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ABSTRACT: Recently, string theory on AdS3 x S? x T* with one unit of NS-NS flux (k = 1)
was argued to be exactly dual to the symmetric orbifold of T#, and in particular, the full
(unprotected) spectrum was matched between the two descriptions. This duality was later
extended to the case with higher NS-NS background flux for which the long string sector
was argued to be described by the symmetric product orbifold of (A = 4 Liouville) x T#. In
this paper we study correlation functions for the bosonic analogue of this duality, relating
bosonic string theory on AdSs x X to the symmetric orbifold of Liouville x X. More
specifically, we show that the low-lying null vectors of Liouville theory correspond to BRST
exact states from the worldsheet perspective, and we demonstrate that they give rise to
the expected BPZ differential equations for the dual CFT correlators. Since the structure
constants of Liouville theory are uniquely fixed by these constraints, this shows that the
seed theory of the dual CFT contains indeed the Liouville factor.
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1 Introduction

The AdS/CFT correspondence [1] has been tremendously successful in giving deep insights

into strongly coupled field theories on the one hand and various aspects of quantum gravity

on the other. Many of its striking predictions have been verified independently over the

years. However, despite this large amount of evidence, there is currently no proof of the



correspondence. In fact, since the duality relates generically a weakly coupled description
to one that is strongly coupled (and is therefore not accessible in terms of perturbative
methods), this seems hard to circumvent.

As always in physics, our understanding would benefit greatly from a solvable example
of the correspondence, and various attempts have been made over the years to find sim-
plified systems where this may be achieved, see e.g. [2, 3]. In order to find a fully-fledged
solvable stringy duality, the case of the AdS3/CFT4 correspondence is particularily promis-
ing since both, AdS3 backgrounds (with pure NS-NS flux), and many 2d CFTs, admit exact
descriptions [4, 5].

String compactifications on AdS3 have typically a high-dimensional moduli space, and
the same is true for the dual CFTs. For example, it has long been believed that string
theory on any AdS3 x S? x T4 background is dual to a 2d CFT that lies on the same moduli
space as the symmetric product orbifold Sym™ (T%), see e.g. [6] for a review. However,
until recently it was not clear which precise string background corresponds to the symmetric
product orbifold itself. As a consequence one could only compare protected quantities (that
are independent of the specific point in moduli space), such as the structure of the complete
moduli space [7, 8], the BPS spectrum and the associated supersymmetric indices [9-12],
as well as extremal correlators [13, 14].

It was recently proposed that string theory on AdSs; x S? x T* with exactly one unit
(k =1) of NS-NS flux (and no R-R flux) is exactly dual to the symmetric product orbifold
of T* in the large N limit [15, 16]. This theory is believed to be ‘tensionless’ [17-19], which
is consistent with why one may hope to have weakly coupled (perturbative) descriptions on
both sides of the correspondence. The main support for the proposal comes from the fact
that the complete (unproteced) spectrum matches between the two descriptions [15, 16],
see also [20] for a related analysis. In addition, it was shown in [21], generalising slightly
techniques of [22-24], that the symmetry algebra (the spectrum generating algebra) also
agrees. It is usually believed that a CFT is uniquely characterised by its spectrum, together
with the complete set of structure constants, i.e. the set of all 3-point functions. Given
that the spectrum agrees, it therefore only remains to check that the structure constants
of the symmetric orbifold are correctly reproduced from the stringy worldsheet theory.

In this paper, we shall take a first step towards proving this claim. Instead of dealing
with the above setup, we shall consider the generalisation to generic pure NS-NS flux,
where the long string sector is conjectured to be dual [21]!

Sym"™ ((N = 4 Liouville theory with ¢ = 6(k — 1)) x T*) . (1.1)

Here, k denotes the amount of NS-NS flux of the AdSs3 x S3 x T* background. Note that in
the minimal flux case (i.e. for & = 1) the Liouville factor becomes trivial, and the theory
reduces to the symmetric orbifold of T4.

Since we are doing perturbative string theory, we always take N to infinity (for fixed
level k), and thus our analysis is only perturbatively exact. The analysis also only applies

We should mention that the definition of the symmetric orbifold for Liouville theory is a bit subtle
since one has to add the vacuum to Liouville theory, see [21] for more details. This prescription is dictated
by the requirement that the worldsheet spectrum is correctly reproduced.



to the long string sector, i.e. it only captures the degrees of freedom described by the long
fundamental strings. At k > 1, the world-sheet theory also possesses physical states from
the short string sector — they correspond, among others, to the supergravity states —
and it is not clear at present how these degrees of freedom can be ‘added’ to the above
description.?

Actually, in order to avoid some of the technical complications coming from super-
symmetry, we shall mainly consider the bosonic analogue, which was also studied in [21]:
it postulates that the perturbative long string sector of string theory on AdSs x X is
described by

_ 9\2
Sym® <<Liouville with ¢ =1+ G(k?’)) X X> : (1.2)

see also [10]. We expect our analysis to work similarly in the supersymmetric case, but the
details seem to be complicated, see also the discussion in section 6.

The main advantage of dealing with bosonic Liouville theory is that its correlation
functions are known to be determined by the constraints that arise from the decoupling
of null vectors a la [25]. Indeed, following Teschner [26], one can use the BPZ equation
associated to a certain null vector together with crossing symmetry to deduce the famous
DOZZ formula [27-29] for the structure constants of Liouville theory. Thus the ‘seed’ theory
of the dual CFT is indeed Liouville theory (of the appropriate central charge) provided that
we can show that the relevant null vector is also null from a worldsheet perspective. It is
the aim of this paper to establish exactly this: more precisely, we shall show that

the level one and level two null vectors of Liouville theory correspond to
BRST exact states in the worldsheet theory.

Since BRST exact states decouple in physical correlation functions, this leads to differential
equations for the worldsheet correlators. We have also checked (see section 5) that they lead
indeed to the correct BPZ equations of the spacetime CF'T using this worldsheet viewpoint.

While this effectively shows that all untwisted correlation functions of the symmetric
orbifold — these are the ones that are determined by those of the seed theory — match,
unfortunately our methods do not suffice yet to prove an analogous statement for all cor-
relators (including twisted sector states). In particular, while we can show that also the
twisted generalisations of these null vectors vanish from a worldsheet perspective (this will
be done in section 4), it is not clear to us whether this will suffice® to deduce all structure
constants using some generalisation of the Teschner argument.

Besides providing another strong piece of evidence for the correspondence, our result
also has some other consequences. It gives rise to some exact correlators of the SL(2, R)
WZW model in spectrally flowed sectors; to our knowledge, these correlators were previ-
ously out of reach, see however [30-35] for partial results. Interestingly, the analytic struc-
ture of the spectrally flowed correlators turns out to be quite different from their unflowed

2We thank the referee for comments on this point.
3We suspect that it does not. In any case, little seems to be known about how to constrain the symmetric
orbifold correlators using null vector techniques.



analogues: they are essentially given by the DOZZ formula of Liouville theory [27-29], with
the parameter b given by eq. (3.8).

The paper is organised as follows. In section 2 we fix our conventions and review some
important concepts about strings on AdS3;. We also explain in detail how the x-basis, i.e.
the position basis of the dual CFT, appears from a worldsheet perspective. Section 3 is
the core of the paper where we show our main result, namely that the level one and level
two null vectors of Liouville theory are BRST exact on the worldsheet. This is generalised
to the low-lying null vectors in twisted sectors in section 4. In section 5 we show that the
corresponding decoupling equations lead indeed to the expected BPZ equation for the dual
CFT, and we conclude in section 6 with some outlook. There are three appendices: some
background material about AdSs is collected in appendix A, while appendices B and C
contain some of the technical details of the computations in sections 3 and 4, respectively.

2 Bosonic strings on AdS3

In this paper we shall be analysing bosonic string theory on AdS3;. From a worldsheet
perspective, this background will be described in terms of an SL(2,R); WZW model,
following [4]. We shall work essentially with the conventions of [21] which we review for
the benefit of the reader in appendix A. There are two important issues that will play an
important role in our analysis, and we shall explain them in some detail here.

2.1 The DDF algebra

The physical states of string theory on AdS3 x X correspond to Virasoro primary states
on the worldsheet. It is convenient to describe them in terms of the so-called DDF op-
erators [36] that map physical states to physical states. For the case of AdSs3, the DDF
operators were first constructed in [22] and it was shown [21, 22] that they act naturally
on the continuous (i.e. long string) part of the Hilbert space.* They include in particular
the Virasoro generators of the spacetime CFT?

Ly, = j{dz <(1 —m2)y™J3 4 m(mz_l)’ym“fr + m(m2+1)’yM1J> (z) . (2.1)
0
Here J% are the s[(2,R); currents, while v is the field that appears in the Wakimoto
representation of sl(2, R)g, see appendix A for our conventions. We will always denote the
spacetime generators (i.e. the DDF operators) by curly letters, while worldsheet generators
are described by straight letters. We mention in passing that the global Mobius generators
simply reduce to

Lo = ?{dz B)y=J3, L= ?{dz JT)=J, Li= ?{dz J(2)=J; . (2.2)
0 0 0

4Some of the DDF operators also act on the discrete (i.e. short string) part of the Hilbert space, namely
the integer-moded operators, see also footnote 6. Since the short string sector does not appear in (1.2), we
will focus on the long string sector here.

5Here and in the following, we absorb a factor of 274 in the definition of the contour integral.



The DDF operators in eq. (2.1) satisfy the spacetime Virasoro algebra
[Lons Ly] = (M — 1) Lonsn + 5 Im(m? — 1)8pinp (2.3)

where the central element Z takes the value w in the sector with spectral flow w [21, 22]. The
total central charge is therefore ¢ = 6kw, and therefore seems to depend on w. However,
as explained in [21], this fits perfectly with the interpretation that the dual CFT is a
symmetric orbifold of a seed theory with cgeq = 6k, provided that w is the length of a
single cycle twist.”

In [21] the full set of DDF operators was analysed systematically, and it was found
that they generate the spacetime CFT symmetry algebra

6(k — 3)2

Vi ith ¢ =1
( 1rasoro with c + 2

> X (chiral algebra of X) . (2.4)
Together with the analysis of the spectrum from the long string sector this led to the
conjecture [21] that the dual CFT describing these worldsheet degrees of freedom is the
symmetric product orbifold of Liouville x X, see eq. (1.2). In the following we shall refer
to fields coming from the X part as ‘matter fields’.

We shall mainly be interested in the Virasoro generators of the Liouville part. They can
be obtained from the total Virasoro generators in (2.1) upon subtracting out the spacetime
Virasoro generators L' associated to the matter CFT X,

ch=r, Lo, (2.5)
where [21]
Lo = fgdz ((0y) ™1™ (2) + % fgdz ymH <g(827)2(07)‘3 — 337(%)”) - (2.6)

These generators satisfy a Virasoro algebra with central charge

3k
M =26—- —— 2.7
¢ K2’ (27)
and the central charge of the Liouville factor is therefore
6(k — 3)?

2, (2.8)

" = Cgoeq — ™ =1+
see eq. (2.4).

2.2 The vertex operators in the x-basis

The main aim of the paper is to show that the null vectors of this spacetime Liouville
theory are also null from the worldsheet perspective, and to study the resulting constraints

%As explained in [21], the modes of £, take values in n € 17 in the w-twisted sector. After redefining
them in terms of the generators of the seed theory, they lead to a Virasoro algebra with central charge
Cseed = 6k for all w, see the discussion in section 2.5.1 of [21].



on correlation functions. On the worldsheet, it will hence be important to keep track of
the positions x; where the fields are inserted in the spacetime CFT. In addition, the vertex
operators will also depend on z;, the coordinate on the worldsheet that is integrated in
order to obtain the string theory correlators.

We are interested in describing the worldsheet vertex operator that corresponds to a
spacetime quasiprimary state of conformal weight h, i.e. a state satisfying

Lolhy =J3|h)y =hlh)y, and  Ly|h)=J; |h) =0, (2.9)

where we have used the identifications (2.2). Via the usual state field correspondence,
the state should be identified with the field acting on the vacuum at zero; in the present
context, there are two coordinates at play, and we should therefore set

V(25 2)[0)]5—0, =0 = |1} - (2.10)

Furthermore, since £_; and L_; are the translation operators in spacetime and on the
worldsheet, respectively, the vertex operator at generic positions is defined via

L1 V1V (1 2) eVt e = V(w2 4+ ) (2.11)

It follows that the global s[(2,R) generators act on spacetime quasi-primary vertex opera-
tors as differential operators, i.e. we have

[To"s Vi(; 2)] = %Vh($§ z), (2.12a)
(T3, Vi (x5 2)] = <h + :1:5@) Vi(z; 2), (2.12b)
[Jo s Vi(z; 2)] = <2h:L‘ + x288x> Vi(z; 2) . (2.12¢)

By integrating up these equations we then find

U(g)Vi(z: 2)U(g) " = My(x)" Vi(My(z); 2), (2.13)
M,(z) = ﬂ, g= (‘c‘ Z) €SL(2,R), (2.14)

where U(g) is an exponential in J§ that describes the action of the group element on the
field V},(z; z); this formula generalises (2.11).

Since the zero modes J§ act naturally on x, we can think of x as labelling the different
states in the s[(2,R) representation (of the affine highest weight states). This way of
parametrising the vertex operators on the worldsheet is therefore often referred to as the
‘z-basis’. We should mention in passing that the corresponding state |h) in eq. (2.10) lives
then in the so-called ‘m-basis’ of sl(2, R), in which the J$ generator acts diagonally. Thus
both the m-basis and the z-basis appear naturally in this context.

While this discussion may seem somewhat unnecessarily pedantic, it is actually im-
portant for understanding the behaviour of these vertex operators under spectral flow. We



will define spectral flow to act on the states at (z;z) = (0;0) (that live naturally in the m-
basis). This will then fix the definition of the corresponding vertex operators for arbitrary
(x;2), using (2.11). In particular, the ‘direction’ of spectral flow will depend on z, since
the z-translation operator JO+ does not commute with the spectral flow direction J2, see
also [16].

As a consequence there are two natural fusion rules one may define (and this has led to
some confusion in the literature). The fusion rules that will be relevant for the description
of the spacetime CFT refer to the conditions under which the n-point functions (and more
specifically the 3-point functions)

(Vhy (@15 21) - -+ Vi (T 20)) (2.15)

do not vanish for generic x; and z;. As was explained in [16, 30, 37|, they take the form

wi1+wa—1

il o o] = D [l (2.16)

w=|wy —wg|+1
w+w]+wy=1 mod 2

where [w] stands for representations that arise in the w’th spectrally flowed sector. These
fusion rules are sometimes referred to as the x-basis fusion rules.

On the other hand, they are to be contrasted with the usual worldsheet CF'T fusion
rules where one would not introduce the x dependence as above, and therefore insert all
vertex operators at z; = 0;7 then the fusion rules obey instead [30]

w1+wa+1

[wi] xm [wa] = P [w]. (2.17)

w=wi+w2—1

These fusion rules are sometimes referred to as the m-basis fusion rules.

3 The Liouville null states are BRST exact on the worldsheet

This section is the core of the paper: we want to show that the null vectors of the spacetime
Liouville theory are BRST exact on the worldsheet and hence vanish inside physical cor-
relation functions. Among other things, this will confirm that the spacetime dual contains
indeed a Liouville theory of the correct central charge. The Liouville null fields arise in
the untwisted sector of the symmetric orbifold; they will therefore correspond to vertex
operators from the w = 1 sector of the worldsheet. We shall comment on the case with
w > 1 further below, see section 4.

For the following it will be convenient to add a total derivative to the integrand in (2.1),
and to rewrite the spacetime Virasoro modes as

Ly, = j(I{dz (m+1)y" T —my™ 1) (2) (3.1)
0

This will make some of the subsequent calculations easier.

"From the viewpoint of [37], this corresponds to the singular configuration where the branch points all
coincide. Then the covering map is in some sense trivial, and the order of its branch point is the sum of
the orders of the individual branch points.



3.1 Null states in Liouville theory

Let us start by recalling the structure of null vectors in Liouville theory. Consider a
Virasoro primary state |h) of conformal weight h with respect to E(Ij . At level one, the only
null vector is the descendant of the vacuum,

|N1) = L5, |0) . (3.2)

Indeed the latter is annihilated by the action of all positive Virasoro modes. At level two
we start with the ansatz

INg) = (L% + a(£Y1)?) |hu) (3.3)
and solve for a and h, by imposing
LYINy) =0, and LY |N2)=0. (3.4)
One finds
L1|N2) = (3+ (4hs +2)a) L1 |hy) (3.5a)
Lol = (44 6a)h. + 5 ) 1) (3.50)
and hence

c—13£/(c—25)(c—1)
a= B , (3.6a)

_5—ct\/(c—25)(c—1)
hy = 16 . (3.6b)

We will reserve the symbol h, in the following for the conformal weight of this degenerate
field. By rewriting ¢ as ¢ = 1 4+ 6Q? with Q = b+ b~!, this becomes

1 3
_ %2 _ (L9
a="b"", hy = <2+4b > . (3.7)

For the theory at hand we have furthermore ¢ = c" (see eq. (2.8)), and thus

2
B k—3++vVk?—10k+ 17
B 2vk —2 '
3.2 BRST exact states in string theory

(3.8)

The main aim of this section is to show that the above null states are BRST exact from the
viewpoint of the worldsheet. In bosonic string theory, BRST exact states are states that
are both physical and orthogonal to any physical state. They can be shown to be always
of the form, see e.g. [38]

W) = L_1]x1) + <L2 + ;L2_1> X2) (3.9)

where
Ly |x1) =0 m >0, Lo|x1) =0, (3.10a)
Lim|x2) =0 m>0, Lo |x2) = —|x2) - (3.10b)



3.3 CFT null states as BRST exact states

With these preparations at hand, our task is now clear: we want to show that the null
states |N1) and |N2) of Liouville theory, see egs. (3.2) and (3.3) with (3.6), respectively,
are described by BRST exact operators from the worldsheet perspective, i.e. correspond to
worldsheet states of the form (3.9).

3.3.1 The level one null vector |N7)

Let us start with the relatively simple case of |[N7). At level one, we will only need the
first term in (3.9), i.e. we claim that there exists a state |x1) with L, |x1) = 0 for n > 0
such that

L£8110) = Loy |x1) - (3.11)

To start with we need to identify the state |0) that describes the spacetime vacuum from
the worldsheet perspective. This should arise from the w = 1 sector, and we claim that
the relevant state is the spectrally flowed image of the affine highest weight |7, m>(1) — the
superindex indicates in which spectrally flowed sector this state is to be taken in — with
m+E=0 == m:—ﬁ, (3.12)
2 2
so that J§ = jg’ + g has eigenvalue 0. (Here and in the following we shall always use
the convention that the modes before spectral flow are labelled by a tilde, and that
jg’ 17, M) = m|j,m)D), see appendix A for more details.) Furthermore, the mass-shell
condition requires that

iG-1) ko dG-1)  k
1=-2=2 5 - = J, " 1
k—2 "1 k—2 4 (8.13)
and thereby fixes j to be
1 k-3 . .k , k
]_iiT’ ie. j—§—1 or 3—2—5. (3.14)

We should mention in passing that this state is strictly speaking not part of the WZW
spectrum (since j ¢ % 4+ 7R but the representation we are looking at is a continuous
representation since m — j < 0 for k£ > 1). This is immaterial for the following — it just
reflects that also the vacuum is not part of the Liouville spectrum. In fact, none of the
null vectors of Liouville that allow one to deduce the DOZZ formula & la [26], appear in
the actual Liouville spectrum.

The left-hand-side of (3.11) is now

£8110) = (£o1 = £2) [0) = £1]0) = 5 [7.m) Y = TF |,m) Y (3.15)
where we have first used that the vacuum is also annihilated by the matter part of the
Virasoro algebra. Here the parameters take the values m = —%, while j is given by

eq. (3.14). Finally, in the last step we have utilised that this state arises from the w = 1
sector. It is easy to see that this state is then also physical, as it has to be.



It remains to show that this state is of the form of the right-hand-side of (3.11). We
make the ansatz that |x;) o |j,m + 1)), again with w = 1. (This state has then L
eigenvalue zero and is annihilated by the positive L,, modes.) Applying now the Sugawara
construction (in the w = 1 sector) to this state, we find

Loyljm+1)® = (Lo =72, [jm+ 1) (3.16)

1 T 4 s =~ ~ ~ ~

2m + k =g 1 m+1—7 - . 1
=T 29 T2y LG m+ 1) H‘ﬂtfi 5, m)™
m+j+1 -
F I G m 2)D) (3.18)
k—2
where we have used the representation of zero modes given in (A.11). For m = —% and
j= % — 1 this then simplifies to
(1) 7 (1) (1)
L—I‘IQC _1a_§+1> :_Jj_l‘g_la_g> :_JJ’§_17_§> ) (319)

hence proving (3.11) with |x1) = — \% - 1,—% + 1>(1). Thus we have shown that the
L_1|0) state of the dual CFT is indeed BRST exact on the worldsheet, and hence vanishes
in physical correlation functions.

3.3.2 The level two null vector |N2)

Now we want to repeat this analysis for the level two null vector, i.e. we want to show that
3
Vo) = (£ + b*2(C%,)?) [h) = (L_z + 2L21) o) +Loala)  (3.20)

for some suitable states |x1), |x2). As we will see, this will also fix b as a function of k, and
thereby confirm (3.8). We again identify the primary state |h,) with an affine primary at
w = 1 on the worldsheet,

G-k

k
ha) = ljm) @ mts, S omo g1,

(3.21)

where the second relation just comes from the fact that £y = J3 (together with the fact
that we assume that the state is the ground state with respect to the ‘matter’ part), while
the last condition is the mass-shell condition. By charge considerations, the only candidate
for [x2) is |x2) o |7, m 4+ 2)(V), while for |y;) we make the ansatz

1) =4G —m = 3)er 2y [jom +2)Y + 225 |jm+ 1)
+ (A4 k+2m)a | m+3)D (3.22)

where at this stage z1, 2 are arbitrary parameters (that may depend on j, k and m).
Here the coefficients in (3.22) have been chosen so that |y;) is Virasoro primary on the
worldsheet.

~10 -



The DDF descendant. In order to proceed we first need to calculate the left-hand-side
of (3.20). As explained above, see eq. (2.5), the Liouville Virasoro operators are given by

Lh=r, ™, (3.23)

where £, and £ are defined in (2.1) and (2.6), respectively. Since we consider the matter
CFT to sit in the vacuum, for the —1 mode this does not make a big difference

LY [h) = Loy ) = I () = I 15,m)@ (3.24)

However, the matter CF'T does contribute to the —2 mode since

Tm
ool (1):j{d ( ) )
-2 |.] m> 0 z Z’?(’?-FZ(?’?) (Z) |.] m>

N ¢ fdz <3(28’y +20%39)° 303 + 20°%
! 2(y 4+ z07%)3 (7 + 207)?

A ) @lm® . @29

Here, we have written the result in the sector before spectral flow, by rewriting v(z) in

1

terms of 4(z) = z7'7(z), which is regular at the origin. Since both 4 and 7™ only produce

regular terms when acting on |j, m)(l), we find

oo 9 ,m . CT Y e )
£ [j,my = <7 2T+ 5 (6(09)%7" - 3(0%7)3 3)) 13, m)™ (3.26)
-2
) ™ ) c™ )
= L% jm+ 20+ A g lm + W - Ty lim 3V, (327)

where we have used that (7)o |j,m)" = |, m + n)!, see appendix A 4.
We can similarly compute the remaining terms on the left hand side by inserting the
definitions (2.1) and (2.6), and using the Thielemans OPE package [39]; this leads to

(LY + 62228 )?) 15, m) Y = 1 T T 15, m) Y 4 13 T2 T g, m+ 1)
1y JT T G m+2)D 417 P [, m + 3) W
1T I i m 4+ 41 T3 TR G, m e+ 2)W
+137%, |, m+2)Y + 1T |j,m+ 1)D
+1J o 5m+3)Y — L™ |j,m+2)d) (3.28)

where the coefficents 144, Iy, Iy, {3, [__, I33, I3, I, [_, are given explicitly in ap-
pendix B. Here we have expressed ¢™ in terms of k as in eq. (2.7).

Rewriting as BRST exact state. Next we want to rewrite (3.28) in terms of the
ansatz (3.20). We first note that the L™, term in (3.28) can only come from L_ =

L™, + Ls_[(;’]R) on the right-hand-side; thus the first term of the right-hand-side has to be

) 3 )
(£hy + 052 (L"))?) g, m)®) = — (L—z + 2L2—1) gym+2)M 4 Loy [x1) (3.29)
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Using the Sugawara representation, the right-hand-side of eq. (3.29) can now be written in
terms of affine descendants, and we find

2
=33 [, m +2)W 4 T i m 4+ )W T [, m 4+ 3)W — L% [j,m o+ 2)@)

3 .
- (L_2 . Lzl) Gom 420 + L )

g B i m 43D e T T m + AW e T3 5 m e+ 2)W
+ 7“++jj1ji—1 |j7m>(1) + 7”3+j§1jir1 lJ,m+ 1>(1) + 7“7+j:1jf1 |J,m + 2>(1) , (3.30)

where the coefficents ry 4, rsy, r—4, r_3, r—_, r3s, r3, 7 and r_ are spelled out explicitly
in appendix B. We therefore have to solve the system of equations

lab=Tab, lo =74, a, be{+£, 3}. (3.31)
Quite remarkably, this highly overconstrained system has a solution; in fact, there are two
solutions
2
-3+ Vk?-1 1
2 k—3 k 0k + 17 7 (3.32a)
2vVk —2
1FVk? - 10k + 17
- .32
Tl 4(/6—2)2 s (33 b)
43 — 86k + 49k? — 8k3 ¥ (8k? — 63k + 115)vk? — 10k + 17
s = i F ( + 115) * (3.32¢)

16(k — 2)2 ’

that are related to one another under the symmetry b — b~'. In addition, j and m must
satisfy the conditions eq. (3.21). For each solution, the central charge of Liouville theory

turns out to be
6(k — 3)2

k-2 7
in accordance with (3.8). This is therefore a highly non-trivial confirmation of the conjec-
ture of [21].

A =1+4+60b+b) =1+ (3.33)

4 Null vectors in twisted sectors

In this section we explain how the analysis of the previous section can be generalised for
the twisted sectors. In the w' twisted sector the Virasoro generators £,, are fractionally
moded with n € iZ, and they satisfy the commutation relations

W Cseed

(Lo, L] = (m —n)Lopgn + b

m(m?* — 1)0m1no0, (4.1)

where cgeeq is the central charge of the seed theory. Following the strategy explained in
section 3.1 one can again search for null vectors. At level i the null vector is simply the
L_1 descendant of the twisted sector ground state |oy,),

N = £_1 [ow). (4.2)
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where the ground state has conformal weight

h(w) Cseed (’LU2 - 1)

= R 4.3
24 w (4.3)
Indeed, this is compatible with the commutation relations in the w' twisted sector since
we have )
2 c w* —1
0=[£;£_ﬂkm%=w<ﬂw—-§f(w)>WM- (4.4)
At level 2 the null vector turns out to be
Vo)) = (£_2 +wb2L2 ) [157) (4.5)
provided that
1/1 3 Cseed (W2 —1)
pw) — 2 (24 2pF2 see - 4.6
2 w\271 T w (4.6)

Note that these equations reduce to what we have seen above, see in particular eq. (3.7),
for the case w = 1.

4.1 Level one from the worldsheet

Following the logic of section 3, we want to show that |N;)(®) is equal to an L_; descendant
on the worldsheet. We start by identifying the w-twisted ground state with a worldsheet
primary from the w™ spectrally flowed sector,

low) = 7, m)™) . (4.7)

The Lg eigenvalue as well as the mass-shell condition impose

ko  k(w? 1) jG - 1) ko
m+ 5 ™ , R wm = W , (4.8)
where we have used that cgeq = 6k, and thus m = —k(i:rl), while j is, as before, see

eq. (3.14), either
L L (4.9)
2 ’ 2
The calculation of £_ 1 |oy,) is spelled out in appendix C, see eq. (C.8). This expression
should now be equal to

LY Jow) =a L q|jm+ 2™ (4.10)

where « is some constant, and the right-hand-side can be evaluated using the Sugawara
construction for the worldsheet Virasoro algebra; this leads to

. w +wm+1) - . w
Ll ) =T jom 1) (@11
20mw + 1) + w?(k —2) =5 . 1\ (w)
— = 4.12
w(k—2) J—l ‘]>m+ w> ( )
(1—wj+wm) 5, | 1 @)
- = —1 . 4.1
L) o Ly 1) (113

~13 -



Comparing with eq. (C.8), we therefore need to solve the equations

(w—1)(=2j +kw+2)  (wj+wm+1)
w22+ k—2) O wk-2) (4.14)
2w?=1)(—-1)  2(mw+1)+w?(k—2)
w22+ k-2 wk —2) ’ (4.14b)
(w+1)(2j +kw—2)  (1—wj+wm)
w22+ k—-2) O wk-2) (4.14c)

and they have in fact the simple solution

1 k(w? +1) ok
o= ——, m=—-—-———- ]25

—1. 4.15
w 4w ( )

Note that the equations for m and j are indeed compatible with (the first solution of)
eq. (4.9).

4.2 The level two null vector

For the level 2 null vector |N2)™) | we need to show that

2
(5112 + wb*? (EEL> ) 7, m)™) = a (L—z + 2L21)

Here |7, m>(w) is the image of the affine primary state in the w'™ twisted sector that corre-

Gm+ 2 L L) . (4.16)

sponds to |hgw)>, i.e. j and m are characterised by

@ _ vk G- kw?
hy ' =m+ 5 L g W= =1. (4.17)

The ansatz for the Virasoro primary state |x1) is

!M>=<m<m+3jﬁ—i>@hi%ﬂqQn+z—j+1>w+n>ﬁﬂmm+iym

: jom =1+ 2)™) | (418)

+ (m b kw) (17 [+ 1+ 2)™ 4 207,
where x1 and zo are arbitrary parameters. The left-hand-side of (4.16) can be computed
along the lines of section 3.3.2 by taking OPEs of DDF operators with vertex operators,
while we simply employ the Sugawara construction to evaluate the right-hand-side. De-
manding eq. (4.16) then amounts to solving a system of nine equations in the six unknowns
a, b, x1, 2, j, and m. The two solutions we find have j and m satisfying eq. (4.17) and b?
satisfying eq. (3.32a), corresponding again to a central charge

6(k —3)2

L _ —-1\2 _
c=146(b+07) =14 ———,

(4.19)

in perfect agreement with the prediction of [21].
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5 Constraining the correlators

5.1 From null vectors to correlators

The null vectors of the symmetric orbifold of Liouville theory that we have studied in the
previous two sections constrain the correlation functions of the dual CFT. For example,
the level two null vector (3.3) from the untwisted sector leads to the constraint that the
n-point correlation functions of the untwisted sector Liouville theory have to satisfy

<[(c£2 e (£I:1)2)Vh*] (1) Vi, (22) - - Vi, (mn)> —0. (5.1)

Using usual CFT arguments, this can be turned into a differential equation for the corre-
sponding correlator, and one finds the BPZ differential equation [25]

(Z ( - + % ) + bi2a§1> (Vh. (xl)vhz (x2) -+ Vin (zn)) =0 (5.2)

Following [26], see also [40] for a pedagogic introduction to the subject, one can use this
BPZ equation together with crossing symmetry, to derive a shift equation for the structure
constants of the theory. This shift equation in turn has a unique solution that reproduces
the famous DOZZ formula [27-29]. Thus the knowledge of the level two null vector (3.3)
is sufficient to show that the relevant theory is indeed Liouville theory.

Some mild assumptions go into this derivation. First, one assumes that the structure
constants are analytic in the central charge and the conformal weights. This analyticity
must be assumed even outside the spectrum of the theory since the degenerate representa-
tions are utilised to deduce three-point functions of non-degenerate fields. In the present
context, this assumption requires that the amplitudes should be analytic in £ and the con-
formal weights h;. While one may be worried about the fact that the h; are fixed by the
mass-shell condition, this constraint applies to the full theory. We can therefore vary the
values of h; by considering suitable states in the internal (matter) sector.

The other main assumption is that the spectrum is non-degenerate, i.e. that it only
contains one primary state for each conformal weight. In the present context, where we
consider the states from the untwisted sector (i.e. from w = 1 on the world-sheet) this is
true, as long as these states close among themselves. This is what one should expect from
the symmetric orbifold perspective, and independent evidence for this was recently found
in [37]. Thus we should be able to apply Teschner’s argument [26] to this subsector of the
full theory.

One may hope that also the other null vectors (in particular, those that arise from the
twisted sectors) will imply that the full theory is indeed the symmetric orbifold of Liouville
theory, but we have not succeeded with this programme so far. One bottleneck is that we
have not managed to turn the null vectors from the twisted sectors into simple differential
equations. This is a generic problem with symmetric product theories whose solution does
not seem to be known.

From what we have explained above, it should be clear that these differential equations
should also be visible directly from a worldsheet perspective. Indeed, the corresponding
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null vectors are BRST exact on the worldsheet (and hence vanish inside physical correlation
functions), and the only issue is whether they lead indeed to the correct differential equation
(with respect to the spacetime x; variables) as the BPZ equation (5.2); this will be shown
momentarily (see section 5.2). Note that, using the logic of the above argument, this
then allows us to deduce that the untwisted sector of the spacetime CFT contains indeed
Liouville theory.

5.2 BPZ equation from the worldsheet

Let us recall that the string worldsheet theory based on s[(2,R); contains a BRST exact
vector in the first spectrally flowed sector of the form

[(,cE2 + b2 (cEl)Q)vh*] (z:72), (5.3)

where h, is the conformal weight (in the dual CFT). Thus, the worldsheet
correlator vanishes

([(£8 + 62 (£50)) Vi | @1320) Vig (02 22) -+ Vi, (23 20) ) = 0. (54)

where we have set hy = h., and we have assumed that all vertex operators are physical, i.e.
in particular Virasoro primary. Mirroring the untwisted sector of the symmetric product
orbifold, we shall assume that all vertex operators are in the w = 1 spectrally flowed sector.
We will comment on generic spectral flow in section 6.

We now want to rederive the differential equation (5.2) from this perspective, i.e.
starting from (5.4). We rewrite (5.4) as the difference of the total and the matter CEFT
contribution,

([(£2+ 02 £2,) Vi | (@1, 20) Vi (52,22) -+ Vi (0, 20)) (5.5)

+ <[(—£‘1‘2 —22L_\ L7 + b2 (£T1)2)Vh1} (21, 21) Vi, (w2, 22) - - - Vi, (@, zn)> =0,

where we have used that [£_1,£™ ] = 0. Let us start from the first line in (5.5). The £2,
piece is easy to evaluate and gives immediately the same result as in the calculation above,

(L% Vi, ) (@5 2) = ((J )PV, ) (w5 2) = 02V, (w5 2) (5.6)
Next we evaluate the other term from the first line, i.e. the term containing £_»,
((L2Vh)) (21, 21)Viy (22, 22) - - Vi, (2, 20))

= ((L_2Vp, )(0,21)Viy(x2 — 1, 22) -+ Vi, (X0 — 1, 21)) (5.7)

= < 75 d¢ (=272 4277 T ) (OViy (0520) [ Vi, (5 — 1, z;-)> (5.8)
21 Jj#1

= _ <Vh1 (05 21) 27{ d¢ (—7_2J3 + 2’y_1J+) <€) H Vi (25 — xl,zj)> (5.9)
i=2 V%

J#1
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= —<Z Vi (21 — 24 Z1)f d¢ ele1=) g (=272 +29y71T7) () o~ (e Jf
i—2

Zi

X Vi, (0,2) [[ Vi, (= xz,z])> (5.10)
JFLIF

where in the first step we have shifted all x; by —x1, while in the last step we have
shifted them by z; — x;. (Here we have used (2.11).) It follows from the commutators in
appendix A that

e(az:l—aci)JJr ’Y(C) e—(om—aci)JO+ _ ,},(O _ (-1'1 _ xz) , (5.113)
@ =T IG 3 () e~ @I = J3(¢) — (21 — 21) TH(C), (5.11b)
and thus
(L—2Vh ) (21, 21)Viy (2, 22) -+ Vi, (¥, 2n)) (5.12)
(3 z I
= Vi, (1 —xi;zl)f d¢ <) ¢) Vi, (0, 2;) Vh — T4, 25)

n . u N
+ <§ Vhl(xl _x“ZI)f d¢ (( _—— +xl) J+) (C) Vhi(o, Z)

X H Vi, ( xl,zj)>. (5.13)

J#Lj#i

In order to proceed, we now evaluate (without loss of generality we may assume that z; = 0)

fac (222000 @mao0)

_ (i =29) oy

N K(vxl Tz’ > V’“] (0,0) (5.14)
x] — x4 — 27) (21 )

ng;) (—xl—kxz)z> * V4.(0,0) +,;1 (Mw)nvhi(o,O) (5.15)

B (W)OJJVMO’O) " (E_mﬂ?;)) Jf Vi, (0,0) (5.16)

_ 0:V(0,0) Ty — T — 2y w

Com— +<(’y—m1+xi)2>_1jl+v (0,0) = L —1z; (5.17)

where the last step follows from observing that

(oar) = C(eme)) = (adan) . o

(5.19)
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together with (0v)o = 0 and V4, (0,0) = 0. A similar, but easier, calculation yields

3  hiVi (0,0)
fac (w) (Vi (0,0) = V(00 (5.20)

— x4 )’ (21 — ;)

Putting everything together we thus find
(L=2Viy ) (1, 21) Viy (22, 22) -+ Vi, (T, 20))

= Z <x18xi + hi > (Vi (z1,21) - Vi, (T, 20)) 5 (5.21)
=2

-z (21— 2)?

which therefore reproduces the rest of the BPZ equation.

It only remains to show that the matter CFT, i.e. the second line in (5.5), does not
contribute. Obviously, the terms involving (L™ V4, )(z;21) = 0 vanish, since the vertex
operator is in the vacuum state with respect to the matter CFT, see also the comment
below eq. (3.21). As regards (£™,V},)(0,0), this was already calculated in (3.25), and was
expressed in terms of 7™ and 4 descendants. Since both of these fields have regular OPEs
with all Vj,(x;; %), it follows that the contribution vanishes after performing the usual
contour deformation argument. Thus we have shown that the second line in (5.5) vanishes,
and hence that

(i (( hi _+ Oz, ) n bﬂagl) (Vi (z1521) -+ Vi, (T3 20)) = 0 . (5.22)

r1 — I Xr1 — I
i—2 1 z) 1 [

This is essentially the same formula as eq. (5.2), except that the correlation function is now
a worldsheet correlator. In string theory we have to perform the moduli space integral,
i.e. fix 3 positions (say z; = 0, 20 = 1 and 23 = o0) and integrate over the remaining
n — 3 variables. The differential equation is however independent of the positions z;, and
hence (5.22) implies indeed (5.2).

We have therefore shown that the sphere correlators with one degenerate field inserted
satisfy the same differential equation both in the untwisted sector of the dual CFT and
in the w = 1 sector on the worldsheet. Following the technology developed in [26], this
allows one to deduce that the three-point functions agree on both sides of the duality.
Matching three-point functions implies then also that all untwisted correlation functions
(at least of single particle states) agree. This goes a long way towards proving the duality
proposed in [21].

6 Conclusions

In this paper we have studied bosonic string theory on AdSs x X, and tested the conjectural
description of the long string sector in terms of the two-dimensional CFT [21]

_ a2
Sym?™ <<Liouville with ¢ =1+ 60;_?) X X> . (6.1)

We have shown that the low-lying null vectors of Liouville theory correspond precisely to
BRST exact states in the worldsheet theory. As a consequence, the correlation functions
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on the two sides of the duality obey the same constraints. These constraints were enough
to show that the seed theory of the symmetric product orbifold CFT contains indeed the
Liouville factor, with the central charge as proposed in [21].

The matching of the null vector structure implies, in particular, that correlation func-
tions of fields in the w = 1 spectrally flowed sector of the worldsheet theory coincide with
correlation functions of untwisted operators in the dual CFT. Among other things, this
therefore determines certain spectrally flowed SL(2,R); correlation functions that had not
appeared in the literature before.

We have also generalised the analysis to the low-lying null vectors for generic w-twisted
sectors, and we have shown that they also correspond to BRST exact states in the world-
sheet description. While this implies that they vanish again in correlation functions, we
have not managed to turn these null vector constraints into differential equations, neither
on the worldsheet nor in the symmetric orbifold. This is essentially because the usual
contour arguments do not apply directly to fractionally moded generators.® This seems to
be a general problem of symmetric orbifold theories, and it would be nice to make progress
in this direction.

We have concentrated on the null vectors that appear in the dual CFT (in particular,
in the Liouville factor), but one could also ask about the null vectors that exist in the
worldsheet theory, i.e. in particular in the s[(2,R); factor. However, we have not managed
to turn them into constraints on the spacetime correlators. It would be interesting though
to explore this also further.

In this paper we have studied bosonic string theory on AdSs together with its (bosonic)
Liouville dual, see eq. (6.1). We expect that our analysis can be generalised to supersym-
metric incarnations of the duality, in particular to the maximally supersymmetric back-
grounds AdS3 x S? x T4 [21] and AdS3 x S x S x S! [43]. For AdS;z x S* x T* we have
checked that the lowest level null vector, namely the one corresponding to

G510y =0 (6.2)

in the dual CFT, is indeed BRST exact from the worldsheet perspective. (Here G, B are
the supercharges of the dual N' = 4 superconformal algebra.) It would be interesting to
push this analysis to some higher null vectors. For bosonic Liouville theory, the null vector
constraints (together with crossing symmetry) are sufficient to determine the structure con-
stants uniquely [26], and this argument can be generalised to N/ = 1 Liouville theory [44].
However, this line of reasoning seems to fail for the case with N' > 2 supersymmetry, and
other methods will have to be developed.
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A Conventions

A.1 The SL(2,R)r WZW model and its Wakimoto representation

The sl(2,R); algebra is generated by the modes J? with a = =+, 3, satisfying the commu-
tation relations

1
[ng Jg] - _ikmémﬂ-n,o , (A.la)
[T T =+ (A.1b)

[TE T = kmbmno — 2J3

mren m+n °

(A.1c)

We shall also need its Wakimoto representation in terms of a pair of bosonic ghosts

1
~ — A2
Blehy) ~ ——— . (A.2)
and a free boson .

0P(2)0®(y) ~ ——— A3
(2)00() ~ = (A3)

with background charge Q = 4/ ﬁ The sl(2,R) fields are then given as
JT =3, (A.4a)

J3 = V% oD + (B), (A.4b)

J™ = /2(k = 2) (009) + (Byy) — ko - (A.4c)

The Wakimoto representation is a good approximation to the SL(2, R); WZW model close

to the boundary of AdSs (® — o0). To compute correlation functions in this representa-
tion, screening charges have to be included, see e.g. [45, 46]. We will not try to compute
correlation functions directly in the Wakimoto representation, but will only use it when
acting on states.

Later on we will also need somewhat formal expressions of the Wakimoto fields, such
as fractional powers of v. We will compute them via analytic continuation, in the same
spirit to what was done in [47]. Some convenient formulae for this purpose are summarised
in appendix A.4.
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A.2 Vertex operators

Affine highest weight representations of sl(2,R)y, together with their spectrally flowed
images make up the spectrum of the WZW model. The unflowed ground state |j, m>(0)
can be expressed in terms of the Wakimoto representation as

[ 2
17, m) @ = fg dz v_j_me]\/;q)(z) 0) . (A.5)

There are two kinds of highest weight representations that appear in the WZW spec-
trum. They correspond to j € R (the discrete representations) and j = 3 + iR (the
continuous representations), respectively. In the discrete case, we require in addition that
m —j € INg, whereas in continuous representations, m € Z+ X is not related to j. In either
case, the Casimir of the representation is given by

C=—jG-1. (A.6)

In the application to AdSs string theory, discrete representations correspond to short
strings, while continuous representations describe long string solutions [4].

A.3 Spectral flow

The spectral flow automorphism o acts on the modes of the affine algebra as’

0 (J5) = T (A.Ta)
k
0" (T) = T+ 5o (A.7b)
while the Sugawara Virasoro modes transform as
k

oW (L2 R)Y — [sU2R) _ g g3 Zw%mp . (A.8)

In terms of the Wakimoto representation, spectral flow therefore acts as
ot (’Ym) = Ym+w » (A9a)
Uw(ﬂm) = Bm—w (A9b)

oV (0B,,) = P, + \/%U}émo . (A.9¢)

In the main text we have denoted modes before spectral flow with a tilde

Ji =o¥(J2), L% =o"(LY) . (A.10)

m

9This is the spectral flow automorphism along the J* direction, and this is the one we shall be using on
states.

- 21 —



The (tilde) affine modes thus always act as in usual highest weight representations, i.e.

JHGm® = m+ ) jom+ D™ T m® =0,  n>0,  (Alla)
i 13, m) ™) = m|j,m) ™, PBlim® =0, n>0, (A.llb)
TS 15m)® = m =) ljm—1® Jrlm® =0, an>0.  (Allc)

In terms of the spectrally flowed modes, this then means

JE1Gm) ™ = (m+ ) [,m+ 1™ T iEm™ =0, n>w, (A.12a)
R liom)® = (m B o) R m® =00 w0, (A
T lism)™ = (m =) [jm—=1® I lm)™ =0, n>-w. (Al2c)

A.4 Evaluating ~

We also need to deduce some rules for how to evaluate expressions involving the Wakimoto
field «y. First we note that it follows from (A.4) as well as (A.5), that

’?(Z) |.77 m>(w) = U7m - 1>(w) + Z:Y—l ’.jvm)(w) + e (Al?’)

where we have used that g |j,m) = |j,m — 1). By repeatedly applying (A.13), we obtain
for n e N

) 15,m) ™ = 1im =)™ 4 nzd g |jm—n+ 1™ 4. (A.14)
We will frequently analytically continue (A.14) ton € Q. Since we can rewrite eq. (A.14) as
7 (2) 5m) ™ = (3l m) ™ + 2 (57) g 1gm) ™) - (A.15)

we deduce by comparing terms that
(o lgm) = lg;m—mn) . (3*)_yld,m) =njaljm—n+1) . (A.16)

We also want to express the action of the modes of v on worldsheet primary vertex
operators in terms of the affine Kac-Moody currents. In order to do so, we may invert the
Wakimoto representation

Oy = —(kiQ)(JWz—?J&HJ‘) : (A.17)
and obtain
o liom) ) = o (P52 =275 1) 1) (A18)
G . gy (T lm =2 = 272 Jjom = 1) 4 25 4 ) m) )
—2mAy [jm) ™)+ T2 jm) ™)) (A.19)
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Finally, we can solve for 4_1 |7, m) and thus deduce

1 ~ - -
Forlgm)™) = “FTar 5 (T 1im =2 =272, L = D) 4 T2 jm) ™))
(A.20)
The last ingredient we need are the OPEs
FHRAQ) =~ + (A.21a)
P = -1 (A21b)
e - - (A210)

that follow directly from (A.4).

B Coefficients for level two null state

The coefficients Iy, lsy, I, l_3,[__, I33, I3, [+ and [_ entering eq. (3.28) are

i =C (12;% — 2452 + 24jk2 — 61jk + 205

46k — 6k%m — 42k2 — 11km+61k+52m+4) +bE2, (B.1a)
I3, = —2C (24j2k — 4852 4+ 365k? — 1445k + 1447 ,
+ 6K3 — 12k2m — 802 — 22km + 185k + 104m — 44) , (B.1b)
I_ =2C (123'% — 2452 + 125k? — 835k + 124
— 6k%m — 4Tk? — 11km + 124k + 52m — 48) , (B.1c)
ls= —2C (24]'% — 4852 4+ 125k — 188k

+ 352j — 6k — 12k>m — 99k* — 22km + 311k + 104m — 148) ., (B.1d)

I_=C (12;% — 2452 — 1055k + 228 — 6k®

— 6k2m — 52k2 — 11km + 187k + 52m — 100) : (B.1e)
lyy = 4C (12;'% — 2452 1 12jk2 — 837k + 124/

— 6k%m — ATK? — 11km + 124k + 52m — 48) , (B.1f)
Iy = —2C (24;’% 483 + 2452k — 2125k + 35252

+ 6jk3 — 146jk> 4+ 5015k — 4605 — 29k3

— 6k*m + 139%% — 11km — 237k + 52m + 156) : (B.1g)
I, =C (48j3k: — 9652 + 725%k? — 3805k + 49652

+ 365k3 — 2845k> + 7285k — 6085 + 6k*

— 65k3 — 12k%*m + 205k% — 22km — 296k + 104m + 208) : (B.1h)
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I =C (16j3k — 323 + 8j2k2 — 1402k + 27252
— 45k% — 92jk* + 3005k — 1765 — 2k*

— 213 — 12k%m + 51k — 22km — 10k + 104m + 40) : (B.1i)
where the overall coefficient C' equals
1
C= (B.2)

4k —=2)2  +k=2)G+k—2) (2 +k—1)

On the other hand, the coefficients r4, r3+, r—4, r—3, r—_, r33, r3, r4 and r_ entering
eq. (3.30) are

_ (j—m —1)(=35 — 2kza + 3m + 43 + 6)
T4+ = 2(k — 2)2 ’
_ 1
T34 = & —2)7?

(B.3a)

<—4j2kx1 + 85221 + 8jkmay + 20jkz1 — 35k
— 16jmxz1 — 6jm — 40521 — 35 — k229 — 4km®x;
— 20kmzy — 2kmxo + 3km — 24kx1 + 2kxo + 6k

+ 8m2xy + 6m? + 40mxy + 4mxo + 15m + 4871 + 6) , (B.3b)

1
T k-2

(3j2 — jk*xy = 2jkmay — 2jkay + jhay + 4jmay

+ 8jx1 — 2jxo — 35 + k2may + 3k2x, + 2km2xy
+ 8kmaxy + kmaxg + 6kxq + kae — k — 4m2azy
— 3m2 — 20may — 2mas — 12m — 2421 — 229 — 10) , (B.3c)

1
(k—2)

g = (4j2k:v1 — 852z, — djkar + 35k + 65m

+8jx1 + 95 — K3z — 4k*may — 6k%x,
— 8km2$1 — 28kmxy + 3km — 24kxq + 6k
+16m2z; + 6m? + 72may + 21m + 80z + 18) , (B.3d)

= —W(Sj — 2k%zy — dkmay — 4kzy + Smay + 3m + 1621 + 6) . (B.3e¢)

1

R <8jl<:2x1 + 16jkmay — 32jma; — 32jx1 — 8k2ma
— 24Kz + 3k? — 16km>x, — 48kma1 + 12km

+ 10k + 32m2z1 + 12m? 4 128may + 24m + 962, + 16) . (B.3f)

1

——(—65% + 8jk%x, — 32jkx — 4jk
2(k—2)2< )" +SIR"T JRT1 JRX2

r3 =

+ 32jz1 + 8jxo 4 6§ — 8k*may — 24k%
+ 5k% + 32kmay — dkmas + 10km + 96k, — 4kxso

+ 2k + 6m2 — 32may + 8mas — 2m — 9621 + Sxg — 12) , (B.3g)

— 24 —



e = fm<—5jk — 6jm + 4j — 2k>zy — dkmas

+ 5km + 4kzy + 10k + 6m? + 8may + 8m — 8) , (B.3h)

1

m(Sj%xl — 1652z, — 8jkx1 + 115k + 6jm + 165z,

r_ = —
— 105§ — 4k3z — 8k*may — 8km2x1 — 8kmay + 11km

+ 22k + 16m>zy + 6m? + 48may + 2m + 3221 — 20) . (B.3i)

C Generic spectral flow

In this appendix we give some details about the calculation for the twisted sector null
vectors from section 4. We begin with evaluating the level % null vector in terms of
worldsheet variables

L8 Jow) = (ﬁ_i - Elﬁl) G.m)®) (C.1)
w w w
The contribution due to the matter CF'T vanishes, as

£y Jj,m)) = 7€ dz ()77 1) (2) [j,m)™) (C2)

+ 5 fast (S 0 - o0t @l (©

) (W)
12 0 (’?(Z + 2’8’3/(2:))2 ‘Jam> = 0, (C4)

where the last equality follows from noticing that 7(z) only produces regular terms when
acting on |j, m>(w) (see eq. (A.13)). On the other hand, we have from the definition of the
DDF operators that

. w 1 _1 -1 . w
£y ljm)™ =~ ﬁ @z (=17 5P 4475 ) () lEm)™ . (C5)

We first use Wick’s theorem to disentangle the normal ordered product, and then express
the y-modes in terms of 4-modes. Then using eq. (A.14) (which we now apply for fractional
powers of 4) we find

Fae (v o02) @) lm) = 7,
0

w k ~ . w
j,m+%>( )—<:+>7_1|],m+i+1>( )

2
(C.6)
Similarly, by using eq. (A.16), we find
—1 ) — 1 w
j{dz (,y—i—&-lJ—i-) (2) |4, m>(w) _ (w )(m +j ):Yfl ‘j,m—k % + 1>( )
0 w
+ T m+ 2 -1 (C.7)
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Collecting all the terms and using eq. (A.20) we thus obtain

£ fou) = £y L)) = W DER I )
2(w?-1)(—-1)
w?(2j + k —2)
(w4 1)(2] + kw —
2w2(2j + k —2)

T m+ L 1)

jil ‘]7m + l>(w)

w

2) - w
)le om+1 -1 ()
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