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Abstract

This doctoral thesis addresses the study of omnidirectional tilt-rotor aerial robots, and their application
to aerial physical interaction tasks. Through modelling, control, prototype design, and experimental
evaluation, this work carves a new direction in aerial robotics research, and seeks to inspire a future of
versatile and autonomous aerial manipulators.

Recent developments in the field of fully actuated aerial robots have demonstrated the exceptional
advantages of these systems for physical interaction. Characterised by their decoupled translational and
rotational system dynamics, these systems not only outperform their underactuated counterparts, but
extend their capabilities. Through the dynamic re-orientation of actuated thrust vectors, we now have
access to a great expanse of possible morphologies, dynamic system capabilities, and new applications.
Extending these novel tilt-rotor systems with an active manipulator further demonstrates enhanced end
effector performance for manipulation tasks. The concept of macro-micro manipulation – using a highly
dynamic end effector mounted to a powerful base – overcomes dynamic limitations that currently re-
strict the efficacy of aerial manipulators. In pursuit of versatile and high performance systems for aerial
physical interaction, the present work combines these concepts to advance the state-of-the-art in aerial
manipulation.

The design space of a tilt-rotor aerial robot is selected by optimizing a general model around desired
performance metrics and system parameters. The resulting system, chosen for a balance of omnidirec-
tional and efficient flight capabilities, is compared against other state-of-the-art fully actuated systems.
Aerial interaction models are developed for fixed and active manipulators, and a geometric optimization
is performed to determine the design of a parallel manipulator in the context of an omnidirectional flying
base. The control problem divides the system conceptually into tracking control of a pure wrench gener-
ating base, and a subsequent actuator allocation problem to achieve a six degrees of freedom wrench with
18 individual actuator commands. The nonlinear and highly dimensional actuator space is addressed
with instantaneous and differential allocation methods, the latter of which incorporates secondary tasks,
such as the unwinding of tilt-arm cables, in the actuation null space. Inverse-dynamics based controllers
are introduced for control of the flying base, treating the whole tilt-rotor system as a single rigid body.
Interaction controllers including axis-selective impedance and direct force control are developed for the
system equipped with a fixed manipulator arm. A redundant control strategy is developed for the om-
nidirectional system with an attached translational parallel manipulator, where predicted reaction forces
are fed to an independent base controller to compensate the manipulator dynamics. Several iterations
of omnidirectional tilt-rotor aerial robots are designed and constructed, considering the requirements of
aerial interaction tasks. Actuator selection, tilt-rotor mechanisms, and complete system assembly are
presented, as well as design details for a parallel manipulator. Experimental trials evaluate the capabil-
ities of the physical system and its control implementation to track omnidirectional trajectories. Aerial
physical interaction tasks are demonstrated, involving point force application with the environment,
push-and-slide tasks, and applications to non-destructive contact inspection of concrete. Fast end effec-
tor tracking and disturbance rejection experiments are performed to validate the macro-micro concept of
an omnidirectional tilt-rotor parallel manipulator.

Ranging from general modelling to control, design choices and complete system prototypes, the con-
tent of this work acts as a guide for envisioning and building innovative systems that will push the frontier
of aerial manipulation.
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Zusammenfassung

Diese Dissertation handelt von omnidirektionalen Kipprotor-Luftrobotern und ihrer Anwendung für ph-
ysische Interaktionsaufgaben in der Luft. Durch Modellierung, Steuerung, Entwurf von Prototypen und
experimentellen Tests und deren Auswertung erweitert diese Arbeit die Grenzen dieses neuen Forschungs-
gebiets und soll eine Zukunft mit vielseitigen und autonomen Flugmanipulatoren anregen.

Jüngste Entwicklungen auf dem Gebiet der vollaktuierten Flugroboter, welche die Translations- und
Rotationsdynamik entkoppeln können, haben die Vorteile dieser Systeme bei physischen Interaktionen
gegenüber ihren unteraktuierten Gegenstücken gezeigt. Mit der zusätzlichen Fähigkeit, die betätigten
Schubvektoren dynamisch neu auszurichten, ergibt sich eine grosse Bandbreite an möglichen Morpholo-
gien, dynamischen Systemfähigkeiten und Anwendungen. Durch die Erweiterung solcher Systeme mit
einem aktiven Manipulator kann eine verbesserte Leistung am Endeffektorpunkt gezeigt und die dy-
namischen Beschränkungen des Trägersystems überwunden werden. Auf der Suche nach vielseitigen
und leistungsstarken Systemen für die physische Interaktion in der Luft kombiniert die vorliegende Ar-
beit diese Konzepte zu einem neuen Ansatz für die Manipulation in der Luft.

Ein verallgemeinertes Modell für Kipprotorsysteme wird entwickelt und anhand ausgewählter Leis-
tungsmetriken und Systemparameter optimiert. Das daraus resultierende System, das für ein Gleichge-
wicht zwischen omnidirektionalen- und effizienten Flugfähigkeiten ausgewählt wurde, wird mit anderen
modernen, vollbeweglichen Systemen verglichen. Es werden Interaktionsmodelle für starre und ak-
tive Manipulatoren entwickelt, und es wird eine Geometrieoptimierung durchgeführt, um das Design
eines Parallelmanipulators zu bestimmen. Das Regelungsproblem unterteilt das System in die Nach-
führregelung eines reinen kraft- und drehmomenterzeugenden Trägersystem und ein anschliessendes
Aktuatorzuordnungsproblem, um sechs Freiheitsgrade durch 18 einzelne Aktuatorbefehle zu erreichen.
Der nichtlineare und hochdimensionale Aktuatorraum wird mit Zuweisungsmethoden behandelt, wobei
sekundäre Aufgaben im Aktuator-Nullraum einbezogen werden. Die Steuerung des fliegenden Sys-
tems führt Regler auf der Grundlage der inversen Dynamik ein, die das gesamte Kipprotorsystem als
einen einzigen starren Körper behandeln. Für das mit einem festen Manipulatorarm ausgerüstete System
werden Interaktionsregler mit achsenselektiver Impedanz- und direkter Kraftregelung entwickelt. Es
wird eine redundante Steuerungsstrategie für die Manipulation in der Luft mit einem angeschlossenen
translatorischen Parallelmanipulator entwickelt, bei der die vorhergesagten Reaktionskräfte einem un-
abhängigen Basisregler zur Kompensation der Manipulatordynamik zugeführt werden. Ein omnidirek-
tionaler Kipprotor-Prototyp wird unter Berücksichtigung der Anforderungen von Interaktionsaufgaben
in der Luft entworfen und gebaut. Die Auswahl der Aktuatoren, die Kipprotormechanismen und die
komplette Systemmontage werden vorgestellt, ebenso wie die Konstruktionsdetails des Parallelmanipu-
lators. In experimentellen Versuchen werden die Fähigkeiten des Prototypsystems und der Steuerungen
zur Verfolgung omnidirektionaler Trajektorien ausgewertet. Es werden Aufgaben der physikalischen
Interaktion in der Luft demonstriert, die eine punktuelle Krafteinwirkung auf die Umgebung, Schub-
und Schiebeaufgaben und Anwendungen zur zerstörungsfreien Prüfung von Beton umfassen. Zur Va-
lidierung des Makro-Mikro-Konzepts eines omnidirektionalen Kipprotor-Parallelmanipulators werden
Experimente zur schnellen Verfolgung des Endeffektors und zur Störungsunterdrückung durchgeführt.

Der Inhalt dieser Arbeit reicht von der allgemeinen Modellierung über die Steuerung und Desig-
nauswahl bis hin zu kompletten Systemprototypen und dient als Leitfaden für die Entwicklung und den
Bau innovativer Systeme, die die Grenzen der Manipulation aus der Luft erweitern werden.
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Chapter 1

Introduction

No flying machine will ever fly from New York
to Paris.

Orville Wright

This introductory chapter sets the context of the thesis, beginning with motivation and state of the
art, and outlining current research gaps in the field of aerial manipulation. The contributions of this
thesis are then presented in the context of these research gaps which we aim to close, with an acknowl-
edgement of the collaborative nature of robotics research and where it has been a key factor in the
resulting contributions. The final chapter of this section guides the reader through an outline of the
thesis content.

1.1 Motivation and State-of-the-Art

The presence of robotics and artificial intelligence in our daily lives has been increasing steadily and
relentlessly since the rise of digital technology. Robotic systems now function as extensions of human
beings, enhancing and parallelizing our ability to perform complex, difficult and mundane tasks. We
design mobile robots, whether on the ground, underwater or in the air, to act as our sensors and tools,
multiplying our effectiveness and extending our reach to remote locations on earth and beyond. As we
attempt to further explore, observe, build and maintain the world around us, we embed autonomy in these
systems, giving them the ability to interpret sensory information and follow through with their assigned
tasks without explicit human intervention.

Aerial robots have dominated the stage for robotic development in the public eye over the past decade.
Inspired by the helicopter that was the subject of fervent development in the first half of the twentieth
century [130], the robotics community embraced rotary-wing mechanical systems in the early 2000s,
nearly a century after their first proof of concept by the French bicycle maker Paul Cornu [29]. Intensive
commercial efforts have since pushed rotary-wing aerial robots in a rapid transition from basic research
to widespread use. A major part of this success story is due to the new opportunities that accompany
a sensor-equipped robot with an unbounded three dimensional (3D) workspace in combination with
agile flight capabilities. Rotary-wing micro aerial vehicles (MAVs) are engaged for commercial endeav-
ours such as security monitoring and visual inspection, equipped with cameras or specialized sensors
to monitor areas or detect damage in structures. Aerial transport and delivery is another active area of
development, taking to the skies to avoid the chaos of ground-level traffic. These systems have also
been embraced by the general public for photography and personal entertainment, as amateur pilots with
first person view (FPV) goggles fly ‘drones’ along the high mountain ridges of the Alps, extending their
vision to engage in a thrilling experience without the risk of physical injury. Figure 1.1 illustrates the
contrast of a century’s technological development.

1



1 Introduction

(a) (b)

Figure 1.1: Technological development from (a) the first helicopter flight by Paul Cornu in 1907 and (b) a modern FPV
commercial drone by Parrot Drone SAS.

As the development of commercial rotary-wing MAVs matures, the research community around aerial
robotics has moved its focus to address new challenges and opportunities that stem from the competences
of these systems. A major branch of aerial robotics research has shifted from aerial observation and
navigation to aerial interaction and manipulation, with the ultimate goal of extending autonomous mobile
manipulation to an unbounded workspace. To achieve this ambitious goal, we require a new breed of
aerial robots which we refer to as fully actuated, and we need new methods to control them. We must
further develop strategies for aerial interaction, and new methods for precise and dynamic end effector
tracking from a flying base.

In the following sections we explore the motivation, state-of-the-art and research gaps of aerial ma-
nipulation divided into the following three categories, which are graphically shown in Fig. 1.2. Fully
actuated and omnidirectional MAVs are developed to extend the capabilities of common underactu-
ated flying systems, achieving important criteria for aerial manipulation. Aerial Interaction with fully
actuated MAVs is a recent research topic which offers many new opportunities in control of aerial robots.
Finally, macro-micro aerial manipulation strategies develop new capabilities for improved speed and
precision of the end effector point for aerial interaction from a flying base.

1.1.1 Fully Actuated and Omnidirectional MAVs

Most commercial rotary-wing MAVs are underactuated uni-directional thrust (UDT) systems, providing
only four controllable degrees of freedom (DoF) by nature of their aligned propeller axes, regardless of
the number of rotors. Underactuated systems such as these which emerged at the dawn of the twenty-first
century [19] are highly dynamic in free flight with a simple system architecture where the only moving
parts are the rotors themselves. This simplicity allows for highly representative dynamic modelling of the
system, and aligned propeller axes further reduce unmodeled aerodynamic effects of airflow interaction
between propellers. For aerial tasks that require exertion of arbitrary interaction forces and torques on
the environment, or require the system to hold an arbitrary orientation outside of position and yaw, the
limited controllable DoF of an underactuated system are no longer sufficient. Certain interaction tasks
with underactuated systems can be performed [4, 133], but unexpected forces and torques applied to
such a system during an interaction task can compromise tracking performance and lead to unstable
behaviour.

A new class of fully actuated MAVs are now entering the aerial robotics curriculum [37], introducing
systems with six independently controllable DoF. The resulting decoupled translational and rotational

2



1.1 Motivation and State-of-the-Art

(a) (b)

(c)

Figure 1.2: Visual depictions of (a) an omnidirectional tilt-rotor platform and its applications for (b) aerial physical
interaction and (c) macro-micro manipulation.

dynamics are critical to ensure stable interaction with the environment [92]. With the added criterion
that the system’s aerodynamic forces must be able to statically compensate the effects of gravity in any
direction (i.e. maintain static hover in any base orientation), the result is an omnidirectional aerial robot,
where a system can achieve uninhibited aerial movement and robust tracking of six DoF trajectories.
This extension offers a unique advantage e.g. for aerial filming and 3D mapping in terms of uninhibited
orientation of a sensor mounted on the body. Omnidirectional aerial platforms can further be used
for configuration-based navigation in constrained environments, where rotating the vehicle body could
allow for passage through a narrow gap [136]. Over the course of this thesis and in the few years
before, substantial growth has occurred in the field of fully actuated and omnidirectional MAVs, from
the proliferation of these systems in research labs to their application in realistic inspection scenarios.
Fully actuated aerial systems present a compelling solution for future robotic applications, particularly
in the emergent field of robotic inspection where physical interaction is required for tasks in remote or
dangerous environments.

In the transition from simple underactuated MAVs to fully actuated and omnidirectional flying robots,
the research community has been presented with a new set of challenges. With new capabilities come
increased system complexity, demanding a more detailed system model, and control strategies that
can tolerate new sources of model error. In addition to complexity, these systems suffer from reduced
efficiency as new components add to the system mass, and variable thrust vectors create competing
air flows that draw more power than UDT systems for an equivalent free-flight trajectory. A careful
evaluation of the costs and benefits of these new systems is required to choose an appropriate platform
design, and to justify its use for a given task. Drawing on prototypes of fully actuated flying robots from
recently published research articles, we consider two dominant categories of platform actuation: fixed
rotor and tilt-rotor systems. Images of some prominent state-of-the-art fully actuated systems are shown
in Fig. 1.3 (fixed rotor) and Fig. 1.4 (tilt-rotor). Some additional systems step outside of these groups,

3



1 Introduction

exploring more unconventional morphologies, with examples depicted in Fig. 1.5.

(a) (b) (c)

Figure 1.3: State-of-the-art in fully actuated fixed rotor aerial robots. (a) An omnidirectional system form ETH
Zurich [21], (b) ODAR, an omnidirectional system from SNU, Seoul [78], and (c) Tilt-Hex, a fully actuated system
from LAAS-CNRS, Toulouse [38].

The first category of fixed rotor systems is similar to the underactuated MAV in that the rotors are
the only moving parts in the system. The difference from underactuated MAVs is that the propeller
axes are no longer aligned, and their direction is chosen to optimize thrust vectoring capabilities for
tasks requiring full six DoF force and torque generation. These systems have the advantage that they
change the direction and magnitude of thrust vector at a very high bandwidth, controlled by quickly
adjusting propeller velocities, and are often designed such that the rotor forces can be inverted to increase
omnidirectional force capabilities. By its design, however, a platform with fixedly tilted rotors that
is able to generate a significant wrench on the environment has the disadvantage that it generates a
proportionately significant amount of internal forces. These internal forces do not contribute to gravity
compensation, and therefore directly detract from flight efficiency. Conversely, orienting the propellers
to prefer efficient hover flight and a higher payload directly reduces the capability to generate lateral
forces for interaction and disturbance. Some general theoretical requirements for these systems are
presented in [118]. An early example of a multi-rotor aerial system that stepped away from aligned
propellers was a common UDT quad-rotor morphology with additional propellers on each arm [94,
104]. In this morphology, the secondary rotor axes were directed outwards from the center of the body
to generate lateral forces in order to decouple attitude and translation dynamics of the system. The
research community continued this pursuit in the development of several hexacopter systems with non-
collinear fixedly tilted rotors several years later, maintaining the traditional hexacopter structure and level
flight [30, 53, 128]. This concept was later improved upon by Rajappa et al [88], who optimized the
rotor axes to minimize control effort and parasitic forces while ensuring the system’s ability to perform
a specified task. Based on this design optimization principle and preferring level flight, improved fixed
rotor fully actuated platforms have been designed and realized, tolerating small amounts of roll and pitch
while achieving omnidirectional wrench generation [74, 101, 114]. A new branch of fully actuated fixed
rotor-systems took off in 2016, with the presentation of two different experimental platforms that achieve
full pose omnidirectionality [21, 79]. Propeller axes are optimized such that the system’s flight properties
remain similar in any hover orientation. This results in systems that generate high internal forces and
therefore significantly reduced efficiency, but are agnostic to commanded orientations in space. In the
work of Brescianini et al [21], an eight-propeller configuration places each rotor group at the vertex of a
cube within a protective cage structure, as a demonstration platform for omnidirectional trajectories [22].
This was the first experimental demonstration of unconstrained six DoF trajectory tracking for rotary-
wing aerial robots, and was quickly followed in the same year by a similar system from Park et al
in Seoul [78]. In the work of Park et al , both six [78] and eight-rotor [79] configurations have been
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experimentally demonstrated, with two arrays of rotors mounted to each end of a lightweight bar which
supports the main electronics. Several key practical aspects of the physical system are developed, from
smooth inversion of propeller spin direction to the first exploratory applications in physical interaction
with an omnidirectional MAV.

(a) (b) (c)

Figure 1.4: State-of-the-art in fully actuated tilt-rotor aerial robots. (a) The ‘holocopter’, with four tilt-able rotor
groups [99], (b) ‘Voliro’, an omnidirectional system with six tilt-able rotor groups from ETH Zurich [55], and (c)
‘Fast-Hex’, a system with tilt-able rotors coordinated by a single motor from the University of Twente [103].

The second category of tilt-rotor systems includes additional mechanisms to actively re-orient some
or all of the propeller axes. Rotor groups can be tilted individually or collectively to re-orient the system’s
collective thrust vector. Thanks to this reconfigurability, tilt-rotor systems can achieve higher hover
efficiency when lateral force exertion is not required, at the cost of additional inertia and mechanical
complexity. An early example of a tilt-rotor system was an attempted to combine the attractive soaring
properties of fixed-wing vehicles with the agility and hovering capabilities of a quad-rotor [48], a familiar
concept that had been mechanically explored in the context of vertical take-off and landing (VTOL)
military aircraft. Conceptual development of the tilt-rotor quadcopter was introduced by Falconi et
al in 2012 [35], with the purpose of full actuation. The system’s realization came soon after in the
work of Ryll et al [98, 99], with real flight experiments to validate the theory. The prototype system
demonstrated full six DoF tracking capabilities, with limited roll and pitch due to actuation constraints.
The design of a thrust-vectoring holonomic tilt-rotor tricopter was further explored in the work of Ramp
et al [89], realized physically in a number of other works [34, 62]. Adding a second degree of rotation
at the main rotor groups in a compromise between omnidirectionality and force efficiency, Voliro AG
has commercially pursued the concept of a thrust-vectoring tricopter [2]. The design relinquishes static
rolling for highly efficient and unlimited pitching, maintaining a fully actuated platform with five DoF
omnidirectionality. The first tilt-rotor system design capable of uninhibited omnidirectional flight was
presented in the form of a tilt-rotor hexacopter by Kamel et al [55]. With twelve actuators to control six
degrees of freedom, this initial work validated the capabilities of the system in experimental flights, and
presented a baseline proportional-integral-derivative (PID) controller and actuator allocation strategy for
omnidirectional flight. Limitations of the system in terms of limited actuation capability in inefficient
configurations, and open control challenges were presented as topics of future work. Another concept
presented by Ryll et al reduces the weight of six tilt motors, instead integrating a transmission system
that couples all tilting rotor groups to a single motor [100, 103]. An extension to this work by Morbidi
et al includes a secondary tilt-axis which is orthogonal to the first [69]. Both of these coordinated-tilt
solutions achieve versatility in force generation and efficiency in level flight, but the coupling of tilting
rotor groups precludes omnidirectional flight and increases parasitic internal forces whenever lateral
forces are required.

Morphology choice is practically unbounded in the context of aerial systems, and not all systems fall
into the two general categories of fixed and tilt-rotor platforms. We can consider the previously men-
tioned tilt-rotor systems as a geometrically simple subset of reconfigurable aerial robots. More abstract
concepts have been explored e.g. at the University of Tokyo, with the DRAGON [135, 136]: a fully
actuated robot consisting of chained dual rotor links, where each connection point is articulated by two
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(a) (b)

Figure 1.5: Reconfigurable and flexible state-of-the-art aerial robots. (a) Chained modular dual-rotor links of the
DRAGON aerial robot from University of Tokyo [135] and (b) an insect-inspired quad-rotor with integrated compliance
from EPFL, Lausanne [68].

servomotors. The system offers some interesting advantages in its ability to pass through narrow gaps,
and perform physical interaction tasks with each end of the chained system acting as a contact point.
While most designs aim to reduce the effects of vibration and model error by designing components that
approximate rigid bodies, some research begins to intentionally integrate compliance in flexible recon-
figurable systems [68, 80]. Compliance can reduce damage to the system in case of a crash, or can be
integrated to aid in interaction tasks.

Research gaps for fully actuated and omnidirectional aerial platforms are present in their design,
modelling, control, and experimental evaluation. Since fully actuated systems are relatively new, the
complexities of these new morphologies need to be carefully evaluated, particularly in the context
of their control. Tilt-rotor systems have a high-dimensional actuation space which is vulnerable to
configuration-dependent singularities. The identification, evaluation and robust handling of these con-
ditions is an ongoing topic of research. Additional actuation also leads to a large number of actuation
inputs to control a limited number of degrees of freedom, meaning that different combinations of actuator
commands can result in the same motion or force generation of the aerial system. This over-actuation
creates an opportunity to optimize control inputs based on secondary criteria such as efficiency or agility.

1.1.2 Aerial Physical Interaction
In parallel with the development of fully actuated aerial robots, the demand for aerial robotic workers
for a wide range of physical interaction applications has been steadily gaining the attention of research
communities, industry, and the general public [75, 97]. Aerial manipulation has had a strong practical
appeal in research and industry for its promise to extend interactive and dexterous automated tasks to an
unbounded workspace. Aerial robotic tasks can take on many forms, from the transportation of objects,
to force application and modification of the surrounding environment.

The first major topic addressed in aerial manipulation was the pick-and-place of objects with quad-
rotors, including the design of a gripping system and the modelling and control methods required to
handle a variable payload [3, 67]. Similar work was occurring at the same time by Pounds et al who
investigated aerial transport and manipulation with autonomous helicopters [84, 85]. Helicopters at time
had the advantage of a much larger payload capacity and flight time, a gap which is closing as battery
and actuator technology improves. Higher payload demands have been addressed through collaborative
transportation of objects by a team of coordinated MAVs [72, 105, 112, 117], and by the creation of
much larger multi-rotor platforms [65, 76]. In the context of pick-and-place tasks, the major challenges
for aerial manipulation are in precision for successfully grasping an object, and control of the platform
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(a) (b) (c)

Figure 1.6: State-of-the-art in aerial physical interaction. (a) A fully actuated aerial manipulation platform equipped
with a force sensor at the end effector point from LAAS-CNRS [71], (b) an omnidirectional MAV with rigidly mounted
end effector from SNU in Seoul [79], and a UDT aerial system with an actuated end effector from the University of
Twente [131].

with an added payload. Neither of these problems require full actuation of the flying base, but may
require an arbitrary pose of the gripper. Several systems have been developed to address the problem of
underactuation by adding DoF in a manipulator arm with semi-static movement to reduce the dynamic
complexity [97]. For underactuated aerial platforms which are able to control their position and yaw
angle, a manipulator with at least two rotary DoF (e.g., a gimbal mechanism) is required to track a six
dimensional (6D) end effector trajectory.

A more recent topic in aerial interaction is sustained contact and force application on the environ-
ment, which we refer to as aerial physical interaction. In this case the dynamics of the aerial system
are coupled to the environment through physical contact. Techniques for ground-based [8, 132] and
underwater [58] mobile manipulation matured in research before aerial robots first took flight. Now
commercially used in manufacturing, these fields continue to develop in new research directions, partic-
ularly in autonomy for unstructured environments [11]. While some of these methods can be directly
translated to aerial systems, a new set of challenges exists for interactive flying robots. Aerial physical
interaction control has been demonstrated on several UDT aerial systems equipped with a manipula-
tor [4, 107, 131], though the lateral force magnitudes and disturbance rejection capabilities of these
systems during contact are limited due to the coupled rotational and translational dynamics of an under-
actuated flying base. Recent work by Lee et al used a model predictive control (MPC) approach with a
UDT aerial system to open a door [60]. The task was performed successfully when the system was lim-
ited to low contact forces and slow lateral motion. While UDT systems may be ideal for pick-and-place
tasks that require efficient transport of static payloads, sustained physical interaction in the presence of
environmental disturbances is a task better suited for fully actuated aerial systems.

(a) (b)

Figure 1.7: Challenges in traditional bridge inspection: (a) a floating platform is used to support a truck inspecting the
underside of a bridge, and (b) an inspection truck with a lifting platform requires lane closure and frequent repositioning,
while workers lift inspection equipment repeatedly above their heads for the duration of the work.
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A compelling and urgent example of the need for aerial physical interaction presents itself in the do-
main of industrial contact inspection, which has been a motivating interest in research and industry
alike. The status of aging concrete infrastructure is a growing concern due to the rising amount of re-
quired inspection, and a lack in capacity to meet the need by traditional means [7]. While embedded
sensors in concrete structures are an ideal solution, this technology is only emerging now, and the next
best approach in risk reduction for existing infrastructure is to perform early inspection. Early inspection
promises a more efficient and intelligent approach to long term maintenance, and a great cost savings
when combined with automation. Technologies for non-destructive testing (NDT), such as potential
mapping, permit detection of corrosion far earlier than visual assessment [6], but require sustained con-
tact between the sensor and structure. As a result, these inspection methods require extensive human
labour, road closure, and the use of large supporting inspection equipment, which is met in the worst
case with insufficient maintenance budgets and shortages in qualified staff. The examples in Fig. 1.7
illustrate the costs and negative impact of inspection on both road users and inspection workers.

MAVs have been embraced as a solution for efficient visual inspection of infrastructure [25], and
extending their capabilities to perform contact inspection is the next obvious step, which also comes with
a new set of challenges. We now demand the aerial robot to carry an additional (and often substantial)
sensor payload and to exert precise forces on the environment in any direction, while at the same time
rejecting other sources of disturbance. Fully actuated aerial robots are an ideal candidate for this realm of
applications. In addition, new developments in inspection sensor technology have spawned several small
and light-weight devices which make MAV-based inspection a feasible reality [51, 83, 120, 124]. The
combination of these emerging technologies leads to a promising new system architecture which is able
to tackle the combined problems of interaction force control and disturbance rejection on an autonomous
MAV.

The recent development of fully actuated aerial robots ensures that the flying base is capable of ex-
erting an arbitrary contact wrench on the environment. If the system itself is omnidirectional, then a
rigidly mounted end effector extension is sufficient for 6D end effector trajectory tracking and interaction
with and arbitrarily oriented environment. This approach has been demonstrated for fixed rotor [79] and
unconventional morphologies [135]. In the work of Park et al [79], impressive demonstrations of aerial
drawing, down-force application, and haptic peg-in-hole teleoperation were achieved. The work of Zhao
et al [135, 137] has demonstrated the ability of a multi-link reconfigurable flying robot to slide open the
cover of a hatch and pass through the opening. A system that is fully actuated but not omnidirectional is
able to track a 6D end effector wrench, but requires additional degrees of freedom for full pose tracking.
Several novel manipulators have been installed on fully actuated fixed rotor systems to enable full pose
tracking at the end effector [74, 113, 114, 120]. Staub et al demonstrated robotic manipulation of an
object connected by a hinge joint to the environment [114] as well as co-manipulation of an object in
collaboration with a ground-based manipulator [113]. Push-and-slide contact inspection of a non-planar
pipe surface was experimentally demonstrated by Tognon et al [120] with the addition of a two DoF
open-chain manipulator, while Ollero et al demonstrated pipe inspection with a manipulator having one
unconstrained rotational DoF and longitudinal compliance.

State-of-the-art push-and-slide control approaches for fully actuated systems vary in implementa-
tion: One approach uses cascaded PID control in free flight, switching to angular rate stabilizing control
when in contact [131]. Another method implements a dislocated proportional-derivative (PD) control
law for an elastic jointed manipulator model, with integral action in all directions except along the tool’s
axis of contact [120]. A further approach tracks a pose trajectory on SE(3) in free flight, and switches
to hybrid pose-wrench control when in contact [79]. Impedance control has been implemented on UDT
aerial manipulators [63, 95], without omnidirectional force capabilities.

Handling of external disturbances and contact forces requires their observation, and has been suc-
cessfully achieved on flying systems using momentum-based approaches [96, 122]. Tomic et al further
developed methods for model-based force estimation that discriminates contact forces from those caused
by wind disturbances [123]. Several omnidirectional MAVs have performed contact inspection tasks on
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industrial structures [74, 120] without direct (closed-loop) force control. Implementations of direct
force feedback on aerial systems have only emerged within the time-frame of this thesis, incorporating
a force sensor mounted at the end effector. In the work of Nava et al , an optimal control approach
uses force sensor readings to take advantage of contact forces in task execution [71], and in the work
of Tzoumanikas et al , a UDT system incorporates sensed contact forces in an MPC formulation for
aerial writing [127]. Methods for direct interaction force control of fixed-base manipulators are well
established [56, 87], typically switching controller modes when contact is detected. Switching con-
trollers, however, are particularly unsuitable for flying systems due to the increased difficulty of contact
estimation for a floating base in the presence of external disturbances. Recent improvements for force-
controlled manipulators such as intelligent collision detection [44] and handling of contact loss during
force control [106] are increasing commercial adoption. We can look to state-of-the art manipulator
control techniques as inspiration for the control of newly capable fully actuated flying systems, keeping
in mind the fundamental differences of a floating base system.

Aerial physical interaction with fully actuated vehicles presents new opportunities in the exploration
of passive controllers with stability guarantees. A passivity control approach has been applied to a
fully actuated aerial system for the first time by Rashad et al using energy-tanks in a port-Hamiltonian
formulation [90, 91]. Previously, passivity control techniques have been applied to UDT systems [1,
133], and extensively on fixed-base manipulator arms [32, 36, 108].

At the start of this thesis work, a research gap in aerial manipulation platforms was present where
omnidirectionality meets high force and torque capabilities, providing task versatility without the need
for an actuated manipulator arm. Such a system maintains the simplified system dynamics of an om-
nidirectional flying base without compromising disturbance rejection capabilities. For control of fully
actuated aerial manipulators for physical interaction, many methods have yet to be explored. We see the
need for a controller that is used for all situations without reliance on explicit handling of contact tran-
sitions. A transition-tolerant controller will be essential for real-word interaction and situations where
accidental contact should not compromise the task performance. Direct force feedback on an omnidirec-
tional aerial manipulator had not been implemented at the beginning of the present work. While a few
examples now exist in literature, there is plenty of opportunity to implement previously developed force
control methods on aerial systems for the first time, as well as entirely new control methods that address
the specific qualities of aerial robots and their interaction with any object or environment.

1.1.3 Macro-Micro Aerial Manipulation
With ultimate goal of performing complex manipulation tasks quickly and precisely in remote or dan-
gerous environments, fully actuated aerial robots provide a strong basis on which to develop a new breed
of interactive aerial workers. As these platforms are deployed into realistic environments, the effects of
real-world disturbances on the system and implications on task performance must be taken into account.
For omnidirectional robots with a fixed manipulator arm, any disturbances to the base are simultaneously
present to the end effector point, and the position error of the end effector may be magnified by rotational
error at the flying base. Fast end-effector operations may also demand dynamics higher than the floating
base’s actuation capabilities, leading to reduced performance or instability depending on the controller
that is implemented. These drawbacks can be addressed by integrating local dynamic motion of the end
effector relative to the flying base within the platform’s “infinite” workspace. Commonly referred to
as the macro-micro manipulator model [109], it is sufficient to design a manipulator workspace and
dynamics that can compensate for the natural fluctuations of the aerial base while providing a margin for
task-specific dynamic motion.

To extend manipulation capabilities and overcome actuation limits of uni-, multi- and omnidirectional
thrust vehicles, different serial manipulator designs, in single or double arm configuration, have been
proposed [116, 120, 124]. To improve end effector precision for point-contact tasks, UDT aerial vehicles
have been equipped with parallel manipulators for operations below [26, 43, 54] or beside [31, 39, 40,
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(a) (b) (c)

Figure 1.8: State-of-the-art in macro-micro manipulation. (a) A UDT system with horizontally mounted parallel ma-
nipulator for aerial drawing from Imperial College London [127], (b) a UDT system with downward facing parallel
manipulator for aerial repair from Imperial College London [26] and (c) a fully actuated system without omnidirec-
tional flight equipped with a six DoF parallel manipulator from Purdue Polytechnic Institute [86].

127] the flying robot. A fully actuated aerial system with a six DoF parallel manipulator mounted on
top of the system is under development at Purdue Polytechnic Institute [86]. Some examples from the
state-of-the-art are shown in Fig. 1.8.

For parallel aerial manipulators in literature up to this point, the manipulator has been considered as
a pure kinematic system and controlled with a standard inverse kinematic method to compensate for the
positioning errors of the aerial platform. Dynamic coupling effects between the arm and the flying base
are considered negligible, and are compensated by the aerial platform using the disturbance rejection
capabilities of robust position controllers. This kinematic approach simplifies the control strategy, but
performance degrades when rapid motions of the end effector are required, and neglected dynamics of
the manipulator gain significance. In extreme cases, these dynamics could lead to instability of the
system.

For systems incorporating a multi-DoF arm on a flying base, different control strategies have been
designed to handle the actuation redundancy. A baseline approach has been demonstrated through fully
decoupled control of the base and end effector [26, 127]. More sophisticated control techniques have
been applied to fully actuated serial aerial manipulators including flatness-based [119] and full-body
control [71].

In light of the current state-of-the art, a parallel manipulator mounted to a fully actuated or omnidi-
rectional flying base has not been realized. Besides this, a research gap exists in incorporating parallel
manipulator dynamics in control methods for floating base systems. In general, most aerial manipula-
tion tasks have been performed slowly in a semi-static manner. Following the development path of fixed
manipulators, incorporating dynamic movement in aerial manipulation tasks will lead to many exciting
new opportunities in aerial physical interaction.

1.2 Contributions

The major scientific contributions of this dissertation are collected in two conference papers [14, 15] and
three journal papers [5, 16, 17] as shown in Table 1.1. Reflecting the general architecture of this thesis,
Section 1.2.1 describes contributions as they relate sequentially to the presented chapters. Following
this, Section 1.2.2 details these contributions in the context of each source paper.

1.2.1 Overall Contributions
Contributions to the state-of-the-art as they relate to the chapters of this document are categorized in the
topics of modelling, control, design, and experimental results.
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Modelling

Modelling of MAVs is typically a simple affair considering a single rigid body with static transformations
that relate propeller forces and torques to the center of control of the platform. With tilt-rotor systems,
we advance to a dynamic multi-body system. Whether or not these dynamics are significant enough to
consider, omnidirectional flight with tilt-rotor systems brings with it a new set of singularity conditions,
which we consider and evaluate in this work. Design of novel omnidirectional aerial systems can take
many morphological forms, and optimization over the entire range of possibilities is a daunting task.
In our work we carefully select a set of parameters for omnidirectional tilt-rotor systems and present
an optimization framework for morphology optimization and evaluation. The resulting platforms
motivate the morphology choice for a novel omnidirectional MAV with versatile and highly dynamic
performance capabilities.

Aerial manipulators have been considered in the past as dynamic multi-body extensions of a flying
base. Parallel aerial manipulators have also been presented in literature, but their dynamics are neglected
due to their low mass and relatively small movements. As we aim to push the end effector speed and
precision for a parallel aerial manipulator, we develop a model to incorporate the dynamic effects of a
floating base aerial manipulator. The addition of a manipulator arm on the omnidirectional system is
a non-trivial design task. In a compromise between inertial effects and the end effector workspace, we
pose a second optimization problem to select the geometric parameters for a delta manipulator.

In summary, we present the following contributions on the topic of modelling:

• Identification and evaluation of singularities of an omnidirectional tilt-rotor MAV. [14]

• A tilt-rotor morphology optimization strategy to balance competing performance objectives. [5]

• Formulation of the dynamic model of a floating base parallel manipulator, proposing relevant
model simplifications validated by real experiments. [17]

Control

With the new field of fully actuated and omnidirectional aerial robots come new opportunities in control
of MAVs in 6 DoF. For tilt-rotor systems, we extend the state-of-the-art, taking singular conditions
into account in the control framework, in order to mitigate their negative effects. We further explore
aerial interaction and disturbance rejection with the development of a 6 DoF axis-selective impedance
controller. Considering the transition between free flight and contact, we integrate distance and direct
force sensing into the control framework to improve task performance in contact and more effective
disturbance rejection in free flight, in a hybrid force-impedance control strategy. With the addition of a
position-redundant manipulator on the omnidirectional flying base, we incorporate parallel manipula-
tor dynamics and compensate these effects in the base controller. In summary, we present the following
contributions on the topic of control:

• Actuator allocation strategies for avoiding the singularities of the tilt-rotor system. [5, 14]

• A 6 DoF axis-selective impedance controller for a fully-actuated flying system. [15]

• Hybrid force-impedance control in the form of direct force control combined with variable axis-
selective impedance control for an omnidirectional aerial system. [16]

• Control structure that integrates dynamic effects of an active manipulator with a feed forward
dynamic compensation term. [17]

Design

In order to demonstrate the theoretical capabilities of a flying robot concept in real flight experiments, a
representative and reliable physical system is essential. A significant amount of the effort put into this

11



1 Introduction

thesis was in the design and construction of several omnidirectional tilt-rotor systems, including the
complete mechanical design and selection and integration of components for power, actuation, and com-
putation. Fully on-board computation, power, and sensing are integrated, as well as a rigidly mounted
arm with an integrated 6-axis force-torque sensor for aerial physical interaction. A collection of system
design considerations presented over the contributing papers incorporate novel elements for tilt-rotor
aerial manipulation systems. In summary, we present the following contributions on the topic of de-
sign, which support contributions in control and experimental evaluation:

• Design and prototype of a novel omnidirectional MAV with highly dynamic capabilities, while
maintaining high efficiency in hover. [14]

• The integration of a rigid manipulator arm, with direct force sensing at the end effector, and a
platform capable of on-board computation, power, and sensing. [15, 16]

• Design considerations and prototype for the first implementation of a delta parallel manipulator
on an omnidirectional flying robot. [17]

• Hardware implementation considerations, as a resource for designing new omnidirectional sys-
tems. [5, 14–17]

Experimental Results

Experimental contributions are important for validation of the proposed control techniques, including
quantification of tracking error and qualification of the system behaviour. In order to present a com-
parable and repeatable set of results, we perform, evaluate, and present multiple trials of the same
experimental flights. We further demonstrate that the system can operate outside of the controlled lab-
oratory environment with on-board sensing. In summary, we present the following contributions on the
topic of experimental results:

• Experimental performance validation of the prototype system and controllers for a tilt-rotor om-
nidirectional MAV in free flight. [5, 14]

• Experimental validation of interaction control, and demonstration of the system as a viable plat-
form for contact-based NDT of concrete infrastructure. [15, 16]

• Experimental validation of the macro-micro manipulator strategy showing the performance im-
provement of a delta manipulator over a fixed arm for 6D end effector trajectories. [17]

• Experimental evaluation of manipulator dynamic compensation and resulting free-flight tracking
performance. [17]

1.2.2 Contributions by Paper
The contributions presented in the previous section are each published in the context of a conference or
journal publication. For further clarity, a brief summary and contributions from each paper are presented
below, and in Table 1.1.

Towards Efficient Full Pose Omnidirectionality with Overactuated MAVs [14]

This paper presents an omnidirectional tilt-rotor vehicle that can exert a wrench in any orientation while
maintaining efficient flight configurations, addressing the research gap of a robust system that combines
complete pose omnidirectionality and high hover efficiency. We present the system design, evaluate
its singularities, and develop a 6 DOF geometric control that is robust to these singularities. Flight
experiments further demonstrate and verify the system’s performance and capabilities.
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Publication Contribution
Bodie-2018 • Design and prototype of a novel omnidirectional MAV.

[14] • Identification and evaluation of the system’s singularities.
Conference • Experiments: System validation and performance evaluation.
ISER 2018
Bodie-2019 • Novel design of an omnidirectional MAV with rigid manipulator arm.

[15] • 6 DoF impedance control approach with selective apparent inertia.
Conference • Experiments: interaction control, and validation for contact-based NDT.
RSS 2019

Allenspach-2020 • A tilt-rotor morphology design optimization strategy.
[5] • Allocation strategy for 6 DoF tracking, with additional null space tasks.

Journal • Experiments with secondary tasks: singularity handling and unwinding.
SAGE IJRR
Bodie-2020 • Direct force control combined with 6D axis-selective impedance control.

[16] • Statistical evaluation and comparison of results.
Journal

IEEE T-Ro
Bodie-2021 • Novel system: parallel manipulator on an omnidirectional MAV.

[17] • Dynamic model of a floating base parallel manipulator, simplifications.
Journal • Control structure to compensate dynamic effects of the arm.

IEEE RAL • Experiments: dynamics validation, disturbance rejection, tracking.
Table 1.1: Publication summary with corresponding contributions.

Contributions:

• Design and prototype of a novel omnidirectional MAV with highly dynamic capabilities, while
maintaining high efficiency in hover.

• Identification and evaluation of singularities of an omnidirectional tilt-rotor MAV.

• Experimental results confirm the system’s performance, and justify the additional complexity and
weight of tilt-arm mechanics.

An Omnidirectional Aerial Manipulation Platform for Contact-Based Inspection [15]

This paper presents an omnidirectional aerial manipulation platform for robust and responsive interac-
tion with unstructured environments, toward the goal of contact-based inspection. The fully actuated
tilt-rotor aerial system is equipped with a rigidly mounted end-effector, and is able to exert a 6 degree of
freedom force and torque, decoupling the system’s translational and rotational dynamics, and enabling
precise interaction with the environment while maintaining stability. An impedance controller with se-
lective apparent inertia is formulated to permit compliance in certain degrees of freedom while achieving
precise trajectory tracking and disturbance rejection in others. Experiments demonstrate disturbance re-
jection, push-and-slide interaction, and on-board state estimation with depth servoing to interact with
local surfaces. The system is also validated as a tool for contact-based non-destructive testing of con-
crete infrastructure.

Contributions:

• The system design of a novel omnidirectional tilt-rotor micro aerial vehicle (MAV) with a rigid
manipulator arm.
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• A 6 DoF impedance control approach with selective apparent inertia for a fully-actuated flying
system.

• Experimental validation showing precise interaction control, and demonstration of the system as
a viable platform for contact-based NDT of concrete infrastructure.

Design and Optimal Control of a Tiltrotor Micro-Aerial Vehicle for Efficient
Omnidirectional Flight [5]

(Shared first authorship with Maximilian Brunner and Mike Allenspach.)
This paper presents the design and optimal control of a novel omnidirectional vehicle that can ex-

ert a wrench in any orientation while maintaining efficient flight configurations. The system design is
motivated by the result of a morphology design optimization problem. A six DoF optimal controller is
derived, with an actuator allocation approach that implements secondary tasks, and is robust to singular-
ities. Flight experiments demonstrate and verify the system’s capabilities.

Contributions:

• A tilt-rotor design optimization strategy is presented and solutions are evaluated against state-of-
the-art systems.

• An allocation strategy is developed to prioritize tracking in 6 DoF, while completing additional
tasks in the null space of the over-actuated system.

• Experiments demonstrate tracking performance, with secondary tasks of singularity handling and
cable unwinding while tracking a full pose trajectory.

Active Interaction Force Control for Contact-Based Inspection With a Fully Actuated
Aerial Vehicle [16]

(Shared first authorship with Michael Pantic and Maximilian Brunner.)
This article presents and validates active interaction force control and planning for fully actuated and

omnidirectional aerial manipulation platforms, with the goal of aerial contact inspection in unstructured
environments. We present a variable axis-selective impedance controller which integrates direct force
control for intentional interaction, using feedback from on-board force and distance sensors. The control
approach aims to reject disturbances in free flight, while handling unintentional interaction and actively
controlling desired interaction forces. An omnidirectional tilt-rotor aerial system is used to show capa-
bilities of the control and planning methods. Experiments demonstrate disturbance rejection, push-and-
slide interaction, and force-controlled interaction in different flight orientations. The system is validated
as a tool for NDT of concrete infrastructure, and statistical results of interaction control performance are
presented and discussed.

Contributions:

• Hybrid force-impedance control (direct force control combined with variable axis-selective impedance
control) for any fully actuated or omnidirectional aerial system.

• Statistical evaluation and comparison of results.

Dynamic End Effector Tracking With an Omnidirectional Parallel Aerial Manipulator [17]

To address the challenge of precise, dynamic and versatile aerial manipulation, we present an aerial
manipulation platform consisting of a parallel 3 DoF manipulator mounted to an omnidirectional tilt-
rotor aerial vehicle. The general modelling of a parallel manipulator on an omnidirectional floating base
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is presented, which motivates the optimization and detailed design of the aerial manipulator parameters
and components. Inverse kinematic control of the manipulator is coupled to the omnidirectional base
pose controller with a dynamic compensation term, going beyond common decoupled approaches. This
presents a baseline for the control of redundant omnidirectional aerial manipulators. Experimental flights
show the advantages of an active manipulator vs. a fixed arm for disturbance rejection and end effector
tracking performance, as well as the practical limitations of the dynamic compensation term for fast end
effector trajectories. The results motivate future studies for precise and dynamic aerial manipulation.

Contributions:

• Extension of parallel aerial manipulators to an omnidirectional flying base, showing the perfor-
mance improvement over a fixed arm for 6D end effector trajectories.

• Formulation of the dynamic model of a floating base parallel manipulator, proposing relevant
model simplifications validated by real experiments.

• Formulation of a control structure that compensates dynamic effects of the arm with a dynamic
feed forward term, and experimental evaluation of the resulting free-flight tracking performance.

1.2.3 Comment on Collaborative Content
This thesis is written out in a classical form instead of a collection of papers to create a useful guide for
the development of omnidirectional aerial manipulation systems. This structure permits a logical overall
flow, and inclusion of important design content that has been omitted from publications due to limited
available space. Much of the content in this document is the fruit of the collaborative efforts of many
contributors.

Of the papers that form the main content of this thesis and are described in Section 1.2.2, two of the
journal publications have shared first co-authorship with two other collaborators. To present substantial
experimental contributions that are meaningful to the robotics community, the intense collaborative work
of several people magnified the success of these projects. This form of intense collaboration is important
in the field of robotics, and regrettably in the framework of academic publications it can be difficult to
assign appropriate credit for shared contributions. My contributions from these shared author works are
presented in this thesis, though some of them are truly shared work. More than acknowledgements, the
following statements aim to recognize the multiple contributors of the work presented in this thesis, and
where their credit is owed.

In the journal paper Design and Optimal Control of a Tiltrotor Micro-Aerial Vehicle for Efficient
Omnidirectional Flight, several related bodies of work in the lab were combined. The development of an
linear quadratic regulator with integral action (LQRI) optimal controller was the Semester Thesis work
of Mike Allenspach, supervised by Maximilian Brunner and I. Following this project, the three of us
worked collaboratively to bring the theory and preliminary results to paper-ready form, working out the
details of differential allocation in a modular way to enable fair comparison of a PID controller with
the same structure. Only results of the PID controller from this series of experiments are presented in
the present work. The morphology design optimization section is based on the Master Thesis of Luca
Rinsoz, supervised by myself and Zachary Taylor. I further extended this content with cost function
selection, graphical dissemination and interpretation of the optimization results, and comparison against
other platforms in literature using the same metrics.

In the journal paper Active Interaction Force Control for Contact-Based Inspection With a Fully Actu-
ated Aerial Vehicle, a large collaborative integration effort was taken on by Michael Pantic, Maximilian
Brunner, and myself, to integrate direct force sensing and local environmental feedback in an omnidi-
rectional interaction framework for the first time. Our shared effort was already present in the previ-
ous conference paper An Omnidirectional Aerial Manipulation Platform for Contact-Based Inspection,
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which also included content from the Master Thesis of Stefan Walser for a 6 DoF impedance control
framework, supervised by Maximilian Brunner and myself. In the conference paper in particular, de-
velopment of the impedance controller was a shared effort. The major part of my control extensions
to integrate direct force feedback and distance sensing relied on work by Michael Pantic to read and
extract probabilistic distance normals from (and system integration of) a time-of-flight (TOF) sensor.
His local trajectory planning framework on mesh surfaces, a preliminary step towards his later work in
Riemannian motion planning on meshes [77], was critical to the major experimental contributions of
both papers. The concrete inspection content in the same papers was completed in close collaboration
with Patrick Pfändler from ETH’s Institute for Building Materials (IfB) under the guidance of Prof. Dr.
Ueli Angst. Born out of a shared ETH Grant between IfB and ASL, this ongoing concrete inspection
project offered continual meaningful applications of our research, and the cross-disciplinary integration
of innovative sensing equipment into our robotic technology.

Several other student projects closely related to this body of work are included in the thesis content.
Having set the content and closely guided these projects, their contributions belong collectively with the
supervisors and the student. The initial prototype of the delta parallel manipulator and its design opti-
mization which contributed to the journal paper Dynamic End Effector Tracking With an Omnidirectional
Parallel Aerial Manipulator is based on the Masters Thesis of Andrea Eusebi, supervised by myself and
Christian Lannegger. The innovative infinite-rotation tilting mechanism presented in Chapter 6 is based
on the Semester Thesis of Philipp Göldlin, supervised by myself and Mina Kamel.

Many other student projects which I supervised are not represented in this thesis, as the work was not
directly related to the content, or in a sufficiently mature state. Excellent efforts made on behalf of the
students is still greatly appreciated, and while not present in this work, many efforts have contributed
to the work of other lab members and groups. A full list of student projects under my supervision is
presented in Section 8.5.

A final statement on collaborative content goes to recognize the innovative work of the eleven bach-
elor students who took part in the Voliro focus project, who conceived of the design and realized the
first tilt-rotor hexacopter prototype at ASL. Their high intensity effort over nine months resulted in a
valuable proof of concept for this type of omnidirectional system, and their successful demonstration
led to the continued development of omnidirectional tilt-rotor platforms and further extensions to aerial
manipulation at ASL.

1.3 Organization

This thesis is organized to guide the reader through the topic of omnidirectional aerial manipulators
from the basic problem definition to the full realization and integration of an aerial robot. Starting with a
review of background material that primes the reader to follow the remaining content, we reflect on the
problem definition of aerial physical interaction tasks, and what they require from an aerial robot that
is recruited to fulfil these tasks. The following chapter presents the modelling of aerial systems, from a
single rigid body simplification to a multi-body flying base, and a mounted parallel manipulator structure.
The models developed here are then used in the following chapter for model-based control in 6 DoF,
which further considers interaction control, and the control of a position-redundant aerial manipulator.
With theoretical components in place, the next chapter shifts to design of the prototype system, providing
the reader with the tools to create an equivalent or novel platform. The next chapter present a series of
experiments which use the prototype to validate the control approaches from Chapter 5. The final
chapter draws conclusions on the body of work presented here, and aims to inspire the reader with
exciting areas of future work. A graphical overview of the document’s organization is presented in
Fig. 1.9, and details of the main content in each chapter are presented below.
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Figure 1.9: Chapter overview of thesis.

Background

The first chapter lays the basis for notation and concepts that will be revisited through the following
chapters. A section on kinematics reviews motion properties for rigid bodies, and their application in
developing kinematic models of rigid multi-body systems. These primary concepts will be used for
modelling and control.

Problem Definition

Starting with a general problem definition, we define key requirements of aerial physical interaction
tasks, the type of tasks that may emerge as this field grows, and the tasks that we aim to target in this
body of work. Following this, we present key properties of aerial systems, how these capabilities align
with requirements of a task, and how these properties can be represented and measured. We consider the
capabilities of various morphologies of fully actuated flying robots and manipulators. Finally, we reflect
on the research objectives of the present thesis.
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Modelling

Beginning with the simple model of a rigid body flying base, we develop a general system model
that incorporates disturbances, interaction forces, and model errors. Next we develop an aerodynamic
model of the system, stating the assumptions of our system, and a joint model tilt-able rotor groups
and actuated manipulator joints. The aerodynamic actuation wrench is developed and its properties are
examined. An optimization problem is formulated to select parameters for the general tilt-rotor model,
comparing the results of several cost functions to other fully actuated systems in literature. Increasing
complexity, we develop the model of a full tilt-rotor aerial system, and its extension to aerial interaction
with a fixed manipulator. Finally we present the model of a delta parallel manipulator mounted to an
omnidirectional flying base. A second optimization problem is formulated to select the parameters for
a delta parallel manipulator, using a genetic algorithm. The detailed model of the parallel structure is
considered as well as a set of simplifications to significantly reduce the model’s complexity.

Control

We develop control approaches for an omnidirectional flying base on SE(3), including the general
control structure and generation of the 6 DoF control wrench. More specific to the tilt-rotor model, we
present several methods for actuator allocation for the over-actuated flying system. With the integration
of a rigidly mounted manipulator on the flying base, we develop methods for interaction control, first
using an axis-selective impedance control method to enable compliant behaviour in the direction of
contact while rejecting disturbances along the remaining axes. Using a force sensed at the end-effector,
we then close a direct force feedback loop while in contact with the environment. Integration of a
distance measurement is used to create a smooth transition between free flight and force-controlled
interaction. The combination of both types of sensory feedback aims to improve the performance of
contact tasks though hybrid force-impedance control. Finally we integrate a position-redundant delta
parallel manipulator on the omnidirectional flying base and explore strategies for macro-micro control
of redundant aerial manipulators. A baseline decoupled controller is developed, including handling of
target points outside the limited manipulator workspace. With the goal of fast and precise tasks, we then
integrate the manipulator dynamics in the controller as a feed forward compensation term.

Prototype Design

This chapter introduces the detailed prototype design and hardware implementation, including different
options for basic structures, tilt-rotor actuation, rotor groups, manipulator structure, and mounted acces-
sories. The system electronics, including power and communication, are described, and the general
software framework is presented.

Experiments

We present an extensive suite of experiments which validate the proposed control approaches on our
prototype system, and evaluate the performance and behaviour of these methods. The experimental
setup is first described in detail, including different methods for state estimation, and the environments
in which our flight tests are conducted. A series of flight experiments evaluate omnidirectional flight of
the tilt-rotor base, focusing on its performance near singular configurations. We subsequently present
interaction control experiments with a fixed manipulator, focusing on force application tasks, distur-
bance rejection, and contact transitions. A final section presents free flight experiments with a position
redundant parallel aerial manipulator to evaluate the performance of a macro-micro manipulator
strategy.
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1.3 Organization

Conclusion

The final chapter of this thesis reflects on the accomplishments of the presented work and the significance
of these contributions in pushing the state-of-the-art forward. Following this conclusion, we present an
optimistic outlook on what the future offers in aerial physical interaction research.
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Chapter 2

Background

I have approximate knowledge of many things.

Adventure Time

Relevant background information for understanding the thesis content is presented here. The thorough
reader will gain a great deal more background knowledge in robotics from prominent textbooks about
robot design, modelling and control, e.g. [110, 111].

2.1 Notation

Throughout the document we aim to keep consistent mathematical notation. From time to time, sim-
plifications improve readability, and these will be made clear in the text, with common simplifications
mentioned here.

For general mathematical structures, we adopt the following notation conventions. Vectors and matri-
ces are represented respectively by lower- and uppercase letters in bold.

a ∈ Rn A ∈ Rn×m for n,m ∈ N+ (2.1)

where N+ represents natural numbers not including zero, i.e. positive integers.
Many variables will be expressed with respect to a certain coordinate frame. Frames are represented

by capital letters, e.g. FB which consists of an origin point OB and the orthonormal basis formed by
unit vectors eBx , e

B
y , e

B
z . In their own frame, the unit vectors have the following meaning:

ex =

1
0
0

 ey =

0
1
0

 ez =

0
0
1

 (2.2)

The general inertial frame is also called the world frame, FW , and represents a frame that is not
accelerating, and where the eWz axis is aligned with a gravitational body force g = geWz , where
g = −9.81 m s−2.

Common modifiers for vectors and matrices include ·∗ for a reference quantity , ·̃ for generalized
forces and velocities, and ·̄ for a modified vector or matrix that has a similar physical meaning. The time
derivative of a vector a is generally written as ȧ. For example, acceleration, velocity and position are
related by time derivatives a = d

dt
v = v̇ and v = d

dt
p = ṗ. The matrix 1n ∈ Rn×n represents the

square identity matrix, and 0m×n ∈ Rm×n is a matrix or vector populated by zeros. The subscript may
be left out when the zero dimensions are implied by the context. We use other mathematical standard
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symbols, such as |s| for the absolute value of a scalar s, and ||v|| for the Euclidean norm of a vector v.
A similar symbol is used to express a weighted vector norm, where

||u||2R= u>Ru, u ∈ Rn, R ∈ Rn×n. (2.3)

A number symbols used to express spatial pose and motion and dynamic quantities will be reused
throughout this document. The most common of these are listed in Table 2.1.

Symbol Definition
FW : {OW , eWx , eWy , eWz } inertial frame: origin and primary axes
FB : {OB , eBx , eBy , eBz } robot body-fixed frame: origin and primary axes
FRi : {ORi , e

Ri
x , e

Ri
y , e

Ri
z } ith rotor frame: origin and primary axes

WpAB position of point B w.r.t. A expressed in FW
W vB linear velocity of point B expressed in FW
RAB Orientation of FB expressed in FA
BωWB angular velocity of FB w.r.t. FW expressed in FB
m mass
I inertia matrix
f force vector
τ torque vector
w wrench vector,w = [f> τ>]>
W g = [0 0 g]> gravity acceleration vector, g = −9.81 m s−2

Table 2.1: Symbols and definitions for a tilt-rotor aerial vehicle.

2.2 Kinematics

We use kinematics to describe the relative motion that occurs between bodies in multi-body systems
including linear and angular position, velocity and acceleration. Without consideration of forces and
inertia, this motion describes the system’s kinematic model, and will also be useful in deriving the
dynamic model.

2.2.1 Rigid Body Transformations
A rigid body is a collection of particles that move together such that the distance between any two
particles is maintained at all times. Each particle has a position that evolves as a function of time. The
net motion of a body, involving translation and rotation, is called a rigid motion.

Positions

A position in 3D Euclidean space is a vector p ∈ R3 defined as a point relative to another point, e.g.
point C relative toB can be written as pBC . The position must be expressed relative to some reference
frame, e.g. FA, which is then written as ApBC . For notational simplicity, pBC is used to mean point
C with respect to point B expressed in FB .

Rotations

Using the Lie group theory introduced in Section 8.5,RWB ∈ SO(3) denotes a rotation matrix express-
ing the orientation of FB with respect to FW . The matrix is formed by the collection of orthonormal
basis vectors expressing the target frame in the reference frame.
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Figure 2.1: Affine transformation of rigid body B with respect to reference frame A: position ApAB of OB with
respect toOA expressed in FA, and rotation of FB expressed in FA.

RWB =
[
W eBx

W eBy
W eBz

]
(2.1)

Rotation matrices have the convenient properties of the SO(3) group, such asR>R = RR> = 1,
R> = R−1 and det(R) = +1. Matrices can be composed such that

RWC = RWBRBC (2.2)

The rotations defined and used in this document are passive rotations, which are commonly used in
kinematics to represent the same point or frame in space in a different reference frame. These are passive,
meaning that the object itself does not move. Rotations can also be expressed as active rotations, in
which case the matrix is an operator that rotates the target within the same reference frame, actively
changing its real orientation.

For an intuitive understanding of orientation, Euler angles will be referred to in experimental evalua-
tion. Euler angles in this document are chosen as the three quantities (ψ, θ, φ), for yaw, pitch, and roll.
Their disadvantage for use in omnidirectional control is that their representation is ambiguous, having
multiple solutions for the same orientation, and certain configurations result in a gimbal lock, or loss of a
degree of freedom in the representation. We derive the rotation matrix from Euler angles in ZY X order,
such that

RWB = RBz(ψ)RBy(θ)RBx(φ) (2.3)

RBz(ψ) =

cosψ − sinψ 0
sinψ cosψ 0

0 0 1


RBy(θ) =

 cos θ 0 sin θ
0 1 0

− sin θ 0 cos θ


RBx(φ) =

1 0 0
0 cosφ − sinφ
0 sinφ cosφ


(2.4)

The unit quaternion is another useful representation of rotation that provides a minimal global para-
metrization, avoiding singularities that are present in Euler angles. The set of quaternions forms a 4
dimensional vector space H of the form
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q = q0 + q1i+ q2j + q3k q ∈ H; qi ∈ R, i = 1, ..., 3 (2.5)

with the shorthand scalar-vector notation of q = (qo,
−→q ) where qo ∈ R is the scalar component and−→q ∈ R3 the vector component. Unit quaternions are normalized for use as rotations such that ||q||= 1.

Multiplication of quaternions is distributive and associative, but it is not cumulative. Extensive details
on quaternion math can be found in the original work of Hamilton [47] and excellent summaries are
available in various textbooks.

Transformations

We use the general concept of a homogeneous transformation to relate any two reference frames as the
combination of a relative position and passive rotation, as shown in Fig. 2.1. The transform is minimally
expressed as {RAB ,pAB} ∈ SE(3), where SE(3) = {SO(3)×R3} is the special Euclidean group
for 3D space. The homogeneous transformation matrix T is constructed in R4×4

TAB =

[
RAB pAB
01×3 1

]
TAB

[
BpBC

1

]
=

[
ApBC

1

]
(2.6)

This can be used for example to express a point in a different frame, or multiple transformations can
be composed my multiplication, with the result remaining in SE(3).

TAC = TABTBC =

[
RABRBC RAB

BpBC + ApAB
01×3 1

]
(2.7)

The inverse of the transformation matrix is formulated as

T−1
AB =

[
R>AB −R>AB ApAB
01×3 1

]
=

[
RBA

BpBA
01×3 1

]
= TBA (2.8)

Angular Velocity

Our general flying base frame FB is translating and rotating with respect to the inertial frame FW . The
rotation of a rigid body over time is described by the angular velocity of FB with respect to the inertial
frame axes, expressed either in the inertial frame as WωWB or rotated into the base frame as BωWB .
In the text, we will use the simplified notation WωB and BωB respectively. It can be shown that the
relationship between the angular velocity and the time varying frame rotation matrix can be expressed as

ˆWωB = ṘWBR
>
WB ; ˆBωB = R>WBṘWB . (2.9)

Using this relation, if a vector a is expressed in rotating FB , then the time derivative is expanded as
follows:

d

dt

(
Ba
)

=
d

dt

(
RBW

Wa
)

= Bȧ+ BωWB
∧ Ba (2.10)

Regardless of how a rotation is represented, we must be able to relate its time derivative the angular
velocity of the rigid body. The Jacobian relating the quaternion to the body angular velocity expressed
in FW is formulated as WωB = 2H(qWB)q̇WB ∈ R3 where

H(q) =
[
−−→q −̂→q + q013

]
∈ R3×4 =

−q1 q0 −q3 q2
−q2 q3 q0 −q1
−q3 −q2 q1 q0

 . (2.11)

The operator x̂, equivalent to [x]∧ for larger terms, represents the skew-symmetric matrix of vector
x.
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The Adjoint Transformation

A very useful matrix for transforming motion represented in one coordinate frame to another is the
adjoint transformation Ad associated with a given homogeneous transformation T . After expanding
the derivatives of the homogeneous transform, we arrive at the following transformations for linear and
angular velocity between frames A and B, either or both of which may be rotating:

AωAB = RAB
BωAB (2.12)

AvAB = pAB × (RAB
BωAB) +RAB

BvAB (2.13)

Which we can rewrite in matrix form to construct the adjoint matrix:[
AvAB
AωAB

]
=

[
RAB p̂ABRAB
03×3 RAB

]
︸ ︷︷ ︸

AdTAB

[
BvAB
BωAB

]
(2.14)

The Wrench

The generalized force applied to a rigid body, consisting of a purely linear force component, f ∈ R3,
and a purely rotational torque component, τ ∈ R3, is referred to as a wrench. We represent the wrench
w ∈ R6 as a stacked vector of force and torque.

w =

[
f
τ

]
∈ R6 (2.15)

The wrench values are relative to the frame in which they are represented, and while the force magnitude
does not change with the frame in which it is expressed, the torque does. We consider the coordinate
transformation of an applied wrench to be an equivalent wrench of the original, meaning that the trans-
formed wrench applied to the same body at the new coordinates generates the same work for every rigid
body motion. The transformation is derived by equating the instantaneous work of the two wrenches ap-
plied at frames A and B, where work is the inner product of the twist and the wrench. In the simplified
result, using the adjoint matrix to transform the velocity, we find that the coordinate transformation of a
wrench is the transposed adjoint matrix:

wA = Ad>
T−1
AB︸ ︷︷ ︸

inverse adjoint
transpose

wB (2.16)

Ad>
T−1
AB

= Ad>TBA =

[
R>BA 03×3

−R>BAp̂BA R>BA

]
=

[
RAB 03×3

p̂ABRAB RAB

]
(2.17)

2.2.2 Kinematic Model
Here we treat general systems of n multiple rigid body links attached in an open-chain structure by
n − 1 one DoF joints (either rotary or prismatic). An open chain topology stems from a single root
link, which can be either fixed or floating. A body-fixed coordinate frame is attached to each link, and a
transformation between any two adjacent links can be expressed as a homogeneous transformation that
is a function of the connecting joint variable only. Figure 2.2 shows modelling examples of fixed-base
and floating base open chain rigid multi-body systems.

We choose a set of generalized coordinates to completely and concisely describe the system configu-
ration. We aim to chose independent coordinates, such that the representation of the system is minimal,
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Figure 2.2: Modelling of a fixed base (left) and floating base (right) rigid multi-body system, with rigid body elements
B.

and equal to the number of DoF. For a fixed based open chain system that is not subject to additional
constraints, these coordinates are typically chosen as the set of 1 DoF joint variables. For a floating base
system, we further need to describe the pose of the floating base in an inertial frame. A minimal set of
coordinates for this representation would include six variables, corresponding to the DoF of a 3D rigid
body. To avoid singularities which would arise in time evolution of the system by representing the base
orientation with a minimal set of Euler angles, we instead represent the floating base frame as evolving
in the 6D SE(3) Lie group (see Section 8.5 for further details). Then, subject to the restrictions of the
SO(3) group, we can choose to express orientation equivalently as a rotation matrix or quaternion which
are not inhibited by singularities. When using SO(3) in motion, we use the related twist notation to
express velocities.

Usually, we are interested in the transformations between frames where forces are applied (whether
by contact, disturbance, or actuation), and the frames where we want to perform motion or force control.
Consider a general floating base system with rotary actuators at the end of each open chain of rigid
bodies connected by rotary actuators. We express the homogeneous transformation between each rotor
group frame FRi∀i ∈ {1 ... nr} and the base frame FB , in terms of the generalized coordinates
qij∀j ∈ {1 ... mij} of that chain.

Jacobian

The Jacobian matrix of a vector-valued function of some variable is defined as the matrix of all its first-
order partial derivatives. Practically for the motion modelling and control of a multi-body system, we
are interested in the Jacobian that maps generalized joint space velocities ũ to the velocity of a certain
frame, e.g. the end effector linear and angular velocities, or twist.

νE = JE(q)ũ (2.18)

JE(q) =

 ∂vE∂ũ1
· · · ∂vE

∂ũnq
∂ωE
∂ũ1

· · · ∂ωE
∂ũnq

 (2.19)

where JE(q) ∈ R6×nq is the end effector Jacobian, for a system with nq DoFs, and is dependent on
the current configuration q. The end effector Jacobian is also useful in projecting the wrench wE that
occurs in the end effector frame onto the generalized forces τ̃ as

τ̃ = J>EwE . (2.20)
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Singularities and Null Space

Considering a system where the independent inputsu ∈ Rni are greater in number than the controllable
outputs y ∈ Rno , and we have a linear system, we can express their relationship as

y = Bu+ c, (2.21)

whereB ∈ Rno×ni may vary in time based on the robot’s configuration. The rank ofB, representing
the maximum number of linearly independent columns, and can be calculated by e.g. singular value
decomposition. If the rank is less that no, then not all of the outputs are controllable by the inputs, and
the system is said to be in a singular state. IfB is full rank, however, the extra input dimensions indicate
the presence of a null space. We can make use of the null space projection matrixN = N (B) which
satisfiesBN = 0, the simplest projection of which is formulated as

N = 1 −B†B (2.22)

Through this over-actuation, different combinations of inputs can lead to the same output. This input
ambiguity should be resolved, whether by minimizing the overall actuation effort in a least squares sense
(as is the case with the Moore-Penrose pseudo-inversionB†), or by adding a secondary task in the null
space, u0. The solution can then be formualted as

u = B† (y − c) +Nu0. (2.23)
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Chapter 3

Problem Definition

In the astronaut business, we have a saying,
which is, ‘There is no problem so bad that you
can’t make it worse.’

Chris Hadfield

Starting with a general problem definition, we define key requirements of aerial physical interaction
tasks, the type of tasks that may emerge as this field grows, and the tasks that we aim to target in
this body of work. Following this, we present key properties of aerial systems, how these properties
can be quantified in robotic systems, and how these capabilities align with the task requirements. We
consider the capabilities of various morphologies of fully actuated flying robots and manipulators, and
the addition of an actuated manipulator for improved end effector performance. Finally, we reflect
on some key research objectives to address the problem of aerial physical interaction, which will be
developed further in Chapters 4 to 6.

F
T

Figure 3.1: Illustrations of select aerial physical interaction tasks, including modifying a constrained environment,
object transport, pick-and-place, and push-and-slide aerial writing.

3.1 Aerial Physical Interaction Tasks

We define aerial interaction tasks as objectives that are performed with an end effector from an aerial
base with measurable success criteria. Where aerial physical interaction sets itself apart from ground-
based interaction is the unbounded workspace in which these tasks can be framed, and the ability of
aerial vehicles to travel through free space with speed and agility. Considering the reachable workspace
as the region of 3D points that the end effector can reach and the dextrous workspace as the subset of
these points that the end effector can access in any orientation, aerial manipulators surpass fixed base
manipulators in their ability to arbitrarily reposition their floating base. These advantages come at the
cost of constant energy consumption to keep the vehicle and its payload in the air.
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Precision Wrench Omni-
Task Pose Force Torque Magn. Speed direc.

Avoid Obstacles
Grasp Object
Transport Object
Deposit Object
Point Inspection
Rolling Inspection
Aerial Drawing
Modify Environment
Dextrous Manipulation

Table 3.1: Aerial interaction tasks are compared based on the requirements they demand of an aerial platform, including
precision of pose, force and torque tracking, magnitude of the required interaction wrench, speed of the operation, and
omnidirectional interaction.

Task Descriptions

Physical interaction tasks can be various in purpose, typically requiring a combination of precision,
force application, and speed. Pick-and-place tasks require robustly grasping, transporting and releasing
a certain object. Grasping and placement of the object may need to be precise, and may require force
application, e.g. if the object must be mounted to a wall [46]. Transporting an object requires compen-
sating its mass and inertia in the control scheme, and may involve obstacle detection and avoidance [73].
Contact inspection tasks can require stably applying a force to the environment in a precise location,
and even a very specific force may be required. Continuous contact inspection and drawing present some
examples of push-and-slide tasks, where additional lateral forces are needed to overcome friction while
maintaining a prescribed contact force into the surface. Precision of the end effector point in the presence
of surface friction and contact constraints may also be necessary. In some cases tasks may require mod-
ifying a constrained environment such as turning a valve, or opening a door. In such situations, a force
and/or torque of a certain magnitude must be applied in a specific location and an arbitrary direction, and
the dynamics of the environment become part of the task. Dextrous manipulation is the ultimate goal
for aerial systems, meaning skilful competency with an end effector to perform complex tasks. This type
of task may demand precise movement of the end effector in free space for complex interactions with
the environment involving forces and torques. For all of the above mentioned tasks, the performance
value usually increases with speed of operation. Higher speed permits more operations over time and
also reduces the energy consumption required for a given operation, assuming that most energy is used
to maintain hover of the aerial platform. Table 3.1 compares the relative high-level requirements for the
tasks described above, and Fig. 3.1 illustrates some of these scenarios.

While grasping and transportation of objects has already been achieved to a very high performance
level, sustained contact of aerial systems with arbitrarily oriented surfaces is an open area of research.
This thesis focuses on the cases of point inspection, rolling, and sliding along surfaces, and also makes
preliminary steps in fast and precise end effector motion for more complex tasks. The tasks of modifying
an arbitrarily oriented environment, and performing dextrous manipulation tasks remain topics of future
research.

Task Performance Metrics

Given that tracking precision and accuracy, arbitrary force and torque application, and speed are common
elements of most physical interaction tasks, we take these as the important performance criteria for aerial
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Task Criteria Measurement Quantification
pose tracking • state estimation • pose error stats

• ground truth pose • pose error stats
applied wrench • wrench estimator • force/torque error stats

• force-torque sensor • rise time, steady state offset
execution time • battery voltage • total flight time

• power consumption • power per task activity
Table 3.2: Measurement methods and performance quantification are proposed for major aerial interaction task criteria.
Error statistics include mean and standard deviation of the error as well as RMSE.

manipulation systems to target. We can evaluate tracking precision and accuracy based on position
and orientation error during a trajectory, both for the flying base and the end effector point. Force error
can be used to measure the performance of force application, considering both the transient and steady-
state error values. Some tasks may require large forces and torques, so being able to exert an appropriate
wrench magnitude for a task is also important. Minimizing time is best if it is the only factor, but we will
also consider the compromise between execution time and the other performance factors. Measurement
methods that will be used to quantify the three above mentioned criteria are listed in Table 3.2.

While the above-mentioned performance criteria are quantifiable and measurable, the general be-
haviour of the system as it performs the task should also be taken into account, particularly in terms of
repeatability and robustness to disturbances.

3.2 Properties of Aerial Manipulation Systems

Considering state-of-the art aerial systems discussed in Section 1.1 and the wide variety of aerial vehicles
that have been demonstrated, we simplify the morphology problem by considering only multirotor aerial
systems which may contain rotary joints for thrust vectoring, where the control inputs,u, are rotor speeds
(ur) and joint angles (ut). Many other interesting morphology and actuation choices are possible,
including the integration of variable-pitch propellers and airfoils, but lie outside the scope of this thesis.

The underlying factor that defines performance limits of a rotary-wing system is the platform’s phys-
ical actuation capabilities. Control approaches can be built to take advantage of these actuation features
for improved flight performance, but will always be subject to their limitations. Precision of pose and
motion tracking as well as force application are limited by the control bandwidth and capabilities of
actuation forces and torques. The magnitude of interaction wrench that the system can exert on the en-
vironment, as well as the platform’s ability to accelerate, are related to total maximum actuation forces
and torques, in combination with the system’s inertial properties.

For flying systems that require a large payload for on-board computation and sensing equipment,
the system’s large inertia reduces ability to track highly dynamic motion. The concept of macro-micro
manipulation offers a solution to improve task performance at the end effector by adding a manipulator
arm with faster dynamics. While this solution would be trivial for a fixed base, the manipulator choice
is more subtle for a floating base system where reaction forces due to the arm dynamics can affect flight
stability.

In this section we first examine the actuation capabilities of a flying base by classifying them in terms
of their degree of actuation, and defining metrics to measure and compare actuation across morphologies.
We subsequently consider properties of manipulators which can be mounted to an aerial base, compare
available morphologies, and examine how they can enhance the performance of the system.
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3.2.1 Actuation Capabilities of a Flying Base
The actuation capabilities of a flying base are an important indication of their ability to perform an aerial
interaction task. The net actuation wrench, Bwact, of the flying system is the sum of all actuation
thrust forces and drag torques of the individual propeller units transformed in the floating base frame,
computed as

Bwact =

nr∑
i=1

Ad>
T−1
BRi

wri = Aactur, ur =

 fr1...
frnr

 (3.1)

where fri is the individual thrust magnitude for the ithof nr rotors. We refer to these thrust magnitudes
as rotor inputs ur . For the remainder of this section we simplify notation, expressing the base frame
actuation wrench, force and torque aswact,fact, τact

This actuation wrench is used to control the motion of the system in order to track a trajectory in
space as well a desired interaction wrench, and exists in a feasible wrench space W defined by rotor
thrust limits

frmin ≤ fri ≤ frmax∀i ∈ {1 . . . nr} → ur ∈ Ur → wact ∈W (3.2)

Control of the system further depends on the ability to change the actuation wrench. Taking the
derivative of Eq. (3.1), we get

ẇact =
d(Aactur)

du

du

dt
= Ȧactu̇, (3.3)

where the actuator input vector is u = ur if the system has fixed rotor positions, and u = [ur ut]
for the rotor thrust and configuration angles, ut, of a tilt-rotor system. We refer to Aact as the instan-
taneous actuator allocation matrix and to Ȧact as the differential actuator allocation matrix. For fixed
rotor systems, these two matrices are equivalent, containing only constants. For tilt-rotor systems, these
matrices are a function of the current tilt angle configuration ut, which are subject to angular position
and velocity limits

ut ∈ Ut, u̇t ∈ Ūt. (3.4)

For the following definitions regarding the rank of Ȧact for tilt-rotor systems, we are concerned with
the existence of a tilt-angle configuration ut ∈ Ut that satisfies the proposed criteria.

System Classification by Actuation Capabilities

To define types of aerial systems based on their actuation capabilities, we use much of the terminology
presented in [45], with some slight changes in definition. We first divide all rotary-wing aerial systems
into unidirectional thrust (UDT) and multidirectional thrust (MDT) systems, where unidirectional
systems have all rotors aligned as in the original quadrotor model, and multidirectional thrust contains all
systems that are capable of some degree of thrust vectoring. Fully actuated systems are a subcategory of
multi-directional thrust (MDT), where the actuator allocation matrix achieves full rank. Multidirectional
systems that do not fit this category include systems that can control their thrust vector along a plane,
such as a tilt-rotor tricopter. Within the fully actuated category, systems can additionally be any of
omnidirectional and over-actuated. Omnidirectional meaning that the system can hover in an arbitrary
orientation without violating limits of its actuators, and over-actuated indicating that an actuation null
space exists due to an excess of control inputs compared to the DoFs of feasible actuation wrenches.

Mathematically, we complete these definitions as they relate to actuation inputs by evaluating the rank
of the differential actuator allocation matrix, with a summary shown in Fig. 3.2. We consider rigid body
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3.2 Properties of Aerial Manipulation Systems

Figure 3.2: Classification of aerial systems based on allocation of the actuation inputs u ∈ Rnu to generate a net
actuation wrenchwact = [f>act τ

>
act]
> in the flying base frame.

systems with a time-invariant center of mass, which we choose as the origin for evaluating actuation
wrenches. For further clarity in the following definitions, we refer to the force and torque components
∂wact
∂u

= [
∂fact
∂u

∂τact
∂u

]>. A basic assumption for all the multirotor systems considered here is that
the torque component is full rank, meaning that the total moment can be generated and varied in any
direction in R3:

rank
{
∂τact
∂u

}
= 3 (3.5)

This assumption enables the basic attitude control of an aerial system. For the following definitions, we
further require that there exists a feasible actuation wrench located at the center of mass (CoM) with
a non-zero force vector and zero-moment, such that in addition to re-orienting the base in space, the
direction of linear motion can be controlled. The following requirements extend the above definitions as
they relate to the rank of the actuator Jacobian matrix:

rank
{
∂wact
∂u

}
= 4︸ ︷︷ ︸

Unidirectional Thrust

rank
{
∂wact
∂u

}
≥ 5︸ ︷︷ ︸

Multidirectional Thrust

rank
{
∂wact
∂u

}
= 6︸ ︷︷ ︸

Fully Actuated

∀u ∈ U (3.6)

For fully actuated systems, where the allocation is full rank, this implies that the net actuation force
of the system can be varied independently of the net moment in all directions, decoupling the system’s
translational and rotational actuation and dynamics.

We refer to a subcategory of fully actuated systems as omnidirectional. For these systems, we first
require that the net actuation thrust when represented at the CoM can assume any direction in a spherical
shell with zero moment, representing force-omnidirectionality. We additionally require the magnitude
of this thrust to exceed the gravitational force in all directions, representing body-omnidirectionality:

||fact(u
d∗)||> m|g| ∀ d ∈ R3 and ||d||= 1 (3.7)

where m is the system mass, g is the gravitational constant, d is any direction vector in the unit sphere,
and ud∗ are the actuator inputs that correspond to the maximum actuation force in direction d.

In requiring the actuation force capability in any direction to compensate the effects of gravity, we
push the definition of omnidirectional to mean a system that can sustain an omnidirectional pose in
hover. At the purely analytical level, this requirement adds the need to estimate the system mass, which
at a preliminary development stage may be unclear. As such, based on the actuator capabilities, we
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can instead identify the mass below which the system satisfies omnidirectionality. We find this exten-
sion of body-omnidirectionality to be a more convenient definition for aerial platforms in two respects.
First of all, fully actuated systems can become force-omnidirectional in the presence of gravity, where
gravitational forces from the system’s mass can be used as an actuation of sorts. For example, adding
gravitational force to a system that can only exert forces upwards in a cone, the resulting envelope is
force-omnidirectional in practice. Secondly, the extension to body-omnidirectionality adds a new mean-
ing to this category of systems, allowing us to plan arbitrary waypoint poses for the flying base in six
DoF.

A final classification is for over-actuated systems, where in addition to full actuation, the number of
actuation inputs nu exceeds the system’s controllable DoFs. This means that different input combina-
tions can be used to achieve the same net actuation wrench, indicating the presence of an actuation null
space where secondary tasks may be performed.

rank
{
∂wact
∂u

}
= 6 and nu > rank

{
∂wact
∂u

}
(3.8)

Force and Torque Control Volumes

In order to compare the actuation capabilities of flying systems, we represent the wrench space W of a
given morphology with force and torque control volumes of the system. We separate force and torque
into separate 3D volumes that are centered in the floating base frame (nominally coincident with the
center of mass) where the net actuation forces and torques are summed.

Figure 3.3: Examples of force and torque volumes for a tilt-rotor hexacopter, where the surface colour corresponds
with the force vector magnitude along the corresponding axis.

For a dense grid of vectors on the unit sphere, force volumes determine the maximum achievable
pure force at the origin OB along any axis, subject to ur ∈ Ur . Similarly, torque volumes evaluate
the maximum achievable torque about a certain axis. They may also be expressed in the presence of
a gravitational force, in which case the volume represents additional torques that can be applied while
hovering in a specific orientation. An example of these volumes for a tilt-rotor hexacopter system is
shown in Fig. 3.3.

Meaningful and comparable properties from force and torque volumes are the minimum and maximum
magnitude, the average, and the total volume within the defined surface. For omnidirectional systems,
the entire surface of the force envelope must lie outside of the gravitational sphere (i.e. a sphere of radius
m|g|).

Efficiency and Parasitic Forces

A dominant struggle in the development of rotary-wing aerial systems is achieving a good compromise
between performance and power consumption, or flight efficiency. The ability to quickly change a thrust
vector may require the generation of competing forces, which consumes additional power for the same
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3.2 Properties of Aerial Manipulation Systems

net control wrench at the flying base. These competing forces are referred to as internal or parasitic
forces which can be used to measure the efficiency of the system compared to the hypothetical maximum
where all rotors are aligned against gravity.

The force efficiency metric is defined as the ratio of the net force magnitude exerted by propellers in
the base frame to the sum of all the force magnitudes, as originally formulated in [100]:

ηf (u) =
||∑nr

i=1
BfRi (fri , qi)||∑nr

i=1|| BfRi (fri , qi)||
=
||∑nr

i=1
BfRi (fri , qi)||∑nr
i=1 fri

∈ [0, 1] (3.9)

If all propeller forces are acting in the same direction, ηf = 1, indicating the most efficient configuration
where no parasitic forces are present. Note that the system in this case is instantaneously equivalent to a
UDT system due to the aligned propeller axes. With increased misalignment of propeller axes, internal
forces grow, and the force efficiency decreases, to the extreme case where propeller forces cancel out
exactly and ηf = 0.

Capabilities by System Morphology

The literature survey in Section 1.1 touched on a wide variety of morphologies. Here we identify benefits
and drawbacks of various implementations at a high level as they apply to aerial interaction tasks. We
limit our evaluation to fully actuated flying systems consisting of rotor units that may be connected by
rotary joints to one or more floating-base rigid bodies.

1 2

3
4

5
6

Figure 3.4: Fixed and tilt-rotor fully actuated aerial platform morphologies inspired by state of the art systems: (1) [78],
(2) [101], (3) [54], (4) [88], (5) [2], (6) [135].

Inspired by state-of-the-art prototypes shown in Fig. 3.4, we describe and evaluate six morphologies
which are defined as follows.

1. Fixedly-tilted motors are oriented to minimize performance variation during omnidirectional flight,
inspired by [78]. Due to high internal forces, the system has low efficiency in flight, and marginal
force exertion for interaction in directions that are not aligned with the gravity vector. As a system
without tilt-able rotors, we consider this a simple system for which model error should be low,
and reliability high.

2. Similar to the previous system, having fixed rotors that result in low system complexity, inspired
by [101]. This system consists of rotors that are all placed on one plane, and forgoes omni-
directional flight to prefer flat hover, generating internal forces that are chosen to compromise
efficiency and application of lateral forces.

3. Rotors groups lie on a plane, and are able to actively tilt individually about one axis, inspired
by [54]. With some added complexity in tilt-actuation, we expect model accuracy to degrade.
However, the additional tilt actuation allows for higher efficiency in body wrench commands since
the actuators can be partially re-aligned in the desired direction, also allowing high magnitudes of
force exertion.
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system complexity efficiency wrench magn. omni-force omni-pose

1
2

→ 3
4
5
6

Table 3.3: Morphology comparison for fully actuated flying base

4. Similar to the previous model, with an additional tilt mechanism for each motor such that each
thrust vector can be chosen individually and exactly, inspired by simulation results from [88],
though the physical system was not constructed. The complexity implementing of this system is
high, and the mechanical construction and cable routing very complex, with actuator limitations
that would impede the theoretically perfect efficiency.

5. A fully actuated tricopter model inspired by [2]. Two thrust vectoring rotors enable highly efficient
flight in five DoF, forsaking the ability to maintain roll in order to achieve a simpler design. An
exterior fixed motor enables large torques about the pitching axis.

6. A concept that achieves full pose omnidirectionality through reconfiguration of multiple rigid
body core units, inspired by [135]. While interesting for its reconfigurability, its complexity and
highly configuration dependent efficiency and force exertion capabilities may detract from its
ability to perform aerial physical interaction tasks.

To consider the suitability of different proposed morphologies for the tasks defined in Table 3.1, we
translate the task criteria as they relate to actuation capabilities, and present high-level results in Ta-
ble 3.3. Task precision in pose, force and torque relate to omnidirectionality via force and torque actua-
tion envelopes. The wrench magnitude required by a task translates directly to that which the system can
produce, beyond what is required to maintain hover. Speed of the system is related to its acceleration and
therefore its actuation wrench. Flying systems in general can travel quickly across large distances, and an
additional manipulator may be suitable for increased speed in a local workspace. Omnidirectionality of
tasks relates in the minimal case to omnidirectional force application, and to omnidirectional-pose flight
for the highest versatility by expanding the system’s dexterous workspace. A new evaluation criteria of
complexity, though not directly related to task criteria, relates to the physical system’s number of moving
parts and required actuators. With higher complexity, a system is more prone to component failure and
model error, which ultimately affect the robot’s ability to perform a task.

When designing a system to target the application of aerial workers, achieving a compromise between
competing performance criteria is critical. Navigation efficiency and high payload capacity are often
required, while general aerial physical interaction tasks demand high force and torque capabilities in all
directions. The tilt-rotor omnidirectional MAV based on concept 3 offers a promising solution, having
omnidirectional wrench exertion capabilities while maintaining the ability to revert to an efficient hover.
While additional motors add complexity and weight, we see opportunity in the over-actuated system and
its actuation null space. We select the general tilt-rotor system as a versatile base to address the problem
of aerial manipulation, and will evaluate its theoretical and real-flight performance in the contents of this
thesis.
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3.2.2 Manipulators
For a fully actuated and omnidirectional flying base, a rigidly mounted static manipulator arm is suffi-
cient for omnidirectional aerial manipulation. The actuation capabilities of the base are transferred to
a point safely away from spinning propellers, to track omnidirectional motion and introduce force and
torque on the environment.

The solution of a static arm retains the modelling simplicity of the base, but is also subject to the same
actuation limits of the base transformed to the end effector point. Therefore, the slow base dynamics
of a heavy flying system influence the ability to perform dynamic tasks at the end effector. In addition,
error in the end effector position is magnified with increasing base orientation error if a base reference is
being tracked, and vice versa if tracking is framed at the end effector point. In the best case, interaction
properties at the end effector are equivalent to or degraded from those of the flying base itself.

The addition of an actuated manipulator to an aerial system presents an opportunity to improve the
system’s performance characteristics at the end effector point. While the force and torque generated
by the flying base and its inertial properties are still the foundation of the system’s capabilities, an
actuated manipulator can further improve speed and precision within a limited workspace, according
to the macro-micro principle: “A macro/micro manipulator system, consisting of a large (macro) robot
carrying a small (micro) high performance robot, is proposed as a means of enhancing the functionality
of a manipulator” [109].

Enhanced Performance of Actuated Aerial Manipulators

When evaluating a combined system, we are interested in how task performance criteria can change with
the addition of an active manipulator to an aerial system.

Defining qm ∈ Rnm as a vector of nm manipulator joint angles, we consider an end effector Jacobian
JE for an actuated manipulator, which relates joint and end effector velocities in the local base frame as

BvE = JE(qm)q̇m. (3.10)

For a manipulator with fast dynamics (dependent on geometry, morphology and actuator properties),
these motion terms can quickly compensate for disturbances at the base, and trace end effector trajec-
tories that would be impossible for slower base dynamics to follow. Considering the desire for high
interaction force control resolution, the manipulator may also be able to regulate interaction forces at a
much higher bandwidth than the base controller. For this goal, it’s important that the manipulator is able
to sustain the desired interaction force at its joints, and to compensate at a high bandwidth with its own
actuator torques. This relationship is also expressed with the manipulator Jacobian:

Bτm = J>E (qm) BfE (3.11)

Finally we consider the Jacobian condition number, κ (JE), which represents the ratio of maximum
and minimum eigenvalues. When the matrix is ill-conditioned, meaning there is a great difference in
control authority on some dimension, we are near a singularity of the manipulator and will see reduced
control performance.

Serial vs Parallel Manipulators

The choice of manipulator morphology can greatly affect the resulting system performance, especially
between open and closed chain structures. Although serial (open chain) manipulators have been the
dominant choice in aerial manipulation because of their low complexity and large workspace, parallel
(closed chain) manipulators offer a number of advantages that are particularly attractive when attached to
an omnidirectional aerial base [125]. To compare these two major manipulator types for our task goals,
we consider properties that affect end effector position and force tracking performance.
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Figure 3.5: Illustrations of serial and parallel manipulator concepts, with actuated and passive joints indicated respec-
tively by shaded and empty circles, and approximate workspace volumes indicated by blue regions.

End effector error accumulates at each joint for serial link manipulators, where each successive
error is added to the previous. The design of serial manipulators is therefore a game of high precision
mechanics, which can be difficult to maintain in prototype aerial systems which may sustain damage in
collisions or crashes. In parallel manipulators, errors at the joints that make up the closed chain structure
are averaged at the end effector point, improving the end effector precision without introducing high
costs or friction in the joint mechanics.

The inertia of moving parts is cascaded for serial manipulators, where each joint carries the weight
of all successive joints towards the end effector. This leads to significant dynamic effects on the system
which must be accurately modelled if high accelerations are required at the end effector. Parallel manip-
ulators enable actuator placement at the platform base, leaving only the remaining links, passive joints
and the end effector as additional dynamic bodies to consider.

Effort distribution to the actuators is also cascaded for serial manipulators, driving the need for
more powerful motors closer to the system base to sustain subsequent actuators as well as the arm’s
inertia. A force applied to the end effector can generate a large moment arm that must be counteracted
by any aligned actuator in the chain. In contrast, parallel manipulators distribute effort over the joints,
combining the resulting forces over multiple chains. This also enables the selection of smaller actuators
to generate the same end effector forces.

The workspace of a serial manipulator is larger than that of a parallel manipulator when comparing
total required link lengths. When selecting parameters based on required forces and precision at the end
effector, the comparison becomes more subtle, and largely a factor of the chosen components. The size
of a workspace is less important than the resulting end effector capabilities at any point, which can be
evaluated by considering the condition number of JE throughout the workspace.

The combination of properties listed above make parallel manipulators particularly suitable for locally
precise and dynamic motion of the end effector within the platform’s “infinite” workspace. Based on this
conclusion, and the aforementioned simplicity of a rigidly mounted manipulator, we focus the contents
of this thesis on static and parallel manipulators. In the work that follows, we use a rigidly mounted
manipulator arm for physical interaction, or an actuated parallel manipulator to improve precision and
speed at the end effector as a first step towards dynamic interaction with the environment.

3.3 Research Objectives

The entire problem of aerial interaction spans several disciplines. In conceptual design and modelling,
we seek to determine new and interesting capabilities of different system morphologies, and in control
we seek high performance, reliable and safe approaches for aerial physical interaction. A large body of
work lies in the physical realization of aerial systems, including electronics and power integration, struc-
ture and mechanism design, and system maintenance while testing and crashing under various ‘novel’
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controllers. While the implementation details of the hardware systems are minimally presented in re-
search publications, these elements are critical in allowing further research in other domains such as
control, perception, planning and multi-robot collaboration.

Through the work in this thesis, we aim to extend capabilities of aerial manipulation systems for
physical interaction in terms of system modelling, control, design and experimental evaluation, by the
following methods:

Modelling and Conceptual Design

• Establish models of tilt-rotor systems and their corresponding assumptions.

• Identify performance criteria from models, and use optimization methods to find appropriate mor-
phologies for omnidirectional aerial manipulation.

Control

• Motion control for an omnidirectional tilt-rotor flying base in SE(3).

• Interaction control for force application and contact transitions.

• Control of a redundant manipulator with dynamic compensation.

Prototype Design and Integration

• Design, construct and test fully actuated and omnidirectional tilt-rotor prototypes.

• Integrate physical extensions for force-controllable contact interaction integrating sensing and
compliance.

• Design and construct a fast and light parallel aerial manipulator for precise end effector tracking.

Experiments

• Demonstrate system performance through experimental flights.
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Chapter 4

Modelling

Let us then hypothesize the existence of a
proper object of the knowing mind: call it the
realm of the intelligible objects, the realm of
Forms.

Plato

To model a fully actuated tilt-rotor aerial manipulator, we start by considering a generic system of
rigid bodies, with n DoF, represented by a set of generalized coordinates, q, which uniquely and fully
describe the system’s physical configuration. The motion of the system is described as the evolution of
the physical configuration over time, and is represented by generalized velocities, ũ, related to the time
derivative of the generalized coordinates, q̇, as

ũ = Jq(q)q̇ ∈ Rn (4.1)

In the case that Jq = 1n, the generalized velocities are exactly the time derivatives of the coordinates
q. For a floating base, this formulation is complicated by our choice to represent the system’s orientation
on SO(3), which will be addressed in Section 4.2.

According to the Lagrangian formulation for dynamic systems, the motion of a rigid body system
is defined by its inertial properties, its configuration, and the sum of external generalized forces acting
on the system. We express the equations of motion in terms of generalized velocities, ũ, and their
corresponding generalized forces τ̃ ∈ Rn.∑

τ̃ = M(q) ˙̃u+ C(q, ũ)ũ+ g(q) (4.2)

where M ∈ Rn×n is the configuration dependent generalized inertia matrix, C ∈ Rn×n is the matrix
of nonlinear terms including centrifugal and Coriolis effects, and g ∈ Rn is the vector of generalized
gravitational forces.

For our floating base aerial robot, we model the generalized forces acting on the system in three
separate categories as actuation forces, τ̃act, resulting from actuator inputs, u, external contact forces,
τ̃ext, originating from a contact wrench at the end effector, and disturbance forces, τ̃∆, resulting from
air currents and all other accumulated model error.∑

τ̃ = τ̃act(u) + τ̃ext + τ̃∆ (4.3)

The rest of this chapter goes deeper into the details of this model, and different ways that we can
represent the system, with the aim of using these models in subsequent control schemes.

Starting with Section 4.1, we develop a kinematic description of a tilt-rotor MAV. Based on an in-
dividual propeller model, we then formulate the net aerodynamic actuation wrench and examine its
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Figure 4.1: System model overview with generalized coordinates, q: A net aerodynamic actuation model (left), a single
rigid inertial body (top center), a multi-body system with tilting rotor groups (top right), a macro-micro manipulator
(bottom left), and their combination (bottom right).

properties. Section 4.2 introduces the tilt-rotor omnidirectional flying base as a dynamic system, at
different degrees of simplicity. An optimization problem then evaluates the general tilt-rotor system
to select an appropriate morphology for omnidirectional aerial manipulation. In Section 4.3 we briefly
discuss the aerial interaction model for a contact point at the end effector including assumptions about
the environment. Finally, in Section 4.4 we develop the model of a delta parallel manipulator on a
floating base (macro-micro model), and formulate a genetic optimization problem to select the system’s
geometric parameters. We then describe the manipulator dynamics and propose model simplifications.

Figure 4.1 shows a brief overview of the different model representations at varying levels of simplicity,
subject to actuation and contact forces described in Eq. (4.3), with coordinates for a floating base, qb,
tilting rotor groups, qt, and actuated manipulator joints, qm. In this thesis only the single body base
model is considered for subsequent control methods.

4.1 Aerodynamic Actuation Model

In this section we start with the kinematic description of a general tilt-rotor system. We further define
the propeller wrench model, and the net actuation wrench based on tilt-able rotor groups, and examine
the resulting properties. Methods for evaluating the actuation wrench are presented, including force and
torque actuation envelopes. Morphology based singularity conditions are also identified and discussed.
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4.1 Aerodynamic Actuation Model

We start by considering a set of simplifying assumptions:

Assumptions:

• The rotor thrust force and drag torque occur only on the propeller axis, and are related in magni-
tude by a proportional constant.

• Rotors are able to achieve desired forces with negligible transients.
• The actuation wrenches produced by each rotor group are independent, i.e. there is no airflow

interference.

Our assumptions consider any off-axis forces generated from aerodynamic effects negligible, and
constrain our description of the drag torque magnitude as proportional to the lift force and opposite to
the direction of rotor spin. The ability to instantaneously achieve a desired rotor thrust force is related to
the idea that the rotors have a very small inertia, and therefore the change in force can occur at speeds
comparable to our system bandwidth. The accuracy of this assumption requires further study of empirical
transients in accelerating and decelerating the rotors, and will differ depending on the implementation of
motor, propeller, and electronic speed controller. Considering each actuation wrench as independent, we
move the effects of airflow interference between tilt-able rotor groups into the lumped disturbances acting
on the system. Since the aerodynamics of these interfering air flows are difficult to model precisely,
we assume that the interference effect is small compared to the overall net thrust magnitude to greatly
simplify our actuation model. This last assumption is supported by preliminary thrust bench test results,
and confirmed in real flight experiments.

4.1.1 Kinematic Description

Frame Subscript Definition DoFs rel. to frame
world W FW ∈ {OW , eWx , eWy , eWz }
base B FB ∈ {OB , eBx , eBy , eBz } 6 FW
ith rotor group Ri FRi ∈ {ORi , e

Ri
x , e

Ri
y , e

Ri
z } 1 FB

delta arm base D FD ∈ {OD, eDx , eDy , eDz } 0 FB
end effector E FE ∈ {OE , eEx , eEy , eEz } 0/3 FD

Table 4.1: Main coordinate frames with their origin and principal axes, and their degrees of freedom relative to associ-
ated coordinate frames.

Common coordinate frames used for modelling are listed in Table 4.1, and shown in Fig. 4.1 for
system models that will be developed throughout this chapter. The inertial (or world) non-accelerating
frame is represented by FW , placed such that the eWz axis is opposite to the gravity vector. The floating
base frame, FB , is fixed to the inertial body of the base, and rotates and translates in space relative
to FW . Tilting rotor groups FRi are each actuated by a single rotary joint, qti ∈ qt, which defines
their transformation relative to FB . A manipulator base frame, FD , is rigidly attached to the floating
base and is related by a static transformation to FB . The end effector frame, FE , represents the point
where an external contact wrench is applied and is either a static transformation fromFB in the case of a
rigidly mounted manipulator, or defined by actuated manipulator joints, qm, in the case of a macro-micro
manipulator model.

We express the transformation of each rotor group frame FRi relative to the base frameFB as shown
in Fig. 4.2 to develop the aerodynamic actuation model. We model the tilt-rotor system as nt rotor group
frames FRi positioned around FB . The rotating axis of each rotor group, eRix , is aligned with the axis
of the support arm coming out of the main body, and intersects the base frame origin, OB . This arm of
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Figure 4.2: Illustration of transformation between base and rotor group frames.

length la may be positioned at arbitrary angles γi, βi which respectively define the rotation about the eBz
axis, and inclination from the eBz plane. The actuated tilting joint acts about the eRix axis, controlling
the configuration variable qti = αi for i ∈ {1 . . . nt} The frame transformation is constructed as

TBRi =

[
Rz(γi) 03×1

01×3 1

]
︸ ︷︷ ︸
rotation about ez by γi

[
Ry(βi) 03×1

01×3 1

]
︸ ︷︷ ︸
rotation about ey by βi

[
13 laex

01×3 1

]
︸ ︷︷ ︸

translation along ex by la

[
Rx(αi) 03×1

01×3 1

]
︸ ︷︷ ︸
rotation about ex by αi

, (4.1)

for all i ∈ {1, ..., nt}.
Configuration variables are represented in vector form as

γ =

 γ1

...
γnt

 β =

 β1

...
βnt

 α =

 α1

...
αnt

 . (4.2)

For the tilt-rotor models we explore in this thesis, γ and β are fixed variables, and α(t) is a time-
dependent controllable variable.

4.1.2 Propeller Wrench Model
Thrust forces along and drag torques about the rotational axis of a physical air screw are governed by
rotary-wing aerodynamics [115]. We take the simplifying assumption that the force and torque of the
propeller are instantaneously proportional to the square of the propeller’s angular velocity ωpi for the
ith propeller where i ∈ {1, ..., nr}. These proportional coefficients include the effects of chord length
and pitch over the length of the blade, as well as air density which we assume to be constant.

We follow the common modelling approximation that the force and torque produced by a rotor can be
described as

fri = cfω
2
pi

(4.3a)

τri = −sricf cdω2
pi

(4.3b)

where cf is the rotor thrust coefficient and cd is the rotor drag coefficient, which in this formulation
also measures the thrust efficiency relative to drag torque. Both cf and cd are positive constant scalars
associated with a particular propeller.

Since we can write τri directly in terms of fri as τri = −sricdfri , the entire actuation wrench at a
single propeller in its rotor group frame can be described as a function of this scalar value:
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wRi =

[
fRi
τRi

]
= fri


0
0
1
0
0

−sricd

 ∀i ∈ {1, ..., nr}, (4.4)

Each propeller generates a pure thrust force along eRiz of magnitude fri and a pure drag torque about
e
Ri
z of −sricdfri (opposite to the direction of propeller spin, sri ).
Rotor forces are subject to actuation limits due to physical limitations of the electro-mechanical rotor-

propeller subsystem, frmin and frmax where a negative value for frmin corresponds to a propeller spin
inversion, producing negative thrust and inverting the direction of drag torque.

frmin ≤ fri ≤ frmax ∀i ∈ {1, ..., nr} (4.5)

Double Propeller Group

We further consider double rotor-propeller elements located at FRi . Two co-axially stacked propellers
compared to a single rotor group have the theoretical advantage of doubling the thrust force while only
marginally increasing the weight and size of the entire system.

Figure 4.3: Diagrams of co-axial double propeller rotor groups for co-rotating (left) and counter-rotating (right) pro-
peller spin directions. Air speed in and out of the propeller plane are indicated with Vin/out.

Airflow interference between the two propellers results in some loss of efficiency, and is primarily
dependent on the propeller spacing. Rotary-wing aerial vehicles work on the principle of air screws
pushing air downwards to generate lift, and with collinear rotor groups, the lower rotor group’s air
inflow has already been accelerated by the upper rotor, as depicted in Fig. 4.3.

State-of-the-art research has investigated the influence of collinear rotor groups [20], and determined
an empirical relationship between rotor plane spacing and the loss of thrust compared to two non-
interfering rotors. This relationship indicates that spacing the propeller planes apart by at least 0.3×
the rotor diameter results in minimal thrust losses, but still in the rage of 20 %, with almost the entire
loss occurring at the lower rotor (40 %). In addition, the further apart the rotor groups are spaced, the
larger the rotor group’s rotational inertia becomes about the tilting axis, and the larger the occupied
volume of the entire system becomes.

For co-rotating propeller groups (same spin direction), the net drag torque theoretically remains a
multiple of the net thrust force, despite 40 % efficiency loss of the lower rotor. The net effect at the
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ith rotor group can be approximated as a single propeller:

wRi = cfω
2
piu


0
0
1
0
0

−sricd

+ 0.6 cfω
2
pi l


0
0
1
0
0

−sricd

 = cf (ω2
piu

+ 0.6 ω2
pi l

)︸ ︷︷ ︸
fri


0
0
1
0
0

−sricd

 , (4.6)

where ωpiu and ωpi l are the upper and lower propeller angular velocities.
For counter-rotating groups, the opposing drag torques result in a model that cannot be simplified back

to a single force variable:

wRi = cfω
2
piu︸ ︷︷ ︸

fri,u


0
0
1
0
0

−sri,ucd

+ 0.6 cfω
2
pi l︸ ︷︷ ︸

fri,l


0
0
1
0
0

−sri,lcd

 . (4.7)

In the case of counter-rotating co-axial rotor groups which are used in the contents of this work, we
ignore the complexities of airflow dynamics involved in a double rotor group, and empirically model
the net effect in one of two ways. We either consider the two propellers as independent, non-interfering
generators of rotor thrust and drag torque, with an empirically applied penalty to the lower rotor (reduced
cf ) to simulate the reduced efficiency from empirically gathered data, or model them as a single rotor
group with pure thrust and negligible drag torque (cd ≈ 0).

4.1.3 Net Aerodynamic Actuation Wrench
The net actuation wrench is computed as the sum of all rotor group wrenches in FB . The wrench
transformation between FB and FRi is parameterized with configuration variables {αi, βi, γi}, and
transformed as follows:

BwRi = Ad>
T−1
BRi

(αi, βi, γi) wRi =

[
RBRifRi

pBRi ×RBRifRi +RBRiτRi

]
= aifri (4.8)

where ai is a configuration-based vector representing ith rotor wrench in FB , when multiplied by the
rotor thrust force. Since the effect of each of nr rotor groups is independent, we can compute the net
force by combining the columns to form the instantaneous actuator allocation matrixAact ∈ R6×nr .

Bwact =

nr∑
i=1

BwRi =
[
a1 · · · anr

]  fr1...
frnr


︸ ︷︷ ︸
fr

= Aactfr (4.9)

The term ‘instantaneous’ refers to our assumptions on instantaneous rotor thrust dynamics. For tilt-
rotor platforms, α(t) values change over time with non-negligible dynamics. As a result, Aact(α(t))
also varies with time as a function of the tilt-able coordinates.
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Tilting Joint Model

With tilt-able rotor groups, the actuator allocation matrix Aact is not constant, and is a function of the
current tilt angles, α. Commanding the motion of a larger inertial body, these tilting rotary joints are
subject to dynamic actuation constraints. In turn, the change in the net aerodynamic actuation wrench of
a system is also subject to constraints.

We express the time evolution of an actuated rotary joint for variable αi as a simplified first order
damped system (as previously done in [55]):

α̇i =
1

τα
(α∗i − αi) (4.10)

where α∗i and αi are respectively the reference and measured joint angles, and τα is a positive scalar
representing the time constant of the rotary motion. This model includes dynamic effects and some
physical limitations.

A given tilt-rotor joint can turn in either direction with no hard joint constraints, but is subject to a
velocity limit, α̇max:

− α̇max ≤ α̇i ≤ α̇max ∀i ∈ {1, ..., nr}. (4.11)

In reality, the motor limits relate to current or torque, τα,max, which will be a useful constraint
formulation for whole-body control of the tilt-rotor system:

− τα,max ≤ ταi ≤ τα,max ∀i ∈ {1, ..., nr}. (4.12)

Force and Torque Actuation Volumes

Volumes corresponding to the maximum reachable net actuation forces (fvol) and torques (τvol) of the
system expressed inFB are a valuable representation for evaluating a system’s omnidirectional actuation
capabilities. We refer to these 3D representations as force and torque envelopes or actuation volumes.

Points on the surface of the 3D force volume are found by choosing a dense array of evenly spaced
direction vectors, and for each vector d ∈ R3, finding the maximum force magnitude, fd, with zero
torque that does not exceed actuation limits.

max
α,fr

fd

s.t. fd
[
d
0

]
= Aact(α)fr

frmin ≤ fri ≤ frmin ∀i ∈ 1 . . . nr

(4.13)

The force volume is nominally in the absence of torque, when computed at the CoM of the system.
Where there is an offset in the center of control and the CoM, the torque required to statically maintain
a given orientation should be applied during the search for actuator saturation. This volume will then
change depending on the orientation, finding its maximum where the CoM aligns with the center of
control along the gravitational axis.

max
α,fr

τd

s.t. τd
[
Bg
d

]
= Aact(α)fr

frmin ≤ fri ≤ frmin ∀i ∈ 1 . . . nr

(4.14)
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Similarly for the torque envelope, A volume should be computed with a gravity-compensating force
Bg required to maintain static hover for any common flight configuration. Design symmetry can be an
advantage in having fewer envelopes to consider. A conservative volume can also be computed, taking
the minimum intersection of volumes for all hover orientations.

Meaningful and comparable properties from force and torque volumes are the minimum and maxi-
mum magnitude (fmax, fmin, τmax, τmin), the mean surface point radius (fmean, τmean), and the total
volume within the defined surface (fvol, τvol). These values can be used to evaluate and compare dynamic
capabilities.

It is worth noting that the envelopes described above do not capture delays in wrench rate tracking
due to the slower dynamics of α, though the actuation wrench rate is an important property of platform
actuation. This property is difficult to study in a 3D plotted envelope, since it changes depending on the
configuration of tilt-rotor joints, and comparison requires imposing limits on the change in rotor thrust
forces, which at the moment are assumed to be instantaneous.

4.1.4 Singularity Conditions
Studying the actuator allocation, we encounter two types of singularity cases: an instantaneous rank
reduction of the instantaneous allocation matrix, and critical condition of undefined tilt angles.

Instantaneous Rank Reduction

A singular condition occurs when the tilt-rotor coordinates cause a rank reduction inAact(α). At time
ts, α(ts) align the propeller axes such that instantaneous controllability of select forces and torques is
lost, and must be regained by re-orientation of the tilt-able rotor groups. We note that the system can still
meet the definition of fully actuated in Eq. (3.6) if the net actuation wrench can change in any direction,
which is achieved by tilt-rotor motion.

Mathematically, the scenarios where these singularities occur can be found by studying the condition
number ofAact, defined as

κ(Aact(α)) =
σmax(Aact(α))

σmin(Aact(α))
(4.15)

where σmax and σmin are the maximum and minimum singular values of Aact(α). Since a large
number of configurations are possible, we consider the selection ofα that corresponds with the minimum
amount of parasitic forces, as used for the computation of force and torque envelopes.

Figure 4.4: Condition number plots of theAact matrix, for gravity aligned with eBy and eBx , for the tilt-rotor system
shown on the right.

We generate condition number volumes by plotting the log of κ(Aact(α)) over a force envelope
of magnitude mg with an additional static in two hover force conditions: along the eBy and eBz axes.
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4.2 Omnidirectional Tilt-Rotor Model

The singular configurations are apparent in Fig. 4.4, where the condition number asymptotically extends
along the eBz axis and eBz plane

These conditions are present when the desired force aligns with the eBz axis (rank is reduced to 4, no
instantaneous force exertion along eBx or eBy axes is possible), and when the desired force lies on the
eBz plane (rank is reduced to 5, no instantaneous force exertion is possible along eBz ).

Kinematic Singularity

A second singular condition occurs when a rotor thrust fri cannot contribute to the desired net actuation
wrench Bwact, which leads to the corresponding tilt angle αi not being uniquely defined. This case
occurs when the desired net force aligns with the arm axis eRix , and tilt angle dynamic limitations do
not appear explicitly in instantaneous actuator allocation model. When the desired force vector passes
through this axis directly, tracking the force requires infinite α̇i as dt→ 0.

To expose the tilt-rotor angular velocities, α̇, we differentiate the actuation Bwact with respect to
time via tilt coordinates α and rotor forces fr , and form the differential actuator allocation matrix.

Starting from Eq. (4.9),

d

dt
( Bwact) =

d

dt
(Aact(α)fr (4.16)

Bẇact =
∂Aact(α)fr

∂fr︸ ︷︷ ︸
Aact(α)

∂fr

∂t︸︷︷︸
ḟr

+
∂Aact(α)fr

∂α

∂α

∂t︸︷︷︸
α̇

(4.17)

Now, we reformulate an allocation matrix in terms of force and tilt-angle rates:

Bẇact =
[
Aact(α)

∂Aact(α)

∂α
fr

] [
ḟr
α̇

]
(4.18)

From expression (Eq. (4.18)) we see that any value of α̇i satisfies the equation when the corresponding
fri term is zero.

4.2 Omnidirectional Tilt-Rotor Model

For the system dynamics of an omnidirectional flying robot, we start by deriving the simplest model
of the tilt-rotor system as a single rigid body, then further develop the preliminaries for the tilt-rotor
model as a multi-body system, extending the coordinates to include tilt-rotor joints. A morphology
optimization problem is then explored to choose a tilt-rotor morphology for the remainder of this work.

4.2.1 Single Body Dynamic Model
For the most simplified and general treatment of a fully actuated flying base as a dynamic system, we
model the entire robot as a single rigid body. Figure 4.5 shows the model of a single rigid body in free
flight, with its collective actuation wrench. We select coordinates q, define the dynamic terms M, c
and g from Eq. (4.2) for a single floating rigid body, and the actuation model as the sum of rotor forces
occurring in the base frame. We use the following assumptions to define the simplified system model.

Assumptions:

• The entire platform can be modelled as a single rigid body.
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Figure 4.5: Left: Single rigid body flying base in free flight. Right: Collective actuation wrench represented as the
sum of all individual rotor wrenches expressed in the base frame.

• The dynamics of tilting rotor groups and propellers are considered negligible.
• The aerodynamic actuation forces can be modelled as a single wrench acting at the platform base.

A single rigid body that moves arbitrarily in 3D space has 3 translational and 3 rotational DoFs, which
we represent with our choice of generalized coordinates q for the system. The rigid body system has a
body-fixed base frame, FB . Our translational coordinate representation is the position of the base frame
origin expressed in the FW (Eq. (4.1)). We represent the system’s orientation on the SO(3) manifold to
avoid singularities and ambiguity associated with other representations such as Euler angles (Eq. (4.2)).
The resulting coordinates for the floating base are then

qbp = WpB ∈ R3 (4.1)

qbR = RWB ∈ SO(3) (4.2)

q = qb = {qbp , qbR} ∈ R3 × SO(3)︸ ︷︷ ︸
SE(3)

(4.3)

where SE(3) is the special Euclidean group used to uniquely represent 3D rigid body transformations.

Newton-Euler Formalism

In deriving the system’s equations of motion, using the common Lagrange formulation is complicated
by our choice of orientation coordinates on SE(3), since the time derivative of the coordinates is not
the same dimension as the generalized velocity vector. As such, the Newton-Euler formulation is more
practical for this derivation, following the conservation of momentum law. The system is modelled as an
inertial body with massm ∈ R and inertia tensor IB ∈ R3×3 expressed inFB , subject to gravitational
body forces with its CoM located at pB . It can be actuated by an arbitrary control wrench vector
exerted at the center of control which coincides with the base frame origin OB . General aerodynamic
disturbance forces may act on the system, caused by gusts of wind and aerodynamic factors, and are
represented by their net effect at FB . A general contact wrench may act at a certain location FE on the
system.
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We choose to formulate the Newton-Euler equations of motion in the floating base frame FB , since
this is the frame in which our actuation will take place, and where our inertial sensors are located. The
generalized velocity vector consists of the linear velocity ofOB with respect toOW rotated into the base
frame, vB , and the angular velocity of FB with respect to FW expressed in the rotating base frame,
ωB .

ũ =

[
vB
ωB

]
∈ R6 (4.4)

Considering the above forces on the system, we express the change in linear momentum in the inertial
frame as

W f =
d

dt
(mRWBvB) = RWBmv̇B + ṘWBmvB (4.5)

and rotate the resulting expression into the base frame, using the relation that ω̂B = R>WBṘWB as
derived in Section 2.2,

Bf = R>WB
W f = m(v̇B + Bg) + ωB ×mvB . (4.6)

In the above equations, we include the body acceleration due to gravity. Gravity is represented as a pure
linear acceleration g in eWz acting at the CoM, rotated into the base frame as g = R>WB [0 0 g]>.
If the base and center of mass frames are not coincident, we can express the acceleration in the rotating
FB as

Bg = g − pB × ωB − ω̇B × pB × ωB . (4.7)

Similar to the linear derivation, we express the change in angular momentum as

Bτ = I ω̇B + ωB × I ωB + pB × Bf, (4.8)

where the final cross product term accounts for a center of mass offset from the base frame. We can use
the parallel axis theorem to express the constant inertia matrix in FB as IB = I −mp̂B p̂B .

Combining Eq. (4.6) and Eq. (4.8) with forces acting at the base frame, the resulting equations of
motion in FB are

[∑
Bf∑
Bτ

]
︸ ︷︷ ︸

net force and torque
acting on base frame

=

[
m13 −mp̂B
mp̂B IB

]
︸ ︷︷ ︸

generalized inertia
matrixM

[
v̇B
ω̇B

]
︸ ︷︷ ︸

base frame
acceleration ν̇B

(4.9)

+

[
mω̂B −mω̂B p̂B

mp̂B ω̂B ωB × IB

]
︸ ︷︷ ︸

centrifugal and
Coriolis termsC

[
vB
ωB

]
︸ ︷︷ ︸

base frame
twist νB

+

[
m Bg

pB ×m Bg

]
︸ ︷︷ ︸
gravitational terms g

(4.10)

=

[
Bfact
Bτact

]
︸ ︷︷ ︸
aerodynamic

actuation wrench

+

[
Bf∆
Bτ∆

]
︸ ︷︷ ︸

disturbances and
model error

+

[
Bfc
Bτc

]
︸ ︷︷ ︸

contact
forces

, (4.11)

where external forces acting on the system that induce a change in linear and angular momentum are the
actuation wrench, a contact wrench, and other lumped disturbances. We note from our derivations that
the inertial matrix M is constant since we express it in the base frame, matrix C containing fictitious
forces is a function of the current twist and orientation, and the gravitational vector g is a function of the
current base orientation.
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4.2.2 Multi-Body Dynamic Model
In this section, we extend the floating base model to include tilt-able rotor groups as separate bodies for a
more accurate dynamic model of a tilt-rotor aerial vehicle. The multi-body formulation is addressed in a
preliminary sense, with the aim to aid in future full body controller development. This model removes the
assumption that tilting rotor group dynamics are negligible, and is accompanied by the new assumption
that the dynamics of tilt motors are independent of the rotational speed of rotors. The new assumption
allows us to neglect the rigid body dynamics of the propellers, pushing these relatively small effects into
the lumped disturbance term.

ext

act

dist

ext

CoM

ext

ext

ext ext

dist

Figure 4.6: Generic model of a multi-body tilt-rotor aerial system.

Removing the assumption that the system is a single rigid body, we introduce the dynamics of a rigid
multi-body system connected by actuated joints, as seen in Fig. 4.6. Each of the new rigid bodies is
connected to the flying base by an open chain, and has its own inertial properties (I,m,p ). We extend
the state of the system to include actuated tilt variables, qt. In the case of the tilt-rotor model, the
new rigid bodies are rotor groups connected by independently actuated rotary joints, which control the
variables qti = αi(t)∀i ∈ {1, .., nt}. The system coordinates and generalized velocity vector are now

q =

[
qb
qt

]
=

WpBRWB

α

 ∈ SE(3)× Rnt ũ =

vBωB
α̇

 ∈ R6+nt . (4.12)

Similarly, the generalized actuation forces of the system are now extended to include joint torques
associated with the tilt-arm velocities,

τ̃act =

 Bfact
Bτact
τα

 ∈ R6+nt . (4.13)

We use the projected Newton-Euler method to derive the dynamic equations of the multi-body system.
This recursive algorithm projects the motion of the system with a forward pass through the kinematic
chain, and joint torques in a backward pass projecting the body dynamics onto each joint. Through a
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forward pass of the dynamics, we arrive at an expression for the linear and angular acceleration, and the
angular velocity of each rotor group in its own frame:

RiωRi = RiωB + exα̇i (4.14)
Ri ω̇Ri = Ri ω̇B + exα̈i + RiωB × α̇i (4.15)
Ri v̇Ri = RBRi (

B v̇B + Bω̇B × BpRi + BωB × BωB × BpRi ) (4.16)

where RiωB = R>BRi
BωB and Ri ω̇B = R>BRi

Bω̇B .
A backward pass of the Projected Newton-Euler (PNE) algorithm sums the total wrench acting at each

tilt joint as a result of the dynamics of its open chain child links. Since all tilt-rotor groups are considered
as single child links with the base as their parent, and are purely rotating, the sum of forces and moments
due to system dynamics in each rotor frame are∑

RifRi = mRi (
Ri ω̇Ri × Rip ,Ri

+ RiωRi × RiωRi × Rip ,Ri )
(4.17)

∑
RiτRi = RiIORi Ri ω̇Ri + RiωRi × ( RiIORi RiωRi ), (4.18)

and adding rotor actuation forces, we have

RifRi =
∑

RifRi + friez
RiτRi =

∑
RiτRi − sricdfriez . (4.19)

For each tilt-rotor group, we express the associated joint torque as the projection of the moment of the
tilt-rotor body exerted on the base onto the joint axis:

ταi = Riτ>Riex. (4.20)

The backward recursive step is then computed for the floating base, summing the transformed dynamic
wrench at each joint to the equations of motion derived in Eq. (4.9). Regrouping the terms for the
extended state vector, we arrive at new expressions for M (multiples of ˙̃u), C (multiples of ũ) and g
(remaining terms).

Mass and Inertia for Modelling

The inertial properties of the multi-body system relate generalized force to acceleration, and therefore
shape the agility of the flying system. In order to compare the dynamic properties of different tilt-rotor
morphologies, the mass and inertia are parametrically computed based on a simplified system geometry
and realistic component masses.

We consider a constant core mass mc,const (representing a central structure and computation and
sensor hardware for complete on-board autonomy), an additional core mass ma to provide tilt-rotor
actuation for each of nr rotor groups, and a mass for each rotor group mr . The mass of each rigid arm
tube mt is a function of its length la and length-normalized mass mt,norm.

mc = mc,const + n ·ma (4.21a)

mt = mt,norm · la (4.21b)

m = mc + nr(mr +mt) (4.21c)

The core inertia is modelled as a solid cylinder centered atOB with radius rc and height hc. Rigid tilt
arms that connect to propeller groups are modelled as cylindrical tubes, with radii r1, r2 and length la.
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For fairness of comparison, we consider that all systems have single rotor groups with origin ORi , and
a tilt axis eRix aligned with the corresponding arm axis. The inertia of each rotor group is modelled as a
cylinder of radius rr and height hr , with inertial values in eRiy and eRiz axes averaged to approximate
a system independent of tilt. Values are chosen based on components presented in Chapter 6.

Ic = diag

( 1
12
mc(3rc2 + hc

2)
1
12
mc(3rc2 + hc

2)
1
2
mcrc2

) (4.22a)

It = diag

( 1
2
mtrc2)

1
12
mt(3(r12 + r22) + L2)

1
12
mt(3(r12 + r22) + L2)

) (4.22b)

Ir = diag

( 1
12
mr(3rr2 + hr

2)
1
2

( 1
12
mr(3rr2 + hr

2) + 1
2
mrrr2)

1
2

( 1
12
mr(3rr2 + hr

2) + 1
2
mrrr2)

) (4.22c)

System inertia is then computed using the parallel axis theorem to express all inertia in FB :

pt =
[
la
2

0 0
]>

(4.23a)

pRi =
[
la 0 0

]> (4.23b)
BIt = It +mt||pt||213 − ptpt> (4.23c)

BIRi = IR +mRi ||pRi ||213 − pRipRi> (4.23d)

RBRi = Rz(γi)Rz(θi)Rx(βi) (4.23e)

I = Ic +
n∑
i=1

(RBRi (
BIt + BIRi )RBRi>). (4.24)

Table 4.2 contains example inertia values is inspired by the system components sized for the prototypes
described in Chapter 6, and is used to generate results of the following morphology comparison in
Fig. 4.9 and Table 4.4.

property unit value
mc,const [kg] 1.42
ma [kg] 0.20
mt,norm [kg m−1] 0.10
mri [kg] 0.20
L [m] 0.30

property unit value
rc [m] 0.05
hc [m] 0.02
r1 [m] 0.0075
r2 [m] 0.008
rri [m] 0.03
hri [m] 0.065

Table 4.2: System inertia parameters and example values to be used for morphology comparison.

4.2.3 Morphology Optimization
In this section we explore the effect of morphology choice by comparing the capabilities of several
compelling models. We develop an optimization problem that considers the desired system capabilities
for aerial interaction tasks, as described in Chapter 3, and evaluate the optimization results against some
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4.2 Omnidirectional Tilt-Rotor Model

state-of-the-art fully actuated system models. The contents of this section are based on work published
in [5].

In defining the problem of aerial manipulation, we proposed that the tilt-rotor omnidirectional MAV
offers compelling advantages toward the goal of versatility in force exertion and hover efficiency. The
extent to which the system achieves these goals is dependent on rotor group position and tilt-able axes,
and as a result, morphology design is important to ensure that the resulting platform meets performance
requirements.

We aim to achieve the following design goals:

• Fully actuated system in any hover orientation.

• High force and torque capabilities in all directions.

• High efficiency hover in at least one orientation.

To evaluate the dynamic capabilities of force- and pose-omnidirectionality, as well as hover efficiency,
we define a series of evaluation metrics:

• Force and torque actuation volumes.

• Hover efficiency.

• Overall inertia.

Force and Torque Actuation Volumes

We evaluate the body wrench actuation capabilities of the system using force and torque envelopes
described in Section 4.1. Torque volumes are computed in the presence of a hover force along eBz . Maxi-
mum, minimum, mean surface radius, and volume for the envelopes are calculated (fmax, fmin, fmean, fvol}
and τmax, τmin, τmean, τvol), and are used to compare dynamic capabilities between morphologies.

Hover Efficiency

The hover efficiency is evaluated by computing the force efficiency index, as defined in Eq. (3.9), as
originally defined in [100]. The index represents the ratio of the desired body force magnitude to the
sum of individual rotor group thrust magnitudes. When ηf = 1, no internal forces are present, and
all acting forces are aligned with the desired force vector f∗act. While these internal forces should be
reduced for efficient flight, they also allow for instantaneous disturbance rejection, since thrust vectoring
can be achieved by changing only rotor speeds.

A torque efficiency index can be computed similarly in Eq. (4.25) to evaluate the efficiency of maxi-
mum torque commands, considering the body moment due to propeller forces acting at distance la from
OB . Torque contributions due to rotor drag are assumed to be negligible, since they are a significantly
smaller multiple of the thrust force.

ητ =
|| Bτ∗act||

la
∑nr
i=1

BfRi
(4.25)

Overall Inertia

The dynamic motion ability is affected by its system inertia. We use the approximate inertial formulation
in Eq. (4.24) to compare these properties for optimized and state-of-the-art systems.

Reducing inertia increases agility, and can be achieved by reducing the total massm, and bringing the
mass closer the the base origin OB . Dynamic tilt-rotor inertial effects are neglected for this analysis.
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Figure 4.7: Definitions of angles θ and β for morphology optimization of a tilt-rotor system.

Optimization

We present a strategy for parametric optimization of a generalized tilt-rotor model as shown in Fig. 4.7,
subject to a cost function of force and torque exertion, agility and efficiency metrics. We define fixed
angles θ,β ∈ Rn as eBz and eBy axis angular deviations from a standard multicopter morphology with

arms evenly distributed in the eBz -plane. Rotor groups can tilt actively about eRix , and are controlled
independently. For the purposes of this paper, we only optimize over θ andβ. Although the optimization
tool allows for additional optimization over the number of arms nr and arm length la, we set these
parameters in advance to 6 and 0.3 m respectively.

We consider two cost functions to evaluate an omnidirectional tilt-rotor system: one that prefers uni-
directional flight efficiency while requiring omnidirectional flight, and another that maximizes omnidi-
rectional force and torque capabilities. The first cost function is defined as a maximization of the force
envelope in one direction (here, unit vector eBz ), while requiring a minimum force in all directions,
expressed as

Cost Function 1:

min
θ,β

(−fmaxe
B
z )

s.t.

fmin > |mg|

− π

2
< θi <

π

2

− π

2
< βi <

π

2

ωmin < ωi < ωmax, ∀i ∈ {1 . . . n}

(4.26)

The second cost function seeks to maximize omnidirectional capability by maximizing the minimum
force and torque envelope values in all body directions, i.e. for all surface point directions on a unit
sphere. This result will guarantee omnidirectional hover if the system’s parameters provide a sufficient
thrust to weight ratio.
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4.2 Omnidirectional Tilt-Rotor Model

property cost function 1, Eq. (4.26) cost function 2, Eq. (4.27)
β [°] [0, 0, 0, 0, 0, 0] 35.26 · [1,−1, 1− 1, 1− 1]
θ [°] [0, 0, 0, 0, 0, 0] [0, 0, 0, 0, 0, 0]

mass [kg] 4.0 4.0
inertia∗ [kg m2] {0.059, 0.059, 0.117} {0.078, 0.078, 0.080}
f{min,max}[N] {61.3, 122.7} {81.8, 100.2}

fvol[N3] 2.1 · 106 2.6 · 106

τ{min,max}[N m] {20.6, 57.3} {20.7, 35.0}
τvol[N m3] 1.0 · 105 7.1 · 104

ηf,{min,max} at hover {0.75, 1.0} {0.82, 1.0}
∗Primary components of inertia are presented, products of inertia are assumed negligible.

Table 4.3: Optimized morphologies and simplified metrics

Cost Function 2:
min
θ,β

(−fmin,−τmin)

s.t.

fmin > mg

− π

2
< θi <

π

2

− π

2
< βi <

π

2

ωmin < ωi < ωmax, ∀i ∈ {1 . . . n}

(4.27)

The resulting optimized morphologies and metrics are presented in Table 4.3. The first optimization
function results in a tilt-rotor that takes a standard hexacopter morphology. Force in a single direction is
maximized along eBz , and system properties are sufficient to ensure hover in any orientation. The second
optimization has multiple solutions of the same result metrics, placing rotor groups ORi at the vertices
of an arbitrarily oriented octahedron. We list the β values when θ are 0. Results show that both systems
can sustain omnidirectional hover with additional force capability, and have omnidirectional force and
torque envelopes, as seen by values of fmin, τmin.
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Figure 4.8: Variation of force and torque envelope metrics (max and min bounds, mean and volume) with changing β,
the most efficient hover solution is at β = 0 and the maximized force/torque envelope is at β = 0.6154 rad (35.26
deg).

We further evaluate the evolution of performance metrics between solutions, with θ values fixed at
0, and β = β · [1,−1, 1,−1, 1,−1] for changing β. Results are shown in Fig. 4.8, where we see a
clear maximization of the minimum reachable force in the left plot. Considering the goal of versatility
for efficient flight with omnidirectional capabilities, the β = 0 solution presents high reachable forces
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with a maximum efficiency index, and sufficiently large minimum reachable forces and torques for agile
flight in 6 DoF.

Design Comparison

We compare capabilities of the two optimized tilt-rotor results to other state-of-the-art fully actuated
aerial robots. Despite their advantages in versatility, tilt-rotor systems also come with drawbacks com-
pared to fully actuated fixed rotor systems, so we include both system types in our comparison. Ad-
ditional actuation mass and complexity due to tilting rotor groups, limited rotation due to possible arm
cable wind-up, and the presence of kinematic singularities are not encountered in a fixed rotor system.

Morphologies selected for comparison are as follows:

(a) The flat tilt-rotor result of cost function 1, Eq. (4.26).

(b) The tetrahedrally spaced tilt-rotor result of cost function 2, Eq. (4.27).

(c) State-of-the-art fixed rotor tilt-hex realized for aerial interaction applications [102].

(d) State-of-the-art fixed rotor omnidirectional platforms derived and realized by [21, 78].

Morphological model representations for these systems are shown in the far right column of Fig. 4.9.

property∗ tilt-rotor a) tilt-rotor b) fixed rotor c) fixed rotor d)

inertia∗∗


m
Ixx
Iyy
Izz

 reference


1.0
1.32
1.32
0.68




0.70
0.99
0.99
0.99




0.70
1.31
1.31
0.67


force

minmax
vol

 reference

1.33
0.82
1.20

  0
0.81
0.02

 0.67
0.58
0.26


torque

minmax
vol

 reference

1.01
0.61
0.69

 0.27
0.18
0.01

 0.30
0.52
0.20


ηf at hover

(
min
max

)
reference

(
1.09
1.0

) (
1.08
0.98

) (
0.77
1.00

)
∗All values are expressed relative to the first tilt-rotor system.
∗∗Primary components of inertia are presented, products of inertia are assumed negligible.

Table 4.4: Comparison of relative omnidirectional system properties corresponding to morphologies in Fig. 4.9

For fairness of comparison, the lack of tilting motors and related components for fixed rotor morpholo-
gies are reflected in reduced mass and rotational inertia, as seen in Table 4.4. The total system mass is
estimated to decrease by 30%, but as we assume tilting motors are located close to the platform center,
the decrease in rotational inertia is minor. Further differences in mass of fixed and tilt-rotor systems (e.g.
battery size) are not estimated here, due to a strong dependency on the detailed design and available
technology. Instead, we focus on metrics of platforms with equivalent rotors in different morphological
combinations. The remaining affected metrics are the reachable torques which are subject to the gravi-
tational force mg. All systems are modelled with single rotor groups that spin in alternating directions
for adjacent groups, and are only invertible for model (d).

For all platforms compared in Fig. 4.9, we show result metrics in Table 4.4 relative to the first tilt-rotor
platform. Force and torque envelopes are coloured with the efficiency index of the maximum achievable
values in each direction. The third column shows the force efficiency index for each achievable hover
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Figure 4.9: Columns from left to right: reachable force envelope, reachable torque envelope at eBz hover (omnidi-
rectional hover directions coloured by force efficiency index), all expressed in FB , as well as a morphology design
illustration are shown for each system. Compared morphologies are (a) a tilt-rotor optimized for unidirectional effi-
ciency, (b) a tilt-rotor that maximizes fmin and τmin, (c) a fixed rotor design from [102], and (d) a fixed rotor design
from [21, 78]. Even numbered propellers (depicted in blue) spin counter-clockwise and odd numbered propellers (red)
spin clockwise for positive thrust values. Note that scales vary between plots, which are enlarged to better show the
envelope shape. Corresponding numerical metrics are listed in Table 4.4.
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direction, plotted on a unit sphere. As expected, the reachable force and torque envelopes for the two
tilt-rotor systems are much larger than their fixed rotor counterparts. Designs (a) and (c) achieve high
forces in level hover, while designs (b) and (d) show a more uniform distribution of omnidirectional
force. Due to its tilting rotors, design (a) still has better omnidirectional force and torque characteristics
than the fixed rotor design (d) which is optimized for omnidirectional force.

The tilt-rotor implementation of a standard hexacopter design promises a versatile and capable mor-
phology solution. For tasks that demand such versatility, the additional weight and complexity of tilt-able
rotors can be justified by significantly improved reachable force and torque volumes, and the ability to
maintain efficient hover in certain orientations. Independent tilting of each rotor group results in over-
actuation: 12 inputs to control 6 DoF. The controller can act in the null space of the allocation to assign
secondary tasks. We can further justify the tilt-rotor version of a standard hexacopter morphology for
perception applications, where the dual unobstructed hemispheres of the eBz plane allow for a large field
of view.

property∗ tilt-rotor (a) tilt-rotor (b) fixed rotor (c) fixed rotor (d)

inertia∗∗


m
Ixx
Iyy
Izz

 reference


1.0
1.32
1.32
0.68




0.70
0.99
0.99
0.99




0.70
1.31
1.31
0.67


linear accel

minmax
vol

 reference

1.33
0.82
1.20

  0
1.15
0.06

 0.95
0.82
0.75


angular accel

minmax
vol

 reference

0.76
0.90
0.59

 0.20
0.35
0.02

 0.23
0.79
0.18


∗All values are expressed relative to the first tilt-rotor system.
∗∗Primary components of inertia are presented, products of inertia are assumed negligible.
Table 4.5: Comparison of acceleration envelope metrics corresponding to morphologies in Fig. 4.9

An example of inertia-normalized acceleration envelopes based on estimated differences is presented
in Table 4.5. While various design choices drive the mass difference between fixed and tilt-rotor systems,
acceleration envelopes (mass- and inertia-normalized force and torque envelopes) show the advantages
of lower actuation weight for fix-tilt systems. These calculations are subject to dramatic change with
choice of actuators, and should be re-evaluated for any specific comparison based on detailed system
components.

For the final design, we choose to augment the system with double propeller groups to increase total
thrust while maintaining a compact system size. Double rotor groups have the beneficial effect of re-
ducing rotational inertia about the tilting axis, and counter-rotating propellers in each rotor group further
reduce unmodelled gyroscopic effects. Upper rotor directions alternate with adjacent arms to reduce
unmodelled effects of dual rotor groups related to airflow interaction.

Coordinate systems for the platform are described in Fig. 4.10, with the body and rotor group frames
FB ,FRi , and definitions of the fixed arm spacing angles γ = π

6
· [1, 3, 5, 7, 9, 11] and tilting angles

αi. Individual rotor angular velocities ωi for i ∈ (1, 6) represent upper rotors and i ∈ (7, 12) represent
lower rotors.

4.3 Aerial Interaction Model

In this section we define a simple model for interaction with the environment, and develop the momentum-
based wrench estimation model that will be used for interaction control. For the sake of general system
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Figure 4.10: Coordinate frames and variables for the selected tilt-rotor morphology. Principal axes are shown for FB
and FRi , as well as rotor group tilt angle αi, rotor angular velocity ωi, and arm spacing angle γi.

ext

act

dist

ext

CoM

ext

ext

ext ext

dist

Figure 4.11: The aerial interaction model as seen for the single rigid body approximation of a tilt-rotor as used for our
control methods, and a multi-body model for future extensions to full body interaction control.

stability we assume that the environment is passive, i.e. not introducing additional energy into the sys-
tem. A few additional assumptions define the system’s interaction with the environment, frames around
our intended aerial interaction tasks.

Assumptions:

• Contact occurs as a wrench applied at a single end effector point.
• The end effector has a point contact with the environment, and negligible surface friction.

In the general case of nc contact points with the environment where an external wrenchwci is applied
at an arbitrary location ci on the system, the total external forces described in Eq. (4.3) are expressed as
the sum of these external wrenches projected through their corresponding contact Jacobians Jci :

τ̃ext =

nc∑
i=1

J>ciwci . (4.1)

In our assumption that the external wrench occurs at a single defined end-effector location, we simplify
Eq. (4.1) to

τ̃ext = J>E
Ewext. (4.2)
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The contact wrench Ewext ∈ R6 expressed in the end effector frame is projected as generalized
forces using the transposed end effector Jacobian J>E .

Contact Constraints

For legged systems such as humanoid and quadruped robots, constraint consistent dynamics are critical,
since the ground contact points are used for propulsion of the system, and the floating base is not directly
actuated.

For an aerial flying-base system that is fully actuated by the aerodynamics of rotor-propeller units,
the modelling of end-effector contacts can be separated from the primary interest of spatial navigation.
Some works have incorporated the dynamic constraints of e.g. a wall in order to improve the flying
robot’s capabilities by pushing against the wall to accelerate more quickly to a desired position [71].
In our assumption that the end effector has a point contact with the environment and negligible surface
friction during lateral motion, we take a different direction in our model development, prioritizing a
representation that is relevant for tasks such as contact inspection and aerial drawing.

Interaction Wrench

Here we provide preliminary evaluation of the external wrench that will allow us to design a momentum-
based external wrench estimator for interaction control in the following chapter. Assuming that model
error is negligible, we group disturbance and end effector contact force into one external wrench in FB .
From Eqs. (4.2) and (4.3), we write the dynamic equations,

M(q) ˙̃u+ C(q, ũ)ũ+ g(q) = τ̃act + τ̃ext. (4.3)

We consider the know property of mechanical systems [111], that we can express the derivative of M
in terms of C,

Ṁ = C(q, ũ) + C(q, ũ)>, (4.4)

and the system’s momentum is expressed as

p = Mũ. (4.5)

We consider the physical law of conservation of momentum, and differentiate Eq. (4.5), and substitute
in terms from Eqs. (4.3) and (4.4):

ṗ = Ṁũ+ M ˙̃u (4.6)

= C(q, ũ)ũ+ C(q, ũ)>ũ− C(q, ũ)ũ− g(q) + τ̃act + τ̃ext (4.7)

= C(q, ũ)>ũ− g(q) + τ̃act + τ̃ext (4.8)

The final result of Eq. (4.8) will be developed into an estimation method for the external wrench in
Section 5.2.1.

4.4 Aerial Parallel Manipulator

In this section we present the model of a delta parallel manipulator with 3 translational DoFs attached
to an omnidirectional flying base, as shown in Fig. 4.12. Our flying base is modelled as a single rigid
body with an attached multi-body manipulator in this thesis. The ultimate goal of future work will be to
extend this formulation to include the multi-body tilt-rotor dynamics.
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Figure 4.12: Left: the single body floating base representation used for our system with a multi-body delta manipulator
attached. Right: The complete multi body tilt-rotor with parallel manipulator which remains the target of future work.

(a) System model including world (FW ), base
(FB ), delta base (FD), and end effector (FE )
frames.

(b) Parameter descriptions and components of the 3
DoF delta manipulator.

Figure 4.13: Aerial parallel manipulator model descriptions.

The kinematic description of a delta manipulator mounted to a single-body omnidirectional floating
base is shown in Fig. 4.13. Using inertial and base frames defined in Table 4.1, we describe FD as
rigidly attached to the flying base, such that it is centered in eBx and eBy , located a point on the negative
eBz axis (below the system) and rotated π [rad] about the x-axis of FB . The transformation of FD in
FB is given by a constant translation, BpD ∈ R3, and orientation,RBD ∈ SO(3).

In the remainder of this section, we present a kinematic description of the delta manipulator, then
select its dimensions by solving a geometry optimization problem for a target end effector workspace.
We follow this with the manipulator dynamics, and propose simplifications that will be practical for
control implementations.

4.4.1 Delta Kinematic Description
A visual description of the delta manipulator is provided in Fig. 4.13b. To describe the arm configu-
ration, the actuated joint positions qm ∈ R3 are chosen as generalized coordinates. In the feasible
and singularity-free workspace there is a one to one correspondence between qm and the end effector
position with respect to FD , denoted by DpE∈ R3.

The kinematic and differential-kinematic functions relating the actuator states (configuration and cor-
responding velocity) to end effector states (position and linear velocity) are well known for a 3 DoF delta
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parallel manipulator [27].
The forward kinematic relation, hDE : R3 → R3, maps actuated joint positions, qm, to the end

effector position, DpE , such that DpE = hDE (qm). Geometric constraints require the end point of
each parallel chain to be at the end effector point. These constraints are expressed by the loop closure
equations Γi for each parallel chain i, with i = {1, 2, 3}. For all i = {1, 2, 3}, it should be that:

Γi := || DpE − Dpai − Dpei−ai(qm)||2−l2D = 0, (4.1)

where Pai and Pei represent the point of the joint axis center and elbow frames of the ith parallel chain,
respectively. Dpai ∈ R3 describes the position of Pai, while Dpei−ai ∈ R3 describes the vector
between Pai and Pei, both expressed inFD . Among the solutions of Eq. (4.1), when solving for DpE ,
we take the one with a greater distance from FD , since the alternatives would mean passing through
an uncontrollable kinematic singularity or violating physical constraints. The closed form solution of
Eq. (4.1) is a well-known geometric problem described in [27].

For the forward kinematic derivation, actuator positions are given an inward radial offset equal to
the radius of the end effector plate. This offset effectively reduces the end effector plate to a point, so
that its parallel constraint does not need to be considered. Three spheres are defined with centers at
the known positions of the proximal link “elbows”, with radius lD . The 3-sphere intersections represent
feasible end effector positions, and the chosen solution is that with a greater distance from the base, since
the alternate would mean passing through an uncontrollable kinematic singularity or violating physical
constraints. Inverse kinematics are more straight forward, directly solving the loop closure equations
denoted by Γ. The three loop closure equations are derived by following each kinematic chain from the
base to the end effector, then virtually closing the loop back to the base. Since the length of the distal
link is known, we equate lD with the norm of the remaining chain and square the result.

For the differential kinematic relations, the end effector velocity Jacobian is constructed from two
matrices obtained by partially differentiating the stacked loop closure equations, Γ = [Γ1 Γ2 Γ3]>:

∂Γ

∂ DpE︸ ︷︷ ︸
A

δ DpE +
∂Γ

∂qm︸ ︷︷ ︸
B

δqm = 0. (4.2)

The resulting Jacobian, JDD (qm) = −A−1
B ∈ R3×3, maps actuated joint velocities into end ef-

fector velocity, i.e., DvE = JDD q̇m. With three actuators to control 3 DoFs, the manipulator is
non-redundant. Two types of kinematic singularities are present [23]: rank loss of A represents an un-
controllable end effector motion; rank loss of B represents a serial link singularity within at least one
kinematic chain, where actuator motion does not lead to end effector displacement.

Combining the pose and velocity of the flying base, together with Eqs. (4.1) and (4.2), we de-
rive the kinematic relations between the position and velocity of the end-effector expressed in FW ,
( WpE ,

W vE), and the configuration of the aerial manipulator and relative velocity, denoted by
q = (qb, qm) ∈ SE(3)× R3 and q̇ = [q̇>b q̇>m]> ∈ R9, respectively:

WpE = hE(qm) = WpB +RWB

(
BpD +RBD

DpE

)
(4.3)

W vE = JPB
W vB + JRBωB + JD q̇m = JE(qm)q̇m (4.4)

where DpE(qm) = hDE (qm) is computed by solving Eq. (4.1), while JPB , JRB and JD are the
Jacobians with respect to the components of q̇m, where JD = RWBRBDJ

D
D . The Jacobians can be

computed differentiating Eq. (4.1) and using Eq. (4.2) to express the linear relations with the components
of q̇m.
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4.4 Aerial Parallel Manipulator

4.4.2 Delta Geometry Optimization
The drawback of a parallel manipulator is its limited workspace, which we can justify by careful de-
sign of the workspace volume, defined by the parameters I∆ = {lP , lD, r̄}Since the omnidirectional
floating base can achieve any pose, the workspace size must be large enough to compensate for base
position error in addition to fast motions which the base dynamics cannot track. We use a genetic opti-
mization algorithm and cost function to select the static manipulator parameters, similar to the procedure
described in [59]. Our method differs primarily by the selection of desired workspace geometry. The
genetic algorithm approach has been selected in previous works for its robustness and simplicity for a
highly nonlinear problem, and we follow suit with our method in this approach.

We describe the optimization problem as follows:

Given a desired volume V.
Find geometric parameters I∆ of a delta robot which generate the smallest workspace containing
V.

Now it remains to define the workspace geometry, select V, and represent them mathematically for use
in an optimization problem.

Delta Workspace

We can describe the manipulator workspace as the intersection of the end effector workspace for each
open chain i ∈ {1 . . . 3}, offset by the end effector plate radius rT , such that all open chain endpoints
represent the true end effector location. The radial plate difference is r̄ = rB − rT , assuming that the
base plate is larger than the end effector plate (r̄ > 0).

(a) Top view. (b) Trimetric view.

Figure 4.14: Intersecting torus geometries representing the workspace of each delta manipulator chain.

We express each chain’s workspace in its local frame, i.e. rotated to the base actuator frame FPai
such that the end effector point is located at PaipE = [x; y; z]>. We arrive at the volume definition,
hi, or h′i when expressed in the local frame:

h′i(x, y, z) =
[
(x− r̄)2 + y2 + z2 + l2P − l2D

]2 − 4l2P
[
(x− r̄)2 + z2

]2 ≤ 0 (4.5)

which represents a spindle torus. We only consider end effector points that satisfy ePaiz > 0, since
negative values imply an impossible inversion of the base and end effector plates. A diagram of the three
intersecting torus geometries is shown in Fig. 4.14.

65



4 Modelling

Therefore, and end effector point DpE is within the workspace if it satisfies the condition:

hi(I∆,
DpE) ≤ 0 for i = 1, 2, 3 (4.6)

Desired Workspace Volume

We choose the desired workspace volume, V, to be a cube with an edge length of 0.2 m, which is large
enough to accommodate normal flight error at the base while still providing an area for precise end
effector motion. Since the area required for fast motion is highly task-dependent, we choose a size that
provides a reasonable space for tracking evaluation without greatly increasing the size of the overall
system the overall system. Since we also require a compact configuration of the manipulator, we add a
retraction point to the workspace of 8.5 cm from the nominal base plane, i.e. [0 0 0.085]>m in FD .
This value is inspired by real design collision constraints. To position the cube in the workspace, we
define that it is symmetric along axes eDx and eDy . and positioned such that the nearest cube vertex is
at a height ch above the eDz plane. A plot of the desired workspace points inside the torus volume of a
single arm chain is shown in Fig. 4.15.

Figure 4.15: Desired workspace of a cube and retraction point shown in the workspace solution of one delta arm chain.

Using the workspace formulation in Eq. (4.6), and considering the workspace to be convex, we state
that V is inside the end effector workspace if the following holds for each cube vertex and the retraction
point, combined as a set of points P expressed in FD :

hi(I∆, ch,pws) ≤ 0 for i = 1, 2, 3 and pws ∈ P. (4.7)

Genetic Optimization Problem

We formulate the optimization by defining a fitness function that will be used by the genetic algorithm.
The goal of the fitness function, which should minimize the size of the workspace around the desired
volume, thereby reducing the overall manipulator geometry.

As a metric we use the power of point of a given end effector point, based on the idea that the value
|hi(I∆, ch,pws)| is similar to a distance measurement to the surface, which will be closer to zero for
feasible points that contain the solution. The power of point function fP ()̇ for point p is defined as

fP (p) = |h1(I∆, ch,pws)|+|h2(I∆, ch,pws)|+|h3(I∆, ch,pws)| (4.8)
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4.4 Aerial Parallel Manipulator

The geometric synthesis problem can now be formulated as

min
I∆,ch

fP (I∆, ch,pws)

s.t. hi(I∆, ch,pws) ∀i ∈ 1, 2, 3;pws ∈ P.
(4.9)

We enforce an additional constraint that lD < lP to correspond with a larger end effector workspace
per physical manipulator dimensions. Further details of the fitness function implementation follow the
methods in [59].

The genetic optimization is solved with the MATLAB Optimization Toolbox, using a population size
of 70, and maximum generations of 150.

symbol definition opt value [m]
lP proximal link length 0.156
lD distal link length 0.024
rB plate radius difference 0.046
ch V min height 0.19
rB delta base plate radius 0.084
rT end effector plate radius 0.038

Table 4.6: Delta manipulator parameter descriptions, the genetic algorithm optimized values, and chosen plate radius
values.

The final geometric parameters of the delta manipulator resulting from a genetic optimization problem
are listed in Table 4.6, where the tool and base plate radius are only specified in terms of their difference
r̄. The final values for rB and rT are selected based on geometry available at the base, and a required
tool plate dimension.

Manipulator Capabilities

With a defined geometry, we can now evaluate the manipulator’s capabilities across the workspace using
the manipulator Jacobian JD .

Plots in Fig. 4.16 show the condition number of the manipulator Jacobian, JD , and its component
matrices A and B as defined in Eq. (4.2). We define a workspace center point at

[
0 0 0.25

]>
in FD as indicated in Fig. 4.16b, for its well-conditioned and central location within the reachable
workspace.

4.4.3 Aerial Parallel Manipulator Dynamics
Assuming the floating base to be a pure wrench generating inertial body, and the remaining system to
comprise multiple rigid bodies connected by pure rotary joints, the simplified system dynamics are those
of a floating base delta manipulator. The nonlinear dynamic model of the combined system can then be
derived in closed form, based on recursive algorithms for parallel manipulators.

Inverse Dynamics with Projected Newton-Euler

We consider the equivalent tree structure of the manipulator’s parallel chains with a floating end effector
as in [23], and use the PNE method to reflect generalized forces due to dynamics in the platform’s base
frame. The link connectivity and corresponding open chain structure are shown in Fig. 4.17 where B
refers to a dynamic rigid body link, connected by a lines which represent joints.

For the dynamic computation, we group the flying base and delta base links together, and represent the
base dynamics directly in FB . We perform the same iterative PNE process as in Eqs. (4.14) and (4.18),
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(a) Complete workspace.
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(b) Workspace section view with nominal center position indicated.

Figure 4.16: Condition number for the manipulator Jacobian JD and its component matrices A and B defined in
Eq. (4.2), shown in FD with values plotted on a logarithmic scale.

collecting all dynamic terms in the floating base frame. Details of the algorithm can be found in Sec-
tion 8.3.1. For the end effector plate, which is connected by an full 6 DoF joint, we transform the
dynamic wrench to FB with the inverse adjoint transform, Ad

T−1
BE

, computed using the manipulator

Jacobian JD . Note that to extend the delta manipulator dynamics to a floating base and to use in the
projected Newton-Euler method, the acceleration kinematics must be adapted from those presented in
[23] to consider the rotating base frame. The rotated gravitational acceleration is also combined with ν̇B
as input for dynamic evaluation of the child links to include their gravitational effects. The resulting net
dynamic wrench of the multi-body system expressed in FB can be expressed as

BwB,dyn = M(qb)ν̇B +C(qb,νB)νB + g(qb)

+Ad>
T−1
BE

wBE,dyn +
3∑
i=1

BwBi1,dyn︸ ︷︷ ︸
Bw∆

(4.10)

wherew∗,dyn is the accumulated dynamic wrench of the linkB∗ and its child links, and Bw∆(q̈, q̇, q) ∈
R6 represents the coupling wrench between the manipulator and flying base.
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4.4 Aerial Parallel Manipulator

Figure 4.17: (a) The delta parallel structure, where links B are connected by lines representing a single-axis rotary
joint. (b) The corresponding open chain structure used for dynamic modelling, where a new 6 DoF joint connects the
end effector plate directly to the base.

Simplified Dynamic Model

The complete model considers dynamics of the passive manipulator joints, which results in a highly
complex derivation. Observing the system model in Fig. 4.13b, we make the following assumptions for
model simplification:

• Elbow and wrist components have a small inertia about their rotational axis and a small change
in center of mass position due to rotation. They can therefore be grouped respectively with the
corresponding proximal link and the end effector platform.

• The lightweight distal link bar inertia can be neglected due to a small mass (Thin walled car-
bon rods for our final design in Section 6.1.5) and inertial effects, with their mass (mostly joint
mechanics) divided and grouped to neighbouring bodies.

Figure 4.18: (a) The multi-body dynamic model is simplified by re-distribution of the intermediate links in the indicated
directions. The distal links are symmetrically divided and merged with wrist and elbow links. Wrist links are then
merged with the end effector plate and elbow links with corresponding proximal links. (b) The resulting open chain
structure for inverse dynamics evaluation, with simplified links labelled as B′.
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The resulting simplified model forgoes the need to compute passive joint motion, avoids integration
of an internal parallelogram, and greatly reduces the number of computations for the PNE method.

A body link topology of the simplified structure is depicted in Fig. 4.18, where we see the redistri-
bution of link inertia and the resulting open chain topology for dynamic analysis. As with the complete
topology, the PNE method is used to generate the same resulting base frame equation as Eq. (4.10),
where the summed child link dynamics are now only one layer deep.

The final Lagrangian for of the manipulator dynamics can be derived as described in [23], for use in a
whole body inverse dynamic controller. For the control strategies included in this thesis, it is sufficient
to describe the free flight system dynamics in terms of the manipulator reaction wrench:

M(qb)ν̇B +C(qb,νB)νB + g(qb) + Bw∆(q̈, q̇, q) = Bwact. (4.11)
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Chapter 5

Control

If everything seems under control, you’re just
not going fast enough.

Mario Andretti

In this chapter we explore control approaches for aerial manipulation with fully actuated and omnidi-
rectional aerial systems. Based on the models presented in Chapter 4, we focus on the major categories
of free-flight tracking control with an omnidirectional tilt-rotor flying base in Section 5.1, interac-
tion control for contact force tracking with a rigidly mounted aerial manipulator in Section 5.2, and
finally macro-micro control of an omnidirectional system with a delta manipulator for fast and precise
end-effector tracking in Section 5.3.

For all control implementations, we assume that a state estimator provides the current robot state,
ξ, including position and orientation, linear and angular velocities of the system’s base frame, FB .
We can also choose to include rotary joints, qt, and their velocities, q̇t, in the state, which define the
current tilt-rotor configuration and motion. With the addition of an actuated manipulator, the coordinates
qm and corresponding velocities q̇m are also incorporated. We generally express the robot state as the
combination of coordinates and generalized velocities, for the coordinate choices presented in Chapter 4.

ξ = (q; ũ) (5.1)

We further assume that a planner provides the controller with a dynamically consistent and feasible
trajectory for the state evolution to the acceleration level, which can be sampled at the rate of the con-
troller. For interaction control, the trajectory contains an additional field for desired contact forces. For
redundant end effector control with a macro-micro manipulation system, we assume that the planner
provides dynamically consistent trajectories for the floating base and end effector frames.

The controllers considered in this thesis are model-based, relying on an accurate dynamic model of
the system, and treating any model errors as disturbances to be rejected.

5.1 Control of an Omnidirectional Flying Base on SE(3)

We consider the free-flight tracking control of a fully actuated and omnidirectional tilt-rotor flying base,
which is commanded to follow an arbitrary 6 DoF trajectory in space. Assuming that this trajectory is
feasible within the system’s limitations, we explore a cascaded control approach, and consider the limi-
tations of the general tilt-rotor system in terms of singularities and configuration-based control authority.

Selecting the control inputs as rotor thrust commands, ur ∈ Rnr , and tilting joint commands ut ∈
Rnt , we construct the control input vector as

u =

[
ur
ut

]
∈ Rnr+nt (5.1)
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where rotor inputs are considered to be the rotor thrust vector fr (which is subsequently processed by
a low level pulse width modulation (PWM), rotor speed, or rotor force controller), and the tilting joint
commands are either tilt joint angles α, velocities α̇, or torques τα.

Revisiting the dynamic model for a rigid body flying base in Eq. (4.9), and assuming that disturbance
and contact forces are negligible, we phrase the model based control problem using the generalized
acceleration, ˙̃u

∗
, as our motion objective.

τ̃act(u) = M(q) ˙̃u
∗

+ C(q, ũ)ũ+ g (5.2)

where the generalized actuation forces τ̃act, appear as a nonlinear function of the actuator inputs, u,
according to the tilt-rotor morphology.

5.1.1 Controller Structures
We consider two types of control structures to generate desired actuator inputs from state feedback
information and the dynamic model of the system. An end-to-end controller structure takes the desired
trajectory, current state estimate and possibly also joint and sensor data as input, and directly computes
desired actuator commands for rotor forces and tilting joints. While this type of controller can exploit
any over-actuation of the system in the largest sense, and can incorporate constraints on the actuator
output directly, the control vector, u, appears non-linearly in the equations of motion, and its form is
highly dependent on the chosen morphology. As a result, this controller must be specifically tuned to
each morphology on which it is implemented.

Instead of an end-to-end solution, if we consider the system model as a single rigid body, in Eq. (5.2),
all aerodynamic actuation terms can be grouped as a net actuation wrench acting at the robot base,
τ̃act(u) = Bwact(u). If we choose this base actuation wrench, ū = Bwact, as an intermediate
control input, we generate a cascaded control structure where the input vector appears linearly in the
dynamic equations.

Bwact = ū = M(qb)ν̇
∗
B +C(qb,νB)νB + g (5.3)

where

νB =

[
vB
ωB

]
∈ R6 (5.4)

A cascaded control structure gives two major system advantages. For one, we now have an equation
for which a number of standard linear controllers can be implemented, which in addition to their uncom-
plicated implementation, give us a baseline from which to explore and evaluate the behaviour of more
complex controllers. Secondly, by interrupting the controller structure with a base wrench computation,
the base wrench controller can be platform-agnostic as long as its total actuation capacity is considered
by the base wrench controller. A following cascaded block that allocates the desired base wrench to
the actuator outputs contains the platform’s morphological specificity. Figure 5.1 shows block diagrams
of end-to-end and cascaded control structures, with inputs and outputs as they relate to the trajectory
planner, state estimation, and the physical robot’s actuators.

In the following sections, we explore some implementation options for these controller elements, from
generation of the base control wrench and subsequent actuator allocation, to concepts for end-to-end
controllers that output actuator commands directly.

5.1.2 Base Wrench Controller
In this section, we consider the first module of the cascaded controller structure mentioned in Sec-
tion 5.1.1, which takes as input the estimated state and reference trajectory, and outputs the computed
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Figure 5.1: High level controller structures: a) end-to-end base controller, and b) cascaded controller computing an
intermediate actuation wrench command for the floating base. Variables ξ∗B and ξ̂B indicate desired and estimated
state of FB .

actuation wrench Bwact. The result is a state-feedback wrench controller on SE(3) of the single-body
system dynamics (modelled in Section 4.2), for the base state, ξB :

ξB = ( WpB ,RWB ,vB ,ωB) ∈ SE(()3)× R6 (5.5)

We present in detail the implementation of a PID inverse dynamics controller, and discuss other op-
tions for control at a higher level.

PID Control

For underactuated systems such as the standard quadrotor, tracking a position and yaw reference is
achieved through cascaded high-level position control and a low-level moment and thrust control loops [18].
Since our omnidirectional tilt-rotor system is fully actuated, we can solve for the wrench control input
in one step.

Applying a PID control law, we use the acceleration term as in Eq. (5.3) to represent desired motion
for inverse dynamics control:

ν̇∗ =

[
B v̇PID
Bω̇PID

]
=

[
−Kpep −Kiep,i −Kdev +R>WB

W v̇∗B
−KpReR −KiReR,i −KdReω + ω̇∗B

]
, (5.6)

where ep, ev , eR, eω represent the position, velocity, attitude and angular velocity error respectively,
andKp,Ki,Kd,KpR ,KiR andKdR , are corresponding positive definite diagonal gain matrices.

Error terms are formulated in FB as follows:

ep = R>WB

(
WpB − Wp∗B

)
ev = R>WB

(
W vB − W v∗B

)
eR =

1

2
(R∗>WBRWB −R>WBR

∗
WB)

∨

eω = ωB −R>WBR
∗
WBω

∗
B ,

(5.7)
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with angular error terms defined according to [61], and explained further in Section 8.3.2. Integral terms
are limited to a value imax using a saturation function satimax (·), implemented as

ep,i = satip,max

(∫
t
epdt

)
(5.8)

eR,i = satiR,max

(∫
t
eRdt

)
(5.9)

where

satimax (y) =

 imax if y > imax

y if −imax ≤ y ≤ imax

−imax if y < −imax

(5.10)

Gain matrices act on the error terms and the integrator, where diagonal values correspond to gains on
each axis in a chosen frame FPID,

Kp = RBPID

kpx 0 0
0 kpy 0
0 0 kpz

R>BPID (5.11)

Our first option is to express the gain axes in the base frame, i.e.RBPID = 13, the same frame in which
we define the system’s force and torque volumes in Section 4.1.3. This choice attempts to capture the
system’s axis-specific control authority as it applies to wrench control. For a system with omnidirectional
and time-invariant actuation symmetry, each of the gain matrices could be replaced by a scalar value,
since all axes would use equal gains, e.g.Kp = kp13.

In reality, the wrench control authority is complicated by the slower dynamics of tilting rotor groups,
and is a nonlinear function of the current tilt-angle configuration. Except in the cases of extremely dy-
namic flight trajectories, the dominant desired force of the vehicle is due to gravity compensation. The
rotors will therefore be oriented to align with the gravity vector, eWz , as much as possible to maximize
flight efficiency. This alignment means that force can be changed with a high bandwidth on the eWz
axis, regardless of the tilt-angle configuration, but depending on the configuration and system morphol-
ogy, forces on the orthogonal plane are subject to tilting joint delays. As such, we may benefit from
applying linear PID gains in FW with more aggressive gain values along eWz . Alternately, if the robot’s
morphology gives significantly different actuation capabilities along eBx and eBy , it may be beneficial to
use a heading frame, FH , which shares an origin with the base frame OH = OB , and eHz parallel to
eWz .

W eHz = eWz
W eHy = eWz × W eBx
W eHx = W eHy × W eHx

→ RBPID = R>WB

[
W eHx

W eHy
W eHz

]
(5.12)

All of the above gain matrices lack incorporation of the system dynamics’ inherent dependence on the
current tilt-angle configuration. This is a clear limitation of applying constant controller gains, and could
be addressed with adaptive configuration-based gains which are computed in the control loop. Since this
problem has a higher mathematical complexity, a learning approach could alternately be used, ideally
by employing a high fidelity simulation that includes empirically determined (and perhaps also learned)
tilting joint dynamics.

After computing the PID commanded linear and angular acceleration in Eq. (5.6), we substitute these
terms into the linear and angular equations of motion derived in Eqs. (4.6) and (4.8) to compute the base
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wrench control input. The desired actuation forces and torques of the system are expressed as

Bf∗act = m( B v̇PID + Bg) + ωB ×mvB . (5.13)
Bτ∗act = IB Bω̇PID + ωB × IBωB + pB × Bfact (5.14)

Bẇact =

[
Bf∗act
Bτ∗act

]
(5.15)

where Bg is the gravity acceleration vector along the inertial frame eWz axis, rotated into FB .
In the case where a wrench rate command is required for differential actuator allocation, finite differ-

ence is performed to determine the new command at time step k:

Bẇact(tk) =
Bwact(tk)− Bwact(tk−1)

tk − tk−1
(5.16)

Optimal Control

Since the previously described PID controller does not incorporate actuation constraints, it is susceptible
to degraded performance or failure if the commanded trajectory, excessive control gains or disturbances
result in actuator saturation. Formulating the dynamic control problem instead as an optimization prob-
lem, we can further define how the wrench command will change over time.

Infinite time formulation: The wrench control problem is formulated as an infinite-time optimal
control problem by defining the cost function J as

JLQRI = argmin
ū

∫ ∞
0
||e(t)||2Q+||ū(t)||2Rdt (5.17)

s.t. ė(t) = f(e(t), ū(t)) (5.18)

where Q ∈ Rne×ne and R ∈ Rnu×nu are weighting matrices for a vector e ∈ Rne containing all
state error terms and control input ū ∈ Rnu , and f(·) describes the error state evolution based on the
system dynamics. Optimal control inputs can be computed e.g. using feedback linearization of the error
dynamics with an LQRI gain on the error, as described in detail in [5]. By differentiating the dynamics
to the jerk level, we can directly obtain the wrench rate command to be used for differential allocation in
the following control block.

Despite its optimal properties, the performance of this type of controller depends on the weightsQ,R
on the state error and inputs, including their proportions relative to each other. In this sense, the problem
of controller tuning remains key for overall system performance.

Receding horizon formulation: We can instead benefit from knowledge of the model and future
trajectory to implement a receding horizon formulation with MPC, as described in detail in [24]. In this
case, the cost function is defined as

JMPC = argmin
ū

N−1∑
k=0

(
||hk||2Q+||ūk||2R

)
+ ||hN ||2QN (5.19)

s.t. ξk ∈ S, ūk ∈ U (5.20)

ξ̇k = f(ξk, ūk) (5.21)

ξ0 = ξ(t) (5.22)
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where h represents a stage cost vector containing state errors e(ξ, ξ∗) and command wrench terms
Bwact over the receding horizon of N future time steps, and weighting QN is applied to the terminal
stage cost at the end of the horizon. The function f(·) now represents the state evolution over time, with
ξ0 as the current state (at current time t). The control input vector is chosen as the command wrench rate
such that constraints can be applied explicitly at this differential level, and the result can be used directly
for differential actuator allocation.

As with the other presented control approaches, the modelling is important for overall task perfor-
mance, since the predictive accuracy of the controller depends heavily on a good system model. Where
system complexities make modelling form first principles extremely difficult, learning-based methods
can be used to improve the system model [134].

5.1.3 Instantaneous Actuator Allocation

Following the computation of a desired actuation wrench, Bw∗act, the actuator allocation module is
responsible for achieving this wrench with commands for the available system actuators. The control
allocation method presented here is closely related to work previously presented in [35, 55], going further
in depth on aspects of double rotor groups and and singularity handling. A block diagram of this control
component is shown in Fig. 5.2.

Figure 5.2: Block diagram of instantaneous actuator allocation.

Considering a tilt-rotor system with single rotor groups (nt = nr) and flat morphology (βi = 0 ∀i ∈
{1...nβ}), we consider the net actuation wrench from Eq. (4.9) from a control perspective as a nonlinear
function of tilt-angle ut = α and rotor force ur = fr inputs.

Bwact = Aact(ut)ur (5.23)

Writing outAact, we have the following composition per ith column:

aact,i =


sin(γi) sin(αi)
− cos(γi) sin(αi)

cos(αi)
−sricd sin(γi) sin(αi) + la cos(γi) cos(αi)
sricd cos(γi) sin(αi)− la sin(γi) cos(αi)

−la sin(αi)− sricd cos(αi)

 ∀i ∈ {1...nt} (5.24)

All elements of Eq. (5.24) that multiply fri are linear combinations of sin(αi) and cos(αi) due to
the associated kinematic rotor group transformation TBRi . We use this property to formulate a variable
substitution of intermediate actuator inputs in order to create a linear relationship between control inputs
and the net actuation wrench. We subsequently separate each column in Eq. (5.24) into two columns
corresponding with the new inputs, ũ, defined as follows:
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āact,i =


sin(γi) 0
− cos(γi) 0

0 cos(αi)
−sricd sin(γi) la cos(γi)
sricd cos(γi) −la sin(γi)
−la −sricd

 ũ =


sin(α1)fr1
cos(α1)fr1

...
sin(αnt )frnt
cos(αnt )frnt

 ∈ R2nt (5.25)

Collecting the columns āact,i in Eq. (5.25) for all nt rotor groups, we now formulate the time-invariant
static allocation matrix, Āact, mapping propeller thrust and torques to the net actuation wrench.

Bwact = Āactũ where Āact ∈ R6×2nt (5.26)

The modified input vector ũ has two values for each tilting rotor group, which are nonlinear combi-
nations of tilt angle and rotor force actuation inputs (αi, fri ). These elements of the vector correspond
to the lateral and vertical components of each rotor force in its respective frame, FRi , and we can use
trigonometry to reconstruct the true actuator inputs as follows:

αi = arctan 2 (sin(αi)fri , cos(αi)fri )

fri =
√

(sin(αi)fri )
2 + (cos(αi)fri )

2.
(5.27)

The formulation in Eq. (5.27) guarantees positive inputs, appropriate for our system with non-invertible
propellers. A positive thrust solution is always found, though in certain configurations a small change in
force input can lead to large changes in the required tilt-angle orientation. Addressing this condition is
the subject of singularity handling, described later in this section.

Actuator control inputs are computed from the base frame command wrench, rearranging Eq. (5.26)
using the Moore-Penrose pseudo-inversion (†) of the static allocation matrix, Āact. We note that we
must have rank

{
Āact

}
= 6 for a fully actuated system, which is determined by the tilt-rotor morphol-

ogy.

ũ = Ā†act
Bwact (5.28)

The pseudo-inverse formulation implicitly minimizes rotor forces in a least-squares sense, generating
a tilt-rotor configuration with maximum efficiency. Final actuation inputs ur,ut are computed using
Eq. (5.27). The resulting αi values are then saturated according to a tuning variable α̇max. This al-
location solution requires minimal computation since the pseudo-inverse of Āact is constant and can
be performed in advance. As such the solution is suitable for implementation on a low power flight
controller.

The present allocation implicitly assumes that tilt angles are achieved instantaneously, which goes
against our modelling assumptions. While this formulation is acceptable for slow changes in the actu-
ation wrench, we can adapt the solution using tilt-angle feedback to solve for the current configuration.
In this case, ut are computed as above, but ur are computed by invertingAact with the current values
αmeas.

ur = Aact(αmeas)
† Bwact (5.29)

We encounter a problem with the formulation in Eq. (5.29), particularly for our chosen system mor-
phology. In certain cases where propellers align Aact(αmeas) loses rank, and the pseudo-inversion
does not provide a solution, regardless of over-actuation. This equation could be reformulated as an
optimization problem with slack variables that allow for an inexact solution. Regardless, this solution
requires more complex formulation and higher computational power than the solution using Eq. (5.27).
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In Section 5.1.4, we will explore an alternate allocation strategy by taking Aact to the next differential
level.

Double Rotor Groups

In the final system design presented in Chapter 6, we choose to implement counter-rotating co-axial
rotor groups, such that nr = 2nt. As modelled in Section 4.1.2, two rotor force inputs fri , fri+nt
correspond with one tilt angle αi for rotor groups i ∈ 1 . . . nt. Apart form a change in dimensionality,
the matrixAact(ut) ∈ R6×2nt is still a linear combination of rotor force inputs ur ∈ R2nt .

If we write out the columns of Aact as we did for single rotor groups in Eq. (5.24), a variable sub-
stitution can be performed with four values for each tilt arm, with upper rotors i ∈ {1 . . . nt} and
lower rotors j ∈ {nt + 1 . . . 2nt}. We can then separate terms and for a static allocation matrix and
intermediate inputs for a tilt-rotor system with nt = 6:

Bwact =
[
Āact,i Āact,j

]
ũ ũ =



sin(αi)fri
cos(αi)fri

...
sin(αi)frj
cos(αi)frj

...


∀i ∈ {1...6}
∀j ∈ {7...12} (5.30)

where Āact,i and Āact,j are formulated as in Eq. (5.25), but differ in the spin direction of upper and
lower rotors.

Here we present a method for extracting real inputs from ũ, and will follow with an explanation for
the error in this method. To extract αi values from the result vector ũ, each pair of rows is first summed.
Then, we again use the trigonometric identities θ = arctan 2(sin (θ) , cos (θ)) for tilt angle extraction
and sin2(θ) + cos2(θ) = 1 for rotor force extraction.

fri =
√

(fri sin(αi))2 + (fri cos(αi))2

fri+6 =
√

(fri+6 sin(αi))2 + (fri+6 cos(αi))2

αi = arctan 2((fri + fri+6 ) sin(αi), (fri + fri+6 ) cos(αi))

(5.31)

Figure 5.3: A visual depiction of the over-defined solution for double rotor groups as formulated in Eq. (5.30).

While the solution presented in Eq. (5.31) is technically correct, the formulation of ũ does not enforce
that αi is the same for upper and lower rotor groups. As a result, the solution of Eq. (5.28) generates
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4 equations for 3 unknowns, over-defining αi. The physical interpretation of this is shown in Fig. 5.3,
where each rotor is assigned a different value of αi.

While it initially appears clever to take advantage of additional over-actuation in a simplified formula-
tion, exposing the differential torque of counter-rotating actuators, this implementation is not sufficient.
We also note that the differential torque generated by co-axial rotors is insignificant compared to the
net torque resulting from slightly tiling a rotor group. Based on these conclusions, when implementing
direct allocation on our double rotor system, we prefer to model the double rotor group as a single, pure
thrust rotor group, with negligible drag torque.

Rank Reduction Singularity Handling

We present an approach to handle instantaneous rank reduction singularities discussed in Section 4.1.4
for the previously described instantaneous actuator allocation.

Figure 5.4: Visual depiction singularity handling for instantaneous rank reduction of Aact with associated multiplier
kt.

The instantaneous singularities are handled using a heuristic approach, identifying the case where the
desired force vector Bf∗act comes within an angle ϕt of the eBz axis or the eBx -eBy plane. A multi-
plier kt then quadratically scales an additional tilt bias variable up to a maximum value of ct as the
misalignment angle φ goes to zero. A visual depiction of the threshold region defined by ϕt and the
changing value ct is shown in Fig. 5.4. Bias tilt directions bi alternate for neighbouring tilt-arms. This
forced ‘toe-in’ of neighbouring propeller groups generates constant internal forces, avoiding the singu-
larity by reducing flight efficiency. Writing the change between two subsequent tilt angle commands as
δαi = αi − αi,prev separated by time step δt, the modified tilt angle α̃i can be expressed as

α̃i = αi,prev + sign(δα̃i)min(|δα̃i|, α̇maxδt) δα̃i = δαi + ktbict (5.32)

kt =

{
0 if φ ≥ ϕt

(1− φ
ϕt

)2 if φ < ϕt
where bi = (−1)i ∀ i ∈ {1...6} (5.33)

The resulting condition number envelope for the modified allocation matrix, κ(Aact(α̃)), is signifi-
cantly reduced in the singularity cases, as seen when comparing Fig. 5.5a and Fig. 5.5b, where the scale
of (b) is magnified for a better geometric image of the resulting condition number envelope. From the
condition number envelopes we see that in the neighbourhood of singular configurations, we can ex-
pect deteriorated performance of the system due to low control authority on a certain axis of the control
wrench.
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(a) No tilt bias,Aact(α). (b) With tilt bias,Aact(α̃).

Figure 5.5: Condition number of Aact(α) for desired force directions with magnitude mg around the unit sphere
combined with a hover force along eBy , and hover force along eBz . Values forα correspond with the computed solution
(a) without and (b) with applied tilt bias. Scale units are log κ(Aact), and axes are magnified (b) to distinguish the
resulting geometry.

Kinematic Singularity Handling

We also present a method for handling kinematic singularities, which are defined in Section 4.1.4. An
approach commonly used in robot manipulators can be invoked to handle kinematic singularities uses
the damped pseudo-inverse of the allocation matrix [129]. This approach, however, requires the outputs
in question to be expressed linearly in the allocation, which is not the case for our system. Taking
inspiration from this approach, a heuristic solution that approximates a damping effect is derived here.

When the angle between the desired force vector comes within the damping threshold angle ϕd of
an arm axis, the tilt-angle speeds associated with that axis are quadratically scaled to zero by multiplier
kα,i. As the alignment angle ηi approaches a zero threshold, ϕ0, the tilt angle stops any motion. A
visual interpretation of the alignment geometry is shown in Fig. 5.6 also depicting the multiplier curves
kα,i and (1− kα,i). The change in αi between time steps can then be expressed as follows:

δα′i = δαi(1− kα,i) (5.34)

kα,i =


0 if ηi > ϕd

(1− ηi−ϕ0
ϕd−ϕ0

)2 if ϕd > ηi > ϕ0

1 if ηi < ϕ0

(5.35)

This approach is justified due to the fact that at small angles of alignment deviation, the force contri-
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Figure 5.6: Visual depiction of kinematic singularity handling with associated multiplier kα.

bution of the associated rotor group is negligible when compared to the remaining thrust contributions,
and the error can be treated as a disturbance. When the new angles are computed based on these values,
and limited according to α̇max, the rotor forces are then calculated as in Eq. (5.31). A force from the
limited propeller group exists only if the thrust axis can be projected as a positive component onto the
desired force vector. We note that this heuristic solution is based on the assumption that the command
torque is negligible, meaning that for steady state hover, the system’s CoM is located approximately at
the center of geometry.

Since the contribution of propeller groups in the tilt-angle singularity region is so small, one can take
advantage of this situation to address another issue of the physical system, notably the wind-up of cables
around an axis. As the tilt velocity is ramped down, it is balanced with an unwinding velocity ωu, that
is calculated based on a maximum unwinding rate and direction to the zero position, resulting the new
tilt angle change.

δα∗i = δα′i − sign (αi) kα,iωuδt. (5.36)

The resulting tilt angle commands are then computed as before in Eq. (5.32).

5.1.4 Differential Actuator Allocation
The instantaneous allocation approach presented in Section 5.1.3, while requiring minimal computa-
tional power, suffers from several major drawbacks:

• Tilting velocities are not considered in the allocation.

• Singularities are explicitly handled with a heuristic solution.

• Cable unwinding only occurs in the region of a kinematic singularity.

We address all of these problems simultaneously by differentiating the actuator allocation problem. The
content of this section is based on collaborative contributions from [5]. A block diagram of this control
component is shown in Fig. 5.7.

Figure 5.7: Block diagram of differential actuator allocation.
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Taking the derivative of the actuation wrench, we define the differential allocation matrix from Eq. (4.18)
as Ȧact ∈ R6×nu where nu = nr+nt. We reduce this symbol to Ã to simplify notation and improve
clarity in the following equations. The wrench rate command, Bẇact, is the output of a base wrench
controller, and the differential inputs, u̇ ∈ Rnu , include rotor force rates and tilting angular velocities.

Bẇact =
[
Aact(α)

∂Aact(α)

∂α
fr

]
︸ ︷︷ ︸

Ã(α,fr)

[
ḟr
α̇

]
︸ ︷︷ ︸
u̇

(5.37)

Since all actuator inputs now appear explicitly in the actuator input vector, u̇, we pose a weighted least
squares optimization of an arbitrary desired input vector u̇∗ in the differential allocation null space. The
optimization problem is framed as

min
u̇
||W (u̇− u̇∗)||2

s.t. Bẇact = Ãu̇
(5.38)

where W ∈ Rnu×nu is a positive diagonal weighting matrix. The analytical solution to this problem
can be expressed as follows:

u̇ = u̇∗ +WÃ>(ÃWÃ>)−1( Bẇact − Ãu̇∗). (5.39)

We formulate the desired input vector by placing a gain on the error between current values for rotor
forces, fr,c, and tilt angles αc, against desired values f∗r and α∗ as

ḟ∗r = sign (f∗r − fr,c) cfvω (5.40)

α̇∗ = sign (α∗ −αc) vα (5.41)

u̇∗ =

[
ḟ∗r
α∗

]
(5.42)

where vω and vα are positive scalar tuning parameters representing a velocity of attraction towards the
desired solution. The choice of desired values f∗r ,α

∗ is based on the competing goals of high efficiency
flight, and unwinding of tilt-arm cables. The simple solution based on the inverse static allocation in
Eq. (5.26) and subsequent actuator command extraction provides us with both of these elements. For
tilt angles, α = 0 corresponds with a completely unwound state, and the value does not re-zero with
a complete rotation. The arctan 2(·) solution in Eq. (5.27) always provides the minimally wound tilt
angle solution, with an orientation for optimal flight efficiency. For the rotor force, the solution in
Eq. (5.27) minimizes the vector of rotor force in the least squares sense for minimal overall rotor effort.
The attraction velocity to this force vector essentially acts as the same regularization term.

Desired differential inputs from Eq. (5.42) are used in Eq. (5.39) to compute the differential solution.
Tilt angle velocities are fed through a saturation function such that |α̇i|≤ α̇max, and the resulting u̇ is
integrated with the previous inputs uprev to produce the final actuator commands.

Through this formulation, kinematic singularities are implicitly handled by expressing control inputs
at the differential level, and including the desired unwound state to prevent drift. However, this formula-
tion does not have guarantees that the desired force is met, since actuation constraints are not considered
in the problem formulation. Tuning of the gainsW , vω , and vα becomes very important for the overall
system performance.
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5.1.5 Rotor Force Mapping
In our implementation of rotary-wing actuators in this work (see Chapter 6), the real actuators take a
PWM command as input. At the controller level we assume that they take a direct thrust command,
so we handle the subsequent translation from desired thrust to commanded PWM or rotor speed in a
separate module. A block diagram of this module is shown in Fig. 5.8.
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Figure 5.8: Rotor command mapping transforms force commands to PWM inputs for the ESCs as a function of the
measured battery voltage.

Based on the rotor models presented in Section 4.1.2, the square of the propeller’s angular velocity
should relate well with force, but we do not command this velocity directly. Instead, we establish an
empirical relationship between the desired rotor angular velocity, ω∗ri , and PWM commands, uPWM,i,
as a function of the battery voltage, Vbatt.

ω∗ri =
1

cf
sign

(
f∗ri
)√
|f∗ri | ω̄∗ri =

ω∗ri
ωrmax

∀i ∈ 1 . . . nr (5.43)

uPWM,i =
cV 0 + cV 1ω̄

∗
ri

+ cV 2(ω̄∗ri )
2

Vbatt
(5.44)

In Eqs. (5.43) and (5.44), cV 0, cV 1, cV 2 are scalar constants for a quadratic fit of empirical data, and
ωrmax is the maximum rotor angular velocity that approximates the linear range, for positive force thrust
or invertible thrust with symmetric limits (ωrmax = −ωrmin ). Note that for invertible rotors, special
considerations should be taken in the zero force transition zone, as proposed in [79].

5.2 Interaction Control

In this section, we extend the concept of a free-flight base wrench controller from Section 5.1.2 to include
contact with the environment. Starting with the description of an external wrench estimator, we then
develop an axis-selective impedance control framework for interaction. We extend this impedance
control formulation to exhibit variable compliance in the direction of contact depending on distance
sensor feedback. Direct force control is then integrated in a hybrid framework with variable impedance
control, to incorporate commanded forces and a confidence factor for attempting an interaction task.

5.2.1 External Wrench Estimation
In order to account for the influence of contact forces, we model external contact with a wrench estimator
using a generalized momentum approach. Our implementation follows methods described in [95, 121].
Based on preliminary interaction modelling in Section 4.3, we integrate the change in momentum over
time from Eq. (4.8), and take the difference from the measured system momentum MνB according to

83



5 Control

the conservation of momentum law. Applying a gain to this residual, we arrive at a new external wrench
estimate, ŵext.

ŵext = KI

(
MνB −

∫ (
C>νB − g + ŵext +wact

)
dt

)
(5.1)

The positive-definite diagonal observer matrixKI ∈ R6×6 acts as an estimator gain. Differentiating
Eq. (5.1), a first-order low-pass filtered estimate ŵext of the external wrenchwext is obtained:

˙̂wext = KI(wext − ŵext). (5.2)

This solution for a wrench estimator does not require the use of angular acceleration terms which
would have to be differentiated from gyroscope angular velocity measurements. The choice of gain
KI influences how aggressively the wrench estimate converges, limited by model accuracy and state
estimation noise.

5.2.2 Impedance Control
We shape the interaction behaviour of our system with an impedance controller, using the knowledge of
an external wrench to simulate desired system dynamics. The impedance control framework operates
as a base-wrench controller, and is therefore platform agnostic, coupled with a morphology-specific
actuator allocation module.

Figure 5.9: Block diagram of axis-selective impedance control framework, with system state, ξ, and actuator com-
mands, u.

A block diagram of the complete control framework in Fig. 5.9 shows the relationship between the
impedance control module and the rest of the autonomous system.

Figure 5.10: Visualization of the virtual mass effect, where a box overlaid on a system diagram represents axis-selective
resistance or compliance to external forces.
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Impedance control indirectly regulates a wrench exerted by the system on its environment, without
the added complexity of contact detection or controller switching. The same controller can account for
interaction, as well as for stable flight in free space. We can take advantage of the system’s full actuation
to implement an impedance controller with selective apparent inertia, to reject disturbances in some
directions while exhibiting compliant behaviour in others,as illustrated in Fig. 5.10.

Our implementation is based on fundamental methods [111], extending to a new application for om-
nidirectional aerial robots. To begin, we choose the desired closed loop dynamics of the system to be

Mvν̇ +Dveν +Kvex = wext, (5.3)

whereMv ,Dv , andKv ∈ R6×6 are positive-definite matrices representing the desired virtual inertia,
damping, and stiffness of the system. Pose and twist errors are represented by ex and eν ∈ R6,
respectively, corresponding with stacked geometric translational and rotational error from Eq. (5.7).

The system dynamics in Eq. (4.3) and desired dynamics in Eq. (5.3) are then combined by substituting
the stacked acceleration vector, ν̇, using the estimate from Eq. (5.1) for the external wrench, ŵext. We
then rearrange the equations to solve for the wrench control input,wact.

wact = (MM−1
v − 16)ŵext −MM−1

v (Dveν +Kvex) +Cν + g (5.4)

Since the stiffness and damping properties of interaction depend highly on the apparent inertia, we first
normalize these matrices with respect to the system mass as M̃v = M−1Mv , then express stiffness
and damping as

D̃v = M̃−1
v Dv K̃v = M̃−1

v Kv (5.5)

The virtual dynamics which may be axis-specific can be rotated into any desired frame. For point con-
tact aerial interaction tasks, we choose alignment with the end-effector frame, usingR = blockdiag{RBE ,RBE}.
We then rewrite Eq. (5.4) as

wact = (R>M̃−1
v R− 16)ŵext − D̃veν − K̃vex +Cν + g. (5.6)

Using a rigidly attached end-effector as the simplest solution for aerial interaction, the relative trans-
formation TBE is constant. We choose to exhibit selective compliance along the eEz axis, assuming
that the planner aligns this axis with the local contact surface normal. A high virtual mass is set in the
orthogonal plane, and orientation, for a stronger resistance to aerodynamic disturbances.

To adapt the PID wrench controller from Section 5.1.2 to an impedance framework, we realize that
Eq. (5.6) is equivalent to our PID control, with a wrench estimate term in place of an integrator. We can
therefore adopt the same gains K̃v = Kp and D̃v = Kd, and need only to choose the ratio of the
desired system inertia matrix as a function of the model inertia, expressed in the end effector frame as

M̃v = diag{
[
mv,free mv,free mv,E Iv Iv Iv

]>}, (5.7)

where mv,free and Iv are typically set to be greater than 1 to exhibit resistance to estimated external
forces, and mv,E is set less than 1 to exhibit compliance in interaction.

Since model error is lumped into the external wrench estimate, this method has the drawback that
the compliant interaction axis is also compliant to model error and aerodynamic disturbances, i.e. , the
system will allow greater tracking error along this axis, even in free flight.
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Figure 5.11: Variable impedance in the eEz direction as a function of wall distance dt, with transition zone shown in
blue, wheremsys is the true system mass.

Variable Axis-Selective Impedance Control

To address the free-flight problem that axis-selective impedance control is compliant to model error and
disturbances, we vary the value for mv,E along the intended contact axis. In this way, we can have a
high virtual mass along this axis in free flight while maintaining compliance during physical interaction
tasks.

We use distance measurement dt from the tool frame to the nearest locally observed surface that
intersects eEz . In free flight, when surfaces are farther than a threshold dmax, the virtual mass along the
end effector axis is set to mv,free, to reject disturbances like any other axis. Within a range from dmax

to dmin from the surface, that virtual mass reduces to mv,wall < 1 according to a cosine function to
exhibit interaction compliance. The relationship between dt and mv,wall is shown in Fig. 5.11. We
calculate the virtual mass in the end effector direction, mv,E , as follows:

cv,E =


1, if dt ≤ dmin

0.5(1 + cos(
dt−dmin
dmax−dmin

π)), if dmin < dt ≤ dmax

0, otherwise

(5.8)

mv,E = cv,E(mv,free −mv,wall) +mv,wall. (5.9)

The complete virtual mass matrix is then constructed as before in Eq. (5.7).

5.2.3 Hybrid Force-Impedance Interaction Control
In this section we develop an interaction control scheme that incorporates awareness of its task and en-
vironment, adjusting the controller action accordingly in case of unexpected interaction or missing con-
tact surfaces. This hybrid method incorporates distance sensing from variable axis-selective impedance
control, as well as tactile sensing with a force sensor at the end effector, in an effort to improve task
performance while also increasing robustness of the system. A block diagram summarized the controller
and its interfacing components in Fig. 5.12.

The momentum-based external wrench contains an accumulation of force and torque unrelated to the
point of interaction, and in many cases cannot be used for direct force tracking. With direct multi-
axis force sensing at the end effector, contact forces can be isolated from remaining forces caused by
model error and aerodynamic disturbances, such that desired forces at the end effector can be resolved
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Figure 5.12: Block diagram of hybrid force-impedance control framework, combining direct force control with variable
ASIC. The primary difference from Fig. 5.9 is the integration of direct force fmeas and distance sensing (dt) in the
controller.

explicitly. The following content describes force control at the end effector and integration with variable
axis-selective impedance control in a hybrid scheme, based on the collaborative work published in [16].

Direct Force Control

In this framework, the trajectory sent from the planner contains an additional field, representing the
desired world frame force vector W f∗(t) ∈ R3 acting on the environment for a particular interaction
task. We can directly close the loop on force control using feedback from and integrated sensor at the end
effector, which produces a force reading, Efmeas, in the end effector frame FE . Since the measured
force represents the reaction to the exerted contact forces, this term is summed with the desired force to
calculate the force tracking error in FB .

ef = RBE
Efmeas +R>WB

W f∗ (5.10)

A proportional-integral (PI) control scheme with a feed forward force term is implemented to track
the given reference force, closing a feedback loop on the force tracking error ef from Eq. (5.10):

fdir =
1

m

(
R>WB

W f∗ − kf,pef − kf,i
∫
efdt

)
, (5.11)

where kf,p and kf,i are positive scalar gains.

Hybrid Control

The proposed sensor-based hybrid controller incorporates the idea of interaction task awareness, where
a zero force trajectory sent by the planner indicates free flight, and a non-zero force indicates intended
interaction. Force control is only attempted when it is explicitly communicated by the planner, and
tracking of the pose trajectory for all axes is performed at all times. At points of interaction, the desired
tool trajectory should lie on the interaction surface, while the additional desired force vector determines
interaction behaviour.

We define a contact task confidence factor λ, representing confidence that the reference force can exist
at the target location without deviating too far from the planned trajectory. This confidence is a function
of the perceived surface distance dt and the end effector position error et projected in the direction of
desired force. We compute the projected end effector error, et,f∗ , as

et = WpE − Wp∗E ∈ R3 (5.12)

et,f∗ =
et · W f∗
||W f∗|| . (5.13)
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The confidence factor is smoothly transitioned with a first-order filter with coefficient cλ to avoid step
inputs at the start or end of a non-zero desired force. We arrive at the computation of the confidence
factor λk which represents λ at time step k.

λd =


1, if dt ≤ dmin

0.5(1 + cos(
dt−dmin
dmax−dmin

π)), if dmin < dt ≤ dmax

0, otherwise

(5.14)

λe =


1, if et,f∗ ≤ emin

0.5(1 + cos(
et,f∗−emin
emax−emin

π)), if emin < et,f∗ ≤ emax

0, otherwise

(5.15)

λk =

{
cλλdλe + (1− cλ)λk−1, if ||f∗||> 0

0, otherwise
(5.16)

Figure 5.13: Confidence factor λ as a function of wall distance dE , and projected tool error eE,f∗ . The solid area
indicates the proportion of force control used.

The behaviour of the combined force and impedance control is shown in Fig. 5.13. In the nominal
case, the planner commands a path in free flight which the controller is able to achieve, and a desired
force is commanded only when the sensed distance dt and projected tool error et,f∗ are small. In
the case where the set point is behind the wall, the controller uses compliant impedance control in the
direction of the end effector to perform its task as well as possible. When a force is then commanded, λ
is 1 and force control is fully active. When the set point is in front of the wall between dmin and dmax,
there is a transition phase where λ is between 1 and 0, a compromise between trying to achieve force
control and maintain trajectory tracking. In the case where the wall is not sensed within dmax, λ is 0
and no force control is attempted.

A selection matrix, Λ ∈ R3×3, orients the confidence factor λ from Eq. (5.16) in the direction of
desired force Bf∗ using the rotationRf∗ez , and is constructed as follows:
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Figure 5.14: Hybrid force-impedance control detail, with impedance control varying apparent mass along the eEz axis
as a function of the sensed distance dt. Direct force control is added selectively as a function of dt and the end effector
error et.

Λ = Rf∗ez

0 0 0
0 0 0
0 0 λ

 , R>f∗ez ∈ R3×3 (5.17)

Λ̃ = blockdiag{Λ,03×3} ∈ R6×6 (5.18)

The selection matrix is extended to 6 DoF as Λ̃ ∈ R6×6 by padding with zeros since we have a
point end effector, but this could be extended in the future to include interaction torques. In the present
implementation, the matrix positively selects direct force control commands, producing an actuation
wrench component associated with direct force control:

wdir =

[
Λfdir
03×1

]
∈ R6. (5.19)

Using M̃v from Eq. (5.9) we compute the variable axis-selective impedance control command in the
absence of dynamic terms as

wimp = (16 − Λ̃)(R>M̃−1
v R− 16)ŵext − D̃veν − K̃vex, (5.20)

where the selection matrix counterpart (16 − Λ̃) negatively selects the component of the momentum-
based wrench estimate in the direction of desired interaction.

The two control components are then combined and compensated for nonlinear dynamic effects and
gravity. Since the system CoM is offset from the system’s geometric center due to an extended end
effector, we use a feed forward term to compensate for the resulting torque. The final resulting wrench
command is shown as a block diagram in Fig. 5.14, and computed as follows:

w∗cmd = wdir +wimp +Cν + g (5.21)

w =

[
03×1

Bp × τcmd

]
(5.22)

wcmd = w∗cmd +w . (5.23)

The resulting actuation command from Eq. (5.23) is then sent to an actuator allocation module as
described in Section 5.1.3 to assign corresponding commands to the systems actuators.
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5.3 Macro-Micro Control for Redundant Aerial Manipulators

In this section we describe the control of a parallel manipulator mounted to an omnidirectional flying
base in a decoupled control scheme, integrating the dynamic reaction forces of the manipulator as a
feed forward term in the base controller. Our aim with this controller is to make use of the macro-
micro model for dynamic end effector trajectory tracking with high precision, despite positioning errors
and disturbances applied to the flying base. Interaction forces at the end effector can be incorporated
by extending this formulation, but remains a topic of future work. We consider the case in which the
reference trajectories for the end effector position, WpE∗(t), and the flying base position and attitude,
Wp∗B(t) and R∗WB(t) are provided by a planning module. We recall that, because of the delta’s 3
translational DoFs, the attitude of the end effector and of the flying base are the same.

Under these conditions, we aim to achieve the following decoupled control goals:

• Manipulator action minimizes the end effector position error given the current base pose.

• Flying base action minimizes its own position and attitude errors.

Given the two control objectives, and employing the dynamic model of the system from Section 4.4,
we implement a standard inverse dynamic plus linear control action. This also allows for proper com-
pensation of the dynamic coupling effects between the flying base and robot arm.

Due to weight limitations, robotic arms for aerial manipulators are normally realized with servomotors
which take position or velocity control inputs, instead of direct joint torque commands. The flying base,
however, can directly control an aerodynamic actuation wrench. The following presents how we handle
the control between the manipulator and the flying base, exploiting the manipulator’s dynamic model to
compensate dynamic coupling effects.

5.3.1 Delta Manipulator Control
We briefly describe inverse kinematic control approaches for position and velocity controlled servomotor
joints, as seen in state-of-the-art parallel manipulators.

Position Control

If the arm joints are controlled in position, the servomotors internally run a PID controller to track a
desired position reference input q∗m. Given the current base pose, WpB and RWB , and desired end
effector position WpE

∗, we can compute the joint references by inverting the kinematic relation from
Eq. (4.3):

q∗m = h−1
E ( WpB ,RWB ,

WpE
∗). (5.1)

Velocity Control

If the arm joints are controlled in velocity, the servomotors internally run a PI controller, tracking a
desired velocity reference input q̇∗m. Given the current base pose, ( WpB ,RWB), base velocities,
( W vB ,ωB), and desired end effector position and velocity ( WpE

∗, W vE
∗), we can compute the

joint velocity references by proportional controller plus a feed-forward term in an outer loop to the
servomotor PI controller by using the manipulator Jacobian, JD as:

q̇∗m = JD(qm)−1 W vEB
∗ +KD

P (q∗m − qm), (5.2)

where KD
P ∈ R3×3 is a positive definite gain matrix. The desired end effector linear velocity with

respect to the current FB is computed as

W vEB
∗ = W vE

∗ − JPB(qm) W vB − JRB(qm)ωB , (5.3)
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and q∗m is computed as in Eq. (5.1).
In ideal conditions, velocity control is the preferred option due to the presence of a feed forward

term. In our real implementation, the selected servomotors have limited read/write frequency which
subsequently limits the frequency of the outer controller Eq. (5.2). The maximum value ofKD

P must also
be lowered, resulting in reduced tracking performance. Since the frequency of the outer loop controller is
much slower than the internal servo controller, we achieve better performance in practice with a position
control implementation, relying on the high rate internal position controller of the servo.

Workspace Projection

The real manipulator is subject to physical constraints, and requires avoiding singular configurations
mentioned in Section 4.4.1. We handle infeasible commanded positions in the inverse kinematic position
control formulation by first projecting target points onto the known feasible manipulator workspace.

q  = 0i

q  = qi max

q  = qi min

θ buffer

(a) Workspace visualisation of a single kinematic chain i
offset by the end effector plate radius.

(b) Projection of randomly selected infeasible points onto
the singularity-free feasible workspace in FD .

Figure 5.15: Delta manipulator workspace diagrams.

Fig. 5.15a shows the limitations for an individual chain of the parallel structure, offset by the end
effector plate radius such that the end of the distal link corresponds with the end effector point. For joint
position q with a horizontal zero reference, the minimum and maximum positions qmin and qmax are
due to interference with the mounting base hardware. Rotation of the distal link relative to the proximal
link is limited by physical intersection with the distal link and limits of the parallelogram joints. Due to
a serial chain singularity that occurs when the two links align relative to the actuated axis, the distal link
is constrained to maintain a buffer angle θbuffer from the singularity, preventing elbow inversion. The
workspace of a single chain is the area covered by the near-hemispherical surface swept from qmin to
qmax. The complete end effector workspace is the intersection of these three volumes when patterned
around the eDz axis.

Since reference positions may shift outside of the delta workspace due to disturbance of the floating
base, we identify infeasible points and project them back onto the feasible space. The delta workspace
expressed in FD can be represented by 3 spherical shells corresponding to qmax as the outer bounds,
centered at pei(qmax), and those corresponding to qmin as the inner bounds, pei(qmin). Upper and
lower bounding spheres have radii lD− ε and lD+ ε respectively, where ε is a small buffer to ensure the
projected point lies within the workspace. We further know zmin, the minimum feasible z coordinate in
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FD . For any point candidates for end effector position p∗E = [x∗, y∗, z∗]>, we perform the following
projection steps:

1. Project to min height if below: z∗ = max(zmin, z
∗),

2. Determine region i of workspace in the z-plane.
3. If ||p∗E − pei(qmax)||> lD − ε, project to outer sphere.
4. If ||p∗E − pei(qmin)||< lD + ε, project to inner sphere.

Fig. 5.15b visualizes 100 random points, where kinematic violations are projected back onto the
workspace, bounded by the intersecting surfaces. In the case of velocity control, the target velocity is set
to zero if the point is invalid before projection.

5.3.2 Feed Forward Dynamics
Based on the dynamic model of the floating base parallel manipulator derived in Section 4.4.3, we con-
struct a base wrench control formulation to compensate reaction forces from a fast-moving manipulator.

From the projected Newton-Euler dynamic formulation, we stop at Eq. (4.10). The system dynamics
of the base wrench in its own frame are then written as

M(qb)ν̇B +C(qb,νB)νB + g(qb) + Bw∆ = Bwact + Bwext, (5.4)

where FPai is the frame corresponding to the ith joint frame for i ∈ {1 . . . 3} actuated joints.

Figure 5.16: Block diagram for end effector control of a redundant aerial manipulator, where dynamic reaction forces
from the manipulator are compensated in as independent base controller with a feed forward term.

The final wrench control command is generated by combining Eq. (5.4) with a single body base
wrench controller such as the PID free-flight control formulation in Eq. (5.13), assuming external forces
are small enough to be treated as disturbances.

Bw∗act = M(qb)
B ν̇PID +C(qb,νB)νB + g(qb) + Bw∆ (5.5)

The control wrench generated in Eq. (5.5) is then fed through a direct actuator allocation module to
generate tilt-rotor actuator inputs. The block diagram of the control wrench implementation in Eq. (5.5)
and its connecting modules are shown in Fig. 5.16.

We note that while manipulator dynamics compensation only receives feedback in qm and q̇m from
the system, although q̈m is also required for the dynamic computation. In practice we generate the ac-
celeration terms by differentiating the joint velocities and applying a first order filter to remove noise.
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Delay from the filter adds some error to the estimated reaction force, which grows with more dynamic
end effector movement. We also note the implicit assumption that the base controller can immedi-
ately compensate high frequency reaction forces from the manipulator, which in the case of our current
tilt-rotor actuator allocation methods is not necessarily met. The consequences of this semi-coupled
controller implementation will become clear in experiments in Section 7.4, and motivate the need for a
whole body controller of the complete tilt-rotor and manipulator system.
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Chapter 6

Prototype Design

Have no fear of perfection - you’ll never reach
it.

Salvador Dali

In this chapter we bridge the gap between generalized modelling and control frameworks and the
realized hardware prototype system on which these methods are implemented. Section 6.1 includes
the detailed mechanical design of the omnidirectional tilt-rotor system, Section 6.2 discusses electrical
connectivity for power and communication, and Section 6.3 presents final prototype systems that are
used for flight experiments.

6.1 Mechanical Design

The mechanical design of a multi-rotor system is an iterative process. Starting with an initial estimate of
the total system mass, we select rotor and propeller combinations that satisfy our design requirements.
Tilt-able rotor groups are considered in terms of their inertial properties, and appropriate tilt-arm actua-
tors are selected. Power requirements and desired flight time influence the choice of battery, which is a
large part of the overall system mass. Adding the new component masses to the fixed core components,
structural estimation and required payload, we arrive at a new system mass, and the iterative process
begins again. Figure 6.1 gives an example of this design iteration process.

Figure 6.1: Example design iteration problem for tilt-rotor component selection.
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motor propeller single double
KDE 2315XF 885Kv 9x3in × ×
KDE 3510XF 475Kv 12.5x4.3in × ×
KDE 3510XF 475Kv 15.5x5.3in × -

Table 6.1: Motor and propeller combinations for theoretical evaluation.

The scope of mechanical design covers the selection of essential system components and their me-
chanical integration:

• Rotor groups (6.1.1).
• Tilting mechanics (6.1.2).
• The system core (6.1.3).

In order to interact with the environment, we require a manipulator arm that is capable of transmitting
the actuation forces and torques to an end effector point that is a safe distance away from the system’s
spinning rotors. The following subsections develop designs for two manipulator strategies:

• Fixed manipulator with various end effectors (6.1.4).
• Delta parallel manipulator for macro-micro manipulation (6.1.5).

6.1.1 Rotor Groups
Rotor groups consisting of a brushless direct current (BLDC) motor, a propeller, and an ESC provide
aerodynamic forces to control the vehicle. The net thrust requirement of the system combined with its
selected morphology drive the individual rotor thrust requirement. The components are then selected to
achieve complementary performance in the desired thrust range.

We start with the flat hexacopter tilt-rotor morphology selected in Section 4.2.3, and a total system
mass of 5 kg. We then calculate the required rotor thrust for sufficiently dynamic flight in the mor-
phology’s least efficient rotor configuration (e.g. eBy = eWz ). For highly dynamic flight, we choose
that the system can accelerate at |g| in all directions, corresponding with a net rotor force that sup-
ports 2m|g|= 10kg. Based on the system morphology, we are interested in evaluating rotor-propeller
performance in the following cases:

• Hover on axis eBz → 6 rotor groups at 0.83 kg each.

• Hover on axis eBy → 4 rotor groups at 1.25 kg each.

• Maximum acceleration on axis eBy → 4 rotor groups at 2.5 kg each.

Single vs. Double Rotor Groups

As discussed in Section 4.1.2, double rotor groups suffer from efficiency loss due to air flow interaction
between co-axial rotors, but have the advantage of decreasing the overall system size. For the desired
thrust values determined above, we evaluate the effect of choosing a single or double rotor group for
different propeller sizes on the estimated current draw and overall system diameter.

Figure 6.2 compares throttle, net thrust and current draw characteristics for rotor-propeller combina-
tions listed in Table 6.1. Dotted lines correspond to the thrust values that interest us for efficient hover,
worst case hover, and highly dynamic flight. All data are for the case of a 6S LiPo battery (22.2 V nom-
inal). Throttle values in percentage correspond to PWM commands in the range [0, 1] that are sent to the
rotors’ ESCs. Presented net thrust values in [kg] represent the thrust presented from the manufacturer
minus the mass of the rotor group, which is multiplied by 1.6 for double rotor data points to incorporate
a 20 % efficiency loss. Current values for double rotor groups are simply doubled. Based on empirical

96



6.1 Mechanical Design

40 60 80 100
throttle [%]

0.0

0.5

1.0

1.5

2.0

2.5

3.0

3.5

ne
t t

hr
us

t [
kg

]

(a) Net thrust per throttle percentage.

0 1 2 3
net thrust [kg]

0

10

20

30

40

cu
rre

nt
 [A

] motor
kv885 9" prop
kv885 9" prop (dbl)
kv475 12.5" prop
kv475 12.5" prop (dbl)
kv475 15.5" prop

(b) Current draw per net thrust.

Figure 6.2: Properties of a single rotor group for two different motors from specifications available at [64], with 6S
LiPo battery and propeller combinations as listed in Table 6.1.

data, to remain in a thrust region with a good linear approximation, the maximum output of the rotors is
limited to ≈80 %, which we choose for a maximum value.

Observing the relation between net thrust and percent throttle in Fig. 6.2a, the two smaller propeller
single groups do not provide sufficient thrust in the highly dynamic case. Between the remaining groups,
the 9in co-axial propeller is the only candidate that can provide the required thrust at 80 % throttle after
subtraction of the motor mass, though the 12.5in co-axial and 15.5in single come close enough to remain
in consideration. We then consider the current draw of these groups in Fig. 6.2b, where the 9in co-axial
group now shows the worst performance, demanding 45 A, 60 A and 120 A for the flight cases described
above.

Figure 6.3: A top view of the hexacopter geometry showing two opposing rotor groups and the system core. The
overall system diameter varies with changing propeller diameter.

An increased propeller size results in a larger increased geometry than the difference in propeller
diameters, as seen in Fig. 6.3. Assuming a core diameter of 20 cm, and a required aerodynamic buffer
zone from the core and neighbouring propellers, the overall system geometry increases substantially with
increasing rotor diameter.

Based on the satisfactory thrust performance despite high current draw, and our desire to keep the
overall system size small for indoor testing, we choose to use the smallest (9 in) propeller diameter
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and corresponding motor listed above in a counter-rotating co-axial configuration. We choose counter-
rotating propellers such that drag torques cancel in the nominal case, and can in theory be controlled by
varying the relative inputs to the rotors. This configuration also minimizes the gyroscopic moment on
the tilting mechanism, allowing the use of a smaller actuator.

Propeller Pitch

We assume according to our propeller model defined in Section 4.1.2 that rotor drag torques will be
proportional to the thrust force. The propeller pitch is the major factor influencing the drag coefficient,
and can be selected from a variety of standard pitch values. The drag coefficient has an influence on
both flight efficiency and performance, since higher drag requires more power from the motor, but also
provides a higher control authority with its torque. For double rotor groups that we model as a single
pure thrust generator, drag torques do not provide additional control authority. Higher pitch propellers
still provide more aggressive flight, and are favoured under our assumption that rotor forces can be
instantaneously achieved.

Rotor Speed Control

Each BLDC motor receives 3-phase power from an ESC, which determines the rotor speed. In our imple-
mentation of double rotor groups, the chosen ESC is the T-motor F45A which takes feed-forward PWM
commands as input, and has a 45 A current capacity to accommodate the expected thrust transients. This
choice is largely due to market availability, meaning an extensive product range and multiple suppliers,
as well as a relatively low price.

Improvements on the standard PWM communication model have been available in the hobby commu-
nity for some time. The OneShot protocol divides pulse widths by a factor of 8, significantly increasing
the speed of communication from the controlling computer to the ESC. A more recent improvement
is the DShot digital communication protocol, allowing fast transmission of high resolution digital com-
mands, without the need for ESC throttle range calibration. While the advantages of these protocols are
desirable, the ESCs produced for this purpose are designed for a quadcopter, and the integration and
cabling of these systems for a 12 rotor system is complex and daunting.

A recent introduction to the ESC market for MAV parts is the velocity ESC. Closing the loop on
angular velocity at a high internal rate using rotor velocity feedback, these ESCs accept direct veloc-
ity commands, removing the need for PWM to rotor speed mapping and compensation for changes in
supply voltage. Furthermore, these systems are controlled with a controller area network (CAN) in-
terface, simplifying the system integration with a single bus connection for all ESCs and providing
real-time telemetry data of motor speed, current, voltage, and temperature to the controlling computer.
This additional feedback allows for health monitoring of the system. Since they are rather new to the
hobby market, the product range, price and availability are the disadvantages that have prevented us from
choosing this solution thus far.

Mechanical Integration

Integrating a double rotor group into the design requires rigidly mounting these components the system
at the desired spacing of approximately 0.3 times the propeller diameter (≈7 cm spacing for a 9 inch
propeller), to reduce efficiency loss caused by interfering airflows.

Each motor is rigidly mounted to a small carbon fiber plate, offset with aluminium spacers. These
plates are then attached to 16 mm carbon fiber arm tubes with two aluminium clamps. Figure 6.4 shows
exploded computer aided design (CAD) models to illustrate the rotor group assembly in detail. Propeller
airflow generated by the rotors themselves act to cool the motors during flight. The resulting double rotor
group mass is 0.25 kg, and inertia about the tilting axis is 3.5× 10−4 kg m2. Note that these values
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Figure 6.4: Assembly of a double rotor group, where individual rotors are attached to a small carbon fiber plate with
aluminium spacers (left), then rotor groups are clamped together on a carbon fiber supporting arm tube.

also include the rotating support arm and adapter described in Section 6.1.2. Damped mounting may
be considered in the future to reduce high frequency vibrations at the system core. Damper integration
usually results in increased weight, and must be carefully designed to eliminate only high frequency
vibrations.

6.1.2 Tilt-Rotor Mechanics

The integration of a tilting mechanism can theoretically occur at any point along the eRix axis (rotational
axis for the ith rotor group), which is collinear with the supporting arm. The mechanism consists of a
tilting motor and transmission mechanics such as bearings and clutches. We consider implementing this
mechanism at the rotor group location (as done in [55]) and at the system base.

The motor mass and transmission mechanics are non-negligible in weight, and integrating them at the
rotor groups increases the overall system inertia, which subsequently reduces flight agility. In addition,
with a prototype destined for research on novel controllers, we want the system to tolerate crashes to
some extent, and to be easily repairable if these crashes are catastrophic. For these reasons, integrating
the tilt-rotor mechanism at the base is s good solution to reduce overall system inertia, and keep most of
the mechanics in a protected base core.

Figure 6.5: Integration of the carbon fiber rotor group support arm in the tilting mechanism, with a designed break
point at the clamping edge of the carbon tube.
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Direct Transmission Offset Transmission
+ minimal backlash − backlash in gearing
+ simple design − higher complexity and weight
+ trivial arm replacement − arm swap with cable routing
− cable wind-up one rotation + cable wind-up 5 rotations
− large external service loops + cables routed internally

Table 6.2: Design trade-offs for direct and offset tilt mechanism implementations.

For serviceability, the output of the tilt mechanism interfaces to a carbon support tube of 16 mm
outer diameter and 0.5 mm. An internal aluminium sleeve prevents crushing of the tube when clamped
into the transmission adapter, and the connection assembly is shown in Fig. 6.5. Since rotor groups are
clamped to the outside of the tube, in the event of a crash these can be easily remounted to a new support
tube.

When choosing a motor for the tilting mechanism, we narrow down a wide range of options by requir-
ing that the motor

• takes commands and provides absolute feedback in position and velocity,
• has integrated motor control with no additional hardware requirements,
• has sufficient torque and speed specifications, and
• is relatively low in cost.

Smart servomotors almost exclusively fulfil these requirements, and as such we select our tilting ac-
tuators from this category. In an effort to maintain low weight with sufficient performance criteria, we
select the XL430-W250 model which at a nominal 12 V supply has a no load speed and current of
6.38 rad s−1 and 0.15 A respectively, and stall torque and current of 1.5 N m and 1.4 A respectively.
In the worst case, the current draw for 6 motors is 8.4 A, but in nominal flight we expect it to be insignif-
icant compared to the draw from rotor groups.

Tilt-Rotor Transmission and Cabling

Our complete tilting mechanism must be compact for integration into the system base with other re-
quired components, and cables that connect to the tilting rotor groups must be managed to allow for tilt
movement without interfering with propellers. We choose to integrate ESCs at the base, such that small
signal cables are protected within the system core, and 3 phase power for the BLDC motors run along
the support arm. We develop two designs for implementation in the prototypes, which sit at two points
on the design trade-off of complexity, cable management, and ease of repair. A summary of their relative
advantages and drawbacks is shown in Table 6.2.

The direct transmission design shown in Fig. 6.6 consists of a main aluminium shaft that transmits
rotary motion from the servo-motor to the rotor group support arm. Rotary motion is facilitated by two
steel ball bearings in custom aluminium housings which connect to the surrounding core structure. For
both direct and offset implementations, we protect the servomotor from shock damage with a spider
clutch, where a compliant ‘spider’ securely fit between adapters on the motor and output shaft transmits
rotary motion with minimal backlash. This construction is clearly visible in Fig. 6.6a.

The offset transmission design shown in Fig. 6.7 consists of dual aluminium shafts for the motor
input and tilt-arm output. These interface with nylon 1:1 gears, each glued on to their respective shaft
with complementary grooves to prevent rotation. Gear alignment and rotary motion is provided by
two bearings on each shaft which are aligned with an integrated bearing housing that connects to the
surrounding core structure. Both direct and offset constructions make use of the servomotor’s large
surface area and attachment points to act as additional structural support for the system core.
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(a) Exploded component diagram of direct tilt-rotor transmission.

(b) A section-view drawing indicates major direct transmission components. The cable routing path is indi-
cated, passing outside the transmission the rotor groups. As a result, the cables wind around the supporting
arm as it turns.

Figure 6.6: Direct tilt-rotor transmission.
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(a) Exploded component diagram of offset tilt-rotor geared transmission.

(b) A section-view drawing indicates major offset transmission components. The geared construction cre-
ates an offset between the motor and output shafts, allowing cables to pass through the support arm tube to
the rotors as indicated. As a result, cables twist within the arm as it turns, allowing multiple rotations and
shorter overall cable length than the direct transmission in Fig. 6.6.

Figure 6.7: Offset tilt-rotor geared transmission.
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Infinite Tilting

As a preliminary work, we have further explored a tilt mechanism design that allows for infinite tilting
of the joint, freeing the system from constraints due to cable wind-up. While off-the-shelf slip rings
capable on handling expected rotor currents are much too heavy for installation on an aerial platform of
our size, this new concept involves the use of rotary brass bearing surfaces as light-weight slip rings for
power transmission.

Figure 6.8: A CAD model of an infinitely tilt-able rotor unit with a power-transmitting bearing. Positive and negative
power are transmitted via independent brass bushings to ESCs inside a carbon fiber support arm.

Implementing a slip-ring directly on the three phase power cables that control the BLDC motors in-
troduces voltage losses and resulting model error for rotor thrust control, and for a double rotor group
would require 6 contacts. Instead we choose to transmit the positive and negative battery contacts, plac-
ing the ESCs inside the tilting arm, as modelled in Fig. 6.8. Two rings works nicely for the mechanical
function and secondary use of the slip-rings as load supporting bearings.

This set-up leaves us with signal cables that must transmit commands from the controller in the core
to the tilting ESCs. Since these signals use low current, an off-the-shelf slip ring is well sized for this
problem, and is integrated at the base of the tilting arm. Since cables still run through the arm axis, we
can use a geared tilt-motor to allow cables to run through, or as in this prototype, select a hollow shaft
motor for minimal complexity. Currently available hollow shaft motors are significantly heavier than
servomotors for the same performance, but will be an elegant solution if technology improves in this
direction.

Figure 6.9: Physical prototype of the complete double tilt-rotor assembly (left) and a close-up of the power transmitting
bearings, isolated from the surrounding structure by nylon stand-offs.

A physical prototype shown in Fig. 6.9 was constructed as a proof of concept, and preliminary thrust
test results in Fig. 6.10 demonstrate the feasibility of combined rotary motion and power transmission.
Electrical resistance across the power-transmitting bushing was calculated during bench tests for differ-

103



6 Prototype Design

Figure 6.10: Thrust bench test results of an infinitely tilt-able double rotor unit.

ent grease and pre-load conditions, resulting in a resistance as low as 0.2 mΩ under pre-load with silver
conductive grease.

As this technology is at an early stage of development, extensive long term testing should be performed
before implementation on a flying robot. This concept also presents danger of transmitting electricity
through exposed electrical contacts while flying near humans, or in cash of a crash. Further design work
should develop a protective cover around the electrical surfaces, and electronic protection of the battery
should be implemented to prevent a short circuit.

6.1.3 System Core
The core of the flying system contains the hardware, electronics, and power required for autonomous
flight, contained within a compact structural casing. Here we consider the purpose of their integration
and the overall core mechanical assembly.

Computation

Our system works with two stages of computation. An onboard computer (Intel NUCi7) handles auton-
omy, including planning, state estimation, and high level control, and communicates with a base station
to receive operator input and motion capture odometry estimates. Its high processing capacity also makes
it suitable for image processing required for interpreting point clouds of local surfaces and implementing
state estimation with visual-inertial odometry (VIO).

A flight micro-controller (Pixhawk mRo/4) handles low level flight control, and implements safety
features via a direct radio connection to an operator’s Radio Control (RC). The hardware offers ports
sufficient to control 12 rotors and 6 chained servomotors, but with limited processing power and memory,
it is only suitable to run controllers with low processing requirements.

Power

The onboard power requirement is dominated by the rotors which work constantly against gravitational
forces to maintain hover. Although we would ideally have batteries with the maximum possible capacity,
their significant weight drives a trade-off, and largely influences the design iteration process. We use
‘6S1P’ (6× 3.7 V cells connected in series) LiPo batteries, for high power density, with high enough
voltage to maintain reasonable current values throughout the system. Based on our selection of double
rotor groups, we estimate an average power draw of 45 A and 60 A at hover in the most and least efficient
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configurations respectively.
For a 7000 mA h battery at 22.2 V and 25C maximum discharge rate (175 A), current draw in hover

results in 7 to 9.3 minutes of flight time for a system with full payload.
In earlier prototypes, two 3800 mA h batteries are installed and connected in parallel. The two bat-

teries can be space apart the system to make room for additional components at the center in a compact
arrangement. Though this solution works in flight, mismatched age and condition of the two batter-
ies can significantly reduce overall flight time, as well as battery heath. For later prototypes, a single
7000 mA h battery is installed, which greatly simplifies battery management. Assuming that most of
the task time is spent transporting the system to and from the operation site, the flight time is sufficient
for demonstrations and preliminary research investigations. For long-term inspection tasks, a tethered
power cable is an ideal, solution, transmitting the required power to the system at high voltage, which is
converted at the base with an on-board transformer. While the transformer may have similar weight to a
battery, flight time is not restricted. This solution is particularly suitable for tasks such as NDT concrete
inspection, since tethering also required for sensor signal and water cables.

Sensors

Additional sensors are installed in the core assembly to enable system autonomy. A high quality inertial
measurement unit (IMU) (ADIS 16448) is synchronized with a small camera with high dynamic range
using a VersaVIS board [126] for VIO in a Rovio framework [10]. A Pico Monstar TOF camera is
mounted to the core structure facing the direction of desired interaction, to provide local surface infor-
mation for planning and for distance measurements used for hybrid force-impedance control.

Core Assembly

The above mentioned components are integrated into a compact core structure. Two carbon fiber base
plates sandwich the six tilt-rotor groups, connecting to bearing housings and servomotors for a strong
and base that approximates a rigid body. Direct and offset tilt mechanisms take up different volumes
inside the core, and result in slightly different component arrangements.

Here we describe a compact arrangement for offset tilt mechanisms, with exploded component dia-
grams shown in Fig. 6.11. The main computer mounts to the lower base plate with nylon stand-offs.
Landing gear is also connected here, consisting of nylon adapters for 10 mm carbon fiber tubes, and
foam hemispheres to absorb impact. The Pixhawk microcontroller and IMU are mounted on a damped
plate which is suspended form the top plate on nylon stand-offs. The IMU position is located at the
geometric center of the platform to reduce the need for offset calibration. Dampers reduce the effect of
high frequency propeller vibrations on ADIS and Pixhawk internal IMU readings. The power board is
mounted directly on the upper plate, minimizing distance to the batteries. For the dual battery imple-
mentation, these are located on either side of the power board with approximately symmetric inertia on
this plane, while the single battery solution places it directly over the power board. A protective cover
on the system mounts to adapters on the top plate, such that it can be removed without affecting the rest
of the system. A similar cover can be attached below the system to protect the computer and provide
mounting points for sensors.

6.1.4 Fixed Manipulator
The simplest solution for transmission of forces from the base to an end effector point is a static manip-
ulator arm that is rigidly mounted to the base.

Primary design requirements for this arm include high stiffness, and length sufficient to distance the
interaction point from spinning propellers. Since no state feedback of the end effector point is available,
any flexibility of the arm will directly limit our ability to track the end effector point. Furthermore, the
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Figure 6.11: Exploded component diagrams of the core assembly with offset tilt mechanisms. Left: Lower base plate
with mounted computer and landing gear. Center: Upper base plate with suspended and damped flight controller
and IMU unit, power board flanked by dual batteries, and protective cage with sensor mounts connected via adapters.
Right: Single battery mounting configuration with clearance over the power board.

dynamics of a flexible arm could add error and compromise flight stability, since we do not consider
flexibility or vibrations in the system model. The secondary design requirement is to minimize total
weight. Since rotational inertia increases with the square of the distance of the added mass, weight of
the arm has a significant effect. The overall mass also affects the system’s endurance, reducing the flight
time for a given battery size.

An excellent material candidate for low weight and high stiffness is carbon fiber, and we choose a
strong tube structure for the manipulator arm. Custom 3D printed polyamide adapters form connections
with the base and end effector. Figure 6.12 shows two realizations of a fixed manipulator arm design.

Integrated Force Sensing

To enable direct force control, at the end effector point, we integrate a Rokubi 6-axis force-torque sensor
just before the end effector attachment. At 120 g, the sensor weight is small enough that stable flight
can be maintained. An alternate solution would be to place the sensor at the base of the interaction
arm. In this solution, however, lateral forces at the end effector create large torques on the sensor that
can saturate and skew linear force readings. In addition, the arm’s dynamics should be compensated to
extract only the contact forces, requiring an additional modelling step.

End Effectors

For aerial physical interaction experiments, we use a series of different end effectors, installed depending
on the task.

Figure 6.13 shows prototypes of the following four end effectors:

• Foam ball: for point interaction. High friction with surfaces for point force application.
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(a) Angled manipulator design. (b) Forward manipulator design.

Figure 6.12: Fixed manipulator designs.

Figure 6.13: End effectors, from left to right: foam ball, whiteboard marker, wheel, and CSE inspection sensor. All
except for the wheel are mounted on a force sensing adapter.

• Whiteboard marker: for aerial writing applications. Low friction between the marker and
whiteboard surface allow for push-and-slide contact tasks.

• Wheel: for rolling-in-contact along arbitrary surfaces with low friction in the wheel’s direction
of travel.

• CSE sensor for NDT point inspection of steel-reinforced concrete, requiring tethered signal and
water cables between the flying robot and a base station.

6.1.5 Delta Parallel Manipulator
Following the optimization of geometric parameters for a delta manipulator presented in Section 4.4.2,
we develop a complete mechanical design for the parallel structure. The manipulator prototype is de-
signed for high rigidity, minimal joint friction, and precise geometric realization.

The distal link parallelogram is constructed using 6 rotational ball bearing joints as shown in Fig. 6.14.
A first iteration of the structure used plastic spherical joints at each corner of the parallelogram (Fig. 6.14a).
The final design (Fig. 6.14b) uses single axis ball bearings, which significantly reduce joint friction, and
increase the angular joint range from 66° to 112° where components of the first iteration would deform
elastically at the joint limits. A wider parallelogram improves model fidelity at large lateral angles.The
distal links are hollow carbon rods, which are fixated with a length jig to reduce model error.

A detailed summary of components, along with their quantities and masses, is presented in Table 6.3,
and a drawing of the system and image of the final prototype are shown in Fig. 6.15. The complete
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(a) Two universal joints. (b) Three rotary bearing joints.

Figure 6.14: Mechanical design iterations of distal link parallelogram.

(a) Drawing with link descriptions. (b) Final prototype Manip∆.

Figure 6.15: Delta parallel manipulator final design.

manipulator assembly including the mounting base weighs 0.72 kg, of which only 0.28 kg is moving
relative to the base. Mounted on a 4.1 kg flying robot, the proportion of moving to total mass is less
than 6%, confirming the inertial advantage of the parallel manipulator over a serial design. Dynamixel
M430-W210 motors are selected for their sufficient torque capability and integrated position and velocity
feedback. Since this manipulator is not yet used for contact with the environment, a foam ball end
effector is installed for a better visual of the end-effector reference tracking.

6.2 Electronics

Complete integration requires connecting power and communication across the system. In this section
we summarize the power distribution and communication of the system at a high level.

6.2.1 Power Distribution
A LiPo battery (or battery pair) provides power to all components on board the system. Arriving at the
power distribution board at 22.2 V, voltage converters step the voltage level as required for different
components, as shown in Fig. 6.16.

The vast majority of battery power goes directly to 12 ESCs without transformation, each of which
provides 3 phase power to a BLDC motor. Transformation to 12 V is required for servomotors that
drive the tilt-rotor joints and the delta manipulator. Power is chained for each motor group, reducing the
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Component qty unit mass [kg] mass [kg]
Omni MAV 1 3.3 3.3
Battery 1 0.8 0.8
Delta base 1 0.143 0.143
Servo motor 3 0.1 0.3
Proximal link 3 0.039 0.117
Elbow/wrist 6 0.004 0.024
Distal link 6 0.018 0.108
Tool plate 1 0.023 0.023
Moving Total 0.272
System Total 4.82
Table 6.3: Delta manipulator system and component masses

overall required cabling. The flight controller requires 5 V and the onboard computer 18 V.

6.2.2 Communication
Critical core components for autonomous flight described in Section 6.1.3, are connected for communi-
cation as shown in Fig. 6.17.

The onboard computer receives motion capture (mocap) odometry estimates via Wi-Fi, and performs
state estimation, scheduling of pre-defined trajectories, and high level (actuation wrench) control. When
a delta manipulator is integrated, the controller also directly commands the delta servomotors over a
serial connection. The computer is also connected by a serial bus to the flight controller, which performs
lower level (actuator allocation) control. PWM commands are then sent directly to the 12 ESCs, and
position commands are sent to the 6 servomotors over a serial bus.

The Dynamixel servomotors are chained in power and communication, which greatly simplifies over-
all cabling, but if damage occurs at any point along the cable, many tilt motors can have unexpected
performance. We have addressed this issue with a star-configuration cable, ensuring that every motor
has two communication paths bask to the flight controller. Cabling of the ESCs is individual, resulting
in a difficult cable routing problem in the system’s interior. Moving to a chained ESC protocol such as
UAV-CAN would not only help cabling, but would also provide valuable feedback to the flight controller.

The Pixhawk flight controller also has an RC receiver which communicates over radio with an RC
remote, operated by a safety pilot. This communication element is critical in terms of safety, enabling
instantaneous shut-off of all actuators commanded by the flight controller. In case of unexpected flight,
the system can be stopped quickly regardless of the state of the computer.

Software Framework

Software on the on-board computer is written in C++ and python, and integrated in a Robot Operating
System (ROS) framework. Different nodes, such as a mocap receiving, state estimation, and wrench con-
trol, communicate using ROS topics. A designated node also handles conversion of control commands
to the flight controller, a Nutt-X based system with uORB communication topics.

6.3 Overview of Prototypes

Over the course of the doctoral studies summarized here, several prototype systems were developed and
tested, combining the mechanical and electrical design details discussed in this chapter.

Fig. 6.18 depicts the three main prototype iterations that are used for experimental evaluation of the
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Figure 6.16: Power distribution summary for essential flight components.

prototypes and controllers, including various integrated manipulators. The final prototypes are referred
to in Chapter 7 as follows:

• ProtoV 1 is the original tilt-rotor system prototype, distinct for its older Pixhawk mRo flight con-
troller and its use of direct tilt transmission mechanisms.

• ProtoV 2 is an upgraded system with offset tilt transmission for internal rotor cable routing, and
the newer Pixhawk 4 flight controller.

• Proto∆ is the same as ProtoV 2, now using a single 7000 mA h 6S LiPo battery instead of 2×
3800 mA h batteries, and a delta parallel manipulator.

• Manip∆ is the independent delta parallel manipulator as shown in Fig. 6.15b, connected to and
controlled by an external computer.

with main components for the tilt-rotor MAVs listed in Table 6.4.

component qty ProtoV 1 ProtoV 2 Proto∆

onboard computer 1 Intel NUC i7 ← ←
flight controller 1 Pixhawk mRo Pixhawk 4 Pixhawk 4
BLDC rotor 12 KDE 2315XF-885 ← ←
propeller 12 Gemfan 9x4.7 ← ←
ESC 12 T-motor F45A ← ←
tilt motor 6 Dynamixel XL430-W250 ← ←
tilt mechanism 6 direct offset offset
IMU 1 ADIS16448 ← ←
battery 1 2× 3800mAh 6S LiPo ← 7000mAh 6S LiPo

Table 6.4: Major system components, and differences between prototypes. Left arrow indicates component is the same
as for ProtoV 1.
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Figure 6.17: System communication connectivity summary for essential flight components.

General inertial properties for the tilt-rotor prototype without additional sensors is listed in Table 6.5.

(a) ProtoV 1. (b) ProtoV 2. (c) Proto∆.

Figure 6.18: Images of main prototypes with integrated fixed, force sensing and active manipulators.
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parameter value units
rotor groups 6
arm length, l 0.3 [m]
total mass 4.27 [kg]
inertia∗ {0.086, 0.088, 0.16} [kgm2]
diameter 0.83 [m]
fRi,max 11 [N]
cf 7.1e−6 [Ns2/rad2]
ωmax 1250 [rad/s]

Table 6.5: Main system parameters. ∗Primary components of inertia are obtained from CAD model.
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Chapter 7

Experimental Results

This is it. The moment we should have trained
for.

Futurama

In order to validate the modelling, control and design work presented in the previous chapters, and to
evaluate the tilt-rotor aerial robot as an effective omnidirectional aerial manipulation platform according
to our problem definition, we perform flight experiments that touch on many of these presented concepts.

Omnidirectional Flying Base
(Section 7.2)

• Omnidirectional trajectory tracking
• Robustness to singular configurations
• Unwinding of tilt-arm cables
• Flight efficiency evaluation

Aerial Physical Interaction
(Section 7.3)

• Evaluate external contact wrench estimate
• Disturbance rejection with axis-selective behaviour
• Direct interaction force control
• Push-and-slide interaction with a planar surface
• Validate system viability for NDT contact inspection
• Interaction with inclined and non-planar surfaces

Macro-Micro Manipulation
(Section 7.4)

• Validation of parallel manipulator dynamics
• Disturbance rejection with macro-micro system
• Evaluate performance for fast end effector tracking

Table 7.1: Objectives of experimental evaluation by category.

Our experiments are divided into the three major categories of free flight with an omnidirectional tilt-
rotor flying base, aerial interaction of the system with a rigidly mounted manipulator, and macro-micro
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end-effector tracking with a parallel manipulator mounted to the omnidirectional base. Major objectives
to be evaluated are listed in Table 7.1, and corresponding video material is listed in Table 7.2.

Experiments Section Video Link

Omnidirectional Flying Base 7.2
https://youtu.be/FcxVmAa3HYo [14]
https://youtu.be/FcxVmAa3HYo [5]

Aerial Physical Interaction 7.3
https://youtu.be/-RCQmaKvsL0 [15]
https://youtu.be/7Nvlki1xo-c [16]

Macro-Micro Manipulation 7.4 https://youtu.be/mAdFYjHcBrk [17]

Table 7.2: Video links for flight experiments.

Presentation of Results

Position and attitude errors throughout the section are taken from data collected over the complete du-
ration of the trajectory, and accumulated for all successful tests with a given set of parameters where
multiple trials have been performed. Since we are interested in exploiting the omnidirectional capabili-
ties of the system and thus track all 6 axes of a trajectory, errors are given separately in all axes where
applicable. The norm of the position errors is the Euclidean error, and the angle error for rotation is
computed as the norm of the rotation vector derived fromR∗WBR

>
WB , which is equivalent to the angle

from an axis-angle representation. Tables of error statistics present the mean, standard deviation and
RMSE for each value. We use the mean and standard deviation to compare position error norm and total
angle between trials, and the RMSE to compare error magnitudes by axis within a given trial.

Position in the plots is shown in meters, and discussed in the text in centimeters or millimeters for
more intuitive interpretation. Attitude is usually expressed in radians, except in certain cases where a
description in degrees better facilitates interpretation of the content. Both units of attitude are used to
express yaw-pitch-roll Euler angles of the system, and attitude error is presented as the difference from
set point values. Error values are evaluated in violin plots which represent the probability density func-
tion for the error data. An overlaid box plot shows the median, the upper and lower quartile. Probability
density functions are cut off at the extreme measured points.

7.1 Experimental Setup

To evaluate the proposed aerial systems and control strategies, our experimental setup consists of a test
environment and a prototype system (described in Section 6.3). We further discuss the state estimation
implementations and trajectory generation methods used throughout these experiments.

7.1.1 Test Environment

Several test environments have been used for experimental flights, both indoors and outdoors, with and
without external state estimation systems. Since experimental flights often involve testing new and
untuned controllers, additional considerations are essential for the safety of the operators, and to reduce
damage to the flying robot. The test environments referred to in the following experiments are shown in
Fig. 7.1 and are described in detail below.
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(a)

(b) (c)

Figure 7.1: Images of a) small flight arena (small arena), b) large flight arena (large arena), and c) stairwell archway
(archway) test environments.

Small Flight Arena

A small flight arena with an area of approximately 4 m×4 m and height of around 3 m is enclosed by
floor to ceiling safety netting on three sides. A wall on one side of the arena can be used for mounting a
whiteboard or other props for interaction. A Vicon motion tracking installation consists of eight cameras
positioned around the room. A safety tether line (aramid braided cord, 3 mm diameter) is routed through
carabiners on the ceiling to catch the system, preventing damage in case of system failure. A set of foam
mattresses are available to cover the floor to reduce damage to the system and the environment in the
event of a crash. The relatively small space results in non-negligible airflow circulation from propeller
down-wash, which has an effect on performance metrics that is difficult to quantify.

Large Flight Arena

A large flight arena in a room approximately 8 m×9 m and 4 m high. A Vicon motion tracking instal-
lation consists of 17 cameras positioned around the room. A safety tether is installed similarly to that of
the small flight arena, and a set of mattresses is available to cover the floor. Several scaffolding structures
are present to act as walls that can be arbitrarily positioned in the room. The large space generally has
less airflow disturbance than the small flight arena.

Stairwell Archway

In order to simulate an overhead non-planar infrastructure inspection scenario, we select the ceiling vault
of a staircase landing as a test environment. The maximum altitude of the arch surface is approximately
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4 m above the ground. No external state estimation or safety tether are available in this scenario, so state
estimation relies on VIO estimates.

7.1.2 State Estimation
All state estimation solutions used for flight experiments use a modular framework for multi-sensor
fusion (MSF) based extended Kalman filter (EKF)1 to combine observations of the system’s pose with
proprioceptive acceleration and angular velocity measurements from an on-board IMU. We consider
different sources of pose information for the state estimator including mocap, VIO and total station
theolodite (TST) estimates. An overview of the specific implementations is shown in Table 7.3.

State Estimator Abbrev. Characteristics

Fused mocap and IMU Vicon-MSF
+ High precision and accuracy
+ High rate pose estimates
− Large external infrastructure and calibration

Fused VIO and IMU VIO-MSF
+ Completely on-board state estimation
− Drift in position and yaw over time
− Lower rate pose estimates

Fused TST and IMU Leica-MSF
+ High precision and accuracy
− External setup and calibration required
− Line of sight to on-board marker

Table 7.3: State estimation methods used in experiments.

On board IMU sensor data are sampled at sampled at 250 Hz, and fed into the MSF state estimation
module. Several different pose estimation strategies can be fused in, each with its own benefits and
drawbacks.

Pose measurements from a mocap installation (in our case, a Vicon system) are theoretically capa-
ble of sub-millimeter precision and accuracy, which is sufficient to be considered ground truth data.
Most experiments will be performed with this state estimation system to evaluate the nominal controller
behaviour. The actual position and accuracy of the pose measurements are dependent on the system
calibration, and the quality and arrangement of small reflective spheres in an asymmetric constellation
that is mounted on the robot. Depending on the experiment, some of the markers may be occluded from
the external cameras’ line of sight, which can degrade the tracking performance. In real flight experi-
ments of new controllers, periodic crashes can cause a slight change in marker position, affecting future
state estimation performance. The major disadvantage of external camera motion tracking systems is the
large external infrastructure required, and its calibration. Since line of sight is essential, experiments are
limited to open spaces with a minimum of objects that may cause occlusion. For our experiments, this
pose data is streamed at 100 Hz.

Where an external camera set-up is prohibitively difficult to install, pose sensing can be achieved
with purely on-board sensing using VIO. The visual-inertial (VI) sensors used in our implementation
contain a dedicated IMU and camera which are triggered simultaneously to collect time-aligned inertia
and visual data. We use the Rovio2 [10] framework to generate odometry estimates, which are computed
at 20 to 40 Hz, and fed into the MSF state estimator. While the use of VIO relieves the need for external
infrastructure and line of sight, its drawbacks include lower frequency pose estimates and gradual drift
in position and yaw due to lack of an absolute reference. The algorithm further relies on a stationary
environment for visual landmark tracking, and can diverge in rare cases when features are repetitive or
cannot be reliably found.

1State estimation source code is available at https://github.com/ethz-asl/ethzasl_msf
2Rovio source code is available at https://github.com/ethz-asl/rovio

116

https://github.com/ethz-asl/ethzasl_msf
https://github.com/ethz-asl/rovio


7.1 Experimental Setup

Outdoor flight in open spaces can benefit from the integration of global navigation satellite sys-
tem (GNSS) position estimates, with dual sensors to also provide an estimate of the heading. With
high quality sensors, and the addition of a real-time kinematic positioning (RTK) ground station, these
measurements can be highly accurate at a high rate. In our intended scenario of infrastructure inspection
however, these methods suffer from multi-path effects that can cause pose estimates to jump in the areas
where we require the highest precision. A solution to this is the use of an external observation point
to provide a high precision location and eliminate position drift. A TST can provide this functionality
when a retro-reflective marker is placed on the flying robot (in our case a prism for directional indiffer-
ence), and an observation point is carefully chosen to ensure that line of sight is never occluded. This
setup provides a high-rate and highly precise position estimate, but requires calibration, and line of sight
tracking may not be recoverable if interrupted at any point in the operation.

Further state estimation options that would aid performance in realistic scenarios are localization
within a map or simultaneous localization and mapping (SLAM), depending on our knowledge of the
environment. Local planning based on sensor information is another solution, as long as a task can be
interpreted in a local frame, such as the use of a TOF camera that estimates distance and orientation with
respect to the contact surface.

7.1.3 Trajectory Generation
Trajectory planning is a critical element that influences the performance of an autonomous aerial system,
and although relevant planning methods are not within the scope of this thesis, their implementation
for experiments is briefly discussed in this section. Trajectories used in known environments in this
work are computed based on smooth minimum-snap polynomial functions [93], with adaptations for
6D trajectories. No feasibility guarantees are considered, instead the trajectories are carefully designed
to avoid collision, respect dynamic limitations of the platform, and position the system appropriately
relative to a known structure for interaction.

Dynamically consistent trajectories are generated on the on-board computer from a series of pre-
defined waypoints and stopping conditions. These trajectories are discretized at the control rate into
an array of trajectory points. The controller iterates through the points sequentially. After trajectory
completion, the last point is held, and velocity and acceleration references are set to zero.

Local Path Planning

For many contact interaction scenarios, a reliable outdoor-compatible localization system such as GNSS
is not feasible, and a stationary reference such as a TST may lose line of sight. Without a global reference
when interacting with a known structure, or in the general case of interacting with a structure where the
geometry is unknown, a local surface observation is essential. In these situations, we use an onboard
TOF camera to detect the local surface’s distance and orientation, for semi-autonomous planning. A
visual description of the local path planning method is shown in Fig. 7.2.

The system is first maneuvered to a pose facing the desired interaction surface, and a target contact
point is chosen as the intersection between the eEz axis and the observed surface. A small area of the
surface around the target point must lie within the camera’s field of view, and the observed 3D points
within this area are used to compute the local surface normal and tangent plane. The contact set point
is then transformed from the camera to the end effector frame. If using a direct force controller, the
set-point remains exactly on the observed surface, and a supplementary force target is specified in the
direction of the surface. For interaction with an impedance controller, the target set point is placed a
small distance behind the estimated contact point to generate a prescribed contact force, with its distance
depending on the choice of impedance parameters. The target orientation of the MAV is chosen such
that the eEz axis aligns with the estimated surface normal. Rotation about the eEz -axis is constrained
by aligning the eBy axis parallel to the gravitational plane. The final axis fully defines the rotation as
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7 Experimental Results

Figure 7.2: Path planning on locally observed surface: pc is the contact point defined by the intersection of the eEz
axis and the observed surface, and nc is the estimated surface normal at the contact point. Ac is the set of 3D points
used to estimate the contact point location and normal. Dotted black lines indicate trajectories for approach and surface
traversal based on these waypoints.

eEx = eEy × eEz . A smooth trajectory is generated as previously described such that the end effector is
driven to the estimated target pose.

Once in contact, translation along the surface is achieved by moving the set point along the local
tangent plane in a pre-defined direction. Constant observation of the local surface is required to update
the tangent plane for a non-planar surface, or to correct drift if no global position observation is available.
The implementation used for experiments updates the surface estimate and locally generated trajectory
at a rate of 5 Hz.

Actuated Manipulator Trajectories

In experiments evaluating the macro-micro aerial system with a redundant parallel manipulator, separate
trajectories are generated for base and end effector motion, and supplied to their independent controllers.
For the case of free flight and motion within the base’s dynamic capabilities, a smooth 6 DoF trajectory
is first computed for the task-relevant frame, in this case the end effector:

TE = {WpE∗ (t),RWE∗ (t), W vE∗ (t), WωE∗ (t), W v̇E∗ (t), W ω̇E∗ (t)}
∀t ∈ [t0, tf ].

(7.1)

Given this trajectory, a corresponding smooth trajectory for the base is computed using a static trans-
form, TBĒ = { BpĒ ,RBĒ}, that relates the base frame, FB , to the nominal end effector pose, FĒ ,
as described in Section 4.4.2. This transformation places the target end effector position at the center of
its dynamic workspace, for the ability to compensate disturbances effectively in all directions.

In cases where fast end effector trajectories are desired which exceed the dynamic capabilities of the
base, the reachable workspace of the manipulator is positioned such that these fast motions are feasible.
Meanwhile, the base trajectory remains static or moves slowly to reposition the end effector workspace.

7.2 Omnidirectional Flying Base

The first series of experiments evaluates the model, control and design of the aerial platform as an
omnidirectional flying base. We evaluate the tilt-rotor prototype system ProtoV 1 in flight with a six
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7.2 Omnidirectional Flying Base

DoF inverse dynamic PID controller (described in Section 5.1.2), with basic and differential actuator
allocation (described in Sections 5.1.3 and 5.1.4). We perform the following series of experiments:

• Section 7.2.1 evaluates the tilt-rotor omnidirectional flying robot’s ability to track omnidirec-
tional trajectories with the baseline six DoF inverse dynamic PID controller. We evaluate the
system’s ability to perform isolated translational and rotational motion, as well as combined mo-
tion trajectories.

• Section 7.2.2 involves experiments that bring the system into singular configurations, and cases
where tilt-arm cable wind-up becomes a concern. We evaluate the controller’s ability to han-
dle these conditions with two different actuator allocation approaches. We further evaluate the
incorporation of winding awareness in the controller, to avoid a situation where an arbitrary om-
nidirectional trajectory causes the cables to wind up to the point where the rotation is blocked or
the system is damaged.

• Section 7.2.3 evaluates data taken from some of the previous experiments to compare the system’s
measured efficiency to its expected efficiency based on the system model. Efficiency loss due to
unwinding is presented for the case of differential actuator allocation.

experiment prototype controller test env. state est.
7.2.1 A
7.2.2 A ProtoV 1 PID-instantaneous large arena Vicon-MSF

7.2.1 B
7.2.2 B ProtoV 1 PID-differential large arena Vicon-MSF

Table 7.4: Experimental setup for omnidirectional flying base evaluation.

The experimental setup for this series of test flights is described in Table 7.4, where Sections 7.2.1
and 7.2.2 each evaluate system properties for ProtoV 1 with PID-instantaneous control (a combination
of PID wrench generation described in Section 5.1.2 and instantaneous allocation described in Sec-
tion 5.1.3) and with PID-differential control (a combination of PID wrench generation and differential
allocation described in Section 5.1.4). All experiments take place in the large flying arena with Vicon-
MSF state estimation. A safety tether is connected loosely to the robot, and minimally affects results.

Controller Parameters

parameter value
kp 5
ki 0 / 0.3
kd 1.0
kpR 3.5
kiR 0 / 0.3
kdR 0.8

(a) PID control.

parameter value unit
ϕ0 5 [°]
ϕd 15 [°]
ϕt 10 [°]
ct 10 [°]
ωu 8 [rad s−1]

(b) Singularity handling.

parameter value
kα 1000
vα 1
vω 250

(c) Differential allocation.

Table 7.5: Controller parameters for experimental flights.

Controller parameters and gains used in experimental tests are listed in Section 7.2, where we consider
the parameters for a cascaded control structure including a PID wrench controller combined with an
instantaneous or differential actuator allocation approach. Also included here are singularity-handling
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parameters that are described in Section 5.1.3. The weighting matrix W for the differential allocation
experiments is blockdiag(112, kα ·16). Integral gains are set to zero for experiments with instantaneous
allocation, and to 0.3 for experiments with differential allocation, unless otherwise noted.

7.2.1 Omnidirectional Trajectory Tracking
Through two sets of experiments we evaluate the tilt-rotor prototype system with a six DoF inverse
dynamic PID controller for omnidirectional base trajectories.

Experiments in group A use an instantaneous actuator allocation scheme, performing trajectories that
isolate translational and rotational motion, in order to demonstrate the ability of the chosen morphol-
ogy and controller to separate translational and rotational system dynamics and motion tracking.

Experiments in group B use a differential actuator allocation scheme, performing trajectories that
combine translational and rotational motion, with the goal of demonstrating the system performance
for arbitrary six DoF motion, and verifying the nominal performance of a differential allocation approach
away from kinematic singularities and unwinding conditions.

A: Independent Translation and Omnidirectional Rotation

To validate the controller’s ability to isolate translational and rotational motion, and to evaluate its overall
trajectory tracking performance in these cases, the following trajectories were performed:

1. Pure translational motion in eWx and eWy with constant flat hover orientation, over 17 s.

2. Pure rotational motion in roll, pitch and yaw simultaneously up to 45°, a duration of 14 s.

3. Pure rotational motion in a 360° flip about the eBy axis and back, a duration of 10 s per complete
rotation.
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Figure 7.3: Tracking results for (left) pure 3D translation and (right) pure 3D rotation trajectories expressed in the
world frame, with ‘zyx’ Euler angles for rotation.

Tracking results for trajectories 1 and 2 are shown in Fig. 7.3, where the plots on the left show the
system’s ability to perform translation while keeping a constant attitude, and the plots on the right show
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7.2 Omnidirectional Flying Base

3D rotation while tracking a constant position. A constant offset in the z position is due to the lack
of an integral term, and corresponds to a model error related to the system, mass, thrust coefficient, or
voltage compensation term. Despite this, we demonstrate the system’s ability to effectively decouple its
translational and rotational dynamics. In the case of the rotation trajectory, the world z position drops as
higher angle deviations are commanded from flat hover. The absence of an integral term allows us to see
this effect more clearly, demonstrating a model error for more extreme tilted configurations. Unmodeled
effects such as rotor airflow interference, and the limited representation of a linear propeller force model
are likely the major effects in this case.
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Figure 7.4: Position (left) and attitude (right) error statistics are compared for pure translation and rotation trajectories,
using tracking data shown in Fig. 7.3

Errors related to tracking results in Fig. 7.3 are shown in Fig. 7.4, and are represented as violin plots
showing the error distribution and statistics. Positional error for x and y linear tracking in the world
frame are nominally within one centimeter of the target point. Deviations up to 24 cm for pure transla-
tional tracking are due to motion tracking delay of approximately 0.35 s, and the pure rotation tracking
shows similar effects for angular error. Due to the constant height offset, the mean z position error is
about 7 cm, resulting in a mean Euclidean position error of 12.2 cm. If the recorded position values are
adjusted such that their mean value is the reference height, the resulting mean position error norm drops
to 8.8 cm. Rotation error mean values for individual roll, pitch and yaw axes deviate from zero, due to
combined model error effects including the center of mass position and tilt-arm zero-position calibration.
The resulting mean angular deviation is 4.5°.
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Figure 7.5: Omnidirectional flight capabilities are shown with attitude tracking, and position and angular error distri-
butions for a 360° rotation trajectory about the pitch axis. Values are in FW , with a translation offset to the nominal
starting position.
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Tracking results in Fig. 7.5 show the successful completion of two subsequent complete rotations
about the reference pitch axis. Larger yaw deviations at 90° pitch and subsequent increments of 180°
show the reduced actuation authority of the rank-reduced instantaneous allocation matrix and the associ-
ated tilt-motor delays when generate moment commands with a pure wrench model. The overall angular
error mean is 11.1° over the entire dataset shown. As in the previous trajectories, the eWz positional
error drives the overall position error, and can be corrected in future work with the use of an integral
gain. Translational error in eWx and eWy directions remain below 12 cm.

B: Combined 6-DoF Trajectories

For evaluation of arbitrary omnidirectional motion (simultaneous translation and rotation), we define a
trajectory that covers a large part of the six DoF pose space. This trajectory consists of a figure eight in
position and yaw that rises in height and inclination at its apexes, and is parametric in its duration and
maximum roll and pitch.

Figure 7.6: Figure eight trajectory used for performance evaluation, (left) experimental flight and (right) reference
trajectory plotted in FW . Frames indicate the base orientation at intermittent points spaced along the trajectory.

Figure 7.6 illustrates the figure eight trajectory in a real flight experiment and plotted in FW with
some reference positions and attitudes of the base frame shown by coordinate frame axes. We use three
different parametrizations of the figure eight trajectory to evaluate controller performance, specifically:

4. Standard figure eight with a maximum inclination of 30°, and duration of 29.4 s.

5. Fast figure eight with a maximum inclination of 30°, and duration of 10.7 s.

6. High-angle eight with a maximum inclination of 80°, and duration of 29.4 s.

We first evaluate the performance of the standard figure eight trajectory, which in its relatively slow
movement examines the system’s ability to simultaneously track changes in position and attitude. Com-
pared to the previous experiments, these experiments use differential actuator allocation with the param-
eters presented in Section 7.2.

Overall tracking error statistics for each parametrized trajectory are presented in Table 7.6. In the fol-
lowing text, we present relevant tracking plots and error distributions for a more detailed error analysis.

Tracking results of the standard trajectory are presented in Fig. 7.7. The plots show attitude tracking,
wrapped in the range (−π, π), and position tracking with the currently measured system voltage over-
laid. Pose tracking plots indicate that the system can closely follow the assigned trajectory, with slight
deviations visible particularly in the z position between 15 and 25 s. The error distribution by axis, rep-
resented in Table 7.6, confirms our observation that eWz is the major axis for position error, suggesting
model error in rotor thrust and inertial effects. An integrator is in effect for both position and attitude PID
terms, but its effect varies with changing attitude, and as a result does not completely negate the effects
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7.2 Omnidirectional Flying Base

axis x y z norm roll pitch yaw angle
st

an
da

rd mean -0.001 0.000 -0.033 0.041 -0.005 -0.020 -0.007 0.066
std. 0.019 0.016 0.009 0.012 0.041 0.035 0.043 0.024

RMS 0.019 0.016 0.034 0.042 0.042 0.041 0.044 0.070

fa
st

mean 0.001 -0.016 -0.034 0.050 -0.029 -0.100 -0.032 0.128
std. 0.026 0.023 0.016 0.019 0.045 0.038 0.056 0.035

RMS 0.026 0.028 0.038 0.054 0.053 0.107 0.064 0.133

st
ee

p mean -0.005 -0.006 -0.022 0.046 0.017 -0.028 -0.033 0.101
std. 0.027 0.028 0.015 0.014 0.113 0.067 0.128 0.053

RMS 0.028 0.029 0.027 0.048 0.114 0.073 0.132 0.114
Table 7.6: Error statistics for standard, fast, and steeply inclined 6 DoF figure eight tracking experiments. The mean of
Euclidean error and total angular error are highlighted for each experiment.

0 5 10 15 20 25 30
time [s]

/2

0

/2

ba
se

 o
rie

nt
ati

on
 [r

ad
]

roll ref 
roll 

pitch ref 
pitch 

yaw ref 
yaw 

0 5 10 15 20 25 30
time [s]

1.0

0.5

0.0

0.5

1.0

ba
se

 p
os

iti
on

 [m
]

x ref 
x 

y ref 
y 

z ref 
z 

19

20

21

22

23

ba
tte

ry
 v

ol
tag

e [
V]

voltage

Figure 7.7: Tracking results for the standard figure eight trajectory, expressed in the world frame, with a translational
offset to the starting position. The overall system voltage is plotted as an overlay on the position tracking plot.

of model error. We notice a drop in voltage as the z position error grows, implying error in the voltage
compensation model for rotor thrust mapping. Nevertheless, tracking results improve upon experiments
in Section 7.2.1A for combined 6 DoF motion, with mean position error of 4.1 cm and mean angular
error of 0.066 rad, corresponding to 3.8°.

To better understand the error distribution described in Table 7.6 over the three different trajectories,
violin plots in Fig. 7.8 show the error distribution over each axis, as well as total angular and Euclidean
position errors. We notice a few general trends, such as the wider distribution of angular error for the
steep trajectory variation. Since the inclination is significantly higher in this trajectory, larger airflow
interaction is present which can lead to larger angular perturbations of the system. For the fast trajectory
variation, the pitch axis distribution is consistently below the nominal value, and given that the eBx axis
faces forward in the motion of the figure eight, this corresponds to a nose-up tendency. Model error is
likely the cause of this phenomenon, since the feed-forward center of mass compensation term is highly
sensitive to variation in the CoM position. With faster movement, the system also encounters larger
aerodynamic drag on the body, which is another contributing error factor. The nominal trajectory would
minimize the body drag, as it orients the smallest projected area of the system in the direction of motion.
However, as the pitch deviates due to inertial model error, a larger surface is exposed creating a positive
feedback on the body drag, and requiring higher correction terms.

We look more closely at the error distribution for the steep trajectory condition, since this is the case
that pushes our modelling assumptions the furthest. High roll and pitch angles lead to large interacting
airflow streams which our current model neglects, and some actuators are pushed closer to the edge of the
linear range for which our propeller model is valid. Figure 7.9 compares three trials of the steep figure
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Figure 7.8: Error distributions corresponding with error data in Table 7.6 are presented for standard, fast and steep
variations of the figure eight trajectory.

eight trajectory: with linear and angular integrators, and without integrators, including the case where
the battery voltage drops very low. The addition of an integrator provides the best overall position and
attitude tracking performance, though it results in the highest peak error in roll and yaw, which can be
explained by integrator wind-up during a changing trajectory. In the absence of an integral term, several
axes show increased deviation from zero-mean tracking, particularly the pitch, yaw, y and z axes. A
bi-modal distribution on the x axis error represents an overshooting tendency, which is reduced with the
addition of an integrator.

A trial with a very low battery exposes a performance limit of the system, when we consider the top
right plot in Fig. 7.9. With higher roll and pitch angles, battery voltage drops with increased power
draw from the rotors for all trajectories. In a low-battery trial represented by the lowest voltage line on
the plot, a critical point is reached around 19.2 V where the voltage-compensating rotor thrust model is
outside of its range of validity, and as a result a significant drop in altitude occurs at 25 s. As the pitch
and roll recede, the voltage rises slightly again and the altitude recovers. This voltage-related altitude
drop represents a detectable configuration-based failure mode. In future work, it would be interesting to
optimize trajectories or modify the commanded orientation, considering feasibility based on the battery
status and estimated voltage drop for a planned maneuver.

7.2.2 Singularity Robustness and Secondary Tasks
In certain conditions, our choice and realization of omnidirectional flying system negatively affect flight
performance. The tilt-rotor morphology is subject to singularities as described in Section 5.1.3, and its
construction is subject to tilt-angle limitations due to cable wind-up as described in Section 6.1.2. We
can avoid and handle these cases through actuator allocation, taking advantage of the system’s over-
actuation. This series of experiments evaluates the ability for our two actuator allocation methods to
handle singularity cases and manage cable wind-up. We judge performance based on trajectory tracking
error, secondary task completion, maintained system stability, and force efficiency.

Experiments in group A evaluate singularity handling with an instantaneous allocation approach,
where singularities are explicitly addressed and managed heuristically. Experiments in group B evaluate
the differential allocation approach, which implicitly handles kinematic singularities, and can accommo-
date an unwinding task formulated in the actuation null space. As in the previous section, these allocation
approaches are based on formulations in Sections 5.1.3 and 5.1.4 and parameters in Section 7.2.

We choose two trajectories which compare performance of the actuator allocation methods when
operating in a sustained singularity configuration, and transitioning through singularities. Trajectory
details are as follows:

7. Cartwheel: Rotate to 90° roll and perform two rotations about eBz while performing a circle
trajectory on the eWx , eWy plane over a duration of 35.5 s.
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Figure 7.9: Position and attitude tracking for three trials of a steep figure eight trajectory, expressed in the world frame
with a translation offset to the trajectory start point. Lower plots show the labelled error distributions for each trial. The
low battery trial, which is also ki = 0, corresponds to the position tracking plot that drops in elevation after 25 s.

8. Singularity translation: Rotate to 90° roll (two tilt-arms aligned with gravity in a kinematic sin-
gularity), then translate and change direction over a duration of 36.1 s.

The first trajectory performs a cartwheel motion, demonstrating repeated transition through the kinematic
singularity, and the second commands a lateral translation (and rotation in series B) while in both a
kinematic and rank reduced singular state.

A: Explicit Singularity Handling and Unwinding

Tracking results are shown in Fig. 7.10. This series is using ProtoV 1and instantaneous actuator allo-
cation, with no integral term for the PID controller, resulting in a z position offset as seen previously
in Section 7.2.1A, increasing for both trajectories as high roll and pitch angles are commanded. The
commanded state of 90° roll corresponds to a state where control authority is at a minimum along eBz
and about eBx and eBy axes, and instantaneous actuator allocation results in high tilt-arm velocities for
small changes of the net aerodynamic actuation wrench in these directions.

We see the result of kinematic singularity handling (described in Section 5.1.3) when observing the
commanded tilt-angles in Fig. 7.10. For the cartwheel trajectory, the kinematic singularity handling
cone is activated with each vertical alignment of a tilt-arm, wherein the rotor forces of the corresponding
propellers and tilt angles return to their zero (unwound) positions. As expected, position error grows
in this configuration, since the ability to use upper and lower propellers for translation is sacrificed
for singularity management. This condition is shown at its worst in the singular translation trajectory,
maintaining the kinematic singularity condition while performing motion along eWx and eWy . The plot
of tilt angles shows that the singularity handling and unwinding command are effective in preventing
high tilt angle velocities for low rotor force contributions and in preventing cable wind-up. As a result,
the position error grows as the system is slow to converge to the reference trajectory, due to inhibited
control authority.
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(a) Trajectory 7: Cartwheel through 6 singular positions.
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(b) Trajectory 8: Translation in a kinematic singularity configuration.

Figure 7.10: Experimental position tracking, attitude tracking, and commanded tilt angles for trajectoreis that enter
singularity states, expressed in FW

In both cases which pass through known singularity regions, experimental results confirm stable track-
ing of the desired trajectory, despite reduced tracking performance. Unwinding of the cables is achieved
only for arms that pass near a kinematic singularity, and wind-up is not prevented for pitch or roll flip
trajectories as in Fig. 7.5. The approach in this case is heuristic and does not take full advantage of the
system’s over-actuation, motivating the use of a differential allocation method where the null space can
be exploited directly.

B: Implicit Singularity Handling and Unwinding as a Secondary Task

A second series of experiments evaluates the singularity and unwinding performance of differential ac-
tuator allocation compared to direct actuator allocation experiments in Section 7.2.2A, and the new
capabilities that come with differential allocation. The differential actuator allocation method inherently
handles kinematic singularities, and facilitates unwinding of the tilt-arm cables as a complimentary task
in the actuation null space.

We noted in the previous section that the heuristic unwinding method only permits unwinding in
a small region around a kinematic singularity. In the case of a flip about the pitch axis as shown in
Fig. 7.5, a complete cable wind-up occurs about each arm although the kinematic singularity is avoided.
Further rotation from this configuration results in a physical stop and subsequent crash since the cable-
limitation is not expressly considered in the system model. We therefore take advantage of the system’s
over-actuation where unwinding cannot be solved by passing through kinematic singularities.

Using differential actuator allocation, the cable unwinding task is evaluated with three trajectories.
The first is the figure eight trajectory described in Section 7.2.1 B, where the starting configuration
includes four rotor groups wound by one rotation from the nominal position. The unwinding task is then
activated at the start of the trajectory. The subsequent two trajectories perform complete rotations about
the eBx and eBy axes starting with nominally unwound rotor groups, in a more realistic case where the
trajectory itself creates the need for unwinding. Detailed descriptions of the additional trajectories are as
follows:
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axis x y z norm roll pitch yaw angle
si

ng
ul

ar mean 0.005 -0.027 -0.024 0.049 0.040 -0.083 -0.019 0.114
std. 0.026 0.020 0.014 0.013 0.037 0.063 0.036 0.047

RMS 0.027 0.034 0.027 0.051 0.054 0.104 0.041 0.123

ca
rt

w
he

el mean 0.004 -0.005 -0.024 0.050 -0.040 -0.030 0.013 0.153
std. 0.030 0.029 0.017 0.012 0.064 0.133 0.102 0.056

RMS 0.031 0.030 0.029 0.052 0.075 0.136 0.103 0.163

st
an

da
rd mean 0.001 -0.006 -0.037 0.044 0.020 -0.022 -0.047 0.105

std. 0.017 0.016 0.012 0.011 0.062 0.068 0.047 0.042
RMS 0.017 0.017 0.039 0.046 0.065 0.071 0.066 0.113

pi
tc

h
fli

p mean 0.007 0.007 -0.021 0.045 0.016 0.032 0.112 0.197
std. 0.035 0.012 0.023 0.021 0.031 0.124 0.121 0.078

RMS 0.036 0.014 0.031 0.049 0.035 0.128 0.165 0.212

ro
ll

fli
p mean -0.013 -0.010 -0.019 0.041 0.008 -0.027 -0.028 0.072

std. 0.007 0.020 0.028 0.014 0.042 0.064 0.033 0.057
RMS 0.015 0.022 0.034 0.043 0.042 0.069 0.043 0.092

Table 7.7: Error statistics for different trajectories while an unwinding task is assigned in the differential actuator
allocation. The mean of Euclidean error and total angular error are highlighted for each experiment.

9. Figure eight with a maximum inclination of 30°, with four rotor groups starting at αi = 2π, over
a duration of 29.4 s.

10. Pitch flip: complete rotation about the eBy axis over a duration of 8 s.

11. Roll flip: a complete rotation about the eBx axis over a duration of 16 s.

Overall tracking error statistics for each of trajectories 7 to 11 are presented in Table 7.7. Correspond-
ing error distributions are shown as violin plots in Fig. 7.11, including the error distribution over each
axis, and the total angle and Euclidean position errors. Singular translation and cartwheel trajectories
have the highest overall position error, which can be explained by extended time spent in singular con-
figurations with relatively low actuation authority. The overall system performance is an improvement
in position and attitude tracking performance upon the instantaneous allocation method.

When comparing the results of the cartwheel trajectory shown in Fig. 7.12 to those of using instan-
taneous allocation in Fig. 7.10, a major difference is visible in the tilt angle commands. The heuristic
unwinding method causes tilt angles to snap to zero when the singularity handling is active and the
vertical rotors lie within this dead-zone. For differential allocation, preferred low velocity of tilt-angle
speeds drives a smooth transition of tilt-angles through the singularity, resulting in much better tracking
performance in these conditions.

Similar to the cartwheel trajectory, the singular translation trajectory shown in Fig. 7.13 does not
force tilt-angles to zero to prevent cable wind-up, which was with instantaneous allocation in Fig. 7.10.
Instead, the inherent cable wind-up prevention allows optimal use of the vertically oriented rotor groups
according to their current tilt-orientation, increasing the control authority and reducing position tracking
error compared to instantaneous actuator allocation. While the rotor commands shown in the lower left
plot of Fig. 7.13 show that upper and lower rotors drop significantly in contribution, they are still in
active use.

Figure 7.14 presents tracking results for a standard 6 DoF figure eight trajectory where four actua-
tors start in a wound state. The results demonstrate that the system can achieve good tracking while
unwinding dangerously wrapped cables about the tilt-arms without entering the kinematic singularity.
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Figure 7.11: Error statistics for different trajectories during an unwinding task corresponding to error data in Table 7.7.
All axes are in the world frame, with attitude expressed as yaw-pitch-roll Euler angles.

Unwinding can be seen clearly in the lower plots, where rotor commands are at their minimum when
completely inverted from the contributing direction during an unwinding event. The unwinding timing
is never prescribed, instead occurring as a result of the trajectory, the task specification and allocation
tuning parameters. In this flight case, unwinding occurs sequentially at increased trajectory roll and
pitch. In the first loop of the figure eight, two arms are unwound completely. The opposite two arms are
unwound in the second loop.

Figure 7.15 presents the first case where the need for unwinding is driven by the motion of the base
itself. In Fig. 7.5, this trajectory causes wind-up of all tilt-arms since heuristic unwinding conditions
(entering the kinematic singularity region) are not achieved. A slight rise in height is commanded for
this and the following two trajectories, due to the current planner’s requirement for a small translation to
generate a trajectory. This vertical motion is small and slow, and its effect insignificant compared to the
rotational motion.

The four tilt-arms which are not collinear with the eBy unwind during the second half of the rotation.
The remaining two rotor groups unwind several seconds after the completion of the flip during flat hover.
Again, the choice of allocation parameters in Section 7.2 influence the unwinding behaviour, and were
carefully chosen to balance timely unwinding with system stability and tracking performance.

Tracking results for a 360° flip about the roll axis are shown in Fig. 7.16. Compared to the pitch flip,
two tilt arms in this trajectory pass through the kinematic singularity twice, performing an unwinding
operation on the second pass. The remaining tilt-rotors do not unwind during the trajectory, but instead
unwind in pairs once the system has returned to static hover. This behaviour is once again explained by
the choice of allocation parameters, and compared to the mid-flip unwinding performed during the pitch
flip, the balance of rotor effort and unwinding gain did not result in unwinding until the trajectory was
complete. We notice larger tracking errors in pitch at approximately the 9 and 16 s marks, corresponding
to the rank reduction singularity where pitch authority is instantaneously reduced.

After the unwinding delay shown in the previous roll flip experiment, we test the method’s ability to
handle a 720° roll flip, which would lead to system failure for the instantaneous allocation’s heuristic
unwinding case. Tracking results in Fig. 7.17 show that a second rotation causes the actuator allocation
advance unwinding events, preventing catastrophic cable wind-up. Additional attitude and position error
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Figure 7.12: Trajectory 7: Cartwheel with differential allocation. Top: attitude and position tracking plots with overlaid
system voltage. Bottom: rotor speed and tilt angle commands for all actuators.
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Figure 7.13: Trajectory 8: Singular translation with differential allocation. Top: attitude and position tracking plots
with overlaid system voltage. Bottom: rotor speed and tilt angle commands for all actuators.
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Figure 7.14: Trajectory 9: Standard 6 DoF trajectory with 4 wound rotors and differential allocation. Top: attitude and
position tracking plots. Bottom: rotor speed and tilt angle commands for all actuators.
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Figure 7.15: Trajectory 10: 360° pitch flip with differential allocation. Top: attitude and position tracking plots.
Bottom: rotor speed and tilt angle commands for all actuators.
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Figure 7.16: Trajectory 11: 360° roll flip with differential allocation. Top: attitude and position tracking plots. Bottom:
rotor speed and tilt angle commands for all actuators.
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Figure 7.17: 720° roll flip with differential allocation. Top: attitude and position tracking plots. Bottom: rotor speed
and tilt angle commands for all actuators.
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around 16 s just following the second kinematic singularity show the corresponding reduction in tracking
performance with an increase in required unwinding.

Pose tracking results for all differential allocation experiments show satisfactory performance, but
rely on careful selection of gains. Since rotor speed commands have no upper bound in the optimiza-
tion, a more aggressive choice of gains could result in a motor saturation and failure to maintain hover.
Improvements to the presented differential allocation method would be the incorporation of these con-
straints, and guarantees on the system’s ability to maintain hover. Knowledge of the future trajectory in
a receding horizon framework would also provide an interesting advantage for the timing of unwinding
events.

7.2.3 Efficiency Evaluation

Figure 7.18: a) Power consumption, b) power efficiency and c) wasted force index for theoretical hover, and measured
values from tested trajectories. Upper plots show theoretical values projected onto the unit sphere of omnidirectional
hover orientations, coloured by magnitude.

Apart from trajectory tracking, flight efficiency is another key performance factor for omnidirectional
free flight. To evaluate the system’s efficiency, we recall the force efficiency metric, ηf , presented in
Eq. (3.9), as the magnitude of the net actuation force divided by the sum of all rotor speeds, which lies
in the range [0, 1].

We further consider the practical metrics of total power consumption and power efficiency, ηP , where
the latter is defined relative to the best case power consumption ph of horizontal hover,

ηP =
vsysΣ12

i=1ii

ph
∈ [0, 1] (7.1)

where ii is the measured current for the ithrotor group and vsys is the total system voltage.
Theoretical total power, power efficiency and wasted force for each hover orientation are shown in

the upper plots of Fig. 7.18, projected onto the unit sphere and coloured by magnitude. Lower plots
show measured values from experimental results with instantaneous allocation, using measured PWM-
to-current correlation and flight-test voltage logs to find the power consumed. Experimental results
agree well with the ranges predicted on the theoretical envelopes, with the theoretical value acting as
an upper bound. These results confirm that highly efficient flight configurations are achieved in specific
orientations, while the system remains pose-omnidirectional with varying degrees of efficiency.
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In the case of differential allocation, efficiency is traded off when there is a need for cable unwinding
away from a kinematic singularity. Figure 7.19 compares the experimentally achieved force efficiency
index ηf with the ideal maximum achievable efficiency, which is computed assuming stationary hover
in the reference attitude and perfect trajectory tracking.

For the singular translation and cartwheel trajectories, efficiency values are close to theoretically op-
timal values, with a general loss in efficiency due to control error corrections. In the case of the singular
translation, any activation of vertically aligned rotors to improve control correction detracts from the
flight efficiency, since these forces have no contribution against gravity.

In the case of the cartwheel, the theoretical ηf does not form a clean upper bound for the experimental
data. In general the efficiency is offset in time from the theoretically perfect one, indicating an advanced
trajectory performance. We expect that this is due to model error relative to the feed-forward trajectory
acceleration terms, and relatively low correction control authority of the current tilt-arm configuration.
In some cases where the target trajectory is the least efficient configuration, trajectory deviations can
even improve efficiency.

For trajectories 9 to 11, the standard figure eight, pitch flip and roll flip, we notice large deviations
from the theoretical maximum efficiency. These periods in time correspond with unwinding events that
can be seen in Figs. 7.14 to 7.16. In the case of the standard figure eight trajectory, efficiency is reduced
by 38 % from the nominal value at 7.5 s and drops as low as 53 % during the pitch flip.

Overall, the differential actuator allocation demonstrates a great advantage over the instantaneous
allocation approach in its ability to prevent damage to the system due to cable wind-up on any flight
trajectory. This unwinding capability comes with the drawback of reduced flight efficiency, sometimes
with inopportune timing, and no guarantee on flight feasibility. Both of these elements are good can-
didates for future extensions of differential allocation to consider a receding horizon of the trajectory,
and guarantee stable flight. The remaining advantage of the instantaneous allocation method is its com-
putational compactness, requiring much less compute to arrive at a good solution for flights that do not
encounter cable wind-up. This lightweight method is deployable on low power microcontrollers, and is
more accessible to the general public in terms of implementation and tuning.

7.3 Omnidirectional Aerial Physical Interaction

Based on the system validation of an omnidirectional tilt-rotor in Section 7.2, this section contains a
suite of experiments which demonstrate aerial physical interaction using the same system with a rigidly
mounted end effector. Experiments are conducted using ProtoV 1and ProtoV 2, where we evaluate the
performance of axis-selective impedance control and its extension to direct interaction force control (de-
scribed in Sections 5.2.2 and 5.2.3) using instantaneous actuator allocation (described in Section 5.1.3).
Experiments evaluate contact wrench estimation and tracking, disturbance rejection, and combined force
and pose interaction tasks such as aerial drawing and NDT contact inspection. We perform the following
series of experiments:

• Section 7.3.1 presents estimates and measurements of the external contact wrench at the end
effector point, including the tuning of a momentum-based wrench estimator, the filtering of force
sensor readings, and the comparison of these methods.

• Section 7.3.2 evaluates the system response to an applied disturbance with fixed and variable
axis-selective impedance control, demonstrating disturbance rejection behaviour, and the effect
of selected virtual inertia values.

• Section 7.3.3 demonstrates direct force control during interaction tasks, and performance robust-
ness to planning errors.
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• Section 7.3.4 presents push-and-slide experiments to repeatable pose tracking when interacting
with a planar surface, while rejecting disturbances due to surface friction. Both impedance control
and direct force control are evaluated and compared.

• Section 7.3.5 demonstrates interaction with inclined and non-planar surfaces, for both impedance
and direct force control, including the case of fully on-board state estimation with local planning.

• Section 7.3.6 validates the system’s viability as an autonomous tool for NDT contact inspection
of infrastructure.

experiment prototype controller test env. state est
7.3.1
7.3.2 A
7.3.4 A
7.3.6 A

ProtoV 1 ASIC large arena Vicon-MSF

7.3.5 A ProtoV 1 ASIC archway VIO-MSF
7.3.2 B
7.3.4 B ProtoV 2 hybrid force/VASIC small arena Vicon-MSF

7.3.3
7.3.5 B ProtoV 2 hybrid force/VASIC large arena Vicon-MSF

Table 7.8: Experimental setup for aerial physical interaction tests, for axis-selective impedance control (ASIC) and
hybrid force-impedance control, a hybrid of direct interaction force and variable axis-selective impedance control (VA-
SIC).

The experimental setup for aerial physical interaction test flights is described in Table 7.8, grouped by
prototype system, controller, test environment and state estimator. Most experiments take place using
Vicon-MSF state estimation, where the system is also connected by a light safety tether. Section 7.3.5A
is the only experiment where VIO-MSFstate estimation is used, and this experiment along with Sec-
tion 7.3.5B does not have an attached safety tether.

Controller Parameters

parameter value
mv,free 5.0
mv,wall 0.25
Iv 5.0

(a) Impedance control.

parameter value
kpf

0.1
kif 1.0
kdf

0.0

(b) Direct force control.

parameter value unit
emin 0.15 [m]
emax 0.35 [m]
dmin 0.02 [m]
dmax 0.2 [m]
cλ 0.01 -

(c) Hybrid control.

Table 7.9: Controller parameters used for aerial physical interaction experiments, where impedance control parameters
correspond with methods from Section 5.2.2 and hybrid control parameters correspond to methods from Section 5.2.3

Controller parameters and gains used for physical interaction experiments are presented in Section 7.3,
any variations from these parameters are stated in the corresponding experiment subsection. Parameters
used for the PID component of the impedance control are taken from Section 7.2. For momentum-based
wrench estimation, diagonal values ofKI are set to unity unless otherwise stated.
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7.3.1 Contact Wrench
We evaluate measured and estimated contact wrenches, which are used for interaction control exper-
iments in the remainder of this section. Measurements from 6 axis force-torque sensors are used for
ground truth and direct force control, and here we evaluate their raw and filtered signals, as well as bias.
We then evaluate the performance of the momentum-based wrench estimator used in impedance control,
and consider the effects of tuning the integral term.

Force Sensor Noise and Error
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Figure 7.20: Measurements from an on-board force-torque sensor at the end effector are compared to values from a
wall-mounted force sensor of similar properties, where the system is in steady contact with the wall between 3.5 and
7 s. The grey area on the left plot (bouncing during initial contact) is magnified on the right, where we see the effect of
different cut-off frequencies for a low-pass Butterworth filter applied to the on-board force signal.

Aerial physical interaction experiments with direct force feedback use measurements from a 6 axis
force-torque sensor mounted close to the end effector point. Force sensors such as these are a well estab-
lished tool for accurate and precise force feedback, but are subject to new challenges when mounted on
rotary-wing systems. High frequency propeller motion and the resulting periodic downwash on support-
ing rotor group arms generates vibrations that affect the entire system. These vibrations are amplified
when problems arise in the rotor group mechanics, such as damaged propellers and rotor bearings, or
badly balanced propellers. Strain gauge force sensors such as the one we use are sensitive to high
frequency vibrations, which generates noise in the readings. We can address these vibrations with a
low-pass filter.

We design an experiment to evaluate the additional noise of the force sensor mounted to a rotary-wing
system. With one sensor mounted below the end effector, and another mounted to a wall aligned the
eWy plane, we plan a trajectory that brings the end effector in contact with the wall sensor. Figure 7.20
compares the data collected from both sensors, where we see the noise of the on-board sensor is much
more significant. When not in contact and the aerial system is in static hover, the onboard force sensor
data has a standard deviation of 1.59 N compared to 0.18 N for the wall mounted sensor.

To filter the force sensor signal, we compare the result of applying a 2nd-order low-pass Butterworth
filter with a cut-off frequencies of 2, 5, 10, and 20 Hz. Our goal is to capture transients in force readings
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with reasonably low delay, while eliminating high measurement peaks and removing high frequency
noise. In the right plot of Fig. 7.20 we see the effect of the different filters during the initial contact
phase, where the end effector bounces against the wall until steady contact is maintained at around 3.5 s.
The 2 Hz cut-off frequency does not adequately capture the signal, introducing large delays that could
lead to instability in the force feedback loop. A cut-off frequency of 10 Hz still shows noise in the troughs
of the contact bumps, with the 20 Hz filter exaggerating the noise further. While these fluctuations are
comparable to the wall mounted sensor’s raw reading, we prefer to have a smoother trajectory for force
feedback in interaction. The 5 Hz filter provides an acceptable compromise, presenting a smooth signal
with 0.02 s delay for reaching the high peak and 0.1 s delay for the signal to reach its low point during
the contact transition. This filter yields smooth force measurements, at the sacrifice of a small delay
in resolving transients. This latency is reasonable in the context of surface inspection tasks with our
proposed controllers, which will be demonstrated in the remainder of this section.

Sensor noise could be reduced with additional design considerations. To achieve good model fidelity,
the system design is very stiff with rigidly mounted carbon fiber and aluminium components, which
allows high frequency vibrations to propagate. Future work that incorporates an appropriately damped
mount for the force sensor would likely improve the signal and response of force feedback.

A second new challenge that rotary-wing vehicles present for force sensors is the variable cooling
effect of the propeller down-wash. Since these sensors are typically stationary, zeroing the reading once
they have turned on and gained a steady state internal temperature is sufficient for a reliable reading
over time. The aggressive cooling effects of propellers present a challenging temperature calibration
problem, which changes depending on the configuration of our tilt-rotor system. The result is a changing
force bias that evolves over the first few minutes after take-off, already a substantial amount of our
total flight time. To address this issue during experiments, we zero the force sensor before each contact
experiment after taking off and hovering for several minutes. Shielding or insulating the sensor casing
from the surrounding airflow is another strategy, but may result in dangerous overheating in the sensor
electronics. A robust solution will include temperature calibration which carefully models the effects of
temperature transients on sensor readings. This approach remains a topic for future work.

Momentum Based Wrench Estimate

We use a momentum-based wrench estimator derived in in Eq. (5.1) as a fundamental element of
impedance control. In this section we evaluate the performance of this model-based estimator compared
to ground truth force data in experimental flights.
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Figure 7.21: Momentum-based external contact wrench estimates (mbe) are plotted against raw (meas) and filtered
(filt) force sensor data, as the aerial system contacts a force sensor mounted to a wall.

Force ground truth data was collected from a 6-axis Rokubi 210 force-torque sensor with its surface
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aligned with the eWx -plane, rigidly mounted to a wall. The force sensor recorded measurements at
800 Hz, with a resolution of 0.1 N. The system follows a trajectory along the eWx -axis which goes in
and out of contact with the force sensor. The system goes into contact twice, first with a low, then higher
apparent mass, corresponding with low and high interaction forces.

Force data over the trajectory is shown in Fig. 7.21, where the wall mounted force sensor data is
smoothed with a 5th order low-pass Butterworth filter with a cut-off frequency of 10 Hz. The filtered
and raw ground truth data are plotted along with the momentum based estimates, and presented values
are offset by steady state bias values measured during static hover. In general, force magnitudes match
the ground truth measurements well. The RMSE of the force estimate compared to filtered ground truth
are presented by axis in Table 7.10. In the direction of contact, an error of 1.24 N is due largely to a slow
transient response to the contact transition, influenced by the choice of tuning parameterKI . Due to this
slower response, the force bouncing during initial contact is not resolved, which is a preferred behaviour
in our case for contact transition, preventing instability caused by oscillating forces and actuation delays.
Torque error was not evaluated at this stage since we consider a point contact in experiments, but we
expect it to behave similarly given the controller performance in the following sections. Experiments
could conclusively measure this by for instance fixing a magnetic attachment to a flat surface at the end
effector, and generating torques about the rotationally constrained contact point.

fx [N] fy [N] fz [N]
1.24 0.38 0.63

Table 7.10: The RMSE of force estimates.

Wrench Estimator Tuning

Figure 7.22: The effect of the wrench estimator integrator is shown in three drawing trials using impedance control.
Force is expressed in the world frame, where x is the normal direction of the whiteboard. Highlighted sections indicate
regions of contact, and kI values are multiplied with identity to obtain the gain matrixKI = kI16.

The momentum-based estimator is a model-based first-order low-pass filter with one tuning parameter:
the integral gain. This value was tuned based on the behaviour of the system over different free-flight
and contact interaction experiments. The choice of parameter was based on corresponding tracking
performance and visual flight stability more than accurate representation of the contact force.

In Fig. 7.22 we compare the effect of the momentum-based wrench estimator for different values of
kI , where KI = kI16. These trials use impedance control which relies on the wrench estimator val-
ues during interaction. Plotted against a filtered on-board force sensor, we see that the wrench estimate
fluctuates by around 1 N of the measured value on all axes due to model error, and deviates more dramat-
ically on the contact axis during the transition into contact. We notice that a higher kI value corresponds
with slightly faster convergence to the contact reference. An increased kI also reveals the more critical
effect of significant bouncing during the contact transition, as shown by high force peaks on the eWx
axis as the system gains contact. We can explain this phenomenon by considering the low bandwidth of
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the actuation wrench. A more aggressive gain directly contributes to the command wrench, but when its
response frequency cannot be achieved by the aerodynamic control wrench, we see the dramatic effect
of bouncing due to actuation delay. Choosing kI = 1, we create a well-behaved interaction system
as long as the system is relatively slow moving. A higher performance solution will be to increase the
actuation bandwidth of the system and raise the estimator gains, or incorporate the system dynamics as
a component of an external disturbance observer.

7.3.2 Disturbance Rejection
Whether or not the system is in contact with the environment, external disturbances can significantly
reduce task performance. Our axis-selective impedance control scheme combats these effects by esti-
mating and rejecting disturbances due to wind gusts, contact and model error. The axis selected for
interaction, on the other hand, is compliant to contact forces as well as to other disturbing forces.

In the first series of experiments, we evaluate the system response to an external disturbance for axis-
selective impedance control when in free flight, evaluating the pose tracking for fixed axis-selective vir-
tual inertia values. We follow this with a series of tests that evaluate variable axis selective impedance
control using distance feedback in the end effector direction, and evaluate the system behaviour when
contact is expected. For these experiments, the end effector is forward-facing, having its eEz axis aligned
with the platform’s eBx axis.

A: Axis-Selective Impedance Control

test mv,x mv,y mv,z Iv,x Iv,y Iv,z
1 0.25 0.25 1.0 1.0 1.0 1.0
2 0.1 0.1 1.0 1.0 1.0 1.0
3 5.0 5.0 1.0 1.0 1.0 1.0
4 5.0 5.0 5.0 5.0 5.0 0.25
5 5.0 5.0 5.0 5.0 5.0 5.0

Table 7.11: Virtual mass parameters in FB for axis-selective impedance control disturbance trials, where the virtual
mass matrix is constructed as diag([mv,x mv,y mv,z Iv,x Iv,y Iv,z]>).

We evaluate the behaviour of the system with different selective apparent inertia values, demonstrating
the ability to reject large disturbances in certain directions while exhibiting compliance in others. The
system is commanded to hold a reference pose 1 m above the ground in free flight. A cord is tied to the
end effector tip of the rigid manipulator arm, which is aligned with the eBx (eEz ) axis. The other end of
the cord is pulled manually to generate an external wrench. The tests are performed with ProtoV 1in the
small flight arena using Vicon external motion capture data fused with IMU for state estimation.

Virtual mass parameters for each trial are listed in Table 7.11. In tests 1 through 3, with results shown
in Fig. 7.23, two pulls of the rope are made for each set of apparent inertia parameters, approximately
along the negative eBx axis. In tests 4 and 5, with results shown in Fig. 7.24, a pull force is applied
horizontally perpendicular to the fixed arm axis to generate a torque about the eBz axis.

Tests 1 and 2 show similar results: a compliant response to a disturbance force in the direction of pull.
Apparent mass values in eBx and eBy axes are lower than the actual system mass, meaning that force
disturbances in these directions will be tracked in the controller, while the PD component simultaneously
tracks the reference trajectory. Results in test 2 show a larger movement in response to a smaller applied
force in low impedance directions, relative to test 1. The remaining degrees of freedom have high
apparent inertia values, actively rejecting detected disturbances to track the reference trajectory. In
test 3, apparent mass along eBx and eBy are set to 5 times the system mass and inertia. Results show
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Figure 7.23: Pose tracking and wrench estimation for rope pulling at the end effector tip along the eE

z
axis in free flight.
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Figure 7.24: Pose tracking and wrench estimation for rope pulling at the end effector tip orthogonal to the eE

z
axis in

free flight.
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positional movement of less than 0.3 m under a lateral disturbance force of 25 N, demonstrating an
ability to actively reject large force disturbances.

Tests 4 and 5 compare the response to a torque disturbance about the eBz axis with apparent rotational
inertia less than, and greater than the system inertia. In test 4, three pulls are made, targeting rotation
about the eBz axis, and rotational compliance is clearly shown in yaw in the attitude tracking plot. While
some additional torques are generated around the remaining axes, these are actively rejected by the
controller. In test 5, the system counteracts a rotational torque of 3 N m magnitude, reducing the yaw
deviation to 0.5 rad. High apparent mass in all directions successfully rejects forces up to 8 N with a
translational deviation of less than 0.1 m.

B: Variable Axis-Selective Impedance Control

Figure 7.25: Pushing with a stick (left) and a wooden panel (right). Direction of force is indicated by the red arrow.

While axis-selective impedance control is a simple and practical solution for simultaneous interaction
and disturbance rejection, it is always compliant to disturbance forces along the contact axis. With
variable axis-selective impedance control, we allow the virtual mass along the contact axis to change
based on a distance sensor measurement, so that omnidirectional disturbance rejection is enforced when
we are in free flight. For these tests, the system is again commanded to hold a reference altitude, and is
installed with a forward-facing end effector along the eBx axis. A disturbance is introduced by pushing
the system from the end effector point, applying force along the eBx axis. To simulate a free-flight
‘unseen’ disturbance, we push the system with a thin carbon fiber stick, and to simulate a contact surface,
we mount a small wooden wall to the end of the stick which can be sensed by the TOF camera. A visual
of these scenarios is shown in Fig. 7.25. Interaction force is measured by a force-torque sensor mounted
below the end effector for evaluation purposes, but is not used by the controller. The tests are performed
with ProtoV 2in the small flight arena using Vicon/IMU state estimation. Disturbances are introduced by
hand, attempting to maintain the same motion of the stick or wall across all tests.

Table 7.12 provides an overview of test method and parameters for different disturbance trials, as well
as the effective spring constant which is empirically calculated from filtered force and position error data
along the contact axis. Tests 1-3 apply a disturbance to the system with a stick that cannot be observed
by the distance sensor, and evaluate the system performance with axis-equivalent impedance control for
different values of mv ∈ [1, 3, 5]. Tests 4-8 apply a disturbance to the system with a moving wall,
which the distance sensor can detect. Test 4 has the same parameters of test 1, to control the effect of a
stick compared to a wall push. Tests 5-8 evaluate the effect of different values for contact compliance,
withmv,wall ∈ [1, 0.5, 0.25, 0.1]. Each of these tests is performed for fixed and variable axis-selective
impedance control, where the latter are indicated with *. For wall-push tests using variable axis-selective
impedance control, the virtual mass along the contact axis varies in the range [mv,free,mv,wall] based
on the observed distance, according to Eq. (5.9).

Figs. 7.26a and 7.27a Measured and estimated forces for tests 1-3 are shown in Fig. 7.26a, with tests
4-8 shown in Fig. 7.27a (tests 5*-8* in the lower plot). Three disturbances are applied for each test
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test method mv,wall mv,free/Iv,free k [N m−1] σf [N] b [N]

impedance control (all axes equivalent)
1 stick - 1.0 137.36 2.79 6.05
2 stick - 3.0 165.50 3.89 8.67
3 stick - 5.0 164.22 4.24 9.53

axis-selective impedance control
4 wall 1.0 1.0 113.43 1.24 10.31
5 wall 1.0 5.0 126.53 1.18 10.88
6 wall 0.5 5.0 82.08 2.20 12.23
7 wall 0.25 5.0 52.58 2.21 9.96
8 wall 0.1 5.0 12.29 2.95 8.92

variable axis-selective impedance control
5* wall (1.0) 5.0 120.06 1.88 9.32
6* wall (0.5) 5.0 83.28 2.51 9.48
7* wall (0.25) 5.0 57.29 3.44 8.38
8* wall (0.1) 5.0 −0.48 2.73 8.93

Table 7.12: Free flight disturbance test configurations, virtual mass parameters and resulting empirical spring constants
with (variable) axis-selective impedance control. Virtual mass and inertia are multipliers for the system values, and the
subscript ‘v,wall’ indicates the end effector contact direction. The resulting the virtual mass matrix is constructed as
diag([m

v,wall mv,free mv,free Iv,free Iv,free Iv,free]
>), since the contact surface normal aligns with the eB

x
axis. Spring

constants, k, are estimated by a linear regression fit of the measured force and position error data shown in Figs. 7.26b
and 7.28, along the body frame contact axis, where σf is the standard deviation of the force prediction error and b is the
force axis intercept. *Indicated tests are performed with variable impedance along the contact axis.

configuration. Measured forces are smoothed by a forward-backward 5thorder low-pass Butterworth
filter with a 2 Hz cut-off frequency to capture the major trend in force and position error data without the
influence of high frequency vibrations and contact oscillations. Smoothed forces are plotted over raw
measurements in the figures. We can see the effect of smoothing particularly clearly in Fig. 7.27b.

To evaluate the system’s resistance or compliance to disturbance forces for different trials, we plot
filtered interaction force against position error along the contact axis, as shown for tests 1-3 in Fig. 7.26b
and 5-8(*) in Fig. 7.28. Hysteresis in the observed spring constant is apparent in the stiffness plot for
the stick push with high virtual mass. This can be attributed to the relatively slow response of the
momentum-based estimator with gain KI = 1.016 as well as the slow actuation bandwidth of the
system. As a result, we only consider the region of rising force to determine the spring constant during
disturbances.

For all plots, the low integral gain of the wrench estimator results in significantly reduced estimated
force peaks compared to filtered ground truth measurements from the force sensor. The wrench estima-
tor’s ability to accurately estimate the contact force during transients has a strong effect on the impedance
controller’s behaviour in the presence of external impulses. In the case of our tilt-rotor system and cho-
sen actuator allocation method, a low actuation bandwidth means that we can only counteract impulses
below a certain frequency, and the low-pass nature of the momentum based estimator improves flight
stability.

For tests 1-3, for similar stick-push disturbances, we see the measured peak force grow with higher
virtual mass. This reflects the intended behaviour of our system, where higher virtual mass rejects esti-
mated disturbances more strongly. Observation of the system in flight led to the selection ofmv,free = 5
for the following experiments due to more consistent response, despite the similar performance to
mv,free = 3 in terms of spring constant. We attribute the minimal difference in spring constant be-
tween mv,free = 3 and 5 to the actuation delay in response to an impulse. For a short disturbance, the
entire region is within the initial response transient, limiting the disturbance rejecting force.
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(a) Measured and estimated reaction forces in FB for one
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Figure 7.26: Free-flight trials where the system is disturbed by a stick. Disturbances are rejected in all directions
using impedance control with a virtual mass that is 1, 3, or 5 times the system mass and inertia. Three disturbances
are applied for each virtual mass setting, and the experiment is conducted twice. Measured forces are smoothed by a
forward-backward 5thorder low-pass Butterworth filter with a 2Hz cut-off frequency.

We compare the spring constant result of tests 1 and 4 to confirm that the empirical spring constants are
similar in magnitude for disturbances introduces by a stick and a wall, where the values of 137.36 N/m
and 113.43 N/m are within a range small enough to confirm this assumption. Comparing tests 4, 5 and
5*, similar spring constant values indicate that virtual mass properties along the eBx axis are effectively
decoupled, regardless of the virtual mass assigned to the remaining axes.

We consider Fig. 7.27a and the magnified time range in Fig. 7.27b to compare estimated and measured
force data for fixed and variable axis-selective impedance control in tests 5(*)-8(*). Across applied
disturbances for the lower plot with constant compliance along the end effector axis, the momentum-
based force estimate deviates more strongly in free flight from the expected zero value with increasing
compliance. This deviant force estimate reflects the increasing effect of model error in the direction of
contact, since model error is lumped with the contact force for momentum-based wrench estimation,
also corresponding with a larger position error along eBx as the system exhibits compliance to the error.
Variable axis-selective impedance control addresses this issue in free flight. We observe the distance
sensor measurement fall below dmin = 0.2 m in the contact region, and retract during free flight,
resulting in strong disturbance rejection along the contact axis between wall pushes. This result indicates
that varying impedance along the contact axis in response to a distance measurement is effective in
reducing free flight compliance to model error.

We further evaluate the difference in computed spring constants between fixed and variable axis-
selective impedance control for the selection of mv,wall, observing the relationship plotted in Fig. 7.28.
In general we clearly see the expected reduction in spring constant with lower mv,wall for both fixed
and variable compliance, as quantified in Table 7.12. A negative spring constant for test 8*, as well as
the steeper initial slope for all trials is the combined result of the sudden initial impulse and delay in
actuation response. This effect results in a similar force-axis intercept value for all trials, which supports
the similarity of all wall-push motions. We further note that where interaction starts, fixed compliance
on the end effector axis has allowed a large accumulation of position error due to compliance to model
error. Variable compliance on the other hand brings position error close to zero when the wall is not
detected close to the contact point, and is still able to exhibit desired compliant behaviour during the
disturbance. This observation further demonstrates the advantage of variable axis-selective impedance
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(a) Wall push disturbance trials for variable (upper) and non-variable (lower) axis-selective impedance control, corre-
sponding with tests listed in Table 7.12. Highlighed areas indicate periods of rising contact force, and values in these
regions are used for the calculation of effective spring constants.

48 50 52 54 56 58 60 62

10

0

10

20

fo
rc

e [
N]

x raw
x filt
x est

y raw
y filt
y est

z raw
z filt
z est

67.5 70.0 72.5 75.0 77.5 80.0 82.5 85.0 87.5
time [s]

10

0

10

20

fo
rc

e [
N]

0.0

0.2

0.4

0.6

0.8

di
sta

nc
e t

o 
wa

ll 
[m

]distance

0.0

0.2

0.4

0.6

0.8

di
sta

nc
e t

o 
wa

ll 
[m

]

(b) Magnified plots of three wall-push disturbances withm
v,wall = 0.25 from plots in Fig. 7.27a. Results for variable

(upper) and non-variable (lower) axis-selective impedance control differ notably in momentum-based force estimates
between pushes.

Figure 7.27: Flight experiments with disturbances introduced by a moving wall along the eB

x
axis, with reaction forces

expressed in FB .
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Figure 7.28: Left: Position error is plotted against the filtered force measurements, representing the spring constant
for free-flight disturbances with (variable) axis-selective impedance control. Star markers, indicated with in the legend
with (f) represent trials where m

v,wall is fixed to be compliant. Circle markers indicate variable m
v,wall, returning to

m
v,free with increasing distance form an observed surface along the contact axis. Right: The trend for spring constant

vs. m
v,wall is shown, including all values from Table 7.12.

control for simultaneously managing model error and contact disturbances.
In the right plot of Table 7.12, we see the relationship of all spring constants from Table 7.12 plotted

against virtual mass values, following a trend for which the linear range is limited by the actuation
bandwidth and the delay in momentum-based force estimation.

7.3.3 Force Tracking Accuracy
In order to evaluate the accuracy of force tracking with direct interaction force control (as a component
of hybrid force-impedance control), we design a physical interaction trajectory containing both a pose
and a force reference. The position reference is set on the known surface of a rigid vertical wall, and
the attitude reference sets the eEz axis orthogonal to the surface plane. The force trajectory is oriented
opposite to the surface plane normal, and changes between 5 N, 10 N, and 20 N. This test is performed
with ProtoV 2in the large flight arena using Vicon/IMU state estimation.

Figure 7.29 shows the tracking performance of the force controller. The reference force is tracked
consistently, even through fast changes of the set point. Though it is not used during the force control
phase, we see that the momentum based force estimate adapts more slowly to the change of force but
converges to similar values.

For tuning of the force control PID, we found that both the feed forward term and the integral gain are
the most essential parts of the force controller. Proportional gain is set to a small value and differential
gain to zero, due its destabilizing effect. Increasing the proportional gain leads to higher frequency
changes in the resulting contact forces, while not significantly improving the response time to reference
changes. The plots shown use the force control PID gains listed in Section 7.3.

Despite action taken to avoid force sensor drift, Fig. 7.29 indicates an erroneously measured offset. As
discussed in Section 7.3.1, cooling effects of the propellers can be significant, and a slowly changing bias
that was not reset resulted in an offset. Regardless of the offset, the resulting performance demonstrates
an ability to quickly respond to measurements from an integrated force sensor. The remaining error can
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Figure 7.29: Tracking of 3 different force references. The dashed orange line represents the force reference in the
world frame, the solid blue line is measured force at the end effector in the contact direction, filtered as described in
Section 7.3.1. The dotted green line shows the momentum based force estimate.

be corrected with further investigations into sensor calibration.

Robustness to Planning Errors

Additionally, we test the robustness of the proposed hybrid force-impedance control (described in Sec-
tion 5.2.3) to small errors in the planned trajectory by performing a surface inspection task with multiple
contacts with reference forces of 5 N. In a first experiment, we set the position reference 4 cm in front of
the true surface position, and in a second trial we set it 1 cm behind the true position. For both trials, the
system is close enough to the surface that the confidence factor, λf = 1, such that direct force control is
fully active.

(a) Position reference 4 cm in front of the wall. (b) Position reference 1 cm behind the wall.

Figure 7.30: Hybrid force-impedance control experiments showing robustness to position reference in front of or
behind the contact surface. A 5N contact force is commanded for 10 s intervals. Plots compare measured interaction
force (Fmeas) with direct force control (Fdir) and impedance control (Fimp) components of the commanded force in the
direction of contact.

Plots of the body force command in the contact direction for the two trials are shown respectively
in Fig. 7.30a and Fig. 7.30b, also depicting the interplay of force and impedance control components
as described in Eq. (5.23), and shown as a block diagram in Fig. 5.14. The figures illustrate that for
each trial, the measured force settles at the reference force after a short response time. The impedance

147



7 Experimental Results

control component holds a constant offset term based on the position error when the end effector is
against the contact surface. The direct force control term compensates for this error, driving the force
error to zero primarily with the integral term. The feed forward force control term initially causes an
undershoot in force (Fig. 7.30a) where the position set point is away from the wall, and an overshoot in
force (Fig. 7.30b) where the set point is into the wall. The experiments show that the direct force con-
trol command fdir compensates the impedance control command fimp in order to achieve the desired
contact force.

Figure 7.31: Confidence factor λ, wall distance and force reference show behaviour for a set point a) behind the wall,
b) in front of the wall by 0.25m, and c)> 0.5m away from the wall.

When planner error is larger, we enter the domain where λf < 1, the transition zone of attempting
direct interaction force control. To evaluate the robustness and behaviour of hybrid force-impedance
control in the case of large planner error, we specify a desired contact force of 10 N at three different
distances from the contact surface:

a) approximately on the surface
b) 0.25 m away from the surface
c) 0.5 m away from the surface

Figure 7.31 shows the resulting behaviour for the three scenarios. At point a), the platform is close
enough to the wall such that λf = 1 and direct force control is fully enabled. The lower plot shows force
tracking results, where the desired 10 N magnitude is reached. This case exhibits the desired interaction
control behaviour if the reference is well positioned close to the surface. At point b), the perceived end
effector distance dE in combination with the end effector position error et places the system in the force
confidence transition zone based on our chosen interaction control parameters. A short increase in λ is
seen as the system attempts to engage in force control, before the end effector error grows sufficiently to
reduce the confidence factor, and the resetting force of the impedance controller guides the system back
to the pose reference. No contact is made in this case. At point c), the end effector distance dE is larger
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than the maximum selected end effector distance dmax, resulting in a confidence factor of λf = 0, and
direct force control is therefore not enabled.

In all cases, the system responds to planner error in a stable way, and is able to continue executing a
compromise of the combined state and force trajectory. The behaviour of each case depends on chosen
values for dmin, dmax, emin and emax, and how they generate λ as described in Eq. (5.16). Case a) and
c) are desired effects when the system is close enough that establishing contact is more important than
position tracking, and when the system is far enough from a surface that force tracking should not even
be attempted. In case b), which is visualized in Fig. 5.13, the contact surface is detected but the position
error is too large to track the end effector tip at the surface. This case can be avoided by choosing
dmax ≤ emin. Provided that nominal tracking error remains small, the system remains in a position
tracking region until the detected surface is within the tracking error margin.

This controller behaves well as long as the platform is able to effectively measure the distance to the
surface. Several real-world scenarios can complicate this task, for instance if surfaces are transparent or
reflective and therefore not ‘seen’, or if the environment is too dark or obscured with particulates, such
that a surface is registered even when it isn’t present. These cases motivate the need for multi-sensor
integration, where the strengths of different sensor types can be combined to generate a better-informed
confidence factor for interaction.

7.3.4 Push-and-Slide Aerial Drawing

In this experiment, we evaluate the ability of the system to maintain a normal orientation to a whiteboard,
rejecting disturbances from friction forces when interacting, as well as the ability to accurately and
repeatably draw a defined pattern on the surface. Both axis-selective impedance control and direct force
control (in the hybrid force-impedance control framework) are evaluated. The whiteboard is positioned
in a known location, and the end-effector is a whiteboard marker with no additional compliance.

Axis-selective impedance control experiments are performed in the large flying area with ProtoV 1,
and direct force control experiments are performed in the small flying arena with ProtoV 2. Interaction
control parameters are listed in Sections 7.2 and 7.3. Both sets of experiments use an external motion
capture system fused with measurements from the onboard IMU.

A: Axis-Selective Impedance Control

For impedance control interaction experiments, a trajectory traces a drawing with the end effector point
10 cm behind the surface of the whiteboard. Virtual mass and inertia are set to 5 times that of the system
in all directions, except for the eEz axis, where virtual mass is 0.25 times the system mass.

Tracking results for position and orientation in the top two plots of Fig. 7.32 show ground truth mea-
surements from the motion capture system of two trials drawing the same shape on a whiteboard, com-
pared to the reference trajectory set point, marked with subscript sp. In the time interval between (a) and
(b), the end effector is in contact with the whiteboard, maintaining a consistent estimated force while
completing a trajectory.

The system demonstrates its ability to handle transitions in and out of contact with good stability, and
trace a contact trajectory without significant tracking error on the surface plane. The system demonstrates
a good ability to reject torque and lateral force disturbances caused by surface friction while maintaining
a consistent contact force against the wall, as shown in the lower two plots of Fig. 7.32. The contact
force of about 2 N is low enough to avoid static friction.

Offsets in eBx -force and eBy - and eBz -torque in free flight—as well as a small bias in the attitude track-
ing of the system—are the result of an unaccounted-for offset of the system’s center of mass. This result
demonstrates that the proposed impedance control can compensate well for model errors, maintaining
attitude error within 0.07 rad.
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Figure 7.32: Pose tracking and momentum-based wrench estimates for push-and-slide experiments. A shape is drawn
on a whiteboard aligned with the eW

x
plane in two separate trials (subscripts 1 and 2). At time (a), the system contacts

the wall, and at (b), resumes free flight.
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B: Direct Interaction Force Control

Figure 7.33: Left: an image from experimental trials. Right: the resulting whiteboard drawing from 9 subsequent force
control trials (3 each of 1N, 3N and 5N reference forces).

For direct force control, the trajectory traces a spline with the end effector point on the surface of
the whiteboard. The force trajectories smoothly ramp up to the desired force reference after the position
reference has reached the known whiteboard surface location. We compare the tracking performance
of three different force references of 1 N, 3 N, and 5 N, along with axis-selective impedance control as
a baseline. Trials are performed three times with each set of parameters to allow for better statistical
analysis. Figure 7.33 shows a photo taken during the experiment, and the resulting whiteboard drawing
from all force control trials.

x y z x-z norm roll pitch yaw angle

im
pe

d. mean -0.000 0.033 -0.008 0.017 -0.003 0.057 0.008 0.060
std. 0.006 0.010 0.019 0.012 0.005 0.009 0.018 0.010

RMS 0.006 0.035 0.020 0.021 0.006 0.058 0.020 0.061

5
N

mean -0.001 -0.017 -0.009 0.015 -0.000 0.058 0.013 0.066
std. 0.008 0.010 0.012 0.008 0.006 0.014 0.029 0.015

RMS 0.008 0.020 0.015 0.017 0.006 0.059 0.032 0.068

3
N

mean -0.001 -0.018 -0.008 0.016 0.002 0.059 0.011 0.064
std. 0.007 0.010 0.015 0.010 0.005 0.012 0.022 0.013

RMS 0.007 0.021 0.017 0.019 0.006 0.060 0.025 0.066

1
N

mean -0.000 -0.017 -0.008 0.016 0.001 0.053 0.006 0.056
std. 0.008 0.010 0.016 0.012 0.006 0.008 0.014 0.008

RMS 0.008 0.020 0.018 0.020 0.006 0.054 0.015 0.056
Table 7.13: Base tracking error statistics for push-and-slide aerial drawing experiments. The projected drawing plane
mean error and total angular error compare overall performance between experiments. Position errors are expressed in
meters, and attitude errors in radians.

Tracking error statistics for the system base are shown in Table 7.13, while Table 7.14 presents end
effector error on the drawing plane and interaction force tracking error. Corresponding violin plots aid
in interpreting the results, showing the error distributions for base and end effector tracking in Fig. 7.34,
and force tracking error distributions in Fig. 7.35.

Table 7.13 shows that the base reference position is tracked similarly well for the 4 different cases,
with a projected mean error of 1.5 cm to 1.7 cm. Comparing RMSE values for eWx and eWz , we attribute
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Figure 7.34: Error distributions for (top) the base attitude, (middle) the base position and (bottom) the end effector
position are shown in the form of violin plots. Data is collected from the in-contact drawing phases of three trials
for each control scenario. The x-z norm is used for position errors to for comparison of the projected error onto the
trajectory plane at the base and end effector points. Error for the end effector y-axis is not shown since it is physically
constrained by the whiteboard surface. Attitude is equivalent for the base and end effector since they are rigidly
connected.

152



7.3 Omnidirectional Aerial Physical Interaction

x [m] z [m] x-z norm fy [N]

im
pe

d. mean 0.002 -0.013 0.022 -
std. 0.007 0.022 0.015 -

RMS 0.007 0.025 0.026 -

5
N

mean -0.000 -0.017 0.026 -0.383
std. 0.009 0.022 0.014 0.752

RMS 0.009 0.028 0.029 0.844
3

N

mean -0.002 -0.014 0.024 -0.699
std. 0.008 0.023 0.015 0.973

RMS 0.009 0.027 0.028 1.198

1
N

mean -0.000 -0.011 0.019 -0.579
std. 0.010 0.018 0.013 0.917

RMS 0.010 0.021 0.023 1.085
Table 7.14: End effector position and force tracking error statistics for push-and-slide aerial drawing experiments. The
mean of projected drawing plane error and the interaction force error are highlighted for each experiment. Position
errors are expressed in meters, and force errors in Newtons.

5N force 3N force 1N force

4

2

0

2

4

fo
rc

e e
rro

r [
N]

Figure 7.35: Force tracking error distributions are presented for commanded force scenarios of 1, 3, and 5N. Data is
collected from the in-contact drawing phases of three trials for each force control scenario.

larger error on the eWz axis due to inertial model error amplified by gravitational effects. Angular errors
for the 4 cases have similar mean values (0.056 rad to 0.066 rad), though larger mean and standard
deviation are seen for force control trials with higher commanded tracking forces (standard deviations
of {0.015, 0.013, 0.008} rad for {5, 3, 1}N respectively). This effect can be explained by increased
contact force leading to higher lateral friction at the end effector point, causing a moment about the pitch
and yaw axes of the floating base.

Position error for end effector tracking is only evaluated in unconstrained directions (on the whiteboard
surface, i.e. the eWx -eWz plane). To fairly compare base and end effector tracking error, we present the
same projected error for the base. The projected end effector position exhibits a larger tracking error
than the base (1.9-2.6 cm vs. 1.5-1.7 cm mean error), as seen in Fig. 7.34 and numerically presented in
Table 7.14. Since the controller is explicitly tracking a base reference and attitude that correspond with
the desired end effector trajectory, our PID feedback law acts at the body center, and as a result any base
orientation error magnifies position error at the end effector. Despite using high stiffness impedance
control parameters for attitude and lateral position, unmodeled effects such as surface friction at the
whiteboard, as well as a larger end effector mass due to the force sensor, prevent more accurate end-
effector tracking. This issue can be resolved by explicitly tracking the end effector point, which then
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7 Experimental Results

requires the additional incorporation of contact constraints in the controller.
Base eWy position error is also shown in plots for comparison, where all force control trials show a

mean error around -1.7 cm, with 1 cm standard deviation. This mean value indicates that the trajectory
is on average located in front of the whiteboard surface by this amount, where the standard deviation can
be attributed to slight misalignment with the eWx -eWz plane, small deflections of the whiteboard during
interaction, and deformation of the marker tip. For impedance control, the mean eWy error of 3.3 cm
corresponds to the trajectory’s submersion behind the nominal surface plane to generate contact force.

Force tracking results in Table 7.14 and Fig. 7.35 show similar error statistics for all three reference
force magnitudes. Negative mean values for all force control trials indicate consistent undershooting of
the desired force, which can be attributed to rise time to reach the desired force and drifting force sensor
biases which cause a reference offset. For the 1 N tracking case, the distribution has a second peak at
1 N error which indicates the contact transition zone. Consistent with the standard deviation of force
tracking error across all trials, tracking a force this low results in periodic loss of contact.
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Figure 7.36: The system base position is plotted on the x-z plane inFW for different control scenarios, each consisting
of 3 trials. Colours indicate the interaction forces measured by the on-board force sensor in the surface normal direction,
and the trajectory is indicated with a black line.

To further investigate end-effector tracking and interaction force over the trajectory, we overlay in-
formative data on the projected drawing plane. Figure 7.36 plots the base position projected on the
eWx -eWz plane, where data points are coloured by the measured interaction force. Three overlaid trials
for each of four experimental conditions are plotted in a grid for comparison, where the reference tra-
jectory is indicated in each figure by a black line. For force control trials of 1 N, 3 N, 5 N, coloured
trajectory data fluctuates about the reference. For all trials, certain regions of the trajectory consistently
correspond with lower (e.g. x, z = 0.4, 1.4) and higher (e.g. x, z = 0.2, 1.6) forces. These regions
appear to be related to the trajectory direction and curvature, which affect the moment caused by friction
forces on the system base. Near-black data points in the 1 N force case which trace straight lines (e.g.
x, z = 0.4, 1.1) indicate loss of contact. For the impedance control case, we see lower forces at the left
of the trajectory transitioning to higher forces with decreasing x position. This trend indicates a slight
misalignment in the eWx -eWz and whiteboard planes, such that the reference position depth behind the
whiteboard changes slightly on the horizontal axis. Force control has an advantage in this respect, that
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Figure 7.37: The end effector position is plotted on the x-z plane in FW for different control scenarios, corresponding
with the trials in Fig. 7.36. Colours indicate the end effector position error norm projected onto the x-z plane, and the
trajectory is indicated with a black line.

the reference force is tracked explicitly. This force consistency could otherwise be solved with a live
distance measurement to the surface, and re-projection of the trajectory to maintain a constant depth
reference.

Figure 7.37 presents similarly projected data, plotting the end effector position on the whiteboard
surface, where data points are coloured by the projected position error norm. The end effector trajectory
visibly deviates from the desired trajectory more than that of the base, as anticipated in our error analysis.
This effect is more prominent in the right half of the drawing. Considering the force control trials, we
clearly see larger end effector error with increasing force reference and particularly along the eWz , as
seen in the error data. This plot allows us to see more clearly that while tracking a 1 N reference has
a tendency to oscillate about the reference in horizontal motion, tracking a 5 N reference exhibits a
consistent trajectory offset in horizontal motion due to the effects of increased surface friction.

The results of aerial writing experiments allow us to draw a few important conclusions about this type
of physical interaction task. Lateral friction forces pose a challenge to trajectory tracking, forcing a
trade-off between contact force and end effector position tracking performance. One major reason for
this is the implicit time constraints in each trajectory. Relaxing the trajectory time constraint to a path
following problem in cases where exact timing is not critical will allow for improved performance in both
end effector position and contact force. Tracking a reference at the base will only produce equivalent
results for the end effector if there were no orientation error. Therefore improved tracking performance
will require formulating the PID control feedback term around end effector error, and integrating contact
constraints at this point.

For any interaction controller, a higher control wrench bandwidth will improve overall system per-
formance, allowing for fast and accurate disturbance rejection of friction forces and wind gusts. Model
error also significantly effects the control wrench accuracy, particularly at lower bandwidths. A signifi-
cant increase in hover error is present in experiment series B with ProtoV 2 compared to A with ProtoV 1.
Experiments with ProtoV 1 were performed on the system in a relatively new state, with good system
model accuracy. With ProtoV 2, the system had already sustained numerous crashed and repairs, with
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7 Experimental Results

the geared tilt-rotor mechanisms exhibiting increased backlash over time. The resulting degraded system
model accuracy is evident when comparing the quality of impedance control drawing results in Fig. 7.32
and Fig. 7.33.

For direct force control, a combination of actuation bandwidth and force reference signal are key to
reducing force tracking error. Since force error directly contributes to the control wrench, the correction
frequencies should be achievable by the control wrench such that measured force vibrations do not
produce a positive feedback response. A smooth force signal with minimal delay in combination with
high bandwidth base wrench control will allow us to raise force control gains and improve the force
tracking response. Impedance control performs well for push and slide tasks, and could also be used
to track a desired reference force if the correlation between trajectory depth behind a surface and the
resulting contact force is well established. The distance sensor already integrated for hybrid force-
impedance control can be used to maintain the reference at a depth corresponding to the desired force.
This approach would remove the need for force sensor signal processing, but relies on a very good system
model, such that model error has a negligible contribution to the estimated contact wrench.

In summary, direct force control is a good solution when we have a high base wrench actuation band-
width and smooth force feedback signal with low delay, despite large system model error and an un-
certain environment. Impedance control is a good solution when we have a very good system and
environment model, despite lower control bandwidth and insufficient force sensor data.

7.3.5 Interaction with Inclined Surfaces
The physical interaction experiments presented in Sections 7.3.1 to 7.3.4 have been limited to planar
vertical surfaces. Although these present a good baseline for the system performance, they do not take
advantage of the platform’s omnidirectionality.

Figure 7.38: Image from experimental trials for (left) rolling in contact on an archway with impedance control and
(right) random normal point contacts on an undulating wooden surface with direct force control.

This section explores some interaction cases on curved surfaces with changing inclination relative
to gravity. In the first experiment, we perform sustained contact while rolling on the underside of an
archway using axis-selective impedance control with on-board VIO-based state estimation and local
planning. In second set of experiments, we perform force control at a random selection of contact points
on an undulating surface, which is inclined both positively and negatively to the gravitational vector. A
large number of point contacts allows for a comprehensive statistical analysis of the data. Images of the
two experiments are shown in Fig. 7.38.
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7.3 Omnidirectional Aerial Physical Interaction

A: Rolling in Contact on an Arch

To evaluate the performance of impedance control for changing surface inclinations, we conduct a
rolling-in-contact test for the system on the underside of an archway. In this trial we use ProtoV 1 with
fully on-board state estimation which fuses VIO with IMU measurements, which is also used for track-
ing analysis. The end effector is oriented at a 30° rotation about eBy , as seen in Fig. 6.12a. A wheel is
installed at the end effector to reduce friction forces during interaction, and is aligned in advance with
the desired direction of motion during contact. The value of mv,wall for these experiments is raised
from 0.25 to 0.5 to improve reliability of contact.

Depth servoing is used to maintain orientation to the local surface normal, as described in Sec-
tion 7.1.3. An initial trajectory guides the system to a start point away from the surface, orienting
the end effector eEz axis to align with the locally observed arch surface normal. The end effector is then
brought in contact with the surface, and the reference is updated with live surface normal measurements
sampled at 5 Hz to trace a path along the curved arch surface. The end effector traverses a distance of
0.53 m on the surface during contact, with an average velocity of 0.17 m s−1. Tests are performed with
no prior information of the structure, using manual initial positioning and local sensing for the contact
trajectory.
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Figure 7.39: Left: End effector position and reference are plotted on the eW

y
− eW

z
plane, along with the base position

while rolling in contact on an archway. Local surface points and normal vectors used for real-time trajectory updates
are indicated with green arrows. Right: Attitude tracking plot for a changing pitch reference, where the end effector
reference moves during the shaded region. The lower plot shows the momentum-based force estimate in the flying base
frame, with mean values over the shaded range indicates with a dash-dot horizontal line.

For this experiment, the major criteria for success is maintaining contact while rolling along the struc-
ture, indicated by turning of the end effector wheel in the corresponding video. This trajectory brings
the compliant contact axis into alignment with gravity, to evaluate impedance control performance in
a worst-case model error scenario. For evaluation, we consider attitude tracking of the system, and
interpret the momentum-based force estimate.

As visualized in the left plot of Fig. 7.39, locally perceived surface points and normal vectors pro-
duce an end effector reference that ensures constant contact while rolling along the arch, robust to state
estimator drift. Update discretization of 5 Hz is visible in the pitch reference of the right plot, which
is tracked with a slight delay and and overshoot at the end of the rolling motion. Despite model error,
the impedance controller generates sufficient force along the eEz axis to maintain contact. The lower
right plot of Fig. 7.39 shows the momentum based force estimate in FE , where we expect to see a pure
negative contact force along the eEz axis. At -6 N, eEz is indeed the dominant direction of force. We
also notice a positive 1.6 N force along the eEx , which can be partially explained by pitch error, though
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it remains at a positive value when the pitch error goes to zero.

Figure 7.40: Free flight of the system, with reference pitch changing from 0° to 30°, as shown in the upper attitude
tracking plot. Momentum-based wrench estimates are expressed in FE below, including the force magnitude in grey.
A 10 s shaded region for each pitch is used for statistical analysis, where estimates have converged to their steady state
values.

To investigate error in the momentum-based force estimate, we inspect the converged values for free-
flight static hover at different pitch references. In Fig. 7.40, the upper plot shows a flat hover trajectory
changing to 30° nose-down pitch. Shaded areas in the lower plot indicate 10 s of steady state force
estimates in FE , which are used for statistical comparison. In the absence of contact, we expect a
zero average force, but this is clearly not the case, particularly on the eEx axis, which at 30° pitch is
closely aligned with gravity. We attribute this phenomenon and the overall rise in force magnitude to
actuation model error, including the simplified modelling of double rotor groups and inaccuracies in
voltage compensation. These effects will be seen most clearly on the eWz axis where the net actuation
force aligns against gravity to maintain hover.

We compare the estimated force for the two cases above, along with -30° pitch free-flight hover and
rolling-in-contact cases in Fig. 7.41. Force distributions are shown in violin plots, and the corresponding
flight orientation for each case is displayed below. The case of -30° pitch gives a reference for steady
state force error at the far end of the rolling in contact trajectory where eEz ≈ eWz . The force error that
we expect to appear along the eEz axis also appears substantially in eEy , which is the likely influenced
by slight tilt-rotor orientation error. We can conclude from this investigation that the -6 N force estimate
while rolling is an underestimate of the true contact force magnitude.

As soon as our desired direction of contact begins to align with gravity, we exhibit compliance to
the dominant model error. The generation of consistent omnidirectional contact forces using this axis-
selective impedance control framework therefore requires a very good system model. Since this problem
results from lumping interaction forces and model error into a single term, it can also be addressed by
using direct interaction force control in our hybrid force-impedance framework.
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Figure 7.41: Force estimate data for steady-state free-flight hover is compared for three reference pitches (30°,0°,-30°),
along with the estimate during rolling contact. Images below each plot show the corresponding flight scenario.

B: Direct Force Control on an Undulating Surface

In this series of experiments we evaluate direct force control for point contacts on an undulating sur-
face, using ProtoV 2 with hybrid force-impedance control in the large flight arena. A doubly curved
wooden surface is laminated with fiberglass, with dimensions of approximately 1 m × 1.8 m. The sur-
face is mapped using a laser scanner and and data is converted for use with a mesh-based planning
approach [77].

Figure 7.42: Left: Undulating wooden wall used for experiments. Right: 42 randomly sampled contact locations
plotted as red dots on the mapped mesh surface, where the local surface normal for each point is indicated by a black
arrow.
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Figure 7.42 visualizes 42 randomly selected locations on the contact surface. At each contact point,
a force trajectory of 10 N perpendicular to the surface is commanded for 5 s. The large number of
contact points that are visited during the trajectory allows us to thoroughly investigate performance and
repeatability through statistical evaluation of the data.
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Figure 7.43: Measured force data along the eE

z
axis of 42 contact trials are plotted for the 5 s duration of a commanded

contact force. Raw measurements (upper plot) are processed with a forward-backward 5thorder Butterworth filter, using
a 20Hz cut-off frequency for evaluation (lower plot). The shaded region is the range in which force and position error
are evaluated for each trial, with the reference force of -10N shown as a dotted black line.

Measured force data along the eEz axis are plotted in Fig. 7.43, where the 5 s time periods of 42 contact
commands are superimposed. Oscillations about the 10 N reference are visible for all contact points,
though they vary in amplitude. Raw force measurements are processed with a forward-backward 5thorder
low-pass Butterworth filter, using a 20 Hz cut-off frequency to remove sensor noise while maintaining
contact oscillations. A dense collection of data points at 0 N in the first 2 s of contact represents loss
of contact where the end effector is bouncing against the surface. Due to large initial oscillations and
bouncing, we select an evaluation range of 2.3 to 4.7s, where most trials have gained steady contact and
converge towards the reference force. Force and position error data is evaluated in this range for each
contact point.

For evaluation, we consider the following interaction task performance metrics during contact:

• Interaction force error along the eEz axis.

• End effector Euclidean error projected onto the local surface plane.

• Total angular error of the attitude (same for end effector and base).
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Figure 7.44: Left: Force error along the eE

z
axis is plotted against the pitch reference for each contact, showing a general

linear trend. Trial numbers 13 and 38 are labelled. Right: The relationship between end effector error projected onto
the surface is plotted against the attitude angle error for each contact, with points coloured and sized by pitch reference
value and magnitude.

We are further interested in how the performance is affected by changing pitch reference.
The left plot in Fig. 7.44 shows the relationship between interaction force error and the pitch reference,

where mean force error represents an overshoot (negative value) or undershoot (positive value) of the
reference force. A linear trend is apparent where a negative pitch reference (upward-tilted end effector)
corresponds with an undershoot of the target force while a positive pitch corresponds with an overshoot.
This effect is due to inertial model error, resulting in an initial over- or undershoot from the impedance
control command, which is corrected by the force control integral term over time. Low force gains due
to noisy force feedback result in slow convergence, and the resulting trend is still visible after 2.7 s of
contact.

We further evaluate the effect of magnified end effector error due to attitude tracking error at the
system base. As expected, the right plot of Fig. 7.44 indicates a linear trend where end effector error
projected on the local surface plane grows with increasing total angular error. We observe lower end
effector and attitude error for contacts with zero pitch, and slightly lower end effector error for positive
pitch than for negative pitch references. The latter trend can also be explained by model error in the
center of mass location.

Standard deviation of the contact force error, σf , represents the magnitude of oscillations during con-
tact. Since no consistent trend is visible with respect to the pitch reference, in Fig. 7.45 we plot the
contact point locations projected on the eWy -eWz plane, with colour and size determined by the corre-
sponding σf . Agreeing with our observations during experimental flights, contacting certain regions of
the structure consistently results in larger oscillations, as seen in the upper right side and left lower edge
of the projected surface. Since the surface is made from bent flexible plywood, its local ‘springiness’ in
influenced by the nearest connection to a supporting beam, and varies across the surface. This character-
istic means that contact points are not controlled for equivalent interaction properties, but it allows us to
investigate the system performance for surfaces with different spring constants.

In Fig. 7.46, we compare commanded and measured forces along the eEz axis, along with the corre-
sponding end effector position for two particular contacts (labelled in Fig. 7.45):

• Contact 13: An example of good end effector position and interaction force tracking.

• Contact 38: Point with the largest sustained force oscillations and surface bouncing.

For contact trial 13, we see the measured force converge to the 10 N reference magnitude with small
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Figure 7.45: Positions of contact points are projected onto the eW

y
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plane. Points are coloured and sized by the
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z
force for each trial, indicating regions of the surface that exhibit larger oscillations during

contact. Trial numbers 13 and 38 are indicated with labels.
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Figure 7.46: The commanded force is plotted against raw and filtered force measurements along the eE

z
axis for contact

points 13 (upper plot) and 38 (lower plot) to show the mechanism of contact oscillations. Position of the end effector
point in the surface normal direction is plotted on a secondary axis.

oscillations (±2 N). The total end effector deflection into the surface remains in the range of 4 mm
during contact, due to relatively high structural stiffness at this point. We note that the this distance
results from both deflection of the surface and deformation of the foam ball at the end-effector.

For contact trial 38, large force oscillations immediately overshoot the reference force, as expected
with a positive pitch reference, interpreted from data in Fig. 7.44. We observe a delay between the
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commanded force and resulting system motion, resulting in the control signal leading the response by
a 90° phase shift. This phenomenon is caused when the system response bandwidth is near a natural
frequency of the combined system, creating sustained oscillations. The main variable that influences the
combined system properties between contact trials is the local stiffness of the contact surface.
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Figure 7.47: Left: Filtered force data along the eE

z
axis is plotted against end effector position for the entire 5 s

duration of contact 38, and a spring constant is estimated by a linear fit of the data. Right: Raw force data for the entire
duration for each contact is processed with a fast Fourier transform and plotted in the frequency domain, with contact
38 indicated in red which shows a peak at 2.9Hz.

We investigate the local stiffness of the surface at point 38 in the left plot of Fig. 7.47 by plotting
measured force against end effector deflection along eEz for the duration of commanded contact. A
linear fit of the data results in a spring constant of 1111 N at this particular location. In the right plot,
the raw force data is transformed into the frequency domain. Data from contact 38 is indicated in red,
while the remaining points are plotted in blue. The highest amplitude and lowest frequency non-zero
peak is exhibited by contact 38. The remaining trials have smaller force peaks which appear at higher
frequencies, corresponding with higher local surface stiffness.

Despite oscillations due to low stiffness of the contact surface, the system showed consistent flight
stability over all trials while tracking the nominal desired force during contact. Results indicate that
while model improvements should result in better omnidirectional interaction task performance, the
system is capable of tracking force trajectories in different orientations. Future work should investigate
performance for all possible orientations of the omnidirectional system.

7.3.6 Application: Contact Inspection of Reinforced Concrete
In this experiment, we evaluate the ability of the system to maintain the positional accuracy and force
required for measurements with a NDT contact sensor on reinforced concrete structures. We aim to
demonstrate the validity of autonomous contact inspection on a sample of reinforced concrete, comparing
the inspection results to measurements taken by hand.

The end effector is equipped with a NDT contact sensor that measures both the electrical potential
difference between a saturated CSE and the embedded steel, and the electrical resistance between the
sensor on the concrete surface and the steel reinforcement as shown in Fig. 7.48. Electrical potential and
resistance results can be used as an indicator for the corrosion state of the steel [9]. A cable is connected
to the reinforcement in the concrete structure, and is routed to the flying system via a physical tether to
perform the measurements. The concrete specimen used for this experiment has a known corrosion spot
at a certain location, to confirm validity of the results. A constant cover depth over the reinforcement is
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Figure 7.48: Experimental setup for NDT inspection. The end effector is equipped with a lightweight CSE contact
sensor, and contacts a reinforced concrete sample with a known corrosion location. Measurement data is obtained from
the on-board sensor and the steel reinforcement by connecting cables.

maintained throughout the block.
We perform two series of experimental trials to validate both axis-selective impedance control and

direct interaction force control in a hybrid force-impedance framework. For both experiments, the
concrete block is positioned at a known location, and a trajectory is defined to contact 9 points at 5 cm
intervals along the surface. All tests are performed in the large flying area using Vicon fused with
onboard IMU data for state estimation.

A: Axis-Selective Impedance Control

Using axis-selective impedance control with ProtoV 1, we perform the first series of NDT trials. The
reference contact point set 10 cm behind the surface of the wall to generate sufficient contact force for
meaningful measurements. Each point is held for a duration of 15 to 20 s, and manually commanded to
move to the next point when a successful measurement is obtained.

Tracking results in the top plot of Fig. 7.49 show accurate trajectory tracking along all translational
axes, except during shaded contact regions, where the eWz position is stopped by the concrete block. A
low apparent inertia in the eEz direction allows for compliant behaviour of the system in contact. The
second plot shows forces that arise in the direction of the concrete surface, achieving a value of 1.8 N in
the contact phase. A constant offset in force along the eBz axis can be seen, which we attribute to model
error in actuation forces, the system mass and the center of mass offset. Tracking results demonstrate
that the controller is robust to this model error in directions with high apparent inertia.

Data collected from the NDT sensor are shown in Fig. 7.50, where corrosion implications are deduced
according to [52], and correspond with corrosion at contact points 2 and 3.

A: Direct Interaction Force Control

We perform the second series of NDT trials using ProtoV 2with hybrid force-impedance control, which
uses direct force control during contact phases. Contact reference points are set at prescribed locations on
the known surface of the block. Each point is held for a duration of 10 s, during which a reference force
of 5 N is included in the trajectory. Compared to the previous trials, the system moves autonomously
from one point to the next, without waiting for an operator’s command.

Figure 7.51 compares the autonomously measured potentials of two flights with manually measured
potentials along the sample, two measured before and two after the flights. Results indicate that the
controller is able to maintain contact between the sensor and the sample to allow accurate measurements
of the potential.
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7.3 Omnidirectional Aerial Physical Interaction

Figure 7.49: Position tracking and force estimation for tests with a NDT contact sensor on a concrete block, aligned
with the xb-plane. Nine measurements are taken at 5 cm intervals with external state estimation, grey areas indicate
contact.

Figure 7.50: (left) Half-cell potential mapping with 9 points on a concrete specimen reinforced with carbon steel and
(right) corrosion state analysis for each point based on resistance and potential measured by an NDT contact sensor.
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Figure 7.51: Comparison of potential mapping results for measurements taken during two autonomous test flights, and
four sets of manual measurements along a reinforced concrete block sample.

7.4 Macro-Micro Aerial Parallel Manipulator

In this series of experiments, we evaluate the concept of a macro-micro manipulator, in the form of a tilt-
rotor omnidirectional flying base combined with a translational delta parallel manipulator. We evaluate
the manipulator prototype alone (Manip∆) and mounted to ProtoV 2 (Proto∆), to validate the manipu-
lator dynamics presented in Section 4.4.3, and confirm the advantages of a macro-micro aerial manip-
ulator for disturbance rejection and end-effector tracking, using controllers presented in Sections 5.3.1
and 5.3.2. We perform the following experiments:

• Section 7.4.1 presents the calibration and validation of the parallel manipulator. A base-to-end-
effector calibration is performed, the achievable precision is determined, and control of the servo-
motors is evaluated. Complete and simplified dynamic models of the manipulator are validated
against ground truth measured reaction forces.

• Section 7.4.2 evaluates the macro-micro system in rejecting disturbances to the flying base com-
pared to a rigid manipulator arm.

• Section 7.4.3 evaluates tracking of a fast end effector trajectory for the macro-micro system with
and without adding a dynamic compensation term, and compares this performance to a rigid ma-
nipulator arm. Simulation and real flight results for the dynamic compensation term are evaluated
to explore the limitations of this approach.

experiment prototype controller test env. state est
7.4.1 Manip∆ inverse kinematic small arena Vicon
7.4.2 Proto∆ PID-inkin small arena Vicon-MSF
7.4.3 A Proto∆ PID-inkin small arena Vicon-MSF
7.4.3 B Proto∆ PID-inkin + FF small arena Vicon-MSF

Table 7.15: Experimental setup for aerial parallel manipulator evaluation.

The experimental setup for this series of test flights is described in Table 7.15. All tests are performed
in the small flying arena (see Section 7.1.1 for details) equipped with a motion capture system. The Delta
arm is rigidly mounted to the base of the omnidirectional flying robot. Reflective marker constellations
are installed on the flying base for state estimation, and on the manipulator for ground truth position data
and for the initial calibration of the manipulator. State estimation, control, and servo feedback operate at
200 Hz.
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7.4.1 Parallel Manipulator
In this series of experiments, we validate the reaction wrench predicted by simplified and complete
models of the dynamic parallel structure. Comparing these results, we justify the choice of using a
simplified model for the system control. Following validation, we calibrate the manipulator mounted to
the base of the flying robot in preparation for flight tests. The end effector position calculated by forward
kinematics is evaluated against ground truth data, since this value is used in the controller.

Dynamic Reaction Wrench

Dynamic model validation of the parallel manipulator alone is performed by comparing reaction force
estimates with ground truth force data. The delta manipulator is mounted to a 6 axis Rokubi force-torque
sensor, where ground truth position of the sensor base is provided by external motion capture data. We
command a fast cube trajectory for the end effector in FW , while moving the base dynamically by hand
(see Fig. 7.52). This set-up allows us to simulate a floating-base parallel manipulator without the flying
system.

Figure 7.52: Experimental dynamic model validation by dynamically moving the base while the end effector tracks
a fast trajectory (top image). Plots visually compare measured forces and torques with predicted values form the
simplified and complete dynamic models, expressed in FD for a short segment of the test.

force torque
stat model x y z x y z

mean simplified 0.101 0.075 -0.246 -0.026 0.006 0.016
complete 0.135 0.029 -0.174 -0.014 0.026 0.016

std simplified 2.521 2.215 1.140 0.205 0.222 0.116
complete 2.336 2.039 1.149 0.182 0.179 0.124

RMS simplified 2.523 2.217 1.167 0.207 0.222 0.117
complete 2.340 2.039 1.162 0.182 0.181 0.125

Table 7.16: Mean, standard deviation, and RMSE of simplified and complete dynamic model error against the force-
torque sensor measured ground truth data for 27 s at 200Hz. All quantities are expressed in FD

The complete and simplified dynamic model results are compared with ground truth data from the
force-torque sensor measurements. Figure 7.53 shows a segment of the predicted dynamic wrenches
overlaid on the ground truth wrench readings. Violin plots on the right compare the error distributions
of the simplified and complete model versus the filtered ground truth data, for which statistical values
are presented in Table 7.16. Force and torque tracking results show that both dynamic models closely
follow the measured reaction wrench, and the difference between the two is very small. From the violin
plots we see that the complete and simplified models have very similar error distributions. Mean error
for force and torque predictions are small compared the force magnitudes commanded (<1 %)
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Figure 7.53: Left: For the experimental trial shown in Fig. 7.52, raw and filtered reaction forces measured for a force-
torque sensor at the manipulator base are compared with predicted values from the simplified and complete dynamics
models of the manipulator. Right: Error distributions for both models with respect to filtered sensor data.

This result confirms that our simplifying assumptions are justified, and the error due to simplification is
negligible compared to the remaining model error and noise. Remaining error is likely due to unmodeled
dynamics including structural flexibility, vibrations and connected cables, as well as noise and time
misalignment from force sensor and joint coordinate measurements.

Manipulator Calibration

Manipulator calibration is important prior to flight since the system cannot directly observe the end effec-
tor position. Instead, the controller computed forward kinematics from joint measurements, computed
from the delta base frame, FD .

For kinematic parameters, we use geometric and inertial measurements from a detailed CAD model,
after confirming masses and lengths of the produced parts. We then identify the transformation TBD
between FB and FD .

A grid trajectory stops at points covering the end effector workspace while mounted to the flying base.
Ground truth positions of FB and FD are measured by an external motion capture system. The same
reflective marker constellations are used later for experimental trials—fused in the odometry estimate
for the base, and as ground truth tracking data for the end effector. Ground truth pose data and measured
joint angles at stationary points are used to optimize the transform TBD through an iterative non-linear
least-squares problem. Results of the static calibration are presented in Fig. 7.54, where the largest
position error norm values are around 5.5 mm, occurring at the outer edges of the workspace.

Applying the transform determined by the calibration above, we then perform an experiment to deter-
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Figure 7.54: A grid trajectory stops at points covering the end effector workspace while mounted to the flying base.
Ground truth position and measured joint data at stationary points are used to optimize the transform T BD.

Figure 7.55: Estimated end effector position from forward kinematics compared to ground truth. Left: The end effector
tracks a constant reference while the base is quickly translated and rotated by hand. Right: Violin and 3D error plots
for the end effector position.

x y z norm
mean 0.0002 0.0021 -0.0005 0.0070

std 0.0047 0.0039 0.0040 0.0030
Table 7.17: Estimation error for end effector position corresponding with Fig. 7.55.
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mine the error in end effector position estimation we can expect to see when the manipulator is in active
motion. The system is commanded to track a static world frame position reference at the end effector,
while the system base is translated and rotated quickly by hand. End effector position error results are
shown in Fig. 7.55 in FW , with error statistics documented in Table 7.17. With added motion of the
system, we see a larger error error distribution than for the static case. This can be explained by small
time misalignment in the ground truth position and joint angle readings which cause more significant
error with increasing velocity, and by slight deformations of the structure in dynamic motion. The mean
of error distributions for each Cartesian axis are small, the largest being 2 mm on eWy . In eWx and
eWz the mean error is below half a millimeter. With added motion, the mean of the error norm grows
to 7 mm, which we can take into account when evaluating ground truth end effector tracking in flight
experiments.

7.4.2 Disturbance Compensation
Due to its low inertia and high speed capabilities, parallel manipulators have been previously used in
the state-of-the-art to compensate for disturbances of the flying base, as discussed in Section 1.1.3. We
design an experiment to evaluate our system for the same type of problem, incorporating the novel
omnidirectionality of our tilt-rotor flying base.

Figure 7.56: Experiments with the base following an arc trajectory up to 45◦, and the end effector tracking a fixed point,
while a disturbance is applied for an active (left) and fixed (right) manipulator. Red arrows represent where the virtual
disturbance force is applied, while blue circles indicate the desired end effector position.

A major advantage of the proposed omnidirectional manipulator is its ability to counteract distur-
bances in 6D, while maintaining any orientation. We show the 6D end-effector tracking capability by
commanding a fixed end effector point with changing orientation, requiring the base to follow a pitching
arc trajectory up to 45°. We apply a virtual disturbance force of 10 N to the base along the x-axis of
FW , then compare disturbance rejection performance for the case of a fixed manipulator, and an active
delta manipulator (see Fig. 7.56). By comparing to a fixed manipulator, we highlight the advantages of
an actuated arm for general disturbance rejection. The tracking performance of end effector position,
base position and attitude (equal to that of the end effector), shown in Fig. 7.57, highlight the significant
reduction in end effector position error when using an active delta manipulator. End effector error oc-
curring at time 18 s and 23 s for the active manipulator case are due to the target point exiting the end
effector workspace.

7.4.3 Fast End Effector Trajectory Tracking
In this this section we move beyond state-of-the-art disturbance compensation with parallel manipulators
to demonstrate dynamic end effector tracking abilities from a flying base. A first series of experiments
validates the improved performance of macro-micro manipulation compared to a fixed end effector for
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Figure 7.57: Base position and orientation are plotted relative to their desired trajectory in FW in the upper two plots,
while the third plot shows end effector tracking error. Red blocks indicate when the disturbance force is applied. The
violin plot (at the bottom) shows base and end effector tracking error distribution for the fixed and active manipulator
cases.
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different end effector trajectory speeds with a decoupled control approach. A second set of experiments
then evaluates the performance when dynamic compensation of the manipulator in incorporated in the
base controller.

A. Decoupled Controller

Focusing on the effect of using an active manipulator for dynamic end effector tracking, we analyze the
relative performance of a fixed and active manipulator for trajectories of different speeds. For the case
of a fixed manipulator (simulating a rigidly mounted end effector), the joint angles are locked to position
the end effector at it’s nominal workspace center, and a base flight trajectory is commanded to trace the
end effector reference.

We command trajectories which trace the edges of a 0.1 m cube at 1 s and 0.5 s per edge, stopping at
each vertex. Trajectories are smooth up to the acceleration level. This series of tests is performed in the
absence of dynamic compensation terms detailed in Section 5.3.2, which corresponds to the state of the
art case where dynamic coupling effects are considered negligible.
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Figure 7.58: Experimental setup for fast end effector tracking (left) and Violin plots (right) show the end effector
tracking error for different cube trajectory speeds, for fixed and active manipulators.

Ground truth end effector position tracking in 3D is shown in Fig. 7.59, where the active delta manipu-
lator visibly out-performs it fixed counterpart for both slow and fast cube trajectories. Error distributions
are shown as violin plots in Fig. 7.58, confirming the effectiveness of employing an active manipulator
for position tracking.

While results for slower trajectories are greatly improved with an active manipulator (norm RMSE
9.4 mm vs 33.2 mm for the fixed manipulator), the faster cube trajectory is not even achievable with a
fixed arm, and results in the system becoming unstable due to the base’s slower actuation dynamics.

The right tracking plots in Fig. 7.59, as well as at the right two violin plots in Fig. 7.58, we notice
degraded performance of the faster cube trajectory tracking. The active manipulator tracks the fast cube
trajectory with a norm RMSE of 17.8 mm, almost doubling the value of the slower cube. Since the
largest error occurs during fast motion between cube vertices, some of this error can be attributed to
estimation error in the end effector position as described in Table 7.17. Another part of the error along
can be explained by tracking delay due to position controlled servos of the manipulator.

For the fast cube, we also observe a consistent deviation from the cube edge and overshoot of the
vertices, which we not expect from either of the above-mentioned error sources. This final effect can
be explained by the non-negligible dynamics of fast end effector motion, which disturbs the motion
of the base and causes a pronounced deviation from the cube edge line. This result motivates using
our knowledge of the manipulator dynamics to anticipate and counteract dynamic coupling forces and
torques in the base controller.
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Figure 7.59: End effector tracking data for 3D points, coloured by the norm of position tracking error. Comparison of
fixed arm tracking (left column) with active arm tracking (right column), and of slow 1 s (upper row) and fast 0.5 s
(lower row) sided cube trajectory.
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B. Feed Forward Dynamic Compensation

In this section we analyze the proposed strategy to compensate dynamic coupling effects during fast end
effector motion. We first experimentally validate the dynamic model derived in Section 4.4.3, comparing
the predicted dynamic coupling wrench with the readings of a force-torque sensor. We then discuss the
tracking performance in both numerical and experimental tests.
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Figure 7.60: Base acceleration along the excited axis is shown in the upper plot with and without feed forward dynamic
compensation for a horizontally oscillating end effector trajectory of increasing frequency in simulation. In the lower
two plots, a zoomed in segment of controller PID and dynamic compensation accelerations are plotted over the actual
base acceleration along the excited axis.

In the following two simulation experiments we command the aerial manipulator to track a world
frame oscillating end effector ‘chirp’ trajectory of increasing frequency in the range of 0.5 to 2 Hz while
the base reference is fixed, with horizontal attitude. The end effector trajectory is centered at the nominal
delta position in its base frame, with an amplitude of 0.1 m, first horizontally along the x-axis of FW
and then vertically along the z-axis. Horizontal test results are presented in Fig. 7.60.

The upper plot in Fig. 7.60 overlays the linear acceleration of the excited x-axis in FW for the cases
with and without dynamic compensation, showing the ability of dynamic compensation to reduce base
acceleration towards the desired zero target, particularly for lower frequency arm trajectories. The lower
four plots of Fig. 7.60 focus on two sections of the experiment to highlight the interplay of the base con-
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troller acceleration terms in FB along the oscillating axis for cases without and with dynamic compen-
sation. The middle plots show a region where the arm oscillates at 1 Hz, and the lower plots approaching
2 Hz. The PID term in orange counteracts the position and velocity error caused by the moving arm,
but cannot prevent the oscillation. In the middle right plot, the active dynamic compensation effectively
reduces oscillations caused by 1 Hz manipulator oscillations. At 2 Hz, however, the lower right plot
indicates that the compensation term becomes less effective. We believe that this effect is the result of
delays caused in part by numerical differentiation and filtering of the acceleration terms used to compute
the compensation term. The effect becomes more prominent when the frequency of the coupling motion
exceeds a certain threshold (approx. 2 Hz for this system).
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Figure 7.61: 3D end effector tracking data, coloured by the norm of position tracking error. Tracking of a 1s sided cube
trajectory without (left) and with (right) feed forward dynamic compensation for an active manipulator.

We return to the fast cube trajectory for experimental flights, and compare the performance of the
active manipulator without and with the dynamic compensation term. Including dynamic compensation
results in more prominent deviation from the reference edges, contrary to our intent, as shown in 3D
tracking plots in Fig. 7.61. A number of implementation factors, such as delayed and imprecise base
controller action and additional system delays, differentiate simulation results from real experiments.

To improve performance of the system, there are several paths to pursue. If we choose to improve the
performance of the current controller, the actuation bandwidth of the system base should be significantly
increased, such that the dynamics can be compensated in the short transients we see in the fast cube
tracking problem. A more elegant solution for control of the entire system would involve extending the
control scheme to include tilting rotor groups in an optimal control scheme, such as sequential quadratic
programming (SQP), and ultimately to include a receding horizon with MPC. This complex model-based
control requires a very good model of the system, and would ideally include torque controlled motors
for tilting rotor groups. Ultimately, both increased control bandwidth and whole body controllers should
be developed to achieve increased end effector precision and overall task performance during dynamic
operations.
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Chapter 8

Conclusions

Allow them to follow up on their visions and
crazy ideas.

Roland Siegwart

This final chapter summarizes and draws general conclusions on the presented work, and also presents
topics of future work that begin where this thesis leaves off. In a concluding section, we reflect on
problem definition and discuss how contributions of this thesis have made steps toward the goal of
versatile aerial physical interaction. The following section packages ideas for future work to inspire
upcoming research. As a final remark, we comment on the technological readiness of aerial manipulators
with an optimistic outlook.

8.1 Conclusions

The content of this thesis can be summarized with respect to our problem definition and research goals
defined in Chapter 3.

After establishing models of tilt-rotor systems and their actuation components, we developed an op-
timization method to find appropriate morphologies for omnidirectional aerial manipulation based on a
design space that is, in reality, a small subspace of possible systems. The idea of versatility has been
addressed according to metrics that value highly efficient and omnidirectional flight, though not neces-
sarily at the same time. Our justification of the system’s complexity pertaining to these metrics is not to
be confused with an absolute truth. In many cases, depending on the task, the additional complexity will
not be justified. For research purposes, the tilt-rotor system presented in this work has been a very inter-
esting topic of study. As a highly actuated and highly capable system in this context, taking advantage
of complexity to demonstrate new control methods can be more insightful than simplifying the system
to the needs of a specific task. For some tasks such as simple aerial transport, a quadcopter or fixed-wing
system will always be the best solution, though they may not be a good solution for contact inspection
of a bridge. Regardless, since autonomous aerial manipulators capable of physical interaction are only
now emerging for practical use, the suite of tasks for which they will be employed remains unclear. Our
job as researchers is still to examine the extent of possibilities, then transfer our knowledge to industry
to wrap the ideas into a targeted and efficient solution that benefits society.

Control approaches in this thesis have divided the control problem into the two modules of an aero-
dynamic base wrench controller and an allocation method that translates the base wrench to individual
actuator commands. This separate control solution has allowed us to implement controllers that are
platform-agnostic for omnidirectional flying systems, a more practical result for the aerial robotics re-
search community. From basic PID inverse dynamics tracking control to axis-selective impedance and
direct force control for interaction, the development of these controllers for omnidirectional systems is
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a small step forward using existing concepts in new omnidirectional aerial applications. Integration of
force and distance sensing directly in the controller has also allowed us to test the idea of environmental
uncertainty, towards our goal that these systems will soon leave the laboratory to find a more purposeful
existence in the real world. In some ways, the wrench controlled solution is a simpler form of exist-
ing flight controllers for underactuated systems, since the dynamics can be addressed directly without
considerations of differential flatness. Instead, some additional control complexity has been explored
in actuator allocation, where new forms of singularities must be addressed, and a great degree of over-
actuation may be exploited. The instantaneous and differential allocation methods discussed in this thesis
are only a few simple yet practical examples of what can be achieved in this actuation space. Our final
contribution in redundant aerial manipulation makes initial steps for flying robots where fixed base and
mobile ground robots are already well underway. Our presented method of feed-forward dynamic com-
pensation of an active manipulator presents a minimal solution to a very interesting problem. In general,
we seek to realize how the interacting dynamics of a redundant omnidirectional aerial manipulator can
be exploited for high performance aerial physical interaction, beginning with the small step of reaction
wrench compensation.

The design work for the complete electro-mechanical tilt-rotor system presented in this thesis has suc-
ceeded in developing a research-grade prototype to test the various control methods. The non-negligible
duration of this thesis has allowed time for design iterations and mechanism development. Despite these
iterations, significant improvements can still be made with current technology, particularly if a multi-
disciplinary team is assembled to dive into implementation details across all software, hardware, and
mechanical considerations. In general, the primary immediate system improvement is to upgrade the
electronics, to achieve a higher control bandwidth. Recent progress in the size and affordability of high
quality components and sensors have allowed this system to exist in its present form, and we expect that
technological development in the coming years will call for a complete re-build, optimizing the system
for new and improved components. Design and integration of the parallel manipulator, which began near
the end of the thesis work, demonstrates that the additional integration of such a manipulation system is
feasible without significant difficulty.

Experimental results have successfully demonstrated the intended behaviours of our system, and
knowledge that these can improve with further development of modelling, control and hardware adds
to our confidence in the applicability of the proposed methods. Preliminary experimental results for dis-
turbance rejection and fast and precise end effector tracking confirm the hypothesized effectiveness of
the macro-micro solution, in particular of an omnidirectional tilt-rotor base equipped with a delta parallel
manipulator. Despite these achievement, several caveats are present which drive the need for future work.
Overall system delays, and neglected slower tilt-rotor dynamics limit the effectiveness of controllers that
assume instantaneous controllability of an arbitrary base wrench. Admittedly, this control assumption is
unrealistic, but presents a baseline for control methods and performance that can be further developed
for inclusion of actuation constraints. In the case of macro-micro experiments, attempted compensation
of the manipulator dynamics led to reduced end effector tracking performance, since fast tracking task
violates assumptions of the employed base controller and actuator allocation methods. The controllers
presented in this thesis perform at their best after extensive experimental tuning. Our efforts to create a
set of tuning parameters that are parametric according to the system mass and inertia are only valid to
a certain extent, and some modelling simplifications come back to haunt us, particularly in the case of
neglected tilt-rotor dynamics.

8.2 Future Work

The humbling reality pertaining to the work of this thesis (and perhaps to robotics in general) is that
we’ve only begun to scratch the surface of what can be achieved with omnidirectional aerial manipulation
systems. In this section we touch on a few logical ‘next steps’ that follow from this work, as hinted at
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throughout the thesis text.

Improvement of the System Model

A first major body of future work involves removing simplifying assumptions of the omnidirectional
tilt-rotor base model, and developing controllers that address a more realistic system representation. The
most pressing step is to incorporate correct tilt-joint actuation limits in the actuator allocation, and com-
municate the resulting wrench limits to the base wrench controller. This requires a detailed study and
validation of the rotary joint model for velocity and torque production. The model of propeller transients
should also be included, removing the assumption that thrust forces can be achieved instantaneously.
These may be generated by fitting a model to empirical data that will differ for acceleration and decel-
eration of the rotors. The model could vary significantly depending on the implementation of motor,
propeller, and electronic speed controller, and particularly the deceleration model depending on whether
or not active braking of the rotors is enabled. Extending beyond model-based control to incorporate rein-
forcement learning is another option to reduce model error at the component level, while preserving our
ability to interpret dynamic capabilities and safe actuation limits of the system. With a good model for
tilting motors and rotor thrust transients, we will be better able to examine the wrench control authority
of the system, and the effective configuration-based bandwidth of the wrench controller.

Full Body Control

More clever use of the complete system will be enabled with the implementation of full body control.
This can be done for the tilt-rotor base with inverse dynamics control of the multi-body system model.
These methods can be extended to the floating base parallel manipulator, to incorporate full system dy-
namics and constraints in a single problem formulation. Through these methods, dynamic interaction
tasks with a fast and precise end effector should see a breakthrough in aerial physical interaction capa-
bilities. Ultimately we would like to use torque controllable joints for tilt-arm and manipulator joints.
This enhancement will enable new dynamic task abilities, and close the gaps between aerial systems and
the more advanced development of legged and humanoid robots. While torque controlled motors small
and light enough to incorporate on a tilt-rotor system of this scale are not yet available, future research
may go into the development of these systems.

Airflow Interference

As another direction to pursue, one can include a model of rotor group airflow interference, removing the
assumption that these effects are negligible. The true aerodynamics of interacting propeller air flows are
notoriously complex and difficult to model in real time, and to model these forces based on traditional
methods would involve an exploration in computational fluid dynamics for both static and changing
tilt-arm configurations. Machine learning methods may provide a more suitable solution, moving the
challenge from highly complex modelling to data collection and processing. Wall and ground effects are
another source of unmodelled aerodynamic disturbance, although aerial physical interaction tasks require
the system to be close to the environment. In the present work, these effects are not differentiated from
contact forces in the momentum-based wrench estimator and lead to inconsistent interaction behaviour
when using an impedance control scheme. Estimation and explicit rejection of wind disturbances—
as well as prediction of wall and ground effects—could improve overall system performance, e.g. by
incorporating additional sensor information.

Interaction Control and Safety

Further improvements to interaction control can be made with the explicit inclusion of contact con-
straints. These will depend on the contact surface characteristics such as geometry and friction, and
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offer interesting new avenues of research in perceptive interaction using tactile sensing. Extending be-
yond the point end effector model to a plate or gripper will allow the tracking of end effector torques, and
therefore arbitrary wrench tracking at end effector. The controllers presented in this work do not include
safety guarantees during interaction, which will become increasingly important as omnidirectional aerial
manipulators become more widespread. The development of passive controllers are important for safe
operation in unknown or dynamic environments especially when aerial physical interaction is required.
Additional progress in system safety should be made with the fail-safe control development for tilt-rotor
systems. The high degree of over-actuation poses an interesting problem in system risk analysis.

Prototype System

While only one of many possible morphologies was realized during this work, many other configurations
are possible and should be explored where they offer new system advantages. Further design improve-
ments of the current morphology should also be explored. In the current prototypes, joint limits imposed
by tilt-arm cable wind-up trade off flight efficiency to unwind propellers. To completely avoid this prob-
lem, the infinitely tilting rotor groups described in the design section here should be developed to a state
where they can be safely incorporated in a prototype system. Releasing the system size constraint, and
creating a larger system will allow the use of more efficient single-rotor groups. Fewer actuators will
also reduce the integration complexity, and allow more straight forward adoption of new communication
solutions such as UAV-CAN to command the ESCs. With direct velocity control, higher performance
and more accurate model based control can be expected of this solution, and additional feedback will
allow for a safer system through health monitoring and failure prediction. A further step in dynamic
control will be the direct control of rotor forces, integrating force-torque sensors directly beneath the
rotor groups for closed loop control and feedback to the system. The present hardware implementation
performs the flight control loop at 250 Hz, which is a very low control bandwidth for flying systems.
This limits the gains an performance of our system, which should improve by raising the bandwidth
ideally to 1 kHz. Throughout this work, rotor speed and tilt angle feedback was not used due to lack
of availability or integration capacity, instead using feed forward actuator control. Integration of this
feedback should result in more accurate control wrench generation and improved control performance.

Practical Extensions for Inspection

Applications to NDT inspection of concrete structures will benefit from improved safety and reliability of
the system, and overall performance robustness. For outdoor environments for interaction tasks where
collision could be catastrophic, drift in position and yaw over time of the VI state estimator prompts
the additional integration of an absolute localization source, such as a GNSS, a total station theodo-
lite or feature-based localization. Future extensions of this work should integrate the control approach
with mapping, and generate coverage trajectories for complete structural evaluation. These approaches
will also improve system safety by detecting and avoiding obstacles. Autonomous data collection with
online interpretation of the measurements can lead to more efficient inspection methods, and a better
understanding of the state of our infrastructure.

8.2.1 Technological Readiness of Aerial Manipulators
The multitude of research from academic institutions and industry pushing towards autonomous aerial
manipulation spurs a whole suite of questions about the technological readiness of these systems, and
the impending impact they will have on our society. Are there already effective applications of aerial
inspection robots, and where will they start to be employed? What are the new risks associated with this
kind of inspection? Will we see a displacement of traditional inspection workers and if so how soon?
We attempt to answer some of these questions below.
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A major challenge of porting such a system from a laboratory context to the real world is the need for
good state estimation close to the environment. While many of the aforementioned systems operate in
controlled environments that harness the precise and reliable capabilities of motion-capture state estima-
tion, this approach is not viable in the field. In outdoor environments, GNSS systems are a default choice
for most aerial robot operations away from structures or obstacles, often combined with optical flow sta-
bilization. Since inspection necessarily drives the system to the surface of structures that are often large
or overhanging, GNSS systems have limited efficacy due to occlusion and multi-path effects [28]. The
inclusion of RTK ground stations for GNSS error correction is an option to enhance the global position
estimation, but also relies on calibration of the reference station. Instead, on-board VIO sensors enable
state estimation in complex environments, though the typical implementation does not integrate a global
reference, and is subject to drift. Solutions to drift can be achieved using SLAM approaches [33], or
locally precise position and orientation relative to the environment may be achieved achieved with a 3D
TOF camera. Another solution that relies on precise external sensing is the use of a TST, a common tool
for precision surveying. Though it provides an excellent global position reference and may be ideal for
certain tasks, this system also requires calibration of the ground station, and has limited ability to track
fast movements. In light of these state-estimation concerns, aerial manipulators at this point need further
research and development before they can be reliably deployed in the wild, though certain applications
may already benefit from this technology in a carefully calibrated framework.

Apart from aerial object transport, which has already made the transition to commercial viability, we
expect to see several other commercial aerial manipulation applications arise in the next few years. The
most immediate applications of aerial physical interaction technology are likely to be in the realm of
contact inspection, including force application for contact sensing without modification of the environ-
ment. Demand is high for inspection of metal pipelines and concrete bridges, and as new companies
raise the reliability of aerial systems, the reduced costs of inspection are likely to drive the transition.

Reduced inspection costs are partly due to a smaller staff of inspection workers and temporary in-
frastructure, which may lead to the assumption that a loss of jobs will accompany the growth of robotic
inspection. In reality the robotic systems are not intended to replace human beings, but to act as effi-
cient and intelligent tools to perform the same tasks. We may optimistically reflect that the lower cost
of inspection operations and the great need due to ageing infrastructure means that significantly more
inspection operations can take place. With more operations requiring fewer labourers, the nature of
an inspector’s job will change, and retraining will be necessary. In addition, a whole new category of
employment will emerge in the evaluation and interpretation of this inspection data.
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Appendix

8.3 Dynamics

8.3.1 Projected Newton-Euler
A practical implementation of the projected Newton-Euler equations for tree structures leads us to the
total forces and torques, as well as the projected forces/torques on each joint. The forward computation
requires initial conditions of the base (OωO , OψO , OvO , and OaO), where gravitational acceleration
Og is included in the term OaO . Joint subscripts ij represent chain i ∈ 1, . . . , n and link j ∈
1, . . . ,mi. Non-zero initial conditions may be incorporated for a flying base.

Computations include fixed known quantities (black), recursively computed quantities (blue), mea-
sured system quantities (red). Grey text refers to prismatic joints, which are not relevant in the case of
Clavel’s Delta, but are still included here for completeness. The first series of computations propagate
from the base of the chain to the end:

ijωil = Rijil
ilωil (8.1)

ijωij = ijωil + σ̄ij
ijaij q̇ij (8.2)

ijω̇ij = Rijil
ilω̇il + σ̄ij(

ijaij q̈ij + ijωil × ijaij q̇ij) (8.3)
ij v̇ij = Rijil(

ilv̇il + ilUil
ilpij) + σij(

ijaij q̈ij + 2 ijωil × ijaij q̇ij) (8.4)
ijUij = ijψ̂ij + ijω̂ij

ijω̂ij (8.5)
ij∑fij = mij

ij v̇ij + ijUij
ijmsij (8.6)

ij∑ τij = ijIOij ijω̇ij + ijmsij × ij v̇ij + ijωij × ( ijIOij ijωij) (8.7)

where ijmsij = mij
ijpOijSij

, wherein pOijSij
is the center of mass position relative to the link origin,

and ij v̇ij = Rij0
0v̇ij .

The second series of computations uses the forward recursively computed quantities, and propagates
back to the root of the tree, with the total force and moment at each joint, and the resulting torques
projected onto each joint τtij . Backwards computed quantities are indicated in green.

ijfij = ij∑fij +
∑
k

ijfik + ijfeij (8.8)

ilfij = Rilij
ijfij (8.9)

ijτij = ij∑ τij +
∑
k

(Rilij
ikτik + ilpik × ijfik) + ijτeij (8.10)

τtij = (σij
ijfij + σ̄ij

ijτij)
ijaij (8.11)

The above computations consider that an external force and moment feij , τeij can be applied at
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any joint ij. The subscript k incorporates the notion of branching trees, where link ij may have k direct
descendants, but only one parent il.

The reaction force and torque on the delta base can be computed as 0f0, 0τ0.

8.3.2 Inverse Dynamics Control
The goal of inverse dynamics motion control is to account for the system dynamics in our motion tracking
tasks, also incorporating feedback from state estimation of the robot. Since noise and error exist in our
dynamics and actuation models, we incorporate feedback in the inverted dynamic scheme with a PID
control law. Starting from the equations of motion in Eq. (4.2), we identify that the generalized forces
can generally be divided into actuation forces τact and a net external wrench wext, projected onto
the generalized coordinates by the contact Jacobian Jc such that τ̃ = τact + J>c wext. Since we
are controlling the floating base on the SE(3) manifold, we can no longer simply express accelerations
as q̈, and instead accelerations are expressed as derivatives of the generalized velocities ˙̃u. We then
reformulate to solve for the desired actuation forces, assuming that we can independently control each
coordinate:

τ∗act = M(q)
¯̇
ũ+ C(q, ũ)ũ+ g(q)− J>c ŵext. (8.12)

We then substitute our PID control law in the variable ¯̇
ũ for feedback control of the system coordinates:

¯̇
ũ = −kpeq +−ki

∫
eqdt+−kd

d

dt
eq + ˙̃u

∗
(8.13)

where eqi typically represents the direct difference qi,meas − q∗i , except for rotational error on SO(3).

Rotational Error

Most error vectors are computed by the direct subtraction of the target and measured quantities. For
rotations, this difference is more subtle, particularly when we aim to use this quantity for feedback
control for the dynamic system’s attitude. We use the definition of rotational error presented in [42, 61],
which is proven to achieve asymptotic stability for attitude tracking. An attitude error function Φ :
SO(3)× SO(3)→ R is chosen to generate attitude and angular velocity error vectors eR, eω ∈ R3,
from measured and reference attitudeR,R∗ ∈ SO(3) and angular velocities ω,ω∗ ∈ R3:

Φ(R,R∗) =
1

2
tr[13 − (R∗)>R] (8.14)

eR =
1

2

(
R∗>R−R>R∗

)∨
eω = ω −R>R∗ω∗ (8.15)

Choice of Reference Frame

We could set the derivatives of the generalized coordinates to be either in the body frame or the world
frame. Odometry of the robot gives the position and orientation of the floating base in the inertial frame.
Velocities and angular velocities however are given in the base frame, and quantities can be transformed
to the base frame by pre-multiplying with the world to base rotation matrix.

The acceleration and angular acceleration terms will be used to generate trajectory following be-
haviour for inverse dynamics control, and since our trajectory is in the world frame, it would make sense
that these are as well. For accelerations in a moving frame, we have to consider the rate of change of the
frame when computing the derivative. Here we compute the relationships between linear acceleration
expressed in the inertial and body frames:
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WaWB =
d

dt
( W vWB) =

d

dt
(RWB

BvWB) = RWB
BaWB + ṘWB

BvWB (8.16)

R>WB
WaWB = BaWB + BωWB × BvWB (8.17)

BaWB = R>WB
WaWB − WωWB × W vWB) (8.18)

For control of the base alone, we have expressed forces in the floating base frame, since the control
allocation and onboard state estimation are also performed in the base frame. For inverse dynamics
control, we insert our body frame PID feedback terms in place of linear and angular accelerations. A
feed forward desired acceleration term may also be added. The motivation for computing PID terms in
the body frame is that the gain matrix may be axis-dependent, and we assume that the axis-dependency
is fixed to the body frame. The topic of computing gains becomes complicated when we consider the
real actuation of the base platform , which is nonlinear and configuration dependent. However for a pure
force/torque generator this may be a good assumption.

We could alternately compute the PID feedback terms, and resulting control forces and torques in
the world frame. The gain matrix may be rotated to preserve the body-axis relations. In this case our
dynamics are described in the world frame as[

W fB
W τB

]
=

[
mB13 03×3

03×3 IB

] [
WaB
WψB

]
. (8.19)

8.4 Parallel Structures

In this section we review the kinematic and dynamic extensions required for modelling parallel (or
closed-chain) systems. Most of the content on the modelling and dynamics of parallel structures pre-
sented here is based on the work of Briot et al [23], where more extensive derivations can be found.
A tree structured robot consists of links which are connected to a single root link via a chain that may
be branching, but contains no closed loops (no child has multiple parents). The dynamics of open chain
structures are well established and straight-forward to compute. A structure with closed chains, however,
which is the case for parallel robots, must be handled as a special case in terms of dynamic evaluation,
since a wrench applied at any point in the chain may take multiple paths to the base.

8.4.1 Delta Manipulator Jacobians
For the purpose of kinematic modelling and control, it is sufficient to compute the end effector Jacobian
of any manipulator and solve the forward and inverse kinematics problems. For dynamic modelling and
control of the joint, we want the Jacobian of each link articulated by a moving joint. While these are
simple to obtain for active joints of an open chain manipulator, for parallel manipulators the derivation
is more complex as we consider the motion of all the passive joints of the system.

End Effector Jacobian

Jacobians relating the parallel manipulator end effector and base dynamics are derived from the loop
closure equations for each parallel chain. Each link is virtually offset towards the center by the platform
radius, such that the end of each chain virtually meets at the platform center. A 2D simplification of the
loop closure is shown in Fig. 8.2.

Since the distance between the end effector point E and each elbow joint is known to be the length of
the distal link lD , we equate this to the euclidean distance of the remaining chain, which is a function of
both the end-effector position and the active joint angles:
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Figure 8.1: 3D sketch of parallel
robot geometry for Clavel’s Delta.

z0

x0

rOE

lp

ld

O

E

rB -rb

B1

C1

Figure 8.2: 2D simplification of Delta
loop closure equations.

Γi = ||pOE −Rz(γi)(pOBi
+ pBiCi

)||2−lD = 0 (8.1)

Here, γi is the rotation about the base frame z−axis which aligns pOBi
with the base frame x−axis.

θi is the angle that each active rotating joint turns upwards from the z-plane. This gives us the position
vectors for each chain i:

pOBi
=

rB − rT0
0

 pBiCi
=

lP cos(θi)
0

lP sin(θi)

 (8.2)

The loop closure equations are then stacked into a vector, Γ(x, qa) ∈ R3 for the case of Clavel’s
Delta. These can be differentiated to obtain kinematic velocity relations (the velocity Jacobian), using
x = pOE to simplify notation, and qa = [θ1 θ2 θ3]> as the active joint coordinates.

Γ(x, qa) =

Γ1(x, θ1)
Γ2(x, θ2)
Γ3(x, θ3)

 = 03×3 ∈ R3 (8.3)

d

dt
Γ(x, qa) =

∂

∂x
Γ(x, qa)︸ ︷︷ ︸
Ar∈R3×3

ẋ+
∂

∂qa
Γ(x, qa)︸ ︷︷ ︸
B∈R3×3

q̇a = 03×3 ∈ R3 (8.4)

Here,Ar is the “reduced”Amatrix, since the parallel robot only activates a subset of the end-effector
degrees of freedom. The full matrixA would be augmented by zeros to multiply the full platform twist,
A = [Ar 03×3] ∈ R3×6

A OνE = Arẋ = −Bq̇a (8.5)

ẋ = −A−1
r Bq̇a = Jr q̇a (8.6)

Jr = −A−1
r B ∈ R3×3 (8.7)

where Jr is the reduced end-effector velocity Jacobian, representing only the translational velocities.
To complete the Jacobian for the full end effector twist in the delta base frame, the matrix should be
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augmented by a 3 × 3 matrix of zeros. Then the twist of the end effector expressed in the Delta base
frame can be expressed as a function of the joint velocities.

J(x, qA) =

[
Jr(x, qA)

03×3

]
OνE = J(x, qA)q̇A (8.8)

Note that since each row of Γ contains only the joint variable of its own chain, the matrix B is
diagonal. Singularities that occur in A and B have different physical meanings. A singularity in A
corresponds to an uncontrollable motion, such that the actuators cannot resist a force at the end effector
in that direction. A singularity in B corresponds to the case when an actuator motion produces no
motion at the end effector, such as a classic open-chain manipulator in its most extended state. Simplified
examples are shown visually in Fig. 8.3.

Figure 8.3: Singularities of theA matrix (left) andB matrix (right), from [23]

The acceleration Jacobian comes from a second differentiation of the loop closure equations:

d2

dt2
Γ(x, qa) =

d

dt

(
d

dt
Γ(x, qa)

)
=

d

dt
(Arẋ+Bq̇a) = 03×3 (8.9)

= Arẍ+Bq̈a + Ȧrẋ+ Ḃq̇a = 03×3 (8.10)

ẍ = −A−1
r

(
Bq̈a + Ȧrẋ+ Ḃq̇a

)
= Jr q̈a −A−1

r

(
Ȧrẋ+ Ḃq̇a

)
(8.11)

where

Ȧr =
∂Ar

∂x1
ẋ1 +

∂Ar

∂x2
ẋ2 +

∂Ar

∂x3
ẋ3 +

∂Ar

∂θ1
θ̇1 +

∂Ar

∂θ2
θ̇2 +

∂Ar

∂θ3
θ̇3 (8.12)

Ḃ =
∂B

∂x1
ẋ1 +

∂B

∂x2
ẋ2 +

∂B

∂x3
ẋ3 +

∂B

∂θ1
θ̇1 +

∂B

∂θ2
θ̇2 +

∂B

∂θ3
θ̇3 (8.13)

we can further substitute the the Jacobian to remove either q̇a or ẋ:

ẍ = Jr q̈a −A−1
r

(
Ȧrẋ+ Ḃq̇a

)
(8.14)

= Jr q̈a + J̇r q̇a (8.15)

For Eq. (8.14) we use the equality− ˙(A−1) = A−1ȦA−1 as described in [82]. We arrive at the same
solution by directly differentiating Jr :

ẍ =
d

dt
(ẋ) =

d

dt
(Jr q̇a) = Jr q̈a + J̇r q̇a (8.16)
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Jacobian of the Passive Joints

We relate the passive joint velocities to the active joint and end effector velocities.

Jtdq̇d = Jt
Oνr − Jtaq̇a (8.17)

q̇d = J−1
td (Jt

Oνr − Jtaq̇a) (8.18)

q̇d = J−1
td (JtJq̇a − Jtaq̇a) (8.19)

where Jt ∈ Rnd×ndof , Jta ∈ Rnd×na and Jtd ∈ Rnd×nd . Here, ndof is the dimension of the manipu-
lator’s degrees of freedom, nd is the total number of independent active joints, and na is the total number
of active joints. In the case of Clavel’s Delta, these numbers are ndof = 3, nd = 6, na = 3, where
the passive joints are simplified to be two angles at the elbow, which due to the passive parallelogram
structure fully define the joints at the wrist.

Then we can compute the Jacobians required by Eq. (8.52):

J = −A−1
r B (8.20)

Jd = J−1
td (JtJ − Jta) (8.21)

8.4.2 Passive Joint Motion
This section discusses some background for computing the passive joint Jacobian, including the passive
joint velocities and accelerations which are also used in the projected Newton-Euler equations.

Passive Joint Velocities

Considering chain i composed of mi joints, we compute the velocity of the platform at point Aimi
,

denoted as νip. From the platform twist we calculate

Oνip = Oνp +

[
Oωp × OpPAimi

0

]
=

[
13 − Op̂PAimi

0 13

]
Oνp = Jti

Oνp (8.22)

We can also obtain the twist via each kinematic chain i:
Oνip = OJimi

q̇i =
[
Osi1imi

. . . Osimi

imi

]
q̇i (8.23)

where q̇i represents the vector of all independent joints of chain i, and OJimi
= OR̄imi

imiJimi

is the kinematic Jacobian matrix of chain i relating the joint velocities to the platform twist, and Osikimi

is a unit twist representing the displacement of chain tip Aimi
when only joint ik is moving.

We reorganize according to active and passive joints:

Oνip = OJimi
q̇i =

[
OJai

OJdi
] [q̇ai
q̇di

]
= OJaiq̇ai + OJdiq̇di (8.24)

Oνcip = OJdiq̇di = Oνip − OJaiq̇ai (8.25)

We define the reduced vector Oνcir of dimension ndi < ndof , related to the full twist by the matrix
Ψti, such that Oνcir = Ψti

Oνcip . We then have the following relations:

Jcti
Oνr − Jtaiq̇ai = Jtdiq̇di (8.26)

Jcti = ΨtiJtiΨt ∈ Rndi×ndof (8.27)

Jtai = Ψti
OJaiΨt ∈ Rndi×nai (8.28)

Jtdi = Ψti
OJdiΨt ∈ Rndi×ndi (8.29)
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For Clavel’s Delta, this is a reduction to pure translation at the end effector, so for simplicity we can start
with the reduced version of the above Jacobians.

Since the platform twist and active joint velocities are considered known, the passive joint velocities
can be found by inverting the matrix Jtd. Considering all n legs,

Jtdq̇d = Jt
Oνr − Jtaq̇a (8.30)

Jtd =


Jtd1 0 . . . 0
0 Jtd2 . . . 0
...

...
. . .

...
0 0 . . . Jtdn

 ∈ Rnd×nd (8.31)

Jt =


Jct1

...
Jctn

 (8.32)

Jta =


Jta1 0 . . . 0

0 Jta2 . . . 0
...

...
. . .

...
0 0 . . . Jtan

 ∈ Rnd×na (8.33)

For Clavel’s Delta, we use the simplification that is active joint positions are offset by R − r (base
plate radius - tool plate radius), the chain end joints Aimi

coincide with the platform center. Therefore,
Jti is identity for all cases, and the the resulting Jt consists of stacked identity matrices.

The resulting passive joint velocities are then

q̇d = J−1
td

(
Jt

Oνr − Jtaq̇a
)
. (8.34)

Passive Joint Accelerations

Passive joint accelerations as they relate to end effector acceleration will be used to compute the Projected
Newton-Euler inverse dynamics for the virtual tree structure.

Considering chain i composed of mi joints, we compute the acceleration of the platform at point
Aimi

, denoted as ν̇ip, first directly from the platform

Oν̇ip =

[
13 − Op̂PAimi

03×3 13

]
Oν̇p +

[
Oωp × ( Oωp × OpPAimi

)
0

]
= Jti

Oν̇p + di, (8.35)

then as the end point of the kinematic chain i

Oν̇ip = OJimi
q̈i + O b̄imi

(8.36)

where O b̄imi
= OR̄imi

imi b̄imi
and

j b̄j = j T̄i
ib̄i +

[
2σj

jωi × jaj q̇j + jωi × ( jωi × jpOiOj
)

σ̄j
jωi × jaj q̇j

]
(8.37)

where body i is the direct ancestor of body j.
Now we rewrite the platform acceleration, regrouping according to active and passive terms:
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Oν̇ip = OJimi

iq̈i + O b̄imi
(8.38)

=
[
OJai

OJdi
] [q̈ai
q̈di

]
+ O b̄imi

(8.39)

= OJaiq̈ai + OJdiq̈di + O b̄imi
(8.40)

We also define the passive acceleration vector
Oaip = OJdiq̈di (8.41)

= Oν̇ip − OJaiq̈ai − O b̄imi
(8.42)

Then we define the reduced vector for the passive accelerations of the ithchain, and substituting into
previous equations to obtain a relationship between known variables and the passive joint accelerations.

acip = Ψti
Oaip (8.43)

= Ψti(
Oν̇ip − OJaiq̈ai − O b̄imi

) (8.44)

= Jcti
Oν̇r − Jtaiq̈ai + dci (8.45)

dci = Ψti(Jti Ψ̇t
Oνr + di − O b̄imi

) (8.46)

Jcti
Oν̇r − Jtaiq̈ai + dci = Jtdiq̈di (8.47)

Jt
Oν̇r − Jtaq̈a + dc = Jtdq̈d (8.48)

dc =

d
c
1
...
dcn

 (8.49)

Then we arrive at the expression for passive joint accelerations:

q̈d = J−1
td (Jt

Oν̇r − Jtaq̈a + dc) (8.50)

= J−1
td ( OaE − Jtaq̈a + dc) for Clavel’s Delta (8.51)

8.4.3 Dynamics
In order to compute the dynamics, the delta robot can be modelled as a virtual tree structured robot
(separated at the loop closure joints), and a floating movable plate, as shown in Fig. 8.4. The inverse
dynamic model can be expressed from the torques of the virtual tree structure plus the moving platform.
The resulting torques at the active joints are then as the sum of active joint torques of the virtual tree, the
platform wrench projected on the active joints through the Jacobian J, and the passive joint torques of
the virtual tree projected onto the active joints through the Jacobian Jd:

τA = τta︸︷︷︸
active joints

+

platform wrench︷ ︸︸ ︷
J> OwE + J>d τtd︸ ︷︷ ︸

passive joints

(8.52)

where τA represents the total torques at the parallel manipulator’s active and controllable joints. The
terms τta and τtd represent torque components of the the active and passive joints of the parallel robot’s
virtual tree structure.
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Figure 8.4: A representation of a general parallel structure connecting a base structure to a moving platform taken from
[23], where large ovoids represent rigid links and small circles represent joints.The right image shows the open chain
structural allegory of a the closed chain system on the left.

8.5 Lie Groups and Algebra

Here we include a brief summary of Lie Groups and Algebra, largely inspired by content from [41, 70],
to serve as a general basis on the properties of rigid body rotations.

Lie groups are extremely useful geometric spaces, regarded as “groups of symmetries of various topo-
logical or geometric objects” [41]. We focus on the special orthogonal groups, or SO(n), which repre-
sent orientation-preserving isometries in Euclidean space, or what we more generally call rotations. This
space is defined by the following properties:

SO(n) =
{
R ∈ Rn×n : RR> = 1, det(R) = +1

}
(8.1)

where the positive determinant makes the difference between the special orthogonal SO(n) and the
orthogonal O(n) groups. Each of the Lie groups SO(n) has a corresponding Lie algebra so(n), which
is a set of skew-symmetric matrices in Rn×n. This Lie algebra is the corresponding set of infinitesimal
rotations to the Lie group, and can be viewed as the tangent space to the Lie group, or a local linearization.

The skew-symmetric matrix representation of a vector a ∈ Rn is â ∈ Rn×n. The skew-symmetric
matrix satisfies the criteria that (â)> = −â, which defines the n × n space so(n). Its multiplication
with another vector b is also equivalent the cross product of the vectors, i.e. âb = a×b. For n = 3, the
common dimension that we will use for kinematic representations in 3D space, we compute the matrix
as

a =

a1

a2

a3

 → â =

 0 −a3 a2

a3 0 −a1

−a2 a1 0

 (8.2)

We further represent Ǎ ∈ Rn as the ‘unskewed’ vector of a matrixA ∈ so(n).
The Lie group SO(n) and Lie algebra so(n) are related by an exponential map, defined such that

â ∈ so(n)→ exp (â) ∈ SO(n) (8.3)

A practical algorithm for this mapping for n = 3 is Rodrigues’ formula, which can be derived
from the less practical infinite series generated by the expanded exponential definition. This formula
incorporates higher power terms recursively in sine and cosine functions, and its derivation can be found
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in various textbooks [70]. We consider this exponential map for the vector a = ωθ ∈ R3 where θ is a
real scalar and ||ω||= 1.

exp (ω̂θ) = 1 + ω̂ sin θ + (ω̂)2 (1− cos θ) (8.4)
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