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General Information

Scientific Scope and Topics

The study of biological flows enjoys a rapidly increasing interest. Research on biomedical flow
systems and animal locomotion has reached a high level of maturity and has become a well
established topic within the larger field of fluid mechanics. While there are many research
groups studying flow problems at moderate to large Reynolds numbers (e.g. cardiovascular fluid
mechanics), academic research on biomedical flows at low Reynolds numbers is less commonly
found.

This fact is unfortunate since low-Reynolds-number flows are highly relevant to medicine and
biology in general, and to physiology in particular. In collaboration with medical scientists and
biologists, the fluid dynamics community is able to make substantial contributions to these fields.
Typical low-Reynolds-number biomedical and biological flow systems may include

• flow in the lower airways

• cerebrospinal fluid flow

• microcirculation and red blood cell transport

• flows in the eye and the inner ear (balance sense, hearing)

• biomedical microdevices (e.g. filters, pumps, drainages, microrobots)

• propulsion and collective behaviour of microorganisms.

This Colloquium brings together researchers from groups throughout Europe working on
low-Reynolds-number biomedical and biological flows including theoretical, experimental and
computational contributions.

Organizing Committee

Prof. Leonhard Kleiser ETH Zürich Chair
Prof. Timothy Pedley University of Cambridge Co-chair
Prof. Dominique Barthès-Biesel Université de Compiègne
Prof. Thomas Rösgen ETH Zürich
Prof. Patrick Jenny ETH Zürich
Dr. Dominik Obrist ETH Zürich Scientific Secretary
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GENERAL INFORMATION

Scientific Programme

The EUROMECH Colloquium 521 on ”Biomedical Flows at Low Reynolds Numbers” begins on
Monday morning, August 29, 2011, and ends on Wednesday afternoon, August 31, 2011. The
scientific programme consists of 30 contributed papers, and 5 invited lectures by

• Timothy W. Secomb (University of Arizona): Mechanics of blood flow in the microcircu-
lation

• Annie Viallat (INSERM Marseille): Full dynamics of red blood cells in a shear flow: rolling,
tumbling tanktreading

• Eric Lauga (UC San Diego): Optimality in cellular hydrodynamics

• Bradley J. Nelson (ETH Zurich): Microrobots: (Artificial) Life at low Reynolds numbers

• Melody Swartz (EPF Lausanne): Interstitial and lymphatic flow: More than just a drainage
system

The contributed presentations are limited to 20 minutes (plus 5 minutes for questions). Pre-
senters are expected to bring their own laptop. Beamer and pointers are available. All scientific
presentations take place in the lecture hall ML E12 .

Sponsoring

The organizers would like to thank the sponsors of this Colloquium:

• EUROMECH — European Mechanics Society (www.euromech.org)

• ERCOFTAC — European Research Community on Flow, Turbulence and Combustion
(www.ercoftac.org)

• Institute of Fluid Dynamics, ETH Zürich (www.ifd.mavt.ethz.ch)

Venue

The lecture hall ML E12 is located on the main floor of the ML building (“Maschinenlabor”)
on the central campus of ETHZ (“ETH Zürich Zentrum”, see map on page 4). The ML building
is next to the tram stations of the tram lines 6, 9, and 10, jst north of the ETH main building
(HG) across Tannenstrasse.

The registration desk is next to the lecture hall in the room ML E13 . During the Collo-
quium this room will be open to all participants for indiviual work (wireless internet connection
available).

The coffee breaks as well as the Farewell Apéro take place in the lobby of the ML
building (just in front of the lecture hall).

The Conference Dinner (Tuesday, 19:00 – 23:00) takes place in the “Dozentenfoyer” which
is located on the top floor of the main building of ETHZ (“Hauptgebäude”, HG, J-floor).
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Public Transport to ETH Zurich

Floor Plan ML-building
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PROGRAMME

Detailed Programme

Monday, 29 August 2011

8:00 – 8:45 Registration

8:45 – 8:50 Welcome by Prof. L. Kleiser, Chair of EC521

8:50 – 9:00 Welcome address by Prof. Ch. Hierold, Deputy Head of the Department of Mechanical
and Process Engineering

9:00 – 9:50 MECHANICS OF BLOOD FLOW IN THE MICROCIRCULATION, Tim-
othy W. Secomb

9:50 – 10:15 A MODEL OF TISSUE PERFUSION BASED ON HOMOGENIZATION OF
DARCY FLOW IN DOUBLE-POROUS LAYERED MEDIUM, E. Rohan, V. Lukes

10:15 – 10:40 ERYTHROCYTE INFLUENCE ON BLOOD FLOW IN THE CEREBRAL VASCU-
LATURE, J. Reichold, A. Buck, D. Obrist, B. Weber, P. Jenny

10:40 – 11:10 Coffee Break

11:10 – 11:35 PARTICLES AND BLOOD CELLS AT BIFURCATIONS IN CAPILLARY NET-
WORKS, G. Coupier, V. Doyeux, S. Peponas, M. Ismail, T. Podgorski

11:35 – 12:00 FROM CEREBRAL BLOOD FLOW MODELING TO VASCULAR UNITS IN PRI-
MATE CORTEX, R. Guibert, C. Fonta, F. Plouraboué

12:00 – 12:25 FLOW AND TRANSPORT IN THE PLACENTA: HOMOGENIZING HAEMODY-
NAMICS IN A DISORDERED MEDIUM, O.E. Jensen, I.L. Chernyavsky, W.R.
Wan Abdullah, I.L. Dryden, A.A. Hill, L. Leach

12:30 – 14:30 Lunch

14:30 – 15:20 FULL DYNAMICS OF RED BLOOD CELLS IN A SHEAR FLOW:
ROLLING, TUMBLING TANKTREADING, Annie Viallat

15:20 – 15:45 THREE-DIMENSIONAL EFFECTS IN THE FLOW OF BIOARTIFICAL CAP-
SULES IN PORES, D. Barthès-Biesel, X. Hu, A.-V. Salsac, T.-X. Chu

15:45 – 16:10 A NOVEL COMPUTATIONAL APPROACH FOR MODELING HUMAN ERY-
THROCYTES IN OSCILLATING SHEAR FLOW, T. Klöppel, W. A. Wall

16:10 – 16:40 Coffee Break

16:40 – 17:05 FLUID DYNAMICS IN A MULTIPLE PARALLEL FLOW-CHAMBER FOR
SHEAR-DEPENDENT CELLULAR ADHESION, E. Bianchi, F. Boschetti, G. Du-
bini

17:05 – 17:30 MICROBUBBLE DRIVEN MICROCIRCULATION INSIDE HUMAN CAPILLAR-
IES AND ITS IMPACT ON THE ENDOTHELIUM, W. Wiedemair, V. Kurtcuoglu,
D. Poulikakos

17:30 – 17:55 INSIGHT INTO THE DEVELOPING VITELLINE NETWORK WITH MICRO-
PIV MEASUREMENTS, A. Kloosterman, C. Poelma, B.P. Hierck, J. Westerweel

18:15 – 20:00 Welcome Reception
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Tuesday, 30 August 2011

9:00 - 9:50 OPTIMALITY IN CELLULAR HYDRODYNAMICS, Eric Lauga

9:50 - 10:15 NUMERICAL SIMULATIONS OF PUSHER AND PULLER SQUIRMER IN VIS-
COELASTIC FLUID, L. Brandt, L. Zhu, E. Lauga

10:15 - 10:40 NUMERICAL STUDY OF FREE MOVING CILIAR MICROORGANISMS AT
LOW REYNOLDS NUMBERS, R. A. Lambert, L. Brandt

10:40 - 11:10 Coffee Break

11:10 - 11:35 FLUID-STRUCTURE INTERACTION OF MICRO-SWIMMERS, T. D. Johnson,
D. Loghin, J. R. Blake, D. J. Smith

11:35 - 12:00 BENDING MOMENT EFFICIENCY OF SPERM MOTILITY, D. J. Smith, E. A.
Gaffney, H. Gadêlha, J. Kirkman-Brown

12:00 - 12:25 LEFT-RIGHT SYMMETRY BREAKING: VESICLE TRANSPORT DUE TO
WHIRLING CILIA IN THE EMBRYONIC NODE, A. A. Smith, T. D. Johnson,
D. J. Smith, J. R. Blake

12:30 - 14:30 Lunch

14:30 - 15:20 MICROROBOTS: (ARTIFICIAL) LIFE AT LOW REYNOLDS NUM-
BERS, Bradley J. Nelson

15:20 - 15:45 BACTERIA-INSPIRED MICROROBOTS FOR NON-CONTACT MANIPULA-
TION, K. E. Peyer, L. Zhang, B. J. Nelson

15:45 - 16:10 EXPERIMENTAL INVESTIGATION OF THE FLOW INDUCED BY ARTIFICIAL
CILIA, J. Hussong, N. Schorr, J. Belardi, O. Prucker, J. Rühe, J. Westerweel

16:10 - 16:40 Coffee Break

16:40 - 17:05 LOW-REYNOLDS-NUMBER FLOW BETWEEN TWO VESSELS WITH A
SHUNT BETWEEN THEM, A. Setchi, J. Mestel, J. Siggers, K. Parker

17:05 - 17:30 MATHEMATICAL MODELLING OF HIGH-FREQUENCY FLOW IN CURVED,
COMPLIANT ARTERIES, S. Payvandi, J. H. Siggers, K. H. Parker

17:30 - 17:55 FLUID MOTION FOR MICRO-GRAVITY SIMULATIONS IN A RANDOM POSI-
TIONING MACHINE, C. A. D. Leguy, R. Delfos , M.J.B.M. Pourquie, C. Poelma,
J. Vreeburg, J. Krooneman, J. Westerweel, J.J.W.A. van Loon

19:30 – 23:30 Conference Dinner
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9:00 - 9:25 A UNIFIED NUMERICAL METHOD FOR FLUID-STRUCTURE INTERACTION
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11:35 - 12:00 UNSTEADY SURFACTANT-LADEN LIQUID PLUG PROPAGATION: A MODEL
FOR SURFACTANT REPLACEMENT THERAPY, U. Olgac, M. Muradoglu

12:00 - 12:25 EFFECTS OF SURFACTANT ON MOTION OF A LARGE BUBBLE IN A CAP-
ILLARY TUBE, M. Muradoglu, G. Gursel, U. Olgac
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14:30 - 14:55 MULTISCALE ANALYSIS OF FLUID FLOW IN LYMPHATIC CAPILLARIES, T.
Roose, M. Swartz

14:55 - 15:20 MATHEMATICAL MODEL OF BLOOD AND INTERSTITIAL FLUID FLOW IN
THE LIVER, K. Leunchavaphongse, J. Siggers, R. Repetto
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MECHANICS OF BLOOD FLOW IN THE MICROCIRCULATION

Timothy W. Secomb1

1Department of Physiology, University of Arizona, Tucson AZ 85724, USA

The term ‘microcirculation’ refers to the terminal branches of the circulatory system, with di-
ameters ranging from a few hundred µm down to a few µm. Blood is a concentrated suspension
of cells, mainly red blood cells (RBCs), in plasma. The hematocrit (volume fraction of red blood
cells) is normally 40% to 45%. The unstressed shape of a normal human RBC is a biconcave
disc with a diameter of 8 µm and a thickness of 2 µm. The interior is a concentrated hemoglobin
solution, which behaves as an incompressible viscous fluid. The cell membrane is viscoelastic,
with low resistance to bending and in-plane shear deformations. As a consequence of these phys-
ical properties, RBCs are highly deformable, allowing blood to flow readily through microvessels
despite being a concentrated suspension.

Resistance to flow in blood vessels has been studied since the time of Poiseuille in the mid
nineteenth century. Flow resistance can be expressed in terms of the apparent viscosity, i.e.,
the viscosity of a Newtonian fluid that would result in the same flow rate for a given driving
pressure. Observations in narrow glass tubes show a marked decrease in the apparent viscosity
with decreasing diameter below 1000 µm, a phenomenon known as the F̊ahraeus-Lindqvist effect.
This reflects non-continuum behavior of blood near the vessel wall, leading to the formation of a
cell-free or cell-depleted layer. A simple two-layer model, in which the RBCs are contained within
a concentric cylindrical core region with relative diameter λ and with uniform viscosity µcore,
and the surrounding cell-free annular wall layer has viscosity µp, predicts apparent viscosity as
µapp = µp/(1 − λ4(1 − µp/µcore)). Even a relatively narrow plasma layer causes a substantial
reduction in apparent viscosity, because it decreases the viscosity in the region near the wall
where viscous energy dissipation would otherwise be concentrated.

In capillaries with diameters up to about 8 µm, RBCs frequently flow in single file. In such
vessels, RBCs are compressed into narrow bullet-like shapes, and their mechanics can be analyzed
by assuming that the RBC has axisymmetric geometry. A further simplification is the use of
lubrication theory to describe the motion of the suspending fluid in the layer between the cell and
the vessel wall. Under these assumptions, the fluid-solid interaction problem can be expressed as
a coupled nonlinear system of ordinary differential equations, which can be solved numerically
to predict cell shapes and apparent viscosity [10]. Predictions of this theory agree well with
experimental measurements of apparent viscosity in capillary-sized glass tubes.

For tube diameters above 30 µm, a good fit to experimental results is obtained from the two-layer
model, by assuming a cell-free layer width of 1.8 µm and µcore/µp = 3.3 [8]. The width of the cell-
depleted layer is determined by two opposing effects. Individual flexible particles tend to migrate
away from solid boundaries, but particle-particle interactions result in ‘shear-induced diffusion’
down the concentration gradient toward the wall [9]. For blood flow in tubes with diameters
between 8 and 30 µm, continuum models are not appropriate. Theoretical models must consider
multiple interacting RBCs. This is a challenging computational problem, particularly if fully
three-dimensional geometries are considered. Increasing computing power in recent years has led
to an upsurge of interest in this area [2,3,4,5].

We developed a two-dimensional approach for simulating the motion and interaction of RBCs
in narrow channels [1,11]. The cross-sectional shape of each RBC is represented by a set of
viscoelastic elements on the perimeter and in the interior of the cell. The internal elements
represent the internal viscosity of the cell and the cell membrane’s viscous resistance to three-
dimensional out-of-plane deformations. Membrane bending elasticity is represented by an elastic
resistance at the nodes. The strong resistance of RBCs to area change is represented in the model
by assigning an internal pressure that depends on the cell area. The suspending medium is a
viscous incompressible fluid. A finite element method was used to solve the resulting system of
coupled equations. In order to calibrate the model, we compared predictions with experimental
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data on the cyclic ‘tank-treading’ motion of the membrane around the cell interior that is observed
when a RBC is placed in simple shear flow of a high-viscosity fluid. In this motion, a band of
membrane around the cell is alternately lengthened and shortened. This continuous deformation
results in viscous energy dissipation in the membrane. The internal viscous elements represent
resistance to this motion. With suitably chosen parameters, this model closely approximates
tank-treading frequencies and cell elongations observed in high-viscosity shear flow.

The model was used to simulate the motion of RBCs in microvessels [11]. When placed in off-axis
positions, the cells assume asymmetric shapes and migrate towards the center-line. Trajectories
and shapes of RBCs computed by this method agree well with observations in living tissues. This
method can also be used to study the motion of RBCs in diverging bifurcations. Observations of
such bifurcations show the phenomenon of non-uniform hematocrit partition or ‘phase separation’
[6]. Typically, the branch with higher flow rate receives a larger hematocrit, due to the presence
of a cell-free or cell-depleted layer near the wall. A branch with low flow rate tends to receive
fluid mainly from this layer. The model was used to analyze RBC motion and deformation in
capillary bifurcations, and to predict the migration of RBCs across streamlines of the underlying
flow [1]. The motion of a single cell, initially positioned near the wall of a flowing parallel-sided
channel, was studied. In the first phase of the motion, the initially circular cell develops an
asymmetric teardrop shape. As a result of this asymmetry in shape, the cell migrates away from
the wall towards the center-line. The subsequent motion involves a complex combination of cell
deformation, tank-treading, and tumbling.

Experimental studies of blood flow in microvascular networks reveal major differences from pre-
dictions based on in vitro observations of apparent viscosity [7]. The main cause of these dif-
ferences is the presence of a relatively thick layer, about 1 µm wide, of macromolecules bound
to the endothelial cells lining microvessel walls. This endothelial surface layer substantially in-
creases flow resistance in microvessels, reduces hematocrit, and affects interactions of blood cells
with vessel walls. With regard to RBC motion, this layer may play an important role by shield-
ing RBCs from large stresses generated when the cells traverse irregular microvessel geometries
during multiple passages through the microcirculation. Using our two-dimensional model, we
examined the effect of such a layer on transverse migration of RBCs. As the layer is made more
permeable to plasma flow, the localized forces acting on edge of the cell nearest to the wall are
decreased, resulting in less shape change and slower migration. These results suggest that the
endothelial surface layer may slow the development of a cell-free or cell-depleted layer when blood
enters a microvessel in vivo.
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FULL DYNAMICS OF RED BLOOD CELLS IN A SHEAR FLOW:
ROLLING, TUMBLING TANKTREADING

Annie Viallat, Marius Socol & Jules Dupire
Lab. Adhesion and Inflammation, INSERM UMR 600, CNRS UMR 62 12, Aix

Marseille University, Luminy, 13288 Marseille, France

INTRODUCTION

The shape and the mechanical properties of red blood cells (RBCs) are key factors for their
transport in the vasculature, from capillary networks to arteries. However, even under a simple
shear flow, the cell mechanical response to the hydrodynamic constraint generates complex RBC
motions that are still not well understood. The structure of the RBC is one of the simplest among
cells but it nevertheless involves several mechanical parameters: viscosity of the internal fluid that
governs cell fluidization, membrane shear and bending elasticities, membrane incompressibility
that help to preserve a smooth cell shape. Moreover, the non-spherical shape of the cell combined
with shear elasticity generates a shape memory effect, which induces an energy threshold for
membrane flow. Depending on the amplitude of the external constraint, the dynamics of the cell
is controlled by one or a combination of these parameters and its behavior may then be similar
to that of a solid, of a fluid or of a complex viscoelastic capsule. Pioneering studies [1, 2, 3]
revealed different regimes of motions: flipping, tumbling (T) (often referred as a particular case
of flipping when the cell axis of symmetry rotates in the shear plane) and tanktreading with a
stationary orientation (TT). They provided data, often qualitative, on the variations of the cell
orbit and on the dependence of the (T)-(TT) transition to the viscosity of the suspending fluid
and to the shear rate. For many years, modeling accounted only for viscosity and described the
RBC as a fluid ellipsoid [4]. It allowed to qualitatively predict the existence of (T) and (TT) but
not the shear-rate dependence nor any orbit variation. More recently, new features were found
like cell shape memory [5], swinging (S) motion superimposed to (TT), intermittent motion [6, 7]
and chaotic motion in a time-periodic shear flow [8]. These motions were semi-quantitatively
described by including membrane viscosity, elasticity and shape memory in an ellipsoid model.
A large number of numerical approaches were then developed [9], which accounted for viscosity,
elasticity, shape memory, bending and allowed cell deformation. These approaches qualitatively
retrieve (T), (TT) and (S), but they still ignore orbit variations, are controversial on intermittency
and predict strong cell deformations at the (T)-(TT) transition and during (TT) that are not
seen experimentally. A full quantitative understanding of RBCs motion in shear flow is still
obviously experimentally and theoretically lacking.

Here, we carefully study the full dynamics of individual red blood cells in a shear flow for two
viscosities of the suspending fluid and various shear rates. RBCs are observed both parallel and
perpendicularly to the shear plane and the cell membrane is marked to follow its movement. We
show that RBCs do no flip stably upon increasing the shear rate. We measure the progressive
rotation of their axis of symmetry and the final cell rolling and spinning in the shear plane.
This behaviour is due to the elastic contribution of the membrane. We show that the rolling -
(TT) transition and the (TT) - flipping transition observed upon increasing and decreasing the
shear rate respectively display a strong hysteresis and different mechanisms. Cell deformation
is small: RBC shape remains biconcave during both (T) and (TT), contrarily to predictions of
numerical simulations. This result suggests that the shape memory has a low energy barrier and
that bending energy plays a significant role to maintain the biconcave cell shape.

MATERIALS AND METHODS

Direct observations of the cells are provided from side-view microscopic imaging in a vertical
plane parallel to the shear plane [6] and from bottom view in an horizontal plane perpendicular
to the shear plane. RBCs are diluted in a solution of dextran of concentration 9% w/w with
PBS at 290 mOsm and pH=7.4 (Mw= 2.106 g/Mol, ηo= 34 mPa.s or Mw= 105 g/Mol, ηo=
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Figure 1. Tumbling to rolling: time sequence of the projection of a RBC in a plane perpendicular to

the shear plane. The flow is from right to left. external viscosity=10−2 Pa.s ; Top series: γ̇ = 2s−1,

middle series: γ̇ = 6s−1, bottom series: γ̇ = 12s−1.

10 mPa.s). RBCs are almost non-buoyant in the solution and can flow without sinking. Small
carboxylated beads stuck to the cell membrane allow the observation of its movement.

RESULTS

It is generally considered that the major parameter that determines the cell regime of motion
is the ratio of the internal to external liquid viscosities. For a given cell shape there exists a
threshold for the viscosity ratio above which the cell should always flip. Below this threshold,
the cell is expected to flip at low shear rate and to swing and tanktread at high shear rate. The
nature of the flipping motion (when a particle flips it may tanktread or not) and its stability
are not experimentally known. The role of the second important mechanical parameter, the
elastic energy, on flipping is also not well documented. Little is known on the mechanisms of the
flipping- swinging and swinging-flipping transitions and on the cell deformation. Most studies
have been limited to the particular case of tumbling.

From flipping to rolling

We follow the movement of RBCs, which present various initial orientations with respect to
the flow direction for two external solutions of viscosities equal to 10−2 Pa.s and 3.410−2 Pa.s
respectively . We give a particular attention to the cells for which the angle φ between their axis
of symmetry measured when it lies in the plane of observation and the flow direction is initially
less than 10◦(tumbling motion). When the shear rate γ̇ slowly increases by step, the orbit of
the cell changes, φ increases and reaches a limiting value for each step value of the shear rate,
as seen in Figure 1. The cell axis has a precession movement. Upon further γ̇-increase, the cell
lies in the shear plane and rolls (φ = 90◦). The deformation (elongation/compression) of the cell
remains small (less than 10%). This result shows that flipping (and tumbling) is not a stable
motion for RBCs upon increasing the shear rate and that the stable orbit of the cell depends on
the shear rate. The origin of this phenomenon is studied by stiffening RBCs by incubation in a
solution of glutaraldehyde (crosslinking of the proteins of the cell membrane). In this case, the
tumbling motion is stable and the angle φ never increases above 40◦, even for the largest shear
rates. Finite membrane elasticity promotes a rolling motion, while stiffening of the cell stabilizes
a tumbling motion.

The role of the elastic contribution to the membrane motion is also explored. Clearly the mem-
brane does not fully tanktread about the cell shape as seen by the observation of latex beads
stuck on the membrane (Figure 2). The fit of the time variations of the cell inclination angle
with respect to the flow direction, θ, shows that for low shear stresses, the membrane does not
move: the cell motion is very similar to that of a rigid particle. When the shear stress increases,
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Figure 2. transition from rolling to tanktreading. The flow is from right to left RBCs. top series:

γ̇ = 3s−1, rolling of the cell (images 1-7), followed by a cell position change (images 8 and 9) with

spinning (images 10-19) and finally TT (images 20-30)

Figure 3. TT -flipping transition: intermittence γ̇ = 0.8s−1, At the beginning one can observe one

half-TT (images 1-10), followed by one tumbling(images 11-17) and another half-TT (images 18-26).

the time variation of θ is better described by a model of an elastic ellipsoidal capsule enclosing a
viscous fluid. The materials points on the membrane oscillate about their equilibrium positions
but the energy barrier due to the shape memory is too high to allow the membrane to fully
tanktread.

At higher shear stresses, the energy barrier of the shape memory can be overcome by the energy
of the flow. However, we never observe the tumbling motion of a fluid ellipsoid with membrane
tanktreading, as described by Keller and Skalak, since the cell’s orbit has changed and the cell
rolls in the shear plane. We believe that rolling allows the cell to avoid local deformation that
costs energy. Indeed, a rolling cell can rotate about its axis of symmetry like a rigid body without
internal dissipation.

Rolling to tanktreading and tanktreading to flipping

Below the threshold of the viscosity ratio and above a critical value of the shear rate, RBCs
present a swinging (S) orientation around a mean value while the membrane and cell contents
perform a tanktread (T) motion. We explore the rolling - (S)(T) transition induced by increasing
the shear rate. It is illustrated in Figure 2. Starting from rolling in the shear plane, the cell
tilts and hovers in the flow while its membrane spins about the axis of symmetry. The axis
of symmetry does not precess. When the cell finally lies horizontally (the axis of symmetry
is then vertical) the streamlines on the membrane change from spinning about the symmetry
axis to tanktreading. Local deformations (bumps) sometimes appear on the cell surface. Upon
increasing the shear rate, the local deformations disappear and the cell presents a nice biconcave
shape. It is striking that, contrarily to most simulations, the biconcave shape is maintained even
if the energy barrier due to the shape memory is overcome so that the membrane can rotate
about the cellular shape due to the bending energy.

The (T) - flipping transition is observed by decreasing the shear rate (Figure 3). Close to
the transition the cell tanktreads and presents a biconcave shape. At the transition the cell
exhibits a transient intermittent regime. Several swinging/tanktreading periods are followed by
one tumbling. The intermittent regime finally stops and the cell flips continuously. The cell
final orientation is close to that of rolling. At this stage, increasing the shear rate leads to
the progressive orbit change of the cell, which finally fully rolls. A striking point concerns cell
deformation, which never exceed 10 %. The cell remains biconcave.

The transition presents a strong hysteresis: the critical shear rate for the rolling - (TT) transition
is higher than the critical shear rate for the (TT) - flipping transition. There is a shear rate
range where both flipping with a definite φ angle and (S) (TT) are possible stable motions for
the cells.
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CONCLUDING REMARKS

We have explored the regimes of motion of RBCs in a shear flow. We have revealed that the
orientation of flipping RBCs depends on the shear rate. At high shear rate, RBCs roll in the
shear plane. This behaviour is due to the elastic contribution of the cell membrane. For the first
time the transition from rolling to swinging-tanktreading have been carefully observed. It shows
cell hovering and a spectacular change of the membrane motion. The transition from swinging-
tanktreading to flipping is also observed and discloses a transient intermittent regime. A striking
point is that the cell does not deform much, even if the elastic energy due to the shape memory
is overcome by the external flow energy. In particular, the biconcave shape is always preserved in
the explored range of shear rates. When the membrane tanktreads, the following question then
rises: when a material point initially at the rim of the membrane reaches the position which was
initially at the cell dimple, what is the mechanical parameter that still imposes the existence of
a dimple at this local position? We suggest that this may be due to the bending energy, which
could be higher than the elastic energy barrier due to the shape memory. A low energy barrier
due to shape memory would imply that the resting shape for the RBC, i. e. the shape that
stores no elastic energy is not a biconcave disk but is closer to a sphere. We hope that these new
features will stimulate new experiments and theoretical approaches.
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OPTIMALITY IN CELLULAR HYDRODYNAMICS

Eric Lauga
University of California, San Diego, USA

Fluid mechanics plays a crucial role in many cellular processes [1]. One example is the external
fluid mechanics of motile cells such as bacteria, spermatozoa, algae, and essentially half of the
microorganisms on earth [2]. The most commonly-studied organisms exploit the bending or
rotation of a small number of flagella (short whip-like organelles, length scale from a few to
tens of microns) to create fluid-based propulsion. Ciliated microorganisms swim by exploiting
the coordinated surface beating of many cilia (which are short flagella) distributed along their
surface [3].

After a short introduction to the fundamentals of fluid-based locomotion on small scales, we
pose separate optimization problems addressing the optimal geometries and locomotion gaits of
low-Reynolds-number swimmers. First, we characterize the optimal dynamics of simple flapping
swimmers with two degrees of freedom. Second, we derive analytically and computationally the
optimal waveform of an elastic flagellum [4], such as the one employed by eukaryotic cells for
propulsion. Third, we investigate the optimal shapes of helical propellers, and use our results
to help rationalize the shape selection mechanism in bacterial flagella [5]. Finally, we charac-
terize the optimal locomotion by surface distortions of blunt swimmers, and demonstrate the
appearance of waves, reminiscent of the metachronal waves displayed by ciliated organisms [6].
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MICROROBOTS: (ARTIFICIAL) LIFE AT LOW REYNOLDS
NUMBERS

Bradley J. Nelson
Institute of Robotics and Intelligent Systems, ETH Zurich, 8092 Zurich, Switzerland

Fluid Microrobotics has recently entered the phase in which sub-mm sized autonomous robots
are being realized. While the potential impact of these devices on society is high, particularly for
biomedical applications [1], many challenges remain in developing genuine microrobots that will
be useful to society. This talk will focus on approaches to the locomotion of microrobots in liquid
[2]. Issues in the design of external systems for providing energy and control of microrobots must
be considered, and the use of externally generated magnetic fields in particular appears to be a
promising strategy [3]. Theoretical and experimental issues will be discussed [4], functionalization
of the devices, and efforts to scale microrobots to the nanodomain will be presented.

Figure 1. An artificial bacterial flagellum (ABF)
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INTERSTITIAL AND LYMPHATIC FLOW: MORE THAN JUST A
DRAINAGE SYSTEM

Melody A. Swartz
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In most tissues, slow flow through the 3D extracellular environment – interstitial flow – is always
directed towards draining lymphatic vessel. Increased flow occurs in healing wounds, and one of
the first responses to tissue insult, injury, or infection is increased lymph flow from the affected
site due to vascular hyperpermeability and immune cell influx.

Our lab is interested in understanding the mechanobiology of interstitial and lymphatic flow, both
in terms of what it does to cells and its implications for immunology as well as how it is sensed and
regulated by lymphatic vessels. Using in vivo, in vitro, and in silico systems, we investigate the
role of interstitial fluid flow on lymphangiogenesis, lymphatic fluid drainage function, immune
cell trafficking towards and into lymphatics, and other immunological function of lymphatic
endothelium, as well as the underlying mechanical and mechano-chemical mechanisms of such
phenomena.

First, we have shown how flow can organize lymphatic capillaries during vasculogenesis-like
lymphangioogenesis, in 3D tissue culture models [1-3] and in vivo dermal wound healing [4].
Then, we demonstrate how draining fluid flow (slow basal to apical flow, across a lymphatic
monolayer) is an important mechanical signal to both immune cells and lymphatic endothelium,
which can sense and respond to draining flow in ways that affect overall fluid transport, solute
transport, and immune cell trafficking [5]. Upon antigen uptake, immune cells can use fluid
flow as a signal to direct the cells to the nearest draining lymphatic vessel from the tissue
[6,7]. Furthermore, lymphatic endothelium differentially responds to transmural flow vs luminal
shear stress to upregulate immune cell adhesion molecules basally, for transmigration into the
lymphatics, but downregulate them on the luminal side for efficient trafficking to lymph nodes.
Lymphatic endothelial sensitivity to flow conditions reflects a fine-tuned system optimally primed
to communicate with the lymph node by responding on a much faster time scale than lymphocyte-
based communication (such as the classical events of the adaptive immune response, namely
where dendritic cells pick up antigen, travel to the draining lymph node (on the order of 6-12
hours), and induce a cognate T cell response). Under flow conditions, the endothelium also
differentially responds to different types of danger and inflammatory signals, including bacterial
lipopolysaccharide (LPS) and tumor necrosis factor (TNF)-alpha, and these immune functions
of lymphatic endothelium are greatly changed during lymphedema or fluid stagnation.

In summary, the lymphatic system senses and actively regulates flow, in turn regulating inter-
stitial flow, which affects many aspects of interstitial cell function and immune response.
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A MODEL OF TISSUE PERFUSION BASED ON HOMOGENIZATION
OF DARCY FLOW IN DOUBLE-POROUS LAYERED MEDIUM

Eduard Rohan & Vladimı́r Lukeš
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Univerzitńı 8, 30614 Pilsen, Czech Republic

INTRODUCTION

Our aim is to develop a microstructurally-oriented and computationally efficient modeling tool
which will allow for simulations of tissue perfusion. The difficulty of this task originates in
structural arrangement of the so-called perfusion tree, bridging several scales, the blood flow
descriptions, depending on the scale, and fluid-structure interactions. We focus on modeling the
perfusion of tissue parenchym, being motivated by medical applications: a) the assessment of
the local cerebral blood flow and b) the liver segmentation (to associate given a point within the
liver with one of the hepatic and portal veins). At the level of small vessels and microvessels,
the perfusion can be described using the Darcy flow in double porous structure consisting of
3 compartments: two mutually disconnected channels (small arteries and veins) and the ma-
trix (microvessels and capillaries), represented as the dual porosity, where the permeability is
decreasing with the scale parameter - the size of the microstructure.

HOMOGENIZED MODEL AND 3D-TO-2D REDUCTION

We developed a model of homogenized perfusion in the 3-compartment medium constituted
by several transversely periodic layers, which enable us to approximate flow through different
hierarchies of the porosity. A 3D layered structure in occupying domain ΩH ⊂ R3 can be replaced
by a finite number of 2D ”homogenized layers” Γ0 ⊂ R2 coupled by conditions governing the fluid
exchange between them. Each layer is assumed to have a locally periodic structure generated by
the reference periodic cell, see Fig. 1. Using this cell, homogenized coefficients relevant to the
macroscopic level can be calculated.

Fig. 1: The periodic structure of the layer comprising two channel systems A and B (left) and
the postprocessing of micro-flows through the dual porosity; evaluated in the periodic cell for a

given macroscopic position x ∈ Γ0 (right).

Macroscopic equation for single layer

The homogenized problem for pressures pA and pB , associated with the channels A and B,
describes 2D parallel flows, cf. [3], in homogenized layer Γ0 ⊂ R2. Each channel system forms
a connected domain (so, we assume at least a small co-lateralization of vessels in the perfusion
tree). Two coupled “macroscopic” equations (one for A and one for B) involve the homogenized
coefficients: permeabilities (Kαβ)A,B of the channels, the transmission G and drainage (Sα)A,B,k
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(for channel branches k ∈ JD) coefficients. They govern the fluid redistribution between the two
channel systems A and B: for A we have the following equation which is coupled with the similar
equation for channel B (i.e. the role of indices A and B is exchanged):

− ∂

∂xα

[
KAαβ

∂

∂xβ
pA +

∑
k∈JA

SA,kα g̃kA

]
+ G

(
pA − pB

)
= chAḠA −FA+ĝ+ −FA−ĝ− ,

where FA+/−, chA are constants (the summation w.r.t. repeated indices α, β applies). Fluxes
ĝ+/−, ḠD and g̃kD, k ∈ JD, D = A,B are given, such that the solvability conditions hold. The
term G

(
pA − pB

)
, evaluated at point x ∈ Γ0, expresses the amount of fluid (blood) perfused

through the matrix (the dual porosity) between sectors A and B. The details are reported in [1].

Model of N-coupled layers

We consider N layers; in each the perfusion is described by the homogenized model involving
macroscopic pressures. Flows between the layers are respected by coupling conditions. In the
simplest case, we assume perfect-matching microscopic cells of two attached layers, so that, at
the microscopic level, the pressures at the “channel junctions” must equal and the fluxes must
be opposite. Analogous conditions express coupling for the pressures and fluxes at the interface
in the dual porosity.

This approach allows us to approximate the hierarchical structure of the perfusion tree: in each
layer the periodic microstructure can be different.

Further improvements

To treat real geometries (e.g. perfusion in grey matter of the brain), we consider thick curved
layers Ω̃H that can be mapped onto “flat” layers ΩH which are decomposed into N layers and
homogenization is applied for each, as described above. The curvature of the layers and the asso-
ciated transformation between Ω̃H and ΩH modifies the homogenized model; the microstructure
is only locally periodic, therefore the homogenized coefficients must be computed for “each ele-
ment” of the macroscopic domain Γ0.

The model can be extended for microstructures involving more mutually separated channels.
Then the number of macroscopic pressures increases correspondingly. We also intend to account
for non-steady flows and to include the effect of deforming tissue, see [2].

CONCLUDING REMARKS

The model has been developed for an approximate description of blood perfusion in brain and
liver tissues. Due to the 3D-to-2D reduction and the two-scale decomposition it leads to com-
putationally feasible problem which is now implemented in our in-house developed code Sfepy
[4]. The solution of the macroscopic problem can be used for the flow reconstruction at the
microscopic level. Using the computed velocities we can solve a transport equation describing
redistribution of a contrast fluid, to mimic the output of enhanced CT perfusion investigation.

Acknowledgment: The research supported by projects MSM 49777513 03 and GACR 106/09/0740
of the Czech Republic.
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INTRODUCTION

The viscoelastic and oxygen-transport related properties of red blood cells (RBCs) have been
subject to extensive study. The effects of shear flow on the erythrocytes include swinging,
tumbling and tank treading motion [1-4]. The asymmetrical deformation of the red cells explains
their tendency to move towards the midline of a blood vessel [5-6].
It has been shown experimentally, theoretically and in simulation [7-11] that also the inverse is
true - that the RBCs in turn have significant impact on the blood flow. In this work, we provide
an extension of previously presented modeling frameworks by Obrist and coworkers [11], such
that they can be applied to large, realistic vascular networks. The simulations illustrate the
influence of the erythrocytes on blood flow in the cortical vasculature.

METHODS

Obrist et al. have devised two approaches to simulate the blood flow in capillary networks.
One in which the red cells are resolved, and another in which the hematocrit is assumed a
continuous real number. Both models assume two main RBC-based effects. First, the resistance
to flow increases with increasing numbers of red cells in a vessel. Second, the distribution of
erythrocytes is governed by a bifurcation rule - stating that the RBCs at a vascular bifurcation
follow the path of the steepest local pressure gradient.
Both, discrete and continuum methods, are extended to work with physiological angiography
data, containing a mixture of capillary and non-capillary vessels. In non-capillary vessels the
bifurcation rule cannot be applied, since it relies on the assumption that RBCs approach the
vascular junction along the midline of the vessel. Therefore, the vertices of the vascular graph
(bifurcations) are either classified as capillary or non-capillary, depending on the diameter of the
vessels that transport blood toward the vertex. If all feeding vessels are capillaries, the vertex
qualifies as a capillary vertex and the bifurcation rule can be applied. If not, the red cells are
distributed according to the empirical data provided by Pries and coworkers [10].

RESULTS

The extended discrete and continuum models are applied to realistic vascular networks of the
rat somatosensory cortex. The angiography data are obtained by synchrotron radiation based
X-Ray tomographic microscopy (srXTM), which fully resolve the blood vessels down to capillary
size (isotropic 700 nanometer voxels).
The self-consistency of the simulation-framework is demonstrated by comparing the results of
both models. Moreover, the results are compared with the empirical model of Pries et al. [10].
The differences between flow seeded with red blood cells and pure plasma flow are shown for
both baseline and stimulus conditions.
Finally, the influence of red cell elasticity on blood flow and RBC distribution is investigated.
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INTRODUCTION

When blood flow reaches an asymmetric bifurcation in the microcirculation, it is well known that
blood cells split in such a way that the hematocrit typically increases in the high flow rate branch
and decreases in the other one. This phenomenon is sometimes called the Zweifach-Fung effect
[1, 2] and is partly responsible for large hematocrit fluctuations observed in capillary networks.
Many in-vivo studies on blood flow (see [3] for a review), or in-vitro studies [4, 5, 6] have been
devoted to this effect, including to design sorting or purification devices based on this principle.
As proposed in many papers, focusing on rigid spheres can already give some keys to understand
or control this phenomenon [7, 5, 8].
An important factor is the spatial distribution of particles in the inlet channel. The existence of
a particle/cell free layer near the walls, known as plasma skimming, favours the high flow rate
branch.
In addition, the final distribution is influenced by hydrodynamic phenomena that seem to occur
at the bifurcation, that can make particles or cells follow a different path than streamlines.
To study these specific phenomena, we consider rigid spheres as a model system, for which no
transverse migration in the upstream channel is expected. We experimentally and numerically
investigate their behaviour through symmetric T-shaped bifurcations (figure 1) in the dilute
regime. We show that an attraction toward the low flow rate branch partly balances the ten-
dency to concentrate particules in the high flow rate branch due to depletion near the walls in
the inlet channel [9].

METHOD AND RESULTS

The experimental set-up is a standard microfluidic device allowing to control separately the
flow rate ratio in the two daughter branches and the transverse position of the flowing sphere
in the inlet branch. This is done by adding a flow focusing section before the bifurcation, as

Figure 1. Picture of the experimental set-up: a focusing section precedes the studied bifurcation.
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Figure 2. Full lines: volume fraction of beads Φ2/Φ0 as a function of flow rate distribution Q1/Q0 for

two particle radii R = 0.42 and R = 0.71 (the half-width of the channels is 1). The results are compared

with the hypothesis where the particles would follow the streamlines (dashed lines). Φi and Qi denote

respectively the particle volume fraction in branch i and the fluid flow rate in branch i (0 : inlet branch,

1 and 2: outlets)

seen in figure 1. The different initial transverse positions for a particle can be scanned, and the
chosen daughter branch compared with the one a fluid particle would have entered. In addition,
2D-simulations based on a penalty method were run.
Our study shows an attraction of particles towards the low flow rate branch: in the immediate
vicinity of the separating streamline of the particle-free fluid, all particles flow towards the low
flow rate branch, as soon as they are large enough (typically, a ratio of at least 0.5 between the
particle diameter and the channel width is required). The discrepancy between the fluid and the
particle behaviour increases with the particle size and with the flow rate ratio between the high
flow rate branch and the low flow rate branch.
Simulations show that the net effect is always an enrichment in particles of the high flow rate
branch due to the distribution effect, even assuming a homogeneous distribution in the inlet
channel (figure 2). However, these two antagonistic phenomena are of comparable importance,
and none can be neglected: the particle volume fraction increase in the high flow rate branch is
typically divided by two because of the attraction effect, in particular for large particles: while,
in case the particles follow their underlying fluid streamline, the maximum enrichment in the
high flow rate branch would be around 40% for R = 0.71, it drops down to less than 17% in
reality.
For deformable particles like blood cells, initial lateral migration can induce a narrowing of their
distribution, which eventually favours the high flow rate branch.
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Toulouse) ; Allée Camille Soula, F-31400 Toulouse, France
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INTRODUCTION

The amazing topological and geometrical complexity of micro-vascular networks in the brain,
and in other organs, has challenged many researchers for decades. Since the brain’s vascular
system is structured by a highly reticulated pial surface network which plunges down into a set
of penetrating vessels, it is tempting to attribute a vascular unit to each penetrating arteriole.
Recent experimental analysis have led to a breakthrough on the properties of the blood supply
in the brain [1]. Penetrating arterioles have been identified as the bottleneck of brain perfusion
[2]. Furthermore, it has also been realized that targeted clots of penetrating arterioles are not
compensated by active changes in the diameter of their neighbor arteries [3]. This observation
suggests passive compensatory mechanisms resulting from the couplings between arteriolar terri-
tories consistent with other recent observations of active blood flow reorganization via collateral
vessels (inter-arterial connections) [4]. A systematic investigation of the three-dimensional extent
of compensation is not possible with experimental measurements but in silico simulations permit
a systematic investigation of the spatial distribution of the brain perfusion. The direct computa-
tion of blood flow considering a complete mechanical description of its components interactions
(red blood cells, plasma, vessel shape, Endothelial Surface Layer – ESL –) over several cubic
millimeters of tissue is a more than challenging task for any computer at present. Approximate
methods are needed to provide a realistic picture of blood distribution inside tissues [5]. Such
approximate network method have permitted to realize that vessel shape, realistic boundary
conditions, and in vivo (ESL included) effective apparent viscosity are important ingredient for
the pressure and blood flux distributions [5]. We analyze here the functional topological and
spatial couplings of arteriolar and venous inputs/outputs.

VASCULAR TERRITORIES ANALYSIS

Definition

Figure 1. (a) Illustration of Perfusion/Drainage Territory and (b) Robustness Index (RI).

• Perfusion-Drainage Territory (PDT) is defined as the entire region either spanned through
perfusion (Arterial PDT), or drained by perfusion (Venular PDT) (see Figure 1a) which
are possibly overlapping.

• Arterial/Venular Robustness Map (ARM, VRM) quantifies the redundancy of the perfusion
at one point (see Figure 1b). Arterial Robustness Map (ARM) provides, for each segment,
the number of input penetrating arteries which contribute to its perfusion, a number called
Arterial Robustness Index (ARI).
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Vascular territories evaluation

We analyze the territories of 37 penetrating arterioles and 24 draining venules resulting from
the analysis of 18 cubic millimeters of monkey cerebral cortex where the blood perfusion has
been previously evaluated [5]. Figures 2a,c and Figures 2b,d illustrate the arterial and venous
Perfusion/Drainage Territories (PDT) respectively.

Figure 2. (a) Non overlapping Arterial Preferential Drainage Territory regions are displayed in red

whilst overlapping one are represented in white, (b) same convention as (a) for Venous Preferential

Drainage Territory with blue instead of red, (c) Arteriolar Robustness Map (ARM) and (d) Venular

Robustness Map (VRM). (e) Arteriolar PT (APT), (f) Venular PT (VPT).

CONCLUDING REMARKS

These estimations support the classical picture of preferential neighbors hemodynamics interac-
tions of vascular territories, either inside the network, or between pial input/output penetrat-
ing vessels. Although we found very localized functional couplings between preferential arte-
rio/venular partners, we also brought to the fore important potential collateral supplies which
can be distributed over a surprisingly large spatial extent.
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INTRODUCTION

The placenta is an essential element of the life-support system for the developing fetus, enabling
nutrients and waste to be exchanged between the fetal and maternal circulations. Unlike most
microcirculatory networks, in which blood is confined to narrow capillaries, maternal blood in the
human placenta flows freely in the space between the branches of villous trees, within which are
fetal vessels. Placental development is vulnerable to maternal diseases such as pre-eclampsia and
diabetes, and damage to the fetus due to placental insufficiency can have immediate conseqeunces
as well as effects that last into adulthood. It is therefore valuable to understand how blood flow
and nutrient exchange are influenced by the complex geometric arrangement of villous branches.

METHODS

The functional placental unit is a ‘placentone,’ which comprises a spiral artery in the uterine
wall (the decidua), a single villous tree and nearby decidual veins. In a first approximation, the
movement of maternal blood from the spiral artery into the intervillous space can be modelled
as a flow in a homogeneous porous medium, using Darcy’s law [1] or its variants [2] to describe
velocity and pressure fields averaged over many villous branches; an advection/diffusion/reaction
equation may also be used to model the macroscopic transport of nutrients such as glucose or
oxygen. Formally, both models can be derived using a homogenization approximation that
assumes a spatially periodic or uniformly random microstructure.
Numerous refinements to this relatively crude approximation may be considered.

(i) The rheology of blood in networks of capillaries (treated as bifurcating cylindrical tubes) is
reasonably well characterised. Nonlinearities in viscosity and hematocrit transport prop-
erties can lead to complex hematocrit dynamics even in simple networks [3,4]; we examine
this using coupled nonlinear hyperbolic PDEs distributed over networks. In contrast, blood
rheology in the tortuous intervillous space is much less well understood, as are the impli-
cations for hematocrit distributions in the placenta.

(ii) Villous branches have a complex spatial distribution that requires careful statistical charac-
terisation. We apply two measures to histological images (sampling villous area fraction as
a function of window size; and estimating Ripley’s K-function for spatial point processes)
to establish the minimum distance over which the distribution of villous branches appears
statistically homogeneous.

(iii) Given the statistical properties of the distribution of villous branches, we assess the accu-
racy of the leading-order homogenization approximation for nutrient transport. We do so
using a simplified model problem (steady solute transport by a unidirectional flow past a
distribution of point sinks) which incorporates the influence of two key transport parame-
ters (Péclet and Damköhler numbers, Pe and Da).
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RESULTS

Modelling maternal blood flow in a placentone using Darcy’s law reveals the importance of the
calibre of the spiral artery and decidual veins in determining the overall flow resistance of the
unit [1]. This may be offset by the presence of a cavity in the villous tree near the exit of the
spiral artery. This leading-order model also suggests how the efficiency of nutrient transport can
be optimized at a suitable villous-branch volume fraction.
Analysis of histological data shows that the villous branches appear to have a statistically ho-
mogeneous distribution over sufficiently large distances, but a so-called ‘hard-core’ distribution
over shorter distances.
For physiologically relevant parameter values, and using periodic and stochastic sink distributions
in the model solute transport problem, we find that the difference between the leading-order ho-
mogenization approximation and the exact nutrient distribution (the ‘homogenization residue’)
is characterized by large spatial gradients at the scale of individual villi: the leading-order ap-
proximation converges only weakly to the true concentration distribution. Furthermore, using
both Monte Carlo simulations and a multiple-scales analysis, we find that the residue exhibits
substantial spatial fluctuations that can be correlated over lengthscales comparable to the whole
domain. In contrast to transport problems with periodic microstructure, disorder in the spatial
distribution of villous branches substantially reduces the size of the regime in (Pe,Da)-space in
which the homogenization approximation is valid.
Simulations accounting for nonlinear rheology in simple capillary networks point to the prevelance
of temporal fluctuations in hematocrit; such effects can be expected to further enrich transport
phenomena in the placenta.

CONCLUSIONS

Our results highlight the importance of quantifying errors due to spatial and temporal disorder
in multiscale approximations of transport processes in physiological systems. Leading-order
homogenization approximations provide valuable insights of overall function but fail to resolve
fine-scale structures which may be of physiological significance.
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INTRODUCTION

Encapsulation consists in protecting a substance with a solid envelope to avoid its dispersion
in the ambient environment or its degradation in contact with it. Capsules are common in
nature (red blood cells, phospholipid vesicles) and in different applications such as pharmacology,
cosmetics or biomedical engineering. A fine control of the membrane properties is necessary to
control the capsule deformation or possible breakup (to be induced or prevented depending on
the application). However, measuring the mechanical properties of the membrane is difficult
because capsules are small (from a few microns to a few millimeters) and fragile particles. A way
to do this is to flow them in pores with comparable dimensions [1]. The hydrodynamic stresses
and the constraints of the channel walls cause large deformation of the capsule that depends on
the flow strength and on the particle intrinsic physical properties such as relative size compared
with the channel section and membrane constitutive behavior. A sophisticated model for the
flow and deformation of a capsule in a pore is necessary to analyze the experimental results. The
aim of this presentation is to describe such models and to discuss specifically three-dimensional
effects on the flow of an initially spherical capsule flowing into a cylindrical pore or into a square
section microfluidic channel.

FLOW OF A SPHERICAL CAPSULE IN A CYLINDRICAL PORE

Figure 1. Pore flow of capsules with ovalbumine membrane: (a) parachute; (b) slug shape and folds in

the azimuth direction.

Experimental evidence

When cross-linked ovalbumin initially spherical microcapsules are flowed into a cylindrical micro-
channel (radius R) of comparable size, they deform and can take parachute or slug shapes as
shown in figure 1. The experiments provide values of the capsule velocity v and the analysis of
the capsule profiles yields the initial capsule radius a (assuming an axisymmetric shape) and the
corresponding deformation. As shown in figure 1b, folds may appear on the membrane.

Model of the flow of a capsule in a pore

An initially spherical capsule is filled with an incompressible Newtonian liquid and enclosed by
an infinitely thin elastic membrane. The capsule is freely suspended in another incompressible
Newtonian liquid of viscosity µ, flowing with mean velocity U in a cylindrical channel. The
flow Reynolds number is supposed to be small so that the internal and external fluid motion
obeys the Stokes equations. The membrane is assumed to consist of an infinitely thin sheet of
hyperelastic isotropic material with surface shear modulus Gs and area dilation modulus Ks.

29



Barthès-Biesel et al. Mon, 29.8.11, 15:20 - 15:45

Different membrane constitutive laws have been proposed to model thin membranes, but we
consider here a neo-Hookean law that assumes that the membrane is an infinitely thin sheet of a
three-dimensional isotropic volume incompressible material. The model input are the capillary
number Ca = µU/Gs that measures the ratio between the viscous and elastic forces and the size
ratio a/R. The model output are the capsule deformed profile at steady state, the velocity ratio
v/U and the elastic tension distribution in the membrane.

Axisymmetric model

The problem is first integrated in the azimuth direction and solved in a meridian plane by means
of a boundary integral technique coupled to a Lagrangian tracking of the capsule interface [2].
This model has been used to determine the shear modulus of capsules with different membranes
by means of inverse analysis [1]. The technique basically consists of finding the value of Ca for
which the numerical deformed profile is identical to the experimentally measured one, for a given
membrane constitutive law. The value of Ca then provides the value of the membrane shear
elastic modulus Gs. However, when folds occur as in figure 1b, the deformation becomes three-
dimensional. This questions the validity of an axisymmetric model to analyze the experimental
results.

Three-dimensional model

A recent coupling between the boundary integral (BI) method for the fluids and the finite element
(FE) method for the membrane has been proposed by [3]. It has the advantage to use the
same discretization for the fluids and capsule wall, which allows a Lagrangian tracking of the
membrane position with high accuracy. The numerical stability and accuracy of the method have
been demonstrated on a spherical capsule placed in different linear unbounded shear flows. We
have modified the BI-FE model to treat confined flows such as pore flow. The first results show
the occurrence of folds on the surface of the capsule as shown in figure 2. For such moderate
deformation of the capsule, the meridional folding does not affect significantly the meridian
profile as compared to the results of the axisymmetic model. However, for large deformation the
3D and axisymmetric results deviate from one another.

Figure 2. 3D computation of a spherical capsule in a cylindrical tube. The color code shows oscillations

of compressive tensions on the membrane that lead to folds.

CONCLUSION

Three-dimensionnal effects are important for the flow of capsules in pores and must be taken
into account in cylindrical as well as square section channels.
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INTRODUCTION

Human red blood cells (RBC, erythrocyte) have been the topic of intensive research during the
past decades. Being the main constituent of human blood, this cell governs the rheological behav-
ior, especially when the flow through narrow capillaries is considered. Therefore, a comprehensive
model for the human erythrocyte and its interaction with the blood plasma is necessary in order
to address the non-Newtonian behavior of human blood numerically. More importantly, such a
model will provide an insight into the origin of hemolysis, the limiting factor for the application
of artificial blood pumps.

We propose a novel finite element based model that takes the two-layered setup of the cell
membrane as well as different fluid properties of cytoplasm and blood plasma into account and
present results for a single cell deformed by fluid flow.

FINITE ELEMENT MODEL

From a numerical point of view the modelling of erythrocytes subjected to fluid flow leads to
two major challenges. First, a comprehensive model for the erythrocyte membrane is needed to
account for the particular structure of this membrane and its rather remarkable properties. We
propose a two-layered continuum-based membrane model [1]. For the very thin outer layer a
discretization with incompressible solid shell finite elements, an anisotropic visco-elastic material
and an algebraic area constraint are employed, the combination of which ensures a realistic rep-
resentation of the fluid-like lipid-bilayer and its characteristics, such as bending rigidity, viscosity
and resistance against area dilatation. The characteristics of the spectrin network are accounted
for by solid shell finite elements and a third-order hyperelastic Yeoh material.

Second, a reliable fluid-structure interaction (FSI) framework has to be formulated that allows
for the interaction between membrane and cytoplasm as well as for the interaction between
membrane and outer blood plasma. The balloon-like problem emerging from the membrane and
the enclosed incompressible cytoplasm necessitates the application of monolithic FSI coupling
schemes. Different resolution requirements demands independent mesh generation for blood
plasma and RBC membrane. To efficiently deal with the resulting nonconforming FSI interface,
we developed a novel dual mortar based monolithic FSI scheme [2]. Additionally, if subjected to
shear flow the cell undergoes large rotations, which is also to be dealt with by the FSI framework.
Owing to its generality and flexibility the proposed approach can be easily extended to allow for
the simulation of rotating structures. In this paper we will present this extension and discuss its
application to erythrocyte simulations.

To the authors’ knowledge the proposed model is the first model that captures all of the above
mentioned properties of the erythrocyte membrane and its interaction with surrounding and
enclosed fluid. In addition the number of needed model parameters is kept as low as possible
and the same set of parameters, which is consistent with literature, is used for all simulations.
Although the presented model accounts for the required properties of healthy RBC, it can easily
be adapted to interpret altered RBC mechanics in terms of possible damaging scenarios.

NUMERICAL EXAMPLES

The cell model is validated with static and dynamic laser trap experiments. We will show that
the proposed model is able to accurately predict the response of a human erythrocyte. The
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necessity of realistic boundary conditions are briefly discussed and deduced material parameters
are compared with literature values.

Experimental results are reported for the behavior of RBC in cyclically reversing shear flow [3].
This experiment has not been addressed in a numerical study, yet. In this paper the proposed
FSI approach is shown to provide a suitable framework for the simulation of this experimental
setup. The effect of different frequencies is studied and the resulting ratio between major and
minor axes of the RBC are evaluate and compared to experimental results.
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INTRODUCTION 

 
The essential role of leukocytes in inflammation and the knowledge of their adhesion cascade are 
crucial study areas in developing methods to control inflammation by modulating or blocking 
leukocyte adhesion to the endothelium. A high-throughput approach can improve results in this field, 
enabling very rapid and smart parallel experimentations, and increasing productivity by orders of 
magnitude over traditional approach. To perform a consistent adhesion assay under flow condition 
knowledge and control over the fluid dynamics inside the test chamber are compulsory: the 
mechanical stress on the cell induces and rules the leukocyte adhesion to the endothelial membrane.  
A glass prototype of a micro-device for leukocytes adhesion assays, under flow condition and in 
multiple chambers, was here characterized from the fluid dynamic point of view. This device  
includes three groups of chambers: different flow rates reach these groups so that cells face different 
conditions of wall shear stress. Each group includes three identical chambers in order to get a 
triplicated result.  
Each chamber has a thickness of 50 μm, 1.5 mm of width and 3 mm of length. One of the planar side 
is made of a polymeric porous membrane. CFD simulations, micro-PIV analyses and pressure-flow 
rate measurements were performed. Multi-step adhesion behavior of a leukocyte is in fact ruled by a 
coupled effect of  the wall shear stress w and the detaching force FD exerted by the fluid on the cells. 
 

COMPUTATIONAL FLUID DYNAMIC SIMULATIONS 
 
Computational fluid dynamics simulations (Fluent Ansys Inc.) were carried out to evaluate the fluid 
dynamics inside the test chambers and in the distributor structures, located upstream and 
downstream from the test chambers. Flow field and wall shear stress distribution on the membrane 
are the main investigated parameters, in order to describe the fluid dynamic conditions faced by 
leukocytes during the rolling and the adhesion (Fig.1). The establishment length, proportionally 
increasing with the increase of flow-rate, is about 900 μm, for a low flow-rate of 0.046 mm3/s 
(w = 0.075 Pa), and increases to about 1100 μm, for the higher flow-rate of 1.848 mm3/s 
(w = 3 Pa). 
 

 
 

Figure 1. Wall shear stress distribution on the functionalized membrane, target of the cellular adhesion. 
an is the analytical prediction and eff  is the value from the CFD simulations. 
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Figure 2. Left: flow-rate distribution among the chambers of a group. Right: micro -PIV images of test 
chamber. 

 
MICRO-PIV ANALYSES AND PRESSURE/FLOW RATE MEASUREMENTS 

 
An experimental fluid-dynamic characterization was performed by acquiring the pressure drop of 
fluid pathways inside the chip, as functions of the flow rate. The experimental data were then 
compared with the predictions of the analytical model used for the design of the device. 
Experimental micro-PIV (Particles Image Velocimetry) analyses were performed (PIV System, TSI) 
to get information about the local fluid-dynamics inside the test chambers. Velocity maps of the flow 
field inside the chambers were processed to describe the 2D velocity profile, parallel to the 
membrane. Sets of vectors delineate the velocity profile. Distortion due to the shape of the inlet 
channel seems to exhaust its effect in proximity of the connection: velocity is homogeneous in more 
than the 60% of the length chamber and decrease to zero in proximity of the side round walls  The 
velocity flow field map of the central area of the chambers gave us the opportunity to estimate the 
flow-rate flowing in each of the three groups and to estimate the actual distribution of volume flow 
among two shear stress pathways. 
 

CONCLUDING REMARKS 
 

CFD and micro-PIV analyses show a uniform distribution of shear stress for more than the 70% of 
the membrane exposed to the cells. Micro-PIV analyses and pressure-flow rate measurements led to 
the definition of a new ratio between the values of wall shear stress  generated in the different 
groups, compared with the analytical predictions (from 1:13:40 to 1:~11:~29). Cellular assays are 
ongoing to evaluate adhesion behavior in the different flow conditions offered by the device.  
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CAPILLARIES AND ITS IMPACT ON THE ENDOTHELIUM
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INTRODUCTION

Blood flow at the vascular endothelium has been shown to influence function and organization of
the endothelial cells. Flow induced shear stresses and their temporal variation on the cell surface
may trigger a range of reactions reaching from activation of ion transport channels and shift in
pH to changes in the cell membrane and structure [1].

The blood-brain barrier (BBB) is formed by a monolayer of endothelial cells linked together by
protein sealing strands forming so-called tight junctions. This cell layer lines the luminal surface
of capillaries in the brain and constitutes a virtually impermeable barrier for most macromolec-
ular substances. A temporary increase in permeability of the BBB can be achieved by exposing
the endothelium to elevated pressure and shear conditions [2]. Even though the exact mecha-
nisms and signal pathways involved remain to be fully elucidated, this approach can readily be
used to transiently and locally open the BBB for the transfer of drugs from the vascular system
to the brain [3].

The desired mechanical conditions for BBB opening may be attained by administering encap-
sulated gas-filled microbubbles to the vascular system and exposing them to a high intensity
ultrasound field. The resulting forced cavitation of these microbubbles induces local microflow
patterns which will impact the vessel walls of capillaries, causing a variation in both pressure
and shear stress conditions.

MATERIALS AND METHODS

We are interested in the micro-scale flow dynamics induced by ultrasound driven microbubble
oscillation in the confined environment of a capillary, paying special attention to the conditions
close to the wall of the vessel. CFD methods are employed to simulate this transient process in
a small section of a capillary containing a single microbubble.

Model

In this approach, the bubble is treated as an actuator described by a modified Rayleigh-Plesset
equation. The vessel wall is modeled as a compliant elastic solid [4]. Coupling of the fluid and
the solid domain is accomplished by using a fluid-structure interaction scheme.

Figure 1. Model configuration comprising bubble, fluid with RBCs and compliant vessel region.

The capillary geometry is approximated as a right circular cylindrical tube with the bubble
located at its center, rendering the problem axi-symmetric. The vessel is filled by blood plasma
with a viscosity close to that of water and treated as an incompressible Newtonian fluid. Solid
constitutive blood bodies such as red blood cells (RBCs) are modeled as rigid obstacles partly
obstructing the tube inlets to both sides of the bubble (Fig. 1).
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Numerical treatment

The transient simulation of the solid and the fluid domains as well as the coupling algorithm
are implemented in the open source CFD environment OpenFOAM. An incompressible, lami-
nar isothermal flow solver and the PISO algorithm for pressure-velocity-coupling [5] constitute
elements of the solution methodology for the transient Navier-Stokes and continuity equations.

RESULTS

Our current model setup comprises a single microbubble of 2 µm equilibrium diameter embedded
between two RBCs at a distance of 6 µm from its center to both sides inside a tube of 8 µm
diameter. The RBCs obstruct 75% of the inflow cross-section. At these scales and bubble
oscillation frequencies around 550 kHz, the Reynolds number with respect to the gap between
bubble and vessel wall is in the range between 3 and 9, while with respect to the bubble diameter
it ranges from 3.5 to 12.

We observe peak flow velocities of up to 3 m/s near the bubble surface during the contraction
phase of the bubble while velocities near the wall stay below 0.5 m/s during the whole cycle. A
flow stagnation point is located at the axial center of the RBCs.
We see a homogeneous flow field during bubble expansion. During the rapid bubble contraction
phase, the flow being driven by the compliant wall splits into a component following the bubble
motion and a second component moving towards the outlet region across the annular channel
defined by the vessel lumen and the RBC. The separation line between the two flow domains is
located in the vicinity of the RBC and shifts from the central region of the capillary towards the
vessel outlet region while the bubble contracts. No vortex formation is observed.

The presence of obstacles like RBCs, usually located around the central axis of the tube and
partially obstructing the tube cross section, leads to steep pressure gradients due to the increased
flow resistance in their vicinity. This results in a sudden drop in transmural pressure at those
locations. At the same time, the wall shear stress (WSS) shows pronounced peaks coinciding
with the location of the obstacles. Thus we see the appearance of strong transmural pressure
gradients and large WSS in the same location due to the presence of blood cells.
With flow and pressure conditions changing at the frequency of the microbubble oscillation of
550 kHz, very high temporal pressure and shear stress gradients occur as well.

CONCLUSIONS

The mechanical conditions at the endothelium of vessel walls are considered to play a crucial
role in the control of endothelial cell shape and function. Under specific flow conditions, even
the permeability of the BBB, which itself is a specialized endothelial layer, can be altered.
Results indicate a strong influence of solid blood particles adjacent to the microbubble on the
shear stress and pressure distribution at the endothelial cell layer.
We kindly acknowledge the financial support of the Swiss National Science Foundation through
NCCR Co-Me.
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INTRODUCTION

Since fluid dynamics plays a critical role in the development of vascular networks, quantitative
information about e.g. wall shear stress, flow rate and velocity profiles is essential. From the
velocity profile of the flow, the wall shear stress and flow rate can be derived. When during the
development the network’s topology and velocity field are obtained consecutively, the insights
in the relation between development and flow can be improved ([1]). The vitelline network
(extraembryonic vessels) of a chicken embryo is used as a model for investigation.

IN VIVO MICRO-PIV MEASUREMENTS

Measurement depth
Instantaneous velocity profiles can be obtained in vivo by micro Particle Image Velocimetry
(micro-PIV). In PIV, the fluid is seeded with tracer particles, which are expected to follow
the fluid motions. The velocity of these particles is calculated from their displacement. This
technique has successfully been applied in both the embryonic chicken heart ([2],[3]) and in the
chicken vitelline network [4]. In these studies, artificial fluorescent tracer particles were used.
Using red blood cells (RBCs) as tracer particles will cause an underestimation of the measured
velocity due to the large measurement depth (depth-of-correlation). With the method described
in [5], a correct interpretation of the measured flow velocities can be made.

Consecutive measurements
Accurate velocity information of the blood flow in the vascular network is needed at different
stages. To accomplish this for one chicken embryo, it is favourable to use RBCs as tracer([6]).
Some time after injection of the artifical tracer particles, the amount of particles in the circulation
diminishes. A low particle seeding concentration or particles stuck on the wall, especially when
clots begin to form, make it more difficult to get reliable velocity results. Since RBCs are
already present, performing consecutive PIV-measurements at different stages becomes realizable.
Characteristic parameters for the network, e.g. vessel diameter, flow rate and wall shear stress,
are extracted from the obtained velocity fields. Variation of these parameters and the topology
in the different stages of development will be studied in the vitelline network of the chicken
embryo. This network is observed during developmental stages (Hamburger & Hamilton) 14-18
(2-3 days old). In these stages, significant changes in the network structure takes place while it
is also suitable for PIV-measurements.
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Figure 1. The left figure shows the measurement setup with the egg placed under the microscope and

the camera (blue) on top. The right figure shows a chicken embryo (56 hours after incubation) with

on the top right the head and the tail on the bottom left. The embryo is connected to the yolk sac

vasculature.

Figure 2. Velocity fields obtained by PIV during systole in the same part of the vitelline network of a

chicken embryo at two different moments. The left figure shows the velocity field corresponding to the

embryo in developmental stage HH15. The right figure shows the velocity field 3 hours later and the

measured maximum velocity in this part of the vitelline network has increased 2.5 times in 3 hours. The

field-of-view is 1.6 by 3 mm in the left figure and the velocity is given in mm/s in both figures.
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INTRODUCTION

Small organisms displaying the ability to move usually do so in the presence of a viscous fluid.
This is the case, in particular, for swimming cells such as bacteria, protozoa, or spermatozoa,
which exploit the viscous forces induced by the movement of appendages such as flagella or
cilia in order to propel themselves in a fluid environment. Although significant progress has
been made in the study of motion in Newtonian fluids, many biological cells often encounter
viscous environments with suspended microstructures or macromolecules. The physics of micro-
propulsion in such a non-Newtonian viscoelastic fluid has only recently started to be addressed
[1].

Here we present results of three-dimensional numerical simulations for the steady locomotion of a
self-propelled body in a model polymeric (Giesekus) fluid at low Reynolds number. Locomotion is
driven by steady tangential deformation at the surface of the body (so-called squirming motion).
This is expected to be a good approximation for high density of cilia; in this so-called envelope
method [2], the motion of the cilia tips is modeled by the deformation of the body surface.

The surface velocity of a squirmer uS in the co-moving frame, is that considered by Blake [2]

uS(r) =
∑
n≥1

2

n(n+ 1)
BnP

′

n

(e · r
r

)(e · r
r

r

r
− e
)
. (1)

Here, e is the orientation vector of the squirmer, Bn is the nth mode of the surface squirming
velocity, Pn is the nth Legendre polynomial, r is the position vector, and r = |r|. In a Newtonian
fluid, the swimming speed of the squirmer is 2B1/3 and thus only dictated by the first mode. As
in many previous studies, we assume Bn = 0 for n > 2. Consequently, the tangential velocity
on the sphere in the co-moving frame is expressed as uθ(θ) = B1 sin θ + (B2/2) sin 2θ, where
θ = arccos(e · r/r) and an additional parameter α, representing the ratio of the second to the
first squirming mode, is introduced. When α is positive, the swimmer get impetus from its front
part, and it is regared as a puller. As α is negative, the thrust comes from the rear part of the
body and the microorganism is a pusher. In our simulations, α ranges from −5 to 5.

Simulations of an axisymmetric squirmer with B2 = 0 have been recently performed [3]. In the
latter work, we show that in viscoelastic fluid the power consumption decreases and efficiency
increases. This implies an increment of the swimming speed at constant power. The present
work therefore extends our previous investigation to consider the dynamics of pusher and puller
squirmers.

Our results are obtained by finite-element discretization of the governing equations, where the
Giesekus model with mobility factor 0.2 is used for the polymeric stress. A numerical stable and
accurate model is built using the Discrete Elastic-Viscous Split Stress (DEVSS-G) algorithm
introduced in [4, 5]. Galerkin approximation is used to discretize the momentum equations,
continuity equation and the equation for the additional unknown ∇u with quadratic elements
for u, linear elements for p and ∇u. The streamline-upwind/Petrov-Galerkin method is used
to discretize the constitutive equation for the polymeric stress. The finite-element framework is
provided by the commercial software COMSOL.
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Figure 1. a) Typical flow field generated by a α = −5 pusher(Left) and a α = 5 puller(Right), in the co-

moving frame. b) Swimming speed scaled to ensure constant power consumption versus the Weissenberg

number, We, for viscosity ratio β = 0.5. Empty symbols represent the values of swimming speed at

constant gait.

RESULTS

A typical flow field generated by a pusher and a puller is shown in figure 1a), where the pusher
is displayed on the left and the puller on the right half plane (note that we assume axisymmetric
flow). A clear ring vortex appears in the front side of the pusher and in the back side of the
puller. The swimming speed of squirmers with different gait is displayed in figure 1b) versus the
Weissenberg number We. This adimensional parameter is proportional to the polymer relaxation
time and to the elasticity of the suspension. The solid lines (empty symbols) indicate values
obtained at fixed amplitude of the tangential deformation velocity. A decrease of the swimming
speed is clear in this case, with pusher swimmers being the slowest. In all cases, however, we find a
monotonic reduction of the power consumed with We and an increase in efficiency. It is therefore
illustrative to display the swimming speed at fixed power (dashed lines and full symbols in 1b).
All squirmers have now a velocity larger than that of their Newtonian counterpart. Swimmers
with α = 0 and 5 are about 20% faster than pushers. Pullers are the fastest when We ≈ 1.

CONCLUDING REMARKS

Numerical simulations of spherical squirmers in viscoelastic fluid reveal that pullers are faster and
more efficient than pushers. This is explained by the velocity induced by the body deformation:
while pullers are able to push aside stretched polymers, they accumulate on the rear of the body
in the case of pushers. In the final contribution, results will be presented for prolate swimmers;
indeed most ciliated microorganisms have an elongated body.
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INTRODUCTION

A two-dimensional fluid and solid interaction (FSI) model of a microorganism with flagella that
includes structural elasticity and fluid inertia has been developed. The flagella are treated as
thin elastic filaments which are actuated by an internal strain mechanism. The fluid flow is
solved using the Navier-Stokes’ equations in order to address the role of inertia on the propulsion
mechanism. The Reynolds number used to characterize the flow, Re= ωcl

2/ν, is based upon
the characteristic length of the filament, l, and the forcing frequency ωc. A second important
variable that characterizes the flow field is a dimensionless rigidity force, Sp= l(8π2µωc/EI)0.25,
where µ is the fluid viscosity, E is the modulus of elasticity, and I is the moment of inertia [1].
The Sp number relates the viscous drag to the elastic bending of the filaments. The numerical
model is used to study the motion of a puller microorganism, such as Chlamydomonas Rein-
hardtii, with two flagella on the front of the body in the direction of motion. In the analysis,
wall effects are included by considering confined motion in a narrow channel. Both experimental
and numerical studies of unconstrained swimming of microorganisms with two flagella have been
conducted [2, 3].

Numerical investigations of motion with flagella are generally limited to Stokes flow regime,
since due to the small size, the Reynolds number based on the swimming speed is much less than
unity. In addition to flow inertia, the elasticity of the filaments are also neglected since the elastic
bending force in comparison to the actuation force is of higher order [4]. In spite of the small
scale, a parametric analysis shows that localized inertial effects near the endpoints of the flagella
may have an influence on locomotion. To illustrate, an increase in ciliar length from 10 to 300
microns results in an increase in the frequency Re number from 0.01–10 for an oscillation period
of 10 ms and a fluid viscosity of order 10−6 m2/s. The role of inertia is also an important factor
in the development of artificial swimmers. The inertial effect can be determined by examinging
the swimming efficiency, η, and the swimming velocity, U , of a microorganism within this range
of Re. The swimming efficiency, η, is the ratio of the power required to drag the body in the
fluid with velocity U to the power generated by the swimmer [5]. The role of the elastic force
in the solid equation satisfies the incompressibility constraint and restores the filament to the
initial configuration when the actuation strain tends toward zero.

NUMERICAL METHODOLOGY

The motion of the microorganism is modelled using the distributed Lagrange multiplier (DLM)
method for solid body motion and thin elastic structures. The details of the method can be found
in previous numerical studies for sedimenting particles and motion of moving elastic flaps [6, 7].
In the numerical method, the momentum equations for the fluid are solved using the finite volume
method on a stationary grid. The motion of the body of the microorganism, represented in this
case by a circular particle, is enforced by a rigidity constraint that conserves momentum. For
the thin filaments, the continuous beam equations are solved on Lagrangian grid points using
the finite difference method. The beam equations, used to solve for the surface velocity, u, and
displacement, x, along the filament length, are described as,

ρsh
du

dt
= fe + fh + b (1)

dx

dt
= u (2)
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where h is the filament thickness, fe is the force of elasticity, fh is the hydrodynamic force, and b
is an actuation force. The actuation force is generated by an internal strain, defined as εa, which
varies linearly across the filament cross section, h. The actuation strain has an axial variation
along the length of the cilia, s, which is described by a function f(s). The linear and axial
variation of the strain results in bending moments that drive the motion of the cilia. The equa-
tion for the axial strain variation used in this study is f(s) = sin(π/2s) where s varies from 0 to 1.

In the initial configuration, a circular body with diameter d is positioned in an open domain with
height H = 16d and length L = 16d while the flagella length, taken from experimental data, is
l = 1.6d. The actuation strain is independent of time and is reversed when the filaments open
past a critical angle or are restored to a closed position. The horizontal velocity contours and
streamlines for motion with two flagella in an open domain are shown in Fig. 1 at Re= 10−2

during one oscillation cycle. The flow field is axisymmetric with a sqeeze flow visible between
the two flagella. An analysis of the swimming speed for the moving objects in the figure shows a
mean swimming speed of U/ωcl = −0.90 for a dimensionless frequency of 0.92 and a maximum
to minimum swimming velocity ratio of 1.4.

(a) X

Y

(b) X

Y

(c) X

Y

(d) X

Y

Figure 1. Horizontal velocity contours and streamlines for motion in an open domain at Re= 10−2 at

(a) t∗ = 0.2, (b) t∗ = 0.4 , (c) t∗ = 0.6, and (d) t∗ = 0.8 where t∗ = tωc.

CONCLUDING REMARKS

The initial results show that the FSI model developed in this study can be used to effectively
describe the motion of swimmers with two cilia. For motion in an open channel, the influence
of the walls reduce the average swimming speed in comparison to motion in an open domain.
The influence of the Reynolds number on swimming efficiency and swimming speed ranging from
10−2–10 is also addressed.
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The study of eukaryotic flagellar motion has been a benchmark problem in low-Reynolds number
flow for the past 60 years. It prompted the development of resistive force theory [2], as well as
powerful singularity methods based upon the Stokeslet [3]. The Eukaryotic flagellum is one of the
most evolutionarily robust structures in all of nature. Indeed, the motor apparatus of eukaryotic
flagella, the axoneme, is almost identical in all organisms that possess it. Aside from being
present in flagellated and ciliated microorganisms, it helps clear mucus from our lungs and is
responsible for the breaking of left-right symmetry in the developing embryo [4]. The dysfunction
of this organelle is the cause of a wide variety of medical conditions, from respiratory problems to
Situs Inversus [1]. While much work until recently has focussed on flagella in Newtonian fluids,
this focus has now shifted towards understanding their complex interaction with non-Newtonian
fluids which, in certain cases, more accurately represent the environment of interest; for instance,
the female reproductive tract for spermatozoa. These studies have shown that we need to revise
our Newtonian intuition substantially in the presence of viscoelasticity. For instance, Purcell’s
famous ‘Scallop Theorem’ is invalidated [5], and recent work with mammalian sperm suggests
that there may be an optimal Deborah number for efficient swimming [7].

Figure 1. A time-lapse image of an experimentally observed high-viscosity flagellar waveform (left),

and its corresponding effect on the viscosity of a regularised Bingham fluid (right), clearly showing a

thin, liquified region around the swimmer with a solid outer-region due to the presence of a ‘yield stress’.

Adaptive mesh refinement, based on gradients of the viscosity, is used to accurately capture details of

the flow. These include the solid ‘pikes’ in the liquified region, which result from the the interaction of

the waveform with the fluid’s rheology.

In our current model, results of which are shown in figure 1, experimental data are used to
prescribe the flagellar waveform. These data are inputted into a custom mixed finite element
code, and the resultant flow analysed for different generalised Newtonian rheologies, including
Shear-thinning and regularised Bingham fluids. The code may be run in two or three dimensions,
with adaptive mesh refinement utility available in two dimensions. We are currently working to
extend the code to include viscoelastic rheologies.

A mixed finite element model of an active, free-swimming one-dimensional leaflet immersed
in generalised Newtonian fluid is also in development. The flow will be assumed to be two-
dimensional at zero Reynolds number. The leaflet will be modelled as a thin-walled elastic
Kirchoff-Love beam, with its deformation governed by the principle of virtual displacements.
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The discretisation will be realised using C1-continuous Cubic Hermite finite elements. The fluid
flow will be solved on an adaptive ALE (arbitrary Lagrangian-Eulerian) moving mesh using the
standard P2 elements for the velocity and P1 elements for the pressure. The fluid tractions on
the leaflet will be given by a stress-jump across the wall, and the free-swimming constraints of
zero net force and torque enforced with Lagrange multipliers.

Following the methodology of [6], beat analysis of human spermatozoa will be performed using
custom software to capture and smooth the flagellar beat cyle. This experimental data will be
inputted into the finite element code, and the resultant fluid flow, swimming velocity and beam
stress analysed. Finally, an active bending wave will be specified in the beam, and the resultant
waveform analysed for different rheologies.

This methodology will be applied to investigate the internal forces in the flagellum and asso-
ciated theories of beat control. Furthermore, it is hoped that the work will be extended into
three-dimensions, incorporating visco-elastic rheologies in the future. The inherent flexibility
of this finite element framework will also admit applications in other areas of biofluid-structure
interaction, such as lymphatic peristalsis, transport in the colon and microcirculation of blood.
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A wide array of cells, from single-celled eukaryotes, to the gametes of higher animals and plants,
achieve motility through fluids by means of propagating bending waves along a single flagellum.
Cell motility generally takes place in the very low Reynolds number regime, in which inertia is
negligible compared with viscosity. In Newtonian liquids such as saline, the flow can be modelled
mathematically by the Stokes flow equations,

µ∇2u = ∇p, ∇ · u = 0, (1)

where p is pressure, u is velocity and µ is dynamic viscosity. The first equation corresponds to
momentum balance, the second to mass conservation and incompressibility.

The issue of kinematic optimality of very low Reynolds number swimming has been addressed
by a number of authors, notably Lighthill [4], with a recent resurgence of interest in the field
([9, 8, 1, 10] to give just a sample). This topic was recently reviewed by Lauga & Powers [3];
advances in the optimization problem which take into account flagellar elasticity have been made
by Spagnolie & Lauga [7]. We focus on the uniflagellate case, which describes the mammalian,
and specifically human sperm [2]. These cells have evolved to swim through highly viscous fluids
such as cervical mucus, and in order to do this, perform a characteristic form of flagellar beating
which is not exhibited by evolutionary marine ancestors. The change in flagellar beating subject
to under physiological high viscosity is shown in Figure 1(a,b). Sperm swimming is likely to
impose a competitive pressure for cells to progress rapidly, subject to the constraints imposed
by the female reproductive tract.
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Fig. 1. Micrographs of migratory human sperm in (a) laboratory saline, (b) medium with increased

viscosity (0.14 Pa.s, from oscillatory rheometry data), showing the modulation of curvature resulting in

a characteristic ‘meandering’ waveform. (c) Fitness space and (d) optimal solution for velocity scaled with

respect to squared bending moment for our parameter set and search space, suggesting that ‘meandering’

beating may have competitive advantages.

Most studies have searched spaces of kinematic wavforms, optimising the ‘inverse efficiency’
considered by Lighthill, essentially the square of mean swimming speed divided by mean rate of

working, η = Ū2

P̄
. We shall consider a different optimum: what is the fastest a cell can swim,

subject to a maximum magnitude of internal actuation? This corresponds to the fact that the
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dynein motors in the evolutionary-conserved axoneme structure have a fixed density and will be
limited in the sliding force they can product.

Sperm swimming is modelled using the boundary integral/slender body theory method [6].

u(x) = uhead(x) + utail(x)

=

∫∫
∂H

S(x,Y ) · φ(Y ) dY +

∫ L

0

G(x,X(s)) · f(s) ds, (2)

where S is the Stokeslet velocity tensor, and G is a combined Stokeslet–potential dipole singularity
used to improve the accuracy of the slender body theory. The flagellar motion is prescribed with
respect to the cell body, X = XH + M ·X ′, U = UH + Ω∧ (X −XH) + M ·U ′, where XH is
head centroid, X ′ is flagellar position with respect to the head, with analogous velocities U and
U ′, the angular velocity of the cell is Ω and M is a rotation matrix defining the cell orientation.
This forms a system of equations for the unknowns UH, Ω and the force density/tractions φ(Y ),
f(s). These equations are solved numerically over 100 timesteps defining a flagellar beat to
determine the mean swimming velocity and peak viscous bending moment density.

The prescribed space of flagellar motions is parameterised by wavelength and maximum ‘shear
angle’ with respect to the head of the cell. Both bending and shear elasticity are taken into
account. The viscous bending moment density at arclength s, denoted mhyd(s), is calculated

from the equations, F =
∫ L

s
f(s) ds and mhyd(s) = n(s)·F , where n(s) is unit normal in the beat

plane. The active shear moment m̂act is estimated from its balance with viscous, elastic bending
and passive shear moments. Using this relation combined with the hydrodynamic calculations,
and estimates for bending and shear stiffness [5] we can then calculate the bending moment
‘fitness’,

φ =
Ū

max0<s<L,0<t<T |m̂act|
. (3)

The optimal solution shown in Figure 1(c,d) suggests that for characteristic viscosity and elastic
parameters, ‘meandering’ waves may confer competitive advantages. We are currently working
on modelling approaches that will allow consideration of viscoelastic effects and the internal
flagellar structure. The fluid dynamic propulsion of the sperm cell continues to be a stimulating
subject for fluid dynamicists and mathematicians.
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Left-right symmetry breaking is crucial to vertebrate embryonic development. This is because
in many species the egg upon fertilisation is symmetric yet the resulting internal body plan is
asymmetric [4], for example in humans the heart is on the left and the liver is on the right. See
figure 1. The symmetry breaking event is a result of a left directional fluid flow, termed a ‘nodal
flow’, generated by whirling cilia at early stages of development.

Figure 1. (a) Normal situs. (b) Situs inversus, affects < 1% of humans [4].

In many species this event begins in a region of the embryo termed the ‘node’ in the mouse
and the ‘Kupffer’s vesicle’ in the zebrafish. The node develops at approximately 7–9 days post-
fertilisation for the mouse.

An initial model was developed based on the geometry of the mouse node, an approximately
triangular region that forms on the ventral side of the developing embryo. See figures 2(a) and
2(b). The mouse node contains a single ciliated surface on the dorsal wall that are tilted towards
the posterior [1, 2]. These cilia are rotating clockwise, when viewed from tip to base, generating
a flow field that transports vesicle particles. See figure 2(b) and 2(c).

(a) (b) (c)

Figure 2. (a) Low-magnification view of a mouse embryo at 7.5 days post-fertilisation, node indicated

by ‘VN’ [4]. (b) Schematic section of the node cavity viewed from the posterior [8]. (c) Scanning electron

micrograph of the wild-type node [6].

The mouse node is a low Reynolds number system allowing the use of singularities of Stokes flow,
slender body theory and the single layer boundary element method to explain how rotation and
posterior tilt contribute to a directional fluid flow. This method is highly efficient allowing the
simulation of a three-dimensional flow field for tens of thousands of time steps. Simulations of
the mouse node predict a range of fluid flow characteristics depending on the proximity to cilia
and bounding surfaces and the configuration of the cilia. See figure 3(a). Particles take a ‘loopy’
drift motion to the ‘left’. ‘Loopy’ near the cilia with a leftward drift in between before joining
the upper return flow. It is likely that the motion is chaotic.
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Figure 3. (a) Particle started at (−0.75,−3.25, 0.10). A leftward fluid flow is observed across the cilia

and a rightward return flow close to the roof of the node [8]. (b) Three-dimensional mesh used to model

the cilia as part of the boundary mesh in the zebrafish, axis notation A, anterior; P, posterior; D, dorsal;

V, ventral; L, left and R, right.

We are currently developing a model to analyze the zebrafish Kupffer’s vesicle. The Kupffer’s
vesicle has cilia lining the dorsal roof and the ventral floor [3, 5, 7]. The Kupffer’s vesicle
is modelled again using regularised singularities of Stokes flow and the single layer boundary
element method. The cilia in the Kupffer’s vesicle are modelled using a three-dimensional mesh
incorporated into the boundary mesh that takes into account cell curvature for the first time.
See figure 3(b). Flow fields in the Kupffer’s vesicle depend upon the number of cilia and their
distribution in the vesicle giving rise to different flow types [9]. These new results will be presented
at the meeting.
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INTRODUCTION

Swimming microrobots have the potential to be used for in vitro manipulation and investigation
of cells or micro-objects and as an in vivo diagnostic and therapeutic tool. The development of
swimming microrobots faces a number of challenges including the fabrication of micro-agents,
wireless power supply, and locomotion methods suitable for a low Reynolds (Re) number regime.
The difficulty is enhanced as these challenges can almost never be tackled separately and therefore
have to be assessed as a complete microrobotic system. In nature microorganisms have found
numerous locomotion methods, such as cilia or flexible beating flagella, suitable for navigation at
low Re numbers. The artificial bacterial flagellum (ABF) is a swimming microrobot that mimics
the propulsion method of bacteria, such as E. coli, by using a rotating helical tail for motion
generation (see Fig. 1). An external rotating magnetic field is used as a power supply. The
ABF is a microrobot prototype capable of navigation in 3D, creating sufficient propulsive force
to overcome its weight in water, and is capable of pushing and rotating micro beads by contact
manipulation. A direct contact may, however, be harmful when working with living cells and
we will discuss the approach of using local flow fields generated by an ABF to move objects in
a non-contact manner.

MICROROBOTIC SYSTEM

When engineering microrobotic systems, efficiency is an important factor as power supply is
difficult and limited. Rotating a helical tail is not very efficient from a fluidic propulsion point
of view [1], the definition of efficiency can, however, be misleading when taking into account
the magnetic actuation of the microrobots. Evaluating the microrobotic system as a whole,
considering both fluid mechanics and magnetic actuation, helical swimming is one of the most
promising methods of propulsion for microrobots [2].

Locomotion, fabrication and actuation

The linear relationship between the forward and rotational velocity, u and ω respectively, of a
helical filament under the influence of an external force F and torque T can be represented by a
2× 2 propulsion matrix.

(
F
T

)
=

(
a b
b c

) (
u
ω

)
(1)

The parameters a, b and c are functions of geometrical parameters only and can be found by
modeling or empirical methods. The rotation and translation of a helical filament are inherently
coupled, i.e. b 6= 0, due to the lack of a shape symmetry. This coupling is exploited by using a
torque to rotate the filament, which in turn creates the desired translational motion.

Figure 1. Locomotion model of an artificial bacterial flagellum (ABF).

Using an external magnetic field to apply the required torque to the ABF removes the need to
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replicate the highly complex molecular rotary motor of real bacteria [3]. The challenge remains
in fabricating the helical tail, which is a non-trivial 3D structure, at a micro scale. The first
method to successfully fabricate ABFs in a batch process is the self-scrolling technique [4]. The
controlled release of internal stresses in the material allows arrays of ribbons to roll-up into helical
shapes. The prototypes described here have a helical tail with an overall length of 30− 100 µm,
depending on the number turns, and a diameter of 2.8 µm. The tail is attached to a 200 nm thin
and 4.5 µm wide square plate made from a soft-magnetic material.

A magnetic body whose direction of magnetization is deviated from the direction of the external
field experiences a magnetic torque which rotates the body until it becomes aligned. In order
to create a continuous rotation of the ABF around its helical axis, the external field has to be
rotated as well, which is achieved with individually controlled electromagnetic coil pairs placed
around the ABF.

NON-CONTACT MANIPULATION

The ABF can be steered in micrometer precision towards a target and experimental results show-
ing the pushing and rotating of micro beads have been presented in previous publications [4]. The
use of real micro-organisms for micromanipulation tasks has already been explored in literature
[5] but this approach requires a controlled environment that can sustain microbial life. Micro-
robots have, therefore, the potential to be applied in more diverse tasks and conditions. This
project explores the flow field created by ABFs and how it can be used to move micro-objects.
Figure 2 shows an ABF steered into a vertical position where it has to create a propulsive force
to overcome its weight in water. A rotational speed exists at which forces are at an equilibrium
and the ABF hovers with zero translational motion. The rotational flow field induced by the
ABF can be used to manipulate micro-object without physical contact, which is beneficial when
considering the transportation of living cells. Figure 2 shows a spike of dye being transported
around the ABF at a safe distance of approximately 20 µm.

Figure 2. Contact-free manipulation of a micro-spike by an ABF-induced flow field. The ABF is

vertically orientated and its location and direction of rotation are indicated by arrows.

CONCLUSIONS

Preliminary results show that current ABF prototypes are capable of local flow generation which
can be used for non-contact manipulation of micro-objects. Micro-objects can potentially be
transported along more complex motion paths by introducing additional boundaries, which guide
or deviate the flow generated by the ABF, or by servoing.
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INTRODUCTION

The rapid development of miniaturization in bio-medical analysis and other applications gener-
ates a growing need for alternative methods of manipulating fluids on sub-millimeter scales. In
nature there exist very efficient ways to mechanically pump fluids in micron sized tubes, such as
by the beating of so-called cilia. Cilia are micron sized, wall-attached hair-like cell extensions.
Inspired by nature, Cilia-like structures of micrometer scale were successfully produced and ac-
tuated by several groups [7, 2, 8, 5] and first fluid manipulation of artificial cilia immersed in
water could be shown [10, 3]. Recently, net flows in a micro channel were shown with maximum
fluid velocities of almost 5 µm/s by [9] and up to approximately 9 µm/s by [6].

In this paper we report on studies of the flow induced by artificial cilia that produce more than
10 times higher flow rates in a micro channel. The cilia consist of superparamagnetic (spm)
micro-beads embedded in a polymer and can be actuated magnetically [1]. We apply an external
rotating magnetic field that induces a non-symmetric, planar motion of the cilia. The phase
averaged and time resolved flow is quantified by means of phase-locked µPIV measurements.

RESULTS

The fluid transport produced by rectangular shaped, magnetically actuated artificial cilia [1] was
determined by means of phase-locked Micro Particle Image Velocimetry (µPIV) measurements in
a closed flow volume. The cilia perform two beat cycles during a full revolution of the magnetic
field. A representative vector field of the effective stroke is shown on the left hand side of Fig.1.
The resulting median velocities of each vector field are shown in the middle graph of Fig.1 for
actuation frequencies up to 20 Hz. The right hand side curve of Fig.1 shows the cilia-induced
velocity distribution over the channel height. Since the micro channel was closed at the in- and
outlet, the flow induced by the cilia at the lower half of the channel is compensated by a backflow
in the upper channel half. We approximate the velocity profile as the sum of a cilia-induced plane
Couette flow in positive x-direction and a back pressure-induced plane Poiseuille flow in negative
x-direction. From the equation system of the measured velocity profile and its first derivative we
derive the pressure gradient ∇p and the velocity U of the Couette flow at the channel bottom
as well as the cilia- and the back pressure-induced volume flow rates to V̇p = −16± 3.6 µl

min
and

V̇c = 13.6± 3.9 µl
min

, respectively.

CONCLUSIONS

The fluid transport produced by rectangular shaped, magnetically actuated artificial cilia [1] was
determined by means of phase-locked Micro Particle Image Velocimetry (µPIV) measurements in
a closed flow volume. The achieved velocities are one order of magnitude higher than in previous
studies [6, 9], reaching values that are comparable with other microfluidic transport mechanisms
such as electro-osmotic pumping. Analysis of the measured flow data indicate that the present
system is capable of achieving volume flow rates of V̇cilia = 14±4µl/min when no back pressure
is built up in the micro channel with a cross section of 0.5 × 5mm2. This corresponds to an
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Figure 1. Left: Velocity field during the cilia effective stroke (10 Hz actuation). Superimposed is the

averaged image data of the cilia. Middle: Median phase averaged fluid velocities are plotted as a function

of frequency. Right: Phase averaged velocity distribution over the channel height in a closed channel

configuration. The cilia-induced flow is counterbalanced by a pressure driven backflow.

effective pressure gradient of 6 ± 1Pa/m, which equals a pressure difference of 0.6 ± 0.1mPa
over a distance of 100 µm between two rows of cilia. These results were derived analytically from
the measured velocity profile allowing to also compute the accuracy of the calculated pressure
drop and volume flow rate. While the cilia produce phase averaged velocities of the order of
O(102µm/s), time resolved measurements showed that the flow field reverses two times during
one actuation cycle inducing instantaneous velocities of up to |v|≈ 2mm/s. This shows that the
flow field is dominated by fluid oscillations and flow rates are expected to increase if the beating
motion of the cilia is further improved.
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LOW-REYNOLDS-NUMBER FLOW BETWEEN TWO VESSELS WITH
A SHUNT BETWEEN THEM

Adriana Setchi1, Jonathan Mestel2, Jennifer Siggers1 & Kim Parker1
1 Department of Bioengineering, Imperial College London, SW7 2AZ London
2 Department of Mathematics, Imperial College London, SW7 2AZ London

INTRODUCTION

There are many shunts in the human circulatory system. This work aims to construct matched
Papkovich-Fadle-eigenfunction expansions for the solution of flow between two channels. Such a
solution can be applied to model side-to-side anastomoses (surgical connections between blood
vessels or segments of gut), or fistulas between arteries and veins (e.g. during hemodialysis).
Papkovich-Fadle functions were first used in elastic theory [1]. Many problems have been solved
in this manner since then including slow flow over slots [2], cavities [3] or through constrictions
[4]. These can be applied to model biological problems such as aneurysms, atherosclerosis or
vasoconstrictions.

MATHEMATICAL FORMULATION

This work considers a non-Newtonian and incompressible fluid in a two-dimensional geometry of
two similar infinite channels with a shunt between them as shown in Figure 1.

Figure 1. Geometry of two channels with a shunt between them

These assumptions make it possible to simplify the Navier-Stokes equations to the system

−∇p + μ∇2u = 0 and ∇.u = 0 . (1)

By defining a streamfunction Ψ(x, y) such that u = ∂Ψ
∂y and v = −∂Ψ

∂x these simplify further to
a single biharmonic equation

∇4Ψ = 0 . (2)

No-slip boundary conditions
{

∂Ψ
∂n = 0, Ψ = const

}
are imposed on all solid boundaries. In addi-

tion, Poiseuille flow is prescribed at x = ±∞.
Note that the equation is linear and steady. It is possible to construct time-dependent solutions
by adding steady solutions instantaneously. This can be done using time-dependent boundary
conditions at infinity such as clinical pressure or flux measurements. The next section explains
the derivation of the three linearly independent steady solutions for this geometry.

STEADY SOLUTIONS

The biharmonic equation ∇4Ψ = 0 is not uniquely solved using separation of variables. Progress
can be made by dividing the geometry into subregions. For each of these the boundary conditions
determine the Papkovich-Fadle eigenfunction expansions. Consider one steady solution driven
by Poiseuille flow at all channel ends (Figure 2). Due to symmetry, Ψ is even in x and odd in y.
The expansions for regions 1 and 2 are chosen to be

Ψ1 = y2
(
b −

y

3

)
+

∞∑

n=1

Anen
2 (y)e

Kn
b (x+1)+

∞∑

n=1

Bnen
1 (y)e

kn
b (x+1) for x∈(∞,−1)∪ y∈(0, 2b) (3)
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Ψ2 = y2
(
b −

y

3

)
+

∞∑

n=1
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2 (y)

cosh
(

Knx
b

)

cosh
(

Kn

b

) +
∞∑

n=1

Dnen
1 (y)

cosh
(

knx
b

)

cosh
(

kn

b

) +
∞∑

n=1

Enfn
2 (x)

sinh (Kn(y−b))
sinh (Knb)

+
∞∑

n=1

Fnfn
2 (x)

cosh (Kn(y−b))
cosh (Knb)

for x∈(−1, 1) ∪ y∈(0, 2b) , (4)

where kn and Kn are the sequence of complex numbers that satisfy sin(2kn) = 2kn and sin(2Kn) =
−2Kn. fn

2 is the even Papkovich-Fadle eigenfunction in x, and en
1 and en

2 are odd and even eigen-
functions in y for regions 1 and 2. The biorthogonal properties of these expansions are then used
to satisfy all boundary and matching conditions. Six equations are derived for the constants An-
Fn and after truncating the infinite series an approximation to the solution required is obtained.
A plot of the streamlines for b = 1 and a truncation of N = 16 is shown in Figure 3.

Figure 2. A diagram of the first flow Figure 3. A plot of <{Ψ(x, y)} for the first steady flow

Similarly,using different bases in the expansions, two other linearly independent solutions can
be derived. Due to symmetry, the easiest other possible choices are shown in the diagrams in
Figures 4 and 5. The second flow (Figure 4) is only driven by Poiseuille flow in the top channel.
The difference in order of Ψ below and above requires relatively more nodes for convergence.

Figure 4. A diagram of the second flow Figure 5. A diagram of the third flow

CONCLUDING REMARKS

The analysis described in this abstract gives satisfying results for the stream function of different
steady flows in two channels with a shunt between them. Although it has limitations ,such as
simplifying physiological vessels to two-dimensional channels, great insight can be gained from
it. The authors hope to couple these results with clinical time-dependent data in the near future
to model physiological problems that deal with shunts at low Reynolds numbers.
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MATHEMATICAL MODELLING OF HIGH-FREQUENCY FLOW IN
CURVED, COMPLIANT ARTERIES

Sevil Payvandi, Jennifer H. Siggers & Kim H. Parker
Department of Bioengineering, Imperial College London, Royal School of Mines
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INTRODUCTION

Cardiovascular disease, and in particular atherosclerosis, remain the leading cause of death in the
western world. Despite the systemic nature of most risk factors, the distribution of atherosclerotic
plaques in the cardiovascular system is highly focal, typically occurring in areas of disturbed flow
such as curved arteries. The causative mechanisms of atherosclerosis remain unknown, but a
correlation between atherosclerosis and wall shear stress has been identified [1]. Vessel compliance
has usually been omitted from previous studies, but could influence the haemodynamics in the
near-wall region and hence the shear stress. The aim of this research is to understand the effects
of compliance on flow in idealised curved arteries at high frequency and small Reynolds number
using asymptotic analysis.

MODEL

In order to create an idealised model that permits mathematical analysis of flow in a curved
artery, we neglect non-planarity, time- and space-varying curvature, and thickness of the arterial
wall, and model fully developed, Newtonian flow in a planar, weakly curved pipe. We assume
that the flow is driven by a sinusoidally oscillating pressure gradient. Figure 1 displays the
nondimensional coordinate system used, where a is the pipe radius, s is the distance along the
centreline, and (r, θ) are polar coordinates in the cross section. Note that s = 0 corresponds
to the axial position where the transmural pressure is zero. We make a number of additional

Figure 1. Nondimensional coordinate system

I O

Figure 2. In-plane velocity at O(ε0), (“I” denotes

the inside of the pipe bend and “O” the outside).

simplifying assumptions; we assume that the dimensionless compliance, ε, is small, and hence
consider only the first deviation from flow in a rigid pipe, and therefore linearise the tube law to
obtain a linear pressure–radius relationship. We take the limit of high frequency, characterised
by the Womersley number α → ∞, where α2 equals the ratio of the time for viscous transport
of momentum across the pipe divided by the period of oscillation. Thus we extend the work of
Lyne [2], who solved this system for a rigid pipe (ε = 0), showing that the flow consists of two
distinct regions: an inviscid core and a thin Stokes boundary layer, shown in Figure 2, where
the symbol “I” on the left-hand side is used to denote the inside of the pipe bend and “O” on
the right-hand side is used to denote the outside of the bend. We also assume that the pressure
gradient is small enough so that the Reynolds number of the steady component of the secondary
flow, Rs, is small.
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RESULTS

We solve the Navier–Stokes equations separately in the two regions and then match the two
solutions in an intermediate region known as the matching region. At O(ε0), Lyne found that
the leading solution of the secondary flow is steady and directed inwards; with flow across the
centre of the pipe directed from the outside to the inside of the pipe bend. This in turn causes
the axial wall shear stress to be higher at the inside of the pipe bend than at the outside. The
generation of a steady flow in oscillatory viscous flow is broadly known as steady streaming, and
in the case of Lyne is due to the the interaction of the oscillatory pressure gradient with the
curvature of the pipe. For the case of a compliant curved pipe, an additional mechanism exists
whereby the oscillatory pressure gradient interacts with the compliance of the pipe walls, leading
to steady streaming in the axial velocity. For both mechanisms, a steady flow is generated in the
Stokes layer which does not fall to zero at the edge of the matching region, and instead drives a
steady flow in the core. We examine the nature of the steady terms in the axial velocity and the
effect of compliance on the steady terms in the streamfunction. The steady terms are important
as they generate a sustained effect on the endothelial cells, and also have important consequences
for mass transport. In the axial velocity, we find that the steady terms cause the core flow to
be spatially dependent, and that the steady flow swaps in sign for upstream and downstream
positions, such that the flow in the core (|r| < 0.6) is always directed towards s = 0 (Figure 3).
In the streamfunction, we find that the O(ε) steady terms oppose the O(ε0) flow towards the
inside of the pipe bend, resulting in a reduction in the magnitude of the secondary flow. We also
find that compliance results in a reduction in the axial wall shear stress, and affects the spatial
distribution of the shear stress during the cycle. In addition, we find that the O(ε) solution
dominates the in-plane velocity leading to axisymmetric profiles of the flow for the majority of
the cycle (Figure 4), which is very different to the O(ε0) flow seen in Figure 2.

0 0.2 0.4 0.6 0.8 1
−6

−4

−2

0

2

4

6 x 10−3

r

St
ea

dy
 a

xi
al

 v
el

oc
ity

 

 

s=−2
s=0
s=2

Figure 3. Steady axial velocity
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Figure 4. In-plane velocity due to compliance

CONCLUDING REMARKS

In this study we have considered high-frequency flow in a weakly-curved, compliant pipe at low
Reynolds number. The interaction of the unsteady pressure gradient with compliance leads to an
additional mechanism of steady streaming, and affects the axial velocity and the streamfunction.
Compliance also causes a reduction in the axial wall shear stress, and significantly affects the
profile of the in-plane velocity.
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FLUID MOTION FOR MICRO-GRAVITY SIMULATIONS IN A
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INTRODUCTION

To understand the role of gravity in biological systems one may decrease it going into free-fall
conditions such as available on various platforms. Unfortunetly, these experiments are cumber-
some and expensive. Thus, alternative techniques like Random Positioning Machines (RPM),
are now widely used to simulate the micro-gravity environement [1]. These instruments generate
random movements so that gravitational effects cancel out over time. However, comparative
studies performed with the RPM machine were unable to reproduce the clear-cut space flight
results. These differences may be explained by undesirable stresses acting on the culture cells.
They may be caused by internal flow motion, originating from the instationary motion during
random rotation. The aim of this study is to predict fluid flow behaviour, wall shear stresses
and suspended cell motion in an RPM container experimentally using particle image velocimetry
(PIV) imaging and numerically using 3D and time-dependent numerical modeling.

METHODS

The experimental set-up

A dual-axis rotating frame machine is used to reproduce the motion of a real RPM in a con-
trollable way. A flask filled with water and fluorescent tracer particle (13 µm) is positioned at
the centre, surrounded by a PIV system. A green light dye-laser of 534 nanometer wavelength is
used to create a light sheet inside the flask. We use a double-frame camera to record the particles
inside the flask while the system is moving. Laser and camera are co-rotating with the flask.

Figure 1. PIV system and the water-filled flask mounted on a two-axis rotating frame

The CFD simulations

To be able to reproduce the same experiment numerically, a Direct Numerical Simulation (DNS)
model is used. In the DNS code, rotation is simulated by adding extra forces (centrifugal,
Coriolis) to the momentum equation. Two-axis instationary rotation, as is employed for the
RPM, have been simulated for a regular T25 flask geometry (6*4*2 cm).
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RESULTS

For rotation around a single axis, fluid motion induced by inertia is observed parallel to the wall
with good agreement between simulated and measured velocity field. Furthermore, boundary
layers can be observed near the bottom. For spin-up about the X and Y axis according to the
instationary angular velocity used in an RPM, more complex patterns are obtained in the DNS.
A maximum velocities up to 7 cm/s near the wall and a maximum stress at the container wall
of 62 mPa are derived.

PIV velocity �eld + background image
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Figure 2. Simulated (left) and measured (right) velocity (relative to the container) during spin-up

about the Y-axis for a fluid which is initially at rest for an acceleration Ω̇y = 30o
/s

2 and a maximum

angular velocity Ωy = 60o
/s. PIV measurements are obtained in the X-Y plane at 5 mm from the wall.
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velocity patterns for both axis (top), maximum wall shear stress (bottom).

CONCLUSION

For simple rotating motion, quantitative agreement between simulated and measured velocity
field have been found. Considering motions as are employed for RPM, the numerical study
suggests that stresses induced by the fluid are particularely high during changes of rotation
velocity, i.e. acceleration, for cells cultured at the flask wall. At the conference, we aim to
present a qualitative comparison between experimental and numerical results. Furthermore,
numerical estimation of stresses acting on floating cells will be assessed.
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A UNIFIED NUMERICAL METHOD FOR FLUID-STRUCTURE
INTERACTION APPLIED TO HUMAN COCHLEAR MECHANICS
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INTRODUCTION

One of the main problems with the numerical simulation of the mechanical wave propagation in
the cochlea is the coupling of elements representing the orthotropic elastic structure (cochlear
partition) and the fluid (lymph). Usually displacements of the structure must be coupled to
velocities of the fluid, which is an intrinsic problem.

NUMERICAL METHOD

Our numerical method is based on the general conservation equations for momentum and mass
valid for any continuum. The exact form of the stress tensor in the momentum equation and its
dependence on the other unknowns determine whether the continuum will have the characteristics
of a fluid or solid.

We introduce pressure as a new variable in the solid, defined as the hydrostatic part of the stress
tensor. This is analogous to the description of the stress tensor in fluid mechanics and leads to
a very similar systems of equations describing fluid and solid.

As exposed by [1] and [2], we follow a unified discretization approach, with a single Finite-
Volume solver working on the combined fluid and solid domain. Using time integration the
displacement gradients needed for the definition of the solid stress tensor are transformed into
velocity gradients. We extend the formulation described by these authors to include (damped)
orthotropic materials, as needed for the description of certain tissues in the cochlea.

The algorithm is implemented using the OpenFOAM R© library which is available under General
Public License (GPL). Some aspects of this library are given in [3].

VALIDATION

To demonstrate the correctness of the implemented code, we adapted the “flexible tube” test
case described in [1]. The problem represents a straight flexible tube with an inner diameter
D = 20 mm, wall thickness t = 2 mm and length l = 100 mm according to the dimensions of a
large artery. The fluid in the tube has a dynamic viscosity η = 0.004 Pa s,
density ρf = 1000 kg/m3 and a bulk modulus Kf = 2.2 GPa. The solid wall material has a
Young’s modulus E = 1 MPa, Poisson’s ratio ν = 0.3 and density ρs = 1000 kg/m3.

Wave propagation through the pipe is initiated by applying a sudden step change in pressure of
5 kPa on the fluid at one end of the tube. The fluid at the other end is kept at 0 kPa.
As a result, a displacement wave occurs along the tube wall in combination with a pressure wave
in the fluid. The predicted wave characteristics are in good agreement with the numerical and
theoretical results presented in [1]. Figure 1 shows the radial displacement of the outer wall
surface predicted by our algorithm at five selected times.

APPLICATION TO THE HUMAN INNER EAR

In contrast to the isotropic material properties of the elastic tube the elastic structure (cochlear
partition) of the inner ear is anisotropic. Therefore Young’s modulus changes related to a carte-
sian coordinate system because of the largely curved shape of the cochlear partition. Figure 2
(modified) shows a simplified 2D model of the cochlea following [4] which will be examined in a
first step. The shaded area marks the outer boundary (bone) which encloses the lymph.
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Figure 2. Simplified 2D model of the cochlea with exaggerated displacements of thin structures

L = 35 mm, l = 2 mm

The upper left vertical line represents the oval window and the lower left vertical line the round
window, which are fixed at the upper and lower endpoints. The horizontal line marks the cochlear
partition including the basilar membrane which carries the sensory cells responsible for acoustic-
neural transduction by inner hair cells necessary for hearing sensations. An acoustic field is
induced by prescribing an oscillating deformation of the oval window. The round window and
the cochlear partition will deform as a reaction.

After concluding the tests of the 2D cochlea model we plan to use the numerical method on 3D
geometrical data obtained from µ-Computer Tomography (µCT) scans with a spatial resolution
of approximately 6 µm.
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VISCOUS AND NONLINEAR FLOW PHENOMENA IN THE COCHLEA

Elisabeth Edom, Dominik Obrist & Leonhard Kleiser
Institute of Fluid Dynamics, ETH Zurich, 8092 Zurich, Switzerland

INTRODUCTION

Sound signals are transmitted by the middle ear to the cochlea which is part of the inner ear.
Here, the vibrations of the stapes, the last of the middle ear ossicles, evoke a traveling wave
motion of the cochlear fluids and of the basilar membrane. This leads to the perception of
sound. A better understanding of the flow phenomena in the cochlea will give further insight
into our sense of hearing.

The cochlear fluid flow is often modeled as inviscid or as governed by a set of linear equations such
as the Stokes equations. Also, results are often restricted to harmonic stimulations. In contrast
to these approaches, we study the fluid dynamics in the cochlea including viscous, nonlinear, and
transient phenomena. This allows us to account for viscous effects which are indicated by low
Reynolds numbers, to investigate nonlinear effects (steady streaming) and to address cochlear
responses to non-harmonic stimuli such as clicks.

scala vestibuli
basilar membrane

rotational

translational

scala tympani

stapes

Figure 1. Schematic of the uncoiled cochlea.

GOVERNING EQUATIONS AND COMPUTATIONAL MODELING

The lymphatic fluid in the cochlea is similar to water. Because at all but the highest physiological
frequencies the acoustic waves are significantly longer than the length of the cochlea, the flow
can be considered incompressible. Therefore, the fluid motion is modeled with the continuity
equation

∇ · u = 0 (1)

and the Navier-Stokes equations which read in dimensionless form

∂u

∂t
+ (u · ∇)u = −∇p +

1

Re
∇2

u (2)

where u denotes the velocity vector, t the time, and p the pressure. Re = UL/ν represents the
Reynolds number, with the maximum velocity of the stapes motion as the characteristic velocity
U , the length of the stapes footplate as the characteristic length L, and the kinematic viscosity
ν of the fluid.

The basilar membrane is modeled as an array of uncoupled, one-dimensional damped oscillators,
each governed by

m
∂2η

∂t2
+ r

∂η

∂t
+ kη = −2p (3)

where η denotes the displacement of the membrane and m, r, and k its mechanical properties
which change along the cochlear axis.

The above equations are solved with respect to a two-dimensional Cartesian coordinate system
in which the complex geometry of the cochlea is idealized to a rectangular box. No-slip boundary
conditions are imposed with zero velocity at the bounding walls and with in-/outflow velocities
at the position of the stapes footplate.
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The computations are carried out with a high-order solver for the incompressible Navier-Stokes
equations [1] which is optimized for a massively parallel computation of very large flow problems.
The governing equations are discretized with finite differences in space and with an explicit
integration scheme in time. The basilar membrane is coupled in an immersed boundary-like
approach to the fluid: The fluid velocities act on the structure which in turn exerts a force on
the fluid.

PRELIMINARY RESULTS AND OUTLOOK

Figure 2 shows the basilar membrane displacement for a click stimulation. It has been simulated
with a transient potential flow model [2] following [3] and serves as a baseline result for future
simulations including viscosity. Especially at low frequencies effects of viscosity are expected to
influence the cochlear dynamics: First, the velocity profiles of the viscous and the inviscid case
differ considerably due to the formation of boundary layers. Second, in viscous flow phase shifts
between the bulk flow rate and the pressure gradient are present.

These properties of the viscous flow field have been investigated in preceding numerical studies
in which the motion of the basilar membrane is not included. For stimulation with rotational
motion components (“rocking motions”) of the stapes, the flow field is composed of a potential
flow region and boundary layers similar to Stokes boundary layers. Figure 3 shows the boundary
layer thicknesses of simulated results compared to the analytical solution for the Stokes case,
δs = C

√
ν/(2πf) (with f as the frequency and the constant C = 2). The phase lag between

velocity and pressure is found to tend to 45◦ in the boundary layers and toward 90◦ in the
potential flow region which is in accordance with analytical solutions.

We will present results for the fluid flow in the cochlea and for the basilar membrane motion
under viscous conditions. Furthermore, we will investigate nonlinear effects (steady streaming) of
the cochlear fluid dynamics. Also the influence of different stimuli (click stimulation, rotational
and translational stapes motion) will be addressed.

Acknowledgment This work is partially funded by an ETH research grant.
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COMPARISON OF THE FLOW PATTERNS IN HEALTHY AND
PATHOLOGICAL VESTIBULAR SYSTEMS
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INTRODUCTION

The temporal bone hosts bilaterally sensors for angular velocity (semicircular canals, SCCs),
as well as sensors for linear acceleration (otolith organs). These structures are filled with en-
dolymph, a fluid with mechanical properties similar to water. The SCCs are three mutually
orthogonal slender ducts which span an angle of 250◦ and converge into a common chamber
called utricle (see Figure 1 for the rendering of a single SCC with the utricle). Angular acceler-
ations lead to an endolymph flow which displaces an elastic membrane at the end of each SCC.
This membrane is known as the cupula. The cupula displacement triggers the hair cells which
generate a neurological signal.

The ampulla (the end region which hosts the cupula) and the utricle have cross-sectional areas
which are one order of magnitude bigger than the slender part of the SCCs. In the past, the
endolymph flow has been modeled as a Poiseuille-like flow, such that the velocities in the enlarged
part of the vestibular system become significantly smaller than in the slender canals. However,
we have shown recently that angular accelerations lead to vortices in the utricle and the ampulla
with velocities of the same order of magnitude as in the slender canals [1].

It is the objective of this study to investigate how these new features are affected by common
diseases such as benign paroxysmal positional vertigo (BPPV) and endolymphatic hydrops. The
former is known to be caused by the presence of small calcite particles in the SCC which settle
under the influence of gravity and can lead to a positional endolymph flow without any corre-
sponding angular movement of the head [2]. The latter disease (hydrops) is an increase of the
endolymphatic pressure which can increase the utricular volume beyond the physiological range.
This is of interest, since the utricular walls host the utricular maculae, i.e. the sensitive tissue
of one of the two otolith organs.

METHODS

The endolymph flow is a creeping flow because the Reynolds number Re is low (Re ≈ 10−2). It
can be modeled by the Stokes equations,

−∇p(x) + µ∇2u(x) = f(x, t) and ∇ · u(x) = 0 (1)

with no-slip boundary conditions at the wall; µ is the viscosity of the fluid, t is the time, p and
u = (u1, u2, u3) are the pressure and the velocity of the fluid, respectively, and x = (x1, x2, x3) are
the coordinates. The force f = ρα̈× x is the fictitious force induced by the angular acceleration
α̈ of the head, where ρ is the density of the fluid.

We split the solution without cupula uα = up + uh into a homogenous uh and a particular
solution up which can be found analytically. The governing equations are linear and uh can
be computed by the multilayer method of fundamental solutions (multilayer MFS) based on
Stokeslets which are Green’s functions of (1) [3].

The cupula is modeled by a pressure difference ∆P across the cupula which is proportional to
the endolymph volume displaced during a head maneuver. This pressure difference leads to a
Poiseuille flow in the SCC which is superimposed on uα to yield the final solution for a healthy
SCC.

BPPV is modeled by introducing free floating particles (canaliths) in the canals. The positional
flow u induced by the settling canaliths is split according to u = uc + uw. The flow uc is the
unbounded Stokes flow induced by a canalith which is modeled by the force coupling method
[4]. The flow uw represents the influence of the canal walls and is computed by multilayer MFS
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for the boundary conditions uw|∂Ω = −uc|∂Ω such that u satisfies (1) with no-slip boundary
conditions at the wall ∂Ω.

Endolymphatic hydrops conditions are modeled here by increasing the cross-sectional area of the
utricle.

RESULTS

We apply our model to a single SCC connected with the utricle (Figure 1). In the slender part
of the SCC, the flow induced by an angular acceleration is well approximated by a Poiseuille
flow, while the flow in the larger utricular-ampullari space shows an S-shape profile typical of a
vortex. Interestingly, the wall shear stresses induced by this vortex are strongest at the location
of the sensory epithelia in the utricle and in the ampulla. This is a consequence of the observed
vortex and the elliptic cross section of the utricle.

For BPPV, the settling canaliths lead to a pathological Poiseuille flow in the whole domain.
The flow velocities and the wall shear stresses in the proximity of the ampullari hair cells are
significantly smaller than the ones observed for a physiological S-shape profile of equal flow rate.

The hydrops condition (enlarged utricle) increases the velocities of the observed vortex, and,
consequently, the shear-stresses in the proximity of the utricular macula (Figure 2).

CONCLUDING REMARKS

Our numerical approach allows us to analyze flow patterns in the ampulla and the utricle which
cannot be predicted by the analytical models available in the literature. We have shown that
these flow patterns change under the pathological conditions of BPPV or endolymphatic hy-
drops. Our results suggest that the ampulla anatomy is such that the mechanotransduction is
more favored by physiological flows than by positional flows, e.g. induced by settling canaliths.
Under hydrops conditions, the observed vortex in the utricle is stronger and may alter the macula
response.
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116575).
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INTRODUCTION

The vitreous humour occupies the vitreous chamber, which is an approximately spherical cavity
whose volume represents the majority of that of the eye. It is a transparent viscoelastic fluid
whose properties have been studied by several authors [1, 2, 3]. During eye rotations, flow in the
vitreous produces stresses on the retina that may play a role in the development of vitreoretinal
diseases such as retinal detachment, a common condition leading to a high risk of loss of sight.

We study the motion of the vitreous humour induced by eye rotations and the corresponding
stress distribution on the retina. We model the vitreous chamber as a rigid domain filled with a
viscoelastic fluid.

MOTION OF A VISCOELASTIC FLUID IN A SPHERE

We describe the cavity as a sphere of radius R0 and study the relaxation behaviour of a vis-
coelastic fluid, i.e. the transient flow that would be observed in the stationary sphere starting
from non-stationary initial conditions in the fluid. We assume the displacements and velocities
of the fluid particles are small, allowing us to neglect nonlinear terms in the equations of mo-
tion. This allows us to consider the velocity and pressure fields as a sum of terms of the form
u = uλ(x)eλt + c.c. and p = pλ(x)eλt + c.c., respectively, where λ ∈ C is the growth rate. By
expanding uλ and pλ as a superposition of spherical harmonic functions, enforcing the no-slip
boundary condition at the wall, regularity at the origin and seeking a non-trivial solution we find
the eigenvalues and eigenfunctions of the system. We consider different rheological models of
the vitreous from the literature, and invariably find the existence of complex eigenvalues, whose
imaginary parts represent natural frequencies of oscillation of the system, and whose real parts
are all negative, indicating that the motion decays over time. For all rheological models consid-
ered we find that the natural frequency associated with the least damped modes approximately
ranges between 10 and 30 rad/s, which is in the physiological range.

In further work, we consider the fluid motion driven by small-amplitude azimuthal torsional
oscillations of the domain with angular amplitude ǫ and frequency ω0, which represent saccades
of the eyeball. We compute the time-averaged total kinetic energy of the system K

∗

(normalised
by the kinetic energy of a rigid sphere with the same density as the fluid) and show that it assumes
large values (significantly greater than one) when the system is forced at resonant frequencies.

This is shown in figure 1a where K
∗

is plotted versus the forcing frequency ω0. For frequencies
close to a natural frequency, it is possible for the velocity away from the boundary to be larger
than the velocity at the boundary, see figure 1b.

EFFECT OF THE DEPARTURE OF THE GEOMETRY FROM THE

SPHERICAL SHAPE

We also study the effect of a weak departure of the shape of the domain from a sphere. We do
this by describing the shape of the domain in spherical coordinates as r = R0(1+δR(θ, φ)), where
δ ≪ 1 and R is an order-one function specifying the shape of the domain, and expanding our
variables in terms of the small parameter δ. We focus both on myopic eyes, which are elongated
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Figure 1. (a) Plots of the normalised kinetic energy K
∗

against frequency for different rheological

properties of the vitreous. Solid curve: model based on measurements in [2]; dashed curve: model based

on measurements in [3]; dotted curve: model based on measurements in [1]. (b) Azimuthal velocity

profile with ω0 set to the natural frequency using the model based on the measurements in [3]. The

relevant nondimensional parameter is the complex Womersley number, αc =
q

iρω2

0
R2

0
/G̃ = 3.50+2.48i,

where ρ is the fluid density and G̃ the complex modulus of the fluid.

in the antero–posterior direction, and on eyes subjected to scleral buckling, a surgical procedure
whose aim is to induce a deformation in the shape of the sclera in order to facilitate sealing a
retinal break. We study how the geometry of the domain influences the stress distribution on
the retina.

DISCUSSION AND CONCLUSION

We have used experimentally measured values of rheological properties to describe the behaviour
of the vitreous humour. The system admits natural frequencies of oscillation that can be res-
onantly excited. Close to resonance there can be large wall shear stresses at the retina, which
might be relevant for the occurrence of retinal detachment. Our findings are also relevant for the
identification of optimal characteristics for vitreous replacement fluids. A common suggestion
is that replacements should be viscoelastic, with a large enough elastic component to avoid ex-
cessive flow within the vitreous chamber. However, the possibility of resonance should be taken
into account since, according to our model, a large elastic component leads to a larger number
of resonant modes, and the associated frequencies can be in the physiological range.

We also show that the stress distribution on the retina is strongly affected by the shape of the
domain. In particular, for myopic eyes the elongated eye shape induces a significant increase
of the shear stress on the retina in the posterior segment of the eye. This might provide a
mechanical explanation of the more frequent occurrence of posterior vitreous detachment and
retinal detachment in these patients.

The authors are grateful for the support of the “British-Italian Partnership Programme” by
MIUR-CRUI/British Council, which enabled this work to be carried out.
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EXPERIMENTAL INVESTIGATION OF PARTICLE-LADEN FLOWS IN
AN IN-VITRO MODEL OF A SINGLE ALVEOLUS

D. Borer1, T. Rösgen1

1 Institute of Fluid dynamics, ETH Zürich, Sonneggstrasse 3, 8092 Zürich

INTRODUCTION

In the past decades research into the role of fluid dynamics on the transport of nano- to microm-
eter sized particles in the pulmonary acinar region has steadily increased. New insights into the
flow structure deep inside the lung have led to a revised understanding of the complex processes
that take part in particle-laden flows at these small scales despite the low Reynolds number.
The motivation lies in understanding the mechanisms of particle deposition in healthy as well as
diseased lungs, to investigate the impact of pollutants and the efficiency of administering ther-
apeutic drugs via absorption into the systemic circulation [1]. Also the possibility of external
localized modification of the deposition process will be investigated.

In this work we will present an experimental model of an idealized alveolus comparable in size
with a real alveolus. The study will address the possibility of using a commercial 3D-Lithography
system in combination with µPIV to conduct research of alveolar flows in a direct fashion.

RESEARCH APPROACH

To date experimental work has been done using scaled models, where fluid specific dimensionless
numbers have been matched to the physical situation. Simple models investigated the flow
features in rigid structures, for example where a rigid duct is used with alveoli represented by
ring-like cavities around the central duct [5]. Other experiments incorporated the breathing
motion by means of elastic cavities. Tippe [2] investigated an expanding elastic torus on a duct,
showing the importance of the wall boundary conditions on the streamlines and therefore the
particle paths. Chhabra [3], [4] used an anisotropic expanding 5/6 spherical membrane (diameter
24 mm) as a model of a respiratory bronchiole, the gravitational effects were investigated by
numerically solving the particle transport equations in the measured flow field.

In the numerical field influential work has been carried out by Henry [6] with CFD simulations
of an axial-symmetric alveolated duct. Here the main assumption for breathing motion is homo-
geneous spatial expansion with a convective flow in the duct. The results showed a stagnation
saddle point associated with the recirculating flow. This has been linked to chaotic mixing and
an increase in the overall mixing of particles in the alveolus and duct.
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The simplest model for a single alveolus is a spherical cap on
a airway duct with a half-opening angle of 60◦ (e.g. used in
[2]). The alveolar diameters vary from around 200 µm at the
transitional bronchioles to around 400 µm at the alveolar sacs
[7]. The air flow is characterized by low Reynolds and Womersley
number, the more so deeper into the lung due to the decrease in
airway velocity.

The particle size plays an important role in deposition site and
dominating physics. Particles with diameters larger than 10 µm
inertial impaction and gravitational settling dominate and deposi-
tion occurs mainly in the upper airways. Particles with diameters
below 0.5 µm diffusion is dominant and deposition takes place over multiple breathing cycles in
the lower airways and acinar region. Particles in the range 0.5-10 µm are in a transitional region
with the lowest total deposition efficiency for the whole lung. In Figure 1 the timescales for

67



Borer & Rösgen Wed, 31.8.11, 11:10 - 11:35

convection in the duct, diffusion and gravitational settling for varying particle sizes are shown.
Although diffusion is the slowest process for large and medium particles, the influence in a com-
plex flow, as in alveolar flows, is unclear. Matching all physical effects in a scaled model is
difficult to achieve if Brownian motion is to be taken into account as well.

EXPERIMENTAL APPROACH

Figure 2. Image of micro channel with

alveolus in right side channel, vectors de-

pict the flow field.

A commercial 3D nano lithography system is being used
to fabricate an alveolus-like cavity in a micro channel
with the true pysical length scales. The process is based
on 2-photon polymerization allowing to write volumet-
ric structures inside a bulk photoresist. The system can
achieve resolutions of up to 150 nm with suitable ma-
terials and optics. The model representing the alveolus
is written into the side channel of a microfluidic cross
channel with a cross section of 300x300 µm. The main
channel represents the alveolar duct, the side channels
allow for fluidic access, for example to manipulate the
structural membrane. Figure 2 shows a first iteration
of the model with a relatively stiff alveolar wall.

Mono disperse particles of desired size (from 0.5 µm to
8 µm) act as tracers for the flow analysis with µPIV. The aim is to analyze and identify local
deposition sites by fluorescent imaging. The intention is to investigate deposition mechanisms in
dependancy on flow behaviour and local topology. In a further step the potential of externally
forced acoustic streaming on the deposition rate will be investigated. Acoustic streaming has
proven to be an attractive forcing mechanism for microflows in general because of its remote
action, local applicability and independance of viscosity (outside the acoustic boundary layer).
Fluorescent labeling of representative aerosol particles and droplets will be used both to provide
visual flow markers and to measure particle accumulation rates via integrated light emission.

OUTLOOK

This approach guarantees the correct scaling of gravitational settling and diffusion effects by
utilizing a controllable and reproducible design of small scale geometries. This is considered
useful for subsequent validation of the results with numerical simulations. The versatility of
the 3D manufacturing process also allows for more complicated and realistic geometries such as
those derived from microtomographic scans of real tissue samples for future studies. Also, the
potential impact of different forcing mechanisms can be studied directly.
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INTRODUCTION

Prematurely born neonates can develop respiratory distress syndrome (RDS) as their lungs are
not mature enough to produce sufficient amounts of surfactants. Surfactants reduce the surface
tension on the thin layer of liquid that coats the inner surface of the airways and the alveoli;
and therefore, reduce the work required to expand the lungs with each breath. Surfactant
replacement therapy (SRT) is a standart treatment for premature neonates suffering from RDS.
In SRT, liquid with exogenous surfactant is instilled in the trachea and form a liquid plug,
which subsequently propagates through the trachea by inspiration and spreads the exogenous
surfactant to the airways. The efficacy of the treatment depends on various parameters such as
the size of the liquid plug, inspiration frequency and the physical properties of the exogenous
surfactant. We performed unsteady simulations of surfactant-laden liquid plug propagation in
order to comprehend and improve the dynamics of the treatment.

METHODS & RESULTS

The finite-difference/front-tracking method for computations of interfacial flows with soluble sur-
factants, developed by Muradoglu & Tryggvason (2008) [1], is used in this study. This method
is designed to solve the evolution equations of the interfacial and bulk surfactant concentrations
together with the incompresible Navier-Stokes equations. In this method, the interface is repre-
sented by connected Lagrangian marker points moving with the local flow velocity interpolated
from the neighboring stationary regular Cartesian Eulerian grid. The flow equations and the bulk
surfactant concentration equation are solved on the Eulerian grid, whereas the evolution equa-
tion of the surfactant concentration on the interface is solved on the Lagrangian grid. Interfacial
surface tension is related to the surfactant concentration at the interface through a non-linear
equation of state. Surface tension forces at the interface are computed on the Lagrangian grid
and distributed over the neighboring Eulerian grid cells as body forces in a conservative manner
using Peskin’s distribution function [1].

Relevant dimensional and non-dimensional parameters for liquid plug propagation in a neonatal
lung are as follows: We assume that the neonatal lung may be modeled as starting from generation
7 (n = 7) and the distal generations of an adult lung 7 ≤ n ≤ 18. Using the physical properties
of the exogenous surfactant Survanta (ρ = 940kg/m3, µ = 0.042Pa.s, σ = 0.025N/m) [2],
the range of non-dimensional parameters Re = ρUR/µ, Ca = µU/σ, and λ = Re/Ca in a
neonatal lung for generations 1 ≤ n ≤ 12 are 0.1 ≤ Re ≤ 40, 0.02 ≤ Ca ≤ 2 and 5 ≤ λ ≤ 20.
Fully covered with surfactant, the surface tension, σ, on the interface should assume the surface
tension of the surfactant, σ = 0.025N/m. We assume that the air-liquid interface is initially
surfactant-free, and using the nonlinear equation of state, we calculate the surface tension of
the clean interface, σs, to be 0.5N/m. Using this value of surface tension for the initally clean
interface, we perform our simulations in a neonatal trachea (n = 7), for Re = 40, Ca = 0.1, and
λ = 400. The remaining non-dimesional parameters governing the surfactant dynamics -Biot
number, Bi, Damkohler number, Da, the ratio of absorption to desorption rates, Peclet number
in the bulk and on the interface, Pec and Pes, respectively- are estimated with the physical
properties of Survanta. The instilled plug initially contains 2mg of surfactant with the critical
micelle concentration, CCMC , and the liquid lining the airway is surfactant-free. Both the leading
and trailing film thicknesses are initially estimated with the predictions of Halpern and Gaver
(1994) [3]. At the inlet, analytical solution for a fully developed velocity profile is prescribed.

69



Olgac & Muradoglu Wed, 31.8.11, 11:35 - 12:00

Figure 1. Propagation of the instilled liquid plug at various non-dimensional times: (a) t∗ = 0.0, (b)

t∗ = 1.6, (c) t∗ = 3.2, (d) t∗ = 6.4. The upper half shows the interfacial surfactant concentration with a

bar-plot (not-to-scale) and the lower half shows the non-dimensional bulk surfactant concentration.

Figure 1 shows the bulk and the interfacial surfactant concentrations as the instilled liquid plug
propagates downstream through the trachea. We observe that part of the initially instilled
surfactant is subsequently captured in the trailing film, whereas a second part is accumulated
at the leading meniscus of the plug (See Fig. 1d). We further observe that the surfactant
distribution on the interface is not homogeneous. The surfactant absorbed on the trailing film
reduces the surface tension on the interface and increases the liquid film thickness. Therefore,
the durability of the liquid plug depends on the surfactant dynamics in the bulk and on the
interface. The particular characteristics of the bulk and the interfacial surfactant distribution
depend on the physical properties of the surfactant such as viscosity, surface tension, diffusion
coefficient, and the adsorption and desorption rates, as well as the inspiration frequency, i.e.,
velocity of the liquid plug. We, therefore performed further computations for a wide range of
non-dimensional parameters in order to improve the efficacy of the therapy.

CONCLUSIONS

Unsteady surfactant-laden liquid plug propagation is computationally studied using a finite-
difference/front-tracking method and proposed as a model for surfactant replacement therapy.
Computations are performed in a representation of a neonatal trachea for a wide range of non-
dimensional parameters and optimal treatment conditions are investigated.

Acknowledgement

The first author (UO) is supported by the Scientific and Techological Research Council of Turkey
(TUBITAK) through BIDEB.

References

[1] Muradoglu M., Tryggvason G.: A Front-Tracking Method for Computation of Interfacial Flows with Soluble
Surfactants. J. Comput. Phys. 227:2238–2262, 2008.

[2] Fujioka H., Grotberg J.B.:The Steady Propagation of a Surfactant-Laden Liquid Plug in a Two-Dimensional
Channel. Phys. Fluids 17:082102, 2005.

[3] Halpern D., Gaver D.P.: Boundary-Element Analysis of the Time-Dependent Motion of a Semiinfinite Bubble
in a Channel. J. Comput. Phys. 115:366–375, 1994.

70



EUROMECH Colloquium 521 Wed, 31.8.11, 12:00 - 12:251

EFFECTS OF SURFACTANT ON MOTION OF A LARGE BUBBLE IN

A CAPILLARY TUBE

Metin Muradoglu, Gokalp Gursel & Ufuk Olgac
Department of Mechanical Engineering, Koc University, Rumelifeneri Yolu, Sariyer,

34450 Istanbul, Turkey

INTRODUCTION

The motion of a large bubble moving through a capillary tube in the presence of both insolu-
ble and soluble surfactants is studied computationally using the finite-difference/front-tracking
method [1] as a model for propagation of an air finger into the liquid plugs that form in pul-
monary airways. It is well known that pulmonary surfactant plays a vital role both in preventing
the formation of liquid plug and in reducing the work required to expand the lungs with each
breath [2]. Emphasis is placed here on the effects of surfactant on the liquid film thickness
between the bubble and tube wall. The numerical method is designed to solve the evolution
equations of the interfacial and bulk surfactant concentrations coupled with the incompressible
Navier Stokes equations. A non-linear equation of state is used to relate interfacial surface ten-
sion to surfactant concentration at the interface. The method is validated for simple test cases
and the computational results are found to be in a good agreement with the analytical solutions.
The film thickness is first computed for the clean bubble case and the results are compared with
the lubrication theory in the limit of small capillary numbers, i.e., Ca≪ 1. Finally the method
is used to simulate the effects of insoluble and soluble surfactants on the film thickness for a wide
range of governing non-dimensional numbers.

RESULTS & DISCUSSIONS

We consider a straight cylindrical capillary tube of radius R and assume that the flow is ax-
isymmetric. The computational domain is R in radial direction and L in the axial direction.
A constant flow rate is specified at the inlet assuming a fully developed Poiseuille-Hagen flow.
The bubble is initially located at the channel centerline close to the inlet with an approximate
shape consisting of hemispherical head and tail, and a cylindrical middle part. Computations
are performed for clean interface and the results are compared with the Taylor’s law [3] in Fig.
1 to show the accuracy of the numerical method. As can be seen in this figure, an excellent
agreement is obtained between the present results and the Taylor’s law.

After validation of the method for the clean case, extensive computations are performed to
examine the effects of insoluble and soluble surfactant on the liquid film thickness between
the gas bubble and channel wall. To demonstrate the effects of the surfactant, the effective
capillary number is kept constant in all clean, insoluble and soluble surfactant cases. The effective
capillary number is defined as Caeff = µU/σeff where µ is the liquid viscosity, U is the average
velocity in the channel and σeff is the effective surface tension coefficient computed from the
equation of state using the average surfactant concentration at the interface. Since the average
surfactant concentration cannot be specified at the beginning for the soluble surfactant case, the
computations are first performed for the soluble case and the average surfactant concentration
is computed when a steady state is reached. Then this average surfactant concentration is used
to compute the effective surface tension coefficient to be employed for clean case and also as the
initial condition for the insoluble case. Figure 2a shows the film thicknesses computed for clean,
insoluble and soluble surfactant cases with the effective capillary number of Caeff = 0.0125. As
can be seen in this figure, the film thickness generally increases with the addition of surfactant
and it is slightly higher in the insoluble case than the soluble case, which can be explained by
the difference between the surfactant distributions plotted in Fig2b. This figure shows that the
surfactant concentration at the leading edge of the bubble is larger in the soluble case due to
continuous supply of surfactant from the bulk fluid. Finally the surfactant distribution and
streamlines are plotted in the steady state in Fig. 3 for all three cases. It is clear that surfactant
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significantly alters the flow field in the vicinity of the bubble.
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Figure 1. Film thickness for the clean bubble case. Solid line is Taylor’s law [3] and symbols are the
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Figure 2. The film thicknesses computed for clean, insoluble and soluble cases (left figure) and the

surfactant concentration distribution at the interface in the steady state for insoluble and soluble cases

(right figure)

Figure 3. The streamlines (right portion) and interfacial surfactant distribution (right portion) for

clean (left), insoluble (middle) and soluble (right) cases.
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INTRODUCTION

Understanding lymphatic function has come to the forefront of the research agenda in recent
years largely because of its relevance to cancer metastasis, lymphedema, and immunology. In
this paper we develop a model that describes lymphatic drainage from the tissue compartment
into lymphatic capillaries using homogenization methods (Pavliotis&Stuart 2008). This allows
tissue-scale lymphatic flow to be integrated with the details of lymphatic capillary microstructure
enabling us to compare different possible lymphatic capillary microstructures, assess their relative
efficacy, and gain insight into the functionality of lymphatic anatomy. We find that in the most
common lymphatic capillary permeability limit, the limiting resistance for fluid drainage is that
from the interstitium into the capillaries rather than the fluid transport within the capillaries.
We also find that between hexagonal, square and parallel configurations of lymphatic capillaries,
the hexagonal structure is the more uniform structure for interstitial and capillary fluid transport
than the square and parallel tube configuration. Thus, by using homogenization theory, one can
assess how lymphatic microstructure influences the macroscale fluid drainage by the lymphatics.
We conclude that the hexagonal network of dermal lymphatic capillaries appears to be optimized
for uniform capillary flow and drainage.

METHODS

We consider the tissue being modeled to consist of the lymphatic capillary domain ΩC and the
interstitial domain ΩI assuming that there are no other structures within it; in this way we
introduce all the fluid sources from the blood vessel capillaries as pressure gradients in boundary
conditions to our problem. We develop our theory starting with the specific microstructure, e.g.,
the network shown on Figure 1. The microscale unit (Fig. 1b) corresponds to the macroscale
network in Figure 1a, for example.

              (a)                                 (b)

! "

Figure 1. (a) Lymphatic capillary microstructure. (b) Lymphatic capillary macrostructure.

First we describe a model that is valid on both the unit cell scale (Fig. 1a) as well as the network
scale (Fig. 1b). Then we use multiscale homogenization theory to derive a simpler model valid
on the macroscale that still retains all the necessary infor-mation about the microscale. We
consider the fluid flow in the interstitium to be described by the Darcys law, and the fluid flow
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inside the lymphatic capillaries to be described by Stokes flow. The transfer of fluid from the
intersitium into the lymphatic capillaries is controlled by the pressure difference between the two
domains and by the lymphatic capillary permeability.

The size of the typical unit cell is l = 500 microns. However, we are typically interested in
how large number of these structures function in tissues of the size L = 5 cm. Thus, the
aspect ratio of the microstructure to the macrostructure is � = l/L ≈ 0.1. This suggest us
to look for a multiple scale expansion solution to the coupled Darcy and Stokes flow problem.
Thus, we assume that in addition to microscopic space variable x, the solution also depends
on macroscopic space variable y. The two space variables are related by y = �x, and hence
also ∇ = ∇x + �∇y . By conducting the multiple scale expansion we find that at the leading
order the fluid pressure on the tissue depends on the macroscopic variable only. However, the
higher order terms imply that the fluid flow inside the lymphatic capillary network and in the
interstitium is on average described by ∇ · (Keff · ∇pI) = αρ(pI − pC), ∇ · (Eeff · ∇pC) = 0,
where pI and pC are pressures in interstitium and capillaries, respectively. α is the permeability
of lymphatic vessels, and ρ is the density of lymphatic fluid. The effective macroscale interstitial

permeability is given by Keff = l2

µV

�
ΩC ξj

i dV , where µ is the fluid viscosity, V is the volume

of the microscale unit element, and ξj
i is the solution to the microscale cell problem given by

∇x · ξj = 0, ∇xπj = ∇2
xξj + ej with ξj = 0 on capillary surface.

The effective macroscale intersitital permeability is given by Eeff = k
µ (VI

V + 1
V

�
∂Ω

ωjnjdS) ,

where k is the interstitial hydraulic conductivity in absence of lymphatic vessels, VI/V is the
volume fraction of the interstitium in the tissue, and ωj is the solution to microscale problem
∇2

xωj = 0 and n ·∇xωj = n ·ej on lymphatic capillary surfaces. Thus, by undertaking multiscale
homogenisation study we can determine how microstructure explicitly influences the macroscopic
fluid flow within lympahtics and in particular we can compare the different microstructures. We
used this to analyse square, parallel tube, and various combinations of these with hexagonal
microstructure.

Concluding Remarks
Multiscale homogenisation is a powerful technique that enables us to compare how different
lymphatic capillary microstructures influence fluid drainage in the tissues on the macroscale.
Using this method we can conclude that the overall intersitial permeability decreases only by
couple of percent depending on the exact microstructure. However, capillary permeability is
heavily dependent on the exact microstructure and in general its dependence is stronger than
that of intersititial permeability. When comparing different geometric configurations it becomes
apparent that whilst the hexagonal and parallel tube configurations are very comparable in the
dominant flow direction, the square grid microstructure is an outlier in as much that the reduction
in permeability does not correlate with the intersitital volume fraction as strongly as in the case
of other microstructures considered.
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INTRODUCTION AND MOTIVATION

Blood supply to the liver comes from two major vessels: the hepatic artery and the hepatic
vein. These vessels bifurcate repeatedly in successive generations to the terminal arteries and
terminal portal veins, which lie together in portal tracts. Blood is drained from the liver through
the hepatic veins, which, inside the liver, also bifurcates through successive generations to the
central veins. On the scale of the microcirculation, the liver is composed of lobules, which are
small units of tissue whose shape is approximately a uniform prism, see Figure 1. The cross-
section of the prism is approximately a polygon with typically 5 to 7 vertices, at each of which
there is a portal tract (thus the portal tracts run along the parallel edges of the prism), and a
central vein approximately at the centre (thus the central vein runs roughly along the axis of the
prism). Blood flows out of the portal tracts into small side branches called sinusoids, and the
vessels from the portal vein and those from the artery soon merge with one another. However, it
is thought that only a limited amount of mixing occurs between the portal venous and arterial
blood, since, at a given merger, for most of the time blood flows from the portal vein, but there
are occasional bursts of blood from the artery (during which the flow from the vein stops). The
sinusoids are tortuous and interconnected and they carry the blood across the lobule and into to
the central veins.

Figure 1. Sketch of a lobule, from [2].

Small-for-size liver syndrome is a serious condition that occurs when the liver has to carry too
much blood flow (flux per unit mass of liver tissue). It may occur after a liver resection (removal
of a diseased or damaged part of the liver) or after split-liver transplantation. It can lead to
high pressures in the hepatic portal vein, which in turn damage the tissue. The aim of this work
is therefore to find the blood flow and pressure distributions during portal hypertension, which
could lead to better treatment.

There are relatively few previous mathematical models of blood flow in the liver, and even fewer
of the microcirculation. However, Ricken et al. [3] developed a poroelastic model of the hepatic
microcirculation, which they used to investigate the remodelling of the sinusoidal bed that occurs
after vessel damage during liver surgery.
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MATHEMATICAL MODEL

We develop a model of blood flow in the sinusoids to investigate conditions when the portal tract
pressure is high. We exploit the typical architecture of the liver, but idealise it by representing the
lobules as regular hexagonal prisms with a portal tract centred on each of the parallel edges and
a central vein running along the axis of the prisms, see figure 1. We assume that the lobules are
sufficiently long that end effects can be neglected and that the flow is two-dimensional. During
portal hypertension the sinusoidal pressure will also be high, which could lead to deformation
of the tissue, and therefore we model the tissue as a Biot poroelastic medium. Instead of using
the zero-pressure configuration as the reference for the solid, we note that the microcirculation
is pressurised throughout life, and hence assume that, under conditions of normal pressure, the
permeability of the medium is spatially uniform. The use of Darcy’s law assumes quasi-steady
conditions, and therefore the model may not be accurate during bursts.

We also perform two further tests to justify our modelling assumptions. (i) Detailed images
of the sinusoids suggest that they tend to be preferentially orientated in the directions from
the portal tracts towards the nearest central veins, and thus we develop an anisotropic porous
medium model of the tissue. (ii) Darcy’s law assumes that the fluid in the vessels is Newtonian,
which is not well justified on the scale of the sinusoids. We therefore use the Walburn–Schneck
model for blood rheology [4]. For both of these modifications, the results are quantitatively very
similar to the results obtained without the modifications, and therefore we do not include them
in our results.

RESULTS AND DISCUSSION

With a rigid model of the solid, we can treat the vessels as point sources and point sinks in the
plane, allowing us to find the flow and pressure in the form of an infinite series solution. We can
also use a conformal mapping technique to map one sixth of the hexagonal cross-section to the
upper half of the complex plane. Finding the solution in the upper half plane and applying the
reverse transformation allows computation of the flow and pressure.

With the compliant model, we predict the tissue deformation, blood flow and pressure distribu-
tion within the lobules. The results suggest the tissue can deform significantly under conditions
of portal hypertension, resulting in a large spatial variation in the permeability across a lobule.
A rigid model of the tissue would lead to a prediction of linear growth in the flux of blood across
the lobule as the portal pressure is raised. However, the addition of compliance leads to a signif-
icantly faster rate of flux increase with portal pressure, and the rate of increase also grows with
increasing pressure.
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INTRODUCTION

The flow of blood and interstitial fluid in the human liver is highly specialised. The liver is
supplied by two main vessels: the portal vein and the hepatic artery, which branch repeatedly
over many generations to supply the lobules, the functional units of the liver. Lobules are
approximately prism-shaped with a hexagonal cross-section. Portal tracts run along the parallel
edges and contain three vessels: a branch of the hepatic portal vein, a branch of the hepatic artery,
and a bile duct. A centrilobular vein runs along the axis of the prism. Blood is distributed in
the lobule through a network of small fenestrated vessels called sinusoids. The majority of blood
leaves the lobule via the centrilobular vein and passes into the network of veins, which join
at successive bifurcations, ending in the hepatic veins, which drain into the inferior vena cava.
However, some plasma in the sinusoids leaks through the wall fenestrations into the interstitial
space. There are two outflow pathways for the interstitial fluid: direct and active uptake by the
lymphatic ducts, which are situated at regular intervals throughout the lobules, and a slow flow
across the liver and eventually out into the peritoneal cavity. Since the lower surface of the liver
is covered by Glisson’s capsule, the latter outflow pathway only occurs across the open upper
surface. The volume flux of the interstitial fluid is much smaller than blood flux. However,
during conditions of high blood pressure the flow can be significant [1], and hypertension in the
liver often occurs after a partial resection or a split-liver transplant.

There is a relatively small amount of modelling work in this area, especially on the scale of the
microcirculation. Studies include that by Ricken et al. [4], in which a poroelastic model was
developed to study the remodelling of blood vessels that occurs after damage to the liver, and
the model by Bonfiglio et al. [2], who also developed a poroelastic model, and used it to study
the flux through the liver under conditions of high pressure. In this study, we develop a new
model to investigate lymph flow using a multiscale model that accounts for variations both on
the scale of a single lobule and variations on the scale of the whole liver.

MATHEMATICAL MODEL

We denote the pressures in the sinusoids and in the interstitial space as ps and pi, respectively.
Both blood and interstitial fluid flow in a very complicated network of interconnected channels
that cannot be modelled individually even on the scale of a single lobule. Therefore, we assume
that the flows of both fluids are governed by the Darcy equation, and treat both the sinusoidal
space and the interstitium as a rigid and isotropic porous medium. Therefore, flow is governed
by the equations

vs = − ks

µs
∇ps, vi = − ki

µi
∇pi, (1)

where the subscripts ‘s’ and ‘i’ refer to the sinusoids and interstitium, respectively, v is the
Darcy flux, k the permeability of the porous medium and µ the dynamic viscosity. Fluid is
assumed to leak from the sinusoids to the interstitial space at a rate Qw per unit volume, which
is proportional to the pressure difference ps − pi. Furthermore, the lymph is assumed to be
actively removed from the interstitial space through lymph vessels, at a rate QL dependent on
the pressure in the interstitium. For simplicity, we assume QL = α + βpi, where α and β are
constants [3]. Thus mass conservation implies

∇ · vs + Qw = 0, ∇ · vi −Qw + QL = 0. (2)
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Figure 1. Spatial distribution of (a) ps0 and (b)pi0 in a single lobule. Each figure is scaled individually

from high pressure (red) to low pressure (blue).

At the portal tracts and the centrilobular veins we prescribe the flux of blood. We assume that
there is no blood flow across the boundary since sinusoids do not connect lobules to one another,
which implies ∂ps/∂n = 0 along the sides of the lobules. Finally, we assume that both the
interstitial pressure pi and its normal derivative ∂pi/∂n are continuous across the lobule sides.
We also wish to impose conditions at the boundary of the whole liver. The outer wall of the
liver is separated into two distinct regions: the lower part that is covered by Glisson’s capsule,
and the upper part that is permeable to the peritoneal cavity. No interstitial fluid may cross
the lower boundary, but fluid is assumed to cross the upper boundary at a rate that we assume
proportional to the pressure difference between the interstitial space and the peritoneal cavity.
Therefore, we impose

∂pi

∂n
= A (pi − pext) on the upper surface,

∂pi

∂n
= 0 on the other surfaces, (3)

where pext is the peritoneal pressure, which is prescribed. Finally, we assume there is no blood
flux anywhere from the liver surface, giving ∂ps/∂n = 0 on the whole surface.

To solve the problem we adopt the following decomposition

ps = ps0 + ps1, pi = pi0 + pi1, (4)

where ps0 and pi0 represent the solution of the problem in an infinite lattice of lobules without
net flux of lymph through each lobule. The distribution of ps0 and pi0 within a single lobule is
obtained numerically and is shown in figure 1.

In order to determine the flux of lymph through the whole liver we work in terms of spatially
averaged quantities (averaged over an arbitrary template surface with size comparable or larger
than the area of the lobule). This allows us to disregard the boundary conditions between lobules
and solve the problem in the whole liver.

The authors thank Prof. Charles Michel, Department of Bioengineering, Imperial College London
for many useful suggestions on the model.
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