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Abstract

Classically integrable σ -models are known to be solutions of the 1-loop RG equations, or “Ricci flow”, 
with only a few couplings running. In some of the simplest examples of integrable deformations we find 
that in order to preserve this property at 2 (and higher) loops the classical σ -model should be corrected 
by quantum counterterms. The pattern is similar to that of effective σ -models associated to gauged WZW 
theories. We consider in detail the examples of the η-deformation of S2 (“sausage model”) and H 2, as 
well as the closely related λ-deformation of the SO(1, 2)/SO(2) coset. We also point out that similar 
counterterms are required in order for non-abelian duality to commute with RG flow beyond the 1-loop 
order.
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1. Introduction

The bosonic 2d σ -model2

S = 1

4π

∫
d2zGmn(x) ∂axm∂ax

n (1.1)

is a theory with an infinite number of couplings (as can be seen, e.g., by Taylor expanding 
Gmn(x) = δmn + ∑

r gmn;k1···kr
xk1 · · ·xkr ) that run with RG scale according to the “generalized 

Ricci flow” equation [1,2]

d

dt
Gmn = βmn + ∇(mξn) , (1.2)

βmn = Rmn + 1
2RmpqrRn

pqr + . . . . (1.3)

Here ξn(t) corresponds RG scale dependent diffeomorphisms, or equivalently field redefinitions 
of xn.

In certain special cases, the RG flow may be consistently restricted to a finite subset of cou-
plings. These σ -models may be called renormalizable in the usual sense. In the simplest case of 
homogeneous spaces, for example group or symmetric spaces, with non-abelian global symme-
try, there is just one running coupling related to the curvature radius. More non-trivial examples 
include models related by T-duality, for which the global symmetry becomes partly hidden. Start-
ing, e.g., with the σ -model on S2 (of radius 

√
h) and T-dualising along the isometry direction φ

one finds a dual metric

ds2 = h(dθ2 + sin2 θ dφ2) → d̃s2 = h(dθ2 + 1

sin2 θ
dφ̃2) (1.4)

that no longer has a global SO(3) symmetry. Instead, this symmetry is hidden as a consequence 
of integrability [3] and the dual metric still solves the 1-loop RG equations with only one coupling 
h(t).

More generally, it is now widely believed that renormalizability, or invariance under the RG 
flow, is closely linked with the integrability of a σ -model [4–6] (for some recent examples 
see, e.g., [7–10]). One motivation for this, implicit in [4,5], is that a σ -model corresponding 
to a given a quantum integrable S-matrix with a finite number of parameters should also be 
parametrized by only a finite number of couplings. Another is that the conservation of infinitely 
many hidden symmetry charges should be enough to reduce the infinite-dimensional RG flow to 
a finite-dimensional subspace.

While there are no known counterexamples to the conjecture that classically integrable 
σ -models should be invariant under RG flow, in most examples this has only been checked at 
the leading 1-loop order in (1.2), (1.3), and there is no general proof.

The aim of the present paper is to address what happens beyond the leading 1-loop order in 
some of the simplest non-trivial examples of integrable σ -models with 2d target spaces without 
non-abelian global symmetry. We shall see that the classical σ -model metric should generally 
be deformed in order to remain a solution of the higher-loop RG equation (1.1) with the same 
number of running couplings. This order-by-order deformation of the metric may be interpreted 
as a result of adding local “counterterms” required to preserve the integrability at the quantum 

2 Here we ignore the B-field coupling for simplicity and absorb the loop-counting parameter h̄ = α′ into the target 
space metric Gmn.
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level (i.e. to satisfy “Ward identities” for hidden symmetries). Indeed, in cases with a UV fixed 
point and a known underlying quantum S-matrix, the deformed σ -model may be reconstructable 
from a dual massive model (cf. [5,11]).

One example where such a deformation is expected is the model defined by ̃ds2 in (1.4), which 
is T-dual to the σ -model on S2. Given the metric ds2 = h[dxidxi + M(x)dy2] the standard 
T-duality rule M̃=M−1 is known to be modified at the 2-loop level [12] (see also [13–15])

M̃ =M−1(1 + 1
2h−1 ∂i logM ∂i logM

)
, (1.5)

from which one can straightforwardly determine the corresponding quantum correction to the 
dual metric in (1.4).3

Another known example of such quantum corrections is provided by the special integrable 
σ -models corresponding to gauged WZW models. These models are scale invariant, i.e. fixed-
point solutions of the RG equation (1.2). The conformal invariance of the underlying quan-
tum gWZW theory allows one to find an exact form of the σ -model metric (and B-field) 
[16–20].4 The simplest example is provided by the exact counterpart [16] of the familiar classical 
SL(2, R)/U(1) gWZW metric [24,25]

ds2 = k(dr2 + tanh2 r dy2) → ds2 = (k − 2)
[
dr2 + (

coth2 r − 2
k

)−1
dy2

]
. (1.6)

As was checked directly in [26], the leading k−1 correction in (1.6) is precisely the one required 
to solve the 2-loop scale invariance equation implied by (1.2), (1.3) (see also [27] for a 4-loop 
test of (1.6)).5

The quantum deformation of the effective σ -model metric associated with gWZW models is 
also essential for quantum integrability of generalized sine-Gordon models [28]. In particular, 
as was shown in [29] the finite counterterm required to be added to the action of the complex 
sine-Gordon model L = k

[
(∂x)2 + tan2 x (∂y)2 − m2 sin2 x

]
to ensure factorization of the cor-

responding S-matrix at the 1-loop level [30,31] is precisely the same as the k−1 term in the 
SU(2)/U(1) analog of the exact metric in (1.6).

One way to understand the origin of the quantum correction in (1.6) is to note that integrating 
out the 2d gauge field Aa in the gWZW model leads to a non-trivial determinant that can be 
computed exactly [12,32] (see also [33])6∫

[dA] ei
∫

d2z
√

g M AaAa

= exp
[ i

4π

∫
d2x

√
g
( − 1

2∂a logM ∂a logM − 1
2R(2) logM

)]
. (1.7)

3 In (1.4) we have x = θ and M = sin2 θ so that (1.5) implies csc2 θ → csc2 θ(1 + 2h−1 cot2 θ +O(h−2)).
4 This is true in a particular scheme in which the “tachyon” equation is not modified (for a discussion and examples 

see [21–23]). Here the level k plays the role of the inverse coupling (and loop-counting parameter) h used above.
5 In this Weyl invariant case the vector ξn can be written as 2∂n where the exact dilaton field  is given by e−2 =

sinh 2r
(

coth2 r − 2
k

)1/2.
6 Here the integral is understood to be over 2d scalars u, v defined by A+ = ∂+u, A− = ∂−v and having measures 

M = M(x(z)). For generality we assumed a curved 2d background with curvature R(2) (ignoring trivial M-independent 
factor in (1.7)). Note that in the discussion of the abelian T-duality transformation at the path integral level in [34] the 
∂a logM ∂a logM term was missed but, in fact, it cancels against similar contribution coming from another determi-
nant involved [32] so that the end result at the leading order is just the dilaton shift found in [34]. The analog of the 
∂a logM ∂a logM term survives, however, in the case of non-abelian duality (see below).
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This ubiquitous determinant appears also in the discussion of the abelian (and non-abelian) T-
duality transformations with the R(2) logM term representing the dilaton shift found in [34] (see 
also [35]). The local term ∂a logM ∂a logM gives a non-trivial 1-loop correction to the classical 
σ -model action (cf. also [22,29]). This observation will be useful below.

In what follows we shall determine the quantum corrections required to solve the 2-
and higher-loop RG equation (1.2), (1.3) for the simplest non-trivial integrable models: the 
η-deformation [36–38] and the λ-deformation [39,40] of the S2 σ -model and its analytic con-
tinuations. In section 2 we will consider the η-model and, using certain special limits and an 
analogy with the gWZW model, will conjecture an exact counterpart of the classical metric. We 
will confirm that it solves the RG equation (1.2), (1.3) to 3 loops. In section 3 we will consider 
the λ-model. Starting from its form as a deformation of the G/G gWZW model, we will deter-
mine the 1-loop correction that comes from integrating out the 2d gauge field Aa and confirm 
that this solves the 2-loop RG equation (1.2), (1.3). Since the non-abelian dual of S2 is a limit of 
the λ-model, our result implies that accounting for the determinant contribution in (1.7) should 
also resolve past problems [41–44] in verifying that the non-abelian duality commutes with RG 
flow at the 2-loop level.

2. η-model

The metric of the 2d “sausage” model

ds2 = h
[ dr2

(1 − r2)(1 + �2r2)
+ 1 − r2

1 + �2r2 dφ2
]

, (2.1)

was originally written down in [4] as the leading semi-classical approximation to the σ -model 
corresponding to the massive integrable trigonometric S-matrix of [45]. It was discovered as a 
solution to the 1-loop RG equation (1.2), (1.3) and conjectured to be classically integrable. Its 
classical integrability was later shown in [6]. In [46] this model was identified as the Yang-Baxter 
σ -model [36,38] (also known as the η-deformation) corresponding to S2.7

Here � is the deformation parameter, with � = 0 corresponding to the round S2 of radius 
√

h. 
The metric (2.1) has two regimes of interest: real � , which gives the Yang-Baxter σ -model, and 
imaginary � . It is the latter case that was studied in [4] since it is UV stable with a UV fixed point 
at �2 = −1, where the theory is free. Alternatively, we can send �2 → −1 while simultaneously 
expanding around r2 = 1. Taking the limit in this way the metric (2.1) reduces to the classical 
metric of the SO(1,2)

SO(2)
gWZW model (cf. (1.6))

r2 = 1 − (1 + �2) sinh2 x , �2 → −1 , ds2 → h(dx2 + tanh2 x dφ2) . (2.2)

Another useful limit is the maximal deformation limit � → ∞, h → ∞ with h′ ≡ h
�2 fixed, 

which yields [46] the undeformed hyperbolic space H 2 with radius 
√

h′ (here we set r = 1
cosh θ

)

ds2 = h′

r2

[ dr2

1 − r2 + (1 − r2)dφ2
]

= h′[dθ2 + sinh2 θ dφ2
]

. (2.3)

The metric (2.1) solves the 1-loop RG equation (1.2), (1.3) with h and � running as

d

dt
h = (1 + �2) +O(h−1) ,

d

dt
� = h−1�(1 + �2) +O(h−2) . (2.4)

7 It is also interesting to note that the metric (2.1) is formally self T-dual, i.e. invariant under φ → φ̃ and φ̃ → i�−1φ, 
r → i�−1r−1.
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We also find that the 1-loop RG flow (2.4) is effectively 1-coupling as there exists an RG-invariant 
combination of couplings

d

dt
ν = 0 , ν ≡ h

�
+O(h0) . (2.5)

In agreement with the above comments, �2 = −1 is a UV fixed point. In the gWZW limit h is 
identified with level k and hence should not run.

This relation to the gWZW model suggests that, for (2.1) to remain a solution to the RG 
equation at higher loops with only h and � running, this metric should be modified by quantum 
(i.e. 1/h) terms. Inspired by the analogy with the exact gWZW metric in (1.6) we propose the 
following conjecture for the exact generalization of (2.1)

ds2 = (h − 1 + �2)
[ dr2

(1 − r2)(1 + �2r2)
+ (1 + �2r2

1 − r2 + 2�2

h

)−1
dφ2

]
. (2.6)

The metric (2.6) is expected to solve the RG equations to all loop orders (in a particular scheme 
and modulo coordinate redefinitions) with h and � running according to a generalization of (2.4). 
This conjecture passes some obvious tests: (i) the metric (2.6) reduces to S2 for � = 0, now with 
shifted radius8

√
h − 1; (ii) the metric remains flat for �2 = −1; (iii) in the non-trivial �2 → −1

limit (2.2) it reduces to the exact gWZW metric in (1.6) with level k = h; (iv) in the maximal 
deformation limit (2.3) it reduces to H 2, now with shifted radius 

√
h′ + 1.

More importantly, one can directly check that (2.6) with the leading h−1 correction included

ds2 = h
[ dr2

(1 − r2)(1 + �2r2)

(
1 − 1 − �2

h

)
+ 1 − r2

1 + �2r2

(
1 − 1 − �2

h
− 2�2

h

1 − r2

1 + �2r2 + . . .
)
dφ2

]
, (2.7)

indeed solves the 2-loop RG equation9 (1.2), (1.3)

d

dt
Gmn = ( 1

2R + 1
4R2)Gmn + . . . + ∇(mξn) , (2.8)

for a particular diffeomorphism vector ξn with components10

ξφ = 0 , ξr = 2�2(1 + �2)r

h(1 + �2r2)2 . (2.9)

The β-functions (2.4) receive the following 2-loop corrections

d

dt
h = (1 + �2)

[
1 + h−1(1 − �2) +O(h−2)

]
, (2.10)

d

dt
� = h−1�(1 + �2)

[
1 + h−1(1 − �2) +O(h−2)

]
. (2.11)

8 The radius squared parameter h − 1 is related to h simply by a finite coupling redefinition. Alternatively, one may 
shift h → h + 1 − �2 in (2.6) to obtain ds2 = h

[
dr2

(1−r2)(1+�2r2)
+ ( 1+�2r2

1−r2 + 2�2

h+1−�2

)−1
dφ2

]
, so that the radius of 

S2 is h in the � = 0 limit.
9 Note that in 2 dimensions Rmnkl = 1

2 R(GmkGnl − GnkGml).
10 We note that the diffeomorphism vector (2.9) begins at 2-loop order; the 1-loop diffeomorphism vanishes in these 
coordinates.
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The RG-invariant quantity in (2.5) remains RG-invariant without 2-loop corrections

d

dt
ν = 0 , ν ≡ h

�
+ 0 +O(h−1) . (2.12)

Furthermore, the ansatz (2.6) also solves the 3-loop RG equation (1.2) with

βmn =
[

1
2R + 1

4R2 + c1R
3 + c2(∇R)2 + c3R∇2R

]
Gmn + c4∇mR∇nR , (2.13)

in a particular “natural” renormalization scheme corresponding to

c1 = 0 , c2 = 1
8 , c3 = − 1

4 , c4 = − 1
16 , (2.14)

in which the 3-loop β-functions for h and � take the form

d

dt
h = (1 + �2)

[
1 + h−1(1 − �2) + h−2(1 − �2)2 +O(h−3)

]
, (2.15)

d

dt
� = h−1�(1 + �2)

[
1 + h−1(1 − �2) + h−2(1 − �2)2 +O(h−3)

]
. (2.16)

The diffeomorphism vector in (2.9) receives the following 3-loop correction

ξφ = 0 , ξr = 2�2(1 + �2)r

h(1 + �2r2)2

[
1 + 2�2(r2 − 1)

h(1 + �2r2)

]
. (2.17)

This scheme (2.14) is related to the minimal subtraction scheme in [47–49]

c1 = 5
32 , c2 = 1

16 , c3 = 0 , c4 = − 1
16 , (2.18)

by the covariant coupling redefinition

G(nat)
mn = [

Gmn + 5
8 α′ 2(R2)mn + 1

2 α′ 2∇2Rmn

](min)
, (2.19)

where G(nat)
mn ≡ Gmn is the metric (2.6) in the “natural” scheme and G(min)

mn is the corresponding 
metric in the minimal scheme (see Appendix A).

We call the scheme (2.14) “natural” because the RG-invariant quantity in (2.12) remains RG-
invariant with no 3-loop corrections:

d

dt
ν = 0 , ν ≡ h

�
+ 0 + 0 +O(h−2) . (2.20)

This prompts us to conjecture that, in a natural choice of subtraction scheme at each loop order, 
the RG-invariant quantity ν ≡ h

�
is an exact RG-invariant. This suggests that ν should be the 

parameter that appears in the exact quantum trigonometric S-matrix that generalizes the non-
perturbative massive S-matrix of the O(3) invariant S2 σ -model [50].

Relatedly, we extrapolate from the obvious pattern in (2.15), (2.16) to conjecture that, in the 
same natural scheme, the all-loop β-functions of h and � are

d

dt
h = 1 + �2

h − (1 − �2)
h , (2.21)

d

dt
� = 1 + �2

h − (1 − �2)
� . (2.22)

Here �2 = −1 remains a fixed point, as it should to all orders since it corresponds both 
to flat space and the gWZW limit. For � = 0 we get d R2

2 = 1 + R−2
2 for the S2 radius 
dt S S
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RS2 = √
h − 1, which agrees with the 1-loop and 2-loop coefficients in the β-function of the 

S2 model. In the maximal deformation limit (2.3) we get d
dt

R2
H 2 = −1 + R−2

H 2 for the H 2 radius 

RH 2 = √
h′ + 1 = √

h�−2 + 1. The fact that this is correctly related to the S2 β-function by the 
analytic continuation R2

H 2 = −R2
S2 is a check of the consistency of the conjectured exact metric 

(2.6) and exact β-functions (2.21), (2.22). Moreover, if there is a natural scheme where (2.21), 
(2.22) are exact, then the S2 and H 2 β-functions are 2-loop exact in this scheme (this may be 
possible in a special non-minimal scheme since the 3- and higher loop β-function coefficients 
are scheme-dependent).

Let us mention that in the case of the (1,1) supersymmetric generalization of the σ -model 
(1.1), the first potential correction to the 1-loop β-function appears at 4 loops (∼ ζ(3)R4 in the 
minimal scheme [51], with this particular invariant actually vanishing in the case of 2d target 
space). There is also no deformation of the super gWZW metric (to all orders) and it is thus 
natural to expect that the same will apply to the model (2.1) (i.e. the form of the metric will be 
the same while h and � will run).

One may also repeat the above discussion for the η-deformation of hyperbolic space H 2 =
SO(1,2)
SO(2)

(or the Lorentzian signature symmetric spaces dS2 and AdS2). The corresponding metric 

is related to (2.1) by the formal analytic continuation11

r → ir , φ → iφ , � → i� , h → −h , (2.23)

i.e. we find12

ds2 = h
[ dr2

(1 + r2)(1 + �2r2)
+ 1 + r2

1 + �2r2 dφ2
]

. (2.24)

For � = 0 this is the H 2 metric, while for �2 = 1 it is flat. The limit analogous to (2.2), i.e. 
� → 1 with r2 → −1 + (1 − �2) sinh2 t , is now a formal limit and gives the metric ds2 =
h(−dt2 + tanh2 t dφ2), which is the classical metric of the SO(1,2)

SO(1,1)
gWZW model.

In conformally-flat coordinates the metric (2.24) may be written as

ds2 = h

p2 + �2q2 (dp2 + dq2) , r = q

p
, φ = 1

2 log(p2 + q2) , (2.25)

where the scaling symmetry (p, q) → λ(p, q) is the counterpart of φ-shift isometry of (2.24).
The analog of the exact metric (2.6) is found by the analytic continuation (2.23)13

ds2 = (h + 1 + �2)
[ dr2

(1 + r2)(1 + �2r2)
+ (1 + �2r2

1 + r2 + 2�2

h

)−1
dφ2

]
. (2.26)

Again, changing coordinates r2 → −1 + (1 − �2) sinh2 t , the limit �2 → 1 is the exact met-
ric of the SO(1,2)

SO(1,1)
gWZW model. Written in the conformally-flat coordinates as in (2.25), the 

quantum-corrected metric is

11 This analytic continuation gives the H 2 Yang-Baxter σ -model based on the split R-matrix of Lie(SO(1, 2)). On 
the other hand, if we had not continued � we would have found the H 2 Yang-Baxter σ -model based on the non-split 
R-matrix. For S2 only the latter case exists as a Yang-Baxter deformation in a strict sense since there is no split R-matrix 
of Lie(SO(3)) (see, e.g., [52]).
12 Let us note that the metric (2.24) is self T-dual, i.e. invariant under φ → φ̃ and φ̃ → �−1φ, r → �−1r−1.
13 It is interesting to note that the exact metric may have different properties compared to the classical metric. For 
example, in the case of the non-split η-deformation of AdS2 with � → i�, r → ρ, φ → it the singularity is at ρ2 =
h−2�2
2 , i.e. is always present in the classical limit h 
 1 but is absent for h < 2�2.
� (h+2)
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ds2 = (h + 1 + �2)
[dp2 + dq2

p2 + �2q2 − �2

2h

[
d(p2 + q2)

]2

(p2 + �2q2)2(1 + 2�2

h
p2+q2

p2+�2q2 )

]
. (2.27)

Expanding the metric (2.27) to first subleading order in small h−1 one obtains

ds2 = h
dp2 + dq2

p2 + �2q2 + (1 + �2)
dp2 + dq2

p2 + �2q2 − �2

2

[
d(p2 + q2)

]2

(p2 + �2q2)2 +O(h−1) . (2.28)

3. λ-model

Let us now discuss the quantum deformation of the σ -model corresponding to the λ-model. 
The λ-deformation [39,40] of the G/H symmetric space σ -model can be constructed by starting 
with the G/G gauged WZW action and adding a deformation term quadratic in the gauge field 
that breaks the gauge symmetry to H and has coefficient b−2. Dropping the WZ term for g ∈
G since it is a total derivative in our case of interest with a 2-dimensional target space, the 
Lagrangian is given by

L = k Tr
[ 1

2 (g−1∂g)2 + A+∂−gg−1 − A−g−1∂+g − g−1A+gA−
+ A+A− + b−2A+PA−

]
. (3.1)

Here P = PG/H is the projector onto the grade 1 part of the algebra Lie(G).
This model has two important limits. For b → 0 the gauge field satisfies the constraint PA± =

0 and thus we find the G/H gWZW model. Setting g = ev/k and taking k → ∞, b → ∞ (with 
h ≡ 1

2k b−2 fixed) gives the model

L = Tr(vF+− + 2hA+PA−) , F+− ≡ ∂+A− − ∂−A+ + [A+,A−] ,

h ≡ 1
2k b−2 , (3.2)

which interpolates between the G/H symmetric space σ -model (found by integrating out v and 
solving F+− = 0 by Aa = f −1∂af ) and its non-abelian dual or NAD (found by integrating out 
Aa to give a σ -model for v).

Let us consider the simple case of G
H

= SO(1,2)
SO(2)

, for which the λ-model is a deformation of 

the NAD of the σ -model on H 2. We fix the SO(2) gauge symmetry by choosing the following 
parametrization of the coset element

g = exp(ασ3) exp(iβσ2) , coshα = √
p2 + q2 , tanβ = p

q
, (3.3)

and then solve for the gauge field Aa in (3.1). The resulting σ -model is

L = k

p2 + q2 − 1

(
κ ∂+p∂−p + κ−1∂+q∂−q

)
, κ ≡ (1 + 2b2)−1 . (3.4)

The 2d target space metric may be written in a manifestly conformally-flat form by further re-
defining q → κq .

The model (3.4) again admits several useful limits. Rescaling the coordinates p → γp, q →
γ κq and then taking γ → ∞, the metric becomes equivalent to the η-model metric in (2.25)
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[53] with κ = � .14 The case of κ = 1 (b = 0) corresponds to the classical metric of the SO(1,2)
SO(2)

gWZW model15:

ds2 = k

p2 + q2 − 1
(dp2 + dq2) = k(dα2 + coth2 α dβ2) ,

(p, q) = coshα(cosβ, sinβ) . (3.5)

Another limit is found by redefining the coordinates and then taking k → ∞, κ → 0 (b → ∞)

as

p = κx , q = 1 + κ2y , k → ∞ , κ → 0 , h ≡ kκ = fixed . (3.6)

In this limit the λ-model metric becomes that of the NAD of H 2:

ds2 = h

x2 + 2y
(dx2 + dy2) . (3.7)

Starting from the NAD of H 2 (3.7) we may take the following additional scaling limit

x → γ x , y → 1
2σγ 2 + γy , γ → ∞ , (3.8)

which gives the abelian T-dual of the H 2 metric

ds2 = h

x2 + σ
(dx2 + dy2) . (3.9)

For σ = ±1 this gives two different abelian T-duals of the H 2 metric16

σ = 1 , x = sinhχ , ds2 = h(dχ2 + 1

cosh2 χ
dy2) , (3.10)

σ = −1 , x = coshχ , ds2 = h(dχ2 + 1

sinh2 χ
dy2) . (3.11)

For σ = 0 we find the H 2 metric in Poincaré patch, which is self T-dual.
The λ-model is known to be 1-loop renormalizable with only κ running [54,55]:

d

dt
k = 0 +O(k−1) ,

d

dt
κ = −k−1(1 − κ2) +O(k−2) . (3.12)

Our main observation is that to ensure the 2-loop renormalizability of this model one should mod-
ify the classical action (3.4) by the particular quantum correction like in (1.7), which originates 
from the determinant of integrating over the gauge field. For the SO(1,2)

SO(2)
λ-model (3.3), (3.4)

one finds that the quantum counterterm in (1.7) gives the following correction to the classical 
Lagrangian (3.4)17

14 In general, the “boost” limit in the Cartan directions of the λ-model gives the T-dual of the η-model [53]. However, 
the η-deformation of H 2 is self T-dual (cf. footnote 12).
15 This metric (3.5) is formally related to the classical metric in (1.6) by the imaginary shift α → α + iπ

2 . Such coordi-
nate shifts do not change renormalizability or the associated β-functions.
16 The T-dual metric (3.11) can also be found by taking the limit k → ∞, κ → 0 with p = coshχ , q = κy and h ≡ kκ

fixed in the λ-model metric (3.4).
17 In general, detM will be depend on the group element g since, written as an operator, M ∝ 1 + b−2P − Adg . Let 
us also note that, somewhat surprisingly, in this case the 1-loop correction happens to be independent of the deformation 
parameter b.
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�L = − 1
2 (∂a log detM)2 → − 1

2

[
∂a log(p2 + q2 − 1)

]2
. (3.13)

Here M = M(x) is the matrix that appears in the part of the action (3.1) quadratic in the gauge 
field, i.e. L = . . . + TrA+M(x)A−.

The 1-loop corrected metric of the λ-model (3.4) is therefore given by (cf. (2.28))

ds2 = k
κ dp2 + κ−1dq2

p2 + q2 − 1
− 1

2

[d(p2 + q2 − 1)

p2 + q2 − 1

]2 +O(k−1) . (3.14)

The 1-loop term preserves the Z2 symmetry

p ↔ q , κ → κ−1 , (3.15)

of the classical metric (3.14). As a consequence, κ → κ−1 will be a symmetry of the RG equa-
tions. One can then check directly that the metric (3.14) solves the 2-loop RG equations (1.2), 
(2.8) with

d

dt
k = k−1(κ−1 − κ)2 +O(k−2) ,

d

dt
κ = −k−1(1 − κ2) +O(k−3) , (3.16)

and the components of the diffeomorphism vector ξm given by

ξp = − 2p

p2 + q2 − 1

[
1 + 1

k

κ(p2 − 1) − κ−1p2

p2 + q2 − 1

]
,

ξq = − 2q

p2 + q2 − 1

[
1 + 1

k

κ−1(q2 − 1) − κq2)

p2 + q2 − 1

]
. (3.17)

The β-function for the deformation parameter κ does not receive a 2-loop correction. Surpris-
ingly, the parameter k (which has the interpretation of the level in the gWZW model) starts 
running at 2-loop order. Still, the RG flow is effectively 1-coupling one as there is an RG invari-
ant (cf. (2.12))

d

dt
k = 0 , k ≡ k − (κ−1 + κ) +O(k−1) . (3.18)

This suggests that it is k rather than k that should be identified with level of the gWZW model 
in (3.1). This corresponds to setting k = k + (κ−1 + κ) in (3.14), i.e. re-interpreting the classical 
term in (3.14) multiplied by 1

k
(κ−1 + κ) as an extra quantum counterterm.

In general, the λ-model action (3.1) also contains a WZ term with coefficient kwz, which is 
not renormalized (and is integer for compact group G). However, for general coefficient b of the 
deformation term in (3.1), the coefficient k of the gWZW part of the action may not be equal to 
kwz beyond the classical level if there is no gauge symmetry relating the two coefficients as for 
the gWZW model. In particular, in the case of the 2d target space discussed above, for which the 
WZ term is trivial, the shift of k we found in (3.18) does not appear to contradict any general 
principle.

These results are consistent with the limits of the λ-model discussed above. Setting (cf. (3.3), 
(3.5))

(p, q) = (1 − k−1) coshα(cosβ, sinβ) (3.19)

in (3.14) and taking the gWZW limit, κ → 1, we find

ds2 = k(dα2 + coth2 α dβ2) − 2(dα2 − coth2 α

2 dβ2) +O(k−1) , (3.20)

sinh α
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which precisely matches the large k expansion of the exact gWZW metric (cf. (1.6)), i.e.

ds2 = (k − 2)
(
dα2 + coth2 α dβ2

1 − 2
k

coth2 α

)
. (3.21)

Note that for κ = 1 the RG invariant in (3.18) becomes k = k − 2, i.e. the shifted level for the 
SO(1, 2)/SO(2) gWZW model.18

The η-model limit requires relating the parameters and coordinates in (2.28) and in (3.14) as 
follows

κ = �
[
1 + 2h−1(1 − �2)

]
, h + 1 + �2 = k� , (3.22)

p → γp , q → γ �
[
1 + h−1(1 − �2)

]
q , γ → ∞ . (3.23)

In the γ → ∞ limit the λ-model metric (3.14) reduces to the η-model metric (2.28), while the 
RG equations (3.16) give the corresponding ones for the couplings � and h in (2.28) (which are 
the analytic continuation (2.23) of (2.10), (2.11)), i.e.

d

dt
h = −(1 − �2)

[
1 − h−1(1 + �2) +O(h−2)

]
, (3.24)

d

dt
� = −h−1�(1 − �2)

[
1 − h−1(1 + �2) +O(h−2)

]
, (3.25)

with the RG invariant (3.18) given by (cf. (2.11))

k = k − (κ−1 + κ) +O(k−1) = h

�
+O(h−1) = ν +O(ν−1) . (3.26)

This may be viewed as a hint that a quantum deformation parameter that appears in the corre-

sponding exact S-matrix should be q = e
iπ
k (cf. [53]), which becomes the q = e

iπ
k−2 at the gWZW 

point κ = 1.
In the NAD limit (3.6) the quantum-corrected metric (3.14) becomes19

ds2 = h
dx2 + dy2

x2 + 2y
− 1

2

[d(x2 + 2y)

x2 + 2y

]2 +O(h−1) , h ≡ kκ , (3.27)

with the 2-loop β-function for h following from (3.16),

d

dt
h = −1 + h−1 +O(h−2) , (3.28)

being the same as in the dual undeformed H 2 σ -model.
This extends the previous conclusions [56,57] about the 1-loop quantum equivalence of the 

models related by the non-abelian duality to the 2-loop level. In particular, (3.27) implies that 
the preservation of quantum equivalence requires a non-trivial 1-loop correction to the classical 
NAD model metric. The origin of this correction can be traced to the finite local contribution 

18 In the κ = 1 limit the diffeomorphism vector (3.17) becomes a gradient of the exact dilaton of the gWZW model: 
ξn = 2∂n,  = − log(p2 + q2 − 1) − 1

2k
1

p2+q2−1
+O(k−2) (cf. footnote 5).

19 Note that since the coordinate redefinition in (3.6) depends on κ = κ(t), the diffeomorphism vector in (1.1) gets 
an additional contribution compared to (3.17). Indeed, in the NAD limit the components are given by ξx = − 4x

x2+2y
+

1 2x(1+3x2+4y)
2 2 +O(h−2), ξy = − 2(1+2y)

2 + 1 2(1+2x2+2y)
2 2 +O(h−2).
h (x +2y) x +2y h (x +2y)
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of the determinant (1.7), (3.13) that appears when integrating over the 2d gauge field Aa in the 
path integral NAD transformation. This counterterm is required to preserve the one-coupling 
renormalizability of the NAD model at the 2-loop level, or, equivalently, since NAD preserves 
the classical integrability [39], to maintain integrability at the quantum level.

In this way, we have identified how earlier problems checking NAD at 2-loop level [41–44]
should be resolved in general. In particular, as for abelian T-duality, NAD (properly modified 
by quantum α′ corrections) should also be a symmetry of the σ -model β-functions or the string 
effective action to all orders in α′.

Furthermore, the η-model and the λ-model are, in general, related [58,53,59–61] by the 
Poisson-Lie (PL) duality [62] (and analytic continuation). Therefore, the same observations made 
above for NAD should apply also to PL duality, which (with suitable quantum corrections) should 
be a symmetry not only at 1-loop order [63,64], but also at higher loops.

Finally, let us observe that taking the following 1-loop modification of the limit (3.8) (cf. 
(3.19))

x = γ (1 − h−1)x , y → 1
2σγ 2 + γ (1 − h−1)y , γ → ∞ , (3.29)

in the quantum-corrected NAD metric (3.27), with an additional shift of the coupling h → h + 2, 
leads to

ds2 = h

x2 + σ

[
dx2 + (

1 + h−1 2x2

x2 + σ

)
dy2

]
+O(h−1) , (3.30)

or explicitly for σ = −1 (cf. (3.11)) ds2 = h
[
dχ2 + 1

sinh2 χ

(
1 + 2h−1 coth2 χ

)
dy2

] + O(h−1). 

Here the 1-loop correction to the abelian T-dual of the H 2 metric (3.9) matches that which 
follows from the known 2-loop modification of the T-duality rule (1.5) [12]: since the H 2 metric 
dual to (3.9) is not deformed, here M = x2 + σ and M̃ corresponds to (3.30). Note that this 
effectively explains the origin of this modification (1.5) in this special case where the T-dual 
metric can be found as a limit of a NAD model: it comes from a combination of the quantum 
correction in (3.27), an order h−1 coordinate transformation in (3.29), and additional quantum 
counterterm proportional to the classical metric that comes from the shift h → h + 2.

4. Concluding remarks

In this paper we have demonstrated that, just as for gauged WZW models, the invariance 
of integrable σ -models under the two-loop (and higher) RG flow requires a specific quantum 
deformation of the classical Lagrangian (i.e. of the target space metric and B-field).

In particular, we proposed an exact metric for the η-deformation of the S2 (or H 2) model 
that solves the 3-loop RG flow equations and is consistent with the gWZW limit. We also found 
the leading-order deformation of the λ-model for SO(1,2)

SO(2)
, which solves the 2-loop RG equations 

and is consistent with the gWZW and η-model limits. For the λ-model we identified the origin 
of the deformation as a finite counterterm resulting from the determinant of integrating over the 
auxiliary 2d gauge field (the same determinant that leads to the correction of the dilaton term 
on a curved 2d background). As a by-product, this implies a resolution of the earlier problem in 
checking the consistency of non-abelian duality at the 2-loop level. Similar observations should 
apply to generic YB deformations of σ -models and to PL duality.

Among various open problems let us mention the construction of an exact generalization of 
the metric (3.14) for the λ-model that reduces in the appropriate limits to the exact gWZW metric 
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(3.21) and the η-model metric (2.26), (2.27). This is non-trivial given the lack of isometries in 
the λ-model metric and that the effective action approach used for the gWZW model [20] does 
not appear to apply directly to the non-conformal λ-model (3.1).

It would also be important to repeat a similar analysis for σ -models with 3-dimensional target 
spaces, i.e. for integrable deformations of S3 or H 3. In addition, one may consider the non-
abelian dual of S3 and confirm that the modifications of Gmn and Bmn required to solve the 
2-loop RG equations again originate from a determinant such as (1.7).

It would be interesting to see if the exact metric (2.6) of the η-model, translated to the Hamil-
tonian framework, implies some natural interpretation in terms of a deformation of the classical 
integrable structure. Finally, it would also be interesting to establish a connection of the quantum-
deformed “sausage” σ -model to the massive non-perturbative S-matrix [4] and possibly to the 
dual massive 2d QFT (cf. [5,11]).
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Appendix A. 3-loop β-function in different renormalization schemes

In general, in quantum field theories changes of a renormalization scheme are equivalent to 
local redefinitions of the coupling constants,20

gi → ĝi (g) = gi + α′ ci
jkg

jgk + . . . . (A.1)

Under (A.1) the β-functions βi ≡ d
dt

gi transform as a contravariant vector in the space of cou-
plings:

δβi ≡ β̂i − βi = ∂ δgi

∂gj
βj − ∂βi

∂gj
δgj + . . . , δgi ≡ ĝi − gi , (A.2)

where the higher order corrections are non-linear in δg. Assuming βi and δgi both start at 1-loop 
order, i.e. are both O(α′), then δβ is O(α′ 2), so the 1-loop β-function is scheme-invariant. 
In single-coupling theories, one can further show that the 2-loop β-function is also scheme-
invariant.

Now let us turn to the case of 2d σ -models for which the coupling redefinitions (A.1) are 
local redefinitions of the target space geometry. In order to preserve the manifestly covariant 
structure of the action (1.1) we restrict to covariant redefinitions. Restricting further to include 
only redefinitions with a natural interpretation in terms of changing the subtraction scheme,21 we 
consider Gmn → Ĝmn with

20 Here we reinstate the loop-counting parameter α′ = h̄.
21 While the term α′ 2∇2Rmn in (A.3) has no natural interpretation as a change of subtraction scheme starting from the 
minimal subtraction scheme, it is required in order that the transformation (A.4) be closed under inversion in the case of 
the σ -model with a 2d target space, i.e. in order to be able to move back to the minimal subtraction scheme starting from 
another scheme.
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Ĝmn = Gmn + c α′Rmn + d α′ 2(R2)mn + e α′ 2∇2Rmn +O(α′ 3) , (A.3)

(R2)mn ≡ RmabcRn
abc ,

where c, d, e are arbitrary coefficients (for simplicity we consider the special case with vanishing 
B-field; for a general discussion see [65]).

At the leading O(α′) order, both βmn = α′Rmn + . . . and δGmn = c α′Rmn + . . . only contain 
a single term proportional to Rmn. Thus at the leading O(α′ 2) order in (A.2), their contributions 
cancel and the 2-loop β-function is invariant.22

Specializing further to the case of a 2d target space, the redefinition (A.3) becomes

Ĝmn = Gmn

[
1 + 1

2c α′R + 1
2d α′ 2R2 + 1

2e α′ 2∇2R
]

. (A.4)

Possible scheme dependence starts at 3-loop order, where the relevant redefinitions are those 
written in (A.3). The most general form of a covariant expression for a 3-loop β-function is23

βmn =
[

1
2α′R + 1

4α′ 2R2 + c1 α′ 3R3 + c2 α′ 3(∇R)2 + c3 α′ 3R∇2R
]
Gmn

+ c4 α′ 3∇mR∇nR . (A.5)

Not all of the coefficients c1, . . . , c4 can be scheme-dependent as legitimate schemes should be 
parametrized by the 3-dimensional space of coupling redefinitions (A.3). To find the values of ci

that are allowed to appear in the β-function in a particular scheme let us start from the expression 
for the β-function (A.5) in the minimal subtraction scheme where [47–49]

c1 = 5
32 , c2 = 1

16 , c3 = 0 , c4 = − 1
16 . (A.6)

Implementing the metric redefinition (A.3) we find from (A.2) that the coefficients in the trans-
formed β-function are given by

ĉ1 = 5
32 + 1

8 (c − 2d) , ĉ2 = 1
16 − 1

4 (c − 2d) − 1
8 (4e + c2) ,

ĉ3 = − 1
8 (4e + c2) , ĉ4 = − 1

16 . (A.7)

We note that since (A.7) only depends on the redefinition parameters c, d, e through the com-
binations c − 2d and 4e + c2, the choice of c, d, e to give any particular values of c1, . . . , c4 is 
not unique, but rather there is one free parameter. In the case of the η-model metric studied in 
section 2, the “natural” scheme (2.14) is given by (A.7) with, e.g., (c, d, e) = (0, 58 , 12 ); i.e. it is 
related to the minimal subtraction scheme by the redefinition

G(nat)
mn = [

Gmn + 5
8 α′ 2(R2)mn + 1

2 α′ 2∇2Rmn

](min)
. (A.8)

22 Note that if one also included redefinitions of the form α′RGmn then this argument would not go through in general 
dimensions. However, for the special case of a 2d target space, the identity Rmn = 1

2 RGmn means these terms are 
proportional and the 2-loop β-function remains invariant.
23 In (A.5) we have dropped terms of the form ∇(mVn) since these may be absorbed into the diffeomorphism vector 
term in (1.2). We have excluded the term α′ 2∇2∇2RGmn in (A.5) since it does not arise naturally through changes of 
subtraction scheme starting from the minimal subtraction scheme.
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