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A B S T R A C T

Experimental evidence suggests that the formation of compressive twin bands and the associated
strain localization is a key driver behind the low ductility of magnesium (Mg) at ambient
temperature, which is why processing is often performed at elevated temperature. Modeling
Mg and its alloys across the temperature range of interest is challenging and must account
for the experimentally reported competition between compressive twins and pyramidal slip.
Unfortunately, only few temperature-aware models for pure Mg and Mg alloys exist and many
either disregard compressive twins entirely or suffer from efficiency or calibration issues,
while experimental evidence of the active deformation modes has remained inconclusive. To
describe the temperature-dependent behavior we introduce a new efficient, temperature-aware
crystal-plasticity framework for pure Mg. Experimental stress–strain and texture data are used
to calibrate the model over the range from room temperature to 300 ◦C. The calibrated
model predicts single- and polycrystal stress–strain responses accurately in comparison with
experimental data. By comparing two versions of the model – with and without compressive
twins – we highlight their impact on the microstructure and texture evolution. Results highlight
a transition in deformation modes from compressive twins at low temperature to pyramidal II
slip at elevated temperature, confirming that the temperature dependence of pure Mg is
primarily governed by non-basal slip. We thus provide an accurate and efficient modeling tool
for the temperature-dependent mechanical behavior of pure Mg, while also shedding light onto
the relative importance of non-basal slip vs. compressive twins as a function of temperature.

. Introduction

Magnesium (Mg) is a light and abundant metallic material (Nie et al., 2020), which has an outstanding strength-to-weight ratio
competing with those of aluminum and titanium) and lends itself as a natural candidate for lightweight structural applications.
ightweight materials have further gained attention as a means to reduce the energy consumption of vehicles (the potential fuel
avings from weight reduction could amount to around 9 g of CO2 per km driven distance for every 100 kg of weight reduction in
vehicle) (Mordike and Ebert, 2001; Kulekci, 2008). Therefore, Mg is an ideal candidate for applications in the automotive and

erospace industry—in theory.
In practice, a number of fundamental drawbacks have prevented the wide usage of Mg and Mg alloys. Besides suffer-

ng from relatively low corrosion resistance, Mg-based materials are difficult to harden with conventional (thermal) meth-
ds (Eswarappa Prameela et al., 2021) and exhibit poor forming capabilities due to plastic anisotropy, a phenomenon linked to the
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Fig. 1. Deformation modes of hcp metals: basal ⟨𝑎⟩, prismatic ⟨𝑎⟩, pyramidal ⟨𝑎⟩, and second order pyramidal ⟨𝑐 + 𝑎⟩ slip as well as the two dominant twin
systems, the {101̄2} tensile twins (TT) and {101̄1} compressive twins (CT).

hexagonal close-packed (hcp) atomic crystal structure, whose plastic behavior is the result of the collective activation of a variety
of slip and twin mechanisms. Most commonly, basal, prismatic, and pyramidal slip systems as well as tensile and compressive
twin systems (TT and CT, respectively) are observed, which are schematically shown in Fig. 1. For the sake of simplicity we will
call the second order pyramidal ⟨𝑐 + 𝑎⟩ system the pyramidal II for short in all following instances. The disparate activation of
deformation modes in the hcp system provides an insufficient number of activatable deformation modes required to accommodate
plastic deformation at room temperature (Sandlöbes et al., 2011; Agnew et al., 2001; Staroselsky and Anand, 2003). This promotes
the localization of plastic deformation in the twins, which in turn leads to the early onset of failure at room temperature (Kelley and
Hosford, 1967; Nie et al., 2020; Wonsiewicz and Backofen, 1967). These shortcomings (and others, see e.g. Nie et al. (2020), Kecskes
et al. (2021) or Eswarappa Prameela et al. (2021)) have prevented the wide-spread use of Mg alloys in industry.

Multiple approaches have increased the ductility and thus the workability of Mg, including the recent findings by Zeng et al.
(2017), who showed that even pure Mg can become extremely malleable and ductile after undergoing severe grain refinement.
The most common approach to improving the formability of Mg is to work at elevated temperature, which exploits the increased
lattice mobility accompanying an increase in temperature, so that a larger number of deformation modes are available than at room
temperature. This results in more homogeneous plastic deformation (Nie et al., 2020; Agnew and Duygulu, 2005; Barnett, 2007;
Barnett et al., 2008; Sandlöbes et al., 2011; Ando et al., 2007; Chapuis and Driver, 2011; Kang et al., 2012), which in turn leads to a
more isotropic and ductile behavior for improved workability and formability during processing. Mg alloys are thus often subjected
to hot processing to overcome the aforementioned limitations (Wei et al., 2015; Zhou, 2016; Lee et al., 2002; Takuda et al., 1998;
Mirzadeh, 2014). A detailed understanding of the thermo-mechanically coupled microstructure evolution – not to speak of a reliable
predictive model – is still incomplete.

In order to understand the state of the art into which our model falls, we provide a brief review of presently available
experimental data and models for the temperature-dependent plasticity of Mg and Mg alloys. Although we focus on pure Mg in
this study, data for pure Mg is scarce, so that widely available data for Mg alloys is consulted, where required. For more exhaustive
reviews, we refer to Nie et al. (2020) for a discussion of microstructure and properties of wrought Mg alloys, Sitdikov and Kaibyshev
(2001) for a review of thermal and recrystallization effects in Mg and Mg alloys, and Kecskes et al. (2021), who provided a recent
compilation of findings.

1.1. Experimental investigations

The plastic behavior of Mg and Mg alloys has been the subject of experimental studies for decades (Yoshinaga and Horiuchi,
1963; Kelley and Hosford, 1967; Wonsiewicz and Backofen, 1967; Yoo, 1981; Christian and Mahajan, 1995; Agnew and Duygulu,
2005; Sandlöbes et al., 2011; Akhtar and Teghtsoonian, 1969; Chapuis and Driver, 2011). It was observed that single-crystals and
textured polycrystals show strong plastic anisotropy.

Single- and polycrystal experiments revealed that basal slip and TTs dominate at room temperature (Wonsiewicz and Backofen,
1967; Akhtar and Teghtsoonian, 1969; Kelley and Hosford, 1967; Zhang and Joshi, 2012; Nie et al., 2020), while the contributions
of the various non-basal systems increase with increasing temperature (Yoshinaga and Horiuchi, 1963; Yoshinaga et al., 1973; Obara
et al., 1973; Ono et al., 2004; Barnett et al., 2008; Reed-Hill and Robertson, 1957; Yoo and Wei, 1967; Burke and Hibbard, 1952;
2
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Chapuis and Driver, 2011). Due to the reduced activation stresses on these systems, at elevated temperature, pyramidal and prismatic
slip accommodate a larger portion of the plastic deformation. This leads to a smaller relative contribution of basal slip and twin
systems to accommodate the overall deformation (Barnett, 2007; Kecskes et al., 2021; Nie et al., 2020). Hence, a strong temperature
dependence of the non-basal slip systems was inferred, whereas, surprisingly, it was found that basal slip as well as TTs show little
to no change in behavior with increasing temperature and are often assumed to be virtually temperature independent (Chapuis and
Driver, 2011; Nie et al., 2020).

Although most studies confirm the above general trends, there exists contradictory experimental evidence and interpretation
f the microstructure of Mg, both at room temperature and at elevated temperature. One such controversy lies in the presence
f pyramidal II slip at room temperature. Ono et al. (2004), Muránsky et al. (2008), Koike et al. (2003) reported significant
ontributions of pyramidal slip starting at ambient temperature. Further, Lilleodden (2010) reported that only pyramidal II slip
as active during their micro-compression studies, whereas Kelley and Hosford (1967), Wonsiewicz and Backofen (1967) found
o evidence of this deformation mode. Another controversially discussed aspect is the role of the CT systems with increasing
emperature. CTs have been observed in both single- and polycrystal studies at room temperature (Wonsiewicz and Backofen, 1967;
arnett, 2007; Barnett et al., 2008) and are considered one of the main reasons for the early failure of Mg alloys Al-Samman
t al. (2010), Zhou and Sui (2019), Chakkedath et al. (2018). Their temperature dependence, however, has remained an open
uestion. Wonsiewicz and Backofen (1967) observed an increasing amount of CTs in their single-crystal experiments at higher
emperatures, whereas Barnett (2007), Barnett et al. (2008), Kecskes et al. (2021), Chakkedath et al. (2018) noted a reduced
ropensity for twinning and especially for CT with increasing temperature. To accommodate deformation along the 𝑐-axis of the

crystal, the material must exhibit some deformation mode(s) with a 𝑐-component in the Burgers vector. Due to the polar nature
of twinning, the {101̄2} TT system can only do so under 𝑐-axis extension, and the {101̄1}CT systems only under compression. The
nature of a twin system (tensile or compressive) is due to the 𝑐∕𝑎 ratio of the material (Yoo, 1981). Pyramidal II systems, by contrast,
an account for both types of deformation. Interestingly, this results in a competition between these aforementioned deformation
odes. Understanding the nature of the controversial findings and the competition between the pyramidal II and the CT systems
ill, among others, be the subject of this investigation. Recently, the question was raised whether pyramidal I ⟨𝑐 + 𝑎⟩ or pyramidal

II slip was the predominant mode: Kweon and Raja (2021), Zecevic et al. (2018), and Xie et al. (2016) suggested that pyramidal I
⟨𝑐 + 𝑎⟩ slip may be the dominant mode. Since, however, little is known about the temperature-dependent behavior of pyramidal I
⟨𝑐 + 𝑎⟩ slip, investigating this additional controversy lies outside the scope of this work.

1.2. Numerical studies

Thanks to the advent of inexpensive and accessible computational power, a steadily growing number of numerical techniques
have been employed to improve our understanding of plasticity in hcp metals. Modeling occurs on a variety of length (and
time) scales, from the atomic to the continuum level, each providing different insight and suffering from different limitations.
Molecular Dynamics (MD) simulations have provided insight at the scale of lattice defects, including the formation of dislocations,
twins, and voids as well as solute clustering in alloys (Yi et al., 2017, 2021; Hu et al., 2020; Wang et al., 2022). At larger
scales, phenomenological models trade efficiency for accuracy and mechanistic rigor to allow for simulations of large, especially
polycrystalline, systems. This includes primarily phase field and crystal plasticity models as well as combinations thereof (Liu
et al., 2017, 2019a; Clayton and Knap, 2011; Staroselsky and Anand, 2003; Zhang and Joshi, 2012), which live at continuum
scales. A noteworthy advance in the efficient representation of deformation twinning on larger scales is due to Tomé et al. (1991),
who introduced the predominant twin reorientation model, capturing the texture change in zirconium due to twinning events and
contributing significantly to the texture modeling of hcp materials.

In this study, we focus on continuum-level mesoscale modeling, which admits simulating large ensembles of grains, while
being efficient and incorporating the underlying deformation modes to investigate the microstructure evolution. When adopting
the nomenclature of Liu et al. (2017), phenomenological mesoscale approaches can be categorized as top-down (Ardeljan et al.,
2016; Knezevic et al., 2009; Tam et al., 2020; Chen et al., 2020) and bottom-up (Chang and Kochmann, 2015; Liu et al., 2017;
hang and Joshi, 2012; Kweon and Raja, 2021) based on the model calibration. Top-down approaches use experimental polycrystal
ata to calibrate the model parameters, whereas bottom-up approaches calibrate a single-crystal plasticity (SCP) model with
vailable experimental data and use that SCP description locally in a polycrystalline simulation framework. In comparison, this
atter approach shows superior accuracy and is applicable to general polycrystalline textures. As a bottom-up example, the variational
CP framework of Chang and Kochmann (2015) for pure Mg used a reduced set of active deformation mechanisms for an efficient
epresentation of the Mg microstructure. When embedded in finite element (FE) (Chang et al., 2017) or Fast Fourier Transform
FFT) (Vidyasagar et al., 2018) homogenization schemes, this model was shown to efficiently predict the stress–strain behavior and
exture evolution of polycrystals.

Both bottom-up and top-down approaches have proven successful in capturing essential features of Mg’s plastic behavior. Ardeljan
t al. (2016) captured the temperature and strain rate dependence of Mg alloy AZ31 in a multiscale ‘‘FE×Taylor’’ top-down

framework. Further, Jain and Agnew (2007) successfully investigated the temperature effects on twinning in Mg alloy AZ31B by
means of a top-down viscoplastic self-consistent model, and Walde and Riedel (2007) successfully modeled recrystallization in
AZ31 with a similar approach. More recently, Tam et al. (2020) accurately modeled the temperature-dependent response of AZ31
polycrystals as well as the texture evolution and the dynamic recrystallization, while Sahoo et al. (2020) investigated the texture
evolution in an all-twin-variant crystal plasticity model for hcp materials, capturing the twin effects and intersecting twin variants.
3

Despite these successes, top-down approaches typically suffer from significant drawbacks, including a strong dependence on the
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choice of the calibration data and of the homogenization method (Ardeljan et al., 2016), the inability to apply at the single-crystal
level, and a lack of microstructural insight (Roy et al., 2017).

Despite the wealth of models for hcp materials, only a small number of temperature-dependent models for Mg exist. On the one
and, the bottom-up approach of Zhang and Joshi (2012) for the room-temperature description of Mg single- and polycrystals was
dopted by Liu et al. (2017) and extended to the temperature range from 298 K to 523 K, observing a transition in deformation
odes with increasing temperature. The latter was primarily associated with a decrease of basal slip at elevated temperature at

he expense of pyramidal ⟨𝑎⟩ slip as well as a transition from CT to pyramidal II slip with increasing temperature. On the other
hand, (Wang et al., 2019) used a Johnson–Cook-type hardening law for single-crystals and included temperature dependence, while
considering CTs as quasi-inactive at room temperature, while showing a transition away from pyramidal slip to CT above 423 K.
The reported microstructures of both approaches were substantially different and to some degree contradictory. Furthermore, the
assumptions made by Wang et al. (2019) on the behavior of CTs were not supported by the observations of Barnett (2007), Barnett
et al. (2008). Both Wang et al. (2019) and Liu et al. (2017) included the entire range of possible deformation (slip and twin) modes.
This choice is problematic from a calibration point of view, as, e.g., pyramidal ⟨𝑎⟩ slip and prismatic slip, as well as pyramidal II
slip and CTs are in direct competition, which may corrupt or at least exacerbate the calibration, even on the basis of single-crystal
experiments, as noted by Zhang and Joshi (2012).

1.3. Scope of this work

The aim of this study is twofold: to provide a new and efficient temperature-dependent crystal plasticity model for Mg and to shed
light onto the competition between pyramidal slip and CT systems and the thermally induced change in deformation mechanisms.
To this end, we present two temperature-aware extensions of the SCP model of Chang and Kochmann (2015), which differ in
the microstructural details. The first formulation, based on Chang and Kochmann (2015), incorporates a reduced representation
with what we identified as a minimally viable number of deformation modes. This reduced model aims to overcome challenges
linked to the calibration of model parameters and provides an easy-to-calibrate predictive model that captures the full range of
temperature-dependent stress–strain behavior in a bottom-up scheme. The second formulation, the full model, extends Chang and
Kochmann (2015) through the incorporation of the CT systems, offering a rigorous numerical investigation and aimed at better
understanding the competition between pyramidal slip and CTs vs. temperature. Both models are integrated in a Taylor mean-field
approach to predict the response of Mg polycrystals. This setup is finally used to investigate the evolution of texture during rolling
and compression.

2. Crystal plasticity model

Our SCP model is an extension of the original formulations by Chang and Kochmann (2015), Vidyasagar et al. (2018),
and Tutcuoglu et al. (2019b), which we summarize in the following to the extent necessary for subsequent discussions. As a novelty,
we render the model temperature-dependent, and we modify the representation of the individual deformation modes.

2.1. Kinematics of slip and twin mechanisms in Mg

Let 𝒔𝛼 and 𝒎𝛼 denote the slip directions and normals of the 𝑁p slip systems 𝛼 ∈ [1, 𝑁p], whereas 𝒂𝛽 and 𝒏𝛽 are the twinning
directions and normals of the 𝑁tw twin systems 𝛽 ∈ [1, 𝑁tw]. The total deformation gradient is assumed to follow a multiplicative
decomposition into elastic and inelastic contributions (Kalidindi, 1998; Asaro and Rice, 1977), so

𝑭 = 𝑭 e𝑭 in, (1)

where 𝑭 e represents the elastic part, and 𝑭 in stems from the combined slip and twin activity of the respective systems. Note that
the above choice of the decomposition is non-unique and other approaches exist, in which the deformation gradient is decomposed
further into components for slip and twinning (Homayonifar and Mosler, 2011), resulting in the interactions of twin and slip activity
at the kinematic level. In our case, the interaction between slip and twinning is embedded in the constitutive relations, as discussed
in Section 2.2.

The total velocity gradient follows as

𝒍 = 𝑭̇𝐹−1

= 𝑭̇ e𝑭 −1
e

⏟⏟⏟
𝒍e

+𝑭 e 𝑭̇ in𝑭 −1
in

⏟⏟⏟
𝒍̃in

𝑭 −1
e , (2)

with elastic and inelastic contributions 𝒍e and 𝒍̃in, respectively. The latter is further decomposed into slip and twin components:

𝒍̃in = 𝒍̃p + 𝒍̃tw, (3)

where 𝒍̃tw results from the combined effect of the changing 𝑁tw twin volume fractions 𝜆𝛽 . With 𝛾 tw
𝛽 denoting the twinning shear

strain (a material constant known from the crystallography (Zhang and Joshi, 2012)) associated with system 𝛽, this implies

𝒍̃tw =
𝑁tw
∑

𝜆̇𝛽𝛾
tw
𝛽 𝒂𝛽 ⊗ 𝑛𝛽 . (4)
4

𝛽=1
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𝒍̃p stems from the activities of the slip systems in the twinned and untwinned regions of the crystal, so that

𝒍̃p =
𝑛𝑠
∑

𝛼=1
𝛾̇𝛼

[(

1 −
𝑁tw
∑

𝛽=1
𝜆𝛽

)

𝒔𝛼 ⊗𝒎𝛼 +
𝑁tw
∑

𝛽=1
𝜆𝛽𝒔′𝛼 ⊗𝒎′

𝛼

]

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
=𝒑𝜶

. (5)

Here, the slip rates 𝛾̇𝛼 are assumed to capture slip in both untwinned and fully twinned regions, the latter being defined for twin
system 𝛽 by

𝒔′𝛼 = 𝑸𝛽𝒔𝜶 ; 𝒎′
𝛼 = 𝑸𝛽𝒎𝜶 . (6)

with the householder mapping

𝑸𝛽 = 𝑰 − 2𝒏𝛽 ⊗ 𝑛𝛽 , (7)

which describes the reorientation of the lattice due to the twinning of the crystal around the plane normal of system 𝛽 (Christian
and Mahajan, 1995).

2.2. Constitutive relations

Following Chang and Kochmann (2015), we introduce the Helmholtz free energy density, here dependent on temperature 𝑇 , as

𝑊 (𝑭 , 𝑭 in, 𝜖, 𝜆, 𝑇 ) = 𝑊e(𝑭 e, 𝑇 ) +𝑊p(𝝐, 𝝀, 𝑇 ) +𝑊tw(𝝀, 𝑇 ), (8)

consisting of a (hyper-)elastic energy density 𝑊e and the stored plastic energies (i.e., energy irreversibly stored in the microstructure)
due to slip and twinning, 𝑊p and 𝑊tw, respectively. The latter two depend on the twin volume fractions 𝝀 = {𝜆1,… , 𝜆𝑁tw} and the
accumulated plastic strains 𝝐 = {𝜖1,… , 𝜖𝑁p}, which evolve according to 𝜖̇𝛼 = |𝛾̇𝛼|, 𝛾̇𝛼 being the slip rate on system 𝛼.

The twin and slip contributions to the energy density account for self- and latent hardening. We base our description of the twin
hardening on Chang and Kochmann (2015), Tutcuoglu et al. (2019b), while incorporating the CT effect similar to Zhang and Joshi
(2012), assuming they follow the same Schmid-type behavior as TTs.1 The hardening of TTs and CTs is assumed to follow a linear
law, which leads to

𝑊tw =
𝑛𝑡
∑

𝛽=1

𝑘𝛽 (𝑇 )
2

𝜆2𝛽

⏟⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏟
self-hardening

+ 1
2
𝝀 ⋅(𝑇 )𝝀

⏟⏞⏞⏞⏞⏟⏞⏞⏞⏞⏟
cross-hardening

, (9)

whereas plastic hardening due to slip is based on

𝑊p =

⎧

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎩

𝑛𝑠
∑

𝛼=1
𝜎∞𝛼 (𝑇 )

[

𝜖𝛼 +
𝜎∞𝛼 (𝑇 )
ℎ0𝛼(𝑇 )

exp
(

−
ℎ0,𝛼(𝑇 )𝜖𝛼
𝜎∞𝛼 (𝑇 )

)

]

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
self-hardening

+ 1
2
𝝐 ⋅(𝑇 )𝝐

⏟⏞⏞⏞⏞⏟⏞⏞⏞⏞⏟
cross-hardening

, if 𝜆 < 𝜆crit,

𝑛𝑠
∑

𝛼=1
𝜎∞𝛼 (𝑇 )

[

𝜖𝛼 +
𝜎∞𝛼 (𝑇 )
ℎ0𝛼(𝑇 )

exp
(

−
ℎ0,𝛼(𝑇 )𝜖𝛼
𝜎∞𝛼 (𝑇 )

)

]

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
self-hardening

+ 1
2
𝝐 ⋅(𝑇 )𝝐

⏟⏞⏞⏞⏞⏟⏞⏞⏞⏞⏟
cross-hardening

+
𝑁s
∑

𝛼=1
𝑐𝛼(𝑇 )𝜖𝛼

⏟⏞⏞⏞⏟⏞⏞⏞⏟
twin-slip interaction

, if 𝜆 ≥ 𝜆crit.
(10)

is a positive semi-definite matrix, having twin cross-hardening terms 𝑘𝛽𝛽′ in its off-diagonal components and a zero diagonal
o represent twin–twin cross-hardening. Specifically, the values of 𝑘𝛽𝛽′ are chosen such as to admit only one active (compressive
r tensile) twin variant at a time (Chang and Kochmann, 2015). Analogously, (𝑇 ) is a positive semi-definite matrix, capturing
lip–slip cross-hardening through terms ℎ𝛼𝛼′ on its off-diagonals and a zero diagonal.

Twin hardening effects on the slip systems are included via a saturation hardening law. Upon reaching a critical twin volume
raction, the twin is considered saturated and set to be fully reoriented. This leads to strain hardening (Kecskes et al., 2021)
due to twin boundary and geometric hardening, while the Basinski effect leads to the transformation of glissile into sessile
islocations (Knezevic et al., 2010; Basinski et al., 1997)). As we do not resolve twins spatially nor account for the formation
f twin lamellae (such as, e.g., in the composite grain model of Proust et al. (2007)), these effects are condensed into a single
ardening parameter 𝑐𝛼 , applied upon twin saturation. Jain and Agnew (2007) noted that not all systems are affected equally by
he presence of twins, which is why their model introduced a stronger latent hardening factor for basal slip. Similar observations
ere made by Yu et al. (2018), who investigated experimentally the hardening effect of twinning on basal and prismatic slip in

1 It was noted as early as by Kelley and Hosford (1967) that CTs may in fact not follow this pattern. In modeling, however, when included, CTs are generally
assumed to follow approximately a Schmid law with a medium to high critical resolved shear stress (CRSS) value and strong hardening (Zhang and Joshi, 2012;
Wang et al., 2019; Liu et al., 2017). For the sake of simplicity we here follow this assumption—investigating the physics behind CTs goes beyond the scope of
5

this contribution and requires lower-scale models of experimental insight.
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AZ31, noticing an increased effect of twin hardening on basal systems as compared to prismatic systems. Here, this phenomenon is
accounted for by different choices for the parameters 𝑐𝛼 in (10).

Assuming that both slip and twinning follows a Schmid-type law, the resolved shear stress (RSS) of slip system 𝛼 is

𝜏p
𝛼 = 𝜮 ⋅ 𝒑𝛼 , (11)

with 𝒑𝛼 from (5). Equivalently, the RSS for twin system 𝛽 becomes

𝜏tw
𝛽 = 𝜮 ⋅ 𝛾 tw

𝛽 𝒂𝛽 ⊗ 𝒏𝛽 , (12)

with the Mandel stress tensor 𝜮, defined as

𝜮 = 𝑭 𝑇
e 𝑷𝑭 𝑇

in with 𝑷 = 𝜕𝑊
𝜕𝑭

. (13)

The evolution laws for the plastic slips in this variational setting follow as

𝛾̇𝛼 = 𝛾̇0,𝛼

|

|

|

|

|

|

|

|𝜏p
𝛼 | −

𝜕𝑊p
𝜕𝜖𝛼

𝜏0,𝛼(𝑇 )

|

|

|

|

|

|

|

1∕𝑚p

sign(𝜏p
𝛼 ), (14)

with reference slip rates 𝛾̇0,𝛼 , a temperature-dependent CRSS 𝜏0,𝛼 for each slip system, and hardening exponent 𝑚p. Analogously, the
twin volume fractions evolve according to

𝜆̇𝛽 = 𝜆̇0,𝛽

|

|

|

|

|

|

|

|𝜏tw
𝛽 | − 𝜕𝑊tw

𝜕𝜆𝛽

𝜏0,𝛽

|

|

|

|

|

|

|

1∕𝑚tw

(15)

with a reference rate 𝜆̇0,𝛽 , hardening exponent 𝑚tw, and temperature-independent CRSS 𝜏0,𝛽 .
The constitutive model is completed by a choice of the elastic energy density. Chang and Kochmann (2015) showed that – owing

o its low level – elastic anisotropy has a negligible effect on the texture evolution and stress–strain relation of Mg. For simplicity,
e thus choose a compressible Neo-Hookean strain energy density

𝑊e(𝑭 e, 𝑇 ) =
𝜇(𝑇 )
2

(tr 𝑪̄e − 3) +
𝜅(𝑇 )
2

(𝐽 − 1)2 (16)

ith

𝑪̄e = 𝑭̄ 𝑇
e 𝑭̄ e, 𝑭̄ e =

𝑭 e
𝐽 1∕3

, 𝐽 = det 𝑭 e = det 𝑭 (17)

nd temperature-dependent shear and bulk moduli 𝜇 and 𝜅, respectively.

.3. Temperature dependence

The temperature dependence of slip and twinning was studied, among others, by Chapuis and Driver (2011), Wonsiewicz and
ackofen (1967), who concluded that basal slip and tensile twins are largely temperature insensitive, whereas non-basal slip and
ompressive twins (CT) show a moderate to strong temperature dependence—as also argued by Liu et al. (2017), Wang et al. (2019),
ie et al. (2020).

We note that some studies observed reduced twin activity with increasing temperature (Kecskes et al., 2021; Jain and Agnew,
007; Wonsiewicz and Backofen, 1967; Chapuis and Driver, 2011), which can be explained by the fact that other deformation modes
an more readily accommodate the deformation due to the increased lattice mobility, leading to a reduction in twinning. Further,
he accrued slip may have an inhibitory effect on twinning. Jain and Agnew (2007) assumed an inverse temperature dependence of

the CRSS of TT systems in their study of AZ31, leading to hardening and a reduction of twin activity with increasing temperature.
Although that assumption does yield the expected result of a decrease in twin activity at elevated temperature, it is questionable,
whether the phenomenon they observed is due to an actual increase in the CRSS value or due to other effects, such as the increased
propensity for precipitates in the alloy, which are known to promote twin hardening (Liu et al., 2019b). As the present formulation of
the model cannot account for complex mechanistic effects, we follow Chapuis and Driver (2011), Wonsiewicz and Backofen (1967)
and assume that the TT (and basal slip) systems are temperature-independent, so that temperature dependence is incorporated only
in the non-basal slip systems, and in CTs, as in Liu et al. (2017), Wang et al. (2019).

Similar to Beyerlein and Tomé (2004), Liu et al. (2017), Wang et al. (2019), we assume an Arrhenius-type law for the temperature
dependence of the CRSS values, so the temperature dependence of the non-basal slip systems is assumed to decay exponentially with
temperature, i.e.,

𝜏0,𝛼(𝑇̄ ) =

{

𝜏0,𝛼(𝑇ref) for basal systems,
𝜏0,𝛼(𝑇ref) exp(−𝜔𝛼 𝑇̄ ) else,

(18)

with distinct parameters 𝜔𝛼 > 0 for the prismatic and pyramidal systems, and the dimensionless temperature

𝑇̄ (𝑇 ) =
𝑇 − 𝑇ref . (19)
6

𝑇melt − 𝑇ref



International Journal of Plasticity 159 (2022) 103448Y. Hollenweger and D.M. Kochmann

A

i
c
f

2

l
l
e
p
e

a

W

a

The melting temperature of Mg is 𝑇melt = 650 ◦𝐶, while we take as a reference the ambient temperature 𝑇ref = 25 ◦𝐶.
The exponential ansatz is also used to describe the temperature sensitivity of the Voce hardening parameters:

ℎ0𝛼(𝑇̄ ) =

{

ℎ0𝛼(𝑇ref) for basal systems,
ℎ0𝛼(𝑇ref) exp(−𝜂𝛼 𝑇̄ ) else,

ℎ𝛼𝛼′ (𝑇̄ ) =

{

ℎ𝛼𝛼′ (𝑇ref) for basal systems,
ℎ𝛼𝛼′ (𝑇ref) exp(−𝜒𝛼 𝑇̄ ) else,

𝜎∞𝛼 (𝑇̄ ) =

{

𝜎∞𝛼 (𝑇ref) for basal systems,
𝜎∞𝛼 (𝑇ref) exp(−𝜈𝛼 𝑇̄ ) else.

(20)

nalogously, the hardening laws for TTs are assumed to be temperature insensitive:

𝑘0𝛽 (𝑇̄ ) =

{

𝑘𝛽 (𝑇ref) for TT systems
𝑘𝛽 (𝑇ref) exp(−𝜉𝛽 𝑇̄ ) for CT systems.

(21)

The entries of  are temperature-independent. The twin–twin cross hardening matrix ensures no more than one twin system
s active at the material point. This assumption does not collapse for elevated temperatures. Finally, the elastic constants are
hosen as 𝜇(𝑇 ) = 17 exp(−3𝑇̄ ) GPa and 𝜅(𝑇 ) = 16 exp(−3𝑇̄ ) GPa, by extending the (room-temperature) Neo-Hookean formulation
rom Vidyasagar et al. (2018).

.4. Taylor model for polycrystal simulations

A simple mean-field, Taylor-type homogenization scheme is adopted to represent polycrystals in a highly efficient and paral-
elizable fashion. We note that, while efficiency is one of this method’s key strengths, the Taylor model does not have an intrinsic
ength scale and does not account for detailed spatial variations on the grain level. Those could be captured by a (significantly more
xpensive) spatially-resolved model (Chang and Kochmann, 2015; Vidyasagar et al., 2018). The present model aims to efficiently
rovide an estimate for the effective, macroscale response of a large ensemble of grains on the microscale. We thus consider an
nsemble of 𝑁 grains on the microscale, each given a volume fraction 𝑓𝑖 ∈ [0, 1].

Furthermore, each grain is endowed with an initial crystallographic orientation, described by a 3D rotation tensor 𝑹𝑖 ∈ SO(3),
which defines the slip and twin systems within grain 𝑖 in the global coordinate system as, respectively,

𝒔𝑖,𝛼 = 𝑹𝑖𝒔𝛼 , 𝒎𝑖,𝛼 = 𝑹𝑖𝒎𝛼 , (22)

nd

𝒏𝑖,𝛽 = 𝑹𝑖𝒏𝛽 , 𝒂𝑖,𝛽 = 𝑹𝑖𝒂𝛽 . (23)

ith each grain having internal variables 𝜼 = [𝝐, 𝝀], we denote the set of all internal variables in the polycrystal by  =
{𝜼1, 𝑓1,… , 𝜼𝑁 , 𝑓𝑁}, and the set of all grain orientations is  = {𝑹1,… ,𝑹𝑁}.

Following the Taylor assumption, each grain is subject to the same applied deformation gradient 𝑭 (hence expecting an upper
bound on the effective, homogenized polycrystal response), see Fig. 2 for a visualization. We furthermore assume a uniform, constant
temperature 𝑇 across the polycrystal (thus neglecting the heat generated by plastic mechanisms under quasistatic loading). With
the individual grain behavior given by the single-crystal model of Sections 2.1–2.3, the response of the polycrystal is obtained from
the volume fraction-weighted grain average, so the effective energy density reads

𝑊Taylor(𝑭 ,,) =
𝑁
∑

𝑖=1
𝑓𝑖𝑊 (𝑹𝑖𝑭 , 𝝐𝑖, 𝜆𝑖), (24)

nd the effective first Piola–Kirchhoff stress tensor follows as

𝑷 =
𝜕𝑊Taylor

𝜕𝑭
. (25)

3. Parameter identification and model validation

Our (bottom-up) strategy is to first calibrate the room-temperature single-crystal model, followed by calibrating the temperature-
related parameters, for both of which the Taylor model provides poly-crystal predictions for validation. We begin by calibrating
the room-temperature single-crystal model, using the data reported by Kelley and Hosford (1967), who performed a series of room-
temperature channel-die experiments. They used seven distinct orientations of their single-crystal samples with respect to the applied
loading, denoted by cases A through G, which were designed to isolate the behavior of individual slip and twin systems in Mg at
room temperature. Table 1 provides an overview of the applied deformation and constraints as well as the deformation mechanism(s)
calibrated by each case.
7
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Fig. 2. Schematic view of the Taylor model used for the extraction of the polycrystal response during channel-die loading with the indicated loading, constraint,
and unconstrained free directions.

Table 1
The seven cases in the channel-die experiments of Kelley and Hosford (1967). Single-crystals were subjected to plane-strain compression, being compressed in
the Compression direction with a rigid constraint imposed in the Constraint direction, while being unconstrained in the third (orthogonal) direction. Each case
is designed to promote the activity of the denoted system (Deform. Mode(s)), including pyramidal (Py), prismatic (Pris) and basal slip as well as tension twins
(TT) and compressive twins (CT).

Case A B C D E F G

Compression {0001} {0001} {101̄0} {12̄10} {101̄0} {12̄10} {0001} @ 45◦

Constraint {101̄0} {12̄10} {0001} {0001} {12̄10} {101̄0} {101̄0}
Deform. Mode(s) Py & CT Py & CT Pris & CT Pris & CT TT TT Basal

Simulations for calibration were performed under quasistatic conditions at a strain rate of 𝜖̇ = 10−4s−1. The channel-die setup—
with compression being applied in the 𝑥3-direction and the sample surfaces perpendicular to the 𝑥1-direction left free and constrained
in the 𝑥2-direction, is approximated by imposing the deformation gradient

𝑭 =
⎛

⎜

⎜

⎝

𝐹11 𝐹12 𝐹13
0 1 0
0 0 𝑒𝜖̇𝑡

⎞

⎟

⎟

⎠

. (26)

The unknown entries 𝐹1𝑖 (accounting for the free boundaries of the channel) are found by solving for the traction-free boundary
conditions 𝑃1𝑖 = 0 (Chang, 2016).

Parameter calibration starts with the room-temperature CRSS values, which were chosen to lie in the range reported experimen-
tally (see Fig. 3), with the parameters reported by Chang and Kochmann (2015) used as initial guess. The room-temperature CRSS
values were, once chosen, held constant for the remainder of the calibration process.

The calibration for each case in Table 3 (assuming that only the indicated deformation modes are active) follows the same
protocol. With the Voce hardening laws, the initial onset of plastic flow is governed by the CRSS values of the active systems. The
peak stress depends mostly on the saturation stress 𝜎∞𝛼 , while the shape of the plastic stress–strain curve depends primarily on the
self-hardening factor ℎ0𝛼 . The large-strain behavior additionally depends on the cross-hardening factors ℎ𝛼𝛼′ and ℎ0𝛼 . Calibration of the
model was accomplished by critically comparing the results of the simulated single-crystal behavior to the experimental stress–strain
data of Kelley and Hosford (1967), calibrating the relevant model parameters one at a time to capture the onset of plastic flow,
hardening, and large-strain behavior in a similar spirit to Zhang and Joshi (2012).

This procedure works best when there is no ambiguity in the deformation modes during plastic deformation. Hence, Case G,
involving only basal slip, proves easiest to calibrate, so optimal material parameters were readily obtained. Analogously, case E is
ideally suited to calibrate the TT systems. Since twins follow a slightly different hardening law than the slip systems, hardening
parameter 𝑘0 was calibrated with the initial response of the single-crystal experiments from Kelley and Hosford (1967) to fit the
slope of the twin hardening region up to 6% strain. The bifurcation point, indicating the saturation of the twin system and the
subsequent reorientation of the lattice, corresponds to the results obtained by Zhang and Joshi (2012) for a critical volume fraction
of 0.9.

Calibration of the pyramidal II and prismatic systems was less trivial, as both systems in principle occur simultaneously in cases A
and C (along with CT). As a simplifying assumption, we assume that simulations of case A are dominated by pyramidal II slip and
CT activity, and case C by the prismatic systems and CTs (as indicated in Fig. 3). This led to a iterative calibration route of those
systems. Cases B and D, which feature the same deformation modes but to different extent, were used to check and validate the
calibrated model parameters.

While in the reduced model (without CT) the seven cases were well suited to isolate each deformation mode, the ambiguity linked
to the presence of the CT systems in the full model led to challenges (similar challenges were noted by Zhang and Joshi (2012)). As
8
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Fig. 3. Range of the experimentally reported CRSS values for the slip and twin systems. The shown ranges were obtained from Wang et al. (2019) and expanded
ith experimental data from Chapuis and Driver (2011)(1), Kelley and Hosford (1967)(2), Yoshinaga and Horiuchi (1963, 1964)(3,7), Akhtar and Teghtsoonian

1969)(4), Wonsiewicz and Backofen (1967)(5), and Kitahara et al. (2007)(6). The pyramidal II CRSS of the reduced model coincides with the experimental
alues of Obara et al. (1973).

remedy, we assume, based on data from Kelley and Hosford (1967), Wonsiewicz and Backofen (1967), Yoshinaga and Horiuchi
1963), and Kitahara et al. (2007), that CTs exhibit a lower CRSS than the pyramidal II systems at lower temperatures. In fact, in
he full model this assumption was necessary to obtain CT contributions in the first place. The self-hardening factor 𝑘0CT of the CT

systems was calibrated such as to capture the initial slope of case A, see Fig. 9. The excessive self-hardening is in agreement with
experimental observations and simulation results (Wonsiewicz and Backofen, 1967; Zhang and Joshi, 2012). Upon saturation (not
due to reaching the critical volume fraction, but instead due to extensive self-hardening) additional deformation is accommodated
by pyramidal II slip.

Once calibrated at room temperature, the single-crystal model was made temperature-dependent, as described in Section 2.3,
again beginning with the CRSS values, for which an exponential ansatz was chosen for the pyramidal II and prismatic ⟨𝑎⟩ slip as

ell as the CT systems (see Section 2.3). Unfortunately, the experimentally reported CRSS values are inconclusive. For instance,
he CRSS values for the prismatic systems reported by Yoshinaga and Horiuchi (1963) and Akhtar and Teghtsoonian (1969) differ
ubstantially. The exponential decay parameters were thus obtained by critically comparing the predicted CRSS values with the range
f experimental results reported by Chapuis and Driver (2011), Obara et al. (1973), Akhtar and Teghtsoonian (1969), Yoshinaga
nd Horiuchi (1963), Nie et al. (2020). Due to the wide range of experimental data, we note that the calibrated CRSS values may
ot represent physical material constant. We observe, however, good agreement with the experimentally reported values for the
emperature range up to 300 ◦C, see Fig. 4.

Calibration of the hardening parameters at elevated temperature was performed via optimization, using the Nelder–Mead
ptimization routine from the SciPy library (Jones et al., 2001). For each case, an initial guess was chosen manually. As in the
oom-temperature case, the calibration of these systems is not straight-forward, and cases A and B need to be considered jointly.
herefore, in the numerical optimization, the objective was to minimize the mean square error (MSE) of the accumulated stress–
train error of both cases (A and C) at temperatures of 116◦𝐶, 200◦𝐶, 271◦𝐶 for case A, and 110◦𝐶, 180◦𝐶, and 270◦𝐶 for case C.
his allowed us to identify the temperature parameters 𝜂𝛼 , 𝜉𝛼 , and 𝜈𝛼 for each deformation mode. Note that no global optimum was
ound, and the temperature-dependence depends on the initial guess. The optimization procedure was repeated 20 times, and the
est set of parameters (in terms of the lowest stress–strain MSE) was chosen.

The calibration of the temperature parameters proved to be complex, since the room temperature data for cases A, B, C, and D
rom Kelley and Hosford (1967) and Wonsiewicz and Backofen (1967) differ significantly (see Fig. 5). While both authors reported
imilar peak stresses and general behavior, the path to failure varied. Data from Kelley and Hosford (1967) shows strong initial
ardening in the elastic region with a flow stress of around 100 MPa, followed by a slow transition into a peak-stress around
00 MPa at 4% strain. The behavior reported by Wonsiewicz and Backofen (1967) exhibits a different initial hardening behavior:
9
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Table 2
Model parameters for the slip systems at room temperature, calibrated based on the experimental data of Kelley and Hosford (1967). All values
are for the reduced model, unless those marked by †, which are for the full model including the CT systems. Values marked by an asterisk (∗)
were calibrated based on data from Chapuis and Driver (2011), Akhtar and Teghtsoonian (1969), Lilleodden (2010), Ando et al. (2007), Kelley
and Hosford (1967) The temperature dependence of the CRSS values was calibrated such as to lie in the range of experimentally reported data,
see Fig. 4.

Parameter Symbol Unit Basal Prismatic Pyramidal II Reference/Calibration

CRSS 𝜏0 MPa 2.0 20 40 (100†) calibration∗

Self hardening factor ℎ0 MPa 750 6000 13000 calibration
Cross hardening factor ℎ𝑖𝑗 MPa 10 10 12 calibration
Saturation stress 𝜎∞ MPa 0.8 72 115 (60†) calibration
Twin-slip cross-hardening factor 𝑐𝛼 MPa 20 10 5 calibration
Reference slip rate ̇𝛾0 s−1 10−3 10−3 10−3 Zhang and Joshi (2012)
Slip exponent 𝑚𝑝 – 0.5 0.5 0.5 Chang and Kochmann (2015)
CRSS temperature factor 𝜔 – – 3.0 2.95 (5.5†) calibration∗

Self-hardening temperature factor 𝜂 – – 5.2 4.5 (2.2†) optimization
Cross-hardening temperature factor 𝜈 – – 1.3 2.5 optimization
Saturation stress temperature factor 𝜉 – – 2.5 4.05 (2.5†) optimization

Fig. 4. Experimentally measured CRSS values for the slip and TT systems in Mg in comparison with this model over the studied range of temperatures. The
filled markers show experimentally reported data from Obara et al. (1973), Wonsiewicz and Backofen (1967), Yoshinaga and Horiuchi (1964), Akhtar and
Teghtsoonian (1969). The solid lines with markers represent the data for the reduced model, the dashed lines for the full model. The TT and basal CRSS values
were constant for both models.

Table 3
Model parameters for the twin systems in full and reduced models, calibrated based on the data of Kelley and Hosford (1967),
Wonsiewicz and Backofen (1967).
Parameter Symbol Unit TT CT Reference/Calibration

CRSS 𝜏0 MPa 3.5 50 calibration
Self hardening factor 𝑘0 MPa 25 3000 calibration
Twin shear ̇𝛾0 – 0.129 1.066 Zhang and Joshi (2012), Chang and Kochmann (2015)
Cross hardening factor ℎ𝑖𝑗 MPa 100 100 Chang and Kochmann (2015)
Critical volume fraction 𝑣crit – 0.9 0.9 Zhang and Joshi (2012)
Twin rate ̇𝛾0 – 10−3 10−4 Zhang and Joshi (2012)
Twin exponent 𝑚tw – 1 1 Chang and Kochmann (2015)
CRSS temperature factor 𝜔 – – 3.5 calibration
Self-hardening temperature factor 𝜉 – – 4.0 calibration
10
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Fig. 5. Stress–strain data for the channel-die experiments of Kelley and Hosford (1967) (dotted line) and Wonsiewicz and Backofen (1967) (solid line).

the material seems to exhibit an early onset of plastic flow at considerably lower stresses of around 40 MPa, followed by slower
and less pronounced hardening, which abruptly plateaus at around 5.5% strain before fracture occurs at 6% strain. We show a
comparison for case A in Fig. 5, but the same trends persist for cases B, C, and D. While the differences in experiments rendered the
calibration task more challenging, the fact that the peak stresses appear to be unaffected by the difference in experimental setups, the
model was calibrated to the available single-crystal data despite the apparent differences. This calibration required manual tuning,
as the optimizer generally tends to over-predict the stress at elevated temperature and under-predict at lower temperatures.

4. Single-crystal simulations

The single-crystal response of Mg is highly sensitive to the crystal orientation with respect to the applied loading, and it depends
n temperature. Unfortunately, the literature is controversial when it comes to the non-basal slip vs. twin activity. Compression along
he 𝑐-axis requires the activation of deformation modes such as pyramidal II slip or CTs (Yoshinaga and Horiuchi, 1963; Yoshinaga
t al., 1973; Obara et al., 1973). According to Ono et al. (2004), ⟨𝑐 + 𝑎⟩ pyramidal slip is a prominent deformation mode for
hrough-thickness compression along the 𝑐-axis. In a similar spirit, Koike et al. (2003), Muránsky et al. (2008), Obara et al. (1973)
eported pyramidal II slip activity at room temperature. These findings stand in contradiction to the observations of Kelley and
osford (1967), Wonsiewicz and Backofen (1967), who observe mostly {101̄1} CTs and {101̄2} TTs alongside large amounts of basal

slip at room temperature and, in part, at elevated temperature, where especially the presence of TTs appears counter-intuitive due
to the polar nature of the twin systems. With increasing temperature, Wonsiewicz and Backofen (1967) further observed increasing
amounts of twinning and double twinning in Mg single-crystals, when compressed along the 𝑐-axis. This, in turn, is in contradiction
to the more recent investigations by Barnett (2007), who found CT activity to be inversely proportional to temperature. Above a
transition temperature, CTs were found to be less dominant, while non-basal slip systems account for the increasing amount of
deformation (Barnett et al., 2008). Similar findings were reported by Khosravani et al. (2013) for alloy AZ31B, where this transition
temperature was found to be as low as 350K. Wonsiewicz and Backofen (1967) reported evidence of CTs even at room temperature
for cases C and D, in which the crystal is not ideally oriented for CTs to show activity. With the goal of shedding light into these
controversial reports (while also validating the model’s suitability), we proceed to model the response of Mg single-crystals, using
the two versions of our model (reduced and full, where only the latter accounts for CT) along with a detailed comparison and
discussion—and we do so both a room temperature and at elevated temperature.
11
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Fig. 6. Stress–strain responses of cases A through G. Dots represent experimental data by Kelley and Hosford (1967), solid lines are results simulated with the
reduced model.

4.1. Room-temperature single-crystal response

4.1.1. Reduced representation (without CT)
Fig. 6 shows the stress–strain behavior of Mg single-crystals for cases A through G, predicted by the reduced model with the

aterial parameters in Table 2. The predicted response captures the salient features and compares well with the experimental data
n all cases. To highlight the microstructure evolution, we also report the predicted activity of the various deformation modes. To
his end and to compare the activities, we introduce as a qualitative measure the relative activity of each deformation mode as

bas./prism./pyr. =
𝛤bas./prism./pyr.

∑𝑁𝑠
𝛼=1 |𝛾𝛼|

, (27)

where 𝛤bas./prism./pyr. =
∑

𝛼 |𝛾𝛼| represents the sum of either all basal, all prismatic, or all pyramidal slip activity. We define an
analogous relative TT activity

TT =
𝑁𝑡
∑

𝛽=1
𝜆𝛽 , (28)

which is a qualitative measure of the overall TT activity (TT = 0 implying no TT activity). Let us comment on the individual load
cases and their predicted microstructural characteristics.

𝑐-axis compression:
Mg crystals under plane-strain compression along the 𝑐-axis of the crystal are distinguished by strong strain hardening,

characteristically followed by rapid fracture at roughly 4% to 6% strain (Kelley and Hosford, 1967; Wonsiewicz and Backofen, 1967).
The resulting limited formability is related to the localization of deformation due to an insufficient number of deformation modes,
resulting in the formation of shear bands and ultimately failure (Nie et al., 2020; Sandlöbes et al., 2011; Wonsiewicz and Backofen,
1967; Kelley and Hosford, 1967). Both cases A and B are similar in nature, B showing a slightly higher peak stress (Wonsiewicz and
Backofen, 1967; Kelley and Hosford, 1967). The reduced model captures this phenomenon accurately.

The relative activities in Fig. 7 for cases A and B show a predominant activation of pyramidal systems, which agrees with the
results by Zhang and Joshi (2012), Wang et al. (2019). In the absence of CTs, pyramidal slip is the only option to accommodate
compressive 𝑐-axis deformation. Experimentally, the presence of pyramidal slip at room temperature was shown by Obara et al.
12
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(
b

Fig. 7. Relative twin and slip activities for cases A, B, C, D, E, and F. Case G shows only basal activity, as expected, and is hence omitted here.

1973), Muránsky et al. (2008), Ono et al. (2004), Lilleodden (2010). Since the pyramidal II systems have a Burgers vector with
oth, 𝑐- and 𝑎-components, and a constraint is applied, some of the deformation along the 𝑎-axis induced by the activity of the

pyramidal systems requires compensation. This induces a smaller degree of prismatic slip. The change in orientation in case B leads
to an increased activity in the prismatic systems. Similar effects were reported in previous numerical studies (Zhang and Joshi,
2012; Chang and Kochmann, 2015; Liu et al., 2017). The larger peak strain in case B comes from the effect of the constraint which
effectively hardens the pyramidal systems (Zhang and Joshi, 2012) as well as the increased slip activity on the prismatic systems,
which lead to a hardening effect.

𝑎-axis compression with constrained 𝑐-axis:
Mg single-crystals under 𝑎-axis compression typically exhibit strong initial strain hardening, followed by a gradual strain softening

and no explicit peak stress. This case is also characterized by an exceptionally high ductility, as it can accommodate large strains
before fracture (Kelley and Hosford, 1967; Wonsiewicz and Backofen, 1967). This behavior is accurately described by the present
formulation. In both cases C and D, the constraint is applied in the {0001} direction, and the prismatic systems are expected to be
the predominant sources of plastic slip. In addition, the non-zero resolved stresses on the TT systems along with their low CRSS lead
to a significant amount of TTs despite the hard constraint. The deformation along the 𝑐-axis, which results from the TTs, is offset
13
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Fig. 8. Tension–compression asymmetry and the reorientation of the crystal: due to the imposed initial orientation of the crystal, the 𝑥-direction is unconstrained,
and the loading direction corresponds to the 𝑦-direction in the pole figures (a.b). Case E leads to a reorientation by 86◦ (a), whereas case F leads to a reorientation
by 30.3◦ (b) (Wang et al., 2019; Wonsiewicz and Backofen, 1967). (c) shows the tension–compression asymmetry of the TT system, which is active under 𝑐-axis
extension but inactive under 𝑐-axis compression.

by elastic deformation in the channel wall as well as by the activity of CTs in an experimental setting, allowing up to 20% twin
volume fraction (Wonsiewicz and Backofen, 1967). In our simulations, however, the channel is rigid and CTs are not accounted for
in the reduced model, yet TTs are also observed. This is possible as the strain along the constrained 𝑐-axis due to TTs is offset by
activating the pyramidal systems. Case C exhibits a larger TT contribution, which plateaus at about 3% strain. In agreement, the
pyramidal II contributions tend to vanish beyond this level of strain, as little 𝑐-axis deformation is induced (see Fig. 7). Conversely,
case D exhibits less TT activity, in agreement with the pyramidal activity also being reduced.

𝑎-axis compression with unconstrained 𝑐-axis:
Cases E and F are dominated by TTs, characterized by low strain hardening up to 6% strain. TT in Mg is easy to activate, and

twins grow until they reach saturation, thus showing little strain hardening during the initial deformation phase (see Fig. 6). Upon
saturation, the crystal reorients abound the twin plane of the active twin system, which leads to a drastic change in the stress–strain
response, as demonstrated by cases E and F.

Twinning is an asymmetric deformation mode,2 which is captured by the reduced model, as shown in Fig. 8.
For case E, the unobstructed 𝑐-axis allows the TT to grow, contributing a ⟨𝑐+𝑎⟩ component to the total deformation. Initially, this

leads to the activation of prismatic systems to offset the ⟨𝑎⟩ contributions against the constraint. After about 2% strain the crystal has
sufficiently reorientated due to slip, so that basal slip becomes active and almost instantaneously governs the deformation. The twin
system saturates at about 6%, which leads to an instantaneous change in the stress–strain behavior. In case E of the simulations,
the twins reorient the material by 86.3◦, which is close to the orientation initially shown in cases A and B (Kelley and Hosford,
1967). In this configuration, the shear stress on the basal systems is minute, in contrast to the pyramidal systems, which are now
again favorably aligned. Note also that the total amount of slip is small during the first 6% of deformation, since the pyramidal slip
almost instantaneously accounts for the majority of all slip upon reorientation. The reoriented crystal is close to cases A and B, but
the response is stiffer, which was also noted by Kelley and Hosford (1967) and which is attributed to prior twin-hardening of the
material.

The situation is different for case F, where the twins reorient the material such that the basal plane forms a 31◦ angle with the
loading direction (Fig. 8), thus enabling basal slip to emerge easily (Kelley and Hosford, 1967). As noted by Wang et al. (2019), the
orientation of case F leaves the basal systems ideally oriented and explaining the different behavior of the twinned crystal. Further,
in case F four TT systems are ideally oriented for activation, as noted by Kelley and Hosford (1967). As seen in Fig. 8, we capture
the reorientation of both cases E and F accurately in our simulations. The discrepancy in the predicted stress for case F is due to
other aspects. The predominant twin model used here (only the twin system with the largest CRSS is active) cannot capture multiple

2 The characterization as a ‘‘compressive’’ vs. ‘‘tension’’ twin depends on the 𝑐∕𝑎 ratio of the material (Yoo, 1981). For materials with a 𝑐∕𝑎 <
√

3 (which
includes Mg) the {101̄2} twinning mode is a tension twin, i.e., it elongates the 𝑐-axis. It hence activates under 𝑐-axis tension, while showing no activity under
𝑐-axis compression.
14
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Fig. 9. Stress–strain responses of cases A through G, as obtained from the full model including CT. Dots represent experimental data of Kelley and Hosford
(1967), lines are simulated results.

twin systems. This leads to premature saturation of a single system and the subsequent lack of twin-slip hardening yields a lower
stress at larger strains.

Orientations promoting basal slip:
Under plane-strain compression with the 𝑐-axis forming a 45◦ angle to the compression direction (case G), basal slip is favored.

Samples in this case exhibit considerably higher plastic strains and noticeable hardening is observed only at large strains, as is
evident from the data of Kelley and Hosford (1967), Nie et al. (2020). The low hardening rates and early onset of plasticity reflect
the discrepancy in CRSS and hardening behavior between the basal systems and all others, as basal slip is solely active up to 10%
strain in this case. At higher strains, deformation is also accommodated via twin band formation. After about 50%–60% strain, the
crystal hardens extensively, as the twinned volume fraction increases (Nie et al., 2020).

4.1.2. Full representation (including CT)
The full model including CT (calibrated through cases A and C, as explained in Section 3) leads to the stress–strain responses

shown in Fig. 9 for all seven cases. Again, good agreement with experiments is achieved, and the key aspects of the stress–strain
behavior are captured. CTs lead to a slightly stiffer initial response for cases A and B as well as under reorientation due to twinning.
This is related to the high hardening and slow kinematics of the twin propagation generally associated with CT (Zhang and Joshi,
2012; Wonsiewicz and Backofen, 1967; Wang et al., 2019) as well as with the change in CRSS and initial hardening parameters of
the pyramidal systems, as obtained from the calibration of the full model (see Table 2). Predictions for cases E, F, and G are close
to those of the reduced model, so that we will focus on the cases A and C to discuss the influence of CTs.

𝑐-axis compression:
CTs offer a second deformation mode next to the pyramidal II systems to accommodate deformation along the 𝑐-axis under

compression, while also affecting the crystal reorientation. Fig. 10 shows the activity of the deformation modes, highlighting
the competition between the CT and pyramidal II systems. Initially, basal slip occurs alongside CT formation in agreement with
experimental observations (Wonsiewicz and Backofen, 1967). The reorientation due to CT is, however, minimal, seen over the
entirety of the crystal, and the volume fraction remains below 10% for the duration of the simulation. CTs are known to propagate
more slowly than their tensile counterparts (Zhang and Joshi, 2012) and to harden more extensively. Due to the slow propagation
of CT lamellae in the crystal (described in our model by the reduced reference growth rate) the crystal must activate pyramidal slip
once the CT systems have hardened substantially (which occurs at about 3% strain, when the CT system has hardened so much that
any further increase in the twin volume fraction is unfavorable). The deformation is henceforth accommodated by a combination
of pyramidal and prismatic slip, in a similar fashion to case A in the reduced configuration.
15
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Fig. 10. Relative activities of the deformation modes, as obtained from the full model including CT. Results are for a single-crystal under plane-strain compression,
mimicking cases A, C, E, and F of the experiments by Kelley and Hosford (1967).

𝑎-axis compression with constrained 𝑐-axis:
Wonsiewicz and Backofen (1967) reported a significant amount of {101̄2} twin formation with some {101̄1} CTs, which ‘‘could

only have happened to relieve the 𝑐-axis expansion generated by the {101̄2} twinning’’. The CT banding is hence activated as
a mechanism to reduce the stress induced by the TT formation. The full model captures this behavior, as shown in the relative
activities in Fig. 10. Initially, a combination of basal slip, CT, and TT is activated, followed by a sharp increase in prismatic slip
activity. Up to approximately 3% strain, CT balance the 𝑐-axis extension induced by TT. Upon hardening at strains larger than 3%,
the CTs saturate and small amounts of pyramidal slip activity accommodate further 𝑐-axis deformation. TTs slowly saturate around
6% strain, which also leads to a reduction in pyramidal activity. 𝑎-axis deformation is accommodated by a combination of mostly
prismatic and a smaller portion of basal slip.

𝑎-axis compression with unconstrained 𝑐-axis:
Simulations of crystals with an unconstrained 𝑐-axis, again, show the typical twin-dominated deformation behavior, as seen

with the reduced model. The initial deformation is accommodated mostly by the TT system alongside basal and small amounts of
prismatic slip for compatibility reasons. At close to 6% strain, the twins saturate and the crystal is fully reoriented (Kelley and
Hosford, 1967), bringing it close to the orientation of cases A and B. Upon reorientation in case E, pyramidal II slip is slowly
activated in the reoriented region. Due to the larger CRSS of the pyramidal slip, the activity of this deformation mode increases
more slowly than for the reduced model. Case F shows generally a similar behavior: the first 6% strain are governed by the TT
system. Upon reorientation, however, due to the different orientation of the twinned region, the basal plane is favorably oriented
for slip (Kelley and Hosford, 1967). Hence, basal activity is the key contributor to deformation in the reoriented crystal, which is
captured accurately in both implementations of the model. The observed microstructures are generally in good agreement with the
observations of Kelley and Hosford (1967) observations. One exception is the fact that Kelley and Hosford (1967) reported {101̄1}
activity right before fracture for case E, which is not captured here as we do not account for double-twinning.

4.1.3. Summary
In summary, both full and reduced models capture the stress–strain behavior of Mg qualitatively and quantitatively well in

comparison to experimental data, which also extends to the microstructural mechanisms. The key difference lies in how deformation
along the 𝑐-axis in compression is accommodated—either involving the CT systems or non-basal slip systems. Results indicate that
16
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Fig. 11. Temperature-dependent stress–strain response of Mg single-crystals, corresponding to cases A (left) and C (right). Solid lines are predictions by the
reduced model, whereas the scatter plot represents the experimental data obtained by Wonsiewicz and Backofen (1967).

both versions (with properly calibrated plastic material parameters, which differ in the full and reduced models) capture the salient
stress–strain response. The full model, which includes the CT systems, shows the competition between the CT and the pyramidal
systems, previously reported in experiments, and offers an insight into their relative activities at room temperature.

4.2. Temperature dependence of single-crystal Mg

Let us proceed to test the two models for their temperature-dependent predictions. While the basal and twin systems were chosen
to be temperature-independent, prismatic and pyramidal slip undergo a strong increase in activity at elevated temperature (Ono
et al., 2004; Chapuis and Driver, 2011; Nie et al., 2020). This has a marked influence on the activity of deformation modes with
increasing temperature, as we will demonstrate in our comparison of results, again beginning with the reduced model before
advancing to the full one.

4.2.1. Temperature dependence of the reduced model
As cases A and C prominently activate the temperature-dependent deformation modes, we evaluate these two cases for

their temperature-dependent response. Experimental single-crystal data is available from Wonsiewicz and Backofen (1967) at
temperatures of 116, 200, and 271 ◦C for case A, and at 110, 180, and 270 ◦C for case C. Fig. 11 shows good agreement
etween the model predictions and the experimental data under 𝑐-axis compression at four selected temperatures (results at 25 ◦𝐶
room temperature, RT) are identical to those in Fig. 6). Strain hardening and peak stresses significantly reduce with increasing
emperature, as expected. Differences at low strains primarily stem from the fact that, as discussed before, the experimental data
f Kelley and Hosford (1967) and Wonsiewicz and Backofen (1967) differ (hardening rates in Wonsiewicz and Backofen (1967) are
onsistently smaller than those of Kelley and Hosford (1967), while the peak stresses match closely). Since we calibrated the single-
rystal RT response with the data of Kelley and Hosford (1967), the observed differences especially in the low-strain regime may
e expected. In fact, such strong temperature-induced softening in the experimental data in the low-strain regime seems unusual.
ther data from Ono et al. (2004), Chapuis and Driver (2011) do not show such behavior; however, Ono et al. (2004) provide
nly polycrystal data, while Chapuis and Driver (2011) does not provide sufficient data at elevated temperature. Further, note
hat above 170 ◦𝐶 the material is prone to show crack formation as noted by Wonsiewicz and Backofen (1967). As we do not
apture failure in this model, an overestimation of the stresses at large strains is the result. Dynamic recrystallization (DRX) may
lso play a role (Wonsiewicz and Backofen (1967) reported that twinned regions often show recrystallized areas, even at room
emperature; Sitdikov and Kaibyshev (2001) noted low-temperature twin DRX as a mechanism in Mg, alongside the early onset
ontinuous and discontinuous DRX depending on the temperature). While such effects are not accounted for in the chosen SCP
odel, the overall temperature-dependent stress–strain behavior at all shown temperatures is captured adequately. This includes

he typical reduction in yield stress and work hardening with increasing temperature.
Kang et al. (2012) reported that pyramidal slip may be tightly related to dynamic recovery mechanisms in Mg. As the dislocations

ove across dislocation lines by double-cross slip, they lead to dislocation annihilation. This increases the ductility of the material
nd reduces work-hardening. While the present SCP model does not capture recovery, the chosen temperature-dependent formulation
eproduces the reduced work hardening with increasing temperature due the strong decrease of the self- and crosshardening
arameters.

In case C, the crystals are oriented with their 𝑐-axis perpendicular to the loading direction and hence show higher ductility.
he model accurately predicts the stress–strain response of this case throughout the temperature range (see Fig. 11). Again,
xperimental data show discrepancies, yet predictions deviate less from experiments than in case A. The low hardening rates reported
n experiments (and seen in Fig. 11) are captured by the strongly reduced self-hardening factors. Overall, the reduced model reflects
17

he experimentally observed single-crystal response of Mg properly.
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Fig. 12. Temperature dependent stress–strain response of Mg single-crystals, corresponding to cases A (left) and C (right). Solid lines are predictions by the full
odel, whereas the scatter plot represents the experimental data of Wonsiewicz and Backofen (1967).

.2.2. Temperature dependence of the full model
It is often assumed that CTs show a strong temperature dependence and are either more active (Wang et al., 2019) or less

ctive (Barnett, 2007) at elevated temperature. The reduced activation barrier for pyramidal slip at elevated temperature leads to
he preferred activation of this slip mode over CT. Barnett (2007), Barnett et al. (2008), Liu et al. (2017) reported temperature
ependence in the activity of twinning, notably the existence of a transition temperature for Mg and Mg alloys (around 450–475K
n pure Mg, which is affected by alloying elements), above which CT activity is reduced at the expense of other deformation modes,
ontradictory to the observations made by Wonsiewicz and Backofen (1967), who observed an increase in CT activity under 𝑐-axis
ompression at all tested temperatures. The stress–strain curves for cases A and C are shown in Fig. 12. Surprisingly, the single-crystal
urves obtained by Wonsiewicz and Backofen (1967) show relatively strong softening in the initial region, which is in disagreement
ith temperature data from Chapuis and Driver (2011) and polycrystal data from Ono et al. (2004).

With the full model, good agreement with experiments is obtained for the individual cases, except for case C at the highest
emperature, where the initial hardening rates are overpredicted significantly. This may be attributed to the early onset of
ecrystallization in experiments (Wonsiewicz and Backofen (1967) noted the presence of recrystallization, especially in twin bands),
hich is not captured by the model.

To highlight the predicted microstructure evolution, Fig. 13 shows the slip activities for case A at 271◦C. For both models, the
contribution of pyramidal slip increases with increasing temperature, indicating that the pyramidal systems tend to dominate the
competition with CTs. The model agrees with the experimental observations of Barnett (2007) and Khosravani et al. (2013), who
observed increased pyramidal activity. The reduced hardening also allows for higher levels of deformation to be accommodated by
this deformation mode alone (compared to at room temperature). Nevertheless, CTs remain present in the full model (they may
vanish at higher temperature, but this outside our scope).

In both models prismatic slip dominates the deformation during case C at elevated temperature with only minor differences. In the
reduced model, we attribute the predicted presence of pyramidal slip to the constrained 𝑐−direction, while TTs also contribute to the
eformation at elevated temperature—in agreement with experimental observations by Wonsiewicz and Backofen (1967). However,
T is reduced to lower volume fractions than at room temperature. The full model shows a similar transition in deformation modes,
ith more slip activity on the prismatic systems and TT. Unlike at room temperature though, the pyramidal systems seem to be
ctivated to offset the TT-induced elongation of the 𝑐-axis.

In conclusion, the full model captures the competition between the CT and pyramidal systems accurately across the examined
ange of temperatures, and a good correlation with the experimentally reported microstructural deformation modes is observed. In
ll cases, the CT volume fraction remains small despite the included temperature dependence of their CRSS values and hardening
arameters in the model. This hints at the fact that the CT systems may in fact not be temperature-dependent (the inclusion of
emperature dependence in the model has no impact on the predicted deformation modes), but that their apparent temperature
ependence in experiments is implicitly a result of the temperature-dependent pyramidal systems.

. Polycrystal simulations

Having calibrated the (full and reduced) models based on their single-crystal behavior, we now predict the temperature-
ependent polycrystalline response at elevated temperature as a further means of validation in comparison with experiments (Won-
18

iewicz and Backofen, 1967).
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Fig. 13. Relative activities of the slip and twin systems in Mg single-crystals for cases A at 271◦𝐶 and C at 270◦𝐶. Results on the left were obtained from the
reduced model, results on the right from the full model.

5.1. Convergence of the Taylor model

We first verify that the chosen Taylor model converges with increasing number of grains. We perform a set of 20 simulations with
24 to 200 grains, whose average stress–strain responses are shown in Fig. 14 (in comparison with experimental results from Kelley
and Hosford (1967)). The corresponding texture for the polycrystal simulations is shown in Fig. 15.

Initially, the grains show a purely elastic response, hence the close agreement of all curves at strains 𝜖 < 0.03. For 24 and 50
grains, we observe a large spread in the stress–strain response, as individual grains can have a significant impact on the average
response. For 200 grains both convergence and a good approximation of the experimentally measured response are observed. We
therefore deem a total of 200 grains sufficient and perform all following polycrystalline simulations with 200 grains, unless otherwise
indicated.

5.2. Textured polycrystals at room temperature

Next, we perform channel-die simulations of textured polycrystals at room temperature. At room temperature, we simulate the
cases labeled ZT, RT, and ZR among the experiments of Kelley and Hosford (1967). All grains are assumed to have identical volume
fractions and initial orientations chosen to qualitatively match the pole figures reported by Kelley and Hosford (1967), as shown
in Fig. 15. Fig. 15 confirms that the reduced model captures the stress–strain response of the textured polycrystals quantitatively
well, with small deviations attributed to variations in the texture, experimental uncertainties, and the Taylor model’s tendency to
over-predict stresses.

In case ZT, most grains have their 𝑐-axes oriented along the loading direction, while being constrained in the transverse direction.
The stress–strain response resembles strongly that of single-crystal cases A and B (Fig. 6), yet with lower peak stresses. This is due to
the non-ideal orientation of the crystals compared to cases A and B, so that basal slip is favored in many grains (Kelley and Hosford,
1967)—especially in the Taylor model, grains with lower peak stresses reduce the average response.

Case RT represents compression along the rolling direction with a constrained transverse direction, so that the 𝑐-axis of the
19

majority of grains is allowed to extend. This configuration promotes significant amounts of twinning, whose reorientation of grains
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Fig. 14. True stress–true strain response of textured polycrystals of pure Mg from experiments (dashed line) and from simulations with 24, 50, 100, and 200
grains simulated with the reduced model. Experimental data are from Kelley and Hosford (1967).

Fig. 15. True stress vs. true strain response of textured polycrystals of pure Mg from experiments (markers) and from simulations with the reduced model (solid
lines) at room temperature. The experimental data was obtained by Kelley and Hosford (1967). The representative texture utilized for the simulations is shown
on the left and was chosen such as to approximate the texture reported by Kelley and Hosford (1967).

leads to a stiffened response at approximately 6%, analogous to single-cyrstal cases E and F. The transition in the homogenized
polycrystal case is less sharp than for single-crystals, as may be expected. Finally, case RZ imposes compression in the rolling
direction with a constrained normal direction, i.e., the 𝑐-axis extension of the majority of the grains is constrained. The resulting
stress–strain curve is close to single-crystal cases C and D. (The same observations were made by Kelley and Hosford (1967).) We
conclude that the Taylor model captures the room-temperature response of textured polycrystals under different loading directions
qualitatively and quantitatively well.

5.3. Temperature-dependent response of textured polycrystals

A comparison of simulation results with experimental polycrystal data at both room and elevated temperature is summarized
in Fig. 16, using the experimental data of Wonsiewicz and Backofen (1967). These authors reported a texture that appears to be
similar to Kelley and Hosford (1967) but less pronounced. As no precise texture information was provided, we chose – based on the
descriptions in Wonsiewicz and Backofen (1967) – the one shown in Fig. 16. Wonsiewicz and Backofen (1967) described the texture
in their experiments as follows: ‘‘Under metallographic examination with polarized light, the material was found to be textured,
somewhat diffusely but with {0001} poles clustered around the sheet normal and spreading outwards by as much as 50◦’’. We obtain
the texture in Fig. 16 by assuming a normal distribution of the {0001} poles around the normal direction with a standard deviation
20
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Fig. 16. True stress–true strain response as obtained from polycrystal simulations, using the full and reduced models. Markers correspond to experimental data
from (Wonsiewicz and Backofen, 1967), solid lines show the response predicted by the reduced model, dotted lines by the full model. The shown texture (used
in simulations) was obtained by assuming a normal distribution with expectation value at the basal pole and outliers as far as 50◦ from the normal direction.

of 25◦. Compression is applied along the normal direction (ND). The predicted stress–strain response of both (full and reduced)
models agrees well with experiments.

Most grains in this case are aligned with the ND (and hence similarly as in single-crystal cases A and B). The polycrystal exhibits
relatively strong initial hardening in the plastic regime around 1%–3% strain, before the stress gradually plateaus. In comparison to
the single-crystals, the stress reaches its peak more gradually and the peak stresses are reduced, which stems from the influence of
all other grains oriented away from the ND and contributing to the polycrystal response. At 25 ◦C and 96 ◦C, crystals in experiments
were observed to show crack formation (Wonsiewicz and Backofen, 1967) at 7%–10%, which explains the reduction of stresses at
that level of strain as compared to simulations (which do not model material failure).

Both models capture the incipient behavior up to 5% strain accurately, including the temperature-induced softening. At larger
strains, experimental polycrystals showed cracks and strain localization (Wonsiewicz and Backofen, 1967; Kelley and Hosford, 1967).
Further, effects such as grain boundary sliding may lead to softening. The Taylor model, agnostic to those effects, consequently
over-estimates stresses in the large-strain regime. It is, however, noteworthy that the full model generally predicts a higher stress
level than the reduced model. We attribute this to the presence of CTs, which in turn harden the TT systems (one of the weakest
deformation modes). The accuracy improves with elevated temperature, providing further evidence for this assumption. As the
pyramidal systems become more prevalent, the hardening linked to CT has a smaller impact.

5.4. Texture evolution

As a representative example, let us first study the texture evolution of a rolled sample of pure Mg under uniaxial compression
along the rolling direction (RD). The initial texture of the polycrystal is chosen to mimic a typical rolled sheet of Mg, see Fig. 17,
which shows a strong pole in the normal direction (ND).

Assuming volume-preserving deformation due to small elastic strains and plastic incompressibility, we apply the deformation
gradient

𝑭 =
⎡

⎢

⎢

⎣

(𝜖̇𝑡)1∕2 0 0
0 (𝜖̇𝑡)1∕2 0
0 0 𝜖̇𝑡

⎤

⎥

⎥

⎦

with strain rate 𝜖̇ > 0 and 𝑡 denoting time, to the polycrystal model up to a true strain of 20%. At room temperature, samples
are expected to show cracks at larger strains, hence setting a limit to the applied deformation. The simulated texture before and
after deformation is compared in Fig. 17. The initially strong basal pole in the ND transforms into a weaker pole in the transverse
direction (TD), capturing the essential feature of texture reorientation due to twinning and slip and qualitatively in agreement with
observations made for AZ31B (Jain and Agnew, 2007).

As a further example, we investigate the texture evolution during cold and hot asymmetric rolling. Rolling is assumed to be a
superposition of compression and simple shear (Chang, 2016), so it can be simulated by applying the deformation gradient

𝑭 =
⎡

⎢

⎢

⎣

𝑒𝜖̇𝑡 0 𝛼 ⋅ 𝜖̇𝑡
0 1 0
0 0 𝑒−𝜖̇𝑡

⎤

⎥

⎥

⎦

with a constant 𝛼 = 3.
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Fig. 17. Texture of the undeformed (left) and deformed (right) polycrystal of pure Mg, simulated by the reduced model for the case of compression up to 30%
true strain at 25 ◦C. Initially a strong pole in the normal direction exists (left). After deformation, most grains are reoriented due to twinning, leading to a new,
weaker texture with the pole in the transversal direction (TD) (right).

We observe the formation of a split basal pole, which is slightly tilted towards the RD. The tilt is typical for the processing during
asymmetric rolling, investigated here, and was reported similarly in experiments with commercially pure Mg by Beausir et al. (2009).
As noted by Styczynski et al. (2004), the texture evolution obtained from including basal, prismatic and pyramidal II slip as well as
TTs in the Taylor model leads to the formation of a fibrous texture; similar results were obtained by Chang and Kochmann (2015),
Agnew et al. (2001) in their rolling simulations. Here, we investigate the impact of CTs on the texture development of a polycrystal
with 1000 grains and an initially randomized texture, comparing the cold-rolled textures with and without CTs. For both full and
reduced models, the formation of a fibrous texture is observed (see Fig. 18). Most grains adopt an orientation close to the basal pole
but split either way of the TD (the vertical axis). Similar trends were observed during numerical studies (Chang and Kochmann,
2015; Styczynski et al., 2004; Agnew et al., 2001) and in a less pronounced manner for certain Mg alloys in experiments (Huang
and Logé, 2016). This indicates that the pyramidal systems are highly active (Styczynski et al., 2004; Chang and Kochmann, 2015;
Agnew et al., 2001). Additionally, Styczynski et al. (2004) discussed the influence of various deformation modes and reached the
conclusion that the ⟨𝑐 + 𝑎⟩-pyramidal systems play a major role in the splitting of the poles. They noted that a splitting of the basal
pole in ±15◦ around the TD is commonly observed in AZ31, while Agnew et al. (2001) reported such a trend during processing of
pure Mg. The same behavior has been observed for Mg-3Li alloys in the experiments of Agnew et al. (2001), further emphasizing
the impact of precipitates and alloying elements on the texture evolution.

In their viscoplastic model, Agnew et al. (2001) found a similar behavior as Styczynski et al. (2004) for the evolution of Mg
sheets during rolling, yet they were able to mitigate it by increasing the CRSS of the pyramidal systems to effect an increased activity
of basal and prismatic ⟨𝑎⟩ dislocations.

As observed in the previous sections, CT saturate due to self-hardening at relatively low strains. Therefore, during simulated
rolling with an applied thickness reduction of up to 60%, the influence of the CT remains small. We therefore cannot observe a
direct impact of the CT systems. Due to the early crack formation at low thickness reductions below 30% (Xin et al., 2011), cold-
rolling of Mg is typically performed in multiple passes. Hence, for a better representation, the deformation during rolling must be
applied incrementally, while accounting for thermal treatment in between passes, as is customary in industrial rolling processes. The
present model cannot account for those factors. Further, in the case of a Taylor model, which is – adopting the wording of Styczynski
et al. (2004) – a ‘‘compatibility first’’ model, the texture evolution is severely impacted by the constraint of uniform deformation
across all grains. Better agreement with experimental textures may hence be found by relaxing this constraint through another
homogenization approach.

6. Discussion

The presented full and reduced models (with and without CTs) have obvious differences and limitations, which we briefly discuss
here. As the main difference, the single-crystal results highlighted the competition between the pyramidal II and the CT systems.
Under 𝑐-axis compression, the reduced model can accommodate the deformation only via the activation of pyramidal slip, whereas
the full model accommodated the early stages of plastic deformation via a combination of basal slip and CTs. Even though the
effective stress–strain curves were similar, the underlying microstructural deformation modes differed substantially. In the full model,
CTs were observed to saturate at relatively low strains, which is attributed to the slow kinetics of this system (Zhang and Joshi,
2012) as well as the strong self-hardening. With the saturation of CTs at low volume fractions, we infer that no viable deformation
22
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Fig. 18. Texture of a polycrystal of 1000 grains: (a) initial random grain orientations (b) cold-rolled texture simulated by the reduced model, (c) hot-rolled
texture predicted by the full model including CT, and (d) hot-rolled texture predicted by the reduced model. The simulations were performed up to a total of
60% strain at a strain rate of ̇𝜖true = 10−4s−1 at a temperature of 25 ◦C for the cold case and 270 ◦C for the hot case.

modes are available, and while traces of pyramidal II slip may occur, the strong self- and cross hardening of this deformation mode
as well as the pinning of ⟨𝑐+𝑎⟩ dislocations observed by Kang et al. (2012) is what leads to significant basal slip suddenly occurring
in the reoriented CT bands alongside {101̄2} double-twinning, as observed in experiments by Wonsiewicz and Backofen (1967). The
model captures such a behavior in essence. However, due to the lack of a failure criterion and the absence of double-twinning in the
model, not all of the intricate microstructure evolution was captured. At elevated temperature, for both single- and polycrystals the
behavior changes (Wonsiewicz and Backofen, 1967; Barnett et al., 2008). The apparent temperature dependence of CTs and even
of TTs (Jain and Agnew (2007)) inferred that less twins overall are present in the material at higher temperature can be explained
by increased activity on the non-basal slip systems (Barnett et al., 2008). These observations suggest that CTs are a sub-optimal
deformation mode, occurring in the absence of pyramidal II slip out of necessity to accommodate the flow criterion. In reverse,
these findings also indicate that the activation of non-basal slip is what leads to the apparent temperature dependence of the CT
systems and, further, could be the key to increasing the ductility of Mg.

Calibration of both models is challenging, even at the single-crystal level, since the influence of each model parameter cannot
be isolated and various deformation modes show similar stress–strain characteristics. The full model with its competition of 𝑐-axis
modes proved to be more difficult to calibrate. Better agreement with experiments seems possible with an improved twin model,
where the saturation of CT lies near the point of fracture. In addition, the presented full model likely understates the importance of
CT mode by activating only a single twin system at a time.Nevertheless, the present assumption leads to a very good approximation
for the TT systems and is hence unlikely to have a significant adverse impact. The inclusion of CTs in the model yields an overall
hardening effect, as seen in Fig. 16. This is due to the twin–twin hardening of CTs on the TT mode—one of the easier-to-active
deformation mechanisms to accommodate plastic deformation. Despite the challenges linked to including the CT systems, they play
an important role on the microstructure evolution and require to be present for an accurate depiction of the material behavior.

We note that for both models a high self- and cross hardening is necessary for the pyramidal systems to capture the strong strain
hardening. This observation can in part explain the nature of the ambiguity in experimental reports. Pyramidal II slip is clearly the
best-suited deformation mechanism to accommodate 𝑐-axis deformation, and hence it is not surprising that it should occur to some
23



International Journal of Plasticity 159 (2022) 103448Y. Hollenweger and D.M. Kochmann

a
d
t
e
(
c
a
h
p

7

p
o
s
e
t
p

C

W
F

D

t

degree even at low temperature, as suggested by experimental results (Ono et al., 2004; Kulekci, 2008). The strong self-hardening,
as well as the immobilization of ⟨𝑐+𝑎⟩-dislocations noted by Kang et al. (2012), however explain the scarcity of pyramidal II slip in
some experimental observations. Further evidence for this hypothesis is found in observations by Lilleodden (2010). Increasing the
temperature leads to a higher activity of the pyramidal systems and thus to strain softening and an increase in ductility Chakkedath
et al. (2018). Seeing that pyramidal slip provides a large number of possible deformation modes (Sebastian et al., 2000; Kang et al.,
2012) and considering the observations of Barnett (2007), Barnett et al. (2008), Obara et al. (1973), pyramidal slip must be the
dominant mode at elevated temperature.

Model limitations lie in the simplified representation of the twins, which has implications on the accuracy of the twin predictions,
as well as considering only the {101̄1} CT variant. Further, the isostrain assumption for the Taylor polycrystal model is a strong
pproximation, which overpredicts local strains. While good agreement in the stress–strain data was observed, the texture evolution
uring rolling was not fully as expected in Mg (yet, this also depends on the chosen initial texture chosen for simulations). Further,
he model does not capture (dynamic) recrystallization (DRX), whose nature in Mg is still not fully understood; see, e.g., Kecskes
t al. (2021), Sitdikov and Kaibyshev (2001), Kaibyshev (2012) and references therein. Sitdikov and Kaibyshev (2001), Kaibyshev
2012) argued that Mg exhibits multiple forms of DRX, beginning with twin DRX at lower temperature, followed by a mixture of
ontinuous and discontinuous DRX at higher temperature. For the present models, these factors cannot be accounted for, and, as
lready noted by Wonsiewicz and Backofen (1967), we have little understanding of their impact on the crystal behavior. There is,
owever, no doubt that at temperatures above 250 ◦C recrystallization plays an important role, setting a natural upper limit to the
resent model and calling for models including DRX (Tutcuoglu et al., 2019b,a; Walde and Riedel, 2007).

. Conclusion

We presented a comparative study of two versions of a newly introduced temperature-dependent crystal-plasticity model for
ure Mg, whose performance was demonstrated both on single- and polycrystals. Both versions of the model were calibrated based
n single-crystal stress–strain data at room temperature and at elevated temperature. Validation was achieved via polycrystal
imulations, which showed good quantitative agreement with experimental stress–strain data and qualitative agreement with
xperimental texture observations. Compared to spatially resolved plasticity models (Zhang and Joshi, 2012; Liu et al., 2017),
he chosen Taylor-type crystal plasticity models showed similar behavior of the various slip and twin systems, confirming that the
resented models capture the salient features of plasticity in Mg in an efficient setting. The following summarizes our findings:

• The new framework presented here describes the temperature-dependent response of pure Mg by accounting for the tempera-
ture dependence of the CT and non-basal slip systems at the single-crystal level. A comparative study of the full and reduced
models (with and without CT) captured quantitatively the temperature-dependent stress–strain response and qualitatively the
slip and twin activity observed experimentally in pure Mg single-crystals.

• The comparison of the two models highlights the competition of the CT and pyramidal II slip systems in pure Mg. Results
indicate that CTs in conjunction with basal slip are likely the primary deformation modes under 𝑐-axis compression at room
temperature. Pyramidal slip is, however, better suited to accommodate the deformation, and – with increasing temperature
– this mode accounts for the majority of deformation. The full model captures this transition and the slip/twin activity more
accurately than the reduced model and provides useful insight into the role of CTs in the given temperature range, highlighting
the importance of this system.

• The representation and calibration of the CT systems is challenging, which imposes limitations onto the current model. The
role of the CT system at lower temperature is likely under -approximated in the model—as in Zhang and Joshi (2012), Liu et al.
(2017), who also predicted relatively strong activity of the pyramidal systems.

• The temperature dependence of the stress–strain response of Mg (and other Mg-alloys) results primarily from the activation
of non-basal slip at higher temperature. The room temperature response of Mg (and Mg alloys) should, however, account for
the important role of CTs.

• The Taylor assumption yields efficient and accurate polycrystal stress–strain predictions and qualitatively reasonable texture
predictions, whereas more advanced homogenization approaches are required to spatially resolve microstructural details within
and across grains. Investigations of the microstructure evolution of polycrystals with such techniques may overcome the
limitations of the present model.
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