mzuriCh ETH Library

An improved uniqueness result
for the harmonic map flow in two
dimensions

Journal Article

Author(s):
Rupflin, Melanie

Publication date:
2008

Permanent link:
https://doi.org/10.3929/ethz-b-000003960

Rights / license:
In Copyright - Non-Commercial Use Permitted

Originally published in:
Calculus of Variations and Partial Differential Equations 33(3), https://doi.org/10.1007/s00526-008-0164-7

This page was generated automatically upon download from the ETH Zurich Research Collection.
For more information, please consult the Terms of use.



https://doi.org/10.3929/ethz-b-000003960
http://rightsstatements.org/page/InC-NC/1.0/
https://doi.org/10.1007/s00526-008-0164-7
https://www.research-collection.ethz.ch
https://www.research-collection.ethz.ch/terms-of-use

Calc. Var. (2008) 33:329-341

DOI 10.1007/500526-008-0164-7 Calculus of Variations

An improved uniqueness result for the harmonic map
flow in two dimensions

Melanie Rupflin

Received: 29 May 2007 / Accepted: 21 January 2008 / Published online: 19 March 2008
© Springer-Verlag 2008

Abstract  Generalizing a result of Freire regarding the uniqueness of the harmonic map
flow from surfaces to an arbitrary closed target manifold N, we show uniqueness of weak
solutions # € H' under the assumption that any upwards jumps of the energy function are
smaller than a geometrical constant £* = &*(N), thus establishing a conjecture of Topping,
under the sole additional condition that the variation of the energy is locally finite.

1 Introduction

We consider the harmonic map flow for maps from a compact two-dimensional manifold M
without boundary to an arbitrary compact manifold N. A map u € H'(M x [0, T], N) is
said to be a weak solution of the harmonic map flow, if

o — Au= A(u)(Vu, Vu) (1.1)

is solved in the weak sense, where A is the second fundamental form of N.

We define the energy of u at time ¢ as E(u(t)) := % fM IVu(t)I2 dx,where u(t) = u(-, t)
is taken in the trace sense.

It was shown by Struwe [5] that for any initial condition ug € H L(M, N) there exists
a global weak solution v € H LM x [0, 00), N) of (1.1) which is smooth away from
finitely many points (x;, #;) in M x [0, 0c0), unique in the class of functions with Vu €
LfOC(M X [ti, ti+1)) for every i, where #; < t;; are the singular times, in the following
called Struwe solution.
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330 M. Rupflin

The energy of v is monotone decreasing and for any “singular time” #; we have lim;
E(u(t)) > E(u(t;)) + K - ¢*, where K is the number of singular points at time #; and

1
£* = min 3 / |Vu|2 dx,u : S* — N is a non-constant harmonic map
S2
It was shown by Freire [2] that any weak solution of (1.1) with non-increasing energy to an
initial condition ug € H'(M, N) is identical to the corresponding Struwe solution.
The goal of this paper is to show that the condition E(t) > E(s) for all + < s may be

relaxed in the sense that we also allow sufficiently small upwards jumps in the energy without
losing the uniqueness property. In fact we obtain

Theorem 1.1 Let M be a closed Riemannian surface and let N be a compact Riemannian
manifold, isometrically embedded in R".

Letu € H'(M x [0, T], N) be any weak solution of (1.1) to initial condition uy €
HY'(M, N), such that the energy-function t — E(u(t)) fulfills

@E(u(s)) < E(u(t)) + & foreveryt e [0,T) (1.2)

for a constant ey > 0 depending only on the target manifold N.
Then u = v on the whole domain M x [0, T, where v is the Struwe solution to initial
condition u.

The question if non-uniqueness of weak solutions can occur at all in two dimensions was
recently answered by Topping [6] and Bertsch et al. [1]. They have constructed examples
of non-uniqueness for M = D? and N = S?, which are based on the idea of attaching a
backwards bubble at a certain point in space-time. The bubble corresponds to a harmonic
map from the whole R? U {oo} = S? to N and the energy function jumps upwards by the
energy of this map. In theses examples the occurring energy-jump was exactly ¢*. In [7]
Topping conjectured that the condition

@E(u(s)) < E(u(t)) + ¢&* (1.3)

is sufficient to prove uniqueness of the solution. In fact here we establish Topping’s conjecture
under the sole additional condition that the energy function has locally finite total variation.

Theorem 1.2 Let M and N be as in Theorem 1.1. Let u € H'(M x [0, T], N) be any
weak solution of (1.1) to initial condition uy € HY(M, N), such that the energy-function
t > E(u(t)) has finite total variation and

@E(u(s)) < E(u(t)) +&* foreveryt e [0, T). (1.4)

Then u = v on the whole domain M x [0, T, where v is the Struwe solution to initial
condition u.

We briefly sketch the main steps of the proof.
Note thatif u € H' (M x [0, T, N) solves (1.1) in the weak sense, then for almost every
t € (0, T] the trace u(t) weakly solves

— Au(t) = A @) (Vu(t), Vu(t)) + k on M, (1.5)
where k = —3,u(t) € L>(M).
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An improved uniqueness result for the harmonic map flow in two dimensions 331

Applying a regularity result due to Moser [3], we prove that in the two-dimensional case
the H?-norm of a solution w of (1.5) may be estimated locally by its energy and the L?-norm
of the inhomogenity k, where k is an arbitrary function in LZ(M). This estimate crucially
depends on how small the concentration radius r has to be chosen, to assure that the energy
in a ball of radius r is at most a given quantum 8%.

We apply these results to solutions of (1.1). The main step is to establish, that we can
bound the concentration radius from below on small time intervals, which will lead to the
proof of the theorems.

To begin with, we give an alternative proof of the regularity result in [3]. Our proof is
based on the paper of Riviére and Struwe [4] about the regularity of harmonic maps, which
uses the fact, that the second fundamental form may be written as an antisymmetric 1-form
applied to the gradient of u.

Notations

We use the short hand notation B, = B,(0) and B = Bj for balls in R” and for the energy

on a subset M’ C M we set

E(f,M') = %/IVﬂzdx in particular E,(f; xo) = E(f, B-(x0))
M/

and we write u(t) := u(-, t).

2 Regularity of almost harmonic maps

We consider weak solutions of the equation
— Aw = A(w)(Vw, Vw) +k 2.1

on an open set U C R™, where A is the second fundamental form of N and k is a function
in L*(U, R"). Equations of this kind were first considered by Moser [3], who used them to
prove partial regularity for the harmonic map flow in small dimensions. He proved that for
k e L(U,R"), where s > % any solution w € H'(U) to (2.1) is locally Holder continuous,
if it satisfies an appropriate Morrey estimate. His proof is based on properties of a moving
tangent frame field.

Following [4], we give an alternative proof of this result by rewriting the Eq. (2.1) in the
form

—Aw=Q -Vw+k. (2.2)
where € is the antisymmetric 1-form
Q' = (0/Vo] —a/Va}), i,j=1,...,n with oy =vow
for an orthonormal frame field vy, ..., v,k : N = S* L of Tt N.

We then obtain the following generalisation of Moser’s Theorem 1 in [3] analogous to
Theorem 1.1 of [4].

Proposition 2.1 For every m € IN there exists a number ¢y = eo(m) > 0 such that for
every ball Bg(xo), any antisymmetric 1-form Q € L2(Br(xp), so(n) @ A'R™) and for every
function k € L*(Bg(xq), R") with

12}
Vv
SY ]

the following statement holds.
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332 M. Rupflin

Every weak solution w € HY(Br(x0), N) of Eq. (2.2) on Bg(xo), satisfying the Morrey
growth assumption

1 1
- su
2 x€BR(xp),r>0

Vwl? + QP dx | <&l (2.3)

ym—2
B (x)NBR (x0)

is Holder continuous in Bg2(xo). More precisely w € C*(Bg2(xp)) for every 0 < a < 1
witha <2 — % with estimate

R*[wlce (B (xo)) < C - (80 + R*V ||k||LS(BR(x0))) .

Proof Using a scaling argument, it suffices to consider the case B = B1(0).

We may assume that s < m and seta =2 — .

By a translation of the function w and the manifold N we can assume without loss of
generality that

/wdx =0. 2.4

B

We choose anumber 1 < p < m/(m — 1) with p -« < 1 and a cut-off function ¢ € C§°(B)
with ¢ = 1 on B34 and set w = ¢ - w. We show

sup sup | r=nPter) . / V| dx | < C- (g0 + ||kl ).
X€By2 r>0
B (x)

This implies the proposition by the use of Morrey’s lemma.

For any given y > 0, (2.4) and the Poincaré inequality imply this estimate for any r > y
and x € By;.

In particular, we can assume r < 1/4 and thus w = w.

The following calculations are completely analogous to these in [4], we simply have an
additional term with k but no error term.

We use the gauge transformation introduced in Lemma 3.1 in [4] to rewrite Eq. (2.2). If
&0 = €o(m) is small enough there exists P € H'(B,SO(m))andé € H' (B, so(m)@ A"~ %)
such that

P7ldP + PTIQP = sdt
with
1
Sup | sz / [dP|* +|dg > dx | < C - &5.

xeB,r>0
B, (x)NB

Using this gauge transformation shows that Eq. (2.2) is equivalent to

—div(P~'Vw) = =d(P™HVw — P71 Aw
=@ ldrPr '+ PlQP) P 'Vw+ Pk
= *d€& - P 'dw + P k. (2.5)
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An improved uniqueness result for the harmonic map flow in two dimensions 333

We fix a ball Bg(xg) with R < 1/4 and xo € Bj,> and use the Hodge decomposition
P~ ldw = df +*dg + h,
where f € HO1 (Br(x0)) and where g is a co-closed (m —2)-form of class H' (Bg (xp)) whose

restriction to the boundary d Bg(xo) vanishes, and with a harmonic 1-form z € L2(Bg(x0)).
Using (2.5) for f and g we obtain the equations

—Af = —div(P~'Vw) = xd& - P~ 'dw + Pk,

—Ag = *xd(P~ Y dw) = x(dP~' A dw). (2.6)

In the following all the norms are computed with respect to Br(xo). Let ¢ > m be the
conjugate exponent of p.
Since f = 0 on d Bg(xp) we can use duality between L” and L? to bound

ldfllr <C- sup df -dedx.
(eWy" Br(x0).19lly1.q <Ug o)

Fix any such ¢ € W(}’q(BR(xo)) with [|@lly1.e < 1.
As g > m, we have ¢ € L™ with

l@llee < CRY™™4 |01 < CRITM4,

Integrating by parts, we obtain

/ df -dedx = — / Af - pdx
Bpg(xp) Bgr(x0)
= / de A P pdw + / P % @dx=1+11I.
Br(x0) Bg(x0)

Exactly as in [4] we can estimate
1] < R™P eolwlsmo B (xo))-

Using %+ = 2 — a, the second term may be estimated as

mi=| [ P gds] < ol - el
B (x0)
CR™™4 k|l - (RS = C - [Ikl s - RMPTIH

IA

The equation for g in (2.6) is identical to the one for g in [4] and we have the same estimates,
ie.

ldgllr < C - R™P~1 . gq - [wlBMO(BR (xo)) -
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334 M. Rupflin

Using the Campanato estimates for harmonic functions to estimate # we can thus conclude
that forr < R < %

/Idwlpdxs / |h|? dx + / ldf|P + |dg|? dx

By (x0) By (x0) By (x0)

<c. (%) / 1P dx + / \df|P + |dg|P dx
Bpg(xp) Bg(x0)

<c. (%)m / dw|? dx + C / \df 1P + |dg|P dx
Bg(x0) Br(x0)

<c. (%)m / dw|? dx + C - R"=PHPE k|12
Bg(xo0)

+C-R" el - WlEno B 00 2.7)
Defining

D(xg,r) =rP™" / l[dw|? dx
By (x0)

and letting

V(R) = sup @ (xo,7),

x0€B1/2,0<r<R

using the Poincaré-inequality we can bound

p
sup [w]BMO(BR(XO)) <C-yY(R).
X()EB]/2

From (2.7) we then get

r\p—m

A p NPT g jkn?
@ (xp,r) < C- @ (xo, R) +C- & Y (R)+C- R Ik -

R R R
For a fixed ratio 0 < y = r/R < 1 this gives

®(x0, ¥ R) < Cry? ®(x0, R) + CyP"e{y(R) + CyP ™" RP“ |Ik||],
uniformly in 0 < R < % and xo € Bj2. Thus for any Ry < i and0) < R < Ry
®(x0, yR) < Ciy” (1 +&fy ™Y (Ro) + CyP ™" - Ry Ikl -
Passing to the supremum with respect to xg and R < Ry we find
V(yRo) < CryP (1 + el y ™ (Ro) + Cy?™" - RI IkII]s .
Thus, if we fix y > 0 such that
CiyP P2 <12

and choose g9 = go(m) with eé’ < p™, we obtain (writing again R instead of Ry)

Y(yR) <y P2y (RY + C - R |Ik|IF, . (2.8)
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An improved uniqueness result for the harmonic map flow in two dimensions 335

Givenr € (0, y),choose! € INsuch that y'T! < r < y!. Iterating (2.8), we get the following
estimate

() < (o) <y P2y - hP Ik,

1
. +1 .
< PR )+ kI D P T
j=1

<Cor-y () +C-rP k], < C- (e + IkIT)rP,
as¢ (y) < C - &l and pa < 1. |
Remark 2.2 A standard argument shows that for a solution w € H'(U) N CO(U) of (2.1)

withk € L2(U),U Cc R™ open we have w € H]%)C(U) N WILf(U) and thus w solves Eq. (2.1)
in the strong sense.

We will show now that for m = 2 the H2-norm of a solution w € H! of (2.1) may
be estimated locally by quantities depending only on the concentration radius of w and the
L?-norm of k.

For this we use the following Sobolev interpolation inequality due to Gagliardo—Nirenberg
and Ladyzhenskaya.

Proposition 2.3 For any function g € Hl})C(RZ), any R > 0 and any function ¢ € Ci°(BR)
with0 < ¢ < 1 and |Vo| < G there holds

[1stdax <co| [1sPax || [196P Fax+ 32 [1ePax| o)
Br Br Br Br
with a constant co independent of R and g.

We use this proposition to show the following H?-estimate.

Proposition 2.4 Let U C R2 be open, let k € L*(U,R") and let w € H*(U,R?) be a
solution of the equation

— Aw = B(w)(Vw, Vw) +k onU (2.10)

where B is a bounded bilinear form with bounded first derivatives.
There exists a constant €1 = €1(B) (independent of k) with the following property.
If on By, (x0) C U we have Err(w; xo) < 8%, then there holds the estimate

2 Enr (w3 xo)
/ V2wl dx + / IVw|*dx < C- [rT K125, ey | -
B, (x0) By (x0)

Proof Let ¢ € C{°(Ba(x0)) be a cut-off function with ¢ = 1 on B,(xp) and |V<p|2
+ 92| <§.

By assumption, Eq. (2.10) is fulfilled in the strong sense and thus holds almost everywhere.
We multiply (2.10) with ¢ and take the square to obtain

/¢2|Aw|2dx < C-/g02|B(w)(Vw,Vw)|2dx—I—C-/<p2|k|2dx

(2.11)

<cC -/<p2 IVwl*dx + C - kI35, 1))

@ Springer



336 M. Rupflin

where C = C(B) depends on the bilinear form B. Applying Proposition 2.3 to the first term
on the right hand side, we find

1
/<p2|Vw|4dx§C / |Vw|* dx /<p2\v2w|2dx+—2 / [Vw|* dx
r

Ba (x0) Ba (x0)
< C - Ey(w; x0) (/ o* |V2w| dx + W) . 2.12)
Integrating by parts twice, one can see that
/|V2w|2g02dx < 2/ |Aw|? p*dx + %EZ,(w; x0). (2.13)

Inserting (2.12) and (2.13) into (2.11) and using E, (w; xg) < 8% we get
[P 1autax s c- [ Fvultdn Wi, o,
2 2 2 ¢ . 2
S C‘Sl (/(P |AU)| dx + ﬁEzr(wv XO)) + C : ”k“LZ(BZr(xO)) .

Choosing ¢; = ¢1(B) small enough such that C - 8% < %, we can absorb the first term on the

right hand side into the left hand side. This shows the proposition. O
Combining this with Proposition 2.1 we can prove a global version of the above result.

Proposition 2.5 Let M be a two-dimensional compact Riemannian manifold without bound-
ary, let w € H' (M, N) be a solution of (2.1) for a function k € L>(M). Let r > 0 be such

that
sup E,(w; x) < 8%,
xeM

where 1 is the constant of Proposition 2.4. Then w € H*(M) and
2 E(w
[l [1vuttar < (S5 4 ki, )
M M

Proof Covering M with possibly smaller balls we see from Proposition 2.1 that w is contin-
uous and thus, by Remark 2.2, w € H 2(M ). For the estimate one uses Proposition 2.4 and
the fact that for every manifold M as above, there exists a K € IN with the property that we
can cover M by balls B, (x;) with given radius r such that at every point in M at most K of
the balls overlap (see for example [5, Lemma 3.3]). O

3 Proof of the main results

As shown in [2] or [5], solutions u € H' (M x [0, T], N) of (1.1) with Vu € L*(M x [0, T])
or VZu € L>(M x [0, T]) are unique:

Proposition 3.1 Ler u,v € L*([0, T], H*(M, N)) N H'(M x [0, T1, N) be solutions of
(1.1) to the same initial condition ugy € HY(M, N). Then u and v are identical.
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An improved uniqueness result for the harmonic map flow in two dimensions 337

If we can show that under the assumptions of Theorem 1.1 or 1.2 we can cover M with balls
B, (x;) with Eo (u(t), x;) < 8% for all times in a small time interval I, then VZu € LZ(M x I)
by Proposition 2.5 and uniqueness follows from Proposition 3.1.

We use the following lemma about the behavior of the energy on subsets of M.

Lemma 3.2 Let M' C M be open and letu € H' ([0, T] x M) N L>®([0, T1, H' (M")) be
a solution of (1.1).
Then for every ty € [0, T') and every sequence t,;, \{ to we have

lim E(u(tm), M") > E(u(t0), M"). 3.D

m—00

Proof Choosing a subsequence we may assume that E (u(t,,)) converges. As the sequence
(u(t))m is bounded in H'(M’), there exists a subsequence (denoted again by 7,,) and a
function us, € H'(M’) such that

U(ty) — Uso strongly in L?(M") for m — oo
Viu(ty) — Vs weakly in L2(M') for m — oo.

The weak convergence implies

IVuoolGagpy < Hm [Vul)li gy, -
m-—0Q0

However, by the trace theorem we know that u(z,,) — u(tp) in L*(M) for every sequence
tm — to, which implies u, = u(tp)|p and thus the lemma. m]

Proof of Theorem 1.1 Let €1 be the constant of Proposition 2.4. We set &, := min(s%, &)
and show

Lemma 3.3 Letu € H'(M x [0, T]) be as in Theorem 1.1 for &3 as above.
Then for every time ty € [0, T) there exist finitely many balls B, (x;), i = 1,...,n
covering M and a number 81 (ty) > O such that

1
3 / |Vu(t)|2dx < gy forallt € [tg, ty + 81(20)]
Boy,; (xi)

and thus Vu € L4(M X [to, to + 81 (tp)]).

Proof Letty € [0, T) and let p > 0 be such that

Lim E(u(1)) < E(u(to)) + &2 — p. (32)
t\uo
We choose points x; and radii r;, i = 1, ..., n such that the balls B, (x;) cover M and

1
3 [ IvuPdx < o2
Boy; (xi)
Assume there exists a sequence #,, “\( fo such that for every m there exists a number i with

1 2
— IVu(t,)|“dx > &;.

2
Bay, (xi)
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338 M. Rupflin

As we have only finitely many balls we may assume (after choosing a subsequence) that the
index is always the same, say i = 1.
We set M/ = M\ By, (x1) and apply Lemma 3.2 and (3.2) to get

1 _
& < lim — / |Vu(tm)|2dx = lim Eu(ty,), M\M')
2 m—00

m—0Q .
Boy, (x1)

< m@OOE(M(tm), M) — lim E(u(tn), M)

m— 00

< E(u(t0)) + &2 — p — E(u(t0), M) < &2 — p/2.

which is a contradiction.
As remarked in the introduction the function u () solves an almost harmonic map equation
for almost every #1 € [ty, o + 61(fo)] and we may estimate with ro = min(r;)

/|Vu(tl)|4dx+/|V2u(z1)|2dx <C-n- E(ui(;l))—i—/latu(zl)lzdx
T
M M 0 M

This implies that indeed Vu € L4(M X [to, to + 81(%0)]), as the energy E (u(t1)) is bounded
uniformly by E (u(t9)) + 2¢&> for §; small enough. |

By Proposition 3.1 we see that u = vy, on [tg, fo + 81 (f0)], where vy, is the Struwe solution
to initial condition v (-, ty) = u(-, tg).
This shows that the set

K:={t1€[0,T): u=v onl0,11] x M}

is open in [0, T').
On the other hand if v = u on [0, #1), we have by the trace theorem

1) =1 t)=1 1) =v(t
u(ty) tl/r?lu() Il/,r?lv() v(t1)

where the limits are taken in L2(M).
This shows that K is closed in [0, T') implying K = [0, T') and thus

u=v onM x[0,T]
which proves Theorem 1.1.

Proof of Theorem 1.2 For g as above we set
S:={t €0, T):limy,Eu(s)) — Eu()) > &2}. (3.3)

Then S is finite, | S| < %g(”)), where TV (E (1)) is the total variation of the energy function
over the interval [0, T].

On every closed interval [y, #1] C [0, T)\S assumption (2.5) is satisfied and thus u = vy,
on [fo, t1], where vy, is the Struwe solution to initial condition u(-, ty).

As the energy is bounded, say by Ej, the function vy, has a bounded number of singular
times for any #p € [0, T)\ S. By uniqueness of the Struwe solution we have certainly that
V|71 = Vi, for any 7o < fo <t and [t9, 1] C [0, T]\S. Thus for any s € S, we can find
anumber § > 0 such that no singularities occur in (s, s 4+ ) and thus Vu € LYM x [t9, 11])
for any [70, 11] C (s, 5 + ).

We use this to discuss the behavior of u for times in S.
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An improved uniqueness result for the harmonic map flow in two dimensions 339

Let sy = min S. If 51 > 0 we have u = v on [0, s1]. We may thus assume s; = 0 and we
finish the proof of Theorem 1.2 by showing

Lemma 3.4 Let u € H'(M x [0, T]) be a solution of (1.1) to initial condition uy €
H'(M, N) with

th?n(l)E(u(r)) < E(up) + &*, (3.4)

such that the assumption of Theorem 1.1 is satisfied on any closed interval I C (0, T1] for a
number 0 < Ty < T.
Then there exists a number 8y > 0 and a radius r > 0 such that

E,(u(t),xo) <& forallxg e M, te][0,5]. 3.5)

This implies that Vu € L*(M x [0, 8o)).

Proof We argue by contradiction and show that if the claim were false we would have a
backwards bubble with energy at least e* which will lead to a contradiction to (3.4).
Assume there exist sequences f,, \ 0, 7, — 0 such that

sup Ez, (u(ty), x) > & for every m.
xeM

As M is compact and Vu(t,) € L2*(M), we may choose slightly smaller radii r,, and a
sequence x,, such that
&2
Erm w(tm), xm) = sup Erm u(tm), x) = ?
xeM

Restricting ourselves to a subsequence we may assume that x,, — xo for a point xo € M.
For MT = M x [0, T], we define the set V(MT, N) := {u € H'(MT, N) with Vu €
L>®([0, T1, L2(M, N)) N L*(MT, N)).
We use the following lemma of [5].

Lemma 3.5 There exists a constant ¢c; = ¢1(N) such that for every solutionu € V(MT, N)
of (1.1) and every R > 0, (x,t) € MT we have

Eg(u(t); x) < E2r(u(0); x) + ¢y - #E(M(O))-

Applying this lemma to balls of radius " and times ¢ € [#,,, t,, + carl], we get
Ey,p(t); x) < Ep, (u(tn); x) +cic2 - Eu(ty)) < &2 (3.6)

for any x € M, if we choose ¢; < zéﬁ
This allows us to apply Proposition 2.5, to estimate

tmtcar tmtcary,
212 Eo 2 2
\V2u|"dtdx < C - | = - cory, + |0pu* didx | < c3
r
M im " M in

uniformly in m.
Finally we wish to estimate f By () IVu(t)I2 dx from below. We use
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340 M. Rupflin

Lemma 3.6 There exists a constant ¢4 > 0 such that for every solution u € V(MT, N) of
(1.1), for every x € M and every R > 0 the following estimate holds
cayT

Baroxio,) gz SUP E2r((t); x).

Er(u(T); x) = Eg(u(0); x) — 2 [[d,ull?,
t€[0,T]

Proof We multiply Eq. (1.1) with 0, u - ¢?, where ¢ € C§° (B2r(x)) is a cut-off function with
¢ = 1lon Br(x) and |Vg| < % and integrate by parts

T

T
0=//¢2|3tu|2dXdl—//(p2Au-Bludxdt
0 M M

T T

1d
://¢2|8,u|2dxdt+//§d— [0 |Vu|2)+3,u.Vu.¢V(pdxdt

0o M
T

1 1
=//(p2|8,u|2dxdt+5/<p2-IVu(T)Izdxdt— E/(p2-|Vu(0)|2dxdl

M M M

T
+ //8,14 -Vu - oVodxdt.
0

M

S

(=)

(=]

Young’s inequality implies the claim. O

Now, choosing T > 0 such that

T
//Iatulzdxdtf 2

16
0O M

and applying Lemma 3.6 we have for m large enough

82 C4 1)
E2rm (u(l); xm) = Erm (u(tm); Xm) — < ,7 CSr,ZnEO = Z (37)
m

for every t € [ty, tm + csr2], provided cs < SC?EO.

Setting c¢ = min(c2, c5), we have thus uniform estimates in m for the energy on Bo,.,, (x;,)
from below as well as for the LZ-norm of the second derivative of u on M from above on the
intervals [t t, + c6r,%l].

We can proceed by a standard bubble argument.

We choose p > 0 such that tli\fn(l)E(u(t)) < Eu(0)) + ¢* — p and fix a radius Rg > 0

with Eg,(uo; x0) < p/2. Then we may construct a sequence t,, € [0, cg], such that the
functions v, (x) := u,, (x, 7)), Where u,, (x, 1) = u(x,y,; + rmx, ty + r,%,t) defined on D,, =
{x 1 xp + rmx € By(xo)} satisfy

e v, converges to a function v, weakly in Hl (R?) and strongly in Hll)c (R?).
e The time derivatives 0;u,, (x, T,;) converge to zero in Lloc (R?).
e Wehave E2(vy) > 2 and E (v, Dp) < Eo.

As the functions u,, solve Eq. (1.1) and as the times derivatives converge to zero, v iS a
non-constant harmonic map with finite energy and can thus be extended to S'. By definition
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of ¢* we have

1 1
lim Eg,(u(ty +r2tm), X0) = = lim /|Wm|2dx = 7/|woo|2dx > "
m— 00 2 m—00 2

D"‘l Rz

Using Lemma 3.2 this leads to a contradiction, as

E(uo) < E(uo, M\ Bgy(x0)) + p/2
< Him E(u(ty +rptm), M\ Bg,(x0)) + p/2

m—00
< lim [E(tw + rotm)) — Eryutn + rptm). x0)| + p/2
m-—00
< E(wo) +&" —¢e"—p/2. (3.8)

This proves Lemma 3.4, as Vu € L4(M x [0, 8p]) for 69 > O small enough follows again
by the use of the H?-estimate for almost harmonic maps. This concludes the proof of The-
orem 1.2, by the same kind of argument about the set where # = v as in the proof of
Theorem 1.1. O
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