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Abstract. We report experimental observations of polygon-shaped patterns formed in a vertically vibrated
bed of circular cross-section. A phase map is determined, showing that the polygon pattern is established
for Γ = A(2πf)2/g � 10. The sensitivity of the polygon structure to bed parameters was tested by studying
beds of different particle sizes and fill levels. It was hypothesized that the polygon pattern observed in
cylindrical beds is the corresponding pattern to the formation of arches in square-shaped beds. The close
relationship between these two patterns was demonstrated by two observations: i) the radii of the arches
of a corresponding square bed and the inner radius of the cylindrical bed were found to be very similar
and ii) the boundary lengths of the two patterns were in good agreement.

Granular systems are assemblies of macroscopic par-
ticles, which under external excitation, e.g. rotation or
vibration, can display a plethora of intriguing phenom-
ena including segregation or the formation of surface
waves [1–4]. In particular, the different structures formed
if a bed of particles is vibrated have attracted significant
attention [5–12]. As an example, if a monolayer of spheri-
cal beads is excited by vertical vibrations of a large vibra-
tional amplitude, the grains behave like a gas. Upon cool-
ing of the system, i.e. reducing the amplitude of the vibra-
tions, clusters of particles are observed to coexist with the
granular gas [13]. In addition, for quasi-2D vibrated beds
that contain multiple layers of spherical beads, heaping
is observed due to the so-called block-slip-motion at the
walls [14]. The formation of patterns of sub-harmonic un-
dulations, e.g. arching and surface waves, have also been
demonstrated in quasi-2D beds [15,16]. Fine particles (e.g.
diameter 0.2 mm) vibrated vertically in 3D beds revealed
a plethora of well-defined surface structures. Depending
on the vibrational acceleration, strips, hexagons, kinks,
squares and localized oscillations, so-called oscillons, were
observed [17–19]. Recently, patterns formed in beds com-
posed of non-spherical particles have received considerable
attention. In vibrated beds containing long rods, it was
found that the large aspect ratio of the particles induced
a dense, highly ordered, crystalline state, viz. the rods
aligned vertically to form clusters [20, 21]. Subsequently,
it was observed that such clusters undergo collective mo-
tion in the form of vortices [22,23]. In addition, a vibrated
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monolayer of long rods showed large density fluctuations,
probably arising from curvature induced currents [24,25].

So far, most studies concerned with the dynamics of
2D vibrated beds have only considered beds of rectangu-
lar geometries. Only very little attention has been paid to
the effect of the shape of the vessel containing the granular
material on the particle dynamics. However, it has been
reported that the convection pattern and, thus, the segre-
gation behavior reverses when the shape of a 3D vibrated
bed was changed from a cylinder to a cone [26]. This work
is concerned with the motion of particles within a quasi-
2D vibrated bed of circular cross-section. In this geometry,
we report new patterns and demonstrate how these pat-
terns are related to the arching structure which has been
observed previously in quasi-2D beds of rectangular cross-
section [27].

Experimental measurements were first performed in
a quasi-2D bed comprising a brass cylinder of internal
diameter 110 mm and thickness 9 mm with two sheets
of anti-static Perspex being placed at its front and rear.
A small orifice at the top of the cylinder allowed par-
ticles to be added or removed from the bed. The bed
was bolted onto an electrodynamic shaker (Labworks Inc.,
ET -139). A controller (Labworks Inc., V L-144), ampli-
fier (Labworks Inc., PA-138-1) and accelerometer (PCB
Piezotronics Inc., J352C33) were used to generate regu-
lar, sinusoidal oscillations. Spherical glass beads of den-
sity 2.5 g/cm2 (Sigmund Lindner, Germany) were used as
the granular material. The particles were imaged using a
high-speed CCD camera (Nikon, 496RC2). In this work
the filling height of the bed, H, is defined as the height
of the material above the lowest point of the cylindrical
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Fig. 1. Snapshots of granular patterns observed in a quasi-2D,
cylindrical vibrated bed (particle diameter 0.5–0.75 mm; fill
level 1/4): (a) Faraday tilting (f = 18 Hz, Γ = 2.0), (b) sym-
metric convection pattern (f = 18 Hz, Γ = 3.3), (c) 1/2f
surface waves (f = 15 Hz, Γ = 3.6), (d) 1/4f surface waves
(f = 26 Hz, Γ = 6.8), (e) kinks (f = 25 Hz, Γ = 8.8), (f) poly-
gon mode 1, i.e. non-symmetric about the central plane of the
bed (f = 35 Hz, Γ = 12.3), and (g) polygon mode 2, i.e.
symmetric about the central plane of the bed (f = 40 Hz,
Γ = 19.3).

wall. The fill level, h, is defined as the ratio of the filling
height to the internal diameter of the cylinder.

First a bed of fill level h = 1/4 containing spheres
with diameters in the size range of 0.5–0.75 mm was stud-
ied. Depending on the value of the dimensionless acceler-
ation, Γ = A(2πf)2/g, where A and f are the amplitude
and frequency of the vibration, respectively, a variety of
well-defined granular patterns were observed. Snapshots
of these patterns are shown in fig. 1 and a phase map that
correlates the occurrence of each pattern with Γ and f is
shown in fig. 2. For 1 � Γ � 3, a convection pattern is es-
tablished, i.e. particles are transported in an ordered fash-
ion within the bulk of the material, and for Γ � 2 Faraday
tilting prevails [28]. Here, particles roll down at the sur-
face of the bed and are transported back to the top of the
bed inside the bulk. Increasing Γ to ≈ 2, the surface of
the bed becomes horizontal. At this stage, the convection
pattern is dominated by particles moving downward in the
center and moving upward close to the walls, similar to
the particle flow within a vibrated conical container [26].
Increasing Γ further to ≈ 3 weakens the convection. In-
deed, the bed starts to detach from the bottom of the
wall during most of the oscillation cycle, resulting in the
formation of surface waves. This regime can be split into

Fig. 2. Phase map of patterns formed in a quasi-2D, cylindrical
vibrated bed (particle diameter 0.5–0.75 mm; fill level h =
1/4).

three sub-regimes depending on the frequency of the sur-
face waves: 1/2f and 1/4f surface waves are formed for
Γ in the range of 3–4.5 and 6.5–7, respectively. Between
these two regimes a transition zone is observed. However,
these patterns are not as clearly defined as they are in
rectangular beds and the waves were only found to form
in the central part of the bed surface.

Increasing Γ further to about 7.5 leads to the forma-
tion of kinks, viz. neighboring sections of the bed oscillate
out of phase. Starting from Γ ≈ 10, we observed a new
pattern, which has never been reported previously, viz.
the formation of a polygon structure. The free surface of
the bed is fairly flat with no evident surface waves, while
the bottom of the bed clearly shows vertices and edges,
giving rise to a polygon inscribed within the cylindrical
wall. Once a vertex of the polygon impacts with the curved
wall, the particles colliding with the wall move sideways in
opposite directions, away from the original vertex. Thus,
a new vertex forms when particle flows originally moving
in opposite directions from two neighboring vertices meet.
Typically, in the polygons formed, the lengths of the poly-
gon edges are different. Close to the bottom of the bed the
edges are longer compared to the edges generated higher
up in the bed. For the case that a symmetric polygon is
formed (fig. 1(g)), the two symmetric edges are, of course,
of equal length. However, it is worth mentioning that we
found no clear relationship between the formation of a
symmetric polygon and Γ . For the case of a symmetric
polygon, the number of edges was occasionally observed
to increase or decrease in successive oscillation cycles. The
maximum and the minimum number of edges observed
were, respectively, 6 and 3.

Changing to particles with a size range of 0.3–0.4 mm
while keeping a fill level of h = 1/4, the patterns observed
previously still occurred. However, the formation of sur-
face waves was almost impossible to identify. Nonethe-
less, we could still observe two different modes of polygon
formation, i.e. polygons with or without symmetry with
respect to the central plane of the bed. In order to test
the sensitivity of the formation of the polygon pattern to
further bed parameters, beds with a fill level of h = 1/2
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Fig. 3. Comparison of the characteristics of the polygon and
arching patterns: (a) The transition from kinks to the arching
or the polygon patterns formed within either a square-shaped
or cylinder-shaped bed. (b) Snapshots of the arching and the
polygon patterns formed at f = 50 Hz and Γ = 20.1 (the
circles highlight the positions of the nodes formed).

were studied for both particle sizes, i.e. 0.5–0.75 mm and
0.3–0.4 mm. For particles of diameter 0.5–0.75 mm no
polygon regime was observed in the tested (Γ, f)-space.
On the other hand, for particles of diameter 0.3–0.4 mm
the polygon structure was still observable and its location
on the phase map was very similar to that using a fill level
of h = 1/4, i.e. Γ � 8. However, contrary to our expecta-
tions, the number of polygon edges did not increase with
fill level. For a fill level of h = 1/2, the locations of straight
edges and sharp vertices were constrained to the bottom
section of the bed, while the upper region of the bed re-
mained curved, following the curvature of the periphery
of the cylindrical wall.

The phase map plotted in fig. 2 suggests that there
might be a connection between the polygon structure ob-
served in a cylindrical bed and the arching pattern ob-
served in beds of rectangular cross-section, since both pat-
terns occur at high values of Γ [27]. In addition, for both
patterns the top surface of the bed is relatively flat with
no evident waves, while the bottom of the bed shows ei-
ther straight edges or curved arches. We speculated that
the curvature of the arches with respect to the flat wall
is compensated by the curvature of the cylindrical wall,
thus leading to straight edges. In order to validate this as-
sumption, we used the previous cylindrical bed filled with
particles of diameter 0.5–0.75 mm to give a fill level of
h = 1/4. In addition, two square beds were constructed.
The length of the first bed, L1 = 115 mm, corresponded
to the circumference of the section of the cylindrical wall
that is covered by particles for a fill level of h = 1/4.
The length of the second bed, L2 = 95 mm, was equal to
the projection of the circumference of the section of the
cylindrical wall that is covered by particles for a fill level
of h = 1/4 onto a horizontal plane. The spacing between
the front and the rear wall was equal to the thickness of
the cylindrical bed (9 mm). Thus, different filling heights
were obtained when the same volume of the particles was

Fig. 4. Comparison of the characteristics of the polygon and
arching patterns (in figs. 4(c) and (d) the following symbols are
used: (©) Ls1, (�) Ls2, (♦) Ls3, (−) R1, (−−−) R2, (− · −)
R3): (a) Comparison between the radii of the arches and the
radius of the brass cylindrical bed; (b) comparison between
the lengths of the boundaries of the polygon (using the brass
cylindrical bed) and the arching patterns; (c) comparison be-
tween the radii of the arches and the radii of the PMMA-made
cylindrical beds of different dimensions; and (d) comparison
between the lengths of the boundaries of the polygon (using
the PMMA-made cylindrical beds) and the arching patterns.

poured into the two square beds, i.e. H1 = 20 mm for
the bed of length L1 and H2 = 26 mm for the bed of
length L2.

To determine which square bed design is the best rep-
resentation of a cylindrical bed of fill level h = 1/4, we
investigated the transition from kinks to the arching pat-
terns in the square beds. As shown in fig. 3(a), for the
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bed of length L1, the transition from kinks to the arch-
ing pattern matched well the transition from kinks to the
polygon pattern in the vibrated cylindrical bed for the
(Γ, f)-space studied. On the other hand, for the bed of
length L2, no arching pattern could be observed in the
whole (Γ, f)-space tested. Thus, with regards to pattern
formation, it appears that the square bed of length L1

provided a better representation of a cylindrical bed of
fill level h = 1/4. Figure 3(b) further shows a typical set
of snapshots obtained from these two systems. Both pat-
terns are centrally non-symmetric and are mirrored about
the central plane of the bed during subsequent vibrating
cycles.

In order to evaluate further the relationship between
the polygon and arching patterns, two additional exper-
iments were performed. First, we used the square bed
(L1 = 115 mm) and measured the radii of the arches
formed, which were anticipated to be close to the inner
radius of the cylindrical bed (55 mm). For this study, A
ranged between 1.5 mm and 3 mm and f was varied be-
tween 31 Hz to 50 Hz. Note that only images capturing the
fully developed patterns were employed. The fully devel-
oped states were defined as the moment when the bed as
a whole reaches the highest position relative to the con-
tainer itself. For such images only complete arches were
chosen. The radii of the arches were averaged over 1 s of
measurement for each Γ (approximately 30–75 arches per
Γ ), and the results are plotted in fig. 4(a) as a function
of Γ . It can be seen that for Γ ranging from 13 to 19, the
arch radii determined were in close agreement with the
inner radius of the cylindrical bed (55 mm). Additionally,
we compared the boundary length of both the polygon
pattern (i.e. the edge length) and the arching structure
(i.e. the length of the curved segment). In fig. 4(b), the
boundary lengths determined are plotted as a function of
Γ . For both patterns the boundary lengths were in close
agreement and also independent of Γ .

Finally, to support further the hypothesis that the for-
mation of polygon patterns in cylindrical beds is the geo-
metrical equivalent of the formation of arching structures
in square beds, the radii of the arches and the bound-
ary length of both patterns were determined in additional
cylinder-shaped beds and square-shaped beds of different
dimensions. The beds were constructed of PMMA and the
spacing between the front and the rear wall was set to
15 mm. The inner radii of the additional cylindrical beds
were R1 = 55 mm, R2 = 75 mm and R3 = 95 mm. A fill
level of h = 1/4 was used for each bed, resulting in the fol-
lowing lengths of the corresponding square-shaped beds:
Ls1 = 115 mm, Ls2 = 157 mm and Ls3 = 199 mm, respec-
tively. The filling heights of these three square beds were,
thus, Hs1 = 17 mm, Hs2 = 22 mm and Hs3 = 29 mm,
respectively. In figs. 4(c) and (d), the experimentally de-
termined radii of the arches and the length of the pattern
boundaries are plotted as a function of Γ . Again, the radii
of the arches are in close agreement with the inner radius
of the cylindrical beds. Also, the boundary lengths of both
patterns are, as previously observed, independent of Γ and
in close agreement with each other.

To summarize, a previously unreported polygon-
shaped pattern, formed in a vertically vibrated quasi-2D
cylindrical bed, is reported. We propose that the poly-
gons formed inside a cylinder-shaped bed are a geometri-
cal transformation of the arching structure typically en-
countered in square-shaped vibrated beds. Evaluation of
characteristics of the patterns, such as the radii of the
arches and the lengths of the polygon and arching bound-
aries, confirmed the close relationship between the two
patterns.

The authors are grateful to the Swiss National Science Foun-
dation (Grant 200021 132657/1) and the China Scholarship
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