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Abstract

While origami is an ancient art form, its application in engineering science has only been
popularized in recent decades when the scientific community recognized its numerous benefits. The
benefits and the widespread applicability of origami are accompanied by a set of geometric and
kinematic challenges involving rigid foldability, an exponential number of Rigid Body Modes (RBMs), as
well as complex relations between the kinematic determinacy, the number of Degrees-Of-Freedom
(DOF), and symmetry. These challenges complicate the adoption of origami principles for scientific
purposes, which led to the development of various computational methods in related works that support
the application of origami in engineering design tasks. However, most of these methods isolate and
address specific challenges and focus on the adaptation of existing crease patterns rather than the
design of novel crease patterns, leading to today’s design process that is tedious, time-consuming, and
limited to a handful of experienced scientists. This gap motivates the present thesis and defines its
objective as the development of a computational method for the synthesis of rigidly foldable crease
patterns to support the application of origami in engineering design tasks. The first approach to the
computational method is a numerical approach that introduces a new kinematic simulation method with
which a manually adapted flasher pattern is analyzed. This analysis contributes by visualizing the search
space and by revealing the existence of rigidly foldable regions in the search space of rigid foldability,
based on which the flasher pattern is optimized using a stochastic search method. While successful for
a single crease pattern topology, the numerical approach is too time-intensive to be scaled, leading to
a deeper investigation into analytical kinematics. This investigation yields the Principle of Three Units
(PTU) stating that the kinematic behavior of a single vertex is only dependent on its vertex triangle. By
applying the triangle inequality, the PTU results in the conditions for the rigid and flat foldability of single
degree-n vertices. The corresponding kinematic model enables the assessment of different RBMs and
offers an active selection of RBMs to be modeled. In addition, the PTU leads to two guidelines for the
generation of kinematically determinate and acyclic crease pattern graphs. The guidelines and
conditions arising from the PTU are then embedded within a graph grammar whose rule set consists of
two rules. The rule application is automated, leading to a new approach for the computational method
that enables the enumeration of the vast search space of origami, the synthesis of novel crease patterns
including grippers and robotic arms, and yields the potential to apply the origami principle to yet

uncharted territories in engineering design.



Zusammenfassung

Origami, das Falten eines quadratischen Blatt Papiers, ist eine alte Kunstform deren
Anwendung in Ingenieurwissenschaften erst in den letzten Jahrzehnten einen starken Zuwachs an
Forschung erlebte nachdem man ihre unzahligen Vorteile erkannte. Diese Vorteile sind von
kinematischen Herausforderungen begleitet wie die starre Faltbarkeit, eine exponentielle Anzahl von
Starrkérpermodi, und komplexe Relationen zwischen der kinematischen Bestimmtheit, der Anzahl an
Freiheitsgraden, und der Symmetrie. Diese Herausforderungen erschweren die Anwendung des
Prinzips Origami, was zur Entwicklung von verschiedensten Computermethoden und Algorithmen
fuhrte, die die geometrischen Herausforderungen aber nur isoliert betrachten und sich vor allem auf
existierende Faltmuster beschranken. Deswegen ist der heutige Designprozess muhsam, langwierig,
und wird nur von erfahrenen Wissenschaftlern ausgefiihrt. Diese Liicke motiviert die vorliegende Arbeit
und definiert ihr Ziel als die Entwicklung einer Computermethode fiir die Synthese von starr faltenden
Faltmustern fur Ingenieurzwecke. Der erste Anlauf zur Erreichung des Ziels basiert auf einer
numerischen Simulation mit der ein manuell adaptierter Flasher zunachst visuell analysiert wird, was
dreidimensionale Regionen starrer Faltbarkeit offenbart. Dann wird der Flasher mit einer stochastischen
Methode optimiert, was zwar erfolgreich aber nicht effektiv genug ist um auf viele verschiedene
Faltmuster angewendet zu werden. Dies flhrt zu einer grundlegenderen Betrachtung der analytischen
Kinematik von Origami und zum Prinzip der Drei Einheiten (PDE), das besagt, dass sich ein einzelner
Faltpunkt auf dem starren Papier genauso verhalt wie ein einziges zugrundeliegendes sphérisches
Dreieck. Durch die Anwendung der Dreieckungleichung ist es dem PDE maoglich, die Bedingung fir die
starre und die flache Faltbarkeit eines Faltpunkts mit n angrenzenden Faltlinien auszudricken. Das
dazugehorige kinematische Modell ermdglicht die Betrachtung verschiedener Starrkérpermodi und
bietet deren aktive Modellierung. Weiterhin fihrt das PDE zu zwei Richtlinien zur Generierung
kinematisch bestimmter und azyklischen Faltmustern. Diese Richtlinien werden dann zusammen mit
der Bedingung fir die starre Faltbarkeit in einer Graph-grammatik eingebettet, die ein Regelsystem mit
zwei Regeln enthalt. Die Anwendung dieser Regeln ist automatisiert, was es der Computermethode
ermoglicht den Suchraum verschiedenster Faltmuster zu durchsuchen und gleichzeitig das
Optimierungsmodell zu erstellen und die Optimierung durchzufiihren. Dies fiihrt zum Erreichen des Ziels
dieser Arbeit, die ihren Nutzen in der Synthese von neuartigen Faltmustern wie Origami Greifern und
Roboterarmen beweist und auf deren Grundlage das Prinzip Origami auf noch unerforschte

Wissenschaftsbereiche ausgedehnt werden kann.
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1 Introduction

Folding is a universal principle observed throughout nature from micro to macro scale. Proteins
self-assemble into three-dimensional folded structures to interact with their biological environment [1],
insect wings fold into carapaces for stowage and deploy for flying [2, 3], the human cortex convolutes
during the rapid development within the skull [4], plants fold in a circadian rhythm [5], and some theories

hint at the folded structure of the universe itself [6].

The human adoption of this natural principle is closely related to the introduction and availability
of paper and dates back centuries to millennia [7]. The first man-made paper folding was targeted at
packaging, art, and ceremonial artifacts [8], but all early paper models exhibited low complexity [7].
These simplistic models remained the only artificially folded structures until the early twentieth century
when Akira Yoshizawa introduced a plethora of new fold patterns together with a visual representation
that documented the individual folding steps [9]. These advances sparked a renewed interest in paper

folding and coined the term origami.

Origami in its original art form connotes the folding of a quadratic, flat piece of paper without
cutting or gluing. An origami (Fig. 1a) is usually represented as a crease pattern (Fig. 1b) that depicts
the location and distribution of the crease lines in the unfolded state. A vertex is a point at which a
minimum of two crease lines intersect, and the angle between two intersecting crease lines is called a
sector angle. The polygons between the crease lines are called facets, and the rotational angle between
two facets is called a dihedral angle (Fig. 1c) that is zero radians in the unfolded, and +m radians in the

fully folded state.

a b et C

Fig. 1: (a) Origami crane, (b) crease pattern of the origami crane with vertices, crease lines, facets, and
sector angles, and (c) the dihedral angle of a crease line between two facets
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In addition to popularizing the term origami, which has become the umbrella term for any type
of folding independent of shape, material, or scientific field, Yoshizawa’s work led to a renaissance of
folding when mathematicians, engineers, and artists recognized the benefits of origami. These benefits
are numerous: origami is scale-independent [10] since the kinematics of folding depend on the sector
angle relations that are preserved when scaled. The kinematics further allow for a compact or flat
stowage in the unfolded state and complex three-dimensional motion during deployment [11]. The
deployment can be achieved by a low number of Degrees-Of-Freedom (DOF), which minimizes the
amount of resources required to actuate the folding motion and enables a reliable control [12]. The
facilitated actuation and the complex motion then enable programmable structures that can change
mechanical properties, shape, and function on demand [13, 14]. In addition, origami can be produced
in the flat state and by additive manufacturing techniques [15], which enhances realization possibilities

and simultaneously reduces the manufacturing cost and the assembly time.

Due to its benefits, the principle of origami offers potential for various scientific fields that pose
different engineering design tasks. The transformation of origami into engineering applications includes
an entire spectrum of more abstract to more direct implementations. The abstract end of the spectrum
corresponds to so-called origami-inspired products [16] that fold and exhibit origami-like geometry but
otherwise show little resemblance to origami. More closely related to traditional origami are origami-
adapted mechanisms [17] that are based on origami crease patterns but use non-paperlike materials
and accommodate for finite thickness. Finally, origami-applied systems [16] use paperlike material and
exhibit little to no alteration of the underlying crease pattern. Together, these categories constitute the
entire spectrum of origami-based design [18], which finds applications in mathematics [19], material
science [20, 21], DNA [22] and biomedical research [23], mechanical engineering [24], robotics [14, 25-

28], consumer goods [29], architecture [30], and space [18, 31-33].

In recent decades, the widespread applicability of origami-based design has caused a wealth of
research: while the year 2000 recorded about five hundred new scientific papers containing the word
“origami”, the number of publications per year has since increased by more than tenfold, resulting in a
current total of almost one hundred thousand scientific works related to origami [34]. This substantial
increase was accompanied by the adaptation and introduction of various computational methods and
tools to facilitate the application of origami in engineering design tasks. A number of methods simulate

the folding motion through various approaches including bar-and-hinge models [35-37], finite element
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methods [38, 39], and simulators that assess the closure constraint of the surface [40]. Other
computational algorithms target the generation of crease patterns [41-46] or adjust the geometry of
existing ones [47, 48], plan the folding motion [49], analyze the mobility [50-52], and approximate

surfaces [46, 53].

Despite the trend toward computer-aided design processes, today most crease patterns
employed in technical applications are still designed manually or selected from a handful of well-known
origami principles [11]. The most prominent of these principles is the Miura-ori pattern [54] that finds
application in the packaging of large membrane structures [55], the design of tubes [56] and cylinders
[57], surface approximation [53], and metamaterials [10, 20, 21, 58]. Other famous patterns include the
Yoshimura [59] and Resch [48] tessellations, the Huffman grid [60], and many more [61]. Since all of
these crease patterns have the potential to serve numerous engineering purposes, a large part of
origami research focuses on the adaptation of these existing principles instead of searching for novel
crease patterns. Computational algorithms that are capable of generating novel crease patterns are
either targeted at artistic origami [44], limited to quadrilateral creased paper [45], result in patterns that
are not rigidly foldable [46], or utilize ground structures that only allow for regular sector angle

configurations and thus offer limited design freedom [41-43].

The lack of computational methods for the generative design of novel crease patterns targeted
at engineering applications arises from a multitude of geometric complexities intrinsic to origami. First,
many engineering applications require an origami to fold rigidly for the incorporation of rigid materials or
electronics. Rigid foldability is the property of an origami that folds continuously from an unfolded to a
folded state without deformation in its facets, which results in complicated geometric conditions for the
sector and dihedral angles. Although extensively researched, there exist no such generic conditions for
rigid foldability even for the simplest origami crease patterns. Second, each internal vertex in a crease
pattern exhibits two Rigid Body Modes (RBMs) that allow for both “upward” and “downward” motion [62,
63], which results in an exponential number of possible motions with respect to the number of vertices
involved. The RBMs are closely related to the assignment of mountain and valley crease lines
determining the signs of all dihedral angles within a crease pattern, which has been proven to be NP-
hard [64]. Third, because of the flat initial state and the multiplicity of closed kinematic chains, origami
crease patterns represent complex multibody systems whose mobility cannot be assessed accurately

by most conventional methods [65]. The mobility of an origami is influenced by both the fopology and
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the geometry of a crease pattern, which denote the number and distribution of crease lines between
vertices and the location of these vertices, respectively. In particular, the topology and the geometry
define the relations between the kinematic determinacy, the number of DOF, and the symmetry of a
crease pattern, but the exact nature of these relations is still largely unexplored. Fourth, real-world
applications do not allow for self-intersection, for which there still exist no intrinsic conditions. Finally,
converting infinitely thin crease patterns into realizations with finitely thick materials imposes problems
on both crease pattern and hinge design [66].

These complexities explain the challenges involved in the generation of novel crease patterns:
while many computational support tools isolate and tackle specific geometric problems, the synthesis of
novel crease patterns encompasses all of the above complexities and thus represents the pinnacle of
origami design. This pinnacle has not been reached by any related work, and today the design of novel
origami crease patterns for engineering applications is tedious, time-consuming, and limited to a handful
of experienced scientists [11]. This gap stipulates the need for a computational method capable of
generating origami crease patterns to capitalize on the numerous benefits, the vast design space [67],

and the widespread applicability of scientific origami.

1.1 Scope of the Thesis

Objective: The objective of this thesis is to develop a computational method for the synthesis of rigidly

foldable crease patterns to support the application of origami in engineering design tasks.

The broad formulation of the objective requires two definitions to delineate the scope of this
work, the first of which corresponds to the exact nature of the crease patterns analyzed and generated.
This thesis targets the synthesis of origami crease patterns that lie between origami-applied and origami-
adapted structures [11]. The focus lies on unaltered crease patterns with zero thickness, pertaining to
origami-applied mechanisms. Conversely, all crease patterns are required to fold rigidly, corresponding
to non-paperlike materials and thus to origami-adapted structures. The rigidly foldable crease patterns
are not restricted to conform to a quadratic shape in the unfolded state and neither cutting nor gluing is
considered. If possible, the crease patterns in focus are developable, meaning that they can be folded
from a flat surface [47]. In addition, the focus lies on crease patterns that exhibit a low number of DOF
to facilitate a realization with the least possible amount of resources. A low number of actuators further
enables a reliable control [12] that is beneficial especially for remote or hardly accessible environments

for which origami engineering applications are often designed [42].



The second definition explains the nature of the engineering design tasks considered in this
thesis. Since origami offers the realization of technical solutions for various scientific fields, the range of
engineering design tasks to which the origami principle can be applied is broad, and can involve, e.g.,
forces [68], electromagnetic properties [69], or material characteristics [70]. Independent of their
purpose, however, all design tasks realized by origami require crease patterns that exhibit an
appropriate kinematic behavior. Hence, this thesis focuses on purely kinematic aspects of the
engineering design tasks to explore the geometric capabilities of origami as a basis for the synthesis of

new technical solutions.

To achieve the objective, this work addresses the following four research questions (RQs) that

are closely related to the geometric challenges of origami:

RQ1: What are the characteristics of the search space of rigid foldability and what are the conditions for

an origami to fold rigidly?

RQ2: How can the exponential number of RBMs be modeled kinematically?

RQ3: What are the relations between the kinematic determinacy, the number of DOF, and the symmetry

of an origami crease pattern?

RQ4: How can the answers to RQ1-RQ3 be embedded within an automated, generative method to

synthesize origami crease patterns?

1.2 Approach

To answer the RQs and achieve the objective, the approach taken in this work to developing a
computational method targets the integration of six parts that constitute a Computational Design
Synthesis (CDS) method, which is defined as the “algorithmic creation of designs; the organized,
methodological modeling, implementation and execution of design creation on a computer” [71]. These
six parts involve an input, the representation, evaluation, and generation of designs, the guidance

through the design space, as well as an output, all of which are detailed in the following paragraphs.

Input: The input involves the definition of engineering design tasks that focus on the kinematic
capabilities of origami. Such design tasks are usually expressed by a folded state for stowage and a
deployed state for a specific purpose, or vice versa, and by the transition between these two states, i.e.

the actuation of the folding motion. The input considered in this work should thus incorporate an initial



crease pattern together with its actuation, a target shape or function, as well as possible spatial
constraints, so that crease patterns can be tailored to their environment and the available resources.
Throughout this thesis, the exact definition of the input changes according to the current approach and

will be explained in more detail in Sections 3, 4, and 5.

Representation: In general, the representation of designs within a CDS method defines the focus of
the computational search and determines the exact approach taken by the method [71]. As such, the
representation defines the means through which the designs are generated and evaluated, which is why
choosing a suitable representation is a core task in the development of a CDS method. The
representation of an origami should include both the topology and the geometry of the underlying crease
pattern, for which there exist various ways in literature such as connectivity matrices [50, 51], diagrams
[72], as well as undirected [73] and directed graphs [74]. The representation also involves the choice of
suitable coordinates that define the mathematical framework. Related works include natural and relative
coordinates [75] modeled by vertex locations as well as sector and dihedral angles, respectively, both

of which are utilized in this thesis depending on the specific purpose.

Generation: Automatically generating design alternatives through computational methods is
instrumental for the creation of novel designs. In complex design tasks with large search spaces, human
designers may suffer from confirmation bias [76] and design fixation [77], the latter of which is expressed
in origami research by the focus on existing crease patterns as explained above. The generation of
origami crease patterns is mainly engaged with the challenges involved in the creation of crease pattern

topologies, and related existing methods are presented in Section 2.6.

Evaluation: The evaluation of generated design alternatives usually represents the most time-intensive
step in the conceptual design for engineering tasks [71]. Computationally automating the evaluation has
the potential to speed up the design process and reduce the problems associated with the human-
oriented selection process in growing search spaces [78]. Since origami exhibits vast search spaces
[67] and complex three-dimensional motion, an efficient computational evaluation of the folding process
is paramount. Due to the nature of the considered design tasks, in this thesis the evaluation of crease
patterns focuses on the assessment of the kinematic behavior that involves rigid foldability, spatial
configurations of folded and unfolded states, as well as intersection. A description of the related

background is given in Sections 2.4 and 2.5.



Guidance: To replace the human selection process [79] and fully capitalize on the advantages offered
by the computational generation and evaluation of design alternatives, a CDS method requires a suitable
strategy to guide the exploration of the search space. In general, the guidance strategy makes decisions
based on the outcome of previous evaluations and determines the following steps taken to adjust
designs or generate new ones. Due to the few implementations of computational methods for the
synthesis of crease patterns, guidance strategies in origami are understudied and often replaced by
direct computational algorithms that implicitly incorporate the design of crease patterns, such as in [44].

The guidance strategies employed in this thesis are detailed in Sections 3 and 5.

Output: As soon as the termination criteria are met, a CDS method outputs the feasible design
alternatives that in this thesis equate to rigid origami concept(s) that satisfy the prescribed engineering
tasks. The term “concept’ is used here to clarify that this work addresses all of the above-mentioned
geometric complexities, i.e. rigid foldability, RBMs, mobility, and intersection, except the problem of finite
thickness [66]. Although certain measures can be taken to conform crease patterns to the challenges of
finite thickness, the origami concepts developed in this work still require adaptation to finite thickness

after the application of the proposed methods.

1.3 Expected Contributions

The expected contributions are tied to the answers of the RQs and the achievement of the
objective of this thesis:
RQ1: Since this work focuses on purely kinematic design tasks, large parts of the thesis are targeted at
uncovering the mathematical underpinnings of rigid foldability. Although many related works are directed
toward rigid foldability, a generic intrinsic condition for rigid foldability is missing even for the simplest
origami crease patterns. Discovering such a condition and exploring the characteristics of the

corresponding search space is expected to influence origami research on a fundamental level.

RQ2: The exponential number of RBMs exhibited by crease patterns plays an important role in the
complexity of origami and the size of the vast design space. As further detailed in Section 2,
kinematically modeling different RBMs through existing approaches is a cumbersome process, which is
why the development of a reliable kinematic model to both discover RBMs and assess the corresponding

kinematic behavior is a significant contribution to origami research.

RQ3: The relations between kinematic determinacy, the number of DOF, and the symmetry of crease

patterns determine the mobility of origami mechanisms. Understanding these relations is expected to
7



contribute by offering an approach to generating kinematically determinate, rigidly foldable crease

patterns whose folding motion is driven by the prescribed number of DOF.

RQ4: Addressing RQ1-RQ3 should provide solutions to the geometric challenges of origami. However,
the discoveries made still have to be embedded within an automated method whose integration then
contributes by combining the knowledge of origami design into one concise resource and by enabling

the objective of this work.

Objective: In comparison to today’s manual-oriented design of origami crease patterns performed by
specialists, automating the synthesis of origami crease patterns offers an improved approach to
incorporating origami principles as a base for the development of novel technical solutions. Such a
computational method contributes by generating and evaluating many more crease patterns than
possibly assessed by human designers, by reducing the time-consumption and the tedium of human
designers, and by creating novel origami crease patterns that expand the range of engineering design

tasks realized by the application of origami.

1.4 Structure of the Thesis

The thesis is structured according to Fig. 2. Section 2 elaborates the important related works
and presents the state-of-the-art in origami research, which highlights the gaps and the implications for
this work. Section 3 presents a numerical approach to the computational method that specifically targets
and partially answers RQ1 and RQ2 by introducing a kinematic simulation method that enables both the
analysis of the search space of rigid foldability and the assessment of RBMs. The findings and
shortcomings of the numerical approach then direct the work performed in Section 4, which completes
the answers to RQ1 and RQ2 and provides an answer to RQ3 by investigating the analytical kinematics
of origami. This investigation reveals deep insight into the mathematics of folding and builds a strong
basis for an analytical approach to the computational method. This analytical approach is presented in
Section 5 that combines the knowledge gathered by embedding the answers to RQ1-RQ3 within an
automated computational synthesis (RQ4) to achieve the objective of this thesis. Section 6 discusses
the findings and contributions with respect to the objective and the RQs and outlines the limitations and
respective future paths. Finally, Section 7 summarizes the thesis and lists the major contributions of

this work.



Section 2
Background
Highlights the research gaps that lead to RQs and objective

|

Section 3
Numerical Approach to the Computational Method
Partially answers RQ1 and RQ2

l

Section 4
Analytical Kinematics of Origami
Answers RQ1-RQ3

Section 5
Analytical Approach to the Computational Method
Answers RQ4 and achieves objective

|

Section 6
Discussion
Presents findings, contributions, limitations, and future work

l

Section 7
Summary and Conclusion
Consolidates the work

Fig. 2: Structure of the thesis
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2 Background

This section covers the related background in rigid and flat foldability, mountain-valley
assignments and RBMs, the simulation of the folding process, as well as the analysis and the generation
of crease patterns. The section concludes by reiterating the research gaps that lead to the objective and

the research questions of this thesis.

2.1 Rigid and Flat Foldability

Rigid foldability is the notion of a continuous folding process throughout which the facets of an
origami stay undeformed, which requires all sector angles to remain constant. The entire folding motion
then arises solely from rotations around the crease lines whose folded state is described by the dihedral
angles. When an origami is rigidly foldable, its complex folding motion can be realized using exclusively
stiff materials whose implementation is advantageous for, e.g., the embedding of electronics [80, 81] or
the protection against the environment [33, 82, 83]. Although an onset of compliant origami mechanisms
[84] has been taking place in recent years, rigid foldability still represents an important prerequisite for
many technical applications, explaining the wealth of research directed toward rigid foldability and

making it one of the most discussed topics in origami science.

Part of the research on rigid foldability focuses on the analysis of single vertices. The kinematics
of a single vertex depend on the degree of the vertex, which denotes the number of incident crease
lines. Miura proved that degree-1, degree-2, and degree-3 vertices cannot fold rigidly without collinear
crease lines [85], and collinear crease lines are infeasible in rigid origami since all sector angles a are
constrained to be non-zero and strictly smaller than m, « € (0, m). Degree-4 vertices are the simplest
rigidly foldable vertices and exhibit a single DOF [21, 74], meaning that the input of one dihedral angle
determines the remaining dihedral angles and thus the complete folded state of the vertex [86]. Huffman
[60] was one of the first to research single vertices of degree four to derive relations between sector and
dihedral angles using the concept of Gaussian curvature. The same concept was used by Lang et al.
[87] to prove compatibility conditions between opposite pairs of dihedral angles. In addition, the
kinematic behavior of all possible sector angle configurations of degree-four vertices are catalogued by
Waitukaitis and van Hecke [88]. Since each additional crease line added to a vertex brings an additional
DOF that increases the level of geometric complexity, much less is known about the rigid foldability of
higher order vertices. Although there exists an approach to determining symbolic equations for the

unknown dihedral angles [89], known conditions for rigid foldability usually apply only to specific types
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of crease patterns [59, 90-94], and there is no generic approach capable of determining analytical
conditions for the rigid foldability of degree-n vertices. The limits of the rigid motion of generic degree-n
vertices with n = 4 can only be assessed using a diagram method [72] or approaches that numerically
assess the closure constraint of a vertex, which is satisfied if the multiplication of all rotation matrices

on a closed path around a vertex results in the identity matrix [74].

The closure constraint approach also enables the assessment of multi-vertex crease patterns
when all the closed paths around the vertices within a crease pattern are examined [95]. Other
approaches to judging the rigid foldability of multi-vertex crease patterns are the afore-mentioned
diagram method [72], adapted mobility rules for patterns exhibiting symmetry [50, 51], and the fold angle

multipliers [91] that are based on findings for flat foldability.

Flat foldability determines whether a rigid origami can fold from the initial flat state into a final
folded state that is also completely flat [96]. This second flat state enables efficient packaging desired
in many engineering applications [54], which renders flat foldability the second most discussed

mathematical notion in origami after rigid foldability.

The most prominent condition for flat foldability is the Kawasaki-Justin condition [97, 98] that
states that the sum of all even sector angles is equal to the sum of all odd sector angles:
a—a,tag—a,+—ay,, =0 (1)
This condition is derived from the two-colorability of a single vertex and is thus only valid for vertices of

even degree, whereas an equivalent condition for vertices of odd degree does not exist.

A special set of conditions applies to flat foldable degree-4 vertices, for which Tachi [30, 99]
identified that the ratio of half-angle tangents between all fold pairs in a developable and flat foldable
quadrilateral mesh is constant, independent of the folded state. Based on these findings, Evans et al.
[91] presented the above-mentioned fold angle multipliers to analyze rigidly foldable origami twists.
Since the fold angle multipliers are based on relations for rigid foldability, they can be used as conditions
for the rigid foldability of quadrilateral creased paper [99]. In addition, they are the only evidence that

the conditions for rigid and flat foldability could be related.

2.2 Mountain-Valley Assignment and Rigid Body Modes
The initial flat state of an origami crease pattern is a singular state [100, 101] that allows for
many different branches of motion arising from both positive and negative values of dihedral angles. A

12



mountain-valley (MV) assignment of a crease pattern determines for each crease line if it folds down
(mountain) or up (valley). Bern and Hayes proved that such an MV assignment for an arbitrary crease
pattern is NP-hard [64]. With respect to flat foldable and even-degree vertices, Maekawa’s condition
states that the number of mountain creases n,,, and the number of valley creases n, differ by two, n,, —
n, = 2, or vice versa. The extension of Maekawa’s condition to degree-n vertices stems from Abel et al.
[62] who proved that any rigidly foldable vertex requires either a bird’s foot or a cross, both of which are

specific MV assignments that prescribe the parity of certain subsets of crease lines.

Closely related to the MV assignment are the RBMs of a vertex that determine if a vertex on the
interior of a crease pattern [62] folds up or downward. Fig. 3 [102] shows the example of a crease pattern
that corresponds to one side of a six-sided flasher pattern [17]. The crease pattern consists of N = 2

internal vertices and thus results in 2V [63], or 4 RBMs shown from left to right.

Rigid Body Rigid Body Rigid Body Rigid Body
Mode 1 Mode 2 Mode 3 Mode 4

>

Fig. 3: Four RBMs from left to right of one side of a six-sided flasher pattern folding from top to bottom

All four RBMs exhibit different motions and final folded states, all of which might satisfy or
dissatisfy spatial requirements or constraints pertaining to a given engineering design task. To determine
the fitness of a crease pattern with respect to a design task, this considerable difference in kinematic
behavior exhibited by all crease patterns requires special attention within a computational method that

must incorporate the assessment of different RBMs.
13



2.3 Simulation of the Folding Process

Approaches to simulating the origami folding process involve bar-and-hinge models, Finite
Element (FE) analyses, and the Rigid Origami Simulator by Tachi [40]. The latter tries to satisfy the
closure constraint of the surface on all paths around vertices by solving the pseudo-inverse of the
Jacobian matrix to determine the unknown dihedral angles at each time step. This approach requires a
valid MV assignment and thus some prior knowledge about the underlying crease pattern. However, the
generation of novel crease patterns does not provide any information about valid MV assignments,
rendering the Rigid Origami Simulator inapplicable to the automated evaluation of generated crease
patterns.

FE analyses [38, 39] discretize the surface of the origami and make use of mathematics derived
from plate structures. These works focus more on the practical implementation of origami rather than
the strictly kinematic behavior since they model the elastic behavior of materials and allow for bending
and stretching.

Filipov et al. [35] present a combination of FE analyses and bar-and-hinge models. Instead of
discretizing the surface into small elements, this approach models quadrilateral facets by introducing
fewer nodes per facet and by only then applying FE principles, which enables a more efficient structural
analysis of origami mechanisms compared to conventional FE methods. However, generalizing the
approach for facets with more than four sides might involve considerable future work since the results

are dependent on the exact amount and placement of the introduced nodes.

Purely kinematic bar-and-hinge models are presented by Cai [37] et al. and Diaz [36]. In both
works, the sides and diagonals of all facets are replaced by bars that correspond to a length constraint

between two vertices v; and v; in the form

(i) +i—y) +(z—2) -1 =0 )
where x, y, and z are the coordinates in the Euclidean coordinate system and [ is the initial distance
between the two vertices. Diaz [36] then minimizes the difference in length of all bars to determine the
vertex locations, while Cai et al. [37] solve the Jacobian matrix of the constraint system at each time
step of the folding process. In relation to an automated approach for origami design, these bar-and-
hinge models are promising since they offer a simple, scalable, and time-efficient way to simulate the
kinematic behavior of an origami crease pattern, but their implementation in related works lack the

search for different RBMs.
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Preliminary work [102] by the author introduced a bar-and-hinge simulator that detects RBMs
by perturbing all vertices slightly in different directions. However, the Jacobian of the constraint system
is solved by using the Newton-Raphson scheme [75], which is prone to divergence if the underlying
crease pattern is not rigidly foldable. Since arbitrarily generated crease patterns are not generally rigidly
foldable, the approach provides only a binary result for rigid foldability without any feedback to determine

the adjustment of the geometry required for rigid foldability.

2.4 Analysis of Crease Patterns

The analysis of a crease pattern is mainly concerned with the assessment of the crease pattern
topology to determine if the underlying graph is kinematically determinate. Kinematic determinacy
expresses the notion that the number of existing mechanisms within a structure is equal to the respective
number of DOF [103], which is the prerequisite for a well-defined motion.

The kinematic determinacy of an origami can in general be analyzed by calculating the rank of
the Jacobian matrix and by comparing the result to the number of unknowns [37]. If these numbers
match, a crease pattern can fold rigidly with the respective actuation. If the matrix rank is smaller than
the number of unknowns, the system is underconstrained and requires a more rigorous control to fold
in a determinate way. In contrast, overconstrained structures play a significant role in origami [99], a
phenomenon well studied for quadrilateral creased paper [93] by the introduction of the fold angle
multipliers [91]. For crease patterns including higher order vertices, overconstrained but rigidly foldable
mechanisms are not reported in origami literature but could in general be analyzed by adapted mobility

rules [50, 51] or other related methods [65].

2.5 Generation of Crease Patterns

A long-standing tradition in the generation of origami crease patterns is the adaptation of fold
patterns that appear in nature. Examples are the Miura-ori pattern that copies corrugated metal tubes
and flower leaf surfaces [104], patterns found on insect wings [3], pinecones, and many more [105].

Lang’s Treemaker [44] represents the sate-of-the-art for the generation of artistic crease
patterns. This computational algorithm optimizes the distribution of circles within the quadratic piece of
paper and creates the required number of flaps that can then be folded into intricate origami models by
experienced origami design practitioners. Another generative algorithm for artistic origami is the
Origamizer [46] that approximates polyhedral surfaces by creating detailed crease patterns involving

advanced crimp folds. However, neither of these approaches guarantees rigid foldability.
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An approach that does guarantee rigid foldability is based on the fold angle multipliers that can
also be introduced as design features instead of checks for rigid foldability. This reversed usage of fold
angle multipliers enables the generation of quadrilateral creased paper [45] by designing all vertices so
that they satisfy a set of conditions for flat foldability. The fully determinate algorithm then generates
quadrilateral, flat foldable, and overconstrained crease patterns that fold rigidly. The approach, however,
is limited to fold angle multipliers and thus to degree-4 vertices, and no related condition has been

reported for higher order vertices.

The last class of generative approaches [41-43] relates to structural topology optimization and
is based on a discretized ground structure. By representing this ground structure as a genotype, each
element can be switched on or off and the resulting patterns are optimized using Genetic Algorithms.
This procedure requires vast amounts of objective function evaluations, which demands a coarse ground

structure in which all sector angles are E radians or multiples thereof. Such regular sector angle

configurations restrict the design freedom and lead to crease patterns with limited functionality.

2.6 Discussion

Rigid foldability is well researched with respect to degree-4 vertices, but angle relations for
higher order vertices are understudied or completely missing. No method is currently able to determine
the analytical conditions for the rigid foldability of degree-n vertices, and the limits of the rigid motion of
these vertices can only be assessed using numerical approaches. In addition, analytical conditions for

flat foldability only exist for even-degree vertices. These findings drive RQ1.

The available numerical simulators are resourceful, but they either require valid MV
assignments, include forces and material properties, or do not focus on the discovery of RBMs. Since
each crease pattern exhibits an exponential number of RBMs, being able to kinematically model different
RBMs is paramount for an efficient search through the vast design space of origami, as targeted by

RQ2.

Methods for assessing the mobility of origami crease patterns exist, but they either require
elaborate Jacobian matrix rank calculations or focus on the analysis of the kinematic behavior rather
than the generation of crease patterns. To enable a reliable method for the generative design of origami

crease patterns, the mobility of origami mechanisms must be better understood, as expressed by RQ3.
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The existing generative methods either focus on the manual adaptation of natural crease
patterns, generate artistic origami without guaranteeing rigid foldability, are limited to quadrilateral
creased paper, or rely on ground structures that limit the design freedom. These methods do not
sufficiently leverage the benefits offered by origami for the realization of novel technical solutions, which
is why the objective of this work is the development of a new generative method for the synthesis of

crease patterns to support the application of origami in engineering design tasks.
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3 Numerical Approach to the Computational Method

The content of Section 3 has been published as: [106] Zimmermann, L., Shea, K., and Stankovi¢, T.,
“Origami Sensitivity — On the Influence of Vertex Geometry,” in Proceedings of Origami7: Seventh
International Meeting of Origami Science, Mathematics and Education, 2018, p. 1087-1102.

This section presents the first approach (Fig. 4) to achieving the objective of the thesis. As
described in the last section, establishing such an approach first requires more knowledge about rigid
foldability (RQ1) as well as the evaluation of the folding motion and the RBMs (RQ2). The approach
presented here simultaneously addresses RQ1 and RQ2 by introducing a new kinematic simulation
method that enables the examination of the search space of rigid foldability and the assessment of
RBMs. At this point, advanced analytical conditions for rigid foldability are missing, which is why the new
kinematic simulation and thus the overall approach are realized through purely numerical means. Due
to the absence of generative methods that satisfy the given requirements, the automated generation

step of the planned CDS method is substituted in this section by the manual adaptation (Fig. 4) of an

existing crease pattern, similar to the generation approach in related works.

INPUT
DESIGN TASK

REPRESENTATION
GRAPHS & COORDINATES

MANUAL GENERATION
CREASE PATTERN

£ )

GUIDANCE EVALUATION
DESIGN SPACE
EXPLORATION KINEMATIC SIMULATION
OUTPUT
RIGID ORIGAMI
CONCEPT

Fig. 4: Workflow of the numerical approach to the computational method

The section first presents the representation of crease patterns and introduces the kinematic
simulation. Then, a flasher pattern is manually adapted to fold rigidly and, based on this pattern, an

engineering design task is presented. Subsequently, a sensitivity analysis is performed to investigate
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the search space of rigid foldability (RQ1) and to assess the kinematic behavior with respect to the
RBMs (RQ2). Following the sensitivity analysis, a suitable method is selected to guide the optimization
of the flasher pattern within an automated loop as shown in Fig. 4. Finally, the section presents the

resulting origami concept and discusses the findings.

3.1 Representation

Crease patterns are implicitly represented as undirected graphs G = (V, E) where V is a non-
empty set of vertices v and E is a non-empty set of edges e. Explicitly, crease patterns are represented
as a bar-and-hinge model since such models are scalable, simple to implement, and lead to sparse
constraint matrices that can be solved by fast algorithms. The constraints are formulated according to
Eq. (2) using vertex coordinates x represented by both natural and relative coordinates [75] in both
Cartesian and spherical coordinates depending on the task at hand. The geometric distribution and

locations of all vertices within a crease pattern will be collectively called the vertex geometry.

3.2 Evaluation
Since arbitrary generated vertex geometries do not generally lead to rigid foldability, the
simulation method needs to be able to evaluate both rigidly and non-rigidly foldable crease patterns in

order to be applicable within a computational synthesis of crease patterns.

By representing an origami through the locations of vertices, rigid foldability equates to constant
Euclidean distances between all vertices that belong to the same facet. In contrast, facets in non-rigidly
foldable patterns experience bending and stretching, and the Euclidean distances between vertices of
the same facet change. In bar-and-hinge models, the folding motion of a crease pattern is usually driven
by a set of parametric vertex trajectories. Fig. 5 depicts the schematic example of a single bar between
two vertices v, and v, that is “folded” from an initial vertical into a horizontal position by three different
trajectories from left to right in | = 2 total iterations. The trajectory in the middle (black, dashed) of Fig.
5 is a perfect quarter circle, which is why the initial Euclidean distance, called the target length [,

(0 (0)

between the initial vertex locations x;’ and x; " is equal to the actual length z;” in all iterations j. If all

Euclidean distances in a crease pattern behave in the same way, the crease pattern is rigidly foldable.

However, the trajectories on the left and right-hand side of Fig. 5 shorten and elongate the bar,
respectively, and the actual lengths lgl) and 152) are not equal to the target length [.. This length change
leads to a motion that is not rigidly foldable, as characterized by the errors e and £®.
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Fig. 5: The same vertical bar is “folded” from an initial vertical into a horizontal position by three different

trajectories. While the bar folds rigidly for the case in the middle, it shortens and elongates on the left
and the right side, respectively.

The basic idea of the simulation method is to allow these errors but to minimize the difference
between the actual and the target Euclidean distance between vertices to obtain a measure for the total
distortion of the crease pattern. Instead of imposing explicit conditions for rigid foldability, the distortion
is presented as an error that can then be guided towards zero by optimizing the vertex geometry.

3.2.1 Input to the Simulation

The input to the simulation is a crease pattern with vertices and edges, the initial locations of
the vertices, boundary conditions such as fixed vertices or facets, and one or multiple vertex trajectories
that drive the motion of the origami in a desired number of iterations J.

3.2.2 Constraints and Solving Procedure

First, the simulation method obtains all target lengths 1, from the initial crease pattern provided
by the input. The number of target lengths q corresponds to the Euclidean distances of the sides and
diagonals of all facets in the crease pattern according to Diaz [36]. Because the actual lengths 153') may
shorten or elongate in each iteration j, the constraint system is composed of the absolute of the
difference between lgj) and 1, which is kept lower or equal to small and strictly positive values in the
error vector €), This is formulated as two sets of constraints bounded by - €U) and £) from below and
above, respectively. The errors are then summed over all g constraints and presented as the distortion
85U that is minimized in each iteration j with respect to the errors € and the vertex locations x. This

procedure is stated as a constrained nonlinear optimization problem in Eq. (3) that is solved using the

function FindMinimum in Mathematica 10 with default settings. FindMinimum uses the Interior Point
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method [107] that requires a starting point for the optimization, here defined as the vertex locations in
the previous iteration j — 1 for the search of vertex locations in the current iteration ;.

. q : . . . .
min {5(]) - ZH D] _ e <10 0 < Si(])} (3)

£X

3.2.3 Rigidity Error

If the distortion satisfies §0) < 10~ in each iteration j (Section 3.5.2 will show how this boundary
is defined), all folding steps exhibit numerical rigid foldability and the crease pattern is globally rigidly
foldable for the given actuation with a reasonably high number of iterations J. To obtain a single measure
for each simulation, a rigidity error I is defined as the averaged sum of the distortions §U) over all
iterations J:

I~
r=:p, 8% (4)
j=1

3.2.4 Self-Intersection

All facets are decomposed into triangles and subjected to a triangle-triangle intersection check
by Méller [108] in each iteration j. This check, however, does not necessarily detect dihedral angles that
exceed the allowed range of +m and may thus neglect the intersection of two adjacent facets. Hence,
the intersection check is extended by calculating two vectors for all pairs of adjacent facets, each vector
lying in the respective facet plane and pointing away perpendicularly from the common crease line. Fig.
6 shows these vectors in red for two adjacent facets f; and f, angled at a dihedral angle p that is smaller
than 1 on the left and greater than m on the right.

perpendicular to
f> common crease line

Fig. 6: Two adjacent facets angled at dihedral angles p that are smaller (left) and greater (right) than .
The vectors perpendicular to the common crease line are shown in red, and the cross product vector
that reverses its direction is shown in blue.
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Once p approaches the boundary of its allowed range, the cross product of the vectors
perpendicular to the common crease line is compared for successive iterations, and an intersection is
detected if the resulting vector reverses its direction, as illustrated in Fig. 6 by the blue vectors.

The measure for self-intersection © provided by the simulation method is defined as the number
of iterations in which self-intersection occurs, averaged over all iterations J.

3.2.5 Output of the Simulation

The output for each simulation of a folding motion is the rigidity error I' and all distortions §0”,

the measure for self-intersection 0, as well as the locations of all vertices in the last iteration j =] to

assess the shape of the folded origami.

3.3 Generation: Manual Adaptation of a Flasher Pattern

To address RQ1 and RQ2, the simulation method needs to be applied to a crease pattern that
offers a suitable topology for the investigation of the kinematic search space. An origami flasher (Fig. 7
left) is a pattern first introduced by Palmer and Shafer [109] and represents the principle of wrapping a
piece of paper around its vertical axis. In technical applications, flashers are employed, e.g., for solar
panels [17] since the pattern can be folded into an enclosed space of a launch vehicle and, once
deployed, exhibits a large surface area that enables the collection of solar energy. Flashers exhibit a
low number of DOF (one per side), which facilitates the actuation of the folding process through a low
number of actuators.

Currently, existing flasher patterns do not fold rigidly because they are overconstrained, and the
only way flashers have been shown to fold rigidly is by introducing cuts [87]. However, Zirbel et al. [17]
hint at the possibility of rigidly foldable flashers if more crease lines were introduced along the diagonals
within some of the quadrilateral facets. Indeed, folding a paper model of a four-sided flasher reveals

these crease lines around which the quadrilateral facets f, and f; bend (Fig. 7).

fa

f3 / fs

f -

fe

Fig. 7: Existing four-sided flasher pattern (left) and adapted flasher pattern (right) that folds rigidly
because of the additional crease lines
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Introducing these crease lines leads to a novel flasher pattern (Fig. 7 right), here called the
adapted flasher, whose kinematic determinacy can be analyzed by subjecting it to various methods
listed in Section 2.5. Here, the matrix rank method by Cai et al. [37] is applied, which yields a Jacobian
matrix rank of fifteen for fifteen unknowns (five vertices in motion, each with three coordinates x, y, and
z), confirming that the pattern is kinematically determinate. In addition, the rigid foldability is assessed
by simulating the adapted flasher with the simulation method introduced in Section 3.2. To fold the

adapted flasher, the central facet f; in Fig. 7 (left) is fixed in space and f, as well as its symmetric

equivalents are folded around the shared crease lines by —g radians. Fig. 8 depicts the folding motion

of the adapted flasher from left to right, resulting in a rigidity error I' = 1.6 = 10~° and distortions §¥) <

10~* v}, which numerically demonstrates that the adapted flasher is indeed rigidly foldable.

CETI MG BY

Fig. 8: Adapted flasher pattern folding rigidly from left to right

While the adapted flasher is rigidly foldable, a problem arises with respect to its folded shape:
flashers are supposed to fold completely into a vertical cuboid shape, similar to a downward extrusion
of the central facet. As depicted in Fig. 8 on the right, however, the adapted flasher is still partly unfolded
after the above-described actuation, and an additional actuation of the outer layers would have to be
introduced to completely fold the pattern into a cuboid. This sequential folding demands more actuators
and complicates the control of the adapted flasher, which renders the adapted flasher less attractive for
practical applications and leads to the formulation of the design task.

3.4 Design Task

To mimic the behavior of non-rigidly foldable flashers in a solar panel scenario, the goal of the
design task for the remainder of Section 3 is to optimize the vertex geometry of the adapted flasher such
that it folds into the red cuboid illustrated in Fig. 9b while maintaining a maximally large surface area for
the collection of solar energy. The crease pattern in focus is the truncated flasher pattern depicted in
Fig. 9a, which shows the allocation of vertices for one side of the four-sided pattern. The input to the

kinematic simulation is a total number of iterations J = 30 and the crease pattern in Fig. 9a with vertices
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and edges. The center of facet f; is fixed at the origin O and no rotation is allowed. The vertex v, is
located at x,(® = (1,1, 0), which defines the enclosing volume as a cuboid (Fig. 9b) of the dimensions
—-1<x<1,-1<y<1,-4<z<0.Note that the strict inequality for the upper boundary of z prevents
self-intersection with the facet f;. The locations of the remaining vertices v,_g are not determined yet

and have to be adjusted to satisfy the design task.
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Fig. 9: (a) Rigidly foldable four-sided flasher pattern whose folded state should eventually fit into the
depicted cuboid (b)

3.5 Sensitivity

In this section, the adapted flasher pattern is subjected to a sensitivity analysis to examine the
influence of the vertex geometry on the kinematic behavior of the pattern. The focus of the analysis lies
on the visualization of the kinematic search space characteristics to precipitate a better understanding

of the kinematic behavior, in particular of the rigid foldability (RQ1) and the RBMs (RQ2).

The pattern in Fig. 9a can be perceived as being composed of ring-wise /ayers. The 0" layer
consists of the central facet f;, the first layer is bounded by vertices v,, v; and their rotations, and the
second layer is bounded by vertices v,, vs and their rotations (such as v.r). The sensitivity analysis of
the adapted flasher is structured layer-wise from inside to outside. First, the sector angles of v, are
examined in relation to rigid foldability in order to fix a starting location for v, that then remains constant
throughout the sensitivity analysis. This step also determines the trajectory of v, and thus the actuation
that is required as an input to the simulation. Subsequently, the effects of the starting location of v; on
the kinematic behavior of the first layer are analyzed, after which the influence of the starting location of

v, on the behavior of the entire crease pattern is demonstrated.
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3.5.1 Sector Angles around v,

Vertex v, of the adapted flasher is a degree-5 vertex and thus perfectly suited for an analysis of
rigid foldability since there exists little data on the rigid foldability of degree-n vertices for n > 4. To do
so, the outermost layer of the adapted flasher is ignored for now and the kinematic properties of v, are

visualized by the rigidity error I' over two sector angles.

To parametrize v, with two sector angles, three of its five sector angles need to be eliminated.
Vertex v, in Fig. 10a is developable, which eliminates as = 2m — Y !_, a;. As defined by the starting
location of v,, the facet f; is a square, and a, = g To conform the motion of the adapted flasher to the

conventional flasher design [87], the y-axis component of the starting location of v, is constrained to

yz(o) =1+ 1[. = 3, where [. is the side length of the central facet f; (Fig. 10a). This constraint then leads

tana

toa; = 11, which leaves the two remaining parameters «, and «,. To decouple these parameters,

tan aq—
instead of a, the sensitivity is performed with the sector angle a;, (Fig. 10a) that starts from the stationary

axisy = 1.

T
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Fig. 10: Parametrization of sector angles around v, (a) and the rigidity error I" for E <a < g and 0 <

ay < g revealing a “rigid foldability valley” (b).

Fig. 10b shows the result of the rigidity error I" for E <a Sg and 0 < ay <§ and reveals a
smooth surface that exhibits the shape of a valley. The valley is constituted by both a flat bottom of
constant width that runs linearly across the search space and by slopes that rise monotonically on either

side. The sector angle configurations in the valley correspond to rigidly foldable vertex geometries

satisfying 6 < 107 v}, whereas the configurations on the slope of the valley are not rigidly foldable.
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This broad valley underlying the rigid foldability of a single vertex is an interesting result
considering that most symbolic sector angle relations seem to indicate that rigid foldability occurs in
specific sector angle configurations rather than wide regions. Even more striking is that such a smooth
behavior is exhibited by a degree-5 vertex, for which there exist no sector angle relations due to the high
level in geometric complexity.

For the purpose of the sensitivity analysis, the broad flat bottom of the valley signifies that there
is ample choice of rigidly foldable starting locations for v,. For aesthetic reasons, i.e. rotational symmetry
as well as mirror symmetry, a, is setto a; = tan(l.). This definition results in the facet geometry depicted
in Fig. 10a (grey facets), the starting location x,(® = (0,3,0), and the trajectory x,(t) = (0,1+

2cost,—2sint) that actuates the folding process in —g <t < 0. For the remainder of Section 3, the

starting location of v, remains unchanged.

3.5.2 Influence of Xgo) on the Behavior of the First Layer

Since the starting locations of v; and v, are determined, v5 is the only remaining vertex to be
analyzed in the first layer. Now, the sensitivity analysis is expanded from the pure assessment of rigid
foldability to the full output of the simulation method that also includes the end locations of the vertices
and the measure for self-intersection. In addition, v; is allowed to deviate from the flat plane in order to
investigate the behavior of a non-developable crease pattern. For this investigation, the starting location

of v, is parametrized with respect to the Cartesian coordinate system and adjusted incrementally within

the range 1.1 < x{” <3,1.1 < y{¥ < 3,-1 < z{¥ < 1 in discrete steps of 0.1.

Fig. 11 shows the influence of the starting location of v; on the behavior of the first layer of the
adapted flasher. The starting configurations x§°), y3(0), and zéo) constitute the axes of all plots (a-f) while
the legends in Fig. 11 use color schemes to represent the results of the end locations of v; (a-c), the
rigidity error I" (d), and the self-intersection measure @ (e). The feasible solutions (f) are found by
superimposing the plots in Fig. 11a-e. Due to the mirror symmetry of the first layer, the plots are sliced
into half-spaces to provide a better view of their insides. The half-spaces shown in (c-f) can be completed

(0) (0)

by mirroring the results on the plane x; ° = y; , whereas the mirrored image of (a) would complete (b)

and vice versa.
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Fig. 11: Influence of the starting location of v; on the first layer of the adapted flasher: the absolute end
locations of v; on the x, y, and z-axes (a-c), the rigidity error (d), the self-intersection measure (e), the
feasible solutions (f) found by superposition of (a-e), and the regions R, to Rs.

The most apparent feature of the results is the formation of the three-dimensional regions R, to
Rs. Regions are bounded subspaces that signify distinct differences of the kinematic behavior in contrast
to their neighboring subspaces. Within the highlighted regions, the kinematic behavior is continuous or

constant but changes abruptly if a mutual boundary is crossed by adjusting the vertex geometry.

In comparison to the boundaries of the regions R,_; that arise from the abrupt change of the
vertex end locations, the transition from true rigid foldability to the onset of distortion in Fig. 11d is more
continuous and thus harder to visually determine. However, the boundary of R, in Fig. 11d can be
determined by transferring the vertical boundary between region R; and the regions R, and R, (Fig. 11a-
c). This boundary can then be used to identify the numerical difference between rigidly foldable and
distorting crease patterns, resulting in the condition that the distortions in each iteration j have to satisfy
8U) < 10~* as mentioned in Section 3.2.3. The result of the rigidity error in Fig. 11d further reconfirms
the rigid foldability valley that already appeared in Fig. 10b, this time in three dimensions and
independent of zéo), which demonstrates that the rigid foldability of vertex v, is only dependent on the

sector angle a, once «, is constant (Fig. 10a).

The regions R, and R, are separated horizontally by a plane with a slightly negative inclination

toward increasing xéo) and y3(°), as observable in Fig. 11c. The reason for this boundary is the existence
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of two RBMs. The RBM into which the origami falls is determined by z§°): for slightly negative values of

z§°) the crease line between v; and v; becomes a mountain (M in Fig. 12), and further decreasing z§°)

leads to a respective valley crease (V in Fig. 12).

Fig. 12: Influence of zg"): a slightly positive value leads to a mountain crease M, and slightly negative

values lead to valleys V and eventually to self-intersection I

Fig. 12 shows starting configurations of x;(® = 1.5, y;(® = 1.7, and decreasing values of z.*

© _

from top to bottom. If z; —0.1, the vertex geometry lies within region R, (Fig. 11a) and v folds on

the “outer” side of the origami and away from the origin 0. For z§°) = —0.2, which relocates the starting

configuration into region R, (Fig. 11b), v; folds on the “inside” toward the origin 0 and into the cuboid. If
z3 = —0.5, the starting configuration is still within region R, and thus exhibits the same RBM as zg") =
—0.2, but the facets adjacent to v; intersect with the central facet f; (as denoted with Iin Fig. 12). Hence,
the boundaries between the end locations and self-intersection are coupled but not identical: although
regions R, and R largely overlap, the inclinations of the separating planes differ, and region R

transcends the boundary between regions R; and R, (Fig. 11). This intersection produces a wedge of

feasible solutions that fold rigidly into the cuboid without self-intersecting (Fig. 11f).

3.5.3 Influence of xgo) on the Behavior of the Entire Pattern
While the sensitivity of a single vertex is investigated in the previous section, this section is
interested in the generality of the findings, in particular of the region-specific behavior. For this purpose,

the sensitivity analysis is extended to include the outermost layer of the adapted flasher, and the starting
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locations of v; and vy are fixed to examine only the effect of xio). Note that the choice of fixing the
starting location xf.,o) and adjusting xff) is interchangeable since both vertices belong to the second layer
and are connected to the same vertices in the first layer.

The starting location of v; is fixed in its feasible solution space, xgo) = (1.2,1.3,0) so that the
first layer satisfies the design task. The starting location of v is arbitrarily set to xf.,o) = (3.1,2,-0.2) and
the range of the starting locations of v, is —1 < xio) <13< yfo) <4,-05< zio) < 0.5. Fig. 13 shows
the results for the end locations of all vertices v to vg (a-i), the rigidity error (j), the self-intersection (k),

and the feasible solutions that do not exist in the space analyzed.
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Fig. 13: Influence of the starting location of v, on the behavior of the entire adapted flasher pattern: the
absolute end locations of vertices vs, v,, and vg on the x, y, and z-axes (a-i), the rigidity error (j), and
the measure for self-intersection (k).

In comparison to Fig. 12, the striking feature in all plots of Fig. 13 is the noisy kinematic behavior.
Although there seem to exist regions with smooth behavior, the search space is interspersed with
irregular configurations that behave completely different from their surrounding ones. This chaotic
behavior cannot be properly explained here since the reason could be both the origami search space or
the chaotic behavior of the underlying optimizer [110]. However, a much smoother behavior is revealed
when the non-rigid configurations are eliminated, which is illustrated in Fig. 14 for the end locations of

all vertices vs, v,, and vs.
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Fig. 14: End locations of all vertices vs, v,, and v only for rigidly foldable configurations. Again, there
emerge distinct regions within which the kinematic behavior is constant, or smooth and monotonic.

The end locations of v; for purely rigidly foldable vertex geometries are constant, which means
that v; is always folded to the exact same location. This result hints at the hierarchy of layers: if the outer

layer of the adapted flasher folds rigidly, the kinematic behavior of the inner layer is not influenced. If in

31



contrast the outer layer does not fold rigidly, it can distort the entire pattern, which follows from the sum

of the errors in Eq. (3).

Again, the end locations of v, and vg in Fig. 14 result in the formation of regions Ry, R, and Ry
in Fig. 14d, although the boundaries of the regions are less regular and thus harder to delineate. Still,
the kinematic behavior within these regions is smooth and monotonic, indicating the special
characteristics of the search space that corresponds to rigid foldability. Moreover, the abrupt change in
kinematic behavior between the regions in the vertical direction are again caused by different RBMs as

depicted in Fig. 15 where the plot from Fig. 14d serves as a reference for the locations of three RBMs.
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Fig. 15: Three RBMs from left to right located at x,(® =1, y,® = 3.6, and z,® = 0.2, z,® = 0.0, as
well as z,(© = —0.2, respectively

3.6 Guidance

As shown in Fig. 4, the numerical approach does not incorporate the computational generation
of crease patterns, which is why the guidance in this section simply equates to the optimization of the
adapted flasher pattern. The sensitivity analysis in the last section leads to a handful of findings that
influence the choice of optimization strategy with which the design space of an origami is searched for
optimized designs that satisfy the given engineering design task. The kinematic behavior of a single
vertex is smooth and monotonic within rigidly foldable regions whose intermediate boundaries are

influenced by the existence of different RBM. In contrast, the assessment of multiple coupled vertices

32



yields noisy results that exhibit smooth behavior only within regions that are rigidly foldable. Although
the simulation method enables the visualization of the search space, it does not yield a method to
determine the boundaries of the rigidly foldable regions without a prior sensitivity analysis. In addition,
the guidance within a computational method needs to be able to guide the search independent of the
underlying crease pattern topology. Considering the expansion of the method to arbitrarily complicated
crease pattern topologies, the optimization strategy needs to be stochastic, handle large sets of
variables, and deal with a noisy kinematic behavior, which is why the vertex geometry of the adapted
flasher is optimized by using the Simulated Annealing algorithm [111].

As stated in Section 3.4, the goal of the design task is to find a vertex geometry that maximizes

the surface area of the adapted flasher while ensuring that the crease pattern folds rigidly into the given

cuboid (Fig. 9b) without self-intersection. The objective function is formulated as —£+ Tr+0+0),

where % is the projected surface area A divided by a weight w and (I" + 0 + ) is a penalty term that

includes the rigidity error I, the self-intersection measure @, and a function 2 for the spatial feasibility
that penalizes vertices whose end locations lie outside of the cuboid. The weight is determined
heuristically to be w = 50 so that the projected area A contributes to the objective function in the
approximate magnitude of the penalty term in the final stages of the optimization. The function 2 for the
spatial feasibility of each vertex is expressed by the sum of the distances between the vertex end
locations and the cuboid in separate directions x,y, and z. Thus, the penalty term is zero for a rigidly
foldable configuration that folds into the cuboid without self-intersecting, and the only influencing factor
within the spatially feasible region is the size of the projected surface area A.

The variables to be optimized are the starting locations xgo), xio), and xgo). In comparison to
Cartesian coordinates that facilitate the visual representation of the search space (Fig. 11, Fig. 13, and
Fig. 14), spherical coordinates are better suited for the optimization of crease patterns that represent
spherical mechanisms [112]. Hence, the variables are expressed by crease line lengths [ as well as
polar and azimuth angles 8 and ¥, respectively. To decouple the variables, the coordinates of v, are
related to v,, and the vertices v, and v are related to v, and its rotations (Fig. 9a), respectively.

The optimization scheme is then formulated as:

. A
r(o)g%(l)g}s(o) _% + (F O+ 'Q)

0.4 < 1Y < 1.5,-45° < 6{” < 0°,20° < 9” < 70° (5)
0.5 < 1Y <3.0,-30° < 6{” <30°45° < 9 < 135°
0.5 < 1Y <3.0,-30° < 6{” < 30°,45° < 9 < 135°
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The parameters of the Simulated Annealing algorithm are tuned according to Downsland and
Thompson [113]. The starting temperature is defined as 200, which is the approximate maximum change
of the objective function in early iterations, and the temperature schedule is logarithmic with a reduction
factor of 0.89. Both the number of inner loops and the number of outer loops is 50, resulting in 2’500
objective function evaluations. The size of the neighborhood for the variables is one tenth of their range,
as listed in Eq. (5).

3.7 Results

A single kinematic simulation of the flasher pattern with | = 30 iterations takes about 10 seconds
on an Intel i7 processor with 16GB RAM. The total runtime of the optimization with 2’500 such
simulations (and thus objective function evaluations) is approximately 8.5 hours.

The optimization is performed 20 times to determine the convergence characteristics of the
method, and of these runs the worst and the best objective values are —0.26 and —0.88, respectively,
with a mean of —0.60 and a standard deviation of —0.22. A typical run is depicted in Fig. 16, which plots

the objective values over all objective function evaluations.
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Fig. 16: Objective values over function evaluations in a typical optimization run for the adapted flasher
pattern

The best solution found is illustrated in Fig. 17a together with the original adapted flasher
pattern. The optimized vertex geometry exhibits an objective value of —0.88 that corresponds to the
starting locations x{” = (1.50,1.39,-0.10), x\* = (0.53,5.28,0.03), and x = (2.15,1.78,-0.43), a

projected surface area of 44.0 (in comparison to the original surface area of 84.0), a rigidity error I' =
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1.6 * 107 with §Y) < 107*vj, an intersection measure 6 =0, and a spatial feasibility 2 =0 (in
comparison to the original spatial feasibility of 4.39). Fig. 17b shows the folding motion of the best

solution from left to right with the cuboid superimposed in the final folded state.

a

Fig. 17: The optimized adapted flasher pattern folding from left to right into the prescribed cuboid

3.8 Discussion

The formulation of Eq. (3) as an optimization problem enables the presented simulation method
to compute the folding motion of rigidly and non-rigidly vertex geometries independent of the extent of
distortion. The simulation method further models different RBMs and provides a feedback for the state
of rigid foldability by returning the rigidity error and the distortions in each iteration. These distortions
can then be used to classify patterns into rigidly and non-rigidly foldable configurations with a limit of
85U < 107vj.

The manual adaptation of an existing flasher pattern leads to a novel flasher pattern whose
kinematic determinacy and rigid foldability are confirmed by a matrix rank assessment and the simulation
through the presented simulation method, respectively. The adapted flasher offers a suitable basis for
the analysis of the vertex geometry by incorporating degree-5 vertices and by offering layers that can
be assessed in a stepwise manner.

With respect to RQ1, the sensitivity analysis shows the existence of regions within the kinematic
search space of the vertex geometry. In the case of a single vertex, these regions show well-defined

boundaries within which the kinematic behavior is continuous. Fig. 10b shows an unexpectedly wide

35



rigid foldability valley, which is a counterintuitive result considering that the compatibility conditions
known for degree-4 vertices [87] seem to imply isolated rigidly foldable configurations. The region-
specific behavior is also present in the kinematic search space of a non-developable vertex in Fig. 11
that offers an in-depth analysis of the connection between vertex end locations, rigid foldability, and self-
intersection. However, determining the exact location and orientation of the region boundaries becomes
more complex for multiple connected vertices. Fig. 13 illustrates the emergence of noisy regions whose
cause cannot be identified by the sensitivity analysis. What remedies the situation is that these noisy
regions do not coincide with rigidly foldable regions, which is why they can be eliminated by considering
only rigid configurations. Then, the behavior within the rigidly foldable regions is again smooth and
monotonic and changes only when the respective boundaries are crossed. While the discovery of these
rigidly foldable regions implies that the mathematics of folding follow a much more regular behavior than
anticipated considering the geometric complexity, the numerical simulation neither provides a reason
for the regions nor a mathematical model to determine the locations of their boundaries in the general
case.

The boundaries between two rigidly foldable regions are caused by different RBMs addressed
in RQ2. Fig. 11 demonstrates the existence of two different RBMs exhibited by a single vertex, which is
expected, as explained in Section 2. The results in Fig. 15, however, show only three different RBMs
although the adapted flasher pattern includes N = 2 internal vertices, which would suggest 2V = 4
RBMs. Since Fig. 14 and Fig. 15 only depict part of the search space, the fourth RBM must be located
in a different part that has not been analyzed. However, the sensitivity analysis does not reveal where
the missing RBM is located, and discovering all RBMs in the general case would require an analysis of
the entire search space. In addition, the discovery of RBMs is enabled mostly by allowing non-
developable configurations of the adapted flasher pattern, which can be observed in, e.g., Fig. 12 where
the boundary between different RBMs is located between z” = —0.1 and z” = —0.2. However,
according to related works [62], the exponential number of different RBMs are exhibited by completely
flat, developable patterns. Thus, although the numerical simulation method is able to discover RBMs, it

can only do so if the vertices deviate from the flat initial state.

The stochastic optimization with a total runtime of approximately 8.5 hours for a single crease
pattern topology is not satisfactory considering that the planned generative method should search a vast

design space of different crease pattern topologies. The time-efficiency for the optimization procedure
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can be increased by detecting the location of region boundaries to avoid noisy regions and by adjusting
the vertex geometry to lie within rigidly foldable regions so that gradient based local optimization
techniques can be applied to capitalize on the smoothness of the search space within these regions.
Based on this idea, the author published a journal article [114] presenting an algorithm that relocates
the locations of vertices into rigidly foldable regions relying on heuristics that utilize the distortions
occurring during the folding motion. Although successful, the algorithm does not offer a choice for the
specific region toward which the vertex geometry is adjusted. Unfortunately, there exist numerous rigidly
foldable regions as demonstrated by Fig. 14 and Fig. 15, and determining which of these regions lead
to feasible solutions in arbitrarily generated crease pattern topologies would require the introduction of

additional heuristics.

While the numerical approach is able to successfully tailor the geometry of a single crease
pattern topology to a given design task, expanding the approach to the assessment of multiple
topologies is too time-consuming for an automated CDS method. Neither the stochastic optimization nor
its combination with a heuristic algorithm are guaranteed to yield any useful results in the context of
design automation, and the optimization of the vertex geometry resembles a passive search for suitable
solutions rather than the direct, purposeful design of origami crease patterns. A more direct design

approach thus requires deeper knowledge about the kinematics of origami.

Possible starting points for a deeper investigation are indicated by three key findings, the first of
which is the discovery of the wide rigid foldability valley in Fig. 10b. In contrast to the noisy regions
exhibited by multiple vertices, this valley stems from the analysis of a single vertex, implying that a closer

inspection of single vertices could reveal more about the mathematical underpinnings of rigid foldability.

The reason for the boundaries of the rigidly foldable regions and the locations of these
boundaries are yet undetermined. Including the vertex end locations in the analysis performed in relation
to Fig. 10b results in the second finding that motivates a more thorough examination of origami
kinematics: as highlighted in Fig. 18, the sector angle configurations coinciding with the boundary

between rigid and non-rigid foldability are all flat foldable.
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Fig. 18: Rigid foldability valley corresponding to Fig. 10b but with highlighted flat foldable configurations
that emerge on the boundary between rigidly and non-rigidly foldable vertex geometries

A connection between rigid and flat foldability has been noted only in the formulation of the fold
angle multipliers [91], but the exact nature of this connection has not been determined. Moreover, both
works focus on and are limited to degree-4 vertices, and analogous relations for degree-5 vertices and
higher order vertices have not been established. The result in Fig. 18 indicates that more knowledge
could be gained by examining the connection between rigid and flat foldability, the two most important

mathematical notions in origami.

The third key finding is the hierarchy of layers in Fig. 14, where rigidly foldable outer layers do
not impact rigidly foldable inner layers. This phenomenon suggests that vertices closer to the actuation
play a more important role for rigid foldability because they influence outer layers without experiencing
the reciprocal effect, which hints at the possibility to generate crease pattern by adding single vertices
to existing rigidly foldable layers. This motivates an investigation of single vertices as well as their
relation to other single vertices within a crease pattern, which might further yield results for the kinematic

relations in RQ3.

These three key findings hint at the existence of yet uncovered fundamental mathematical
underpinnings whose application within a computational method offers the potential to surpass the

performance achievable by any numerical approach.
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4 Analytical Kinematics of Origami

Analytical kinematic relations and corresponding conditions between sector and dihedral
angles, as described in Section 2, are scarce for the simplest single vertices of degree four and missing
altogether for degree-n vertices when n goes from 5 to infinity. Most existing crease patterns correspond
to omnipresent degree-4 vertices [30, 56, 57, 99, 115], and a condition for the rigid foldability of degree-
n vertices would allow for the embedding of higher order vertices into crease patterns to provide more
flexibility in the shapes that can be achieved by origami. In addition, the Kawasaki-Justin condition for
flat foldability [97, 98] includes only single vertices of even degree, and a general connection between
rigid and flat foldability is missing. Discovering this underlying connection between the two most
important mathematical notions in origami might stimulate a better understanding of the kinematics of

origami and facilitate the design of efficiently packed, rigidly and flat foldable crease patterns.

This section thus delves deeper into the mathematical underpinnings of folding and investigates
the fundamental analytical kinematics of origami mechanisms. Motivated by Section 3, the analysis
reverts to single vertices. To answer RQ1, the first focus lies on the conditions for rigid and flat foldability
of degree-4 vertices, which are then generalized for single degree-n vertices and entire crease patterns.
In the generalization for degree-n vertices, the RBMs are incorporated into the kinematic model as
targeted by RQ2. Subsequently, the implications for the generation of crease patterns are presented,
which provides insight into the relations between the kinematic determinacy, the number of DOF, and
symmetry, as prompted by RQ3. The findings are then manually applied to readjust the flasher pattern
and to generate new crease patterns, once for the exploration of RBMs and then for the design of a

chair. Finally, the section is discussed and concluded.

4.1 Degree-4 Vertex

The content of Section 4.1 has been published as: [116] Zimmermann, L., and Stankovi¢, T., “Rigid and
Flat Foldability of a Degree-Four Vertex in Origami,” Journal of Mechanisms and Robotics, 12(1), 2020.

The following subsection formally introduces the degree-four vertex and examines some
properties of spherical four-bar mechanisms that are useful for the subsequent derivation of the
necessary and sufficient condition for the rigid foldability of degree-4 vertices. Then, the purely sufficient

condition is established and reduced to the Kawasaki-Justin condition for flat foldability.
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4.1.1 Preliminaries
Fig. 19 depicts a generic degree-four vertex with sector angles «; that are assigned in the
counterclockwise direction with increasing i = 1, 2, 3, 4. The starting sector can be chosen arbitrarily. For
convenience, «a; is used to denote both the sector angles and the sectors interchangeably.
P3
P4

C
Ca 3

P2

Fig. 19: Developable degree-four vertex with sector angles «,_,, crease lines c;_,, and dihedral angles
p1_4, Ordered in the counterclockwise direction. The default driving angle p, is located between sectors
a; and a,.

The degree-four vertex analyzed here is developable, which means that its unfolded state is flat
and the sum of its sector angles «; is equal to a full rotation, },; @; = 2m. A crease line is labelled ¢; if it
precedes the sector a; when the vertex is traversed in the counterclockwise direction. The single DOF
required to drive the folding motion of the vertex [21, 74] is determined by prescribing one dihedral angle
that will be called the driving angle. Unless stated otherwise, p; is defined as the default driving angle

for the remainder of Section 4.1, as illustrated in red in Fig. 19.

To explain the ideas that lead to the derivation of the necessary and sufficient condition, an
analogy is introduced between the degree-four vertex and the century-old problem of a spherical four-
bar linkage with four revolute (4R) joints (Fig. 20). This analogy is both valid and useful because the
degree-four vertex has been shown to belong to the class of spherical four-bar mechanisms [100, 112,
117, 118] that have been extensively studied in the past [119]. In such mechanisms, an input crank (a,
in Fig. 20a, a, in Fig. 20b) is rotated around a fixed frame (a;), and its motion is transferred through a
coupler (a3) to the output crank (a, in Fig. 20a, a, in Fig. 20b). The possible range of motion for both

input and output cranks is illustrated using a dashed line.
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Fig. 20: Spherical four-bar linkage with highlighted driving angles p, (a) and p, (b), corresponding input
cranks a, (a) and a, (b), fixed frame «a,, coupler a3, as well as output cranks a, (a) and a, (b). The
range of motion for both input and output cranks is illustrated using a dashed line for the corresponding
trajectories. The unfolded state U and the fully folded states F are theoretical extreme states. The
maximum (max) dihedral angle p, is shown on the right-hand side of (b).

In a spherical four-bar linkage, the input crank is able to perform a full rotation only if it can rotate
through both states U and F (Fig. 20a, left) [120] because these states represent the global extremes of
the driving angle at p;, = 0 (U) and p; = +m (F). However, a developable origami is defined in its unfolded
state (U) with all dihedral angles p; = 0, which means that the unfolded state U is rigidly foldable in all
cases. In an origami, the fully folded state F is thus the only critical state for an unrestricted range of the
dihedral angle p,. If p, is able to reach F (Fig. 20a, right), then the degree-four vertex will be rigidly

foldable independent of the value of p; and the result will depend on the sector angles only.

In Fig. 20b, the motion of the identical linkage is driven instead by the link «, that now serves
as an input crank, which drastically impacts the possible range of motion (as can be observed by
comparing the trajectories of a, in Fig. 20a and Fig. 20b). This demonstrates the significance of the
choice of driving angle on the range of motion: a degree-four vertex analogous to the spherical four-bar
linkage in Fig. 20 would be guaranteed to fold rigidly when driven by p, while it would only fold rigidly
within certain limits when driven by p,. This impacts the analysis of the rigid foldability of a degree-four
vertex, for which it is paramount to consider the perspective of a driving angle (with the exception of

certain cases that will be addressed in Section 4.1.3).
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The last point to address in this analogy to spherical four-bar linkages is the reason for which a
degree-four vertex is not always rigidly foldable in the full range of a given driving angle. Since it has
been determined that the unfolded state U is not critical for developable vertices, the only stopping
condition to assess for the driving angle p, is the one toward its fully folded state F (right-hand side of
Fig. 20b). Once the opposite dihedral angle p, is at its own maximum, p, cannot be further increased
and the motion comes to a halt. Stated more generally, the limiting factor for the range of motion is the
dihedral angle opposite of the driving angle. Furthermore, this is the only limiting factor when self-
intersection is not considered as a stopping condition, and self-intersection can be neglected without
loss of generality since Streinu and Whiteley [117] proved that any vertex can unfold without self-

intersection, as illustrated in Fig. 21.

p3 =0

P3

p3 = *m

Fig. 21: A generic degree-four vertex in different states of a folding process with driving angle p; and its
opposite dihedral angle p;. No self-intersection occurs when p; has the same parity as the driving angle
p, (valley V, right branch) and vice-versa when p; has the opposite parity (mountain M, left branch). The

states connected by the broad arc are foldable in a physical model. When self-intersection as a stopping
condition is not considered, the extreme state is reached in both RBMs when p; = +.

Fig. 21 shows the folding motion of a degree-four vertex with driving angle p, and different
parities of its opposite dihedral angle p;, corresponding to different RBMs. If p; and p; have the same
parity (valley V, right branch), the vertex folds “from the outside to the inside” and evokes no self-
intersection. In this case, there is no difference in the stopping condition between physical paper and
the mathematical model. When p; and p; have the opposite parity (mountain M, left branch), the vertex
folds “from the inside to the outside”, and self-intersection occurs. In this case, a paper model would
only fold until it reaches the first state depicted in the left RBM (connected to the broad arc in Fig. 21).

When paper is not modelled as an impenetrable material, no angle constraint is violated and the folding
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motion can be continued until p; = =1 is reached. Hence, the extreme state is reached in both RBMs
once the dihedral angle opposite the driving angle is at its extreme. The stopping condition with self-
intersection will be discussed in Section 4.1.3.

4.1.2 Derivation of the Necessary and Sufficient Condition

Of the numerous ways to approach the problem of rigid foldability for a degree-four vertex, the
following formulation is chosen: if a single dihedral angle (p,) within a degree-four vertex is prescribed,
what condition applies to the sector angles a,_, so that the vertex folds rigidly?

The incomplete vertex on the left-hand side of Fig. 22 only consists of two sectors a; and a,
connected by the crease line ¢, that is driven with p;. Let ¢; = (1,0,0) be the unit vector on crease line
¢, located on the x-axis of the coordinate system shown in Fig. 22 (left). Furthermore, let two vectors c,
and c, correspond to the unit vectors of the crease lines c, and c,, respectively, and let c, lie in the xy-
plane. The vectors c, and c, can then be expressed as:

¢, = R,(a;)c; and ¢, = Ry (—p)R,(—ay)cy (6)
where R, and R, are the rotation matrices that rotate around the x- and the z-axis, respectively, by the

rotational angle in the parentheses.

Fig. 22: Left: Incomplete vertex with only two sectors a; and a,, driving angle p;, and three vectors c;,
c,, and c, that pertain to the crease lines c;, c,, and c,, respectively. Crease line ¢; corresponds to the
x-axis of the depicted coordinate system, and c, lies in the xy-plane. Right: Complete degree-four vertex
at two possible extreme states at which the angle between vectors ¢, and c, is equal to a, — a5 (top)
and a; — a, (bottom), respectively.
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Following directly from the evenness of the cosine function cos(p,) for p, € [-m, 1], the angle
between c, and c,, 2(c,, c,), is atits maximum in the unfolded state p, = 0 and monotonically decreases
whenever p, deviates from zero to either side. When only two sectors are present, p; can reach its fully

folded state, p; = + m, and its range of motion is unrestricted (grey trajectory in Fig. 22 left).

As soon as the missing sectors a, and a5 are introduced (Fig. 22 right), a closure constraint is
added to the system, and the range of motion of the driving angle p, is coupled to its opposite sectors
a, and a;. Because the unfolded state is still guaranteed to be rigidly foldable («(c,,c,) is at its
maximum), the stopping condition needs to be connected to a minimum possible 2(c,, c,). This
minimum is reached when either p; reaches + m, in which case the vertex is guaranteed to be rigidly
foldable, or when sectors a, and a5 are coplanar, as shown in Fig. 22 (right). At this state, the degree-
four vertex collapses into a spherical triangle whose sides are constituted by «,, a,, and the cone
spanned by the difference between the opposite sectors a, and a;. Hence, the condition for the rigid
foldability of a degree-four vertex states that 2(c,, c,) has to be greater than or equal to the absolute

value of the difference between sectors a, and a5 at any state of the folding process:

2(cy,¢4) = |a, — ag| (or equivalently 2(c,, ¢,) = |z — ay). (7)

With the magnitudes ||c,|| = |lc,]| = 1, the angle between ¢, and c, is

Cz'C4

[lexlllle ||) = cos™*(c;, * ¢,) = cos™*(cos(ay)cos(a,) — cos(p,)sin(ay)sin(ay))  (8)

2(c,,€4) = cos‘l(
Hence, the necessary and sufficient condition for the rigid foldability of a degree-four vertex states that:

A developable degree-four vertex with driving angle p, € [—m, 1] and sector angles a,_, that satisfy
Yia; = 2m and a; € (0,), is rigidly foldable if and only if

cos‘l(cos(al)cos(a4) — cos(pl)sin(al)sin(a4)) > |la, — asl. (9)

4.1.3 Rigid and Flat Foldability in Degree-Four Vertices

The key to the derivation of Eq. (9) is the collapse of the degree-four vertex into a spherical
triangle at its extreme state (Fig. 22 right, and equivalently Fig. 20b right). At this state, the third side of
the triangle is equal to the difference between the sectors opposite of the driving angle and independent
of all dihedral angles that are not driven. This reduces the complexity of the geometric relations between

dihedral and sector angles, and Eq. (9) can be expressed exclusively in dependence of the driving angle.
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Eqg. (9) includes all possible folded states: both RBMs are discussed in Section 4.1.1, and Fig.
22 includes both possible MV assignments of the dihedral angles opposite the driving angle. In addition,
Eq. (9) contains the driving angle within the even cosine function, showing that all rigidly foldable states

are symmetric, which explains why both Fig. 21 and Fig. 22 only depict positive driving angles (valleys).

Before Eq. (9) is discussed in more detail, the purely sufficient condition is derived first, which
states the sector angle configurations that are guaranteed to fold rigidly independent of the value of p;.
This condition is equivalent to a full rotation of the input crank in Fig. 20a right, which is why Eq. (9) is

analyzed for the fully folded states p; = + m. The left-hand side of Eq. (9) then results in the expression:

cos~1(cos(a;) cos(a,) + sin(a;) sin(a,)) = cos™*(cos(a; — a,)) (10)

The right-hand side of Eq. (10) requires special attention since the cosine function is not
generally invertible throughout its entire range. The simplification cos™(cos(a; — a,)) = a; — a, is valid
only in the range a, € [a; — T, 4], and with a; < mand 0 < a,, thisrange isequalto 0 < a, < a; < .

For the opposite case where 0 < a; < a, < T, this results in cos™*(cos(a; — @,)) = a, — @;. Hence,

a,—a, for a,<a
a,—a; for a,>a

(11)

cos~(cos(a; — a,)) = {

The absolute in Eqg. (9) can be replaced by setting the right-hand side to @, — a; whenever a, >

a3, and vice-versa, which leads to four distinct cases (a; = a, and a, = a5 will be discussed separately):

a,>a3 — ataz=a,+ay

For a4<a1{a2<a3 - g taz<a,+ta, (12)
a4>a1{a2>a3 - ata,<az3ta,
a, <az - a,ta;=az3+a,

Eq. (12) presents the sufficient conditions for the rigid foldability of a degree-four vertex whose
motion is driven by the dihedral angle p;. If @; = a, and p; = +m, the left-hand side of Eq. (9) becomes
zero, resulting in a, = a3, in which case the degree-four vertex is symmetric and trivially flat foldable.
Conversely, if a, = a; and p, = +m, the right-hand side of Eq. (9) becomes zero. Since the left-hand
side of Eq. (9) involves the standard formulation of an angle between two vectors that by definition
cannot be smaller than zero, the case a, = a5 is guaranteed to be rigidly foldable for all p,, @;, and a,.
This will be explained by a visual example (Fig. 23), for which a simpler and more concise form of the
sufficient conditions in Eq. (12) is derived first. The distinction in Eq. (11) is equivalent to an absolute,
which reduces Eq. (9) to:

a; —ay| 2 |a; —as (13)
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Equation (13) is the most concise form of the sufficient condition for the rigid foldability of a
degree-four vertex and is equivalent to the condition given by Murray and Larochelle [120] for spherical
4R mechanisms. Eq. (13) is independent of the driving angle, but is still only valid when the folding
motion is driven by p,. To indicate this, the sufficient condition can be formulated as:

A degree-four vertex is guaranteed to fold rigidly if the absolute value of the difference between the
sectors adjacent to the driving angle is greater than or equal to the absolute value of the difference
between the opposite sectors.

This result further demonstrates that if a degree-four vertex is not rigidly foldable when driven
by a certain driving angle, it is guaranteed to fold rigidly when the respective opposite angle is driven.
This relates back to Fig. 22, where, if the dihedral angle between sectors a, and a; were driven, the
vertex would be guaranteed to fold rigidly.

Equation (13) can be explained through a more practical approach that is also beneficial for the
readers interested in the actual folding of a rigidly foldable degree-four vertex. Fig. 23 (top) depicts a

degree-four vertex with a driving angle p; and its two adjacent sectors a, and «a, of fixed size.

=T

arta,>az3ta, ANa, <m
a1+a2:a3+a4
la; — ay| > |a; — as|

a,+az=a; +ay

m O O W >

ataz>a,+as ANaz<m

ppr=T

Fig. 23: Top: Degree-four vertex with driving angle p,, fixed sectors a, and a,, and different cases A-E
with their respective equations. Bottom: Extreme folded states reached at p; < for A and E, and p; =
m for B-D, respectively.

To illustrate that the sizes of the sector angles a, and a5 are variable, crease line c¢; is missing
and can be placed in either of three regions A, C, and E or on their separating lines B and D (the grey
regions are infeasible since a; < m). Each case A-E exhibits a different behavior with respect to its

extreme folded state as shown in Fig. 23 (bottom). When c; is located in region A, p; cannot reach ©
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because its opposite angle reaches its own extreme before p;. When c; is moved from region A in the
clockwise direction, the vertex simultaneously becomes rigidly and flat foldable on the line B. Moving
further through region C, the vertex stays rigidly foldable, but sectors a, and «; rise out of the plane and
form a spherical triangle together with the flat plane. When c; is located on the line D, the vertex adopts
its second flat foldable state. Region E is analogous to A, both of which appear in similar form in Fig. 22

(right). Fig. 23 thus perfectly corresponds to the rigidly foldable regions discovered in Section 3.

Relating back to Eq. (13), the angle that spans the rigidly foldable region in Fig. 23 equates to
the (absolute) difference of the fixed sectors a; and «,. In addition, the rigidly foldable region is located
adjacent to the line collinear to crease line ¢, (line B) that separates the degree-four vertex into two half-
circles, and the region C lies within the half-circle that contains the smaller of the sectors a; or a,. If the
crease line c, rotates in the counterclockwise direction, regions E and line D simultaneously rotate with
c,. Once a; and a, are the same size, the rigidly foldable region collapses into a single line and then
increases again on the other side of the half-space. This results in a symmetric arrangement of regions
with respect to the angle bisector generated by sectors a; and a,, which finally explains why a, = a3 is

always rigidly foldable.

The connection between rigid and flat foldability of single degree-four vertices can now be
addressed in more detail. In the binding case, the sufficiency conditions in Eq. (12) become equalities
and reduce to the Kawasaki-Justin conditions for flat foldability. In this sense, flat foldability in a degree-
four vertex is just a special case of rigid foldability. However, more can be revealed by considering the

driving angle at its extreme, p;, achieved by changing Eq. (9) into an equality and solving for p;:

cos(a,) cos(a,) — cos(a, — a3)> (14)

pi=tcos™ ( sin(a;) sin(a,)

In Eq. (14), the absolute of the former right-hand side has been removed because of the
evenness of the cosine function. In the regions A and E as well as the lines B and D, the result for p; is
between or equal to +m, respectively. In region C, the result for p; equates to +m plus an imaginary term
since the argument within the arccosine in Eq. (14) lies outside of the arccosine range. When either of

the Kawasaki-Justin conditions are inserted, e.g. a, — a3 = a; — a,, the term within the arccosine in Eq.

(14) reduces to —1:

cos(a,) cos(a,) — cos(a; — ay) _ cos(a,) cos(a,) — (cos(a;) cos(ay) + sin(a,) sin(ay,)) _ 15
sin(a;) sin(a,) h sin(a,) sin(a,) T (19)
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Eqg. (15) demonstrates that p; is guaranteed to be +m and that any flat foldable configuration in
the degree-four vertex is always rigidly foldable independent of the size of the sector angles, and thus

independent of the choice of driving angle.

Conversely, Eq. (16) is obtained by setting the term within the arccosine in Eq. (14) equal to —1,
by substituting a; with a3 = 2n — (a; + @, + a,), and by then solving for a,:

a = %(—al — ay £ cos™ (cos(a; — ay))) (1)

Together with Eq. (11), Eq. (16) leads to a, = a; or a, = a,, which are again flat foldable
configurations. Hence, in addition to always folding rigidly, flat foldable configurations are the only ones
to do so for any choice of driving angle. This connection between flat and rigid foldability can be stated
for degree-four vertices as an interesting dualism: while flat foldability acts as a boundary to the region
that is guaranteed to be rigidly foldable (C in Fig. 23), flat foldable configurations are the only ones

guaranteed to always fold rigidly, independent of the choice of driving angle.

A last special property of flat foldable degree-four vertices concerns self-intersection and relates
back to the stopping condition that applies when paper is modeled as an impenetrable material (Fig. 21,
left branch). As can be observed in the first depicted state of the left RBM in Fig. 21, the degree-four
vertex collapses into a spherical triangle similar to the ones shown in Fig. 22 but with different sides.
Note that the vertex can collapse to either side, which results in a triangle with the sides «;, a,, and
|a; — a,| orin a triangle with the sides |a; — a,|, @3, and a,. In both cases, the maximum dihedral angle
can be determined directly by applying the same procedure described in Section 4.1.2. The resulting
maximum dihedral angle is in general smaller than the one provided in Eq. (14) with the exception of flat
foldable configurations for which the driving and its opposite dihedral angle reach +m at the same time.
Then, both branches shown in Fig. 21 are free of self-intersection, which demonstrates that flat foldable
configurations are the only ones that are guaranteed to fold without self-intersection. This special

property of flat foldable degree-four vertices has also been demonstrated by Balkcom [74].

These findings conclude the analysis of the degree-4 vertex, and the next section generalizes
the findings for degree-n vertices. The crucial idea for this generalization is sparked by Fig. 21, Fig. 22,
and Fig. 23, in which all the last rigidly foldable states have one thing in common: they all exhibit a single

spherical triangle.
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4.2 Degree-n Vertex

The content of Section 4.2 has been accepted for publication as: [121] Zimmermann, L., Shea, K., and
Stankovi¢, T., “Conditions for Rigid and Flat Foldability of Degree-n Vertices in Origami,” Journal of
Mechanisms and Robotics, 12(1), 2020.

This section first introduces the Principle of Three Units (PTU) that derives from the appearance
of the spherical triangles, after which the PTU is related to known origami phenomena in order to embed

it within current origami research. Then, a kinematic model and the implications for single vertices and

crease patterns are presented.

4.2.1 The Principle of Three Units

The PTU predicates on the fact that every single degree-n vertex requires n — 3 inputs and 3
outputs to fold in a kinematically determinate manner [74]. The inputs are the driving angles that need
to be prescribed, and the outputs are the three remaining dihedral angles, here called the unknown
dihedral angles, whose behavior is determined by the driving angles and the size of the sector angles
around the vertex. As an example, Fig. 24a depicts a degree-8 vertex with five driving angles p,_, and
pe (in black) assigned to an arbitrary set of crease lines together with the corresponding unknown
dihedral angles ps, p,, and pg (in grey).

Independent of both the chosen set of driving angles and the vertex degree (for n = 4), virtually
cutting the vertex at the locations of the unknown dihedral angles reveals three parts [74], here called
units uy, u,, and u; (Fig. 24b). This virtual cut eliminates the unknown dihedral angles, and what remains
within the units are the sector and driving angles determined by the user, which is why the entire
kinematic behavior of each individual unit can be determined analytically. Related works [74, 95] then
proceed to calculate the three corresponding rotation matrices to solve for the unknown dihedral angles
by satisfying the closure constraint of the continuous surface around the vertex.

The slight shift of the PTU is the realization that the three units can be capitalized on in a different
way. As shown in Fig. 24b and Fig. 24c, each unit u; spans an angle between its first and its last crease
line called a unit angle U; that can be expressed analytically by alternatingly multiplying the rotation
matrices of sector and driving angles and calculating the angle between the first and the last vector
obtained. If a unit consists of a single sector, the corresponding unit angle is constant in size, U; = a4
in Fig. 24b and Fig. 24c, while the unit angles that pertain to units with multiple sectors change their size
depending on the state of their driving angles, such as U, (0), U,(0) at the initial state and U, (t,), U,(t;)

at an arbitrary state t; in Fig. 24b and Fig. 24c. These unit angles are independent of each other in a
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virtually cut scenario (Fig. 24c), but once the vertex is reunited they are again subject to the original
closure constraint of the surface. However, this closure constraint now applies to a single spherical
triangle, here called a vertex triangle (Fig. 24d). The PTU states that the kinematics of any rigidly foldable
degree-n vertex are determined by this single spherical vertex triangle.

a b C

: - a UZ(O) l]3 : (IS

AR

U, (0) U (t,) vertex triangle

U, (t1)

Fig. 24: (a) Single vertex with sector angles a,_g, driving angles p,_, and ps, and unknown dihedral
angles ps, p;, and pg. (b) The vertex from a) is virtually cut at the crease lines with unknown dihedral
angles to reveal three unit angles U, (0), U,(0), and U; = ag in the unfolded state. (¢) The virtually cut
vertex at an arbitrary folded state t; with unit angles U, (t,), U,(t;), and U; = ag. (d) The reunited vertex
and its vertex triangle.

4.2.2 The Principle of Three Units in Relation to Origami Phenomena

The representation of a vertex as a single spherical triangle provides some intuitive explanations
for a number of origami phenomena, some of which will be recounted here in order to place the PTU in
the context of current origami research.

First, the PTU offers a reason as to why degree-four vertices are the smallest degree vertices
to fold non-trivially. Miura proved that any single vertex up to degree-3 is not able to fold unless two of
its crease lines are collinear [85]. In the PTU, a degree-3 vertex corresponds to a spherical triangle with
three stiff sides, similar to the units shown in Fig. 24b. It has long been proven that three given sides
determine the shape of a triangle unambiguously, which is why no motion is possible with three fixed
sides. However, if one of the sector angles is equal to m, trivial motion is possible along the longest
triangle side, analogous to the case of two collinear crease lines as presented by Miura.

Second, the PTU illustrates why every single vertex has two RBMs when all necessary driving
angles are prescribed. Fig. 25a shows the two RBMs of a degree-6 vertex that consists of three
symmetric units. The shape of a triangle is determined when three sides are given, but the set of
constraints present in origami allows for two possibilities: when the side AB is virtually fixed in space,

the two remaining sides can be joined either in point C; or in C,, which leads to the two vertex triangles
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AABC; and AABC,, respectively. These triangles themselves do not differ in shape because the former
is just a rotated version of the latter, and vice versa. However, they do differ in orientation with respect
to the folded surface, and the underlying vertex can assume one of two states. The kinematic
discrepancy between the states lies in the sign of the internal angles of the vertex triangle with respect
to the reference frame, and the two distinct cases need to be integrated into the kinematic model

presented in the next section to address RQ2.
%2 P

Fig. 25: a) Symmetrical degree-6 vertex with two RBMs that result from the two possible vertex triangles
AABC; and AABC,. b) Crease patterns consisting of two connected vertices each. The driving angle p;,
the input U, to the first vertex, and the outgoing dihedral angle p; are equivalent in both cases, but the
inputs U, and U; to the second vertex differ because of the respective sector angle configuration.
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Third, the PTU consolidates seemingly conflicting discoveries made by a number of works with
respect to the connection between origami and complex networks. Any foldable single vertex is a node
that takes n — 3 inputs and transforms these into three outputs [74]. If any two of these nodes are
connected, the output of the first is an input to the second, which implies that the dihedral angles are
the information transmitted between the nodes. This phenomenon can be observed in open chain
linkages such as slender origami [122] and thin origami strings [123], where the input of a dihedral angle
at the beginning of a string is propagated throughout a series of single vertices toward its end. The same
flow of dihedral angles has been capitalized on in closed chains by Lang et al. [45] to efficiently design
quadrilateral creased paper. Huffman makes a similar discovery in his seminal work [60], but presents
an analogy between origami and electrical networks in which he postulates that the electrical current is
equivalent to the curvature components of the surface. Kirchhoff’s first law relies upon the fact that the
net charge of an electrical node is conserved, which means that the outward flow is equal to the inward
flow. However, symbolic equations for origami dihedral angles [89] demonstrate that the net sum of

dihedral angles at a vertex is neither zero nor constant. This fact seems to contradict the above
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observation that the dihedral angles are the sole transmitted information between the nodes. If rigid
origami does behave like an electrical network, the only known candidate for the conserved entity is the
surface area. The sum of the sector angles around a vertex is by definition constant, and without
deformation in the sectors, the surface area remains unchanged throughout any rigid motion. This is
true for all degree-n vertices, also when the initial state of the surface is not flat. Indeed, this is also what
the PTU implies: by representing the surface of a vertex with a vertex triangle, the kinematics are
determined by the unit angles U that represent spanned surfaces resulting from a combination of sector
and dihedral angles.

Fig. 25b top and bottom show crease patterns consisting of two connected vertices each, whose
motion is driven by the driving angle p,. Together with its adjacent sector angles, p, spans the unit angle
U, that represents the input to both crease patterns. Since the flow between the connected vertices is
directed, the dihedral angle p; is independent of the geometry of the second vertex and thus equal in
both cases. However, the sector angles of the second vertex in both crease patterns vary slightly, which
is why the inputs U, and U; to the second vertex differ. Consequently, both connected vertices exhibit
different folding motions. Hence, the PTU strengthens Huffman’s view that the transmitted information
are curvature components, and it contributes by determining that these components are the unit angles
U. The transmission of the unit angles will be explained in more detail in Section 4.2.5.

In addition to explaining these phenomena, the PTU offers a kinematic model that efficiently

determines the unknown dihedral angles of degree-n vertices, which is developed next.

4.2.3 Kinematic Model of the Principle of Three Units

The goal of this section is to model the kinematics of degree-n vertices, and thus to determine
the three unknown dihedral angles present in a vertex. Since the three unit angles U can be expressed
by known sector and driving angles, the internal angles of the vertex triangle can be found through the
spherical law of cosines. Unfortunately, the unknown dihedral angles are not solely dependent on the
internal angles of the vertex triangle. Except for units consisting of single sectors, any unknown dihedral
angle first consists of a rotation from the last sector of the previous unit to the vertex triangle, then a
rotation by the internal angle, and finally a rotation from the vertex triangle to the first sector of the
following unit. Accordingly, these angles will be called the end angles §, the internal angles 6, and the
start angles 3, respectively (Fig. 26). These angles are first calculated for each unit individually and then

assembled in the end of the section to express the unknown dihedral angles.
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The frame of reference is important for the following calculations, so it is assumed that at least
one sector lies in the xy-plane and that the default viewpoint lies above this plane on the positive z-axis.
Then, the sector angles are numbered in counter-clockwise order, and because each unit is modeled
individually, all sector as well as driving angles are denoted with a subscript j = 1,2,3 to allocate them
unambiguously to a unit u;. Using p; = p;(t) leads to the following definition of a unit:

Definition: A unit u; consists of an open chain of m sectors o, = (@)1, -+, @j ), in which each dihedral
angle Pu; = (Pj1 - Pjm-1) between two consecutive sectors is a driving angle. If neither of the crease

lines on either side of a sector are driven, this sector represents a unit on its own.

Fig. 26a schematically shows a generic unit that, for illustrative purposes, is equivalent to the
folded state of unit u; in Fig. 24c. Since single vertices belong to the class of spherical mechanisms
[100, 112, 117], the following calculations are performed using spherical geometry. In addition, all the
point coordinates calculated in the kinematic model are assumed to lie on a sphere of unit radius to omit
normalization. The first sector a;; of a unit is defined to lie in the xy-plane as illustrated in Fig. 26a on
the left-hand side by the Cartesian coordinate system whose origin lies at (0,0,0). Then, the first point

P, is located at P, = (1,0,0).

Fig. 26: a) A unit u; with sector angles q; 1, ..., @; ,,,, driving angles p; 1, ..., pj m—1, Unit angle U;, start angle
B;, and end angle §;. Spanned angles ¥s; and Ve, are used to calculate start and end angle, respectively.
b) The same unit (now u;) constitutes an arbitrary single vertex together with two other generic units u,
and u;, where the vertex triangle with sides U,, U,, and U; is shown in thick lines. The combination of
start angles B,_s, end angles §,_;, and internal angles 6, _; leads to the unknown dihedral angles ¢;_5.
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The unit angle U; lies between the first and the last crease line of a unit (Fig. 26a), and the

location of the last point P, ,, is calculated with the following expression:

m-—1
Pim = (ﬂ R, (“j,i)Rx(Pj,i)> R, (@m)Po (17)

where R, and R, are the standard rotation matrices that rotate around the x-axis and the z-axis,
respectively, by the rotational angle within the parentheses. Then, the unit angle U; is expressed by the
standard formulation of an angle between two vectors:
Ui = cos ™ (Pio " Pim) (18)

If a unit consists of a single sector, the unit angle U; is equal to the sector angle «;, and the
calculations in Egs. (17) and (18) can be omitted.

Fig. 26b depicts the same unit as Fig. 26a (now u,) together with two other arbitrary units that
constitute a single vertex. Since the unit angles U;, U,, and U; are equivalent to the sides of the vertex

triangle, the internal angles of the vertex triangle are simply calculated using the spherical law of cosines:

_, cos Uy — cos U, cos Uy

6, = cos - -
sin U, sin U,
_, cos U, — cos U; cos Uz

6, = 1
2 = €08 sin U; sin U, (19)

_, cos Uz — cos U cos U,

65 = cos - -
sin U; sin U,

Since these internal angles are by definition positive, their signs will be adapted to the respective

RBM once the unknown dihedral angles are assembled at the end of this section.

The start angle g; is an internal angle of the spherical triangle whose sides are constituted by

@1, Uj, and ¥s; (Fig. 26a). Of these, the only missing side is ¥s; which can be expressed analogous to
Eq. (18) as ys; = cos™(P;1 - ;) With the point Py, = R,(a;1)P;,. Before the magnitude of B; is

calculated by using the spherical law of cosines, a sign for the start angle needs to be introduced since
the direction of rotation matters once the vertex is assembled. This rotation is applied in the counter-
clockwise direction when the first sector of a unit lies within the vertex triangle and in the clockwise

direction when the first sector lies on the outside (8, and g3, and 3, in Fig. 26b, respectively). Hence, ;
is defined to be positive when the point P, ,, in Fig. 26a lies beneath the xy-plane and negative in the
opposite case. In mathematical terms, this results in the negative sign of the z-coordinate of P,

—sgn(P/,), which leads to the following expression for the start angle f;:
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L COSYs; —C0Sa;j, €OS U;

= _gon(P? - 2
Bi sgn(Fyin) cos sina; 4 sin U; (20)

While the magnitude of the end angle §; can be equivalently calculated by applying the spherical
law of cosines to the spherical triangle with the sides a; ,,, U;, and Ye; (Fig. 26a), determining its sign is
not as straightforward as for the start angle. The difficulty is that the location of P;, with respect to the
last sector «a;,, cannot be determined in the current coordinate system (x,y,z) without a solving
procedure that involves inverse matrix calculations. To avoid these, an auxiliary coordinate system
(x',y',2") is introduced, whose x"y’-plane is coplanar to the sector «; ,,, (Fig. 26a, right-hand side). Then,

the above procedure is repeated with negative sector and dihedral angles in reverse order to achieve

an analogous sign of the z’-coordinate of P, 5. In practice, the following calculations for the end angle are
decoupled from the previous ones, and the same rotation matrices R,, =R, and R, = R, can be

applied. Using the same notation for the points as in Fig. 26a, the point P, , is then located at P/, =

(1,0,0), and the point P/, can be expressed as:

le,O = RZ(_am) (1_[ Rz(_pm—i)Rx (_am—i)> P],,m (21)
i=1

With the point P/,,_; = R,(~ay,) and with the spanned angle y,; = cos ™ (P/m_1 * F},), this leads

to the following expression for the end angle 6;:

| €OSYe; — COS @) m COS U;

8; = —sgn(Pj;) cos” (22)

sin a; , sin U;
If a unit consists of a single sector, both its start and end angle are zero since the sector already

represents the side of the vertex triangle, and the calculations in Egs. (20) - (22) can be omitted.

Finally, to assemble the unknown dihedral angles ¢ that emerge at the corners of the vertex
triangle (Fig. 26b), the kinematic model needs to account for the RBMs of the vertex denoted as M; and
M,. By associating M; with the “upward” and M, with the “downward” motion equivalent to Fig. 25a, the
rotations of the internal angles are applied in the counter-clockwise and the clockwise direction,
respectively. The unknown dihedral angles ¢ can then be calculated with:

(ﬁ3'ﬁ1'ﬁ2) + (TT - 911’[[ - 92:’“ - 93) + (82, 53, 51), lfMT

010w ps) = | 23
® = (@102 05) {(ﬁ3;ﬁ1'ﬁ2) + (6, —m,0; — W 0; — ) + (82, 85,6,),if M, @
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4.2.4 Implications for Single Vertices

Having completed the kinematic model, this section first focuses on the implications and
advantages of the PTU with respect to single vertices. To describe a vertex in a concise form, the

following notation is introduced, defining a vertex v unambiguously by its mode and units

v = v(mode, Uy, Uy, Us) = v (M, (aty,, Puy)s (A, Pu,), ((xu3,pu3)) (24)

where M is the RBM and oy, and py; are the sector and driving angle vectors corresponding to unit u;.
Note that not all units contain a driving angle, in which case the driving angles Py, are omitted in Eq.
(24) and the sector angles oy contain only a single sector angle, oy = Qg For simplified readability,
in this notation the sector angles are given in degrees instead of radians. In addition, U; = U;(t) is used
to denote a general unit angle, and the value for the argument t is provided only when specific folding
states are addressed, such as for the initial state U;(0) or the fully folded state U; ().

The following subsections first cover computational aspects of the kinematic model, after which
the intrinsic conditions for the rigid and flat foldability of degree-n vertices are presented.
4.2.4.1 Computation

The kinematic model of the PTU involves only forward matrix multiplications and the law of
spherical cosines and thus enables the analytical calculation of the unknown dihedral angles ¢ in real
time. To demonstrate the benefits of the kinematic model by an example, Fig. 27 depicts three vertices
with increasing degree n = 12, 36, and 360 from top to bottom, where the folded states go from the

initial state on the left to the fully folded state on the right.

All of these vertices are shown in RBM M; and are rotationally symmetric with three identical

T -
units. Each unit contains g sector angles oy, = o = (? ?) and "T3 linear driving angles with
alternating signs, psym = Py; = (t,—t,...,—t,t)T. Following Eq. (24), the units are Usym = (Csym) Psym)

and the vertices in Fig. 27 can be denoted with v(MT,usym,usym, usym). The folding motion of these
vertices shows that with increasing n the shape of the surface around the vertex progressively converges
toward the shape of the underlying vertex triangle: while the degree-12 vertex is still relatively coarse,
the shapes of the surface and the vertex triangle are almost identical for n = 360. To the best knowledge
of the author, this degree-360 vertex is the highest degree vertex presented in origami literature, and
while this is not the upper possible limit of the PTU, an even higher degree does not seem to provide

any practical advantage, at least for rigid origami.
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Fig. 27: Symmetric vertices of degree n = 12,36,360 from top to bottom that fold from left to right with
t =0,1.2,2.6,m, respectively

In a more mathematical sense, Fig. 27 further implies that a symmetric vertex with n - o
converges into a single line in its fully folded state, which demonstrates the versatility of origami
mechanisms that can theoretically fold from 2D objects into 3D shapes and back into 1D primitives.
4.2.4.2 Rigid Foldability

While the kinematic model of the PTU enables the calculation of the unknown dihedral angles,
the boundaries to which these angles are well defined have to be determined in order to answer RQ1.
Again, the PTU provides an intuitive approach to determining these boundaries. The motion of a vertex
is subject to a closure constraint that dictates the continuity of the surface around the vertex. Although
this surface is virtually replaced by the vertex triangle in the PTU, the original closure constraint remains
intact because the vertex triangle is just a kinematic representation of the original surface. Thus, a vertex
can only fold rigidly if its unit angles U; constitute a vertex triangle, or in other words, if such a vertex
triangle exists.

The condition for the existence of a triangle is a fundamental notion in geometry and has long
been proven for planar as well as spherical triangles. The condition is termed the triangle inequality

[124] that states that the longest side of a triangle has to be smaller than or equal to the sum of the two
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shorter sides. Fig. 28 depicts a state in which the triangle inequality is not satisfied because the sum of
the two shorter sides U; and U; is smaller than the longest side U,. Consequently, these sides cannot
be connected to a triangle as illustrated in Fig. 28 using dashed lines, which results in a state that is not

rigidly foldable.

P1

I —
\

(I
\

Fig. 28: Non-rigidly foldable state of the vertex v (MT, (60), (120), ((90,90)T, (t))). As illustrated by the
dashed lines, the unit angles U;_; cannot be joined to a vertex triangle because U, > U; + Us.

At the depicted state, the driving angle p; has surpassed its limits and the unit angle Us is too
small to satisfy the triangle inequality. Hence, with the set Sy = {U,, U,, U5}, and with the longest side
Umax = max(Sg), the medium side U,,.q = median(Sy), as well as the shortest side U,,;, = min(Sy), the

condition for the rigid foldability of any single degree-n vertex can be expressed as:
Umax < Umed + Unin (25)

Note that the assignment of U,,,, can switch during the folding process because the size of
driven unit angles changes over time. As an example, folding the vertex
v(MT, (60), (120), ((90,90)T, (t))) in Fig. 28 results in a step-wise process where U,,., = Us initially
represents the biggest unit angle that is equal to the sum of the other unit angles, U;(0) = U;(0) + U,(0).
Then, U; monotonically decreases but remains U, in the range t € [O,E). For t > g U; becomes
smaller than U, and the assignment of U, in Eq. (25) changes. Now, the condition reads U, < U; +
U;, which translates to 2?“ < §+ cos™1(—cos(t)) and finally to t < 2?“ Hence, the degree-4 vertex in Fig.
28 folds rigidly until t = 2?“ The same simple procedure can be applied to vertices with n > 4 where the

only increase in complexity is the computation of the unit angles U; that can be calculated straightforward

using Eq. (18).
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4.2.4.3 Flat Foldability

While rigid foldability corresponds to the entire folding motion, flat foldability only corresponds
to the fully folded state in which all dihedral angles are required to be equal to zero or +m. Since the
unknown dihedral angles ¢ in Eq. (23) result from the sum of start, internal, and end angles, the
combination of these angles needs to be equal to zero or +m. By requiring that all driving angles go to
+m, each unit itself folds flat, in which case the start and end angles are zero because the unit aligns
with the plane of the unit angle U;. As a consequence, the only remaining factors are the internal angles
6 that consequently have to be zero or +m themselves. Hence, in a vertex that folds flat, the vertex
triangle also folds flat. Disregarding the unfolded state, a vertex triangle can only fold flat if the sum of
its two shorter sides is equal to the longest side, equivalent to the triangle inequality that is transformed
into an equality. Thus, with the set Sy = {U; (1), U, (1), Us(m)} that contains the fully folded unit angles
(t = ), and with the maximum, the medium, and the smallest elements U (1) yax = Mmax(Sg), U(TM) pmeq =
median(Sg), and U (1) i, = min(Sg), respectively, the condition for the flat foldability of a degree-n vertex
can be expressed as:

U(Mmax = U(Mmed + U (M min (26)
The condition in Eq. (26) is readily transformed into a form that solely contains sector angles

since the fully folded unit angles U;(m) can be calculated by hand. Every driving angle is fully folded,
which means that consecutive sector angles within a unit align in opposite directions, and a fully folded
unit angle thus results in U;(m) = |a]-,1 — @, tajz— a]-,m|. Note that the unit angles are by definition
positive, which is ensured here by the absolute. To illustrate the applicability of Eq. (26), the example of
a degree-7 vertex v(M;, ((80,40,40)T, (t,—t)T), ((90,40,50)T, (t, —t)T), (20)) is considered, for which the
fully folded unit angles result in U;(m) = |80 — 40 + 40| = 80, U,(m) = |90 — 40 + 50| = 100, and
U;(m) = 20. Consequently, the vertex corresponds to the case U,(m) = U, (1) + U;(m) and folds flat. Fig.
29 demonstrates that this is indeed the case and that the folding motion is non-trivial, i.e. that no dihedral

angle remains zero during the folding motion.

t=0 t=205 t=21 t=m

Fig. 29: Flat foldable degree-7 vertex v(M;, ((80,40,40)T, (t,—t)T), ((90,40,50)7, (¢, —t)T), (20)) folding
from left to right illustrated at the states t = 0,0.5,2.1,
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A special situation arises when all fully folded unit angles U;(m) are equal to zero, in which case
the vertex triangle degenerates into a single point. Then, new DOF are introduced in the final state and
the folding motion needs to be continued by a new set of driving angles to fold the vertex completely

flat. Examples for this special case are symmetric vertices as depicted in Fig. 27.

4.2.5 Implications for Crease Patterns

Since the PTU is able to model the kinematics of any single degree-n vertex and further provides
conditions for the rigid and flat foldability, the question arises whether the PTU can also assess the
global rigid foldability of an origami. To answer this question, the PTU is analyzed here with respect to
crease patterns. The next subsections first demonstrate the implications of the PTU on the generation
of crease patterns, present the subset of crease patterns whose global rigid foldability can be assessed,
and then show the limitations of the PTU by explaining the cases whose kinematics cannot be globally
modeled. In doing so, the following subsections also present findings that correspond to RQ3.
4.2.5.1 Crease Pattern Generation

As mentioned in Section 4.2.2, the information transmitted between vertices are the unit angles
U. While the unit angles are quantitatively assessed with respect to single vertices in previous sections,
here the focus lies on their qualitative propagation throughout a crease pattern.

The PTU predicates on the fact that a single vertex of degree n transforms n — 3 inputs into
three outputs. These inputs and outputs result in a directed flow and can be modeled in a planar directed
graph G = (V,E) where V is the set of vertices v; and E the set of directed edges e; ; going from v; to v;
such that i # j. For each vertex, the respective driven crease lines can then be represented as incoming

edges and the crease lines with unknown dihedral angles as outgoing edges [74].

In the PTU, the kinematics of single vertices are modeled individually, even when these vertices
are embedded within a crease pattern. For an internal vertex v; of degree n;, its indegree deg™(v;) =
n; — 3 linearly scales with n; and is unrestricted as long as n; > 4. However, its outdegree deg* (v;) must
always satisfy the condition deg* (v;) = 3. In other words, any number of incoming edges can be added
to a vertex without compromising its kinematic determinacy as long as the vertex has three outgoing
edges. Hence, if all vertices within a crease pattern have three outgoing edges, the entire crease pattern
itself is kinematically determinate. With respect to RQ3, the PTU thus provides a simple rule to generate
kinematically determinate crease patterns by requiring that each vertex within the crease pattern has

three outgoing edges.
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Fig. 30 illustrates an example of an arbitrary origami crease pattern generated by the above rule

and shows the assignment of the units u, , u,,, and u;, for each individual vertex v;, which can eventually

be used to assess the kinematic behavior of the entire crease pattern.

Fig. 30a starts with a single degree-4 vertex v, that is driven by the edge e;, to which an
arbitrary driving angle p4 is assigned in order to fold the crease pattern whose boundary is illustrated by
dotted lines. The first unit of v, u,,, contains the sectors adjacent to the edge e, , and is driven by py,
whereas the remaining units u,, and u;, are constant. This information allows for both the expression
of the unit angles Uy, U,,, and U, (not illustrated in Fig. 30) with Eq. (18) and the design of the sector

angles around v, in a way such that v, folds rigidly for the given pq.

As a next step, there is a choice of which vertices to extend with three outgoing edges, which is
performed in Fig. 30b where the vertices v; and vs are extended. While the units of v; and vy are
assigned analogously to the ones of v,, they are driven by edges incident to v, whose unknown dihedral
angles can be expressed using the kinematic model presented in Section 4.2.3. This completes the

definition of the respective incoming units u,, and u,_, and thus determines the information transmitted

between v, and the vertices v; and vs.

157 e

Fig. 30: (a-e) The step-wise generation of an arbitrary crease pattern represented as directed graph that
complies with the rule that every vertex requires three outgoing edges to be kinematically determinate.
In addition, the assignment of units that enables the assessment of the kinematic behavior of the entire
crease pattern is illustrated for each individual vertex. (f) Arbitrary folded state of the resulting crease
pattern.
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In Fig. 30c, the same procedure is applied to vertex v,, but this time two of the outgoing edges
are connected to the already existing vertices v, and v,. Since there is no restriction on the number of
incoming edges, vertices v, and v, can be equally extended and result in degree-5 vertices in Fig. 30d.
Again, all the incoming dihedral angles are known for both vertices, so the units can be modeled and

the sector angles can be designed such that the unit angles around v, and v, satisfy Eq. (25).

Two of the outgoing edges of v, and v, are connected to an existing vertex vg that then becomes
a degree-6 vertex after its extension in Fig. 30e. The PTU can be identically applied to vg, with the sole
difference that the unit u, , comprises four sectors and three driving angles. Note that the vertices on the

boundary of the paper do not require three outgoing edges because they are not subject to the closure

constraint of the surface.

At any state of the generation process in Fig. 30a-e, the graphs lead to kinematically
determinate crease patterns. The kinematics of each generated vertex can be modeled as soon as it
has been extended with three outgoing edges since at this point all information necessary to describe
the unit angles is known. In this way, the PTU determines the propagation of unit angles throughout the
crease pattern. In addition, the condition for rigid foldability given in Eq. (25) can be directly embedded
in the design of the sector angles around the vertex so that each generated vertex and thus the entire
crease pattern folds rigidly. This is illustrated in Fig. 30f that depicts an arbitrary rigidly foldable state of

the final crease pattern.

However, there is an implicit assumption within the kinematic model of the PTU that restricts its
application with respect to crease patterns. The kinematics of each individual vertex can only be
assessed if all unit angles and thus all incoming n — 3 dihedral angles are known. This leads to the
condition that the underlying directed graph must be acyclic. Within such an acyclic graph, the
information propagated to a vertex v by its predecessors is independent of the outgoing information of
v. Consequently, all vertices can be kinematically modeled in the order in which they were generated,
and the PTU provides the global rigid foldability of the pattern.
4.2.5.2 Limitations: Acyclic Graphs

Fig. 31a depicts an acyclic graph with three vertices that exhibit a clear order in which they can
be modeled. Vertex v, is driven by the dashed edge and passes information to v, that propagates its

information to v5. In Fig. 31b, one of the outgoing edges of v; is incident to the driven vertex v;. The

62



information propagated by this edge, however, is dependent on the kinematic behavior of v, itself, in
which case a system of constraints would have to be solved to gain the unknown dihedral angles.
However, such a system is difficult to solve due to the high non-linearity of the unknown dihedral angles
even for simple patterns such as in Fig. 31b, which essentially limits the PTU to acyclic graphs. Note
that the same graph connectivity as in Fig. 31b results in a different graph when v, is driven instead of
v, (Fig. 31c). In this case, the kinematics of vertices v,, v;, and v, can be modeled in the given order,
and the PTU is again able to determine the global rigid foldability of the pattern. Unfortunately, the
boundaries of the global rigid foldability in Fig. 31c cannot be transferred to the crease pattern in Fig.

31b because the range of motion itself depends on the chosen set of driving angles [119].

Fig. 31: Directed graphs with three vertices v,_; and dashed edges that represent the driving
information. (a) Acyclic graph with clear modeling order v,, v,, v;. (b) Cyclic graph whose kinematics
cannot be modeled by the PTU. (c) The same graph connectivity as in (b) leads to an acyclic graph
when v, is driven, in which case the modeling order is v,, vs, v,.

4.3 Manual Application and Results

The PTU offers deep insight into the mathematics of folding and presents vast possibilities for
the design of origami crease patterns. To highlight these possibilities, this section shows the manual
application of the PTU to generate an improved version of the adapted flasher (Fig. 8), to investigate
the ability of the PTU to model different RBMs, and to design a target shape in the form of a chair in

order to explain the influence of symmetry in origami as part of the answer to RQ3.

4.3.1 Flasher Revisited

While the optimized geometry of the adapted flasher crease pattern in Fig. 17 does fold into the
cuboid prescribed in Section 3.4, adding more layers to the outside of the pattern requires additional
adjustments to the crease pattern geometry since the adapted flasher does not fold into a regular shape.
Here, the focus lies on adjustments of the original pattern that preserve the regular folded shape and

the actuation with one DOF on all four sides.
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The approach taken in Section 3.3 to adapting the pattern is based purely on empirical evidence
observed as crease lines appearing in the folded paper model, as suggested by Zirbel et al. [17]. Their
suggestion involved the introduction of diagonal crease lines in the quadrilateral facets, which was
complied with by adding crease lines to f, and f; in Fig. 7, resulting in the adapted flasher pattern in Fig.
32a. However, since there are two quadrilateral facets with two diagonals each, there arise four possible

ways to adjust the original flasher pattern as illustrated in Fig. 32a-d.
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Fig. 32: Top: All different possibilities to adjust the original flasher pattern, where (a) corresponds to the
adapted flasher while (b-d) have not yet been assessed. Bottom: Manual generation process from left
to right of solution (c), the only crease pattern of (a-d) that can be modeled using the PTU.

The findings of the previous sections signify that the PTU can only model the pattern in Fig. 32c
since the patterns in Fig. 32a, b, and d, although kinematically determinate, lead to cyclic graphs.
The manual generation process of the pattern in Fig. 32c is depicted at the bottom of Fig. 32

from left to right. The far left starts with the central facet whose crease lines are all driven by the same

driving angles going from 0 to g Represented as a directed graph, these driven crease lines result in

double-sided arrows because the driving angles impact the incident vertices on both ends of the
actuated edges, which leads to an indegree of two for each vertex of the central facet. Extending all of
these vertices by three outgoing crease lines and successively connecting two of the new crease lines
to the same vertex, v, on each of the four sides results in a first layer that is identical to the first layer
of the adapted flasher pattern in Fig. 9a. Extending v; and then v, together with their rotations yields

the pattern at the bottom far right of Fig. 32 that corresponds to the pattern in Fig. 32c.
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Using the kinematic model of the PTU presented in Section 4.2.3, the folding motion of the novel
pattern generated can now be assessed. As shown in Fig. 33, this new version of the flasher, here called
the rigid flasher, folds rigidly with a single DOF (on all four sides) as depicted by the actuation on the
bottom left of Fig. 32. In comparison to the adapted flasher (Fig. 9a), however, the rigid flasher folds
perfectly onto the prescribed cuboid surface, which complies with the original purpose of the non-rigid
flasher and allows for the extension of the rigid flasher to additional layers by analogously applying the
PTU. The rigid flasher is thus an improved version of the adapted flasher and can serve as a basis for

space applications, as presented by [17].

Fig. 33: Motion of the rigid flasher folding from the initial flat state into a perfect cuboid shape

4.3.2 Rigid Body Modes

As described in Section 4.2.3, the kinematic model of the PTU handles RBMs as an input, which
enables the enumeration of different RBMs according to the needs of a design practitioner. To highlight
this ability, Fig. 34 shows the generation process of a symmetric pattern here called the star pattern that

resembles the flasher pattern but exhibits fewer internal vertices to decrease the number of RBMs.

Pd, Pd, — -

Fig. 34: Manual generation process of the star pattern from left to right

The same crease pattern used in Fig. 32 is initialized on the far left of Fig. 34, after which all

four vertices of the central facet are extended. The topology of the resulting graph in the middle of Fig.
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34 is identical to the first layer of the rigid flasher, but the diagonal crease lines are elongated and v,
and its rotations are located mirror-symmetrically. On the far right of Fig. 34, v, and its rotations are
extended with three outgoing edges, and two of these edges are incident to the vertices in the corner of
the crease pattern.

The star pattern exhibits eight internal vertices, all of which can adopt two different RBMs,
resulting in 28 = 256 different folded shapes. As expressed in Eq. (23), RBMs influence the unknown
dihedral angles, but they do so symmetrically with respect to the flat plane, which is why the condition
for the rigid foldability of a crease pattern in Eq. (25) does not depend on the RBMs. What does affect
the rigid foldability, however, are the driving angles: for, e.g., a positive driving angle with a RBM M;, the
symmetric counterpart in motion is a negative driving angle with a RBM M|, and vice versa. Instead of
actuating the star pattern with identical driving angles p4, , (Fig. 34) as done for the rigid flasher, all of
these driving angles can be chosen independently of each other as long as the condition for rigid
foldability is satisfied. Thus, the star pattern exhibits 256 different RBMs for each individual actuation,
resulting in a much larger number of different possible motions, which again demonstrates the vast
search space of origami. Hence, enumerating the whole search space of different motions for a simple
pattern such as the star pattern is virtually impossible, which is why the benefit of the PTU is highlighted

by copying a handful of RBMs and different actuations of an additively manufactured version of the star

& 8
Y

pattern in Fig. 35.

Fig. 35: Flat and folded states of the star pattern in comparison to an addltlvely manufactured version
showing different RBMs as well as different actuations

Fig. 35a shows the star pattern in its initial flat state, and Fig. 35c, Fig. 35d, and Fig. 35f depict

folded states achieved by folding the pattern with identical driving angles pq4,_,. Fig. 35b and Fig. 35e
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are folded by varying the driving angles, where p4, and pq4, are positive in Fig. 35b, and slightly more
negative (pgq, = pg, = —t) in comparison to their symmetric counterparts (o4, = pq, = —1—t2) in Fig. 35e.

4.3.3 Target Shape and Symmetry

In this section, the PTU is manually applied to design a crease pattern that mimics the target
shape of a chair. While the crease patterns in the previous sections were generated in the flat state, the
design process can be reversed to generate the crease pattern in the folded state. The only difference
to the conventional approach is that the developability of the surface needs to be guaranteed in addition
to the condition for rigid foldability. This requirement adds a simple set of constraints stating that the
sum of the sector angles around each vertex needs to be equal to 2w. Then, with some experience an
origami design practitioner can utilize the PTU to plan and design a target shape, a process illustrated

in Fig. 36.

Fig. 36: The step-wise generation of an origami chair achieved by manually applying the PTU. The entire
chair is depicted in (a), while one half of the model is eliminated in all steps until (b) to display the
development of the origami. From (c) onwards, the origami chair folds from its deployed to its flat state
with a single DOF.
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Fig. 36 shows the stepwise generation of an origami chair from the original chair in Fig. 36a to
the completed model shown in Fig. 36b, which, together with the intermediate steps, depicts a sliced
version of the chair and its origami complement. Fig. 36¢c shows the chair in its full origami form that
unfolds to the flat state at the bottom right of Fig. 36 with a single DOF.

The same procedure is illustrated in Fig. 37 where the generation steps are shown for the crease

pattern in the unfolded state.

Fig. 37: The stepwise development of an origami chair pattern with vertices v,_g and their symmetric
counterparts v;_g, driving angle p4, and identical sets of dihedral angles p; s = psr s and pg o = pyr 6
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The initial crease pattern at the top left of Fig. 37 corresponds to the first step after Fig. 36a and
involves two facets sharing a crease line that is folded by the driving angle p4. Each subsequent step
signifies the addition of one vertex from v, to vg, first detailing the seating surface, then the armrest, the
front leg, the backrest, and the hind leg. Finally, the one-sided crease pattern is mirrored to result in the
final chair crease pattern at the bottom right of Fig. 37 that corresponds to Fig. 36¢c. The process
complies with the guidelines of the PTU for the generation of crease patterns and satisfies the condition
for rigid foldability. The sector angles are determined by adjusting their sizes to approximate the chair
model in Fig. 36a in a trial-and-error process.

Special about the origami chair pattern at the bottom right of Fig. 37 is that it exhibits a mirror
symmetry with respect to the vertical axis. In theory, the crease pattern is overconstrained around both
vertices vs and vs. Due to the symmetry, however, the dihedral angles p; s and p, . are identical to
their counterparts ps 5 and pg ¢, respectively, and the origami chair still folds rigidly. If any of the vertices
v;_g, their symmetric counterparts, or the vertices on the border of the pattern were to change location,
any deviation of the driving angle p4 from its initial state would lead to a non-rigid motion. With respect
to RQ3, this means that symmetry (both mirror symmetry as shown for the chair and rotational symmetry
such as in the Miura-ori, as well as patterns emerging from fold angle multipliers) renders some

constraints redundant and allows for seemingly overconstrained origami crease patterns to fold rigidly.

4.4 Discussion

This section presents an investigation of the analytical kinematics of origami by first examining
degree-4 vertices and then generalizing the findings for degree-n vertices. This generalization
encapsulates the findings for degree-4 vertices, so only the PTU and its implications are discussed here.

The PTU models the kinematics of single degree-n vertices analytically and in real-time. Its
efficiency is based on the existence of the vertex triangle at the core of a vertex. The sides of this triangle
are well defined by the inputs necessary to fold the vertex, which are the sector angles, the n — 3 driving
angles, and a RBM M; or M,. The MV assignment implicitly depends on the RBM, and the three unknown
dihedral angles can always satisfy the conditions presented by Abel et al. [62].

In addition, the kinematic model does not presuppose a developable surface and is thus
applicable to generic spherical linkages with rotational joints. This ability vastly extends the possible
applicability of the PTU and renders it a versatile method for the analysis and design of origami vertices

and spherical mechanisms.
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The only limitation of the kinematic model known to the author corresponds to the sign functions
in Egs. (20) and (22). When a start angle §; or an end angle §; converges toward m and surpasses that
value, the value of the sign function switches, and the corresponding start or end angle jumps from +n
to - m, or vice versa. Since this jump is equal to 2m and thus a full rotation, the surface of the origami
remains continuous, but the function of the corresponding unknown dihedral angle is discontinuous.
This discontinuity might complicate future arithmetic operations although it is not certain if such
operations are even applicable to the highly nonlinear dihedral angles. In addition, this situation is
uncommon and leads to units that wrap around themselves, which usually results in self-intersecting
vertices. Furthermore, the conditions for rigid and flat foldability are not affected since they depend only
on the unit angles.

Next to its kinematic model, the PTU provides a set of intuitive answers to previously unsolved
problems such as the conditions for the rigid and flat foldability of degree-n vertices. While the former is
based on the triangle inequality, the latter corresponds to the same equation converted into an equality.
Note that the triangle inequality for spherical triangles is valid only for Euler triangles in which no sides
are greater than m [124]. This condition is satisfied in origami with the range of the sector angles, 0 <
a <, and the unit angles U; that are by definition smaller than m. The observation that both conditions
for rigid and flat foldability are based on the same triangle provides a link between the two biggest
notions in origami. At the last rigidly foldable state of a vertex, the vertex triangle degenerates into a flat
triangle, and this state simply coincides in flat foldable vertices with the driving angles being at their
extreme at +m. Hence, flat foldable vertices are the most robust vertices in terms of their range of motion.

However, the condition for flat foldability in Eq. (26) considers only the final folded state and
does not guarantee that the vertex folds rigidly up to this state. A vertex that folds flat but not rigidly can
occur in a developable vertex if the sum of the sectors of a unit is greater than m and if any two driving
angles of that unit exhibit different signs. Then, the unit angle of that unit will initially increase when the
driving angles deviate from zero and the condition for rigid foldability is not satisfied because the other
two units already span the maximum distance in the unfolded state. It can happen, however, that the
increased unit angle subsequently decreases and becomes smaller than the sum of the other units. The
vertex then starts to fold rigidly midway through the folding motion, and thus exhibits a disconnected
kinematic topology [20]. Such a vertex is able to fold flat although it does not fold rigidly during the entire
motion. Fig. 38 shows the example of a developable vertex v(M;, ((40,100,70)7, (t,—t)T), (70), (80))

whose first unit initially spans sector angles that sum to a value greater than m, 40° 4+ 100° + 70° > 180°,
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and whose driving angles are of opposite sign (t, —t). The maximum unit angle U,,., thus increases
initially, leading to a non-rigid motion for 0 < t < ~1.36, so that the vertex folds flat but rigidly only from

the dashed line onward.
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Fig. 38: A developable vertex that folds flat but only rigidly from the dashed line onward

Consequently, the condition for flat foldability only guarantees rigid foldability for vertices that
involve units whose sector angles sum to less than m. Such vertices are generally more robust,
especially within crease patterns where the sign of the propagated dihedral angles is not obvious without
prior assessment.

With respect to crease patterns, the PTU contributes by specifying that the propagated
information within a crease pattern are the unit angles U; and by providing a global kinematic model for
crease patterns that arise from acyclic graphs. Hence, although the PTU is a powerful tool to assess the
motion and global rigid foldability of a wide range of crease patterns, it does not suffice for determining
a generic condition for global rigid foldability. In addition, the PTU offers a simple rule for the generation
of crease patterns, which states that an origami is kinematically determinate if its vertices exhibit three
outgoing edges. Note that this rule is a sufficient rather than a necessary condition because crease
pattern topologies with symmetry can be seemingly overconstrained and still fold rigidly, as shown in
the example of the origami chair. In these cases, the multitude of incoming dihedral angles are congruent
and thus redundant.

With respect to the second part of RQ1, the rigid foldability of an origami crease pattern can be

assessed by focusing on the single vertices that constitute the building blocks of any crease pattern. To
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fold rigidly, a single vertex has to comply with U .x < Unea + Unmin,» @nd when this condition is satisfied
within an acyclic crease pattern graph, the entire origami folds rigidly. This answer to RQ1 is a major
contribution to origami since rigid foldability is an important requirement for many engineering design
tasks.

The PTU also answers RQ2 by offering a kinematic model for the different RBMs. In comparison
to related methods that can simulate the RBMs only by including prior knowledge about the MV
assignment or by perturbing the vertices, the PTU recognizes that the different RBMs arise from the two
possible formations of the vertex triangle and thus enables the modeling of RBMs as a design input.
This finding is a significant contribution to the design of origami crease patterns because the RBMs can
be deliberately chosen based on the design task instead of posing an insurmountable geometric
complexity.

With respect to RQ3, the PTU states that a crease pattern is kinematically determinate if all of
its individual vertices have three outgoing crease lines. This rule can only be disobeyed when either
mirror or rotational symmetry is present in the geometry of the crease pattern graph, or if the geometry
obeys the fold angle multipliers in which case there emerges a symmetry of information. Symmetry
reduces the number of constraints by rendering some constraints redundant because some of the
incoming dihedral angles are congruent to the actuation of the crease pattern. The rule for the kinematic
determinacy and the possible reduction of constraints through symmetry then result in the appropriate
number of DOF. The number of DOF, which before was the subject of complex analyses for the mobility
of origami mechanisms is now a simple input to the generation of a crease pattern as demonstrated by
the examples in Sections 4.3.1-4.3.3. The explanation of these relations thus enables the straightforward
generation of origami crease patterns, which is an important contribution to the science in origami.

In Section 4.4, the PTU is manually applied to design different crease patterns including the
rigid flasher, the star pattern and an origami chair. However, the design space offered by origami is vast
with respect to both the topology and geometry of crease pattern graphs as well as the RBMs. Manually
applying the PTU leads to results only because the author either designed a crease pattern after a
template (rigid flasher), generated a very simple pattern (star pattern), or already has experience in
designing crease patterns (origami chair). The PTU thus still represents a tool for advanced origami
design practitioners, and the full range of capabilities offered by origami can only be exploited by
automating the design process. The embedding of the PTU and the answers to RQ1-RQ3 into an

automated process, as prompted by RQ4, is described in the next section.
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5 Analytical Approach to the Computational Method

In comparison to the numerical approach in Section 3, the PTU enables a more direct approach
to the computational method for the synthesis of origami crease patterns. This section describes an
automated graph grammar based approach that integrates the analytical condition for rigid foldability
(RQ1), the new analytical kinematic model including the RBMs (RQ2), and the guidelines to generate
kinematically determinate crease patterns so that the folding motion of the origami can be driven by the
desired number of DOF (RQ3). The workflow of the automated method is illustrated in Fig. 39 where the

six parts constituting a CDS method are highlighted in red.
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Fig. 39: Workflow of the method containing the input, the representation of the topology and the
geometry, the generation, the guidance that enumerates all RBMs, the evaluation that incorporates both
the optimization of design alternatives and the intersection check, as well as the output of a collection
of feasible origami concepts that satisfy the given design task.

The user-defined input involves the definition of an initial graph G, that serves as a starting point
for the graph grammar generation of origami concepts, a maximum number of internal vertices N,
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contained within these concepts, and the formulation of a design task that involves an objective function
and other optimization-related inputs.

The computational method represents crease patterns as graphs and generates all possible
graph topologies (“Topology” in Fig. 39) during the generation step, in which the method employs a rule-
based graph grammar system to generate all possible crease pattern topologies that arise from the initial
graph G, and the maximum number of internal vertices Ny,.x. Simultaneously, the graph grammar
automatically introduces the variables and constraints of the generated graph topologies for the
optimization in subsequent steps. The generated topologies are then checked for redundancy and
eliminated based on isomorphism as well as further elimination criteria that can be supplied manually if
required.

Subsequently, the method steps into a loop in which a graph is first embedded within three
dimensions by associating it with the vertex coordinates and the relevant variables to represent its
geometry (“Geometry” in Fig. 39). Then, each graph is associated with all different RBM assignments to
its internal vertices, corresponding to the enumeration of all design alternatives. To evaluate the best
possible geometry of a design alternative, the evaluation step first optimizes each alternative and, if an
optimized alternative meets the design criteria supplied with the design task, subjects it to an intersection
check. A design alternative that fails this intersection check is discarded, otherwise it is added to the list
of feasible origami concepts.

This section is structured according to a CDS method including the representation, the
generation, the guidance, and the evaluation. Then, the proposed method for the synthesis of novel
origami concepts is applied to two engineering tasks that involve the design of rigid origami grippers and

robotic arms. Subsequently, the section presents the results and discusses the method.

5.1 Representation

The topology of a crease pattern is represented as a directed, labeled graph ¢ = (V,E, Ly, Lg),
where V is a non-empty set of vertices v; and E is a non-empty set of directed edges e; ; from vertices
v; to v; such that i # j. Vertices v; are called the predecessors of v; and v; are called the successors of
v;. Ly is a non-empty set of vertex labels and Lg is a non-empty set of edge labels. Let X, be a map
2yv:V - Ly that labels each vertex v; to its ordered predecessors P; and a type T;, so that each vertex
label L; in Ly is an ordered pair defined as L; = (P;, T;). If a vertex v; has no predecessors, P, = (@), then

v; is a source vertex. Otherwise, P; is populated with all predecessors of v; ordered in the counter-
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clockwise direction with respect to the crease pattern graph surrounding v;. The type T; of vertex v;
adopts symbol y when the vertex can be extended, which means that new outgoing edges can be
generated, or it adopts the symbol T; = @ when the vertex is either a source or has already been

extended. Let X be a map Jg: E — Lg that assigns an edge label L; ; in Lg to each directed edge e; ;,
where L; j = (FLU, FRL-,,-) is an ordered pair of the facets f located on the left and on the right side of ¢; ;,

respectively.

To clarify the notation, Fig. 40 shows an example graph that also represents the simplest
possible initial graph. This graph consists of just two vertices v; and v, connected by a directed edge
e ,. The vertex label L, = ((9),®) denotes that the vertex v; is a source and cannot be extended,
respectively. The vertex label L, = ((v;), x) denotes that v, is the single predecessor of v, and that v,

can be extended, respectively. Finally, the two components F,, , = f; and Fr,, = f, of the edge label

L, , signify that the edge e, , is adjacent to the facet f; on its left and f, on its right side.
’

v ).v
1. Liz = (L, Fr,,) = (fu. f2) 2

Fig. 40: Example of an initial graph G, comprised of two vertices v, and v, connected by a directed edge
e, vertex labels L, and L,, as well as the edge label L, ,

In addition to the initialization associated with the representation of the topology, the user has
to relate the initial graph to its engineering purpose and thus to its geometry. Hence, the user needs to
allocate in-plane coordinates x; to all vertices v; and define a driving angle p; ; for every incoming edge
incident to a vertex v; that can be extended. As an example, for the graph in Fig. 40 this could be defined
as x; = (0,0), x, = (1,0), and p;, = t where t represents a linear driving angle that goes from zero to
some value t ., € [, m].

5.2 Generation

The origami graph grammar GG is defined by the triple GG = (G,, R, @) where G, is the initial

graph, R = (r;,1,) is the set of rules containing r; and r,, and @ is the terminal symbol with respect to

the type T; of a vertex v; that prevents rule r; from being applied to a vertex with T; = @.

The definition of the initial graph G, is an input to the method and can involve many different

topologies. This definition, however, is restricted by the two guidelines for the generation of kinematically
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determinate crease patterns given in Section 4: first, all initial graphs G, must be acyclic. Second, the
outdegree of all vertices in G, must be smaller than 3; the method models the kinematics of a vertex
while extending that vertex, and it does not extend vertices that already satisfy deg*(v;) = 3. In fact, it
makes sense to initialize a graph as simply as possible to minimize the number of DOF and the tedium
of a human design practitioner, which is why the initial graph G, in Fig. 40 will be used for both design

tasks in Section 5.5.

The rule set R = (r;,13,) is designed to conform to the two guidelines presented in Section 4.
The first rule r; extends a vertex by new outgoing edges and incident vertices and ensures that each
extended vertex has three outgoing edges after the application. The second rule r, combines two
vertices and their incoming edges to enable the generation of higher order vertices while guaranteeing
that the generated graphs stay acyclic. In addition to the graph transformations, the rules r, and r,
embed a graph G in the plane, model extended vertices kinematically, and build or adjust the sets of the
optimization variables and constraints. To automate this process, the method initializes empty sets for
the in-plane coordinates x, the units u, the dihedral angles p, the global rotation matrices R, the
optimization variables @, and the optimization constraints . Moreover, the method initializes a set of
three-dimensional vertex coordinates X = {X;} where X; are the in-plane coordinates of all vertices v;
contained within the initial graph G,, which are appended with a zero that represents the z-coordinate.
Then, these sets are automatically filled and adjusted when the rules r; and r, are applied.
5.2.1 Rule r;: Extend Vertex

Rule r; is a production of the type r,: LHS; = RHS;, where the LHS;, is a single vertex v, to which
the rule is applied and where the RHS, is the same vertex v, with a number of new outgoing edges and
incident vertices. Depending on the initial graph G,, the outdegree deg* (v,) on the LHS; can be 0, 1, or
2, and r; should accordingly generate 3 — deg*(v,) new edges and vertices. Thus, rule r; is parametric
with respect to the number of successors of v, on the LHS;, which results in six possible rule application
scenarios ry ; — 11 6. For clarity, only the scenario r; ; (Fig. 41) is described in detail, whereas all other
rule application scenarios r; , — 1, ¢ are listed in a more concise form in Section 5.2.1.6. As illustrated in

Fig. 41, r, ; corresponds to the case where v, has no successors on the LHS;.

Fig. 41 depicts the LHS,;; and the RHS;; in red and the graph surrounding v, in grey as a

reference. This surrounding graph consists of any number of predecessors v,  for 1...m ordered in the
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counter-clockwise order, where the respective edges are divided by the sector angles a,,, to a, .. In

addition, the top of Fig. 41 shows a schematic graph transformation (framed).

11 By 7

Fig. 41: Rule r; ; for the specific scenario in which there are no successors of v, on the LHS;. Top:
Schematic graph transformation (framed). Bottom: LHS;; and RHS,;; (red) and surrounding graph
(grey).

5.2.1.1 LHS Matching of ry 4

A match M, of the LHS;, is found if v, is extendable as defined by its type T, = x and if
deg* (v,) = 0 (which corresponds to this specific scenario).
5.2.1.2 Graph Transformation of ry 4

On the RHS,,, rule r; generates three new successor vertices vs, . numbered in counter-
clockwise order that are connected to v, with directed edges e, ;, .. All generated vertices have identical
vertex labels Ly, _, = ((va),)(), making them applicable for a successive rule application of r;. While the
edge labels adjacent to existing facets adopt the edge labels of the corresponding edges (FLp1,a and
Fry. in Fig. 41 right), two new facets are generated and denoted with Fi . and Fi,- Hence, the edge
labels resultin L, = (FLa’Sl,FRpm’a), Las, = (FLa‘SZ, FLa’Sl), and L, = (FLp1,a’ FLa’SZ). All newly generated

indices s;_5 are in accordance with the enumeration of the nodes in G prior to the rule application.
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The application of r; to a graph G, G = G', results inthe graph ¢' = (V' =V U {v51_3},E’ =FUu
L&t

{eas, s hLv=LyW{ls .}, L'g =Lg¥{L,s, .}) where ¥ represents the disjoint union of sets [125]. In
addition, the type of the vertex v, is set to T, = @ to prevent any further extension of v,.
5.2.1.3 Coordinates and Optimization Variables of ry ,

Having completed the graph transformation of r;, that affects the graph topology, more
information is required about the graph geometry to apply the second rule r, and perform the subsequent
optimization. To embed the graph G’ within the plane, a set of coordinates is required to describe the
locations of all generated successors. Hence, all new edges e,,, . are located with their respective

sector angles a;, . (Fig. 41 right) and assigned with an edge length ! Using the normalized direction

S1-3°

vector d; ; between vertex locations x; and x; of vertices v; and v;:

Xj_Xi

di,j = (27)

[l — x|l
the in-plane locations of the generated successors with respect to the positon x, of v, and the

predecessors P, can be expressed as:

Xs; = Xa + larS1R(aS1)da'Pm
Xs, = Xa + log,R(as, + ag,)dap, (28)
Xs, = Xa + lag,R(—ag,)d

a,p1
where R is the two-dimensional rotation matrix. The locations of the newly generated vertices are then
added to the set of in-plane coordinates, x" = x W {x,,_.}.

In addition to the sector angles and edge lengths, all scenarios of r; introduce an optimization
variable M, that stands for the RBM of the vertex v,. The set of optimization variables is then expressed
as @' = v{ag, ,,ls, ., My}

5.2.1.4 Kinematic Modeling of ry ;

When r; is applied, v, becomes an internal vertex of the crease pattern and can be kinematically
modeled using the PTU. According to the scenario of r; ; in Fig. 41, the units u;_ of v, can be expressed

in terms of their respective sector and dihedral angles as:

Ui, = ((“53' Apyr s Appy_y “51)' (pp1.a' ""ppm.a))
uza = (asz)
us, = (2m = 3L, a, — X0, )

(29)

If v, exhibits only a single predecessor, the sum over ap; in uz, is neglected. Then, the units in

Eq. (29) are added to the set of units, u’ = u W {u,_3_}. By setting these units and the RBM M, into Eq.
78



(23), the method calculates the unknown dihedral angles ¢, _;, of v, and associates them with the
generated edges in the correct order shown in Fig. 26, p,s, = @3,, Pas, = P1,, and p,s, = @,,. These

angles are then added to the set of dihedral angles, p' = p U {p,s, ,}.

The expression of the units and the dihedral angles enables the method to kinematically model
each extended vertex individually. However, the locations of the vertices need to be expressed in the
three-dimensional space to represent the actual origami, which requires the method to transfer the
individual (local) kinematics to a global kinematic behavior. To do so, the method uses the kinematic
model presented in Section 4.2.3 to express the function

fR(Ma'ula' uza,u3a) = (Rsa' Ry, Rza) (30)
that takes the RBM M, and the three units u,,_5_ of v, and returns three rotation matrices, here called
the local rotation matrices R, _;_, that correspond to the rotations at the crease lines of the unknown
dihedral angles, as shown in Fig. 42 for an arbitrary single vertex. This calculation always starts from
the first crease line of the first unit that serve as references for the x-axis and the xy-plane, respectively.
In Eq. (30), the local rotation matrices are expressed in counter-clockwise order starting from the first

unit to conform to the numbering of the newly generated edges in Fig. 41.

Fig. 42: Arbitrary single vertex with unit angles U, _;, unknown dihedral angles ¢;_;, and local rotation
matrices R;_3

By applying fr, the method determines the local rotation matrices and turns them into global

rotation matrices with R,5, = R, .R,(MR;,, Rys, = Ry 2R, (MR, and R, = Ry R, (MR, , where
R, a is the global rotation matrix of the first crease line of the first unit. A special case arises when v,
belongs to the initial graph since the global rotation matrix R, , has not been determined by an

application of r;. In this case, the method sets R, , = R,(a,) where a,, is the angle between the edge
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ep, , and the x-axis. The global rotation matrices are then added to the set of global rotation matrices

P1,
R" =R U {R,s, .}. Since the first crease line of a vertex is locally associated with the x-axis, the three-
dimensional coordinates X, can be expressed as X, = X, + I, * Ry, " (1,0, 0)T. These coordinates

are subsequently added to the set of three-dimensional vertex coordinates, X' = X u {X,, .}.

5.2.1.5 Optimization Constraints of 1y 4

Independent of the scenario, two types of optimization constraints are produced by r;, of which

one defines the boundaries of the optimization variables while the other pertains to the rigid foldability.

The method introduces finite lower and upper bounds for the sector angles that are greater than
zero and smaller than m, respectively. As a result of the subsequent optimization, the shapes of the
facets then become less sheared and less thin than their counterparts without these constraints, which
facilitates the practical realization of crease patterns with finitely thick materials in the future. Eq. (31)
lists the optimization constraints applied to the sector angles as:

0 < apip < As, o < Apax < T

3 m
Z as, + Z ap; < 2T — Apin
i=1 j=1

where the second row pertains to the sector angle of the sector corresponding to F,, in Fig. 41. Again,

(31)

if v, exhibits only a single predecessor, the sum over ap; in Eq. (31) is neglected. The same procedure

is applied to the lengths of the generated edges:

lmin < l51_3 < lmax (32)

The second type of constraint introduced by r; corresponds to the condition for rigid foldability
in Eq. (25) that states Upax(t) < Upea(t) + Unmin(t). The difficulty for the application of this condition
arises from the fact that the unit angles change their size over time depending on the parameter t, which

means that Eq. (25) has to be satisfied for the entire folding motion.

Analogous to Fig. 41, the rule system presented here always results in only one time-dependent
unit u;, whereas u, and u; are constant. A set of optimization constraints that guarantees rigid foldability
for the entire folding procedure thus involves the application of Eq. (25) with both min(U,) and max(U,).
When the cases portrayed in Fig. 38 are discarded, however, one can reasonably assume that max(U,)

occurs at t = 0, in which case Eqg. (25) is satisfied in the initial flat state. Then, the unit angle U,
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decreases monotonically once t deviates from zero toward t = t,,,, which is why the proposed method

only examines the case min(U,) that occurs at t = t,,.4:

Umax(tmax) < Umed (tmax) + Umin(tmax) (33)

The constraints in Eq. (31), (32), and (33) are then added to the set of optimization constraints

Y’ after each application of r;.

5.2.1.6 Other scenarios for ry

The remaining scenarios for r;, 1, — 1, are implemented analogously to r,;, but the
description of these scenarios are given in short in Table 1 and Table 2 that correspond to Fig. 43 and
Fig. 44, respectively. Fig. 43 illustrates the scenarios ry , and r; ; that differ from ry ; in that the outdegree
of v, on the LHS, , and LHS, 5 is deg*(v,) = 1, in which case there exists a predefined facet on either

side of v, in the initial graph G, as illustrated in grey in the schematic graph transformations (framed).
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Fig. 43: Scenarios for r; , and ry 5 in which deg*(v,) = 1 on the LHS; , and LHS, 5 (red) together with the
surrounding graph (grey), and schematic graph transformations (framed) where the grey facets are
given in the initial graph G,
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All the necessary information for the rule scenarios r, , and r; 5 is listed individually in Table 1.
The LHS matching and the graph transformations that correspond to the graph topology are highlighted
in red. The kinematic modeling, the optimization variables, the optimization constraints, as well as the
in-plane coordinates all correspond to the crease pattern geometry or the optimization model. If v, has

only one predecessor, all terms containing a,, are neglected.

Table 1: Information of the rule scenarios r; , and ry 3

T2
LHS Match RHS Transformation Kinematic Modeling
T,=x T, =0 u; = ((as,, oy, as ), (p
deg+(va) =1 V' =Vu {v51,v52} ul _ EC(( SS p 51) ( P))
Froc, =Fipa | E'=Eu{e.s, eas,} 2 &

3 m-1
,V = LV Y {((Ua)IX)I ((Ua):)()} u3 = (21-[ - Z aSi - Z i ap]>
r =1 j=1
E— LE Y {(FLa,sl’ FRpm,a) 0 (FRa,53’ FLa.sl)}
Optimization Constraints Optimization Variables
Umax < Umed + Umin Ma' a51: asz' la,51: la,sz

Xmin = s, < @maxy Amin S as, < @max

In-plane Coordinates

23 m-—1
as.-i-z ap . < 2T — Apmin _
i=1 j=1 Pj X51 = Xa + la,is(asl)da,pm

lmin < l51 < lmin' lmin < lsz < lmin sz = Xa + la,SzR(asl + asz)da.pm
13
LHS Match RHS Transformation Kinematic Modeling
Ta=x Ti=0 uy = ((as,, ay, as,), (Pp)
’ 1 s3» YprUsy )y Pp
deg*(v)) =1 | V' =V W {vs,vs,} w = Ea 3 ' )
FRa.S1 = FRpm.a E,, =EUY {ea,szrea,53} 2 %2 3 m-1
Ly = Ly {(@).2), ()00} w=(zm-Y amY )
, i=1 j=1
E~ LE Y {(FLafSZ’ FL3,S1) ’ (FLPLa' FLa:Sz)}

Optimization Constraints Optimization Variables
Umax < Umed + Umin Ma' aszf asy la,szf la,s3
Xmin < asz < Omaxr %min < 61’53 < ®max

In-plane Coordinates

3 m—1
as, + Z Ay < 2T — Ay —
Zi=1 Si j=1 Pj min X5, =Xa + la,sz R(asz)da,sl
< <l < <l Xs; = X3 t+ la,53 R(a53)da,p1

lmin = lsz = ‘min» lmin = ls3 = ‘min

Fig. 44 illustrates the scenarios 1, 4, 11 5, and ry ¢ that differ from r ; in that the outdegree of v,
on the LHS is deg* (v,) = 2, in which case there exist two predefined facets in the initial graph G, as
illustrated in grey in the schematic graph transformations (framed) and only one new vertex is generated.
As in Fig. 41 and Fig. 43, all LHSs and RHSs are shown in red while the surrounding graph is depicted

in grey.
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Fig. 44: Scenarios for ry ,, 1,5, and r; ¢ in which deg*(v,) = 2 on the LHS;,, LHS; 5, and LHS, ¢ (red)
together with the surrounding graph (grey), and schematic graph transformations (framed) where the
grey facets are defined in the initial graph G,
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All the necessary information for the rule scenarios r, 4, 115, and r ¢ are listed individually in
Table 2 that includes the LHS matching and the graph transformations that correspond to the graph
topology (highlighted in red) as well as the kinematic modeling, the variables, the constraints, and the
coordinates, all of which correspond to the crease pattern geometry and the optimization model. If v,

has only one predecessor, all terms containing a;, are neglected.

Table 2: Information of the rule scenarios r; 4, 115, and 1 ¢

T14
LHS Match RHS Transformation Kinematic Modeling
s =0 u, = ((as,, a,,«a P
deg+(1]a) = 2 VI — V W {1751} 1 (( S3 p 51) ( p))

FLa,S3 = FLP1.a

Fros, = Fi.,,

E'=Eu{eys,}
Ly = Ly v {((v), x)}

E=Llgl {(FRa,SZ' FRpmfa)}

u2=<211—z:

us = (as,)

2

“)

Optimization Constraints

Optimization Variables

Umax < Umed + Umin
Xmin < asl < amax

2, +Z

< 2T — Apin

M,, Asyy la,sl

In-plane Coordinates

X5, = X, + 15, R(as,)d

a,Pm
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LHS Match RHS Transformation Kinematic Modeling
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Fros, = Frppoa
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i=1 j=1
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Optimization Variables
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Coordinates
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T16
LHS Match RHS Transformation Kinematic Modeling
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FRa.S1 = FRpm.a
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5.2.2 Rule r,: Combine Vertices
The second rule r, is defined as a production of the type r,: LHS, - RHS,, where LHS, and
RHS, are both colored in red and the surrounding graph is shown in grey in Fig. 45 that also includes a

framed, schematic graph transformation.

rz —,1.701 Ve
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ﬁ p1*c1p2 ||X oy “
X C1 P2
L
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Fig. 45: Rule r, combines two vertices on its LHS, into a single vertex on its RHS,. Top: Schematic graph
transformation (framed). Bottom: Parts shown in red belong to the LHS, and the RHS,, the surrounding
graph is depicted in grey, and adjustments to the constraint system are shown in blue.

Rule r, accepts two vertices v, and v, that share an edge label on the LHS, and combines
them into a single vertex v, on the RHS,. The incoming edges formerly incident to v, are reassigned
to v, and a new constraint is introduced between the reassigned edges and the edges incident to v, .
Then, r, adjusts the set of optimization variables and the set of optimization constraints by replacing all

instances of the lengths and sector angles corresponding to the reassigned edges, such as [,, ., and

2,C2

a., in Fig. 45 left, respectively, with the parts colored in blue in Fig. 45 right. The vertex vy, signifies any

vertex that was coupled to the sector angles («.,) of the reassigned edge.

5.2.2.1 LHS Matching of r,
A match M, of the LHS, in G involves four conditions. Both vertices v, and v, have to be
extendable, T, = T, = y. This condition guarantees the generation of acyclic graphs since no vertex

can be combined with any of its predecessors.

The second condition requires that both vertices v, and v, belong to the same facet. This can

be checked by comparing the edge labels of the incoming edges incident to v, and v.,, which is shown
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in Fig. 45 on the LHS, where FRPLC1 =F, , has to be satisfied. Note that while Fig. 45 illustrates the

p2.c
case in which both vertices v., and v., each exhibit one predecessor, multiple predecessors to both

vertices are possible. In this case, the method compares the edge labels of the first and last
predecessors of both vertices. Identifying these first and last predecessors is straightforward since the
predecessors of a vertex are always ordered in the counter-clockwise direction as explained for rule r;.
To prevent the combination of vertices that share the same predecessor, such as v, . in Fig.
41, the third condition states that v., and v,, cannot exhibit the same predecessors, F., N F., = {@}.
Since r, deletes a vertex, the fourth condition states that v., and v., cannot both be contained
in the initial graph, which can be assessed by checking if their in-plane coordinates are dependent on
any optimization variables. If one vertex is contained within the initial graph, it becomes the “dominant”
vertex that is not deleted, and if neither belongs to the initial graph then either vertex can be eliminated.
The following graph transformation describes the generic case in which v, is dominant.
5.2.2.2 Graph Transformation of r,

Once r, is applied, G = G", the RHS, includes v,, while v, is subtracted from the set of vertices,
2

V" =V\{v.,}. The edge formerly incident to v, is subtracted from the set of edges and a new edge is
introduced from the predecessors of v, to v, E” = (E\{ep,,}) U{ep,,}. The predecessors of both

vertices have to be united in the correct order such that the predecessors of the vertex contributing the

right side of the edge label (FRPLC1 in Fig. 45) go first. In addition, vertex v, on the RHS, can still be

extended, resulting in the vertex label L¢, = ((pr”pz)')()- The edge label L., is then subtracted from

the set of vertex labels, Ly = Ly\{L,}. The edge label formerly corresponding to the edge incident to v,

is transferred identically to the reassigned edge, Ly, ., =L

pac,- Finally, the edge label of the edge

incident to v, is subtracted from the set of edge labels, Lg = Lg\{Lp,c,}. If v, is incident to multiple
incoming edges on the LHS,, the above procedure is applied to all edges and edge labels.
5.2.2.3 Coordinates and Optimization Variables of r,

The in-plane location and thus the coordinates x; of a vertex v; are always determined by a
single sector angle a; and a single edge length lpl.‘].. Since r, deletes the vertex v,, the corresponding
sector angle and edge lengths of v, are eliminated from the set of optimization variables, ¢" =

P\{@c,) b, e, }-
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5.2.2.4 Optimization Constraints of r,

Independent of the number of predecessors in P, U F,, r, introduces one new constraint (shown
in Fig. 45 in red) that corresponds to the sector angle between the edges incident to v,  and v,,. Since
this sector angle is dependent on the locations of the vertices involved, it needs to be expressed as an
angle with respect to the in-plane coordinates, 2x, x. x,,. The constraint introduced by r, applies to
the upper and lower bounds equivalent to Eq. (31):

Amin< £Xp Xe, Xp, < Amax (34)
Eq. (34) is then added to the set of optimization constraints .

Rule r, eliminates the sector angle and the edge lengths that formerly determined the
coordinates of v,,, but the constraints that apply to these variables are still valid and present in the set
of constraints ¥. Thus, r, expresses all instances of these variables in terms of their in-plane coordinates

(Fig. 45, blue) within 1. Variable «a., is replaced with £x., x,,,x;, and [, ., is replaced with the Euclidean

distance ||x., — x,, || between v, and v, . Hence,

V" =y(ac, « £Xc Xp, X by, e, < |[Xe, = Xp, 1) (35)
When v, has multiple predecessors on the LHS,, this replacement procedure needs to be
performed analogously for all reassigned edges. This procedure also applies when the sector angles
and edge lengths are already expressed in terms of the in-plane coordinates, i.e. when r, has already

been applied to v, .

5.2.3 Automated Graph Generation and Filtering

The rule set R = (r;,1;) is designed to comply with the guidelines for the generation of
kinematically determinate and acyclic crease pattern graphs presented in Section 4, where the rules are
implicitly applied in manual generation processes. Together, the rules r; and r, are thus able to generate
the rigid flasher (Fig. 32), the star pattern (Fig. 34), and the origami chair pattern (Fig. 37b), and can
further be utilized to generate other existing crease patterns such as slender origami [122], origami
strings [123], or the gripper in Ref. [3]. However, the manual design process in Section 4 is a trial-and-

error procedure, which is why the application of the graph grammar GG needs to be automated.

To automate the generation step (Fig. 39), the method applies the two rules whenever a
respective LHS match M; or M, is found and enumerates all possible rule application sequences that

arise from the initial graph G, and the maximum number of internal vertices N,,,.

87



However, distinct rule application sequences do not guarantee distinct graphs [126], which is
why the method checks the generated crease pattern graphs for redundancy and filters them before
they are subjected to the optimization. For generic design tasks, the method filters graphs based on
isomorphism while filters specific to a design task have to be introduced manually if required. The filtering
of isomorphic graphs is described here, while two additional filters specific to the design tasks of the

gripper and the robotic arm are explained in Section 5.5.2.

For the rule system presented, two graphs are isomorphic if they exhibit an edge-preserving
vertex bijection. If this condition is satisfied, the set of vertex labels Ly is guaranteed to coincide, whereas
the set of edge labels L does not play a role in terms of graph morphology (i.e. there is no difference in
kinematics when facets are numbered differently). Isomorphism checks are implemented in many

standard programs, and the method uses the function IsomorphicGraphQ integrated in Mathematica 11.

Both the automated generation of crease pattern graphs and the isomorphism check are listed
in the pseudocode in Table 3. The input to the generation step are the rule set R = (ry,1,) as well as
the user-defined initial graph G, and the maximum number of internal vertices N... The output
comprises two parts, the first of which corresponds to the language L of the graph grammar GG. The
language L(GG) is comprised of the crease pattern graphs G in the set of all possible crease pattern
graphs ¢ labeled over @ that can be generated by applying the rule set R to the initial graph G,, L(GG) =

{G € Gy|G, =7'2> G}. The second part of the output corresponds to the optimization variables ¢ and

constraints 1 for all generated graphs G € G, the collection of which enables the automated optimization

of the design alternatives in the subsequent evaluation step of the computational method.

To achieve this output, the method first initializes a set of graphs to be assessed G = {G,} and
an empty set for all possible crease pattern graphs G, = {@} in Step 1 of Table 3. Then, the method
steps into a loop that is terminated only when all graphs have been assessed, G = {@} (Step 2). In Step
3, the intermediate set of graphs g; is introduced, G; = G, and the graphs to assess are emptied, G =
{@}, after which the method iterates through all graphs G in G; (Step 4). In Step 5, a graph G is subjected
to the isomorphism check and the following procedure is only applied if G € G5. By applying the
conditions for the LHS matches to all vertices within G, the method then finds all matches M, and M,
(Step 6). For each match M, (Step 7), rule r; is applied only if the number of internal vertices N of G is

smaller than the maximum number of internal vertices, N(G) < Ny.x (Step 8). If this check is successful,
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Step 9 applies r;, G = G', resulting in the graph transformations and the kinematic modeling of the
T

respective extended vertex v, as well as in the updating of the optimization variables ®(G") and
constraints ¥ (G"). These variables and constraints are then collected in Step 10 for the subsequent
optimization, and the newly generated graph G’ is added to the set of graphs to be assessed G in Step
11. For each match M, found in Step 6 (Step 12), rule r, is applied in Step 13 to result in a graph G",

G = G". Again, the rule application automatically performs the graph transformation and the
2

adjustments to the kinematic model, and Step 14 collects the optimization variables ®(G'") and
constraints ¥ (G") for the subsequent optimization of G"”. In Step 15, the newly generated graph G" is
added to the set of graphs G that are assessed in the next iteration of the pseudocode, and Step 16

finally adds the graph G to the set of all possible graphs Gg.

Table 3: Pseudo-code of the automated generation of crease pattern graphs and the collection of
optimization variables @ and contraints 1 for the subsequent optimization

Input: Initial graph G,, rules R = (11, 1»), max. number of internal vertices N,.x
Output: The entire language L(GG) = {G € G4|G, =g'€> G}

Sets of optimization variables ¢ and constraints y for all G € G

1: Initialize G = {G,}; Gy = {D};

2: While G # {0}

3: Set G, = G and G = {@};

4: For each G € G;;

5: IfG & Gy Isomorphism check

6: Find all matches M;: LHS; — G and M,:LHS, — G

7: For each match M;

8: If N(G) < Npax Termination criterion

9: Apply 1, G = G'; Graph transformation and kin. modeling
10: Collect sets of optimization variables @(G") and constraints ¥/(G")
11: Add G’ to G;
12: For each match M,
13: Apply 15, G = G'"; Graph transformation and kin. modeling
14: Collect sets of optimization variables @ (G'") and constraints {(G")
15: Append G to G;
16: Add G to Gg;

Hence, the method automatically generates the entire language of all possible crease pattern

graphs L(GG) = {G € Gy|G, =7'2> G} that only contains nonisomorphic graphs G as well as the optimization

variables ¢ and constraints y for all G € G,. As shown in Fig. 39, after the generation step all graphs G
are forwarded to the guidance step.
5.3 Guidance

The RBMs M contained in the set of the optimization variables @ play a special role since every

M only adopts the discrete states “up” and “down”, respectively. Each internal (or extended) vertex in a
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graph G contributes one RBM, which results in 2V different design alternatives for a crease pattern with
N internal vertices. For the lack of more knowledge about the search space associated with the RBM,
the method enumerates all possible RBM assignments and subjects each alternative to the evaluation.
5.4 Evaluation

As illustrated in Fig. 39, the evaluation includes both the optimization of a crease pattern to
assess the kinematic behavior optimized with respect to the design task as well as an intersection check.
While all design alternatives are optimized, only the alternatives that meet the design criteria are
subjected to the intersection check.
5.4.1 Optimization

Much of what is required for the optimization is intrinsic to the rule system. By applying the rules,
the method automatically generates the set of optimization variables @ and constraints y of each graph
G, both of which are expressed symbolically. What remains to be defined by the user to run the
optimization is a design task provided in the input to the computational method involving an objective
function 2 and the numerical values for the variable boundaries l,i,, lmaxs @min, @aNd @max- The objective
function can include and should be dependent on the dihedral angles p; ; or the three-dimensional vertex
coordinates X;. In practice, a user defines one or multiple states t = t,,, € [—m, 7] at which the dihedral
angles p; ;(t,pe) Or the vertex coordinates X; (t,p,¢) should equal certain values or locations, respectively.

The definition of the objective function for the design tasks is given in Section 5.5.3.

Depending on the objective function 2, the proposed method adjusts the set of optimization
variables as a last step before the optimization. For an origami crease pattern, the lengths of the edges
that are incident to degree-1 vertices on the border of the paper do not influence the kinematics of the
crease pattern. Thus, all variables corresponding to the edge lengths [; ; that are present neither in the
objective function nor in the set of constraints y are discarded from the set of optimization variables @,
resulting in an adjusted set @,,;. For the subsequent representation of the origami, the discarded edge
lengths in the set of three-dimensional vertex coordinates are substituted with the value of the minimum
edge length, X < X(l;; < lyin)-

This procedure results in the following optimization scheme to optimize the geometry of all
design alternatives:

min 2
Popt (36)
s.t.yY
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Equation (36) is then solved by the function NMinimize integrated into Mathematica 11, which

employs global numerical solvers to find a set of variables @, that optimizes the objective function
such that [z(cbgpt) = ". NMinimize is applied with default settings in which the nonlinear optimization

problem is reformulated as an unconstrained problem using penalty functions and then solved with

Differential Evolution [127].

5.4.2 Intersection

If an optimized design alternative satisfies 2" < 9, where 9 is the target criteria provided by the
user in the design task, the design alternative is subjected to an intersection check that requires the
method to first transform the set of optimized variables @;,, into an origami with facets. To do so, the
optimized variables are first substituted into the set of three-dimensional vertex coordinates X* =
X(@ope < Pgpe) that is then only dependent on t. To find the vertices that constitute a facet, the method
iterates through all edges and for each edge assigns both incident vertices to the facets contained in
the respective edge label. This procedure results in sets of vertices that represent the facets, and the
method assigns to each of these sets a polygon. By associating each vertex v; with its three-dimensional
coordinates X/, a design alternative is represented as a set of polygons that move with respect to t.

Subsequently, the design alternative is subjected to the same intersection check described in
Section 3.2.4. Since the intersection check is purely numerical, the method performs the check 16 times
throughout the folding motion from t = 0 to t = t,,,,4 in even intervals. The specific number of checks is
determined empirically to achieve an appropriate trade-off between a low time-consumption and a

reliable intersection check but can be adapted based on the user’s needs or the design task.

5.5 Design Tasks and Application of the Method

In this section, the proposed method is applied to two design tasks that include a gripper and a
robotic arm. The principle of rigid origami has been employed for gripping tasks before, such as in the
Oriceps [25] or in Ref. [3]. However, both of these existing origami grippers were designed by hand and
for a design task that only involves gripping; to display the usefulness of the proposed method, this work
additionally introduces an obstacle that lies between the crease pattern and the point object that the
final origami should be able to grip (Fig. 46a). In the robotic arm task, not one but 11 point objects are
approximated so that the tip of the arm follows a given trajectory (Fig. 46b), equivalent to the path
generation synthesis of spatial mechanisms [128]. To the knowledge of the author, origami has not been

applied to the approximation of trajectories, opening up a new domain for the application of origami.
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The section is structured according to the workflow in Fig. 39: it first describes the input, then
the two additional filters to check for redundant graphs within the generation step, after which it presents
the optimization and shows the results produced by the method. Since both design tasks of the gripper

and the robotic arm are closely related, the following sections are only partitioned when necessary.

5.5.1 Input

The design tasks of the gripper and the robotic arm are illustrated in Fig. 46a and Fig. 46b,

respectively. The initial graph G, (identical for both tasks) with vertices v, and v, end edge e, , is shown
in black, and corresponds to the graph described in Fig. 40 with the same vertex labels L, = ((9),9)
and L, = ((vl),)(), edge label L, , = (f1, f2), as well as in-plane coordinates x; = (0,0) and x, = (1, 0).
The driving angle of the edge e, , in both cases is linear, p; , = t, where t goes from zero to t;,x = g

applied mirror-symmetrically with respect to the xz-plane. The actuation thus corresponds to a single

DOF, and the maximum number of internal vertices for both design tasks is set to N, = 3.
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Fig. 46: (a) The gripper design task with the point to grip P; = (0,0,1) and the cylinder obstacle with
radius 0.25 whose axis is coincident with the line segment going from (0, —1, 0.5) to (0, 1, 0.5). The vertex
vy shown in grey illustrates that the crease pattern graph generated with the initial graph is rotated after
the optimization to result in a rotationally symmetric gripper. (b) The robotic arm design task with all
points Pr, evenly distributed on the given trajectory that lies on the xz-plane. Both gripper (a) and robotic
arm (b) start with the same initial graph G, shown in black corresponding to the graph described in Fig.
40 with v; and v, located at x; = (0,0) and x, = (1,0).

The point object P;; to grip in Fig. 46a is located at P; = (0,0, 1) and the obstacle is represented
by a cylinder with radius 0.25 whose axis is coincident with the line segment going from (0,—1,0.5) to
(0,1,0.5). This setup allows for the generation of only one side of the gripper that emerges from the
initial graph shown in black, after which the arm is rotated, once optimized, by 180° around the z-axis,

which is illustrated in Fig. 46a by the graph in grey corresponding to v;.
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Fig. 46b shows the trajectory to approximate and the 11 points Pr, located at (1,0,0) +
(2 cost;,0,2sint;) where t; goes from 0 to g in steps of 2“—0

5.5.2 Generation: Additional Filters

In addition to the filter based on isomorphism, two additional filters are implemented in Step 5
of Table 3 for both design tasks to further reduce the number of distinct crease pattern graphs generated
by the method.

To facilitate the description of a crease pattern graph, here the following notation is introduced
for the rule application sequences: when a vertex v; is extended by r;, i is added to the sequence, and
when vertices v; and v; are combined by ,, (i,)) is added to the sequence. As an example, extending
vertices v, and v5 in the given order and then combining vertices v, and vg yields a sequence denoted
as 2,3,(4,8).

Since both design tasks illustrated in Fig. 46 are mirror symmetric with respect to the xz-plane,
a graph can be filtered if it is mirror symmetric to another graph with respect to the x-axis. An example
for the two symmetric graphs 2,3 and 2,5 is given in Fig. 47a. These two graphs will result in the same
(symmetric) optimized configuration, which renders one of the graphs redundant. In addition, any rule
applied to, e.g., 2,5 will generate a graph that is symmetric to a graph that can be generated by applying
the corresponding rule to 2,3. Thus, in both design tasks the method filters all symmetric graphs and
their descendants that result from applying more rules to symmetric graphs.

The second additional filter for both problems results from the task that the origami concept
must perform. One of the generated vertices contained in the graphs has to approximate the point to

grip P in the gripper task or the trajectory points Pr, in the robotic arm task. For simplicity, such a vertex

is called the gripping vertex for both tasks. Extending a vertex by r; only adds value to the resulting
graph, not its descendants, if one of its successors becomes the gripping vertex, which is why only the
successors of the vertex extended last can perform the gripping task. Fig. 47b shows the example of a
crease pattern graph 2,4, 3 that contains unnecessary vertices and edges, here called a semantically
invalid graph [129]. Since v; is the vertex extended last, vy, v,,, OF v,, are the gripping vertex candidates.
In this case, extending v, was semantically invalid since all of its successors v, v;, and vg can be cut
from the graph without changing the performance of the origami gripper. In contrast to symmetric graphs,
however, the descendants of semantically invalid graphs can be lead to useful crease pattern graphs,
which is why their descendants are not filtered.
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Fig. 47: (a) Two crease pattern graphs 2,3 and 2, 5 that are symmetric to each other with respect to the
x-axis. Both graphs and their descendants will result in the same optimized configuration, which is why
either of the graphs and its respective descendants can be eliminated. (b) A crease pattern graph 2,4, 3
that is semantically invalid.

5.5.3 Optimization

As explained in the last section, all successors of the vertex extended last are candidates to grip
P or approximate Pr;, which is why each design alterative is optimized three successive times with a
different gripping vertex. These successors of the vertex extended last are denoted as v,; and the
respective three-dimensional coordinates are denoted as X, ;(t) with j = 1,2,3.

Then, the objective function for each optimization in the gripper design task is the Euclidean

distance between P; and the location of the gripping vertex at t,p¢ = tmax = g:

TU
2= [P -, 3 (37)
An optimization of the gripper is considered successful if the objective value 2" of a design alternative

is smaller than or equal to 9 = 1075,

In the robotic arm task, each optimization minimizes the sum of the Euclidean distance between

all trajectory points Pr, and the respective locations of the gripping vertex at t,,. = ¢; = (0,2“—0, Z—Eg)
11

n=) Il —x,w (39
=

An optimization of the robotic arm is considered successful if the objective value 2* of a design

alternative is smaller than or equal to 9 = 3 * 1071,

17w
18 °
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The variable boundaries for both tasks are [,,;, = 0.1, l.x = 1.5, @pin = %, and api, =



5.6 Results

With the initial graph G, in Fig. 46, N,.x = 3, and rules r; and r,, the graph grammar GG
generates a total of 291 crease pattern graphs for both design tasks. After filtering isomorphic,
symmetric, and semantically invalid graphs, 52 of the original 291 graphs remain. The design space of
all possible crease pattern topologies and rule application sequences for both design tasks is visualized
in the search tree in Fig. 48. The nodes colored in yellow illustrate the 52 meaningful graphs generated,
whereas both the symmetric (sym.) as well as the semantically invalid (inv.) graphs are illustrated with
white nodes. Each level of the search tree contains the graphs that exhibit the same number of applied

rules starting from one application at the top to seven applications at the bottom.

Fig. 48: Top: Search tree with 52 meaningful graphs shown as yellow nodes as well as symmetric (sym.)
and semantically invalid (inv.) graphs shown as white nodes, where each level of the search tree
corresponds to the same number of applied rules. Bottom: A scaled up section of the search tree shows
the effect of the filtering after which the descendants of symmetric graphs are completely removed, while
the descendants of the semantically invalid graphs can result in meaningful graphs. This search tree
corresponds to both the gripper and the robotic arm design task.

The bottom of Fig. 48 shows a scaled up section of the search tree that contains the graphs
generated by the application sequences 2,3, 2,5, and 2, 4,3 shown in Fig. 47. As explained before, the
descendants of symmetric graphs such as 2,5 are filtered, while the descendants of semantically invalid

graphs can be meaningful, such as 2,4, 3, (6, 11).
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From the 52 distinct graphs there emerge 1170 distinct design alternatives (and as many
objective function evaluations) that are comprised of the different assignments of RBMs and gripping
vertices. The optimization of a single design and the intersection check of a successful design takes
from a few seconds to minutes depending on the complexity of the graph. The enumeration of the whole
design space takes about 35 hours for the gripper task and 40 hours for the robotic arm task on an Intel

i7 processor with 8GB RAM.

With respect to the gripper, 836 of the 1170 design alternatives are able to grip the target point
P;, and thereof, 148 alternatives do not self-intersect. When the cylinder is present, the number of
feasible origami concepts reduces to 36. The gripping motion of three such feasible origami concepts is
depicted in Fig. 49 at discrete folding states from left to right. Fig. 49a shows a gripper concept with a
thin stem and big, arrow-like arms whose motion runs along the axis of the cylinder. The gripper in Fig.
49b occupies little space because most of its surface in the flat state lies beneath the cylinder, and its
gripping motion is angled at approximately 45° to the axis of the cylinder. The gripper in Fig. 49c is larger

than the two other concepts, grips perpendicularly to the cylinder, and contains a degree-5 vertex.

7
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Fig. 49: Three different origami gripper concepts. (a) Gripper with rule application sequence 2, 3,4, (8,9)
and gripping motion along the cylinder axis. (b) Gripper with rule application sequence 2, 3,8, (7,9) that
is tightly packed beneath the cylinder in its flat state. (c) Gripper with rule application sequence
2,3,(4,8),4,(7,8) and gripping motion perpendicular to the cylinder axis.



With respect to the robotic arm task, 56 of the 1170 design alternatives are able to successfully

approximate the trajectory points Pr,, and thereof, 29 alternatives do not self-intersect. The folding

motion of three design alternatives is depicted in Fig. 50 from left to right together with the trajectory

points Pr,. The three design alternatives exhibit an objective value of 2" = 2 * 1072 (a), N* =3 %1072

(b), and 2* = 4 %« 1072 (c).

o

Fig. 50: (a-c) Folding motion from left to right of three design alternatives for the robotic arm. The
concepts are generated by the rule application sequences 2,4,7,(6,9), 2,3,8, and 2,4,7,(3,6), (5,6) in
(a-c), respectively.
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5.7 Discussion

The crease pattern graphs generated purely by applications of r; are the fastest to optimize,
and the time consumption increases with each application of r, because the constraint system
becomes more complex when the constraints depend on the in-plane coordinates x. The complexity lies
in the symbolic representation of all dihedral angles, global rotation matrices, three-dimensional vertex
coordinates, constraints, and the objective function. However, in comparison to the numerical approach
in Section 3 that takes multiple hours for the optimization of a single design alternative, the symbolic
representation enables the optimization of a design alternative in seconds to minutes. This speed up is
achieved by the use of function derivatives within the solver, which enables a fast global optimization of

each design alternative and thus the enumeration of the design space.

Applied to both the gripper and the robotic arm design task, the enumeration of the design space
yields 52 distinct crease pattern graph topologies depicted in Fig. 48. While the search tree is narrow at
the top where r; predominates, the midsection of the search tree becomes broader since more extended
vertices offer more possibilities for the application of r,. The number of possible rule applications then
progressively decreases with each line because of the maximum number of extended vertices Np,.x =
3, which is why the search tree narrows again at the bottom. The overall shape of the search tree,

however, is typical and generally independent of Ny ..

Fig. 51a plots the number of design alternatives over the number of rule applications for the
gripper design task so that the x-axis corresponds to the vertical axis of the search tree shown in Fig.
48. The number of all 1170 designs in Fig. 51a is distributed according to the overall shape of the search
tree. The distribution of the 836 designs that are able to grip P; behaves similarly, although the curve
peaks at four instead of five rule applications. At four rule applications, all graphs except one are
generated by three applications of r; and one application of r,, while only r, can be applied thereafter.
Rule r, introduces constraints into the system without adding variables, which is why the number of
designs that can grip P; steadily decreases from four applications onward. For the same reason, the
percentage of successful gripping designs per total number of designs is highest at three rule
applications, where five of seven graphs are generated purely by r,. The same peaks at four rule
applications can be observed in Fig. 51a for the 148 designs without self-intersection and for the 36
designs without any intersection. When at first one could have argued not to apply r, since it only

introduces constraints, these results show that a certain number of applications of r, can drive the
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optimized designs out of intersecting configurations. Without specific constraints that prevent
intersection within the optimization, r, thus provides more variability in the crease pattern graphs that
satisfy the design task. However, if r, is applied too many times, the designs are either unable to grip
P; or lead to intersection, which leads to zero feasible designs at six and seven rule applications for the

gripper design task.
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g Grip Pg
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Number of Designs

1 2 3 4 5 6 7
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Fig. 51: (a) Plot corresponding to the gripper design task showing the distribution of the total number of
designs, the number of designs that can grip P, that can grip P; without self-intersection, and that can
grip P; without any intersection, over the number of rule applications. (b) Plot corresponding to the
robotic arm design task showing the distribution of the designs that are able to approximate the points
Pr, and that do so without self-intersection, respectively.

Fig. 51b has the same axes as Fig. 51a but shows only the distribution of the 56 successful
designs that are able to approximate the given trajectory and the 29 designs that in addition do not self-
intersect. The same peaks appear at four rule applications, which again shows the usefulness of r,. In
contrast to the results of the gripper, for the robotic arm task there are feasible concepts generated by
six rule applications, which probably stems from the wide motion defined by the trajectory that leads to
longer crease lines and less tightly packed crease patterns (Fig. 50). The given trajectory represents a

perfect quarter circle that seems simple to approximate. However, the maximum crease line length
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lhax = 1.5 prevents a simple solution, which renders a two-dimensional trajectory a hard problem for
origami mechanisms that usually exhibit complex three-dimensional motion.

The future steps that correspond to the method itself involve the guidance of the method and
the rule system. In both design tasks, there is no statistical difference in the performance of design
alternatives with respect to the assignment of RBMs; both modes are equally represented across the
range. Thus, a transfer from the design space enumeration to more efficient search methods, such as
branch-and-bound algorithms [130], requires more investigation in the future to expand the application
of the method to larger design spaces.

Another interesting path for future work involves the expansion of the presented graph grammar.
The rule set R = (1, 1,) enables the generative design of a variety of novel crease patterns such as the
ones shown in Fig. 49 and Fig. 50, as well as existing crease patterns such as slender origami [122],
origami strings [123], or the gripper in Ref. [3]. All of these achievable crease patterns have in common
that they are kinematically determinate. However, many known crease patterns make use of specific
sector angle configurations that fold rigidly although being overconstrained, as explained in Section 4.

To generate such overconstrained but rigidly foldable crease patterns, the rule system
presented in Section 5.2 could be expanded by an adjusted version of rule r,, here denoted as r,. Rule
r, would also combine two vertices, but the vertex v'., on the RHS, in Fig. 45 would lie on the line
segment between the predecessors v, and v,,, and would become a sink vertex (deg* (v'¢,) = 0) of the

type T = @. Fig. 52 illustrates how a Miura-ori pattern could be generated by the expansion of the

presented rule system with rule 7.

2,3,4,8 2,3,4,8,(9,14)

Fig. 52: (a) Crease pattern graph with rule application sequence 2, 3, 4, 8 that can be generated by the
presented graph grammar. (b) Overconstrained Miura-ori pattern with rule application sequence
2,3,4,8,(9,14)' that could be generated by introducing and applying rule r;.
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The crease pattern graph depicted in Fig. 52a can be generated by the initial graph G, in Fig.
40 with the rule application sequence 2, 3,4, 8. By applying r;, to vertices v4 and v,,, resulting in the rule
application sequence 2,3,4,8,(9,14)" and the crease pattern graph shown in Fig. 52b that depicts a

Miura-ori unit cell.

The generation of the pattern in Fig. 52b would stipulate a condition for the dihedral angles,
Pgo’ = P49, and thus demand a condition for the sector angle configuration of the entire crease pattern.
As explained in Section 4.3.3, an overconstrained but rigidly foldable crease pattern can only be
achieved by introducing some sort of symmetry. However, introducing such conditions within the
constraint system generated by the graph grammar is complex and requires more future work. If such
an implementation were successful, the author conjectures that the rule set consisting of r, r,, and r,

would enable the generation of all possible rigidly foldable crease pattern graph topologies.
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6 Discussion
This section discusses the findings and the contributions of the thesis with respect to the
research questions and the objective. The objective is addressed first, followed by the research

questions RQ1-RQ4 and the limitations that lead to the possible future paths.

6.1 Objective
The objective of this thesis is to develop a computational method for the synthesis of rigidly foldable

crease patterns to support the application of origami in engineering design tasks.

Fig. 53 illustrates the overview of the computational method presented in this thesis. At the
bottom of Fig. 53, the PTU introduced in Section 4 represents the basis for the method, stating that the
kinematic behavior of a single vertex is determined by the vertex triangle. The PTU then leads to three
major implications corresponding to the research question RQ1-RQ3. The PTU provides a condition for
the rigid foldability of degree-n vertices (RQ1), a kinematic model incorporating the RBMs (RQ2), and
guidelines for the generation of crease patterns that arise from the relations between the kinematic
determinacy, the number of DOF, and symmetry (RQ3). In Section 5, the answers to RQ1-RQ3 are
embedded into a graph grammar system (RQ4) that comprises two rules with which a range of known
and novel crease patterns can be generated. The graph grammar system is then integrated into the
automated computational method that is structured according to a CDS method containing the following

parts.

Input: The input to the computational method involves an initial graph and its actuation, a maximum
number of internal vertices N,,,,, and an engineering design task with target criteria. Since all design
tasks realized through origami require crease patterns that exhibit an appropriate kinematic behavior,
the computational method focuses on purely kinematic aspects of the design tasks to explore the
geometric capabilities of origami. To capitalize on the full range of benefits offered by origami, the input
should further include only actuations that exhibit a low number of DOF to facilitate a realization with the
least possible amount of actuators, thus minimizing the available resources and enabling a reliable
control [12] in remote or hardly accessible environments for which origami engineering applications are

often designed [42].

Representation: Crease patterns are represented by labeled, directed graphs defined by the sets of

vertices, edges, vertex labels, and edge labels. The vertex coordinates are represented in the Cartesian
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coordinate system through spherical, relative coordinates [75] prompted by the kinematic model of the
PTU. This representation yields a basis for the generative system in the generation part of the

computational method.
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Fig. 53: Overview of the computational method for the synthesis of origami crease patterns presented
in this thesis with the Principle of Three Units (PTU), research questions RQ1-RQ3, and objective,
structured as a CDS method with input, representation, generation, evaluation, guidance, and output

Generation: The generation of crease patterns is enabled by the graph grammar that entails the

constraints for rigid foldability, the kinematic model including the RBMs, and the guidelines for the
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generation of kinematically determinate crease patterns. Automated applications of the two rules r; and
r, generate all crease pattern graphs arising from the initial graph and the maximum number of internal

vertices Ny, Of the input.

Evaluation: The evaluation is constituted by both the optimization of a crease pattern and an
intersection check. The objective function corresponding to the design task is minimized by the function
NMinimize in Mathematica 11 that reformulates the nonlinear optimization problem as an unconstrained
problem using penalty functions, which is by default solved with Differential Evolution [127]. Then, the
intersection check is conducted only if the optimized geometry of a crease pattern satisfies the given

target criteria to decrease the time consumption of the method.

Guidance: Due to the completely symbolic formulation of all components within the optimization
scheme, the evaluation of a design alternative takes seconds to minutes, allowing for the enumeration
of thousands of possible crease pattern graphs and RBM assignments, at least for the design tasks

addressed in Section 5.

Output: After the automated loop that involves the evaluation and the guidance (Fig. 53) is terminated,
the method outputs a range of origami crease pattern concepts that satisfy the given engineering design
task, fold rigidly, and avoid self-intersection as well as obstacles. The origami concepts automatically

synthesized in this thesis include rigid origami grippers and robotic arms.

Contributions: While the conventional process is tedious and time-consuming, the input required of a
human designer to run the presented computational method is simple and straightforward. Due to the
incorporation of fundamental knowledge about the kinematic behavior of origami crease patterns, the
method enables a direct generation approach that relies on a purely symbolic optimization model. This
symbolic model enables the computational method to generate and evaluate a large number of possible
design alternatives and to search the vast design space offered by origami. In addition, the results of
the grippers and the robotic arms in Section 5.6 demonstrate the ability of the method to synthesize
novel crease patterns that satisfy the given engineering tasks. Moreover, to the best knowledge of the
author the robotic arm design task is the first application of the origami principle to the approximation of
a trajectory, signifying that the computational method developed in this thesis can expand the range of
possible applications of origami to an even broader set of engineering design tasks. These contributions

are enabled by addressing the research questions whose answers are summarized in the following.
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6.2 Research Question 1, Part 1

What are the characteristics of the search space of rigid foldability?

Section 3 presents a numerical approach to the computational method and introduces a new
simulation method that enables the examination of the kinematic behavior of an origami. The simulation
method is independent of any constraints for rigid foldability and thus allows for the assessment of both
rigidly and non-rigidly foldable crease patterns. This assessment provides the possibility to visualize the
entire kinematic search space of an origami instead of only the rigidly foldable space, which is common
in related works, such as [131]. The visualization then reveals the formation of rigidly foldable, three-
dimensional regions in which the kinematic behavior of the crease pattern is smooth and monotonic.
Some of these regions are delimited by abrupt boundaries that signify the advent of distortion within the
crease pattern. For a single vertex, these boundaries between rigid and non-rigid regions coincide with
flat foldable configurations, which is an interesting finding considering that the exact nature of the
connection between rigid and flat foldability has not been previously examined. In addition, the
visualization in Fig. 14 demonstrates a hierarchy of layers and vertices, where the kinematic behavior
of vertices closer to the actuation are not influenced by vertices further away if the crease pattern folds
rigidly. This hierarchy implies a flow of information from the actuation outward, which hints at the
possibility to add rigidly foldable vertices to an existing rigidly foldable crease pattern without

compromising the original rigid behavior.

Contributions: In general, the assessment of the first part of RQ1 contributes by enabling the
visualization of the search space of the kinematic behavior of an origami. Visualization offers the
potential for human designers to process complex behavior and discern previously hidden patterns
whose discovery can lead to a new perspective on the underlying problem [132]. In particular, the
assessment of the first part of RQ1 reveals rigidly foldable regions within the search space of rigid
foldability, a connection between rigid and flat foldability, and the hierarchy of layers, all of which

motivate a more in-depth analytical investigation of RQ1 in Section 4.

6.3 Research Question 1, Part 2

What are the conditions for an origami to fold rigidly?

Since the numerical approach in Section 3 does not offer the means required for an automated

synthesis of origami crease patterns, Section 4 delves deeper into the mathematical underpinnings of
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rigid foldability by investigating analytical formulations for origami kinematics. The investigation results
in a sufficient and necessary condition for the rigid foldability of degree-4 vertices in Eq. (9) that is then
reduced to a purely sufficient condition in Eq. (13). The sufficient condition states that a degree-4 vertex
with driving angle p, folds rigidly if |@; — a,| = |a, — a3|, which is translated into a visual example in Fig.
23 that confirms the rigidly foldable regions found in Section 3. Analyses of Egs. (9) and (13) further
explain the connection between flat and rigid foldability in a degree-4 vertex, stating that flat foldability
signifies the last rigidly foldable state of a vertex whose driving angle goes to its extremes at +m. This
result confirms that flat foldability does represent the boundary between rigidly and non-rigidly foldable

regions as prompted by Section 3, at least for degree-4 vertices.

The recurring emergence of spherical triangles in the analytical assessment of degree-4 vertices
then motivates the closer examination of the kinematics of degree-n vertices. This examination results
in the PTU, a principle that yields unprecedented insight into origami kinematics and answers the second
part of RQ1 in three parts. First, in comparison to related methods [89], the PTU recognizes that the
kinematic behavior of a single vertex is determined only by a single spherical triangle that is called the
vertex triangle. By applying the triangle inequality to the vertex triangle, the PTU determines the
condition that for a single vertex to fold rigidly none of its unit angles U can be greater than the sum of
the two remaining unit angles, Upax < Umed + Umin (EQ. (25)). Since the unit angles can be expressed
analytically using Eq. (18), this condition includes both the driving and the sector angles in symbolic
form. Moreover, the condition is independent of the chosen set of driven crease lines, the degrees of
the vertex (for n > 4), and the developability of the surface, which means that it can be applied
universally to single origami vertices and even more generally to spherical mechanisms with purely
rotational joints of degree n. This constitutes the answer to the second part of RQ1 with respect to single-
vertex origami.

Second, the PTU yields a kinematic model to determine the unknown dihedral angles of a single
vertex, which is important for the following reasons. Any rigidly foldable single vertex is a node that takes
n — 3 inputs and transforms these into three outputs [74], which is proposed in Section 3 in slightly
different form as the hierarchy of vertices. This notion turns an origami into a directed graph, signifying
that if any two vertices are connected, the shared crease line transmits the output of the first as an input
to the second vertex. The PTU specifies that the nature of these inputs and outputs, and thus the

information transmitted between the vertices, are the unit angles. This renders an origami crease pattern
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a complex network in which the conserved entity is the surface area of the origami. A time-dependent
unit angle expresses the change in the curvature of the surface around a vertex, which needs to be
balanced by the remaining unit angles, leading to the formation of the vertex triangle and, more
fundamentally, to the folding motion. However, to determine the unit angles all unknown dihedral angles
must be known, which requires a kinematic model. The kinematic model provided by the PTU is thus
instrumental for the transfer of the condition for rigid foldability from single vertices to multi-vertex crease
patterns.

Finally, the PTU is able to determine the global rigid foldability of a large subset of origami

crease patterns. This subset corresponds to kinematically determinate and acyclic crease patterns for
which the condition in Eq. (25) can be applied successively to each vertex within the crease pattern.
The rigid foldability of all individual vertices then collectively determines the global rigid foldability of the
mentioned subset of crease patterns. A model for cyclic graphs is not established in this thesis, but the
size of the design space constituted by acyclic graphs is undoubtedly large enough to support the design
of origami crease patterns for technical solutions. Moreover, the answer to the second part of RQ1 is
not tied to the kinematic model of the PTU but to the vertex triangle and the kinematic determinacy: the
condition for an origami to fold rigidly is that the underlying crease pattern is kinematically determinate
and that each of its vertices individually satisfies U.x < Umed + Umin-
Contributions: The PTU offers a range of contributions with respect to the second part of RQ1. The
condition for the rigid foldability of degree-n vertices has long been an outstanding problem in origami
[62] and its discovery opens up new possibilities for the embedding of higher order vertices within crease
patterns because any single degree-n vertex can be directly designed to be rigidly foldable. Degree-n
vertices can be advantageous, e.g., in metamaterials to achieve multi-stability [63] or in the
approximation of surfaces that exhibit extreme Gaussian curvatures [133].

The PTU further offers an analytical kinematic model for single vertices and for entire crease
patterns. The kinematic model computes the equations for the dihedral angles of degree-n vertices in
real time because no matrix inverse calculations are involved. In addition, these equations are given in
symbolic form, which speeds up the simulation process as well as the optimization of crease pattern
geometries. While the optimization of the adapted flasher pattern in Section 3 takes multiple hours, the
optimization of comparably complex crease patterns in Section 5 takes seconds to minutes. This
increase in efficiency renders the kinematic model of the PTU perfectly suitable for an application within

an automated computational method.
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The PTU in general leads to a deeper understanding of origami mathematics by explaining the
connection between rigid and flat foldability, the two biggest mathematical notions in origami, as well as
the information flow in origami crease patterns. The understanding of such phenomena contributes

fundamentally to origami research.

6.4 Research Question 2

How can the exponential number of RBMs be modeled kinematically?

Due to the singular flat initial state of an origami, kinematically modeling different RBMs through
existing approaches is a cumbersome process and conventionally involves vertex perturbations [102]
or prior knowledge about the MV assignment of the crease pattern [40]. The kinematic simulation
method introduced in Section 3 allows for the kinematic modeling of RBMs, but it does so mainly by
assessing non-developable configurations similar to the perturbation of vertices. Moreover, it resembles
a search for rather than a choice of RBMs, which precipitates multiple objective evaluations of the same
pattern in different configurations. This repeated assessment of each crease pattern is one of the
reasons why the numerical approach in Section 3 eventually necessitates a stochastic search method
to guide the optimization of the crease pattern geometry, leading to an ineffective design process.

The PTU introduced in Section 4 provides a new perspective on RBMs and offers a solution to
RQ2. The PTU states that the RBMs are just a consequence of the two possible formations of the vertex
triangle (Fig. 25), which is why the internal angles of the vertex triangle can simply be applied in opposite
directions. Then, the unknown dihedral angles corresponding to either RBM are automatically
determined by the kinematic model of the PTU based on the decision made by a human designer or a
computational method.
Contributions: With respect to the RBMs, the introduction of the PTU completely changes the design
process: origami research focuses predominantly on the MV assignment instead of RBMs, which leads
to an unnecessarily complicated, NP-hard problem [64]. The task of finding a valid MV assignment does
not include the actuation of the crease pattern and assumes that every crease line can become a
mountain or a valley. Since there are usually more crease lines than vertices within a crease pattern,
the number of MV assignments is even higher than the number of RBMs. The only existing method [89]
that is able to analytically determine the unknown dihedral angles of degree-n vertices yields multivalued
solutions that contain no information about the sign of the dihedral angles. In contrast, the kinematic

model of the PTU incorporates the signs of these angles and offers a choice from only two options for
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each individual vertex. Hence, instead of searching through the exponential number of RBMs, specific
RBMs can be chosen and then kinematically modeled by the PTU. This approach supersedes the
repeated evaluation or the prior knowledge about the MV assignment of a crease pattern and renders
the PTU perfectly suitable for an application within an automated computational method. Then, the

exponential number of different RBMs is turned from a potential into a definitive benefit of origami.
6.5 Research Question 3

What are the relations between the kinematic determinacy, the number of DOF,
and the symmetry of an origami crease pattern?

RQ3 is assessed in Section 4 by transferring the implications of the PTU from single-vertex to
multi-vertex crease patterns. Each individual vertex of degree n requires n — 3 inputs [74] to actuate the
folding motion, which is equal to the number of DOF that need to be prescribed for a single vertex to
fold in a kinematically determinate manner. As an example, Fig. 54a shows two unconnected vertices
v, and v, that are both driven by a driving angle t at the allocated crease lines. Since both vertices are

of degree four, the single driving angle for each vertex renders both vertices kinematically determinate.

) t t b t 5 . C t : \f

Fig. 54: (a) Two unconnected single vertices v; and v,, (b) two connected, symmetric vertices that are
kinematically determinate even when the driving angle t from (a) would be applied to v,, and (c) two
connected, asymmetric vertices that are kinematically determinate only if the driving angle t from (a) is
not applied to v,.

When multiple vertices are connected, the PTU states that every vertex within the crease pattern
requires 3 outputs to be kinematically determinate. In Fig. 54b, v; and v, are connected and the driving
angle t previously applied to v, is suspended, in which case both vertices exhibit 3 outgoing crease
lines and are thus kinematically determinate. However, since v; and v, are mirror-symmetric, the
outgoing dihedral angle p,, is identical to the previously suspended driving angle t. Reinstating the
driving angle to v, would thus lead to a redundant constraint that would not compromise the kinematic
determinacy. The same statement is not true for Fig. 54c, where the location of one crease line incident

to v, changes its location, leading to p,, # t. In this case, additionally applying the driving angle ¢t would

then overconstrain the system. Although simple, the exemplary situation in Fig. 54 can be transferred to
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rotational symmetry, for which the PTU demonstrates exactly which constraints need to be redundant
to enable folding motion, as illustrated for the Miura-ori pattern in Fig. 52.

To answer RQ3, symmetry in origami leads to highly specific sector angle configurations in
which some of the involved constraints are redundant, allowing a crease pattern to fold in a kinematically
determinate way although the same crease pattern in any asymmetric sector angle configuration would
be overconstrained when actuated by the same number of DOF. Symmetry can arise through either
geometric symmetry or fold angle multipliers, both representing cases in which the underlying
information is symmetric.

Although this concept has been described for degree-4 vertices [99], with the exception of the
fold angle multipliers [91] the relations between the kinematic determinacy, the number of DOF, and
symmetry are subject to analyses in order to determine the mobility of crease patterns [37, 50-52]
instead of useful properties for generative methods. Hence, while analyses of given crease patterns are
interested in assessing the number of DOF and thus the appropriate actuation of the folding motion, this
thesis specifies the actuation as an input and is interested in generating kinematically determinate
crease pattern topologies. The relations between the kinematic factors mentioned in RQ3 are thus
slightly different in both cases. To clarify these relations with respect to the design perspective, Fig. 55
depicts the ontology of an origami crease pattern in which the inputs of a design practitioner or a
computational method are highlighted in green and in which the research questions RQ1-RQ3 are
colored in orange.

Defining an origami crease pattern (Fig. 55, top) determines both the topology and the geometry
of the crease pattern. The topology constitutes the number of vertices and the number and distribution
of crease lines, whereas the geometry determines the sector angle configuration, i.e. the size of the
sector angles around each vertex.

The number of vertices directly relates to the number of unknowns within the system since every
vertex in motion exhibits three unknown coordinates corresponding to the three-dimensional space
[102]. The crease lines between the vertices define the distribution of facets and thus the total number
of constraints: each crease line introduces a single constraint by fixing the Euclidean distance between
two vertices, facets with more than three sides add constraints along their diagonals, and the closed
surface around each internal vertex adds a closure constraint. Together with the sector angle
configuration, the distribution of crease lines may lead to symmetry (RQ3), which can render some of

the involved constraints redundant, resulting in the number of independent constraints.
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Fig. 55: Ontology of an origami crease pattern from a design perspective with the inputs of design
practitioners or computational method shown in green and the research question RQ1-RQ3 colored in
orange

Folding an origami crease pattern demands for an actuation of the crease pattern that
determines both the number of driving angles as well as their speeds. The number of driving angles

directly determines the number of DOF (RQ3) that can be added to the number of independent
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constraints and then compared to the number of unknowns, determining the kinematic determinacy
(RQ3) of the crease pattern. If the number of unknowns is greater or smaller than the sum of the number
of independent constraints and the number of DOF, the crease pattern is equivalent to an
underconstrained or an overconstrained mechanism, respectively. Note that the above comparison
already includes the effect of symmetry, which is why the under- and overconstrained mechanisms in
Fig. 55 do not fold in a kinematically determinate way (in comparison to the conventional usage of
“overconstrained but still rigidly foldable” [99]). Kinematically determinate mechanisms only emerge
when the sum of the number of independent constraints and the number of DOF is equal to the number

of unknowns.

A kinematically determinate mechanism is an important requirement for rigid foldability (RQ1)
that further depends on the sector angle configuration and the actuation of the crease pattern. While the
actuation also determines the number of driving angles, its more direct influence on rigid foldability arises
from the speed of the driving angles as defined by the input of a human design practitioner or the

computational method. Finally, rigid foldability enables the emergence of different RBMs (RQ2).

Contributions: A subtle but crucial detail in Fig. 55 is the directions of the arrows that hint at a major
contribution of this work: by unraveling the precise relations between the factors that determine the

kinematic behavior from a design perspective, three aspects of the origami design process are inversed.

First, while related works [52, 102, 134] present methods to analyze the composition of crease
patterns in order to determine the number of DOF with which a feasible motion can be achieved, in this
thesis the actuation is an input and the entire design process tailors an origami specifically to the number
of DOF. This inversed approach contributes by enabling the actuation of the folding motion through a
desired low number of DOF, which reduces the resources required to actuate the origami, facilitates the

control [99], and renders the synthesized mechanisms more reliable [12].

Second, related works focus on symmetry as the subject of considerable analytical efforts [50,
51] because it complicates the understanding of the kinematic behavior. Possibly sparked by the many
known symmetric tessellations and natural fold pattern, symmetry is commonly perceived as an
inevitable feature of origami and is utilized in the design of symmetric crease line distributions and sector
angle configurations (such as in [91]). To ensure a reliable actuation, in this thesis symmetry is perceived

as a phenomenon best prevented so that it exerts minimal impact on the difference between the total
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number of constraints and the number of independent constraints (Fig. 55). In other words, instead of
focusing on patterns that can only fold in the presence of perfect symmetry, this work synthesizes crease
patterns that are always able to fold except in the rare case of symmetry. These synthesized crease
patterns are less prone to imperfections in the physical realization and thus generally more robust than
symmetric crease patterns.

Third, when symmetry is avoided as a design feature, the number of total constraints is equal
to the number of independent constraints (Fig. 55). Together with the number of DOF that are defined
as an input to the generation, the number of independent constraints then determine the kinematic
determinacy in a straightforward and reliable manner since the generative method can simply guarantee
that each individual vertex is kinematically determinate. In a directed graph, as stipulated by the PTU,
each single vertex is kinematically determinate if it exhibits three outgoing crease lines, and its kinematic
behavior can be modeled using the PTU if the crease pattern graph is acyclic. These two guidelines
enable the generation of kinematically determinate crease pattern topologies and are thus perfectly
suited for an application within a computational method that targets the design of origami crease

patterns.

6.6 Research Question 4

How can the answers to RQ1-RQ3 be embedded within an automated, generative method to

synthesize origami crease patterns?

Section 5 addresses RQ4 by embedding the answers to RQ1-RQ3 within an automated, rule-
based graph grammar system. The rule set R is constituted by two rules r; and r;, the first of which
extends vertices with three outgoing crease lines to satisfy the first guideline arising from the answer to
RQ3. The application of r; turns a vertex into an internal vertex whose kinematic behavior can then be
assessed using the PTU. Rule r; automatically models the kinematics of a vertex and further constrains
the sector angles around the respective vertex to fold rigidly by introducing the condition in Eq. (33). As
addressed by RQ2, the kinematic model applied by r; also adds the RBMs as variables to the
optimization. The second rule r, combines two vertices in order to enable the generation of higher order
vertices and guarantees that the crease pattern graphs generated are acyclic, satisfying the second
guideline that emerges from answering RQ3. In addition, rule r, performs adjustments to the constraint
system and the set of variables so that the crease pattern graphs generated can be optimized with

respect to the engineering design task. The application of both rules can then be enumerated by
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matching their respective LHSs, leading to an automated generative method for the synthesis of origami

crease patterns.

Contributions: In contrast to related methods [43], the graph grammar system incorporates
fundamental knowledge about the kinematics of origami and thus offers a more direct approach to the
design of origami crease patterns. As such, the graph grammar system is an integral part of the

computational method that enables the achievement of the objective of this thesis.

6.7 Limitations and Future Work

The work presented in this thesis suggests five main limitations and respective possible paths
for the future. First, the PTU enables only the assessment of acyclic crease patterns. Investigating cyclic
graphs and determining a kinematic model and a corresponding condition for rigid foldability in the future
would result in a generic condition for the global rigid foldability of all origami crease patterns. Together
with the expansion of the rule system explained in Section 5.7, such a condition would broaden the

design freedom of the computational method even further.

Second, although the computational method includes an intersection check, this check is
performed numerically and applied only after the optimization of a design alternative to reduce the time-
consumption. Intersection is thus only prevented instead of optimized for, leading to the rejection of
possibly feasible designs and thus requiring more objective function evaluations than theoretically
necessary. Determining and integrating an analytical constraint for self-intersection in the future could

decrease the number of objective function evaluations required to discover feasible origami concepts.

Third, the guidance strategy chosen in this thesis equates to the enumeration of the design
space, which probably represents a less-than-ideal search through the design space. The vast design
space offered by origami is constituted by the endless possibilities of different crease pattern topologies
and the exponential number of RBMs. With respect to the former, Section 5.7 explains the influence of
the rules on the overall performance of different topologies: while an application of r; facilitates the
achievement of a design task by introducing additional optimization variables, an application of r,
complicates the satisfaction of a design task by introducing additional constraints. However, r, also
leads to higher order vertices that generally enable more flexibility in the achievable shapes, and the
trade-off between the applications of the two rules is not entirely clear. The results in Section 5.6 did
also not reveal a difference in performance with respect to the RBMs. Hence, a future investigation of
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the influence of crease pattern topologies and RBMs on the performance of generated crease pattern
graphs could lead to an improved guidance strategy that would increase the time-efficiency of the

proposed computational method.

Fourth, the concepts developed within this thesis are of zero thickness, and applying them in
real-life scenarios requires adaptations for finitely thick materials. Adapting zero thickness concepts
works best for crease patterns that exhibit only degree-4 vertices and uniform sector angle
configurations. To achieve only degree-4 vertices, users can select for the feasible designs generated
only by applications of rule r; or a minimum number of applications of rule r,. To achieve uniform sector
angle configurations, the variable boundaries a,;, and a,,« in Egs. (31) and (34) can be defined to lie
within a smaller interval than currently done in the case studies of the gripper and the robotic arm.
However, introducing such intervals might deplete the number of feasible design concepts, and the user
of the method must estimate the trade-off between the number and the realizability of such solutions.
Nonetheless, adapting the feasible concepts to finite thickness requires future work. A range of possible

adaptation techniques is given in [66].

Finally, the computational method is applied to only two engineering design tasks in this thesis.
Although the results for both design tasks demonstrate the usefulness of the method, targeting more
design tasks in the future could further highlight the benefits of the method for the synthesis of rigid

crease patterns to support the application of origami in engineering design tasks.
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7 Summary and Conclusion

While origami is an ancient art form, its application in engineering science has only been
popularized in recent decades when the scientific community recognized its numerous benefits. These
benefits include scale-independence, compactly stowed states and complex three-dimensional motion,
actuation through low numbers of Degrees-Of-Freedom (DOF), programmable mechanical properties,
shapes, and functions, as well as facilitated manufacturing in the flat state that reduces cost and
assembly time. Due to its benefits, today origami finds application in various scientific domains from

micro scale such as DNA research to macro scale such as deployable solar panels for outer space.

The benefits and the widespread applicability of origami are accompanied by a set of geometric
and kinematic challenges involving rigid foldability, an exponential number of Rigid Body Modes (RBMs),
complex relations between the kinematic determinacy, the number of DOF, and symmetry, as well as
intersection and the adaptation to finitely thick materials. These challenges complicate the manual
adoption of origami principles for scientific purposes, which led to the development of various
computational methods that support the application of origami in engineering design tasks. However,
most of these methods isolate and address specific challenges and focus on the adaptation of existing
crease patterns rather than the design of novel crease patterns that are tailored to the given design
tasks. Consequently, today the design of rigid origami crease patterns for engineering applications is

tedious, time-consuming, and limited to a handful of experienced scientists.

This gap motivates the present thesis and defines its objective as the development of a
computational method for the synthesis of rigidly foldable crease patterns to support the application of
origami in engineering design tasks. To achieve the objective, the thesis addresses four research
questions of which the first three target the geometric challenges of rigid foldability (RQ1), RBMs (RQ2),
and the relations between the kinematic determinacy, the number of DOF, and symmetry (RQ3). RQ4
then aims at embedding the answers to RQ1-RQ3 within an automated computational method that
conforms to a Computational Design Synthesis (CDS) method with six parts involving input,

representation, generation, evaluation, guidance, and output.

The first approach to the computational method is presented in Section 3 that introduces a new
kinematic simulation method. Using this simulation, a manually adapted flasher pattern is subjected to
a sensitivity analysis that maps parts of the search space, first for a single vertex and then for multiple

connected vertices. Following the results of the analysis, the geometry of the adapted flasher pattern is
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then optimized to exhibit a maximally large surface area and to fold into a given cuboid shape. Although
successful in the optimization of a single crease pattern topology, the numerical approach is too time-
intensive for an automated computational method targeted at generating and evaluating large numbers
of different crease pattern topologies. Nevertheless, Section 3 reveals some important findings for the
remainder of the work including the visualization of the search space and the discovery of rigidly foldable

regions.

Based on these findings, Section 4 examines the involved kinematics from an analytical
perspective to gather more knowledge about the mathematical underpinnings and build a stronger
foundation for a more efficient approach to the computational method. This investigation leads to the
inception of the Principle of Three Units (PTU) stating that the kinematic behavior of a single vertex is
only dependent on its vertex triangle. By subjecting the vertex triangle to the triangle inequality, the PTU
yields the conditions for the rigid and flat foldability of single vertices of degree n. The corresponding
kinematic model enables the assessment of different RBMs and further offers the active selection of
RBMs to the human designer or the computational method. In addition, the kinematic model analytically
expresses the unknown dihedral angles, allowing for the extension of the condition for rigid foldability
from single vertices to crease patterns. This extension leads to the guidelines for the generation of
kinematically determinate crease patterns that can be modeled by the PTU. These guidelines are then
manually applied to find novel crease patterns, such as the rigid flasher (Fig. 32), the star pattern (Fig.
34), and an origami chair pattern (Fig. 37). This application also demonstrates the tedious, manual

design process and again motivates an automation of the generative process.

The analytical basis provided by Section 4 is then embedded within the computational method
in Section 5. The core of this method is constituted by a graph grammar that simultaneously performs
the graph transformations, introduces the optimization variables, and builds the system of constraints.
All possible combinations of crease pattern topologies and RBM assignments arising from the definition
of the design task and the graph grammar are then enumerated and optimized to yield a set of feasible
origami concepts that satisfy the given engineering design tasks. In this thesis, the method is applied to
two design tasks involving a gripper and a robotic arm problem, resulting in novel origami crease

patterns (Fig. 49 and Fig. 50) that achieve the prescribed task, fold rigidly, and are free of intersection.
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In summary, the major contributions of this work are:

- The visualization and characterization of the kinematic search space and the discovery of the rigidly
foldable regions (RQ1, part 1)

- The conditions for rigid and flat foldability of degree-n vertices that can be applied to generic single
vertices or kinematically determinate and acyclic crease patterns (RQ1, part 2)

- The analytical kinematic model that determines the unknown dihedral angles and the RBMs (RQ2)

- The explanation of the relations between the kinematic determinacy, the number of DOF, and
symmetry from a design perspective as well as the guidelines for the generation of kinematically
determinate crease patterns (RQ3)

- The development of a graph grammar (RQ4) that incorporates the analytical foundation arising from
the answers to RQ1-RQ3

- The achievement of the objective augments today’s predominantly manual design process with a
computational method that searches through the vast design space offered by origami, leads to the
synthesis of novel crease patterns, and yields the potential to apply the origami principle to yet

uncharted territories in engineering design.

The five main limitations of this work suggest different options for future investigations. First,
determining the condition for the rigid foldability of cyclic crease pattern graphs and expanding the rules
of the graph grammar would enable the generic assessment of the global rigid foldability and the
generation of all possible origami crease patterns. Second, finding analytical constraints for self-
intersection and incorporating these constraints into the optimization scheme would reduce the number
of evaluations and thus speed up the computational search for suitable origami concepts. Third,
examining the influence of the crease pattern topology and the RBMs could lead to a more efficient
guidance strategy. Finally, applying the developed method to more engineering design tasks would

further highlight the contributions of this work.

The author considers the objective of this thesis as achieved due to the successful development
of an automated computational method that enables the synthesis of rigidly foldable origami crease
patterns to support the application of origami in engineering design tasks. Moreover, the findings and
contributions of this thesis lead to a deeper understanding of origami kinematics and offer the potential

to advance the field of scientific origami.
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