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A distributed algorithm for almost-Nash equilibria of average
aggregative games with coupling constraints

Francesca Parise, Basilio Gentile and John Lygeros

Abstract—We consider the framework of average aggregative
games, where the cost function of each agent depends on his
own strategy and on the average population strategy. We focus
on the case in which the agents are coupled not only via their
cost functions, but also via a shared constraint coupling their
strategies. We propose a distributed algorithm that achieves an
e-Nash equilibrium by requiring only local communications of
the agents, as specified by a sparse communication network. The
proof of convergence of the algorithm relies on the auxiliary class
of network aggregative games. We apply our theoretical findings
to a multi-market Cournot game with transportation costs and
maximum market capacity.

I. INTRODUCTION

VERAGE aggregative games are used to describe pop-
A ulations of non-cooperative agents where each agent is
not subject to one-to-one interactions, but is rather influenced
by the average strategy of the population. These games can
be used to model a vast number of technological applications
ranging from traffic [1] and wireless systems [2] to electric-
ity [3] and commodity markets [4]. Applying game theoretical
concepts to such systems is challenging because the agents
have private costs and constraints and may be able or willing
to exchange information only with a (small) subset of the
(large) population. Moreover, often the agents’ strategies must
collectively satisfy some physical coupling constraints, as in
electricity markets [5], where the energy demand should not
exceed the grid capacity, or in communication networks [6],
where the package traffic should not exceed the congestion
level.

Main contributions: We present a distributed algorithm that
guarantees convergence to an e-Nash Equilibrium (NE) of
an average aggregative game with affine coupling constraints
by using local communications over a sparse network. The
tolerance ¢ can be made arbitrarly small by increasing the
number of communications among the agents. Our method
works for populations of heterogeneous agents with local
convex constraints, a shared coupling constraint and smooth
strongly convex cost functions (e.g., we do not assume that the
cost functions are quadratic, as in [7]) under the assumption
of strong monotonicity of the game operator. To prove algo-
rithmic convergence we rely on two key steps: i) we show
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that the NE of the average aggregative game of interest can
be approximated to any desired precision by the NE of an
auxiliary network aggregative game (as defined in [8]); ii) we
show that previously derived algorithms can be implemented in
a distributed fashion to compute the NE of such auxiliary game
(which is an almost-Nash equilibrium for the original game).
As a side contribution, to tackle i) we derive a convergence rate
result for parametric variational inequalities (VIs) with affine
constraints that is applicable beyond the context of games.

To illustrate our theoretical findings, we study a Cournot
game with transportation costs, as introduced in [9, Section
1.4.3]. Such setup extends the multi-market Cournot game [10,
Section 7.1] by introducing transportation costs.

Comparison with the literature: We review the rapidly
growing literature on NE coordination by distinguishing
whether the proposed algorithms 1) can only be applied when
the agent strategy sets are decoupled or allow for constraints
coupling the agents’ strategies and 2) employ a central coor-
dinator (decentralized algorithms) or local communications
(distributed algorithms); which type of communication struc-
ture (i.e. decentralized vs distributed) is preferable depends on
the application.

A vast literature focused on the case of decoupled strategy
sets, where the feasible strategy set of each agent is not
affected by the strategies of the other agents. Distributed
algorithms relying on local communications among the agents
are suggested in [11], [12], [13], [14]. All these algorithms
cannot be applied to the case of shared coupling constraints,
because they build on the core assumption that the strategy
sets are decoupled, as we highlight in detail in Section IV-C.
To the best of our knowledge, the only distributed algorithm
available in the literature for average aggregative games with
coupling constraints is [15]. However such algorithm is only
applicable if the coupling constraints can be expressed as a
system of linear equations [15, eq. (5)], thus preventing its
applicability to the cases discussed above.

Finally, we note that our work has some affinity with the
distributed algorithms suggested in [10], [16], [17], [18], [19],
[20], [21] to compute a NE of generic games (i.e., games that
do not have the aggregative structure considered here) with
coupling constraints. In [10], [16] each agent is required to
communicate with all the agents affecting its cost function.
Hence, these schemes require communications among all the
agents in the setup of average aggregative games. The recent
work [17] presents a two-level algorithm, whereas here we
propose a one-level algorithm. The algorithm in [18] requires
an assumption on the coupling constraint that is not met
in our setup (e.g. a constraint on the sum of the strategies
would violate such an assumption). Finally, the algorithms
proposed in [19], [20] and [21], which appeared in parallel
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to our work, can be applied to the setup considered in this
paper. The algorithms in [19] and [20] require an additional
assumption in terms of an extended pseudo gradient mapping,
hence we focus our comparison with the algorithm in [21],
which is the closest to our work. While in our setting multiple
communications are used in between two strategy updates,
in [21] strategies and estimates are updated simultaneously.
The approach of [21] has the advantage of converging to an
exact Nash equilibrium rather than to an e-Nash equilibrium.
On the other hand, it requires each agent to maintain and
communicate a local estimate of the strategies of all the rest
of the agents, which can be expensive for large populations,
whereas our algorithm requires each agent to only store and
communicate an estimate of the average strategy. Moreover,
given that each strategy update is performed with a more
accurate estimate of the average, our setting might be ben-
eficial for cases when multiple communications are cheap and
it is instead important to minimize the number of strategy
updates. By deriving rigorous bounds on the dependence of ¢
on the number of communications we allow a tradeoff between
number of communications and performance. Finally, we note
that convergence in [21] is proven for undirected networks,
while we here consider (doubly stochastic) directed networks.
Organization: In Section II we formulate the game setup and
we introduce the proposed algorithm. In Section III we present
some preliminary results. In Section IV we prove our main re-
sult. Section V focuses on the application. Section VI presents
generalizations and future research directions. Appendix A
is a standalone section on convergence of parametric VIs.
Appendix B contains the proofs omitted in the main text.

Notation: Given A € R™*™ ||A]|, is the induced p-norm
of A, for simplicity we write [[All2 = [|A; 7aep(A) =
|A— 11,17 ; diag(A) is the diagonal matrix which has the
same diagonal of A. For a,b € Z, a <b, Z[a,b] := [a,b] N Z.
Given N vectors of R™, [zi]¥, == [z!',. .. ,aN 1T e RNn
and 7% == [21;...;2_1;Ti1;...;0N] € RO =17 Given
sets X1, AN C R, LYY ¥ = {2 € RYz =
LSV @i, for some ¥ € X} and X = X x L AT x
X XN, M y[z] is the projection of  onto X.

II. PROBLEM FORMULATION AND MAIN RESULT
A. Average aggregative games

Consider a population of N € N agents, where agent i €
Z[1, N] chooses his decision variable z° in his individual con-
straint set X* C R”™, and interacts with the other agents via the
average of their strategies. The aim of agent ¢ is to minimize his
cost function J* (2%, 00s () = J*(21,22) |2y zomow (2)»
where J (21, 29) : X* x conv(X?1, ..., XN) — R and

1L
Ooo(z) = Nzx]' (1)
j=1

Note that we use as aggregator the average o, (z) instead of
the sum Z;\f:l 27 of the strategies. This is without loss of gen-
erality. Moreover, the subscript co does not refer to an infinite
population, but to the fact that the agents interact through the
exact average + Zjvzl ). We set v == [z, ;2] € X =
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X x ..o x XN c RN™. Besides the individual constraints,
we assume that the agents have to satisfy a linear coupling
constraint on the average

xE€Cyx ={x€ RN | Aooo(a:) < l;}, 2)

with A € R™*" b € R™, for some m > 0, where Ooo() is as
in (1). The coupling constraints in (2) can model the fact that
the usage level for a certain commodity cannot exceed a fixed
capacity, as in [5]. The strong modeling flexibility of linear
coupling constraints is further discussed in [10, Remark 3.1].
The cost and constraints give rise to the average aggregative
game (AAG)
agents : (1,...
cost of agent 7 : '

individual constraint : X"
coupling constraint :

Let us denote Qoo = & N Coo, and Q' (z7) = {2" €
X'z € Co} = {2' € X Ao (x) < b}

Definition 1 (Nash Equilibrium (NE)). A set of strategies & =
[z1;...;2N] € Qu is an e-Nash equilibrium of G, if for all
i € Z[1,N] and all x'€ Q'_(z™)

JH (T, 000 (7)) < J! (xi,%x“rzﬁéi %:EJ) +e. @
If (4) holds with € = 0 then Z is a Nash equilibrium. O

A NE for a game with coupling constraints is usually called
a generalized NE [22]; here we omit the word generalized
for brevity. The following conditions on cost functions and
constraints of G, are assumed to hold throughout.

Standing assumption. For each i, X' C R" is convex,
compact and has non-empty interior. For all i € Z[1, N], the
cost function J'(x", 05 ()) is convex in z* for all x=" € X~
and J'(z1,29) is continuously differentiable in 2,z and
Lipschitz with constant L, that is, |J¢ (21, z2) — JH (2], 2)| <
L(||z1 — 25| + ||22 — 25]]) for all z1, 22, 2}, 25" O

B. Communication limitations

Our main objective is to coordinate the agents’ strategies to
a NE by using a distributed algorithm that utilizes communi-
cations over a (typically sparse) communication network. We
model such network by its adjacency matrix 7' € [0, 1]V XV,
where the element T;; € [0,1] is the weight that agent ¢
assigns to communications received from agent j, with T;; = 0
representing no communication. For brevity, we refer to 1" as
communication network, even though it is its adjacency matrix.
Agent j is an in-neighbor of ¢ if T;; > 0 and an out-neighbor if
T;; > 0. We denote the sets of in- and out-neighbors of agent
i as N and N, respectively.

Assumption 1 (Communication network). The communication
matrix T is primitive (i.e. there exists v > 0 such that T
is element-wise positive) and doubly stochastic (i.e. Tly =
TT1y = 1n).2 Moreover, r4ep(T) = |T — 11,17 | < 1. O

'Note that the same Lipschitz constant L is used for each agent. This is
without loss of generality since IV is finite, hence L can be taken as the
maximum of the Lipschitz constants.

2 A relaxation of doubly stochasticity is discussed in Section VI-1.
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Graph theoretical conditions guaranteeing Assumption 1 can
be found in [23]. Loosely speaking, the fact that 7" is primitive
and doubly stochastic ensures that if the agents communicate
a sufficiently large number of times over 7, they are able
to approximate the average to any desired precision. The
requirement on rgep(7') is automatically met if either 7" is
symmetric [23, Theorem 10.2 and Lemma 10.3] or if all its
diagonal elements are strictly positive [23, Exercise 10.1].

C. The distributed algorithm

We propose an algorithm (Algorithm 1 below), where at
iteration k each agent ¢ updates four variables:

- his strategy x’('k),

- adual variable )\E k) relative to the coupling constraint Co,

- alocal average of his in-neighbors’ strategies o7, (k)?

- alocal average of his out-neighbors’ dual variables LL:/,( k)"

To overcome the fact that the communication network is sparse
we assume that to compute 037(k) and uf,)(k) the agents com-
municate not once but multiple times over the network 7. The
number of rounds of communication per update is denoted by
v € N and is a tuning parameter of the algorithm. The personal
strategy (or primal variable) and the dual variable, in turn,
are updated by a gradient-like step that depends on a second
tuning parameter 7 > 0. In particular, the strategy update
step is similar to that of the standard projection algorithm [9,
Algorithm 12.1.1]. We finally note that both tuning parameters
v and 7 are decided a priori and do not change during the
algorithm execution.

Algorithm 1: Distributed algorithm for £,-NE of G,

Initialize: Agent ¢ with state z{,) € X" and dual variable
)‘éo) €RY,. A communication network T". Set 7 > 0,
_ i i
veN k=0, ;.0 = Z(0)-
Iterate until convergence:
Communication: Dual
o (k) < Ay, Vi
repeat v times
L M & Xgeny,
Update: Primal
| T(gn) s [we) =7 (F) iy +A 1y, 1)), Vi

Communication: Primal

REEACIL

Op (kt1) € Tg1)s V1
repeat v times

L Ty (k1) Zje/vif‘ Tija;]/,(kﬂ)vVi
Update: Dual

| Mieny g, [Ny = 76— 2407 o p) + Ao 1)), Vi
E<+—k+1

The objective of the paper is to prove convergence of
Algorithm 1 to an ¢,-Nash of G, where £, — 0 as v — 0.
To this end, we introduce the following additional assumptions.
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Definition 2 (Strong monotonicity). An operator F : K C
R"™— R"™ is strongly monotone if there exists o> 0 such that
(F(z) = F(y) (= —y) = allz — yl|? for all z,y K. O

Assumption 2 (Regularity of cost functions). The operator
Fy : X = RN defined as

T Foo(z) i= [V JH (2, 000 ()], (6)

is strongly monotone with constant o.. The cost func-
tion J(z1,22) is twice continuously differentiable for all
i € Z[1,N]. Let L' > 0 and M’ > 0 be such that
IVeud (21, 22) = Vi, J'(21,25)[l2 < L'llz2 — 23[l2 and
V., J (21, 22)||2 < M’ for all a € {1,2}, all 1, 22,25 and
all i € Z[1, N]. O

We note that sufficient conditions for Assumption 2 to hold
have been discussed in [24, Lemmas 3 and 4, Corollaries 1 and
2] for specific instances of average aggregative games.

Our key idea to prove convergence of Algorithm 1 to an ¢,-
NE of G, is to construct an auxiliary game G,,, parametric in
the number of communications v, and note that:

Claim 1: Algorithm 1 converges to a specific NE of G,,
called a variational NE;
the variational NE of G, is an ¢,-NE of G, with

e, > 0as v — oo.

Claim 2:

It turns out that, thanks to the structure imposed on the game
G,, Claim 1 follows easily from previous literature results (in
fact also other algorithms proposed in the literature could be
similarly adapted to find the variational NE of G, by using
only communications over 7°). Claim 2, on the other hand, is
the main contribution of the paper. A convergence rate for ¢,
is provided under the following additional assumption.

Assumption 3. There exists G; € R™*™ and g; € R™
such that X' = {z' € R" | Guz' < g;}. Let G =
GiIN1, g = [g:]X,. The set Q has non-empty interior.
There exists L' > 0 and M" > 0 such that |V ., ., J* (21, 22)—
Veyz J' (21, 29) 2 < LV[|22 = 2512 and ||V, 2, T (21, 22) |2 <
M" for all a,b € {1,2}, all z1, 22,25 and i € Z[1, N]. O

The second half of Assumption 3 requires that, for each agent
i, every second derivative of J? is bounded and is Lipschitz in
the second argument (uniformly in the first). Claims 1 and 2
are proven in Section IV, we start with auxiliary results.

III. AUXILIARY RESULTS

We here define the game G,,, introduce some basic results on
variational inequalities (VI) and study the relation between the
operators and the sets of the VIs associated with G, and G,,.

A. Multi-communication network aggregative games

In each iteration of Algorithm 1 the agents need to com-
municate v times over 7'; mathematically this is equivalent to
communicating once over a fictitious network with adjacency
matrix 7%. Based on 7%, we introduce the local averages

ol(x) = Zivzl [T%];;27.
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We define G, as a game with same constraints and cost
functions as in G, except for the fact that each agent reacts to
the local average o (z) instead of the global average oo ().
Specifically, upon defining

C, = {x e RN"| Aol (2) < b, Vj € Z[1,N]}

we formally introduce the multi-communication network ag-
gregative game as

agents : (1,...,N)
_ cost of agent ¢ : Ji(z' ol ()
Gu = individual constraint : X"
coupling constraint :  C,,.

The definition of NE for G, is the analogous of Definition 1.

B. Variational inequalities and variational Nash equilibria

A fundamental fact used throughout the rest of the paper is
that a specific class of Nash equilibria of any convex game,
called variational Nash equilibria, can be obtained by solving
a variational inequality constructed from the game primitives.

Definition 3 (Variational inequality). Given a set K C R™ and
an operator H : I — R", the point T € R" is a solution of
VI(K, H) if it satisfies

H(z) (x—2) >0, VzeKk.

A discussion on how variational inequalities generalize convex
optimization programs can be found in [9, Section 1.3.1]. In
the following we report a sufficient condition for existence and
uniqueness of the solution of a variational inequality.

Proposition 1 ([9, Theorem 2.3.3.b]). Consider a closed and
convex set IC and a strongly monotone operator H : K — R".
Then VI(IC,H) admits a unique solution. O

The following lemma gives a more intuitive characterization
of the strong monotonicity property.

Proposition 2 ([9, Proposition 2.3.2]). A continuously differ-
entiable operator H : IC C R"™ — R"™ is strongly monotone
with monotonicity constant « if and only if V. H(z) = al,
for all x € K. (]

To draw the connection between VIs and Nash equilibria, let
us introduce the following quantities relative to G,

A, =T' @A, b=1y®b (7a)
F (2) = [V (z', ol (2)])N,, (7b)
Q, = {x € X|A,z < b}, (Tc)

Q. (z7") = {2’ € X'|A,z < b}, (7d)

and recall the corresponding quantities relative to G,

Aw = +1x1nT ® A (8a)
Foo() = [V J' (2, 000 (x))]1L1, (8b)
Qoo = {I € X|Aoox < b}a (8C)

Ql (7)== {a' € X'| A < b}, (8d)

The operator in (8b) is the same as (6) in Assumption 2 and
in (8) the coupling constraint C, is expressed in the redundant
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form A,z < b (consisting of N repetitions of the constraint
Ao (z) < b) to match the structure of A,z < b in (7).

In the following we specialize a well-known result of [22,
Theorem 2.1] to the two games G, and G,,.

Proposition 3 (Variational NE [22, Theorem 2.1]). Every so-
lution Too of VI(Qoo, Fxo) is a NE of G, called a variational
NE of Goo. Moreover, if J'(xt, 0% (z)) is convex in x* for all
x~t € X7, every solution %, of VI(Q,,F,) is a NE of G,
called a variational NE of G,,. O

Due to the presence of the coupling constraints the converse
of Proposition 3 does not hold.?

C. Convergence of sets and operators

Given Proposition 3, to show Claim 2 it suffices to prove
that the solution to VI(Q,,, F,) is a good approximation of the
solution to VI(Q, Fio), for v sufficiently large. To this end,
we start by introducing three lemmas that clarify the relation
between the operators F,,, F, and the sets Q,, Q.. Their
proofs are in Appendix B. To simplify the exposition we define

My = max|z]lz, Moo := max |zfle

and, for any norm p, we define d,(v) := || £1n1n " — T,

Lemma 1 (Operator convergence). Under Assumption 1

D limy o T = F1n1In' lim, o4, = As and
lim, o0 Fy(2) = Foo(x) uniformly in x.
2) For all x € X and all v, ||F,(z)]] < Funx and

| Foo (2)|| < Finaxr With Fuax := 2/ NM'.
3) da(v) < rgep(T)” and do (v) < \/Nrstep(T)”.
Under the additional Assumption 2
4) ||Foo(.’)3)—FV($)||2 < KFTsKep(T)V with Ky := 2L' Mo+
M'\/N. O

The next lemma provides a sufficient condition for F, to
be strongly monotone, thus guaranteeing uniqueness of the
solution to VI(Q,, F,).

Lemma 2 (Strong monotonicity of F,)). If Assumptions 1 and 2
hold, there exists vsyon Such that F,, is strongly monotone for
all v > vsmon. Under the additional Assumption 3 we can use
1 Qo
I . O
log(ruep(T)) (4(L”M2 + M“))

VSMON =

Finally, we look at convergence of the sets Q, to Q. in
terms of the Hausdorff distance.

Definition 4 (Hausdorff distance). The Hausdorff distance
between two subsets R and S of R" is

di(R,S) = max{sup inf ||r — sz, sup inf ||r — s||2}. O
reRseS seESTER

3In other words, there can be Nash equilibria of G (resp. G,) that cannot
be obtained as solutions of VI(Qoo,Fo) (resp. VI(Q,Fy)). Within the class
of Nash equilibria, variational Nash equilibria enjoy special stability and
sensitivity properties and the burden of meeting the coupling constraints is
divided equally among all the agents [22, Theorem 3.1]. Variational equilibria
are also a subset of the normalized equilibria defined in [25], which are in
most cases the only Nash equilibria that can be computed.
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To study convergence rates we use the following quantity.

Definition 5. [26] For any matrix H € R™*™, let 3(H) be
the smallest number such that for each nonsingular submatrix
B of H all entries of B~ are at most 3(H) in absolute value.
Then we define A(H) = n\/nS(H). O

Lemma 3 (Hausdorff convergence of sets). Under Assump-
tion 1, the following facts hold.

2) dg(Q%(z,%), QL. (’ ) = 0,VZ, € Q,,i € N[1, N].
If additionally Assumption 3 holds then

3) du(Qu, Qoo) < Kpryep(T)”, Vv > v
4) dH(QZ(_i) QZ (T 71)) < 2KHT§tep( W,V > I/}OIC,
z, € Q,, i € N[1, N];

where I/Ig_}Ob = log(mip(T)) log (HAHWNJ@W\/N)’ Ky =
A([“g DV Alloo Moo, M = maxyex minpeqr, . mylb—
Ao (z)]p > 0, V¢ = m log (5% ). Kiy =
A% ]) My < Ky, A= L1y 4. D

Note that M ; as defined in Lemma 3 is positive since, by
Assumption 3, there exists a point Z € X’ such that Aaoo( ) <
b and thus mingeqy,. m}[b — Ao (2)]n > 0.

IV. MAIN RESULTS
A. Convergence of variational NE

We here prove Claim 2. Specifically, Theorem 1 shows that
the Euclidean distance between the vectors corresponding to the
variational NE of G,, and G, converges to zero. Theorem 2 then
shows that the variational NE of G, is an £,-NE of G,,. We note
that this latter fact is not a trivial consequence of Theorem 1
and Lipschitz continuity because the set of feasible deviations
for each agent i (i.e. Q% (7, %) vs Q' (Z,?)) is different in the
two games, thus requiring Lemma 3.

Theorem 1 (Convergence in strategies). Suppose that Assump-
tions 1 and 2 hold. Then
1) The game G, has a unique variational Nash equilibrium
Too and for any v > vsvon, Gy has a unique variational
Nash equilibrium x,,. Moreover,

lim %, = Zoo- )
v—00

2) If additionally Assumption 3 holds then for v >
globy -
max{vsmon, Vgt it holds
||-fu - -fooHQ < Kx Tslep(T)V

Kr4+y/ K3 +8aooFmaxKH

where K x := , with Fi., Kr and

Ky as defined in Lemmas 1 and 3.

Proof: 1) Existence and uniqueness of T, and Z, solu-
tions to VI(Q,Fx) and VI(Q,,F),) respectively is guaranteed
by Proposition 1, because the operator Fi, is strongly monotone
by Assumption 2 and the operator F,, (for v > vsmon) 1S
strongly monotone by Lemma 2. Strong monotonicity of F),

http://dx.doi.org/10.1109/TCNS.2019.2944300

implies convexity of J(z¢, o (x)) in z*. Consequently, Propo-
sition 3 guarantees that T, and Z, are the unique variational
NE of G, and G,, respectively. Asymptotic convergence of T,
to T follows from a continuity result for the solution of para-
metric VIs given in [27, Theorem A(b)], whose assumptions
are verified in Lemma 1 and Lemma 3.1).

2) The second statement follows from Theorem A.1, given in
Appendix A, combined with Lemma 1 and Lemma 3.3) to
bound dp(v) and dy(Q,, Q ), respectively. [ |

Theorem 2 (Convergence to e-Nash). Suppose that Assump-
tions 1 and 2 hold. Then
1) For every € > 0, there exists v. > 0 such that, for all
v > v, any variational Nash equilibrium Z,, of G, is an
e-Nash equilibrium of Go.
2) Under the additional Assumption 3, we can use v. =

max{V\%°, v;} where*

1 1 €
vy = O, : )
7 log(ruep(T)) & 2L(2max; (K%) + MoV Nn)

with V¢ and K, as defined in Lemma 3.

Proof: 1) We divide the proof of this statement into two
parts: i) we prove that T, € Q. for any v > 0, and ii) we
prove that condition (4) is satisfied.

i) Since z, is a NE for G, T, € X and Aot (z,) < b for all i
By summing over all ¢ and dividing by N, we obtain

A% oi@)) <b. (10)

However,
N
Y 0u(T) = Zz 123 [T %)
i N
= Zj:l (Zi:l[T ]zj) T, = Z] 1 T
where the second to last equality holds because, by Assump-
tion 1, T is doubly stochastic, hence so is 7. By substitut-
ing (11) into (10) we obtain Ao (Z,) < b, thus T, € Q. V.
ii) Since Z, is a NE for G,, for all ¢ € Z[1, N] and for all
zi, € QL (z,") it holds
THE, Y [T)iE)) < Tk, [T+ > [T¥]52). (12)
J VE)

Recall that L is the Lipschitz constant of J%(z1,23) as by
standing assumption. Then

JHE,, 000(T,)) = JHEL, 25 )

< JU&, 32T iE]) + LI 32, (1/N = [T%]i5) 7|

< &Y, 35, )iE) + LY, [1/N — [TV |
szi(ii Zj[Ty]ijjgl) + Ly/nMoodoo(v)

il [T, + 3, T30 + LM oedso ()
STk, wah + 3052 ) 4 2Ly nMoaodoo (v),

11
= Now(Z, ( )

13)
for all 2!, € Q! (z,%), where the last inequality follows
through with a chain of inequalities similar to the previous

4If the quantities depending on cost functions, network, constraints do not
scale with N, Theorem 2 reads ve = max{c log (V/N/¢), c2log (VN) },
where c1 and c2 are constants independent from N, €.
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ones. Condition (13) holds for all 2, € Q¢ (7, %), as we used
the fact that z,, is a NE for G,.. To show that (4) holds for all
x' € Q' (7,") note that, by definition of Hausdorff distance,
for any any zt € QL (z,7) there exists &, € Q;(f;z) such
that [|=* — 7 || < du(Q,(F,"), Q% (*_1)) =: H'(v). From
(13) we know that since ¢, € Q% (%, %) then
JHZ., 000(Z0))
<‘]2( ZuaN V+Z]7é %
S‘]l( Z’Nx +Z]7€1N ) ( )
for e'(v) = (L + £)H'(v) + 2L/nModw(v). Note that
Hi(v) — 0 by Lemma 3.2) and d(v) — 0 by Lemma 1.
Consequently °(v) — 0 and there exists v such that?(v) < e
for all i € N[1, N] and all v > v,. Since (14) holds for all ¢
and all z° € Q°_(z,*) and given i), Z,, is an &-NE of G, fo
all v > v..
2) Under the additional Assumption 3 we get that for all v >
V%, by Lemma 1 and Lemma 3.4),
e'(v) = (L+ £)H'(v) + 2L/nMsdos (v)
<2L(2KY + MooV NR)rgep(T)
< 2L(2max(K};) + MooV NR)rep(T)".
3

)+ 2L/nMyds (V) (14)

Setting the right hand side equal to ¢ leads to v . ]

B. Convergence of Algorithm 1

Corollary 1. Suppose that for the value of v used in Algo-
rithm 1 the operator F, in (7b) is strongly monotone with
constant o, > 0 and Lipschitz with constant L, > 0. Set

—L24+y/Li+4a2||A, ||

TS pT v

15)

Then for every initial condition (z(o),)\(o)) e X x Rg(’)” the
sequence (x(y))pe, produced by Algorithm 1 converges to
the unique variational Nash equilibrium of G, which, under
Assumptions 1 and 2, is an e-NE of G, for any v > v..

Proof: Let us define z(,) =

[Azk)]ﬁl’ qu(k) = [ ,(k)]z 15 Mo, (k) = [
communication steps are equlValent to

[ (k)]l LAR) =
(k)] . Then the

ou iy — (TY @ 1) Ty, iy < (T¥ @ In) T Ay

Consequently, the update steps can be rewritten as

i i Fi AT v j

Ty Wi [e(ny — T(F 0 +A 01T ]”Afm)]a

)\(k+1) <~ HR"’ P‘(k) - T(b AZ 1[T } (22 (k+1) - wfk)))}
for all « € Z[1, N] or, in compact form,

T(pg1) < Hx[rp —7 (Fu(ff(k)) +AVT)‘(I€)>]7 16)

)‘(k?-‘rl) <—HRJg6n [/\(k) - T(b — 2Au1'(k+1) + Ayl‘(k))].

The update (16) coincides with one iteration of the asymmetric
projection algorithm given e.g. in [24, Algorithm 2] or in [10,
Algorithm 4.1] (for L = 0) applied to VI(Q,,, F},). Then [24,
Theorem 3] shows that, by choosing 7 as in (15), which implies
7 < 1/||A,|, Algorithm 1 is guaranteed to converge to the

http://dx.doi.org/10.1109/TCNS.2019.2944300

unique solution of VI(Q,, F,). The conclusion then follows
by Theorem 2. [ ]

Remark 1. To implement Algorithm 1 the agents need to agree
on the values of v and T to use. Under Assumption 3, we can
provide explicit ways of computing these two quantities.

Regarding v, the quantities vsyon, 1/1{}“, vy are given in
Lemmas 2 and 3, Theorem 2. Some recent works, such as [28],
tackle the problem of computing rye,(T) in a distributed
way for symmetric communication networks. For asymmetric
communication networks instead, one can use the bound
rap(T) = T = (1/N) Iy 3L 2 < T = (1/N)In 2T T -
(1 /N)IN1Y |l and the fact that one and infinity norms can
be distributedly computed as maxima over all the nodes of
local quantities. N can be computed with classical distributed
algorithms, while the constants My, M, can be computed
in a distributed way if each agent is willing to disclose

max |zt]2 and max |2%]|oo. Bounds on . relying only
rieX zteX

on local mformanon have been studied in the literature in
the case of specific cost functions J%, as in [24, Lemma 3].
Finally, the remaining constants L, L', L", M" are (or can be
upper bounded by) the maximum of local quantities, see e.g.
footnote 1, and can thus be computed in a distributed fashion.
Regarding T, the bound in (15) of Corollary 1 can be used. To
compute the quantities in there, note that || A, || = |T*||| A]| =
| A|| (as T is doubly stochastic); an upper bound to a,, is given
in (25) by using L", My, M" ,r4ep(T); and L, can be upper
bounded by using L' and N.

C. Relations with the literature on distributed convergence in
AAG without coupling constraints

Distributed algorithms for AAGs without coupling con-
straints have been derived in the literature e.g. in [11], [12], [13],
[14]. We highlight here how the steps of Algorithm 1 and the
proofs greatly simplify in the absence of coupling constraints.

Regarding Theorem 1, in the absence of coupling constraints
the VIs of G, and G, feature the same non-parametric set X.
Convergence of T, to Z, can thus be proven by using standard
sensitivity analysis results for VIs (see Appendix A).

Regarding Theorem 2, in the absence of coupling constraints
the fact that 7, is an e-NE of G, is a trivial consequence of
(9) and of the fact that the cost functions are Lipschitz. The
difficulty when introducing the coupling constraints are that 1)
the feasibility of Z, in G, does not imply feasibility of Z, in
G and ii) in the definition of NE, the set of feasible deviations
QZ (_*’) in G, is different from the set of feasible deviations
Q! (%) in Goo (without coupling constraints both these sets
would be X'*). Hence to prove Theorem 2 one needs to show
Hausdorff convergence of Q! (z, %) to Q (Z,%) as v — oo,
as done in Lemma 3.

Regarding Algorithm 1 and Corollary 1, in the absence of
coupling constraints since the constraint set X’ can be decoupled
among the agents, the standard projection algorithm [9, Algo-
rithm 12.1.1] is distributed and it is guaranteed to converge
to a solution to VI(X, F, ), because F), is strongly monotone.
Hence, one can run Algorithm 1 with only the primal steps and
simplified strategy update @{, , ) < ILy:[z{}) —TF] ;)]
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V. APPLICATION: COURNOT GAME WITH
TRANSPORTATION COSTS

A. Game definition

Consider a single-commodity Cournot game with N firms
and V markets, which correspond to V' physical locations. Firm
i € Z[1, N] chooses to sell 4, € R>( amount of commodity at
each market v € Z[1, V]. Each firm 4 produces its commodity
at a given location ¢; € Z[1,V] and then ships its com-
modity to the different markets over a transportation network,
where the V' nodes represent market locations and a directed
edge connecting two nodes represents a road connecting two
markets. We characterize the network by its incidence matrix
B € {0,1,—1}V*E, where E is the number of edges and
B, . = —1if edge e leaves node v, B, . = 1 if edge e enters
node v and B, . = 0 otherwise. Denote by rt € R the
total amount of commodity produced and sold by firm i (i.e.,
rt = Y wev y!) and by t! € R>( the amount of commodity
transported by firm i over edge e, with t* = [t]E_|. Define
the strategy vector of firm i as @* = [t';r!] € REZS!, which
uniquely determines y* == [y2]V_,, due to the balance equation

y' = Bt' +epr' = H'z',

with H := [B, e,] € RV<(F+1) and e; the j™ canonical vector.

1) Cost function: We assume that at each market the com-
modity is sold at a price that depends on the total commodity
sold by the IV firms. We allow for inter-market effects and use
the inverse demand function p : RY, — RY, that maps the nor-
malized vector 0o () = + Zjvzl Y=+ Zjvzl H'z7 to the
vector of prices of each market p(0o (7)) = [py (000 (2))]V_1-
Then the revenue of firm 7 is p(o o (2)) T *. Moreover, for firm
i transporting ¢ commodity over an edge comes with cost

ce(te) = Bete —ve(te), (17)
where, for all 4, ¢ is a strongly concave, increasing function
with maximum derivative smaller than 3. The transportation
cost in (17) can be thought of as the sum of two terms: the first
is a cost proportional to the amount shipped, the second term

is a discount that increases with the amount shipped.
The production cost function of firm ¢ has a similar form

a'(r') = B’ = 7, (), (18)
where 7! is a strongly concave, increasing function with max-

imum derivative smaller than 3. The functions (17) and (18)
are strongly convex, as in [9, Section 1.4.3]. To sum up

JH(a' 00(@) = a'(r') + N0 cl(th) — ploso(@)) Ty

revenue

production cost  transportation cost

2) Constraints: The strategy of firm ¢ must satisfy the
individual constraints

X={a' e RES 2" <7 Apya,y' = H'2' >0}, (19)

where 7 is the production capacity of firm i. Note that (19)
implies t{ < 7' Ve, guaranteeing boundedness of X'*. This
constraint is without loss of generality, as the transportation
costs ¢! are increasing. We also assume that each market v is
composed by retailers whose storage capacity imposes an upper
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bound K, on the total commodity that can be sold at market v,
leading to the coupling constraints o () < K = [K,]V_;.

3) Communication network: We assume that the firms can
communicate with each other according to a sparse communi-
cation network 7T satisfying Assumption 1. This network can
model spatial proximity of firms, or the fact that they may want

to share their strategies only with firms they trust.

B. Theoretical guarantees

The cost, constraints and network introduced above give rise
to a game as in (3), with the only difference that the aggregate
0oo(x) depends on y' = Hiz® instead of x* directly. Defining
a new game with strategies &' = H'z?, so that the aggregate
depends only on the ¢, is not possible as the cost J* (¢, oo (7))
cannot be expressed in terms of the Z’s only, unless H* is full
column rank for all ¢. Our theoretical results can nonetheless
be easily extended to cover such case.

1) Extension: Set Hyyg = blkdiag(H!,...,HY) €
RNVXN(E+D) “the quantities in (7) (8), relative to Goo, G,, are

FOO(SU) = [Vac“]l(xla Uoo(x))]i]\;la
= [v21‘]i<xi7000<$)) + %H;szJi(wi»UOO(w))H\;b
o ={r e Xt x - x AN|Az < b},
1 . R
Aoo = (N].Nl; ® A) Hblkch b= 1N (9 b,
Fy(@) = [V J' (2", o) (@)L,
= (V. J' (@t 0y (2) + [T H; 'V 2, T (a7 0y (2)) ],
Q, ={recX'x - x XN|A,x <b},
A, = (TV X A)Hb]kd-
2) Verify the assumptions: Assumption 1 holds by problem

statement. To guarantee that Assumption 2 holds we make the
following assumption, whose sufficiency is proven in Lemma 4.

Assumption 4 (Cournot-game regularity conditions). The cost
J4(21,22) is twice continuously differentiable for all i, and
the inverse demand function p satisfies one of the following
conditions.

1) p is dffine, ie., p(ox(x)) =
DeRVV, deRY and D > 0.
2) p, depends only on the commodity sold at v, i.e.,
P(0s0(7)) = [pu([00(®)]0)]V_;. For each v, p, is twice
continuously differentiable, strictly decreasing and satisfies

—Dos(x) + d, for some

minye(, . vy (—p,(2) + §p0(2)) >0,
z€[0,7]

7= max T'.

i€Z[1,N]
(20)

O

Lemma 4. If Assumption 4 holds then the Cournot game in
Section V-A satisfies Assumption 2. O

We report the proof in Appendix B.

Remark 2. If the function p is as in Assumption 4.1) and
D=DT, then G is a potential game. In other words, there
exists a function f: Q — R such that V, f(z) = Foo(x) and
VI(Qoo, Foo) is equivalent to argmingco_ . f(z), as described
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in [9, Section 1.3.1]. Then a NE can be found by solving the
optimization program argmingco__ f(x). Assumption 4.1) is
verified for instance in [7] or in the cost (5)-(6) in [12], with
b, = 1, for any ap,cp. Assumption 4.2) is satisfied if p, is
convex and strictly decreasing Vv.

Regarding the Standing Assumption, Assumption 2 implies
that J* is continuously differentiable in its arguments and
that V, [V, J (2%, 0 ()], = aln(p11) by Proposition 2,
which in turn implies convexity of J* in z* for all fixed x~°.
The sets X are trivially convex, compact and non-empty.

Finally, the next lemma (proven in [29]) shows that for the
network, number of rounds of communication v and price
functions used in the next subsection, F), is strongly monotone.

Lemma 5. Under Assumption 4.1), if T is the adjacency
matrix of an undirected network, so that T = T, then the
operator F,, is strongly monotone for any v even. ]

C. Numerical analysis

We consider the transportation network illustrated in Fig-
ure 2 which consists of V' = 43 markets and £ = 51
(bidirectional) edges connecting them. The network is taken
from [30], which provides the Cartesian coordinates of the
vertexes. We consider 5 firms that differ only for their lo-
cations /¢ € {37,20,11,6,35}, as indicated in Figure 2.
Each firm has a production capacity of # = 10, while
we consider a capacity of 1.5 for each market (i.e. K =
1.5/5). The production and transportation costs for firm ¢ are

ai(r) = a(r) = 2 [ = (1= k= )]s cilth) = eolti) =

Pe (tf3 - (1 - H% , for all e where p, €]0,1] is the nor-
malized® length of road e. The inverse demand function p is
affine, i.e. p(0) = 10 - 143 — Do and it encodes intra-market
competition via the matrix D whose component in position
(h,k) is [Dlp = 1if b = k, [D]pr = 0.3(1 — pe), if
there is a road e = (h, k) between markets h and k, while
[D]n.x = 0 otherwise. In words, the price p, at market v not
only decreases when more commodity is sold at v, but also
when more commodity is sold at the neighboring markets, with
physically close markets being more influential. We verified
numerically that D > 0. We use the communication matrix
T that corresponds to a symmetric ring, i.e., T;; = 0.5 if
li —j] = 1or|i —j| =4, T;; = 0 otherwise. Note that 7'
satisfies Assumption 1. We run Algorithm 1 with 7 = 0.05,
initial conditions all equal to zero and different values of 1.5
We use max{Hx(k) - x(k_l)Hoo, ||>‘(k) - >‘(k—1)||oo} <10~*
as stopping criterion. We consider even values of v between 2
and 20. For each v we run Algorithm 1 and find the variational
NE of G,,, which is an ¢,-NE for G, as by Theorem 2. After

SDefined as the absolute length divided by the maximum road length.

6The values in (15) can be shown to be oy = (2pmin)/(1 + 7)3 =
71075, Vv Ly = Amu(Hyyl(In ® D)(TY ® Ig) + diag(T") ®
DT Hpya) < 12.89; and ||A, || = 1,Vv; then (15) reads 7 < 4 - 1077,
This is a conservative bound, we verified by simulations that the algorithm
converges also for 7 = 0.05. Lemma 2 gives theoretical guarantees of
convergence for v > vgmon = 67. Note that an extension of Lemma 2
is needed due to the presence of H?; this results in vsyon = log(aeo/((1+
R)2(L" Ma) + 2(h + h?)M"))/log(rsep(T)), with h = ||Hpiql|2. We
verified by simulations that F}, is strongly monotone for all v > 11.
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convergence, €, can be computed according to Definition 1. A
more descriptive quantity is the relative maximum improvement
¢, defined as’

o B T 1
T (@) - T ke T 4 )

iz}, 000 (20))
2L

Figure 1 reports the value of £, as function of v, thus nu-
merically verifying Theorem 2. It also contains the value of
|Z, — Zooll2 as function of v, thus numerically verifying
Theorem 1. In Figure 2 we illustrate the variational NE of G,
obtained by setting v =1 and T = %1 ~1}. Bach firm is the
only seller at its production location, and more in general firms
tend to sell close to their production location, as expected.

éy :: . . K
1,xteQl (")

6 F o] .

R " 7
o e === llzy = @oollz |
’ ‘ | ‘ ] i el N e

0 5 10 15 20 25 30 35 40 v

Fig. 2: Variational Nash of G, computed by Algorithm 1 for v = 1 and
T = %1 N l;. Each of the 5 firms is represented by a different color. The
bottom plot reports yf} for each firm ¢ and market v (from 1 to 43). Note that
the coupling constraint D, y? < 1.5 is met in all markets v. A geographic
illustration of the market is represented in the graph on top. Therein each
market takes the color of the firm that sells the most commodity there. The
five production locations are denoted by squares. Note that each firm has
majority in the markets closer to its location (as transporting there is cheaper).

VI. IMMEDIATE GENERALIZATIONS AND FUTURE WORK

1) Weighted average: The above results can be immediately

generalized to aggregative games that depend on a weighted
N i .

average ooo(x) = > ;_, w;z’, for some w; > 0 instead of
the average oo () = + vazl 2% used above. We can impose
>, w; = 1 without loss of generality. Then Assumption 1
should require 7" to be primitive with w > 0 as left eigenvector
relative to the eigenvalue 1 (normalized such that w1y = 1).

"Note that for any fixed z,, €, in (21) can b; comppted by solving the V
optimization problems {min_; ., =% Ji(zt, %zz +3 %i‘f,)}fil
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2) Local strategy sets of different dimensions: Here X' C
R™ for all ¢, but the results hold for strategy sets of differ-
ent dimension, i.e, X* C R™, as in [10], with o%(z) =
+ Z;yzl[Hja:j + hi] € R™, for some H € R"*"i hi € R™.

3) Wardrop instead of Nash equilibrium: The results stated
for Nash equilibrium extend to Wardrop equilibrium [24,
Definition 2], called traffic equilibrium in transportation or
competitive equilibrium in economics. If in the primal update
of Algorithm 1 we use F, ;.\ « VLJ'(z(4),0} ), then
Algorithm 1 converges to a Wardrop equilibrium.

Future directions: An extension to time-varying networks,
as well as asynchronous updates would be valuable for appli-
cations where synchronization might be problematic. It would
also be interesting to perform a comparison in terms of strategy
and communication updates with the algorithms presented in
the recent works (for generic games) [19], [21]. Finally, it would
be valuable to understand if convergence to the equilibrium
Zoo can be achieved via an algorithm where the number of
communications changes with the iterations.

APPENDIX
A. Convergence result for parametric variational inequalities

The notation in Appendix A is disjoint from the main paper.

1) Literature: We survey some literature results on conver-
gence of the solution Zy of VI(Qy, Fy) to the solution z; of
VI(Q;, F;) under the assumption that Fj is strongly monotone
and Iy converges uniformly to Fj as 6 — 6. Such results can
be divided in three classes, based on assumptions on the sets.

The first class of results focuses on fixed sets and studies
convergence of the solution Zy of VI(Q, Fy) to the solution
zy of VI(Q, F). If Q is closed and convex, [y is Lipschitz
in 0 uniformly in = and F} is strongly monotone, then the
solution is Lipschitz continuous [31, Theorem 1.14], [9, Section
5.3]. Strong monotonicity of I can be relaxed if Q is a
polytope [32]. The second class of results [33], [34] focuses
on parametric sets that can be described as Qp = {x €
R™ | g(x,0) < 0} for a suitable parametric function g(x, ).
If g(x,0) converges uniformly in z to g(z, ) as 6 — 0 and at
Z; the Linear Independence Constraint Qualification holds, the
parametric solution Zg is locally Lipschitz continuous around
6. Such results have been applied to games, e.g. in [35]. The
third class of results [34], [27] is the most general and only
assumes that Qy converges to Qé according to the Kuratowski
set convergence definition. In this case one can prove continuity
of Zy around 6. We are not aware of results proving Lipschitz
continuity in this case.

In the following we show convergence (and derive conver-
gence rates) without assuming any constraint qualification for
VIs whose parametric sets have the special structure

Q, ={reX CR"A,z<b,},

Qoo = {JJ ek C Rn|14<>ox < boo}y
where A, Ao € R™*", by, b € R™, A, — Ao, by — boo.
Note that we focus on a discrete parameter v € N that tends to
infinity, however similar arguments can be used for a continuous

parameter 6 tending to 6. Our results depend on X: 1) If X is
convex and compact we show that Q, converges to Q.. in

(22)
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Hausdorff (and thus Kuratowski) norm. Convergence of the VI
solution then follows from [34], [27]; 2) If X is a polytope
we additionally bound the distance between the solution to
VI(Q,, F,) and VI(Qw, Fio).

Our result in 2) can be seen as an extension of [32], [36] on
parametric variational inequalities over polyhedral sets, since
[32] studies VIs where the polyhedron is fixed and [36] provides
convergence rates when only the right-hand side b, of the
affine constraint defining the polyhedron is parametric. Instead,
we allow the parameter to appear also in the matrix A, (and
quantify its effect on the convergence rate).

2) Preliminaries on Hausdorff distance: We report here
some preliminary facts, which follow immediately from pre-
vious literature results.

Lemma A.l. For any matrix H € R™*" there exists a
constant A(H) > 0, such that for any 1 € R" and
hi,he € R™ such that {x € R™ | Hz < hy} # 0 and
Haxq1 < hy there exists xo € R™ such that Hxo < ho and

1 — @2ll2 < A(H)[h1 = halo U

This lemma follows immediately from the fact that the Haus-
dorff distance between polytopes of the form {x | Hx < h} is
Lipschitz continuous in h, see e.g. [37]. Different refinements
for the constant A(H ) have been provided in different works,
see e.g. [38]. Here we use the formula derived in [26, Theorem
0.1] and reported in Definition 5. The previous lemma leads to
the following convergence result for the sets Q,,, O, when X
is a polytope.

Lemma A.2. Suppose that the set X in (22) is a com-
pact polytope X = {x € R"|Gx < g}. Let c(v) =
maxzex{]|(Aoo — Av)T + by — beo||oo }- The following holds.

1) If Q,, Qoo are non-empty, then

dir(Qu, Qo) < max {A([“x ]), A([E )} - elv);
2) If additionally, {x € X | Aoor < bso — ¢(V)1,,} is non-
empty then
dr(Qu, Qos) S A([A]) - c(v).

Proof: Take any point 1 € Q,. By definition of Q,, it

holds [‘g]xl < [bg"] equivalently Hyxp := [AGOO]xl <
[bu-l-(Aoo_AV)zl] =: hy. If we set hy = [1’?], by Lemma

Al we know that there exists z2 € Qo (non-empty by
assumption) such that [|z1 — 2] < A([“5])II(As —
A))w1 4 by = boollo < A([%])c(v). Similarly, for any
point x;1 € Q. by Lemma A.1 there exists o € Q, such
that [|z1 — 22/|oc < A([“Y ])e(v), thus concluding the first
part of the proof. If the set {x € X' | Aoz < boo —c(¥)1,} is
non-empty then an alternative way to associate a point zs € Q,,
to any 71 € Quo is to set hy = [P5 ] — [C(’a)l] By definition
of Q. it holds Hx; := [Acff] z < [b?] =: h;. By Lemma
A.1 there exists x5 such that
[Gle <[] -
and |71 — 22)lc < A([“])e(v). Let us now show that
zy € Q. Inequality (23) implies [4r]zs < [%] +
[(A"’Am)””g“bM’b")] - [C(”%lm] . From Gz < g it follows

] @
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x9 € X, hence ||(A, — Aso) T2 + (boo — bu)|loo < ¢(v) and the

previous inequality implies ["g] T9 < [bgV] . Hence z2 € Q,.

This leads to the second statement. ]
If X is not a polytope, we prove asymptotic convergence.

Lemma A.3. Suppose that the set X C R"™ is convex, compact
and has non-empty interior. Moreover, lim, .. A, = A,
limy, s 00 by = boo. Then dg(Q,, Qo) — 0 as v — .

Proof: Since X is compact there exists a polytope X'¢ :=
{z € R" | Gz < g} such that X C X°. We define S, =
{z € XA,z < b}, Seo = {z € XAz < boo}. Since
A([%]) = A([“s°]), implying that A([“y]) is bounded,
and ¢(v) — 0, Lemma A.2 implies that d (S,, Se) — 0. The
conclusion follows since @, = S, N X and O, = Soc N X
and X is convex, compact and has non-empty interior, see [27,

Lemma 1.4] and [39, Theorem 3]. | |

3) Convergence result: Convergence of the solution of
VI(Q,, F,) to the solution of VI(Q., F) can be proven
immediately by using Lemma A.3 and [27, Theorem A(b)]
since Hausdorff implies Kuratowski convergence in compact
spaces. In the next theorem we provide a refinement of [27,
Theorem A(b)] that gives an explicit convergence rate.

Theorem A.l. Suppose that F., is strongly monotone with
constant oo > 0 and that the sets Q,, Qo are convex and
compact. Moreover, assume that

i) [|Fu(z) — Foo(2)|| < dp(v) for all z and v,

ii) there exists Fiax s.t. || Foo (2)]| < Finax and || F, ()] < Fiax
for all x € X and all v.

Let T, be the unique solution of VI(Quo, Fo) and T, any
solution of VI(Q,, F,), then

v)+ \/dF(I/)2

—+ 8OéooFmade(Qua QOO)

T, — Too|| <
1Z, — Zool < 20

In particular, if d (Qy, Qo) — 0 and dp(v) — 0 as v — oo
then T, — ZToo.

Proof: By definition of solution to a VI it holds

Foo(Too) " (Too — Too) 2 0, V2o € Qo

24
F,(z,)" (x, —7,) >0, Yz, € Q, &9

By definition of Hausdorff distance there exists T, € Qo and
Z, € Q, such that ||Zoo — Z,| < dy(Qu, Q) =: dy and
|Z, — ZToo|| < dpy. Plugging these values instead of the generic
Too and x, in (24) and adding and subtracting Z,, T, we get

Foo(a_?oo)—r(i'oo - fu) Z Foo(joo

F (Z,)" (&, — Too) > —F, (T

) (T — )

V)T(foo - fu)

adding the two inequalities leads to 77 > 15 with
Ty = Foo(Too) (Foo — T) + F(T,) T (Z) — To), To =
[Foo(@o) — Fo(@)] (@ — 7). T < (|Focl(@oo)ll +
|‘FD(‘%U)||)dH < 2F‘madeTb = [Foo(joo) - Foo(ju) +
Foo(Zy) — FV@V)}T(Q?OO - Ty) > QoollToo — ijz -
dr(V)||Zo — Z,||. Combining we get auo||Too — Zu||? —
dr(V)||Teo — Ty || — 2Fmaxdr < 0, as desired. [ |
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Remark 3. This proof is based on [31, Theorem 1.14], where
however only the VI operator is parametric. If X is a polytope,
dr(Qy, Qo) can be bound as in Lemma A.2. Hence Theorem
A.l can be used to bound the VI solutions distance.

B. Omitted proofs
Proof of Lemma 1

1) The fact that lim, o T¥ = +1y1y " is proven in [23,
Theorem 2.13]. Convergence of A, to A, follows immedi-
ately from the definitions (7a), (8a) and the properties of the
Kronecker product. Note that

Foo(z) = [vai(xiaUOO( ) + N sz]z(x UOO(SE))HV:l’
Fy(a) = [V., J (a%, 0}, (x)) + [T¥]iiV 2, T (2", 0, (2)) ] -

Uniform convergence of F, to F,, follows by continuity
of V., J¥(21,22) and V., J*(z1,22) in z1, 2 for all i, by

[T")ii — . and by 07, (x) = 0o (2) uniformly in z.
2)  Since ||V, J'(z1,22)||  and ||V, J' (21, 22)]]
are continuous functions over the compact set

Xt x conv{Xx?t ... XN}, there exists M’ > 0 such
that ||V, J%(21,22)|| < M’ and ||V,,J%(21,22)|| < M’, for
all (21, 22) € X' x conv{X1,... XN} Note that [T"];; < 1
for all ¢ € Z[1, N] and for all v > 0, since T and thus T"
are non-negative and doubly stochastic. Then ||F,(z)|]? =
ZMHVZIJ’(@“» o () + [T"]aVe,J (%o, (@)]* <
S (M2 4+ M2 +2M"?) =4NM"”? = F2,  forall z € X.
The bound | Foo (z)|| < Fmax can be proven in the same way.
3) The result on dy(v) follows from [23, Lemma 10.3] and it
implies the one on do(v), because ||Alloc < V/N|A|2 for
any matrix A € RVXV

4) Under Assumption 2,

V.,J%(z1,22) is Lipschitz

continuous for a € {1,2} with constant L’
Note that F(z) — F,(z) = v + vy + vs with
v = [VZI_J”«" 0o(®)) = VuJ' (' 0 (2))],
vy = [V, (200 (2)) — V., JH (2", 0l (2))]]L, and
v = (VoS0 (0) — []aV. T o (@)Y,
Moreover, |[v1]3 = SN V. Ji(at 00(x) —
V. Ji (2t o, (2) P < Zizl(L’)QH%o(x) - o, @ =
(L2N(Finly = T7) © LJa|? < (L')%da(v)*M3.
Similarly, |vallz < +L'de(v)Ms. Finally, ||v3||2 =

i 1||(*—[T”]u)V22JZ(fE oL@ < (M2 YL
7)) < (M)?ll5inly = TV|% < (M) Nda(v)?,
where for any matrix A € RNXN_ ||A|r denotes
its Frobenius norm and we used [|A|r < VN|Als.

A —

Overall, wusing the triangular inequality, we get
| Foo(z) = F,(2)|| < (2L'M3 + M'VN)da (v).
Proof of Lemma 2

By the mean value theorem®, there exists Z € [z, y] such that

(Fu(2) = F(y) (@ —y) = (Foo(2) = Fc(y) " (& = )+
(Fo(x) = Foo() = (Fu(y) = Foc () (z —y) >

(000 = Vo Foo(7) = Vo (@) D]l2 = ylI* = awlla — .
8 Applied to the function ¢(t) = (z —

Fy () = Foo("). s0 that (z — y) T [F(z) -
y) VE( + (1- Dy)(@ - y).

y) T F(te + (1 —t)y) with F
Fy)] = 6(1) = ¢(0) =

) =

(
(
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As Ji(z1,27) is twice-continuously differentiable, 7% —
+1n1) and o) (2) = 0o (2), then V, Foo(z) — V, F, () —
0, uniformly in x because X is compact (Heine-Cantor theo-
rem). Hence for v large enough o, > 0 and F, is strongly
monotone. To derive an exact bound, under the additional
Assumption 3, note that

VoF,(z) = K{'™ + KPP W @ 1] + KF WP @ L)
VeFao(w) = KGU + KWL @ L] + KEIWE @ L]

where W,V = (diag(T") +T”;, 2= (diag(T")T"),
W = LIy + 1n1)), W& = Liyil, K =
blkdiag[V ., ., J¢ (2, 0% (z))|X, for a,b e {1,2} and similar
for K52, Since | K™ — K|y < L7 Mayds(v), |[WE —
Wiy < 2do(w), [KCD |y < M, W ll2 < 2 and

v/oo
W I, < 1 it holds

v/oo

Vo Foo(Z) — Vo Fy (@)l < 4(L" My + M")ds(v).  (25)

Hence for strong monotonicity it suffices to impose da(v) <
WE‘;M”). The conclusion follows from da () < 7gep(T),
as shown in Lemma 1.

Proof of Lemma 3

Statements 1) and 2) follow from Lemma A.3. To prove 3),
glob . .
note that v > vy, implies
MA

dg(l/) W

Moreover, according to the definition of Q,,, O, in (7¢) and
(8c), we have that b, = b... Consequently, for ¢(v) as defined
in Lemma A.2 it holds

(26)

inin '
N

T) @ Alz|ls < doo (V)| Alloc M
27

e(v) = ma| [

Note that a sufficient condition for {x € X | Az <
boo — ¢(¥)1nm} to be non-empty is that c¢(v) < Mj.
Combining with (27) we get that a sufficient condition is
oo ()| Allso Moo < M 4, which is met for v > 1% as shown
in (26). The conclusion then follows from Lemma A.2.2).
For part 4) we cannot apply the same reasoning because the non-
empty condition might not be met. However, Lemma A.2.1)
implies that

d(Qu(;1), Qoo ")) Smax {A([ 45 ). A 2 )} ),
where ci(v) = maxwiexi{||(Aoo —AAi)xi + Zj#(A_
ADE oo} < e(v) and A} = [[T¥]1:4; ... [T¥]n:iA], AL, =
[ NA; ced NA} Because of this structure for any submatrix B
of ’év and corresponding submatrix B, of [ G‘?f} it holds
B;!' = B!'D, where D is a diagonal matrix with elements
that are either 1 (corresponding to rows selected from G?) or
(corresponding to rows selected from A?). Consequently,

1
TV N

for each element e, of B, ! and corresponding element e, of

B L it holds that either e, = o OT €, = € inr T” . Note that in
the latter case it holds |e, | = \eoo\TV . For v > 1% it holds
that [T, — | < da(v) < 5% or equivalently [NTY, — 1| < 3
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Hence 77w < 2 and in all cases |e,| < 2[es|. This

implies njlax{A([‘gOf}) A([g })} < QA([ o }) Finally,
Ki < Ky smceA([G })<A([ ])glventhat{ }is

a submatrix of [ S ]

Proof of Lemma 4
We start by computing the operator Fi. ().

. E . .
() = [V (a% n Zcutz))]ﬁl 1 P(a),
e=1

where P(z) = —[V.i(p(0so(z)) Ty*)]XY,. Since for each i
the functions a® and ¢! are strongly convex and continuously
differentiable, by Proposition 2 and [40, equation (12)] there
exists o > 0 such that

E
Vel[Vyi (ai(w) + Zci(t’é))]ﬁ\il) = aln(pi1), Vo € X,
We now prove that V,P(x) > 0 under either of the two
conditions stated.

1) We have
NPz [Z H] DH;2’ + H] DT Hyz' —NHTd
=1
= [HTDH + HyyyD " Honalz — N[Hde]i:h
with H = ([H;]Zj\il)—r and Hpyg = blkdlag(Hl,,HN)
Moreover, since D > 0, then V,P(z) = +(H'DH +

HbT]deTHkad) = 0. [

2) Let P(y) = —[Vyi(p(x ;= v/) Ty It was
shown in [24, Corollary 1], tha~1t if (20) holds, then there
exists o’ > 0 such that V P( ) = oIng. Moreover,

from p(oae(2))"y' = p(3 ZJ 1HJmJ)THZx one imme-

diately gets that P(z) = Hyy,P(Hpkaz). It follows that
for any T and corresponding y = Hyaz, V. P(x) =
(HyaVyP(y)Hoka) jy= iz = 0. We have proven that
Vi Foo(x) = aly(g41) for all 2. Consequently, I, is strongly
monotone by Proposition 2 and Assumption 2 holds.
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