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Abstract We seck critical points of the Hessian energy functional Eq (1) = [, | Au|?dx,
where Q = R* or Q is the unit disk B in R* and u : @ — S*. We show that Egs has a
critical point which is not homotopic to the constant map. Moreover, we prove that,
for certain prescribed boundary data on dB, Ep achieves its infimum in at least two
distinct homotopy classes of maps from B into S*.

1 Introduction

Let © C R* be a smooth domain, S* the unit sphere in R> and consider
DIP(Q, 8% 1= {u e L®(Q, 5% : Viu e LP(2,R5Y))

equipped with the semi-norm |[ullpip g g4y = ZIaI:l Jo |g%|pdx. Observe that the
spaces D" locally coincide with the usual Sobolev spaces W’’. Furthermore, we
define the Hessian energy (or biharmonic energy)

Equ) := / | Aul*dx.
Q

A map u € D>?(Q,5%) is (weakly extrinsically) biharmonic if u is a critical point of the
Hessian energy functional with respect to compactly supported variations on $*, that
is, if for all & € CSO(Q,S“) we have

d
o li=0EqQ(m(u+1§)) =0,
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418 G. Angelsberg

where 7 denotes the nearest point projection onto S*. Computing the corresponding
Euler-Lagrange equation, we see that u € D>?(£, §*) is biharmonic iff u verifies

A%u = —(|Aul> + A(Vul)®) +2VuV Au)u 1)

in the sense of distributions. We define u to be minimizing if u minimizes the Hessian
energy among all maps v € D*2(R,$%) satisfying u — v € W;*. Hence, minimizing
maps are biharmonic. Chang et al. proved in [7] the smoothness of biharmonic maps
defined from a 4-dimensional domain to a sphere. For recent improvements, we refer
to Strzelecki [32], Wang [33] and Lamm and Riviere [15]. Thus, biharmonic maps
verify (1) pointwise.

The simplest examples of biharmonic maps R* — §* are the constant maps. Our
first aim here is to show the existence of biharmonic maps u : R* — S§* having a
non-trivial topological degree. As in [4] we introduce

1
Oa(u) = SH /]4(Vu)dx
Q

for u € D*2(Q, 8% c D4, $Y), where J4(Vu) = det(u, 24 uy is the Jacobian

5 E’ ooy m
determinant in 4 dimensions. When Q = R*, we observe that, due to Corollary 3.2,
Opr4(u) € Z. Thus, for u € D22(R*, §%), the topological degree deg(u) := Qpa(u) is
well defined. For k € Z, we then consider the non-empty homotopy class

g5 = {u e DP*RY, %) : deg(u) = k).
The existence of non-constant biharmonic maps R* — $* now follows from
Theorem 1.1 For k € {—1,1}, there exists a smooth map u € &K such that

16H*(SY) < Eps(u) = T 1= inf Ega(v) < 241} (5.

veo

By symmetry of the Jacobian determinant and of the Hessian energy, it is sufficient to
prove Theorem 1.1 in the case k = 1. Moreover, we have

7 = inf E(u) = inf1 E(u).

ueg! ue=E—

Our second problem focuses on the existence of non-minimizing biharmonic maps
from the unit ball B ¢ R* into S*. We consider y € W22(B, §%) and define

8, ={ue W2’2(B,S4) u—ye€ Wg’z}.

As B, is a complete metric space and Ep is weakly lower semi-continuous with respect
to the D??-topology, there exists some u € &, such that

Epw) = uieng Epu).
=y

In view of Corollary 3.3, for u € E, we have

Opw) — Qpw) € Z.
For k € Z, define the homotopy class

Ef =={ue &, : 0pw) — Qp(w) = k).

It is not hard to see that E)’j is non-empty for any k.
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Large solutions for biharmonic maps in four dimensions 419

Fix a smooth map u* € E! with Egs(u*) = 7 as given, for instance, by Theorem
1.1. For R > 0, let y(x) := u*(Rx), x € B. For R > 0 sufficiently small, the above
minimizer u € E, of Ep coincides with y. We fix such an R > 0. We show

Theorem 1.2 inf gl Ep is achieved.

This gives the following
Corollary 1.3 There exist (at least) two distinct critical points in 2, of Ep.

In view of the results of Brezis-Coron [4] and Jost [11] for harmonic maps, the special
choice of y may seem unnecessary. However, the present problem is of fourth order.
Carrying over the method of sphere-attaching from the second order case therefore
becomes very delicate. In particular, geometric considerations require that the gra-
dients of the absolute minimizer u of Ep in &, and u* are almost identical at some
point. If y (x) := u*(Rx) (for R sufficiently small), this condition is trivially satisfied.
However, at this moment, we have no general criteria to guarantee this condition. See
Lemma 5.1 and Remark 5.1 for further details.

In the proof of both theorems, we have to deal with the problem that the classes

k_ respectively E’;, are not closed in the weak D>?-topology. If we take arbitrary

=
=

minimizing sequences for Egs (resp. Ep) in EX (resp. EX), we may encounter the
phenomena of concentration and vanishing at infinity as introduced by Lions in [17]
and [18]. Therefore, we have to choose our minimizing sequences carefully in order
to assure compactness in the limit.

Following the scheme presented in [17] and [18], we show that every minimizing
sequence (Uj)keN N E! for Epa(-) converges, up to translations and rescalings, to a
map u in E!. Our proof strongly relies on uniform estimates for Jgs a(Vug)|dx for a
minimizing sequence ()N Of prescribed topological degree d = 1, that allow us to
show that the degree is conserved in the limit k — oo.

In order to prove Theorem 1.2, we show the existence of a map u € E},, verifying
Ep(u) < Ep(u) +Z — § for some § > 0. For a minimizing sequence (uy)geny C E}l, s.t.
Ep(ux) < Ep(u) +7 — 8, we then can exclude bubbling and conclude that the limiting
map u belongs to EJ.

Similar constructions first appear in Wente’s “sphere attaching lemma” in [36, Theo-
rem 3.5] in the context of surfaces of prescribed constant mean curvature. Further
results relying on this technique can be found in Steffen [26], Steffen [27], Wente [37],
Struwe [29], Steffen [28], Brezis and Coron [3], Brezis and Coron [5], Struwe [30] and
Struwe [31] in the context of surfaces of prescribed constant mean curvature, and in
Brezis and Coron [4], Jost [11], Giaquinta et al. [8], Soyeur [25], Hardt and Lin [9],
Qing [22], Kuwert [13], Riviere [23] and Weitkamp [34] in the case of harmonic maps,
and in Kusner [12], Bauer-Kuwert [2] for Willmore surfaces.

The paper is organized as follows. In Sect. 2 we compare our results with the res-
pective results in the theory of harmonic maps. In Sect. 3.1, we assign a topological
degree to the Sobolev maps in D>2(R*, §*). In Sect. 3.2, we describe the behaviour of
the volume functional under weak D?2-convergence. In Sect. 3.3, we prove a concen-
tration compactness lemma stating that the minimizing sequences for the biharmonic
energy locally converge in D>? except on a countable set of points. Sect. 3.4 is devoted
to some gluing constructions allowing us to isolate possible concentration points of
the minimizing sequences. In Sect. 4 we prove Theorem 1.1; in Sect. 5, finally, we
present the proof of Theorem 1.2.
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420 G. Angelsberg

In what follows, we denote u = (u!,u?, 1, u*, u>) and we tacitly sum over repeated

indices (unless otherwise stated). We let B,(x) be the ball of radius r > 0 centered
at x € R*, and define B, := B,(0), B := By and A(r,q) == Baygr \ Br. Moreover,
Vuy is the usual gradient on the Riemannian manifold M. We let V := Vg4 and
E() :== Epa(-).

2 Short review of the Dirichlet problem for harmonic maps

For a smooth domain © C R?, consider for u € W'2(Q,S?) the Dirichlet energy
Do) = g |Vu|?dx. The (weak) harmonic maps from  into S? are the critical
points of Dq () with respect to compactly supported variations on S2. The resulting
Euler-Lagrange equation states that u € W?(£, §?) is harmonic iff « verifies

Au = —|Vulu (2)

in the sense of distributions. We define u to be D-minimizing if u minimizes the
Dirichlet energy among all maps v € W12(Q, 8?) satisfying u — v € Wé’z. Thus, D-
minimizing maps are harmonic. F. Hélein [10] proved that harmonic maps defined on
a 2-dimensional domain are smooth. Therefore, harmonic maps verify (2) pointwise.

Here again, the simplest examples of harmonic maps are the constant maps. A
non-trivial harmonic map is given by the inverse of the stereographic projection «.
Indeed, observe that

Vul> = 2/2(Vu), 3)

where J,(Vu) := det(u, t’i%’ 337"2) is the Jacobian determinant in 2 dimensions, and

consider X := {u € W12(R2,$?) : f]R2 Jo(Vu)dx = H?(S%)}. It follows from (3) that

Dg2(v) > 2H?(S?) for v € X, and equality holds for x € X (and all maps being

conformally equivalent to «). Thus, « minimizes the Dirichlet energy in the homotopy
class X of W!2- maps of topological degree 1. Hence, « is harmonic.

Consider now the space W,l,’Z(B,SZ) ={ve WH(B,§) v = y on 9B}, where B
denotes the unit disk in R? and y € W12(B, §2). Itis generally impossible to determine
explicit harmonic maps in W'2(B, 2). However, as W, (B, §2) is a complete metric
space and Dp(-) is weakly lower semi-continuous with respect to the W'2-topology,
there exists a D-minimizing map u € W)l,’2 (B, S?). Brezis and Coron [4], and Jost [11]
proved independently that Dg also attains its infimum in (at least one) homotopy
class different from [u] when y # cte. Conversely, if y = cte., Lemaire [16] proved
that the constant maps are the only harmonic maps. See Giaquinta et al. [8], Kuwert
[13], Qing [22], Soyeur [25] and Weitkamp [34] for further results on the Dirichlet
problem for harmonic maps in two dimensions.

3 Prerequisites

3.1 Topological degree of Sobolev maps

In this subsection, we show that we can define a topological degree for maps in the
Sobolev class D22 (R*, 54).

@ Springer



Large solutions for biharmonic maps in four dimensions 421

In view of the embedding D>?(R*, §%) — DIA4(R?, §%), it is sufficient to show the
following density result for maps in D'#(R?*, $*). This is a direct generalization of the
density result of Schoen and Uhlenbeck [24] for maps in H'. See also Brezis and
Coron [4].

Theorem 3.1 (Density) Foru € DV*(R*, §%), there exists a sequence of maps (uy)xen C
CR*, $H N D4R, Y and a sequence of radii r, — oo, as k — oo, such that

”k|R4\Brk = cte.
and
U, —> uin DA,

Proof Let o : S* — R* be the stereographic projection, which maps the south pole
into 0. We set v(p) = u(o (p)) for p € S*. We define

DM 8Y) = (f € LYSL SN 1 flpragst 54y < 00,

with

s gt 50, = / Veif*dvol.
g4

Observe that [|[v]| piacss g4y = lull prage s+ < 00. Hence, v € D4(8%,5). Consider
4 1
Bi(p):=y9€S8 :lg—pl <~
13 k
and

T (p) :=][ v(@)dvolgs (g).
Bi(p)

Thus, we have
Wk € C(SY, R N DS RY)
and
Vi — vin DM RY).

Now we define, for ¢, € Cgo(]B%(N)) (N northpole),with0 < ¢y < land¢glp, vy =1,
3

Vi (p) == V() + ¢k (p) (Vi(N) = vr(p)) .
@ Springer



422 G. Angelsberg

We estimate using Poincaré’s inequality

dist(vi(p).§*) < ][ V@)~ Tipldvolsy(@) + FPu(p) —vicp)

By (p
k
1
2
< Ck Ve | + |¢k(l7)|][ [Vi(N) — v(q)|dvolgi(q)
By ()
Bi(p) k
k
1
2
< Ck |VS4V|2 + C][ [Vi(N) — v(g)|dvolg(q)
B3 (N)
B (p) 13
k
1 1
7 7
<C / Veav* | +C / IVav* | . (4)
B () B3 (N)

1 3
k k

As the right hand side decreases monotonically to zero as k — oo, Dini’s theorem
implies uniform convergence. Thus, for k sufficiently large, we can project v, (p) onto
$* and assume that v; € C(S%, $%). Moreover, vy — v in D'* and vy is constant in a
neighborhood of the north pole N.

The sequence uy, := vi(o~1(x)) has now all the required properties. O

Remark 3.1 The approximating sequences u; can be chosen in the class of smooth
maps after mollification with a smooth kernel.

It follows immediately

Corollary 3.2 For u € D"#(R*, S*), we have
/ Ja(Vwydx = kH* (Y
R4

with k € Z.

Moreover, we get

Corollary 3.3 Foru,v e DI4(B, $*) with u = v on B, we have

/ (J4(Vu) — J4(Vv))dx = kH* (S
B

with k € Z.
Proof We define w : R* — §* as

] u(x) for xe B
w(x) = V() for xe R\ B.

@ Springer



Large solutions for biharmonic maps in four dimensions 423

Asu,v € DY (B, §*), we verify that w € DM4(R?, §*) and

/(]4(Vu) J4(Vv))dx = /]4(Vw)dx

R4
Thus, the result follows from Corollary 3.2. O

3.2 Weak continuity properties of the volume functional

In this subsection we prove a generalization of Wente’s weak continuity property of
the volume functional

V) = /J4(Vu)dx
Q

in [35, Sect. III]. More precisely, the following properties for the weak D>2-topology
hold.

Proposition 3.4

1. Let up — uin D*2(Bg,S*). Then, we have forae 0 <r<R

/]4(Vuk)dx = /]4 (V(ug —u) dx + /]4(Vu)dx +o(1), (5)

B, B, By

where o(1) — 0 as k — oc.
We call r a good radius if r verifies (5).
2. Foru; — uin D*2(R*,S$%), it holds

/J4(Vuk)dx = /J4 (V(up —u))dx + /J4(Vu)dx +o(1).

R4 R4 R4

3. Forux — uin D*2(R*, $YH and & € C(?O(R4,R>0), it holds

d d d d
det(uk, Vi 0vi Ovk dvk

dx 1
dx1’ dxp” 0x3’ dx4 )‘ *+ol)

/ EV4 (Vi) — J4(Vao)|dx < / ¢
R4

R4
with vy = uy — u.
In order to prove Proposition 3.4, we need the following

Lemma 3.5 For Q = B, (r > 0) or Q@ = R?, let ¢, — e fx —~f g — & hx — 0in
D22(Q, 8% as k — oo, and w € D*2(Q2, 8%). Then, as k — oo, we have that

/dl 8fk 8gk ahk aw
k’ T 9xy” dx3’ 8X4

Proof We consider, for ¢ > 0 and 2 = B, (compact case), w. smooth such that
Iw — wellp22 —> 0 as e — 0. It follows from the multilinearity of the determinant,

dx — 0.
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424 G. Angelsberg

Holder’s inequality and the continuity of the embedding W22 < W!# (Sobolev’s
embedding theorem)

0 0 oh, 0
/det e, Ui Vg Ohi W |
0x1 0xp 0Xx3 0Xx4
B,
=/
B

r

+f
B,

= ||€k||L°C(B,)||ka||L4(B,)||ng||L4(B,) ||th||L4(B,)||V(W - We)||L4(B,)
+||€k||L°°(B,)||ka||L4(B,)||ng||L4(B,)||th||L2(B,) IVWellLB,)

ofr 0 ohy o(w —
det ek,j,ﬁ,—k,i(w We) dx
dx1 0xp 0x3 0x4

ofr 0 ohy 0
det ek,j,ﬁ,—k, Ve dx
dx1 0xp 0x3 0x4

< Cllw — we lp22(8,) + K”th”Lz(B,)s

where C is independent of k and ¢, and K is independent of k.

The embedding D22(B,, 5% = W22(B,, 5% — W'2(B,,5%) (B, C R is compact
by Rellich’s theorem. Thus, the second term converges to zero as k tends to infinity.
Then, we let € tend to zero and the claim follows for Q = B, (compact case).

For Q = R*, we choose r; — oo (I — 00) and estimate with Holder’s inequality

d d oh, 0
/det(ekﬁ 98k hx l)‘dx
R4

T 9x1 0xy  9x3  0x4

1

I

dfy 0 ohy 0
det ek,ﬁ,ﬁ,—k,—w dx+ C / |Vw|4dx s
0x1 0x2 0x3 0X4

]

Y

R4\By,

where C is independent of k and /. First, we let k — oo and the first term converges
to zero (as in the compact case 2 = B,). Then, we let / tend to infinity and the second
term vanishes due to the absolute continuity property of the Lebesgue integral. O

Now we are able to prove Proposition 3.4. Define vy := uy — u. Using the multili-
nearity of the determinant we have
4
Ja(Vu) = Ja(Vu) = 3 Aj+ s (Vv
j=0

where A; is a sum of terms where j derivatives of v (and 4 — j derivatives of u) appear

(e.g. det(u, Bxp Txe Dy a)54) appears in Aj; det(vy, Bar Dy B ax4) appears in Ay).

Forj=1,2,3,and Q = B, (r > 0) or @ = R*, it holds
”Aj”Ll(Q) — 0,

as k — oo. This follows directly from Lemma 3.5. Moreover, we observe that

ou ou du 0
det(vk,—u uoou —u) §C|Vu|4eL1.

|A0| = YA Y A o
0x1 0xp 0x3 0Xx4
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Large solutions for biharmonic maps in four dimensions 425

Thus, applying Lebesgue’s dominate convergence theorem implies that A9 — 0 in
LY(Q). Since Ay + J4(Vvy) = det (uk, g;’l‘, g%’;, g%, g%’;), this completes the proof of
the third affirmation.

It remains to consider A4 in order to complete the proof of the two first affirmations.
We rewrite using integrations by parts

ad ad 0 Bl
/A4dx:/det u,&,ﬁ,ﬁ,ﬁ dx
0x1 0xp 0x3 0x4
By

r

vy v ave
= Z /(—1)Su“vZ—k—k—kda
dx; 9xj 0xm

aBy.d.e
i./',ryn,x By
aub v’ v 9ve
b3 [enngae Sk g (6)
e 0x; 9xj 0xp dxp
oevee g
Ljmn,s

Using Fubini’s theorem, we have for a.e. r that (vi)icn is bounded in Wz’z(aBr,S4).
By the compactness of the embedding W22(3B,, 5% «— W13(3B,, %), the first term
converges to zero, as k tends to infinity. The second term may be treated as in the
proof of Lemma 3.5. This completes the proof of the first affirmation.

It remains to consider the case = R*. Using Theorem 3.1, we may assume that
up = cte. and u = cte. + op22 on R\ Bpg, for some sequence of radii Ry — oo as
k — o0, and 022 — 0 in D?2. Thus, Eq. (6) implies

dvi dvi dvi 0 duP vy 38 3¢
/det u,&,ﬂ,&,ﬁ dx| < Z /(—l)sv% Uk Tk Tk g +o(1),
dx1 0xp 0x3 0x4 dxj 0xj 0x; 0xp
R4

a,B.y.d.€
R ijomn,s

where o(1) — 0 as k — oo. The second affirmation follows now as in the proof of
Lemma 3.5 and we are done.

3.3 Concentration compactness lemma

Lemma 3.6 (Concentration compactness) Suppose uy, — u € D>*(R*, S*) and py, =
IV2up|2dx — 1, vi = Ja(Vug)dx — v weakly in the sense of measures, where | and v
are bounded signed measures on R*.

Then, we have:

There exists some at most countable set J, a family {x" € J} of distinct points on R*,
and a family (v ,j € J} of non-zero real numbers such that

v =J4(Vu)dx + Z v(f)rsx@,
jet

where 8 is the Dirac-mass of mass 1 concentrated at x € R*,

Proof We follow the scheme of [18]. Let vy := u; — u € D>*(R*,R’). Then we have
thatv, — Oweaklyin D>?. Moreover, we define Ay := |V2v[2dx, oy = vg—J4(Vu)dx,
w,f the positive part of wy, w; the negative part of wy and @y = w,f + w,, the total
variation.
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426 G. Angelsberg

We may assume that Ay — A, while oy — o = v — J4(Vu)dx, w,j — o, W, = o
and o — @ = ot + »~ weakly in the sense of measures, where A, 0™, 0™, @ > 0.
For & e C§° (R*, R) with Proposition 3.4, we have

/ sam = lim [ & do
R4 R4

= lim / E4MJ4(Vug) — J4(Vu)|dx

vk vk v 0
<11m1nf/§ ’dr( Up, — Vi OV VK Vk) dx

T 9xy” dx3  dx4

As & has compact support, Rellich’s theorem implies that lower order terms vanish as
k — oo and with Nirenberg’s interpolation inequality in [21, p. 11], we get

/§4dw<hmmf / det(u 3 (Evi) a(&vm’(savk)’a@vk))‘ o
dx1 dx2 0x3 0X4
R4
< Climinf/|V(§vk)|4dx
k—o00
R4
2
< Climinf / IV2(Eve)|2dx
k— o0
4
2
< Climinf /§2|V2vk|2dx
k— o0
4
2
-c / 2ar| . (8)
4

Let {x;] € J} be the atoms of the measure @ and decompose & = wp + Zje] w8,
with @ > 0 and @ free of atoms.

Since [ps dw < oo, J is an at most countable set. Now, for any open set  C R*, by
(7) with & = &, e C§°(2) converging to the characteristic function of 2 as k — oo, we

have
2

/dagc /dx . )
Q

Q

In particular, w is absolutely continuous with respect to A and by the Radon-Nikodym
theorem there exists f € LY(R?*, ) such that do = fdx, A-almost everywhere.
Moreover, for A-almost every x € R*, we have

-
f) = lim I 00

p—0 fB b (X) dx
@Springer



Large solutions for biharmonic maps in four dimensions 427

But then, using (9), if x is not an atom of 4,

C (pr(x) dx)z

f(x) < lim =
p— pr(x) dr p—0

A-almost everywhere. Since A has only countably many atoms and g has no atoms,
this implies that wy = 0.
We conclude that

v =J4(Vu)dx + Z u@ax(,-),
jel

with v = 0. This completes the proof. O

3.4 Gluing lemmas

Lemma 3.7 Supposeu,v € W22(S3, 8. Fore > 0, there exists w € W22(83x[0, €], R%)
such that w agrees with uin a neighborhood of S x {0}, w agrees with v in a neighborhood
of 83 x {e},

[ 19 = Ce [ (193 +1930P)
S3x[0,¢]

S‘é
+Ce ! / |V (u—v)|* + ce—3/ lu —v|?,
$3 $3

and
dist(w,S4) < Cllu-— VI L0053y
almost everywhere on 3 x [0, €].

Proof Choose ¢ € C®([0,€]) with 0 < ¢ < 1, ¢ = 1 in a neighborhood of 0, ¢ = 0
in a neighborhood of €, |y/'| < Ce~! and |¢”| < Ce2. We define

w(x,s) := v(x) + ¥ (s)u(x) — v(x))
for (x,s) € $3 x [0, €]. We estimate

v 2<¢ (|v2u|2 VR 4 e VU — ) + e Hu— v|2) .

§3X[U,E]W|
Integration over S3 x [0, €] yields the energy estimate.
As v(S?) c §%, we have for a.e. (x,s) € S3 x [0, €]
dist(w(x,5),8%) < [lu = V]| Loo(s3)-
O
Lemma 3.8 Let u; — u in D>2(R*, 8% as k — oco. After passing to a subsequence,

there exists, for a.e. p > 0, a sequence of positive real numbers €, — 0 (k — o0) and a
sequence of maps (Vi) ken C D2L(R4, §%) such that

v [ up forxeB,
k =
u  forxeR*\ Btepp
@ Springer



428 G. Angelsberg

and

/ [V2vi2dx —> 0,
A(p.€p)

as k — oo.

Proof As uy is bounded in D>2, Lemma 3.9 below applied to f;(r) := fs, |V2uy |>dx
implies that, after passing to a subsequence, we have for a.e. p > 0 and every sequence
of positive real numbers y; — 0

IV2ug|2dx —> 0, (10)

A(pvk)

as k — oo. Henceforth, we consider a fixed p > 0 verifying (10) and ¢, — 0 (k — o0)
to be fixed later. Fubini’s theorem implies that there is a set of oy € (p, (1 + 67")/0) of

positive measure, such that for p € {2, %}, we have

aoe [ (VP +viup) s [ (19w + 1977

3B, Ap.€x)
o / Vg — 0P < C / IV — w)l? (11)
3B, A(p.€r)
€0k / lug —u> < C / lug — ul®.
3B, A(p.€x)

Now we can apply Lemma 3.7 (with %" instead of €, ) to the functions uy (x) := uy (oxx)
and u(x) := u(oyx), thus giving v, on S3 x [0, 64 ] with vy = uy in a neighborhood of
$3 x {0}, vy = u in a neighborhood of $* x { } and verifying

2 =2
\Y v
/ | S3><[0,€Tk] kl

§3x[0,%
< Cek/(|V§3ﬁk|2+|v u|2 /Wss U —wl* + 3/|ﬁk—ﬁ|2
$3 kS3
2 2 2.2 2 C 2
= Ceor | (IV2ukl? + V2l )+ — | Ve-wP+—— [ lu—ul
€k0k (€xor)
BBUk 9Bo, 3B,
2 2 C 2
<C |V wl> + v ul —|— IV (g — u))* + — 7 [ lw—ul” (12)
Ok €k
A(p,ex)
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by (11), and almost everywhere on $* x [0, %]

2
7
7
dist(vg, S*) < Clluy — ullposzy < C /IV(uk —u)|?
3
7
1 7
<C|o? / IV (g —w)|?
8B(,k
2
7
_1 1 7
<C|lo, ¢ / IV —w|2 | . (13)
B>,

7
by Sobolev’s inequality and (11). As uy — u in Wllof (up to a subsequence), we may

choose ¢, tending sufficiently slowly to zero such that the two last terms in (12) and
the right hand side in (13) converge to zero as k — oo. The first term on the right
hand side in (12) converges to zero due to (10). This implies that

2 — 2 _
/ IVS3X[0’ETk]vk| =o0(1) (14)
§3x[0,% ]
and almost everywhere on S5 x [0, <]
dist(vi, $* = o(1),

where o(1) — 0 as k — oo. Let IT be the nearest point projection onto §*. Then, for k
sufficiently large, [ToV : 83 x [0, %] — §%is well-defined and smooth. So finally, after
passing to a subsequence, we can define a suitable sequence of maps vi by

Uy (x) for |x| < o
Vi(x) 1= I (Vk(ﬁ, % - 1)) forop < |x] < (1 + %k)gk
N RCZCOI for (1+ %oy < |l < (1 + $)o
u(x) for x| > (14 )0y,

where v/ (¢) is a C2(R) function with the properties v ((1+ Fyor) = op, Y (A +F)oy) =
A+ F)ok, ¥' (L + F)ox) = 0and ¥/ ((1 + %¥)ox) = 1. In view of (14), it is now easy
to conclude. O

In order to complete the proof of Lemma 3.8, we have to show the following

Lemma 3.9 Letf; > 0beabounded sequence in L' (R). After passing to a subsequence,
we have for a.e. p > 0 and every sequence of positive real numbers y; — 0

P+Yk
/ frdx —> 0,

as k — oo.
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Proof Define Fy(y) := [*__ frdx. Observe that Fy € WhL(R) < CO(R) increases
monotonically and |Fy| < C. Thus, after passing to a subsequence, Fy — F a.e. and
F increases monotonically. It follows that the set sing(F), where F is discontinuous, is
countable. Hence, for any p ¢ sing(F) and any sequence «; — 0, as / — oo, we have
F(p +ay) — F(p),as [ — oo.

Now fix p ¢ sing(F) and consider sequences of positive real numbers S, "% 0and

Vi kiio Osuch that for any fixedm € N,as k — oo, we have Fi(p=£B) kiof F(pxBmn).
Then, for k > ko(m) we have

0 < Fr(p+vr) — Fr(p) < Fi(p + Bm) — Fr(p — Bm)
=F(p+ Bm) —F(,O—ﬂm)—i-o(l),

where o(1) — 0 as k — oo. The claim follows as we first let k — oo and then also
pass to the limit m — oo. O

A direct consequence of Lemma 3.8 is the following

Lemma 3.10 Let uy — u in D*2(R*,8%) as k — oo. After passing to a subsequence,
there exists a sequence of positive real numbers €, — 0 (k — 00) and a sequence of
maps Wi)ken C D22(R*, $Y) such that

ui forx e B,
Wi = R\ B
u fOrx € \ (14-€x)ex

and
V2w |2dx —> 0,
Alegs€r)

as k — oo.

Remark 3.2 Lemma 3.8 and 3.10 may be viewed as a variant of Luckhaus’ lemma (see
[19] and [20]) for second derivatives in the critical Sobolev dimension.

Lemma 3.11 Letu € D>?(R*, S%). For every sequence of positive real numbers e, — 0
(k — 00), there exists a sequence of maps (W) xen C D22(R4, §Y) such that

_|u for x € B,
Wik ﬂ(”Bek) forx e RrR? \ B¢,

and

/ |V2wk|2dx — 0,

BZEk \Bek

as k — oo, 7 is the nearest point projection onto S* and Up, = ][ udx.

Be,

Proof Choose ¢ € C5°([0,2¢,]) with 0 < ¥ < 1,¢¥ = 1on [0,&], ¥ =0in a
neighborhood of 2¢;, |¢/| < Ce];1 and |[y"| < Ce,;z. We define

wi(x) := up, + ¥ (xD)u) —ug,),
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and estimate with Poincaré’s and Sobolev’s inequality

/ V2w |Pdx < C / (|v2u|2 + e 21Vl + e Hu— up,, |2) dx

BZek BZsk

sc/ |V2ul>dx + C /|Vu|4dx

BZEk 2¢

<C / IV2ul?dx = o(1),

BZEk

where o(1) — 0 as k — oo. Moreover, we have for a.e. x € By,

dist(w(x), S*) < ][ u0) = us dy + W eDllu) — ugy . (15)

B, (x

As in (4) Poincaré’s and Sobolev’s inequality imply that the first term in (15) is
bounded by

1 1

1 2

of wo-usiy=c| [vetay| =c| [1vutay] o)
Bek(x)

3ex 3ek

For the second term in (15), we define
() = ][ u(y)dy.
Be, )

As up — u in L2, it follows, after passing to a subsequence, that u; converges to u
pointwise a.e. Thus, we estimate

1Y (xDllux) —up,, | < ][ lu(y) — up, |dy + |ur(x) — u(x)]. (17)

Be, ()

The last term in (17) converges to zero a.e., as k — oo. Therefore, the inequalities
(15), (16) and (17) imply that dist(wy (x),S*) converges to zero, as k — oo, for a.e.
x € By,. Thus, for k sufficiently large, we can project wy onto §* and assume that
wi € WE2(R4, 8% and wy = 7 (up,,) in a neighborhood of 8By, . This completes the
proof. O

A direct consequence of Lemma 3.10 and Lemma 3.11 is

Lemma 3.12 Let uy — u in D*2(R*,5%) as k — oo. After passing to a subsequence,
there exists a sequence of positive real numbers €, — 0 (k — 00) and a sequence of
maps Wi)ken C D22(R*, §% defined as

Up for x € B,

Wi = ”(”Bek) for x € R* \ By,
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and
|V2wk|2dx — 0,
B4ek \Bfk

as k — oo, 7 is the nearest point projection onto S* and U, :=][ udx.
B,

4 Large solutions on R*

In this section, we give a proof of Theorem 1.1. As mentioned in the introduction, it is
sufficient to show that inf ;1 E'is achieved. Therefore, let (ux)xen C Elbea minimizing
sequence for E(-). We deduce from lug|? =1 that Aufuy = —| Vg Combining this
with Lemma 5.7 in the appendix and integrating by parts we obtain

16H*($% < 16 / Va(Vug)|dx < / |V |*dx (18)
R4 R4
:/|ugAug|2dx < /|Auk|2dx:/|V2uk|2dx§ C,
R4 R4 R4

where C < oo is independent of k.
Now, as E(-) is invariant under rescalings and translations, there are sequences
(r)ken C R and (X)reny C R4, such that 7y, defined as

_ X — Xg a1
up(x) = uy [@RORN
Tk

is a minimizing sequence for E(-) verifying (18) and

1
/ J4(Viig)dx = sup / J4(Vﬁk)dx:ZH4(S4), (19)
4
B1(0) W0 g o)

for all k € N. Replacing uy by uy, if necessary, henceforth we may assume x; = 0 and
rp = 1.

Consider now the families of measures uy = |VZ2uy|?dx, vy = J4(Vuy)dx, v,j the
positive part of v, v~ the negative part of v, and vy := v,j + v, = W4(Vug)|dx. We
have

/ dvg = HA(SY),
R4

/ dvi = (1 4+ e H (S, (20)
]R4

/ dvif = 1+ ep)H* (S,

R4

/ dv; = exH*(SY),

R4
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with

er = 2er > 0.
Let o denote the stereographic projection from S* to R*. From the appendix 5.2, we
get that 0~! € E! is biharmonic with E(c~1) = 24H*(§*). If o~! is minimizing, we
are done and min, g1 E(u) = 24H*(S*). Otherwise, it follows from (18), that there
exists § > 0 independent of k such that

O<er=<=--28

N =

for k sufficiently large. Thus, we get with (20), that there exists § > 0 independent of
k such that )
0< /dvk_ < ZH4(S4) -8 (21)
R4
for k sufficiently large. This implies with (19), that for all » > 1 and k& sufficiently large

0<8< / dvg < %H“(S“).
B, (0)
Hence, we get, after passing to a subsequence, that
up — u  weakly in DZ’Z(R4,S4),
ur — o weakly in the sense of measures,
vy — v weakly in the sense of measures,
with
0< / dv < lim inf / dv) < %H“(S“) < 2H*(SY). (22)
R4 R4
From Lemma 3.6, we deduce that
v =Ty(Vuydx + D vP5 (23)
jeJ

for certain points x¥) € R* (j € J), v € R\ {0} and J a countable set.
We prove in Lemma 4.1 below thatJ = . This implies with (22), (23) and Corollary
3.2 that

/ Ja(Vuydx = H*(SY).
R4

Thus, u € E' and E(u) = ming1 E. The smoothness of u follows from [7].
Now we want to show

16H* (8% < / |AulPdx < 24H*(S*). (24)
R4
Let v be the minimizer of E in E!. Then,

16H* (8" < 16 / 4(Vv)|dx < / |Vv|*dx < / |Av)2dx < 24H*(SY.  (25)

R4 R4 R4
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The second inequality is achieved iff v is conformal,i.e. v = 0 ~'oc, where ¢ : R* — R*

is conformal. Thus, ¢ belongs to the Mobius group, generated by the translations, re-
scalings and the inversion at the unit sphere. Since o ~! is not harmonic, then also no
conformal map v € E! is harmonic. However, the third inequality is achieved iff v is
harmonic. Thus, (24) has to hold.

In order to complete the proof of Theorem 1.1, we need to show
Lemma 4.1 J is empty.

Proof Suppose J # . Choose [ € J and set x»’ = 0 (translation). Applying
Proposition 3.4 and Lemma 3.9, we may choose a good radius 0 < p < 1 such
that for J(p) := {j € J : x¥ € B} it holds

Z v < ‘v(l)‘ , (26)
JeI(p\{1}
(We set Z]-GQ, v := 0.) and such that for all sequences of positive real numbers
yr — 0as k — oo, we have
|V2uk|2dx — 0 (27)
A(pvi)

as k — oo. MOI'COVEI', Wwe may assume

1 1 1
/]4(Vu)dx §/|J4(Vu)|dx < E/|Vu|4dx§ E/|Au|2dx5 ZH“(S‘*), (28)
B B B

2 » p 2

and that Lemma 3.8 is valid for p, u; and u. Hence, we get ¢, — 0 (k — oo) and maps
(ViDken € D*2(R?, $*) such that

by |k forx € B,
A forxe]R“\B(Hék)p

and
/ |Vvel*dx < C / [V2yi2dx — 0 (29)

A(p.ex) A(p.€k)

as k — oo. As v — uin D>?, we get from Proposition 3.4

/J4 (Vv —u)dx = /J4(Vvk)dx — /J4(Vu)dx +o(1)
R4 R4 R4
= (dx — DM (SH + 0(1), (30)

where dy, is the topological degree of v; and d the degree of u. Notice that, according
to Corollary 3.2, dy — d € Z.
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We get from (19), (21), (23), (28) and (29) that

/J4 Vv —uw)dx| = klim /14 (V(up —u))dx
J —>oon

= klim J4(Vuk)dx—/J4(Vu)dx +o(1)
—00
B, B,

= z v+ 0(1)

jel(p)

= /dv—/h(Vu)dx +o0(1)

B, B,

IA

1
/ v+ 1 Sh +o(1)
B,

< /dvk+2/dvk_ + %H“(S“) +o(1)
By R4
< HH(SY), (1)

for k sufficiently large. Thus,
/J4(V(vk —u))dx = 0.
R4

This implies with (31) that

Z v = 0.

jel (p)

This is a contradiction to (26). Thus, J = . ]

5 Large solutions on the unit disk
5.1 Energy gain

Let 7, be the inversion at the unit sphere centered in z given by 7, : R* U {o0} —
R*U{o0}, 7;(x) := ﬁ +zforx & {z,00}, 7;(z) := oo and 7, (00) := z. We abbreviate
T = 10.

We consider for f € C*°(B, $*) and y € B the sets

& =D @R, SHNncX®w, sY
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and
Fry ={ue&:uoryel, (uory)(y) =f(y) and V(uorty)(y)=2rVf(y)
for some A > 0}.

In general, for u € £, we do not have that u o 7, € £. However, Lemma 5.6 below
states that for y, as defined in the introduction, F,, , is non-empty.

We have the following energy comparison lemma.

Lemma 5.1 Letv € W22(B,S$*) NC®(B, §*) be such that Vv(xg) # 0 for some xg € R?,

and consider w € F, x,. There exists u € W22(B, %) such thatu — v € Wé’z,

/(]4(Vu) — J4(Vv)) dx:/J4(Vw)dx (32)
B R4

and
/|Au|2dx </|Av|2dx+/|Aw|2dx. (33)
B B R4

Proof Let B,(xg) C B. We may assume, after performing a translation and dilation
that xo = 0 and r = 1. Since w € F,, the inversion at the unit sphere t gives the map
y:=wort € & with Vy(0) = AVy(0) for some A > 0. Thus, w = y o 7. We may assume,
due to Lemma 5.2 below, that y(0) = v(0) = N = (0,0,0,0,1), y;(0) is orthogonal to
yj(0) and v;(0) is orthogonal to v;(0) for i # . Indeed, we replace v by Ry o v o R and
w by Ry o w o Ry, with suitable Ry € SO(5) and R, € SO(4). Furthermore, we have
y3(0)=0=v}0)forl <i<4

We consider on R* \ {0} the spherica} coordinates 01, 6> and 63, which are related
to the usual Euclidean coordinates by x' = rp' (1 < i < 4), where

nl = cost

n2 = sin 6 cosbr

773 = sin 6y sin 6, cos 63
4

n" = sin 01 sin H; sin 63.
We define for € sufficiently small

v(x) forx e B\ By
u(x) = ue(x) := { u(x) forx € By \ Be
w(x) for x € Be,

where w(x) := w(l~1e2x), [ is a constant to be fixed later. 7 is defined as

W (r,n) = a*r’ + b4 + r+d* forl <a <4, (34)
Py = [1— Z (u*(r, 77))2,
1<a<4
where a“, b*, c* and d* depend only on 0, ¢, ¥, and are such that
W:W“,%:% on dB.,
u* =", % = % on dBy. (35)
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We clearly have u € W22(B, §*). Now we define z(x) := w(l~lt(x)) € &, ie. w(x) =
77t (), W(x) = z(e?t(x)) and z(x) = y(Ix). Thus, w agrees with z on 3B, and the
boundary conditions on 9B, read

ou” az*
7 () = 2% () and - (x) = — 2 (x). (36)
ar ar
We consider the Taylor expansions for z and v for any fixed /

2%(x) = z%(0) + 22 (0)x + o(x) and V¥ (x) = v*(0) +v¥(O)x' + o(x),  (37)

their partial derivatives

2% (x) = z¥(0) + o(1) and v{ (x) = v¥(0) + o(1), (38)
their radial derivatives
aza o i v o i
=, @ =2fOn' +o(1) and =) = v{ (O + o(1), (39)

and their Laplacians
Az%(x) = Az%(0) + o(1) and Av¥(x) = Av*(0) + o(1). (40)

Combinig (34), (35), (36), (37) and (39) with y(0) = v(0) = N = (0,0,0,0, 1) gives, for
1 < « <4, the following system of linear equations for a*, b%, ¢* and d“

a%e3 + b¥e? + c¥e + d” = z?(O)nie + o(€)

3a%€2 4+ 2b% + @ = —z¥ )" + o(1) A1
8a%e3 + 4b%e? 4+ 2c%e 4+ d* = ZV?‘(O)nie + o0(e) (41)
12a%€? + 4b%e + ¢ =¥ 0)n' + o(1).

We verify that the solution to (41) satisfies

a“ = a;"n"‘—k o(e™?), af == (z%(0) — ’J’v;"(O))e’2
b = by +o0(e™l), bY := (—4z¢(0) + 14%(0))e !

= bo(l), o = 428(0) — 198 (0) (42)
d* =d¥n' + o(e), d¥ .= 8v¥(0)e.
Exactly in the same way, we verify, for 1 <j < 3, that
G5 = a??,%; +o(e7?),
G = b o™, W)
% = c?g—z; +o(1),
U — @ B+ o(e).
It holds for the spherical harmonics n (1 <i < 4)
(Ags +3)n' =0.
Thus, we verify as before
Aga® =af Ag nt + o(e™%) = —3a§-"ni + o(e72),
Agb® = b¥Agn’ +o(e™!) = =3b¥n' +o(e™h), (44)

Agc® = C?Apniv—i— o(l) = —3c§-"ni + o(1),
Agd® =df Agn' + o(e) = =3d¥n' 4 o(e).
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We are now able to compute the biharmonic energy expense E, of u on the annulus

By \ B, giVen by

5
E,=)] J/ | AT 2 dx.
@=1p, \B,

We consider the Laplacian in spherical coordinates

9 39
A=r2—r—+r2A
T 8r+r $

For 1 < & < 4, this gives with (34) and (44) on By, \ B:

r’2A53ﬂ°‘ = 3@ r+b* +cr ' +d %) + o).

Furthermore, we compute

0 Lo0u”
323 542 + 8b% + 3¢ L.
ar  or
Thus, inserting (46) and (47) in (45) yields
AT = (1247 + 5b% — 3d%r2)yi + o(e™ ).

Moreover, we have
2

/ninjdvolss = %5,’1‘.
3

Hence, we compute for 1 < o < 4 (here we do not sum over «)

2
= / AT Pdvolgs = 1441a% 2 + 251b% 2 + 9]d% |2r—*
T

S3
+120a8 b r — 72a8d¥r™ — 30b%d¥r% + o(¢72),
and with (42)
2
= j/ | AT [>dx
v

Boe\Be

(45)

(46)

(47)

(48)

(49)

375
= 1512|af‘|266+T|b§?‘|264+9ln2|df‘|2+744a§-"b?‘65—168a§-"d‘;‘e3—45b§-"d§-"62+0(62)

- (36(4* (0)% — 1320% (0)2%(0) + (576 In2 — 273)(v* (0))2) 2+ o(ed).

Now we show that
/)lA#Fdxzo@%.
BZe \Be
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Asi® = \J1-30_ (& “)z,we compute
4
ES _ Za—l ﬁaﬁ?
R S
—a\2
1- ZQ 1 (M )
AT = — Za=t (VP +WA2W) + Com 75 7. (52)
o2\ 2
1_Za1(ﬁa) (1—Za1(u°‘))
From (34), (42), (43) and (48), we infer that
[u%| = |a"‘r3 + DY Y+ d“| < C(e_zr3 N €) < Ce,
a‘(x
BL = [3a%P +2b% 4+ | < Ce 2P +er+1) < C,
r
3ﬁa aa* 3 8ba ac” ad* ) 3 12
e I - —|<C < C
a0, |~ o0, T a0 +391 * %0, (€ rte rtrie=Ce
aﬂ
- < ... <Cesinby,
00y
ou* . .
——| < ... <Cesinbysinby,
003
and
|ATY| = |(12a%r 4 5b% = 3d%r 2| +o(e ™) < Ce 2 r+ et +er?) < Ce™!
on By \ B.. Consequently, we have
4
> (@) < ce?
a=1
and
ou” 2 ou® 2 1 ou% 2 1 ou% 2
|Vﬁ“|2=‘l 2 |+ ||+ || | <C
r 001 sin® 0y | 062 sin® 0y sin® 6, | 363
Introducing these estimates in (52) gives
|Aw | <
and
—s|? 4
/ ’Au ‘ dx < Ce”.
BZe\Be
This completes the proof of (51). Combining (50) and (51) gives
2 o 2 o o 2 2 2
E, =77 (18(z7(0)) — 66v{ (0)zF(0) + (2881n2 — — ) (vf (0)) €” 4+ o(e?).
(53)

(Since y? 0)=0= v? (0) for 1 < i < 4, we sum over all possible values of «.)
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The biharmonic energy expense E, of u on B \ By is

E, < / |Av|2dx. (54)
B

On B, the biharmonic energy of u equals
E;j = / |AW|2dx.
B
Recalling w(x) = 2(e27(x)), we compute with z(x) := W(e?x) = z((x))

i
|AW|2dx = IAZPdx = [ |Az% — 422 2 Pdx.
" x?

R4\ B, RNB__; B

From the Taylor expansion (38) and (40) on B, we deduce

xl

A" — 4z —
| " lxl?

7 = 162800z On'nr =2 + o(e™?).
It follows with (49)
/ AW dx = 472(2%(0))2€? + o(e?),

R¥\Be
and consequently

E = / | Awdx — 42z (0))2€% + o(e2). (55)

R4

Combining (53), (54) and (55) with z;(0) = ly;(0) and y;(0) = Av;(0) gives the total
energy Ep(u) = E, + E;+ E;ofu

Ep(u) < / |Av|2dx+/|Aw|2dx
B R4

273
472 (14@? (0)%2 — 66v¢(0)y¥ (0)] + (288 In2— 7) 0¥ (0))2> €2 +o(e?)
= / |Av|2dx + / |Aw|2dx
B R4
2 272 273 2.2 2
+7- | 141717 — 66A1 + {288In2 — - [Vv(0)|“€” 4 o(e”).
As Vv(0) # 0, we may choose an adequate / and €y > 0 sufficiently small such that

(33) holds for 0 < € < €. We take for example [ = %
We show now that u satisfies (32). We have

/ Js(Vu)dx = /J4(Vv)dx +o(1). (56)
B\B», B
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From (53), we infer

/ J4(Vu)dx < / |Au?dx = o(1). (57)

Boe\Be Bae\Be

As the volume functional is conformally invariant, we get

/J4(Vu)dx = /J4(VW)dx— / J4(Vw)dx

Be R4 RH\B
= / J4(Vw)dx — / J4(Vz)dx (58)
R4 B¢
= /J4(Vw)dx + o(1).
R4

Combining (56)—(58) gives

/ J4(Vu) —J4(Vv))dx = /J4(Vw)dx +o0(1).
B R4

For 0 < € < ¢ sufficiently small, Corollary 3.3 gives (32). ]

Remark 5.1 At first sight the assumptions on the gradient of v and w in Lemma 5.1
may seem to be unnecessarily restrictive conditions. Moreover, it would seem that the
choice of the interpolant could be improved by replacing u* for 1 < « < 4 in (34)
with the biharmonic function satisfying A’z* = 0 and the boundary conditions (35),
or that the ratio of the inner and outer radii of the interpolating annulus could be
modified. However, neither the insertion of the biharmonic functions nor a different
choice of the radii of the annulus lead to a significally better energy gain that would
allow to weaken the assumptions. Therefore, in order to circumvent more ponderous
notations and involved computations, we have chosen the present approach.

Furthermore, from a geometric point of view, it seems quite natural, that the
gradients of v and w should be almost identical (up to rescalings) in order to control
the biharmonic energy of the interpolant.

In order to complete the proof of Lemma 5.1, we need to show

Lemma 5.2 Let f € C®(B,, 8%, 0 < r < oo. There exists rotations Ry € SO(5) and
Ry € SO4), such that g := Ry o f o Ry € C®°(B,, ) verifies

1. g(O) =N,
2. %(0) is orthogonal to %(0) fori #j,
3. Eg.(f) =Eg, (9.

Proof 1Itis clear that there exists arotation Ry € SO(5) s.t. h = Rj of verifies condition
1. dh(0) may be viewed as a 4x5-matrix. If we define g(p) := h(Ryp), we verify

dg(p) = dh(p) - Rz,
where - is the usual matrix multiplication. Hence,

(dg(0)" - dg(0) = RY - (dh(0))" - dh(0) - R,.
@ Springer



442 G. Angelsberg

As (dh(O))T - dh(0) € Symm(4), the theorem of principal axes gives a rotation Ry €
SO@4), s.t. (dg(O))T -dg(0) € Diag(4). Thus, g verifies condition 2. The last condition
follows from the invariance of the biharmonic energy under rotations. O

We have furthermore the following

Theorem 5.3 (Unique Continuation) Let u,u be two biharmonic maps in C*(£2, Sh.
If they agree to infinitely high order at some point, then u = u everywhere on .

Proof Any smooth biharmonic map u € C*°(2, §%) verifies the Euler-Lagrange equa-
tion associated to the Hessian energy functional

Aty =— (|Au|2 +2|V2ul? + 4VuVAu) u.

Defining the new variables v = Vu, w = Au, it follows that any biharmonic map
satisfies the elliptic second order equation

Ay = F(u,Vu,Vv,w,Vw), (59)
with
u w
y=|v | andF = Vw . (60)
w —W? 4+ 2|Vv|2 + 4VuVw)u

Consider now two biharmonic maps u,u € C® (R, 5% with the corresponding new
variables v,v,w,w,y and y. Moreover, we define z := y — y. As u,u and all their
derivatives are locally bounded in ©, it follows from (59) and (60)

1AZP| < C[Z|z?| +Z|z“|]
io o

on every open and bounded U C Q. As z# vanish to infinitely high order at some
point, Aronszajn’s generalization of Carleman’s unique continuation theorem in [1]
implies that z = 0 on U. The result follows from the connectedness of €. O

Corollary 5.4 Ifa biharmonic map u € C*®(S2,S*) is constant on some open set U C L,
then u is constant on 2.

Corollary 5.5 The minimizers of E(-) in ' have non-vanishing gradient almost eve-
rywhere.

Now let #* and y be defined as in the introduction. Then, we have the following

Lemma 5.6 Fory € B, there exists u € Fy, y N Elst Ew) =T

Proof We assume, after possible translations, that y = 0. Define
u::u*oaNoa§1 :@\{O} — §*

where R* := R* U oo, on and og are the stereographic projections s.t. on(N) = oo,
on(S) =0, 05(S) = oo and o5(N) = 0. Observe that u = u* o 7, (uo 7)(0) = u*(0),
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V(uo1)(0) = Vu*(0) and deg(u)= 1. We show now that u has a removable singularity
at 0. Indeed, we infer from [6] (or direct computation)

E(u) = / |Aul?dx = / |Agi (i 0 on)dvolg +2 / Vs (1" 0 on) dvolg

R4 S4 S4
= / |Au*)?dx = T.
R4

Thus, u verifies the biharmonic equation on R* \ {0}. We show that u verifies the
biharmonic equation on R*. Consider ¢ € (& (R%), and smooth cut-off functions
0 < e < 1 satisfying n(x) = 0 for |x| < €, ne(x) = 1 for |x| > 2¢, [Vy| < Ce~! and
V25| < Ce2. Inserting ¢ = n.r € (¢ (R*\ {0}) in the biharmonic equation (1) gives

/(Au + IVulPu) Aneyr) + 2/(|Vu|2w— < Au,Vu > u)V ()
R4 R4

—/(|Au|2u+ |Vul? Awyner = 0 (61)
R4

We compute with a := Au + |Vu>u and b := |Vu|*Vu— < Au, Vu > u that

/aA(nalf) =/aAWne +2/anVne +/mﬁAne (62)
R4 R4 R4 R4
and
/ V() = / VYR + / by V. (63)
R4 R4 R4

Recalling that 7, is constant outside the annulus A, := By, \ Be, |u| = 1 and |Vu|* <
|Au|?, we estimate using Holder’s inequality

e—0

1 1
2 2
2/(1V¢V7}6 <C /|Au|2 /|Vn€|2 < Ce =50, (64)
R4 € €

1
2

1 1
2 2
/awne <C /|Au|2 /|An€|2 <C /|Au|2 =20 (65)

R4

and

/anes /|Au|2 /IVu|4 /wm“ <c /|Au|2 00,
]R4

(66)
@ Springer

o=
=
FNI
FNI®



444 G. Angelsberg

Combining (61)-(66) gives, as € — 0, that

/(Au + |VulPu) Ay +2/(|Vu|2Vu— < Au,Vu > u)Vy

R4 R4

- /(|Au|2u [VuPAuyy = 0
R4

for every test function ¥ € Cg° (R%). Hence, u is a weak extrinsic biharmonic map on
R*. Thus, we may assume that u is smooth on R*. This completes the proof. Similar
arguments can be found in the proof of [14, Theorem 2.2.]. O

5.2 Proof of Theorem 1.2

Now we are able to prove Theorem 1.2. Let u*, y and R be defined as in the introduc-
tion. Recall that u = y. From Corollary 5.5, we infer the existence of a point xy € B,
s.t. Vu(xp) # 0. Furthermore, Lemma 5.6 gives u* € Fyx, N &! such that E(u*) = 7.
Applying Lemma 5.1 to u* and u yields § > O and f € E}, such that

Ep(f) < Ep(w) +7 — 6.
Thus, let (ux)ken be a minimizing sequence for Ep in E}, such that
Ep(uy) < Ep(w) +7 — 6. (67)

Consider pg = |VZiugldx, vi = J4(Vuy)dx, v,‘: the positive part of v, and v~ the
negative part of vi. We may extract a subsequence, such that

up — u  weakly in DZ*Z(B,S“),
ux — p weakly in the sense of measures,

vy — v weakly in the sense of measures,

and
/ dv — / Js(Vwydx = H*(SY. (68)
B B
We deduce from Lemma 3.6 (after extension of uy, u, g, 1, vi and v to R4), that
v =J4(Vu)dx + Z U(j)5x(j) (69)
jeJ

for certain points ) € B (j € J), v € R\ {0} and J a countable set.
SupposeJ # #. Choose [ € J. After performing a translation 7, we may assume x) = 0.
Henceforth, we set B := t(B). Let 7 be the nearest point projection onto $* and define

forr >0
up, ::][ udx.
B,

Applying Lemma 3.12, we get maps (wi)reny C D>2(R*, 5% s.t.

uy for x € B,
Wy —
k ”(”Bek) for x € R?* \ By,
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and
/ |V2wk|2dx — 0,
By, \Be,
as k — oo. Thus,
E(wi) = Ep, (u) +o(1),

with o(1) — 0 as k — oo. For A C R* open set, we consider the characteristic
function x4 : R* — {0,1}. Then, XB\B., Auy converges weakly to Au in L? and

Eg(u) < EB\B% (ug). Hence, we infer from (67) and Ep(u) < Ep(u)

Ewg) < Ep(ur) — Ep(u) +o(1)
< T —68+40() <24H*(SY. (70)

On the other hand, as (Wy)geny C DZ2(R*, §%), we have
/ Ts(Vwpdx = diHA (Y,
R4

with dj € Z. Moreover,

/J4(Vwk)dx = / Js(Vup)dx + o(1) = v +01) £ 0.

R4 Be,

Thus, |di| > 0 for k sufficiently large. Furthermore, as |wi|> = 1 (i.e. Awiwy =
—|Vwy|?), we have with Lemma 5.7

24H* (S > E(wk)=/ |Awg|2dx > / |V |*dx > 16/ s (Vwi)ldx > 16|di | H* (SH.
R4 R4 R4

In particular, |deg(wy)| = 1, Theorem 1.1 implies E(wy) > Z. This is a contradiction
to (70). Hence, J = ¢. This implies with (68) and (69) that u € E},, and we are done.

Acknowledgements 1 would like to thank Michael Struwe for many helpful discussions and constant
encouragement.

Appendix A: An inequality
Lemma 5.7 Consider a,b,c,d € R. Then, it holds
2
16abed < (a2 N d2> .

Proof Applying 2xy < x? + y? gives

dabed < 2a*b? +2¢%d?,  4abed < 24 + 2b2d?,
dabed < 2a*d? +2b%c2,  4dabed < a* + b* + ¢t + d*.

Adding these inequalities establishes the desired inequality. O
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Appendix B: Inverse of the stereographic projection

Here, we give some explicit computations concerning the inverse of the stereographic
projection k := o~ . k is explicitly given (for example) as follows. For 1 < i < 4, we
define

K RY — 54

2 i 1y
e (1+|x|2x’1+|x\2 :

We compute for 1 < i,j < 4

i 281 +xP)—4xx oS =

j (1+x[2)? - 5 T A+

i_ 24! 16x'|x| 5 _ 16
AL = =T T ey A = Ak

: i
A% = A% = TEES

We deduce that
K 384
K= ——5—Kk,
1+ [x[>)*

i.e. k is biharmonic.

Moreover, we compute

64(4 + |x|%)
1+ x»*

It follows with #3(5%) = 272 and H*(S*) = §x2, that

|Ak|? =

4417 3

— 27 _ 3,¢3
E(k) = /|AK| dx = 641 (S )/ (1+r2)4

1 1 1 \|®
= 6472 _ _

i ((1 +23 A+ 1 +r) 0
= 6472 = 24H*(SY).
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