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Abstract In the classical obstacle problem, the free boundary can be decom-
posed into “regular” and “singular” points. As shown by Caffarelli in his
seminal papers (Caffarelli in Acta Math 139:155-184, 1977; J Fourier Anal
Appl 4:383-402, 1998), regular points consist of smooth hypersurfaces, while
singular points are contained in a stratified union of C! manifolds of vary-
ing dimension. In two dimensions, this C! result has been improved to C'*
by Weiss (Invent Math 138:23-50, 1999). In this paper we prove that, for
n = 2 singular points are locally contained in a C? curve. In higher dimension
n > 3, we show that the same result holds with C!-! manifolds (or with count-
ably many C? manifolds), up to the presence of some “anomalous” points of
higher codimension. In addition, we prove that the higher dimensional stra-
tum is always contained in a C'** manifold, thus extending to every dimension
the result in Weiss (1999). We note that, in terms of density decay estimates
for the contact set, our result is optimal. In addition, for n > 3 we construct
examples of very symmetric solutions exhibiting linear spaces of anomalous
points, proving that our bound on their Hausdorff dimension is sharp.
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312 A. Figalli, J. Serra

1 Introduction

The classical obstacle problem consists in studying the regularity of solutions
to the minimization problem

. s .
min :v >y inBy, vpp =8¢
B 2

v

where g : d B — Rissome prescribed boundary condition, and the “obstacle”
Y : By — R satisfies ¥ [3p, < g.

Assuming that i is smooth, it is well-known that this problem has a unique
solution v of class Cllo’c1 [3], and that u := v — 1 satisfies the Euler-Lagrange
equation

Au = =AY x>0 in Bj.

As already observed in [4,5], in order to prove some regularity results for
the free boundary d{u > 0} itis necessary to assume that Ayr < 0. In addition,
as also noticed in [5,16,17,22], from the point of view of the local structure
it suffices to understand the model case Ay = —1. For this reason, from now
on, we shall focus on the problem

Au = X0y, u>0 in B c R". (1.1)
As shown by Caffarelli in his seminal papers [4, 5], points of the free bound-
ary d{u > 0} are divided into two classes: regular points and singular points.

A free boundary point x, is either regular or singular depending on the type
of blow-up of u at that point. More precisely:

o 1
X, is called regular point < r2u(xe 4 rx) i) 5 max({e - x, 0}

(1.2)

for some e = e,, € S"~!, and

. . . _ 0 1
X, 18 called singular point < r 2u(xO +rx) i) Dsx, (X) 1= Ex - Ax

(1.3)

for some symmetric nonnegative definite matrix A = A, € R"*" with
tr(A) = 1. The existence of the previous limits in (1.2) and (1.3), as well as the
classification of possible blow-ups are well-known results; see [5,16,17,22].
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On the free boundary of the obstacle problem 313

By the theory in [4,14] (see also [5,7,8,15,17-19]), the free boundary is
an analytic hypersurface near regular points. On the other hand, near singular
points the contact set {u = 0} forms cups and can be pretty wild—see for
instance the examples given in [14,20]. Moreover, as shown in [20], even C*®
strictly superhamonic obstacles in the plane (n = 2) may lead to contact sets
with Cantor set like structures. In particular, in such examples, the contact set
has (locally) an infinite number of connected components, each containing
singular points.

Despite these “negative” results showing that singular points could be rather
bad, it is still possible to prove some nice structure. More precisely, singular
points are naturally stratified according to the dimension of the linear space

Ly, :={psx, =0} =ker(A,,).
Form € {0, 1,2, ...,n — 1} we define the m-th stratum as
Y= {xo : singular point with dim(L,,) = m}

As shown by Caffarelli [5], each stratum X, is locally contained in a m-
dimensional manifold of class C! (see also [16] for an alternative proof).
This result has been improved in dimension n = 2 by Weiss [22]: using a
epiperimetric-type approach, he has been able to prove that X is locally con-
tained in a C'* curve, for some universal exponent @ > 0. Along the same
lines, in a recent paper Colombo et al. [9] have obtained a logarithmic epiperi-
metric inequality at singular points in any dimension n > 3, thus improving
the known C'! regularity to a more quantitative C Llog® ope.

The aim of this paper is to improve the previous known results by showing
that, up to the presence of some “anomalous” points of higher codimension,
singular points can be covered by C!*! (and in some cases C?) manifolds. As
we shall discuss in Remark 1.2, this result provides the optimal decay estimate
for the contact set. In addition, anomalous points may exist and our bound on
their Hausdorff dimension is optimal.

Before stating our result we note that, as a consequence of [5], points in X
are isolated and u is strictly positive in a neighborhood of them. In particular
u solves Au = 1 in a neighborhood of ¥, hence it is analytic there. Thus, it
is enough to understand the structure of X,, form =1,...,n — 1.

Here and in the sequel, dimy(E) denotes the Hausdorff dimension of a set
E [see (3.16) for a definition]. Our main result is the following:

Theorem 1.1 Letu € C''(B)) be a solution of (1.1), and let ¥ := U"_\|%,,
denote the set of singular points. Then:

Forn = 2 %y is locally contained in a C? curve.
Forn > 3 we have:
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314 A. Figalli, J. Serra

(a) The higher dimensional stratum X, _| can be written as the disjoint
union of “generic points” % 5—1 and “anomalous points” Xy |, where:
- E;‘;_l is locally contained in a C' (n — 1)-dimensional manifold;
— Xy, isarelatively open subset of ¥, 1 satisfying dimy (Xy_|) <
n — 3 (actually, Eg_l is discrete whenn = 3).
Furthermore, ¥,_1 can be locally covered by a Clee (n — 1)-
dimensional manifold, for some dimensional exponent o, > 0.
(b) Forallm =1,...,n — 2 we can write £,, = £5 U EZ,‘, where:
— %8 can be locally covered by a C'' m-dimensional manifold;
— X is arelatively open subset of ¥, satisfying dimy (2;) < m—1
(actually, ¥, is discrete when m = 1).
In addition, %,, can be locally covered by a C"'°¢°° m-dimensional
manifold, for some dimensional exponent €, > Q.

Remark 1.2 We first discuss the optimality of the above theorem.

(1) Our C!! regularity provides the optimal control on the contact set in terms
of the density decay. Indeed our result implies that, at all singular points
up to a (n — 3)-dimensional set (in particular at all singular points when
n = 2, and at all singular points up to a discrete set when n = 3), the
following bound holds:

[ =0} B, ()| _
Bl -

(see Proposition 2.13, Definition (3.13), and Lemmas 3.4, 3.6, 3.7, and
3.9). In view of the two dimensional Example 1 in [20, Section 1], this
estimate is optimal.

(2) The possible presence of anomalous points comes from different reasons
depending on the dimension of the stratum. More precisely, as the reader
will see from the proof (see also the description of the strategy of the proof
given below), the following holds:

(a) The possible presence of points in X¢ | comes from the potential
existence, in dimension n > 3, of A-homogeneous solutions to the
Signorini problem with A € (2, 3). Whether this set is empty or not is
an interesting open problem.

(b) The anomalous points in the strata X, form < n—2 come from the pos-
sibility that, around a singular point x,, the function (« — px x.)|B, (x.)
behaves as ¢,q, where:

— &, is infinitesimal as r — 0T, but &, > r* for any a > 0;

— g is a nontrivial second order harmonic polynomial.
Although this behavior may look strange, it can actually happen and
our estimate on the size of Xy, is optimal. Indeed, in the “Appendix”
we construct examples of solutions for which dim(X/!) =m — 1.

Cr Vr >0
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On the free boundary of the obstacle problem 315

We now make some general comments on Theorem 1.1.

Remark 1.3 (1) Our result on the higher dimensional stratum X,_; extends
the result of [22] to every dimension, and improves it in terms of the
regularity. Actually, as shown in Theorem 4.7, foranym = 1,...,n — 1
we can cover X, with countably many C? m-dimensional manifolds, up
to a set of dimension at most m — 1.

(2) The last part of the statement in the case (n > 3)-(b) was recently proved
in [9]. Here we reobtain the same result as a simple consequence of our
analysis (see the proof of Theorem 1.1).

(3) As we shall see, the higher regularity of the free boundary stated in the
previous theorem comes with a higher regularity of the solution u around
singular points. More precisely, ¥ being of class C*¢ at some singular
point x, corresponds to u being of class C¥*1-¢ at such point.

(4) The fact that X, is relatively open implies that if x, € X then B, (x,) N
T4 = By(xo) NEy, for p > 0small. In particular dimy (B, (xo) N ) <
m—1(<n—3if m =n —1). In other words, the whole stratum X, is
lower dimensional near anomalous points.

(5) In[18,19], Sakai proved very strong structural results for the free boundary
in dimension n = 2. However, his results are very specific to the two
dimensional case with analytic right hand side, as they rely on complex
analysis techniques. On the other hand, all the results mentioned before
[4,5,9,22] are very robust and apply to more general right hand sides.
Analogously, also our techniques are robust and can be extended to general
right hand sides. In addition, our methods can be applied to the study of
the regularity of the free boundary in the parabolic case (the so-called
Stefan problem), a problem that cannot be studied with complex variable
techniques even in dimension two.

Strategy of the proof of Theorem 1.1 The idea of the proof is the following: let
0 be a singular free boundary point. As shown in [5,16] u is C? at 0, namely
there exists a second order homogeneous polynomial p,., with D? p« > 0and
Ap, = 1, such that u(x) = p.(x) + o(|x|2). In order to obtain our result, our
goal is to improve the convergence rate o(|x|?) into a quantitative bound of
the form O (|x|**7) for some y > 0. In particular, to obtain C-! regularity of
the singular set we would like to show that y > 1.

Using motononicity formulae due to Weiss and Monneau, we are able to
prove that Almgren frequency function is monotone on w := u — p (this result
came as a complete surprise to us, as the Almgren frequency formula has never
been used in the classical obstacle problem). This allows us to perform blow-
ups around 0 by considering limits of

Wy (x) 1= _ wln) asr — 0,
lwr 208
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316 A. Figalli, J. Serra

and prove that if A, is the value of the frequency at O then u(x) = p.(x) +
O ()x|*). Although it is easy to see that A, > 2, it is actually pretty delicate—
and actually sometimes impossible—to exclude that A, = 2 (note that, in such
a case, we would get no new informations with respect to what was already
known). Hence our goal is to understand the possible value of A..

To this aim, we consider ¢ a limit of w, and, exploiting the monotonicity
of the frequency, we prove that g # 0, g is A,-homogeneous, and gAg = 0.

Then we distinguish between the two casesm = n—1andm < n—2. While
in the latter case we can prove that ¢ is harmonic (therefore A, € {2,3,4,...}),
in the case m = n — 1 we prove that ¢ is a solution of the so-called “Signorini
problem” (see for instance [1,2]). In particular, when n = 2, this allows us to
characterize all the possible values of A, in dimension 2 (as all global two-
dimensional homogeneous solutions are classified). Still, this does not exclude
that A, = 2. As shown in Proposition 2.10 this can be excluded in the case
m = n — 1, while the examples constructed in the “Appendix” show that A,
may be equal to 2 if m < n — 2. To circumvent this difficulty, a key ingredient
in our analysis comes from Eq. (2.10) which shows that, whenever A, = 2,
some strong relation between p, and g holds. Thus, our goal becomes to prove
that this relation cannot hold at “too many” singular points.

In order to estimate the size of the set where A, < 3, we first consider the
low-dimension cases n = 2 and n = 3, and then we develop a Federer-type
dimension reduction principle to handle the case n > 4. Note that the Federer
dimension reduction principle is not standard in this setting, the reason being
that if xg and x; are two different singular points, then the blow-ups at such
points come from different functions, namely u — py x, and u — p,. ,,. Still,
we can prove the validity of a dimension reduction-type principle allowing
us to conclude that, at most points, A, > 3. This proves the main part of the
theorem.

Then, to show that ¥,_; is contained in a C % -manifolds we prove that
Ay > 2 4+ oo > 2 at all points in X, _1. Also, the C Lloge regularity of X,
for m < n — 2 comes a simple consequence of our analysis combined with
Caffarelli’s asymptotic convexity estimate [4].

Finally, the C? regularity in two-dimensions requires a further argument
based on a new monotonicy formula of Monneau-type.

The paper is organized as follows.

In Sect. 2 we introduce some classical monotonicity quantities, as well as
some variants of them that will play a crucial role in our analysis. In particular,
we prove the validity of a Almgren’s monotonicy-type formula. Then, given a
singular free boundary point x,, we investigate the properties of the blow-ups
of u(xo + ) — Prx,-

In Sect. 3 we continue our analysis of the possible homogeneities of the
blow-ups and show the validity of a Federer-type reduction principle. These
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On the free boundary of the obstacle problem 317

results, combined with the ones from Sect. 2, allow us to prove Theorem 1.1
in dimensions n > 3, as well as the C-! regularity of ¥ in dimension n = 2.
The proof of the C? regularity of £ for n = 2 is postponed to Sect. 4.

In the final “Appendix” we build solutions exhibiting anomalous points that
show the sharpness of Theorem 1.1(b).

2 Notation, monotonicity formulae, and blow-ups
Let us denote

M = {symmetric n X n nonnegative definite matrices B with tr B = 1}
(2.1)

and
1
P = {p(x):ix-Bx : Be./\/l}.

Given a singular free boundary point x,, we denote
P, (¥) = lim r~2u(x, + rx)
r—0

(the existence of this limit is guaranteed by Caffarelli [5], see also [16]). Note
that Ap. . = 1, hence p, ., € P. When x, = 0, we will sometimes simplify
the notation to p,.

Throughout the paper we will assume that u #£ p, in By, as otherwise
Theorem 1.1 is trivial.

2.1 Weiss, Monneau, and Almgren frequency formula

In this section we assume that x, = 0 is a singular point. The goal of the
section is to prove that, for any given p € P, the Almgren frequency formula

P2 [ IVw]?
1— 27
r nfaB, w

is monotone nondecreasing in r. (Note that, since by assumption u # py, then
w:=u— p #£0forany p € P and ¢ (r, w) is well defined.)
To this aim, we first recall the definition of the Weiss function

_ 1 2 2 2
W) = —s B.(|Vu| —|—2u) — o ]

¢o(r,w) =

wi=u—p,
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318 A. Figalli, J. Serra

Proposition 2.1 (Weiss monotone function [22]) If0 is a singular point then
d W(r,u) =0
- r,u) =
dr

and

_ 7—(”_1(8B1)

WOt u) = 1) =W@,p) VpeP,Vr>N0.

To prove the monotonicity of ¢ we will use several times the following
observation:

Remark 2.2 Since Au = Ap = 1in {u > 0}, we have

A in {u > 0}
wAw =
pAp=p >0 in{u =0}.

A short way to write this is
wWAW = pxu=0y = 0. 2.2)

We also need the following auxiliary result, that is essentially due to Mon-
neau [16].

Lemma 2.3 Let 0 be a singular point, p € P, and w := u — p. Then

! Vwl|? > 2 2 2.3
[ Ve z o [ w 23

and

1 1
e /(;Brw(x-Vw—2w)zrn+2/rwAw20 (2.4)

forallr > 0.

Proof Since W(0, u) = W(r, p) for all r > 0 (see Proposition 2.1) and
Ap =1, we have

0< W@, u)— WO, u) =W, u) — W, p)

1 2 2 2
= /;;"<|Vw| +2Vw - Vp+2w> - ”"_H/83,.<w +2wp)
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On the free boundary of the obstacle problem 319

1 /IV B / 2, 2 / (x-Vp—2p)
= w|” — w w(x - —
2 o5, 3 Jop p—<p

1 /‘ 2
2 2
= | |VwP?- w?,
rn+2 B, rn+3 9B,

where we used that p is 2-homogeneous (hence x - Vp = 2p). This proves

2
pnt3

(2.3).
Now, since
1 ) 1 1
s . [Vw| =rn+2 B._u)Aw—F,»n_H . wx - Vuw,
(2.4) follows from (2.3) and (2.2). O

We can now state and prove the monotonicity of the Almgren frequency
function. We remark that the fact that ¢ is monotone for all p € P (and not
only with p = p,) will be crucial in the proof of Theorem 1.1.

Proposition 2.4 (Almgren frequency formula) Let O be a singular point, p €
P, and w := u — p. Then

2
d (rz_” [ wAw)
—logg(r,w) = = - > 0.
dr rr2n fBr|Vw|2r1_” faB, w?

Proof of Proposition 2.4 Let us introduce the adimensional quatities
D(r):=r*" / Vw|? = r2/ IVw|*(r-),
r B

H(@) = r1”/ w2=/ w(r ),
JdB, d B

so that ¢ = D/H. By scaling it is enough to compute the derivative of ¢ at
r = 1 and prove that it is nonnegative.

Using lower indices to denote partial derivatives (so w; = Oy w, w;; =
a)%ixj w, etc.), we have

® s D H 03
— 1o = — — — .
ar 2T D T H
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320 A. Figalli, J. Serra

where

D'(1) = Z/ 2wixjw;ij +2D(1)
ij UB
=Zf 2wix;jw;v; —Z/ 2(wixj)iw; +2D(1)
ij 0B ij B

:2/ w§—2/ Aw(x-Vw)—2/ IVw|> +2D(1)
9B B B (2.6)
2/ wﬁ—zf Aw (x - Vw)

JdB; B

2/ w%—Z/ (x-Vp)
9B, B N{u=0}

= 2/ wg — 4f p.
0B B1N{u=0}

Here we used that x - Vw|yp, = wy|sp, is the outer normal derivative, Aw =
—X{u=0}, and x - Vp = 2p (since p is 2-homogeneous).
On the other hand, recalling (2.2), we have

/ wa:/ wAw + |Vw|2:/ p+ | IVwl?, @7
dBj B B B1N{u=0} B

therefore

H’<1>=2f wwv=2f p+2 | [VwP (2.8)
0B B1N{u=0} By

Hence, combining (2.6), (2.7), (2.8), and (2.5), and denoting

I::/ wsz/ p >0,
B B1N{u=0}

we obtain

2
< log (1, w) =2 (faf' ul);wlzzl - I}Bl wa2)
B, dB)
(/331 w% - 21) faBl w? — faBl wu’V(faBl wwy — 1)
fBl |Vw|2f831 w?
{faBl wy fagl wZ_(faBl WWV)z}"‘I faBl w(wy —2w)
Jp, VWP [yp, w?

=2

=2
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On the free boundary of the obstacle problem 321

Observe that the first term inside the brackets is nonnegative by the Cauchy-
Schwartz inequality. Also, recalling (2.4), we have that

/ w(w, —2w) > / wAw = 1.
JdB By

Since I > 0, the result follows. O

Note that, because r — ¢ (r, w) is monotone nondecreasing, it must have
a limit as r | 0. The first observation is that this limit is at least 2.

Lemma 2.5 Let O be a singular point, p € P, and w := u — p. Then
(07, w) > 2.

Proof Itsuffices to observe that (2.3) is equivalent to ¢ (r, w) > 2 forallr > 0.
O

A first classical consequence of the frequency formula is the following
monotonicity formula:

Lemma 2.6 Let 0 be a singular point, p € P, and w :=u — p. Given . > 0
denote

1
2
Hy(r,w) = ———— w”.
pn—1+24 9B,

Then the function r — H, (r, w) is monotone nondecreasing for all 0 < A <

o (07, w).

Proof Denoting
wy(x) := (u — p)(rx).
we have
ﬂ(r w) = 2r faBl wy () (x - Vw(rx)) — 202 faBl w;
H, 2t fBBl w’%
Using that

r/ w,(x)(x . Vw(rx)) =/ w,(x - Vw,) = |Vwr|2 +/ w, Aw,
dB1 0B By By

and that w, Aw, > 0 (recall (2.2)), we obtain

H] 2[5 IVw > 2 2
—L(rw) = = ——— — = = =(p(rw) — ).
H, r fyp, WF rooor
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322 A. Figalli, J. Serra

Since ¢ (r, w) > ¢ (0T, w) > A (by Proposition 2.4), the result follows. O

Corollary 2.7 (Monneau monotonicity formula [16]) Let O be a singular point
and let H), be as in Lemma 2.6. The function Hy(r, u — p) is monotone non-
decreasing in r, for all p inP.

Proof 1t is a direct consequence of Lemmas 2.6 and 2.5. m|

The following result shows the monotonicity for a modified Weiss function.
It is remarkable that the quantity below is monotone for all A > 0, indepen-
dently of the value of the frequency.

Lemma 2.8 Let 0 be a singular point, .. > 0, and w := u — p, where p € P.
Then the function

W, (r, w) := r2)‘<r2”/ IVw|? — ArI”/ wz)
r dB,

is monotone nondecreasing in r.

Proof For 0 < A < ¢(0", w) we have Wy = (¢ — A)Hy, the product of two
positive nondecreasing functions (thanks to Proposition 2.4 and Lemma 2.6),
hence W, is nondecreasing.

The result is more interesting for A > ¢ (0", w) and it requires a different
proof. Indeed, using the notation and calculations from the proof of Proposi-
tion 2.4 we have, for [ := fB1 wAw = me{u=0} p=>0,

Wi (1) = D'(1) — AH'(1) — 2A(D(1) — A H(1))
= (2/ w? — 41) - 2,\/ ww, — 2x(D(1) — AH(1))
dB; 9B

:(2/ w%—41>—2)\/ wwv—2k(/ wwv—l>
dB; 0B 0B

+222H(1)

:2(/ w%—2)»/ wwv—l—kz/ wz) +2(0—=2)1
0B 0B 0B

=2 (wy — Aw)? +2(h — 2)1.
JdB;

Since A > ¢ (0", w) > 2 (by Lemma 2.5), the result follows. ]

Asaconsequence of this result we can prove that, given A > Ay = ¢ (0T, u—
D«), the function H, blows up at 0. This, combined with the monotonicity of
H,, (see Lemma 2.6), shows that
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On the free boundary of the obstacle problem 323

P < ][ w? <r forr < 1. (2.9)
0B,

Note that while this estimate is classical for harmonic functions (since the
frequency function is related to the derivative of H,), in our case only an
inequality is available (see the proof of Lemma 2.6) and a different argument
is needed.

Corollary 2.9 Let 0 be a singular point, w := u — py, Ay := ¢ (07, w), and
fix A > Ay. Let H) be as in as in Lemma 2.6. Then

H,(r,w) > 400 asr | 0.

Proof Assume by contradiction that there exists a sequence r; | O such that
H, (ry, w) < C for some constant C. Then, taking it € (A4, A), it follows that
H, (r, w) — 0. Hence, with the notation of Lemma 2.8, this gives (since
W;}, = —u Hpt)

lim inf W, (ry, w) > liminf —u H,, (rx, w) = 0.
k—00 k—00

By the monotonicity of W, this implies that W, (r, w) > 0 for all » > 0, or

equivalently
rz_”f |Vw|2 > Mrl_”/ w?  Vr>0.
r B,

But this means that ¢ (r, w) > u for all » > 0, a contradiction to the fact that
nwo> Ay O

2.2 Blow-up analysis

We now start investigating the structure of possible blow-ups.

Proposition 2.10 Let 0 be a singular point, w := u — py, and forr > 0 small

define

~ Wy

wy(x) ;= w(rx), w, = ——.
lwrllz2a )

Let L :={p, =0}, andm € {0, 1,2, ...n — 1} be the dimension of L. Also,
let Ay := ¢ (0", w). Then:

(@) For0 <m <n —2we have A, € {2,3,4,5,...}. Moreover, for every
sequencery |, Othereisasubsequencery, suchthat wrk[ — qginW"2(By)
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324 A. Figalli, J. Serra

as £ — oo, where g # 0 is a Ay-homogeneous harmonic polynomial.
In addition, if .. = 2, then in an appropriate coordinate frame it holds

M1
D2p, = U ,
Mn—m
(V. | O
(2.10)
where ju1, ..., n—m,t > 0, > /""" ui = 1, and N is a symmetric non-

negative definite m x m matrix with tr(N) = (n — m)t.

(b) Form = n — 1 we have Ay > 2 + a,, where a, > 0 is a dimensional
constant. Moreover, for every sequence ry |, O there is a subsequence ry,
such that wrk(_ — g in WY2(By), where g # 0 is a hy-homogeneous
solution of the Signorini problem (with obstacle 0 on L):

Ag <0 and gAgq=0 inR", Agq=0 inR"\L, and
q>0 onlL. (2.11)

To prove Proposition 2.10, we need the following auxiliary lemmas:

Lemma 2.11 Let w, be as in Proposition 2.10 and assume that, for some
sequence ry, | 0, it holds ﬁrke — g in WY2(By). Then

f qg(ps—p)>=0 forallp € P. (2.12)
0B

Proof By the definition of p, it holds that

w(¥) = (= p)(rx) = o(r?) asr | 0.
Let us denote /i, := |lwy |l 2¢5,) = 0(r?) and & := h,/r? = o(1) as r | 0.
Note that, by the compactness of the trace operator wh2(B)) — L%*(9B)),

we have {Erk[ = Wy, /hr, = qin L?(dB)).
By Corollary 2.7 and the definition of p,, for any fixed p € P we have

w, 2
— +pi—p
9B \T

2
= / <—M(M) _zp(rx)) V| (pe—p)* asrlo.
9B r 3B
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2

Hence, since r “w, = &, w,,

~ 2
/ (erWr + ps— p)” = (ps—p)> Vr>0,¥YpeP.
9B By

Developing the squares and taking r = ry, we get

2 ~2 ~
8"1(3 / w,k[ + 28rk[ / wr]% (P* - p) > 0.
dB; 0By

Dividing by Ery, and letting £ — 0o we obtain (2.12). O

Lemma 2.12 Let p, € P, and assume that ¢ # 0 is a 2-homogeneous
harmonic polynomial satisfying (2.12). Then, in an appropriate system of coor-
dinates, (2.10) holds.

Proof Take p € P and define A := D?p,, B := D?p, and C := D?q. Then,
since x - Vg = 2qg and Ag = 0, it follows from (2.12) that

1 1
05/ q(p*—p)=—f qu(p*—p)=—/ Vg -V(ps—p)
0B 2 0B 2 B

= %/ Cx-(A—B)xdx = c,,tr(C(A — B)),
B

for some dimensional constant ¢, > 0. Hence, since p € P was arbitrary, we
deduce that (recall (2.1))

tr(CA) > tr(CB) forall B e M. (2.13)
To show that this implies (2.10), let v € S"~! be an eigenvector for C corre-
sponding to its largest eigenvalue vpax > 0, and choose B := v ® v. Then,
since A > O and tr(A) = 1, (2.13) yields

Vmax = T(VmaxIdA) > tr(CA) > tr(CB) = vpax.
Thus
tr([vmaxId — C]A) =0,

and because both A and vpyxId — C are symmetric and nonnegative definite,
we deduce that the kernels of these two matrices decompose orthogonally R".
In addition, if we set L = {p, = 0} = ker(A), then (vpaxld — C)|;, . = 0.

Thanks to this fact and recalling that tr(C) = 0 (since g is harmonic), the
result follows easily. O
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We can now prove Proposition 2.10.
Proof of Proposition 2.10 For the sake of clarity, we divide the proof into

several steps.

— Step 1. We note that {w,} is precompact. Indeed, by Proposition 2.4 we
have

/ > =1 and /|Vw,|2:¢(r)5¢(1)<oo.
0B B

This yields uniform bounds ||w,||W1,2(B]) < Cforallr € (0,1). As a

consequence, given a sequence 7 |, 0 there is a subsequence ry, | 0 such
that

Wy, ¢ in wl2(B)).

In particular, by the compactness of the trace operator W!2(B;) —
L?(3By), it follows that

lgliz2@ap,) = 1.

— Step 2. We prove (a). So, we assume m < n — 2 and we consider g a
possible limit of a converging sequence w,kf. We want to prove that g is a
harmonic homogeneous polynomial.

We first show that ¢ is harmonic. Note that
Aw, (x) = Au(rx) — Ap.(rx) = —r? =0 (rx) <0, (2.14)

hence Aw, is a nonpositive measure. Note also that the contact set {u(r - ) = 0}

converge in the Hausdorff sense to a subset of L = {p, = 0} as r — O (this

follows from the uniform convergence of r~2u(rx) to ps as r — 0). This

implies that ¢ has a distributional Laplacian given by a nonpositive measure

supported in L. Since g € wh2(B)) (by Step 1) and L has codimension 2

(and thus it is of zero harmonic capacity) it follows that ¢ must be harmonic.
Let us prove next that g is homogeneous. To this aim we show that

2— 2
R [ 1V
R1—n fBBR q2

Indeed, by lower semicontinuity of the Dirichlet integral we have

A =@(R,q) = VR e (0,]1]. (2.15)

¢(1,q) <liminf ¢ (1, wrk ) =liminf ¢(1, wy ) = liminfqﬁ(rkz, w) = Ay
{— 00 ¢ {—00 ¢ £— 00
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Also, since ¢ is harmonic, it follows that R — ¢ (R, ¢) is nondecreasing (this
follows from the classical Almgren frequency formula, or equivalently from
the proof of Proposition 2.4), thus ¢ (R, g) < A, forall R € (0, 1].

To show the converse inequality we apply Lemma 2.6 to 17),,(/Z andletf{ — oo

to obtain
1
T][ q25][ g>=1. (2.16)
P~ JaB, 3B

But since ¢ is harmonic (so, in particular, g Ag = 0) we have

H{(R,q) 2

= Z(@(R.q) — A
H; (R q) R(¢( q) —2)

(this is a classical identity that also follows from the proof of Lemma 2.6).
Hence, if it was ¢(R,q) < i, for some R € (0, 1) then, choosing A :=
¢ (R, q), we would have that H, would be nonincreasing on (0, R). In partic-
ular we would find

! ][ 25 1 ][ 250 forpe(0,R)
—_— q = == q > or p . ,
p** Jos, R?* 3B,

which contradicts (2.16) for p small since A < A,. Hence, we proved (2.15).

Note that (2.15) says that the Almgren frequency formula ¢ (R, q) is
constantly equal to A, for all R € (0, 1]. As a classical consequence, g iS A-
homogeneous. Hence, since g harmonic, it follows that g is a A,-homogeneous
harmonic polynomial with A, € {2,3,4,5,...} (recall that A, > 2, see
Lemma 2.5).

Finally, to complete the proof of (a), it suffices to combine Lemmas 2.11
and 2.12 to obtain that (2.10) holds when A, = 2.

— Step 3. We now prove the first part of (b): if m = n — 1, then ¢ must be a
homogenous solution of the Signorini problem.

Indeed, let w,,% — g in L?(By). We first show uniform semiconvexity and
Lipschitz estimates that are of independent interest and will be useful later on
in the paper. Namely, let us prove the estimate

32,W, > —C inBg, VeeLnS"! VR<I, (2.17)

where C = C(n, R)—in particular C is independent of r.
For this, given a vector e € "' and 1 > 0, let

S+ h . —he) —2
2,1 = LL RO+ IC —he) —2f
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denote a second order incremental quotient. Fore € LNS"~! we have 83 pPx =
0 (since py is constant in the directions of L). Thus, since Au = 1 outside of
{u = 0} and Au < 1 everywhere,

Au(r(- +he)) + Au(r(- —he)) —2Au(r(-))

h2 =0

A(Sgthr) =
in Bi\{u(r-) =0}
On the other hand, since u > 0 we have
53,hwr = 53,hu(r >0 inf{u(r-) =0}

As a consequence, the negative part of the second order incremental quotient
(83’ n W, )_ is a (nonnegative) subharmonic function, and so is its limit (Bge wy)—
(recall that u € C"!, hence 682’}!17), — 8026.@, a.e.as h — 0).

Therefore, given any radius R’ € (R, 1), by the weak Harnack inequality
(see for instance [6, Theorem 4.8(2)]) there exists € = €(n) € (0, 1) such that

1/e
<aeewr>i)
BR/

1/e
<C(n,R, R/)(/ |8eewr|€) .
B

Also, by standard interpolation inequalities, the L€ norm (here we use € < 1)
can be controlled by the weak L! norm, namely

182, ,) |l Lo (Bg) < C(n, R, R’)(

R/

1/e
</ |aeew,|6> < C(n, R') supt|{|0eei,| > t} N Bp|.
BR’ t>0

Furthermore, by Calderon-Zygmund theory (see for instance [13, Equa-
tion (9.30)]), the right hand side above is controlled by ||Aﬁr||L1(BR,/) +

||w,||L1(BRN), with R” € (R’, 1). Finally, since Aw, < 0, ||A@,||L1(BR//) is
controlled by the L' norm of @ inside B;: indeed, if X 1s a smooth nonnegative
cut-off function that is equal to 1 in Bg~ and vanished outside By, then

”Awr”LI(BR//) < —/ X Aﬁ;r = —/ AX ﬁ)’r < C(}’l, R//) |1’I)’r|
Bi B By
(2.18)

In conclusion, choosing R’ = 2R3—+1 and R” = RT“ we obtain

| (Qeewr)—llLoo(Br) < C(n, R)|[WrllL1(p,) < C(n, R)
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(recall that @, is uniformly bounded in W'2(B;) ¢ L'(B;), see Step 1),
which proves (2.17).

Note that, as a consequence of (2.17), the Laplacian of w, in the tangential
directions is uniformly bounded from below. Since Aw, < 0 everywhere and
L is (n — 1)-dimensional, this implies a uniform semiconcavity estimate in the
direction orthogonal to L, namely

92,W, <C inBg, fore e L with|e/| =1,

where, as before, R < 1 and C = C(n, R).
Thanks to the previous semiconvexity and semiconcavity estimates, we
deduce in particular a uniform Lipschitz bound:

IV, <C(m,R) inBrp VR <1. (2.19)

Hence, the convergence ﬁ,kz — ¢ holds also locally uniformly inside Bj.
Now, recall that by Proposition 2.4 we have

2
<r2_” fBr wAw)

fB, |[Vw|? rl=n faB, w? (220)

p2n [z wAwW 2 R
=2 1—' :2</ erwr) .
r _nfaB, w? B

' w) 2 200 w)

Since

2)”/6Z 21'1((Z
][ r¢’ (r,w)dr < 2/ ¢'(r,w)dr = 2(([)(21’;{(3, w)

— ¢ (ri,s w)) -0 as f — oo

(because ¢ (r, w) — A, as r — 0), using the mean value theorem we may
choose 7y, € [r,, 2ri,]suchthatry,¢’(F,, w) — Oas € — oo.Hence, thanks
to (2.20) and (2.2), we deduce that, for pg :=7ry,/ri, € [1, 2],

[ @At < [ @, a8, 0
B B

Pe

Since Aﬁrkl — Agq weakly* as measures inside By, w,, — ¢ strongly in
CY .(By), and W, AW, > 0, we obtain
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/ qAq =0 VR <1,
Br

therefore, letting R 1 1, g Ag = 0 inside Bj.
Now, since

e Aw, < 0issupported on {u(r -) = 0}, that convergesto L asr | 0
e w, =W —p)r-)=ulr-)=0onL
e Wy, — ¢ locally uniformly

in the limit we obtain that Ag < 0, Ag = 0 outside of L, and ¢ > O on L.
This proves thatg € W 1.2(By) is a solution of the thin obstacle problem (2.11)
inside Bj.

The same argument as the one used in Step 2 for case (a) (which only used
that g Ag = 0) shows that g is A.-homogeneous inside Bj. In particular we
can extend ¢ by homogeneity to the whole space, and ¢ satisfies (2.11) in R".
— Step 4. We conclude the proof of (b) by showing that A, > 2 4 o, for some
dimensional constant o, > 0.

We argue by compactness. Observe that any blow-up ¢ satisfies

x-Vqg = A, / qzzl, Ag <0, gAqg =0,
0B

g>0onL, ¢(0)=0. 2.21)

Also, by Lemma 2.11 we have that (2.12) holds. Now, if we had a sequence
of functions ¢® satisfying (2.21) with Afkk) J 2, then we would find some
limiting function ¢®® satisfying (2.21) with Afkoo) =2 and (2.12). Then ¢
would be a 2-homogeneous solution of the thin obstacle problem and hence
a quadratic harmonic polynomial (see for instance [12, Lemma 1.3.4]). Thus,
applying Lemma 2.12 withm = n—1 we find that, in an appropriate coordinate
system,

1 ol t |o!
0’1’* 02:1 Oq‘_ —N

where N > 0 with tr(N) = ¢ > 0 (since [|¢”||;2(35,) = 1). However, since
¢ (0) = 0and ¢ > 0on L = {p, = 0} = ker(D?p,), we must have
—N > 0, a contradiction. O

We conclude this section with an interesting observation: the gap between
the value of the frequency and 2 controls the decay of the measure of the
contact set (recall that ¢ (0", w) > 2, see Lemma 2.5).

@ Springer



On the free boundary of the obstacle problem 331

Proposition 2.13 Let 0 be a singular point, w := u— py, and ry := ¢ (0T, w).
Then
l{u =0} N B,|

< Cr*=2 vr>o.
| By |

In addition, the constant C > 0 can be chosen uniformly at all singular points
in a neighborhood of 0.

Proof Let w, and w, be defined as in the statement of Proposition 2.10. Since
W, is bounded in W!12(B)) (see Step 1 in the proof of Proposition 2.10)
and Aw, < 0 [see (2.14)], we can bound the mass of Awy inside By2 by
considering a smooth nonnegative cut-off function y that is equal to 1 in By
and vanished outside Bj, and then argue as in (2.18). In this way we get

f |Aw, | < Cllwyll1p,) < C.
B2

But since
AT, | = p2 2 )=0
=
lwrllz258))

and [lw,|l;2¢5p,) < Cr*+ [see (2.9)], we conclude that

2= {u =0} Bl 2= {u(r-) =0} N By
| By /2| | B1)2]

<C,

as desired. O

Note that the density bound is actually stronger around points corresponding
to lower dimensional strata {X,,}1<n<n—2. Indeed, since Aw, < 0 and any
limit of w, is harmonic [see Proposition 2.10(a)], it follows that f By AW, | —
0 as r — 0, so in this case the constant C appearing in the statement can be
replaced by o(1).

Remark 2.14 In the case when 0 € X,_;, we can actually prove a stronger
estimate, namely that {u = 0} N B, is contained in a r**~!-neighborhood of
L = {p, = 0}. To show this, note that (2.19) implies that

IVw,| <C inByp, VYr >0, (2.22)
or equivalently

||wr||L2(3Bl)

IVu(x) — Vpe(x)| < C Vx € By (2.23)
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Observe now that Vi = 0 on {u = 0} (since u € C"! and u > 0). Also, since
ps(x) = %(e - x)2 for some e € S"71,

[Vpe(x)| = dist(x, L) VxeR"
Hence, it follows by (2.23) that

”wr”LZ(aBl)

dist(x, L) < C Vx € By N{u = 0}.

Since ||wy |l 25p,) < Cr’** [see (2.9)], we conclude that

dist(x, L) < Cr™*~!  Vx € B,pN{u=0). (2.24)

3 Proof of Theorem 1.1

In this section we prove Theorem 1.1. This will require a fine analysis of the
possible values of the frequency at singular points. We begin with the simple
case n = 2.

Lemma 3.1 Letn = 2 and 0 be a singular point in £1. Then L, := ¢ (0", u —
px) belongs to the set

7 11 15 1
3456 gu{3 4589}

In particular a, > 1 [here a, is as in Proposition 2.10(b)].

Proof From Proposition 2.10(b) we have that any possible blow-up ¢ is a
Ax-homogeneous solutions of the Signorini problem in two dimensions with
obstacle 0 on L and A, > 2 + o, > 2. In dimension two, homogeneous
solutions to the Signorini problem that are symmetric with respect to L are
completely classified via a standard argument by separation of variables, and
the set of their possible homogeneities is
3 7 11 15 19
(1,2,3,4,5.. J U {5,5,7,7,7,...}
(see for instance [11]). In our case ¢ may also have a odd part. However, the

odd part is easily seen to be harmonic, hence its possible homogeneity belongs
to the set

{1,2,3,4,5,...}.
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In conclusion

rell,23,45. Juli L8R L

Since Ay > 2, the lemma follows. O

As explained in the introduction, our main goal is to prove that the set of
points with frequency less than 3 is small. For this, we need to understand what
happens when too many singular points accumulate around another singular
point. This is the purpose of the next two lemmata: the first concerns the case
m < n — 2, and the second deals with the case m = n — 1.

Lemma 3.2 Let n > 3 and suppose that 0 is a singular point. Assume that
m :=dim(L) < n —?2, and that there is a sequence of singular points x; — 0
and radii ry, |, 0 with |xi| < rr/2 such that

(u— ps)(r-)
I = p) e )28y

—~q inW"(B),

Wy, =

and yy := f—l’: — Yoo- Then yoo € L and q(yso) = 0.

Proof Since (u — py)(r-) = o(r?) and u(ryyr) = u(xx) = 0, it follows that
ps(reyve) = r,gp*(yk) = o(rlg) as ry — 0. Therefore p.(y~) = 0, proving
that yoo € L = {p, = 0}. We now show that ¢(ys,) = 0.

Note that, since g is homogeneous (see Proposition 2.10), if yoo = O then
the result is trivial. So we can assume that |yso| > 0.

We now use that x; is a singular point for . Thanks to Lemma 2.5 applied
at x; with p = p,, we know that the frequency of u(xy + -) — px is at least
2, therefore

(1/2, u(ri(yx + ) — p(r-)) = 2.

(Note that here p, is the quadratic polynomial of u at 0, not at x !) Equivalently,
recalling the definition of w,,, we have

1 fBl/z Vi, vk + ) + hr_kIV(p*(rkyk +ree)— p*(rk-))‘2
< _

2 < 5 - — 5—, (3.1)
faBl/z [ Gk + ) + hry (Pslriyi + 1) — pa(rc )|
where hy, = [[(u — ps)(ri - )l 12(5,)- Note that, because p. is a quadratic
polynomial that vanishes on L, we have
h M (palriye +7ic0) = palric+)) = ek + bi - x (3.2)
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for some constant ¢; € R and some vector by € R" with by L L.
We now observe that, since |yx| < 1/2 we have Bj,2(yx) € By, therefore

~ 2 ~ 2 ~
/ |Vwrk()’k + - )| + f |wrk()’k + - )| = ”w”k”%VLZ(B]) = C.
Bi2 dB12

We claim that
k] < C and |bg| < C, with C independent of k.

Indeed, if this was false, dividing by (|cx| + |bx|)? both the numerator and the
denominator in (3.1), we would obtain

, 1 S, | V(e + T + B x|
<= )
2 faBm e (x) + Tk + br 'X)\z

where T = cx/(lck| + [bkl), bx = br/(lck| + |bxl), and .2 |Ver|* +
f 9B1)2 8]% — 0. Thus, in the limit we would find

_ — 2 —
_ 15y [V (oo +boo - 1) 1Boo?

T2 fyp, oot b xP dnfeol? + bool? T

a contradiction that proves the claim.

Thanks to the claim, up to a subsequence, cy — ¢ and by — bso as
k — oo, with by, L L. Note now that, since xy is a singular point, it follows
by Corollary 2.7 that, for all p € (0, 1/2),

1 2
—4f ek +rep ) — pulricp I < 24/ (% ) — pu(% )
P JaB; dBy
or equivalently, recalling (3.2),

1 ~ 2
v |wy, (Vi + x) + ck + b - x|
p" JaB,
524][ Wy, (v + ) + ¢ + b - x| (3.3)
0B1)2

Hence, in the limit (note that B,(y»o) C By forall p < 1/2)

1
—4][ 19 (Yoo + %) + Coo + boo - x|
P JaB,
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< o4 ][ 19 (o0 + %) + oo + boo - £
0B12

for all p € (0, 1/2). (3.4)

Since ¢ is a homogeneous harmonic function, ys, € L with |yeo| > 0, and b
is orthogonal to L, it follows by (3.4) that the gradient of ¢ in the directions
of L must vanish at ys, namely Vyg(y~) = 0. Hence, by homogeneity we
find ¢ (yoo) = 0, as desired. |

Lemma 3.3 Let n > 2 and suppose that 0 is a singular point with m =
dim(L) = n — 1. Assume that there is a sequence of singular points x — 0
with xi € X1, and let ry | 0 with |xi| < ry/2. Denote

A =00 u—py)  and ey =07, ulxk + ) — paxy)

Suppose that

~ u— Tk * .
Wy, = ( P -) g in wl2(B)),
| — ps) (ric - )||L2(331)
and yy = ’r‘—lf — Voo. Also, let Re = L+ with |e| = 1, and denote by g’
and ¢°% the even and odd part of g with respect to L, namely

1

¢ () = S{a) +q(x —2(e- e},
1

") = S {g) — g(x — 2(e - )e)}.

Finally, let a, be as in Proposition 2.10(b).
Then ys € L, and for A := infy{Ay x, } > 2 + o we have

prA f qeven(yoo +x)2 S 22)» f qeven(yoo + x)z' (35)
9B, dB1/2
In addition, if L. is not an integer then
p~ ][ q(yoo +2)* < 2% ][ 4o +2)? Vpe(0,1/2). (3.6)
9B, 9B1/2

Proof Let

Px.x; (Xx) = lim r_zu(xk +rx)
rl0
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and define the second order harmonic polynomial

1
Pr(x) == h—(p*,xk (rix) — pao(Xk + 11x)),
Tk
where

hy = Il = p) i)l 208

Since x; € X,_1, Proposition 2.10(b) yields

S(re/2, u(xic+ ) — prxy)
>¢(0", uxi+ ) = pay) = ki ZA =240 >2, (3.7)

therefore
2
1y 5 Vit 4 75c) = V p ()|
2+ao S - 3
2 fBBl/z ‘M(Xk + 1k ) - p*,xk(rk )‘
~ 2
= _ — 5 ‘
2 f331/2 ‘wrk(yk +) - Pk)|
for all k.
We now claim that
[Pl =C  Vk. (3.9)

Indeed, if the coefficients of Py are not bounded, then dividing by its maximum
in the numerator and the denominator of (3.1) we obtain

1 fBl/z ‘ng - VFklz

J— 2 9
2 faBl/z |8k - Pk|

2+Q’o§

where Py := Py /| Pr| and fBl |Ver|> — 0, thus in the limit we find

1 fBl/z |VFOO|2

24+ O < -—F————————
2[5, [Pocl?

(3.10)

for some quadratic polynomial P . Note now that, since 0, x; € ,_1, we
have

1
Pxxp = E(ek -x)2 for some e, € s
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and
1 2 n—1 1
p*,ozz(e-x) fore € S NL—.

Also, up to replacing e; with —ey if needed, we have that ey — e (since
DPx.xp —> Px,0 as k — 00). Thus

1
Pr(x) = h—(P*,xk (rix) — px.0(xk + rx))
Tk
_ % (Cex - x)* — (e~ (& +x))%)
2hy,
_ rlg 2 2 2
= —((ek -x)° —(e-x)" —2ar(e-x)— ak)
2h,,

where a; = (e-y) > 0 (since yy = Yoo € L = el). Thus, since the
coefficients of Py := Py/|P| are uniformly bounded and a,% < 2a; we must
have P (0) = 0 and therefore

Poo(x) =C1(e' - x)(e - x) + Cale - x),

for some constants ¢q, ¢2 € R, where

. (i 4 _
¢ = lim —— S 'nL.
k—oo ey — e|

Now, since e’ L e, a direct computation using the formula above yields

15, VPl 1€ [5,,(¢ 07+ [ ,(e-x)> + G5Byl
Z _ =- L _
2 faBl/z |Poo|2 2 c1 faBl/z(e/ . x)z(e . X)Z +¢ faBl/z(e . X)Z

1 =2, =2
_ 2(l’l+2)cl + C2 < 2
- 1 EZ +52 - ’
4(n+2) -1 2

a contradiction to (3.10). Hence this proves (3.9), and up to a subsequence
Py — Py as k — o0, where Py is a second order harmonic polynomial. In
addition, by the discussion above, Py, has the form

Poo(x) = c1(€ - x)(e-x) + ca(e - x), 3.11)

where ¢’ 1 eand ¢y, 2 € R.
Now, by Lemma 2.6 applied to u(x; +7x - ) — px,x, and using (3.7), we have
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p”f mmﬁw—&ﬁg”f |, vk + ) — Pil%
0B, 0Bi2

for all p € (0, 1/2), hence, in the limit,
B U CR SR SILEE S VENPE R SR CAR)
9B, 9B1)2

Since Py, is odd with respect to L [see (3.11)], it follows by (3.12) that
_ _ 2
0 2\ f qeven(yoo + . )2 =p 21 f |(Q(yoo + ) _ Poo)even|
3B, 3B,

= p—2k ][B IQ()’oo‘i‘ )= Poo‘2
0

2
< 2”][ (Voo + ) — Poo
dBi

9

where we used that f — V" is an orthogonal projection in LZ(E)B,;). Hence
—2A even 2
P ][ " "Yoo+ )" <C Vpe(0,1/2).
3B,

Noticing that ¢®¥°" (yo + ) is a solution of Signorini, this bound implies that
the frequency of ¢®**"(yoc + -) at O is at least A (cp. Corollary 2.9). Thus,
arguing as in Lemma 2.6 we deduce that

pr>p ][ 7" (Voo + )?
9B,

is monotone nondecreasing, which proves (3.5).

Assume now that A is not an integer. Since ¢°% is an odd function (with
respect to L) whose Laplacian in concentrated on L then Ag° = 0, which
implies that g°d is a harmonic polynomial. On the other hand, since ¢ is
L«-homogeneous, then so is ¢°%9. Hence, since harmonic polynomials have
integer homogeneity, the only possibility is ¢°d = 0. Thus ¢ = ¢®"°", and
(3.6) follows from (3.5). O

Forn >3andm € {1,2,...,n — 1} we define

Sho={x€Zm : 90T, ulxo+ ) — pux,) <3}, T = Tu\20.
(3.13)
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We can now give the key lemmas needed to prove Theorem 1.1. We begin by
showing that points in X{ are isolated inside X.

Lemma 3.4 Assume n > 3. Then X{ is a discrete set.

Proof Assume by contradiction that 0 € X{ and x; — 0 is a sequence of
singular points. By definition, 0 € X{ means that dim(L) = 1 (where L :=
{p« = 0}) and that A, := ¢(0", u — p,) < 3. Hence, since n > 3 we have
m =1 < n — 2, thus Proposition 2.10(a) yields 1, = 2.

Let ry := 2|xg|. By Proposition 2.10 and Lemma 3.2 we have (up to extract-
ing a subsequence)

~ . X
W, — g In Lz(Bl) and y; = * Yoo € LN B2,
Ik

where and ¢ is a 2-homogeneous harmonic polynomial satisfying ¢ (yveo) = 0.
In addition, since A, = 2 we know that (2.10) holds. Namely, in an appropriate
coordinate frame (recall that m = 1 here) we have

M1 t
?) ‘.. On—l ) ‘,. 0}’2—1
D p, = 1 and D°qg = 1 ,
Mn—1 1
| 0 0, [~n—1x
(3.14)

01

n—1

where fi1, ..., n—1,¢ >0, > 7 " i = 1.

Note that, since | yoo| = 1/2, ¢(¥so) = 0, and yo, € L, by homogeneity of g
we must have ¢|; = 0. This contradicts the fact that D?¢| g = —(n— 1)t <
0 [see (3.14)] and concludes the proof. ]

In order to estimate the measure of X for m > 2 we need to develop a
Federer-type dimension reduction argument. As a first step we need the follow-
ing standard result in geometric measure theory, that we prove for convenience
of the reader.

Before stating it, we recall some classical definitions. Given 8 > 0 and
5 € (0, oo], the Hausdorff premeasures Hf (E) of a set E are defined as
follows: !

HE(E) = inf{z diam(En)f : E | JE;, diam(Ey) < 3}. (3.15)

U'n many textbooks, the definition of Hsﬁ includes a normalization constant chosen so that
the Hausdorff measure of dimension k coincides with the standard k-dimensional volume on
smooth sets. However such normalization constant is irrelevant for our purposes, so we neglect
it.
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Then, one defines the S-dimensional Hausdorff measure HE(E) =
limg_, o+ H(Sﬁ (E). We recall that the Hausdorff dimension can be defined in
terms of Hgo as follows:

dimy/(E) :=inf{8 > 0 : Hgo(E) =0} (3.16)
(this follows from the fact that Hgo(E ) = 0 if and only if H#(E) = 0, see for
instance [21, Section 1.2]).

Lemma 3.5 Let E C R”" be a set with Hgo(E) > 0 for some B € (0, n].
Then:

(a) For HP-almost every point x, € E, there is a sequence ry | 0 such that

g
EN B (xs
Fool (o) - s >0, (3.17)

lim

B

k— o0 ry

where ¢, g is a constant depending only on n and B. Let us call these
points “density points”.

(b) Assume that 0 is a “density point”, let ry |, 0 be a sequence along which

(3.17) holds, and define define the “accumulation set” for E along ry at

0as

A=Ag iy = {Z € Bipp @ 3(zo)e=1, (ke)e=1

s.l.zZ¢ € rk_élE N By and 7 — z}.
Then
B
Heoo(A) > 0.

Proof Part (a) of the lemma is a standard property of the Hausdorff
(pre)measures, see for instance [21, Theorem 3.6(2)] for a proof. We now
prove (b).

Assume that O is a density point. Then by (a) we have

HE,(E N By o)

B
T

H&(FI:IE N Bip) = > 2_(ﬂ+1)cn,ﬁ >0 forall k> 1.
(3.18)

Note that the accumulation set A is a closed. Assume by contradiction that

HP(A) = 0. Then, by definition of Hgo, given any ¢ > 0 there exists a
countable cover of balls {B;} such that
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A C Ué, and Zdiam(Bi)ﬂ <e.

i>1 i>1

Since A C Bj is compact set, we can find a finite subcover. In particular, there
exists N € N such that

N N
A C Ué, and Zdiam(éi)ﬁ <e.
i=1 i=1

But then, since
N
r'ENBinc| B
i=1

for k large enough?, by definition of Hgo we obtain
B (-1 o
Hoo(ry "ENBy1p) <e,

a contradiction with (3.18) if ¢ is small enough. O

We can now give an appropriate version of Lemma 3.4 for the case m =
dim(L) € {2,...,n —2}.

Lemma 3.6 Assumen > 4andm € {2, ...,n—2}.Thendimy(X]) < m—1.

Proof Recalling (3.16), we assume by contradiction that H&(Z;) > 0 for
some B > m — 1. By Lemma 3.5(a), there is a point x, € X and ry | 0 such
that

r PHE (28 0 B (x0)) = cup > 0. (3.19)

Assume without loss of generality that x, = 0. Hence, since 0 € X9 and
m < n — 2, it follows by (3.13) and Proposition 2.10(a) that

e =0T u—p) =2

Moreover, by Proposition 2.10(a) after replacing rx by some subsequence ry,
that will still satisfy (3.19) and hence by simplicity we again denote ry, we
will have

2 Otherwise there would be a sequence of points z; € r,& 'ENB 172\ U lN: 1 UB;, and hence their

limit z—up to a subsequence—would satisfy at the same time z € A and z € By 2\ UlN:l l?,-,
a contradiction.
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Wy, —q  inL*(By).

where ¢ is a 2-homogeneous harmonic polynomial. In addition, since A, = 2,
we know that in an appropriate coordinate frame D? p, and D?g are given by
(2.10). Also, applying Lemma 3.5(b), we deduce that the “accumulation set”
A = Asa () satisfies Hfo (A) > 0.

We claim that A € By N LN {g = 0}. Indeed, by definition, a point z
belongs to A if there are sequences of singular points x; — 0 and of radii
k, 4 0 such that |x¢| < r, and x¢/rr, — z. Thus x¢/(2ry,) — z/2, and by
Lemma 3.2 we obtain z/2 € L and ¢(z/2) = 0. By homogeneity, this implies
that z € L N {g = 0} as claimed.

Finally we note that L N {g = 0} has dimension at most m — 1. Indeed, if
not this would imply that ¢ = 0 on L, which would contradict the fact that
tr(D%q|ror) = —(n —m)t < 0 [see (2.10)].

Thus H™~!(B; N L N {g = 0}) < +oo, which yields (since > m — 1)

0 <H(A) <HEL(BiNLN{g=0}) =0,

contradiction. O
We now analyze the size of X7 ,. We begin with the case n = 3.

Lemma 3.7 Letn = 3. Then ¥, is a discrete set.

Proof Let us assume that 0 € X7, and that x; — 0, where x; € X,_1. By

Proposition 2.10 and by definition of X, we have

A = (0" u — py) € 2+ @, 3).

Let ry := 2|xx| and note that, by Proposition 2.10(b), we have (up to subse-
quence)

~ Xk
w, —> q and - — Z € 0By
k

where ¢ is a A,-homogeneous solution of the Signorini problem (with zero
obstacle on L).
Also, since A, < 3, it follows by Lemma 3.3 that z € L and

pere [ gcew. vpewp
3B, (2)
[note that, since x; € X, _1, infg Ay y, > 2+ o by Proposition 2.10(b)]. This
implies that ¢, Dg, and D?¢ vanish at z, and that A% := ¢ (0%, g(z + -)) >

2+ o.
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Since ¢ is a solution of Signorini that is homogeneous with respect to the
point 0, it is classical fact (this follows from instance from the monotonicity
of the frequency function) that a blow-up at z € L,

q° = li}nq(z +ri )@ +ri)l2es)

has translation symmetry in the direction z, and it is A*-homogeneous. Thus,
since n = 3, g° depends thus only on two variables (equivalently, it has
2-dimensional symmetry). Since homogeneous 2-dimensional solutions of
Signorini are completely classified (see the proof of Lemma 3.1) we deduce
that

. 3 7 11 15
Fell2,3,45.00{3 148 ]

Recalling that A* > 2 + «,, we get A* > 3. But then we reach a contradiction
since, by monotonicity of the frequency and the fact that the limit as r — 400
of the frequency is independent of the point, we get

3<A=9¢0",qz+ ) < p(+00,q(z+ ) = ¢(+00,¢) = Ay < 3.

O

In order to control the size of X, for n > 4, we shall use the following
result on the Signorini problem:

Theorem 3.8 ([11, Theorem 1.3]) Let L C R" be a (n — 1)-dimensional
subspace, and let q be solution of the Signorini problem in R" with obstacle
Oon L [see (2.11)]. Then, for all 7 in the contact set {g = 0} C L it holds

d(O0", gz + -))e{1,2,3,4,...}u{§,%,12—1,§, }

except for at most a set of Hausdorff dimension n — 3.

Lemma 3.9 Letn > 4. Then dimy(X;_|) <n —3.

Proof Recalling (3.16), assume by contradiction that Hﬁo(zg_l) > 0 for
some 8 > n — 3. Then by Lemma 3.5(a) there exists a point x, € X7, and
rr 4 0 such that

r PHE (S N B (x0) = cup > 0. (3.20)

Without loss of generality we assume that x, = 0. Then, since 0 € Xy |, by
(3.13) and Proposition 2.10(b) we have

e = (0, u— py) €2+ ao, 3).
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Moreover, by Proposition 2.10(b) after replacing r; by some subsequence ry,
that will still satisfy (3.20) and hence by simplicity we again denote rg, we
will have

Wy, — q in L*(B)),

where g is a A,-homogeneous solution of the Signorini problem with obstacle
0 on L. Applying Lemma 3.5(b), the “accumulation set” A = ./4227 )

Is
satisfies Hfo(.A) > 0. Set
S = {z € BiNLN{g(z) =0} such that p(0", g(z + -)) > 2 +o¢o}.
Then, by the same argument as in the proof of Lemma 3.6 we deduce that

AcCc B NLN {g = 0}. Also, since A, < 3, as in the proof of Lemma 3.7 it
follows by Lemma 3.3 that ¢ (0", g(z + -)) > 2 + «, for all z € A. Hence,

AcCS.

We now note that, for all z € S, we have
(0%, gz + ) < p(+00,q(z+ ) = ¢(+00,q) = hy <3

(since 0 € Xy ). Therefore it follows that
p(0T, gz + ) €24 o, 3) forallz €S,

and Theorem 3.8 yields dimy(S) = n — 3. In particular Hgo (S) = 0 (since
B > n — 3) and we obtain

0 < HE(A) < HE(S) =0,

a contradiction. O

We will also need the following version of Whitney’s extension theorem
(see for instance [10] and the references therein):

Lemma 3.10 (Whitney’s Extension Theorem) Let 8 € (0, 1], £ e N, K C R"
a compact set, and f 1 K — R a given mapping. Suppose that for any x, € K
there exists a polynomial Py of degree £ such that:

(1) Px,(x0) = f(xo0);
(ii) |D*P, (x) — DEPy(x)] < Clx — xo|*™P* for all x € K and k €
{0,1, ..., £}, where C > 0 is independent of x.
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Then there exists F : R" — R of class C*P such that
Flgk=f and Fx) =P, (x)+ O0(x —x|"P) Vx, e K.

We now prove that the set of points with frequency > A is contained in a
C*~1_manifold. Since the classical argument provided in [17, Theorem 7.9]
only shows that the singular set is locally contained in a countable union of
manifolds (while here we claim that locally we need only one manifold), we
provide the details of the proof.

Lemma3.11 Letn > 2, m e {1,2,...,n— 1}, and A > 2. Let £ € N and
B € (0, 1] satisfy £ + B = A, and define

Smo. = 1{% € T+ 907, u(xo + ) — pux,) = A}.

Then Sp, ;. locally contained in a m-dimensional manifold of class C =L,

Proof We prove the result in a neighborhood of the origin.

We begin by recalling that the singular set ¥ = UZ;]OEm is closed (this
is a classical fact that follows from the relative openness of the set of regular
points, see [4]). In addition, we note that the monotonicity of the frequency
implies that the map

Y 3 x, ¢(0+, u(xo + ) — P*,xo)

is upper semicontinuous, being the monotone decreasing limit (as r | 0) of
the continuous functions

b)) axor—>¢(r,u(xo+ ~)—p*,xo), r > 0.
Thanks to these facts we deduce that
S, ={x €% : ¢(0", ulxo+ ) — puyx,) = 1}
is closed. In particular, if we define the compact set K := S, N m, we have

that Sy, » N Bis C K.
Now, given x, € K, we define

Pxo(x) = p*,xo(x — Xo).

We want to show that K, f = 0, and { Py} ek satisfy the assumptions of
Lemma 3.10 with £ and B as defined above.
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Note that, by Lemma 2.6 and the definition of S, for all x, € K we have

lu(xo +p ) = Prx, (0~ )||L2(Bl)
A 1 1
< CpMulxo+3 - ) = Pz - ) 208, (3.21)
forall p € (0, 1/2].
Now, given x,,x € K, set p := |x — x| (note that p < 1/4), and for

simplicity of notation assume that x, = 0. Then it follows from (3.21) applied
both at 0 and x that

|(Po— Px)(p- Wizzs)
< lluCp-) = Polp )2, + lu(p-) = Px(p-)llL2p)
= HM(/) ) - p*(p ')HLZ(BI) + ”M(,O ) - P*,x(p( - x/p))”Lz(Bl)
=< Hu(p ) - P*(P ')HLZ(Bl) + ”u(p : ) - P*,x(p( - x/p))HLz(Bz(x/,o))
= HM(P ) - P*(IO ')HLZ(BI) + ”u(x + P ) - p*,x(p ')HLz(Bz)
< Cp™.
(3.22)
In particular, since the norm || - [ ;2(p, is equivalent to the norm || - ||c¢(p,)
on the space of quadratic polynomials, we obtain the existence of a constant
C > 0 such that
| D* Py, (x) — DX P ()|
< Clx — xo|""#7% forallxo,x € K andk € {0, 1, ..., ¢}

(recall that . = £ + B). Since Py_(x,) = 0 for x, € K, applying Lemma 3.10
we find a function F € C“#(R") such that

F(x) = pe,(x — Xo) + O(Jx — xo|“™P) forall x, € K.

Therefore

n
Sma N Bijy CK C{VF=0}= {3, F = 0}.

i=l

Now, if Xo € Sy.¢ N Bi/4 then dimker (D?F (x,)) = dimker (D?p,. x,(0)) =
m. This implies that, up to a change of coordinates, the rank of D(le’_“’ )
F (x,) is maximal, and we conclude by the Implicit Function Theorem that, in
a neighborhood of x,, (/_;"{dy, F = 0} is a m-dimensional manifold of class

Ct=1-8 that contains S O
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We are now ready to prove Theorem 1.1 (except for the C? regularity in
dimension 2 that will follow from Theorem 4.7 in the next section).

Proof of Theorem 1.1 We need to prove:

(a) Forn =2, ¥ is locally contained in a C 2 curve.

(b) For n > 3, 2571 is locally contained in a C L1 4y — 1)-dimensional
manifold and Xy | is a relatively open subset of X, ;| satisfying
dimy (27 ) < n — 3 (the latter set is discrete for n = 3).

(c) Forn > 3, ¥,,_ can be locally covered by a C L@ (5 — 1)-dimensional
manifold, for some dimensional exponent «, > 0.

(d) Forn >3andm=1,...,n—2, E,‘fl can be locally covered by a cllm-
dimensional manifold and X, is a relatively open subset of %,, satisfying
dimy(X5) < m — 1 (the latter set is discrete when m = 1).

() Forn >3andm =1, ...,n—2, ¥, can be locally covered by a Cllog™
m-dimensional manifold, for some dimensional exponent &, > 0.

Throughout the proof, we will use the definition of S, given in
Lemma 3.11.

- Proof of (a). By Lemma 3.1 we have that ¥ = S; 3. Thus, applying
Lemma 3.11, we obtain that X1 is locally covered by a C!:! curve. To conclude
that 1 can be covered by a C? curve, we apply Theorem 4.7 from the next
section.

- Proof of (b). By Lemma 3.9, the Hausdorff dimension of X, is at most
n — 3. Also, by definition we have Efl_l = S;-1,3, thus X¢ can be locally
covered by a C L1 (4 — 1)-dimensional manifold, thanks to Lemma 3.11. The
fact that 2571 is relatively closed in X,_1 is a consequence of the fact that
Xo > ¢(0+, u(xo + +) — px, xo) is upper semicontinuous, as shown in the
proof of Lemma 3.11. In the case n = 3, Lemma 3.4 gives that X | is a
discrete set.

- Proof of (c). By Proposition 2.10(b) we have that the whole stratum >,
is contained in S, —1 244, , for some dimensional constant o, > 0. As a conse-
quence, the whole stratum %,,_ can be covered by a C Lao (n—1)-dimensional
manifold.

- Proof of (d). By Lemma 3.6, for 1 < m < n — 2 the Hausdorff dimension
of X7 is at most m — 1 (in the case m = 1, Lemma 3.6 gives that X{ is a
discrete set). Also, since by definition X, = S, 3, applying again Lemma 3.11
we obtain that %5, can be locally covered by a C!:! m-dimensional manifold.
Finally, as in the proof of (d), the relative closedness of ¢ follows from the
upper semicontinuity of the frequency.

- Proof of (e). Let m < n — 2. We claim that the following estimate holds:

o +7 ) = pax, ) | 25, < Cr¥log™*=(1/r)
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Vx, € 2 N Bl/z, vVr e (0,1/2). (3.23)
Observe that it is enough to prove (3.23) at points x, such that
M, = P07, u(xo + ) = pax,) = 2.

Indeed, if A, y, > 2 then Proposition 2.10(a) yields A, x, > 3, hence (3.23)
trivially holds (actually, with a much stronger estimate) thanks to Lemma 2.6.
So, without loss of generality, we can assume that A, ,, = 2.

Let M > 1 be a large constant to be fixed later. By Caffarelli’s asymptotic
convexity estimate [4] (see also [5, Corollary 5]), we have

D?>u > —Clog ®(1/r)1d in By(xo) Vx.€X, (3.24)

for some dimensional exponent &, > 0. Now, let a, := ||r_2u(xc> +r) —
Dsx,ll2 = o(1) and Ly, := {p«x, = 0}. Thanks to (3.24) we have

Dee (r—2u(xo +r) — P*xo)
= dee(r 2u(xo +r)) > —=Clog™(1/r) inBy  (3.25)

foralle € L,, NS" 1.
Assume by contradiction that

ar, > Mlog=®(1/ry) forsomery | 0.

Then, recalling (3.25), for any e € L, NS"~! we find
- 1 _ c .
8eewrk = a_kaee(r 2M()Co +r) — P*,xo) = _M n Bj.

Thus, since @,ke — ¢ in L3(B;) for some subsequence ry, [see Proposi-
tion 2.10(a)], we have

C
deeq = =7 inBi, Ve& Ly s (3.26)

In addition, since A, ,, = 2, Proposition 2.10(a) implies that g is a quadratic
polynomial satisfying

D%*qlp <0, D?ql. >0, tr(D*q)=0, and lqll;2p5,) = I
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Thanks to this fact, a simple compactness argument shows that there exists
e € L, NS"~! such that

0eerq < —c1 <0 in By,

for some dimensional constant ¢; > 0. This contradicts (3.26) for M suffi-
ciently large, thus establishing (3.23).
Thanks to (3.23), if we define

Pxo(x) = p*,xo(x - xo) VX0 € X,
the argument in the proof of Lemma 3.11 yields

IDFP (x) — D*Py(x)] < Clx — xo*Flog™ (1x — x)
Vxo,x € X, N By, k €{0, 1,2}. (3.27)

Hence, by Whitney’s Extension Theorem (see [10] and the reference therein)
and the argument in the proof of Lemma 3.11, we conclude that (3.27) that
¥, is locally contained in a C1°2” ;;-dimensional manifold. O

4 On third order blow-ups

In this section we investigate the uniqueness/continuity of third order blow-ups
for points in ,,, and prove that %, can be covered by C? manifolds, up to a
lower dimensional set (see Theorem 4.7 below).

We begin by showing the validity of a third-order almost-monotonicity
formula of Monneau-type for all singular points.

Lemma 4.1 Let 0 be a singular point, assume that Ay := ¢ (07, u — py) > 3,
and let q be a 3-homogeneous harmonic polynomial that vanishes on L =
{px =0}. Set v :=u — py — q, and let H, be as in Lemma 2.6. Then

7

d
—H3(r,v) > =C
Px

dr

L*(By)

where C > 0 is a constant that can be chosen uniformly at all singular points
in a neighborhood of 0.

Proof Set w := u — py, wy(x) = r>w(rx), and v (x) = r v@rx) =
wy(x) — g(x). Then H3(r, v) = H3(1, v,), and we have

d d 2
—H3(r,v) = —H3(l,v,) = —/ vy ((vr)y — 3vp). 4.1)
dr dr r Jas,
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We now observe that, because Ay > 3, it holds
W31, wy) = (¢(1, w,) =3)H3 = 0
(here W), is as in Lemma 2.8). Also, because g is a 3-homogeneous harmonic

polynomial, one easily checks that W3(1, g) = 0. Hence, similarly to the proof
of Lemma 2.3, we get

0 < Wi, w,) — W3(l, q)

:/ (|er|2+2VUr-Vq> —3/ (v,2+2vrq)
B JB1
= |Vu,|2—3/ v,2+/ vr(x - Vg —3q)
B dB; 0B
= |er|2 — 3/ vr2
B dB

= / —v,Av, +/ v ((vp)y — 30;),
B 0B

where we used that Ag = 0 and x - Vg = 3¢q. Thus, recalling (4.1) we obtain

dH( )>2/ A 2 / A
— r,v) = — v Vyp = ——¢ VAWD.
dr 3 r B g g }"n+5 B,

Now, since Av = Au — Ap, — Ag = 0 inside {u > 0}, we have

VAV = (ps + q) X{u=0}

therefore

d 2 2
—H3(r,v) > —— VAV = —— .
S H ) 2 /B , = /B R

Noticing that (since p, > 0)

q2

2P«

Px+q=—

and that % is a 4-homogeneous polynomial (this follows from the fact that

g = 0 on {p, = 0}, hence ¢ is divisible by p,), we conclude that

d 1 2 2
——H3(r, v)z——/ q—z—Hq—
dr r JBin(u(r =0} Px Px
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Since A, > 3, the result follows by Proposition 2.13. O

In order to apply the previous result, we need to check the size of the points
where some third-order blow-up is harmonic and vanishes on {p, = 0}. We
begin with the case n = 2.

Lemmad4.2 Letn =2,0 € Xy, and w := u — p,. Assume that there exists
a sequence xy € X1 with x;p — 0 and let ry := 2|xy|. Then, for some subse-
quence ry, we have

. (u—pIli,-) .
Wy, 1= % —~q inWh(By),
ke

where § is a 3-homogeneous harmonic polynomial vanishing on L = {p, =
0} and satisfying 11| 1255, = H3(0F, w)!/,

Proof Note that if (0", u — p,) > 3 then ||wr||L2(Bl) = 0(r3) [see (2.9)],
hence H3(0™", w) = 0 and the result holds with § = 0. So we can assume that
(0", u — py) =3.

Set

Wy, Wy,

lwrllz2my  Halre, w)l/?

Wy =

By Proposition 2.10(b) after extracting some subsequence ri, we will
have w’kg — ¢ where ¢ is a 3-homogeneous solution of Signorini—see
(2.11)—satisfying lgll2m,) = 1. Also, since r +— Hj3(r, w) is monotone
nondecreasing (see Lemma 2.6) and ¢ # 0, we deduce that

g = H3(0", w)gq.

This proves that g%, 0By = H3 (01, w).

To conclude the proof it suffices to prove that ¢ is a 3-homogeneous har-
monic polynomial vanishing on L := {p, = 0}.

Now, applying Lemma 3.3 with ry = 2|x¢|, we deduce that y; := )r‘—l’: —
Yoo € L N 0By, and that [thanks to (3.5)]

][ g% (Yoo + )% < Cp°
B,

(note that for n = 2 we have that A, ,, > 3 for all k, see Lemma 3.1).
This implies in particular that ¢g®¥*" is 3-homogeneous both with respect to
0 and yoo, hence it must be one dimensional. Since Ag = 0 outside L, this
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implies that g®'*" is affine on each side of L, hence ¢*'*" = 0 (being ¢***"
3-homogeneous).

This proves that ¢ is odd with respect to L, so ¢ cannot have a singular
Laplacian on L. Recalling that Ag = 0 in R*\L, this proves that ¢ is a
3-homogeneous harmonic polynomial. Finally, since ¢ > 0 on L and g is
3-homogeneous, it must be g|; = 0. O

The previous Lemma motivates the following

Definition 4.3 We say that a singular point x, belongs to ¢, and write
Xo € T if o (0T, u(xo + -) — Ds.x,) > 3 and there exists some sequence
rj { 0 such that

uXxo, +rj-)— rj- A )
w,, = ( j )r3 Piexo (T +) Ny in Wl’z(Bl),
7

and ¢ is a 3-homogeneous harmonic polynomial vanishing on {p, ,, = 0}.

Applying the Federer-type reduction argument developed in the previous
section and the proof of Lemma 4.2 we obtain the following:

Lemmad4.4 Letn >2,1<m <n—1. Then:

@) El\E?r 4 consists of isolated points for n > 2;

(i) dimy(Tp\Z79) <m —1for2 <m <n— 1.

Proof Since the argument is similar to the ones used in the previous section,
we just explain the main steps, leaving the details to the interested reader.
Point (i) for n = 2 follows immediately from Lemma 4.2.
The case n > 3 for m = 1 follows instead by Proposition 2.10(a) and
Lemma 3.2 after observing that

(u—ps;)(rke-) i = HQ.G (u —p)ri, -) A

"k (e — ps)(r, ')”L2(831) ’
cp. proof of Lemma 4.2.

Concerning the case m = n — 1 > 2, we can use Lemma 3.3 to prove that
the conclusion of Lemma 4.2 applies to all points in Zfl:] that are density

points for Ef_l with respect to the measure ’Hgo, with 8 > n — 2. Thus, as in
the proof of Lemma 3.9, Lemma 3.5 implies that the conclusion of Lemma 4.2
applies to all points in 25_1 up to at most a set of Hausdorff dimension n — 2.
Since dimH(En_l\Ef_l) = dimy(X;_,) < n — 3 (see Theorem 1.1), this
proves (ii) when m = n — 1.
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Analogously, in the case 2 < m < n — 2, we can use Lemma 3.2 to prove
that the conclusion of Lemma 4.2 applies to all points in X5, that are density
points for X with respect to the measure Hgo, with B > m — 1. Thus,
Lemma 3.5 implies that the conclusion of Lemma 4.2 applies to all points in
pfS up to at most a set of Hausdorff dimension m — 1. Since dimy (T, \Z5) =
dimy(X%) < m — 1 (see Theorem 1.1), this concludes the proof of (ii)). O

We can also prove the uniqueness and continuity of third-order blow-ups at
all points in £374:

Proposition 4.5 Letn > 2,1 <m < n — 1, and let x, € Eg{d. Then the
following limit exists:

U(xo +7rx) — pix, (rx)

- = Gur,(x)  inW'A(Basr — 0, (4.2)
-

where g x,(x) is a 3-homogeneous harmonic polynomial vanishing on
{Px.x, = O} and satisfying ||Q*,xo||iz(aBl) = H3(0+, u(xXo + +) = Pixo)-
In addition the above convergence is uniform on compact sets, and the

the map 2,3,1’ 5 x, > G« x, IS continuous.

Proof Assume 0 € ZS{ 4 We first prove the existence of a limit.

Since 0 € ES{ 4 there exists a sequence ry.1 | 0 yielding a limit ¢; which
is a 3-homogeneous harmonic polynomial vanishing on {p. = 0}. Let g» be a
limit obtained along another sequence r¢ 2 | 0. Up to taking a subsequence of
rk,2 and relabeling the indices, we can assume that ry » < ry 1 for all k. Thus,
thanks to Lemma 4.1, we have

Hy(ri1, w—q1) = H3(rg 2, w —q1) — Clrep — i1l Yk,

for some constant C depending on ¢, so that letting k — oo we obtain

0= lim / Wy, , —q)* > lim ( / (wm—q1>2—C|rk,z—rk,1|)
k— 00 3B, k— 00 9B,

= | (@2—q)*
dB

This proves the existence of the limit, and that the limit is a 3-homogeneous
harmonic polynomial vanishing on {p, = 0}.

We now prove the continuity of the map x, = g x, at0 € Efn’ 4 Fixe > 0,
and consider a sequence xi € 231’ 4 with x; — 0. Thanks to (4.2), there exists
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a small radius r, > 0 such that

/831

Now, let Ry : R" — R” be a rotation that maps the m-dimensional plane
Ly :={psx =0} onto Lo := {p+.0 = 0}, and note that Ry — Id ask — oo
(this follows by the continuity of ¥,, > x — ps x). Then, since g, o o Ry
vanishes on Ly, we can apply Lemma 4.1 at x; with q = q«.00° Ry to deduce
that

2

u(rex) — pro(rex) <g (4.3)

3
rg

— +,0(x)

2
(g +7X) = Py ()
o 400 R

2
/ |Gx; % — qx,0 © Ri|” = lim
9B, r—0J3B,

S /
0B

Note that the constant C above is independent of k since, by the continuity of
Px,xi> Px,xy © 1’?,:1 > p«.0/2 for k large enough, therefore

2

u(xg +rex) — Px,xy (rex) Lcr
£

3
rg

—{4%,00° Ry (x)

2
q*,O

Px,0

Vk> 1.

‘ (qx.0 © Rp)?
P, x;

|

L>®(By) L°°(By)

Hence, since R, — Id, letting k — oo and recalling (4.3) we obtain

. 2
lim SUP/ |Gxi.« — g0l
JdB1

k—o00
2
ux FeX) — IreX
< lim (k+ 3 )3 p*,xk(e )—q*,ooRk(x) +CI’€
k— 00 9B, r;
§8+C”e-

Since ¢ > 0 is arbitrary, this proves the continuity at 0. In addition, arguing
as above (using Lemma 4.1) one sees that the convergence in (4.2) is locally
uniform with respect to x. O

Remark 4.6 1t is important to observe that the above proof shows something
stronger: if x; € =8 [so their frequency is at least 3, see (3.13)] and x;x — x,
with x, € Efn’ 4 then

lim |G, — CI*,O|2 =0 (4.4)

k— 00 9B,

whenever gy, is an arbitrary limit point of r3 (u (XK +7Xx) — psxy (rx)) as
r — 0. In other words, even if the third order blow-up of u — py , at x; may
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not be unique, any such limit has to converge to g, ¢ as xxy — x.. Indeed, if
{rk,j}j>11s a sequence converging to 0 such that

. u(Xg + 1k jX) = Paoxg (Tk, jX)
qu('x) = .11m 3 )
j—00 I j

then Lemma 4.1 applied at x; with ¢ = g4 0 o Ry yields (since ri j < re for
i>1

u(xg + r, jx) — ps,x Nk, jX) 2

/ |axe = qw.0 0 Rel* = lim 3 — Gx,0 © Ry (x)
By j—>00 /3B, %
2
uxy +rex) — rex
S/ (xk 3 )3P*,xk(e )—q*,ooRk(X) +Cre,
9B rg

and the result follows as in the proof of Proposition 4.5.

Note also that, when n = 2, g, o is odd with respect to the line {p, o = 0}
(see the proof of Lemma 4.2). Hence it follows by (4.4) and the continuity of
Dsx.x; that

im [l el + f gEen? = 0, 4.5)
0B

k—oo Jop

where g} 0dd (regp. gy,") is the odd (resp. even) part of gy, with respect to

{(Psx = O} In particular, as in Lemma4.2, qud is a 3-homogeneous harmonic
polynomial.

As consequence of the previous results, we obtain the following result about
the structure of X,,_;.

Theorem 4.7 The following holds:

(n = 2) % is locally contained in a C* curve.

(n > 3) Foranym = 1,...,n — 1, the set ¥,, can be covered by a
countable family of C* m-dimensional manifolds, except for at most a set
of Hausdorff dimension m — 1.

Proof We start with the case n = 2. Let us consider the map

Y13 X, > q;’dd, (4.6)

where qud is the odd part of g, with respect to {p. », = 0}, and where ¢, is
defined as follows:

— if x, € T}
sition 4.5;

, then gx, = g x, 1s the third order limit provided by Propo-
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—if x, € 21\2]%”1, then g, is an arbitrary limit point of r3 (u(xo + rx)
— Psx,(rx)) asr — 0O (recall that £ = Ef for n = 2, see Lemma 3.1).

Fix R € (0, 1), and for (r, xo) € (0, 1 — R] x (X' N Bg), let us define the
function

12
F(r, xo) := 7”_3( ][ ((xo 4 ) = Paxy — q)(c)fd)z) :

Note that, as a consequence of Lemma 4.1, the map r +— F(r, x,) is almost
monotone, hence the limit as » — 0% exists. Also, for r > 0 fixed, the map

! HER 3 X, > F(r, xo)

is continuous as a consequence of (4.4) and (4.5) (recall that the set X \Ef’d
consists of isolated points by Lemma 4.4(i), so F(r, -) is trivially continuous
at such points). Thus, as in Lemma 3.11, the almost monotonicity implies that
Xo > F (0T, x,) is upper semicontinuous. Since F(0F,-) = 0 on £ (by
Proposition 4.5) we deduce that, for any ¢ > 0, there exists r; > 0 such that

F(r,x,) <e Vxo.€ I NBg st
dist(xo, Z7") < 7o, Vr e (0,7 4.7)

Now, to any point x, € X1 we associate the third order polynomial
Py, (%) 1= P, (& = %0) + g2 (x — xo),

and we consider the function G : X1 x X1 — R defined as

1
G(xo, x) 1= ,03 ||(Pxo - Px)(:oxo,x .)”L2(Bl)’ Pxo,x = |x — xol.

Xo,X

We want to prove that G is uniformly continuous on (X1 N Bg) x (X1 N Bg)
for any R € (0, 1).
Observe that, thanks to Lemma 4.4(i), the set

Orr = {xo IS QER : dist(xo, E?rd) > r}
is finite for any r > 0. In particular, if we define

Upg = {xo € =, N By : dist(x,, 379) < r},
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then for any ¢ > 0 there exists § = §(¢) > 0 small enough such that
dist(xy,x2) > 6 V(x1,x2) € (O 2 X Opr,2) U (Ogr, X Ug p, 2)

[here r. > O is as in (4.7)]. Hence it is enough to check the continuity of G on
Ug . X Ugp,.
Note that, arguing exactly as in (3.22), it follows that

G(x0, X) < F(Pxo,xs Xo) + F2px,x,X) VX0, x € Xy

In particular, provided py, x = [x — xo| < r¢/2, then it follows by (4.7) that
G(x,, x) < 2¢ whenever (xo, x) € Ug,, x Ug,,, which proves the desired
uniform continuity of G.

Since the norm | - ||,2(p,) is equivalent to the norm | - || -3(p,) on the space
of third order polynomials, the uniform continuity of G implies that the the
polynomials P, are continuous in the sense of Whitney’s Theorem: for any
R € (0, 1) there exists a modulus of continuity wg such that

IDF P, (x) — DFP,(x)] < wr(x — xo|)|x — xo>7F
Vxo,x € 21N Bg, k=0,1,2,3.

Since X is closed, the set ©; N By is compact, so this allows us to apply the
classical Whitney’s Theorem to find a map F € C3(RR?) such that

F(X) = P, (X — Xo) + Guon, (X — X0) +0(lx —x0¥)  Vx, € 779 N Bp,

and we conclude by the Implicit Function Theorem (see the proof of
Lemma 3.11).
Concerning the higher dimensional case, since dimH(Em\ng Dy <m—1

(see Lemma 4.4), for any j € N we can find a countable family of balls {f}i}
such that

~ ~ . 1
Em\E;rd - UB,- =:0;, and Zdiam(Bl-)m_l'H/J < ;
i i

In particular Hay ' t17(0;)) < 1/] [see (3.15)].

Note that, because of the continuity of the map ¥ > X, > pu x,, the set
E;n:l =X+l U...UX,_1isclosed, and ¥,,\X,, C E;ZH. Hence, since
the sets X, and EZ 41 are disjoint, the set

Za\Zm =Zm N E, L

is closed.
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Define the sets
Uj = {x @ dist(x, Tp\Zw) < 1/j}, Kj = Z,\(0; UUj)).

Then K; = =.\(O jUU;), and because the sets O and U/ are open we deduce
that K is closed. Noticing that the polynomials Py (x) := py x,(Xx — Xo) +
G+, x, (X — X,) are continuous with respect to x, € K (by Proposition 4.5), we
can argue as we did above in case n = 2 to conclude that K; can be locally
covered by a m-dimensional manifold of class C2. Then the result follows by
observingthat U; K ; = E,\ (N;0))) andH’go(ﬂj(’)j) = Oforany 8 > m—1,
hence dimy (N;0;) < m — 1 [see (3.16)]. O
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Appendix A: Examples of (m — 1)-dimensional anomalous sets X,

In this “Appendix”, for any 1 < m < n — 2 we construct an example of
solution to the obstacle problem in R" for which the anomalous set Xy is
(m — 1)-dimensional. The existence of such examples shows that the assertion
dimy(X5) < m — 1 in Theorem 1.1(b) is optimal.

These solutions are constructed as follows: given 1 < m < n — 2 we
consider functions

u(.xl,XZ,...,xn)=I/l*(Z, r)v 2:=Xm, r:=\/x}’%’l+1 +x3’l+2+'..+x%’
(A1)

which are independent of the first (m — 1) variables and are axially symmetric
with respect to the last m — n variables. Then our goal is to find solutions to
the obstacle problem which are of the form (A.1) and for which all points in
the (m — 1) dimensional affine space

Z:={xm =xXpt1 = =x, =0}

are anomalous points in X . To build these examples, we rely on some ideas
introduced in [23].
Fix ¢ : [—1, 1] — R a nonnegative C? function satisfying

$0)>0, ¢(1)=0, ¢'(z) <0 Vze(0,1), and ¢(—z) = ¢(2).
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Then, for any real number k > 0 we consider the solution ¥ > 0 to the
obstacle problem in (—1, 1) x (0, 1) ¢ R?

div(r " IVuk)y = kT xasgy in (=1, 1) x (0, D),
uk(£1,r) =0 re(0,1),
uk(z, 1) = ¢(2) ze (-1, D).

In other words, %uk (Xm, \/ xi gttt x%) 1s a solution of the classical obsta-

cle problem in the cylinder R" ! x (—1, 1) x Bfn_m) satisfying the symmetries
in (A.1).

Note that, when we think of this obstacle problem as a two dimensional
problem (in the variables z, r), we do not prescribe “boundary” values at
r = 0 since this line has zero capacity for the operator div(r" "~V .) when
n—m —1 > 1 (this is equivalent to saying that the set {x;,;,..1 = - - - = x, = 0}
has zero harmonic capacity in R").

We now claim that:

(i) ufis even z, namely u*(z, r) = u*(—z, r);
(ii) d,u* <0in (0, 1) x (0, 1);
(iii) the set {u* > 0} is convex in the direction z, and is symmetric with respect
toz =0.

Indeed, (i) follows from the symmetry of the boundary data (and the uniqueness
of solution to the obstacle problem).

To show (ii) we consider the open set U := (0, 1) x (0, 1)\{u* = 0} and
observe that 9.uf < 0 on U . Indeed:

d,u* = 0 on {z = 0}, by symmetry;

d,u* = 0 on d{u* = 0}, since u* is nonnegative and of class C!-!;
9.u* < 0on {z =1}, since u*(r, 1) = 0 while u*(r,z) > 0 for z < I;
d.uk =¢' <0on{r=1}.

As a consequence, since div(r" "~V (,u*)) = 0 inside U (this follows by
differentiating the equation for u with respect to z), we deduce by the maximum
principle that 8.u% < 0in U. Also, we note that 8,u* = 0in (0, 1) x (0, D\U
since u* = 0 there (recall that u* is nonnegative and of class C!'!), proving
(ii).

Finally, (iii) is an immediate consequence of (i) and (ii).

We now observe that, for k sufficiently large, the contact set contains a
neighborhood of the origin, and hence it must contain a cylindrical neigh-
borhood of {r = 0} [thanks to (iii)]. On the other hand, for k < 1 we have
u¥(0) > 0. Therefore, by continuity, there exists (a unique) k, > 0 such that
d{u’ > 0} touches tangentially the line {r = 0}.
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Set u* := uk*. Observe that that, with this definition, the function

1
u(x) = o, \/xfn+1 + o+ x2) (A.2)

*

has a full (m — 1)-dimenional space of singular points on Z = {x,, = x;4+1 =
- = x, = 0}. Also, by the given symmetry, these singular points belong to
the stratum X,,.
We now prove the following:

Proposition A.1 Let u be the symmetric solution defined in (A.2). Then the
set Z C %, consists of anomalous points, that is Z C X

Proof The proof consists of three steps.

- Step 1. We show that u has no other singular points in a neighborhood of
Z (except of course the points in Z).

To prove this, assume by contradiction that there exists a sequence of sin-
gular points x; — 0. Note that, since u is invariant in the first m — 1 variable,
we can assume that x;, € {x] = --- = x;,—1 = 0}. Then, by the symmetries
of u and Lemma 3.2, a blow-up g of u — p, at 0 is a homogeneous harmonic
polynomial that vanishes on the x,,-axis and that enjoys the same symmetries
as u (note that p, has the same symmetries as u and vanishes on » = 0). Thus,
q = q*(z,r), where ¢* solves

divr" ™ 'vg*) =0, ¢*(z,00=0 Vz, and ¢* #0.

Let ¢ be the degree of g. Since ¢ is smooth and ¢*(z, 0) = 0, g* must be a
polynomial of the form ), <k<t)2 arzt=%r?* Let ko > 1 be the first index
such that ai, 7 0. Then

0= div(" " ~1g*) = (2koln — m + 2(ko — Dlagyz 20 4120z, ry )=~ 14200=D,

where Q is a polynomial of degree £ — 2ko — 2. In particular, the terms inside
the parenthesis cannot be identically zero, giving the desired contradiction.

As a consequence, there is a neighborhood of Z which is free of singular
points. (except the points in Z). In particular, as a consequence of [4,5], there
exists ¢ > O such that (3{u* > 0}\{0}) N B, is a smooth curve contained inside
(—e, &) x (0, e)\{0}.

- Step 2. We show that, for any o« > 0 small, there exists R = R(x) > 0
small such that the following holds:

Voo € (0,R), 3Y,, € d{u* > 0} N By, st Y, -e, >0ol™* (A3)

where Y, - e, denotes the r-component of the point Y, .
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Let p := +/r2 4 z? and 0 := arctan(z/r) € (=%, %) be polar coordinates
in (0, 1) x (—1, 1). We now state the following fact, whose proof is postponed
to the end of the Step 2.

Claim For any @ > 0 small, there exists § = §(«) > 0, and a function
Oy : [6, % — 8] — R smooth, such that S, (r, z) := p1+o‘/4®a (0) satisfies

div(™=1VS,) = 0 in the cone Cs := {(p, 6) € (0,1) x (8, % — 3)} ,
and
Oy (8) = ®a<% —a) —0, ©,>0 forfe (a, % —3). (A4)

Note that, since O is a singular point and recalling the symmetries of u,

u(x) = ps(x) +o(|x|?) where p,(x) = Z(n—l—m) ) x?. This implies that
u*(z,r) > 4(nk:m)r2 + 0(z?) near the origin. Thus, given « > 0, there exists

n = n(a) > 0 small enough such that the inclusion

CsNB, CCsppNBy C {u* > 0} (A.S5)
holds. Note that, up to reducing n, we can assume that n < ¢, so that (by Step
1) d{u* > 0}\{0} is a smooth curve inside B;,.

Let us consider the function /& := —d,u*, and recall that 4 > 0 (by property
(iii) in the construction of u*). Also, differentiating the equation
divir" ™ ') =k, "0 in {u* > 0}
with respect to z, we obtain

divr""'Vh) =0 in{u* > 0). (A.6)

Since & > 0 inside {#* > 0} (by the strong maximum principle), it follows
that

afh > 0N B, N{z >0} =d{u* > 0}NB,N{z> 0} (A7)
and CsNdB, CC {u* > 0}. Thus there exists a constant ¢) = cp(c) > 0 such
thath > ¢S, on Cs N0 B,;. In addition 2 > 0 = S, on dC5 N B,,. Hence, since
h and S, solve the same equation, it follows by the maximum principle that
h > S, inside Cs N B)). Recalling (A.4), this implies that

h=cip™™*in {(p,6) € (0,m) x [28, % — 21} (A8)

@ Springer



362 A. Figalli, J. Serra

for some ¢; = c1(a) > 0.

We now want to find a lower bound on the normal derivative of / at points
on d{u* > 0}. For this we use a Hopf-type argument, constructing suitable
barriers for our operator div(+"~~!V .). These are given by the family of
functions

SH(r,2):==2(r —b) — (n —m — 1)(z — 1)>, where b € R.
Note that
divr" ™= 'vsHy =0 in {r > 0},

and Sf < 0 outside of the parabolic region P := {b + %—1& -2 < r}.
Now, given 0 < g, < n we consider the rescaled function

ho, =05 "*?h(0s )
and we note that [thanks to (A.8)]

—a/4
ho,(p. 3 —28)> c105**p!*e/t Vp e (0, L), (A.9)

Consider now our barriers Slfl . For b > 1/2 the parabolic region P} is
contained inside the set {9 <7- 28}. In particular SbH < 0 inside the cone

C}g = {9 € (% — 26, %)} Then, we start decreasing b until the first value
bo such that 9P, touches d{h,, > 0}. Note that, thanks to (A.7) and Step 1,
b, > 0 and the contact point will happen for some Y, € {r > 0}.

Since hy,, > 0 = S,Z on 3Py, N Cys and he, = Cz(Ol)Qo_aM > S}Z on
Pp, N 8@23 for o, sufficiently small [see (A.9)], it follows by the maximum
principle that 2,, > S}Z inside Pp, NCas. Hence, since both ho, and § }Z vanish

at 790, we deduce that
dho,(Yo,) = 8,SE (Y,,) = 2 > 0, (A.10)

where v is the unit inwards normal to d{h,, > 0}, and ¢; = c»(«) is inde-
pendent of o, (here we use b, < 1/2). Observe also that, provided § is small
enough, Pp, N ézg C B».
Rescaling (A.10), we obtain that for all o, € (0, n) small enough there is a
point Y, € d{u* > 0} N (0, 1) x (0, 1) such that,
Yol <200 and  9,h(Y,,) = 202/ (A.11)

o k]

where v denotes the unit inwards normal to {u* > 0} [see (A.7)].
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To conclude the proof we observe that differentiating the equation
divir™" vy = k* r X{u*>0}
with respect to z we obtain —div(r" "~ 'Vh) = k* "1y, H! [3(u*>0}, thus
—r"myuh = k", on a{u* > 0}

where v, = v - e; denotes the z-component of v. Recalling (A.11), this proves
that

2
ve(Yp,) < —0g" and Y| < 2ol (A.12)

Note that (A.12) already implies that 3{u* > 0} cannot be a C1-¢ curve at
0. We now prove the more precise estimate (A.3).
Since b, > 0 and the rescaled parabolic cap

n—m—

oKy YO 'b
{(QZQF) + >

1(z—1)2§r51}

touches d{u* = 0} at Y,, = (ro,. 2o,). it follows that

n—m-—1 5 n—m-—1 5
2Qo (ZQO_QO) <Qobo+2—QO(ZQO_Qo) =T5 (A13)

and that

(1. =251z, — 00)

v(Y,,) = = (A.14)
—m—1
Jre (= e, 0)

Combining (A.13) with (A.12), we get

—m—1
(z o o)
0. ‘feo @ < _ Cng/4
n—m—1 2 k
1+ <Q—O(ZQO - Qo))
n—m—1
= ——— (20, — Qo) < ——0%".
o0 (2g, = 00) = k*Q

Recalling (A.13), this yields
1 €2 14a/2
B ————— <7, = Y, - .
2(n—m—1)< )QO 4 00 " €r
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Since o/ ** « Q1+ o/2 , this proves (A.3).

We conclude Step 2 proving the claim.
Proof of Claim. The linear function z = p sin 6 satisfies div(r" "~ 1Vz) = 0.
Also ®g () = sin 9 is positive on (0, 7 /2) and satisfies ®(0) = 0, hence O
must be the minimizer of the Rayleigh quotient

. { ”/Z(COSQ)n m— 1(@)2
min

00 = O} =n—m
E/Z(COSQ)” m=1(@)2
[equivalently, recalling (A.1), the restriction to the harmonic function x,, to
R™=1 5§~ < R™~! x R"*1 is a minimizer of the Rayleigh quotient for
the classical Dirichlet integral on S"~" N {x,, > 0}].
Since n —m — 1 > 1 (this is where we crucially use this assumption), we
have

lim min

77/2 8(C089)n m— 1(@ )2
510

fﬂ/z S(COSQ)W m=1(@)2 ®(3)=®(7T/2—8):0} In—m
0

(thisis equivalent to saying that the north pole in S"~"*N{x,, > 0} has harmonic
capacity 0, so the boundary condition ® (r /2 — §) = 0 disappears in the limit
8 — 0). Thus, by continuity, for any & > 0 small there exists 6 = §(«) > 0
small enough such that the previous Rayleigh quotient in (8, w/2 — §) will
give the value

=m—-m+ao/4)(+a/4).

This implies that if we denote by ®,, the first eigenfunction (i.e., the func-
tion attaining the minimal quotient value i), then —((cos 9)"_”’_1@&)’ =
e (cos0)" 1@, and it follows by a direct computation (or by classical
spectral theory) that S, (, z) 1= p' T¥/4®, (0) satisfies div(r" "~V S,) = 0,
as desired. Finally, the strict positivity of ®, inside (8 ' 5 — 8) is a classical
property of the first eigenfunction.

- Step 3. We conclude the proof of the proposition by showing that (A.3) is
incompatible with 0 € X3,. Recall that, by definition, O belongs to X3, (resp.
24 if (01, u — pi) > 3 (resp. (0T, u — py) < 3), see (3.13).

Assume by contradiction that ¢ (0", u — py) > 3. Then by Lemma 2.6 we
have

12
][Iu—p*|§< (u—p*)z) <CR> VR=>O.
Br B
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We now note that

Al — ps) = —Xu=0) <0,

so it follows by the mean value formula for superharmonic functions that

u—py>—CR> in Bg. (A.15)
Recalling that p, = p«(z,r) = mrz in the variables (z, r), it follows by
(A.15) that
- r2>—C0r?+2z5%? ond{u =0},
n—m
therefore

r<Cl(z,r)[?’* ond{u =0},

which clearly contradicts (A.3) if we choose o < 1/2. As a consequence 0
(and by symmetry all points on Z) must belong to 2. |
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