] over all 9 € @1, (2.29)

respectively. Viewing the original market as a coordinate of the extended market,

we consider analogously to (2.26) for any 9") € ©") the quantity
Jp @0 0) = GL(O®) — (G ") — EPV (G ))Y, (2.30)

for £ = 1,..., L. More specifically, for each L € N and § € ©, we can use the
lifting technique (2.18) to find a product-type strategy 09 € @@ consisting
of (independent) copies of # in the extended market. By construction, the fi-
nal gains G4 (#®") are then P(")-independent and have the same distribution as
Gr(6). Inserting Gr(0), G5L(6%F) into (2.26), (2.30) respectively and using the

i.i.d. property of Gp(#®L), then using some form of a law of large numbers, and
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finally using the optimality of a solution 9% for (2.29), we should get

E[J3(0)] = EP [ (6°7)
= lim EQ[J(9%1)]

L—oo
< limsup E® [ JP (9D)]. (2.31)
L—oo

Finally, we go back to the original market and try to construct a strategy heco
such that E[J2V(6)] = limsup;,_, ., E®[J (91)], by exploiting the formal limit
of the explicit expression for 9 as L — oo. Then (2.31) readily implies that )
is an optimal strategy for (2.28).

(L) makes the

As we can see from the presentation so far, the superscript
notations quite heavy. For ease of notation, we drop the superscript ()
whenever we are working only with the extended market and L is fixed. In
particular, we still write Q, F, but use P, (F)i=1. _1,S = (S)=1, .1 instead of
PO (FHE)),_, ; and S = (S4F)),_, ;. respectively. Note the difference

between P, P and S, S, respectively.

Convention 2.6. When L is clear from the context, we write the L-extended
market in Definition 2.5 as (2, F,P,G,S) or simply (P,G,S). Moreover, the
expectation E(F) is written as E. We also use LP to denote the equivalence
classes of p-integrable random variables when the reference probability measure
is clear. For consistency, we use letters in boldface only to refer to quantities in

the extended market.

2.3 Martingale optimality principle

We have claimed above that (2.25) is a standard stochastic control problem. Let
us argue this in this subsection and therefore collect some general results on
the martingale optimality principle (MOP) for the optimisation problem (2.25),
whose assumptions will be verified later. In particular, these results hold both in
discrete and continuous time and do not need a specific choice of © or ©.

First, we fix L € N with L > 2. Recall the extended market (P,G,S) from
Definition 2.5 and Convention 2.6, as well as the filtration G from (2.17). We

introduce the notation ® standing for an abstraction of a set of trading strategies
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in the extended market. For any T-valued G-stopping time 7 and ¥ € O, define

O(r,9) :={9ec®:9=>90n]0,7]NT}, (2.32)
J(9) = E[em(GT(ﬁ)) — fevar(GT(a)) G-]. (2.33)

The latter is consistent with (2.27) (without the superscript (*)) when 7 = T.
Also, we define the wvalue family V(9) to problem (2.25) for ¥ € © and any
T-valued G-stopping time 7 by

V(9) := esssup{J,(9) : 9 € O(r,9)}. (2.34)

For J,(9) to be well defined, given that
J-(9) = ELJ2(9)(,] (2.35)

in view of (2.33), we need

Jr(9) e L', VO e @,

which gives a first condition on ©. Here we adopt Convention 2.6 to write L'(P)
as L'. To compute Vr(9), we use (2.34), then O(T,9) = {9} by (2.32) and
(2.33) to obtain

Vi(9) = esssup{Jp(9) : 9 € (T, 9)}
= Jr(9)
= em(Gr(9)) — Eevar(Gr(9)). (2.36)

For the other boundary case Vy(1), we similarly use (2.34), then ©(0,0) = ©
and (2.35) plus the P-triviality of Gy to deduce that

Vo(9¥) = esssup J(](’l;) = sup E[JT(g)] =1 (2.37)

9€0(0,9) 9€O

is the value of the optimisation problem (2.25) and that this expression is inde-
pendent of .

Before we state the MOP, we add more conditions and list all of them below.

Condition 2.7. 1) Jp(9) € L! for all 9 € ©.
2) The family {J,(9) : 9 € O(r,9)} is upward directed for any ¥ € © and
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any T-valued G-stopping time 7.

3) O(1,9) C BO(0,9) for any ¥ € O and any T-valued G-stopping times o, 7
with o < 7 P-a.s.

4) Vo = supz.e E[Jr(9)] < 0.

Now fix ¥ € ® and consider the value family
V() = {V,(9) : 7 is a T-valued G-stopping time}

of random variables. Recall that V(¢9) is called a supermartingale system (resp.,
a martingale system) if V(9) C L' and

E[V.(9)|G,] < V,(¥9)  (resp. E[V,(9)|G,] = V,(99)) (2.38)

for any T-valued G-stopping times o, 7 with ¢ < 7 P-a.s.

Lemma 2.8. Suppose that Condition 2.7 is satisfied. Then the following state-
ments hold:

1) For any ¢ € O, the family V() is a supermartingale system in the filtra-
tion G.

2) Suppose that 9* € ©. Then 9* is optimal for (2.25) if and only if V(9%)

is a martingale system in the filtration G.

Proof. Fix ¥ € © and a stopping time 7. Because ¥ € O(7,9) and Jr(4) is in
L' by Condition 2.7, 1), we obtain by (2.35) that J,(9) = E[Jr(9)|G,] € L' and
hence

Vo(9) > J.(9) > —c0 P-as. (2.39)

This implies that the conditional expectation in (2.38) is well defined with values
in (—o0,+o00]. Now we argue the two statements separately.

1) Let o be a stopping time with o < 7 P-a.s. By Condition 2.7, 2) and due
to (2.39), there exists a sequence (9 )pey in ©(7,9) such that J.(9") 1 V. (9)
P-a.s. as n — 0o. Again using Condition 2.7, 2), we can find 9" € ©(1,1) such
that max(.J, (), J.(9")) < J.(9") for each n € N. This clearly yields a sequence
(9™)pen in O(7,9) such that J,(9") 1 V,(9) and J.(9") > J.(9) € L'. Thus
we can use the monotone convergence theorem, then (9"),eny € O(7,1), next
Condition 2.7, 3), and finally (2.34) and E[J,(9)|G,] = J,(9) from the definition
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(2.35) to obtain the supermartingale property

E[V;(9)/G,] = E| lim J.(9")

Go |
= 1Lm E[J-(9")|G,]

< esssup{E[J,;(9)|G,] : ¥ € ©(,9)}

< esssup{E[J,(9)|G,] : 9 € O(c, )}
=V, (9). (2.40)

We now show V,(9) € L' with the help of (2.40) and in particular that both
VF(9),V-(9) are in L'. For the negative part, the inequality (2.39) readily

T

implies that V" (9) < J- () € L'. For the positive part, using the identity

V() = V. (9) + V.7 (9), then the supermartingale property (2.40), and finally
Condition 2.7, 4) with V.- (9) € L', we get

B[V, (8)] = E[V;(9)] + E[V; (9)] < Vo + E[V, (89)] < .

This completes the proof of 1).

2) Because V(9¥*) is a supermartingale system due to 1), it is a martingale
system if and only if it has constant expectation, which is in turn equivalent
to E[Vr(9%)] = E[V,(9*)] = V, thanks to P-triviality of Go. We then write
this equivalent equality E[Vy(9*)] = Vi, using Vr(9*) = Jp(9*) by (2.36) and
Vo = sup{E[Jr(9)] : ¥ € ©} by (2.37), as

E[J7(9%)] = E[Vy(9*)] = Vy = sup E[J7(9)],

SEC)
which is equivalent to the optimality of 9* for problem (2.25) by (2.33). O

Lemma 2.8 may look slightly different from well-known forms of the martingale
optimality principle, due to the presence of the family V() and the concept of
supermartingale systems. However, this formulation is entirely classical; see for
instance the masterful presentation in El Karoui [27, Chapter I|. Moreover, the
formulation in Lemma 2.8 gives a unified presentation that holds both for discrete
and continuous time.

In discrete time, Lemma 2.8 directly reduces to the following statement.

Lemma 2.9. Suppose that Condition 2.7 is satisfied and T = {0,1,...,T}. Then
the following statements hold:
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1) For any 9 € O, the process (Vi(9))i—o1..1 is a supermartingale in the
filtration G.

2) Suppose that ¥* € ©. Then 9* is optimal for (2.25) if and only if
(Vi(9))t=01... 1 s a martingale in the filtration G.

In continuous time, when working with a supermartingale or martingale X,
one usually wants to have (at least a version such) that the path ¢ — X, is
RCLL P-a.s. But the process given by V() = (V;(89))¢co,) is just a collection of
random variables contained in V(1) and a priori has no path regularity properties
for t — V;(19). We devote the rest of this subsection to this delicate issue occurring
only in continuous time. The reader may jump directly to the next subsection if

he/she is only interested in results in discrete time.

Condition 2.10. For each ¥ € O, there exists an adapted RCLL process XN/('B)
such that for each T-valued G-stopping time 7, we have V,(9) = V,(9) P-a.s.

The process ‘7(19) in Condition 2.10 aggregates the family V() into an RCLL
process, which is also a version of V(¢#). If Condition 2.10 is satisfied, we fix such
a V(19) and work with it. For ease of notation, we then also still write V instead
of V. Combining Conditions 2.7 and 2.10 with Lemma 2.8, we finally present the

following version of a martingale optimality principle.

Lemma 2.11. Suppose that Conditions 2.7 and 2.10 are satisfied and choose
V(9) to be an RCLL aggregation of V() if necessary. Then the following state-
ments hold:

1) For any ¥ € O, the process (Vi(?))ier is a supermartingale in the filtration
G.

2) Suppose 9* € ©. Then 9* is optimal for (2.25) if and only if (V,(9*))ier

18 a martingale in the filtration G.

We end this subsection with a sanity check — Condition 2.10 automatically
holds when T = {0,1,...,T} because we can then choose V;(9) = Vi(8) for
t = 0,1,...,7 and use that any path ¢ — X, is continuous in discrete time.

Hence Lemma 2.11 reduces to Lemma 2.9 when T is discrete.

2.4 Some technical results on shrinkage of filtration

To use Lemma 2.11, we need to verify in later sections that some process is a
supermartingale/martingale in the filtration G. In this subsection, we prepare

some tools that can be used to reduce conditional expectations with respect to
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the filtration G given in (2.17) to simpler filtrations like F¢ for £ = 1,..., L. All
results below refer to an abstract probability space (€2, A, P).

Lemma 2.12. Suppose A and B are two independent o-algebras and X,Y are

A- resp. B-measurable integrable random variables with XY € L*. Then
E[XY|o(A,B)|] = E[X|A] E[Y|B] (2.41)
for all o-algebras A C A and BC B. In particular, for’ Y =1, we have
E[X|o(A,B)| = E[X|A]. (2.42)

Proof. The RHS of (2.41) is clearly o(A, B)-measurable. To check the averaging
property, fix A € A and B € B. We use the independence of A and g, the
definition of the conditional expectations E[X|A] and E[Y|A] and again the
independence of A and B to obtain

E[XY1,1p] = E[X14]E[Y15]
= E[E[X|A]14] E[E]Y|B]|15]
= E[E[X|AJE[Y |B]1415]. (2.43)

Because D := {D € o(A,B) : E[XY1p] = E[E[X|AJE[Y|B|1p]} is a A-system
and contains by (2.43) the m-system {ANB : A € A, B € B}, we see from
Dynkin’s 7-A theorem that D = o(A, B). The definition of D then yields that
(2.41) is true. O

Lemma 2.13. Let A and B be two filtrations with By independent of Ar. If
(Xi)ier is a martingale with respect to A, then it is also a martingale in the fil-
tration AV given by (AVB); = o( A, By). Conversely, if (X¢)ier is a martingale
in the filtration AV B and adapted to A, it is also a martingale in the filtration
A.

Proof. Since the adaptedness, integrability and (if needed) path regularity of
(X1)ier are all clear, we only check the martingale properties. Let s,¢t € T with
s < t. Because X; € L! fort € T, and Ar and By are independent and hence also
A, B, are independent, we can use (2.42) with (.Z, B, A, B) = (Ar, Br, As, B;)
and the martingale property of (X;);er with respect to the filtration A to obtain
E[Xilo(As, Bs)] = E[Xi|As] = Xs. This verifies the martingale property for

the first statement. For the second statement, we only check the martingale
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property of (X;);er with respect to the filtration A. Using the tower property, the
martingale property of (X;);er with respect to AV B, and that (X;);er is adapted
to A, we obtain E[X;|A,] = E[E[X;|o(As, By)]|As] = E[X|As] = X. O

Lemma 2.14. Suppose that (X;)ier and (Y)ier are martingales in the filtrations
A and B, respectively, with Ay independent of Br. Then the process (X;Y;)ier is
a martingale in the filtration AV B.

Proof. The adaptedness and path regularity of (X,;Y;);er are again clear. For
each t, X; is A;-measurable and Y; is B;-measurable. Because Ay O A; and
Br O B; are independent, this implies that X; and Y; are independent, and so
XY, € L' as E[|X,Y1]] = E[|Xi|]E[|Y:]] < oo. Hence it remains to check the
martingale property. Because X;,Y;, X,Y; are all in L' for t € T and Az, Br
are independent and hence A;, B are independent, we can use (2.41) with the
choice (JZ, B, A, B) = (Ar, Br, A, Bs) and the martingale properties of (X)er
and (Y})er with respect to the filtrations A and B, respectively, to obtain

E[XiYi|o(As, By)] = EIXi| A E[Y|B] = X, Y.

This completes the proof. O

We need the following result to apply Lemmas 2.13 and 2.14 to multiple

independent o-algebras.

Lemma 2.15. Let (F')e1 be a family of arbitrarily many independent o-algebras
and let T be an arbitrary disjoint partition of 1. Then the family (F')iez of
o-algebras given by F' = o(F¢ i € I) is also independent.

Proof. See Kallenberg [40, Corollary 4.7]. m

3 The auxiliary problem in finite discrete time

In this section, we elaborate on the auxiliary problem (2.25) to
maximise E[em(Gr(9)) — Eevar(Gr(9))] over all 9 € ©,

specifically in finite discrete time. Throughout this section, . € N with L > 2
is fixed and T = {0,1,...,7}. From (2.36), we recall that

Jr(9) = em(Gr(9)) — Levar(Gy(9)).
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Using this equality, the corresponding dynamic value process V(1) in (2.34) is
V,(9) = esssup{E[Jr(9)|G)] : 9 € ©(t,9)}, t=0,1,....T,  (3.1)

and the value of the auxiliary problem (2.25) is Vj = V4(¥9) by (2.37). Because we
want to obtain both 1 and an optimal strategy 5, we need to compute the entire
process (Vi(9))i—o,1,.. 1 for any 9 € ©. As a first step, we present an abstract tool
for reducing the computation of the family of complicated essential suprema in
(3.1) to a sequence of one-step problems by exploiting the martingale optimality
principle in Lemma 2.9. Next, we go away from the abstract presentation and
provide a concrete setup where we can ultimately solve the auxiliary problem
(2.25) in the next section.

3.1 Dynamic programming in discrete time

We start by rewriting the global result in Lemma 2.9 as a sequence of local results.

Lemma 3.1. Suppose that Condition 2.7, 1)-3) are satisfied. For any ¥ € ©

and any t =1,...,T, we then have
Vi1 (9) = esssup {E[Vi(9)|G, 1] : 9 € O(t — 1,9)}. (3.2)

Proof. We argue analogously to Lemma 2.8. Fix ¥ and 9 € O(t—1,19). For “<”
in (3.2), we observe that (2.35) and (2.34) yield E[J7(9)|G)] = J,(9) < V,(9),
and hence again by (2.35)

Ji-1(9) = E[Jr(9)|G,1] < E[V;(9)[G,_1]. (3.3)

Note that we use here Condition 2.7, 1) to ensure that all the conditional expect-
ations are well defined. Taking essential suprema over 9 € O(t — 1,9) on both
sides of (3.3) and using the definition (2.34) of V;_; () yields “<” in (3.2).

For “>” in (3.2), we fix 9 € © and 9 € ©(t —1,9). By its definition in (3.1),
we have

V,(9) = esssup{E[J7(9)|G,] : O € O(t,9)},

and thus we can use Condition 2.7, 2) as in the proof of Lemma 2.8, 1) to find
a sequence (9"),ey in O(t, ) such that J,(9) < J,(9") = E[Jr(9")|G)] 1 Vi(9)
with J,(9) € L'. Next, we observe 9" € ©(t,9) C O(t — 1,9) = O(t — 1,9),
where the last equality uses that ¥ is in ©(t — 1,9) and the definition (2.32) of
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O(t — 1,9) so that the restrictions on a process imposed up to ¢t — 1 by 9 and by
¥ are the same. Then we use monotone convergence and 9" € O(t—1,9) for all
n € N to obtain

E[V;(9)[G,1] = lim E[E[Jr(9")/G)|G:1] = lim E[J7(9")|Gr-1] < Vir (9).

Since 9 € O(t — 1,9) is arbitrary, we take essential suprema over 9 on the
left-hand side of the above inequality to obtain “>" in (3.2). ]

Neither stating nor proving Lemma 3.1 requires Lemma 2.9 or Lemma 2.11.
In finite discrete time, we can therefore just rely on Lemma 3.1 to proceed. This
is, however, not possible in continuous time, which is why we still presented the
two lemmas in Section 2. Note also that Lemma 3.1 does not need Condition 2.7,
4).

One important consequence of (3.2) is that V;_1(¥) depends only on the
restriction of ¥ to J0,¢ — 1] N T, or, more explicitly, on ¥,...,9;_1, for any
t=1,...,T and any ¥ € ©. Now fix ¥ € ©. To get V;_1(¥) from (3.2), we need
to consider V() where 9 € ©(t — 1,9). Since 9, = 9, forall s =1,...,t — 1
and the latter variables are fixed, the value of ‘/;(5) depends on 9 only through
5,5. As a result, it is sufficient to optimise over random variables '575 rather than
over stochastic processes 9. This observation allows us to simplify (3.2). For
¥ € © and for any G,_;-measurable R%valued &;, define

OlW) ={9,: 9Ot —1,9)}, It8):= ..., 0 1,8). (3.4)
Then (3.2) can be rewritten as
Vie1(9) = esssup {E[V;(9(¢t,6,))|Gi—1] : 6, € @[t](ﬂ)} (3.5)

for any ¥ € @ and t = 1,...,T. (Note the slight abuse of notation — V; should
be a function of some ¥ = (Y4, ...,9r), whereas ¥(t, d;) has only length ¢. But
this is no problem because V; only depends on the first ¢ coordinates of 9 anyway.)
This is now a recursive sequence of one-step (conditional) problems that we can
tackle backward in time, starting with Vp(9) = Jp(9), to find (Vi(9))i=0 1.1 as
well as the optimal strategy 9.
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3.2 A concrete setup in dimension 1

The presentation so far is still very abstract. To give more concrete results for
the MVPS problem (2.3), we now turn to a specific setup. The goal of this
subsection is to give conditions on © and S such that Assumption 2.2 is satisfied.
We assume from now on that d = 1 so that S is one-dimensional.

To make a specific choice of O, we consider

Og = {0 := (0;)¢=1,. 1 : 0 is real-valued, F-predictable and
0,AS, € L forallt =1,...,T}. (3.6)

Note that Og is non-empty because it contains the constant process 0. But beyond
this, it is not clear whether ©g contains other nonzero processes without knowing
anything about the integrability of S. To proceed, we introduce the following

assumption.

Assumption 3.2. S is square-integrable, meaning that for ¢ = 0,1,...,7T we
have S, € L2

Remark 3.3. Because T is finite, Assumption 3.2 is equivalent to saying that

sup;er |S;| € L?. In continuous time, these two assumptions become different.

We use Assumption 3.2 and apply Doob’s decomposition in the filtration F
to obtain a square-integrable martingale M and a square-integrable predictable
process A, both null at 0 and both with respect to IF, such that S = .Sy + M + A.
Explicitly, for t =1,...,T, we have

t t

M; = Z(SS - E[Ss’fsfl]% At = Z(E[SsLstl] - szl>~ (37>

s=1 s=1

To give more structure on the process S and ensure that Og defined in (3.6)
satisfies Assumption 2.2, we need to introduce some definitions and notations. For
a square-integrable process (X;);—o,1,. 1 adapted to the filtration [F, we introduce

the two processes [X] and (X) via

[X]o:=0, A[X],:=(AX,)? t=1,...,T, (3.8)
(X)o:=0, A(X);:=E[AX]|Fi] = E(AX)*|F), t=1,...,T. (3.9)

From (3.9), the predictability of A and (3.8), we have A(A), = (AA;)? = AlA];,
and using E[AM;AA|F;—1] = 0 due to the predictability of A, the martingale
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property of M and the integrability property from Assumption 3.2 additionally
yields

A(S)e = E[(AS)?|Fio1] = E[(AM)?|Fia]+H(AA)? = AM)+(AA)?. (3.10)
Note also that by (3.9) and (3.7),
A(M)y = E[(AM,)?|Fy—1] = Var[AS| F,_1]. (3.11)

Assumption 3.4. The process S satisfies the structure condition, meaning that

the process A is absolutely continuous with respect to the process (M). We write
A< (M).

Because (3.10) always gives (M) < (S), Assumption 3.4 implies that we have
(S) ~ (M) and can thus define the predictable processes
dA ~ dA
A= A= (3.12)
d{M) d(S)
Assumption 3.4 also says that A = [ Ad(M) = Y AA(M) and therefore implies
both that
ANAy = AAd Ay, 20y, t=1,...,T, (3.13)

and, using (3.7) and (3.11),
AAt = E[ASt]}-t,l] =0 on {Var[ASt’.thl] = O} (314)

As a consequence of (3.13), we get

t t t
AA,
A= DA =D DAL (A 20y = m]le)s;éO}A(M)s-
s=1 s=1 s=1 $

The uniqueness of the Radon-Nikodym derivatives in (3.12) therefore implies

that
AA,

AM=—7-1 t=1,....T. 3.15
t A<M>t {A(M):#0} 5 ) ) ( )

Similarly, we use additionally that {A(S); # 0} = {A(M), # 0} to obtain

t A<S>t {A(S)¢#0} A<M>t I (AAt)2 {A(M)#0}5

t=1,....T. (3.16)

Note that A, = 0 on {A(M), = 0}. With the convention 3 := 0, we can write
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(3.15) and (3.16) more compactly as

AAt g AAt
A = N = Ct=1,....T 3.17
S apn; T AN (GAY 10

Definition 3.5. We define the mean—variance tradeoff (MVT) process of S to be
t
K; ::/ AsdAg, t=1,...,T, (3.18)
0
and the extended mean—variance tradeoff (EMVT) process of S to be
~ t o~
K; ::/ AsdAg, t=1,...,T. (3.19)
0

From (3.17)—(3.19), we get explicit expressions for the increments of the MVT
and EMVT processes fort =1,...,T as

(AA,)?
A(M),"

(AA;)?

AK, = NAA, =
1= ABA A(M), + (AA)?

AKt - )\tAAt -

(3.20)

Moreover, (3.20) also yields 1+ AK,; = %f\}fﬁw and 1 - AK, = %,

which implies that

AK, - AK,

AKy = —, AKj= ——,
"1 AK, "7 1+ AK,

t=1,...,T (3.21)

Note that writing (3.21) assumes implicitly that AK, < 1 P-a.s. This is evidently
true on {A(M), # 0} by (3.20). But using Assumption 3.4, we also have AK; = 0
on {A(M), = 0}, which is consistent with (3.20) and our convention that § = 0.

The above notations provide handy tools which can be used to impose con-
ditions on S so that Og fulfils Assumption 2.2. In view of Theorem 2.4, we then
know that Og is at least not a bad place to look for a maximiser to the MVPS
problem (2.3).

Lemma 3.6. Suppose Assumptions 3.2 and 3.4 are satisfied. If the MV'T process
K in (3.18) is bounded, then Og in (3.6) satisfies Assumption 2.2, i.e., Gp(Os)

is closed in L* and 1 ¢ Gr(Og).

Proof. For Assumption 2.2, 1), we refer to Schweizer |61, Theorem 2.1]. Note that
K there is the same as K here and that (ND) there is equivalent to boundedness
of K there.
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For 2), we want to show that Gr(©g), or equivalently here Gr(©g), does not

contain the constant payoff 1. To this end, we recall from Schweizer [63] that a

signed Gr(Os)-martingale measure is a signed measure ) such that Q[Q] = 1,
Q < P with 4 € L? and
d@
E P9 = 0 forall g € Gr(©g), (3.22)

and we denote by Q the set of all signed G (Og)-martingale measures. Also from
Schweizer [63, Lemma 4.1|, we recall that G7(Og) does not contain the constant
payoff 1 if and only if Q@ # (). We now show that the latter is true by constructing
an element in Q directly, using that the MVT process K is bounded. Define

t
Zo=1, Zy:=Zia(1=NOM) =[] -\AM,), t=1,..,T (323

s=1

We claim that the measure ) given by % = Zr is an element of Q. The proof
of this claim is divided into four parts as follows.

a) We first argue that Z, € L? for t = 1,...,T. Because A\ and (AM,;)?
are nonnegative, we use J;_j-measurability of A\? and the explicit expressions of
A(M), My AKy in (3.9), (3.17) and (3.20), respectively, to obtain fort =1,...,T
that

(AA)?

E[(MAM)?| Fioa] = X A(M), = (AL,

A(M), = MK, (3.24)

Taking expectations in (3.24) and using boundedness of the MVT process K by
assumption yields

MAM, € L, t=1,...,T. (3.25)

We now use the integrability in (3.25), the martingale property of M and (3.24)
to obtain for ¢t = 1,...,7T that

E[(l - AtAMt)zLFt—l] - E|:<1 - 2>\tAMt + (AtAMt)z) ‘E_l}

Because Z2 | and (1 — \;/AM;)? are nonnegative, we next use JF;_;-measurability
of Z;_ from its definition in (3.23) and then (3.26) to get for t = 1,...,T that

E|Z{|\Fea] = B[ZE L E[(1 = MAM)?|Fioi]] = Z2,(1+ AK). (3.27)
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Taking expectations in (3.27) and using induction and boundedness of the MVT
process K, we obtain E[Z?] = E[[[._,(1 + AK,)] < oo and hence Z, € L? for
t=1,...,T.

b) We next show that (Z;);—;
by its definition in (3.23). The adaptedness is clear and the integrability is given
by part a). For the martingale property, fix t € {1,...,T'}. Note that both Z;
and 1 — MAM,; are in L? by part a) and (3.25), respectively. We combine this

observation with F;_j-measurability of Z; ; and the martingale property of M

1 is a martingale and hence E[Zy] = Zy = 1

,,,,,

to obtain
E[Ztl]:t—l] - Zt_lE[]. - )\tAMt|ft_1] - Zt—l, t= 17 e ,T.

This shows that (Z;);—
E[Zr| = E[Z] = 1.

¢) We now argue that (Z;S;)i—01, 7 is also a martingale. The adaptedness is
clear. Fixt € {1,...,T}. Because Z;, 1 — \yAM; and S; are all in L? by part a),
(3.25) and Assumption 3.2, respectively, we also get that Z,.5; and the product
(1—=MNAM;)AS; are both in L'. We use this observation and JF;_;-measurability
of Z;_1, then AS; = AM; + AA;, next F;_i-measurability of \; and AA;, that
MNAMAAL, M (AM;)? are both in L' due to (3.25) and Assumption 3.2, and
finally the explicit expressions for A\; and A(M); in (3.17) and (3.9) to obtain
that

r is a martingale. Hence by (3.23), we also get that

.....

E[ZASFo ] = Zo AE[(1 — NAM)AS,|Foa
= Zy 1 (DA — EDNAMAAFoy]
+ E[AM|Fioi] = EN(AM,)?|Fii])
= Zy 1 (DA — NAAE[AM)Fiy]
+ E[AM|Fi-1] = ME[(AM)?| Fi-1))

JAV.

- %84 2
t

A(M)t> =0, t=1,....T. (3.28)
This yields E[Z;(S; — Si—1)|Fi—1] = 0 and therefore
EZ,S|Fi-1] = E|ZuSi-1|Fi-1] = Zi-1Si1

because Z is a martingale by part b).

d) Lastly, we turn to verifying (3.22) based on parts a)—c). For g € Gr(Os),
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.....

Using g—P = Zp with this equality, then F;-measurability of ,AS; with part b)
and Zr0;AS; € L' by part a) and 0;AS; € L? from the definition (3.6) of Og,
next F;_;-measurability of 0, with Z,0,/AS, € L! similarly as Z70,/AS, € L' and
Z;\S; € L' by part ¢) and finally (3.28), we write (3.22) as

E{@}:

9| = Y B|E[E[Z:6,88)| R Fi ]

M= 11

E[E[Z6,AS;|Fi—1]]

t=1

I
]~

E[6,E[Z,\S|Fi_1)]

1

I
)

This verifies (3.22). Together with Zr € L? from part b) and Q < P by con-
struction, we conclude that () € Q. This completes the proof. O

3.3 A concrete setup for the auxiliary problem

The previous subsection provides a setup to study the MVPS problem (2.3).
Analogously, we give in this subsection a concrete setup for studying the auxiliary
problem (2.25). Recall the extended market (P,G,S) from Definition 2.5 and
Convention 2.6. Although Lemma 3.6 gives sufficient conditions in terms of the
model (O, .5) such that the MVPS problem (2.3) is well-posed by Theorem 2.4,
we do not seek a similar result in the extended market (P,G,S). Instead, our
strategy is to use the dynamic programming result from Lemma 3.1 to directly
construct an optimiser for the auxiliary problem (2.25). To do this, we still need
to choose a good space ® which satisfies the premises of Lemma 3.1, and this is
of course motivated by (2.20).
In analogy to Og given in (3.6), we set

Og == {0V = (04)=1,. 1 9" is real-valued, G-predictable and
WASEe L fort=1,....,T,0=1,...,L}. (3.29)

Next, note that Assumption 3.2 and (2.16) imply that S is square-integrable
under the measure P for / = 1, ..., L. It immediately follows that in this extended
market, we can write 8¢ = Sy + M’ + A’, where M‘, A® are from the Doob
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decomposition of S* in the filtration G given in (2.17), and explicitly like Doob’s
decomposition (3.7) for S,

t t
Mf = Z(Sﬁ - E[Sf;’gsfl})v Af = Z(E[Sﬂgsfl] - S§71>7 (330>
s=1 s=1
fort =1,...,Tand ¢ =1,...,L. Recall for / = 1,...,L the filtration F* from
(2.14). The two decompositions (3.7) (in F) and (3.30) (in G) are related in the

following way:.

Lemma 3.7. Suppose that Assumption 3.2 is satisfied. Then the following state-
ments are true:

1) For each { = 1,...,L, the Doob decomposition of S in the filtration G is
the same as in the filtration F* given in (2.14).

2) For{,m=1,...,L and { # m, the process (M{M"),—q 1. 7 is a martingale
in the filtration G. Equivalently, fort =1,...,T, we have

E[AM!AMY|G, 1] =0 for £ #m, (3.31)

which also means that the martingales M* and M™ for ¢ # m are strongly ortho-

gonal (under P with respect to G ).

Proof. 1) We first argue that (M£)—o . 7 is a martingale in the filtration F*.
From (2.17), we can write G, = o(F?, BY) with B := o(UjF}) for t =1,...,T.
and B¢ are also independent for ¢t = 0,1,...,T. Then applying Lemma 2.13 with
A =TF" B = (B)i=o1..r gives that (M!);— 1 .7 is a martingale in F’. Inserting
(2.42) with (A, B, A, B) = (F&, BL, FL_,B._)) for s = 1,....t into (3.30), we

obtain

t t

Af = Z (E[Sg}-ffl N Bﬁfl] - Si—l) - Z(E[Sﬂfil] - S£71)~
s=1 s=1

Together with the fact that (S%),— 1.7 is Ff-adapted by the constructions (2.14)
and (2.16), we see that (Af)—o,. 7 is Fi-predictable. By the uniqueness of
the Doob decomposition, we finally get that S = Sy + M* + A’ is the Doob
decomposition of S¢ in the filtration F*.

2) The adaptedness is clear. For integrability, we use Assumption 3.2 and
the Cauchy-Schwarz inequality to obtain that M‘M? € L! for t = 0,1,...,T.
By part 1), (M});—01..7 and (M}")i=0,1,.. 7 are martingales in the filtrations [F¢
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and F™, respectively. Because 5 and F/* are independent by (2.15), we obtain
first by Lemma 2.14 with A = F, B = F™ that (M{M?"),—0.. 7 is a martingale
in the filtration F* vV F™ given by F} V F* = o(F{, F"). Because o(Fk, Fir)
and 0(]:%, Jj # £, # m) are independent, we can then apply Lemma 2.13 with
A =TF*VF™ and B given by B, = 0/(Uje jzmF} ) to conclude that (M{MJ),—1.. 1
is also a martingale in the filtration G. The rest is then obvious from the ab-
stract result that for any two square-integrable martingales M, N with respect
to a filtration H, we have E[AM;ANy|Hs] = E[A[M, N|i|Hs] = E[A(MN)|Hs]

because M N — [M, N] is an H-martingale. This completes the proof. O]

Remark 3.8. Fix ¢ € {1,...,L}. We remark that by Lemma 3.7, 1), the decom-
position in (3.30) agrees with M = M o7y and A® = Ao 7z, where M, A are
from (3.7) and 7, is the canonical projection onto the (-th coordinate. There-
fore M‘ and A’ have the same distributions as M and A, respectively. Indeed,
using (2.42) with (A, B, A, B) = (Fh 0 (UjeeFR), Fiy,o(UjuFl ), we obtain
E[S!|G; 1] = E[SYF, ] for t = 1,...,T. By (2.12), (2.14) and (2.16), the last
expression is equal to E[S;|F;—_1] o mp . Combining this identity with (2.16), we
get St —E[S!G; 1] = (S;— E[S;|Fi_1]) omer.. We use this identity and the explicit
formula for M in (3.7) to write (3.30) for t =1,...,Tand ¢ =1,...,L as

t t

M = (8! - E[S|G.1]) = (Z(ss - E[Ss|]-"5_1])) oMy = Myomp.
s=1 s=1

The identity Af = Aoy, holds because Al =8— Sf) —Mfand A=S5—S,— M.

In view of the notation X*®*(w")) = X (w,) for £ =1,..., L from (2.18), we can

simply write M = M®% and A = A®F. In other words, M and A simply consist

of independent copies of M and A, respectively.

Now we translate the main notations from (3.8) to (3.21) into corresponding
quantities in the extended market (P, G,S). While (3.8) remains the same, the

filtration used in (3.9) is changed accordingly in the extended market. For a

-----

and £ =1,...,L, we set
A(XN =0, AXY); =E[AXY|Gi—1] = E[(AX])?[Ge-1]. (3.32)

By Remark 3.8, M‘ and A have the same distributions as M and A, respectively.
Moreover, using (3.32) and (2.42) in the same way as in Remark 3.8, we obtain
A(MY); = E[(AMY)?|G; 1] = E[(AMY)?|Ff,]. Again in view of the argument in
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Remark 3.8, we get (M*) = (M) o, and hence (M) has the same distribution
as (M). Therefore, Assumption 3.4 carries over to S*, i.e. A < (M) and hence
(M*) = (S*) for £ =1,..., L. In view of (3.32), (3.10) corresponds to

ASH = AMY, + (AADH? t=1,...,T, £=1,...,L. (3.33)

For ¢ =1,..., L, define

dAY  ~,  dA! _ <
0 0 { V4 l 0 J4 V4
A - 00 by - 3 K _/A dAf, K _/)\ dAL.  (3.34)

The proofs of (3.15) and (3.16) and the definition (3.34) translate (3.17) into

AAL ~ AAL
A=t A= ¢ t=1,...,T,¢=1,...,L. (3.
t A<Mg>t7 t A<M£>t+<AAf)2, ’ ) Ly ) ) (3 35)

In view of (3.34) and (3.35), (3.20) reads for t =1,...,Tand { =1,...,L as

(AAT)?
AME)”

(AAY)?
AMY + (AAD2

AK!L = XAA! = AKE = XAAL = (3.36)
Remark 3.9. 1) We see from Remark 3.8 and the subsequent discussion that
we have M = M omyp, A = Aomyp and M¥) = (M)omyy for £ =1,..., L.
This implies that the processes A, X, K and K in (3.34) agree with the vector
processes A®L, 8L K®L and K®L respectively. Thus each coordinate of these
processes has the same distributions as A, X, K and K , respectively. Moreover,
due to (2.15), the processes Y’ and Y™ are independent for ¢ # m and for any
Y € {M,A, A\ K, K}

2) Because M‘ and M™ are independent for ¢ # m, we have (M M™) = 0
for ¢ # m; see Lemma 3.7, 2). Therefore the matrix-valued process (M) has a

diagonal form, and so it is enough to look only at (M) for £ =1,..., L.

Finally, we show that ®g in (3.29) is indeed a good choice for dynamic pro-

gramming in the sense that ® = Og satisfies the assumptions of Lemma 3.1.

Lemma 3.10. Suppose Assumptions 3.2 and 3.4 are satisfied. If the MV'T process
K is bounded, then Condition 2.7, 1), 2) and 3) hold with the choice ® = ©Og
given in (3.29).

Proof. Fix 9 € Og. For Condition 2.7, 1), we show Jr(9) € L'. By the definition
of Og in (3.29), we have G5L(9¥) € L? for £ = 1,..., L. Using this integrability
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and 0 < evar(x) = em((x)?) — (em(x))? < em((x)?) from (2.24), we obtain
0< evar(GT(ﬁ)) < em(GT(ﬁ)Z) e !
and hence from the explicit expression (2.36) for Jr(19) that
Jr(9) < lem(Grp(9))] + E|evar(Gr(9))| € L.

Next, we prove Condition 2.7, 3). For T-valued stopping times o, 7 with
o < 7, we observe from the definition (2.32) of ®g(7,9) that any element in
Og(T,1) agrees with 9 on ]0,7] N'T and thus agrees with 9 on ]0,0] N T since
]0,0] € ]0,7]. Because elements of @g(c,1) and of Og(7,4) have the same
measurability and integrability conditions, we obtain Og(7,9) C Og(0,13).

To argue Condition 2.7, 2), we first show that ®g is stable under bifurcation,
i.e., that for any ¥ € Og, T-valued G-stopping time 7, 9 € Og(7,v) and event
F € G., the process 9 = 109+ ]lpc’lg is again in ©g. In view of the definition
(3.29) of @g, we first show that 97 is G-predictable. Indeed, because 7 is a
G-stopping time, both 1y, and 1}, 7 are G-predictable processes. Moreover,
F € G, implies that 11y, 1) is G-predictable. Therefore, using 191]]0 7 = V1, ]
from 9 € Ogs(7,19) yields 9 =19 + 1ped = 150,79 + Lply, 779 + ]ch]lﬂTTﬂﬁ
which readily shows the G-predictability of 9F. For the integrability condition
n (3.29), we use (97CASH)? < (9ASH2 + (9ASH2 € L for t =1,...,T and
¢=1,...,L. This proves that 9% is in Os.

We now turn to verifying Condition 2.7, 2), which says that for any T-valued
G-stopping time 7 and 5(1), 92 ¢ Og(7, 1), there exists 9 e Og(7, 1) such that
max{J, (9M), J.(9P)} < J. (). We take such 9, 9@ set

Fo={1,0Y) > 1@0?)} €,

and define 9 := 190 + 1.9 € ®g by the stability under bifurcation proved
above. Using the definition of F', then the definition (2.33) of J, with F € G,
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next the definition of 9 and finally (2.33) again, we write

max{.J,(9D), J,(9P)} = LpJ, (9D) + Lpe J, (9P)
= E[]IFJT(’I.;(D> + ]IFCJT('g(Q))’gT]
= E[]IFJT<’1§) + ]lFCJT(IE)’gT}

= E[Jr(9)[G-]

— (D),

which shows Condition 2.7, 2). This completes the proof. O

4 Recursive computation of the value process for

dimension 1

In this section, we solve the auxiliary problem (3.5) with the choice of ® = Os.
This will need an extra assumption in addition to Assumptions 3.2 and 3.4. In
view of the discussion at the end of Section 3.1, the idea is to compute the value
process (Vi(9))i=o1..7 in (3.5) backward in time. Let us begin with rewriting
(3.5) fort=1,...,T as

Vie1(9) = esssup {E[V;(9(t, 8,))[Gi—1] - 6; € @g}('ﬂ)}, t=1,...,7, (4.1)
with 9(¢,6;) = (94, ...,9_1,8;) from (3.4) and V(I (T, d7)) of the general form

Vr (19(T, JT)) = aTem(GT'ﬁ(T, 5T)) — bTevar(GTﬂ(T, 5T)) + cr,

where ar, by, cr are nonrandom constants with by > 0. (4.2)

While (4.2) may look like spurious generality because we actually have ar = 1,
br = & cr = 0, it turns out to be useful to write things in this generality.
Moreover, using the definitions of @(7,9) and Og from (2.32) and (3.29), re-
spectively, we write G)[Sﬂ (9) in (3.4) more explicitly as

el(¥) = {9,: 9 c Ot — 1,9)}
={0;: 6f is real-valued, G;_;-measurable

and 8!ASL e L%, 0 =1,...,L}. (4.3)

In the rest of this section, we present a solution technique for (4.1) in two
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parts. First, we consider (4.1) for ¢ = T for a fixed ¥ € Og and note that
(4.1) says that Vp_q(9) is obtained by maximising the conditional expectation
EVr(9(T,67))|Gr-1] =: F(d7) over dr. Because of (4.2), F(dr) is an affine-
quadratic function of d7, and hence the first-order condition (FOC) for the op-
timisation of F'(dr) over d7 is affine. Plugging its solution back in should yield
that Vp_1(9) is an affine-quadratic function of Gr_1(49), like Vi (9) of Gp(9).
Moreover, it seems plausible that this reasoning can be iterated backwards until
we obtain V{. In the first part, we analyse the above programme rigorously and
argue that this solution technique is indeed iteratable under an extra assump-
tion. In the second part, we state the main result of this section — a recursive
description of the entire value process and the optimal strategy for (4.1).

We first give a step-by-step recipe that will be implemented below.

Recipe 4.1. 1) Compute E[Vy (T, 67))|Gr-1] = F(dr) as a function of dr
explicitly.

2) Maximise d7 — F(d7) via solving an FOC for the optimality.

3) Verify that the candidate maximiser obtained in 2) is in G[ST}('ﬂ) and is
indeed a maximiser for (4.1). Plug it back into F' to obtain an explicit formula
for Vp_1(99).

4) Argue carefully how and why steps 1)-3) can be extended to general t < T

under an extra assumption.

4.1 Step 1: Computing F(d7) := E[Vr (T, d7))|Gr-1]

In this subsection, we embark on the programme described in Recipe 4.1 and
implement its step 1), from which we recall F'(dr) = E[Vp (O (T, dr))|Gr-1]. This
relies on the Doob decomposition of S in the filtration G. As we can see from
(4.4) and (4.5) below, the conditional expectation F(d7) is indeed an affine-
quadratic function in d7. Recall from (2.22) the notation ® for the coordinatewise

multiplication.

Lemma 4.2. Suppose that Assumptions 3.2 and 3.4 are satisfied. If 9 € Og and
Vr(W(T, d7)) is given by (4.2) for o1 € G[ST] (1), then we have

E [VT (’19(T, 6T)) ’ngl} = CLTGHI(GT,1<I9)) — bTevar(GT,l(ﬂ)) +cr
+ Ry (67), (4.4)
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where

Rr(87) == arem(dr © AA7) — 2brem(Gr_1(9) © 7 © AAr)
+ 2bTem(GT,1(19))em(5T ® AAr)
- bTem<(6T)2 ® (1 LHAM)r + (AAT)2)>
+ by (em(0r © AA7))% (4.5)

Remark 4.3. In analogy to the empirical variance evar, we define for x,y € R”

the empirical covariance between x and y by
ecov(x,y) = em(x ®y) — em(x) em(y). (4.6)
Using (4.6), we can write the identity (4.5) more compactly and suggestively as

RT((sT) = aTem(dT O) AAT> - 2bTecov(GT_1(’z9), 6T ® AAT)
- bTem<(5T)2 © (1= LHYAM)r + (AAT)2)>
+ by (em(dr © AAT)) (4.7)

Proof of Lemma 4.2. Let us recall from (2.24) that
evar(x) = em(x?) — (em(x))Q. (4.8)

Taking conditional expectations in (4.2) and using (4.8) and the non-randomness
of ar, by, cp gives
E[Vr(9(T,67))|Gr—1] = arE [em(GT (9(T, 5T))) (gT_l}
~ brE [evar (G (9(T, 67)) )|r 1] + er
— arE[em(Gr(9(7,87)) ) |Gr 1]
~ brE [em (Gr(9(T,67))°)|Gr 1 |

+brE [(em (Gr(o(T,61)) ) 2

ng] tep. (4.9)
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To expand the terms in (4.9), we recall from (2.21), (3.4) and (2.23) the equalities

GT (19(T, (ST)> = GT—l(ﬁ) + 5T O] AST, (410)

ll

em(x +y) =em(x) +em(y), em(x)= ! Z x". (4.11)
=1

Next, we recall from Assumption 3.2 and (3.30) for £ =1,..., L that
ASL = AMEL + AAL, E[AMY|Gr 1] =0, E[ASY|Gr 1] = AAL. (4.12)
We also recall the angle bracket notation from (3.32) and (3.33) as
AXYr = EB(AXD)?|Gr_1],  ASHr = AMY)r + (AAL)2 (4.13)
Finally, we recall from Assumption 3.2, (3.29) and (4.3) that for ¢ =1,... L,
ASL, AME AAL GE_(9), 854S, 85AMY 85 AAL are all in L2, (4.14)

For the first term in (4.9), we now use (4.10), (4.11) and ASy = AMp+AAr,
then Gr_j-measurability of em(Gr_1(¢¥)) and em(dr © AAr) and the identity
El[em(d7©AMryr)|Gr_1] = 0, which follows from Gr_;-measurability of 8%, (4.11),
(4.12) and (4.14), to obtain

GTE [em <GT (19(T7 (ST))> ’gT_1i| = (ITE [em(GT_l('l?)) ‘QT_J
+ (ZTE[QIH((sT ® AST”gT—l]
= aTem(GT,l(ﬂ))
+ arem(dr © AA7T). (4.15)

The last equality also uses that em(Gy_;(¢)) and em(dr ©® ASr) are in L? C L*
thanks to (4.11) and the integrability property in (4.14).
For the second term in (4.9), we use (4.10) and (4.11) successively, then the
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Gr_i-measurability of G5, (1), (4.12) and (4.13) to obtain

brE [em <GT (9(T, 5T))2> gT—l}

= brE [em(GT,l('t?)Z) ’QT,J + 2b7E [em(GT,l(ﬂ) ®©or® AST) ‘QT—I}
+brE[em((87)2 @ (AS7)?)[Gr_1]

1 L
= brE[em(Gr_1(9)?)|Gr-1] + 207+ > E[G) (9)8,A8%(Gr1]
/=1

L
1
+brg 3 Bl(ErASGr

= bTem(GT,l(ﬁ)Q) -+ QbTeHl(GT,l(’l?) ® (ST ® AAT>
+ bTem<(6T)2 ® (AM)r + (AAT)2)). (4.16)

The last equality also uses (4.11), the integrability property in (4.14) directly and
that (G5_,(9))?, GL_,(9)85AS5 and (85AS%)? are in Lt for £ =1,..., L due
to (4.14).

For the third term in (4.9), we need several steps. First, we again use (4.10)
and (4.11), then Gr_;-measurability of G4 _,(99) and that, as argued in (4.15),
Elem(dr ©® AS7)|Gr_1] = em(d7 ©® AAr), to write the third term as

brE Kem (Gr(a(r, 6T))>>2

= b;E [(em(GT_l(,ﬁ))>2‘gT_l] + 2brE[em (Gr_1(9))em(dr ® AS7)|Gr_1]
+brE [(em(éT ® AST))2‘QT71]

gT—l}

= bT <em(GT_1(’l9))>2 + 2bTem(GT_1(19))em(5T ® AAT)
+ brE[(em(dr © AS7))’|Gr1]. (4.17)

The second equality also uses that both the terms em(Gr_1(1))em(dr ® ASy)
and (em(Gp_1(9)))? are in L' due to (4.11) and (4.14). Then we expand the last
term in (4.17). Using ASy = AMy + AAr, (4.11) and Gr_;-measurability of
(em(dr ® AAr))?, we write that last term in (4.17) as

brE[(em(dr © AST))Q‘QTA]

= bTE [(em(éT © AMT))Q‘QT,I} + 2bTE[em(6T ® AMT>GH1<5T ©O) AAT)’ngl]
+ bT (em(dT ® AAT>)2 (418)
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For the first term in (4.18), we use (4.11), then Gr_;-measurability of 6%, (4.13)
and E[AMSAMZ|Gr_1] = 0 for £ # m by (3.31), and finally (4.11) again to
obtain

E[(em(dr © AM7))°|Gi] = E[(65AM%)?|G, 1]

M=
N

~
Il

="

1

S E[8,67 AMYAME(G, ]

_|_

o~
LS

(07)°E[(AM7)*G,-1]

I
] =
Sl E

1

em((87)° ® A(M)y). (4.19)

&~ =

The second equality in (4.19) also uses (4.14) and its consequence that the
terms AMSAMZ and 6{6"AMIAMY are in L' for {,m = 1,...,L. For
the second term in (4.18), we argue similarly as in the computation of the
conditional expectation E[em(Gr_i(9))em(dr © ASr)|Gr_1] in (4.17) and use
Elem(dr ® AM7)|Gr-1] = 0 as argued in (4.15) to obtain

E[em(&T ® AMT)GIH((ST ® AAT)|QT_1]
= E[em((sT ® AMT>|GT—1]em(6T ® AAT) =0. (420)

Inserting (4.18) with (4.19) and (4.20) into (4.17) yields

brE|[(em(dr © AST)>2}QT—1:|
_ bT%em((éT)Z O AM)7) + (em(5r © AA) (4.21)

Finally, plugging (4.15), (4.16) and (4.21) back into (4.9) and reordering the terms
yields (4.4) and (4.5). O

4.2 Step 2: Maximising 67 — F(d7)

In this subsection, we implement Recipe 4.1, step 2). Let us consider the map
or — F(6r) = E[Vr(¥T,07))|Gr-1]. We maximise F' over d7 without any
constraint. Formal differentiation of F' with respect to dr yields a (formal) first
order condition (FOC) for optimality. Then solving that FOC gives a candidate
ST for the maximiser. Finally, we verify that the candidate ST is a true maximiser

for I’ by completing the square.
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Proposition 4.4. Suppose that Assumptions 3.2 and 3.4 are satisfied. If 9 € Og
and Vr(9(T,d7)) is given by (4.2), then a mazximiser 5 for 8r — F(dr) is a

solution to the system of linear equations

pY: a
l T ar e
Or = (1—L 1)+ AKZT <2bT Gr_,(9) +em(GT71('l9))
+em(dr © AAT)>, (=1,...,L. (4.22)

Moreover, a solution &7 to (4.22) exists and satisfies

em(AKY @ (3= = Gr-1(9) + em(Gr_1(9))))

em(8r © AAy) = — , 4.23
(61 7) 1— em(AK(TL)) ( )

where AK!
AKSD = T . (=1,... L. (4.24)

T (1— L)+ AKY

Explicitly, we have for £ =1,..., L that

8l = A T Gh o (9) +e (Gr_1(9)) + (4.25)
T —L Y+ AKL\2bp 7 T “) '

where e is the right-hand side of (4.23). The solution 81 given in (4.25) is indeed
a mazimiser for dr — F(dr), and the resulting RT((/s\T) from (4.5) satisfies

RT((ST) = C%Tem(gT © AAT) — bTeCOV(GT_l(’ﬁ), ST © AAT) . (426)

Here we use the notation ecov defined in (4.6).

Proof. 1) Lemma 4.2 shows that 1 — E[V(9(T, 6r))|Gr-1] depends on 7 only
through Rr(dr) given in (4.5). So formally differentiating Rr(dr) in (4.5) with
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respect to 7 = (84)—1..1 vields a formal FOC for optimality as

.....

0

O:ﬁ

Ry (o)
= % (aTem(5T © AA7) — 2bpem(Gr_1(9) © 67 © AAr)
+ 2brem (Gr_1(9))em (67 © AAr)
— brem (672 © (1= L™)AM)r + (AA7)?) )

+ bT(em(éT © AAT)>2>, (= 1, e ,L. (427)

Computing the RHS of (4.27) explicitly and multiplying on both sides by L gives

0 = arAAL — 2b7Gh_ () AAL + 2brem (Gr_1 (9)) AAS,
—2b785((1 — L7 A(M), + (AA%)?) + 2brem (87 © AA7)AAL.  (4.28)

Moving —2b78% ((1 — L™ A(M)S + (AA%)?) to the other side and dividing on
both sides of (4.28) by 2by((1 — L™ A(M)L + (AA%)?) yields (4.22).
2) We now construct a solution to (4.22). For this, we first recall from (3.35)
and (3.36) that for ¢ =1,... L,
Ao = DAL AKS = (AAT)* ANPAAL = AKS (4.29)
T A<M£>T’ T A<MK>T7 T T T :
We multiply (4.22) by AA% and use (4.29) and then average over £ to obtain the

equation

em(8r ® AA7) = em (Af{;” ® (QC‘TT — Gr_1(9) + em(Gr_1(9))
T

+em(dr @ AAT)>), (4.30)

where AK(TL) is given in (4.24). For (4.23), moving em(AIN{(TL))em(éT © AAr)
to the left side of (4.30), we see that (4.30) has a solution given by (4.23) if and
only if 1 — em(AKEfL)) # 0. But the latter is readily verified because we have
AKIY <1 P-as. for (=1,...,L due to (4.24) and our convention § = 0. Now
we construct 87 by inserting the right side of (4.23) into (4.22) to replace the
term em (97 © AAr) (with d7 replaced by ET) This yields the explicit expression

for &7 given in (4.25). To show that the constructed 87 solves (4.22), we multiply
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both sides of (4.25) by AA% and average over ¢ to obtain again (4.23). This
implies that we can replace the term e in (4.25) by em(gT ® AAr), which says
exactly that &7 solves (4.22).

3) Let us argue that a solution 7 to (4.22) is indeed a global maximiser for
(4.1) at time ¢ = T. It is sufficient to prove that b7 is a global maximiser for
O0r — Rp(dr) with Ry given in (4.5). We show this by completing the square.
Let 87 € Q[ST]. We write 87 = 7 — ST + ST, insert the latter into (4.7) and
expand and reorder the terms as expressions involving 7 — ST and ST separately

to obtain

Rr(dr)
= Rp(dr — 67 + )
= arem((87 — 87) © AAr) — 2brecov(Gr 1 (9), (07 — d7) © AAg)  (4.31)
- bTem<(6T — 6720 ((1— L7HAM)r + (AAT)2)>
+br(em((6r — 8r) © £AT))
+ agem(8; © AAr) — 2brecov(Gr_y(9), 87 © AAr)
(6r)2© (1= L) AM)r + (D A7) )
tbr(em(8r 0 £A7))
~ 2bgem((8r — 8r) © 87 © (1~ L™)AM)r + (AA7)?)) (4.32)
+ 2brem (87 — 87) © AAr)em(dr © AAr). (4.33)

Using (4.11) and that 81 satisfies (4.22) and

A%
(1—L 1)+ AKL

(1= L7HAMY7 + (AA%)?) = AAY
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by (4.29), we unravel the definition of the term in (4.32) as

2bTem<(5T — ST) ©dr O ((1 — LHAM) 7 + (AAT)z))

_ 1 4 4 )‘g“
- 2bTZ ;(‘ST ~ 0r) (1 - L) + AKS

2bT
x (1= LTHAM)r + (AAr)?)

X (a—T — GE_y(9) + em(Gr_1(9)) + em(dr © AAT))

L

1 N
=2br¢ > (84 — of)

(=1

X (;TT — G5, (9) + em(Gr_1(9)) + em (87 © AAT)) AAL
T

= arem((87 — 87) ® AA7) — 2brem((87 — 87) © Gr_1(9) © AAr)
+ 2brem (Gr_1(9))em (07 — dr) © AA7)
+ 2bTem((5T — gT) ® AAT)em(gT ® AAr)

= aTem((ET — ST) ® AAT) — QbTeCOV(GT_l(ﬂ), (67 — ST) ® AAT)
+ 2bpem (87 — 87) © AAz)em(dr © AAy).

The last line uses the definition (4.6) of ecov. The above equation brings a
significant cancellation in (4.33); indeed, it shows that the three lines (4.31),
(4.32) and (4.33) sum up to 0. We exploit this cancellation, then reorder terms
according to the involvement of ST and 07 — gT and use the alternative expression
(4.7) for Ry(6r) to further simplify (4.33) to

Ry (87) = apem(83r © AA7) — 2brecov(Gr_1(9), 87 © AAr)
- bTem((ST)2 ® (1= LHAM)r + (AAT)2)>
+br(em(3r © AAL))

- bTem<(6T — 520 (1= LHAM)r + (AAT)2)>
+ by (em (67— 37) © AAT) )

= RT(ET) — by (em(((ST — 3})2 O (1= L HAM)r + (AAT)2)>

_ <em((5T Yo AAT)>2) . (4.34)
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By part 1), b7 also satisfies (4.28). Hence we multiply both sides of (4.28) by
3\‘}, average over ¢ and use the definition (4.6) of ecov to write (4.28), with dr

replaced by ST, as

0= aTem(gT ® AAT) - 2bTecov(GT,1, ST ® AAT)
= 2brem ((3r)? © (1 - L™)AM)r + (AA7)?))
+ 267 (em (87 © AAT)>2. (4.35)
In view of (4.35), (4.7) becomes
Ra(br) = brem (87 © (1 = LHAM)7 + (AA7)?))
~br(em(8r 0 £AL)) (4.36)

= C%Tem(ggp ® AAr) — brecov(Gr_1(9), ST ® AAT)
+ bTem(GT_l(ﬁ))em(gT ® AAT> (437)

Inserting (4.36) into (4.34) and using (4.8) gives
Ry (dr) = br (em((c%)2 © (1= L7HAM)r + (AAT)2)>
~ (em(ér @ AAT)>2>
. (em((aT — 6720 (1= LHAM)p + (AAT)Z))
- (em((aT — 1)@ AAT)>2>
= by (<ena((5T)2 © (1= L™YAM)r) + evar(dy © AAT)>
b (em (67 81 © (1~ L) AM)r)

+evar((67 — 67) © AAT)). (4.38)

This is clearly a quadratic form in d7, and the sum of the last two lines of (4.38)
is always nonpositive because by > 0 from (4.2), A(M)r > 0 by (4.13) and
evar(-) > 0. So we obtain a maximum over 7 in (4.38) if and only if that term
is 0, which happens if and only if o7 = Sr. Finally, (4.26) is given by (4.37). O

We end this subsection by summarising the key aspects of Recipe 4.1, steps
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1) and 2) or, more precisely, Lemma 4.2 and Proposition 4.4, because similar
structures will appear later recursively. First, writing (4.1) allows us to consider
a single-step optimisation with one single variable (here, d7). Differentiating the
one-step objective function with respect to that variable yields a first-order con-
dition (4.22) which can be solved explicitly as in (4.25). Moreover, the optimiser
&7 has the (feedback) form f(7, Gr_1(1)) for a function f(7,x) (see the expres-
sion from (4.25)) which does not explicitly depend on 4 itself. From an abstract
perspective, Lemma 4.2 and Proposition 4.4 can be viewed as a (partial) solution
technique for (4.1) at the level of (4.2). The partialness is due to that we have
not yet shown that the maximiser 87 for the map F' lies in @[ST}('ﬂ). This is the

content of Recipe 4.1, step 3) and is done in the next subsection.

4.3 Step 3: The candidate maximiser (/S\T is in @)[ST]

In this subsection, we implement Recipe 4.1, step 3) by showing that ST is in
G[ST](ﬁ) for ¥ € Oy and deriving an explicit formula for Vy_(49).

Proposition 4.5. Suppose that Assumptions 3.2 and 3.4 are satisfied and that
9 € Og and Vp (9T, 7)) is given by (4.2). If the MVT process K is bounded,
then &7 given in (4.22) is in @[ST] () and hence is a mazimiser for (4.1) at time
t =T. Moreover, Vp_1(9) from (4.1) has the form

Vi 1 (9) = apem(Gy_1(9)) — brevar(Gy_1(9)) + e + Rp(87),  (4.39)

where RT(ST) is given by (4.23). Explicitly, we have

R Ly ATe(D)
RT((ST) = arem em(AKT ) ~AKT ® GT,1<19>
1-— em(AK(TL))

+ bTem(AK%) ® GT_1(19)2)

B em<1Af<<L>> (em((l - oKy o GT—1<‘9))>2

. (em(GT_l(ﬂ))>2 +

+0b

a?pem(AIN{FEFL) )

4br (1 — em(AKY)) (4.40)
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and hence
1—- AKY
VT_1(19) = aTem< Z(L) ® GT_1<’19)>
1 —em(AKS)
re (L)
B B = (L) 1 - AKT 9
br(1 — em(AKZ")) (em(l - em(AR%)) © Gr_1(9) )
_ AR 2
_ (em ( 1 AKI(L) ® GT_1(19)>)
1 —em(AKS)

aZem(AKY)
4bp (1 — em(AKY))

Proof. 1) We first prove that 87 given by (4.22) is in @[ST}(ﬂ), which shows the
optimality of &7 for (4.1) at time ¢t = T by Proposition 4.4. The explicit definition
in (4.25) readily shows that ST is Gr_1-measurable; note that A, K and K are all
G-predictable. In view of the definition (4.3) of G[ST ] (1), we thus only need to
show that g%ASéT € L?for ¢ =1,...,L. To this end, we use Gy_;-measurability
of gf} with (35}&8?)2, (AS%)% > 0, then the explicit expression for gf} from (4.22)

and the angle bracket identity in (4.13) and its consequence
(A (B(MYr + (DAGP) = AKS + (BKL
to obtain

E[(05.A85)% = E[(04)*E[(ASE)?|Gr-1]]
B AKL + (AKE)?
N [((1 — L71) + AK)?

ar e
X(%T Gr_ (V)

+ em(GT,l('t?)) + em(gT ® AAT)> 2:| . (442)

We note in (4.42) that because L > 2 and AKL > 0 by (4.29), we obtain for
¢ =1,...,L the inequality ((1 — L™') + AK%)? > (1 — L7')? > 1. Using this
lower bound and that A K7 and hence AKY is bounded (say by C), we obtain

AKEL + (AKE)?

(O—L4y+AK®2§ﬂO+O%' (4.43)

This bound implies that we only need to show that each term in the large round
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parenthesis in (4.42) is in L% The first three terms are evidently in L? by the
nonrandomness of ar and br, due to ¥ € Og, and by the definition of Og in
(3.29). For the last term em(gT ® AAr), by (4.11), it is sufficient to show that
6LAAL € L2 for £ =1,...,L. By (4.23), we see that

3 ¢ AR?(L) ar ¢
O NAL = — ( -G Y) +em(Gr_q (9 ) 4.44
NG = (G~ G @) Fen(@ra@) ). (44
0L
We claim that the factor — (Zf(“)) is bounded uniformly over ¢ and w € €.

Then from the explicit expression in (4.44) and the fact that each term in the
parenthesis in (4.44) is in L2, it is evident that 85AA% € L2 for £ = 1,..., L.

E (L)
For the boundedness of % we observe by (4.24) and AK% < C that
—em T
1—- L1t 1-L7!

~0,(L
1— AKSY =

> ¢=1,... L. 4.45
I-L)+AK, —1-L'+C’ o (4.45)

Using (4.11) with em(1) = 1 and (4.45), we obtain the two inequalities

1 1

1-— em(AK&L)) B em(1 — AK(L))

1L —1
:( }:1—AK”L)

1-L'+C
< I L_t : (4.46)
~ 1— L
AKSH <1 - = ¢ (=1,...,L. (4.47)

1-L'+C (1-LYHY+C’
Hence by combining (4.46) and (4.47), we find that

ARYY
— . S T
1— em(AK% )) 1—L71

<20, (=1,... L,[>2.

This completes the proof that o7 € G[T] ().
2) Next, we turn to verifying (4. 40) Using (4.26) with the definition (4.6) of

ecov, then (4.11), (4.22) and Gp=rtgr AAG = AKS™ by (4.29) and (4.24),
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we obtain

Rr(d7)

_ %Tem(ST © AA7) — brem(Gy1(9) © 87 © AAy)
+ bTem(GT,l(ﬁ))em(gT ® AA7T)

= (%Tem(gT ® AA7T)

br & ~ a
S G @Ak (5 - 6 )
{=1

+em(Gr_1(9)) + em(gT © AAT))

+ brem(Gr_y (9))em(dr © AAr)
_ %Tem(ST ® AA7) — %Tem(m?;“ ® Gr_1(9)) + brem (AKY © G, (9)?)

— bpem (AKY © Gy (9))em (Gp_1 (9))
— bpem (AKY © Gy (9))em(dr © AA7)
+ brem (Gr_i (9))em(dr © AAr). (4.48)

Then using the explicit expression for em(gT © AAr) from (4.23) in (4.48) yields
(4.40) after a tedious but straightforward computation. Finally, (4.41) follows
from the optimality of o7 proved in part 1) and by inserting (4.40) into (4.4). O

4.4 Step 4: Adding an assumption to allow iteration

The first three steps give a complete solution for (4.1) at time ¢ = T". Naturally,
we hope to extend this technique to all earlier times ¢ < T'. In this subsection,
we first give an overview of Recipe 4.1, steps 1)-3) and argue why this solution
technique cannot be directly applied. Next, we introduce an extra assumption
that makes the problem (4.1) more tractable at times ¢ < T, and simplify the
results from previous steps accordingly.

If we look carefully at Lemma 4.2 and Propositions 4.4 and 4.5, we can see a

clear structure. We start with an affine-quadratic objective

Vr(9) = em(Gr(9)) — Eevar (Gr(9))
= arem(Gr(9)) — brevar(Gr(9)) + cr (4.49)
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with ar =1, by = £ and ¢ = 0. Then we try to maximise

(ST — E[VT (’19(T, (ST)) }QT_J (450)

over 0 € G)[ST], where ¥(T', r) is given by (3.4). It turns out, see (4.25), that

the optimiser has the form
or = f(T,Gr_1(9)), (4.51)

where the function f(T,x) is affine in x € R% and em(x), and thus 7 is affine
in Gr_1(9) and em(Gy_1(19)). Using the recursion (4.1) for (Vi(¥))i=o1,..r and
plugging that &7 into (4.50) then yields, see (4.39), that

Vr_1(9) = em(Gr_1(9)) — Eevar(Gr_i(9)) + Rr(dr),

where the term RT(ST), see (4.26), is an explicit affine-quadratic expression in-
volving 6r. In view of the affine structure in (4.51), we therefore obtain for
Vr—_1(9) an affine-quadratic function of the variables Gr_1(9) and em(Gp_1(9)).
Comparing this to (4.49) suggests that we should be able to iterate Lemma 4.2
and Propositions 4.4 and 4.5 by simply replacing 7" everywhere by ¢.
Unfortunately, this does not work as easily as one would hope. When looking,
in analogy to (4.49), at the conditional expectation &; — E[V;(9(T', §;))|G;-1], one
can still pull out the G, _;-measurable quantity d;. But what remains inside the
conditional expectation, see (4.41), is no longer — in contrast to the case t = T
in (4.49) — a simple affine—quadratic expression in G;_1(9) and em(G;_1(9)).
It also involves conditional expectations of random quantities measurable with
respect to Gy, Gy 1,...,Gr in a way that stacks up recursively and hence cannot
be managed in a transparent manner. At present, we can only make further

progress if each V;(1) has the form

Vi(9) = arem(Gy(9)) — bevar (Gy(9)) + ¢, (4.52)

with nonrandom real-valued coefficients ay, by, ¢; and b; > 0. (4.53)

If we have (4.52) and (4.53), the coefficients can then be taken out of conditional
expectations which makes the computation from ¢ to t — 1 completely analogous
to the one from T to T'— 1. Thus Recipe 4.1, steps 1)-3) or, more precisely,
Lemma 4.2 and Propositions 4.4 and 4.5, can be applied to all earlier times ¢t < T

with only purely mechanical modifications.



4 Recursive computation of the value process for dimension 1 69

We now take a closer look at Vp_1(9) in (4.41). A careful inspection of that
g

vz%;)) appears in all coefficients
of the terms involving G7_1(9¥) and hence makes Vy_1(9) fail to satisfy (4.52)

and (4.53). We thus get a first natural condition to eliminate this unpleasant

expression reveals that the random vector

consequence.

Condition 4.6. The vector AK(TL) in (4.24) has coordinates which do not depend

on ¢, so that AR?(L) = G_Lﬁ% =: A[?}L) for/=1,...,L.

If Condition 4.6 holds, we can simplify in (4.41) the terms

~ (L ~(L
1- 2K 1 ARY

em(AKD)) = AIN((L), = = —
(BKr) g 1—em(AKY)  1-ARKW

=1, ¢(=1,...,L.

Plugging these back into (4.41) and using the definition of AIA(/';L) from Condi-
tion 4.6 yields

VT—I (19) = arem (GT—I (19))

(1= K (e (Grs0) ~ (e0(Grs9)) )
EAKY
abr(1 — AKP)
= aTem(GTfl(ﬂ))

B A —
WEVANIGY
+ (=L 1) (4.54)

This readily gives Vr_;(9) the form (4.52) for ¢t = T'— 1. However, like AKr,
the coefficients can still be random so that (4.53) need not hold.
Let us look at Condition 4.6 from a different perspective. Note that the

=1,...,

,,,,,

are independent o-algebras by their constructions (2.15). So Condition 4.6 implies
that the random variable AIN(:(FL) is independent of itself and hence AIN(;L) must be
deterministic. Because AKY) = Q_Lﬁ%,

if and only if AK7p is deterministic and this motivates the following.

we see that AI?}L) is deterministic

Condition 4.7. The increment A Ky of the MVT process of S is deterministic.
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Remark 4.8. The paragraph above Condition 4.7 shows that Condition 4.6 im-
plies Condition 4.7. By the definition Aﬁg(m = % in (4.24) and
because AK4 has the same distribution as AKr (see Remark 3.9), we immedi-
ately see that Condition 4.7 implies Condition 4.6, and hence Conditions 4.6 and
4.7 are equivalent. We use in the sequel Condition 4.7 because this is formulated

directly in terms of the original model.

We summarise below the decisive simplification of Proposition 4.5 brought by
Condition 4.7.

Proposition 4.9. Suppose that Assumptions 3.2, 3.4 and Condition 4.7 are sat-
isfied. If © € Og, then the remainder term Ry (87) from (4.26) simplifies to

~ a2 AKr AKp
Rp(67) = —*L b
7(9r) Wr(l—L ) "TA—L )+ ARy

evar(Gy_1(9)), (4.55)

and the value Vp_1(9) for (4.1) at time t =T simplifies to

VT_1(79) = aTem(GT_l(ﬁ)) - bT(]_ - A}?:(FL))evar(GT_l(ﬁ))
a2 AKS

— . 4.56
abr(1 — AKP) (4.56)

In particular, Vp_1(9) is also of the form
Vr_1(9) = aT,lem(GT,l(ﬂ)) — bT,levar(GT,l(ﬁ)) + ey (4.57)

as in (4.52) and (4.53), with the coefficients satisfying the recursive relations

ar—1 = ar, (4.58)
~ 1—L!

bT*l = bT(l - AK;L)) = bT(l — L_l) I AKT, (459)
2ARYY 20K

Cr-1 = Cr i i (4.60)

— —p T
dr(1— ARy T Abp(1 = L)

With ap_1, bp—1 defined in (4.58), (4.59) respectively, the mazimiser o is given
explicitly, for £ =1,...,L, by

~ pY ar_
4 T T-1 ¢
= -G ?) +em(Gp_q (9 ) 4.61
Or 1-LV) ﬁI(fip(sz—l 7-1(9) +e ( 7-1( ))) (4.61)

Proof. We have already seen (4.56) in (4.54) which readily gives (4.57). Now



4 Recursive computation of the value process for dimension 1 71

(4.55) follows from (4.56) and (4.4). The relations (4.58)—(4.60) can be read
off directly by comparing (4.2) to (4.57). For (4.61), we first note the identity
AK?(L) = AK}L) for ¢ = 1,..., L, which follows from Condition 4.7 and Re-
mark 4.8. In consequence, AIA{%L ) can be taken out of empirical averages, then
m(AK%L )) = AK;L), and finally the additivity of the empirical average in (4.11)
with em(b) = b for b € R allows us to simplify (4.23) as

m(AIN(%L) © (g = Gr-1(9) + em(Gr-1(9))))

m(0r © A7) = 1- em(Af{(TL))
AK (a )
= —=pm -G V) +em(Gr_q (¥
a2y~ G (Gra(9)
ar AKT
_ a1 - 4.62
2071 — AKS (462)

Inserting (4.62) into (4.25) and using (4.58) and (4.59) yields

o
o, =

AR
2% — Gh_y(9) +em(Gr 1 (9)) + 5 —)

(1— + AKY 2071 — AK

— GL_,(9) + em(GTl(ﬁ))>

2bp_q

(3
T (-L AKG <2bT1—AK )
(3

- +AW %wwymmmpmm>,ezhn¢.

]

Under the extra Condition 4.7, the results in Lemma 4.2 and Propositions 4.4,
4.5 and 4.9 can be used as a generic solution technique to be applied iteratively
backward in time; the simple affine-quadratic structure (4.52) and (4.53) is passed
from any t to t —1 provided that A K, is deterministic. Therefore, we only need to

state formally the entire recursive structure. This is done in the next subsection.

4.5 Complete recursion for the computation of the value

process V (9)

In this subsection, we state our main results about the solution to (4.1). As
argued in the previous subsection, we do not need to give explicit proofs to any
of the results. It is enough to replace T" by ¢ in Condition 4.7, and then state the

analogues of the results in Lemma 4.2 and Propositions 4.4, 4.5 and 4.9.
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Lemma 4.10. Suppose that Assumptions 3.2 and 3.4 are satisfied. Let ¥ € Og
and t € {1,...,T}. If AK is deterministic and V() is of the form (4.52) and
(4.53), then the following statements hold:

1) We have

E[V} (ﬁ(t, 5t)) ‘Qt,l} = atem(Gt,l(ﬂ)) — btevar(Gt,l(ﬁ)) + ¢+ Ri(d;), (4.63)
where

Ri(8:) = arem(8; © AA,) — 2bem (Gi1(9) © 6, © AA,)
+ them(Gt,l('ﬁ))em(ét ® AA))
- btem<(5t)2 ® (1= L HAM), + (AAt)2)>
+ by (em(; © AAY)) (4.64)

2) A mazimiser 8 for &, — E[V,(9(t,6,))|G—1] exists. It is given explicitly,
fort=1,... L, by

~ A 1
ol = -t < ~GE L (9) + em(Gt_1(’l9))>. (4.65)
(1— L7+ AK \ 2p'2)
The remainder Rt(gt) satisfies
< a2 AK

Ry(6:)

= — + b AKPevar (G (9 , 4.66
Y- aR®) T (G () o

and hence by inserting (4.66) into (4.63),

Vi1 (9) = arem (Gy_1(9)) — bi(1 — AK)evar (G, (9))
a2 AK™
ab,(1 — AK™Y

(4.67)

In particular, Vi_1(9) is also of the form (4.52) and (4.53), namely

Vii(9) = at,lem(Gt,l(ﬁ)) — bt,levar(Gt,l(ﬂ)) + (4.68)
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with the coefficients satisfying the recursive relations

Ai—1 = Qyg, (469)
1—L7!

b1 =0b 4.70

t—1 t(l—L_l)—i—AKt’ ( )
a?AKt

1= —_—. 4.71
Ct—1 Ct+4bt(1—L—1) (4.71)
Proof. 1) The identity (4.63) with (4.64) is obtained like Lemma 4.2, simply with
T replaced by t.

2) The identities (4.66)—(4.71) are formal restatements of (4.55)—(4.60), and
(4.65) corresponds to (4.61), all with T" replaced by t. O

In view of Lemma 4.10, the entire structure of (4.52) is maintained if all the

AK; are deterministic. This motivates the following assumption.
Assumption 4.11. The mean—variance tradeoff process K is deterministic.

Combining Assumption 4.11 with Lemma 4.10, we can state the main result
of this section, which is effectively just a formality. For later reference, we also

reinstate the superscript (¥ to stress the dependence of the solution on L.

Theorem 4.12. Suppose that Assumptions 3.2, 3.4 and 4.11 are satisfied, mean-
ing that S is square-integrable and satisfies the structure condition (SC), and the
MV'T process K is deterministic. Then:

1) For any 9" ¢ G)(SL), the entire value process (V;(L) (9D)) =017 of (3.5)
is of the form (4.52) and (4.53), i.e., fort =0,1,...,T,

%(L)(ﬁ(L)) = agL)em(Gt(ﬁ(L))) - bgL)evar(Gt(ﬁ(L))) + CEL), (4.72)
with deterministic coefficients satisfying the recursions, fort=1,...,T,
o) =a”, oY =1, (4.73)
by = o = 1L_>L+1 N (4.74)
cgf)l =P+ (@) AK, : c%) = 0. (4.75)

a1 - L
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Explicitly, (4.73)~(4.75) can also be written as

dY =1 t=0.1,....T (4.76)

(L) - -1
b =¢ ] . t=0,1,...,T, (4.77)

T
AK,
V=3 . t=0,1,...,T, (4.78)
u=t+1

and (4.77) can be written with the help of the stochastic exponential £ as

b = el
5(15—1 )T

t=0,1,...,T. (4.79)

2) For every 91 ¢ G(SL), the solution to the conditional problem (3.1) at time
t is given, for 0 =1,...,L, by

’19%(11) == 7.9(L)7 u = 17 . >ta
540 — Ag
b (1-L7Y)+AK,
1 ~ ~
X (Qb(L) — G () + em(Gu—l(ﬂ(L)))) wu=t+1,...,T.
u—1

In particular, the solution to (3.1) at time 0 and hence to the global problem (2.25)
1s given, for £ =1,..., L, by

Aﬁ?(L)
(1-L Y+ AK,

1 ~ —~
X <—2b(L) — Gifl(ﬁ(L)) + em(Gul(ﬂ(L))))’ w=1,...,T. (4.80)

u—1

Fo)

Proof. We use in both parts the equivalence between (3.1) and (4.1) which follows
from Lemma 3.1, the abstract rewriting in the discussion after Lemma 3.1 and
the concrete specification in the beginning of Section 4.

1) The recursions (4.73)—(4.75) are (4.69)—(4.71) with the terminal conditions
agpL) =1, bgpL) = ¢ and c(TL) = 0 from (4.1). Also (4.73)—(4.75) immediately yield
the explicit expressions in (4.76)—(4.78). The expression (4.79) is a re-writing of
(4.77).

2) We only need to show that 9E) given by (4.80) is in @(SL). The G-pre-
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dictability of 9 follows from its definition (4.80) and the G-predictability of A
by (3.34). To establish the integrability requirement in (3.29), we need to show
that @f’(L)ASf’(L) isin L2 fort =1,...,T and ¢/ = 1,...,L. Let us argue this
claim inductively. In view of the definition (4.3) of @g]7 part 1) of the proof of
Proposition 4.5 with T' replaced by t indeed shows that if G¢ (9®)) € L? for
(=1,...,L, then 8" =: f(t, G,_1(9D)) given in (4.65) (with the superscript (©)
added) satisfies gf’(L)ASf’(L) € L2 for ¢ =1,...,L. Comparing the definitions of
9" with 6% in (4.80) and (4.65), respectively, gives 9" = f(t, Gt,l(ﬁ(”)) and
hence yields the induction step for the claim. Because G€(5(L)) = ( is obviously

in L?, the base case is also true by the previous reasoning. O

5 Taking limits and verification

Having obtained from Theorem 4.12 a complete description of a solution IE)
to the auxiliary problem (2.25), we aim to construct an optimal strategy to the
original MVPS problem (2.3) with the help of 9. To this end, we elaborate on
the steps sketched earlier in (2.26)—(2.31) to construct an optimal strategy 0 for
the MVPS problem (2.3), or equivalently (2.28), with © = Og given in (3.6).

5.1 Embedding the finite-L results

Before delving into the details in (2.26)—(2.31), we devote this subsection to some
formalities for ease of notation. Readers only interested in the construction and
verification of an optimal strategy to the MVPS problem (2.3) may skip this
subsection and jump directly to the next subsection.

Recall that for each L € N with L > 2, we solve the auxiliary problem
(2.25) in the L-extended market (QW) F() PW) GE) SE)) and obtain an op-
timal strategy 9@ as in (4.80). This in particular implies that the strategies
(@L)) Len,L>2 live on different probability spaces. However, for studying their
convergence behaviour, it is more natural to lift them to one common probability
space. Let us recall from the beginning of Section 2.2 the (sequence) probability
space (), F() P(>®)) where Q) is the infinite Cartesian product of €, F(>)
is the o-algebra generated by all finite rectangles with F-measurable sides, and
P(*) is the infinite product measure of P on F(*), defined by

k
POI[Ey, x By, x -+ x By, x Qx -] =[[P[E,), Ei € FkeN,

Jj=1
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and (QF), 7 PWE) for L € N is constructed so that it depends only on the first
L coordinates. Given a (possibly vector-valued) function f*) defined on Q%) for
L € N, we always identify it with F/ “ on Q) defined by

Ff(L)(wl,wg,...) = f(L)<(U1,...,a)L) (51)

and write F/™ as f5) for ease of notation. In the infinite product space con-
text, the superscript (¥) then means that the identification (5.1) is used, unless
a different meaning is pointed out. We remark that (5.1) can also be written
more formally as F/ = f(B) o () by pre-composing f) with the canonical
projection 7y of Q) onto Q). However, using projections adds only formality
rather than clarity and hence (5.1) is preferred.

Given an R-valued process X&) initially defined on Q¥ for L € N, we adopt
(5.1) to lift it to 2> and then extend it to be R*-valued by setting

X4 =0 for £ > L. (5.2)

Finally, let us translate Section 3.3 to this infinite product space setting.
Recall that the construction of (F*(%)),_; ; and (S*®),_; 1 in (2.14)-(2.16) for
L = oo gives now infinite sequences (F¢)scy and (S)en of independent filtrations
and processes, respectively. Moreover, all the S¢ have the same distribution as
S. For each L € N U {oo}, the construction of G¥) in (2.17) formally yields
in this context a filtration, still written as G*), given by Qt(L) = o(UL, F}) for
t=1,...,T. We can repeat the construction in Section 3.3 to first obtain the
Doob decomposition of S¢ with respect to G(X). A priori, this depends on L; but
Lemma 3.7, 1) implies that it agrees with the Doob decomposition with respect
to F* as long as ¢ < L. So by S* = Sy + M! + Af, we always refer to the Doob
decomposition of 8¢ with respect to some G with L > ¢, or, equivalently, with
respect to F. This then yields for £ =1,..., L and L > ¢ that

AS! = AM! + AAL ECAMYGH] =0, E™[ASHGH] = AAL (5.3)

Translating the strong orthogonality between M‘ and M™ for ¢,m = 1,...,L

and ¢ # m in (3.31) into the current setup, we also have
ECAMAM? G =0, ¢m=1,....,L({+m. (5.4)

For a square-integrable process X = (X%),cy such that each X* is Ff-adapted, we
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define and we have for ¢ € N and ¢ < L that
AXo =0, AXY, = E[(AX]?F] = E®[(AXD?GH]. (5.5

The last equality uses the F*-adaptedness of X* and the proof of Lemma 3.7, 1)
or more precisely (2.42) with (A, B, A, B) = (Fb, o(U;F2), Fty, o(UjuFi ).
This then gives the process (M) and allows us to repeat (3.34) to define

dA*
)\Z - m y Kz — /}\E dAg, € € N. (56)

Moreover, Remark 3.9, saying that functions in the L-extended market like A%
and K% agree with the corresponding functions applied to the ¢-th coordinate,

more precisely translates into
Y'(w,ws,...) =Y (w), (€N, (5.7)

for Yt € {MY AL (MY, XK and Y € {M, A, (M), \,K}. Let 9% be any
strategy in @éL). Applying the identification and extension from (5.1) and (5.2)
to both 9% and G(97)), we can write G(9")) from (2.21) in the current setting

as
Gi(WP) = /WL) dst, (<L, G'WP)=0, ¢(>L. (5.8)

In particular, because 94%) = 0 for £ > L by (5.2), the definition (5.8) can be

consistently written as
GioWD) = / 9D dst reN. (5.9)

For xV) € R™ with x%(X) = 0 for ¢ > L, we still write

em(xD) =

L 6(L)
/=

> XL . (5.10)

1

I

With the above preparation, we can write 9P from (4.80) in this setup as

4

906(L) A 1 N -

=TT T AR, (Qb@) = Gy, (0") + em(th(ﬁ(L)))>
t—1

for/=1,....L,t=1,...,T,
990 =0 for (> L. (5.11)
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The first formula of (5.11) uses (4.80), (5.1), (5.9) and (5.10). It also uses (5.7)
and (5.1) to obtain A% (w®)) = \(w,) = Al for ¢ = 1,..., L. The second formula
of (5.11) uses (5.2).

5.2 Verification — preparation

In the next two subsections, we construct an optimal strategy 9 for the MVPS
problem (2.28). Recall from (2.26) and (2.27) with © = ©g and @) = @éL) that

JEV(0) = Gr(0) — £(Gr(0) — E[Gr(0)]))*, 0 € O, (5.12)
J;L)('ﬂ(L)) = em(Gr(91)) — Eevar (Gr(91)), 9 ¢ @éL), (5.13)

respectively. Note that (5.12) and (5.13) are defined on the spaces ({2, F, P)
and (QE), F) PE)) | respectively. However, all the quantities involving L are
lifted to (), F(>) P(>)) as discussed in Section 5.1 and can equivalently be
considered there. Also recall from (2.28) and (2.29) that we can equivalently
write the MVPS problem (2.3) and the auxiliary problem (2.25) as

maximise E[J;"(6)] over all 6 € Og, (5.14)
maximise E(L)[J}L)(ﬂ(m)] over all 91 ¢ @éL), (5.15)

respectively. We summarise below the programme sketched in (2.26)-(2.31).

Recipe 5.1. 1) Let L € N. For X on ({,F, P), we recall from (2.18) that
X)) = Xom p(w)) = X (wy) for £ =1,..., L, where 7, is the canonical
(under P")) independent and have the same distribution as X because of the
identity P = P o ng by (2.12). Applying this lifting technique to 6 and G(0)
gives two processes 0% and G(6®F) both with i.i.d. coordinates. Moreover, this
technique maps Og into a subset of @éL).

2) Given 0 € Og, Step 1) or, more precisely, the i.i.d. property of the coordin-
ates of Gp(6%F) € GT(G)éL)), allows us to prove a form of law of large numbers
(LLN). Because J}L) from (5.13) involves empirical averages and variances, the
LLN and the optimality of 9D for the auxiliary problem (5.15) obtained in The-
orem 4.12 then yield

E[J2(0)) = lim EG[JE(6%1)] < lim sup EO[J (91)). (5.16)

L—o0 L—oo
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Based on (5.16), we get an abstract verification result stating that 6 € Og is
optimal for the original MVPS problem (5.14) if E(L)[J}L)(Q(L))] — E[J%“’(g)] as
L — oo.

3) We construct 0 € Og explicitly such that the last condition in step 2) is
satisfied.

We close this subsection with two preparatory results.

Lemma 5.2. Let L € N and X be a random quantity defined on (2, F, P). Then
variables each of which has the same distribution as X. Moreover, if 6 € Og
(resp. g € Gp(©g)), then the corresponding 0L is in Og (resp. ¢®L is in
Gr(0")), and g¥* = Gr(6%L).

Proof. Let L € N. For each £ =1,..., L, we recall from (2.18) that
Xt = Xomyp, (=1,...,1L, (5.17)

where 7, 1, is the canonical projection of Q) onto its /-th coordinate. In view of
P independent and have the same distribution as X under P.

Next assume that 6 is in ©g given in (3.6). This means that 6 is F-predictable
and 0,AS, € L? fort = 1,...,T. To show %" is in @éL) given in (3.29), we claim
that #4®L is F“(")-predictable (and hence G*)-predictable) and 9/’®LASf’(L) is
in L? for ¢ = 1,...,L and t = 1,...,T. Indeed, both the measurability and
integrability properties are carried over from 6 to °% via (5.17) because of the
equalities F'" = m,1(E): E € F}and P=PWom, | from (2.14) and (2.12),
respectively.

Finally, let ¢ = Gz(f). To show that ¢®~ is in G¢(©), we claim that
g"®F is equal to GL(6%F) for £ = 1,..., L. This then yields the assertion be-
cause we know that 9% € @éL) from the previous paragraph. Writing (5.17) as
X9 (wy, ... wr) = X(wy) for £ =1,..., L and using the definitions of G(6) and
GY(6%F) from (2.1) and (2.21) respectively, we obtain

g£’®L(w1, cooywr) = Gr(0)(wy)

([ )

T
= (/ g-ek dSE’(L)> (wi,...,wr) = GLO) (wy, ..., wr)
0
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for ¢ =1,..., L. This establishes the claim and hence completes the proof. [

Proposition 5.3. If there exists § € Og such that EE[J{P (91 )] — E[J2v(6)]
as L — oo, then GT(H) is the optimal final gain for (5.14) and 0 is an optimal
strategy for (5.14).

Proof. Let 0 € Og, g = Gr(A) and L € N. By Lemma 5.2, the random variable

Ly

each having the same distribution as g. Next, we establish a version of the law

of large numbers. Let us recall from (2.23) that

1
N = = ¢,(L)
em(x) = - > xhh, (5.18)
=1
Because (¢%®L),=;. 1 are identically distributed according to g (we write this as
gL L g), we use (5.18) in the next two lines to obtain
1< 1 &
E® [em(¢g¥F)] = 7 > E®[gheh = - > Elg ] — Elg], (5.19)
=1 =1
1L
(L) ®LY\2\] — (L)[( A0®L\2
E® em((g%"))] = LZE (9"’
| L
=+ Bly’l = Bly) — Elg’] (5.20)
=1

-----

and finally ¢*®* £ g for ¢ = 1,..., L to obtain

1 <& 1
E®© [(em( L_ Z fz ®L ﬁ Z E® [g€,®Lgm,®L]
/=1 l#m
IS z ®L Z
il Z E(L) ¢ SLE )[gm,@)L]
L (=1 0£m

L?—L

73 (Elg])* — (Elg])* as L — co. (5.21)

Elg’] +

Using (5.12) and (5.13), we can write (5.19)—(5.21) more compactly as

EJ7(0)] = lim B[ (6°")). (5.22)
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But for every L > 2, we get by the optimality of 9 from Theorem 4.12 that

~

EO P (09)] < BRI (90), (5.23)

Now by assumption, we have EP[J (9] — E[J=(8)] for some 6 € Os.
Using (5.22), (5.23) and the last property, we get for all § € Og that

E[J2(0)] = lim BV (0°5)] < lim BV [J7(91)] = B[R (0)).

L—oc0 T L—oo

This proves the proposition. ]

5.3 Verification — construction

In view of Proposition 5.3, the main task is to implement Recipe 5.1, 3) by showing
that there exists a strategy 0 Og satisfying the assumptions of Proposition 5.3.

This can be done in two steps:

Recipe 5.4. 1) Using the explicit formula for 9® from (4.80) and taking limits
formally as L. — oo, we construct a candidate 0 e Og according to the limiting
formula of 9.

2) For L > 2, we combine J* = Vi) from (2.36), that V&) (9E) is mar-
tingale by the martingale optimality principle (see Lemmas 2.9 and 3.1) and
Vo(@®) = ¥ by the explicit expression for the process V) (9F) in (4.72)
to obtain E@[JP (W) = EG VP @D = VP D) = P In view
of this equality and Proposition 5.3, we then only need to show that we have

limy, o0 ch) = E[J2V(6)], where 6 is from step 1).

Let us implement Recipe 5.4. First, recall from (4.73)—(4.75) that

o = o), P =1,
1—Lt
pL) _ @) p) —
t—1 t (1 . L_1> _|_ AKt7 T 57
PRAK,
Cgf)l = CgL) + (a, ") : C(TL) =0

(1 -1y
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Sending L. — oo formally in the above three recursions gives the recursions,

o) =a, o =1, (5.24)
1

b = p) — pleo) 5.25

t—1 t 1+AKt’ T 57 ( )
(00)\2

00 0 ((I ) AI(t e’} A-Kvt e’}

() =y LWIOK e DKoo (5g)

4b, 4b,

or explicitly, either formally sending L — oo in the explicit formulas for a(™), b5,
cE) in (4.76)-(4.78) or directly solving (5.24)—(5.26),

=1 t=0,1,....T, (5.27)
1
B> = t=0,1,...,T 5.28
5 H 1—|—AK ) ) b ) ( )
u=t+1
T
AK
(00) _ u _
¢ =) REE t=0,1,....T. (5.29)
u=t+1 *0u

From the explicit expressions in (4.76)—(4.78) and (5.27)—(5.29), it is easy to see
that

2P 2 as L — oo for z € {a,b,c}. (5.30)

Indeed, a!”) =1 and ¥ = S 2K fort =0,1,...,T by (4.76) and

u=t+1 (M (1_-1)
(4.78). By (5.27), we have a{™ = o™ = 1fort =0,1,...,T. By (5.29), we have
ch) — CEOO) provided that biL) — bl(too) as L - oo fort =0,1,...,T. The latter
convergence can also be directly read off from the formulas in (4.77) and (5.28)

because

B = 5H -

u= t+1 +AK
1 (c0)
gHHHAK =0 fort=0,1,...,T, as L — oo. (5.31)

This completes the justification of the claim (5.30). In particular, we note that
lim; oo c(()L) = c(()oo).

Note at this point that the only formal aspect up to here is the “derivation” of
(5.24)—(5.26) from (4.73)—(4.75). Once we have guessed how the “limit quantities”
al®) p(>) () should behave, we can (and did) rigorously solve for them and

deduce the convergence in (5.30).
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Next we try to construct a candidate for the MVPS problem (5.14). Recall
from (4.80) that the optimal strategy for the L-extended problem is given by

2,(L
S0 _ AL
! (1— L)+ AK,

X(le Gf 1(19L)—|—em(Gt 1(19( ))) gzl,,L,tzl,,T

Fix ¢ < L. Let us formally analyse the limiting behaviour of the above expression
as L — oo. For the factor in the first line, we recall from (3. 35) the explicit
¢,(L)
expression - = % But by Remark 3.9, we have A" (W) = Ay(wy)
and A(MS), (wF)) = (M), (w,); hence their dependence on L is artificial and

the limit of the first factor formally reads

AeE (o wr) M)

L — oo.
1-L Y+ AK, 1+AK 77>

For the factor in the second line, the convergence @ — Fli’f is evident from
(5.31). We then expect that the empirical mean converges to the expectation, say
ei_1, as L — oo by a law of large numbers effect. Suppose this is true and denote
the formal limit of 9% by f%¢>_ Because the dependence on other coordinates
via the empirical average disappears in the limit, we expect that 0%%> and hence
GE(§®°°) depend only on w,. The symmetry of 9 among ¢ = 1,..., L also
suggests that the expectation e, ; does not depend on ¢ and is equal to the
expectation of Gf_1(§®°°) for any ¢ = 1,..., L. Summarising the above analysis
and using that 0%©> can be written as a function of wy so that we replace wy by
w motivates us to consider in the original space (2, F, P) the candidate

N A 1 N N
h, = (%(w) G () + E[Gt_l(e)]), t=1,...,T. (5.32)
t—1

1+ AK;

Note that because Gt_1(§) depends on 61, ...,6,_; but not on 6, (5.32) gives a
well-defined predictable process f. To finish the implementation of Recipe 5.4,
1), we now argue that 9 from above belongs to ©g. We frequently use below the

AAt AKt _ (aA)?

identities, resulting from the explicit expressions \; = AaDy and

A(S), = AM), + (AA,)? in (3.20) and (3.10), that

)\tAAt — AKt, ()\t)2A<S>t . AKt —l— (AKt)Z, t — 1, “e ,T. (533)
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Lemma 5.5. Suppose that Assumptions 3.2 and 3.4 are satisfied. If the MV'T
process K is bounded, then gfmm (5.32) is in Og.

Proof. From its recursive definition, the process 0 is clearly F-predictable. In
view of the definition of Og from (3.6), we only need to show that 0,/\S, € L? for
t=1,...,T. To this end, we use first (5.32) and A(S); = A(M); + (AA;)? from
(3.10), then the Cauchy—Schwarz inequality and (5.33), and finally that AK; is
bounded (say by C') and hence Ang(IAQI;P = 1f§ft(t < C as well as Jensen’s
inequality to get for t = 1,...,7T that

B8 = B| (157 )2(%;_01) G () + E[Gt_xé\n)zmsn}

1+ AK,
<38 S Ay () + @)+ (BiG@))|
<3CE K@)Q + Q(Gt_l(@\))z} (5.34)

Using the explicit formula (5.28) for b§°°) and that K is increasing and bounded,

we also obtain that

T

1
0< ——=_J[1+AK,)<
2\ 26 (

d 1
H (14 AK,) —(1+KT)T

m|"

2

u=t

is bounded. This implies that with a new constant, we can rewrite (5.34) as
E[(6,A5)% < C+CE[(G,1(0))°], t=1,....T. (5.35)

The claim @ASt € L? for t = 1,...,T now follows easily by induction. Indeed,
setting ¢ = 1 in (5.35) and using Go(f) = 0 gives the base case. The induction
step follows directly from (5.35). O

Lemma 5.5 finishes the implementation of Recipe 5.4, 1). The next step is to
show that

5™ = B[ (0)] = E[Gr(0)] — £Var[G1(9)]. (5.36)
To this end, we define a sequence (‘Z)t:m _____ r by
V, = a!® E[G,(0)] — b\™Var[G,(0)] + ), t=0,1,...,T. (5.37)

Lemma 5.6. Suppose that Assumptions 3.2, 3.4 and 4.11 are satisfied. Then the
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~

Proof. We first find recursive formulas for the quantities (E[G¢(0)])i=o1,..r and
(Var[Gt(/G\)])t:(),l ,,,,, r. Let us recall that Assumption 3.2 says that AS, € L%
Lemma 5.5 shows that § € Og, and then the definition of Og in (3.6) implies that

@ASt and Gt_l(é\) are in L?. We summarise these properties as
AS,, @AS,;, GH@) are all in L2 (5.38)

Conditioning on F;_; with (5.38), then using the explicit expression (5.32) for b,

and MAA; = AK, from (5.33) and finally observing that AK; is deterministic

and so is thus %(%», we get
t—1

E[6,AS,) = E[f. /A

AK, 1 ~ ~
=F —Gi1(0) + E\Gi—1 (0
{1+wﬁkz(2¢“? ) Bl ”)}
MK, 1
T AR, )

t=1,...,T, (5.39)

and hence

. RN
EWWM—HQA@“1+Am%ﬁV

t=1,...,T (5.40)

-~

The recursion for the variance term (Var[G¢(0)])i=o1,. 7 is found to satisty, for
t=1,....T, that

Var|G,(6)] = (1 — %)V&r[Gt—l(é\” + a fi(;(ty (Qb;iol)) . (5.41)

which will be verified later. To show the main assertion, we now use (5.41) and
the recursion (5.25) for b(>) to obtain

O S e DK 1’
bIVar[G(8)] = b Var[Gy_1(9)] + b t ( )

1+ AK, 1+ AK)? \ 95
AK,

)1+ AK,)

= b Var[G,_1(0)] + t=1,...,T. (5.42)

Inserting (5.40) and (5.42) into (5.37), then using the recursions (5.25), (5.26) for
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b () and (5.37) gives

N R AKt 1 (c0) —~ AKt (00)
7~ Bl (0) + — b, Var|G,_1(0)] — Te
¢ (Gi—1(0)] 1+ AK, 2b(i°) -1 Var|Gea (9)] 4b§i01)(1+AKt) t
R AK,
= E[G_1(0)] — b{™)Var[G,_1(8)] + !> + :
[G1(0)] — b, Var[Gy 1 ( )] t 45&‘?(1—1—&.&)
(o), DK

:%,1, tzl,,T

This proves the main assertion.

It remains to verify (5.41). Expanding the variance term as
Var[Gy(9)] = Var[G,_1(8)] + 2Cov (G_1(0), B:AS) + Var[g,AS;],  (5.43)

we need to compute the second and third terms in (5.43) more explicitly. We
condition on F;_1, then use (5.32) and that AK; is deterministic from Assump-
tion 4.11, and finally (5.39) to compute

~

Cov(Gy1(8),6,A8;) = E[G,1(0)8,AA)] — E[G_1(0)|E[B,AA)

> [GH@ o (zb({,@) - Gia(d) + EIG@)])]
[(0)E HtAAt]
- Mm( g~ G ]

-1

- (E[Gt_lwn)?) - BB ERAA)

AK; ~. 1
CTEAR, (E[GH”” 2]

AK, 1

- Var(Gi10))

1

— E[Gy1(0)]

AK,
1+ AK,

———Var|G,_ 1(9)] (5.44)

The conditioning step in the first equality of (5.44) is ensured thanks to (5.38) and
its consequence Gy_1(0)8,AS, € L'. For the third term in (5.43), we condition
on F;_1, then use the first line in (5.34) with (5.33) and finally combine the fact
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that as AK; is deterministic, so is bﬁi‘?, with (5.39) to get

Var[0,AS)] = E[(6;A5,)%] — (E[f,AA,])?

E{Ak}+(Akg2< 1
(1+AK)? \9p(>)

— (E[6;AA))?

:AKtJr(AKt)Q(( 1 )2+Var[(;t_1(§)]>—( AK, 1 )2

= Gia(D) + EIG1(0)]) }

(1+ AK,)? 2b4>) 14+ AK; 9p!>)
AK, N AK, 1 \?
= _4(0 4
AL RO <2bg°°1>) (5.45)

The conditioning step in (5.45) uses directly (5.38). Inserting (5.44) and (5.45)
into (5.43) yields (5.41). O

Lemma 5.6 implies that ¢ = Vo = Vp = E[J=¥(8)] by (5.24)(5.26). This
proves (5.36) and finishes Recipe 5.4, 2), and hence we can state our main veri-

fication result below.

Theorem 5.7. Suppose that Assumptions 3.2, 3.4 and 4.11 are satisfied, mean-
ing that S is square-integrable and satisfies the structure condition (SC) with a
deterministic MV'T process K. Then ) defined in (5.32) and given explicitly by

- )\t 1 “~ “~
0, := —Gy1(0) + E|Gy_1(0 t=1,...,T 4
= g (g~ G @ FGA@)). =T 5

is an optimal strategy for the MVPS problem (5.14).

5.4 Convergence of strategies — preparation

Starting from this subsection, we turn to study the convergence behaviour of 9E)
which is given explicitly in (5.11). We follow the convention described in Section
5.1 and try to argue that o) converges in some sense to the optimal strategy )
for the MVPS problem given in (5.46). In this subsection, we do some preliminary
work by collecting some identities and inequalities that will be used for proving
the main assertion.

Let us briefly recap some consequences of Section 5.1. In the next two sections,
we only work with the infinite product space. For a quantity X(X), the superscript
(£) indicates that it is originally defined on (Q), FB) F()) for [ € N and is
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lifted to the infinite product space via
X B (wr,ws,...) = XB(wy, ... wp) (5.47)

as in (5.1). We also make X"} R>®-valued by setting X“(*) = 0 for £ > L as
in (5.2), with the first L components unchanged. Now note that 941 Tives on
Q)| Floo) P)) while 9 lives on (Q, F, P). To make a comparison possible, we
first recall from (2.18) that we have defined X® for any L € NU {co} by

X® = Xomy, (=1,... L.
So we can use the process pee given by
019 (W) = B oy oo (W) = B(wy), € €N, (5.48)

to lift 6 to (), F) P and obtain by the explicit formula for 6 in (5.46)
and (5.48) that

,®00 AE 1 oo - o
S TN (2b<°0> = Gy (09%) + E Gy, (07 )]) (5.49)
t—1

fort =1,...,7 and £ € N. Thanks to (5.48) and P = P o 7, in (2.12), we
easily see that (é\e’@‘x’) sen are independent and each has the same distribution as
9. This link between 8% and 8 is further exploited below. From now on, we
write E instead of E(*) for ease of notation. In all what follows below, we

have L < oo.

Lemma 5.8. Suppose Assumptions 3.2, 3.4 and 4.11 are satisfied. Then for

,,,,,

same first two moments.

Proof. We first use (5.7), the explicit expressions \; = %, ANK; = f{:};j and
A(S)y = AN(M); + (AAy)? in (3.20) and (3.10) and that AK; is deterministic so

that AK! = AK; for ¢ € N to obtain for £ € N that

AfAAf — AKt, (Af)2A<MZ>t — AKt, (Af)2A<S£>t — AKt + <AKt)2 (550)
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This is used repeatedly in the proof below. We also use the two properties that

the random variables ASY, 1/9\f’(L)ASf and Gf(’{?\(L)) are all in L?, (5.51)

the random variables AK; and hence b,gL) and b§°°) are deterministic. (5.52)

Via SYw®)) = S(w,) = S“O(w®)) and (5.47) with X = 95 property
(5.51) can be translated from a statement in the L-extended market that Sy (D)
{9\§L)ASf () and G{(9®) are in L?. Note that the latter statement refers to
the L-extended market, while (5.51) is a property in the infinite product space.
Recall that the first property in (5.51) is a direct consequence of S; € L? by
Assumption 3.2, and the other two follow from 9P ¢ @(SL) by Theorem 4.12
and the integrability requirement in the definition of @éL) in (3.29). Property
(5.51) is frequently used below for taking out Qt(f)l—measurable quantities from
conditional expectations. The statement (5.52) uses that AK; is deterministic by
Assumption 4.11 and the explicit formulas of béL) and b in (4.77) and (5.28).
We now separately show that for t = 1,...,7T', all coordinates of the random
vector (GL(O®))),_,

1) For the first moment, we condition on Qt_l, then use the explicit formula
(5.11) for 9, (5.50) and (5.52) to compute, for £ =1,..., L,

1, have the same first two moments.

.....

E[9;" AS{] = E[9;" AA]]

(1—L) 1 AK,
« ( L _BlG! (8] + E[em(Gy (D L>>)]) (5.53)
op™) T ! ' '

The conditioning step in (5.53) also uses (5.51). Then (5.53) yields by induction
(forward in time), used for the empirical mean, that E[@f’(L)ASf] does not depend
on ¢ and is given by

AK, 1

S0(L) A Q] _ _
E[9, " AS! = Iy e (=1,...,L, t=1,...,T. (5.54)

Because Ge( by =31t 119§ ASﬁ for ¢ = 1,...,L by (2.21), we obtain that
[Gf(ﬂ N = [Gf‘(ﬁ(L )] for £,m =1,..., L. Note that this also gives

E[G{(9")] = E[em(G,(9P))], ¢=1,...,L. (5.55)
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2) For the second moment, we claim for {,m = 1,..., L and t = 0,1,...,T
that

E[(G/(9M))*] = B[(G]'(9™))?], (5.56)

E[G{(0P)em (G, (9P))] = E[GP(IP))em (G, (91))]. (5.57)

We prove these equalities by induction. The base case t = 0 is evident. Suppose
the claim is true for ¢ — 1. Below we use from (2.21) and (2.23) the identities

G/OW) = GL (WD) + 9V PIAS!, t=1,...,T, (€N, (5.58)
m(x +y) =em(x)+em(y). (5.59)

We use (5.58), then condition on Qt(f)l and use the Qt(ﬂ—measurability of both @EL)
and Gf_l({?\(L)), the identity E[Asﬂgﬁ{] = AA! from (5.3) and the definition of
A(S* in (5.5) to obtain

E[(Gi(@")] = [(Gfl D))+ 2BIG, (90 sy
+E[(9] s>21
—E[(G51 "))°] +2E[Gy, (9W)0r " AAY)
(

+ E[(9;)2A(8")]. (5.60)
The conditioning step uses (5.51) as well. For the second term on the right-hand

side of (5.60), we insert the explicit formula for 94D in (5.11) into that second
term and use (5.50) with (5.52) to obtain

~ —~ NAK.
EIG! INYED AAY — ¢
[Gt—l(,ﬁ )1915 t] (1 . L_l) i AKt
E[G]_,(91")] 3
X ( (L) _E[(Gf—l(lﬁ(L)))Z}
2b; 7

BlGL (0 )en(G(8)] ). G0

Similarly plugging the explicit formula for 942 in (5.11) into the third term
n (5.60) and using again (5.50) with (5.52) gives together with the equality
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E[G! ,(9")] = Elem(G,_1(9P))] from (5.55) that

- AK; + (AKy)? 1 ~
¢,(L) . t t
E[(9,")2A(S"),] = (1—L )+ AKt)QE 2b§£)1 - fol(ﬂ(m)

+Blem(@ 0] ) |

AK; + (AK)? 1 \2 FEPERY
N (1—=L71)+ AK,)? (<26§L) ) + E[(Gt 1(19 ))) ]

1G, (@ P)em (G, (9D))]
+ (Blem (G, 1(9 ))})2). (5.62)

Inserting (5.61) and (5.62) into (5 60) and using the induction hypotheses for
(5.56) and (5.57), we get E[(G{(9"))?] = E[(G(9E))?] for £,m = 1,...,L.
This completes the induction step for (5.56).

It remains to show E[G!(9"))em(G,(9D))] = E[G™ (9 )em(G,(91D))]. To
this end, we use (5.58) and (5.59) to obtain

E[G{(0P)em (G (97))]
= E[G{_,(9W)em (G, (91))] + E[9;'" AStem (G- 1(5@)))}
+E[G.,(0em(®" © AS)] + B[0P ASlem(9 © AS,)]).  (5.63)

We now argue that each term on the RHS of (5.63) does not depend on ¢. For
the first term, this is true by the induction hypothesis for (5.57). For the second
term in (5.63), we condition on Qt(f)l, then invoke the gt(ﬂ—measurability of @L)
and em(G,_;(9Y)) and finally use the explicit formula for 94 in (5.11), (5.50)
and (5.52) to compute

AK,
(1-LY)+ AK,

< (i~ G +en(G @) )

-1

E[9,"" ASfem (G, (91))] =

x em (G () |. (5.64)

The conditioning step also uses (5.51). By the induction hypothesis for (5.57),
the last quantity is independent of ¢ for ¢ =1, ..., L. For the third term in (5.63),
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we argue similarly as in (5.64) and use (5.59) to get

E[G!_ (0P)em(9” © AS,)]
AK,
(1 — L_l) + AKt

B [Gfx@@))

xem(%l — Gl (9 ))+em(Gt1('§(L)))>]

:E[Gf_1<v<“> S : }

(I- L)+ AK, )

Because all coordinates of (Ge(ﬁ D)) g1
ment for ¢ = 0,1,...,7 (see (5.55)), the last expression in the above display is
independent of ¢ for £ = 1,..., L. For the fourth term in (5.63), we first use
ASE = AM! + AAL and (5. 59) to expand

. have by part 1) the same first mo-

.....

E[9" " ASlem(9Y © AS,)]
= E[P'Y AMem(®” ©® AM,)] + E[9"" AMlem(9"”) © AA,)]
+E@IPAA em(® © AM,)] + E[9F P AAem(9 © AAY)). (5.65)

We then condition on gt(f{ with the integrability property from (5.51) and use
the G*)-measurability of 97" and E[AM%Mﬂggﬂ] —0fortm=1,....L
and £ # m from (5.4) to obtain E[9 L)AMéﬁ DAM™ =0for t,m=1,...,L
and ¢ # m. Using em(xV)) = %Zle ), the last identity and the definition
of A(M¥); in (5.5) simplifies the first term in (5.65) to

1~
E[@:P AMlem(9 © AM,)] = ZE[(t‘}f’(L))QA(MK)t].
By a similar conditioning step and the identity E[AMY¢ |g§f{] =0 from (5.3), we

get E[ﬁ L)AAEﬁ L)AMm] =0forall {,m=1,..., L. Averaging this equality

over { and m respectively, we obtain that
E[#"" AMlem(9” © AA,)] = B[P AAem(9 © AML)] = 0.

We insert the last two displays into (5.65) and then use (5.11), (5.50) and (5.52)
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to compute

~ —~ 1 ~
B[, ASjem (3 © AS)] = LE[(@;")’ A (M),

+EPF P AAem(O © AAY)
1 (AK,)?
T L(I—L Y+ AK,)?

1 N . 2
x E {(W — Gf_l(’ﬁ(L)) + em(Gt_l('ﬁ(L)))) :|
t—1

AK; 1

9¢,(L) L
(1_L4»+AdeﬂEwt AAY. (5.66)

+

Getting the last quantity in the second equality in (5.66) also uses

AK,
(1-L1)+ AK,

1 ~ ~
X em (W —em (G (99)) + em(th(ﬁ(L)))>
t—1

AK, 1
(1—L7Y) + AR, opH)

em(t/?\,gL) O AA) =

obtained by multiplying AAY in the explicit formula (5.11) for 94D, averaging
over ¢ and using (5.50). Expanding the square in the second-to-last line in (5.66),
we can see that it depends on ¢ through the expectations of G{_(9), (G{_,(19))?
and G¢_,(89)em(G,_1(9)). All of these terms are independent of £ for ¢ = 1,..., L
by part 1), see (5.55), and the induction hypotheses for (5.56) and (5.57). The
last term in (5.66) is also independent of ¢ by E[ﬁf’(L)AAf] = E[@f’(L)ASf] and
(5.54). We can now conclude that all terms in (5.63) are independent of ¢ for
¢ =1,...,L. This finishes the induction step for (5.57). O

Lemma 5.9. Suppose Assumptions 3.2, 3.4 and 4.11 are satisfied. Then the

following statements hold:
1) For eacht =0,1,...,T, we have

T
1 1
sup | — | < = ” 1+ 2K7) < 0. 5.67
LEIN) (bﬁ”) B ( 2 ( )

2) There exists a constant C' > 0 such that fort =1,...,T and { =1,...,L,
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we have
N 1 \?
sup E[(ﬁf’(L)ASf)2]§3C sup (—L)
LEN,L>2 LEN,L>2 2b§_)1
+6C sup E[(GL(91))7], (5.68)
LEN,L>2

and hence, for each ¢ € N

supE[(Gf(ﬁ(L)))Q] <oo, t=0,1,...,T. (5.69)
LeN

Here we use the convention (5.8) so that Ge(ﬁ(L)) =0 forl{> L.
3) Fort=1,...,T,

= Cov® (971 ASLL 97 AST)
> T
l#m
o ]. AKt 2 A(L)
=-= ((1 - NQ) E[evar (G, (9'"))]. (5.70)

Proof. 1) Because all the AK; are deterministic by Assumption 4.11, we use the
explicit formula (4.77) for 8%, 1 — L7 > 1 for L > 2 and AK, < Ky for
w=1,...,T from (3.20) to get

T
1 1 (1-L Y+ AK, 1 T
s (7) =smm (¢ IT S5 ) = glrrany” <o

LeN LeN \§ =7

2) Let us show (5.68). First, we obviously get (as in (4.43)) that

AKt + (AKt)Q < AKt + (AKt)z

(1—-L Y+ AK)? ~ (1—L71)2 <4(Kr+K})=:C. (5.71)

Recall that we have computed E[(97 ASY)?] in (5.62). We insert (5.71) into
the first line of (5.62), then apply Cauchy—Schwarz successively and finally use
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(5.56) to get

1

—ry — G/, (9% + em(th(ﬁ(L)))>2]

-1

E[(9:" A80)?) < CE{

VR
)
— S

)' + B[(G! @)

This gives (5.68). We now prove (5.69) by induction. The claim for ¢ = 0 is
trivial. Suppose (5.69) holds for ¢ — 1. Then we use (5.68) to estimate

sup E[(G{(@™))] <2 sup E[(G{,(8"))"]+2 sup E[@"AS])’]

LEN,L>2 LEN,L>2 LEN,L>2

1 \2
< 6C sup (—L)
LEN,L>2 2b§_)1
+ (2+12C) sup E[(Gf_l('g(L)))z}.
LEN,L>2
The last quantity is finite thanks to (5.67) and the induction hypothesis. This
proves the induction step.
3) Let £,m € {1,...,L} and ¢ # m. Conditioning on gt(ﬂ, then pulling out
gt(ﬂ—measurable quantities and using the martingale property in (5.3) and the

strong orthogonality in (5.4), we get

CovP (9P ASE 9 AST) = B[99 B (AMY + AAY(AM” + AA™)]
— B (AM] + AAY)
x E[O]" W (AM” + AAT)
= Cov® (OP P AAL 9P AAT. (5.72)

The conditioning step also uses the integrability properties in (5.51). Recall
A[?t(L) = G—Lﬁ% from Condition 4.6, which is satisfied due to the equivalence
between Conditions 4.6 and 4.7 as argued in Remark 4.8, and that the MVT
process K is deterministic by Assumption 4.11. Using the formula (5.11) for L)

with (5.50), then (5.52) and finally E[G!_,(9P) — em(Gy_(9®))] = 0 from
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(5.55), we get

CovP (9P AAL O AAT
= Cov¥ (AK‘/(L) Af(t(m)
) 2

(L) _ N -~
S AR (G (07) - en(Gia(3))

t—1

CovP Ao AKP(GL (9D — em (G, (9L
+ Cov 2b(L) ) t tfl( ) em( t—l( ))
t—1

Cov® (AR (GL,3) - em(G (D))

SR (G7,(0) — en(Ga (99) )
— (AKM)?
x CovP (Gf_1(5<L> ) — em (G, (BD)), G (9D — em(Gt_l(,g(L)»)
— (KB (G (01) — em (G (99)))
< (G @) — em(@ea(@)) ] 6.73)

Inserting (5.73) into (5.72), adding and subtracting the (diagonal, £ = m) term
L5 E (AKPYVE[(GE (9M) —em (G, (91)))?], and finally using the expan-
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sion (31, x%)? = ZeL,m:1 xx™ we get

— Z Cov® (9P ASE 9 ASTY
l#m
1 <& ~ ~
= 1 L (OROE[(GL M) - en(Ga(37)))
l#£m

X (G;z (D) - em(Gt,l(q?(L))))]

- 22 i(AK )’E [(Gf_l(ﬁ(”) - em(thl(g(L))»
t+m
(G B9) — em (G2 (39))

a8l 89
LS ARPB](GL ) - en(Gea(09)]

— (AKPYVE [(2 XL: (Gf L9 — em(Gt—l(’g(L)))DZ}

The last equality uses (5.18) and the definition of the empirical variance in (2.24).
This completes the proof. O

5.5 Convergence of strategies — main results
We are ready to present the main result of these two subsections:
Jmax (GH(H) - Gf(é@w)ﬂ —O(L7Y) — 0 as L —oco. (5.74)

As a byproduct, we obtain a second proof of Theorem 5.7, i.e., the optimality of
6 for the MVPS problem (2.3).
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First, we adapt from the convergence of bX) to b(>) given in (5.31) to obtain

T
1 1 1 AK
<z R — -1 )
=0t [0 ) ' TS e Il ;=75 - 2K =00 (675)
t t u=t+1
because bgFL) =¢= b(TOO) and each factor satisfies for u =1,...,T that
ANK AK
- AK, = —2=0(L7!
‘1 — L7t “I'L-1 O(L™)

due to the fact that A K, is deterministic from Assumption 4.11. Next, we estab-

,,,,,

as L — oo. Note that the empirical average em implicitly depends on L.

Proposition 5.10. Suppose Assumptions 3.2, 3.4 and 4.11 are satisfied. Then
for any £ € N, we have fort =0,1,...,T that

E[(em(Gt(@”)) - E[Gf(ﬁw)])?} —O(L™Y) for LeN\{1}.  (5.76)

Proof. We prove this result by induction over t. The statement is trivial for ¢ = 0.
Suppose (5.76) holds for ¢ —1. For the induction step, thanks to Cauchy—Schwarz,

we only need to prove that

max E[(em(d” © AS,) — B9, P ASY)*] = O(L™") for Le N\ {1}.

¢=1,..,L
First we recall from (5.55) that
E@"PAS] = B9 PASY] forany ¢,¢ € {1,...,L} (5.77)
and use this to obtain

 max B(em(@"” o A8,) - E[F;V'28]])’]

=1,...,

= E[(em(@" © AS,) — E[9; Y ASY)?]. (5.78)

Then we use (5.78) and the definition of the empirical average recalled in (5.18),
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expand (3°,_, x*)? and finally invoke (5.77) to replace £ by ¢ to write

max B[(em(®" © AS,) - B[] " A8{)’]

.....

0=
(em (9} @ASt) E[0," AS)?]
Dast — [ﬂf’(L)ASf] ) 2]

5’21(
L
—E|} ('ﬂ Yasf - wf’%sf]ﬂ
=1
L P ¢ ¢ gmi(L) A qm
Var AS] Cov® (19 'AS 97 AST)
= Z + Z = . (5.79)
=1 l#m

For the variance term in (5.79), we use (5.68) and (5.69) to obtain

sup Vart[90ASH < sup E[(9) Y ASY)? < oo

LeN,L>2 LeN,L>2

and hence

i Var®| 19 Lmsﬁ] _ SUpen E[(9"" ASH)2]
= L

—O(L™) for L e N\ {1}.

(=1

For the covariance term in (5.79), we use (5.70) and % < 1 with

evar(x) < em(x?) from the definition of evar in (2.24) to obtain

1 AK, ?
L\ (1-LY)+AK,

X E[evar(Gt_l(a(L)))]

ZL: Cov® (97 ASE, 9 AST)
L2

l#m

S% sup E[em(Gt_l(@\(L)f)}

LEN,L>2

=O0(L™)

The last step uses that supycy 759 E[ m(Gy_1(91))?)] < oo, which follows from

(5.69) and the identity Elem(G,_1(91)?)] = E[(G!_, (D)) for £ = 1,...,L
by (5.56). Since both terms in (5.79) are O(L™!) for L € N\ {1}, the proof is
complete. O

Now we control the L*-distance between 5?’(L)ASf and @f@ooASf in terms

of differences between 5f( and é’f@‘”. Note that both 94 and 6% are
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defined on (Q(>), F(>) P(®)) In particular, each /-th coordinate of the process
@\@“’(w(‘”)) is simply equal to 5((4)@), where 0 is the optimal strategy from (5.46)
for the MVPS problem (5.14).

Lemma 5.11. Suppose that Assumptions 3.2, 3.4 and 4.11 are satisfied. Then
there exists a constant C' > 0 such that for eacht =1,...,T and ¢ = 1,...,L,

we have
E[(9;" AS] — ;9 A8])’)

<oom](h - L) (@) - 6L’
# (m(Gea (@) - BIGL, @) |

20 1 N N 2
- - _ 14 ®oo l ®oo
+ 72 E {<2b§iol) thl(ﬁ ) + E[GH(H )]> } . (5.80)

Proof. First we introduce a few notations for some quantities in the definitions
of 941 and #49<, namely

1 1
Y W = )
(1- L1+ AK, 2

X, =G 0W), Y =em(G,(91P)),

U, =

1 1
U2 - ma W2 - @7
Xo =G/ (%),  Yy=E[GL(6°)). (5.81)

To obtain the bound (5.80), we use the affine structures of 9%®) and > (sce
(5.11) and (5.49)) and operate at the level of (5.81). Conditioning on G~} and
using (5.81), then invoking (A)2A(S%); = AK; + (AK;)? in (5.50), we can write
the LHS of (5.80) as

E[(9;" AS] — 079 A8))’] = E[(U(W1 = X, + Y1) = Up(Ws — X, +Y2))°
X (AD)?A(S),]
= E[(h(W) — X; + Y7) — Up(Ws — X + Y3))
x (MK + (AK)?)]. (5.82)

The conditioning step uses the Qt(ﬂ—measurability of U;, W;, X;,Y; for i € {1,2}
and the integrability property in (5.51). Thanks to the deterministic property in
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(5.52), we can write AK; + (AK;)? < C := Ky + K2. Then we add and subtract
—Uy(Wy — X5+ Y5) on the RHS of (5.82) and use the Cauchy—Schwarz inequality

successively to get

E[(9" " AS! — 052 ASE)?) < CE[(( U(Wy — X, + Y1) = Uy (Wy — Xy + Y2)
+ (W = X5+ Y3) = Us(Wy = X5 + Y5))’]
<20 (E [U (Wy = Wy — X1+ X5 + Y1 — Y2)?]
E[(U; — UQ)Q(WQ - X0+ Y3) ])
< 6CE[U1 (W = Wa)? 4+ (X1 — X5)?
+ (Y1 = Y3)?)]
+2CE[(U; — U2)*(Ws — X5 + Y5)?]). (5.83)

Because L > 2 and AK; > 0 by (3.20), we have

1

1
U2 = < <4 5.84
1 ((1 o Lfl) —I—AKt)2 — (% —i—AKt)Q — 5 ( )
1 I
— 2 — —
(th = 2) ((1 — L)+ AK, 1+AKt)
- L <4L7? (5.85)
(I =L Y+ AK)2(14+ AK)? — ‘ ‘
Inserting (5.84) and (5.85) into (5.83) yields the desired bound (5.80). O

Now we are ready to prove the main convergence result (5.74).

Theorem 5.12. Suppose that Assumptions 3.2, 3.4 and 4.11 are satisfied, mean-
ing that S is square-integrable and satisfies the structure condition (SC), and the
MVT process K is deterministic. Then for everyt =0,1,...,T, we have

maxLE[(Gf(§<L>) —GLUOP)’] =O(L")  for LeN\{1}.  (5.86)
In consequence, (5.74) holds, i.e.

~ ~ 2
max E[ mex (Gf('ﬂ(L)) - Gf(9®oo)> } =0(L™") —0 as L — oo.
t=0,1,...,

Remark 5.13. Because the MVPS problem has an origin in finance, we provide
a financial interpretation of the above result. From an investment perspective,
it is natural to compare two strategies 940 and 649 via their respective gains

processes. The above result then says that the difference of the gains processes
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between 94(L) and §-©> converges to 0 in the strong sense above as L — oo.

Proof of Theorem 5.12. We argue (5.86) by induction forward in time. The in-
duction basis for ¢ = 0 is trivial. Suppose the statement is true for t — 1, i.e.,
LE[(GE L (910) — G (65*))"] = O(L™Y) for L € N\ {1}. For the

induction step, we only need to show that

maxy—q

Zg%E[@f“)Asf — PP ASH? = O(L™Y) for L e N\ {1}.

Note that the constant C' in the bound (5.80) is independent of ¢, L and ¢. So we

take the maximum over ¢ = 1,..., L on both sides of (5.80) to obtain

s, B[(07VAS] — 017 A87)?)
1 1\’ 2 (L) ¢ (Rooy)2
S GCE m — W + 6C£iI11aXLE[(Gt_1(19 ) — Gt—l(e )) ]
t—1 t—1/ 4 T

-----

~ . 2

+ 6C maxLE[ em<Gt—1('l9(L))> _E[Gf_l(eéboo)]) ]
2C 1 ~ . 2
T A EK—%@) — G (%) + E[Gf_1<0®°°>1) }

= D{" + D" + D" + D (5.87)

For D", we use (5.75) to get

t:r()r,llz?.}.i.,T W N bEOO) o

t
and hence DgL) =O(L™Y) for L € N\{1}. For DiL), note that @\Z’@m(w(”)) = A(Cdg)
and hence G€(9A®oo)(w(00)) — G(@)(w) by (5.48). Then using P = P o W[;o and

~

Gy(0) € L*(P) by Lemma 5.5, we have

= 7 e B o = Gy (07%) + BIGE, (0°)
..... 1

< - - o0
< 77 Muax <2(2b§°°)> +2Var T [G;_,(0°7)]

~~~~~ 1

:AZ_C;(< ! )va[c:t_l(?)])

DY
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For DéL) , we use the induction hypothesis to obtain

max E[(GL_, (W) — G!_,(6°%))*] = O(L™") (5.88)

¢=1,...,L

for L € N\ {1}. Now, for D:(,)L), we obtain from (5.88) and Jensen’s inequality

that
s, ((BIGE, (0] ~ BIGL,(0°))°)
< eirllaXLE[(Gf_l(ﬁ(L)) — Gf_1(§®oo))2]
(5.89)

for L € N\ {1}. Next, we use (x +y)? < 2z* 4 2y?, then (5.76) and (5.89) to get

for L € N\ {1} that
[(em Gt_1(’§(L))) - E[G51<§®M)]>2}

max E (
<2 max E[ em (G, (91)) — E[Gfl(ﬁ(L))])Q}
+2 max, (BIG,(9%)] - BIG{,(6°7)])
(5.90)

This shows that in (5.87), we have D§L) + DéL) + D;(,,L) + DELL) = O(L™) for

L € N\ {1} and thus completes the induction step.
For (5.74), we observe that

The latter term is still O(L™!) as L — oo because each summand is O(L™!). This
[

proves (5.74).

We end this chapter with an alternative proof of Theorem 5.7. In view of

Proposition 5.3, we again show that

lim B[} (9W)] = B2 (9)).

L—oo

(5.91)
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Instead of using E[J( )(ﬂ(L))] = VO(L) and showing VO(L) — E[quf“’(g)] as L — oo,
we directly argue that

~

E[em(Gr(9))] — E[G(8),
E[em(GT(@(L))Q)} — E[(GT(A))ﬂ,
B[ (em(Gr(3®)) | — (26 ()

as L — oo. This also shows (5.91) and hence provides a different proof of The-

orem H.7.

Corollary 5.14. Suppose Assumptions 3.2, 3.4 and 4.11 are satisfied. Then
~ - 2
E[(em(GT(ﬂ(L))) - E[GfT(ew)}) ] 50 asL oo  (5.92)

Proof. Estimate similarly as in (5.90) and use (5.76) and Theorem 5.12. O

Corollary 5.15. Suppose Assumptions 3.2, 3.4 and 4.11 are satisfied. Then

E[em(Gr( ﬂ(L)))} — E[Gr(0)] as L — oo,
E[em(Gr( 19(L )] — E[(Gr(6 )) | as L — oo,

B[ (em (G (9! L>)))2] s (BIGr(0)])* as L — oo

In particular, (5.91) holds and thus 0 is an optimal strategy for the MVPS problem
(5.14).

~

Proof. Using G*(6%°)(w®) = G(A)(w,) and P = P o 7TZOO by (5.48) and (2.12)

respectively, we only need to show

E[em(GT ))] — E[Gf 0®°°)] as L — oo,
E[em(GT 2)] E[(Gf (9®°°)) | as L — oo,

B (em (G (8 L>)))2} L (BIGL(E%)))® as L .
The first two convergence results follow from
E[(GL(0W))'] — E[(GL(67®))'] for L€ N,i e {1,2}, as L — oo

by Theorem 5.12 and a Cesaro-type statement that if a,, — a as n — oo, then
% ij:l a, — a as N — oo. For the last convergence, we use (5.92) and the



6 Connections to the literature 105

generic bound

[Elz* — %]l = |E[(z — y) (= + )| < VE[(x - 9)2]VE[(z + y)?]

with # = em(Gr(9®)) and y = E[GH(D®))]. m

6 Connections to the literature

In this final section, we comment on related work in the literature. We give an
overview of papers that attack the MVPS problem in finite discrete time. The
first work on portfolio selection under a mean—variance criterion can be found in
the classic paper of Markowitz [49] in a single-period setting. Due to its variance
term, the multi-period formulation of the MVPS problem as in (2.3) is much
more difficult and a first breakthrough appears nearly 50 years later in Li and Ng
[45]. We recall from Section 1 the three approaches for the multi-period MVPS

problem:

(a) The equilibrium approach goes away from the original formulation and stud-
ies a different type of optimality for which a solution satisfies a dynamic

programming principle.

(b) The embedding approach connects the MVPS problem to a class of auxiliary
hedging problems which turn out to be standard linear—quadratic stochastic
control (LQSC) problems. One solves these LQSC problems and translates

the resulting solutions into a solution for the original MVPS problem.

(¢) The mean-field approach views the MVPS problem as a special case of a

McKean—Vlasov control problem and uses tools from there to tackle it.

We do not discuss (a) here. For related work in (b), the pioneering paper
is Li and Ng [45] which embeds the original MVPS problem into a family of
auxiliary LQSC problems. This embedding technique is later used widely to
study generalised MVPS problems (e.g. including the running mean and variance)
whose underlying dynamics is driven by i.i.d. innovations. These i.i.d. innovations
sometimes have parameters described by Markov chains. For various levels of
generalisation along this line, we refer to Costa and de Oliveira [21] and He et
al. [34] and references therein. Sun and Wang [65] and Fontana and Schweizer [30],

with slightly different formulations, later show that one can write the solution to
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the MVPS problem in terms of the solution to the pure hedging problem to
minimise E[(1 — GT(H))Q} over § € O, (6.1)

which has a lot of results to invoke. The hedging problem (6.1) in finite discrete
time is first fully worked out by Schweizer [61] with © = Og given as in (3.6)
even before Li and Ng [45]. Various papers later, e.g. Gugushvili [32], Cerny [15],
Melnikov and Nechaev [50], Cerny and Kallsen [19] extended the results to more
general spaces of strategies than Og. But the explicit structure of the solution for
(6.1) with various spaces © remains the same as in [61|. Note that this represents
one end of the spectrum, i.e. a complicated recursive expression of an optimal
strategy for the pure hedging problem (6.1). The other end of the spectrum is
that we also know the explicit results for the pure hedging problem (6.1) from
e.g. Schweizer [61] when the mean—variance tradeoff process is deterministic (This
covers the case considered in Theorem 5.7.) However, there seem to be much fewer
results in the middle. For an attempt in this direction in finite discrete time, we
refer to Cerny and Kallsen [16] and Hubelak et al. [36] for results that refine the
general theory by expressing all exogenous coefficients of the solution in closed
form in a Lévy-type setup, and to Kallsen et al. [41] where the authors obtain
semi-explicit results for general affine stochastic volatility models.

This chapter is inspired by the market cloning approach proposed by Ankirch-
ner and Dermoune [5]. A simple Google Scholar search reveals that this approach
seems to remain almost unknown to the community, although it has a continuous-
time extension by Fischer and Livieri [29]. Our results seem to be among the first
attempts to further develop this approach in finite discrete time. Because this
approach has more the flavour of (c), we round off this section with a brief dis-
cussion of some related work there. Andersson and Djehiche [4] first obtain and
use a stochastic maximum principle from McKean—Vlasov control theory to solve
the MVPS problem (in continuous time). In finite discrete time, Pham and Wei
[52] develop a dynamic programming principle (DPP) for McKean—Vlasov con-
trol problems whose controlled process is driven by i.i.d. innovations, and apply
the resulting DPP to solve the MVPS problem in this restricted setup. A similar
result to our work is Basei and Pham [8] whose verification result in Lemma 3.1

is analogous to our Lemma 5.6.



Chapter 11

Mean field approach for MVPS —

continuous time

1 Introduction

This chapter studies the mean—variance portfolio selection (MVPS) problem in
continuous time. A mathematical formulation of this problem is as follows. Let
Gr(0) = fOT 0sdS, be the final wealth of a self-financing strategy trading in
underlying price processes S from initial capital 0. We are interested in the
problem to

maximise E[Gr(0)] — {Var[Gr(0)] over § € ©

for a suitable set © of stochastic processes and a risk aversion parameter £ >
0. We have studied this problem in finite discrete time in Chapter I and now
replace the temporal structure T = {0,...,T} by the interval T = [0, T]; so the
present chapter is a natural sequel to Chapter I. Our main contribution here is to
further develop the market cloning technique originally proposed by Ankirchner
and Dermoune [5] and extended by Fischer and Livieri [29], and to apply that to
solve the MVPS problem in continuous time.

As in finite discrete time, the main idea is to attack the problem by con-
structing an extended market which supports i.i.d. copies of the original finan-
cial market, then solve in that extended market an auxiliary but now standard
stochastic control problem, and finally pass to the limit as the number of copies
goes to infinity, to obtain an optimal strategy for the original MVPS problem.
This approach, due to Ankirchner and Dermoune [5] and Fischer and Livieri [29],
is further extended to continuous time in two aspects. First, we build a basic

framework within which the market cloning technique can be performed for gen-
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eral semimartingales in S2_. Second, in this more general framework, we apply

loc*
the market cloning technique to study the MVPS problem with a continuous price
process S, hence going beyond the Brownian-driven stochastic differential equa-
tion (SDE) models. In fact, we adopt a top-down approach and do not specify any
dynamics for S. Because the market cloning technique has more the flavour of
McKean—Vlasov-type control problems which often study Brownian-driven SDE
models, this chapter is a nice addition to the current literature.

This chapter is structured as follows. Section 2 consists of results recalled and
adapted from Chapter I for the market, the MVPS problem and the market clon-
ing technique. We first recall the market and the MVPS problem from Chapter I.
Then we recall the construction of an extended market which supports i.i.d. cop-
ies of the original market and the auxiliary problem in that extended market.
We modify the filtration from Chapter I to obtain a filtration G for the extended
market in order to invoke standard results from stochastic calculus in continu-
ous time. The section ends with a version of the martingale optimality principle
(MOP) which is used in Section 4 as a verification tool for solving the auxiliary
problem.

In Section 3, we present a concrete setup where we solve the auxiliary prob-
lem later in Section 4. First we recall from Schweizer [59] a classic framework
for studying the original MVPS problem. Based on the results for shrinkage of
filtrations from Chapter I, we translate this framework into the extended market
with the modified filtration G. This allows us later to study the auxiliary problem
with more general processes than Brownian-driven SDE models.

Section 4 proposes and implements a recipe for the construction of a candidate
for the value process family for the auxiliary problem. This programme is different
from Chapter I because solving a sequence of one-step (conditional) problems is
no longer possible in continuous time. We first make the educated guess that the
value process has the same affine—quadratic structure as in finite discrete time.
Assuming that the underlying price process S is continuous, we then compute the
canonical decomposition for the value process. Using the MOP from Section 2 as a
tool, we heuristically derive from the martingale/supermartingale properties some
differential equations for the coefficients in the affine-quadratic expression for
the value process. While these differential equations can always be solved under
mild assumptions, proving that the guessed affine-quadratic structure satisfies
the martingale/supermartingale properties can at present only be done under the
extra assumption that the mean—variance tradeoff process for the price process S

is deterministic. Assuming this extra condition, we give in the main result of this
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section (Theorem 4.14) an explicit optimal strategy for the auxiliary problem.
In Section 5, we construct an optimal strategy 9 for the MVPS problem with
the help of the optimal strategies from Theorem 4.14 for the auxiliary problems,
and we study the convergence behaviour of the latter strategies as the number
of copies go to infinity. We formally take the limit of the expressions for the
optimal strategies from Theorem 4.14 to obtain a formula for f and show that
the values of these auxiliary problems converge to the time-0 value of the MVPS
criterion of §. Thanks to the verification result from Chapter I, this already
shows the optimality of 9 for the MVPS problem. Then we show that the gains
of the optimal strategy for the auxiliary problems converge to the gains of 0 as
the number of copies goes to infinity, with a precise rate of convergence. This
extends and improves the corresponding results in Fischer and Livieri [29].

Finally in Section 6, we discuss the connection to other literature in detail.

2 Problem formulation and preliminaries

2.1 MVPS problem in continuous time

In this section, we recall and adapt (in continuous time) the financial market, the
mean-—variance portfolio selection (MVPS) problem and the result for existence
and uniqueness of its solution, as developed in Section 1.2.1.

Let (Q, F,F, P) be a filtered probability space with a finite time horizon 7" > 0
and such that Fy is P-trivial. As a standard assumption in continuous time, we
assume that the filtration F = (]:t)te[o,T] satisfies the usual conditions of right-
continuity and P-completeness.

Consider a financial market with d risky assets and 1 riskless asset. All prices
are discounted by the riskless asset and expressed by units of 1. The price of the
riskless asset is given by S° = (S})icio,r; = 1, and the discounted prices of the
risky assets are given by an R%valued stochastic process S = (St)tepo,r) adapted
to the filtration F.

To mathematically discuss trading activities in this financial market, we as-
sume that S is a semimartingale. A (self-financing) trading strategy is a pair
(v,0), where vy € R is the initial capital and 6 is an R%valued predictable

process with respect to IF such that the wealth process of (v, 6) is given by

t
W(Uo,e) = vy + Gt(ﬁ) =1 +/ 95 dSS, t e [O,T]
0
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Note that this includes the requirement that 6 is S-integrable so that the (real-
valued) stochastic integral process [ 6dS is well defined.

Let © be a set of processes such that for any vg € R and 6 € ©, the pair
(v, 8) is a self-financing strategy. Fix a generic risk aversion constant £ > 0. We
recall from (I1.2.3) an equivalent form of the MVPS problem in continuous time

as to
maximise F[Gr(0)] — {Var[Gr(0)] over all § € O©. (2.1)

Assumption 2.1. O satisfies the following properties:

1) Gr(©) := {Gr(0) : 6 € ©} is a closed subspace of L?, i.e., Gp(O) is a linear
space and G7(0©) is closed in L2

2) The constant payoff 1 is not in the L2-closure of G7(©). In view of 1), this
is equivalent to 1 ¢ Gr(0©).

We recall from Theorem 1.2.4 the result about the existence and uniqueness of
a solution to the MVPS problem. Note that it holds irrespective of the underlying

temporal structure and hence requires no additional proof.

Theorem 2.2. Suppose that Assumption 2.1 is satisfied. Then the MVPS prob-

lem (2.1) has a maximiser 0 € ©, and the resulting GT(é\) is unique.

2.2 An auxiliary problem in continuous time

As in the previous chapter, we are interested in a dynamic description of a max-
imiser 6 to the MVPS problem (2.1). To this end, we recall the extended market
and the auxiliary problem discussed in Section 1.2.2 and adapt those constructions
accordingly in continuous time.

Fix L € NU {oco}. Following the construction in Section 1.2.2, we can con-
struct a probability space (QF), F(5) PW) supporting L independent filtrations
(IFZ’(L))g:L,,.7L and processes (SB’(L))g:Lm’L such that each S&(&) = (Sf’(L))te[o,T] is
adapted to F“() and has the same law as S. For L = 0o, wemeanby ¢ =1,...,L
that we consider a sequence indexed by ¢ € N.

So far, all the ingredients require only formal adjustments of notations from
Chapter I. A first technical issue is brought by the filtration G used in Chapter
I; see (1.2.17). We relabel G(E) there by G() here, which is given explicitly by

L
G = U(U]:f’(m), t€[0,T]. (2:2)
/=1
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To invoke standard results from stochastic calculus in continuous time, we wish to
work with a filtration that satisfies the usual conditions. Although the filtration
[F is assumed to have this property, we argue below that the usual conditions are
not automatically carried over to the filtration G® as long as the underlying

probability space is rich enough.

Lemma 2.3. Suppose that L € N s finite. If there exists F' € Fq such that
P[F]| > 0 (and because Fy is P-trivial, this means P[F] = 1) and F contains a

nonmeasurable set ﬁ, then the filtration G is not complete.

Proof. We first show that @L) is equal to the L-fold product o-algebra @  F,
formed by F;. Indeed, let C be the class of finite intersections of sets in Ule]:f ’(L);
then clearly G*) = o(C) by (2.2). Recall FAB = {ﬂ';i(E) . E € F} from
(I.2.14), where 7, p, QW) — Q is the canonical projection onto the ¢-th coordin-

ate. We then use
L
(Vmi(B) =Ei x By x -~ x B, E €F,
(=1

to obtain C = {F; X --- X By : E, € F;,¢ = 1,...,L}. This then yields by
definition o(C) = ®}_,;F; and hence the claim.

Now we show that ®%_,F is not complete. Without loss of generality, we
assume L = 2. For A C Q x €, we consider A, = {y € Q : (z,y) € A}. A

standard result from measure theory states that
A, e Fy forall Ae ®?:1.7:0 = Fo® Fog and x € ; (2.3)

see e.g. Salamon [57, Lemma 7.2]. Suppose for a contradiction that Fy ® Fy is
complete. Let N C Q be a nonempty P-null set and F a nonmeasurable set
contained in F. Then from N x F C N x I and P(Q)[N x F| = P[N|P[F] =0
because P is the product measure, we get that N x F € Fo ® Fy due to
the completeness of Fy ® Fy. By (2.3) and because F = (N x f)z for any
x € N, we obtain F € Fy. But F is nonmeasurable by assumption, and this is
a contradiction. Note that we need P[F] > 0 because if P[F] = 0, then F C F
must be in Fy because Fy if P-complete. O

Because of the above result, we work with G*) — the standard augmented
filtration of G, To give a precise definition of that, we introduce some notations.
For two classes A, B of sets, we set AV B := o(A, B). For a filtration (Hq)icpo,m,
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we denote its right-continuous version by H; = Neso Hite- The augmented
filtration GX) of G is given by

G = (G v N B, (2.4)

where N is the class of P®)-null sets in the underlying o-algebra 5;”. Once
the filtration G is fixed, the rest of this subsection goes completely in parallel to
Chapter I thanks to the general presentation given in Section 1.2.2. For conveni-
ence, we recall the necessary notations in order to present the auxiliary problem
(1.2.25). Defined as in (I1.2.19), ®*) consists of all R***-valued, G“)-predictable
processes Y95 such that each coordinate 91 satisfies the integrability condition
of ©. Strategies from ©©) are used to make investments in S = (S4(E)),_; ;.

Given 9") € @) its (vector) gains process is given by
t
Gi(WD) :/ 9B a8t p=1,... L, tel0,T]. (2.5)
0
In view of Definition 1.2.5, by an L-extended market, we still mean the tuple

Q) 7O pE) GWE SE)) and write (P, G, S()) whenever the underlying
probability space is clear from the context. Recall from (1.2.23) and (1.2.24) for

x(), y(I) in RE the operations
1 L
L)y — = £,(L)
em(x") = 7 Zx : (2.7)
=1
evar(x'?) = em((x")?) — (em(x(L)))Z. (2.8)

The auxiliary problem — a standard stochastic control problem — of interest in
the L-extended market is still to

maximise E©) [em(GT(ﬂ(L))) — §evar(GT(19(L)))] over 9 ¢ @1 (2.9)

where E(®) denotes the expectation under the measure P%) and € > 0 as before
is a risk aversion parameter. As we argued in Section 1.2.3, the auxiliary problem
(2.9) is a standard stochastic control problem and enjoys a martingale optimality
principle as in Lemma 1.2.11 provided that (1.2.10) for aggregation is satisfied.
In contrast to Chapter I, solving (2.9) via a sequence of one-step (conditional)

problems is no longer possible because we have a continuum of time steps in
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continuous time. Instead, we proceed by guessing and deriving conditions on
the value process from the martingale optimality principle, and then construct-
ing candidates for both the value process of the auxiliary problem (2.9) and its
optimal strategy directly based on our guess and derived conditions. Finally, we
use the martingale optimality principle as a tool to verify that our candidates are
the true value process and optimal strategy.

After an optimal strategy 9D to the auxiliary problem (2.9) is obtained, the
programme becomes again parallel to Chapter 1. We prefer to give only a high-
level overview here and refer the interested reader to Section 1.5.2 for results in
detail. Let us recall from (1.2.26)—(1.2.29) the handy notations

TE(0) == Gr(0) — £(Gr(0) - E[Gr(0)])°, 0 €8, (2.10)
TP D) = em(Gr(9D)) — cevar (Gr(9P)), 9P e0®, (211

respectively. Using (2.10) and (2.11), we can equivalently write the MVPS and

auxiliary problems as to

maximise E[J;"(6)] over all § € ©, (2.12)
maximise E(L)[J}L) (9] over all 9 € L), (2.13)

respectively. The idea is to build a link between the MVPS and the auxiliary
problem. As a first step, we construct quantities so that the MVPS criterion
J™ makes sense in the L-extended market. For this, we can simply define, for
(=1,...,L,

Tt @W) = GRY) — £(GLW) — EV[GL®™)])".

Now we recall from (1.2.18) the generic lifting operation for a process X given by

Bt A

X=X omyy, €=1,...,L. (2.14)

Below we use the notation w® for an sample element of Q) and wy for the ¢-th
coordinate of wX). For any strategy 6 € © and L € N, we can always use (2.14)
to “lift” @ to the L-extended market via 6% given by

05L (WP = (ho mﬁL)(w(L)) = 0(wy)
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for ¢ =1,..., L. It turns out that the resulting gains also satisfy
GL(0F) (™)) = (Gr(0) o mep) (WH) = G () (we). (2.15)

Using this and P = P o, ], we then have E[JF¥(0)] = EO [ (900)] for
(=1,...,L.

Since #®F lives in the L-extended market, we can of course also evaluate
it against the auxiliary criterion by considering E® [J(8)]. The key point
here is to observe that the above lifting technique, or more precisely the identity
GL(0%5) (W) = Gr(0)(we), produces i.i.d. random variables (G4 (0%%)) = L,

where each has the same distribution as G7(6), so that EX[GL(0%1)] = E[G7(0))]
and Var®" [GL(0%1)] = Var[Gr()] for £ = 1,..., L. Thus using some form of a
law of large numbers and the fact that the auxiliary criterion J:(FL) only involves

the empirical averages and variances, we should obtain
ED[IP (0%1)] — E[G1(8)] — EVar[Gr(8)] = E[JEV(9)] as L — oo,

The final piece for the link between the MVPS and the auxiliary problem
comes from the observation that %% lives in the L-extended market and hence
we have the bound E® [J{P (69L)] < EO[J (9W)] for any L € N with L > 2
by the optimality of 9® for the auxiliary problem. Sending L — oo and using

the convergence result in the above display, we obtain

ﬂﬁ@ﬁ%ﬂ@%#@%]@ﬂ%@

—00

This bound gives a clue to both the construction and verification for an optimal
strategy 0 to the MVPS problem. Again from the perspective of the law of
large numbers and the symmetry of the auxiliary problem (2.11), the quantity
E(L)[J}L)(ﬁ(’:))] should converge to a mean-variance expression as L — oo. If we
can construct 6 € © such that E[J;nv(é\)] equals that limit, we can already claim
that @ is an optimal strategy to the MVPS problem. To construct such a process

6 we rely on the explicit formula for 9% and formally take limits as L — oo.

2.3 Martingale optimality principle: a verification tool

In this subsection, we present a version of the martingale optimality principle
for the auxiliary problem (2.11) so that it can be used as an abstract tool to

verify that a candidate for the value process of the auxiliary problem is the true
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value process. As we work only with the L-extended market below, we drop the
superscript () for ease of notation.

We first recall from (1.2.32)—-(1.2.34) some necessary notations to define the
dynamic value process associated to the auxiliary problem (2.11). Fix ® which
stands for an abstraction of a set of trading strategies in the extended market.

For any [0, T]-valued G-stopping time 7 and ¥ € O, recall

O(r,9)={9e€®:9 =13 on [0,7]}, (2.16)
J.(9) = Elem(Gr(9)) — Eevar(Gr(9)) |G, ], (2.17)
V, (1) = esssup {JT({;) .9 € O(r, 9)}. (2.18)

Note that Gy (1) does not depend on ¥, and hence neither do J; () nor V,(9).
The verification result that we use to solve the auxiliary problem (2.9) is the

version below of a martingale optimality principle.

Lemma 2.4. Suppose that (V(9))geo is a family of processes with the following

properties:

1) For any ¥ € O, we have Vi(9) = Jr(9) and V() = V,(8) whenever
9 € O(t,9); so Vo(9) is independent of 9. This common value is denoted by Vp.

2) For any ¥ € O, the process (‘Z(ﬂ))te[oj‘] is a G-supermartingale.

3) There is 9* € © such that the process (%(ﬂ*))tem is a G-martingale.

Then 9" is optimal for the auziliary problem (2.9). In particular, V,(97%) = V,(9%)
for each t € 0,T], and Vo = Vo.

Proof. First, let us note from (2.18) or recall from (1.2.36) that
Vi(9) = Jp(9) for all 9 € ©. (2.19)
Moreover, 1) gives
Vir(9) = Jp(9) = Vp(¥9) for all ¥ € O. (2.20)
Let 9 € ©. By (2.20) and the supermartingale property of 17(19) from 2), we get
E[J7(9)] = E[Vr(9)] < E[Vo(8)] = V.

This inequality holds for all ¥ € ©, with equality attained at ¥* € © because of

3). So we take the supremum above over ¥ € © and use the martingale property
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of V(%) in 3) and Vp(9*) = Jp(9*) in 1) to obtain

sup E[Jr(9)] = sup E[Vr(9)] = Vo = E[Vr(9")] = E[Jr(9).
This shows that 9" is optimal. For the last statement, observe that ‘7(19*) and
V(9*) are G-martingales due to 3) and Lemma 1.2.11, respectively. They share
the same terminal value Jr(9*) by (2.20). Taking conditional expectations with
respect to G; for t € [0, 7] yields the claim. O

3 The auxiliary problem in continuous time

In this section, we elaborate on the auxiliary problem (2.9) to
maximise E[em(Gr(9)) — Eevar(Gr(d))] over all 9 € ©

in continuous time. Throughout this section, . € N with L > 2 is fixed. We
present below a concrete setup where we can ultimately solve (2.9) in the next

section.

3.1 A concrete setup in continuous time

To give concrete results for the MVPS problem (2.1) in continuous time, we
present a continuous-time framework analogous to the one in Chapter I. This
setup was first introduced in Schweizer [59]. We first present this in detail and
choose a space O of strategies. Then we collect some basic properties of © and
show that it is indeed a good choice for studying (2.1) in the sense that © satisfies
Assumption 2.1 under which the existence and uniqueness result in Theorem 2.2
for the MVPS problem holds. All this is on (2, F,F, P).

Let S? be the space of R%valued semimartingales admitting a special se-
mimartingale decomposition X = Xy + M* + A*, where M* € MG, . is a
square-integrable martingale and A¥ is a predictable process of square-integrable
variation, both null at 0. Denote by S2. the localised class of S2.

To make a specific choice of ©, we consider
Og 1= {9 = (0¢)cjory = 0 is R%-valued, F-predictable,

S-integrable and G() = /GdS € 82}. (3.1)
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Assumption 3.1. S is an R%valued semimartingale in S?.

The continuous-time analogue of the structure condition in Assumption 1.3.4

needs a bit more preparation. Using Assumption 3.1, we write
Sz‘ _S(z) — (MS)i+ (AS)Z —- Mi+Az'

for i = 1,...,d for the canonical decomposition of S* with respect to the filtra-
tion IF, and we use the abbreviation to M, A’ for ease of notation whenever the
reference process is clear from the context. Thanks to Assumption 3.1 and in
particular because M are locally square-integrable local martingales, the angle
brackets (M") of M* exist for i = 1,...,d; see e.g. Jacod and Shiryaev |37, The-
orem 1.4.2].

Assumption 3.2. Fori = 1,...,d, we have A" < (M") with predictable density
a' = (a)o<i<r

Fix an increasing predictable RCLL process B = (B)iepo,r] With (M') < B
fori=1,...,d, eg. B = Zf:1<Mi>. By the Kunita-Watanabe inequality, this
implies (M, M7) < B for i,j = 1,...,d. Define predictable processes o and v
by

atj:d—Btt7 i,j=1,...,d,t€[0,T], (3.2)
) s dA ‘

Vi = ajo;t = , i=1,...,d,t€]0,T]. (3.3)
t tvt dBt

Definition 3.3. We say that S satisfies the structure condition (SC) if Assump-
tions 3.1 and 3.2 are satisfied and there exists a predictable R%valued process
A = (At)teo,r such that

TN = Y P-a.s. for all t € [0,T] (3.4)

and . .
Kr ::/ Aj%stz/ (As) "o A dB, < 00, (3.5)
0 0

where ¢ and v are defined in (3.2) and (3.3), respectively. We then call the
increasing (and finite-valued) process K := [ATydB = [AToAdB the mean-
variance tradeoff (MVT) process of S.

We can equivalently describe Og given in (3.1) via some integrability condi-

tions, which are easier to verify.
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Definition 3.4. The space L%IOC)(M ) consists of all R%valued F-predictable pro-

cesses 0 such that the integral process [0TcfdB is (locally) integrable. The

2
(loc

space L )(A) consists of all R%valued F-predictable processes 6 such that the

integral process [ |#7y|dB is (locally) square-integrable.
We use the following observations made in Schweizer [59].

Lemma 3.5. Suppose that Assumptions 3.1 and 3.2 are satisfied. Then the fol-
lowing statements hold:

1) If 0 € L%IOC)(M), then the stochastic integral [@dM is well defined, in
/\/lg(,loc), and for ¢ € L?loc)(M),

</c9dM,/¢dM>t:/OtGZoswsdBS, t€10,7). (3.6)

In particular, if 0 € L*(M), then

/Ot 6, dM, 2} < 4EK/OT95 dMsﬂ :41_«7{/;920505 dBS]. (3.7)

2) If0 € LY,y (A), then the process [ 07 dA := S, [ 07 dAY is well defined as
a Lebesque—Stieltjes integral, (locally) square-integrable, predictable and satisfies

E { sup
te[0,7)

t t
/ejdAs:/ 0. ~,dB,, t€10,7]. (3.8)
0 0

Proof. 1) The statement that the stochastic integral [ 6 dM is well defined and in
Mg(’loc) for 6 € L?IOC) (M) is standard and can be found in Jacod and Shiryaev |37,
Section 1.4]. The equality (3.6) follows from Itd’s isometry, see e.g. [37, (1.4.6)],
and (3.2). Because [6dM € M3 for § € L?(M), we can apply Doob’s inequality
(see [37, 1.1.43]) to obtain the first inequality in (3.7). Using It0’s isometry and
inserting (3.6) into (3.7) yields the second equality in (3.7).

2) The statement that the process [0 dA is a well-defined Lebesgue-Stieltjes
integral and (locally) square-integrable and predictable is again standard. The
equality (3.8) follows from the definition that [6T dA =37 [6"dA’ and (3.3).

Lemma 3.6. If Assumptions 3.1 and 3.2 are satisfied, then

Og = L*(M) N L*(A). (3.9)
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If in addition S satisfies (SC) and the MVT process is bounded, then ©g = L*(M).

Proof. See Schweizer [59, Lemma 2|. Note that because K is increasing, it is
bounded if and only if K is. m

Assumption 3.7. S satisfies the structure condition (SC) given in Definition 3.3.

We end this section with the result that the space Og satisfies the premises
of the existence and uniqueness result in Theorem 2.2, which is analogous to

Lemma 1.3.6 in the discrete time case.

Lemma 3.8. Suppose that Assumption 3.7 is satisfied. If the MV'T process K is
bounded, then Og satisfies Assumption 2.1.

Proof. For Assumption 2.1, 1) that the space G (Os) is closed in L?, we refer to
Monat and Stricker [51, Theorem 4.1].
For Assumption 2.1, 2) that the constant payoff 1 is not in G (Os), the idea

is similar to the proof of Lemma 1.3.6 in discrete time. Again, we recall that a

signed G'r(Og)-martingale measure is a signed measure ) such that Q[Q] = 1,
Q<<vaith%€L2 and
dQ
E P9 = 0 for all g € Gr(Og), (3.10)

and we call Q the set of all signed Gr(Og)-martingale measures. Looking at
the proof of Lemma 1.3.6, we see that we only need to show Q # (). For that,
we consider Z = &(— [ AdM), where X is given in (3.4), and claim that @
defined by g—g = Zp is in Q under the assumption that the MVT process K
is bounded. The proof of the last claim can be found below Corollary 16 in
Schweizer [59]. We nevertheless give a proof here for completeness. Because Kr
is bounded, Théoréme II.2 of Lepingle and Mémin [44] shows that Z is a square-
integrable martingale. This gives Q[Q] = E[Zr] = 1 and 2 = Zr € L? and
hence establishes the first two properties in the definition of a Gr(Og)-martingale
measure. It is left to check (3.10). To this end, we use the product formula, then
dZ = —Z_XdM from the definition of Z and finally (3.6), (3.8) and (3.4) to get
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(Z, [6dM) = —([ Z_\dM, [§dM) = — [ Z_6T dA and

ZG () = /Z_eds+/G_(9) dZ + [Z,/QdM] + {Z,/GT dA}
:/Z_ed5+<Z,/9dM>+/G_(9)dZ
+ [Z,/@dM] — <Z,/0d]\/[>+ {Z,/GTdA]

:/Z_edM+/G_(9)dZ

+ [Z,/HdM] — <Z,/9dM> + [Z,/@TdA].
Because the first term can be written as [ Z_d([6dM) and [6dM is a local
martingale due to § € ©g C L*(M) by Lemma 3.6, the first two terms are
both stochastic integrals of a locally bounded integrand with respect to a local
martingale and thus are local martingales themselves. The difference of the third
and fourth terms is a local martingale by the definition of the angle bracket.
Yoeurp’s lemma (see Dellacherie and Meyer [25, Theorem VII.36]|) implies that the
last term is a local martingale. Therefore ZG(0) is in M o for any 6 € Os. Next
we claim that Elsupcjo 1 |Z:G1(0)[?] < oo, which readily shows that ZG(0) € Mg
and hence yields (3.10) as Zp = %. For proving that claim, we apply the Cauchy-

Schwarz inequality to get

(] sup |Zth(9)|D2 < B[ swp 12| B[ sup G0)P].

te[0,7) te[0,7 te[0,7

Due to Z € M? and Doob’s inequality, we get Elsup,cp ) |Z:|°] < 4E[ZF] < oo
and thus only need to show Elsup,cj 7 |G¢()[?] < oo. Using Cauchy-Schwarz,
then (3.7) and (3.8) and that B is increasing, and finally (3.9) from Lemma 3.6

and Definition 3.4, we obtain
t t 2
/ 0, dM, / 0] dA, }
0 0

T T 2
§8E[/ ejasesst} +2EH/ 0] .| dB, }
0

0
This completes the proof. n

2
}—FQE[ sup

t€[0,T]

E| sup |Gt(9)]2] < 2E[ sup

t€[0,T] t€[0,T

< OQ.
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3.2 A concrete setup for the auxiliary problem

The previous subsection sets up a good framework for studying the MVPS prob-
lem (2.1) in continuous time. In this subsection, we provide a suitable setup for
studying the auxiliary problem (2.9). First, we specify a space of strategies in
the extended market similarly to ©g. Then we study how the structure condition
(SC) for the process S from Assumption 3.7 and Definition 3.3 as well as various
other quantities translate into the extended market with respect to the filtration
G,

We start by recalling from Section 1.2.2 some basic components of the exten-
ded market. Fix L € N. The underlying probability space (Q"), F(L) P() ig
obtained by taking the L-fold product of the original probability space (2, F, P).
Indeed, Q) = J[>, Q is the Cartesian product of €2, the o-algebra F&) is gen-
erated by all finite rectangles with F-measurable sides, and the measure P(") is

the standard L-fold product measure of P. More importantly, we construct from

FY = {m(B): E€F}, (=1,... Lte[0,T] (3.11)

where 7, 1, : Q) — Q is the canonical projection of Q) onto its ¢-th coordinate.
The process S(7) is defined by

Sf’(L) = Syom =S¥ (=1,... Ltel0T] (3.12)

The last equality uses the lifting operation introduced in (2.14). Because P is
the product measure (or see (1.2.15)), we get that

the o-algebras (F; ’(L))gzl 1, are P@-independent for any t € [0,7].  (3.13)

,,,,,

From (3.11) and (3.12), we immediately see that each S4(") is F“(")-adapted, and
thus S*) satisfies that

(S“L))g:l 1, are P-independent and each has the same law as S. (3.14)

.....

Finally, we recall from (2.2) that the filtration G is given by

L
@(L) - U(U‘/—_f@))? teo,1], (3.15)

(=1
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and G2 is the augmented filtration of G&) defined in (2.4) and given explicitly
by
G =GP VNI teo,T). (3.16)

In the rest of this subsection, we drop the superscript () as usual.

We turn to give a suitable setup for studying the auxiliary problem. Let us
first specify a space of strategies in the extended market. In analogy to ©g given
in (3.1), we define

-----

G‘9) e S fort=1,...,L}. (3.17)

Because each S’ is an independent copy of S under the measure P from (3.14),
we expect that Assumption 3.7 implies that S’ satisfies (SC) with respect to
the filtration G for ¢/ = 1,...,L. However, this is not immediate because G
is larger than F’. To argue in detail, we need to collect some results on how
semimartingale and martingale properties change from F’ to G and vice versa.

We cite the following result from Aksamit and Jeanblanc [3, Proposition 1.12].

Lemma 3.9. If H and I are two right-continuous filtrations such that Hr and

Ir are independent, then the filtration (U(Ht,It))te[o,T} 15 also right-continuous.

Recall from (3.16) that G is the augmented filtration of the filtration G and is
given by G, = (G, VN for t € [0, 7). A standard result from measure theory (see

.....

-----

Lemma 3.9 to obtain
G =GVN, tel0,T] (3.18)

Lemma 3.10. The sigma-algebras F}, FZ, ..., Fi,o0(N) are P-independent for
te[0,7].

Proof. Let Ft € Ff for{ =1,...,L and N € /. Consider the class D of sets D
such that we have the identity

P[F'NF*N---nF*N D] = P[FYP[F? .- -P[FY|P[D].

We claim o(N) C D. Note that this already implies that the sigma-algebras
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FLF2, ..., FE o(N) are independent. Because (NL_,F¥)N N C N, we have

L
P [( N Ff) N N} = 0=P[FYP[F?---P[FLP[N]

=1
and hence N’ C D. Obviously N is a m-system and D is a Dynkin system. From
Dynkin’s lemma, we conclude that o(AN) C D. This completes the proof. O

Recall from (1.2.42) the identity
EX|o(A,B)] = E[X|A] (3.19)

whenever X is independent of B. We first summarise and translate the results in

Lemmas [.2.13-1.2.15 using the current notation.

Lemma 3.11. 1) Any F-martingale is a @—martmgale.
2) If X and X™ are F* and F™-martingales, respectively, then the product

process X! X™ is a @—martingale.
Next, we show that the above results can be extended to local martingales.

Lemma 3.12. Any local @—martmgale s a local G-martingale, and any local

F‘-martingale is a local G-martingale for ¢ =1,..., L.

Proof. Let X be a local @—martingale. The path property of X is not affected by
a change of filtration. We take a @-localising sequence (T,)nen for X, meaning
that (7, )nen is a sequence of @—stopping times such that X™ is a @—martingale for
n € N (i.e., both with respect to the filtration @) Because G, C G, for t € N, we
get that each 7, is still a stopping time in the larger filtration G, and the stopped
process X ™ is still adapted to G. Now we check the martingale property for X™
with respect to the filtration G. Let s € [0,t]. Because each X™ is adapted to @,
we get by Lemma 3.10 that X/ is independent of A for all ¢ € [0,T]. So we can
use (3.18) and (3.19) with (A, B) = (G, ) and finally the martingale property
of X™ with respect to G to obtain

E[X["|G,] = E[X]"|0(G, )] = E[X["|G,] = X"

Combining the same localisation argument with Lemma 3.11, 1) yields that any
local F“-martingale is a local @—martingale. So the second statement follows from
the first. O
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Lemma 3.13. Suppose that Assumption 3.1 is satisfied. Then the following state-
ments hold:

1) For each { = 1,...,L, the special semimartingale decomposition of S* in
the filtration G is the same as in the filtration F* given in (3.11).

2) For{,m =1,...,L with ¢ #m and i,j = 1,...,d, the processes M** and
M™J are strongly orthogonal, meaning that (M5 M™J) = 0, in the filtration G.

Proof. 1) In view of Lemma 3.12, the proof of part 1) is the same as in discrete
time. We start with the canonical decomposition of S* = Sy + MF* + AF in the
filtration F’. Because MF' is still a local martingale in the filtration G and A
is still predictable in G, we get by the uniqueness of the canonical decomposition
that S¢ = Sy + MF' + AT’ is the canonical decomposition of S’ in the filtration
G.

2) We claim that the product M“M™J is a local martingale in G. This
then yields the assertion by the definition of the angle bracket. We first use
part 1) and Assumption 3.1 to view M% and M™/ as elements in Mg (F)
and M%’IOC(F’"), respectively. Thus we may choose localising sequences (7,,)nen
and (0, )nen (in the filtrations F* and F™, respectively) such that for n € N, the
stopped processes (M%)™ and (M™7)°" are in MZ(F*) and MZ2(F™), respect-
ively, and hence are still independent. So we can apply Lemma 3.11 to obtain
that the product (M%)™(M™i)7" is a martingale in the filtration G, and then
so is the process (M“M™J)™An = (M) (IM™7)n)™ %  Here we use that
(Tn A\ Op)nen 18 a sequence of stopping times in the filtration G. Indeed, using the

definitions of 7,, and o,, and (3.15), we get
{raNow <t} ={r, <t} U{o, <t} € o(FLLF")CG, tel0T].

This shows that 7,, Ao, is indeed a stopping time with respect to G and hence the
process M“M™7 is a local martingale in the filtration G. Finally by Lemma 3.12,

the process M“"M™7 is a local martingale in the filtration G, as desired. O

Corollary 3.14. Suppose that Assumption 3.7 is satisfied. Then S* satisfies the
structure condition (SC) with respect to the filtration G for { =1, ..., L, meaning
that:

1) S* is an R¥-valued G-semimartingale in S for ¢ =1,... L.

2) Fori=1,....,d and { = 1,...,L, we have A% < (M%) with a G-pred-

ictable density o'
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3) For B = Y0 (M%) and

O A(M% MY

Um:%, ij=1....d (=1, I (3.20)
) ) y dA%

’j/Zﬂ:aE’ZO'E’”:W7 Z':L_”’d, £:1,,__’L’ (321)

there exist G-predictable R*-valued processes X such that

oA =~f  P-as. forallte0,T], (3.22)

t t
K. = / (AH) T~ dBE = / DTN dBl <0 P-as. (3.23)
0 0

Moreover, the key quantities in the structure condition can be constructed expli-
citly by
X wH) = X(w), £=1,...,L, (3.24)

for X e {M, A, (M),a,B,o,v,\,\K} and X € {M, A, (M), a,B,o,v,\, K}.

Proof. Due to S*(w®)) = S(wy) from (3.12) and the relation (3.11) between F and
[, we immediately see that S’ satisfies the structure condition (SC) in the filtra-
tion F¢ for £ = 1,..., L. For X € {M™ AF (M) of B o™ ~F X' K},
which denote the key quantities describing (SC) for S’ with respect to the filtra-
tion F’, and for X € {M, A, (M), «a, B,0,7,\, K}, we have

XA w) = X(w), £=1,...,L (3.25)

This then yields that S satisfies the structure condition (SC) in the filtration G.
Indeed, because of the fact from Lemma 3.13, 1) that the special semimartingale
decomposition of S in the filtration G is the same as in the filtration F*, we
obtain (M¢, Af) = (MF', A¥). This also establishes 1).

For 2), due to the uniqueness characterisation of the angle bracket, we obtain
(M) = (MF'). For i =1,...,d, we can choose o = o because of  is also

G-predictable and satisfies
Abi — AW,i _ /aw,id<MW,z’> _ /a]FZ,id<Mé,i>'
So far we have proved that

(M4, AL (MY, af) = (MF, AT (M), o).
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Using this identity and the definitions of B, o, in 3) yields
B! o’ ~Y) = (B oF ~F
( O, ) - ( O Y )

Because AP is also G-predictable, we can choose X! = AT so that the require-

ments (3.22) and (3.23) are satisfied. In summary, we obtain that

(MZ’ Ae? <MZ>’ aeﬂ Be) Ue) 767 A€7 Ke)
= (M, A" (M™), o B" o™ 4" A" K™).

Combining the above display with (3.25) yields (3.24). O

Definition 3.4 about L, (M) and L, (A) corresponds to the following defin-

ition.

Definition 3.15. The space Lj,,(M) consists of all R**-valued G-predictable

for ¢ = 1,...,L. The space L%IOC)(A) consists of all R**-valued G-predictable

.....

integrable for / =1,..., L.

Comparing (3.17) with (3.1), we obtain the following results corresponding to

Lemmas 3.5 and 3.6, respectively.

Lemma 3.16. Suppose that Assumption 3.7 is satisfied. Then the following state-
ments hold:

1) If ¥ € L%IOC)(M), then the stochastic integral [9*dM?® is well defined, in
Mg(,loc) for£=1,... L, and satisfies for @ € L%IOC)(M) that

t
</19€d1\/[€,/¢£d1\/[£> :/(ﬁﬁ)TaﬁzpﬁdBﬁ, tel0,7],6=1,...,L.
t 0
(3.26)
In particular, if 9 € L*(M), then

t
/ ¥’ dM
0

2) If 9 € L, (A), then the process [(9°)T dA® := S b AL s
well defined as a Lebesque—Stieltjes integral for ¢ = 1,...,L, (locally) square-

2 t
E[ sup } < 4EU (99Tl dBf;}, (=1,...,L. (3.27)
0

te[0,7




4 Construction of a value process in dimension 1 127

integrable, predictable and satisfies
t t
/ (9T dAL = / (¥)T~taB:,  te0,T],¢=1,... L. (3.28)
0 0
Lemma 3.17. Suppose that Assumption 3.7 is satisfied. Then
Os = L*(M) N L*(A), (3.29)

and E[sup,cp 4 |GE(I)P] < 0o for 9 € Og and £ = 1,..., L. If in addition the
MV'T process K is bounded, then

Os = L*(M).

Proof. The property E[sup,¢(o 4 |G5(9)]*] < oo follows from the same argument
as for Elsupcpq|Gi(0)]?] < oo for § € Og in the last part of the proof of
Lemma 3.8. [l

4 Construction of a value process in dimension 1

In this section, we construct a candidate (V' (1))gcog for the value process family

for the auxiliary problem (2.9). The main idea is to use Lemma 2.4 as follows.

Recipe 4.1. 1) From the discrete-time result (1.4.72), we first make the educated
guess that V has the same affine-quadratic form in continuous time. We then
apply It6’s lemma to find the canonical decomposition of ‘7(19) for ¥ € Og.

2) If we want to apply Lemma 2.4, then each 17(19) should satisfy certain
supermartingale or martingale properties. Using heuristic arguments, we derive
from these desired supermartingale/martingale properties some differential equa-
tions for the coefficients in the affine-quadratic expression of V.

3) Finally, we solve those differential equations explicitly, possibly with addi-

tional assumptions, and we verify that the resulting candidate family (V(9))gceoq

indeed satisfies the supermartingale/martingale conditions in Lemma 2.4.

Before we embark on the above programme, let us restrict ourselves to
d = 1 so that the notations are simpler. To avoid the technical difficulties brought
by processes having jumps, we only consider the case where the process S is
continuous. For convenience, let us state this additional assumption together
with Assumption 3.7. We can omit Assumption 3.1 because S is locally bounded

by continuity and hence in SZ_.
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Assumption 4.2. The process S is a real-valued continuous semimartingale

satisfying the structure condition (SC).

4.1 TImplementing Recipe 4.1, 1) — canonical decomposition

of the value process

In this subsection, we implement Recipe 4.1, 1). We first recall several notations
in the extended market from (2.5)—(2.8), namely

t
Gf(ﬂ):/ 94dst, (=1,... L, (4.1)
0

L
X@}szXZyé, X2=X®X,
=1

em(x) = %er, (4.2)
=1
evar(x) = em(x?) — (em(x))z. (4.3)

Inspired by the discrete-time formula (1.4.72), we guess and here assume that 1%

takes the form

V,(9) = arem (Gy(9)) — bevar (Gy(9)) + ¢, ¢ €[0,T],
where the processes a = (a;)icjo.1], b = (b)tejo), ¢ = (C)eon)

are adapted, continuous and of finite variation. (4.4)

As in Lemma 2.4, we also assume that Vp(9) = Jp(9) for all ¥ € Og. So from
(2.20) and (2.17), we have

Vr(9) = Jp(9) = em(Gp(9)) — Eevar(Gr(9)), o € Os.

Comparing the last expression with (4.4), we obtain for the processes a, b, ¢ the

terminal conditions
ar = 1, bT = 5, Cr = 0. (45)

With d = 1, the processes S¢ and M, A’ from the canonical decomposition of
S? in the filtration G,
SY=8y+ M + A (4.6)
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are all 1-dimensional for £ = 1,..., L. The quantities describing (SC) are simpli-
fied as follows. Setting BY = (M'), we get from the expressions (3.20) for o and
(3.21) for v that for £ =1,...,L,

¢ A,

ol = =1, y=dol=0a! P-a.s. for all t € [0, 7. (4.7)

(M,

Hence (3.22) for X¢ yields A* = af for £ = 1,..., L. We obtain from this and
(3.23) for K that

¢
Al = / XLd(mh, P-as. forallt e [0,7], {=1,...,L, (4.8)
0
¢

K :/ A)2A(MY),  P-as forallt€[0,T], (=1,....L.  (4.9)
0

Lemma 4.3. Suppose that Assumption 4.2 is satisfied and assume (4.4). Then
for 9 € Og, the canonical decomposition of ‘7(19) in the filtration G is

Vi(9)
= V M )+ % /t Qs Zﬁ
1 L 2V NRYAY ¢
- Z; : bs (2 (Gs('ﬁ)))ﬂSAS + (1= L7 () ) d(M"),
/ Gs( das — / evar(GS('l‘})) db, + ¢, t € [0,7], (4.10)

where (M(ﬁ))te[oj‘] is a continuous local martingale in G.

Proof. The proof is mainly to apply It6’s lemma to (4.4) in the filtration G. Let
¥ € Og and note that (4.4) implies that V(¥9) is continuous. Using (4.1) and
(4.3), we get

A(em(G(9))) = %XL:M as". (4.11)

We then use the product formula with (4.1) and (4.6) with the continuity of S*
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for ¢ =1,..., L from Assumption 4.2 to obtain

(2G* (9) AG(9) + d[G(9)))

e~ =
™) =

d(em(G(ﬁ)2)) =

(=1

(2G(9)9" dS" + (9°)> A(M")). (4.12)

I
| =
] =

~
I

1

Applying the product formula again with the continuity of S and then using
(4.11), we also obtain

A( (em(©9)") = 2e(G(9)) d(em(G(9))) + dfem(G()

L L
— %Z 2em (G(09))9" dS* + % > 9rdist s
/=1

= 13 2em(G)) 91 S’ + 15 > (@AM, (413)

The last line of (4.13) uses (4.6) and (M‘ M™) = 0 for ¢ # m by Lemma 3.13,
2). Now combining (4.12) and (4.13) with the definition (4.3) of evar(x) yields

d(evar(G(ﬁ))) = d(em(G(Q‘})2)) - d((em(G(ﬂ))>2>
! i (2 (Gf(ﬂ) - em(G(ﬂ)))ﬂf ds’

+ (1 - L—l)w‘)?dmf)). (4.14)

|

Then we apply the product formula to (4.4) and use the continuity of S¢ and that

the processes a, b and c¢ are of finite variation to obtain
(a,em(G(9))) = (b,evar(G(8))) = 0.

Using the above identity and d(em(G(19))), d(evar(G(1?))) from (4.11) and (4.14),
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respectively and finally A* = [ A*d(M") from (4.8) yields

AV (9) = ad(em(G(ﬁ))) +em(G(9)) da — bd(evar(G(ﬁ)))
— evar(G(9)) db + dc
_ % S a9’ dS’ + em (G(9)) da

(=1
L

— % ; (zb(Gf(ﬂ) — em(G(ﬂ))>19f dS’ +b(1 — L™1)(9%)? d(l\/[f>>
— evar(G(9)) db + dc

L L
_ % Y a9t M’ — % > 2(GH(®) — em(G(9)) ) 9" am”
=1 =1

L
1
+7 ; a9’ X' d(M’) + em(G(9)) da

1 L

-+ ; b(? (Gg(fﬂ) - em(G(ﬁ)))ﬁw +(1- L—l)(ﬂﬁf) (M)
— evar(G('ﬁ)) db + de. (4.15)

Writing (4.15) in integral form, we obtain (4.10). It remains to show that

Mt(f}):%z /0 a,9" M
/=1
Ly th G G,(9)) )9 dM:, tefo, T
_f;/o (GL) —em(G.(9) )9t ant, ¢ e 0.7,

is a local martingale. Because (a¢)sejo,r] is continuous and 9 € L?*(M) by (3.29),

,,,,,

martingale by Lemma 3.16, 1). By the same reasoning, we only need to show that
the process [(G*(9) — em(G(¥9)))9*dM’ is a local martingale for £ = 1,..., L.
In view of (4.2), it suffices to show that [ G™ ()9 dM is a local martingale for
¢,m =1,..., L. This simply follows from ¢ € L*(M) and Lemma 3.16, 1) and
because G™ (1) is continuous by Assumption 4.2 and hence locally bounded. [J
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4.2 Implementing Recipe 4.1, 2) — a heuristic derivation of

equations

In this subsection, we implement Recipe 4.1, 2) — to derive from the desired
(super)martingale conditions in Lemma 2.4 equations for the processes a, b, and
¢ in the assumed representation (4.4) of V.

As a first simplification, we assume
atzl, tE[O,T]
This is also suggested by the discrete-time formula (1.4.72). Then (4.10) becomes

Vi(d) = Vo + My(9)
1 [

_ 09y _ _ N

- ; /O ((2193 (GL®) — em(Gy(9)) 1) 9N

+ma—L*x%P>«Mm

t
_ / evar(GS(ﬂ)) dbs + ¢
0

=: Vo + My(9) + A,(9) (4.16)

where (]\A/[/t(ﬁ))te[o,ﬂ is a local martingale. The (super)martingale conditions on
17(19) then translate into the statement that

A(9) is decreasing for all 9 € Og, and A(9*) = 0 for some 9* € Og.  (4.17)

We apply the identity az? + fx = a(x + %)2 - % to the integrand in the second
and third line of (4.16) to complete the square and reorder the terms to obtain,
with a = by(1 — L™1), § = (2b, (Gg(ﬁ) . em(Gs(ﬁ))> DAL =0,

(255 (Gf;(ﬁ) - em(GS(ﬁ))> - 1) DN+ 0,(1— L71)(95)?

¢ —em — 2
= b(1 — L1><,9§ n 2bs(Gs(IZS<1 n (ﬁ?gﬂm 1)\§>

<2bs(G€(19) — em(GS(ﬂ))) _ 1)2 .
N by (1 — L1 (AD)? s €10,

Inserting the last equality into (4.16) and using K = [(A)?d(M*) from (4.9)
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yields

P R

L&
‘ —em - 2
(o
1 Gn [F (2b,(GE(I) — em(G4(9))) — 1)2
+Z;/O 4b,(1— L) I
- tevar(GS(ﬂ)) dbs + . (4.18)

0

The monotonicity of the first term in (4.18) completely depends on the sign of
the process b. To analyse the other terms in (4.18), we introduce the following

condition.

Condition 4.4. The process K is independent of ¢, meaning that K’ K™ are
indistinguishable for ¢ # m.

In view of Lemma 3.13 and under Condition 4.4, each K* is indistinguishable
from the MV'T process K. We use that fact, then square out and finally use the
definitions of em(x) and evar(x) from (4.2) and (4.3), respectively, to write the
second line in (4.18) as

— =y £

h

1 <& (204(G4(9) — em(G4(9))) — 1)* _,
2/ 0 dK

Lt (26,(GLD) — em(G(19))) — 1)?
23 / Bk

h |

&+ =

EAW(GL(D) — em(G(19)))? + 1
Z Ab,(1— L)

dK

=~ |

=L 4b(GL(9) — em(G4(9)))
/ BT i

L
1

+1

[P 4bZevar(G4(9))
_/0 4bs(1 — L71)

=
- /ot <bsevlar—((L;i(10)) MPTNG - L—l)) e 19

dK

The last expression in (4.19) significantly simplifies the middle line in (4.18).

Since this is an integral with respect to the MVT process K, it is convenient to
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introduce the following condition so that we can write the last two lines in (4.18)
as a single expression to conduct further analysis. Recall from the definition
(3.3) of (SC) that the process B is chosen such that (M) < B when d = 1. For
simplicity, we take B = (M).

Condition 4.5. The processes b, ¢ in (4.4) are absolutely continuous with respect
to the process (M).

Plugging (4.19) back into (4.18) and using Condition 4.5, we get

Sk
] =

A(9) = — /Ot by(1 — L)
(ot
i /ot (<bsejai(§i(lﬂ)) RPN - L—1)> d?ﬁ?s — ovar(G,(9)) d?f\%s
* ;) 100
- —%i/otbsu — LY
(o 1,
[ G0 (= ey~ ) 400
[ art T+ g, S 420

Now the (super)martingale property in (4.17), which should hold for any ¢, sug-

gests that we make the last two integrals vanish. Using

dK;

Q00 M, telo,T), (4.21)

from (3.5) when d = 1 and B = (M) together with the terminal conditions from

(4.5), we obtain the system of backward random differential equations

db b
SRk S by =
d(M) (1—L-1) 0, br=¢
de 1 o -0 (4.22)

d(M) T ab(1— L)
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If the processes b, ¢ are solutions to (4.22), then the last two lines in (4.20) vanish,
and inserting the resulting simplified (4.20) back into (4.16) yields

Vi(9) = Vo + My(9)

—%;/Otbsu—rl)

¢ —em — 2
. (ﬂ£+ 2bs(Gs(1;)bS(1_(L(fi§‘9))) 1>\g) d(MY),. (4.23)

By (4.22), the process b is given by a continuous (stochastic) exponential and
hence positive; so we readily see that the process \7(19) is a local supermartingale
in the filtration G for any ¥ € Og because it is a local martingale plus a decreasing
process by (4.23). Moreover, (4.23) suggests that V(¥9) is a local martingale if

and only if ¥ makes the integrand in (4.23) vanish and hence formally satisfies

2b5(G(9) — em(G4(¥9))) — 1
: 20,(1— L)

X, se[0,T),6=1,...,L.  (4.24)

(4.24) also gives a candidate for a solution of the auxiliary problem (2.9).

Let us briefly recap this subsection. We assume (4.4) and start with a (sim-
plified) canonical decomposition of V(1) as in (4.16). Then we manipulate the
terms (mainly by completing a square) and introduce some additional condi-
tions so that we arrive at a system of integral equations (4.22) as a (promising)
sufficient condition for the (super)martingale property of V(). The simplified
expression (4.23) also suggests a candidate (4.24) for the optimal strategy to the
auxiliary problem (2.9). We now end this heuristic subsection with more detailed

instructions to implement Recipe 4.1, 3).

Recipe 4.6. 1) Construct processes b, ¢ by solving the system (4.22) of random
ODEs. Note that this also a posteriori verifies Condition 4.5.
2) Verify that Condition 4.4 is true, possibly under additional assumptions.
3) Prove that the resulting V() has the properties desired in Lemma 2.4.

Note that up to here, we make guesses and assumptions and used heuristic

arguments. In the sequel, we now provide rigorous results.
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4.3 Implementing Recipe 4.6 — construction and verifica-
tion

In this subsection, we fix L € N with L > 2 and follow Recipe 4.6 to construct,
based on the explicit formula (4.24), a candidate 9L for the optimal strategy to
the auxiliary problem (2.9). First, we solve the system (4.22) explicitly, derive
from (4.24) a system of affine SDEs and study the existence and uniqueness of
a solution to that system, which rigorously yields a candidate 9L, Next, we
argue that Condition 4.4 is equivalent to the assumption that the MVT process
K is deterministic, as in discrete time. Finally, we verify that 9% is indeed
optimal for the auxiliary problem (2.9) by proving that 9D € Og and that the
conditions in Lemma 2.4 are satisfied. Throughout this subsection, we keep
the superscript ().

Recall that Assumption 4.2 says that S is a continuous semimartingale satis-
fying the structure (SC). We now implement Recipe 4.6, 1) and solve the system
(4.22) of ODES

db , b
d(M) A 1—L 0. br=¢
1

d(M) T ab(1 — L)

Lemma 4.7. Suppose that Assumption 4.2 is satisfied. Then the system (4.25)
has a unique strong solution (bX), c(L)) in the space of F-adapted continuous pro-

cesses on (2, F, P). Explicitly, the processes bX), cF) are continuous and given

E(+E) K, — K
pib) — g LT <t—T) telo,T 4.26
t 55(17[2_1}[ {'exp 1 _ L_l ) [ ) ]7 ( )

1 1 K, — K
= (1-5) =5 (1w (- X5 venn am
t

Consequently, both b'Y) and b(%) are positive and bounded on [0,T] (uniformly in

w) whenever K is bounded.

Proof. 1t is straightforward to differentiate (4.26) and (4.27) and verify that they
indeed solve the system (4.25) with dK = A\? d(M) as in (4.21). For uniqueness of
b | it is enough to observe that its equation in (4.25) is a P-a.s. linear (random)
ODE and thus has a unique solution. The uniqueness of ¢*) is obtained from the

uniqueness of bX). The last assertion follows from (4.26). O]
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We translate this result into the L-extended market. Recall from (4.8) and
(4.9) with the superscript () reinstated that

t
AL — / ALL QMDY Peas. forallt € [0,T), £=1,...,L,  (4.28)
0
t
Ko = / (A2 QMEP)Y, P-as. forallt € [0,T), £=1,...,L. (4.29)
0

The system (4.25) translates into a corresponding system of ODEs

dot™ (ALD)?2 —b&(L) —0, b —¢
d(M&D)) 1-L.-1vy 7 7 ’
det®) 1
c —0, M=y, (4.30)

Ay T e m (I — L)
for/=1,...,L.
Lemma 4.8. Suppose that Assumption 4.2 is satisfied. Then for { = 1,...,L,
the system (4.30) of ODEs has a unique strong solution (b%2) cF)) in the space
of G -adapted continuous processes defined on (), FE) PW)) . Explicitly, the

processes b)) are continuous and given, for t € [0,T], by

5( Kl,(f) ) K(,(L) _ Ke,(L)
(L) 1—L-1)t t T
b =6 et = £eXp( e ) (4.31)

¢,(L) 4,(L)
oy Lo & N_ 1/ (_ K" —Kp )
¢ = s (1 bf’(L)> T (1 exp . . (4.32)

Consequently, both b>F) and ﬁ are positive and bounded on [0,T] (uniformly

in w) ) whenever K is bounded.

Proof. This is directly translated from Lemma 4.7. The last statement follows
from the fact that the boundedness of K implies the boundedness of K4(X) for
¢ =1,...,L due to the relation K = K%®L from (3.24), using the lifting
notation (2.14). O

Given (4.26) and (4.27), we now study (4.24) rigorously. Consider the system
of affine SDEs

26, (Xp") — em(X(M)) — 1
26, (1 — L1)

dx; = AP asp xg™ =0, (4.33)

for/=1,...,L.
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Lemma 4.9. Suppose that Assumption 4.2 is satisfied. Then the system (4.33)
has a unique strong solution in the class of G\F)-adapted continuous processes. If
in addition the MV'T process K is absolutely continuous with respect to a determ-

inistic and increasing process D, with density k = % bounded by a constant Cy,
then there exist Cy,Cy > 0 such that

B[ sup [XP2| < Cyexp (Co(C3 + ).

s€[0,¢]

Proof. The function

1— be’(L) (x* — em(x)) AL(D)
¢

fg’(L) X) 1=
e 260 (1 — L-1)

(4.34)

is well defined thanks to bf’(L) > 0 from the last assertion in Lemma 4.8, and affine
in x € R* and hence Lipschitz (with a time-dependent G¥)-adapted coefficient).
The existence and uniqueness of a strong solution to (4.33) therefore follows from
standard theory; see e.g. Protter [55, Theorem V.6|. Note that (4.33) can be

written more compactly using (4.34) as
AXID) = O XD 4D, XD =, (1.35

Now suppose that Assumption 4.2 is satisfied and K < D for a determin-
istic and increasing process D such that x = j—g is bounded by a constant Cj.
The identity K& (wB) = KL () = K (w,) from (3.24) then implies that
K4 <« D with 40 = % = k"®L bounded again by Cy. We summarise
this as

sup |k5F| < Cp, uniformly on Q) (4.36)
s€[0,7

for future reference. From the explicit expressions (4.28) for A%(%) and (4.29) for

K% we obtain
dK4L) — (}\Z,(L))Q d<MZ,(L)> = A\ qALL) — 4L gp. (4_37)

Define g~ (x) by

(=1,...,L. (4.38)
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Comparing (4.38) with (4.34) for ff’(L) yields ff’(L) = gf’(L))\f’(L). We use the
elementary inequality (z + y)? < 22? + 2y?, then the above identity and finally
the Cauchy—Schwarz inequality and (4.37), (4.36) to get from (4.35) that

s 2 s 2
oxioy <o [Crrmomaar®) e [ o) ao)
0 0
s 2 s 2
o [omma®) e [ o) amo)
0 0
s s 2
<2c; [ (o) an, o [ o). wa
0 0

Using (4.39), the identity sup,co | fos(g]f’(L)()L(«L)))2 dD,| = f(f(gf’(]“) (XT(«L)))2 dD,
and the BDG inequality yields

t
E| sup (X0 <E [203 / (95 (X{M))" D,
0

s
s€[0,t]

t
vs [ (o) ame).
0
t
= B[2c; [ () a.
0
t
+8 / (9P (X)) w5 st}
0

= (2C2 4 8C)) / t E[(g5®" (XgL>))2] dD,. (4.40)

The first equality uses fr' ™ (x) = ¢"®@ )AL and KD = 4D dD from
(4.37), and the second uses the bound on x“(*) from (4.36) and Fubini’s theorem
due to the non-randomness of the increasing process D. Denote

1

0._ (L)
g, =g 0) = >0
t t ( ) Qbf’(L)<1 . L71>

(L)

Because gf " is Lipschitz-continuous, we use the triangle inequality to get

97 )] < g7 (0) + g (x) — g P (0)]
|x£ — em(x)|
1— L1
< 9! + Crpy x| (4.41)

=g+
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for some constant Cy () > 0. By the symmetry from

Xg—emx
R e

the constant Cy 1y can be chosen independent of ¢; so we denote this common
value by C(1). Inserting (4.41) with Cy ) = C(y) and (z + y)? < 22% + 2y* into
(4.40), we get

L
B[ sup (XOF] ~ B[ sup Y00

s€[0,t] s€(0,t] ()
< (2C3 + 8Cy) / ZE gb ™ (X(M))?] dD,
0 _
L(2C2 +8Cy) / (2E[(¢2)?] + 202, B[ X)) dD,

t
L(2C2 + 8Cy) /0 (ZE[(gS)Q] + QC’(QL)E[sup |X£L)]2]> dD,.

r<s

It follows from Gronwall’s lemma that

E[ sup |X£,L)|2} < Cexp (LCT, (4G 4+ 16)Cp) < o0

s€[0,¢]

for C' = L(2C§ + 8Co) Dy sup,c(o 1) E[2(gf)?]. This completes the proof. O

Lemma 4.9 rigorously justifies the system (4.24) of formal equations because
it allows us to define 99 for ¢ € [0, 7] by

= — t Xo= P XEEY g =1, L. (4.42)
Then (4.42) and (4.35) yield the identity
G€<{9\(L)) _ /{,@\&(L) 4s6(h) — /f&(L)(X(L))dSKV(L) _ X4&(I) (4.43)

because Xg = 0 = GEP (9WD). Replacing X4 by G/(98) in (4.42) thus
gives for £ = 1,..., L that

Sew _ 20 (GHDW) — em(G(9 D)) —

1
=— X, telo,T). 4.44
t 2bf’(L)<1 B L_l) t [ ] ( )
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This gives a rigorous formulation for (4.24).

Corollary 4.10. Suppose that Assumption 4.2 is satisfied. If the MV'T process
K is absolutely continuous with respect to D for a deterministic and increasing

process D with a density Kk = % bounded by a constant Cy, then the process
GE(Q(L)) is in S2 for each £ =1,..., L. In particular, 9P € @éL).

Proof. Because K = fOT ke dD; < CoDr, the MVT process K is bounded. So
we can apply Lemma 3.17 to get G)(SL) = L>(M®). Now we only need to show
that 9© € L*(M). Using Definition 3.15 with o = 1 and B&®) = (M4(®) for

¢=1,...,L in dimension 1 by (4.7) and the line above it, we compute
T _ N T
I { / G 1) L) ng(L)] B { / (FL0)? d(M“L))S}
0 0

< 20y /0 B [((Xﬁm - em(Xg‘L)))ﬂ dD,

1—-L-1t

T 1 2
e T
"Jo TL\abt (1 - L)

200 2
< 20 p E[ sup (X4E) — em(XWD }
(1- L) ! s€[0,7] ( ( )

T 1 2
S -
" Jo 260 (1 — L-1)

< Q.

The first inequality uses the explicit formula (4.44) for the candidate 9D, the
identity (A4#))2d(M*F)) = x4 dD from (4.37) and the bound on x“() from
(4.36) as well as Fubini’s theorem because D is non-random. The last inequality
uses Elsup,c(o 7 |X§’(L)\2] < oo for £ =1,..., L from Lemma 4.9 and that 77 is
bounded due to the boundedness of K; see Lemma 4.8. O

We now discuss Condition 4.4. Due to Lemma 3.13, 1), each process K&
tion 4.4 implies that each K is indistinguishable from K7 for ¢ # j and is
also independent of K. Thus it is independent of itself and therefore must
be deterministic. We remarked below Condition 4.4 that K% and the MVT
process K are indistinguishable, and so the previous reasoning implies that K
is deterministic. Conversely, if the MVT process K is deterministic, then Con-

dition 4.4 is automatically satisfied. Therefore, the following assumption is an
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equivalent restatement of Condition 4.4, which is also needed in discrete time (see
Assumption 1.4.11).

Assumption 4.11. The mean—variance tradeoff process K is deterministic.

An immediate consequence of Assumption 4.11 is that K¢(*) = K and thus
the processes b") and ¢ are deterministic. Moreover, in Lemma 4.9 and Corol-
lary 4.10, we can take D = K and x = 1.

Corollary 4.12. Suppose that Assumptions 4.2 and 4.11 are satisfied. Then
b)) given by (4.26) and (4.27) are deterministic and thus b*®) = b and

ct) = D) for b5 L) from Lemma 4.8.

Proof. The first claim directly follows from the explicit formulas

5 K, — Ky s 1 Kp— K
7 = cew (Topr) o = g (1o (T2

given in (4.26) and (4.27). The second follows from comparing formula (4.31) for
b and (4.32) for ¢“(") with the above display and using that K“*) = K for
¢ =1,...,L when K is deterministic. O

Inspired by the guess (4.4) with the process a there chosen equal to constant

1, we consider V(5 (8) with coordinates

VA (9) i= em (Gy(9)) — by Pevar(G,(9)) + ¢, 9 € 0t e0,T],

where the coeflicient processes (bf’(L))tE[ovT], (C?(L))tE[QT] satisfy (4.30).

When the MVT process K is deterministic, we have b = (1) and ¢t = ()
due to Corollary 4.12 and thus V42 () = V() for £ = 1, ..., L, with VD) (¢9)
given by

V() == em(Gy(9)) — b evar (Gy(9)) + &Y, 9 e O te0,T),
where the coefficient processes (bﬁ“)tem, (CEL))tE[O,T] satisfy (4.22).  (4.45)
Let us now work with V(%) given above. The canonical decomposition obtained

in Lemma 4.3 under the assumption (4.4) can be further simplified if we look at
V@O ().

Lemma 4.13. Suppose that Assumptions 4.2 and 4.11 are satisfied. Then for
any 9 € @éL), the canonical decomposition of \7(L)(19) defined in (4.45) is given
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(L) 6(L) 2

% (,%,(L) . 2057 (Gs (f)) —em(G,(9))) — 1>‘§,(L)) d<Mz,(L)>S’
2091 — L)

(4.46)

where M(L)(ﬁ) is a local martingale in the filtration G,

Proof. For this argument, we repeat the computation from (4.16) to (4.23). First,
we insert a\”) = 1fort € [0, 7] into the canonical decomposition (4.10) for V() ()
to obtain ‘Z(L)(ﬁ) =V +J\Z(L)(19) —i—fﬁL)(ﬁ), where M(L)(ﬁ) is a local martingale
in the filtration G and the process AL () is given as in (4.16) and (4.18) by

A (9)

(L) 1 6(L) 2
(195,(1:) 4 2bs 7 (G (('lz)) —em(G,(9))) — 1)‘2,(L)) d<Mz,(L)>S
2bs (1 — L71)

1 i /t (2087(GE P (9) — em(G4(9))) — 1)? KO

+ —
L= 467 (1 - L1)
¢
— / evar (G4 (9)) dp'h) 4 on. (4.47)
0

The second equality is derived exactly as in (4.18) by using the elementary identity
ar?+fr = a(r+ %)2 — % and dK“() = (A%(E)2 4(M*(H)) from (4.29). Because



144 1T Mean field approach for MVPS — continuous time

K is deterministic by Assumption 4.11, we have K&(") = K for £ =1,...,L. As

calculated in (4.19), we then obtain the crucial simplification

L
1 / @07(G " (9) — em(Gu(9) ~ 1) vy
L J a1 — L) ’

L b P evar(G,(9)) 1
_ /0 ( S =mmkbner L_l)) dK,. (4.48)

Now because b"), c(X) by construction satisfy the system (4.22) of ODEs, we can
insert (4.48) into (4.47) and use the equation for b(") in (4.22) to write the last
two terms in (4.47) as integrals with respect to (M) to obtain as in (4.23) that
the last two lines in (4.47) cancel out. This yields

(L) ( (L) 2
% (192,(L) n 205 7 (G (("Z)) —em(Gy(9))) — 1)\§,(L)> d(Me’(L))S
2bs (1 — L71)

and hence (4.46). O

We are now ready to implement Recipe 4.6, 3) and present the main result of

this section.

Theorem 4.14. Suppose that Assumptions 4.2 and 4.11 are satisfied, meaning
that the price process S is a real-valued continuous semimartingale satisfying the
structure condition (SC) and the MVT process K is deterministic. Then V) (9)
given by (4.45) satisfies ‘N/T(L)(ﬂ) = Jr(9) = em(Gr(9)) — evar(Gr(9)) and is
a supermartingale for any 9 € @éL). It is a martingale for 9* = 9E) defined by
(4.42), and we have explicitly for ¢ =1,... L that

sem _ 207G — em(Gy(9™M))

—1
= X, telo,T]. 4.49
t 00— L) fotelo.T) (4.49)

In particular, 9L s an optimal strategy for the auziliary problem (2.9).

Proof. Let ¥ € @éL). We recall from Lemma 3.17 the property

sup |G(9)| € L*. (4.50)

t<T
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Thanks to Assumptions 4.2 and 4.11, we can use Lemma 4.13, (4.46) to obtain
the local martingale M(L)(ﬁ) =VD(9) — ‘70@) — AD)(9) for

« («94;@) L 2(GHI WD) — em(G, (9P

2
)-GO 1),
2w (1 — L)

L
1
— —EZRf’(L)(ﬁ), tel0,7). (4.51)
/=1

From the first equality in (4.51) and b®) > 0 by Lemma 4.7, we observe that
AL)(9) is a decreasing process for all ¥ € @éL). Because ¥ = 95 satisfies
(4.49), we get that the integrand in the first equality of (4.51) vanishes and thus
AV(L)('{?\(L)) = 0. So VIE)(8) is always equal to a local martingale ]\7@)(19) plus
a decreasing process A (9), and VP () is equal to a local martingale when
9 = 9. To deduce the first assertion of the theorem from this, we now prove
that M (L)(9) is a true martingale. To this end, it is sufficient to show that
SUD;e(0.7] 1MP ()] € LY. But V() is an affine-quadratic transformation of
G,(9) by (4.45), and so we can use (4.50) with evar(x) < em(x?) by its defini-
tion (4.3) and that (") and c¢*) are bounded due to (4.26) and (4.27) to obtain
SUD;c(0.7] VP (9)| € L'. Note that together with the integrability of M) (d9),
this implies that also supc( 1y |;1/§L)(19)\ € L', and so the local supermartingale
‘7(”(19) is a true supermartingale. For the term in the last equality of (4.51), w
use the elementary inequalities (v +y)? <222 +2¢y%,1>1—- L' > % for L >2
and K45 = [(A6@)2q(M51) from (4.29) with K4 = K by Assumption 4.11
to get

zz / 0L M),
i /t ( (GE (ﬁ)—em(Gs(ﬁ)))—l)Qsz. (4.52)

For the second term in (4.52), we use the explicit expressions em(x) = + Zle xt,
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evar(x) = + 3" (x* —em(x))? and the property evar(x) < em(x?) all from (4.2)
and (4.3) to compute

I
B
c\“
S
=
2
Q
=
—
)
iy
)
=
(o}
=
+
c\“
W~
g
o,
=

t t
§4/°¢”mn«h@%%dK;+/P——dK; (4.53)
0 0

L L t t
%ZR?(L)@?) = %22/ b (99)% A(M), +4/ bgL)em(Gs(ﬂ)Q) dK,
=1 =1 Y0 0

L1
o[ La
0 bgL)

= F'+ F}+ F. (4.54)

Due to supcp.r |G¢(9)| € L? by (4.50) and because K and b are bounded, it is
obvious that sup,co 7y [F7| € L'. The terms supyc (o | Ff'| and sup,c (o 7 || are in
L' because both terms sup,¢(o \bEL)\ and sup;epo 7y |b§%)| are bounded as pointed
out in Lemma 4.7, K7 is bounded (even deterministic) by Assumption 4.11 and
finally ¥ € L*(M®)) by Lemma 3.17. Therefore combining (4.54) and (4.51)

gives

sup [MP(9)] < 2 sup [V (9)] + sup |FY+ sup |F|+ sup |F}| e L.
t€[0,T t€[0,T] t€[0,T] t€[0,T] t€[0,T

This shows that M (1)(9) is a martingale as desired. As we pointed out below
(4.51) that AB)(9) is decreasing, VI (9) = VP (9) + M (9) + AD(Y) is a
supermartingale. Moreover, (4.44) implies AL ((2)) = —1 S RAP(9D) = 0
and hence V(O (9(D) = \Z)(L) + M(9®) is a martingale. In view of Lemma 2.4,
this completes the proof. O
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5 Taking limits and verification

Having obtained from Theorem 4.14 a complete description of a solution 1)
for the auxiliary problem (2.9), we aim to construct an optimal strategy for the
original MVPS problem with the help of 9® and study the convergence behaviour
of 9@) as L — oo. Note that both the verification and convergence require an
analysis of various limits as L — oo.

Let L € NU {oo} with L > 2. A basic relation is that for any £ =1,..., L,

Q=m (O, F={E: o, HWE)e FPY, P= PLOWM, (5.1)

where 71, : QW) — Q is the canonical projection of Q) onto its ¢-th coordin-
ate. Thanks to Lemma 3.13, 1), the process S(*) has the same special semi-
martingale decomposition with respect to the filtrations F&() and G%). Re-
call from (3.11) and (3.12) that we have 7" = {E : 7, (E) € F} and
SHI) () = §48L((E)) = S(wy), respectively. By the uniqueness of X’ for
X € (M5 AL (ME)} we then also obtain

Y (w®D) = YL (W) = Y (w)

for Y € {M®), AL (MEN} and Y € {M, A, (M)}. For the quantities describ-
ing (SC) in (3.20)—(3.23) in dimension 1, we recall from the definition (3.3) and
(4.28), (4.29) that we only require the existence of a predictable RCLL process
AC such that ASE) = [ A gMAD) and K2 = [TASW)2aMe®), s
P()_as. finite. Due to the identity in the above display, we can and do choose
A= \6®L for ¢ = 1,..., L to obtain

Af’(L) _ Af’®L _ /t )\i,@L d(MEELY | = /t ALD) d<M£,(L)>7
0 0
ki = [oerame), = [ogenranren, <o,
both PH)-as. for all t € [0, T]. This yields ultimately
Y(wB) = YEL (D)) = V() (5.2)
for Y € {SH) M®B) AL (MY XD KDY and Y € {S, M, A, (M), )\ K}.

We emphasize that both (5.1) and (5.2) hold with L = oo as well. Hence we

can view (2, F, P) as a coordinate of both finite-L and infinite product spaces
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(Q(L)’}‘(L)’ P(L)).

5.1 Verification

In this subsection, we aim to construct an optimal strategy 0 for the MVPS
problem (2.1) in continuous time. We begin by recalling from Section [.5.1 some
formal connections between the original and extended markets.

Let us write as in (2.10) and (2.11)

2

I (0) = Gr(0) — £(Gr(0) — E[Gr(9)])", 0 € Os, (5.3)
(P = em(Gp(9P)) — cevar(Gr(91P)), 9P e ©F, (5.4)

and recall the result from Proposition 1.5.3. As that result is abstract, it holds
equally well in discrete and continuous time.
Proposition 5.1. If there exists § € Og such that EX[JP (WD) = E[Jm ()]

as L — oo, then Gr(0) is the optimal final gain for the MVPS problem (2.12)
and 0 is an optimal strategy for (2.12).

In view of Proposition 5.1, we want to construct a strategy 0 Og satisfying
a certain limit property. As in discrete time, this candidate f can be found
by formally sending L. — oo in the solution of the auxiliary problem in the
L-extended market. We recall from (4.49) the explicit formula giving 91 for
(=1,...,L as

2(GHB) = em(GBON) = 1,

90 — telo,T 5.5
t QbEL)(l . L_l) t ) € [ ) ]7 ( )

which is well defined due to the existence of a unique solution to the system (4.33)
of SDEs explicitly given by
26" (X — em(X{M)) — 1

4,(L £,(L £,(L £,(L
dXt( ) = Qb(L)(l L_l) At( )dSt( )7 XO( ) = 07 (56)
A —

for ¢ =1,..., L. In order to define a candidate 5("0), we need to identify a limit
of the above system as L — oco. In view of the explicit expression (4.26) for b,gL),
the convergence bﬁ” = fexp(%) — Eexp(Ky — Kr) =: b§°°) is clear. Because
ASE) (W) = ML (HB)) = \(w,) and SHB) (WD) = §6&L (W) = S(wy), their
dependence on L is artificial and their limits should still be A(wy) and S(wy),

respectively. Now we expect by a law of large numbers effect that the empirical
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mean em(XEL)) converges to an expectation, say e;, as L — 0o. Suppose this
is true and denote the formal limit of X4(5) by X%(>) for ¢ € N. Because the
dependence on other coordinates X"™(5) for m # ¢ via the empirical average
disappears in the limit, we expect that X%(>) depends only on w,. The symmetry
of X¥) among ¢ = 1,..., L from (5.6) also suggests that the expectation e, does
not depend on ¢ and is equal to the expectation of Xf’(oo) for any ¢. Summarising
the above analysis and using that X%(*) depends only on w, motivates us to
replace wy by w and consider instead of (5.6) on the original space (€2, F, P) the
affine McKean—Vlasov SDE

267(X, - E[X)]) -

1 ~
(OO) /\t dSt7 X() = O (57)

d)?t -

Suppose that (5.7) can be solved uniquely. We then define, in analogy to (5.5),

. (X, — E[X]) - 1 > S 1
g 2O FIK) AFTA(&_M&F_@Q,tGMﬂ,@a
2b, 20,
so that we get
. . 20X — E[X]) — 1 =
G(f) = /eds = [ - ( Qb(w)[ D=1 45-% (5.9)

due to (5.7) and Go(é\) = 0 = X,. Plugging this back into (5.10) shows that 0
satisfies R R
5 _ _WNG(O) — BIG(O)) — 1
2b(>°)
and gives a well-defined process which is F-predictable due to the continuity of
G(H). So to argue that 6 € Og, it is enough to prove § € L*(M) by the identity

Og = L*(M) from (3.9). We now summarise what precisely needs to be done.

N, te0,T], (5.10)

Recipe 5.2. 1) Establish the existence and uniqueness of a solution to the SDE
(5.7), as well as the integrability property of the solution. Moreover, show that
6 € L2(M).

2) Show that EX[JE)(9E)] — E[J=¥(0)] as L — oo.

Let us implement this programme now. Suppose Assumption 4.2 is satis-

fied. This means that S is a real-valued continuous semimartingale satisfying the
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structure condition (SC). We begin by recalling from (3.2)—(3.5) that

t t t
At:/ A d(M)y, Kt:/ /\sdAS:/ N dA(M),, telo,T], (5.11)
0 0 0

when d = 1, and from (4.26) and (4.27) that for L € N\ {1}

E(E=) K, — K
B = ﬁﬁ_fexp(lt_—;) t€[0,T7,
=L T

CgL): 5( %) = 4{_(1—6Xp( 115_—[/_?)), te [O,T]

Sending L — oo in the above two identities yields the candidate limits

b = cexp(K, — Kr), te€l0,T], (5.12)
o) . 1 3
%) = _4_5(1_@)’ te[0,7]. (5.13)

—b =0, b = 5.14

th t ) T 57 ( )
dcgoo) 1 (00)

=0, &=, 5.15

dK, 4\ g ( )

and satisfies

1
biL) bgoo)

sup [b%) — b+ sup | — )|+ sup ‘ —0 (5.16)

te[0,T te[0,T] te[0,T

as L — oo under the assumption that the MVT process K is bounded.

Lemma 5.3. Suppose that Assumptions 4.2 and 4.11 are satisfied. Then there
erists a unique strong solution X to the SDE (5.7) in the class of F-adapted

continuous processes. It satisfies E[sup;epo )?SQ] < 0o and has the expectation
~ tq
BIR] = / AL tef0T) (5.17)
o 208

Moreover, the process ) defined in (5.8) is in Og and satisfies G(é\) = X and
(5.10).

Proof. 1) If we have a solution X to (5.7), we can formally take expectations
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in (5.7) and use (5.11) and the non-randomness of K from Assumption 4.11 to

obtain

R t COVE ¥ t
E[Xt]—/ —E[%s (X — BIX]) 1}&@—/ k.,
0 0

2p(>) 2p(>)

To make this rigorous, let us define the process m = (my)icpo,r) by

t

1

mi= | ——dK, >0, tel0,T], (5.18)
' /0 2b(>)

and consider the standard SDE

1
( ) )\t dSt, X[) = 0 (519)

dXt -

Because the map
2b{>) (x —my) —1

filz) == — e A (5.20)

is Lipschitz in x with a time-dependent F;-measurable coefficient );, the SDE
dXt - ft(Xt) dSt, XO - O, (521)

has a unique strong solution X (see Protter [55, Theorem V.6|) in the space

of F-adapted continuous processes. Because (5.21) is equivalent to (5.19), X

is of course a solution to (5.19). We now argue that E[sup,cjo|X]?] < oo

by collecting some similar estimates as in the proof of Lemma 4.9. Writing

gi(z) = —% and ¢! := ¢,(0) = m; + Tl‘"” > 0, we see that ¢, is affine
: i

in x with Lipschitz constant 1, which yields

|9¢(2)] < g:(0) + [ge(2) — g:(0)] < g + |- (5.22)

Using (z + y)? < 222 + 2¢% in (5.21), then fi(z) = ¢g;(z)\; and dK; = X\, dA; by
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(5.11) and finally the Cauchy—Schwarz inequality, we obtain

X2<2(/ fr(X dA) +2(/ (X )2
_2</ gT(X)dK> +2(/ £(X dM)2
< 2K, /O (gr<Xr>)2dKr+2( /O fT<Xr)dMT)2. (5.23)

We use supero g |Ks [ (9:(X7))? dK,| < K, fo X,))?dK, with \>d(M) = dK
and the BDG inequality in (5.23) and then (5.22) to get

B s x?] < 52, (o) ar+s [ (0:x)" x|

s€[0,¢]

< (2K + 8>E{/0t2((92>2 +X7) dKS}
< (4K, + 16) /Ot ((92)2 + E[ sup XfD dK,.

rel0,s]
Note that the last step uses that K is deterministic so that we can apply Fubini’s

theorem. In view of Gronwall’s lemma, the above bound yields that

E[ sup Xf} < (4Kr + 16)(/T(gg)2dKS) exp (4K7 + 16)Kr).  (5.24)

t€[0,T]

Because sup;¢jo 7 < 0o by the explicit expression in (5.12), we use the

1
25{>)
definitions of ¢ = ¢;(0) = m; + 217(%” > 0 and m; > 0 and Assumption 4.11 to

obtain

1 b 1
0
sup g, = sup [(m —I——Oo> = sup (/ —00sz+—00) < 00. (5.25)
te[0,7) ¢ te[O,T}( ' Qb§ ) te[0,7) 0 2bg ) 2b,(; )

Inserting (5.25) into (5.24) gives E[sup,cp ) X7] < 00 as desired.

2) Next we show that the solution X of (5.19) indeed solves (5.7). For this, in
view of the uniqueness of the solution to (5.7), it suffices to show that m; = E[X;]
for t € [0,T]. Consider D, := X; — my; then we argue that E[D,] = 0 for all
t € [0,T]. Applying It6’s lemma to D, then using formulas (5.19) and (5.18) for
dX and dm, respectively, and finally using AdA = dK and the definition (5.20)



5 Taking limits and verification 153

of f; yields

WX, —my) — 1 1
ap, — -2 t(oo)mt) M dS, — — dK,
20, 20,
WX, —my) — 1 WX, —m,) — 1 1
2b 2b! 2b!
= —fi(Xy) dM; — Dy dK,. (5.26)

We again use f;(z) = gi(z)\, dK = A2d(M) by (5.11) and that K is deterministic
by Assumption 4.11, then (z +y)? < 2z 4 2y? with (5.22), and finally (5.25) and
El[sup,¢o 7] X7] < 00 to obtain

£ [ (o aon = [ Bl ax,

< 2KT< sup (g)? —i—E[ sup Xf})

te[0,T)] te[0,T]

< Q.

This shows that (f;(X;))iecjor] € L*(M) and hence the process [ f(X)dM is a
martingale by Lemma 3.5, 1). So taking expectations in (5.26) and using Fubini’s

theorem with the non-randomness of K from Assumption 4.11 yields
t t
E[Dy] = E{/ (—Ds)szl = —/ E[Di]dK,, te€][0,T]. (5.27)
0 0

Note that using D; = X; —my and sup,cjopy(m:)* < 0o and sup,¢( 21;(;“” < 00
t

from (5.18) and (5.12), respectively, we obtain

sup |Dy| < sup |X¢|+ sup my.

te[0,7 te[0,7 te[0,7]
Then the fact that sup,cjo ) |Xi| € L? obtained in part 1) and L* C L' implies
that sup,c(o 7y |Dy| is in L' and

T
EU Dy th} < E| sw |Dil] K7 < 0.
0 t€[0,T]
In view of dP®dK as a measure on 2 x [0, T, this ensures that Fubini’s theorem
can be applied. Because E[Dy] = Xy — mg = 0, the only solution to the integral
equation (5.27) is the constant process 0 and hence E[D,] = 0 for all ¢t € [0, T7.
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3) By parts 1) and 2), the equation (5.7) has a unique strong solution X which
is given by the solution X to (5.19). Thus we can define 0 by (5.8). Because
0 = f(X), the fact that § € L2(M) is just a restatement of f(X) € L2(M)
which has been obtained in part 2). In view of Oy = L*(M) by Lemma 3.6
and Assumption 4.11, we obtain § € Og. As pointed out in (5.9), we also have
G(A) = X. Using this in (5.8) yields finally (5.10). O

We shall see later that @ is a solution to the MVPS problem (2.1). We also
have from Lemma 5.3 that G (:9\) = X and therefore

t
E[G.(0)] = B[R] = / L ak., teloT].
0 2bs
It is interesting to note that this is always nonnegative and actually like K null
at 0 and increasing, because b(>) > 0. In other words, the expected gains from
the optimal strategy 0 increase over time.
Lemma 5.3 summarises the implementation of Recipe 5.2, 1). We proceed to

the next step. Define a process (‘Z(m))te[o,ﬂ by
V%) = B[G,(0)] — b Var[G,(0)] + ¢, t e [0, T]. (5.28)

Note the analogy of (5.28) and Lemma 5.5 below to (1.5.37) and Lemma 1.5.6 in
finite discrete time. We prove below that the process () is constant. Before
doing that, let us recall a sufficient condition under which a stochastic integral

with respect to a local martingale is a martingale.

Lemma 5.4. If 6,1 are predictable processes such that [ 6y dM is a continuous
local martingale and we have sup,cio 7y |0:] € L? and fOT(th)Qd(M)t € L', then

the process [ 6 dM is a continuous martingale.

Proof. Since [0y dM is a continuous local martingale, we apply the BDG in-
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equality, It6’s isometry and Cauchy—Schwarz to obtain

t : ;
E{ sup / QS@ZJSdMS} <(CFE </977/JdM> }
te[0,T 0 L T
- T %
~cs|( [ @uraon.)]
L\ Jo
- T %
<ct|( sw o) ( [ woraon.)’]
L N t€[0,T] 0
_ 1 T 3
<cE| sup o] EU (1/zt)2d<M>t]
L te[0,T] 0
< Q.
This yields the assertion. O

Lemma 5.5. Suppose that Assumptions 4.2 and 4.11 are satisfied. Then V() g

constant.

-~ ~

Proof. First, we know by the last assertion in Lemma 5.3 that G(0) = X, where
X satisfies (5.7). To ease notation, we work with X. Observe from (5.17) that

~

the expectation process E[X] satisfies

~ tq
0 20bs

Also by Ito’s lemma, we get from X = G(6) and dA = Ad(M) in (5.11) that
A~ t A~ ~ ~
X2 = / 2X,dX, + [X];
Ot PR t PR t
= / 2X,0, dA, + / 2X,0, dM, + / 62 d(M),
0 0 0
t PN t PN t
= / 2X,0,\ A(M), +/ 2X,0, dM, +/ 02 d(M),. (5.30)
0 0 0

We want to take expectations in (5.30) to eliminate the (local) martingale term.
So we need to show that the process (fot 2)?555 dM;)icpom is a true martingale.
This immediately follows from sup,¢(o 1X,| € L? and § € L2(M) together with
Lemma 5.4. Therefore, using (5.30), the explicit formula (5.8) for § and Fubini’s
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theorem with dK = A2d(M) from (5.11), we get that

/Ot

/0 2

/Ot (E[)?S] Qb} >A2d<M>]—E[ /Ot<)?sxs>2d<M>s}
1

:ﬂét<§ﬁ?ﬁ B[R, ) dK, — /ﬂ E[X?d (5.31)

Here Fubini’s theorem is applicable because the integrands are positive. Of course,

t
EX}=E (2X. 0.\, + 6%) d<M>s]
(0, + X))2d

<M>s] - E[ /0 t()?sxs>2d<M>s]

=F

from the explicit formula (5.29) for E[X,] and It6’s lemma, we have

RPN
(E[XtW:/ EEX)S] dK.. (5.32)
0 bs”
Combining (5.31) and (5.32), we get
Var[X,] = E[X7] - (E[X/])?
t
= / ( ! f() dK, — / EIX?
0 2b§°°)

:iAt<E§%§' Wﬂ[])dK' (5.33)

Applying It6’s product rule to bgoo)Var[)?t] and using (5.33) and the differential
equation (5.14) for b, we get

t t
bgoo)Var[Xt] = / Var[X,] db> +/ b AVar[X,]
0 0

t N t 1 ~
0 0 (2b5)2

t

1
- | 4K, 5.34
/o4b§°°) (5:54)

Therefore, we can use the explicit form (5.28) for V() and then combine the
integral representations (5.29), (5.34) and (5.15) for E[X], b©*)Var[X] and ¢
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respectively, to obtain

17;}00) - E[)A(t] — bgoo)Var[)A(t] + c,§°°)

b b o [t 1
:/Wsz_ e Wt ‘/mdf@
o 2bs o 4bs 0 4bs

—= c(()OO) s

which is constant as desired. O

Our first main result now gives an optimal strategy for the MVPS problem in

explicit form.

Theorem 5.6. Suppose that Assumptions 4.2 and 4.11 are satisfied, meaning
that the price process S is a real-valued continuous semimartingale satisfying the
structure condition (SC) and the MVT process K is deterministic. Then the
process 8 defined in (5.10) is an optimal strategy for the MVPS problem (2.1).

Proof. By the optimality of 9 shown in Theorem 4.14, the process \7(L)({9\(L))
is a martingale. Thus using the explicit form (4.45) for VP (1), {F — )
from (5.16), the constancy of V() from Lemma 5.5 and finally the explicit form

(5.28) for ‘A/}OO), we have
(L) / Al (L L %) 7> (oc0 (0o mv /A
EOIR @) =" = — & =10 =17 = Bl 0)]

We then conclude the proof by Proposition 5.1. O

5.2 Convergence of strategies — preparation

From now on, we turn to the study of the convergence behaviour of the sequence
(5(”) ren of processes as L — oo. In this subsection, we do some preparation
work by recalling from Section 1.5.1 some formalities of lifting/embedding quant-
ities from L-extended markets to a single infinite product space and collecting
some basic properties of the lifted optimal strategy (still written as) 9®) for the
auxiliary problem (5.4).

Below we work only with the probability space (), F(>) P()) which sup-
ports infinite sequences (F“(°)),cy and (S%(>)),ey of filtrations and processes.
The processes S4(®) are independent and all distributed according to S. For
L € N, the filtration G2 given in (2.2) changes to G, = o(U~, 7)), and the
filtration G as in (3.18) is now given by Qt(L) = G v N where N is the
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class of P(*)-null sets in QV(TM). The properties (5.1) and (5.2) for L = oo are
QO =m00(Q), F={E:m(E)e F™}, P=P™om (535

Y(wH)) = Y582 (W) = Y (wy), (5.36)

for Y € {S) M) A (M) A=) KV and YV = {S, M, A, (M), \, K}.
Recall from (2.14) that we have defined X®% for both L € N and L = oo by

Xt = Xomyp, (=1,..., L (5.37)

In the rest of this chapter, we drop the superscript () and write

F4() = F¢ ¢ eN, (5.38)
(S M) A (M) A\() K(*)) = (S M, A, (M), A\, K). (5.39)

Following the above convention, we use a slight modification of the arguments
in Lemma 3.13, 1) and the F‘adaptedness of S® to obtain that the canonical
decompositions of S¢ with respect to G) and F* are the same as long as ¢ < L.
We always refer to S = Sy + M’ + A’ as the canonical decomposition of S¢ with
respect to any G¥) such that ¢ < L or equivalently with respect to F.

For a quantity X(*) and L € N, the superscript () indicates that it is originally
defined on (Q®), F()) PE)) and is identified with a quantity still written as X%
on () F() P(>)) via

X(L)(wl,wQ,...) :X(L)(wl,wg,...,wL). (5.40)

We also make X&) R*®-valued by setting X = 0 for ¢ > L. These two practices
are always assumed in the rest of the chapter so that we can use results from
Section 4 in the current setting and thus safely work with the probability space
Q) F(>o) P()) alone. For ease of notation, we write P and E for P(*®) and
E(®) | respectively.

Now we lift & which lives on (Q, F, P) to the infinite product space via (5.37)
as in discrete time to obtain 2. Using the explicit expression (5.10) for 6 and

P=Po ﬂ[;o from (5.35), we get explicitly

) (o0) QR0 E £ R0 -1
o _ _2W(GI(0 )26(00)[@(@ D=1y pentepr) (541
t
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As in (5.9), we also get

G (05) (™) = (GB) )W) = G@)(w), (eN. (542
For convenience, we also recall from (4.49) the explicit expression for 9L that

fort=1,...,L,

- 20, (GY(9D)) — em(G, (9 1)) — 1
gew - (Gl ()L) GOy e, (543
2b,7(1 — L71)
and 945 =0 for ¢ > L. The explicit definitions
1< 2
em(x) = 7 ;xe, evar(x) = em(x”) — (em(x)) (5.44)

are frequently used, and so is the property in Lemma 4.7 that

1
sup bﬁL) and sup 5 are bounded uniformly in w € €2, (5.45)
t€[0,T) t€[0,7] by

whenever Assumption 4.2 is satisfied and the MVT process K is bounded. Fi-
nally, due to dK = AdA = (X\)2d(M) from (5.11), the relation (5.36) between
(AL, (MY, XK and (A, (M), )\, K), and the fact that K is deterministic by

Assumption 4.11, we have
dK = XdAf = (\H2a(MY), ¢eN. (5.46)

Lemma 5.7. Suppose that Assumptions 4.2 and 4.11 are satisfied. Then we have
forLeNand ¢ =1,...,L that

E[G{(9))] = E[em (G, (91))], (5.47)
E[G{(9"))?] = E[em (G, (91)?)]. (5.48)

-----

moments for t € [0,T].

Proof. Let us prove (5.47) and (5.48) separately.
1) For (5.47), we directly use the explicit expression (5.43) for 9=, then
dK = X‘dA’ from (5.46), and finally Fubini’s theorem with deterministic K to
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compute

t L) _ 9(L)
0

11 TP (5.49)

The second equality uses that [ 94 AMY are martingales for £ = 1,...,L in
the infinite product space due to 9% € @(SL) = L*(M) which follows from
Corollary 4.10, Lemma 3.17 and the embedding (5.40) of the L-extended market

into the infinite product space. The application of Fubini’s theorem uses

+ dK,<oco  (5.50)
1—L~ 208" (1 — L)

due to sup,c(o 7y IGE(OW)| € L2 for £ = 1,..., L, hence by Cauchy-Schwarz also
SUDye(0.7] |em(Gf({9\(L)))\ € L?, and finally the boundedness of supcp 1 bi%) from
(5.45) and the boundedness of K implied by its non-randomness from Assump-
tion 4.11. Then inserting the definition (5.44) of em(x) into (5.49) and using that

definition again yields

~ Lot (D)) — em(Gy(9D)
E[em(Gt(’ﬂ(L)))} - Z/o E{Gt(ﬁ )1 — L—(? (9))
1

o1 - L)

! 1
= dK,. 5.51
/0 207 (1 — L) (5:51)

Set D, = E[GL(9WD) —em(Gy(9E))] for ¢ € [0,T]. We then subtract (5.51) from

(5.49) to obtain
‘D
D= - K,
' /0 ot

dK

Because Dy = 0, we obtain by the uniqueness of the solution (in the class of
continuous (or even RCLL) processes) to this integral equation that D; = 0 for
all t € [0,7). This implies the desired identity E[G/(9(P)] = E[em(G¢(9®))]
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forall{=1,... L.
2) To prove (5.48), we first establish the identities

B[(GI(0%) — em(G(3)) | = Blevar(G,(@H)],  (5.52)

E[G/(0)em(G,(81))] = B [(em(Gt(’é\(L))))z}, (5.53)

for ¢ =1,...,L and t € [0, 7] in order. The desired identity (5.48) is a direct
consequence of (5.52) and (5.53).

Like in part 1), we consider the difference between the left- and right-hand
sides in (5.52). We show that it satisfies a linear integral equation starting from 0
and thus must be identically 0. This gives (5.52). For this, we need to find integral
representations for E[(G(9))2], E[G/(9®))em(G(9))], E[(em(G4(9D)))?]
and Elevar(G,(9®))].

First, we apply 1t6’s lemma and use the explicit formula (5.43) for 1/9\@), the
identity dK = A*dA* from (5.46) and Fubini’s theorem to compute

E[(G{(8"))"] = 2E{ / R dsi} - E{ / @y d<w>s]

= 2I' + Q°
_ / _E[(GI®™)) — GL®")em(G(91))
o 1— L1
E[GL(D™) ) ‘
: dK, + Q" 5.54
268" (1 — L-1) (554
where I and Q are defined by
t
I’ = E[ / GL(9D)9LE) dsﬁ}, (5.55)
0
t
Q= E[/ (9512 d(Me)s] : (5.56)
0

The third equality in (5.54) also uses that [ G/(9))94E) dAM! are martingales
for £ =1,..., L by Lemma 5.4 because sup,c(o IG{WD)| € L2 and 9W) is in
L?*(M). These integrability properties are also used to verify that the integrand
of the first integral in the last equality of (5.54) is in L}(P ® K) so that Fu-
bini’s theorem can be applied. The term Q° defined in (5.56) can be computed
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similarly as

Q' = E[ /O @y d<M‘>S}

[T E[( GO —em(G(9W)\*  GL(D™) — em(G,(9M))
L) T

1 2
+( v ) ]dKS
2 (1 — L-1)

B /OtE[(Gﬁ(@(L))l—_eIzl_(?s(ﬁ(L))))2 . (%gL)(11_ L1)>2] K (5.57)

The last line also uses that the expectations of GY(9®) and em(G,(9®))) are
the same by (5.47). Averaging over the formulas (5.54) and (5.57) for I’ and Q*,

respectively, and using evar(x) = em(x?) — (em(x))? from (5.44), we also obtain

1, " Elevar(Gy(8"))] | Elem(G,())]
I ;Ia = /0 e P ooy (5.58)
1 - 0 ¢ evar(Gs(ﬁ(L))) 1 2
L ;Q a /0 E{ (1—L 1) + <2bgL)(1 - L—l)) } dK, (5.59)

respectively. These identities are used multiple times later.

Second, we use the product rule with the continuity of the processes from
Assumption 4.2, and the definition (5.44) of the empirical average, and finally
(M, M™) = 0 for £ # m from Lemma 3.13, 2) to get

E[G{(®"))em (G, (3D))] [ / G 9™ L)dAm]
+E[ /0 m (G, (9" ))19§’(L)dAf;}

RN
vB|7 [ @epam]
L 0
=+ I'+ L7'Q, (5.60)
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where
1 [
—E|- G/ (9™ gA™ 61
12 e (5.61)
t
Isz[ / em (Gy(919)) 9L dAﬁ] (5.62)
0

and Q° = E[f(f(@&@))i d(M?),] is from (5.56). The first equality also uses that all
the integral terms with respect to M"™ are martingales for m = 1,..., L due to a
similar reasoning as for (5.54). For the first term If, we use the explicit formula
(5.43) for 9D then dK = (A™)?2d(M™) for m = 1,..., L from (5.46), next the

definition (5.44) of the empirical average and finally Fubini’s theorem to obtain

i (e

205 (GT (9P) — em (G, (9D))) — 1
2 (1 — L-1)

1 L t Y A(L) 1
=E|— / G, (v dK,
[L ,;1 0 ( )262”(1 — L

_ / E[G{(9")]
Jo P - L

The applicability of Fubini’s theorem is ensured because sup;¢(y 1 |Gf(1§(L))| is in

L2, similarly as in (5.50). For the second term I‘, we analogously obtain

¢ 1—L7!

E[em(Gs@%)}) WK
2bM (1~ L) N

e / (_ Elem(G,(9))GL(HP)) — (em(G,(91))))?]

Averaging in the above display yields

Iy~ / Blem(G.(0)) (5.69)

L =1 ’ ngL)(l - L)

We insert If and I’ from above into E[G{(9®))em (G, (9E))] = If + I + L1Q*
due to (5.60) and use that the expectations of fo(@(”) and em(Gt(@(L))) are the
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same from (5.47) to obtain

E[G{(9P)em (G, (91))]

_/*(Egg@i&
o bgL)(l—L_l)
- E[em(Gs(ﬁ(L)))Ggl(qi(LL))_l_ (em(Gs(ﬁ(L))))2]> dK, + L1710 (5.64)

Third, we seek an integral representation for E[(em(Gt(ﬁ (£))))?]. Recall from
(4.13) that

d((em(G( ) ) dem 19(L ﬁf(L ast + %Z(,@K (L)\2

(=1

~

Using the definitions (5.62) and (5.56) for I£ and @, respectively, we obtain

E[(em(Gt ) ] - Z 2+ = Z Q". (5.65)

Now we can get an integral formula for E[(G{(9®)) — em(G(91)))?] in (5.52).
Using (5.54) for E[(GL(91))?], (5.64) for E[G{OE))em(G,(9™))] and (5.65)
for E[(em(G(91)))?] yields

B[(ci@®) - em(Gt(@L)))Q}

= E[(Gf(a(L)))Z} _ QE[Gf(g(L))em(Gt(a(L)))] n E[(em(Gt(é\(L)D?
[ EB(GL@W))? — GLIWV)em(G,(91"))] | E[GLIWV)]
_ 2/0 ( — R L_l)) dK,

+ Q"
_2/*(Emﬂﬁwﬂ E@MGA@“»GQ@“%—@MGA@“DW>dK

- s

b (1 — L) 1— L1
L—l 14 1 - m 1 = m
—2LTQ Y 2T+ 5 0
m=1 m=1

_ [P EGLD) o [PE[(GLHIV) — em(G,(9H))?]
- /0 (1 - L) s 2/0 1 _ 11 dK,

L L
1 1
+(1—207HQ" + 7 > oI+ 3 > Q™ (5.66)
m=1 m=1



5 Taking limits and verification 165

Fourth, we look for an expression for E[evar(Gt(ﬁ(L)))]. Recall from (4.14)
that the dynamics of evar(G(@\(L))) is given by

d(evar(G(94)) ) = %i ( (G (@) — em(G(W)) )94 as™
+(1— L7H (D)2 d(Mm>>.

Using the definitions (5.55) and (5.56) of I* and Q°, respectively, yields

1 & P &
E [evar (G (9 =7 > 2, - > (5.67)
m=1 m=1

This ends the preparation; we now prove the desired formula (5.52). We set
F, = E[(GL{OW) —em (G (91)))2 — evar(G,(91))]. Subtracting the expression
(5.67) for E[evar(Gt(’ﬂ(L ))] from (5.66) for E[(Gf(’@(L ) — em(Gt(ﬁ D)2, we
obtain

~

¢ £(9(L) t 2(9(L)y (L)V)2
Fim— [ BGOY y _y [*EUGHIY) — oGO
o bV (1— L1 0 1—L

L

— 1 - m m 1 m
+(1-2L 1)Q‘+Zmzlﬂ ZQ _ZleQ( — ™)
L
> @

g [ BUGKEY) - eniGuB)) - our(G(I)

1— L1 dk.
—1\ ¥ 1 - m 1-L7! - m
+(1-2L7HQ +EZQ -— > Q. (5.68)
m=1 m=1

In the second equality, we use the formulas (5.58) and (5.63) for % Z I'"™ and

m=1"a
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7 Zm I, respectively, to derive the identity

Elem(G ( I

L= rm omy L))

_;(410 21 _2/0 w1 1)
E[evar(G (0F)]  Elem(G,(9™))]

+2/0 — — %P1~ 1) dK,

! Elevar(G4(91))]

_ ["Elem(G,(91))]
_/0 (1 - L) dKSH/O 1— L1

t~

and then invoke the identity E[G!(9®))] = Elem(G(99))] for s € [0, t] asserted
in part 1). Using the expressions (5.57) for Q“ and (5.59) for T S Q™ simplifies

the last line to

L 1 L
(1-207)Q + 25 > Qm - >0
m=1 m=1

(oL

(1 2L1)/t E[(GL(9D) — em(G,(91))

)2 — evar(G(91))]
e dK,. (5.69)

Inserting (5.69) into (5.68) yields

1 t
F———— | FdK, tel0,T).
t <1—L-1>2/0 €0.7]

Because Fy = 0, we get that F; = 0 for all ¢ € [0, 7] is the unique solution to the

above integral equation. This proves (5.52).
We use a similar technique to prove (5.53). Set

= B[G{(@®)em(G,(HD)) — (em(G{(@®)) ], € [0.7].

Note that due to (5.52) proved just above, we deduce from the third equality of
(5.69) that

14 1L
@—52_31

E[(GL(9) — em(G,(91)))? — evar(G,(9))]
I (-1 -
0.
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Subtracting E[(em(G,(95)))2] given in (5.65) from E[G{(D®))em(G(91))]

given in (5.64), and then using %an:l 217 = J%ﬂd[@ from the

explicit formula (5.63) and finally the above display, we obtain

~ ["/E[G{9PV)]  Elem(G,(9")GLIP) — (em(G,(91)))?]
= /0 (bgL)a — L) 1= L~ ) -

+L—1Qﬁ_li2lm_iiQm
Lmzl ‘ L2m:1

tH 1<
= — 5 dKS L_1< E__ m>
a0 - Y
t
H
= — > dK,.
o 1—L71

Again because Hy = 0, the unique solution to the above integral equation is
H; =0 for t € [0, T]. This proves (5.53). O

5.3 Convergence of strategies — main results

We are ready to prove the main result of these two subsections: for £ € N,

max E[ sup (Gf(a(L)) — Gf(@\@“’))z] —0 as L — oo.

=1L Lieo,r]
Suppose that Assumptions 4.2 and 4.11 are satisfied so that S is a continuous
semimartingale satisfying the structure condition (SC) and the MVT process K
is deterministic. Define the process m® by m(") := E[G{(9"))] for ¢ € [0,T].
By Lemma 5.7, (5.47), this quantity is equal to Efem(G;(9"))] and thus does
not depend on £. Using the explicit formula (5.51) for E[em(G,(9®)))], we obtain
for t € [0, 7] that

1

mEL) _ E[Gf(ﬁ(m)] — E[em(Gf(@‘”)” _ /OL‘ Qb(L)<1 = dK,.  (5.70)

Because 6:°(w(®) = G(wy), (GL(5°))(w®)) = G(A)(w,) and P = P o 1, .

,O0

from (5.37), (5.42) and (5.35), respectively, the expectation E[G/(8)] is also

independent of ¢. Hence we can define m(® as below and use the identity

~

Ge(é\@w)(w(o")) = X(wy) from Lemma 5.3 and the explicit expression (5.17) for
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E[X,] to obtain

(c0) .

m{™ = E[Gf(é@OO)]:E[Gt(ﬁ)]:E[f(t]:/Ot leoo) dK,, tel0,7]. (5.71)

The elementary inequality | exp(z) — 1| = O(z) as z — 0 yields with z = £5=58r
that

Ky — K
exp(:l:lt_—LlT) —exp(j:(Kt—KT))‘

B =)

L—1
=O0(L™).

sup
te[0,T

Then using bg

= Cexp(EET) from (4.26), b = exp(K; — Kr) from (5.12)
and the above display, we recall and refine the convergence of b to b(>) given
in (5.16) as

sup [bi") — b1

+ sup |— ‘— -
te[0,7)

te[0,77]

as L — oo. (5.72)
This in turn yields

1
et

1 1
sup |—— — ——
t€[0,T] 1— L7 e | 26D 2pe ‘
1 1
+ ‘ - 1 sup m)
1 - L SE[O7T] 2b8

as L — 0. (5.73)

Proposition 5.8. Suppose that Assumptions 4.2 and 4.11 are satisfied. Then

E[ sup (em(Gt(ﬁ L))) §L))2] =

up O(L™), (5.74)
ELS[%%] (em(Gt(ﬂ Dy) - m§°°>>2} =O(L™). (5.75)

as L — oo.

Proof. The second property (5.75) immediately follows from (5.74) and the es-

timate sup,c(o 7 ]mt —m OO)\ = O(L™") given in (5.73); so we only need to prove
(5.74). We use the product rule and that m(*) has finite variation by its explicit
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formula (5.70) to obtain

(L)

t t
(m§L>)2:2/ mgmdmgm:/ K., (5.76)
0 0 bs (1—L_1)

On the other hand, using the definition (5.44) of em(x), then (z+y)? < 222+ 2y
the formulas for 9 from (5.43) and m® from (5.70), respectively, and finally
dK = A*dAf from (5.46) yields

1 L t 2
=2(— 9o ame |
(13 e an
=1
The last equality again uses the definition (5.44) of the empirical average. Hence

due to the above inequality, the BDG inequality and (M‘ M™) = 0 for £ # m

from Lemma 3.13, 2), we obtain

L t 2
SOV _ (D) 1 9¢,(L) ¢
EL:B,I;] (em(Gt(ﬁ )) —my ) } < 2E[ sup (LZ/O I, dMs) 1

We now claim that

sup (E Efi; /0 T(ﬁf;’(”)Qd(Mf)sD < oo. (5.77)

LEN,L>2

Suppose (5.77) is true. Then inserting this bound into the inequality just before
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gives

E[ sup (em(Gt(ﬁ(L))) — miL)>2}

te[0,7)

8 1< (T

<2 su E|- 5"’(L)2dMESD:OL1
<7 om, (Blr 2 [ @oraan.]) <o

as L — oo as desired. Now let us prove (5.77). By the definition (5.56) of Q¢ and
the formula (5.59) for %Zle Q*, we get

1< [T

El= 19Z7(L)2d Mf s:|
T2 [ @raan
1L

=) @

:/OT [ev?i(?z(f(;)» n <2bgL><11_ L_1)>2] i

Because sup;¢(o 1y |b§%) - b§+°°)| = O(L™') by (5.72), we have obviously

&=

1

—~ < 0. 5.78
2D (5.78)

sup  sup
LeN,L>2t€[0,T)
Using this observation in the equation above and also that Kt is bounded (even

deterministic), we obtain that a sufficient condition for (5.77) is

sup  sup E[evar(Gt(a(L)))] < 0. (5.79)
LeN,L>2t€[0,T]

To prove the latter, we insert the explicit formulas (5.58) for %anzl I (5.63)
for %ZL I and (5.59) for %anzl Q™ into the identity

m=1 "¢

1

E[evar(Gt(;?\(L)))] =7 Z (2];” —2I"—(1— L_I)Qm)

m=1
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from (5.67) and due to the nonnegativity of E[evar(Gy(9"))] obtain

E [evar(Gt(ﬁ(L)))]

t 9(L)
:_2/ Elevar(Gg(9'"))] dK.
. 1L

T /ot . {ev?i(?z(ﬁ(;)» ! (252”(11— L1)>2] -

¢ 1 2
U
0 \2bs’(1—L71)

The last line also uses that (%) is non-random by Corollary 4.12 because the MVT
process K is deterministic due to Assumption 4.11. Thus using the elementary
fact that (1 — L™')? > 1 for L > 2 and (5.78) in the above inequality yields

N 1\?
sup  sup E[evar(Gt(ﬁ(L)))] < Ky sup sup (m) < 00.
LeN,L>2 te[0,T] LeN,L>2te[0,T] \ b,

This proves (5.79) and completes the proof. ]

Theorem 5.9. Suppose that Assumptions 4.2 and 4.11 are satisfied, meaning
that S is square-integrable and satisfies the structure condition (SC) with a de-
terministic MV'T process K. Then 9L gEo uniformly in £ in the sense that

sup (GL(HW) - Gf(é@w))z} —O(L) =0 as L — oo. (5.80)

Remark 5.10. As in discrete time, we again take a look at (5.80) from a fin-
ancial perspective. Because the processes G{(9(F)) and G(6%*) represent the
gains of the two strategies, the convergence (5.80) simply says that the maximum
difference between the profits and losses of the two strategies vanishes in the limit

(in the above sense).

Proof. The idea of the proof is analogous to that of Proposition 5.8. We start

by writing the gains process as a stochastic integral and use the Cauchy—Schwarz
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inequality to obtain
(GO - Gi)" = ([ @10 -3 ast)
0
t
<of [@m g am)
0
t -~ ~,
+ 2( / (955 — §Lo>) dAﬁ)
0

=217 + 21}, (5.81)

2

2

We claim for i € {a, b} that for some constant C' > 0 not depending on /,

E[ sup ];} <O(L™)+ /t C’E[ sup (Gf({i’\(L)) - Gf(@\@m))z} dK, (5.82)
s€[0,t] 0 rel0,s]
as L — 0o. Then the main assertion (5.80) follows from combining (5.81) and
(5.82), taking the supremum over ¢ and using Gronwall’s inequality.
Let us discuss the cases i € {a, b} separately. For i = 1, we apply the BDG
inequality, then use the formulas (5.43) for 9% and (5.41) for 8, and finally
invoke K = [(A%)2d(M*) from (5.46) and Fubini’s theorem to estimate

t
e s ] < 8] [0 e |
0

s€[0,t]
_ 4/t E [( _2(GEWW) — em(G(91))) — 1
) 2047 (1 — L)
28 (GE(O%) —mi™) 1)) e

ol o552 -]

e (2 )]

1 1 \2

Above, we have grouped the right-hand side in the equality as a sum of three
terms and then used the Cauchy-Schwarz inequality to obtain the last inequality.
The convergence results from Proposition 5.8, (5.75) and from (5.72) imply that
the sum of the last two terms in the last inequality of (5.83) is O(L™'). But due

to the appearance of the factor #, we nevertheless show this claim. Using
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ﬁrst mi™ = 1 ™ — Lot m$ and (z+y)? < 222+ 242, then the fact that

— L —— < 2for L > 2, and finally the convergence result in Proposition 5.8, (5.75)

and sup;e(o 7 m{® < oo from (5.71) gives

t 9(L) 2
oo o
0 1— Lt
‘[{em(G (5<L>)) m{™\? t(oL! ?
<2 | E : . dK, +2 (o)) dK,
@ [ l(E) Jae e [ ()

< 8Krp <E[ sup <em(Gt(’§(L))) mﬁ"‘”)g] + L2 sup (mgoo))Q)

te[0,T] te[0,T)

=0(L™") as L — oo (5.84)

Similarly, we use sup;c(o 7 |b+“ - O(L™') as L — oo from (5.72) to obtain
t

L=
b{>)

t 1 1 \? troq 1 \? 1
[ G ) szﬂ/(m ) o
o \2bP(1—L-1) 2t o \ 205 2b (1-L7)?
t
[ (i) o
0
< 8K ( ! )
Ssu
i te[opT] b(L) §

+ L7% sup
te[0,T] b(oo )

=0O(L™%) as L — oo. (5.85)

With the same trick applied to the first term in (5.83), we obtain

f GLO") | o))
[ B (- S0 ) ax,
tor Gé(@(L))_Gé(é\@oo) 2 t L,1Ge<§®oo) 2
< S S S
<2 B[ () Joree | ()

t -
<38 / E| sup (G{(9P) G§(9®°°))2] dK, + 8KrL~2 sup B[(GL0%™))"]
0

- rel0,s] t€[0,7]

t _
_ / B[ sup (GOH) — GUE"))*|dK, + O(L2) asL o0 (586)
0

- rel0,s]

The difference here is that we bound the first term in the first inequality by

the running supremum process rather than the supremum over [0,7]. The last
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.....

due to Lemma 5.3 and the identity G/(8%)(w®)) = G,(8)(w,) from (5.42).
Inserting (5.84)—(5.86) into (5.83) yields (5.82) for i = a.

It is completely analogous to prove (5.82) for ¢ = b. We use the formulas for
940 from (5.43) and 6> from (5.41), then K = [A*dA’ from (5.46), and
finally the Cauchy—Schwarz inequality to get

s 2
sup I? = sup (/ (95D —ﬁf’(L))dAf)
0

s€[0,4] s€[0,1]
s ([ (- 2 (GLDD) — em(G,(91)) — 1
P 267 (1 - L1)

267 (GL(6%) —mi™) — 1 :

o BAGE) — i) )dKr)
2b,
<K | | <— 2 (GLOD) — em(G,(9D))) — 1
> t 0 2bgL)(1_L—1)
2 ) a.
2>

s€[0,t]

Taking expectations, using that K is deterministic by Assumption 4.11, and
comparing the resulting expression with (5.83) for E[sup,¢(o 4 I¢] reduces the proof
to that for i = a. O

As a byproduct, we also give an alternative proof for Theorem 5.6. The
argument is completely identical to the discrete-time case in Corollary 1.5.15 and

therefore omitted.

Corollary 5.11. Suppose Assumptions 4.2 and 4.11 are satisfied meaning that S

is square-integrable and satisfies the structure condition (SC) with a deterministic
MVT process K. Then

-~

E[em(GT(@\(L)))} — E[G7(0)] as L — oo,
E[em(GT({?\(L))Q)} — E[(Gr @\))2} as L — oo,
E[(em(GT<5<L>))>2] s (B[Gr (@) as L — oo,

In particular, E[VT(L)(@(L))] — E[GT@)] — £Var[GT(§)] as L — oo, and 0 is an
optimal strategy for the MVPS problem (2.1).
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6 Connections to the literature

In this final section, we discuss the related work in the literature. The same
approach as in Li and Ng [45] for finite discrete time is used in Zhou and Li
[67] to embed the MVPS problem into a family of auxiliary linear—quadratic
control (LQSC) problems for diffusion models with deterministic coefficients and
later extended to random coefficients in complete and incomplete markets by
Lim and Zhou [48] and Lim [46], respectively. The authors use a completion of
squares to obtain a stochastic Riccati equation (SRE). The optimal strategy for
the auxiliary problem can then be written in terms of a solution to the SRE.
It turns out that the SRE can be associated with the so-called variance-optimal
martingale measure. This kind of connection is furthermore explored by Sun and
Wang [65], Xia and Yan [66] and later by Fontana and Schweizer [30] to link
the MVPS problem and the variance-optimal martingale measure (or the mean—
variance hedging problem). These results allow one to write the solution to the
MVPS problem in terms of the solution to the mean—variance hedging (MVH)
problem to
minimise E[(1 — GT(H))Z} over § € O.

The MVH problem in continuous time has been studied since the early 1990s.
We refer to Duffie and Richardson [26], Schweizer [58, 59, 62|, Rheinlédnder and
Schweizer [56], Gouriéroux et al. [31] for early developments of the general the-
ory. éerny and Kallsen [17] provide a characterisation of the optimal hedging
strategy in terms of the so-called opportunity-neutral measure for general semi-
martingales. Stochastic control methods for the MVH problem are thoroughly
analysed in Jeanblanc et al. [38]. Among these works, [56] and [31] focus more
concretely on continuous processes. Studying particular classes of models often
leads to more explicit expressions of the optimal strategy for the MVH problem.
First, when the entire mean—variance tradeoff (MVT) process K is deterministic,
or when the final value Kr is deterministic and the underlying price process is
continuous, the optimal strategy for the MVH problem is given explicitly in Sch-
weizer [59]. As explained in Example 0.3.5, we can then exploit the connection
between the MVPS and MVH problems to recover our optimal strategy 0 in (5.8)
for the MVPS problem. Beyond this, Biagini et al. [10], Hobson [35], Cerny
and Kallsen [18] and Chiu and Wong [20] give more explicit results on the MVH
problem for stochastic volatility model with or without correlation. More re-

cently, MVPS and MVH problems have been considered for affine and quadratic
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rough volatility models in Han and Wong [33] and Abi Jaber et al. [1].

This chapter is inspired by the market cloning approach proposed by Ankirch-
ner and Dermoune [5] for finite discrete time and its continuous-time extension by
Fischer and Livieri [29]. Our results seem still to be among the first attempts to
further develop this approach in continuous time. Because this approach has more
the flavour of McKean—Vlasov control theory, we end this section with a brief dis-
cussion of some related work there. Andersson and Djehiche [4] first obtain and
use a stochastic maximum principle from McKean—Vlasov control theory to solve
the MVPS problem for the Black-Scholes model. Pham and Wei [53, 54| develop
a dynamic programming principle (DPP) for McKean—Vlasov control problems
for diffusion models with deterministic coefficients (in some cases with common
noise) and apply the resulting DPP to solve the MVPS problem in this setup.
An analogue of the martingale optimality principle for McKean—Vlasov control

problem for diffusion models appears in Basei and Pham [8].



Chapter 111

A deterministic dynamic
programming principle for
McKean—Vlasov control problems

in finite discrete time

1 Introduction

This chapter studies the so-called McKean—Vlasov control problems in finite dis-
crete time with a view towards the mean-variance portfolio selection (MVPS)
problem in full generality. Roughly speaking, given a class of control processes
and controlled processes X?, a McKean-Vlasov-type criterion is an expectation
of functions that involve a direct dependence on the probability distribution of

X? Mathematically, we study the problem to

T
maximise E{Z fu, X2, 0,, Pxeo9,) + g(X%., PX%) over § € ©
u=1
for a suitable set © of control processes, where f and g are appropriate determ-
inistic functions and the notation Py denotes the law of a random object Y. Our
main results include a deterministic dynamic programming principle (DPP) for
this type of problems and an application of this to solve the MVPS problem in
full generality in finite discrete time.

The basic idea to obtain a DPP is inspired by Pham and Wei [52]. Namely,

we embed the McKean—Vlasov control problem into a family of deterministic
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instead of stochastic control problems. Our contribution to the current literature
has two aspects. First, we notice that the DPP in [52, Lemma 3.1| uses neither
the i.i.d. structure for the innovations driving the controlled processes nor the
restriction to the class of closed-loop controls imposed throughout the paper, and
thus can be extended to open-loop controlled processes without specifying any
dynamics. Second, we apply the corresponding DPP to solve the general MVPS
problem in finite discrete time. Along the way, we also obtain a structural result
for general linear—quadratic McKean—Vlasov problems.

This chapter is structured as follows. In Section 2, we first introduce the
setup and formulate a McKean—Vlasov control problem in mathematical terms.
Then we state and prove a deterministic DPP which embeds the original problem
into a sequence of deterministic tail problems for ¢t = 0,1,...,7T, where both the
criterion and the optimisation are restricted onto variables from ¢ 4+ 1 onward.
Finally, we rewrite the sequence of tail problems into a sequence of single-period
problems which we can attack backward in time starting at ¢ = 7. In this
section, we keep the presentation as general as possible; this allows us later to
study general controlled processes in finite discrete time.

In Section 3, we study a general class of McKean—Vlasov problems whose
criterion has a linear—quadratic (LQ) structure. More precisely, we present a
solution technique for the single-period problems obtained by the rewriting in
Section 2 for any time ¢ by assuming that the time-t criterion has a particular LQ
structure and that the controlled process depends linearly on the control. First,
we express the LQ criterion explicitly in terms of the control variable at time ¢
and derive a first order condition for optimality in that control variable. Second,
due to the LQ dependence of the criterion on the control variable, the resulting
FOC is linear and can be explicitly solved under some extra conditions, which
yields an optimal strategy for the one-step problem at time ¢ and shows that
the optimal value of the time-t problem preserves the LQ structure with some
yet-to-be verified properties of the appearing coefficients. This section ends with
a review of the main steps and a discussion of the still missing ingredients.

We turn to solving the MVPS problem in Section 4. First, we formulate the
problem in precise terms, show that the MVPS problem fits into the framework
of the LQ problems discussed in Section 3, and present a recipe to provide the
missing ingredients mentioned in Section 3. All missing conditions depend on the
properties of a crucial process Z. Following the recipe, we first show that this
process Z is well defined. Then we translate the structural results for LQ problems

in Section 3 into corresponding properties for the MVPS problem. For each one-
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step problem induced by the MVPS problem, this yields a simplified expression
for the criterion, a first order condition (FOC) for optimality in the single-period
control, and a solution for that FOC which provides an optimiser for the one-step
problem. Based on the missing ingredients for general LQ problems, we verify
that most of the missing conditions are satisfied for the MVPS problem and leave
one last condition as the extra assumption that the solution to the FOC lies in
the proposed space of strategies. Under that extra assumption, we piece together
the one-step optimisers over time to obtain in the main result (Theorem 4.11) an
affine-quadratic structure for the value function and a recursion for the optimal
strategy for the MVPS problem. The next subsection consists of the verification
of the just mentioned extra assumption in concrete cases. Finally, we work with
the most general space Oy of strategies, show that the strategy obtained in the
previous subsections is again well defined and optimal in the space Oy, and
finish the storyline for the MVPS problem in finite discrete time.

In Section 5, we discuss connections to the literature in detail.

2 A deterministic DPP in finite discrete time

2.1 Formulation of a stochastic control problem

We first introduce a general stochastic control problem of mean-field type in finite
discrete time and its setup, motivated by the so-called mean—variance portfolio
selection (MVPS) problem studied in the earlier chapters. This class of problems
refers to maximising or minimising the expectation of (deterministic) mean-field
type functions over a class of controlled random objects X?. The mean-field type
functions can depend directly on the law of X?, e.g. via a nonlinear function of
E[XY].

Let us start with some necessary mathematical basics. Fix a probability
space (€2, F, P) with a filtration F = (F;)—01

sdlyeeey

7. Suppose that there is a family
X% = (X?)i=0.1.. 7 of stochastic processes controlled by a family 6 = (6;),=1. 7
of F-predictable processes, meaning that X? depends on @ only through 6y, ..., 6,
for t = 1,...,T. The two processes X? and 6 take values in two measurable
spaces (X, B(X)) and (U, B(U)), where B(-) denotes the Borel o-algebra on the
underlying space.

For a generic V-valued random variable Y, we denote by Py = Po Y ! the
distribution on (¥, B(Y)) induced by Y. For simplicity, we slightly abuse the
notation to denote the space of probability distributions on (), B())) by P(}).
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Let f and g be (measurable) functions on {0, ..., T —1} x X xU x P (X xU) and
X x P(X), respectively, taking values in R. The performance criterion associated

to a control 8 is of mean-field type given by

T

Here Py g, means the joint distribution of (X2,0,) foru=1,...,T. The criterion
(2.1) has a continuous—time analogue studied in Acciaio et al. [2], which has the

form

T
J(0) = E{ [ g5 0 Py g Pxp]
0

for a continuous-time process X? = (Xf )tco,r)- In finite discrete time, a similar
criterion has been considered in Pham and Wei [52]. Although the authors also
develop a dynamic programming approach for solving that kind of problem, they
assume that the controlled process X is driven by i.i.d. innovations and work at
the more abstract level of probability distributions.

Now our task is to
maximise j(#) over all § € O, (2.2)

where © is a suitable set of F-predictable processes. Note that the functions
f and g in the criterion (2.1) depend explicitly on the laws Pxs g ., and Pxa,
respectively, and can be nonlinear. This makes the control problem (2.2) time-
inconsistent in the sense that the standard dynamic programming principle from
stochastic control does not apply. Our goal is to develop a method so that one
can still calculate an optimal strategy for problem (2.2) recursively. We end this

subsection with two examples.

Example 2.1. 1) Suppose that f(u,x,y,2) = f(u,z,y) and g(y, 2) = g(y). Then

(2.1) reads
{Zf u, Xy, 0,) + 9(X7) |

This recovers the standard stochastic control problem.

2) A specific example of an explicit dependence of f via Pye g, is given by

f(u7 Xg, Ous PXE,Ou) = h(@qu - E[@qu])
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for a function h, e.g. h(x) = —|z|P for p > 1 or h(x) = r(z™) for a “reward

function” r.

2.2 A deterministic dynamic programming principle

We state and prove here a deterministic dynamic programming principle (DPP)
for problem (2.2). The idea is to introduce and study a tail problem and relevant
quantities for each time t = 0,...,7T — 1, where both the criterion and the op-
timisation involve only variables from ¢t + 1 onward for t =0,...,7 — 1. We then
establish the promised deterministic DPP which asserts that the (optimal) value
of the tail problem at ¢ — 1 can be computed in terms of the solution to the tail
problem at ¢. If we can find an optimiser for the tail problem at ¢, then plugging
that into the value of the tail problem at ¢ yields the value of the tail problem
at t — 1. Because the tail problem for ¢ = 0 corresponds to our original problem
(2.2), the deterministic DPP yields in particular a systematic approach to com-
pute both the value, via the above backward recursion, and the optimal strategy,
by piecing together the above one-step optimisers, for the original problem (2.2).

To proceed, we follow Pham and Wei [52] and extend Lemma 3.1 from there
by allowing open-loop controls and working without an i.i.d. structure. For ¢t =
0,1,...,7T, define

O(t,0) :=={0 € ©:6=0on]o,{] NN}, (2.3)
T
08 = E| 3 fu X rgs) ot rg) 2a)
u=t+1
v(t,0) == sup j(t,0). (2.5)
6eO(t,0)

Note that (2.4) is an expectation, not a conditional expectation. Fix # € © and
t € {1,...,T}. The quantity j(t,g) on the right-hand side in (2.5) is affected
directly by ] only via gtﬂ, e 757’; this explains the name “a tail problem”. For
t =T, we use (2.5), ©(T,0) = {0} by (2.3) and the convention that any sum over

an empty set is 0 to get

U(T7 Q) = Sup j(Ta 5) = ](Tv 0) = E[g(Xie“’ PX%)]' (26)
0c{0}
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For t = 0, we use (2.5), (2.4) and ©(0,6) = © to deduce that

T
v(0,6) :supE[Zf(u,Xz,eu,PXg,gg+g<X§~,ng> =y (27)

0eo u=1

is the value of the (original) optimisation problem (2.2) and that v is independent
of 6.
To state and prove a dynamic programming principle, we collect a few abstract

conditions.

Condition 2.2. 1) The random variables f(t, X?, 6,, Py 4,) and (X4, Pxo) are
in L', and consequently j(t,0) < oo, forall@ € ©@ and t =1,...,T.
2) O(s,0) D O(t,0) for any § € © and s,t € {0,...,T} with s <*t.

Proposition 2.3. Suppose that Condition 2.2 is satisfied. Then for any 0 € O,

we have

o(t—1,0)= sup (u(t,0) +E[f(t,Xt5,5t,PXt9~’§t)]) (2.8)
feO(t—1,0)

fort=1,...,T.

Proof. We argue analogously to Lemma [.3.1. Fix 6 and 6 e O(t —1,0). For the
inequality “<” in (2.8), we first use Condition 2.2, 1), (2.4) and then (2.5) with
6 € O(t,0) to obtain

- 18) = E[f(t,Xf,%P 72

X
T ~ o ~
+ Y X000, Py ) + g(XT, Pyg)
u=t+1

< BUf (1. X7 8. Py )] + v(8.).

Taking suprema on both sides over € (¢t — 1,6) and using the definition (2.5)
of v(t — 1,0) yields “<” in (2.8).

For the inequality “>" let us denote by h(t,g) the quantity inside the su-
premum on the right-hand side of (2.8). We use v(t,8) = sup{j(t,0) : 8 € O(t,0)}
from (2.5) to find a sequence (8" ),en in O(t, 8) such that j(¢,0") 1 v(t,§) as n goes
to infinity. Because § € O(t—1,0) and 8" € ©(t,0) C O(t—1,0) = O(t—1,0) for
n € N by Condition 2.2, 2), we see that 6" is in ©(t — 1,6) for n € N. Moreover,
because an depends on @ only via 6;,...,0;, and 8 € O(t, 5) so that 8" and
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agree up to time ¢, we also obtain

—n
gt’P t@”’gzl)

f@3A§,&,PXg@)::f@,Xf, »

Using these facts, (2.4) and (2.5), we get

~ —-_n

B(t,0) = Tim (j(t,8") + E[f(t, X[,0, Pys 5)])
7

=n

et ) P)(f"ﬁ?)])

n

J
= lim (j(t,0") + E[f(t, X7,

n—o0

= lim j(t—1,0")

n—0o0

<w(t-1,0).

Since 0 € O(t — 1,0) is arbitrary, we can take the supremum over 6 to deduce
“>"1n (2.8). O

Proposition 2.3 shows that recursively solving the single-period problems given
on the right-hand side in (2.8) yields a solution to the original problem (2.2).
Because of the one-step nature of the problem (2.8), this represents an important
simplification which mirrors an analogue in (I1.3.5) in Chapter I. By the definition
(2.3) of O(t — 1,0), each 0 € Ot — 1,6) agrees with 6 on 10, — 1] " N. Then
the term inside the supremum in (2.8), denoted by h(t, 5), only depends on the
restriction of 6 to {1,...,¢ — 1}, and hence so does the left-hand side v(t — 1, 0).
Now fix # € ©. To compute v(t — 1,0), we still need to optimise the right-hand
side of (2.8) which depends on 6 € ©(t—1,6). Because 8, = 0, fors =1,...,t—1
and 6 is fixed, the value of h(t, 5) depends on ] only through 0,. Consequently,
it is enough to optimise over random variables 0, rather than over stochastic
processes 0. We then are able to simplify (2.8), as follows.

Fort = 1,...,T, §# € © and any JF;_;-measurable random variable ¢§;, we
define

Ol6) :=1{6,:0 € Ot —1,0)}, 6(t,8,) := (61,...,0,_1,5,). (2.9)

The last paragraph points out that v(¢,0) depends on 6 only through its first ¢
elements. We can then extend the definition of v by identifying v(t, 6(¢, §;)) with
any v(t, 1), where ¢ € © agrees with 0(t,0;) on ]0,t] NN, i.e., ©» € O(t, 0(t,0;)).
This extended definition is always assumed in the rest of this chapter. Since
the notation v(t,0(t,d;)) is clear enough, we do not make a separate definition.

Next, because X? is controlled by 6, X! depends on @ only via 6y,...,0; for
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t=1,...,T. As a result, we can define
X0 = X0 s=0,...,t—1 (2.10)
and rewrite the deterministic DPP (2.8) as

v(t—1,0) = sup <v(t,«9(t,5t)) + E[f(t,Xf(t"st),ét, Pos 5t)]>. (2.11)
5:e0ltl(0) ¢ '

Here we use the extended definition of v introduced before (2.10). The above is
now a sequence of single-period problems that we can solve backward in time,
starting with o(T,0) = j(T,0) = E[g(X%,PX%)]. More precisely, we need to
compute an optimiser for the one-step problem at ¢ and then plug that in to obtain
the value function at ¢ — 1. Repeating this step yields v(¢,6) for t = 1,...,T as
well as an optimal strategy 6*, by piecing together the one-step optimisers over

time.

Remark 2.4. For p € P(X xU) and p € P(X), we set

~

f(t,p) = flt,z,u, p)dp(z,u), t=0,...,T—1,
X xU

g(p) = /Xg(x, ) dp(z).

Using (2.1) and the notations introduced above, we can rewrite problem (2.2) as

T
maximise Z f(t, Pxo,) +9(Pxs) over 6 € ©,

t=1

and the dynamic programming principle (2.8) reads

o(T,0) = g(Pxg,),

v(t—1,0) = _ sup (U(t, o)+ f(t, PXfﬁt))
9O (t—1,0)

= sup (v(t, 0(t,6:)) + f(t, Pos) )> fort=1,...,T.
;€011 (0) e

Note that both ]/‘: and g are deterministic. If we define p’ = (pf)i=1_7 by
P! = Pxog fort =1,...,T, then viewing p’ as a (measure-valued) controlled pro-

cess turns (2.2) into a deterministic (measure-valued) control problem admitting

deterministic state variables (but not control variables). This is the perspective
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from Pham and Wei [52].

We end this section by presenting a deterministic version of the martingale
optimality principle. This is not used in the rest of the chapter; so the reader

may safely jump to the next section.

Corollary 2.5. Suppose that Condition 2.2 is satisfied. Then the following state-
ments hold:

1) For any 0 € O, the function t — v(t,0) + E[Zizlf(s,Xg,Hs,PXseﬁs)] is
decreasing.

2) Suppose that 0* € ©. Then 0* is optimal for problem (2.2) if and only if
the function t v v(t,0°) + E[>._, f(s, X7, 0* Pyo+ o.)] is constant.

s 778

Proof. 1) Due to the dynamic programming relation (2.8) and because 6 € O(t, 0)
from the definition (2.3), we obtain

U(tv 0) = sup (U(t + ]-7 5) + E[f(t + ]-7 Xz?—s—l) é;+1a PX§ §t+1)])
0co(t,0) s

>0t +1,0) + E[f(t + 1, X/, 0111, Pxy

t+1> 6t+1)]’

Adding E[Zzzl f(s, X200, Pxo 9,)] on both sides justifies the claim.

2) For notational convenience, we set
t
h(t,0) = v(t,0) + E[Zf(s,xg,es,zaxgﬂs) . ot=1,...,T.
s=1

Recall from (2.7) that vy := v(0,6) is the value of the original optimisation
problem (2.2) and is independent of 6. This yields vy = h(0,0) for any 6. So the

optimality of 8* is equivalent to

h(0,0%) = vy = {Zf u, X 05, Pxo o;) + 9(X7, Pyor) | = B(T, 67).

By part 1), we already know that h(t,0*) is decreasing in t. The above is then
equivalent to the constancy of h(t,6*) in ¢. This completes the proof. O
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3 Some results for linear—quadratic (LQ) prob-

lems

In this section, we study a specific class of problems like (2.2). Let us start by
providing a specific setup. Suppose that S = (S;)i—0 1.7 is an R%valued and
F-adapted stochastic process representing the discounted prices of d risky assets
in a financial market. This market contains in addition a traded riskless asset
whose discounted price at all times is 1. Let © be a suitable subspace of the set

of all R%valued, F-predictable processes. The notation
AXt = Xt_Xt—b tEN,

is used to denote increments of any discrete-time process X = (Xj)ten,. For

0 € O, we define the gains process to be
t t
Gy(6) :/ 0.dS, =) 6JAS,, t=0,...T
0 s=1

We use the standard convention that the sum over an empty set is always 0 so
that Go(0) = 0 for any 0 € ©.
In the control problem (2.2) to

T
maximise E[Z f(u, X80, Pxo0,) + g(X2, ng)l

u=1

over a set © of predictable processes, we let the controlled process X? be the
gains process G(6) and impose that f is identically 0 and g has a special linear—

quadratic structure

2
g(x, 1) = arx + bra® + o (/ zd,u(z)) +dp
X
for deterministic quantities ar, by, ¢y, dp. This leads more simply to
maximise E[GTGT(Q) + bT (GT<9))2] + cr (E[GT(Q)])Q + dT (31)

over a suitable class © of predictable processes. Throughout this section, we

take the dimension d = 1 for simplicity.
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3.1 Overview of ideas

In this section, we give an overview of the ideas we use here for solving the LQ

problem (3.1). We start by introducing a specific set © of strategies. Define

Og = {0 := (0;)¢=1.. 1 : 0 is real-valued, F-predictable and
0,AS, € L forallt =1,...,T}. (3.2)

Note that § € Og is equivalent to saying that G;(¢) € L? for t = 0,1,...,T or
also to supgc,<, |Gs(0)| € L* for t = 0,1,...,T. Let us consider the problem
(3.1) with ©® = ©g. To avoid abuse of notation, we reserve the notation v(t, )
for the value function of the general problem (2.2), whereas we denote by w(t, )
the value function of the LQ problem (3.1). The basic idea is to employ the

deterministic DPP to compute both w and an optimal strategy recursively.

Lemma 3.1. Condition 2.2 holds for problem (3.1) with the choice © = Og.

Proof. Fix 6 € Og. For Condition 2.2, 1), because of the explicit L(Q) expression
in (3.1), it is enough to show that arGr(0) + br(G7(0))* + cr(E[Gr(0)])? is in
L'. This evidently follows from Gr(f) € L? thanks to the definition (3.2) of Og.
Next we show Condition 2.2, 2). For s,t € {1,...,T} with s < ¢, we observe
from the definition (2.3) that any element in Og(t, ) agrees with 6 up to ¢ and
thus agrees with 6 up to s as well. Because Og(s,0) and ©Og(t,0) have the same
measurability and integrability conditions, we obtain ©g(s, ) D Og(t,0). O

Lemma 3.1 justifies that the deterministic DPP in Proposition 2.3 indeed
applies to the problem (3.1) with © = ©g. Moreover, the rewriting (2.11) (with

v replaced by w everywhere) yields a sequence of one-step problems

w(t—1,0) = sup w(t,@(t,ét)), t=1,...,T, (3.3)
sicol(g)

with 0(t,0;) = (01, ...,0;-1,0;) from (2.9), @[Sﬂ(@) given explicitly by
@[St](ﬁ) = {0, : 0, is real-valued, F,_;-measurable and §,AS, € L*} (3.4)
fort=1,...,7, and w(T,6(T,0r)), thanks to (2.6) and (3.1), given by

uﬂw@@»:wm&wm%m+MEN%@ﬂ%W1

+CT<E[GT(0(T, (5T))}>2 —|—dT. (35)
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Lemma 3.2. The set @[St](G) given in (3.4) is a linear space for allt =0,...,T
and 6.

Proof. This is immediate from its expression (3.4). O

We first sketch the idea for solving problem (3.3) for ¢ = T. Given 6 € Og,
the value function w(7T — 1, 0) is obtained by maximising w(T,0(T,dr)) over 7.
Note that in the expression (3.5) for w(T,0(T,dr)), the term G (0(T,dr)) is
linear in dr. Thus the quantity w(T, (T, ér)) is an affine—quadratic expression of
Gr(0(T,dr)) = Gr-1(0) + 6 ASy, and hence the first order condition (FOC) for
the optimisation of w(T,0(T,d7)) over o7 is affine. Plugging its solution back in
should yield that w(7T — 1,0) is again an affine-quadratic functional of Gr_1(9),
like w(T',0) of G(#), possibly with more complicated coefficients.

To gain more flexibility and yet focus on the one-step nature in (3.3), we next
present a solution technique instead of giving a general theory for (3.3). From

this perspective, we assume that w(t, 6(t,;)) has the general form

w(t,0(t,00) = aB 2.6, (010,6))] + B[ 2 (Gu 012, 6) ) |

2

+ ¢ (E[Zth(9<t,(5t))]) + dt, (36)

where ay, by, ¢;, d; are deterministic with b, # 0, (3.7)
and Z; is bounded, nonnegative and F;-measurable. (3.8)

For t = T, this looks like a spurious rewriting due to the terminal condition (3.5).
But it turns out that under extra assumptions, the affine—quadratic functional
form in (3.6)—(3.8) propagates back from w(t,8) to w(t — 1,0). Therefore, the
programme described above for ¢ = T should in principle be applicable to all
t € {1,...,T} and yield an iteration backward in ¢. Now we end this subsection
with a concrete programme for solving problem (3.3) at a fixed t = 1,...,T,
assuming that w(t, 6(t, d;)) has the structure in (3.6)—(3.8).

Recipe 3.3. 1); Write w(t,0(t,6;)) =: F;(d;) as a functional of §; explicitly and
derive a first order condition for optimality.

2); Possibly under extra conditions, solve the first order condition to obtain
a candidate maximiser 25; Then verify its optimality and plug it back into F; to

obtain an explicit formula for w(t — 1,6).
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3.2 Step 1);: Computing w(t,0(t,0;)) and deriving a first
order condition

Let t € {1,...,T} be a generic fixed time index. We implement Recipe 3.3, Step
1);. This requires a patient organisation of the terms in w(t, 8(¢,d;)), based on
which we derive a first order condition (FOC) for optimality.

We start with a natural assumption on the process S.
Assumption 3.4. The increment AS; is in L?.

Because of the condition (3.7) and (3.8) on the quantities Z;, ay, by, c;, As-
sumption 3.4 and the definitions (3.2) and (3.4) of Og and @g}(ﬁ), respectively,

we have that

Y is bounded for Y € {a;Z;, b, Z;, 1 Z; }, (3.9)
Gi_1(0), AS; and §,AS, are in L?. (3.10)

These two points are used frequently. In a first step, we express w(t, 8(t,d;)) in
terms of G;_1(0) (instead of G¢(#)) and d,.

Lemma 3.5. Suppose that Assumption 3.4 is satisfied. For 6 € Og, 0; € @51(9)
and w given by (3.6)—(3.8), we then have

w(t,0(t,6)) = E[a;ZGy1(0) + biZi(Go1(0))°] + e (B[Z:Gea(0)])” + dy
+1¢(), (3.11)

where

Tt(5t> = E[atZt(StASt + 2thth_1(9)6tASt + tht((StASt)Z]
+ QCtE[Zth_l(0)]E[Zt(5tASt] + Ct(E[Zt(stAStDQ. (312)

Proof. We first use the definition (3.4) of 6(t, ;) and the expression of the gains
process G(6) to obtain

Gi(0(t,6)) = Gy 1(6) + 5,AS,.

Inserting this identity into the formula (3.6) for w(t, 6(t,d;)) and squaring out
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yields

w(t,0(t,6,)) = ElaZ:G—1(0) + ;. 26, NSy
0 Zi (G (0))” 4 20, ZGy 1 (0)8: S, + 0, Z(8,15,)?]
+ ¢ (B[Z,Gi1(0)))? + 26, E[Z,G, 1 (0)| E[Z,6,A5))
+ cl(E[Z,6,\S,)) + d. (3.13)

Thanks to (3.9), (3.10) and the Cauchy-Schwarz inequality, we obtain that all
random variables inside the expectations in (3.13) are in L'. Therefore, we can
define r4(d;) asin (3.12) and group the terms in (3.13) according to the dependence
on J; to get (3.11). O

In view of the decomposition in (3.11), maximisation of &; — F3(d;) reduces to
that of §; — r,(d;). Based on this observation, we derive an FOC for maximisation
of the latter.

Lemma 3.6. Suppose that Assumption 3.4 is satisfied and (3.6)—(3.8) hold. If
0 € Og and 1, is given by (3.12), then any maximiser 3\,5 for o; — 1(8) is a

solution to the linear equation

5 — E[Z,ASy| Fi]
" E[Z(AS)?] Fid]
X (2% + Gi1(0) + %E[Zt(Gt_l(Q) + 6tASt)}). (3.14)

Proof. Let n, € @[St](ﬁ) be arbitrary. Using the optimality of 5 and (3.12) and

expanding the terms, we compute

0> ry(6, +m) = ru(d)
= E[athtASt ‘I— 2thth_1(0)T]tASt + thths\tT]t(ASt)Q ‘I— tht (T]tASt)Q]
+ QCtE[Zth_l(9)]E[Zt77tASt] + QCtE[ZtS\tASt]E[ZtT]tASt] ‘l— Ct(E[ZtT]tASt])2.

Because @[St](Q) is a linear space by Lemma 3.2, the random variable 27, is in
@g}(ﬁ) for every n € N. So replacing 7, by j:%nt in the above display, multiplying

by n and using the dominated convergence theorem (which applies because of
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(3.9), (3.10) and the Cauchy—Schwarz inequality) gives

0 = Ela,ZopAS; + 26, 2,Gy 1 (0)m NS, + 26, Z,0my (AS)?]
+ 2CtE[Zth,1(9)]E[ZtntASt] + 2CtE[Zt/5\tASt]E[Zt7]tASt]
=F [ZtﬂtASt (at + 2tht_1(8) + thgtASt

+26E[Z(Gea(0) + 5:08)]) | (3.15)

The second equality in the above display uses that ¢; is deterministic by (3.7).
Because (3.15) holds for all n, € @g](Q), we can take 1, = 1y for H € F;_ (this
uses that AS; € L? by Assumption 3.4) to obtain

0=E [ZtASt ((zt +26,Gy 1 (0) + 26,0, A8, + 20, E [ Z,(Gy1(0) + @ASQ]) ‘fH] .

Using (3.9), (3.10) and the Cauchy—Schwarz inequality, we obtain that each in-
dividual summand inside the above conditional expectation is in L' and has a
well-defined conditional expectation. So moving E[th&Zt(ASt)Q\ft_l] to the
left, taking out the JF;_;-measurable gt and dividing by 2b, thanks to b; # 0 by
(3.7) yields

—B[Zy(AS)?| Fi)dy = E[Z,AS,|Fi_i]

x (2% +Ga(0) + %E[Zt(Gt1(9> + &Ast)}).
By (3.8), Z; is nonnegative and bounded, and the Cauchy—Schwarz inequality
vields (E[Z;ASy| Fi_1])? < E|Z| Fi1]E[Z(AS;)?|Fi—1]. These two points in par-
ticular imply {E[Z;(AS;)?| Fi—1] = 0} C {E[Z;AS;|F;_1] = 0}. Hence we can use
the convention % = 0 and divide by the term —FE[Z;(/AS;)?|F;—1] on both sides
above to obtain that 0, is a solution to (3.14). [

3.3 Step 2);: Maximising &; — w(t, (¢, ;) =: Fi(6;) by solv-

ing a linear equation

In this subsection, we implement Recipe 3.3, 2);. In view of Lemma 3.6, max-
imising d§; — 7(d;) amounts to solving the linear equation (3.14). Because the
right-hand side of (3.14) involves an expectation of (a function of) the unknown
d¢, we multiply on both sides by Z;AS; and take expectations to get an auxiliary
equation now for the unknown E[Z;6;/AS;]. Solving that equation and plugging
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its solution back in (3.14) gives a candidate for a solution to the original equation

(3.14). However, carrying out the computation rigorously needs extra conditions.

Lemma 3.7. Suppose that Assumption 3.4 is satisfied and (3.6)—(3.8) hold.
1) If

E[ZtASt‘]:t,l]
BZ(A5)°1F ]
Ct (E[ZtASt|E_1])2
1+—F
by [E[Zt(ASt)Qf}—t—l]

Z,\S, € L?, (3.16)

1 # 0, (3.17)
then a solution &, to (3.14) exists and satisfies

~ ¢, [ E[ZAS)|Fii] -
B Z,0,AS;)| = —(1+ —F YAVAN
[ tYt St] ( + bt [E[Zt(ASt)2|E_1] t St

E[ZtAStLE_l]
E{E[zxmmm_ﬂ

ZyA\S;

« (za_ljt + G (8) + —E[Zth_1(9)])}

(1 e[ Enbsirelr) "

(E[ZtASt|ft_1])2 a;
E{E[Zt(ASt)"’m_l] (_

+ Gi-1(0)

Ezxplicitly, we have

SV AVNCAR A

. E[Z,/\Si|Fi 1] ( ;_btt F G () + z_Z(E[Zthl(H)] - et)), (3.19)

where e; is given by the right-hand side of the last equality in (3.18).
2) If, in addition,

be + ¢ E[Z;] < 0 and the solution 5 to (3.14) is in @g}(Q), (3.20)

then gt mazximises 0; — 1¢(0).
3) If the conditions (3.16), (3.17) and (3.20) are satisfied, then the resulting

value function w(t — 1,0) = w(t,@(t,gt)) from (3.3) has a similar structure as
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w(t,0(t,0:)) given in (3.6) in the sense that

w(t —1,0) = Elar 12 1G4 (0) + b1 Zi1 (Gr-1(6))]
+ o1 (E[ZiaGea(0) + dyy, (3.21)

where

(EIZASF- 1])2

Zior = BV L= iz as mF ) (322)
1 = at(l + Z—zE {( [[Z?igﬁfltﬂl . D (3.23)
bi—1 = by, (3.24)
e
s == (14520 Hﬁéiﬁi’ﬁtfi )

el rmasr) a2

Proof. 1) First we show that the right-hand side e; of (3.18) is well defined.
Indeed, the denominator in (3.18) is nonzero due to the condition (3.17). Also, the
right-hand side in the first equality of (3.18) is finite thanks to (3.16) and because
Gy_1(0) is in L? by (3.10). This also allows us to take conditional expectations
with respect to F;_; to obtain the second equality of (3.18). So we can construct
5 by inserting the right-hand side e; of (3.18) into (3.14) to replace the term
E[Z:6;AS;]. This gives the explicit expression (3.19) for 5. To verify that the
constructed &, indeed solves (3.14), we multiply both sides of (3.19) by Z,AS,.
Then (3.16) again allows us to take expectations on both sides and organise the
terms to obtain again (3.18). Therefore we can replace the term e; in (3.19) by
E[Z,8,A\S,], which shows that 8, solves (3.14).

2) Let us now argue that rt(gt) > r4(0;) for all 6; € @[Sﬂ(Q). To that end, we
write §; = 0; — ;5; + ;5; and note by (3.20) that ¢, — 25; is in @g](G) like 4, and ;5;
due to the linearity of @g](ﬁ) from Lemma 3.2. So we insert this rewriting into
the expression (3.12) for r;(d;), square out and reorder the terms as expressions
involving &, — 0, and &, only and use the first equality in the FOC (3.15) (with
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Ny = 0p — gt) to obtain

ro(87) = 14(8, — 8, + 0,)
= ElaZi(6, — 0) NS + a; 20, NSy + 20, Z:Gy 1 (0) (8, — 6,) NS,
+ 20 2y (0)0, S, + 0 Zu (85, — 81) AS)? + 20, Z4(8, — 8,)0,(AS))?
+ 0 Zo(0i NS + 26, E[Z,Gy 1 (0) E[Z,(6, — 8,) AS)]
+ 20, Z,Gy 1 (0)| E[ 26,05 + ¢ (B[ Z,(8, — 8) ASY))°
+ 20,E[Z,(8, — 8,) NS E[Z:0,ASy) + (B[ Z:6,ASy))?
= E[a,Zi(8; — 6,)AS; + 260, Z,Gy 1 (0) (8, — 81) NS,
+ 25, Zy(6, — 0,)0: (8] + 26, E[Z,Gor ()| EZy(6, — 0,) AS)
+2¢,E[Z,(6, — 8,) AS)E[Z8,AS) + E [0 Zi (8, — 8,)AS,)’]
+ o (BIZi(6, — 0)AS)” +74(0y)
— E[0iZ,((6 — 5)AS)?] + o (E[Zu(6r — 80)AS)) + 4(5)
< (b + G EIZ)E[Z,((6: — ) 08)7] +14(,)
< r(d).

The third equality also uses that the terms in the second equality involving only
5, indeed sum to 7, (5;) by the expression (3.12) for r,. The second-to-last line

uses the Cauchy—Schwarz inequality applied to the term

(E[Z:(0, = 0)AS))" = (EVZNVZ4(6, = 0)AS))”

and the non-randomness of b;, ¢; from (3.7). The last line uses b, + ¢, E[Z;] < 0
from (3.20). Because 5 € @[St](e) by (3.20) again, this verifies the optimality of
8, for 6, > 14(5,).

3) By (3.3) and the optimality of 0, from 2), we have w(t—1,0) = w(t, 0(t, S\t))
So we prove that the latter quantity has the functional form in (3.21), where the
quantities Z;_1,a;_1,b;1,¢—1,d;—1 are given in (3.22)—(3.26). First we use the
FOC (3.15) to simplify the expression for rt(gt). Indeed, we set 7, = 25; in the
FOC (3.15) to obtain

E[(a; + 26,Gi1(8) + 26, E[Z,Gy1(8)]) Zi61 ASH]
= —E[26,Z,(0,A8,)?] — 2c,(E[Z,6,A5)))2.

Then we organise the terms and factor out ZtZS\tASt in the expression (3.12) for
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rt(gt) and use the above identity to replace the quadratic terms to get

Tt(zs\t) =F [(at -+ thGt_l(e) + 2CtE[Zth_1(9)])Zt8}tASt:|
+ EbZ,(5,5)2] + ci(E[Z8, ASy])?

1 o~
=F K§at +0,Gr1(0) + CtE[Zth1(9>]> Ztétﬁst}

—E [bt(Q—bt + G (0) + th[Zth 1(9)])&E[ZtASt|E_1]] .

195

The last step uses b; # 0 by (3.7) and iterative conditioning on F;_; thanks to
§A\S, € L2 G,_1(0) € L2, and the boundedness of Z, from (3.20), (3.10) and
(3.8), respectively. Using the explicit expressions (3.19) for ¢, and then (3.18) for

the deterministic quantity e; yields

[ EaLsIT )

5) =E
ri(01) E[Z,(AS)?2| Fis

.y [c (B2 A5 HD? < “ G (0) + EE[Zth_l(Q)])et:

YE[Z,(AS)?| Fioa] \ 2b, by

E[Z(L8)2F-1) \ 20,

oo e EERE )

B s EIBITAN (40 + ptaGA0))

](;bt L Goa(0) + th[Zth 1(9)])

X (E[( [[ZtASt’Ft 1) (—+Gt (0) + th[zth 1(9)})})2.

EZ:(IS)? Foa] \ 20,

Note from the above display that r; (gt) is a sum of two squares. To make the

expressions lighter, we introduce the shorthand notations

= FE[Z,G,1(0)],
(EIZAS|F)?
=F [E[ZAASME_A GH“))} ’

(EZAS)F))
=F [E[Ztmst)%_ﬂ] |

(3.27)

(3.28)

(3.29)
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Using the notations (3.27)~(3.29) to square out the terms in r,(d;) yields

~ CLZ (E[ZtAStLE,l])Q 2 C2 aCy
6) =——+2z—FE|b G, (6 _ G2, B¢
— 2¢cyx
+e 1+ﬁz71 LS S U TN L g )
‘ by w2 TV T b YT b Y

We now use the explicit expression (3.11) for w(t,8(t,d,)), then the shorthand
notations (3.27)—(3.29) again and finally the above display to obtain

w(t, 6(t,6,))
— E[a, %Gy 1(0) + 0 Zi(Gy1(0))°] + c.(BIZGy1(0)]) + dy

+ri(61)
2
= aw + B0 Z(G1(0)°] + e + dy — ~- 2

4b,
(E[Z;\Sy| Fi_1])? 2} c? a.cy
—Fl|b Gy_1(6 — g gy — —ar — 2eux
[tE[Zt(ASt)QU-} 1]( -1(0)) b YT, Y

-1 a? a 2¢4
142 t 2,2 | Yt A2 =%
+c (+bt) (4b22+y+b22x+bty+ bQ +btyzm

-1
aC a a
:atx—aty—%zx—l—ct(l—irb—z) (bt +%2x)
t t t

2 15A t t—1 2
B (Goa0)') - Ep 22T 60

> ¢ o % 522 2ct
+ cpx” — b—zx —2cyr +c | 1+ —z Y+ L + b—yzx
t t

by b2
a? 1 g2
d, — 2 14 2,) e
+ dy 4btz+ct( —|—btz> 4bt22
= W, + Wy + W, + wy (3.30)

where w,, wy, w., w, each denotes one of the four lines in the third equality, re-
spectively. In the third equality, we use the fact from (3.27)—(3.29) that both
x and y are linear in G;_1(f) and z does not depend on G;_1(f) to reorder the
terms. More precisely, w, contains terms that are linear in G;_1(6), w, contains
terms that are linear in (G;_1(0))?, w. contains terms that involve products of
expectations of linear functions of G;_;(0), and w, does not depend on G;_1(9).

Now we simplify the terms in (3.30) for w,, factor out the term (1 + E—Zz)_l
and reinstate the explicit expressions (3.27)—(3.29) for z,y, z to obtain explicitly
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that

ac? aic
Wy, —at:v—aty—b—zx+ct 1+— —z +—z:v
t

:atx(l—Z—zz+<1 bt ) (Ctz)2) —aty( <1+ZZ> lz—zz)
_ (H;_ZZ)*(W@_;_ZZ #) a1+ - 22 )

el (1 e ltaann))

< (4~ Bissinn) )

~ o1+ e s )

X (E[Ztlﬂ-l] - (E?Z?zig?ftﬂ)ﬂ)cv&_l(e)]. (3.31)

The iterative conditioning in (3.31) is allowed thanks to the boundedness of Z;
from (3.8) and G;_1(6) € L? from (3.10). Similarly, we obtain

wy = E[0,Z(Gi1(0))°] — E

(E[Z, S| Fi_1])? 9
[th[zxAst)Zml] (G (6) ]

_  (BlZAS o)) :
- {bt (E[Zt'ﬂ‘” E[Zt(ASt)QIfH]) (G @) } (332)

In w,, we factor out the term (1 + £ ) ct, reinstate the shorthand notations

z,y, z from (3.27)—(3.29) and use the tower property thanks to the boundedness
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of Z; and G;_1(0) € L? by (3.8) and (3.10) to obtain

¢ o ¢ 522 2¢
we = ca® — Lza® —2qyr + | 1+ “, y? + = 52T+ ——Yyzx
by by b; by

-1
+5e)
<+btz Ct

Ct 0322

(1: —i—bta:' z—b—tzx —b—Qz:c —ny—QZ—zyxz

c? G
+yP+ 4 + 2—yza:)
62 b

—1
1+ ﬁz) c(r — y)2
by

(
Ct W ASHFi1])? 7\ L
(157 [(EE[[zf(AigftE]D ¢

< (£(z- Grmma s 6]

YAVCH W 21\ L
- (4 e ezias iz )«

X (E[(E[Ztm_l] - g[ﬁigﬁgtﬁl]i)Gt_l(e)Dz. (3.33)

Finally, we simplify the terms in w, and insert the explicit expression (3.29) for

z to obtain
a? 2 T2
—d, — -t 14+ = —t 2
Wy t 4bt2 + ct( + by z) 4b%z
d+ (142 B a; ai ¢ 220 a
= — - —z— —— Ct—s5%
! by 4b,"  Ab b, 42
o \ a2
=d—[(1+2 Tt
t ( "% ) ab°

()

E
a; [ (E[ZAS| Fi 1))
4th{ E[Z,(AS;)?| Fie 1]]

(3.34)

Inserting the expressions (3.31)—(3.34) for w,, ws, w., wy into (3.30) yields the
expressions (3.21)—(3.26) for w(t—1,0), Z;_1,a,-1,b;_1, ¢;—1,ds_1, respectively. [
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3.4 Summary and the missing ingredients

Lemmas 3.5-3.7 in the previous subsection finish the implementation of Re-
cipe 3.3. We now summarise the key aspects.

The problem of interest is to
maximise E[arGr(0) + by (G(0))°] + e (E[Gr(0)])” + dr over 6 € s,

where ar, by, cr, dr are deterministic and Og is the space of all F-predictable pro-
cesses such that the associated gains processes have square-integrable increments.
The deterministic DPP in Proposition 2.3 and its rewriting (2.11) yield that it
is sufficient to solve the sequence of single-step problems (3.3)—(3.5). We then

develop a technique in Recipe 3.3 to optimise a general affine—quadratic objective

e w(t,0(1,8)) = ElaZiGu(6(t,6)) + b Z (Gu(6(t 60))2]

2
+ ¢ (E [Zth (6(t, (515))}) + dt,
where ay, by, ¢;, d; are deterministic with b; # 0,

and Z; is bounded, nonnegative and F;-measurable,

with respect to a single (random) variable §;. Indeed, formal calculus of vari-
ations yields a first order condition (3.14) which can be solved explicitly as
in (3.19) and gives an affine—quadratic objective w(t — 1,0) with coefficients
Zy1,0;-1,bi_1,¢i_1,d;—1 completely analogous as in the above display. Moreover,
these coefficients satisfy recursive relations given in (3.22)-(3.26). Therefore,
Recipe 3.3 or more precisely Lemmas 3.5-3.7 can be viewed provisionally as a
solution technique for our problem (3.3) by iterating Recipe 3.3 backward in
time.

However, there are several missing ingredients. The implementation of Re-
cipe 3.3, Step 2); requires the conditions (3.16), (3.17) and (3.20) fort =1,...,T.
In addition, the coefficients Z; 1, a;_1,b;_1,¢;—1,di—1 in w(t — 1, 0) need to satisfy

analogous properties as in (3.7) and (3.8), namely that

a;_1,bi_1,¢i_1,d;_; are deterministic with b; # 0, (3.35)

and Z;_, is bounded, nonnegative and F;_;-measurable. (3.36)

These conditions and properties should be verified in principle by backward in-

duction and so depend specifically on the terminal conditions Zr, ar, by, cr, dr.
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Since the present section focuses on demonstrating the methodology, we study

the verification of these conditions later in a concrete application.

4 Application to the MVPS problem

4.1 Problem formulation

A classic example of problem (2.2) and (3.1) is the mean—variance portfolio selec-
tion (MVPS) problem. We briefly present this problem below and refer to Section
[.2.1 for a detailed exposition.

Let (£, F, P) be a probability space with a filtration F = (F;);—01,. 7. Sup-
pose that S = (S;)i=01,..7r is an F-adapted and R valued stochastic process
representing the discounted prices of d risky assets in a financial market. We
take d = 1 for notational simplicity. Results in higher dimensions only in-
duce more notations, but do not need substantially new ideas. Let © be a suitable
set of F-predictable processes standing for investment strategies. For a generic

risk tolerance parameter & > 0, the MVPS criterion is
J™(0) = E[Gr(0) = £(Gr(6) — E[G(0)])]. (4.1)
and the MVPS problem is to
maximise j™ () over all § € ©. (4.2)

Note that problem (4.2) is not a standard stochastic control problem due to the
appearance of a quadratic term in the expected final gains, as pointed out in the
earlier chapters. Instead, the criterion j™ is of the form (2.1). Indeed, define the
functional g™ : R x P(R) — R by

g™ (v, p) = o — §<m — /de,u(z))Z.

Then comparing with (4.1) leads to j™(0) = E[¢g™(Gr(0), Par@®))]-
Let us now give more details for problem (4.2). Recall from (3.2) the space of

strategies

Og = {0 := (0;)=1,. 1 : 0 is real-valued, F-predictable and
O,AS, € L* forallt =1,...,T}. (4.3)
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Our goal is to obtain a dynamic description of the globally optimal strategy pmv
for problem (4.2) with © = Og.

4.2 Applying the results for the LQ problem

In this subsection, we discuss the problem (4.2) with the choice of © = Og and
connect it to the general results obtained for L(Q problems in Section 3.
Comparing the MVPS problem (4.2) with the general L(Q problem in (3.1)
both with ©® = ©g leads to the observation that the MVPS problem is a special
case of the latter with ar = 1,bp = =&, ¢r = &, dpr = 0. We recall the structural
properties (3.3)—(3.5) for the value function w there and relabel w here as v™" to

deduce a sequence of one-step problems

v™(t—1,0) = sup vmv(t, 0(t, 5t)), t=1,...,T, (4.4)
sccelll (o)

with o™ (T, 0(T, dr)) having the form (3.6) as

o (10T, 00) = B[aZrGr(0T.00) + 1 Ze (Gr (0T 61) ) |

+Cr (E [ZrGr (6(T, 5T))})2 +dr, (4.5)

where

Zr=1, ar=1, bp=—¢ @r=¢ dp=0. (4.6)

To use the results from Section 3, we introduce some relevant quantities. In view

of the recursive formulas (3.22)—(3.26) and the terminal condition (4.6), we define
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processes Z ,a, g, c, d by

(BE[Z,AS|Fii])? =

~t7 = ~t t—1] — —= ——, Zr=1, )

Zy_1 = E|Z|Fi_1] EZAB5.) o] r=1 (4.7)
~ ~ -1

at—l :at(1+gE|:(ELZtASt‘ft1])2:|) ’ aT — 17 (48)
by LE[Z{(AS:)?|Fi-i]

/51‘,71 :Eta gT = —¢, (4-9>
~ ~ -1

Et—l :a<1+%E|:(ELZtASt|‘E—1])2]:|> 7 ET:§7 (41())

d 1 =d, — (1 +%E l*?[ZASt]]:th)l

E[Z{(AS)?| Fiq
(
E[Z,(AS)2|Fiy
[

(4.11)

@ [( Z, S| F 1])] i
ab, LE[Zi(DS)2Fod] ‘

Now we need to implement Recipe 3.3 or Lemmas 3.5-3.7 in our special case
and provide the missing ingredients pointed out in Section 3.4. Specifically, trans-
lating Lemmas 3.5 and 3.6 needs that every AS, is in L? and the quantities
Zt, ag, bt, Ct, dt are well defined. If we can prove this, then we can immediately state
the corresponding results for Lemmas 3.5 and 3.6 by replacing (Z;, ay, by, ¢y, dy)
there with (Zy,ay, by, &, dy) given in (4.7)~(4.11). Finally, we need to verify the
conditions (3.16), (3.17), (3.20), (3.35) and (3.36) all with (Z;, a;, by, ¢4, d;) re-
placed by (Z,ﬁt,gt,a, cAZ;) Observe from (4.7)—(4.11) that the processes ﬁ,g, c, d
depend crucially on the process Z. So we analyse this process first. These tasks

are summarised in the following recipe.

Recipe 4.1. 1) Show that the process 7 is well defined.

2) Show that the processes a, E, c, d are well defined and translate Lemmas 3.5
and 3.6 accordingly.

3) For each t = 1,....,T, verify conditions (3.16), (3.17), (3.20), (3.35) and
(3.36) with (Z¢, az, by, ¢, dy) = (Zy, @y, by, G, dy).

4.3 Step 1): Well-definedness of the process Z

In this subsection, we implement Recipe 4.1, Step 1). Namely, we prove that the
process Z recursively defined in (4.7) is well defined. Assumption 3.4 requires
that AS, for a fixed t is in L?. It is natural to impose that the entire process S

is square-integrable.

Assumption 4.2. The process S is square-integrable, meaning that S, € L? for
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t=0,1,...,T.

We first give some properties of Z from the recursion (4.7). To simplify the

exposition, we define

T

Ur =[] <1 _ _BllAS|F] ASu>, (4.12)
et E[Z,(ASy)?| Fui]

with the usual convention that a product over an empty set is 1. In particular,

ﬁT—f—l,T =1.

Lemma 4.3. Suppose Assumption 4.2 is satisfied. Then we have fort =1,...,T
that

Zy_y is well defined and has values in [0, 1], (4.13)
Uz is well defined and in L?, (4.14)
~  E[ZAS|F
t+1,T ~[« (A5 Fi] Sy € L?, (4.15)
B(Z( D521 F ]
Zt,1 - E[Ut’T’f.tfl] - E[(Ut,T)ﬂftfl]- (416)

In consequence, Condition (3.16) is satisfied with Z; = Z fort = 1,...,T.

Explicitly, this means that we have

E[Z,\S,| Fi_i]
E[Z,(AS)?| Fii]

ZAS, e L? t=1,...,T. (4.17)

Proof. This result is formulated differently in Schweizer [62, Lemma 3]. For
completeness, we give a proof here. Let us argue (4.13)—(4.16) by backward
induction. Recall the convention that % = 0. For t = T, using Zr = 1 and the

Cauchy—Schwarz inequality in the recursive definition (4.7) for Z vields that

(E[ASp|Froi])?

Tr1=1—
! E[(AST)?| Fr-]

has values in [0, 1].

This establishes (4.13) for the base case t = T and also shows (4.14) for t = T,

i.e. U is well defined and in L?. Now we consider

E[Zr NSt Fr_i] _ E[ASr|Fr]

= = ASr=1-TU 4.18
T E[ZT(AST)QlfT_l] T E[(AST)2’FT—1] T T ( )

and claim that E[YZ|Fr_;] < 1. This then yields (4.15) for ¢ = T'; note that



204 III A deterministic DPP for MV control problems in finite discrete time

ﬁT+1,T = 1. To justify the claim, we use the fact that the conditional expectation
of a nonnegative random variable always exists and take out the F7p_;-measurable

quantity to get

(E[ASp|Fr_1])?
(E[(AST)?Fr-1])?

(E[ASp|Fr_1])?

EY{|Fr] = T E[(ASr)?Fr]

E[(ASr)?| Fr]

(4.19)

The Cauchy—Schwarz inequality then yields the desired claim. Next, because both
Yr and ASy are in L?, a similar conditioning argument gives that E[Yr|Fr_q] is
equal to the right-hand side in (4.19) and hence is equal to E[YA|Fr_]. In view
of (4.18), the fact that E[Yr|Fr_1] is equal to the right-hand side in (4.19), and
the recursion (4.7) for t = T with Zp = 1, we get

_ (BASHFra))® 5
E[(ASr2Fra] T

E[Upp|Fr_i]) = E[1 = Yp|Fr] =1

This yields the first equality in (4.16) for ¢ = T. Using (4.18) and the identity
E[YT’]:T—I] = E[YJZ‘FT_l] from (418) and (419), we get

E[(1 — Upp)?|Fr_i] = E[Y2|Fr_1] = E[Yr|Fr_1] = E[1 — Upp|Fr_i].

Squaring out the terms yields the second equality in (4.16) for ¢ = T, namely
E[Ury|Fr-1) = E|(Urr)?| Fri).

Suppose now that (4.13)—(4.16) are satisfied for t+1. We justify the induction
step for (4.15), (4.14), (4.16) and (4.13) all for ¢ in order. Consider

v E|Z,AS| Fi_1]
t -— Ug1,T ~
E[Z,(AS)2|Fii]

and note that Y; is not F;-measurable. Similarly to the base case, we use the tower

property, (4.16) for ¢ + 1 from the induction hypothesis and the tower property
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again to get

E[Y?|Fo1] = E[EY?|F]|Fia]
E[Z,/\S)|F,_ 2
=E[E 2l ( ELZLS i Ast) ftl]
E[Zy(AS)?| Fi]
2
E{Zt< BIZiASFioi] ASt> ]—"t_l}
B[Z{(ASy)2| Fei]
_(E] ZtASt|}} 1)?

(4.21)
- BlZ(AS)?Fia)

Applying the Cauchy—Schwarz inequality and (4.13) for ¢ + 1 to (4.21) gives

M\)—l
l\]\)—l

(E[Z,
E[Z

In particular, this implies E[Y;?] < 1 and hence gives (4.15) for ¢. The definition
(4.12) for U, yields the identity

NS Fi-1])?

EY7|Fia] = S\ F ]

< E[Z|F1] < 1. (4.22)

7
(A

~ = ~ E[Z,AS|Fi] .
Ur = Urir = Urpir——= ASy =Uppir — Yz (4.23)
E[Z,(AS)?| Fi]

In particular, this shows that (~]t7T is well defined because (7,5+1,T and Y; are. The
additional property ﬁtj € L?in (4.14) for t then follows from the middle equality
in (4.23), the just proved property (4.15) for ¢, and the induction hypothesis (4.14)
for t + 1.

The recursion (4.7) for Z,_; and (4.21) yield Z,_, = E[Z,|F,_1] — E[Y2|Fi_1],
and thus Z,_; is well defined. We also obtain that 7, ; < E[Z|.7—"t,1] < 1 due to
the induction hypothesis (4.13) for ¢t 4+ 1. The remaining assertion in (4.13) for ¢
is that Z,_, > 0, which is a consequence of (4.16) for ¢.

We turn to proving (4.16) for ¢. Due to (4.22) and Assumption 4.2, both Y;

and AS; are in L% So we can repeat the steps in (4.21) to compute (with now
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Y; instead of Y;?)

EYi|Fi] = E[EY)|F]|Fi]

E[Z,\S,|F,
= E{E Ut+1T’ t [ L t| - 1] St ftl}
E[Z,(AS,)?| Fii]
:E{Zt BIZASIF] p ft_l]
Bl Zy(AS: ) Fioi]

(E[ZtAStU'—t 1))

 EBIZ(AS)?|F]
= B[Y?|Fi). (4.24)

The conditioning in the second equality uses that (7H17T € L? from (4.14) for
t 4+ 1, and the conditioning in the second-to-last equality uses that ZtASt e Lt
by Z; € [0,1] and AS, € L2. The first equality in (4.16) for ¢ is now a direct
consequence of (4.23), the second-to-last equality in (4.24), (4.16) for ¢t + 1 and
finally the recursion (4.7) for Z,_; via

| = ElY}|Fi]
(E[Z:AS | Fi1])?
E[Zi(ASy)2| Fii]

E[Uyr|Fi-1] = E[Upr 7| Fia

— E[Z|Fi4] -

=Zi-1.

Using (4.23) repeatedly, then iterative conditioning and finally invoking (4.16)
for ¢t + 1 and (4.24) yields

[Ut2T|]:t 1] = [(Ut+1T—Y2)2|ft 1]

BB} 141 F| Fier] = 2B [Eecr VI F| Fiod] + B2 Fic]
E[Uss1,0|Fia] = 2B[Yi| Fia] + E[Y|Fii]

E[U,.7|Fi1)-

This gives the second equality in (4.16) for ¢. The second-to-last line uses the
tower property and the identity

E[Z,AS)| Fii]

E[Ups1,rYiF) = E[U, %
Ui1,rYe|F) = E| +1T| Fi] E[Z/(AS)2| Fii]

AS; = E[Y;|F]

due to the definition (4.20) for Y;, the second equality in (4.16) for ¢ + 1 and
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(4.20) again. This completes the proof of (4.13)—(4.16).
Finally, Condition (3.16) for Z, = Z; reads explicitly in (4.17) as

E[Z,AS| Fi_1]
E[Z(ASy)?|Fi]

7,\S, € L2

But because 0 < Z, < 1 by (4.13) for ¢ + 1, we obtain as in (4.22) that

(s pos) ] <ol et s
_ (E[ZAS|Fia)?
E[Zy(LS))?| Fii)
<1
0

The next result immediately follows from the construction of Z. Tt has appar-
ently not been noticed in Schweizer [62], but analogous results appear for instance
in Cerny and Kallsen [17, Corollary 3.4] or Jeanblanc et al. [38, Lemma 1.5].

Corollary 4.4. Suppose that Assumption 4.2 is satisfied. Then the process Z
defined by (4.7) is a submartingale.

Proof. Due to (4.13), we have Z, € L'. Moreover, the recursive formula (4.7)
yields Z,_y < E[Z,|Fiq] for t =1,...,T. O

4.4 Step 2): Translating the results for the LQ problem

In this subsection, we implement Recipe 4.1, Step 2). Namely, we show that the
deterministic processes 5,5, c, d are well defined and then translate the results in
Lemmas 3.5 and 3.6 to the present setting.

To make the expressions in (4.14)—(4.16) lighter, we introduce a process  via

8 i E[Z,AS|F,_1]
t = = )
E[Z{(AS)? Fi]

t=1,....T. (4.25)

Note that if Z is deterministic, this would coincide with the process X from
Chapter I; see (1.3.17), (1.3.10) and (I.3.9). Under Assumption 4.2, the process

B is also well-defined with the convention 8 = 0 because Z is well defined by
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Lemma 4.3 and as in (4.22),
(E[ZASIFia))? < ElZFia| E[Zi(AS)? | Fii]
due to the Cauchy—Schwarz inequality. Using (4.25) and (4.17), we get

(E[Z,/\S| Fi1])?

ZtﬂtASt € Ll and E[ZtﬁtASt‘Efl] = = .
ElZ(AS)21F]

(4.26)

The property (4.26) allows us to write the recursive definitions (4.7)—(4.11) more

lightly as
Zi1 = BlZ,(1 = BAS)|Fia],  Zp =1, (4.27)
=T (1 + %E[Z@A&]) Y (4.28)
by =by,  bp=—¢ (4.29)
G =G (1 + %E[ZﬁtAStD _1, or =¢, (4.30)

dt—l - dt - (1 + ACTtE[ZtBtASt]> %E[Ztﬁtﬁ‘s’t], dT - O (431)

¢ ¢
Moreover, we also write (4.12) as
T

o1 S (- )

u=t

Now we show that Et,gt,gt and c?t are well defined for ¢t =0,1,...,7T. By the
definitions in (4.8)—(4.11) of these quantities, it suffices to show for t = 1,...,T
that B

1+ %E[Z@Asg £ 0. (4.32)

t
Note that this is simply the condition (3.17) in our special case which needs to
be shown anyway in view of the discussion in Section 3.4. To establish (4.32), we

need a further assumption.

Assumption 4.5. 1) The space Og satisfies Assumption 1.2.2, 2) which says that
the L?-closure of Gr(Os) does not contain the constant payoff 1.

2) The process S satisfies the structure condition (SC), meaning that the
process (E[AS|Fi—1])i=1

7 is absolutely continuous with respect to the process

-----
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(var[ASt|ft—1]>t:1 ..... T-

We recall from (1.3.14) that Assumption 4.5, 2) implies for t = 1,...,7T that
E[AS|F,_1] < Var[AS;|F;_1] in the sense that

E[AS|Fii] =0 on {Var[AS,|F_] = 0} (4.33)

Lemma 4.6. Suppose Assumptions 4.2 and 4.5 are satisfied. Then the following
statements hold:
1) E[Z] >0 fort=0,1,...,T.
[ | _ _
2) .= B fort —NO,l,...,T, and (4.32) holds fort=1,...,T.
3) The quantities ay, by, ¢; and dy are well defined fort =0,1,...,T.

Proof. 1) Delbaen and Schachermayer [23, Lemma 2.1| asserts that Assump-
tion 4.5, 1) is equivalent to the statement that the set of signed G (Og)-martingale
measures (see (1.3.22) for the definition) is nonempty, under which the result
E[Z)] > 0 for t = 0 is deduced from Corollary 4 and Theorem 5 in Schweizer [62].
Fort =1,...,T, we use the submartingale property of Z from Lemma 4.3 to get
E[Z)] > E|Z,) > 0.

2) For convenience, we introduce a process h by h; = % fort =0,1,...,T,

which by the recursions (4.29) for b,_; and (4.30) for ¢,_; satisfies

~ ~ -1
h,t,1 - Et—_l = g <1 + gE[ZtﬁtASt]) = ht(l + htE[ZtﬁtAStDil (434)

b1 by t
whenever 1 + %E[ZﬁtASt] # 0. We prove that h; = _E[l'z“} fort =0,1,...,T
and (4.32) for ¢t = 1,...,T by backward induction. For ¢ = T, the identity
| . .
hr = Bz immediately follows from
c 1
bT _g E[ZT]

thanks to the terminal conditions Zy = 1,by = —&, & = € in (4.27), (4.29) and
(4.30). Note that E[ASr|Fr-1] = 0 on {Var[ASr|Fr_1] = 0} from (4.33) and

the convention % = 0 yield

(E[ASr|Fra])? (E[AST|Fr])?

- <1 P-as.
E[(AS V1 Fra] — Var[AS:|Fra] + (B[DStFra))? "
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Combining the above with Zp = 1,ZT ==& cp =&, we get

o [(BlZrASe|Fra))®] L [(E[ASr|Fri])?
+E)TTE E[ZT(AST)2|FT_1]:| - {E[(AST>2|'FT—1]:| v

This proves condition (4.32) for t =T.

Suppose now that h; = —ﬁ and (4.32) holds for ¢. Then the identity
(4.34) for hy_; is true. Using (4.34), the identity h; = —ﬁ from the induction

hypothesis and the new recursion (4.27) for Zy_1, we get

ht,1 = ht(l + htE[ZtﬁtAStDil

1 1
 BlZ)1~ g ElZA.AS)
1
© E[Z(1-BAS)
1
 ElZ]

Next, we use the definition h; = %, plug the above equality back into the left-
hand side of (4.32) for t and use the new recurrence relation (4.27) for Z,_; and
E[Z,] > 0 from part 1) to obtain

1+ 2BZ,B,AS)] = 1+ hE[Z,5,A8)]
t

1 -
=1- E[Z]E[ZtﬁtASt]

E[Z(1 — BASy)
A

This proves (4.32) for t — 1.

3) This is an immediate consequence of part 2) and the definitions (4.28)-
(4.31) for @,b,c, d. O
Corollary 4.7. Suppose Assumptions 4.2 and 4.5 are satisfied. Then the process
a given in (4.28) satisfies fort =0,1,...,T that

TR S (4.35)
by E[Z]
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Proof. The second equality in (4.35) is obtained in Lemma 4.6, 2). We prove
the first equality in (4.35) by backward induction. The base case for (4.35) reads
ar = —%—;, which is clear from ap = 1,bp = —&,&p = £ given in (4.28), (4.29)
and (4.30). Now suppose that a; = _E is true for ¢. Then the well-definedness of
@, b, from Lemma 4.6, 3) allows us to use the recursions (4.29) for b,_; and (4.30)
for ¢;_1, the induction hypothesis (4.35) for ¢ and finally the recursion (4.28) for

a;—; to obtain

- 1 ~ -1

Cr ~ Ct o177 a

=1 = > (1 + = E[ZtﬁtASt]) = _at<1 + g—tE[ZtﬂtASt]) = —0t-1-
t

bt—l t t

This completes the induction step and hence proves (4.35). O

In view of the discussion before Recipe 4.1 and the well-definedness of the
quantities Z ,’d,g, c, d from Lemmas 4.3 and 4.6, we can now mechanically imple-
ment Recipe 3.3, Step 1), for t =0,1,...,T.

Proposition 4.8. Suppose Assumptions 4.2 and 4.5 are satisfied. Fix a time
te{l,...,T}. If0 € Og, 0, € @g](Q) and v™ satisfies

o™ (£,0(t,6,)) = E[’dtZGt(é’(t,ét)) 07 (Gt (o(T, 5t)))2]
+G (E [Z,G,(0(T, 59)})2 +d, (4.36)

where Zt,at,zt,a,ci are given by (4.7)—(4.11), (4.37)

then the following statements hold:
1) We have

V™ (4,0(t,6,)) = E[a1Z:G-1(0) + 02y (Go-1(0))] + & (BIZ,Geor(0)])” + dy
I (5), (4.38)

where

i (8) = BlaiZi0 NSy + 20, 2,Gy 1 (8)6,AS; + by Z(8;1A51)?
+ 26, E[Z,G 1 () E[Z:6,A8)) + &(E[Z8,AS))?]. (4.39)
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2) Any maximiser for §; — r™(8;) is a solution to the linear equation
 E[ZAS|Fi]
B{Z,(AS )
a. o
X (Tt + G (0) + = E[Z, (G (0) + (mst)}) : (4.40)

t t

A solution gt to the linear equation (4.40) is explicitly given by

~  EZAS|F) (G G .
’ E[Zwst)?m_l](za*Gt*(‘“a (BUAG A0 + t))’ )

where €; is given by

(i)

E |i<E[ZtASt|ft—1])2 (E G (9)
ElZ(AS)Fa \a,
n ZE[zth_lwn)] (4.42)

and satisfies ¢; = E[Z&Ab}].

Proof. Parts 1) and 2) are translated from Lemmas 3.5-3.7. Indeed, (4.38)—(4.40)
are translated from (3.11), (3.12) and (3.14), respectively. To do the translation
properly, we need to verify that the proposed form (4.36), (4.37) of v™ satisfies
(3.6)—(3.8). Obviously, the affine-quadratic structure in (4.36) is the same as
(3.6). To verify (3.7) and (3.8), we observe from the recursive relations (4.7)-
(4.11) for Z,&t,gt,gt, CZ that @,gt,a, (Z are deterministic, Zt = ET = —¢ #0 and
Zy is Fi-measurable. By (4.16), Z, also has values in [0, 1] so that it is nonnegative
and bounded.

Finally, we apply Lemma 3.7, 1) with (Z;, az, by, ¢, dy) = (Z,ﬁt,gt,a,gt) to
solve the linear equation (4.40) and obtain (4.41) and (4.42). Thanks to (4.17),
we have (3.16) with Z, = Z,. By (4.32) argued in Lemma 4.6, we also have
(3.17). Therefore, Lemma 3.7, 1) can be applied as desired; (4.41) and (4.42) is
then translated from (3.19) and (3.18). O
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4.5 Step 3): Fulfilling the missing requirement

Having Proposition 4.8, we can complete the implementation of Recipe 4.1, Steps
1) and 2). To implement Recipe 4.1, Step 3), what needs to be done is to verify
the conditions (3.16), (3.17), (3.20), (3.35) and (3.36) with (Z;, a;, bs, ¢4, d;) there
equal to (Zt, ay, bt, Ct, dt) These conditions are explicitly given by

BlZASFi] Z,\S, € L2, (4.43)
BZ{(AS)?| Fi-a]
& [ (EIZASFiA)?

= = # 0, (4.44)
by LE[Z{(AS;)?|Fi-i]
by + & E[Z] < 0 and the solution d; to (4.40) is in @g} (), (4.45)
1, bi_1, i1, dy_1 are deterministic with b, # 0, (4.46)
Z,_1 is bounded, nonnegative and JF;_;-measurable, (4.47)

fort =1,...,T. Note that (4.43) is already given by (4.17) and (4.44) is proved

by Lemma 4.6, 2). In Corollary 4.7, we also obtained a; = - = m which
yields the first half of the condition (4.45) because

by + G E[Z)]) = by(1 — @, E[Zy)) = 0.

Moreover, the conditions (4.46) and (4.47) have been established in the proof of
Proposition 4.8. So among the conditions (4.43)—(4.47), it only remains to prove
the second half of (4.45).

Let us take a quick look at this condition. We recall from (4.41) that

~ E[Z,AS|F] (@ P _

5= - S (S G0+ 2 (BIEG0)] 4 7))
E[Z(AS)?| Fio1] \2b; by

for a constant e; given in (4.42). So the second half of (4.45) for ¢ = T reads

equivalently

( E[ZpASr| Fr_i]
Bl

2
= ASTGT_l(Q)) e L'
Zp(AST)?| Fr_]

This is satisfied because E[(E[Z[Z&A;T)‘;T]T__ L ASp)2|Fr_y] < 1, as argued in (4.18)
T

and (4.19), and Gr_(0) € L? due to 6 € @S For a general ¢, we have no control

E[ZtASt‘]: 1 :
T ATN AL I;t— ]ASt, while the other factor G;_1(0) is only known

to be in L? due to the arbitrariness of . At present, we can only proceed in

over the factor

implementing Recipe 4.1, Step 2) by leaving the above condition (i.e., the second
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half of (4.45)) as an extra assumption.

Proposition 4.9. Suppose Assumptions 4.2 and 4.5 are satisfied. Fix 0 € Og
andt € {1,...,T}. Ifv™(t,-) is of the form (4.36) and (4.37), then the following
statements hold:

1) Suppose that

the solution d; given in (4.41) and (4.42) satisfies 5 AS, € L. (4.48)

Then a mazimiser for 6; — ri"™(d;) exists and is in @[St](ﬁ). It is a solution to
(4.40) and given explicitly by 0, in (4.41) and (4.42).
2) If (4.48) is satisfied, then the resulting

vt —1,0) = sup  o(t,0(t,8)) = v"™(t,0(t,,))
s.c0l (o)

from (4.4) is also of the form (4.36) and (4.37). Precisely, we have

V(= 1,0) = E[a1 201Gy 1(0) + b1 Zi1(Gy1(0))]
+ 1 (BlZ G (0))° + d, (4.49)

where Z_l,a“t_l,'ét_l,a_l, di_y are given by (4.7)—(4.11), namely

(E[Z:L 81 Fia))?

Zy 1 = BlZ|Fia] — —= , (4.50)
E[Z,(AS)?| Foa]
ap 1 :at (1+2E|:(E?tASt‘El])2:|)l (451)
- by LE[Z(AS)?|Fyi] ’
by = by, (4.52)
c -z (1 Lap [(E[AZtAsAfH])T ) N (4.53)
b LE[Z{(AS)?|Fi]
G = (14 Lp[EABSITCIT) -
by ?[Zt(ASt)ﬂE_I]
x E_?E|:<E[ZtASt|ftl])2:| (4 54)
4b,  LE[Z(AS)?|Fia]) '

Proof. Thanks to the extra assumption (4.48), the conditions (3.16), (3.17) and
(3.20) with (Zy, az, by, ¢, dy) = (Z,a’t,?}t,a,&;) are satisfied. So Lemma 3.7,
2) and 3) can be applied and translated into the desired results. The iden-
tity (4.49) is from (3.21). The recursions (4.50)—(4.54) are (3.22)-(3.26) with
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(Zy, ag, by, ey dy) = (Z,Et,gt,a,cz), which obviously agrees with the definitions
(4.7)~(4.11) of Z,,ay, by, ¢, dy. O

4.6 Complete recursion and solution for the MVPS prob-

lem

In this subsection, we apply the results from the previous two subsections to solve
the MVPS problem (4.2) with © = Os.

We first recall from (2.5) with v = v™,j = 7™, O(t,0) = Og(t,0) and the
expression (4.1) for 7™ that

V(L 0) = sup  E[Gr(0) — &(Gr(0) — E[Gr(0)])"] (4.55)
0eBO5(t,0)
for t =0,1,...,T. Combining this with (4.4), we need to solve the sequence of

problems

v™(t,0) = sup 0™ (E+1,0(t+1,041)), (4.56)
Si1€01 71 (0)

for t = 0,...,7 — 1 with v™(T,60) = 7™(0). In view of Proposition 4.9, the
entire linear—quadratic structure (4.36) and (4.37) for v™ is maintained if (4.48)
is satisfied for all ¢ = 1,...,T. This motivates a final assumption, which is studied

later in special cases.

Assumption 4.10. For all t = 1,...,T and # € Og, the solution 5 to (4.40)
satisfies 0, AS; € L2,

We piece everything together to state the main result of this entire section,

which is effectively a formality.

Theorem 4.11. Suppose that Assumptions 4.2, 4.5 and 4.10 are satisfied. Then:
1) For any 0 € ©s and any t = 0,1,...,T, the value function v™(t,0) is of
the form (4.36) and (4.37), i.e.
e - 2
™ (t, 6’(15, 5t>) =F [CltZth (9(25, 675)) + tht (Gt (9('[;, 515))) :|

+a(E[ZGt(9(t,5t))})2 +dy, (4.57)
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where Zy, ay, by, ¢, dy are given by

(E[ZLSIFA)?

Zy1 = BlZ)|Fi1] — —= . Zp=1, (4.58)
E[Z,(AS;)?Fi-a]
~ =~ 9 —1
Uy = a“t<1 + ﬁE{(ELZtASt’El]) D . ar =1, (4.59)
b LE[Z(AS)?|Fi-]
bt,1 — bt7 bT — —f, (460)

T

dermd- (1 g [Re )

~2 7 2 _
x a—iE[(ELZtAStm‘ID } dr = 0. (4.62)
4b,  LE[Z{(ASy)?|Fi1]
Explicitly, with the help of the process B defined by
E[ZNS,|Fi
B, = 285 Fi] t=1,....T, (4.63)

 E[Z(DS)F)

and the stochastic exponential £, the identities (4.58)—(4.62) can be written as

Zi = E[Zi11(1 = Br1DSei1) | F)
_ E[g(_fﬁdX)T E}

E(— [ BdX),
T
:E{H(l—ﬁuASu)}"t], t=0,1,...,T, (4.64)
u=t+1
A = 1~, t=0,1,...,T, (4.65)
E[Zy]
by=—¢ t=01,...,T, (4.66)
_ ¢ _
Ct = — = fat, t = 07 1, e ,T, (467)
E[Zy]
~ 1/ 1 1
dy=——-1)=—@@-1), t=0,1,...,T. 4.68
t 45(3[4] ) A (4.68)

2) For every 0 € Og, the solution to the problem (4.55) at time t is given by
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guzeuforu:l,...,tand

=~ E[ZASJFu] (G S Cugpes P

0, = AR (2%; + G () + i (E[ZuGu-r(0)] + u)) (4.69)
_ N (25)71 + E[Zu—lGu—l(g)] U=
= —f. <Gu1(0) E[Zu—l] >, t+1,...,7, (4.70)

where €, is given by

e = —(1 — @ E[Z,8,05,])
x E {ZUBUASU (2—51; + Gy (0) - 5uE[ZuGu—1(9)])} : (4.71)

In particular, the solution to the problem (4.55) at time 0 and hence to the MVPS
problem (4.2) with © = Og is given by

Hmv i E[ZuASu|fu—1]
' E[ZU(ASH)2|FU—1]

Svy (2&)71 + E[Zu_lGu_l(gmv)]
« (Gul(e ) s ) (4.72)
qmvy 1 u =
_ g, (Gu_l(e ) %E[ZO]), LT (4.73)

Proof. We use in both parts the equivalence between (4.55) and (4.56) which
follows from the dynamic programming result in Proposition 2.3, the abstract
rewriting in (2.11) after that result and the concrete specification in the beginning
of Section 4.2.

1) Assumptions 4.2, 4.5 and 4.10 allow us to apply Propositions 4.8 and 4.9
repeatedly backward in ¢, starting from ¢ = 7', at which the structure (4.57)-
(4.62) of the value function v™ (T, 0) = 7™ () is exogenously given by the MVPS
problem as in (4.5) and (4.6). This yields the structure (4.57)—(4.62) of v™
for all t = 0,1,...,T. The explicit expressions (4.64)—(4.68) for Z.,a,b,¢,d are
derived from their recursive counterparts (4.58)—(4.62). Indeed, the expressions
(4.64) and (4.65) for Z and @ have been obtained in (4.16) and Lemma 4.6, 2),
respectively. The explicit expression b= —¢£ for b is immediate from its recursive
definition (4.60). For ¢, we recall from (4.35) that %—Z =—aq forallt=1,...,T.
Then inserting the explicit formulas for @ and b into that identity yields (4.67).
Finally, we use %Z = —ay, f—i = i—g by (4.66) and finally the recursion (4.58) for
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Zi1 to compute for t = 1,...,T that

& B[ EZLSIF ) _
i —d="1a B\ menr) LT
T 1_ E[M]
at E[Zi(AS:)?| Fr1]

11 1 1
B 45 E[Zt] 1 — 1 E[(E[ZtASt‘]'—t—l})2
E[Z] E[Zi(AS:)2|Fi—1]]

SRy — =)
=1 =~ El(E[ZOSFen])?
§ ElZ)] - E[Z(AS)2|Fia]] Elz]

:%<m£ﬂ_E%J'

Summing both sides of this display from ¢ + 1 to T" and using dr = 0 as well as
E[Zr] = Zr = 1 yields the explicit expression (4.68) for d.
2) For t = 1,...,T and § € Og, we use Assumptions 4.2 and 4.5 to apply

Proposition 4.8, 2) and Proposition 4.9, 1) repeatedly from ¢ to 7. This yields
a strategy 6 whose expression in (4.69) and (4.71) is obtained by repeatedly
translating (4.41) and (4.42) again starting from ¢+ 1 to 7. More precisely, the
expression (4.41) for ;5; allows us to write ;5; =: f(t,Gy-1(0)) and 0 is obtained
by setting 0, = 0, for s = 1,...,t and 0, = f(u,Gu_l(g)) foru=t+1,...,T.
Assumption 4.10 says that f(u, G, 1(0))AS, € L? for any v = 1,...,T and
0 € ©g. We now argue 0 € O©gs(t,0) by induction. First, we have 0, = 0,
for s = 1,...,t by construction. Comparing (4.41) for &,; with (4.69) for 6,,,
yields 6~’t+1 = &H f(t+1,G4(0)) and thus é;HAStH € L? due to Assumption
4.10. Suppose next that 0,AS, € L? for s = t + 1,...,u — 1. Consider the
strategy ¢! = (04,.. 0401, 0y 1,0, ,0) € @S Because 0, = = %! for
s =1,...,u — 1 by construction, we have Gu_l(g) = Gu_1(p* ), and therefore
Oy = f(u,Gu1(0)) = f(u,Gur(p" 1)) satisfies ,AS, € L2 due to ¢"~! € Og
and Assumption 4.10. This completes the induction step and shows that 0 is in
Os(t,0).

Due to the optimality of 6, = f(u, G,_1()) for the one-step problem (4.56)
foru=1t+1,...,T, we get by the equivalence between (4.55) and (4.56) that ]
is optimal for the problem (4.55) at time t.

To get (4.70), we first use %—” = —a, from (4.35), then factor out @, and

u
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1—a,F [ZLLBUASU] and finally use the expression (4.71) for €, to obtain

C ~ ~
— + —=(E[Z,Gu_1(0)] + &,
7 bu([ 1(0)] + €.,
1

_a <% — E[Z,Gu(B)] - 'éu>

_ a <1 — @ B[Z,BuNS.]
1 — G, E[Z,BuAS,] 2by,
+ @ E[ZuBu NS E[Z,Gy 1 (0)]

+E[Z BuAS, (;b + Gy () —5uE[ZuGu1(5)])D

E[Z,Gu1(0)]

a, [ -
~ B <2?5u E[Z,G\1(0)] + E[ZuﬁuASuGul(e)]>

- ,Z}] (-5 - BZusGuns)]).

The second-to-last equality cancels out the terms involving w

a E[ZuﬁuASu]E[ZuGu,l(g)]. The last equality uses a, = E[Z ] from (4.65) and
E[Z,4] = E[Z)(1 — B AS;)] from the first equality in (4.64) twice as well as
b, = —€ from (4.66). Inserting the above equality into (4.69) yields (4.70).

The expression (4.72) follows from (4.70). To show (4.73), we next argue for
t=0,1,...,T that

and

(26" + E[Zth(é’mV)] 1
E[Z] - 2%B[Z)

(4.74)

Denote by z the right-hand side. For t = 0, (4.74) is clear because Go(6™) = 0.
Suppose the above is true for t — 1. We then use the explicit formula (4.72) for

mv E ZtASt']'—t 1] . . .
«9 with EATCACE | replaced by f3; due to (4.63) and the induction hypothesis
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(4.74) for t — 1 to get
E[ZG(0™)) = E[Z:(Gia (™) + 07 ASy)]
_ E{Z (th(gmv)

R )]

E [Z(Gt_l(éfm) — B, (Goy (™) — z))]
E[Z,(1 = BAS)G1(6™)] + 2E[Z,,\S]
E[Zy1Gy1(0™)] + zE[Z,8,1\5))].

The last line uses the recursion in the first equality of (4.64) for Z,_1 and the tower
property thanks to the boundedness of Z and Gt_l(gmv) € L?. This integrability
property plus ZtBtASt € L' from (4.26) also ensures that the decomposition
in the third line is allowed. Now inserting the above display into (4.74) for t,
then using the identity (26)™ 4 E[Z,_1Gy_1(6™)] = 2E[Z,_,] deduced from the
induction hypothesis (4.74) for t —1 and finally invoking from (4.64) the recursion
E[Z_1] = E[Z,(1 — B,AS,)] yields

(26)7Y + E[Z,G(6™)]  (2)™' + E[Z,1Gy_1(0™)] + 2E[Z,8,AS)]

E[Z)] E[Z,)
 2B[Z, 1) + 2E|Z,8,AS)]
- E[Z)]

This completes the induction step and justifies the claim (4.74) fort = 0,1,...,7.

Finally, the MVPS problem (4.2) is the same as the problem (4.55) at time
0 thanks to Os(0,6) = Os. The strategy ™ is simply 6 in (4.69) starting from
u=1. [l

4.7 Discussion and special cases

In this subsection, we provide some concrete examples for the MVPS problem with
© = Og. To this end, we need to verify (in these examples) the assumptions for
Theorem 4.11, among which Assumption 4.10 is the main focus. The presentation
below is divided into three parts. The first is a bottom-up and technical discussion

of Assumption 4.10, while the second is more top-down and abstract. In the last
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part, we give examples where some explicit computations are possible.

For the sake of the argument, let us suppose that Assumptions 4.2 and 4.5 are
satisfied, meaning that S is square-integrable and satisfies the structure condition
(SC), and the L?-closure of G7(Og) does not contain the constant (payoff) 1
Recall that Assumption 4.10 says that the solution gt to the linear equation
(4.40) satisfies 0;AS; € L2 for all t = 1,...,T and 6 € Og. For convenience, we
recall from (4.41) that 5, is given explicitly by

~  EZAS|F] (@ &, _
"= E[Zt(ASt)QIE_1]<2E+GtI(QHE (BlZ G (O] + t))7 (4.75)

where ¢; is a real number given explicitly in (4.42). Because all quantities in-
side the large parenthesis except for Gy_1(6) in (4.75) are deterministic, we need

%A&Gt 1(9) € L% Due to G,_1(0) € L? by 6 € Og, we might expect

E[ZiASi|Fy E|ZiASHF oo
that we need W&S or E[(W&&) |Fi—1] to be in L>. We
can give some partial results in this direction.

Lemma 4.12. Suppose that Assumption 4.2 is satisfied and U is a bounded ran-
dom wvariable. If U > U for some ¢ > 0, then we have

E[UAS,|F.i] 2 1Tl \?
E AS, | < | — t=1,...,T. 4.76
E[UAS|Fi—1]

Proof. First we note that OS2 ] is well defined by the positivity of U, the

Cauchy—Schwarz inequality and the convention % = (. Because U is bounded and

satisfies U > /, we have

(E%[{AASSJTF]JAS) = (||UE||M)Q<E]§[§3>|;|EZI_]JAs’f)Q'

Taking conditional expectations with respect to F;_; on both sides and using the

tower property and the Cauchy—Schwarz inequality yields the desired bound. [

Lemma 4.13. Suppose that Assumptions 4.2 and 4.5 are satisfied. If the pro-
cess Z given by (4.7) is uniformly bounded below by a positive real number, then

Assumption 4.10 s satisfied.

Proof. Thanks to the explicit formula (4.75) for &, we only need to show that

( E[Z,AS| Fy_1]
[

2
- Ast(;“w)) e L.
E[Z(AS)2Foy]
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We write Z, > Z > 0 by the assumption that Z is uniformly lower bounded
by a positive real number. Then using (4.76) with (U,¢) = (Z,2) and taking

expectations yields

E[ZAS|Fi] ’ E[Z,AS)| Fi_1] 2
EKE[Z(A&)?IE—JASth_l(e)) } - E[EKE[Z(ASt)?m_ﬂASt) 7]

< (Ga(0)’
< (@)ZEKGMM

z

< Q.

The last inequality uses that G;_;(0) € L* by 6 € Og, the definition (4.3) of Og
and 0 < Z < 1 from Lemma 4.3. O

Next, we turn to giving a concrete example such that 7 is uniformly bounded
from below. We first introduce some terminology. Let P%(S) be the set of all
probability measures () equivalent to P on Fr such that the Radon—Nikodym

dQ

derivative 37 is in L?*(P) and S is a Q-martingale. The density process of Q with

respect to P is denoted by Z@ := (ZtQ)t:OJ ,,,,, T.

Lemma 4.14. If there exists Q € P*(S) which satisfies the reverse Hélder in-
equality Ro(P), meaning that there exists a constant C > 0 such that

then the process 7 is uniformly bounded from below by a positive real number,

and Assumption 4.10 is satisfied.

Proof. This is shown in Lemma 2.1 in Jeanblanc et al. [38]. Our process Z cor-
responds to the process g there. Indeed, that process ¢ is shown in [38, Theorem
2.4] to be equal to a solution Y to the BSDE (2.18) in [38]|. Later in the last
displayed equation in [38, Section 5.2|, the authors work out the recursion for Y
in finite discrete time. That recursion is the same as the recursion (4.58) for our

process 7. L]

The above result is not completely satisfactory because its assumption is not
described explicitly in terms of the price process S. To improve this, we use
Assumption 4.2 and apply Doob’s decomposition for S in the filtration [F to obtain

a square-integrable martingale M and a square-integrable predictable process A,
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both null at 0 and both with respect to F, such that S = Sy + M + A. For an
explicit expression, we refer to (1.3.7). Also recall from (1.3.8) and (1.3.9) the two

bracket notations for any square-integrable process X, namely

[X]o:=0, A[X],:=(AX,)? t=1,...,T,
=0, A(X);:=E[AX|Foa] = E[(AX)? | Fma), t=1,...,T.

The mean—variance tradeoff (MVT) process K > 0 of S defined in Definition 1.3.5

has its increments explicitly given by

AA ANA,)?
At - i AKt - AtAAt - (A<]\4t)> ,
t

, t=1,....T 478
AQMIY, (4.78)

Using this definition and the identity E[(ASy)?|Fio1] = A(M), + (AA)? for
t=1,...,T, we can also write for t = 0,1,...,T that

E[ASIFa] _ A (EIASIFia))® _ AK,
E[(AS)F]  1+AK, E[(ASYIF] 1+ AK,

(4.79)

Lemma 4.15. Suppose Assumptions 4.2 and 4.5, 2) are satisfied. If the MVT
process K is uniformly bounded and \\AM; < 1 fort =1,...,T, then Assumption
4.10 is satisfied.

Proof. In view of Lemma 4.14, we construct a measure () € P?(S) that satisfies

the reverse Holder inequality Rs(P). Define ) via g—g = Z:,Q with

t
Z¢ =1, Z7=272,1-NoM) =] - \AaM),  t=1,....T
s=1
The proof of Lemma 1.3.6 shows that @ is a signed measure such that Q[2] = 1,
Q) < P with i—g € L? and E[Z%Gr(0)] = 0 for all # € Og. The equality (1.3.27)
proved there also shows for t =1,...,7T that

E[(Z2)|Fia] = E[(Z21)° Bl = MAMP|Fia]] = (Z21)°(1+ AK).
Iterative conditioning and using the above identity together with 0 < AK, < K,

repeatedly yields

E[(Z7P1F) < (277 ] 1+ I1Kulls)

u=t+1
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and hence the desired inequality (4.77). O

Now we begin the second part of this subsection. Let us look at the role of the
L?-integrability of 5A\S; from a different angle. Fix 6§ € O©g. In Proposition 4.9
or Lemma 3.7, that integrability is used to ensure that the candidate maximiser
5, for the map §; — 1"V(d;), or equivalently for the map d§; — v (¢,0(t,6;)), is
still in @gl(e), which is in turn used to argue that the map o, — v}™(t,6(t,0;))
has a maximiser in @[St](Q). But if the existence of an optimiser d; (in @g](ﬁ)) for
the map §; — v™(t,6(t,d;)) is known in advance, then it must solve the linear
equation (4.40) and yields 5 given by (4.75) again plus §AS, € L2,

Lemma 4.16. Suppose that Assumptions 4.2 and 4.5 are satisfied. Then the
following statements hold:

1) If the map 6y — v™(t,0(t,0:)) has a maximiser in @[Sﬂ(H) fort=1,...,T,
then Assumption 4.10 in Theorem 4.11 can be dropped.

2) If the MV'T tradeoff process K is bounded, then the map 6, — v™ (t,0(t, d;))

has a mazimiser in @[S”(e) fort=1,...,T.

Proof. a) Part 1) is clear from the discussion preceding Lemma 4.16. We only
argue part 2) here. Recall from the proof of Theorem 1.2.4 that the functional
F(g) = E[g] — £Var[g] has a maximiser in G7(Og) as soon as Gr(Os) is closed
in L? and does not contain the constant payoff 1. Fix 6 € Og. Recall by the
definitions (2.5) and (2.6) of v™ (which is there called v only; see the beginning
of Section 4.2) that we have

V™ (t,0) = sup j™(0) = sup v™(T,0) = sup F(GT(g)) (4.80)
6€O(t,0) 0eO(t,0) 6O(t,0)

For convenience, we also recall from (2.3) that
Og(t,0) = {6 € Og: 6 =6 on [0, ] NN} (4.81)

The same proof as for Theorem 1.2.4 implies that the functional F' also has a

maximiser in the space
T ~ ~
U, = G(0) + Gt,T(@g(t,H)) = {Gt(ﬁ) + Z 0. AS, 1 0 € @S(t,e)},
u=t+1

because the space U, is also closed in L? and does not contain the constant payoff

1. This is argued in step b) below. Using this observation and continuing from
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(4.80), we can write

V™ (8, 0(t,6;)) = _sup F(Gr (5))
eO(t,0(t,51))

= F(Gi(0(t.6)) + ET: 0,05,)

u=t+1

- F(GT (9*(@)))

for a maximiser 0*(6;) = (61,...,0-1,61,0;,,,...,07). So maximising the map
oy — v™(t,0(t,d;)) is the same as maximising §; — F(Gr(0*(d;))). By a com-
pletely analogous argument as in step b) for fixed § € Og, t € {1,...,T} and the
space Uy = Gy(0) + G r(Os(t,0)), we obtain that the space

{Gr(6%(6) : 6, € ©Y(0)}

is closed in L? and does not contain the payoff 1. So the same proof as for
Theorem 1.2.4 yields the desired conclusion.

b) To argue that ¥, is closed in L? take a sequence (¢")nen in W¥; which
converges in L? to some ¢®°. We need to show that ¢ € ¥,. Because the
MVT process K is bounded, the proof of Schweizer |61, Theorem 2.1] shows that
Gir(Os) = {Duciit .M, : 6 € Ogl} is closed in L2 for t =0, 1,...,T. Because
g" € U, C Gr(Os) for n € N and G7(0s) = Gor(Os) is closed in L?, we get
g% € Gr(0s). We now claim that g = ¢° + g7% for gi° = G¢(f) and some
975 € Gir(05(t,0)). To see this, let us write g" = g + gi'y for g = G4(6),
gir € Gir(©s(t,0)), n € N. Because g = G(0) for all n € N, we clearly have
gl — g = Gy(#) in L?. Combining this with ¢" — ¢> in L? we get that
gir = 9" — g — 9= — Gy(0) in L*. But gi'r € Gyr(Os(t,0)) = G7(Os) and
G 1(Os) is closed in L. Hence we get gir — her = Zzzt 11 PuAS, for some
F._1-measurable ¢, with ¢, AS, € L? foru=t+1,...,T. Now

9% = lim (g;" + gi'r) = Gi(6) + her,

and the strategy (61,...,0;, @i41,...,¢r) is in Og(t, 0); see (4.81). This proves
that U, is closed in L?. Finally, the inclusion ¥; C G7(Os) shows that U, does
not contain the constant 1 due to Assumption 4.5, 1).

[

Corollary 4.17. Suppose that Assumptions 4.2 and 4.5 are satisfied. If the MV'T
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tradeoff process K is uniformly bounded, then the conclusion of Theorem 4.11

holds without Assumption 4.10.

Proof. The result follows directly from Lemma 4.16. m

Finally, we turn to some explicit examples. If the entire MVT process K is
deterministic, we obtain an explicit expression for Z and the optimal strategy

™. This also recovers the result in Theorem L5.7 in Chapter 1.

Theorem 4.18. Suppose Assumptions 4.2 and 4.5 are satisfied, meaning that S
is square-integrable and satisfies the structure condition (SC). If the MV'T process
K is deterministic, then the following statements hold:

1) The process 7 is also deterministic and explicitly given, fort =0,1,...,T,
by

=~ 1 E(K)
7, = = . 4.82
! ulll 14+ AK, E(K)r (482)

2) The optimal strategy 0™ for the MVPS problem (4.2) with © = Og is given
by

v B[AS|Fud] Sy Sy L
B =~ s g (O ) - BOn G- ) s
o E[ASuLFu—l] vy 1
- Fasr (G @ 2520) 8
A 1 L
:m<Gu1(6 ) 252()), 1,...,T. (4.85)

3) The value function v™(t, gmv) is explicitly given, fort =0,1,....T, by

V™ (8, 0) = B[Gy(6™)] — £Z,Var[G,(6™)] + % (Zi - 1). (4.86)

v

Consequently, the optimal strategy 0™ and the value function v™ coincide with

the strategy 0 and the process V. given in (1.5.32) and (1.5.37), respectively.

Proof. 1) We prove this assertion by backward induction. For ¢ = T, (4.82) is
clear because the product over an empty set is 1. Suppose that Z is deterministic.

Then by the recursive formula (4.58) for Z, non-randomness of Z; and the second
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equality in (4.79), we obtain

(E[Z,\S,| Fi1])?
E[Zy(AS:)2|Fi-d]

o (EIAS)F)?
‘Zf<1 E[<A5t)2|ﬂ—1])

Zyy = B|Z|Fi1] —

-1
L
"1+ AK,

Because AK; is deterministic by assumption, we get that Z_l is deterministic
as well. This finishes the induction step and also justifies the first equality in
(4.82). The second equality directly follows from the definition of the stochastic
exponential £ that £(K); = [[,_,(1 + AK,).

2) Because 7 is deterministic by part 1), the submartingale property of Z
from Corollary 4.4 implies that Z is increasing. This in particular yields that
Z > ZO > 0 and Assumption 4.10 is satisfied. We recall from Lemma 1.3.6
that Gr(Os) is closed in L? and does not contain the constant payoff 1 whenever
the MVT process K is bounded. So the non-randomness of K implies that the
L*-closure of G7(Ogs) (equals Gr(Og) and) does not contain the constant payoff
1, which means that Assumption 4.5, 1) is satisfied. Therefore, we can apply
Theorem 4.11 and use that Z is deterministic to simplify the optimal strategy ]
given in (4.72) and (4.73) to obtain (4.83) and (4.84). The equality (4.85) is then
due to the first equality in (4.79).

3) Recall from Theorem 4.11 that the value function v™ (¢, 6™) is given by

o (™) = E[aZGi(0™) + b Z (GUE™)) ]
+ @ (E[ZGy(0™))" + do. (1.87)

We then use the explicit formulas for @, by, &, d; from (4.65)—(4.68) and the non-
randomness of Z; to obtain for ¢ = 0,1,...,T that

= Z

CLtZt = i = 1,
E[Z)]

tht = _é.Zta

E}Z = €~ Zt = 525
E[Z)]

~ 1 1
*=£<Z‘Q'
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Inserting these expressions into (4.87) yields (4.86).
Finally, let us recall from (1.5.32) and (1.5.37) in Chapter I that

0 At 1 ~ N
%= — Gra(0) + E[G(0 t=1,...,T
! 1+AKt(2b1(to—ol) Gi1(0) + E[Gi( )]), R

and
V, = d™ E[G,(8)] — bVar[G,(0)] + >, t=0,1,...,T,

(c0)

where the coefficients a(>), b(>) () are given by

=1 t=0,1,....T,
b = 51‘[ L t=0,1,....T
Ut+11+AK Pl ) )

(00) _ AK, _
o> = Z Sl t=0,1,...,T.
u=t+1 u

To prove that 6™ agrees with 6 given in (4.88), we use that ool

with

1+AK by (4.79) and from (4.82) and (4. 91) that §Zt agrees with b{™

E[(AS:)? \]:t 1}

(4.88)

(4.89)

(4.90)

(4.91)

(4.92)

agrees
. Then

a comparison of (4.83) with (4.88) yields that 6™ and 0 satisfy the same recursion
and start from Go(6™) = 0 = Go(6). This yields the claim. To prove that v™"
agrees with ‘7, we first note that their first two terms are the same. By using
B> = ¢£Z, and the explicit formula (4.82) for Z repeatedly, we obtain in (4.92)

that
T
(0) AK,
C =
' ’LL:ZH-I 4b’200)
1l = A
A& =~ Z,
1 T T
_ L Z K, [ 0+ 0K,
f v=u+1
1 1 1)
5 .
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The last equality uses the elementary identity

T T T
1—|—qu H(l—l—xv): H(l—i—a:u)
u=t+1 v=u+1 u=t+1
and again (4.82). O

We end this subsection with a concrete example.

Example 4.19. Suppose that the price process S has independent returns. More

precisely, this means that it satisfies the dynamics

t
Sp=SER) =S [[(1+ ARy), t=0,1,....T,

s=1

with all the AR; > —1 and the random variables ARy, ..., ARy are independent.
Let us compute the MVT increment AK for S. By independence, we get

E[ASt‘]:t_l] - E[St_l(l + ARt) - St_1|ft_1] - St_lE[ARt] (493)
and

E[(AS)?|Fia] = EISE (1 + ARy)? =257 (14 ARy) + 57| Fid]
= S{Bl(AR,)). (4.94)

From the identity A(M); = E[(AS;)?|Fi_1] — (E[AS¢|Fi—1])? and the definition
(4.78) for AK;, we therefore obtain

(E[AS|Fia])? _ SPA(E[ARY))?  (E[AR)])?
[(AS)2|Fioi] — (B[AS)|Fioa]))? S? Var[AR,]  Var|[AR,]’

AKt:E

which is deterministic. Thus we can apply Theorem 4.18 to get an explicit formula
for ™. Let us set yy = E[AR;] and 02 = Var[AR,]. Using the explicit formula

(4.82), we get
T T 9

. 1
2= 1l e = 1l 05(-7:#%'

Hay
u=t+1 1 + 0'3 u=t+1

Inserting (4.93), (4.94) and the above formula into (4.84), we get that the optimal
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strategy g™ is given by

T 9 2

o Ht e 1 O, T H

0 = ————— | G4 (0™ ——”u , t=1,...,T.
! St1(0t2+ﬂt2)< =107 26 o, )

This agrees with (4.19) in Pham and Wei [52]. Indeed, Pham and Wei work with
ii.d. returns so that we can set yu; = p and o, = ¢ and identify the relevant

parameters to recover their formula with initial wealth equal to 0.

4.8 More general strategies

In this subsection, we argue that the optimal strategy 6™ for the MVPS problem
(4.2) with © = ©g obtained in Theorem 4.11 is also optimal in the larger set Oy
of strategies, which only imposes that the final gains are square-integrable. This
space has been considered in Melnikov and Nechaev [50]. The MVPS problem
(4.2) with © = Oy is to

maximise j™(0) = E[Gr(0)] — {Var|Gr(0)] over all § € Oy, (4.95)
where

Omn = {0 := (0;)i=1,..1 : 0 is real-valued, F-predictable
and Gr(0) € L*}. (4.96)

Comparing (4.3) with (4.96), we immediately see that
Os C Ou. (4.97)

Remark 4.20. 1) Note that Oy is the most general set © of strategies such
that the MVPS criterion j™ () in (4.95) is finite for # € ©. Moreover, the space
Gr(Ouy) is closed in L2 Indeed, take a sequence (0"),en in Oy such that
gn = Gr(0") converges to g in L?. We now argue that g = Gp(0>) for some
0> € Oyn. Consider the space

Oa = {0 = (0¢)t=1,.. 1 : 0 is real-valued and F-predictable}.

We know from Remark 1 in Chapter 2 of Kabanov and Safarian [39] that G1(©4)
is always closed in the space L° of all random variables equipped with the topology

of convergence in probability. This result (specific to finite discrete time) is known
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as Stricker’s lemma. Because Gr(Oyn) € Gr(04) and g, — ¢ in L? implies
gn — g in L% we get from the L°-closedness of G7(©,) that g = Gr(0>) for
some 0 € ©4. To show 0> € Oy, we use g, € L? for all n € N by (4.96) and
gn — ¢ in L? to obtain Gp(6*) = g € L2

2) With the extra assumption that the L?-closure of G (fy), which of course
equals G7(©yn) by 1), does not contain the constant payoff 1, Oy satisfies
Assumption 1.2.2 under which the MVPS problem always has an optimiser by
Theorem 1.2.4. More precisely, that result tells us that the MVPS problem (4.95)

has a solution in Oyy.

Recall that our optimal strategy 0™ is obtained by solving a linear equation
derived from the first order condition (FOC) with respect to a one-step variable
0; at each t = 1,...,T. The idea to prove the optimality of o™ in Omn is to
obtain an FOC now with respect to the final gains G (). By the linear—quadratic
structure of the MVPS criterion 7™ (#), satisfying that FOC is equivalent to being
an optimiser of the MVPS problem (4.95). So it is enough to verify that Gp(6™)
satisfies that FOC. Moreover, we remove Assumption 4.10 because we only need
0™ to lie in Oy rather than Og. This leads to a programme we implement in

the rest of this subsection.

~

Recipe 4.21. 1) Derive a first order equation for optimality of some G7(f) in
Gr(Oyx) with respect to the final gains.

2) Show that the final gain G7(8™) of ™" lies in L2 without Assumption 4.10
and satisfies the FOC in 1).

Lemma 4.22. Suppose that Assumption 4.2 is satisfied. ]fae Omn satisfies
E[(1 - 2Gr(0) + 26E[Gr(9)))Gr(n)] =0, W€ Omy,  (4.98)
or equivalently
E[(1 - 2¢Gr(8) + 26 E[Gr(0))) ASi|Fi] =0, t=1,....T, (4.99)
then 8 is an optimal strategy for the MVPS problem with © = Oyn.

Proof. We first show that (4.98) yields the optimality for the MVPS problem
(4.95). Let 0 € Oy satisfy (4.98). For any 6 € Oy, we use the definition (4.95)
of j™, the FOC (4.98) with n = 0 — f and the Cauchy—Schwarz inequality to
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Cr(0—8))" —26(Gr(0 — 8))Gr(8) — £(Gr(9))’
E[Gr(6 —8)])" + 26 E[Gr (0 — 0) E[Gr(8)] + £(E[Gr(9)])°]

= ~¢E[(G2(0 = 0)’ ~ (B[Cr(6 ~ B)] + 7™ (B)
— —¢Var[Gr(0 — 0)] + 5™ (6)

This shows that 8 is optimal for the MVPS problem (4.95).

Now we show the equivalence between (4.98) and (4.99). For “=", it is enough
to take n = Ly gy with H € F,_; fort =1,...,T and use that GT(a\) and ASy,
hence also Gr(n) = 1g/AS;, are in L? due to 0 € Oyy and Assumption 4.2,

respectively. To prove “<") let n € Oy and consider
H! :={|ns|<nfors=1,...,t} € Fr1

forn e Nand ¢t = 1,...,T. Note that H}' € F;_; uses that n is F-predictable.
To ease notation, we set F := 1 — 26Gr(6) + 28E[Gr(0 )] Note that Go(8) € L?
implies

Fel? (4.100)

By the definition of H}*, we get
Y, = BF|FIG )Ly — E[E|FIG(n) P-as.  (4101)

In view of (4.98), it is enough to show E[FGy(n)] = 0. To this end, we show for
t=0,1,....T that
E[F|R]Gi(n) = E[FGr(n)|F]. (4.102)

For t = T, (4.102) is trivial. Suppose (4.102) is true for ¢. For the induction
step, it is enough to show E[E[F|F]Gy(n)|Fi1] = E[F|F,_1)Gi_1(n). Now for
n € Nand s=1,...,t ndgr is bounded. Because S is square-integrable, this
implies that Gy(0)1yy € L?, and F € L* by (4.100). Hence we get for n € N
that ﬁGt(n)]lel and ﬁASt are in L'. This allows us to condition on F,_; in the
definition (4.101) of ¥;", take out the F;_;-measurable quantities G;_1(n)1gp and
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N1 gr and use the FOC (4.99), which reads E[FAS,|F,_1] = 0, to obtain

E[Y"|Fira] = E[E[F|F)(Gioa(n)hap + midlp AS,) | Fis]
= B[F|F ]G () Lap + E[FAS|Fi 1|1y
= E[F|]:t 111G 1(77)]1
— E[F|F,_1]G_1(n) P-as. as n — oo, (4.103)

for t = 1,...,T. Note that the induction hypothesis (4.102) also implies that
E[F|F)G.(n) = E[FGr(n)|F)] € L'. The definition (4.101) for ¥;* obviously
yields |Y,"| < |E[F|F]G:(n)| and so the dominated convergence theorem implies
Y — E[F|F]Gi(n) in L' and that E[Y,"|F,_1] = E[F|F_1]Gi_1(n) in L' due
0 (4.103). We therefore obtain

E[E[F|F)Gi(n)|Fis] = lim E[Y,'|Fia] = E[F|Fi1]Ger(n)

as desired. O

To implement Recipe 4.21, Step 2), we now add the extra assumption men-
tioned in Remark 4.20, 2) that 1 ¢ G7(Oyn) = Gr(Oun). For convenience,
we modify Assumption 4.5, 1) by replacing Og with Oyn and keeping Assump-
tion 4.5, 2) unchanged and refer it to Assumption 4.23 below. Although Assump-
tion 4.23, 1) is stronger than Assumption 4.5, 1) due to G7(0g) C Gr(Ony) from
(4.97), we believe this is more natural because we work in this subsection with

@MN only.

Assumption 4.23. 1) The space Oy satisfies 1 ¢ Gr(Onn)-

2) The process S satisfies the structure condition (SC), meaning that the
process (E[AS|Fi_1])i=1
(Var[ASy | Fi1]) =1

r is absolutely continuous with respect to the process

.....

-----

Recall the strategy 0™ and some related quantities from Theorem 4.11. The
strategy g™ s given by

s BIZAS|Fu]
b E[ZU(ASU)ZLFU_J

y e (207 4 BlZu 1 G (0™)]
(G“”w ) E[Z, 1] )

(4.104)

mv _ 1 U=
:_5u( et (™) 2§E[20])’ 1,...,T. (4.105)
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Note that 6™ is well defined whenever 3 is well defined and E[Z,] > 0 for
t=0,1,...,7. Now if we look at Lemma 4.3 and the definition (4.25) of /3, then
we see that g is well defined under Assumption 4.2. It remains to check that Z
has strictly positive expectations. In view of the proof of Lemma 4.6, 1), this
holds under the assumption that the L2-closure of G7(Os) does not contain the
constant payoff 1. But we have seen in the discussion above Assumption 4.23
that this follows from Assumption 4.23, 1). To sum up, we can safely proceed

by replacing Assumption 4.5 with Assumption 4.23. The quantities Z ,5,5,5 are

given by
~ ~ E[Z,A\S,| F,_ .
Zi = E{Zt<1 _ ElZS) ] ASt> ]-"t_l}, Zr =1,
E[Z,(AS)|Fi-]
1
G =—1 t=0,1,....T, (4.106)
E[Z)]
by=—¢ t=0,1,...,T, (4.107)
G = £ . t=0,1,...,T (4.108)
E[Z,]
With the process 8 defined as in (4.25) by
By = Bl A5 F o] L ot=1,...,T,
E[Z,(ASy)| Fi-a]
we can also write
N N T
Zis =BG - pi8)IF] = | [0 - 8,880 7] @109)
u=t
for t = 1,...,T. After this preparation, we start to implement the second step

in Recipe 4.21.

Lemma 4.24. Suppose that Assumptions 4.2 and 4.23 are satisfied. Then we
have fort=1,...,T that

- 1 ¢

(™) — _ — B\ .
G (™) AN 2€E 7] || (1— B,AS,), (4.110)
Z,:Gy(0™) € L2, (4.111)

E[(1 - 26Gr(0™) + 26 B[Gr(6™)]) | F]
— W2y + 20, 2,Go(0™) + 26, Z, B[ Z,Gy (0™)]. (4.112)
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Proof. 1) We first prove (4.110). Using G4(6™) = G,_1(8™) + ™ AS, and the

explicit formula (4.105) for #™, we obtain

G (F™) — =Gt_l(@m)—@A&(Gt_ﬁm)— L )— !

26 E[Z] 2LE(Z0))  26E[Z)

~ 1
- (1 — BtASt) (th(QmV) - = )
28E[Z0]
for t =1,...,T. Iterating the above identity in ¢ and using Go(gm") = 0 yields
(4.110).
2) To argue Z,G,(f™) € L2, we use the second formula in (4.109) for Z,, then
(x — y)? < 22? 4 2y? and (4.110) to obtain

(ZGo(0™))°

< (aga) #[( T =) (1- M- ss0)
< (%J%Zd)2E:(uilf1-ﬁmﬁs 2)2(1+Q211__6“QS ).F}
- (5 gbféo])zfz H<1 GBS urT[1<1 - 655,77

Taking expectations, using the explicit expression (4.109) for Z , Jensen’s inequal-
ity and the bound |Z,| <1 for t =1,...,T from (4.16), we get

E[(Z:G(0™))] < (2 ﬂf%]) (E[Z])+ E[Z3)) < ( SE%Z)]) ,

as desired. Note that directly using |Z;| < 1 to estimate
(Z,G(6™)) < (G,(6™))”

does not help because without extra assumptions, we do not know whether
Gy(6™) is in L2,

3) We establish (4.112) by induction. First by (4.111) for ¢ = 7" and due
to Zp = 1, the quantity inside the conditional expectation is in L? and so that

conditional expectation is well defined. Suppose the identity is true for ¢t + 1. To
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prove the induction step, we show that

E[at—i-th-i-l + 25t+1Zt+1Gt+1(9 V) + 20t+1Zt+1E[Zt+1Gt+1 mv)] |~Ft]
= atZt + 2thth(9mv) -+ QCtZt [Zth(Omv)].

Using the explicit expressions (4.109) and (4.110) for Z and G(6™), respectively,
and [T2_,(1—B,AS,) = Upp € L2 for t = 1,...,T from (4.25), (4.14) and (4.12),

we obtain

Z.Gu (™) = %El%] (5 7 ;a - BSASS))
= 25151[20] (Zu - E[szljﬂ(l — B,AS,) } li[l (1 — B,AS, )
= 25151[20] E {Zu - s]ja — B,A\S,) ]-‘u} (4.113)

for u = 0,...,7. Subtracting the right-hand side of (4.113) for v = ¢ from
u =1+ 1 and conditioning on F, yields
~ ~ - 1

B[ Zy1Gui1 (™) — Z,Gu(0™)| F] = Y ]E[ZH — Zu|F) (4.114)
0

for u = 0,...,7 — 1. Taking expectations in (4.113) and using the explicit
expression (4.109) for Z leads to
1 -

BIZGUI™)) = o (B[] = BIZ) (4.115)

for u=0,...,T. Then we use the recursive definition (4.109) for Z, to obtain

E[A (g1 Ze1)|Fi) = Blagsr Zesr — 21 (1 — Bryr DS )| F]
= E[(@es1 — @) Zes1 + @ Zip1 Ber DS | Fi)- (4.116)
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Using (4.114) and b = —¢ from (4.107) as well as (4.109), we get

E[A (2641 Zi1 Gt (0™)) | Fi] = =26 B[Z01 G (0™) — Z,Go(6™)| F)

1 ~ ~
—_ — ~ E[Zt+1 - Zt|ft]
E[Z)]
1 ~
=-—F\Z AS; 1| F. 4.117
57 [Zi41Bt11 D841 | Fi) (4.117)

Now we use the recursive definition (4.109) for Z,, then the expression (4.115)
for E[Z,G.(6™)] with u € {t + 1,t} and & = &, from (4.106) and (4.108) and

finally a;, = ﬁ from (4.106) to obtain

B[ (2041 Zens B[ Ziy G (™)) | F]
— E[25t+12t+1E[Zt+1Gt+l(amv)] - QEtZtJrl(l - 5tASt)E[ZGt(§mV)] ‘}-t]
= E[(25t+1E[Zt+1Gt+1(§mv)] - QaE[Zth(gmv)])Zt+1
+ 2a2t+1ﬁtAStE[ZGt(§mv)] ‘}—t}
—%E Kzgm ElZi] ~ ElZ)] _ - E[Z] - E[ZO])ZH

26 E[Z) t 26 B[ 2]
+ @i B, 2 E[Z,] ft}
_ E[lz)] E[(@1(ElZ] - B(Z)) — (ELZ) = Bl Z]) Zens
+ at2t+15tASt(E[Zt] - E[ZOD |]:t]
= B|(@ — 1) Zes + (E[li | at) Al i ft} | e

Adding (4.116)—(4.118), we obtain
E[A (at+12t+1 + 2011 Zp31 G (0™) + 20?+1Zt+1E[Zt+1Gt+1(gmvm |Fi] =0

as desired. This completes the proof. O]

We now state the main result of this subsection.

Theorem 4.25. Suppose that Assumptions 4.2 and 4.23 are satisfied, meaning
that the price process S is square-integrable and satisfies the structure condition
(SC) and the space Gr(Oumn) does not contain the constant payoff 1. Then the
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final payoff GT(amV) satisfies (4.99), namely
B[(1 = 26Gr(0™) + 26 E[Gr(0™)]) AS| Fia] =0, t=1,...,T. (4.119)

Consequently, 0™ given in (4.104)—(4.108) 1is an optimal strategy for the problem
(4.95), i.e. the MVPS problem with © = Oy.

Proof. The second assertion follows from (4.119) and Lemma 4.22. So we only
need to show (4.119). To this end, we first use (4.112) and that G7(6™)AS, and
Z,G,(6™)AS, are in L' due to (4.111) and Assumption 4.2 to obtain

E[(1 - 26Gr(0™) + 26 E[Gr(0™)]) ASy| Fii]
—F [E[(l — 26G7(6™) + 26E[Gr(6™)]) | F] AS,

Fial
- E [(ZitZt + Qgttht(é/mv) + 25tZtE[Zth(§mv)])ASt‘E_1:|

I U
=E[( 55 LAGE) 2 BELGE >])Ast

]-}_1] . (4.120)

This last equality uses the explicit expressions (4.106)—(4.108) for Zit,gc,a;. In-
serting the expression (4.115) for E[Zét(gmv)] into (4.120), then using (4.113)
for Z,Gy(6™) and (4.109) for Z, and finally cancelling out terms yields

T L
EKE[ZL—ngth(e )+2§E[Z]ZtE[Zth(6 )]>ASt

-

N B T A
:EKE[Z] ~ 222G + g A B BlZ)) 25,

)

T

-F KE[Z%] i E[lZo] (7T as)

s=1

1 - ~
- mZt(E[Zt] — E[ZO]))ASt

-

T

ASt
=L {E[Zo] H(l - BuASu)

)

u=1

=0.

The last step uses Schweizer [62, Corollary 4]. O
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5 Connections to the literature

In this final section, we discuss related work in the literature by giving an over-
view of papers that attack the MVPS problem via McKean—Vlasov control theory.
A first successful attempt is made by Andersson and Djehiche [4] who obtain a
stochastic maximum principle for McKean—Vlasov control problems for diffusion
models and use that to solve the MVPS problem for a (time-dependent) Black—
Scholes model. In finite discrete time, Elliott et al. 28] present a similar result for
a general linear—quadratic problem whose controlled system is linear and driven
by a martingale difference sequence. The present chapter is mainly inspired by
Pham and Wei [52] where the authors also adopt a dynamic programming (DP)
approach for solving McKean—Vlasov control problems. However, they work at
the level of probability distributions and assume that the controlled process X
is driven by i.i.d. innovations. Cui et al. [22| and its extension by Barbieri and
Costa [7] propose a similar DP approach for a system X? driven by i.i.d. in-
novations, and they work more explicitly with the state variables E[X?] and
X% — F[X"]. A similar result to our deterministic version of the martingale op-
timality principle in Corollary 2.5 can be found in Basei and Pham [8, Lemma
3.1] for SDE models in continuous time.

The process Z in the expressions (4.72) and (4.73) for the optimal strategy g
turns out to be the opportunity process L in the sense of éerny and Kallsen [17]
or the process called ¢ in Jeanblanc et al. [38]. This is not surprising because the

MVPS problem is closely connected to the pure hedging problem to
minimise £[(1 — GT(H))2] over § € ©

as explained in Fontana and Schweizer [30]. For a general theory of the pure
hedging problem, we refer to Schweizer [61, 62| or more comprehensively to Cerny
and Kallsen [17].
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adjustment process, 10 opportunity process, 10
admissible, 9

angle brackets, 117 pure hedging problem, 4
empirical covariance, 55 self-financing, 8

EMVT process, 45 signed I'-martingale measure, 6
extended market, 32 structure condition, 14, 44

. supermartingale system, 36
gains process, 8, 24, 186

martingale system, 36 trading strategy, 8, 24, 109

minimal martingale measure, 11
MVH problem, 4
MVPS problem, 3, 179, 200 wealth process, 8, 24

value family, 35
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