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Abstract

Reproducing kernel Hilbert spaces (RKHS) are interpretable as normed spaces of
functions furnished with a probability distribution and as such are especially suit-
able for modelling and inference of spatial, temporal, or spatiotemporal phenomena
exhibiting a large degree of randomness. Phenomena of this type occur frequently
in geodesy in the form of for example noise, instrument drifts, or meteorologically
induced systematic deviations whose superimposition on the desired information
yields the measurements. To facilitate RKHS-based signal separation and thereby
solutions to the above mentioned geodetic problems of splitting data into compo-
nents of different origin, the correspondence between elements of an RKHS and the
random variables comprising stochastic processes is investigated. RKHS can be op-
erated on by abstract algebraic operations like linear transformations, direct sums,
and tensor products. Due to the dualistic nature of RKHS as isomorphic to spaces
of random variables, these operations have probabilistic analogues that amount to
different assumptions and constructive guarantees concerning the decomposability
of the involved stochastic processes that are both interesting from a theoretical per-
spective and have practically relevant implications in terms of numerical stability
and decreased computational loads.

The set of RKHS is in one-to-one correspondence with the set of positive definite
kernels that in turn completely determine a unique RKHS and can be interpreted as a
comprehensive description of the associated stochastic processes correlation struc-
ture. The choice of an appropriate kernel is therefore essential to ensure the perfor-
mance of estimators derived within the RKHS framework. Spectrally decomposing
positive definite kernels and their associated compact kernel operators leads not only
to insights linking functional calculus and signal separation but also suggests a new
stochastic model for reproducing kernels that enables their inference from observa-
tional data. Solving the inference problem requires the development of numerical
methods that parallel the ones employed in semidefinite programming. The result-
ing algorithm proves to be extendable to allow for the inclusion of affine constraints
making it applicable for problems like variance components estimation. Further
geodetically motivated examples of RKHS-based processing are given throughout.
The separation of signal and noise in data originating from terrestrial radar interfer-
ometry is a particularly challenging problem due to the spatiotemporal nature of the
measurements and highly intricate meteorological effects that exhibit an instation-
ary and topographically affected correlation structure. Following a detailed analysis
of the kernels most suitable to model the stochastics of the atmospheric artifacts to
be removed, several optimization problems in RKHS are formulated whose solu-
tions are best estimators of the deformations whose quantification is the original
purpose of terrestrial radar interferometry. Based on data gathered during a moni-
toring campaign carried out in the Swiss Alps, the performance of the RKHS-based
estimators is evaluated and compared to filtering schemes presented elsewhere in
the literature; the latter estimators are shown to be special cases of the RKHS ap-
proach.



Zusammenfassung

Hilbertraume mit reproduzierendem Kern (RKHS) sind interpretierbar als mit einer
Wahrscheinlichkeitsverteilung ausgestattete normierte Rdume von Funktionen und
als solche insbesondere geeignet fiir die Modellierung und statistische Inferenz von
raumlichen, zeitlichen, oder raumzeitlichen Phanomenen, die einen hohen Grad an
Zufilligkeit aufweisen. Phinomene diesen Types treten hédufig in der Geodisie auf;
etwa in Form von Rauschen, Instrumentengéngen, oder meteorologisch induzierten
systematischen Abweichungen, die den zu erhebenden Informationen iiberlagert
sind. Um RKHS-basierte Signaltrennung und dadurch auch eine Losung der oben-
genannten geodétischen Probleme betreffend Dekomposition von Daten in Kompo-
nenten unterschiedlicher Herkunft zu ermdoglichen, wird der Zusammenhang zwis-
chen Elementen eines RKHS und den einen stochastischen Prozess formierenden
Zufallsvariablen untersucht. Abstrakte algebraische Operationen wie lineare Trans-
formationen, direkte Summen und Tensorprodukte konnen auf RKHS angewendet
werden und haben aufgrund der dualistischen Natur von RKHS als isomorph zu
Riumen von Zufallsvariablen probabilistische Entsprechungen, die sich umwan-
deln lassen in verschiedene Annahmen und Konstruktionsgarantien betreffend Zer-
legbarkeit der involvierten stochastischen Prozesse.

Die Menge der RKHS befindet sich in bijektiver Korrespondenz mit der Menge aller
positiv definiter Kerne. Diese wiederum determinieren einen RKHS vollstiandig und
konnen interpretiert werden als umfassende Beschreibung der Korrelationsstruktur
des mit dem RKHS assoziierten stochastischen Prozesses. Die korrekte Wahl des
Kernes ist daher essentiell, um die Leistungsfihigkeit der Schitzer zu garantieren,
die im Rahmen der RKHS Methode abgeleitet werden. Die Spektralzerlegung pos-
itiv definiter Kerne und der mit ihnen assoziierten kompakten Integraloperatoren
legt auch ein neues nichtparametrisches stochastisches Modell fiir reproduzierende
Kerne nahe, welches deren Inferenz aus Messdaten erlaubt. Dieses Inferenzproblem
zu 16sen, erfordert die Entwicklung numerischer Methoden dhnlich derer eingesetzt
in der semidefiniten Programmierung. Der sich aus ihnen ergebende Algorithmus
erlaubt die Berticksichtigung affiner Beschriankungen, was ithn anwendbar macht fiir
etwa die Varianzkomponentenschidtzung. Weitere geoditisch motivierte Beispiele
RKHS-basierter Prozessierungsschemata werden ebenfalls prisentiert.

Die Trennung von Signal und Rauschen in Daten stammend aus terrestrischer Radar-
interferometrie ist ein herausforderndes Problem insbesondere aufgrund der kom-
plexen meteorologischen Effekte, welche Instationaritidten und topographisch bee-
influsste Korrelationsstrukturen aufweisen. Folgend einer Analyse der am besten
zur Modellierung der aus den Daten zu filternden atmospirischen Artefakte geeigne-
ten Kerne, werden verschiedene Optimierungsprobleme in RKHS vorgestellt. Deren
Losungen sind beste Schitzer fiir die Deformationen, deren Quantifizierung der ori-
gindre Zweck der Messungen mit terrestrischem Radar ist. Basierend auf Daten,
die wihrend einer Monitoringkampagne in den Schweizer Alpen gesammelt wur-
den, wird die Leistungsfdhigkeit der RKHS-basierten Schitzer evaluiert und mit
anderen aus der Literatur bekannten Filteransédtzen verglichen.
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Preface

As is the case with all carefully chosen titles, the author hopes that ”An RKHS
approach to modelling and inference for spatiotemporal geodetic data with applica-
tions to terrestrial radar interferometry” gives the reader already an almost complete
account of what he or she can expect to encounter during the reading of this mono-
graph. While the expression “geodetic data” obviously names the object in need
of processing strategies and hints at dynamical phenomena possessing a spatial di-
mension, “modelling and inference” constitutes the goal of our efforts enabling us
to describe stochastically such phenomena and derive information regarding their
current states and further progression despite possibly incomplete and only indirect
observations. The reproducing kernel Hilbert spaces (RKHS), interpretable as the
closure of certain vector spaces of functions with respect to the topology induced
by a norm quantifying in some sense the likelihood of its inhabitants, then finally
provides us with a framework in which to analyse problems of the aforementioned
kind and subsequently also with a means for their systematic treatment.

These functional spaces turn out to be populated by the solutions to differential
equations and norm minimization problems that also arise in geodesy when model
parameters are to be optimally estimated in the least-squares sense. Consequently
the mathematical procedures we employ will initially parallel those found in the set
of methods known as adjustment theory. However, as the monograph progresses
and due to the different flavour of tasks we face — the objects to be estimated are
random themselves and not fixed parameters in a model — the reader can expect a
significant departure in mathematics as well as in spirit from what one could con-
sider canonical knowledge in geodesy. As the spotlight is shifted away from para-
metric models and towards nonparametric representations of functions, questions
of a more topological nature related to closure, convergence, continuity, differentia-
bility and spectral decomposability of compact linear operators emerge. They are
only sensibly posable in infinite dimensional settings and do not enter the fray in
the finite dimensional analysis even though they offer nontrivial conclusions also in
that case.

Ultimately, this monograph is an outgrowth of the author’s attempt to deal with the
very practical problem of separating pure noise and atmospheric influences from de-
formations in terrestrial radar interferometry. As such, the underlying motivations
for several seemingly abstract constructions have often been concretely founded
in the desire to make concise the structure found in real spatiotemporal data and to
generalize the methods available in the literature to be applicable to estimation tasks
imbued with the complexity and uncertainty inherent in real-world problems. It is
the author’s intended goal to not only systematically motivate the theory of optimal
estimation in the framework of RKHS but also to demonstrate its usefulness to prac-
tically relevant problems. Several examples are given throughout the monograph to
help the reader potentially interested in the topic (but lacking the time for a rigorous



study) to furnish an intuitive understanding of what some of the theorems actually
mean and how the whole theory is to be applied in practice. It is in this spirit, that
the monograph at times diverges from the classical Definition-Theorem-Proof for-
mat and sacrifices self-containedness for compactness, accessibility and hopefully
joy on parts of the reader, who is only assumed to be acquainted with basic linear
algebra and a willingness to dive into the worked examples taken from a geodesist’s
repertoire of routine tasks.

When one’s writing is concerned primarily with the application of mathematics, one
can hardly claim sole ownership or originality of what is presented. Much is owed to
the classical expositions of Helmberg [93] and Riesz and Nagy [164] where func-
tional analysis results are concerned, whereas the texts authored by Bezhaev and
Vasilenko [21] and Berlinet and Thomas-Agnan [20] are invaluable RKHS-related
resources, whose study is heartily recommended. I want to express my gratitude
to my coworkers for interesting discussions and new perspectives. Specifically I
want to mention Ephraim Friedli, Zan Gojcic, David Salido, Eugenio Serantoni,
Lorenz Schmid, Valens Frangez, and Caifa Zhou who proofread this manuscript and
helpfully suggested many improvements that increased correctness and readability.
Special thanks go to my direct supervisor Andreas Wieser for his trust, his seem-
ingly bottomless enthusiasm and his guidance during difficult times and to Ramon
Hanssen and Josef Teichmann taking time out of their busy schedule to co-supervise
this thesis. It is needless to say that some people have greatly influenced the gen-
esis of this text even though they themselves are not scientifically inclined. To my
friends and family, and to my parents for their unconditional support, I dedicate this
monograph.

Ziirich, Spring 2019 Jemil Avers Butt
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List of notation

Acronyms and conventions

Acronyms

APS Atmospheric phase screen RKHS  Reproducing kernel Hilbert space
BLUE Best linear unbiased estimator SAR Synthetic aperture radar

GNSS Global navigation satellite systems SDP Semidefinite program
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LCA Locally compact abelian group TLS Terrestrial laser scanning

p.d. Positive definite

Notational conventions

The following correspondences between letter fonts and classes of mathematical entities are to be understood as a rough
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Lower case letters indicate functions and elements of Hilbert spaces
Capital letters indicate operators and sets

Greek lower case letters  indicate scalars and basis functions

Greek upper case letters  indicate matrices containing basis functions
Blackboard-type letters indicate fields of numbers or subsets thereof
Caligraphy-type letters indicate Hilbert spaces and linear manifolds
Fraktur-type letters indicate convex cones

Symbol Description / Explanation

Special symbols and functions
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C = z;‘;l Ajpj @ @

supp f The support of f, i.e. those elements x of the domain of f leading to nonzero f(z).

sign f The signum function sign f : T — {—1, 1} assigns to a function f : 7" — R and an element
t € T the sign of f(t).

min(-, -) The function min(+,-) : T X T" — T assigns to each pair (¢1, t2) of elements of an ordered set T’
the one that is smaller.

Re, Im The real or imaginary parts of a complex number.

{e; };?:1 A sequence of elements forming the (canonical Euclidean) basis of a vector space.

limy o0 fr The limit f € H of the sequence { fx}3° ; C H in some Hilbert space H.

BY (f) The open e-ball in V around f € V.

Hilbert spaces

H, HKi A Hilbert space; if it has a reproducing kernel K this is denoted by attaching the subscript K.

{fr}res Sequences of elements f; indexed by k € J for some set H > fj, (typically a Hilbert space).

22,12 The Hilbert spaces of square summable sequences and of equivalence classes of square integrable
functions, respectively.

P The z-norm where * = p € [1,00] (p-norm) , x = op (operatornorm) , z = F (Frobenius
norm), or x = H S (Hilbert-Schmidt norm).

|- 1p A seminorm defined with the help of a subspace P annihilated by | - |p,i.e. |f|[p =0 & f € P.

[Ty The bilinear and positive definite inner product mapping from H x H — C for some pre-Hilbert
space H.

M, M A linear manifold M or its completion.

H1 OH2 The Hilbert space 71 is a subspace of the Hilbert space Ho.

Span The closure of the linear span generated by a set of elements of a vector space.

[f] The equivalence class of f under some equivalence relation.

dim(H) The dimension of a vector space H as given by the cardinality of any of its bases.

vii



H1 @ e,i) Ha
Hi1® Ha
Hi

Ha/H1

The external (e) or internal (i) direct sum of two Hilbert spaces H1 and Ha.
The tensor product of two Hilbert spaces H1 and Ho.

The orthogonal complement of 1 in a larger Hilbert spaces H2 that includes H1. Sometimes the
alternative notation Ho © H1 is used.

The quotient space of equivalence classes corresponding to elements in Ho that differ only by an
element in H1.

Operators and operator algebras

Py,
B(H)

Ff
A

tr

log

det, | - |

AT

AT AH A*

Iy

The orthogonal projection operator mapping elements of a Hilbert space onto its subspace H1.

The Banach algebra of linear operators on a Hilbert space #, as a generalization B(H1, Hz2)
denotes the space of linear operators from 1 to Hs.

The Fourier transform of f : T — C where T is an LCA and (F f)(w) is its value at w € 7.

The Laplace operator mapping a suitably often differentiable function f : 7' — C to its second
derivative. A is also the generic symbol for any kind of increment.

The function tr : B(H) — C that assigns to a linear operator on a Hilbert space its trace.
The natural logarithm of a real number or an operator as defined via functional calculus.
The determinant of a matrix.

The pseudoinverse of a linear operator A. Coincides with the inverse of A iff it exists.
The transposes, Hermitians, adjoints of the linear operator A.

The identity operator on H mapping functions f € 7 onto themselves. If no opportunity for
confusion arises, the subscript will be suppressed.

Probability and stochastic processes

The expectation operator mapping random variables to their expected value.

The quantity f is distributed according to the probability distribution Q, where typically @ = N
(Normal distribution) or @ = W (Wishart distribution).

The abstract spline estimator for the function f(-).
Multivariate normal distribution with expected vector p and covariance matrix .

Wishart distribution of positive semidefinite matrices with scale matrix A, dimension m and ¢
degrees of freedom.

The event or random variable A is conditionally independent of B given that C'is known.

A set of random variables X; : © 3 w + X € C indexed by elements t € 7. Can be
equivalently be interpreted as a function 7" — C.

Spectral theory and kernel inference

Ze
VA(f) = f(A)

The index set forming the domain of functions. Interpreted as time in one-dimensional cases.
A positive definite kernel of two variables (typically) defined on an index set 7.

The covariance operator as given by integration against the kernel K (-, -).

The spectral decomposition of a selfadjoint operator. A is diagonal and U is unitary.

The spectrum of X where X may either be a single operator A or a whole operatoralgebra A.
The dual group of the LCA group 7.

The convolution of two functions f and g.

Character of the LCA T" where w is an element of the dual group T.

The order relation in a convex cone €.

The functional calculus of the selfadjoint operator A applied to the function f.

Optimization and implicitly defined terms

sup, inf
argmin

Vaf

The lowest upper bound (supremum) and greatest lower bound (infimum) of a set (typically the
image of a function).

The operator mapping functions on a domain 7" onto those values ¢ € 7" that achieve the minimum
value f(t). An appropriately modified statement holds for the operator argmax.

The gradient of f with respect to parameters o.
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Chapter

Introduction

This chapter surveys scope and structure of the monograph and provides an introduction to
the mathematics used within the thesis. Special emphasis is placed on motivating the vector
space approach to signal analysis by successively introducing, interpreting, and generalizing
the classical Euclidean spaces in this context starting with accessible low-dimensional
examples. The two dimensional Cartesian plane is one such model example of a vector
space in which geometric intuition and the results obtained by linear algebra coincide. As
such it presents a suitable starting point for an understanding of the interaction between
purely algebraic and geometric quantities whose explanatory and intuitive power will carry
over to Euclidean spaces of arbitrary but finite dimension. By reinterpreting those spaces
as spaces of functions, some of the abstractness naturally occluding a clear picture in high
dimensional settings will be alleviated. This shift in perspective furthermore establishes
functions as the objects of prime interest in this thesis. A first approximation of the definition
of a Hilbert space is presented and, although omissive of some topological intricacies,
motivates the application of geometric operations to functional analytic problems. Before
formally introducing Hilbert spaces in chapter 2, a brief enumeration lists what the author
would classify as empirical arguments supporting the claim that Hilbert spaces are a natural
and useful concept to guide creation and manipulation of deterministic or stochastic models
of natural processes in a computationally tractable way. Apart from the many explanatory
and motivational remarks linking vector spaces and signal processing, the material covered
in this section is completely standard from a mathematical perspective and can be found in
almost any text covering linear algebra. The author suggests the books by Strang [190] and
Shilov [180] for their depth of treatment and clarity. References are given where proofs are
omitted.

§ Motivation, overview, and guide to the reader

Reproducing kernel Hilbert spaces (RKHS) are vector spaces of functions whose
special inner product structure makes them suitable settings for a multitude of data-
analytic tasks. In their role both as spaces of functions augmented with a probability
distribution and as the natural framework for infinite-dimensional feature represen-
tations, RKHS have received increased attention in the past decade from statistical
and machine learning-oriented communities. They have been used to represent and
manipulate stochastic processes and are one of the main tools for analyzing non-
linear relations by embedding them into higher-dimensional auxiliary spaces. This
dual role, however, in conjunction with the fact that the theory of RKHS is an in-
trinsically functional analytic one that replaces simple models with finite degrees of
freedom by non-parametric, infinite superpositions of basis functions, has lead to
RKHS being employed only sparsely in the geodetic literature with its typical focus



on explicitly parametric representations and adjustment theory.

Motivated by ill-posed real-world problems for which parametric models are nei-
ther justifiable nor practically sufficient, the primary goal of this monograph is to
explain, advance, and apply the theory of RKHS in the context of practically rele-
vant geodetic problems and relate it to more traditional processing strategies. One
such problem, and in fact the main driving force behind much of the thesis’ new
developments, is a challenging spatiotemporal signal separation problem encoun-
tered in terrestrial radar interferometry (TRI). As TRI seeks to employ electromag-
netic waves as a means for all-weather monitoring of deformations over distances
of several km, intricate autocorrelated atmospheric artifacts arise, whose correla-
tion structure is dependent on topographical features and is neither stationary nor
directly describable by one of the usual available parametric covariance functions.
As such the problem can not be successfully tackled by geodetic or geostatistical
standard procedures and the need for computationally efficient processing strategies
and instationary, potentially non-parametric covariance functions will guide the se-
lection of topics.

This monograph consists of six chapters. Chapters 1 and 2 introduce Hilbert spaces
and the spectral theory of linear operators on them before delving into the spe-
cific properties of so called reproducing kernel Hilbert spaces (RKHS). Building
on those concepts, abstract splines and their relationship to stochastic processes are
explored in chapter 3. The computational tools needed for implementation are also
presented there together with a collection of applications as diverse as estimation of
trajectories and vector fields as well as signal detection and separation. Closed form
solutions exist for these problems but include the apriori unknown kernel determin-
ing the correlation structure of the process in question. While we will initially
sidestep this drawback by ad-hoc arguments and inclusion of prior knowledge, a
systematic study of kernel inference making use of theorems developed in abstract
harmonic analysis and convex optimization will follow in chapter 4. Chapter 5 is
the last chapter with scientific content and deals primarily with the full spatiotem-
poral signal separation problem for terrestrial radar interferometry. The monograph
closes with a brief outlook onto open research questions in chapter 6.

The reader most interested in applications may directly jump to the sections 2.3, 3.1,
and 3.3 for an introduction to RKHS and their relation to statistical nomenclature
with a compilation of accessible examples and finally section 5.2 for an in-depth
description and analysis in the context of TRI. The shortest route to kernel inference
includes the sections 2.2 and 3.2 dealing with the spectral properties of kernels and
their associated kernel operators as well as most of the fourth chapter in form of
the sections 4.2 and 4.3 that present formulation and numerical solutions for the
problem of deriving kernels from observations.

While traversing the sequence of topics listed above, tools are developed that are
practically useful also in other disciplines of science in which either by nature or
necessitated by complexity, a high-dimensional, and therefore often functional, per-
spective is the prevalent mode of presentation. This includes especially those parts



of scientific theories that are concerned with the formation and adaptation of mathe-
matical models and with the collection and extraction of information from data. For
them, the theory of RKHS offers a monolithic block of methods for data processing
with a clear stochastic interpretation that handles its dependence on prior knowl-
edge in a transparent and economic manner by encoding it into a positive definite
kernel. Since, by means of a newly developed procedure presented in the later parts
of the monograph, these kernels can be inferred from observations if necessary, this
results in algorithms that are almost free of arbitrary, user-specified choices and
thereby particularly suited to act in a black-box-fashion if input and output are of a
numerically well defined format.

The potential use of RKHS-based signal processing as an intermediate step inte-
grated into a larger algorithmic pipeline is further augmented by the fact that the
theory of RKHS and procedures derived from it are relatively self-contained. There-
fore, the methods described in the monograph do not only directly improve the qual-
ity of displacement maps gathered by TRI and the associated risk assessments; they
can also be used in thematically completely unrelated signal separation problems.
To emphasize this generality and the accessibility of the approach even to non-
experts, many examples of geodetically motivated statistical problems are posed
and solved throughout the monograph. To further increase the convenience with
which the content can be absorbed, very short preliminary summaries proceed the
core material in each subsection. These do neither feature extensive explanations
nor references to other sources but should help the reader to re-familiarize him- or
herself with material already known or skip technical sections without missing the
most important concepts, take-home messages, and the big picture.

Several alternative collections of state-of-the-art machinery like neural network-
based deep learning (DL) and independent component analysis (ICA) could have
been used to tackle the tasks presented in this monograph. The author has decided
against them as, in contrast to the theory of Hilbert spaces, they emulate flexible
behavior via nonlinearity. Although the results of DL and ICA are often satisfying,
the exact reasoning behind the respective algorithms’ decisions can therefore
be quite arcane and inaccessible; in conjunction with the lack of stochastic
interpretations and the induced absence of measures of the results’ reliability, this
is problematic in safety-relevant applications. Comparing this to Hilbert spaces,
one finds the latter ones to be rather transparent and well surveyed with clear-cut
relationships to stochastic processes and random fields. Since, however, these
relationships are of an abstract nature, the rest of this introduction will aim to link
archetypal low-dimensional Euclidean spaces to signal processing and thereby
motivate a perspective centered around Hilbert spaces.

¢ Euclidean 2-space

Recall the definition of the real numbers R and the Cartesian product R = R xR =:
R? as the set of all pairs of real numbers; R? := {(a,3) : a € R, 3 € R}. Real
numbers «, 5 € R can be added, subtracted and multiplied to provide a new real



number denoted by o + 3, a« — [ and a3 respectively. Addition and subtraction for
elements of R? are defined pointwise:

f= [2] eR%g= Eﬂ eR’=

2

it a e fi—
f‘i‘R?g‘—{Q 2} f—r2 9= [fz—gz} (1.1)

They are obviously inverse operations in the sense that f +r2 g —gz ¢ = [ and
commutative as well as associative. The neutral element of addition in R? is denoted
by Ogz = (0, 0). Multiplication of f € R? by a scalar & € R may be defined again
pointwise:

f= Hj cER? acR= of =« Hj = [g:;;] (1.2)

and distributivity holds in «v as well as in f due to bilinearity, i.e. (a+03)f = af+ge
B f and af +g2 g) = af +gr2 ag. The usual interpretation of this purely algebraic
construction is that if (R, +) may be represented as a line, then R? corresponds to
a geometrical 2-dimensional Cartesian plane with fixed origin at Og2, f € R?is a
point in the plane and the previously defined operations on R? translate to operations
in the Cartesian plane as indicated by figure 1.1.
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Figure 1.1: Representations of addition 42, subtraction —p2 and scaling by scalars o, 8 € R in the Cartesian plane given
a fixed choice of origin and direction e and ez.

Here e; = (1,0) and e; = (0,1) are chosen to allow any f € R? to be written as
fie1+ foeo = Zi:l frer. From figure 1.1 it is already clear that f —g2 g is nothing
else but

| i+ (Da]
R R [t A B S U

Therefore —p2 as an operation —p2 : R? x R? — R? can be replaced by
+gz 0 (1,—1) : R x R? 3 (f,g9) — 1f +g2 (—1)g € R? where o denotes
composition of operations.



Remark Note however, that the representation of R? as a plane PP is a structure
preserving map 7 : R? — P rather than an identification. There are objects in R?
together with a set of operations on R? and there are objects in IP together with a set
of operations on [P such that objects and operators in R? get mapped to objects and
operators in [P by 7 but R? and IP are not necessarily identical. Indeed, the choice of
reference directions eq, e; in P as well as the designation of a special point Op € P
are arbitrary — [P is a R? -torsor not a vector space — and every choice induces
a structure preserving map m. More on this topic can be found in [125]. Without
delving further into category-theoretical details, the cautionary note is issued that
even though P is a useful model for R? it is not its definition; analogue statements
hold for R"™.

Apart from addition and scalar multiplication, it is standard to introduce the (obvi-
ously symmetric) inner product (-, -)g2 : R? x R> — R by

2
f7g€R2:><f7g>R2 :kagk (14)
k=1

where [ = Zizl frer, g = Zi:l grey and {eg }7_, is the standard basis introduced
above. It is then clear that (f, f)rz = f? + f7 is the squared Euclidean distance
between f and the origin Ogz (see figure 1.2). Its square root corresponds to the
length of the arrow pointing from Op2 to f € R? and is called the norm of f, in
symbols || f||z2.

I+ llee : R* > f = V/{f, flrz € R (1.5)

For purposes of intuition, it is helpful to identify f with the arrow connecting the
origin with f. For f,g € R? with ||g||gz = 1, (f, g)ge is the length of f in the
direction of ¢ (see figure 1.2). In the future, the subscript R? is dropped if no
ambiguity exists as to which inner product or norm is meant.

€

Figure 1.2: The norm of f € R2 is its length || f]| = \/f? + f2 with f considered as an arrow in the plane and one may

talk of the sphere S! := {f € R2 : ||f|| = 1} for example. The right image illustrates (f, g) as the projection of f onto g
forg € S.

It is furthermore true that the inner product (f, g) of f with g is related to the angle



¢ between them when considered as arrows. V£, g € R?, the following holds:

{£:9) = [l flllgll cos(¢) (1.6)
Proof: By the law of cosines || f — gl| = IIf]* + llgl|* = 2I/[[llg]| cos(«). But
If =gl = (f =9, f=9) = ([, ) + (9, 9) —2(f, g) and comparing both expansions
it follows that (f, g) = || f[lllgll cos(p). -

Remark Note that cosp = 0 if and only if ¢ = +7 / 2. Consequently for a right
angle o one finds (f, g) = 0 which implies that that f 1 g < (f, g) = 0.

Remark Every f € R? can be split into two orthogonal components given some
g € R? according to the scheme exhibited on the right side of figure 1.2. If ||g|| = 1

then f = fo+ f = (f.9)9 + (f — ([, 9)g) where f, || g and f, L f,- since

The set My := {af : a € R} for a fixed f € R? is a subset of R? and is closed
under addition and multiplication by scalars. The set M ¢+ f, := { fo+af : a € R}
can be identified with the line through f, extending in the f /|| f|| unit direction. For
two lines M+ fo and M+ go, their intersection is found by solving the following
system of linear algebraic equations (SLAE) in the unknowns oy, a:

fo+aif=go+ g
& far+ —gas=go— fo

bl e

2 —g2] [ (90 — fo)2
A T Y
The SLAE does not necessarily have a unique solution. If My + fo = M, + go
then for every choice of o a corresponding c, might be found and if M + fo N
M, + go = 0 then no solution exists at all. Note that both of these special cases
are rare if f; and f5 are chosen at random and the system is usually solvable (for an

example see figure 1.3) as the set of matrices A such that det A = 0 is a relatively
sparse subset of R* [65, p. 53].

M, + M, +
€ / f;)//-{\/lf ) AR 1 -1
a=2 el f= } fo:|: }

.
.,

a=1 S 1 2
/ M, +g, g=[_1} go{_]J

fo/,'/ G f0 ¢
’ 8o

Figure 1.3: The set My + fo corresponds to a line parametrized by a real parameter . The right illustration depicts a
specific constellation in which two lines M + fo and M + go intersect in one unique point that can be found by solving
a SLAE.




In the example in figure 1.3, the system of linear equations has the form

E _111 {gj - [_?’J (18)

which is solved iff oy = 1 and oy = —2 corresponding to the point
fo+arf = go+ asg = (0,1). Replace now the symbol «; by x; and
x = (z1,72)" to denote its role as an unknown explicitly. Even though nothing
interesting seems to have been achieved, writing a system of equations as Az = y
changes the flavor of its interpretation as A represents a mapping A : R? — R? and
Ax =y & ), apxy = Yy, ai, the k-th column of A. This then establishes the x;, as
coefficients of a suitable zero-error approximation of y by a weighted superposition
of basis vectors a;, € R2.

Remark The matrix A in the example above can be written as a composition of 3
different matrices

o[9[ 21 2 -

)

V2 V2

Therefore Ax can be interpreted as a sequence of actions consisting of scal-
ing the parameters z; and z, by /2 and then multiplying z; by basis vector
ai/lla1]| = (1/v/2,1/v/2)" and 25 by as/||as| = (—1/v/2,1/+/2)T with the total
effect then being one of scaling and subsequent rotation. By the proper change of
basis z = UT%, Az = USVTUTZ = \/2UIUT% = \/2& where A acts diagonally
on 7 reflecting the fact that f and g form an orthogonal basis. This is indicated by
(f,g) = 0 as can be easily seen in the preceeding figure 1.3 by noting the right
angle between M + f, and M, + go.

Remark The SLAE Ax = y is equivalent to a sequence of one dimensional con-
straints (a”®, ) = yi, k = 1,2 where a" is the k-th column of AT. Every linear
constraint for z in R™ forces z to lie in a plane of dimension n — 1. Only in R?
does this coincide with a line. Letting the j-th entry of a* be denoted by a;? and
supposing af # 0 for some fixed j, the k-th constraint in equation 1.8 implies

xr = {% (yk B agxg)} or x = { 1 o }

Lo ok (?/k - alfxl)

depending on which of the pair (x1,z5) is chosen as the independent variable.
Therefore given y € R? and one linear constraint (a*, z) = y,  only depends
on 2 — 1 unknowns. Analogous statements hold for n-dimensional settings in which
the constraints give rise to feasible sets that form (n — 1)-dimensional hyperplanes.

Still, even after decoupling R? from a strictly geometrical interpretation, two
problems persist. The low dimensional setting prohibits useful application and up
until now A, x,y were written as collections of real numbers which implies that



some orthonormal basis has already been fixed. Both concerns will be addressed in
the next paragraphs.

§ Euclidean n-space

When visualizing f € R? as a point or arrow in the plane, much emphasis is given
to the ambient space R? and little to f as the latter consists of two numbers only.
In the general setting with dimension n > 3 this approach fails to provide any
intuition regarding the ambient space R™. Considering f € R? as an ordered se-
quence of numbers with length 2, f = {f;};_,' — or alternatively as a function
f:T >t f, € RforT = {1,2} — generalizes to arbitrary finite dimensional
Euclidean spaces R™ without much impediment to the instructivity of the functional
interpretation. Figure 1.4 seeks to support this claim.

Value of
I componentt

Value of
component t
[0))

f
' 500 1000 !

Figure 1.4: In the left and middle plots, two vectors f, g € R are illustrated. They are interpreted as geometrical objects in
three dimensional Euclidean space (left) and as functions f, g : T — R, T = {1, 2, 3}(middle). Their graphs {(¢, h¢) : t €
T}, h = f, g are plotted. The right side of the figure employs an analogous construction to represent vectors f, g € R™ with
n = 1000.

Definition 1.1.1 For any finite n, the set R™ of n-tuples of real numbers together
with componentwise addition of elements (f + g); = f; + g;, scalar multiplication
(af): = af; and inner product (f,g) = > 1", frg: Vf, g € R", Va € R is called
the Euclidean n-space. Here f; or (f + g); denote the ¢-th component of f or f + g
respectively.

As 1s mentioned in the next subsection in theorem 2.1.5, addition of elements
f,g € R™, scalar multiplication with & € R and formation of inner products
are continuous operations given the norm topology on R". The same holds for
the projections m; : R® > f +— f; € R as mappings on vectors. Therefore it is
reasonable to expect no pathologies where standard operations on vectors in R" are
concerned.

Definition 1.1.2 If in a sequence {fx}}’; <C R" the implication
O o fr =0) = (o =0,k =1,...m) holds, then the elements f;, € R"
of that sequence are said to be linearly independent. A sequence {e }}, is called a
basis for R™ iff its elements are linearly independent and Vf € R™ Ja € R™ such

!The standard notation f = {fj }7*, indicates f to be an ordered sequence of elements (f1, ..., fi)
where f; is the first and f,,, is the m-th element. The individual elements are themselves allowed
to be arbitrary objects and can therefore be sequences or Euclidean vectors themselves. See the
remark following definition 1.1.2 for more details.



that 221:1 p€r = f

A basis of R™ has always n elements [180, p. 40]. Caution is advised when
handling series expansions as in the above definition since the subscript notation is
overloaded and is used to denote sequences of elements f, € R™", k = 1,...,m as
well as sequences of real numbers f; € R, ¢t = 1,...,n that can be assembled to a
vector f = >\ | fie; € R"™. This notational inconvenience is unavoidable in this
context but will become both less cumbersome and less frequent when the moti-
vational subsection closes and Hilbert spaces are treated in an infinite-dimensional
setting in subsection 2.1.1 without references to components of a vector in some
auxiliary and arbitrarily fixed space.

Definition 1.1.3 The sequence {ex}}_; C R"™ where ¢, = (0,...,0,1,0,...,0) €
R™ is a vector containing a 1 at position k£ and 0 otherwise is called the canonical
Euclidean basis. The ex, k € {1, ...,n} are the canonical Euclidean basis vectors.

The sequence {ey }7_, as defined above is indeed a basis of R" as is proven e.g. in
[180, p. 39]. From (ey); = dxs, With J; the usual Kronecker delta, it follows that
(er,e) = Z?zl 0kj0ji = Okkdm = Oy and the canonical Euclidean basis is seen
to be even an orthonormal basis (ONB) for R". When drawing upon the image of
f€R"asafunction f: T >t — f(t) = f; € R, ¢ takes the role of evaluating f
at t since (e, f) = (e, Y py f(K)er) = D o_; [(k)du, = f(t). There are several
different bases for R” when n > 2 and an element f € R" is represented by a
different sequence of expansion coefficients depending on the chosen basis.

Theorem 1.1.4 Given an orthonormal basis {e;}}_, of R", the expansion coeffi-
cients oy, for f € R", [ =377 oy [y, are given by oy = (f,e;),l =1,...,n.

Proof: Given the ONB {e }7_, by definition 3{c; }}7_; such that f = >~/ | aey.
Then it holds that <f, 6[> = <ZZ:1 e, €l> = 22:1 akékl = . ]

This shows that given the ONB {¢e;}7_; C R™ the series expansion of any f € R"
is simply given by > ;_,(f,ex)e,. The expansion coefficients a, = (f, e;) can
consequently be calculated explicitly and efficiently. They are also named Fourier
coefficients of f with respect to the ONB {e; }}_;, the reason for which becomes
apparent after consulting figure 1.5

Not necessarily orthogonal bases enjoy many of the same convenient properties as
ONB’s but the calculation of expansion coefficients is computationally and concep-
tionally more involved. They are treated in subsection 2.1.2.

To talk about differentiability or continuity of a function f : 7" > ¢t — f(t) € R
in the variable ¢ demands ¢ to be a topological space and for n — oo, it might be
expected that the domain 7" = {1,...,n} of f : T — R is interpretable as a real
interval [a, b] C R. It turns out that there is a different way to facultate the transition
from finite dimensional n-tuples of real numbers to functions on topological spaces.
The key steps include the introduction of the abstract concept of a vector space
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Figure 1.5: Expansions of the same function f — a superposition of four sinusoids with different wavelengths as indicated in
the top-right panel — in terms of different ONB’s. The underlying indexset is interpreted as time 7" with 7" = {1, ..., 1000}
implying f € R0, On the left, the canonical Euclidean basis is used; four exemplary basis elements corresponding to
the canonical Euclidean basis elements ex, k = 125,375,625, 875 having value 1 at index k and being zero otherwise
are plotted in the third row. The expansion coefficients in this basis are simply the point evaluations of f at the indicated
times as documented in the second row. In the middle, a Fourier-like basis was used, whose exemplary basis elements are
sinusoidals of different frequencies that are again plotted in the bottom row and whose expansion coefficients as recorded
in the middle row show sharp peaks at those indices corresponding to the frequencies used in the construction of f. The
same investigations have been carried out on the right for orthogonal (Legendre) polynomials. The expansion coefficients are
calculated according to theorem 1.1.4; for complex coefficients only their modulus is plotted. Different linestyles have been
used to distinguish different basis elements. The construction of the ONB’s themselves can be found in subsection 2.1.2.

without referral to sequences of numbers and a careful analysis of different notions
of convergence under some distance measure closely related to the norm || f|| =

n 1/2 . n
(Ch, f2)" in R,
§ Vector spaces

Recall the general definition of a vector space Vi over a field [F as a set ' together
with an addition operation +y : V x V — V and scalar multiplication - : [F x
V' — V. It is demanded that V' is a commutative group under addition, and scalar
multiplication preserves linear structure [180, p. 31]. This notion of a vector space
encompasses the previous examples and does not depend on any arbitrary choice of
basis or representability of its elements as sequences of numbers. A vector space
can be augmented with additional structures like an inner product (-, -) or a norm
|| - ||, but these are not part of the original definition.

The concern of this monograph lies exclusively with vector spaces V' over the fields
of real or complex numbers. Examples are V' = R" or V' = C” for finite n € N
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[180, p. 34] and spaces of real or complex valued functions on some set 7" with in
general infinite cardinality [181, p. 4]. The latter ones are central for the further
development.

As Shilov remarks in his introductory notes on functional analysis [181, p. 4], it is
straightforward to construct a tower structure of vector spaces given any field F:

[ 1is a vector space under addition and multiplication inherited from F.

F" = F x ... x [ is a vector space of n-tuples under pointwise addition and
multiplication inherited from F.

F(T) :== {f : T — F}, for T some set, is a vector space of functions under
pointwise addition and multiplication inherited from [F.

F*(T) := {f : T — F"}, for T some set, is a vector space of vector valued
functions under pointwise addition and multiplication inherited from [F".

The vector space " of vector-valued functions on 7' is already a space quite inter-
esting for applications. Different examples are given in figure 1.6.

Figure 1.6: On the left an element of F(77 ) is shown where T C R2. A vector in this space is a function defined on a subset
of the Euclidean plane whereas on the right side a vector field is visible, i.e. an element of F3 (T2),T> C R2. In both cases
F=R.

¢ Inner products and norms
Definition 1.1.5 Given a vector space V' over C an inner product (-, -) is a map from
V' x V to C that is positive definite (i), conjugate symmetric (ii), homogeneous w.r.t
scalar multiplication (iii) and additive (iv). That is, the relations

i) f#0y=(f,f) >0, (Oy,0y)=0
i) (f,9) =19, f) VfigeV
i) (af,g) =a(f,g9) VfigeV,aeC

) (f +v g, h) = (f,h)+(g,h) Vf,g,heV
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hold [181, p. 63]. The overline denotes complex conjugation. A vector space to-
gether with an inner product is called a pre-Hilbert space or an inner product space.

Examples of inner product spaces are (R, (a,f)r = aff),(C,{(c,B)c :=
aB), (R", (f, )z = Yp_y foge) and (C", (f,g)en = Yp_, fugi). Note that
the inner products are results of a choice and different choices of inner products
may lead to different inner product spaces. They all however satisfy the Cauchy-
Schwarz inequality [93, p. 10].

Theorem 1.1.6 (Cauchy-Schwarz) For any inner product (-, -), it holds that
[(f )" < (f. f)g,9) VfgeV

The notion of the length or magnitude of a vector is axiomatized with the help of
what is called a norm.

Definition 1.1.7 Given a vector space V' over C, a norm || - || is a map from V' to
the positive reals R that is non-degenerated, homogeneous w.r.t. absolute values
and subadditive. This means the relations

Non-degeneracy: V' > f# 0= ||f]| > 0,]0|| =0
Positive homogeneity: ||af| = ||| f|| Vf € V,a e C
Triangle inequality: [|f + g[| < [[f]| + |4l

hold [180, p. 53]. A vector space V' together with a norm || - || is called a normed
linear space.

Given any inner product space (V, (-,-)), (V.|| - ||) is a normed linear space when
the norm is chosen to be the positive squareroot of the inner product of f with itself,
|/l = \/{f, f). This implies that every inner product space is also a normed linear
space under the induced norm. However, not every normed linear space is also an
inner product space [93, p. 14]. Unless otherwise specified, when V' is an inner
product space and a norm is mentioned then this norm is the induced norm.

By the above remarks, normed linear spaces are a proper generalization of inner
product spaces. Although normed linear spaces that are not inner product spaces
enter only in chapter 4, most approximation and estimation problems will be stated
in terms of the norm even when an inner product is available. The reason for that
decision is that a norm || - || on a vector space V' provides a sensible way to talk
about closeness of two vectors f, g € V. Therefore when approximating f by sums
of given vectors gi, k = 1, ..., n expressions like

d(fuf): I\Zakgk—f\l
k=1

naturally arise where the discrepancy measure d(-,-) : V. xV — R is demanded
to be small for the approximation f = ), cayg; to be considered appropriate. It
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even holds that for any normed linear space V, the function d(f,g) = ||f — g| is
a metric and the topological structure induced by the open balls in that metric is
enough to determine answers to questions pertaining to convergence and continuity
of sequences and sums of vectors.

The last ingredient missing to upgrade inner product spaces to Hilbert spaces and
normed linear spaces to Banach spaces is topological in nature and necessary to
guarantee that every sequence of elements exhibiting shrinking pairwise distances
converges to a unique limit point lying in the space. This property is called
completeness; without it the transition to infinite dimensional spaces (e.g. spaces
of functions on arbitrary sets 7') would see many of the convenient properties
encountered in finite dimensional spaces lost.

Before the notion of a Hilbert space is made entirely formal in the next chapter, we
review its main features in an axiomatic list of statements that highlight the con-
cept’s usefulness and expected connections to data analytic questions. The theory
of Hilbert spaces

* is well established as a central tool in functional analysis and provides a
framework in which to efficiently reason about whole sets of functions si-
multaneously by employing geometric arguments;

* allows to inject objects from some base space into infinite dimensional spaces
in which easily analysable linear operations can achieve the same results as
highly nonlinear operations in the original base space;

* is general enough to include results valid for, among others, functions, mea-
sures, random variables and stochastic processes but still admits specific non-
trivial conclusions about the objects of investigation;

* due to its essentially linear nature often generates solutions that are readily
adoptable in conceptually simple and computationally efficient ways by stan-
dard linear algebra routines;

* is both statistical and physical in nature as is illustrated by Hilbert spaces aris-
ing as sets of solutions to differential equations governing the time evolution
of a system’s state given limited information while at the same time exhibiting
a measure of closeness that can be motivated stochastically.

This by no means exhaustive collection of rather empirical observations serves to
show that geodetic data analysis has much to gain from a Hilbert space based ap-
proach as it regularly acts in the area of conflict lying in the middle grounds between
deterministically driven physical systems and uncertainty in observations that is best
modelled probabilistically. This claim is further substantiated by several success-
ful applications of the theory of Hilbert spaces to problems from space geodesy that
range from satellite orbit determination [179] to the derivation of physically justified
estimators for the earth’s gravity field based on measurements of e.g. line-of-sight
acceleration data [144]. Several investigations have been carried out towards in-
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corporating the framework of Hilbert spaces into the mathematical foundations of
geodesy by noting the intrinsic ties between Hilbert spaces, boundary value prob-
lems and their respective variational formulations [pp. 29-45][24], [145] and by in-
troducing Hilbert spaces as the natural, infinite-dimensional generalizations of Eu-
clidean spaces into which least-squares methods can easily be transported to grant
them wider applicability [1]. Notions like stochastically motivated measures of
elastic energy quantifying uncertainty in geodetic networks [24, pp. 159-178] or un-
wanted deviations from a low-distortion state in the design of new map projections
[80] provide further proof of both the unifying generality of Hilbert space-based
optimization problems and their practical relevance for very specific problems. Al-
though Hilbert spaces seem to not have permeated fully the instruments and theory
of the rather practical discipline of engineering geodesy, it seems safe to assume
their usefulness even in this context.



Chapter

Theory of Hilbert spaces

This chapter focuses on the theory of Hilbert spaces and establishes basic theorems
needed later in the monograph. Geometric intuition is provided regarding important
concepts such as superposition, projections and bases, before questions of decom-
posability of a Hilbert space into subspaces are investigated. Linear operators on
Hilbert spaces are introduced along with properties such as boundedness, compact-
ness, selfadjointness and positivity, all of which allow to abstractly connect the
subclasses of operators enjoying these properties to operations prevalent in signal
processing. After further surveying the relationship between a linear operator and
the Hilbert space it acts on, focus is shifted onto the spectral theory of not necessar-
ily bounded selfadjoint operators. This line of inquiry culminates in a statement of
Stones theorem on strongly continuous one parameter unitary semigroups describ-
ing the time evolution of a dynamical system and lays the groundwork for incorpo-
ration of physical knowledge into the mathematical models representing real-world
processes. Reproducing kernel Hilbert spaces are defined and their connections to
energy minimization and feature representations are made explicit.

2.1 Topology and geometry of Hilbert spaces

In this section, Hilbert spaces are introduced as typically infinite dimensional vector
spaces of functions with a topology on them. Their definition is complemented by
a number of classical results pertaining to the connection between a Hilbert space
and the subspaces contained within it. The operation of creating a Hilbert space
from elementary building blocks is generalized to account for the more abstract
constructions of direct sums and tensor products. This reveals time series, vector
fields, features and spatiotemporal distributions of measurements to be elements of
their respective Hilbert spaces as well. As this section covers introductory material
largely unknown in the geodetic community, explanations and presentation will be
extensive. Theorems are furnished with proofs, if these highlight the use of an
important concept.



16 2.1.1 HILBERT SPACES

2.1.1 Hilbert spaces

The norm induced by an inner product is interpreted as a distance function on a normed
vector space V and the topology induced by this metric can be deduced unambiguously.
Demanding sequences {fi}52, C V, whose consecutive elements eventually differ only
marginally, to converge to an element f in the normed space V amounts to a property called
completeness. Complete inner product spaces are called Hilbert spaces and complete normed
vector spaces are called Banach spaces. Some instructive examples of both Hilbert and
Banach spaces include objects known from time series analysis and differential equations
and the classical (P and LP spaces. A set of canonical signal processing problems will be
introduced; these will be revisited and upgraded throughout the monograph to illustrate new
concepts in a familiar setting.

§ Topological considerations
Definition 2.1.1 A family O of sets in X is called a topology on X iff it satisfies
the following conditions:

10, XecO
I 0;e0OvVje]=,,0,€0
III 01,02602>01ﬂ02€(9

The set X together with the topology O is called a topological space. The elements
of O are called open sets. Sets F', whose complements F'© := {x € X : x ¢ F} are
open, are called closed. Sets may be open, closed, both or neither. For introductory
examples see [141, pp. 70-74].

Definition 2.1.2 In a normed linear space V/, for any ¢ > 0 and f, € V the set
B(fo) :={f €V :|If = foll < €} is called the open ball of radius ¢ around f; .
Examples are found in figure 2.3.

Theorem 2.1.3 I For any normed linear space V the family of sets O with
elements ) € O and otherwise O € O < Vf € OJe > 0: B(f) COisa
topology on V', named the norm topology [207, p. 15].

I On R™ and C",n € N all norms are equivalent, where two norms are called
equivalent if they induce the same norm topologies [206, p. 26].

As an immediate corollary, the topologies on R™ and C" are independent of the
chosen norm. This follows directly from theorem 2.1.3.1I and asserts that on finite
dimensional vector spaces the norm topologies (and therefore notions of continuity
and convergence) all coincide. In infinite dimensional vector spaces such as spaces
of functions from arbitrary sets 7" to C this convenient situation does not hold. The
norm topology admits a characterization of continuity in terms of the norm used in
its construction.

Definition 2.1.4 I A function A : V — W is called continuous iff
A7H0) € Oy YO € Oy. Here Oy and Oy are topologies on the
topological spaces V' and W.
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IT For a normed linear space V' with norm || - ||, a sequence { fz}72, C V is said
to converge to an element f € V. limg .o fr = fifVe >0 dng e N:n >
no = f. € BY(f) [108, p. 75].

At this point various technical lemmas from point set topology intervene
[141, 108, 71, 207] and establish instructive ways to rewrite the continuity
condition making use of the role of the e-open balls in the definition of the norm
topology. Furthermore, topology, continuity and convergence are all interrelated as
indicated by the sequence of statements below.

Lemma 2.1.5 I The composition of continuous functions is continuous [141,

p.- 39].

Il A function A :' V. — W between normed linear spaces V, W is continuous,
ie. A7HO) € Oy YO € Ow iffVe >0 36 >0 : ||If —gllv < § =
IA(f) — Al9)|lw < € [141, p. 36].

III For any sequence { fi.}32, such that limy_,, fr = f one has limy_, || f —
foll = 0171, p. 31].

IV Limits in normed spaces are unique [108, p. 89].

V A function A : V. — W between normed linear spaces V and W' is continuous
if and only if Vf € V one has that limy,_,, fr, = [ implies limy,_,o, A(fr) =
A(f), i.e. limits and continuous functions commute [93, p. 73].

VI Vector addition, scalar multiplication and taking norms are continuous oper-
ations in the norm topology. If the norm is induced by an inner product, the
inner product is continuous too [71, p. 32].

This means that the usual notion of continuity coincides with the topological one
— at least for functions A : V' — W and the choice of norm topologies on both
domain and codomain. Limits are well behaved and the limiting process commutes
with continuous operations. In later chapters other topologies designed in less
obvious manners to make certain sets of functions continuous will be employed as
well.

Definition 2.1.6 A sequence {fi}>, in a normed linear space V' is said to be a
Cauchy sequence — or simply Cauchy — if Ve > 0 dng such that m,n > ng =

1fn = full <€

It is trivial to show that the pointwise sum of two Cauchy sequences and the point-
wise multiplication of a Cauchy sequence with a scalar is again Cauchy. If a se-
quence { fx}32, C V converges to f € V then it is Cauchy. This follows almost
directly from the triangle inequality as

0 < |[|fn = foull < [l = fII + [ frn = [l

and both terms on the right hand side can be bounded by €/2 Ve > 0 by virtue of
{fe}32, converging to f. More formally Ing : n,m > ng = ||fn — f|| < €/2
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and || fr, — f]| < €/2 implying || f., — fm|| < € ¥n,m > ng and therefore { fi } 32,
is Cauchy. The converse does not hold in general, i.e. there exist sequences that
are Cauchy but do not converge. Any normed linear space V' in which all Cauchy
sequences { f } 72, converge to an element f € V' in the sense of the norm topology
is called complete. Completeness is a central ingredient in the following definition.

Definition 2.1.7 (Banach and Hilbert spaces) A complete normed linear space is
called a Banach space. An inner product space that is also complete w.r.t. the
induced norm is called a Hilbert space.

If a normed linear space / pre-Hilbert space V is given, its completion V [182,
Section 3.8] is a Banach space / Hilbert space [181, p. 51], [181, p. 65].

§ Examples

The archetypal examples of Hilbert spaces are (2, the Hilbert space of square
summable sequences and L?(T), the space of (equivalence classes of) square
integrable functions on a set 7. When 7" = N and the counting measure on 7’ is
used then unsurprisingly L?(T) = (2. Every Hilbert space H admitting a countable
basis being in one to one correspondence to ¢? is less intuitive but explains the
pervasive importance of this particular sequence space.

Example 1 The space ( := {f = {fi}2, : fr € C,> 12, |fx]* < oo} together
with pointwise addition of elements, scalar multiplication and inner product defined
as follows is a Hilbert space [93, p. 23].

fHg={fi+ o}, fgel (2.1)

af ={afi}i felfaeC (2.2)

(f.9)e = fuTk f.gel? (23)
k=1

Verification of the vector space axioms and the properties of (-, )2 is straightfor-
ward. Helmberg [93, p. 24] gives a constructive argument to show completeness of
2. |

Example 2 The space L?(T)) of (equivalence classes of ) square integrable func-
tions on a measurable set 7 C R" is a Hilbert space. L*(T) := {f : T —
C measurable : ||f||;2 < oo} where the inner product is given as (f, g)r2(r) =
I f (t)g(t) d A(t) w.rt. integration against the standard Lebesgue measure \ on
R™. A rigorous explanation of all involved terms including an account of the role of
measurability can be found in [36, p. 131]. [

Remark In this definition two functions f, g are equivalent if they differ only on
a set of Lebesgue measure 0. This implies [,.|f(t) — g(t)|>d A = 0 but f being
equivalent to ¢ in this mean square sense does not equate to f taking the same values
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as g everywhere. If this stronger notion of equivalence is desired one may invoke
the co-norm: ||f — g|le = sup,er |f(t) — g(t)| but the resulting norm does not
satisfy the parallelogram law, is therefore not induced by any inner product, and
L>(T) is consequently not a Hilbert space.

For the case where 7' = [a,b] C R is a finite closed interval on the real line
[93, p. 33] proves that L*(T) is the completion of C(T) := {f : T — C :
f is continuous }. One may introduce a different measure . than the Lebesgue mea-
sure A on R™. The spaces L*(T, ) := {f : T — C p-measurable : || f||12¢r,) <
oo} together with the modified inner product (f, g) 121 := [, f(£)g(t)u(dt) and
p(Taw) > 0 VT, C T are Hilbert spaces in their own right [206, p. 205]. It is
noted in passing that if © = wA with w > 0 some weight function then putting a
norm constraint on functions in L?(T, ;1) will penalize functions f exhibiting high
function values in regions Ty, C T where w(t),t € Ty is extraordinarily high
and amounts to the inclusion of prior knowledge. The practicing geodesist already
sees a similarity between the measures introduced here and the precision matrix
employed in classical adjustment theory.

The space L?(T) is of central importance in this monograph. As was alluded to
in the previous comment, L*(7T') provides an infinite dimensional setting for least
squares problems where the objects to be estimated are functions and not finite
dimensional vectors. Hilbert space methods involving L?(T') are also prevalent in
solving linear differential equations as often encountered when the dynamics of a
physical system is sought. This is desirable in the context of estimating quantities
subjected to physical constraints — from gravity fields in physical geodesy to
bending plates and buckling beams in engineering geodesy. When 7' is not just an
arbitrary subset of R on which functions are defined but instead the phase space
@ x P of generalized coordinates and generalized momenta of a physical system,
unit vectors f € S C L?*(T) can be related to probability densities p(-,-) on that
systems phase space. By setting p(q,p) = |f(q, p)|? one recovers a probabilistic
formulation of mechanics reminiscent to the Born rule fundamental to quantum
mechanics, [135, p. 34]. The time evolution of a systems state is then determined
by the Liouville operator instead of the Hamiltonian; more is found in subsection
2.2.4. For now a simpler approach is used to establish a relationship between
Hilbert spaces and stochastic quantities. This is the content of the next example.

Example 3 Given a probability space (2,X, P) [9, p. 12], denote by L*(2, %, P)
all random variables f : QO — R satisfying F[f] = 0 and E[f?] < oco. Here E[]
denotes the expectation operator, €2 is the sample space, X is a o-algebra of events
and P is a probability measure. Then L?(Q, 33, P) together with the inner product

(f.9) = E[fg] Vf.g € L*(0, %, P)

and obvious addition and multiplication is a Hilbert space [159, p. 18]. By applying
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the Cauchy-Schwarz inequality one calculates immediately

[(f. 9" = E[fgll* < B[ Elg*) = I fIPlgll*

This implies the correlation coefficient p = (f, 9)/|| fllllgll, p € [—1, 1] as a suitable
normalized measure of linear stochastic dependence of f on g and vice versa. Com-
paring this to equation 1.6 p is seen to be the cosine between f and g € L?(2, X, P).
The inner product

() = Elfs) = [ foaP = [ fadPuy = [ tairy

identifies random variables f,g € L?(Q, 3, P)if |[f —g|| = 0,ie. f—g=0 %
Jo If —gl?dP = [4o |f — g|?dP(f,g) = 0 which implies that f and g are allowed
to differ only on a set of measure 0 to be considered the same under the notion of
equivalence induced by the norm. In the above, P(fg) denotes P o (fg)~! and
P(f,g) is the measure P o (f, g)~* so that P(fg)(B;) = P(w € Q : f(w)g(w) €
By)and P(f,g)(B) = P(w € Q: (f(w),g(w)) € By) for By and By in the Borel
o-algebras of R! and R? respectively [36, p. 173]. [ |

With the space L(§2,%, P) =: L?(Q2) a notion of randomness was introduced for
the first time in this monograph. Hilbert spaces of finite variance random variables
are of prime importance in data analysis and three specific examples of their
applications to modelling and inference for time series are given below.

Example 4 (White noise process) Given a finite set 7', let forany ¢t € T' N, € L*(Q)
be a random variable of unit variance that furthermore satisfies

E[N,Ny| = 6, Vt,s € T.

Then the sequence {V; },er is said to be (weakly) white noise [140, p. 213] where
the adjective in parentheses is usually omitted. This convention will also be adopted
here - if the white noise follows a Gaussian distribution, this will be explicitly men-
tioned.

Apart from thermally induced noise, few real-world processes exhibit random be-
havior well modelled by white noise. It is rather an elementary building block
helpful for constructing models of autocorrelated processes. If 7' is interpreted as
discretized time 1" C Z this can be done in at least two ways: Define a new process
X, either as a weighted sum of white noise variables or as a weighted sum of its pre-
ceding process variables X; , k£ > 1 and a random perturbation that is known as
the innovation term. In the former case one arrives at what are called moving aver-
age processes in time series analysis and in the latter case autoregressive processes
result. |

Remark Typically the symbol W, is reserved for the Wiener process at time ¢ and
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white noise — defined as the time derivative of the Wiener process in the distribu-
tional sense — is simply denoted by dW;. To not overcomplicate matters in this
first example, the initially introduced symbolism will be kept and later changed to
adhere to standard nomenclature.

Some realizations of white noise, moving average and autoregressive processes
are plotted in figure 2.1. More rigorous definitions and proofs related to stochastic
processes can be found in chapter 3.

White noise process Moving average process Autoregressive process
Time Time Time

Figure 2.1: Two realizations of the three exemplary processes introduced above. The model coefficients o := {cv } are all
1/10 for the MA(10) and {0.6, 0.4,0.2, 0.1} for the AR(4).

As the monograph progresses, the following three problems will be encountered
regularly in different disguises. As the catalog of available theoretical results grows,
they will be upgraded to more generality and then revisited.

Problem I : (Interpolation) Given some values {z;}icr, »ZTsup C 7' of some
realization of process { X; };cr estimate the missing values {z; ber 1, -

Problem IT : (Separation) Given some noisy measurements {y; }ser = {x; +
n¢ }ter Where n, are realizations of a white noise process, estimate the values

{xt}teT-

Problem IIT : (Representation) Given values {xz;};cr of some realization of a
process { X, };er provide a meaningful and efficient representation of its main
features in terms of elementary or non-elementary functions.

Figure 2.2 illustrates the simplest instances of Problems I, II and III very crudely.
Later iterations of these problems feature the full spatiotemporal setting including
physical constraints.

Banach spaces that are not at the same time Hilbert spaces will not be approached
in the context of application to signal processing until chapter 4, in which the
computational foundations necessary to deal with optimization problems in them
are laid out. Nonetheless, for reasons of motivation some examples of Banach
spaces are given below. Note that by definition all of the above examples for
Hilbert spaces are also examples of Banach spaces.

Example 5 The L? spaces for 1 < p < oo of equivalence classes of functions
f from a measurable set 7' C R" to the complex numbers satisfying a finiteness
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Problem 1: Interpolation = Problem II: Separation Problem III: Representation

Function values
@'

Time Time Time

Figure 2.2: One dimensional interpolation, signal separation and representation problems. Unbroken lines or circles are
problem data and the broken lines are part of a possible solution. They can be found by employing Hilbert space methods in
which the inner product is modified to act on whitened data, see section 3.1

property similar to the L? spaces are Banach spaces. They are defined as
LP(T) :={f : T — C measurable : ||f|, < oo}

where the norm is || f{|, = [ [, | f[PdA] 7122, p. 46). |

Figure 2.3 illustrates different elements of the unit spheres S, := {f € L?(T) :
| fll, = 1} with T' = R for different p.

L' -norm sphere L? -norm sphere L -norm sphere
-
=]
[}
=
3
(o
= A=1
o TTTTTTr
[}
o
=
3
o
(%%
N
First component First component First component
Element with || f||zr =1 Element with || f||zz =1 Element with || f|jz~ =1

Function value

Dimension Dimension Dimension

Figure 2.3: The boundaries of three different open balls By (fo) corresponding to different norms on the vector space R2.
Typical unit norm elements of LP (R) are plotted in the second row, where vaguely a function f is called typical for LP~ if it
has a smaller norm in LP* than in any of the other two LP spaces for p # p«. A = 1 is the coordinate difference between
the ball’s center point and its rightmost border; it is numerically equal to an analogously defined coordinate difference in the
direction of the second component.

Since || f||, is a norm p,(f) = cexp(—|| f]|,) is a valid probability density function
for c a normalizing constant. For p = 1 one recovers a multidimensional Laplacian
distribution, whereas p = 2 corresponds to a multivariate Gaussian. The limit-
ing case of p — oo has no specific name to the best of the authors knowledge.
The specific form of those probability density functions and their level sets has im-
portant implications: Minimization of the /!-norm promotes sparse solutions, the
(?-norm minimizers are maximum likelihood estimators for Gaussian distributed
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random variables and the sup-norm measures worst-case performance. More is to
be found in chapter 4 in subsection 4.4.1 dealing with applications of /-norm based
estimation.

2.1.2 Geometry of Hilbert spaces

Norms and inner products are related to each other via the polarization identity and the
parallelogram identity. They furthermore satisfy the triangle, reverse triangle and Cauchy-
Schwarz inequality and can be used to imbue the set of subspaces of a Hilbert space with
additional structure by measuring the angle between them. Subspaces that are orthogonal to
each other satisfy certain optimality properties finding their expression in simple construction
rules for minimal-norm decompositions of their elements. A complete decomposition of a
Hilbert space H into a sequence of orthogonal subspaces {H, }52, can be achieved with the
help of an orthonormal basis for H . If the elements of H are identified with functions in
the time domain (="signals”), the representation in a certain basis can be interpreted as a
signal expansion.

§ Subspaces

The classical equations and inequalities are often ingredients to proofs and provide
tools for investigating the global algebraic structure of Hilbert spaces. However,
to solve the canonical problems I-III stated on page 21, the idea of decomposition
is central: either data is to be split into a noise and signal part or a signal needs to
be written as a superposition of elementary waves. The decomposition of Hilbert
space elements f € H presupposes decomposability of the Hilbert space H itself.
Unless specified differently, H will be a Hilbert space over the complex numbers in
what follows during the rest of this section.

Definition 2.1.8 If a (nonempty) subset M of the Hilbert space H is closed under
linear operations, i.e. if f +g € M Vf,ge Mandaf e M Vf e M,a e C
then it is said to be a linear manifold in H [93, p. 36].

The definition here applies to Hilbert spaces over the field of complex numbers. For
an analogous definition suitable to cover the real case, just relax the requirement
regarding closedness under multiplication by scalars to af € M Vf € M,«a € R.
As —1 € R C C, one always has f + (—1)f = 0 as an element of any linear
manifold M in ‘H and may visualize M as a hyperplane through the origin of H.
This motivates the nonstandard notation M 1 ‘H for "M is a linear manifold in
7”. For all Hilbert spaces H, clearly {0} 1 H and # 1 H. A linear manifold M
in a Hilbert space is not necessarily a Hilbert space in its own right as it may fail to
be complete. A condition precluding erratic behavior of this type is the topological
closure of M in H.

Definition 2.1.9 A topologically closed and therefore complete linear manifold
‘H, in a Hilbert space H is called a subspace and this relation will be denoted by
H, @H. If two subspaces H1, Ho of H satisfy (f,g) =0 V;f € H, and g € Hy
they are said to be orthogonal subspaces and one writes H; L H to indicate this
relationship.
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The topological closure of H; 1 ‘H implies that H; contains all its limit points
[141, p. 55], i.e. those f € H; with (U \ {f}) N H; # 0 for all neighborhoods
U containing f [108, p. 176]. H; is closed in H iff for any sequence {f}3°>, C
Hi,limy o fr = f implies f € H; [141, p. 55] and H; as a subset of a complete
normed space H is closed iff it is complete. A mere linear manifold H; 1 H can be
closed by adjoining its limit points.

The above remarks can be augmented with a verification of the closure’s closure
not only in the topological sense but also under linear operations. It then follows
that for any linear manifold M in a Hilbert space H, its closure cl(M) H, i.e.
cl(M) is a subspace. Because the notation cl(M) can be cumbersome and in the
case of subspaces closure and completion are almost interchangeable, the closure
of a subset of 7 will also be denoted by an overbar. From now on M := cl(M)
and if a completion of M is to be constructed this is mentioned explicitly.

§ Orthogonal complements and multiple subspaces

Two operations are available to combine subspaces and linear manifolds to provide
new objects. The ordinary vector sum of two subspaces consists of all sums f + g
where f and g are from the respective subspaces. Due to topological complications
the vector sum of two subspaces rarely forms a subspace and its closure has to be
taken instead. For a given subset U of a vector space H, the shorthand notation
\/ U will stand for span U and U, \/ U, is used to symbolize Span U; U U, where
span U denotes the closure of the linear span generated by all finite linear combi-
nation of elements in U as described for example in [172, p. 104]. The closure of
the span of countable sequences of subsets is denoted by \/,-, Uy = span J,-, Uy.

Definition 2.1.10 For any two linear manifolds 7, and H; in H the set
Hi+Ho={feH : f=fi+ [fo, /i €Hiand f, € Hs}
is called the vector sum of #; and Hs. For countable sequences {7 };>, of linear

manifolds the symbol " ° | H,, denotes the set { f € H : f => 77 fu. [x € Hi}-

The vector sum of two linear manifolds is again a linear manifold. When H;, BH
for £ = 1, ... one can show that the relationship

cl (i Hk) = <7 Hk
k=1 k=1

holds [93, p. 39]. Then cl(>_;~, Hr) BH. When two subspaces 7; and H, are
orthogonal to each other and for any subset F© C # of a Hilbert space H, F* is
used to denote the orthogonal complement F* := {g € H : (f,g)» =0 Vf € F}
of F' in ‘H, then the following collection of statements holds [93, pp. 40-47].
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Theorem 2.1.11 For H, L Ho, Hi OH and Hy BH as well as ' C H one finds
1 (Hl -+ HQ) H

Il Every element [ € Hq + Hs has a unique decomposition f = fi + fo where
f1 € 7‘[1 and f2 < 7‘[2.

Il F-TOH

IV (FY)* BH and since (FH)* .= {ge H : (g, f) =0Vf € F:}, (F)* >
F, ie. it is a subspace containing F'.

V (H)t =H,

The minimum distance between a point f in a Hilbert space H and one of its
subspaces H; is 6 = inf ey, ||f — g||. Asis proven in [3, pp. 8-9] there exists a
unique vector Py, f in H; closest to f € H which means that || Py, f — f|| = d;. It
will be called the projection Py, f of f onto H;. The following theorem is stated
without proof. Helmberg [93, pp. 38-47] and the introduction to Akhiezer and
Glazmans treatise on linear operators in Hilbert spaces [3] provide further details.

Theorem 2.1.12 I If Py, f denotes the projection of [ onto H, QOH then
PHlf - f € ,;L[lL
I If f € Hy then Py [ = 0 since 0 = <f,PH1if> = (Py, f +PH1Lf,PH1Lf> =
| Py ||” and Py,1 f = 0 by the non-degeneracy of the norm.
Il (Projection theorem) If H, BH then H, + Hi = H.

IV Given H, @H, 3! decomposition of any f € H into [ = f1 + fo where
f1 € Hl and f2 € Hf‘

Example 6 Let H = L?[0, 1] be the Hilbert space of square integrable complex
valued functions on [0, 1] and Uy, := {exp(2mik-), exp(—2mik-)}'. Define H" as

My = \/ Uy = span _J{exp(£2mik-)}
k=1 k=1

and H3* as (H7)*. HY" H and H5* BH by construction. H[" corresponds to the
subspace of functions with frequencies up until m oscillations per unit interval. All
the high frequency dominated members of L?[0, 1] are subsumed in HJ'. Project-
ing f € H onto Pymf € HY" is the same as performing low pass filtering. The
decomposition of f € H into two different components f; € H* and fo € HY' is
illustrated in figure 2.4.

If one knew that f was noisily observed with the noise being purely high frequency

!By replacing a function’s argument by a dot and therefore referring to a function f on T as f(-)
instead of f(t), one emphasizes that the function f is not simply a collection of values f(t) asso-
ciated to index elements ¢ € 7" but that the whole rule of assigning values to index elements is the
object of consideration.
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and the signal purely low frequency as measured via oscillations per unit interval,
then one would have already derived a solution to problem II posed on page 21. W

Approximation with m =5 Approximation with m = 20

— Function f
- -- Approximation f1

- Residual f,

Function value

Function value

ey N o e o e L 2
AN e # y

Time Time

Figure 2.4: On both sides of this figure a decomposition of f € L?[0, 1] based on the two subspaces HY* and H3* is shown.
On the left side m = 5 and only low frequent functions are found in H"* whereas on the right side m = 20 and H]"* contains
functions with much less smooth behavior. The indexset T' = [0, 1] is interpreted as time.

Another way of writing Py, f is as the unique minimizer in H; of ||g — f|| for some
f € H, thatis

Py, f = argmin [lg — f] 2.4)

geEH1

or in other words Py, f is that element g € H; whose deviation from some target
vector [ € H has minimum length.

Theorem 2.1.13 Let {H,.}3° | be such that H, @H Yk € Nand Hy L H, Vk # L.
Then (35° Hy) BH and Vf € 300 Hy 3 fi € Hy s 5, fo = f.

As a tribute to the special situation encountered when dealing with mutually
orthogonal subspaces H;, AH — for which it always holds that Y, Hy OH —
often the symbol €p is used instead of X to denote the vector sum. The choice
of symbols is no coincidence and it can be shown (see subsection 3.1.3) that the
vector sum H; + Ho of two orthogonal subspaces H; | Hs is the same as the
external direct sum H; & Ho known from abstract algebra. The general situation,
in which the H;, do not need to be contained in an apriori known auxiliary Hilbert
space ‘H will be cleared up in subsection 2.1.3.

5 Bases

Several alternative but in the end interchangeable approaches to define bases for
infinite dimensional Hilbert spaces exist. The focus will be on Hilbert spaces, for
which a countably infinite orthonormal basis can be found as the general situation
without a constraint of this type admits many pathologies and requires a more
advanced apparatus than space permits to present here.

Definition 2.1.14 I A Hilbert space H is said to be separable iff there exists
a countable, everywhere dense subset H C H, i.e. cl(H) = H or in other

words Vf € HandVe >0 dg € H : g € B.(f)[3, p- 51
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IT An orthonormal system (ONS) {ex }rerxr C H is called maximal in H if there
does not exist a nonzero vector f € H with (f,e;) = 0Vk € K[3, p. 17].

Theorem 2.1.15 I An orthonormal system { ey} ek is linearly independent.

Il If H is separable then for every orthonormal system {ey }rcx C H, K is finite
or countably infinite.

IIl H is separable if and only if there exists a maximal orthonormal sequence

{6k}z<j:1 C H

IV Any two maximal orthonormal systems in a Hilbert space H (separable or
not) have the same cardinal number; this cardinal number is also called the
dimension of H.

Corollary 2.1.15.1 Since {e;};2, with e, = (0,...0,1,0,....) with a 1 at the k-th
position is countably infinite and dense in (2, (* is separable.

The proof of Lis trivial — {e; }rex ONSand Y, - ager = 0= || D, cwer]|* =
0 but this is equivalent to ), .- |ax|* = 0 which is only the case if the oy, identically
vanish — and the proofs of ILIILIV are found in [3, pp. 17-20].

Part II of theorem 2.1.15 asserts that if one finds a maximal orthonormal sequence
in H, H is separable but it also says that if one starts with an orthonormal sequence
{er}72, and then takes the subspace H;, := \/,—, = span U,_,{ex} , H1 is
separable by construction. As orthonormal systems in inseparable Hilbert spaces
feature uncountably many elements and are both less well investigated and from
the perspective of practical computability less tame than the systems for separable
Hilbert spaces, inseparable Hilbert spaces are disregarded for the rest of the
monograph. Since ¢? and L*(T') as the most relevant Hilbert spaces encountered in
the context of this monograph are separable, this omission is uncritical. It is also
for this special case that the definition of a basis is given.

Definition 2.1.16 For any Hilbert space H an orthonormal sequence {ej}7°, C H
is called a basis of H iff the only vector in ‘H orthogonal to all e;, k£ = 1, ... is the
zero vector . Often the acronym ONB (orthonormal basis) is used.

This definition is standard [3, p. 19] for infinite dimensional Hilbert spaces but
stricter than the classical linear algebraic notions of bases encountered in finite
dimensional settings due to the additional requirement of orthonormality. A
more liberal definition would not incorporate any extra properties of the sequence
{ex}72;. One such relaxed notion of basis is called an exact frame [40, p. 121] but
it is rarely used outside of applied harmonic analysis and compressive sensing.

Theorem 2.1.17 (Basis theorem) The following six statements are equivalent [40),
p. 79].

I {ex}2, is a basis of H.
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IN'IffeHand (f,ex) =0 Vk € Nthen f = 0.
11 H = span U, {ex}.

IVIffeHthen f =" ([ exer

VIff € Hihen (f.g) = 330, (f ex) (g, en)-
VIIf f € Hithen | f> =322, [(f en) ™

Remark The construction in statement IV is known as the Fourier expansion in
terms of the ONB {e; }72, and statement VI is also often called Parsevals identity.
From VI Bessels inequality || f]|? > >",_, |{f, ex)|? immediately follows.

Corollary 2.1.17.1 (Optimal approximation) Let {ey}?°, be an ONB in a separable
Hilbert space H and let H> = i _, Hy. where the H,, are again the subspaces
associated to the ey; Hy, = span {ey}. If the optimal approximation to f € H by
elements of H is denoted by f*", that is

f = axgmin || = gllw = Pas f
gEHE

then the basis theorem implies the following three instructive consequences.
i) The projection of f onto HX can be written explicitly as Pysf =
> ke (s en)er.
ii) If n > m then f*" approximates f better or equally well as f*™.
iii) If n > mthen f*"* — f*™ € @, _, .| Hr.

In the preceeding statements, approximation quality is measured by the norm || f*""—
fllu of the approximation residuals with higher norm indicating lower quality.

Proof: Once 1) is shown ii) and iii) follow trivially.

i) Show that if f*" had any other coefficients oy than (f, e;.), the norm of the
residual f — f*" would increase.

o n
Lf = B = 11D (frender — Y azesll3
k=1 j=1

=Y ((Frew) —andenlla + 1 D (fren)erlls

k=n+1
= [{(f: ex) — antimallie + I en) Falniall22

But both right hand side terms are nonnegative and only the left one does
depend on the expansion coefficients. Since it is zero iff oy, = (f, ex), k =
1, ..., n this choice of expansion coefficients is optimal. By the non degener-
acy of the norm it is the only one to achieve that, hence unique.
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i) |If = 13 = i e < %Zin}i \({2, er)® + 2pmmir [ ex)?
— — m U

i) f— =2 (frener — D iy (frex)en
- ZZ:m+1<f7 €k>ek € @Z:m+1 Hk
]

One might originally be unsure if adding more terms by which f € H is approx-
imated could potentially decrease the quality of the approximation in some way.
Statement ii) asserts that the approximation quality monotonically increases if the
terms e; form an ONB. The implications of statement iii) are particularly clear if
n =m-+1. Then f*"*1 = f*m 4 (f e .1)ens1 and the constancy of the first m ex-
pansion coefficients {ay }72 in for . = >/ aey is guaranteed when the degree
of approximation is increased by one or in fact by way of induction by any natu-
ral number. Figure 2.5 illustrates these comments and the fact that approximation

quality depends on the ONB.

Approximation (Polynomials)  Approximation (Sinusoids)  Approximation (Eigenbasis)

——Approximation m=1
- - -Approximation m=2

Function value

Time Time Time

Figure 2.5: The three plots depict approximations of a fixed function f given in terms of data points with different orthonormal
bases of L2[0, 1]. From the left to the right orthogonal polynomials, complex polynomials and a basis chosen numerically
from the set of eigenfunctions of a certain linear operator (the covariance operator, see subsection 2.1.4) were used. The
RMSE for f*4 are 0.25, 0.24 and 0.19 respectively.

Corollary 2.1.17.2 (Riesz-Fischer) If H is separable with orthonormal basis
{ek}zo:l then H = {22021 QLeg . {ak}io:l S EQ}

Proof: 1f f € H then || f||* < oo and |[f||* = 3707, [(f,ex) [ = 2207 |aw|* < o0
implying {oy.}32, € CUIF f =D 07 ey {aw}s, € CPthen Y oo Jagl? < o0
proves > o, [(f,ex)* = || fI|* < oo and f € H. O

The Riesz-Fischer theorem states in a very formal sense that there is only one sepa-
rable Hilbert space /% and all other infinite dimensional separable Hilbert spaces H
can be mapped one to one onto ¢? by identifying the expansion coefficients {ay }32,
in some given orthonormal basis {ej }7° ; with the sequence {oy } 32 ;. This seems to
be a very specific theorem with limited applicability but as for example the sequence
{e1.}52, of elements e;, = exp(27k-) is a countable basis for [0, 1] [93, p. 48] this
space is seen to be isomorphic to ¢? as well. This is not obvious intuitively since
an f € (*is a function N — C with countable domain whereas a ¢ € L?[0,1] is
an equivalence class of functions from the uncountable continuum [0, 1] to C. The
Riesz-Fischer theorem holds even under more surprising conditions. Ahmed [197,
p. 41.] proves a version of the theorem for a series of nonlinear operators defined
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by integration against the classical Wiener-Fourier kernels arising in Volterra series
or Wiener-G-functional expansions of nonlinear operators

Most theorems in this paragraph assume an ONB is already given. When this is
not apriori the case and only a sequence {v;}72; C H of linearly independent
vectors is accessible, then one can construct an ONB {e;}72, of H out of the
sequence {v}7°, with the help of the Gram-Schmid orthonormalization process
(3, pp. 10-13].

Theorem 2.1.18 Let a sequence {vy};2, of nonzero linearly independent vectors
in a Hilbert space H be given. Then the sequence {e;}3>, constructed iteratively
via
k—1
Uk (ve, u;)
]| = (uj, uj)

€k

uj (2.5)

is an orthonormal sequence in ‘H. In this formulation sums of type Z;”:n fj with
n > m are set to zero.

The properties of the Gram-Schmidt orthonormalization process suggest to
construct ONB’s for a separable infinite dimensional H by designing linearly
independent sequences {vy}2, of vectors vy that have dense span in H and then
apply Gram-Schmidt orthonormalization to them. The next example illustrates the
orthonormalization procedure.

Example 7 (Legendre polynomials) Let {v;}?_, be the monomials z°, 2!, 2? as
functions from 7" = [—1, 1] to R. They are linearly independent because any poly-
nomialp = >}, ayx* does not have more than n roots precluding Y ores apr® =0
for coefficients ay, not all zero. The inner product on this space is set to (f, g) =
| _11 f(t)g(t)dt. The polynomials constructed from monomials by way of 2.1.18 are
simply the first 3 Legendre polynomials appropriately rescaled to unit norm [153,
p. 443]. |

The relationship discovered between orthogonal polynomials of up to degree 2 on
[—1, 1] and Legendre polynomials holds for arbitrary degrees and it can be shown
that the Legendre polynomials form a countable ONB for L?[—1, 1] which is there-
fore seen to be separable. Analogue theorems hold for L?[«, 3] and scaled Legen-
dre polynomials, %[0, co) and Chebychev-Laguerre functions, and L?(oco, oo) and
Chebychev-Hermite functions as well as for domains that are Cartesian products,
T =T xT5, T, C R[93, pp. 55-66].
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2.1.3 Abstract constructions with Hilbert spaces

Several abstract constructions are available to combine two Hilbert spaces H1, Ho into a
new one that inherits properties from both H, and Hs. It is possible to form two different
types of sum — external and internal— of Hilbert spaces leading to a Hilbert space H1 ® Ho
being populated by sums of elements of Hi and Ho. Taking the tensor product of Hi
with Hy results in a Hilbert space H1 @ Ha of sums of products of elements in H, and
Ho whereas also a construction rule exists to create a Hilbert space Hi/Hs of equiva-
lence classes of elements in H 1 that differ only by an element of Ho if Hs is a subspace of H;.

§ Quotient spaces

Quotient spaces Hs/H; are sets containing equivalence classes of vectors. The
concept is made useful in a Hilbert space setting by endowing the quotient space
itself with a vector space structure and an inner product. This pre-Hilbert space
turns out to be isometrically isomorphic to the orthogonal complement of the
subspace that was collapsed to zero and is shown to be complete. Quotient space
constructions with certain minimality properties will be useful later. Their elements
may be interpreted as classes of signals that differ only by elements of a supposedly
irrelevant space H, which is to be eliminated from further consideration.

Lemma 2.1.19 Let H, and Hy be two Hilbert spaces with Hy C Hs. Then the
relation f ~ g < f — g € H, is an equivalence relation for elements of H.o.

Proof. Reflexivity follows from f ~ f < f — f = 0 € H, since H; is a subspace
of H and contains 0. Symmetry is a consequence of the closure of /; under linear
operationsby f ~ g & f—ge Hi & g— f € Hi < g ~ f and transitivity is
obvious as well since if f ~ gand g ~ hthen f —h = (f — g) + (g — h) is the sum
of two elements in /{; and therefore again an element of /; implying f ~ h. [

Definition 2.1.20 Let #; and H, be two Hilbert spaces with H; AH,. Then the
set of all equivalence classes [f] := {g € Ha: f — g € H1}, [ € Hs is called the
quotient space of Hy by H; and denoted by Hy/H. The map 7w : Ho > f +— [f] €
‘H/H, sending Hilbert space elements to their corresponding equivalence class is
called the canonical projection.

Remark The canonical projection m : H; — Hp/H; is surjective because

Ho/Hy = {[f], f € Ha} = THa.

Theorem 2.1.21 The quotient space Hs/H, together with the linear algebraic op-
erations

1+ 1g] =[f+g] [f].[g] € Ha/Ha (2.6)
alf] = laf] [f] € Ho/Hi,a € C 2.7)

is a vector space. This vector space can be embedded as a subspace into H.o.

Proof: 1t will be shown in detail that the operations of addition and multiplication
by scalars are well defined. Proving that the vector space axioms hold is trivial.
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Suppose that f1, f € [f] and g1, 92 € [g]. Then fi — fo € Hi and g1 — g2 € Hy
and (fi + 1) — (fo+92) = fi— fo+ 1 — g2 € Hiand [fi + ¢1] = [f2 + g2
establishing well-definedness of addition. To prove well-definedness of multiplica-
tion by scalars, note that if f;, fo € [f] then Voo € C one has f; — fo € H; =
O{(fl — f2> = CYfl — O&fg € Hl = Oéfl ~ O[fg and [O{fl] = [O[fg].

Hso/H, is a commutative group under addition. It is commutative as shown by
]+ 19 = [f + 9] = [+ f] = lg] + /] and associative as ([f] + [g]) + [1] =
£+ g1+ [0 = [(f+9)+ B = [ +(g+ 1)) = [f]+[g+A] = [f]+ (lg] + []). Any
p € H, satisfies f +p— f € H, implying [f]+ [p] = [f] and [p] is the zero element
in Ho/H;y. As for inverses, any element g € [f] satisfies [f] + [—g] = [f — g] = [0]
since f —g € Hy and [f]™! = [—g| for any g € [f]. Scalar multiplication pre-
serves linear structure because af5[f] = o[Bf] = [aff],1[f] = [1f] = [f] and
distributivity over #,/H; and C are inherited from distributivity over #, and C.
Consequently H,/H; is a vector space. Finally note that the map ¢ : Ho/H1 >
1= dlfl =Py f € Hi embeds this quotient space into Hs. O

Definition 2.1.22 Let (-, -) p+ be a positive semidefinite, conjugate symmetric form
that is homogeneous with respect to scalar multiplication in the first argument and
additive. It induces a form | - |pt by v/(-,-)pt = | - |pt. The form | - |pt is called a
seminorm on Hs if

i) |flpt >0 VfeEH,

i) [flpr=0& feP

i) |af] = |a||flpt Vf € Ha,a € C

i) |f+glpt < |flpt +glpt Vf g€ Ho

If | - |p+ is induced by (-, ) pt as described above, the bilinear function (-, ) pt is
called a semi-inner product on Hs.

Theorem 2.1.23 If H1, H, are separable Hilbert spaces with H, B Hs then Hy/Hy
is complete with respect to the norm topology induced by the inner product
([f1, 9 #ayr: = <PH1L fs PHng)H2 and therefore a Hilbert space.

Proof: Tt was already proven that H,/#H; is a vector space. What is left to show is
that ([f], [9]) 2, /x, is 1) well defined, ii) an inner product and iii) H,/#, is complete
w.r.t. the induced norm.

i) Suppose fi, f2 € [f] and g1, g2 € [g] then fi — f» € Hy and Py (fi — fo) =
0= Py (91 — g2) since g1 — g2 € H;. Therefore Py fi= Py fa, Pyigr =
Pyigo and (Py f1, Py gi)au, = (Pyysfo, Pyyr g2)n, so that ([f], [9])3 /2
is well defined independent of the choice of representer for the equivalence
classes [f] and [g].

ii) If[f] 7 [0] then ([f], [9])30, /3, = (Ppi fs Pt f)n, > 0 by argumentof [f] 7
[0] implying f —0 ¢ H; and f = Py, [+ Py fwith Py f = f— Py, f #0.
Finally this shows Py f # 0 and ([f], [f])#,/3, > 0 byt the non-degeneracy
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i)

of (-, )3,. Together with ([0], [0])7,/2, = (0,0)4, this establishes positive
definiteness. Conjugate symmetry follows from

([f1, [QDHQ/% = <P7-Lffv P’Hfg>7‘l2 = (PHfgaPHfﬁHz = (lg], [f]>y2/m

and linearity is seen to be correct because

<Oé[f], [g]>7{2/7{1 = <[Oéf], [g]>7-l2/7'l1 = <OZPH1if’ P’Hllg>7'12 = Oé([f], [g]>7{2/7{1

where the linearity of the projection was used. Lastly additivity holds as

(Lf1+ [g], (M) raypn = (U + )5 (D) 20200

{
= (Pt (f +9); Prr M)y

<PHJ_f PHJ_h>’H2 <PHf-g? P?—Lf— h>?—£2
{

[ ] [ ])Hz/?-ll + <[g]7 [h]>7-l2/7-l1

The quotient space Ho/H; is complete since every Cauchy-sequence con-
verges. This can be seen by explicit construction of any Cauchy-sequences
{1k}, C Ho/Hy limit [f]. If {[f]x}3>, is Cauchy then Ve > 0 Jng €
N:n,m >no = ||[fln = [flmll#a/mn, < e Now let {fi}72, C H, be any
sequence such that [f]| = [f]; it follows from {[f];}2, being Cauchy that

Ve>0 dng e N:n,m > ng=
1[f1n = Ulmllae s = 11fa] = Ul s = 1Poi fro = P fnllne <€

and {PH% fx}32, is a Cauchy sequence lying in Hi by construction. But Hi-
is a Hilbert space and complete which guarantees that 3f € Hi C H, with
limy o0 Pyr fr, = f. Then the element [f] € Ho/H, satisfies

S (|Lf] = [kl = T (L = Py fillae = 0.
—00 k—o0

The equivalence class [f] of f in Hi lies in Hy/H; and is the unique limit
of the Cauchy sequence {[f]x}?2 ;. Consequently H5/#, is a complete inner
product space, hence a Hilbert space.

O

Corollary 2.1.23.1 I The quotient Hilbert space Ho/H, is isometrically iso-

morphic to Hi, i.e. there exists a bijective linear map from Hi- to Ha/H,
which preserves inner products.

II The inner product ([f],[9])#./n, and norm ||[f]||1, /3, correspond to semi-

inner products and seminorms on Hs that annihilate H,.
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§ Direct sums and tensor products

Direct sums and tensor products are both ways in which to combine two spaces
Hi, Ho to generate a third, enlarged one. As the name direct sum implies, the
resultant object can be interpreted as containing sums of elements f; € H; and
fo € Ho. However, that interpretation only makes sense when f; and f; are
summable, e.g. because they are functions on the same index set 7', and H,, H, are
apriori subspaces of some other Hilbert space. In all other cases, the direct sum has
more similarity with the Cartesian product. Both notions of direct sum coexist and
are useful at different times.

Definition 2.1.24 Let #, and H, be two Hilbert spaces with inner products denoted

by <" '>H1 and <'> '>’H2-
i) The set Hy B Ho := {f = (f1,f2) : fL € Hi,fo € Hz} together with
the inner product (f, )w,e.1. = ((f1: f2), (91, 92)) s, = (1. 91)3: +

(f2, 92)1, Vf, g € H1PH, is called the external direct sum or the orthogonal
sum of H; and H [21, p. 157].

ii) If there exists an Hs with H; H3 and Hs 1H3, then the set Hy @; Ho =
{fi+ f2: 1 € H, fo € H2} together with the squared norm || f|13, .5, =
MiNf—f, 4 o e, oette || f1l5, + || f2ll3,, is called the internal direct sum of
H, and Hs [20, p. 24].

Whereas the external direct sum of H; and H contains vectors with entries in
and H,, the internal direct sum is to be interpreted rather as a superposition of
Hi and Hy. When both component spaces are not orthogonal to each other, the
constructions lead to significantly different results. Since this situation is explored
most instructively when the underlying Hilbert spaces have additional structure, a
systematic account of the interactions between external and internal direct sums
is postponed until reproducing kernel Hilbert spaces have been introduced. If
H, L Ho, then external and internal direct sums coincide, see theorem 2.1.11.
In this case, the subscripts e or ¢ indicating a distinction will be omitted. In
comparison to the direct sum that roughly results in added output dimensions, the
direct product of H; and H,, frequently also called the tensor product, leads to
added input dimensions.

Definition 2.1.25 Let H; and H5 be Hilbert spaces of functions from 77,75 to R

with inner products (-, -)%, and (-, -)3, respectively. The direct product H; ® H, of
‘H, and H- is the completion of the space of functions that are of form

FEs,t) = > fHs) () seTi,teTy, fj €Hi, [} €Ho
j=1
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together with the inner product

<f®7 g®>7—l1®?—£2 = Z Z<fi17 g]1>7-ll <fz'27 g]2>7-l2

i=1 j=1

where the completion is executed w.r.t the induced norm || f€|[3, 25, [20, p. 31].

If H, and H, are spaces of functions on 77,75 then H; ® Ho contains functions
f Ty xTy, — R, see [127, p. 10] for additional explanations. One may de-
fine spaces of functions of several inputs, e.g. spatiotemporal functions, by tensor-
ing together simpler spaces. Often operations in the tensor product space factorize
through the base spaces and this makes them both easier to interpret and more effi-
ciently computable.

2.1.4 Linear operators on Hilbert spaces

In this subsection the concept of a linear operator on a Hilbert space is introduced. Bounded
linear operators constitute the most common linear operators encountered in practice and it
is possible to establish that linear operators are bounded iff they are continuous. Bounded
linear operators on a Hilbert space H form a space B(H) themselves and properties of
those operators can be related to the structure of H. Compact operators form a subclass
of B(H) exhibiting finiteness properties paralleling those of matrices and appear naturally
in Hilbert space embeddings of random variables. Orthogonal projection operators map a
Hilbert space onto its subspaces and form a subclass of B(H) containing slightly transformed
versions of pseudoinverses. They will be immediately used to provide solutions to simple least
squares problems.

¢ Bounded linear operators

Bounded linear operators between Hilbert spaces H; and H. are topologically
well-behaved objects that interact with the natural notions of convergence in a
non-complicated manner. The case where H, is R or C leads one to consider
bounded linear functionals forming themselves a Hilbert space called the dual
space H;. For them the important Riesz representation theorem is available.

Definition 2.1.26 i) Amap A : H; — H, between two vector spaces H; and
"Hs is called a linear operator if it satisfies A(af+g) = aAf+5Ag Vf,g €
H, and o, B € C (or R)?.

ii) If the codomain of a linear operator is the underlying field F of the vector
space — C or R in most cases — then A : H; — F is called a linear func-
tional.

Remark 1If A : H; — H; then A is called a linear operator on H; and if
A M — H, with M @ H; then A is called linear operator in ;.

Definition 2.1.27 i) A linear operator A : H; — H, between two normed lin-

2When applying a linear operator A to an element f, one may either write A(f) or simply Af to
reduce the number of parentheses. There is rarely potential for any confusion.
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ear spaces is called bounded if d¢ € R such that

[Af I3, < e[l fll, forall f € H,. (2.8)

ii) The smallest such ¢ € R in equation 2.8 is called the operator norm of A.

[AS 2

| Allop =
" rernvoy 1l

(2.9)

One arrives at this specific formulation by reordering || Af||%, = c||fl#,
to ¢ > ||Aflln, /|| fll2, and realizing that the smallest c still satisfying this
equation can be found by taking the supremum of this particular ratio.

Example 8 A matrix A = {a;;}7.,"_, is a linear operator from R™ to R with the
usual matrix-vector multiplication. Its operator norm || Al|,, depends on the norms
with which one endows H; and Hs; if for example the Euclidean standard norms
are used || Al|,, = v/ Amax is the square root of the maximum eigenvalue of A*A [30,
p.- 876]. Here again the asterisk denotes transposition and complex conjugation, i.e.
(A% = @ u

Theorem 2.1.28 The operator norm is a norm on bounded linear operators and
furthermore it holds that [93, p. 80]

Afllae
170 — sy Jafl = s Af e

| Allop =
rennioy Ifllsn remaliflg <1 FEHL Il =1

Corollary 2.1.28.1 Linear bounded operators on a Hilbert space H1 form a Banach
space under the operator norm || - ||o [93, p. 80].
Remark The Banach space of bounded linear functionals ¢ : H; > f — ¢(f) € C
is called the dual space of H; and denoted by H;.

Bounded linear functionals ¢ : 7; — C acting on a Hilbert space can be written
explicitly as inner products with certain elements f, € H;. This is the content of
the Riesz representation theorem.

Theorem 2.1.29 (Riesz representation) Let ¢ : Hy — C be a bounded linear
functional. Then 3\f, € H, with og = (f,, g)n, for all g € H, and furthermore

ellop = Il 193, p- 761

This representation will be important in section 2.3 where reproducing kernel
Hilbert spaces are introduced as those spaces of functions for which evaluation
et : H1 2 f—ef) = f(t) € Catapointt € T is continuous therefore guaran-
teeing the existence of a function () € Hy with e, f = (K4, f)u, Vf € H,.
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§ Special properties of operators

Matrices are finite-dimensional linear operators and compact operators as limiting
cases of finite rank operators can be interpreted as their infinite-dimensional gener-
alizations. Similarly, selfadjoint positive definite operators are likened to covariance
matrices for which they provide infinite dimensional analogues in form of the co-
variance operator. Apart from this, often operators arise whose adjoints are their
inverses — these unitary operators have a basic role as representers of basis change.

Any linear map L : R" — R" applied to f € R" has the result Lf with
(Lf); = 2?21 «;; f; as any output dimension ¢ = 1, ..., n necessarily depends lin-
early on all the input dimensions j = 1, ..., n. The application of L to the vector f
can be represented as multiplying a coefficient matrix A with the coefficient vector
containing the components f; of f. Another way to write this is as

Lf = ZZ f.e;)rn(Ae;, e)rne; = Zg] f,ei)r (2.10)

=1 j=1

where (A);; = aij,9; = > i, (Ae;, €)rne; and {e;}7; is an ONB of R™. There
is no reason why one may not define for a fixed n < oo a linear operator on an
arbitrary Hilbert space H in a fashion similar to equation 2.10, i.e.

L: HBfHZu]f, Vo € H, (2.11)

7=1

where {u;}"_, and {h;}7_, are arbitrary sequences of elements in 7. Operators
of this type are called finite rank operators. Their limits for n — oo are compact
operators [164, p. 204] which themselves contain subclasses of operators satisfying
different finiteness criteria and whose further properties require first defining the
concept of adjoint operators.

Definition 2.1.30 For a bounded linear operator A : H; — H,, the operator A* :
Ho — Hy satisfying (Af, g)n, = (f, A*g)3, is called the adjoint operator.
Definition 2.1.31 Let L : H — H be a bounded linear operator on the Hilbert space
H and let {e; }°, be an ONB of H.

i) L is called compact iff it maps every weakly convergent sequence’ into a
strongly converging one [93, p. 187].

ii) L is called Hilbert-Schmidt iff >°°, ||Le;[|> < oo. This is equivalent to
> 21 Aj < oo for {A;}32; the sequence of eigenvalues of L*L where L* is
the adjoint operator [63, p. 278].

iii) L is called trace class iff > 72| \/A; < oo where {\;}32, is the sequence of
eigenvalues of L*L [63, p. 276].

SA sequence{zy}7o, is said to converge weakly, iff there exists an element x with
limpg o0 Tk, y) 3 = (@, y)y forally € H.
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Both Hilbert-Schmidt operators and trace class operators are compact operators
[63, pp. 276-278]. The finiteness conditions on the sum of the spectrum can be
related to finiteness conditions on the energy of a sequence of random variables.

Theorem 2.1.32 The adjoint A* of A always exists, is unique [50, p. 514] and
satisfies the following equations [93, p. 97].

i) (A=A i) (VA" =)XA* ¥V AeC
iii) (A+ B)*=A"+B* and (BA)* = A*B*
) [|A*op = || Al|op v) If3A7 : then (A7) = (A*)~!
The adjoint operator A* is a generalization of the transpose A” of a ma-
trix A or in the complex case the Hermitian transpose Af = (AT). The
adjoint z* of a finite-dimensional column vector z is ! as implied by

(ax,y)gn = alx,y)rn = {(a,2%y)r. The following two classes of operators
are defined by demanding simple relationships between an operator and its adjoint.

Definition 2.1.33 Let L : 4 — 7H be a linear operator on the Hilbert space H.
Then [93, p. 98]

i) L is called unitary iff L* = L.
ii) L is called selfadjoint iff L* = L.

Since unitary operators satisfy (f,g)x = (Lf,Lg)» VYf,g € H, they do not
change a vectors length or two vectors relative orientation to each other — they are
isometries. As such they essentially represent a relabeling of the space H and are
related to basis changes similar to their finite-dimensional counterparts, the orthog-
onal matrices. The Fourier transform is an example of a unitary operator. It allows
representing a function f in a basis of complex exponentials, i.e. as a superposition
of elementary waves and has been used to generate signal decompositions as for
example already encountered in figure 2.5. If the selfadjoint operator L satisfies
(Lf, f)x > 0V f € H, then it is called positive and it is suitable to define a new
semi-inner product on H via (Lf, f)3 = (f, f)4. Positive definite matrices often
arise as the covariance matrices of random vectors and their infinite dimensional
analogues are called covariance operators.

Definition 2.1.34 Let X' : Q@ > w — X“ &€ Hg be a Hilbert space val-
ued random variable having finite energy and therefore satisfying E[||X |3, ] =
Jo IX“]|3, . dP(w) < oo. Let H; have the special property that it is a space of
functions on 7" on which evaluation at ¢ € 7' is continuous and represented by
K(t,-) € Hg. Then foreachw € Q, X¥ : T >t — X € R is a real valued
function and the unique linear operator C'y defined by

<CXf7 g)HK =FE [<X7 f)HK <X-.7g>,HK} (212)

is called the covariance operator of X [20, p. 28].
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Note the defining equation’s similarity to the relationship (Xf,g)rn =
E[{zz® f, g)rn] = E[(z, f)rn{x, g)rs] that is upheld between a random vector ,
its covariance matrix > and arbitrary, but fixed vectors f and g. In this sense, C'x
is the infinite-dimensional, functional analogue of the covariance matrix > of a ran-
dom vector in R". The covariance operator C'y is a selfadjoint kernel operator from
H i to Hy in the sense that Vf € H g

(Cx [y = (K(,), Cx [ ()
( ) <K(S> ) u<t7')>7-l1<

= (COx K (t, ), f(D)rie = (ult, ), f())rx
E[(K(s,), X, (K (), X
= E[X.X]] (2.13)

with kernel u(s, t) equal to the covariance function of the process {X; : t € T} [20,
p. 29] which is assumed to have zero mean for reasons of notational convenience.
The operator C'x can therefore be interpreted as a weighted integration against
a covariance function with the exact nature of the weights being determined by
choice of inner product on H .

Theorem 2.1.35 The covariance operator C'x of a stochastic process X' : QxT —
R? with finite energy as measured by some norm || - ||3,,. as in definition 2.1.34 is a
compact linear operator.

Proof: First note that C'x is bounded. For this, recall that E[XY] = (X,Y) 12(q) is
a valid inner product for square integrable random variables X and Y € L?*(2) on
some probability space (2. It then holds that

1Cx fllge = 1B XS e X ] o
SN i N T 00 X ] Nl
<Nl BUIX N3] = ol fllrx (2.14)

with v < oo where Jensen’s inequality was used to derive v = E|[|X[|7, as the
finite upper bound for the operator norm ||Cx [|op. Cx is furthermore selfadjoint and
positive as implied by (Cx f, f)u, = E [(X/, fﬁ{K} > 0 from which it follows

that ‘Cx| = \/C;}CX satisfies 2211<‘CX’616761€>HK = ZZil<CXek,€k>HK [63,
p. 276]. Then clearly Cx is trace class since for any ONB {e; }72; for Hx

Z C’Xek,ek ZE X , €k HKj|
k=1 k=1
=FE <Z<X:7ek>7{1{ekaZ<X..7€I>HK€Z>HK
k=1 =1
= E[IX:[,] <o

where the Fourier expansion in terms of the ONB {e; }72; was used, recall theorem
2.1.17. As CY is trace class, C'y is compact [63, p. 272]. O
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§ Projections

Orthogonal projections are those idempotent bounded linear operators which are
also selfadjoint. The interaction between different projections P, P, : H — H is
determined by the relation their images im(P; ), im(P,) have as subspaces of H.
The orthogonal projection onto a subspace can be shown to have the same minimum
norm property that is demanded during least squares adjustment. Therefore the
solution to these problems is given by orthogonal projections that according to the
general formula for the construction of orthogonal projections from their image
and nullspace turns out to be related to the classical Moore-Penrose pseudoinverse.

Definition 2.1.36 A bounded linear operator P : H — H on a Hilbert space H
is called an (orthogonal) projection iff it is idempotent (PP = P) and selfadjoint
(P = P").

Remark The image H, := PH = {Pf : f € H} is a subspace , H, OH [93,
pp. 102-104] and P : H — “H is called the projection onto ;. This is often
emphasized by writing P, instead of P. Oblique projections do exist but will be of
no further concern herein; all projections are implicitly understood to be orthogonal
if nothing to the contrary is mentioned.

1) There is a straightforward relationship between projections and least squares es-
timators. For a design matrix A € R" ® R™ of full column rank the choice of
parameters x € R™ minimizing the residuals Ax — b for some vector of observa-
tions b € R™ =: H is given by

T — » — min T = - = (2.15)
A b % 7 AT AT AT = A*D 5

where A™ is the Moore-Penrose pseudoinverse of A. The best reconstruction of
b € R" by means of the model Az is then Az;

Az = AATh = A(ATA)TTATD = P ab.

Here A(ATA)~'AT = Py, (4) is idempotent and selfadjoint and its range is that of
A implying Py, 4) to be the projection onto the column space of A as indicated
by choice of symbols. A direct interpretation is possible by recalling that Py, f =
argmin,y,, || f — g||3,- Then in the above least squares problem #H; = im(A) =
{Az : © € R™} is the set of all observations possible under the model y = Az
for observations y and Py, 4)b = b is the projection of any observation b onto one
that is actually explainable by the model. If b were actually generated from some
q € R™ via b = Agq, then

b=Ai = A[(ATA)TATAq) = AIq =

where (ATA)"'ATA = A+ A = I is the identity projection, b reconstructs b and
recovers the underlying true parameters ¢ € R™.
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ii) If A has full row rank then one has enough parameters {x;}!", to for any b € R”
find a suitable x € R™ with Az = b. The pseudoinverse is then AT = AT(AAT)!
and & = A"b; consequently

Az = AAT(AAT) o =1

and the space of observations generated by the model Ax = y contains the actual
space of observations. The vector Z is the solution to Ax = b with the least norm
[190, p. 404], i.e.
& = argmin ||z||3..
rz€A~1b
In comparison to case 1), it is typically not possible anymore to recover the true
value of a parametervector x from the measurements. If b = Aq for some ¢ € R™,
then
= ATAg = AT(AAT) T Aq = Pin(amyq

and the true underlying ¢ is projected onto a guess 2 that is of the same length
or shorter since ||P||,, < 1 generically. Whereas in case i) b was the projection
of the observations b onto the ones consistent with the model, in case ii) Z is the
projection of the parameters = onto the nontrivial ones. They are orthogonal to
those parameters that predict trivial observations as ker(A) L im(A”) according to
the fundamental theorem of linear algebra [190, p. 198]. One may think of least
squares, minimum norm solutions and the involved model equations entirely in
terms of projections. The next theorem has further implications.

Theorem 2.1.37 Let P, P, be projections on H and denote the corresponding sub-
spaces by Hy and Hs. Then [93, pp. 105-107]

i) I — Py, = Py is the projection onto Hi = H/H,.

ii) H1 L Hs iff PLP>, = 0 and this is equivalent to P, + P, being the projection
onto the subspace (H, & Ho) OH.

iii) Hy OHs iff PP, = PPy = Py and this is equivalent to Py, — Py being the
projection onto the subspace Hy/H, = Ho N H.

When Hilbert spaces are considered as containing signals, then the theorem admits
an easy interpretation. Suppose that H contains all observable signals and choose
two subspaces H; BH and H, DH that correspond to two models for the under-
lying process generating elements in H. For example H; and H, may be spaces
of polynomials, functions of explanatory variables or bandlimited functions. The
solutions

by = argmin ||by — b||y by = argmin ||by — b||3
b1eH1 bo€Ho2

are Py, b and Py, b, the best reconstructions of b via elements in H; and H,. If one
supposes finite dimensionality and that each element in ; and H, can be written
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in terms of the two models
bl c Hl = bl = All'l bg < Hz = b2 = AQ.Q?Q,

the best guesses for the parameter vectors #; € H{X and 2, € H3 are given by
i1 = Afband 75 = A b respectively. Theorem 2.1.37 implies statements 1) to iii).

i) (I — Py,)b is the projection of b onto Hi-. Since H; is a model for the
(interesting part of the) signal, PH%b is the best guess for the noise inherent
in the observations b. Analogously for I — Py, = Py

i) If H; L Hs then the two models H; and - do not contain redundant com-
ponents as no nontrivial prediction of any observation by model H; can be
recreated by model H, and vice versa. As H, AH;5 and H, AH;, what one
model considers signal, the other one considers noise; if even 3‘-[1L = H, this
induces a splitting of ‘H into H; & H, and b = 131 + 132. Note furthermore
that (H; & Ho) BH implying that both models can be added yielding a new
model in which the best guess for b is b= Py on,b = (P, + Pi,)b.

iii) If H; @H, then the second model is more expressive than the first one as
any observation predicted with model H; can also be recreated under model
Hy. Py, — Py, = Py, /3, is a projection onto that part of H, which is not
explainable by .

Figure 2.6 illustrates these statements. The explanations were embedded into the
context of linear adjustment theory only for the sake of easier interpretability. The
Hilbert space approach to signal reconstruction and estimation does not require fi-
nite dimensionality and solutions can be stated in terms of projections without ref-
erence to linear algebraic equations of type Az = b that need to be solved for the
parameters x. Since the previous interpretations make use primarily of the Hilbert
spaces H; and H, they stay valid even in this more general situation.

Data and reconstruction Guesses for noise Difference in projections

---4th order poly ¢ 4th order poly
. —8th order poly|¢ » 8th order poly|

value

y

x value x value x value

Figure 2.6: Data is fit by a fourth order polynomial and an eighth order polynomial (first panel). The guesses for the noise
using these two models are plotted in the center. Note that ||[I — Py, b]| > ||[I — Py, b|| even though {2 is not necessarily
a ’better’ model. The right hand side plots the projection (Pg, — Py, )b to show the reconstructive benefit of the fifth to
eighth order terms. The scale is equal for all plots.

It should be clear from the basis theorem 2.1.17 that given an ONB {e; }2°, of H, the
sequence of H; := {ae; : @ € R} together with the inner product («e;, fe;)y, =
af is a sequence of orthogonal spaces and the direct sums V,, = @, H; form a
sequence of increasing Hilbert spaces. Then V,, @V}, 1 and the approximation error
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monotonically decreases with n as

1Py f = fl3e =10 Y (freanellii= D 1{freul
j=n+1 j=n+1

> > (el = 1P f = fl5

Jj=n+2

Clearly, in the limit lim, . ||Py, f — f||3, is 0 as H = @;-, H,;. The gain in
approximation accuracy by adding H,,,1 to V,, is

1Py, f = FlI3 = 1Pvsif = Fll3 = (s ensi)ul® = | (Pyy — Pv) fll
= || Pyt f1I7- (2.16)

Different heuristics for choosing decompositions of H into an infinite sum of or-
thogonal basis Hilbert spaces arise from the eigendecomposition of positive defi-
nite operators. In section 2.2 these spectral theoretic aspects are treated in more
detail and ways of choosing a mean-square optimal basis by factorizing covariance
operators are provided in subsection 3.2.1.

2.2 Spectral theory of linear operators

In this section the analysis of linear operators commences by means of a general-
ization of the familiar eigendecomposition of a symmetric matrix to infinite dimen-
sional settings. The spectrum replaces the set of eigenvalues and eigenfunctions
take the role the eigenvectors had before. The spectra of orthogonal projections and
positive definite linear operators satisfy some simple equations that allow the defi-
nition of an order structure on them. By manipulation of the spectra of selfadjoint
operators a functional calculus can be established and nontrivial conclusions regard-
ing solutions to operator-valued equations are deduced. Furthermore, the thoughts
leading up to this functional calculus can be extended to include a decomposition
of a selfadjoint operator into a weighted integral of maximal projections onto one
dimensional subspaces. This is known as the spectral theorem and the set of meth-
ods associated with it will be applied immediately to calculate the time evolution of
physical systems by means of unitary state transition operators.

2.2.1 The spectrum of an operator

The spectrum of a linear operator A is defined as the set of complex values A\ € C such that
A acts similar to multiplication by X in at least one of the subspaces spanning its domain.
Even though the spectrum is therefore related principally to questions of non-invertibility
of A, it gives insights into extremal properties upheld by A and indeed a variational
characterization of a subset of the spectrum exists. Its use implies the topological properties
of the spectrum via the Neumann series and the spectral radius formula gives a first hint at
how a measure of uncertainty may be extracted from a covariance operator. Some immediate
consequences can be drawn for the spectra of covariance operators and a natural partial
order can be established via a comparison of spectra.
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Definition 2.2.1 Let a not necessarily bounded operator A on a Hilbert space H be
given. The values A € C such that (A — A\I), I the identity operator, is either not
injective or (A — A\I)~! is unbounded are said to constitute the spectrum o(A) C C
of A. If A € C\ o(A) then A is called a regular value.

It can be shown that o(A) is closed and the set of regular values is open [93,
p. 163]. The spectrum need not consist only of discrete points as is the case in the
finite dimensional setting of linear operators on R" represented my matrices but
generally may also include continuous parts like entire intervals. Under certain
circumstances, the resolvent operator R()\) := (A — A)~! is expressible as a
power sum in A.

Theorem 2.2.2 Iffor A € B(H), || Allop < || then one has X\ ¢ o(A) and

1

(A=A =~ 3 ( ) (2.17)

Proof: Tt [|Allo, < [ then [|Aflop/|A < 1 and [ 3% (3)" [l <

k
Y reo (“?J[’”) . The latter term is a geometric series and therefore converges. It

then holds that

> /AN X/ AkFL Ak . Ak . Ak
S (3) =2 (G 5) = s g =N
k=0 k=0 k=1 k=0

This implies equation 2.17. Technical details augmenting the outline of the proof
may be found in [93, p. 161]. Folland [63, p. 3] lists some corollaries. O]

Corollary 2.2.2.1 I For A\B € B(H), if A € B(H) and ||B|,, <

1/||A7Y|op then (A — B)~' € B(H) with (A — B)™t = A=Y 7 (BA Y.

Il For A,B € B(H)if A=t € B(H) and ||Bllop < 1/(2||A7||op) then ||(A —
B)™ = A7 lop < 2[ A7 oplIBllop < 1A lop-

Il Inversion as a map from the open set of invertible elements of B(H) to B(H)
LS continuous.

IV For A € B(H) the spectral radius p(A) = sup{|\| : A € o(A)} can be
written alternatively as p(A) = limy_,oo /|| A*][0p

V For A, & o(A) A # p one finds [y = ' [R(s) = ROV] = ~R() ROV
which implies in the limit case pn — X that 5[A — N|7' = —[A — |72

Remark 1t is possible to show that theorem 2.2.2 and corollaries 2.2.2.1 hold even
if not || - ||,, is used but any norm on 3(#) under which it is a Banach-algebra [63,

p- 31.

Corollaries I to V are useful later on for error estimates when uncertainty and
inference are limited no longer to vectors x € H but encompass objects like
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for instance the covariance operator. Subsequently investigations into robustness
of the inversion process under perturbations of the involved operators become
important. The covariance operator C'y was a bounded selfadjoint positive definite
compact kernel operator of trace class. It is to be expected that this assortment of
characteristic properties has some bearing on the spectrum of C'y. This is indeed
the case as can be deduced from the set of statements below.

Theorem 2.2.3 Let A and B be not necessarily bounded linear operators on the
Hilbert space H and denote by o(A), o(B) their spectra.

I If A is bounded then o(A) C Bjay,,(0), the closed ball in C with radius
equal to A’s operator norm.

II If A is selfadjoint then o(A) C R.
111 If A is bounded and positive then o(A) C [0, 00).

IV If A is compact then 0(A) = {0} U X\(A) where \(A) is the set of discrete
eigenvalues satisfying Av = v for some eigenfunction v € H. If there are
infinitely many eigenvalues then limy_,,, A\, = 0.

V If A is compact, selfadjoint and nonzero, then o(A) # 0 and I\ € o(A) :
Al = 1| Allop-

The assertions are taken from [3, pp .117-132], [93, pp. 162-196] and [63, p. 274],
where also their proofs can be found. By combining I to V it is possible to deduce
that the spectrum of the covariance operator C'x of a finite energy stochastic process
is indeed expressible as a norm-decreasing countable sequence {\;}7>,; C R, that
converges to 0 and is entirely contained in the interval [0, ||Cx||,,]. The inversion
of an operator A essentially requires disassembling and then reassembling it with
inverted spectra o(A™') = {A\™' : X\ € o(A)} — a procedure that will be made
precise in the next subsection. It is therefore to be expected, that formation of C'y*
is not entirely unproblematic as the eigenvalues of C' will diverge. As a matter of
fact this behavior is already visible in most finite dimensional covariance matrices;
for an example see figure 2.7.

The findings are documented in the following theorem. It already foreshadows that
some work will need to be invested in later chapters to deal with inevitably arising
numerical questions.

Theorem 2.2.4 The inverse (if it exists) of the covariance operator Cx acting in an
infinite dimensional Hilbert space H is unbounded, i.e. 3f € H with || f||% € R but
|Cx flla % allfl# for any positive finite real number «.

Proof: Asis proven in [93, p. 189] the compact operators on H form a topologically
closed symmetric two sided ideal?, in B(#). This ideal will be denoted by K(H)
and as a simple consequence VB € B(H) and A € K(H), AB, BA € K(H) by

“Roughly, a subset K of an algebra B is called a two sided ideal iff it is a subgroup under addition
and K is absorbing w.r.t multiplication with elements from 5(7{). For a rigorous definition, consult
[94, p. 469].
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Covariance matrix Cx Eigenvalues of Cx Numerical inverse of Cx , 1912 Eigenvalues of Cy!
1 0.4 0 10" 2000 °
03 1500
05 0.2 o 0.5 5 1000
0.1 i 500 ’
o 0 L 1 o 0 ot
0 0.5 1 0 5 10 0 0.5 1 0 5 10
Step function f Image of f under Cx Smooth function g Image of g under C'x!
2 2 2 2
0 0 /x 0 N °
-2 -2 -2 -2
0 0.5 1 0 0.5 1 0 0.5 1 0 0.5 1

Figure 2.7: A covariance operator C'x of a random vector X of dimension 1000 whose entries are associated to the unit
interval T' = [0, 1]; consequently C'x is a matrix whose elements quantify the covariance between X at different locations
on the unit interval. The second order moment function generating C'x is E[XsXt] = K(s,t) = exp(—||s — t||?/d?)
and eigenvalues of C'x (only the first ten are shown) converge rapidly to O leading to numerical problems during inversion as
illustrated by the plots showing the numerical inverse and its diverging spectrum. This behavior is symptomatic for covariance
operators. The bottom row shows that the action of C'x on a step function results in an extremely smooth step-like wave.
The inverse C’)_(l consequently would need to transform a smooth function into a step function — an operation that behaves
very irregularly as testified to by the results on the bottom right. The functions in the bottom row have been rescaled to unit
norm to increase comparability.

the absorption property of ideals [94, p. 469]. Let C'x be the covariance operator.
Then C'x is compact and C’XC;(1 = [. But [ is not compact in infinite dimensions
because for any ONB {e;}72, of Hy, {e;}p, is weakly convergent to zero by
lglI? = >0, (g, ex)|* Vg € H implying limy (g, ex) = (g,0) = 0. However,
I{ex}2, is not even Cauchy since |lex — e,_1|| = V2 Vk € N [93, p. 185]. This
implies that Cy;' ¢ B(H). It is therefore unbounded. N

It is convenient to establish an order relation — called the Loewner partial order
in the finite dimensional matrix case — on the set P, (H) of positive operators
acting on a Hilbert space /. If an operator A is positive, this is indicated by
A > Oandif A,B € P,(H) then A > B is defined to hold iff A — B = 0. Note
that by Rayleigh’s principle (theorem 2.2.5.1) and the Courant minimax principle
(theorem 2.2.5.1) the eigenvalues of a compact positive selfadjoint operator admit
a variational characterization.

Theorem 2.2.5 Let a compact positive selfadjoint operator A on a Hilbert space
‘H be given and denote by H,, any one n-dimensional subspace of H. Then [85,
pp. 278-287]

I For A\ = sup A it holds that A\, = sup% = sup (Af, f)nu
Aeo(A) fer T pert|fllu=1

Il For the n-th eigenvalue )\, in descending order, a weaker version of I holds.

A= s min (Affw= min s (Af
1, TH fEMFln=1 Hn1 OH fepl ||flln=1

n—17
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Alternatively A, = sup (Af, f)2 where {e;}}_} are the n — 1 first
FeNVRZiHer D lIflln=1
eigenfunctions corresponding to the biggest eigenvalues and e,, will be chosen to

maximize (Aey, ex) subject to being orthogonal to the space already spanned by
{ek}z;i. Note that for the covariance operator C'y, Anax(Cx) gives the highest
variance achievable by any linear combination (f, X'), || f|| = 1 of random variables
belonging to the stochastic process X : {2xT" — R and can therefore be interpreted
as the maximum uncertainty while the corresponding eigenfunction e, associated
with A, provides the ’direction’ of maximal stochastic volatility. On the one
hand this allows one to identify particularly relevant subspaces of H that account
for much of the processes’ total variance and can be employed to derive sparse
representations and tackle the canonical problem III posed on page 21.

On the other hand theorem 2.2.3.V states that A\y.x = ||Cx||,, Which implies that
Amax as a representative for the size ||- ||, of the covariance operator is a worthwhile
minimization target when C'y depends on parameters that are to be chosen as to limit
the upper bound on a stochastic processes’ uncertainty [198].

2.2.2 Functional calculus

For each selfadjoint linear operator A there exists a continuous functional calculus and the
map from continuous functions to operators is an algebra homomorphism. Consequently

formation of an inverse A~ can be written as an operation on the spectrum of A implying

large condition numbers for compact operators and a problematic situation where inversion

of covariance operators is needed for statistical inference. The functional calculus can be

used to not only define polar decompositions and square roots of positive operators enabling

whitening of random vectors but also allows for operator-valued functional equations to

be stated and solved. As such it can help to illuminate the connection between a random

variable and some of its transforms.
Theorem 2.2.6 Let a bounded selfadjoint operator A € B(H) be given and denote
its spectrum by o(A) C R. If f is any continuous complex valued function from
a(A) to C, write f € C(a(A)). Then 3 f(A) € B(H) such that f(A) is a limit
of polynomials in A and the mapping ¥ : C(c(A)) > f(-) — f(A) € B(H)
is a homomorphism from the algebra of continuous complex valued functions with
pointwise multiplication to the Banach algebra of bounded operators on a Hilbert
space H with multiplication as composition of operators. Practically, this means

that [93, pp.232-235]

I For any sequence of polynomials {fi}5>, C C(o(A)) with
limy oo sup{|fx(A) — fN)] = A € (A} = 0 My fr(A) =
f(A) € B(H).

II The mapping  — f(A) preserves linear structure and is multiplicative, i.e.

Va(f+9) =valf)+valg), Yalaf) = arba(f) and a(fg) = Ya(f)alg)
forany f,g € C(o(A)) and a € C.

Il The mapping f — f(A) is actually a x-homomorphism, i.e Ya(f) = ¥a(f)*
where the overline denotes complex conjugation and the asterisk denotes tak-
ing the adjoint of a bounded linear operator.
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IV The norm of f(A) is upper bounded by the supremum of f applied to the
spectrum of A by || f(A)|lop < 2sup{|f(N)| : A € o(A)} and one even finds
o(f(A)) = fla(A)).

Since the polynomials on [Ayin, Amax] C R are dense in C'[Apin, Amax] by the Weier-
strass approximation theorem [206, p. 29], statement I asserts that for any continu-
ous function on R, f(A) may be approximated to arbitrary precision by polynomials
in A because the existence of a polynomial sequence { f; }72; with limy_,o fr = f
is guaranteed for f a continuous complex function. Results II and III can be gen-
eralized to larger classes of functions that include real valued step function and
characteristic functions as well [93, pp. 244-250] when the topologies are relaxed
appropriately.

Even though no constructive procedure to arrive at f(A) given f € C(c(A)) and
A € B(H) with A* = A was given, the homomorphism properties II and IIT allow
some interesting conclusions — especially in the case of covariance operators. Note
that any algebraic property of functions f,g € C(R), definable solely in terms of
multiplication and addition, carries over unperturbed to the operators f(A) and g(A)

since if Y7 S710 arfrgt = ¢, then

ng ng ny ng

cl = ?ﬂA(C) = wA (Z Zaklfkgl> = Z ZaklwA(f)kwA<g)l
k=0 1=0 k=0 =0
ng nNg

=> ) anf(A)g(A). (2.18)

k=0 =0

It is then entirely possible to give existence guarantees for and analyze the spectra of
inverses A7 (f =27 ', g=x, fg = 1),resolvents (A—XI)"! (f = (x—N\)"t, g =
(x — \), fg = 1) and square roots VA (f = /2,9 =z, f> — g =0).

For any positive semidefinite selfadjoint operator A, f(A) is obviously positive
semidefinite and selfadjoint again by theorem 2.2.6.1Il and IV if f € C(0(A)) maps
to the positive reals in the sense that f(o(A)) C Ry U {0}. Let now A € B(#) be
positive semidefinite and selfadjoint. Furthermore suppose it to be invertible for the
time. Then ¢4 : C'(0(A)) — B(H) exists, is usually called the functional calculus
of A and indicates via frx =1 < f = 27!, 2 # 0 that

fIAA =Ya(f)a(z) = Ya(fr) = Ya(l) = I. (2.19)

Since f(A) and A commute by f(A)A = Ya(fx) = Ya(zf) = Af(A), f(A) =
Y 4(z™1) is the unique two sided inverse of A. By theorem 2.2.6.1V

o(f(A) ={Ax"1: Aea(A)}. (2.20)

This shows that A\yax (A7) = 1/Anin(A) and A\pin (A7) = 1/Anax(A) and recall-
ing theorem 2.2.3.V implies ||A™"||,, = 1/Amin(A). This inspires the provably cor-
rect [93, p. 239] conjecture that A is invertible iff 0 ¢ o(A). In the context of covari-
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ance operators C, this explains, why no bounded inverse exists — lim_,,, Ay = 0
and o(C,) is closed implying 0 € o(C,). This results in noninvertibility of C,
inside the algebra of bounded operators and, even in the finite but high-dimensional
case, unfavorable condition numbers for both C, and C ! because for n indicating
the number of dimensions:

lim p(Cy) = lim Apax(Cy) /Amin (Cy)
= 1im Apax (Co 1)/ Amin (C 1) = lim p(C;Y). (2.21)
n—o0

n—o0

Here 11(A) is the condition number of A [106, p. 37] and the central terms in
the chain equality both diverge for nonzero C,. One may slightly generalize this
sequence of comments and investigate the functions f, € C(c(A)) satisfying
falz —a) =1 Va ¢ 0(A) to conclude for the spectrum of the resolvent R(\)

o(R(A)) = falo(A))
={(A—a)t:xea(A)}. (2.22)

In light of the preceeding comments regarding the spectra of positive selfadjoint
operators (theorem 2.2.3.1II) like the covariance operator C,, one has

olal —=C,)={a—A:Aea(C,)} (2.23)

for o € R and this allows to deduce that A\, = inf o : ol — C, > 0. This is a well
known result in semidefinite programming enabling minimization of maximum
eigenvalues [112, p. 4].

Similarly useful is the construction of square roots of positive semidefinite operators
A € B(H). Let again w := W’ be white noise and z := X  be a mean-zero
finite energy process, both finite dimensional to avoid compactness problems. The
covariance operators C., C,, can be written as [26, p. 96]

C,=Elz®2" Cup=FEw®ws=1I. (2.24)

For C, apply the functional calculus )¢, to the functions f = V/t and g= \/1_5_1 for
which obviously
fP=t and ¢* =1/t

for t # 0. Then ¥, (f) = F(C) and dc. () = g(C,) satisfy
y=/Cow = C, = ECow ® w*\/a*] = \/@I\/C_x* (2.25)
= Yo, (e, (f) = be,(f?) = Yo, (t) = C,

v=1/C w=C, = E[/C, z0a/C 1=\C /T (2.26)
= Yc, (9)Vc, (e, (9) = Ve, (gtg) = Y, (1) =1,
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i.e. ¥, (g) is the whitening and ¢, (f) is the de-whitening operator. There exists
more than one de-whitening operator that maps white noise into a process with pre-
specified covariance operator C., as a short investigation reveals. Let A now be any
bounded normal operator on H. Since A*A satisfies (A*Af, f)u = (Af, Af)n =
|Af]3, > 0 Vf € H one finds 0(A*A) C R, U {0}. Then vV A*A =: |A] can
be constructed via the functional calculus 14+ 4(+) applied to f = /. A unitary
operator U exists [93, p. 242] such that

A=U|A| = |A|U. (2.27)

This is called the polar decomposition of A and it is clear that, irrespective of the
unitary operator U,

B[|C,|Uw @ w*U*|C,[*] = |CL|UIU*|CL]* = C,

implying that the de-whitening operator is unique only up to a unitary transforma-
tion. It is interesting to apply complex exponential functions to selfadjoint operators
A to generate operators of type ¢*4. By the homomorphism property of the func-
tional calculus, if f;(-) = exp(it-) and f,(-) = exp(is-) then

ft(A)fS(A) = wA(ft)¢A(fS) = ¢A<ftf8)wA(ft+s) = ft+S<A)'

They behave just like the exponential function and arise frequently as solutions
to time evolution equations; this will be postponed however to the next sections
and as a last example for the application of ¢4 : C(0(A)) — B(H) we mention
decompositions of covariance operators. This is the property of the next theorem,
whose proof depends on the Karhunen-Loewe expansion that is not rigorously
formulated until subsection 2.3.1 theorem 2.3.5 since it requires spectral theory and
additional nomenclature.

Theorem 2.2.7 (Functional calculus for covariance operators) Let C, denote the
covariance operator of the finite energy stochastic process v .= X : Q x T — R.
For any placeholder expression y, interpret C,, in the same way.

I Forany g € C(o(Cy)) set f(X) = Ag(\)|%. Then Clyc, e = f(Ch).

Il Let pq,p € C(0(Cy)) be a partition of unity on o(C,); i.e. 1(\)+pa(N) =
1 VX € o(C,). Then

Co = D I(C) + D2 (I(C) = Cienns + CJaTiicnns

Il Let gy, g2 € C(0(C,)) be real valued and set fi,(\) = N ge(\)|* for k = 1,2.
Then

Clon()+9:001(Ca)z = f1(C2) + f2(Cr)

if and only iff supp g1 N suppgs C {0}. In that case also [g.(C,)]x and
[g2(Cy)|x are uncorrelated.
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IV If suppg; Nsuppgs = 0 with g1(N\), g2(N) € {0,1} VA € o(C,), then
Ve, (g1) and Yo, (ge) are mutually orthogonal projections. When furthermore
g1 and go form a partition of unity and supp g; U supp g2 = o(C,,) then they
are exhaustive and V¢, (g1) + Ve, (92) = L.

Proof: Statement I follows from the Karhunen Loewe decomposition of a stochastic
process and statements II-IV are simple corollaries of I, the homomorphism prop-
erty of functional calculus and some straightforward computation. As always, z is
assumed to be zero-mean and C,, is then C, = Efz ® z*] = > ;7| Agep @ e by
Mercers theorem. If g € C(0(C,;)) then it follows that g(C,) = > oo | g(Ap)er @ e
and consequently

Eg(Cr)r @ 2"g(Cr)*] = g(Cr)Cag(Cr)”
= Z Z > gN)ei @ e hje; @ €5 g(M)er @ e,

with f(A) = A|g(\)|?. This proves L. Using the property that ¢, , are partitions
of unity, II follows immediately by applying I to C[ NeGaT and C[ Sl For
III note that I implies

Clor()g2001(C)e = [91(-) + g2 ()](C2)Calgr (-) + g2(1)]"(Ch)
= 91(C)Crg1(Ca)" + 92(C2) Crg(Cr)*
91(C2)Cr92(Cx )" + g2(C) Crg1 (Cr)”
= f1(Cs) + f2(C2) + 2C291(C2) 92(C)

where in the last step selfadjointness of g (C,) for g, real-valued and the com-
mutativity of functions of C, was used. Now C,¢1(C;)g2(C,) = 0 if and only if
supp g1 Nsupp g2 C {0} as follows from the calculations below.

i) supp g1 Nsupp g» C {0} = C:01(Cr)92(Cx)
= e, (Ag1(N)g2(N) = ¥e, (0) =
ii)-supp g1 Nsupp g2 C {0} = Cr01(Ci)g2(Cy)
= e, (Ag1(N)g2(N) = ve, (q(+) #0
QI IR

a(N)

That for nonzero ¢(-) also ¢¢,(q) # 0 follows from |10, (q)|l,p = sup{|g(N)]| :
A € o(C,)} > 0 for g(-) not vanishing identically on o(C,). By the non-
degeneracy of the operator norm, ¢, (q) # 0. Since E[g;(Cy)x @ x%g2(Cy)] =
Crq1(C1)g2(Cy) = 0 for supp g1 Nsupp go C {0} the uncorrelatedness assertion is
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proven as well. Therefore II holds in its entirety.

If even supp g1 N supp g2 = O holds, then ¢, (g1)Yc, (92) = Ve, (9192) = 0 and if
in addition g () € {0,1} for A € o(C,) then

i) Ve, (gr)ve, () = Ve, (97) = Yo, (9r)
i) Ve, (gr)* = Ve, () = Ve, (9r)

Consequently ¢¢,(gx),k = 1,2 are orthogonal projections and their ranges are
orthogonal by theorem 2.1.37. When g;(A)+¢2(A) = 1 VA € o(C,) then ¢¢, (g1)+
ve,(92) = Yo, (91 + 92) = Y, (1) = L. O

Remark The theorem is quite easily understood in the context of low-pass or high-
pass filtering. Suppose w is a Wiener process. Then C,, has as eigenfunctions
the Fourier-basis and the eigenvalues decay monotonically with the spectrum [38].
Suppose, C,, is split into a low-frequency part C, = ¢, (A p)) and a high-
frequency part Cy = ¢, (Al[p,)) Where A indicates the independent variable
and 1 is the characteristic function of the set £ evaluated at A\. One then has
Cw = C+Cpy and it is implied by theorem 2.2.7.11I that knowing the high-frequent
part of a signal does not allow forecasting the low-frequent part. See figure 2.8 for
an illustration.

o
0 0
) - )
1 1
0 0.5 1
Realization of w Prw Pyw

OW : WMM
0 0.5 1

-1 -1 -1
0 0.5 0 0.5 1

Yo, (Mp,p) Y, (A1[3,00))

0.5

%

-

Figure 2.8: The covariance matrix Cy, of a discrete Wiener process w on T' = [0, 1] has covariance function E[W; W] =
min(t, s); Cw = Cr + Cy and E[[Prw](s)[(Pgw](t)] = 0 forall s,¢t € T as claimed in the preceeding remarks based
on theorem 2.2.7. Here Pr,, Py are the orthogonal projections 1(g, ) (Cw) and 1{5 o0)(Cuw) as constructed according to
theorem 2.2.7.1V.

For a fixed selfadjoint operator A € B(H) the size of the set { f(A) : f € C(c(A))}
and its algebra structure can be surveyed quite easily, when A is the covariance
operator C,, of a finite energy stochastic process x. To this end, note that the algebra
A generated by C, and [ has a spectrum o(.A) consisting of multiplicative linear
functionals on A that is topologically isomorphic to o(C,) by [63, p. 8]. Since A
consists of bounded selfadjoint operators, it is a unital C*-algebra and as for any
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feC(o(Cy)), f(A)commutes with A by

Af(A) = Ya(@)pa(f) = valzf) = da(fr) = f(A)A (2.28)

for all A € A, it is also commutative. As such the commutative version of the
Gelfand-Naimark theorem [63, p. 11] intervenes and guarantees that C'(o(C,)) and
A are isometrically *-isomorphic as Banach algebras and there exists a one to one
correspondence between continuous functions on the spectrum of C', and elements
of A. If C, has simple spectrum — the multiplicity of each eigenvalue is 1 — then
a bounded operator S € B(H) commutes with C, if and only if S = f(C,) [4,
p. 77] and consequently the set { f(C,.) : f € C(o(C,))} is isomorphic to the set of
all S € B(H) that commute with C,.

Again under the assumption of a simple spectrum, one last comment is made.
It is well known [178, p. 46] that if two selfadjoint operators with simple spec-
trum commute, then they have the same eigenfunctions. Since by equation 2.28
C, and f(C,) commute, C,, and f(C,) = C, share the same eigenfunctions if
f:0o(Cy) — Ry U{0} is injective. In light of f(C,) as a selfadjoint operator being
completely described by spectrum and eigenfunctions, this suggests that application
of f can change any operator only as far as its spectrum is concerned and leaves its
eigenvectors unperturbed.

2.2.3 The spectral theorem

A functional calculus for function classes more general than continuous functions is reviewed
briefly for bounded selfadjoint operators at first and it is shown how projection valued mea-
sures can be assembled to yield this type of functions of an operator. Inversion of this con-
struction leads to the spectral theorem whose implications are illustrated. The more general
spectral theorem for not necessarily bounded selfadjoint operators — needed in the context
of unbounded observables occurring in the description of physical systems — is mentioned
but not stated. The theorem will be applied to the differentiation and Fourier-Plancherel
operators and to some of the usual constituents of the Schrodinger equation, of which an
interpretation is offered in subsection 2.2.4. Intuition is provided regarding the relationship
between approximately satisfied differential equations and Hilbert spaces in which the in-
duced norm provides a discrepancy measure quantifying a function’s departure from being in
the DE’s solution set.

As indicated in the last subsection, it is possible to extend the functional calculus
Ya : C(c(A)) — B(H) associated to a selfadjoint operator AH — # to functions
that are no longer continuous on o (A) but merely bounded and Borel-measurable;
this set is denoted by B(c(A)). These functions include certain step functions and
characteristic functions of Borel-sets on o(A) [36, p. 59], [63, p. 20]. In theorem
2.2.7 it was shown that if f(o(A)) C {0, 1} then ¥ 4( f) is an orthogonal projection.
A Hilbert space valued measure on o(A) C R might be constructed by

P(E) = a(lp)

where £ C o(A) and 1 is the characteristic function of E. Since 15(\) is real
for all values of A and 1%4 = 1p, ¥a(1g) is selfadjoint and idempotent; i.e. an
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orthogonal projection onto its range. Choosing any real-valued f € B(c(A)), the
equation

_ / T VAP (2.29)

is interpreted in the Riemann-Stieltjes sense [164, p. 172] with P(\) =
Ya(L(—oo,n)- It results in a selfadjoint bounded operator with operator norm
||B||Op = || fo(a)llse [63, p. 19]. The statement guaranteeing the possibility of as-
sembling a self adjoint operator in this way is sometimes referred to as the inverse
spectral theorem.

Clearly, the more interesting case is when an operator is given and its decomposi-
tion in terms of projections is to be determined. That this is always possible for a
not necessarily bounded selfadjoint operator is the content of the spectral theorem.
We present here a version due to Folland [63, pp. 20-27], which asserts under
certain conditions diagonalizability of a commutative algebra of operators in the
sense of equation 2.29 employing only a single family of projections.

Theorem 2.2.8 (Spectral theorem) Let A be a commutative C*-algebra identified
with some subalgebra of bounded operators on a Hilbert space H. Let the spectrum
be o(A) on which the standard Borel o-algebra ¥ is constructed. Denote for A € A
by A any A’s Gelfand transform T4 : A 5 A +— T4(A) = A € C(0(A)) with
A:o(A) 3\ MA) € C. Then there 3 Py(+) : £ 5 E — P4(E) € B(H),
called projection valued measure, such that

I Forall A€ Aand f € B(o(A)), A= [, AdPA, FA) = [ foAdP,
where the map Y5 : f — f ( ) comczdes wzth the inverse Gelfand transform
;! A for f € C(o(A)). For an algebra generated by a single selfadjoint
operator A and the identity 1, this trivially implies A = fU(A) AdP()N) and
f(A) = fU(A) F(NAP(X) where the homeomorphism A : o(A) — o(A) was

used to simplify the range of integration.

Il Forall E € %, Po(F) € B(H) is an orthogonal projection onto some sub-
space Hg OH.

IIl The projection valued measure is increasing in the sense that for £, F' €
Y, E C F implies Py(FE) < Pa(F) with respect to the partial order on
positive selfadjoint operators. Furthermore for arbitrary E, F € Y one has
P4(0) = 0,Pa(0(A)) = [, PA(ENF) = PA(E)P4(F) and if E; N E; =
O Vi £ jthen Pa (U2, E;) =Y o0, Pa(E).

IV For T € B(H), the conditions i)[T,A] = 0 VA € A, ii) [T, Ps(F)] =
0 VE € Y andiii) [T, f(A)] = 0 Vf € B(o(A)) are all equivalent. Here
-, -] denotes the commutator [T, A] = TA — AT € B(H).

For the case of one selfadjoint operator A acting on R” — i.e. a symmetric matrix
— the theorem simplifies to asserting that A can be diagonalized and that there
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exists a family of mutually orthogonal projections { Py }xc.(4) onto the eigenspace
corresponding to A such that [63, p. 17]

=) P A= > AR = Y fx (2.30)

Ao (A) Ao (A) A€o (A)

In the finite dimensional matrix case it is entirely standard to numerically generate
the spectral family { P} co(a) given some symmetric matrix A via eigendecom-
position and the functional calculus introduced in the previous subsection becomes
applicable for sufficiently small dimensions.

If A is a compact positive definite operator — say the covariance operator C,
‘H — H of a finite energy stochastic process x — then there is an ONB consisting
of eigenvectors of C, [63, p. 27]. Furthermore positivity and countability of C,’s
spectrum lead to the expression C,, = > Ao (Ca) AP,. Selfadjoint compact operators
may always be written in the form C,f = > 7 | ax(f, Gr)ngr [164, p. 233], the
one dimensional projections P, are of finite rank, therefore compact and might be
written as Py f = (ey, f)xe, instead with ey € H a unit vector spanning Py ().
This implies with the usual identifications of e), = ey and e; € H*, e} f = (e, [)n
as an element of the dual space of H the decomposition

Co=> Mer®er {M}i2 CRLU{0} (2.31)

If x is a stochastic process on index set 7" then one may evaluate C,, f directly as
s) = Z Arer(s){en(-)s Fru = (u(s, ), flu (2.32)
Z Arex(s)er(t) Vst €T (2.33)

with K (-, ) the kernel of the operator C,. Since kernels of operators are unique
given certain conditions on H [20, p. 27] and with the remarks from subsection 2.1.4
one sees that E[X X, = > "7 Mex(s)ex(t) is the second order moment function
of the stochastic process x. This is also known as the Mercer decomposition [164,
p. 245].

Remark Note that u(s,t) is not the reproducing kernel of A but the kernel of the
operator C,.. Both uses of the word "’kernel” are unfortunately standard and not to
be confused.

The expected energy ||x||3, of the process is given by the trace of the operator C,.

[e.9]

Z T, €L ?—LF] = Z<Cm€k,€k>7.[ =tr Cx = Z)\k (234)
k=1

k=1 k=1

E(llll3] =
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We might furthermore derive a low rank approximation to C, that is optimal for
finite dimensional # in the sense of both the Frobenius and the spectral norm. For
a given n, C2PP* = 3" A\pex @ e is the minimizer of the problem

min arpr @ oy — Cy, F2 (2.35)
far ) CR i by CH | ,; el

where ||A||r = Vtr A*A and as usual ||A|]> = sup{|\| : A € o(A)} [49]. Tt has

other convenient properties related to the Karhunen Loewe expansion of a stochastic

process that create opportunities for sparse representations and are surveyed later.

When investigating the dynamical behavior of physical systems, one often encoun-
ters selfadjoint differential operators A which are usually not bounded. By first sub-
jecting A to the Cayley transform U = 14 ([x — i][x + 4]~') and thereby mapping
it into a unitary operator from whose spectral decomposition U = fozﬂ edP(u) the
selfadjoint operator A may be extracted, an analogue the spectral theorem can be
derived for unbounded operators [93, pp. 292-300]. Apart from some restrictions
regarding the mode of convergence, the appropriate representation is

A= / AP(A).
Differentiation D = i0/0t and the Laplacian A = D*D are selfadjoint on
H = L?*(—o00,00) as can be concluded by partial integration and observing that
necessarily lim; ,1 f(t) = 0 for f € H. As is shown in [3, pp. 112-113], the
differentiation operator is unitarily equivalent to the multiplication operator with
the Fourier transform mediating between time/space and frequency domain.

Theorem 2.2.9 Let F : Huys D f — Ff € L*(—o0,00) with Ff(w) =
(2m)~1/2 ffooo e f(s)ds be the Fourier-Plancherel operator acting on the space
Haps of absolutely integrable functions. Furthermore let D = 1 = i0/0t be the dif-
ferentiation operator and M : f(t) — tf(t) be multiplication by the independent
variable with the domain of both operators sensibly restricted as for example in [4,
p. 84]. Then

D =FMF* (2.36)

i.e differentiation corresponds to multiplication in the frequency domain and the
differentiation operator is diagonalizable by the Fourier transform.

As the projection valued measure for the multiplication operator M : domj, —
L?*(—00,00) ,domy; = {f € L*(—00,00) : M f € L*(—00,00)} is seen to be [93,
p. 303]

[, 8] C R?
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and the projection valued measure Pp, for differentiation satisfies Pp([a, f]) =
FPy([a, B])F*. A quick calculation [3, p. 84] reveals Pp([a, f]) = Pp(fS) —
Pp(«) to be

B8
Pp(jo, B1)f = FPu([ov, B]) 1/g@wmw

\/Ji%

/ / f zsvezwsd,yds

oo 'L/B('Y UJ) —6 (’Y w
f(y)dy.

27T —0o0 7’(7 - w)

This shows that the spectral family of the differentiation operator is explicitly
known. By an extension of the Riesz-Dunford functional calculus to sectorial op-
erators it is possible to define powers of selfadjoint unbounded operators [16] anal-
ogously to the bounded case. A detailed study of the many technical intricacies is
found for example in [89]. From

~A=DD = FM*F*
= /Oo NdPp()\) = /Oo Ad <PD(\/X) - PD(\/X)>

0

the negative Laplacian is seen to be a positive operator with projection valued mea-
sure [4, p.87]

Pa([a, B]) = Pa(B) — Pa(a)

Pa ey = L [T A )

T J_oo v —w

f(y)dy. (2.37)

Clearly, the differential operators D and A are important since they feature promi-
nently in the description of many physical systems. More generally, if a systems
state f is supposed to satisfy the differential equation

Af =g (2.38)
A=vYp(p(-))
where A is a generally unbounded polynomial p(-) in the differential operator D =

i0/0t and g some suitably chosen function, then one may be tempted to postulate a
relaxed version of 2.38 as

Af —g=w w white noise (2.39)

and enter into the following calculation. Here as before, the author wants to avoid
the complications of white noise in infinite dimensional spaces and reverts to the
intuitive case of H = R", n finite with the operator A some suitable discretization
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of the original differential operator discussed above.

I=FEweuw|=AE[f® [ |A"+ Elg® g"]
——— ——
ot G
AC/A*=1-G (2.40)

If the problem were homogeneous (g = 0 deterministically) and A invertible, equa-
tion 2.40 is invertible and

Cy = (474)"
Jwll: = 1AfI: = (A°AF, e = (5. S

with (h, g}y = (A*Ah, ) = (C;lh, 9)e. Then ||w||% = (f, f)» measures
how much f deviates from a solution to the differential equation 2.39 with g = 0
and establishes a link between inner products (-, -)3; and Hilbert spaces that satisfy
some linear equation only approximately. More on the relation between covariance
operators, kernels and regularization is collected in the survey paper by Steinke and
Scholkopf [188] from which also the following insight is taken. From D = F M F*
and A = ¢p(p(-)) follows A = FM,F* and A*A = F My, 2F* where M,y
denotes multiplication by p(t) where ¢ is the independent variable. Then

I Apparently to calculate the inner product (f, f, )3, one may instead evaluate

the expression by looking at the inverse Fourier transforms and multiplying
these with the polynomial p(-) to derive p(7)f (7). This is readily seen by
lwlie = (A*Af, fle = (FMypopFf, fle = (Mo f, Mipe) f)e where
the inverse Fourier transform of a function f is denoted by f.
As polynomials typically grow unboundedly on R the value p(+y) increases
for large v leading to a penalization of higher frequencies as the discrepancy
measure ||w||% = (f, f,)% = (pf,pf)ez = ||pf||% contains an amplification
factor of |p(v)[* >> 1 for large frequencies 7.

IT As I shows, the modification of the inner product by inclusion of A*A = C;!
has the effect of a regularization. As Cy = (A*A)™' = Fup(|p(-)|?)F*,
the corresponding kernel function of the operator C is given in the discrete
case as

n

(Crg)(t) = Z u(s;, 1)g(s))

u(sk, s1) = Z m exp (%j(/{? — l))

For more details and a proof as well as interpretations of the above facts
when (Cyg)(t) = [ u(s,t)g(s)ds with u(-, -) typical kernel functions like
the squared exponential, see [188] and [75].

Therefore approximate satisfaction of a differential equation ¥p(p)f =
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E?Zl a;DIf = 0 prescribes a certain covariance structure for the process f
whose second order moments are related to the (discrete) Fourier transform of a
polynomial acting on D’s spectrum. We summarize our findings in the following
conjecture.

Conjecture 2.2.1 (Approximate determinism) The positive definite linear operator
C'y is the covariance operator of a stochastic process f satisfying Af = w with w
weakly white noise and A some differential operator iff Cy is diagonalizable by the
Fourier transform. In this case f is second order stationary and Cy is an integral
operator with translation invariant kernel. | A| is given by F M, vaF " where M, =

F*CyF.

2.2.4 One parameter unitary semigroups

The variational formulation of classical Newtonian mechanics is reviewed and the basic con-
cepts of Hamiltonian mechanics are interpreted in the sense of Gauss* principle of least con-
traint. An adaptation of Schrodingers formulism opens up the possibility to cast the search
for the time evolution of a mechanical system as a second order partial differential equation
in which a self adjoint linear operator appears. Employing functional calculus and Stones
theorem, the time evolution of a system through state space can be written with the help of one
parameter unitary semigroups of operators. Diffusion processes are investigated for illustra-
tive purposes and the question is raised, how partial knowledge of a systems Hamiltonian
could be incorporated into estimation problems.
Newtons second law of motion states that F* = p where F' is the force, the dot
signifies differentiation w.r.t time and p is the momentum consisting of the product
of mass and velocity. As is well known from classical mechanics, there exist several
reformulations of the laws of motion that shift the attention away from a differential
interpretation focusing on incremental particle interactions and take a more holistic
perspective via a variational approach asserting global optimality properties of the
trajectories actually occurring in nature. Hamilton’s principle for example states

that for a motion between times ¢; and ¢, the action integral

to
/ T(t)—V(t)dt T : kinetic Energy V : potential Energy
t

1

takes on a stationary value [205, p. 74]. From this, d’Alembert’s principle can be
derived of which Gauss gave a statistical reinterpretation that postulates a least-
squares approach to mechanics [123, pp. 106-107]. For a system of n particles
with masses my, accelerations ¢, and acted upon by forces Fj, he proposed the
investigation of the objective function

n 1 )
= E — (F. — ol
§ —1 ka ( F mqu)

and showed that the actual motion occurring in nature minimizes z out of all pos-
sible continuous trajectories potentially traceable by the particles. If no constraints
are present, F' = mg as one would expect. In all other cases this idea closely re-
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sembles the perspective put forward in the preceding section, where we allowed a
differential equation to be satisfied only approximately as measured by the discrep-
ancy term Af = w whose severity we subsequently quantified via the quadratic
scalar |lwl|3,.

In the context of variational principles it is especially elegant to introduce the Hamil-
tonian function H(q, p),q,p € R"™ whose inputs are generalized coordinates ¢ and
generalized momenta p that signify the systems position and velocity in phase space
® — the space of all possible configurations and configuration-changes of the sys-
tem which is represented as a point in this 2m dimensional not necessarily geomet-
rical space. For conservative systems, the Hamiltonian H(q,p) = T + V signifies
total energy and is the only quantity necessary to determine the systems time evo-
lution via the canonical equations of motion [205, p. 78]

OH OH
k= — o = —— 241
“= o Pk ar (2.41)
or in more compact notation
. lgl |0 I -
T = {p} = {—I 0} grad H=JVH (2.42)

which looks a lot like a gradient system but with the symplectic gradient JV instead
of a regular one. This guarantees a flow orthogonal to the direction of steepest
descent and along the isolines of total energy.

Since G =370 Sldk + 50 pr = Yoy, Go gk — G0 = 0, the Hamiltonian is
furthermore a constant of the motion. It can be shown that for a Hamiltonian system,
the Euler-Lagrange equation 2.43 as well as Liouville’s theorem 2.44 towards the
incompressibility of the flow in phase space ® hold [123, pp. 164-167, pp. 178-180].
The following two statements hold.

I Lagrange equations of motion

%, d 0 oL O0H

— — ——— | L=0 here L(t,q,q) =T — V., pp, = — = —

[aqk dt aqk:| where ( 7Q7Q) y Pk aq.quk apk
(2.43)

II Liouvilles theorem
"9 0

div(qy, ... 'n7 ) PIRREY n) = ] — ) 2.44

WV (q1, e Gns D1y -or D) E 9.0 + oo (2.44)

Both theorems are of importance to us. The Euler-Lagrange equations allow to swap



2.2. SPECTRAL THEORY OF LINEAR OPERATORS 61

between formulations in terms of often quadratic energy functionals of the form
[2T(t)—V(t)dt = L|Duqll?,,, — (1, V() 12 (s, o)) Where Hyy is a non-orthogonal

t1
sum of n copies of L*([t1,t5]) with inner product (f, g)w,, = [, "2 fT () Mg(t)dt,
M € R"®@R" > 0, and equivalent differential equations for which efficient numer-
ical computation is possible.
Liouville’s theorem implies that time evolution in phase space @ is actually measure
preserving in the sense that the map ® > x¢ — z;, € ® where 2, = (¢(t), p(t)) are
position and momentum at time ¢ leaves invariant the integral [164, p. 388]

/q)f(xo)das = /q)f(:r:t)das teR, fe L' (D).

In the Koopman-von Neumann interpretation of classical mechanics [118] the mo-
tion of a single point through phase space ® is replaced by the time evolution of
a probability density p : & — R whose normalization condition may be written
as p = 1) with ¢y € L*(®) and 1|24y = 1. The ¢’s are wavefunctions that
populate the unit sphere of L?(®) and satisfy a first-order-version of Schrodinger’s
equation with the Hamiltonian substituted by the Liouvillian. It can be shown [176,
p. 13] that Liouville’s theorem implies the total time derivative of the time depen-
dent probability density p(q, p,t) to vanish.

dp dp 8qk Op Opr | _
dt at Z{@qk ot 8pk ot =0

But then

ap__i[apaff_ apaH] Z{aH o 0H a}
ot dqr Opx  Opr Oqy, 9q. Op.  Ipr, gy

Finally by renaming the operatorial part of the right side to L /i, the evolution equa-
tion

ip=Lp (2.45)

is recovered. Since the same equation governs the wavefunctions v via w = L
as well [135, p. 10], one suspects that a family of operators U;,t € T of the form
Uy = exp(—itL) exists with Uyi(-,-,0) = (-, -, t). Due to the properties of time
evolution U,Uy; = U, , should hold and U, would necessarily have to be unitary to
conserve the property of p(-, -, ) = p, being a probability density integrating to one
because

/ptdﬂf = <Utw07 Ut¢0>L2(q>) = <Ut*Ut¢o,¢o>L2(¢>)
P

for all t € T,vy € L*(®) which is fulfilled if U;U; = I. The existence of a
unitary operator with these properties is indeed guaranteed by Stones theorem on
one parameter unitary semigroups which is postulated without any reference to
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preceding physical considerations, see [164, pp. 380-388] for more details.

Theorem 2.2.10 (Stones theorem) Suppose that a family {U,}icr of linear opera-
tors on H is given and depends continuously on t in the sense that lim,_,, ||Uy —
Utillop = 0. Suppose furthermore that Uy = I and UyUs = Uy,. This one parame-
ter unitary semigroup has a simple representation in terms of complex exponentials
and is generated by a selfadjoint operator, that is

m—/‘wwmm U, — explitd) A" = A

[e. 9]

where P(\) defines a spectral family, the elements of which commute with U, Yt €
R. The generator A is a selfadjoint not necessarily bounded linear operator satis-
fying iA = limy_ot~Y(U, — I).

Note that for some f, € H the expression for ¢Af, is actually the rate of change
of fo if it evolves over time according to the law f;(-) = U, fo(-) with f; then being
a solution to the initial value problem 0/0t f;(-) = iAfi(-), fo(-) given. With some
more work and by the usual procedure of variation of parameters one arrives at the
solution to the inhomogeneous abstract Cauchy problem for positive times ¢ > 0

ft)=Aft) +g(t) g(t) € H YVt e R, U{0}
f(0) = fo foeH (2.46)

where H is given, A is a linear operator from H to 7 that generates a strongly
continuous semigroup U, in the sense of Stones theorem [52, p.166] and the solution
f(t) is to be found in H for all ¢ > 0. It is given by the formula [52, p. 437]

ﬂﬂz%ﬁ+%[&g@@. 2.47)

This formula includes as special cases the solution to the heat, Schrédinger and
wave equations since they may all be written as

ft) = Af(t) f(0) = fo

where bar some constants A is either the Laplacian —A, the Hamiltonian H =
A + My, for some potential V' or the positive semidefinite square root v/—A [57,
p. 412] [99, p.334].

With an explicit functional calculus )¢, available, it is possible to find families of
covariance operators f;(C,) that satisfy differential equations inspired by physical
constraints. In analogy to the trivial scalar differential equation 0;,x = Ax solved by
x = cexp(At), problems of type 0,z = Az with x(¢) an element of a Hilbert space
‘H and A : H — H alinear operator, have solutions

x = xgexp(At), z(0) = xo.
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This identity is a simple consequence of formula 2.47 with g(-) = 0 and already
this simple formula allows injection of physical knowledge into a stochastic process
as illustrated by the following example.

Example 9 (Heat equation) Let u(-,-) : T x X > (t,z) — u(t,z) € R be the
function that assigns to each location # € X its heat at time ¢ € 7". It is determined
completely by the initial value problem [57, p. 412]

0 "L P )
Eu—a. wu:o n =dimX
j=1 "
u(0,x) = ug(x) (2.48)

where « in this context is thermal diffusivity which we set to 1 for simplicity’s sake
and ug(+) is known. If we introduce the shorthand notation A = >~} | §%/0z7} for
the Laplace operator it is clear by the preceding comments that

u(t.) = exp(t () = 3 E 0.

k=0

Suppose now that the initial condition is actually random and the stochastic process
uo(+) in space has covariance operator C,,, = C*=°. The covariance C, of the full
spatiotemporal process u(t, x) given the random initialization ug(z) is then simply

C! = Elu(t,-) @ u(t,)*] = e"2Cy, e,

This allows accurate forecasting and reconstruction of a systems time evolution and
even closed form solutions given only very sparsely distributed measurements. See
figure 2.9 for an example which deals with heat dissipation in a rod. Applications
to the more mechanically inclined dynamical systems encountered in geodesy are
straightforward.

Evolution of impulse Evolution of brownian bridge Reconstruction from samples

100
0.5 50

X t

Figure 2.9: On the left the time evolution of a finite width impulse under the dynamics implied by the heat equation is
plotted, whereas in the middle column the initial value ug(-) was chosen randomly and the subjected to the time evolution
operator e?2. The red asterisks mark measurements that were used to estimate the behavior exhibited in the middle column
viau(t, -) = exp(tA)ug, uy = argming, gy, |[Av — um H?Q + HUH?HK where w, is the vector of measurements and A
a linear operator consisting of point evaluations and exponentials of the Laplacian. The result of that estimation is plotted on
the right, only five measurements were used to derive it.
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Just from the properties of A, the limiting behavior of the system can be inferred.
The Laplacian on a periodic domain [0, 1] with vanishing boundary terms is
negative definite with eigenvalues A\, = —(k7)? and (unnormalized) eigenfunctions
or = sin(kmx) for k = 1,... [57, p. 66]. The largest eigenvalue is still negative
and associated to the function sin(7z), consequently exp(tA) = >3 | e P (\y)
is dominated by the first term of the infinite sum. For large ¢ it is equal to
cp1(+) ® p1(+)* for some small c. This also finds its analogy in the time evolution
of the Covariance operator C?, which is virtually indistinguishable from a rank-one
operator after a sufficient amount of time, see figure 2.10. Obviously, in the limit
t — o0, exp(tA) = 0 due to the negativity of the eigenvalues; all heat dissipates in
the end.

toe o t s_an5
First eigenfunctions of A €, t=0sec C, =107 sec

0.2 0.2

0.4 0.4
0.6 0.6

0.8 0.8

-1.5 1 1
0 0.5 1 0 0.5 1 0 0.5 1

Figure 2.10: The time evolution of u(+) is dominated by the first eigenfunction 1 (+), the Covariance operator CY, =
Elu; ® uj] as a function of ¢ behaves like having kernel K (-, ) = ¢1(-)p1(-) for large ¢.

After this illustrative example linking statistical mechanics, deterministic dynamical
systems and covariance operators in Hilbert spaces, physical considerations will be
largely disregarded for the rest of the monograph and a stochastic perspective is
assumed. Although a deterministic prior on a systems time evolution is interesting
especially in the context of optimal control to integrate monitoring and manipulation
of objects, we leave this for future work. Lastly we remark that Stones theorem
on one parameter unitary semigroups and time evolution is closely related to von
Neumanns statistical ergodic theorem [93, p. 279] which states that for any unitary
operator U € B(H) with spectral family P(\)

n—1
. 1 "
ggOH;;U f=Pifll=0 (2.49)

Vf € H. Py is the projection onto the invariant subspace H; OH with [ € H; <
Uf = f and H; possibly trivial. When U represents time evolution by some fixed
amount ¢ then U* = Uy and f(kt) = U*f, € H. If the initial condition fy is
written as fo = Prfo + Pifo = f1 + fp the theorem asserts that the evolution of
the dynamic part fp is zero on average and over long times only the invariant part
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Jfr matters as fluctuations U* fp satisfy lim,, o ||+ "o U fplln = 0.

Note furthermore that the invariant subspace P;H is a property of the dynamics U,
and independent of the initial condition f,. When the subspace H; is trivial, the
average converges to zero and this is obviously exactly the case if 1 ¢ o(U) as then
(U — I)f = 0 has no nonzero solutions f; € H; and U f; = f; never holds apart
from f; = 0 and H; = {0}.

2.3 Reproducing kernel Hilbert spaces

In this section reproducing kernel Hilbert spaces (the acronym RKHS will be used
for both the singular and plural form) are introduced as a subclass of function spaces
containing elements with structural properties inherited from a central object that is
called the kernel. Apart from the more technical definition involving the continu-
ity of evaluation functionals in the norm topology of the function space, insight is
given as to how a kernel determines a corresponding function space and vice versa.
Since RKHS are central to the whole monograph, special effort is undertaken to
demonstrate their usefulness by emphasizing the properties most convenient in the
context of estimation and providing examples of objects embeddable into an RKHS.
Keeping in line with the idea of an RKHS as a function space, splines enter the fray
naturally as solutions to optimization problems in RKHS, in which the objective
function to be minimized parallels the notion of mechanical energy in a quite real
sense. To complement this rather concrete perspective, it will also be shown how
RKHS can be interpreted as feature spaces in which nonlinear features can be rep-
resented and manipulated in a linear fashion.

2.3.1 Definition and properties of RKHS

RKHS are first and foremost Hilbert spaces, i.e. usually infinite dimensional vector
spaces augmented with an inner product and complete with respect to the topology
induced by the norm inherited from the inner product. Specifically, they are those Hilbert
spaces H, for which all the evaluation functionals e, € H*,t € T mapping functions
f() + T — C to function values f(t) are continuous and therefore admit a unique
representer K; € H, (K, f)31 = e f by the Riesz representation theorem. Surprisingly far
reaching consequences follow from this property —normwise convergence implies pointwise
convergence, all bounded linear operators can be written as kernel operators and the
representer theorem holds. It remains to be clarified, how K, € H can actually be found
given e, € H*. Here the Moore-Aronszajn theorem fills in the missing links by stating
that every positive definite kernel K (-,-) uniquely determines an RKHS, whose representer
of evaluation at t € T is K(t,-) and it furthermore asserts that this correspondence is
indeed a bijection. In recognition of the central role played by positive definite kernels, their
properties are briefly surveyed.

Definition 2.3.1 A reproducing kernel Hilbert space (RKHS) # is a Hilbert space
of real- or complex-valued functions on an index set 7' such that for all ¢ € 7' the
evaluation functionals e, : H > f — e,f = f(t) € F,F € {R,C} are continuous
[20, p. 9].
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Since in an RKHS H, e, is continuous and linear, it is also bounded. Then the Riesz
representation theorem [93, p. 76] guarantees the existence of an element K; € H
such that

ef = (Ki, flu VI €M (2.50)

ie. (Kiy f)u = f(t) and K, is the representer of evaluation at ¢ € 7. The
latter equality for K is called the reproducing property. K; as an element of
‘H is itself a function from 7" to C (the restriction to R is trivial as [7] notes)
and for all s € T, Ki(s) = (Ki(-), Ks(-))» which is also often expressed as
K(s,t) = (K(s,-),K(t,-)). The notation K(t) = K(s,t) was used to em-
phasize the dependence of the number K(t) both on the location s € 7" on which
(K, -)3 is evaluated and the location ¢ € 7" on which K is evaluated itself.

It can be shown that the properties of K; are indicative for the properties of all
functions in H in the sense that one may always write 4 as the closure of translates
of K, i.e.

H = Cl{f T — C: f = ZO%Ktl() and ZZO[ZOC_]K(t“tJ) < OO} (251)
=1

i=1 j=1

where the closure is to be executed as described in [7]. Properties of K, invariant
under linear combination like for example continuity pass down to all f € H [20,
p- 35]. As a two-variable function, K(-,-) : T x T — C provides a meaningful,
equivalent description of H that is more easily understood than an abstract
characterization and can be analyzed and manipulated using functional analytic
methods. This function is termed the reproducing kernel (RK) of the RKHS H;
when this relationship is to be made evident, the notation H y is used.

Definition 2.3.2 A two-variable function K (-,-) : 7' x T"— C satisfying
i) K(t,) e H VteT
i) (f(-), K(t,"))y=f(t) Vt e TandVf e H
is called the reproducing kernel of the Hilbert space ‘H of functions from 7" to C.

From the reproducing property one may immediately derive that any reproducing
kernel K (-, -) is conjugate symmetric and positive definite because

K(s,t) = K(t) = (Ks, Ki)y = (Kp, Koy = Ki(s) = K(t, 5) (2.52)

and

DD wmK(tity) = (Y @ikt ), Y asK(ty, )= | ) aiK(ti,-)llF = 0
i—1 j=1 i=1

i=1 j=1

(2.53)
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where {«a;}", C C and {t;}!", C T are arbitrary sequences of complex coeffi-
cients and index elements. The positive definiteness demonstrated in equation 2.53
is significant and indeed the characterizing feature of a reproducing kernel as the
next theorem (taken from [7]) asserts.

Theorem 2.3.3 (Moore-Aronszajn) To any positive definite function K(-,-) : T X
T — C, one may associate a unique RKHS H ; with reproducing kernel K. The
span H° of the set { K (t,-) }ser satisfies H° 1A Hyc and I H° BH.

Apart from an RKHS 7 of functions on 7" being uniquely associated to a positive
definite kernel K with domain 7" x T', the elements f € H formed as superpositions
of kernel functions themselves exhibit some convenient properties that simplify
calculation in RKHS.

Theorem 2.3.4 Let Hy be an RKHS of functions from T to C and denote by K (-, -) :
T x T — C its reproducing kernel. Then the following statements hold.

1. Cauchy-Schwarz implies thatV f, g € H, |f(t) —g(t)] = [{f — 9, Ki)w, | <
| f=9llux /K (t,t). As a consequence, normwise convergence implies point-
wise convergence [20, p. 10] and if one finds limy,_,o0 || fn — fllx, = 0 for
any sequence of approximations fn € Hy for [ then also lim,, ., fn(t) =

ft)vteT.

2. For any bounded linear operator L : Hy — Hp, the function v, = L*K; €
Hy satisfies (ub, e = (L*Ky, flue = (K, LYy, = (Lf)(t). The
unique two-variable function uw; : T xT" — C is called the kernel of the
operator L [20, p. 27].

3. (Representer theorem) For an RKHS Hy of real valued functions on T, a
strictly monotonically increasing function ¢ : R — R, b € R" and a linear
evaluation operator A : Hy > f— {f(t;)}7_; € R, the solution f, to the
regularized reconstruction problem

Jopt = aﬁgmin IAS = bll32,c + ¢ (1 llpesc)

cEHK

can be written as fop,; = Z;”:l a;K(t;,-), a linear superposition of kernels
centered around the points t;,j = 1, ...,n at which f was observed [173].

Properties 1-3 are useful especially from a perspective focused on estimation and
computability. They guarantee that if an estimator fn converges to the ground truth
f in the norm topology, then f.’s values will eventually coincide with the ones of f.
Furthermore, optimal reconstruction problems have solutions that can be explicitly
written down, consist of a number of terms scaling linearly with the measurements
and have a coefficient vector {a;}7_; € R" as the only unknown quantity. Linear
transformations by operators L : Hx — Hx can be handled without leaving the
RKHS framework by reducing them to easily computable inner products. It is also
possible to start with a kernel function u(-,-) and construct a linear operator L,
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from it. When one starts from the second moment function K (s,t) = E[XX;| for
a set of random variables X;,¢ € T, the resultant operator L and RKHS H j; have
a particularly telling decomposition that is summarized in the next theorem (taken
from [20, pp. 68-70]).

Theorem 2.3.5 Let K : T x T — R,T = [a,b] C R be the continuous second
order moment function of the set of random variables X;,t € T' and denote by L
the linear operator L f = [, K(-,t) f(t)dt with domain and codomain L*(T).

1. The Mercer decomposition K(s,t) = > 72 \jp;(s)p;(t) holds where
{A12 € RY and {p;}52, C L*(T) are the sequence of eigenval-
ues and eigenfunctions of Li. The eigenfunctions are orthonormal, i.e.
(@i, )2y = 0ij.

2. The random function X' : w — X can be written in form of the so-called

Karhunen-Loewe expansion (KLE) as X .(t j 1 5 VA cpj ) where £ -
Q) — R is a weakly white noise random varlable with E [&; & | =

Even though the two theorems were presented only for the simple case of 7' C R
being a closed interval, they hold more generally. The Mercer decomposition of
an operator Ly, : L*(T, 1) — L*(T, ) is possible when K is a continuous positive
definite kernel and 7" is only supposed to be a topological Hausdorff space with
finite Borel measure . [117, p. 145], [60]. When 7' is a subset of R", a Karhunen-
Loewe expansion is possible as well [131, p. 19]; the simulations in this monograph
are generated via KLE.

The Mercer decomposition allows to express the inner product and norm of H x as
a modified inner product in L*(7T'). For the inner product in H f, it is demanded that
(K(s,-), K(t,"))3, = K(s,t) and this implies

<K(S>')7K(t>')>?{x = ZZAi/\j@i(s)‘Pj 902790] Z)‘zﬂpz <Pz

i=1 j=1

The easiest way to achieve this is by having (p:, ;) = A {4, ;) 12(r) which
then leads to a Hilbert space H i with inner product

=1
(f, 9w = (L [, 9) r2r Z)\— o) 29, )2y Vi g € Hr. (2.54)

By the uniqueness property mentioned in the Moore-Aronszajn theorem, there is
only one Hilbert space H ;- for which K is the reproducing kernel and therefore this
construction of inner product is not only valid but the only one possible. More on
this topic can be found for example in [148] where it is also shown that [ € H g if
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and only if

o0 2
11 = ZA (f e ZA—’ (2.55)

i.e. Hy is that subset of functions f in L?*(T) whose coefficients in the ONB
{¢i}32, decay significantly faster than the sequence {\;}:2,. This mirrors closely
theorems relating differentiability and the rate of decay of Fourier transforms.
The finiteness demand in equation 2.55 can be interpreted as the statement that
eigenfunctions ; with small \; are atypical for elements of Hx — the norm
|| fll2) in this sense gives a continuous quantification of the degree to which f
belongs to H x and can be considered to be a generalization of the sum of squares
| flIZe = -7, f? of an n-dimensional vector.

Example 10 Suppose 7' = {1,..,n}, then K : T x T — R satisfies
Doy 2y i K (¢, 1) > 0V vectors {a; }7; € R™ and positions {¢;}7; C T'.
From it one constructs the positive definite operator

Lg : L*(T) > f»—>/K(~,t)f(t)dt c L*(T)

where the right hand side is (Ly.f)(s) = [, K(s,t)f(t)dt = Y7 | K(s,t;) f(t;).
But then Ly is just the matrix with entrles (L K)u K(t;, ) According to Mercers
theorem, L and its inverse have the decomposition

(Li)st = D Aps(s)es(t) Z Ai

j=1
The inner product is then

n

Z% (f.0i)rn (g, 0j)mn = (LK f, g)mr
7=1

<.

and the norm is ||f||3, = (Lg'f, [lrn = 1L f||2. where it was used that
positive definite selfadjoint operators have well-defined square roots and inverses as
explained in section 2.2.2. If K were a covariance function, then Ly would be the
covariance matrix and — ||L1_<1/ ?f||2. would be the term appearing in the exponent
of a Gaussian probability density. This gives further intuition as to why one may
consider the norm as a measure of atypicality. |

By the Moore-Aronszajn theorem, positive definite (p.d.) kernels and RKHS can be
identified — operations on p.d. kernels leading to new p.d. kernels have analogues
in terms of new RKHS being assembled from base RKHS. The properties of the
convex cone [11, p. 39] of reproducing kernels listed in the next theorem are proven
n [7] and [20, pp. 24-30].
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Theorem 2.3.6 Let K, Ky, Ky be real valued positive definite kernels. Denote by
Hy, Hi,, Hik, the corresponding reproducing kernel Hilbert spaces.

1.

2.

3.

4.

For Ty C T, the restriction K, := K |1, «7, of K to the subset T\ x Ty is the
reproducing kernel of the space Hp, consisting of restrictions f1 := f |, of
functions [ € Hy together with the norm

2 . 2
f = min f )
| 1||?-LKT = flmafen | “HK

The sum K = K| + K is a reproducing kernel with corresponding RKHS
Hyx = Hi, ® Hi,. It has elements f € Hy such that f = f1 + fo with
f1 € Hi,, fo € Hk, and the norm is

2 _ : 2 2
HfHHK N f=f1+rjg}2€HK.HleHK1 T HszHKz'

J

If K = Ky — K is a positive definite kernel, it is the reproducing kernel of
the RKHS Hy = HKQ &) ,HKl‘ One has HKl C HKQ, ||f||3t-[K1 > ||f||7.,5K2
and H is the Hilbert space formed by completing the everywhere dense set
H o= (I - PHKI) Hg, where (PHKI f2>(t) = <f2()7 Kl(tv ')>7{K2 Vi €
‘Hx, is the projection onto H,. H is equipped with the norm

113 = 13/ T = Prse, Follfe, = (for fo = Pruge, fo)o,

= fallee, = 1 Prus, Folos, (2.56)

for all f in the set H. The element [ is chosen such that f» — Py, fo = [.

For T; x T} being the domain of K;, j = 1,2, the direct product kernel
K = K; ® Ky acting on (11 x Ty) x (T1 x Ty) via K(s1, S2,t1,t2) =
K (s1,t1)Ki(sq,t2) corresponds to the RKHS Hy = Hy, ® Hg, which is
the completion of the span of functions f = f1 ® fo : T @ Ty 3 (t1,1t9) —
fl(tl)fg(tQ) e R, fj S HKJ--

The above theorem and the general construction fo RKHS from basis functions are
illustrated in the next two examples.

Example 11 (RKHS of polynomials) Starting with the space spanned by mono-
mials on [—1, 1], one can obtain the Legendre polynomials via diagonalization and
assemble them into a positive definite kernel yielding the first example of a func-
tional RKHS readily available for concrete computations. Define 7" = [—1, 1] and
Hp, as the RKHS of polynomials up to order n with the inner product of L?(T).
Starting from the monomials

p(t) =1 pa(t) =t ps(t) =t VteT
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Gram-Schmidt orthonormalization leads to the orthonormal basis vectors

eil(t) = % es(t) = %t eg(t)_\/i(?)tz—l) vteT

which are just rescaled versions of the first three Legendre polynomials [153,

p. 443]. Creating the kernel K (s,t) = Zj 1€ei(s)e;j(t) = (1/2) + (3/2)st +

(5/8)(3s* —1)(3t*—1), itis easy to check that K (-, -) is reproducing for Hp, as for
f € Hp, itholds that f = Zz 1 fzpz( ) = Zz | fiei(+) and since (ei(~),ej(-)>HP2 =

d;j, one has

(K () FOe, = D eals)(ea), (),

i=1

:Zei<3)<ei<')72fj€j H]P’Q Zfzel

which is nothing else than f(s) as required. [

w |l

Example 12 (Brownian bridge and Wiener process) Suppose one knows from ob-
servation that a good measure of atypicality of a function f is the L? norm of its
derivative and that it always vanishes at the boundary points 0 and 1 of 7' = [0, 1].
The function space H; containing these f is

Hi={f € LX(T): f(0) = f(1) = 0,10cfll12(r) < o0}

with inner product (f, g)3, = [,;(9,f)(s)(0r9)(s)ds where the derivatives 0, are
defined in a suitably weak sense. Atteia [11, pp. 7-11] then shows that H; is an
RKHS with the kernel K;

Ki(s,t) = min(s,t) — st (2.57)

being a solution to a certain differential equation in order to guarantee the reproduc-
ing property. Functions in H; = Hp, are called Brownian bridges since they start
and end at the same height and their increments have much of the characteristics of
white noise. In a similar way, the original Wiener process as integrated white noise
can be associated to the Hilbert space

={f € L*(T) : f(0) = 0,[10:f | 12(z) < oo}
with inner product (f, g)3, = [;(0.f)(s)(9,9)(s)ds and kernel
Ks(s,t) = min(s, t) (2.58)

as [11, pp. 7-11] proves. The increments of functions f € Hy = Hy, look like
white noise, the norm || f|lz, = |[0¢f]|z2(r) therefore measures atypicality of f
by reducing it to the atypicality of its derlvatlve. Figure 2.11 shows the kernels



72 2.3.1 DEFINITION AND PROPERTIES OF RKHS

K1, Ko, Ky = Ky + Ko, Ky = Ko — K1, K5 = A® AK, = [ [} K1 (u,v)dudv
and Ky = K; ® K, as well as some randomly drawn elements from the RKHS
Hr,, .., Hi,. It is notable that the kernel K5 = A ® AKj is related to the space
Hs = {Af1 : [ € Hg, } although the relationship is not entirely straightforward in

general, see [170, pp. 89-91]. |
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Figure 2.11: The kernels and some representative elements of the Hilbert spaces H ¢, , ..., H iy Whose definitions are given

in the text. Whereas the scaling on the plots of the elements is equal, the colormap used to display the kernels varies to
guarantee good visibility of their main features. Notice that elements of H g, are sums of elements from H -, and H,
and an analysis of H i, reveals that a Wiener process is essentially just a Brownian bridge plus a randomly drawn line. Since
H kg as a tensor product contains 2-dimensional functions that are Brownian bridges in z-direction and Wiener processes in
y-direction, only one of its elements is plotted. Simulations were generated via Karhunen Loewe expansion as described in
theorem 2.3.5.

As a last comment, note that for Hx = Hx, ® Hk,, K = K; + K, the inner
product of a function with one of the component kernels, i.e. the expression

(OGN = (L s £ () Kol D) =/TK(~,S)(LK1+K2f)<8)dS

is the projection of f € Hy onto H, [7]. This is easily seen to be X1 (X, +35) L f
in the discrete case where f € R™ and (%;);; = K;(i,7),l = 1,2 are positive def-
inite matrices. As is shown later (91, theorem 3.1.5) this latter equation coincides
with a statistically motivated estimator for f; based on observation of f = f; + fo.
Even though this reasoning is made watertight only in section 3.1, we proceed
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to give examples of RKHS containing infinitely differentiable and continuous but
nowhere differentiable functions and tie their elements behaviour to the form of
their kernel via correlation based arguments. For the RKHS of smooth functions
Hr,, K1 = exp(—|s — t|*) [39, p. 89] and everywhere continuous but nowhere
differentiable functions forming Hy,, Ka(s,t = exp(—|s — t|) [162, p. 86] an ex-
emplary result of a projection is plotted in figure 2.12.

Element of Hy Element of Hg, Element of H,

—Projection —Projection
_ [=-Ground truth ---Ground truth

function value

X axis X axis X axis

Figure 2.12: The element f of H  plotted in the left panel is a sum of the elements f1 € H g, and fo € Hx,, plotted in
dashed lines in panel two and three. The projections (f, K1)3, and (f, K2)3, are close to f and fa respectively.

2.3.2 Interpretation of RKHS

RKHS can be defined as the closure of the span of kernel translates. This suggests that K
might play the role of an impulse response function linking superpositions of impulse-type
inputs to linear superpositions of kernel translates. To showcase this approach, a familiar
problem of theoretical mechanics is now attacked from a Newtonian perspective and the
solution is tied via its Hamiltonian formulation to the minimization of an energy functional
featuring spatial derivatives. This energy term is related to a norm in an RKHS and the
solution can be written as a superposition of basis functions related to K. On the other hand,
RKHS can also be perceived as purely abstract feature spaces. This perspective is illustrated
with the help of the archetypal X-OR example showcasing a 2-D classification problem that

can only be solved by a linear classifier after being nonlinearly injected into R3. The role of
kernels as tools to describe and manipulate high-dimensional features is emphasized.

§ RKHS as spaces of functions

Suppose a weightless elastic string is clamped at constant height 0 at both endpoints
of the interval T = [0, 1] in such a way that at its equilibrium state it is just a
horizontal line. It is then subjected to a spatially distributed load that is described
by the density function w(s),s € T. The displacement function f(-) € L*(T)
quantifying for each position s € T the deviation from the trivial (w = 0) horizontal
position of rest is to be determined. This situation is illustrated in figure 2.13 where
also the expected solutions to very simple load configurations are plotted.
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Figure 2.13: An elastic string is clamped in at s = 0 and s = 1. Under the load w(-) it deforms; the displacement is given
by the function f(-) € L2(T). On the basis of intuitive physical reasoning, one would expect f(-) to behave like plotted in
the panels on the right. The arrows represent the force being exerted by load w.

The function w(s) is a density and should be interpreted in such a way that
f[s_ AsiAl w(8§)ds quantifies the total weight of the load in the interval [s— A, s+A].
The differential equation for f(s) in terms of the density function w(s) is then given
as the second order ODE [81, p. 22]

L He=uls) 10)=11)=0 (259

where all the material constants have been chosen as to multiply to one for the sake
of simplicity. This equation can be derived using a purely Newtonian interpretation
[81, p.26] or as the Euler Lagrange equation associated to minimizing the energy H

H = Dy + 5100 = [w)fe)ds+ 5 [ 1aPas oo

[33, p. 49] where || - || is the norm in the Sobolev space from the examples on
page 71. This follows trivially from the fact — stated in equation 2.43 — that to
minimize [, g(s, f, fs)ds one may equivalently solve

dg d ([ Jg

where in the above the subscript denotes differentiation, i.e. f; = Jsf. Setting
g=(1/2)f2 — fw,clearly H = [, gds and

dg d ([ dg
= W - - fss
of ds \ Ofs
implying the Euler Lagrange equation 2.61 to be fulfilled iff 9? f —w = 0. How the

energy functional H arises through consideration of elastic forces and potential en-
ergy is explained for example in [205, pp. 95-97]. A standard method for determin-
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ing solutions to linear differential equations () f = w like equation 2.59 is to derive
Greens function for the problem, i.e. a two variable function G(-,-) : T'x T — R
such that (QG)(s, t) acts like the delta distribution §(s — t) [81, p. 50]. Then

QAQMW@ﬁzﬁ@QQWMW:w@

and [, G(s,t)w(t)dt = f(s) is a fundamental solution satisfying Qf = w. The
integral operator L¢; : w — [, G (s, t)w(t)dt maps weights distributions as quanti-
fied by the density w(-) to the displacement function; G (-, -) is therefore some type
of impulse-response function. In the case of the loaded string and Q = 92, G can
be calculated explicitly to be

G(s,t) = min(s,t) — st

[81, p. 24], which is just the kernel for the Brownian bridge. In this way the operator
L of integration against a certain type of covariance is providing

* a solution to a differential equation () f = w with boundary conditions.

* a solution to a Hamiltonian energy minimization problem (f,w)p2(r) +
(1/2)]|f1/3, — min in Hilbert space.

* the means of mapping input functions w(-) to outputs f(-).

Note however, that if one sets w to finite dimensional white noise and calculates the
covariance matrix Xy = E[f ® f*] for f = Lgw one gets ¥y = L¢ L, rather than
L¢ so the solutions f are not realizations of the Brownian bridge process them-
selves. Instead of being elements of H, they are elements of H ~ where

é@ﬂ:é@@mm%mm

and conversely if one defines the positive semidefinite and selfadjoint operator /L
via functional calculus, then v/Lsw has covariance matrix L¢. It is therefore rea-
sonable to think of an RKHS Hyx as the function space containing the solutions
of Qf = w for w white noise and () a selfadjoint differential operator satisfying
QvVLx = I, eg Q = [Lg]~'/2. Not all Greens functions are positive semidef-
inite kernels themselves and no identification can be made [8]. The relationship
between kernels K, Greens functions G, differential operators (), and the function
spaces H i 1s nonetheless interesting especially from the perspective of differential
equations governing physical systems and more can be found for example in [161,
pp- 349-357] and [58]. Figure 2.14 concludes this example.
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Figure 2.14: Tllustration of Greens function as a matrix. In this discretized version, (Lgw); = ?:1 G(ti, tj)w; for

w € R™. The last three panels of the top row contain example solutions for different load configurations that are indicated in
red; in the second panel they are simply point masses as represented by the canonical euclidean basis ey, k = 1,...,n. The
bottom row shows G = LG such that L is the covariance matrix describing the solutions of the differential equations.

The other three panels show the matrix F' = /L such that Fw ~ N (0, L¢) for w white noise and different choices of
differential operators () such that H  contains solutions to @ f = w. Whereas the first @) is similar to a discretized second
derivative, the second () is arbitrarily transformed using some unitary matrix U.

Solutions to optimization problems involving norms and inner products in RKHS
are called splines. This class of objects does not only contain abstract constructions
consisting of superpositions of kernel functions but also the very simple piecewise
cubic splines for which Holladay proved that they minimize the curvature among
all sufficiently often differentiable interpolants going through a predefined set of
points {(s;, fi)}-; [98]. As a matter of fact, this constrained minimization of
the global curvature term ||92 f||2, (r) 18 equivalent to minimizing the mechanical
energy of a thin elastic rod forced through the various positions whose x and
y values are given by some set {(s;, f;)}/.;. These were the original physical
real world objects used extensively in shipbuilding to which the name ’spline’
was originally associated. We could have equivalently carried out the previous
investigations in the setting of Euler-Bernoulli beam theory but we decided to avoid
dealing with 4-th order derivatives to keep the presentation simple.

¢ RKHS as spaces of features

The reason for the popularity of RKHS in the context of pattern recognition and
classification is that they can be interpreted not only as spaces of functions but from
a slightly different perspective do form spaces of potentially infinite-dimensional
features. This often allows to solve high-dimensional and nonlinear discrimination
tasks with what are essentially linear methods in Hilbert spaces.
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Figure 2.15 shows the archetypal X-OR exam- X-OR pattern
ple that is often considered as an introductory toy
problem in machine learning related literature (see
e.g. [132]). If the goal is to separate linearly the
labeled data points

= {(z",9") "y e X =R%y € {-1,1}

using a (2 — 1)-dimensional hyperplane P C R?,
i.e. to find a translation ¢ p and a normal vector np
such that

Figure 2.15: The two classes repre-
. . . sented by filled and empty circles are not
S1g1 [<77,P, x — tp>R2] = yl separable via a line in R2.
then figure 2.15 convinces the reader that this is impossible. However, if one were
to embed the problem into three-dimensional space by introducing feature maps ¢

¢: XD x=[r,22)" = [1, 20, 7120] = §(x) € R?,

then the data points pj, = {(4(2"),y")}72; C R® x {1, 1} are easily linearly sep-
arable by the trivial (3 — 1) dimensional hyperplane with np = [0,0,1]7 and tp =
[0,0,0]7. In this case a handcrafted nonlinear feature map ¢ : X — R™, n > dim X
has revealed the dataset to have an only nonlinear structure in X" but an exploitable
linear structure in R". The usual way to automatize this procedure and circumvent
the need to manually craft features is by introducing infinite-dimensional nonlinear
feature maps ¢ : X — Hy taking values in some RKHS H . If one sets

¢(x) =K(x,-) e Hg Vre X,

the reproducing property (f(-), K(x,))#, = f(x) guarantees that all inner prod-
ucts between features are efficiently evaluable as

<¢($1)’¢(x])>HK = <K(I17 -),K(ij, ')>HK - K<xi>$j) vmi’xj eX.

Finding the optimal set of parameters describing the hyperplane separating the two
sets X~ = {x' : y* = =1} and XT = {2' : y' = +1} can be cast as a quadratic
program whose dimension is of the order of available observations thanks to the
representer theorem. This method of deriving a data driven classification rule is
termed a support vector machine (SVM) [174]. Given enough data consisting of
measurements = € X and labels y € {—1, 1}, it is therefore possible to potentially
extract the apriori unknown linear or nonlinear functionals

v X>x—Y(r)eR

whose sign determines the label corresponding to x € X'. Unlike in the two-
dimensional illustration in figure 2.15, the underlying decision rule can not simply
be guessed from datasets in R", n > 4, demonstrating that this approach delivers
a substantial increase in discriminatory power compared to visual inspection by a
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practitioner.

Being able to manipulate an expressive set of nonlinear features is helpful also when
one wants to quantitatively characterize probability distributions. Second and first
order moments are by far the most popular descriptors in this type of situation.
However, they are often not sufficient to distinguish even severely different distri-
butions and a correlation coefficient of zero between two random variables X and
Y is at times mistakenly considered indicative of independence between X and Y
ignoring nonlinear dependencies and potential non-Gaussianity. A brief overview
of typical pitfalls and problems is given in figure 2.16, which has been inspired
by examples provided in a talk held by Arthur Gretton at the Tiibingen machine
learning summer school in 2015.
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Figure 2.16: A Gaussian with parameters ;4 = 0 and ¢ = 1 has the same first two moments as a Laplacian probability
distribution with location parameter ;+ = 0 and scale b = 1/ V/2. They are indistinguishable when no higher order moments
are used for description and the problem naturally carries over to the comparison of finite samples. The panels on the
right hand side showcase two situations in which there is an obvious functional dependence of Y on X but the correlation
coefficient (almost) vanishes, | corr(X,Y’)| < 1071 in both cases. The observed nonzero correlation is induced by noise
only as point distributions on the true underlying models (parabola, circle) have vanishing central second order moments.

Smola et al. [184] and Le Song et al. [186] have established a systematic way to
embed probability distributions into RKHS of features and found a link between
linear operators on these spaces and typical operations occurring during Bayesian
inference. They show that the embedding is injective under mild conditions on
the kernel K of the embedding space H ; and derive several independence criteria
that generalize the correlation coefficient towards quantities that detect nonlinear
functional dependencies. The ideas are as follows [184] , [186].

Definition 2.3.7 Suppose P and () are probability distributions describing random
variables X and Y with realizations x;, y; respectively. Hg,, and Hf,, are RKHS
with kernels K'p and K.

1. The functions
1 m
= Ex|[Kp(X, - d Upr— — K .
[P x[Kp(X,-)] and jpip m]~§:1 p(z),°)

are called the kernel mean embedding and the empirical kernel mean embed-
ding.
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2. The operator
Cxy = Epql[Kp(X, ) @ Ko(V, )] = Ep[Kp(X, )] @ E[Kq(Y, )"

is called the cross covariance operator; the covariance operators C'xx and
Cyy are constructed analogously. [PQ)] is the joint probability distribution of
XandY.

3. The names of Hilbert Schmidt independence criterion (HSIC) and constrained
covariance (COCOQ) are given to the terms [83, 84]

HSIC([PQ], Hip Hiy) : = ||Cxy |7rg (2.62)

COCO(PQ), Hip Hicy) : = sup cov (J(X)9(Y)) 5 3

feMkp.9etig HfHHKP HgHHKQ

They are measures of X and Y’s possibly nonlinear statistical dependence.

The subjects of the above definitions have some convenient properties.

Theorem 2.3.8 With the same notation as in definition 2.3.7, the following holds.
1. If Ex|Kp(X, X)] < oo, then up € Hp, and pp is reproducing in the sense
that [186]
(1ps flup = Ex[f(X)].

2. If Ex[Kp(X,X)] < oo and Ey[Kg(Y,Y)] < oo, then Cxx € Hi, ®
Hi, Cyy € Hi, & ’H}Q and Cxy € Hi, ® H}(Q. Furthermore Cxvy is
the centered kernel mean embedding of the joint probability distribution [PQ)]
of X andy, i.e.

Cxy = ppq) — Hp @ g
and it is the unique operator satisfying (f,Cxyg)wu,, = cov(f(X)g(Y))
[146, p. 35]. Obviously, similar statements hold for Cx x and Cyy-.

3. IF Kp and K are characteristic kernels [69] on compact domains, then
HSIC =0« X [[Y & COCO =0.
HSIC is efficiently estimable from a finite amount of data by calculating
HSIC = [m — 1) tr (L, H Ly, H)

where H = I — m™'1 ® 1%, I is the unit matrix, 1 is a vector of ones and
(Lip)ij = Kp(ws,75), (L, )ij = Koy, y5). COCO is equal to the spectral
norm OfCXy, ie. COCO = HCXYHB(L2,L2) = O'max(CXy).

Part 3 of theorem 2.3.8 is interesting in the sense that it shows a solution to the
problems of the standard linear correlation exhibited in figure 2.16. Whereas many
other measures for detecting and quantifying nonlinear dependence between ran-
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dom variables exist, few have a simple computable representation in terms of linear
operators. Figure 2.17 aims to illustrate the procedure with which COCO identifies
functional dependence ignored by the linear correlation coefficient. Practical im-
plementation of an estimator resorts to reducing the computation of ||Cxy||(r2,12)
with infinite-dimensional C'yy to solving for the largest singular value of an n X n
matrix

COCO4y = %\/ Omas (H Ly, HH Ly, H)

where Lk, and L Kq are n X n kernel matrices and H is the centering matrix as
before [84].
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Figure 2.17: The samples from the previous figures can be transformed nonlinearly to reveal a linear dependence in feature
space. For this, the left and right singular eigenvectors of the cross covariance operator C'xy- are used. The value of COCO
is 0.0045 for the example in row 1, 0.0038 for row 2, 0.0018 for white noise and 0.045 for a straight line. The squared
exponential kernel was used.

As previously indicated, marginal probability distributions Py, Py, joint probability
distributions Pxy and conditional probability distributions Px |y can all be treated
in an RKHS framework. Le Song and Fukumizu show that marginalization and
conditioning correspond to applications of linear operators acting on RKHS; more
specifically it is even possible to find kernel analogues of the sum rule, the chain
rule and the Bayes rule [186, 68].

In section 3.3 the methodology of Hilbert space embeddings of probability distribu-
tions will be applied to compare samples and check independence in the context of
some simple geodetic problems featuring non-Gaussianity and nonlinearity. Other
than in this subsection, however, the view of RKHS as function spaces with physical
meaning will stay the predominant perspective.



Chapter

Statistical inference and splines

The goal of this chapter is to provide an account of practically useful information
that endows the functional analytic parts of chapter 2 with a stochastic background
and employs both for optimal estimation. Minimum norm problems as naturally
arising during investigations of physical systems like in subsection 2.3.2 will be
connected to maximum likelihood estimation. The end result of this line of thought
will be a seemingly simple formula for abstract splines that is linear in the data and
relies on the covariance matrices, and therefore the kernel, being known. Different
ways to handcraft kernels by transferring the Hilbert space operations of subsec-
tion 2.1.3 to a functional level are discussed and reveal the abstract spline formula
developed before as the basis case to which most problems can be reduced. Fo-
cus will then shift towards imbuing direct sum and tensor product constructions on
Hilbert spaces with concrete and interpretable meaning. The chapter is closed with
fully worked examples from geodesy that cover process modelling as well as high
dimensional inference and statistical testing.

3.1 Hilbert spaces and estimation

This section is meant as an exposition on how the exchange of an estimation prob-
lem for a norm minimization problem in RKHS can be justified. As a stochastic
perspective is assumed and signals are considered as collections of random vari-
ables that are mutually correlated, the validity of the arguments put forward will
depend explicitly on the involved probability distributions. It will prove therefore
necessary to first define what is understood by a stochastic process and a random
field before the task of best linear unbiased estimation is tackled. Several different
interpretations of the standard Kriging equation are provided and enable effortless
swapping to the perspective most convenient and intuitive under the circumstances
given. Independently of that, however, the mathematical formalism of choice will
always be the one associated to RKHS and abstract splines — solutions to opti-
mization problems in RKHS posed in terms of measurement operators and energy
operators that significantly generalize the idea of measurements as point evaluations
and energy as curvature.



82 3.1.1 STOCHASTIC PROCESSES AND RANDOM FIELDS

3.1.1 Stochastic processes and random fields

The arithmetic mean i of i.i.d. Gaussian distributed random variables is the maximum like-
lihood estimator for the common expected value | of those random variables. During the

derivation, a quadratic form of the type Y . (X; — f)20~2 is minimized explaining the
name least squares estimator. This establishes equality between LS- and ML-estimators for
this exemplary case and hints at connections to be discovered later in more general settings.
Examining the problem of interpolation instead of parameter estimation, one is lead to con-
sider as interesting objects assignments of random variables to an index set T' rather than
single random variables. Such objects are called stochastic processes or random fields and
while each random variable X;,t € T' can be described with a one dimensional probability
distribution, it is the global behavior of all X, together as given by the joint probability dis-
tribution that is needed for inference. For a stochastic process and its covariance function
K(-,-), Loewe’s theorem asserts constructively the existence of an isometric isomorphism
into an RKHS for which minimum norm problems of the form ||x||3, arise naturally and
have an interpretation as maximum likelihood estimators for jointly Gaussian distributed
random variables.

Suppose a function f(-) = > | a;;(-) : T — R was measured at locations {;}!"
and denote the vector of observations as y € R". If the measurements are subject

to uncertainty, then the y;,7 = 1, ..., n can be interpreted as realizations of random
variables

Y= f(t:) + N; (3.1)

where V; : 2 — R,7 = 1,...,n for some probability space {2 is a mean zero noise
random variable subsuming the irreproducible random deviations of Y; from f(t;)
as induced by e.g. thermal noise or quantization errors in the measurement device.
If it is assumed that the set /Vy, ..., IV, is jointly Gaussian distributed with covariance
matrix Xy, then one may assemble them into the random vector NV : {2 — R"™ with
joint probability density function

n _ | - n
() = 2n) Sl 2 exp (31 - Ol ) Vee R G

where iy = 0 and |y | denotes the determinant of 3y [160, p. 68]. This is also
written as N ~ AN(0,X ). From equation 3.1 and the linearity of expectation it
follows that Y : Q2 — R™, (Y'); =Y}, is also a Gaussian random vector and

py = ElY] = E[F+ N| = F €R" (F); = f(t)
Syy = BE[Y © Y*] — E[Y]® E[Y]* = E[N ® N*| = Syx

establishing Y ~ AN (uy, X ny). Noticing the explicit dependence of py (y) on puy
and setting L(uy|y) := py(y), L measures how probable any concrete observation
vector y € R" is given the expected value py. L is termed the likelihood and
maximizing it w.r.t. 4y is akin to finding that ;y- which has the highest probability
of generating the observations. The resulting maximum likelihood estimator /iy is

fy = argmaxL(py|y)
py ER™
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= argmin — log L(uy|y)

py €ER™
. 1 —1/2
= argmin 2| Syy(y = oy )|fe (3.3)
py ER™

where in the last step it was used that the expression (n/2) log(27)+(1/2) log |Syy |
does not depend on the parameter py. If py = {f(¢;)}", and f(-) has the de-
composition f(-) = > ", a;g;(-) then py may be written as py = Goa with
G € R"®@R", (G);; = g,(t;) and a € R™ is the parameter vector to be deter-
mined. The least squares problem 3.3 can then be reformulated as jiy = G'& with

& = argmin Héa — 73, Y= E;;ﬂy, G = E;;/QG (3.4)

acR™

which, assuming m < n and G of full column rank, has as its solution & = é+§
[18, p. 108] with the *-sign denoting the pseudoinverse:

a= (é*é) U= (6506) T arky (3.5)
iy =G (G LG) T Greyhy (3.6)

Equations 3.5 and 3.6 are the well known least squares estimators widely used in ad-
justment theory [151, p. 133]. Notice that the matrix P = G (G*X14.G) - G*Yyy
satisfies P? = P* = P : R® — R" and is therefore an orthogonal projection
w.r.t. the inner product (f, g)3 = (X743 f, g)r» hinting already at a Hilbert space
approach to the problem.

Model 3.1 presupposes a parametric form f = > «a;g; for the function f to
be extracted from the data y and the subsequent calculations operate under the
assumption that E[f] = f, i.e. [ is deterministic. This restricts the class F of
f’s, for which inference is possible under this model and places on the practitioner
the burden of choosing a proper model. As additionally there is no way to prefer
certain parameter combinations and all f € F are considered a priori to be equally
likely, the simple least squares procedure just outlined is both too rigid in its
assumptions and too weak in its ability to integrate prior knowledge. Typically, real
world phenomena are not described by a class F of deterministic functions that are
all equally likely and for reasons of robustness and flexibility one should allow the
class F to be rather broad and furnished with a probability measure. The concept
of a stochastic process [140, p. 190] achieves exactly that.

Definition 3.1.1 Amap X.(-) : Q@ x T' 3 (w,t) — X, (t) € Cis called a stochastic
process on 7. Here (2 is some probability space furnished with both a sigma algebra
and a probability measure [140, p. 20] . If E[||X.(¢)||2] < oo V¢ € T, then the
process X () is called second order. If for all finite {t1, ..., ?,} the joint probability
distribution of [X_(¢;), ..., X.(¢,)]" is Gaussian, one speaks of a Gaussian process.
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Remark The property of being second order should not be confused with second
order stationarity which states that the first two moments of a process are translation
invariant: E[X,| = pVt € T and F[X;, s X4, 1] = E[Xy, Xy,] Vti,t0,s € T.
Remark WhenT' € R™,m > 1, then the term ‘random field’ is often preferred.

The definition given above is not the most general one but sufficient for the purposes
of this monograph. A stochastic process has two different interpretations. It is
possible to split the map X.(+) : 2 x 7' — C into

a) X.():Tat—[X(t):Q2—C]|
b) X.(1) Q3w [Xu(): T — C]

Expression a) suggests that X .(-) may be seen as a set {X.(¢)}er of mutually
dependent random variables whereas b) corresponds to equating X () to randomly
drawing functions X, (-) from 7" to C. Both interpretations are valid and useful at
different times.

Example 13 Set 7' = {1, ...,n} and define V;,i = 1, ..., n to be independent white
noise variables N; ~ N (0, 03). The set { X; }er with X, = 37| Nj is a stochastic
process with

E[X)] =0 (3.7)
E[X,X;] = of min(s, t). (3.8)

As a discretization of the Wiener process it is not second order stationary. It arises
in many practical applications in which random deviations accumulate during mea-
surements and is a reasonable stochastic model for the error in leveling as illustrated
in figure 3.1. |

Length =L |

Figure 3.1: A sketch of the leveling procedure. The vertical bars symbolize the position of leveling rods and the rectangles
indicate the positions of the leveling instrument. Assuming each measured height difference A H; to be influenced by white

noise with variance o2, one recovers equations 3.7 and 3.8 for the leveling error X; = 23:1 AH; — BE[X'_, AHj).

Under the assumption of constant distances between rods, the usually claimed relationship o2 o L linking leveling variance
o2 and length L [209, p. 272] follows.

Example 13 showcases that nontrivial processes can be generated from white noise.
The latter takes on a special role in stochastic calculus. To define it formally on
continuous domains, one would need to introduce generalized stochastic processes
— random linear functionals rather than random functions. The construction is
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given in e.g. [97] or [139]. When dealing with white noise we will either revert to
the finite dimensional case of a white noise random vector or argument informally.

Formally, the relationship between an RKHS Hj and a Hilbert space of random
variables is one of being isometrically isomorphic rather than strict equality. Given
a mean-zero second order stochastic process X := { X, };c7, the Hilbert space

= cl{Zant tjeT,a; eR forje {1,...,n}}
<X1,X2 /X1 X2 (dW) = E[XlXQ]

with (2 a probability space with probability measure 1 is called the Hilbert space
L(X) generated by the process X [20, p. 62]. In what follows, stochastic processes
will always assumed to be mean-zero if nothing to the contrary is mentioned.

Theorem 3.1.2 (Loewe representation theorem) The Hilbert space L(X) generated

by the second order stochastic process { X, }ier on T is isometrically isomorphic to
the RKHS Hy, K(s,t) = E[XX:] Vs,t € T via (the extension of) the mappings

E Z Xy, Zaz )€ Hi (3.9)
i He 3 Z K (t;, ) — Z Xy, € L(X). (3.10)
=1 =1

A proof can be found in [20, p.65]. This indirect isometry argument is necessary
because — as [120] notes — it is impossible to construct Gaussian probability mea-
sures on infinite dimensional Hilbert spaces H directly. Classically, one follows
the construction proposed in [86, 87] and completes H w.r.t to the uniform norm
to create a slightly enlarged Banach space B on which Gaussian measures are de-
finable and directly related to the reproducing kernel of H (if it exists). Whereas
only then one might rigorously speak of having a probability distribution over the
function space B D H, it is conceptually convenient to speak of the likelihood p( f)
of feH
fer p(f) ocexp (—|fll3)

as then norm-minimization in 4 corresponds to minimum variance and maximum
likelihood estimation [124]. For clarifying comments and to provide intuition, we
will regularly argument as though H is furnished with a probability measure p al-
though 4 is in reality only defined on the closure of H w.r.t. some norm. The author
hopes that this perspective is helpful even though it is not entirely accurate.

In finite dimensional cases, the isometric isomorphisms ¢ and ¢)~! from theorem
3.1.2 have explicit representations in terms of covariance matrices and their in-
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verses. Denote by K the n x n matrix with entries (K );; = K(t;,¢;) and by K*
its inverse. Then

! HKafHZZXt D (K (), P (3.11)

=1 j=1

is the inverse to .

Proof: If 1)~! is defined as above, the one finds that 1), 9)~! are surjective and injec-
tive as

Hr Yo (X))
y ! =y~ [n (i, )]
= Z ZXti(K_l)%]<K(th )a K(tla )>HK
Zd*X = =1 j=1
LX) ————Z(X) =X, heT
L(X) Yoy K (t, )]
@Zl_l w - ¢ (ZZXti(K_l)ij<K<tj7')aK(th'»HK)
idHK - w(th)
Hr Hr = K(tl, ) Vi, eT

Since for all s,¢ € T' it holds that

<X87Xt>f X) — K<8 t) = <K(57 ')7K<t7 )>7-l1< = <w(XS)7w(Xt)>HK
(K (s, ), K(t )y = K(s,t) = (Xo, Xihzxy = (07 K (5,)] 07 K () z )

and v, 1)~! are both seen to be isometric as well. [

For T' = {t1,...,t,} and denoting f € R",(f); = f(¢;) and a € R"” with X =
>y @; Xy, the mappings are given by

V: X — Ka T fe Y (KT )X
j=1
This has immediate geometric relevance for the optimal estimation of random vari-

ables. Suppose a square integrable random variable X' € L*(Q) is to be projected
onto the subspace £(X') generated by observations X1, ..., X,,. Then the
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minimum variance estimator X satisfying
E[(X = X)*] = ||X — X||Z2(q) — min
is according to theorem 2.1.17.1 given by

where Py is the orthogonal projection
from L?(Q2) onto its subspace £(X). As
follows from the rules governing projec-
tions (see 2.1.4) and figure 3.2,

Figure 3.2: Orthogonality relations for minimum
variance estimation.

X=X =(I-Pry)X LL(X).
Conversely, if || X — X]|| L2(9) X e L(X) is supposed to be minimal, then X — X &
L(X)* since otherwise || X —X||72 = HX—XH%(X)L—EHX_XH%(X) and the last
term is > 0. Therefore the minimum variance estimator X € £(X) for X € L*(Q)
must satisfy (X — X, X; )12y = 0 VX, spanning £(X). By the properties of the
isometric isomorphisms

(X = XaXti>L2(Q) =0 (U(X), Kt )ue = px(t;)

with px(t;) = E[XXti].A If px € Hg, this is the case iff X = w_le_and the
estimation variance is |X||%(X) = |lpxl3, [20,p.72]. If X = X; and L(X) =
span { Xy, ..., Xy, }, then

Xo=0px =D D X (K (K (), pa(-))

i=1 j=1

— Z Z(K_1>in(tja )Xy,

i=1 j=1

=3, (3.12)
=1

with \; = >0 (K1), K (t;,t) is just the simple Kriging estimator as recorded
e.g. in [39, p. 151]. This shows that there is a relation between optimization in H
and in £(X). It is summarized in the next theorem.

Theorem 3.1.3 Suppose L := L(X) is the Hilbert space generated by the mean-
zero second order process { X, }ier with inner product (X, Xt)Z(X) = F[X,X}] =
K(s,t) Vs,t € T and Hy is the corresponding RKHS. Let S(X) be the Hilbert
space generated by the random variables X, , ..., X, € L(X) and denote by 1) :
L — Hpg the isometric isomorphism from Loewe’s theorem. Then the following
ways to devise an optimal spatial estimator Xto € S(X) for X,, € L are equivalent.
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i) X,, = argmin || X,, — X, |13

Xty €5(X)
i) X, € S(X) solves (X,,, Xi)5x) = K(to, ;) for all X, spanning S(X).
i) f= argmin o f() = K(to, ), X =v7'f
fEH K f=3T721 XK (t;,)
iv) f= argmin I £113,c Xto =y 1(f)

JeM Kk, f(t:)=K(tot:)

They coincide with the simple Kriging estimator as known from the geostatistical
literature.

Proof: Straightforward computation reveals that all estimators have the same form.
A derivation of the optimizers i) and ii) and comments hinting at iv) can be found
in [39, p. 151] and [20, p. 72] and [20, p. 77] respectively; they are reproduced
below for the readers convenience. Denote by K the matrix with elements (K);; =
K (t;,t;) and by K~ its inverse. Let K;, € R" be the vector with entries (K;,); =
K (to,t;) and A = [Aq, ..., \,]” the vector of coefficients.

i) Finding X;, = > 71 A Xy, to minimize 1 X5, — Xo, ||2

HZ( x) 18 equivalent to

minimizing

1K = Xao 720y = 11 D0 A X, = Xaoll2 )

n n

=D D AN X )2k

i=1 j=1

-2 Z )‘j <th Xto)f( X) <Xt07 Xt0>Z( X)

j=1

= MK 2K, + o2

Taking partial derivatives and setting them to zero produces A = K ' Kj,.

ii) The solution to <Xt0,Xti>§(X) = K(to, t;), Xy, € S(z) is ' [K(to,-)]. The
explicit formula for 1) ~! then leads to

¢ tOv ZZXt ij ( '7')7K(t07')>7-lk

=> NX,  A=KT'K,

which is the same as the term derived for 1).

iii) Since ¢ : L(X) — Hy is an isometry, f = @b(f{to) minimizes
1f(-) = K(to, )3, iff | Xz, — XtOH%(X) is minimized by X;,. Explicitly,
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f =31 \jK(t;,-) inserted into || f(-) — K(to,-)||3,, produces A" K\ —
20T K}, + o2 which has a minimum at A = K ' K,,.

iv) The constrained minimization || f[|3,, — min, f € Hy, f(t;) = K(to,t;) can
be formulated with the help of Lagrangian multipliers i € R" as

(fs e + QZ/M (f(t;) — K(to,t;)) — min
SNKA+2p" [}O\ — K] — min

where the representer theorem was used to express the minimizer f in terms
of the kernel. The corresponding SLAE has solution A = K1 Kj,.

]

The theorem establishes that minimum variance estimation of a random variable
X, can be seen from different perspectives: As minimizing an error variance (1),
as an orthogonal projection onto a set of observed random variables (ii), as finding
an element with a closely aligned correlation structure in RKHS (iii), or as solving
a constrained energy minimization problem in RKHS (iv). When the underlying
process is Gaussian, minimum variance estimation, maximum likelihood estimation
and the formation of conditional expectation coincide [150].

Plugging in numbers z;, into the estimator derived from the optimization problem

ft) = argmin 1£ 132
f(ti):K(tvti)vf(t):Z;'lzl )‘jK(tvti)

one finds f(t) = > AiK(t5,t), A = K~'K; and consequently X, = ¢ tf =
N XA = K™K, ie. #; = (K 'K}, b)grn where b is the vector of obser-
vations (b); = x;. This is the same solution one would recover if one interpreted
Hy itself as a Hilbert space of functions with a Gaussian measure on it in which
the negative log likelihood of a function f € Hy is given by ¢|| f||3,, + ¢2. One
would then solve
o, = argmin |z,
Ax=brxeHg

where A : Hx — R™ is the linear operator of evaluation at points t1,...,%,, b
is the vector of observed data b = [zy,, ..., 7;,]" and o, (t) now directly is an es-
timator for x;,¢ € 7. This follows trivially from any solution o, having form
o.(t) = >_7_; AjK(t,t;) according to the representer theorem and the fact that the
associated Lagrangian is

<I, JI>HK + 2 Z,uz [Z A]K(tz, t]) — bl] — min
i=1 =1

SATKN 4+ 24" [K\ — b] — min
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The resulting SLAE has solution A\ = K~ 'b which implies o0,(t) =
> (K10);K (t,t) = (K", Ki)rn. Since K is a symmetric positive semidef-
inite matrix, K~' = (K~')* and (K 'b, K;)gn = (b, K "' K;)gn which is the ex-
pression derived from optimization formulation iv). The objects o, are called inter-
polating splines and are covered in more generality in the next section.

Up until now only Gaussian probability distributions have been considered and in
the future it will often be assumed that some naturally occurring function can be

modelled as a Gaussian process. One may cite the following justifications for this.

1) The Gaussian probability distribution is the maximum entropy distribution
given only the first two statistical moments. If these come from observed data,
it is the probability distribution presupposing the least amount of additional
structure apart from what is observed.

2) Inference with random variables that are distributed according to joint Gaus-
sian laws can be reduced to linear algebraic manipulations involving covari-
ance matrices and observation vectors. This is convenient both computation-
ally and storage-wise and in contrast to inference procedures involving higher
order moments.

If the Gaussian process assumption is violated, the consequence is that the minimum
norm estimators are not maximum likelihood estimators anymore. Nonetheless,
they retain their property of having smallest expected square error.

3.1.2 Abstract splines for estimation

Instead of having as measurements available for estimation of f(-) € H just a set of function
evaluations { f(ts)} i, €T,y it is also possible to have the measurements depending on f(-)
via a linear operator A : H — A. Similarly, it might be that the proper measure of energy
is not known for f but only for Bf where B : H — B is called Energy operator. A cer-
tain f* € M satisfying f* = argmin ;4 ||Af — al|® + || Bf | is then called an abstract
smoothing spline and it is clear that this framework contains previously covered methods like
Kriging as subcases when A is evaluation and B is the identity on H. Uniqueness and ex-
istence of solutions are not guaranteed anymore but under reasonable assumptions a closed
form solution can again be found and useful relationships regarding smoothing splines, inter-
polating splines and commutativity of linear operators with the problem formulation can be
established. Example calculations for tomography type problems will showcase the simplicity
and usefulness of abstract splines.

Definition 3.1.4 Let H,H,,Hp be Hilbert spaces and denote by A €
B(H,Ha),B € B(H,Hp) two bounded linear operators. For a € Hy4,r > 0,
the object

of = arfgr;ltin |Af = a3, +rIBfl3, (3.13)
S

is called an abstract smoothing spline with measurement operator A, energy opera-
tor B and regularization parameter r [20, p. 116].

Example 14 Adjustment can be seen as a subcase of smoothing splines. Suppose
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in the smoothing spline

of = argmin ||Af — b”?—m + ”Bng{B
feH

that  is the RKHS of functions of type f(-) = >_7_, ¢;g;(-) on S for example
by setting K = Z?Zl 9; ® g;. If Ha = R™» with covariance matrix >4, B :
Hx — Hp is the trivial operator that sends everything to zero, A is evaluation at
{s;}i% C Sand G € R™» @ R™ is the matrix with entries (G);; = g;(s;), then
Ax = Gcand

Aoy =A (argmin |Af — bH?u) =G <argmin |Ge — bH?_[A)
feH R

ce

= G (GTSLG) T G, (3.14)

Then Aoy are predictions equivalently derivable from the solution to an adjustment
problem in the coefficient vector ¢ € R" with solution cand oy = Z;;l ¢igi(-). M

As just seen, the term ||Af — a|3,, is similar to the expression || A f — a|%. encoun-
tered in classical least squares. Both can be interpreted as penalizing deviations
between observations predicted by a model (Af) and the actual observations (a).
At the same time as minimizing this discrepancy, the term ||Bf|[7,, in the defi-
nition of abstract splines provides some intrinsic measure of energy for f that is
absent from least squares formulations. When f is a process driven by a differen-
tial equation, B often has concrete physical meaning and is related to the systems
Hamiltonian, e.g. B = A. From a stochastic perspective this could be considered as
jointly maximizing the likelihood of the residuals Af —a € H 4 and of the function
f € H as quantified by B f € Hp. The relationship is illustrated in figure 3.3.

Under slightly less general conditions than the ones underlying definition 3.1.4, the
abstract smoothing spline equation can be solved uniquely.

Theorem 3.1.5 Let H = Hyx be an RKHS with RK K and H4 = R™ with inner
product (u,v)y,, = <2Afl/2u, 221/21))]1@. Let A : Hyi — R™ consist of n linearly

independent linear functions l, ..., 1, : Hx — R and B as in definition 3.1.4.

i) If ker A N ker B = {0} and the range of the operator L : Hyx > [ +—
(Af,Bf) € Ha® Hp is closed in H o & Hp, then the smoothing spline

of=argmin ||Af — a||?LLA + ||Bf||3i5

feHK

with measurement operator A, energy operator B and data a € R" exists and
is uniquely determined [21, p. 4].
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o) =argmin || 4f —all;, +[| B/1f,

Figure 3.3: An interpretation of the smoothing spline formulation. Measurements a € H 4 are known and should be close
to Af. The a priori likelihood of f € H itself is not known but only the one for Bf € H . According to the explanations
given in the main text, the best f € 7 is the one that minimizes the discrepancy Af — a and the energy Bf as measured
by the norms in the respective spaces H 4 and Hp. In the above illustration, A is line integration and the energy of f is
quantified by measuring the size of its derivative. B is then representable in two equivalent ways as either differentiation
directly as on the right or as a canonical projection onto a Hilbert space of equivalence classes of functions that deviate only
by a constant with the differentiation operation built into the norm on H . This is symbolized on the left half of the image
by equating one element of H g to an equivalence class of vectors in the base space H.

ii) The abstract smoothing spline is given by the expression [21, p. 51,p. 167]
oy = Z)\zlzKB +Z/iij (315)
i=1 j=1

where the q; form a basis of ker B and Kp is the reproducing kernel of
the semi-Hilbert space B of functions in ’H K with inner product (f,q)5 =

(Bf, Bg)3,- The vectors X = A1, ..., \o|T, 1= 111, ..., pin]” satisfy

S H il 619
The n x n matrix C'x has entries (Ck);; = (A® AKp);; =1, ® ;K and Q)
is the n X m matrix with elements (Q);; = l;q;.

Theorem 3.1.5 is helpful in practice. If ¥4 = 0 and B = I, it specializes to the
Kriging estimator defined by equation 3.12. The resulting spline has the property
that it also provides solutions to linearly perturbed problems in the sense that the
best estimator for Lf is Loy if o is the best estimator for f. This means that
for a bounded linear operator L : Hx — H, it is irrelevant if first f is estimated
optimally and L applied subsequently or L f is estimated in a single step. We have

O'LfZLO'f (317)

under reasonable construction of all participant entries. The proof is via straightfor-
ward computation comparing the estimation problems in table 3.1.
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According to theorem 3.1.5 the solution to the smoothing spline problem

o; = argmin ||ALf — a||3{A + Hf”g-tf
JeHy

is op = Y NLLKf(-) = a" [Cy+ Sa] ™ LLE,(-,-)
i=1
with the matrix C, having entries (Cy);; = ;L ® [; LKy = [; ® [;K,. By the same

theorem, the solution to the smoothing spline problem

o, = argmin ||Ag — a||3{A + ||9||itq
gEHg

sy =Y mlif(-,-) = a” [Cy + Sl " 1LE ()
=1

with Cy and X 4 as before. Now, naming o, = o, one has
LO’f = CLT[CQ + EA]illiL X LKf = aT[C’g -+ EA]illiKg =0Lf-

Estimating for example differentials or integrals of any noisily observed function f
is then possible simply by deriving the spline estimate o for f and applying differ-
entiation or integration to it. One therefore does not have to leave the framework of
smoothing splines even if linearly transformed quantities are to be estimated.

Besides smoothing splines, one often encounters interpolating splines; solutions to
the problem

oy = argmin || fl3, - (3.18)
feA 1a

With the same notation as in theorem 3.1.5 they have the solution oy =
D NGE () with A = Cila. If the RK K is the sum of two kernels,
K = K; + K, and consequently Hyx = Hg, © Hg, then o; can be written
as the sum of the two smoothing splines o, , 0y, as follows immediately from the

Table 3.1: Two related estimation problems

Problem To estimate Measured Penalized Data
a) I LfviaA  fviaHy a=(AL)f
b) g=Lf gvia A gviaH, a=A(Lf)

Comment H; has reproducing kernel Ky and H, = Hrr hasRK Ky, = L ® LK.
A is made up of the linearly dependent linear functionals [, ..., 1, : Hy — R.
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closed form solutions of

oy = argmin [|Af; — aHéK2 + HflﬂiKl = Z Nl EA ()
fHieHK, j=1

op, = argmin [|Afy — all?,. + | fol, =D Alika(,).
fa€H K, j=1

In both formulations what is considered noise (Af — a) and what is considered
signal (f) are switched. In the first expression f; is signal and f5 is noise and in the
second expression f; is noise and f5 is signal implying that it is more appropriate to
call both f; and f5 signals which simply are to be separated. As oy, +o0y, = oy, the
interpolating spline can be said to be a superposition of a best guess for the signal
f1 and a best guess for the signal fo — a smoothing spline is then nothing else
than the projection of 0y € Hg, @ Hg, onto one of the subspaces. If we slightly
reinterpret o s as consisting of [0y, , 04,] in the external direct sum H g, B Hr,, then
one may write Py, oy = oy, and Py, oy = oy, where Py, , Py, are orthogonal
projections onto H g, and H ., respectively.

Abstract splines have applications in statistics and the physical sciences, see e.g.
[203]. To illustrate the possibilities, three problems with varying degrees of gener-
ality are outlined together with an analysis of their solution in subsection 3.3.1.

* The simple problem of denoising total station measurements by solving

oq = argmin [|Ad — a3 + [|d|l3,,
deHp

where A is evaluation, d is deformation, a is data and Hp is an RKHS of
smooth temporal functions.

* The tomography type problem of inferring a spatial distribution of changes in
refractive index n, from total station measurements towards stable prisms by
solving

0, = axgmin [[An, — all3. + [n |13,
nr€HN,
where A is line integration, a is data and H , is an RKHS of smooth spatial
functions.

* The problem of inferring the deformation of a clamped elastic string under
variable load from noisy measurements by solving

04 = argmin [|Ad — a3 + || Bd|l3,,,
deHp
where A is evaluation, d is deformation, and a is data. The operator B is

the Laplacian and Hp, Hp are RKHS of functions related to the underlying
differential equations.
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3.1.3 Hilbert space constructions

Hilbert spaces seem to provide a model of only a very restricted class of processes because
of the initial interpretation of an RKHS as a space of scalar functions on an index set T'. This
limitation will be shown to be one of intuition only as the constructions carried out abstractly
in subsection 2.1.3 are translated into an RKHS setting providing a correspondence between
linear algebraic operations on vector spaces and bilinear operations on positive definite ker-
nels. By investigating the direct sum and tensor product of Hilbert spaces, both the combina-
tion of RKHS to a new one and the decomposition of a given RKHS into simpler ones become
feasible operations. This last statement implies that a decomposable RKHS’ elements are
interpretable as vector valued; consequently also the scalar abstract splines o € H i may be
seen in that way and o = (u,v) € Hi @ Ha is then called vector spline. Tensor splines are
a computationally convenient way to handle spatiotemporal problems which normally can
not be solved in a reasonable amount of time due to the size of the involved kernel matrices
and the cost of inverting them. Their implementation is briefly discussed and an example
illustrates the effect of the tensor product factorization on prediction accuracy and runtime.

§ Direct sums

Let H 4, H be two reproducing kernel Hilbert spaces of functions on 7" with inner
products (-, )%, and (-, )%, and kernels K4 and Kp. Recall that there are two
types of algebraic direct sums, the external and internal direct sums as denoted by
@, and @; respectively [10, p. 92].

He =Ha B Hp :={(a,b) :a € Ha,b € Hp} (3.19)
Hi=Ha®; Hp:={a+b:a€Habe Hp} (3.20)

with the inner product (f, g)n. = (af,ay)n, + (bs,b,)n, for the elements f =
(af,bf),9 = (ay,by) € He. H. is a Hilbert space [21, p. 157] and H4 L Hp are
orthogonal subspaces H UH., Hp OH.. If one introduces the map

Y:He > (a,b) —a+beH,;
and denotes by NN the nullspace ker ¢ 1 H., then N has the elements
N={(a,b) e He:a+b=0} = {(a,—a):a€HsNHp}.

By theorem 2.1.11 one finds N* = ./ ker¢) H, and the restriction ¢ : N* —
‘H; is one-to-one allowing the definition of an inner product on H; making it a
Hilbert space as well [21, p. 24] via

—1 -1

(g =@ (), (9)ne = {(ag,by), (ag, bg))n-

= (ayg, ag)r, + (bf,bg)rs-

This establishes H; = N+ = H./ker+ and we may always interpret the internal
direct sum H; : Ha @; Hp containing elements a + b,a € Ha,b € Hp as a
subspace of the vector valued external direct sum H, := H, B, Hp containing
elements of the form (a,b),a € Ha,b € Hp. As a direct consequence, if
Ha L Hp, then kerp = {0} and H, = H,.
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Lemma 3.1.6 If XY, H, Hy are Hilbert spaces and oy : X — Hi, 02 1 Y —
Ho are isometric isomorphisms then ¢ = @1 @ ¢y : X . Y 2 (z,y) —
(p1(2), p2(y)) € Hi B Ha is also an isometric isomorphism.

Proof: Denote by X, and H. the external direct sums X &, Y and H; G, Ho
respectively. They are Hilbert spaces. As Vg € H.,q = (f1,/[2) and ¢, po
are isometries, 3z € X and y € Y st. ¢1(z) = f1 and @o(y) = fo. Then

(p1(®), 2(y)) = ¢ ((z,y)) = (f1, f2) = q and p is surjective. The map ¢ is injec-
tive because if u;, us € X, and uy # us then u; — uy = (Az, Ay) and Az or Ay

(or both) are # 0. Consequently ¢(u; — us) = (p1(Ax), p2(Ay)) # 0 since the
components 1, o are injective and ¢ is therefore injective. For any uq, uy € X,

-.171 T2 >X
_yl b yQ e
$17$2>X + <ylay2>Y

_901(131)} {%01(I1)}>

_902(?J1) ©a(y2)
P1(21), 1(22))2; + (02(¥1), P2(Y2)) 1
r1,2)x + (Y1, Y2)y

and both of the inner products are equal because the individual components 1, ¢
of the map ¢ are isometries. This establishes X, = . via the isometric isomor-
phism ¢ = @1 © . O

An analogous theorem does not hold for internal direct sums. If 1 : X — Hy, @9 :
Y — H, are isometries, X ¢; Y and H; &; H, are not necessarily isomorphic via

P =Yyl @ QOQE; if X LY but Hy NHy # {0} and consequently H; f Ho.

This can be seen as follows: Let X; .= X &, Y, X, = X B, Y, H; := Hi1 B; Ho

and let H, be the external direct sum H; O, Ho.
Take a nontrivial element 0 # f € Hq, N Hos.

Construct the two elements u; = o, (f) € X X
and uy = o, (f) € Y. Then (uj,us)x, =

H;
(P (), Dy (u2))x, = ((u1,0), (0,u))x, = |
H

=

7

0 since X L Y and E; is an isometry between X
ker¢x = X, and X;. On the other hand we X $1D Py

€ €
have

(@(u1), D(u2))n, = (Pul(pi(u1),0)], Vu((0, pa(ua)ya, = (f, fln, # 0

since f # 0 and (-, )5, is an inner product. This establishes the existence of ele-
ments uy, us S.t. <U1, u2>Xi 7& <¢(U1),¢(U2)>Hz ]

Using lemma 3.1.6 and the previous comments, it is straightforward to find the
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relationships between internal and external direct sums of spaces generated by
stochastic processes and their corresponding reproducing kernel Hilbert spaces.

Theorem 3.1.7 Let X = { X, }ier and Y = {Y, }ier be two independent mean-zero
second order stochastic processes on I’ and denote by Z the composite stochastic
process with Z, = X, +Y; ¥Vt € T. Then

i) Z(Z) = HKZ = HKX D; HKY

”) Z(X) D; Z(Y) = Z(X) De Z(Y) = HKX De HKY
where L(X),L(Y) and L(Z) are the Hilbert spaces generated by the respective
stochastic processes and Hp, is the RKHS with kernel Kz(s,t) = Kx(s,t) +
Ky(S,t) Vs, t € T.

Proof: 1) For two random variables Z,, Z; using the assumption that
X [[Y: Vs, t € T, it holds that F[Z, 7] = E[X + Y)(X; + V)] =
ElX:Xi| + E[YsY)] = Kx(s,t) + Ky(s,t) = Kz(s,t). By Loewes theorem

L(Z) = Hg.. Since Kz = Kx + Ky, theorem 2.3.6 pertaining to sums of kernels
forming new kernels establishes that

HKZ - {fl + f2 : fl € %Kxaf2 € HKY}
£l VI B, + 12l

= min
f=fit+fo.fieHky f2e€HK

is just the internal direct sum Hg, @; Hr, . This is due to the fact that || f|3,,

is attained for (f1, fo) € kertby, ie. ||fllu,, = ||77Z)H1f||’HKX€BeHKY where 1y :
Hiy ®e Hry 2 (f,9) = f+9 € Hiy ;i Hi, and @;1 is the restriction onto
ker 137, see [20, p. 25].

ii) Suppose that Vs, ¢ € T' X, [[Y;. Then E[X,Y;] = 0and L(X)NL(Y) = {0} as
for subsets of L2(£2) one has VX € £(X),Y € L(Y)

IX = Ylza@) = (X = V. X = V)iai) = [ X720 + 1Y 720)-

Since X =Y & || X — Y|/12(0) = 0, this implies X = Y = 0. Then clearly

L(X)®. LIY)=L(X)®; L(Y) since N = kerpz = {0} for
Ve LX) D LY) D (X,)Y) = X +Y € LX) ®; L(Y)

and N was isometrically isomorphic to L(X) ®; Z_(Y) via ¢z. By lemma 3.1.6
L(X) being isometrically isomorphic to Hy, and L(Y) being isometrically iso-
morphic to H g, implies £L(X) &, L(Y) = Hi Be Hicy - O

The theorem implies that a superposition {Z; };cr = {X; + Y; }1er of independent
stochastic processes { X;}icr and {Y;}+cr has the RKHS representation H x with
K = Kx + Ky the reproducing kernel of Hx = Hy, @; Hx, . One can therefore
perform optimal estimation of Z; by manipulation of 4 and project elements f
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of Hx onto the component spaces Hy, and Hg, to perform estimation of X, Y;
given measurements of Z; only. The two expressions

L(Z)=span {X; +Y;:t €T}
LX) LY)={(X,Y): X c L(X),Y € L)}

are different in the sense that the bottom one includes the top one and may be
interpreted as vector valued opening up the possibility to extend the estimation
framework from scalar functions toward vector valued ones.

Example 15 Let X ~ N(0,0%),Y ~ N(0,0%) be independent second order
random variables and define Z = X + Y. They can be identified with stochastic
processes on a one-element set 7". The corresponding RKHS are

fg

%KX:R KX_O%( <fvg>'HKX = 3
Ox

fg

HKY =R Ky = 0'32/ <f, g>HKY = 0_—2
Y

The external direct sum H. = Hy, © Hr, is given as R? and for f = (f1, f2) €
He, g = (91,92) € He the inner product is

(fsu. = (f1, 91030, + (2, 920340, = 5_29 + (J;_QQ'
x Oy

H. is the space of two dimensional vectors that are outcomes of sampling from
(X,Y) € L(X) ®. L(Y) and the negative log likelihood of f € H, is (bar some
constants) given as || f]|3,..

The map 1y, maps f = (f1, f2) € He to fi + fo. Its kernel is given as N =
ker ¢y, = {(a, —a) : a € R} @H.. The orthogonal complement is

Nt ={(f,g) € H.: (fy ), — (9, )1y, =0 Va € R}

:{(f79)€R23£—2a—%=0 Va € R}

x Oy
= {(q,q070%%) : ¢ € R}.

Since H; = Hry, B; Hi, isdefined as {f + g : f € Hry,9 € Hk, }, clearly
H; = R = N+ with the inner product

<f7 g>H7, - <E’i_—[1f7 E?_-tlg%'-[e
RN
—<[f1Lic ) g% >7—le C_Ug(

~(15,) o+ (1) 00,




3.1. HILBERT SPACES AND ESTIMATION 99

where E; is the inverse of 1, : N+ 3 (f1, fo) = fi + fo € H, and given by

Uy (f) = [f <O—X) f (%” VfeM =R

2 2
ox + 0y Ox %

Simplification yields

2 2
_ 9% Ty I
(o= 1[Gz S T ] = e~ o
where K = E[ZZ] = E[(X +Y)(X +Y)] = 0% + 0 = Kx + Ky. Therefore
H; = Hp, and by Loewe’s theorem also H; = L(Z). If for example 0% = 1 and
0% = 2 then
i) ||z13, = z(6% + o3)" is proportional to the negative log probability that
Z =z
i) (2.y) = (20%(0% +0%) " 208(0% +03)7") = Uy (2) are the best
guesses for x and y given a specific value for Z = z, i,e, the ones satisfy-
ing ||z[f3,, +[lyll3,, — minamongallz,ys.t.z+y= 2

These relations are illustrated in figure 3.4 |

Elements of H, ©_ H, Space H, @, Hy

N*=H,

1/3
2/3

}=‘/7;,1(1)
={(a,—a):aeR} .
04

HK HKX

X

Figure 3.4: The elements of Hrc, ®e H, are two dimensional vectors. Since Hzy ©e Hrc, = L(X) ®e L(Y) one
may think of them as randomly sampled. The space decomposes into two orthogonal complements N and N, the subspace
N+ BH. is isometrically isomorphic to H; and its members are best guesses for X and Y given Z.

The formal definition of internal and external direct sums allows to clarify the
relations between interpolating and smoothing splines in a lemma.

Lemma 3.1.8 Suppose oy and oy, ,04, are solutions to the interpolating and
smoothing spline problems

oy = argmin HfH?_h@iH2 oy, = argmin [|Af; — aH,zamK,, + Hf]”gﬂj
feA*la fJeHﬂ !
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forj = 1,2, = 3 — j where a € R" is a data vector, the measurement opera-
tor A : Hy ®; Ho — R" is composed of n linearly independent linear functionals
l1,...;ln and Hy, Ho are RKHS with RK Ky, Ky. Then oy, is the orthogonal pro-
Jjection PHK]- oy of oy if one considers o as injected into the external direct sum

H1 Be Ho.

Proof: Denote, as before, by ¢ : H; &, Hy — Hi @; H, the addition mapping
(f1, f2) to fi + fo and use the abbreviations H., H; for the external and internal
direct sums. Define ¢ = (0p,,04,) € He. If 1 is the restriction of ¢ onto ker ¢+,

——1 . . .
then ¢y ~ exists. The solutions for o, 0y, and oy, are given by the terms

op =Y NL(Ki+Ky) o = Z/\lKl op =3 AliKs
j=1

j=1

where the vector A\ of coefficients is equal for all expressions, see equation 3.15.

Clearly )¢ = oy. Since E_l(af) is the unique element of ker 1)~ ;AAH, such that

Yo E_laf = o it remains to show that ¢ € ker ¢)* to prove that ¢ = (oy,,0p,) =

E_laf. For this, notice that ker ) = {n. = (n,—n) : n € H; N Hy} is closed and
<Q7 n8>7{e = <Uf17n>7'l1 - <0-f27n>7-l2 = 0.

This follows from the fact that n € H; NH, and K, K are both reproducing for n
under the inner products (-, )3, and (-, -)3, as then

<<l Ki(- ZAM 3902 )ei(),n =1 Z/\MSOZ @i(-); ()2,

= l]<K17 >'H1

= ljn

with K7 = > 77 AMp;()¢i(-) the Mercer decomposition of the kernel K;. The
same steps lead to ([; Ks(-, ), n(-))n, = [jn. Then

(op, ), — (ogsm Z)\ (K, )3 — ZM(QKQ,”M
i=1
= ZAj(z]n
j=1
=0

. . ——1 o
and ¢ = (0y,,0,) € H. is the unique element ) o,. It is in this sense that a
smoothing spline is built from orthogonal projections of an interpolating spline as

— —1
opn =Py oy (3.21)
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g = 0Py U oy (3.22)

where Py, , Py, are the orthogonal projections in H; @, Ho,. [

Remark Often we will not specifically mention the map ) translating between H, ®;
H, and ker o DH; &, H, and just call oy, 04, orthogonal projections of o onto
H1 and Ho. This is to be understood formally in the sense of the above equations.

The notion of a quotient space was introduced already in subsection 2.1.3. Quotient
spaces of RKHS can be made into RKHS again [21, p. 30]. If one defines a semi-
inner product (-, -) for elements of H, e.g. via

the resultant seminorm | - | is zero for elements of ker B =: P and the semi-inner
product (-, -) is denoted by (-, -)p to reflect this. If for any functional [ € H3,,
IK, € Hy and for any | € Hj, s.t. I(f) = 0 Vf € P the restricting reproducing
property I(f) = (IKp, f)p holds, then Kp is called a semi-reproducing kernel
[21, p. 30]. If B = I, then Kp is simply the reproducing kernel K of H;
otherwise K p might be different. Since the case B = [ will be most common,
semi-reproducing kernels will only be used sporadically and a detailed discussion
is avoided here apart from an instructive example in which the energy operator
B enables unpenalized estimation of a constant mean in an adjustment-like way.
More can be found in [21, pp. 26-31] and [20, pp. 40-42].

Example 16 Suppose Hy is an RKHS of functions on 7" = [0, 1] with RK K
such that H,, the Hilbert space of finite constants, is a subspace of Hx and split
Hix = Ho @ Hy where the sum is orthogonal and H; = Hx/Ho. Denote by
Py, the orthogonal projection onto #;. From this, build the seminorm | - |3, with
nullspace H, and find

1Pr, £l =2 1f g = IF 113 246

The semi-inner product is (f, g)2, = (Pu, [, Pu,9)#, - The reproducing kernel for
the restricted set f € H; with semi-inner product (-, -)3, is then still K asVf € H;

f(8> - <f(')7K(S’ )>HK = <P’;f[1PH1f(')’K(Sv )>HK = <PH1f('>’PH1K(Sv )>HK
= <f<">>K(57')>H0'

The solution to the interpolation problem with energy operator P, and interpolat-
ing conditions f(t;) = a;,7 = 1, ..., n is then simply

i=1

- L
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with the matrix (Ck);; = K(t;,t;),a € R"™ the data and /' € R™ a vector of ones.
If for a certain t, € T, the vector [K (t1,tg), ..., K(tn,to)]" € R" is denoted by c,
the explicit solution is

A=Cg' (a—F(FTCZ'F)'F'Cila)
or(to) = "Cyt (a— F(FTCR'F) ' FTCyla) . (3.23)

But this is just the ordinary Kriging solution [43] consisting of estimating a constant
mean with a best linear unbiased estimator (BLUE) and performing simple Kriging
on the residuals. The statement generalizes and introducing an energy operator P,
with nullspace H of functions g1, ..., g,, allows ¢4, ..., g,,, to be chosen without any
penalization leading to the BLUE for the coefficients of ¢4, ..., g,, [20, p. 89]. W

§ Vector splines

To extend the theory valid for the scalar case (spline o : T — R) to apply also
to vector valued functions, only a few modifications are necessary. They require
primarily internal and external direct sums as well as quotient space constructions
and in analogy to the real-valued case allow the derivation of a formula suitable for
optimal estimation of a spline function o : T — R? based on measurements of Ao
where optimality is quantified by the energy operator via ||Bo||3,. The class of
functions o : T — R? includes trajectories and vector fields. The theory is due
to Bezhaev and Vasilenko, whose chapter on vector splines [21, pp. 157-174] is
condensed in what follows to only cover the basic principles of construction and
solution. Recall the definition of abstract smoothing and interpolating splines and
denote by & the external direct sum.

If {Hg, 2, is a sequence of reproducing kernel Hilbert spaces with RK Kj,

then H = @), Hx, is a Hilbert space and each f € H may be written as
f=(f1,.., fu) for f; € Hg,,j = 1,...,n, The associated inner product is

ns

(f,9)n = Z(ijgg)m(j
j=1
where (-, )y X; denotes the inner product in Hg,. For Hg,,j = 1,...,n, introduce
now the semi inner products (, -, -)p, with P; @Hx,. For the semi-inner product,
positive definiteness does not hold and (f, f)p, = 0 does not imply f = 0 but

merely f € P;. Therefore if f,g € H, then f = fo + fs- where fy € le and
fo- € P; with the same decomposition holding for ¢ and

<f7g>Pj = <f0 + fUJ_th +gé_>Pj = <f07g0>Pj = <f07g(]>7-lKj-

An equivalent way of writing this is via quotient spaces. Since P; Ut g, Hx,/P;



3.1. HILBERT SPACES AND ESTIMATION 103

is a Hilbert space of equivalence classes. For all f, g € H,,
<[f]7 [g]>HK]./Pj = <f0790>HKj ||[JC]||'?-[K]/PJ = glg]ng + g”?‘[}(]

are the corresponding inner products and norms on the quotient spaces H,/FP;.
The maps [-] : Hx, — Hx,/P; are the canonical projections. If one denotes by P
the sum P, & ... ® P,, = @?; P; and defines for H = @?il H , the semi-inner
product

Ns

(f.9)p = (firgip (3.24)

J=1

then # is a semi-Hilbert space w.r.t. (-,-)p and H/P = @’ Hy, / P; is the corre-

sponding quotient space with inner product ([f], [g9])#/p = Z?iﬂ[f il [9:))u K, /P
Within this framework, one can solve the estimation of vector valued quantities.

Theorem 3.1.9 The solution to the interpolating vector spline equation

of = argmin H[f]H%/P (3.25)
feH,feA La

for A:H > f [L(f), ., l(f)]F € R™ and P finite dimensional exists and is
unique. It has the form oy = (0y,, ..., 0y, ) with

n dim P;
op () = Z Nl K (-, -) + Z 14iq5i (-) (3.26)
J=1 j=1

where q;; is the j-th element of a basis for P, l}; is the linear functional defined by
lj(f) = 2?:1 l]l(fl) and )\7 K1y -ens fong satisfy

214——1—2”9 Ql Qns )\ a
T o --- 0 0
% . NN (3.27)
ZS o --- 0 L, 0

The matrices @), contain the elements (Q,)i; = limQjm and 3, is the matrix with
entries (X,,)ij = limljmK,im where the Kﬁm are the semi-reproducing kernels of
the spaces Hg,, | Py

The original statement and a proof can be found in [21, p. 160]. If each H , is itself
composite, i.e Hy, = Hx,; © Hy,, smoothing splines can be found by projecting
the interpolating spline orthogonally onto the spaces Hx, or Hy, in accordance to
lemma 3.1.8. Some exemplary results are plotted in figure 3.5.
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Spline 1D — 2D Spline 1D — 3D Spline 2D — 2D Spline 2D — 3D

y value
z value
z value

x value y value x value x value y value x value

Figure 3.5: Exemplary interpolating splines in two and three dimensions. The circles indicate measurements which were
interpolated using the formulas in theorem 3.1.9 and a squared exponential kernel. The interpolating spline was evaluated on
a regular grid and has the form o : T — F, where from left to right (T C R, F C R?),(T C R, F C R®), (T C R%,F C
R2)and (T C R2, F C R3).

§ Implementation of tensor splines

Tensor product decomposition of the underlying RKHS 5 enables factorization
of the covariance matrices necessary to derive the estimator. We introduce some
notation that will help in dealing with the case where H}, = H$, ® HY, and H3,, HY,
are themselves RKHS that are further decomposable. For the moment the reader
may interpret the setup as one concerned with signal separation of spatiotemporal
functions on the domain S x T with S, T and superscripts s, ¢ denoting space and
time respectively. Set

Hy =Hy @ Hx HE = Hy @ He HE = Hy © HY
7 =Hx ©Hy L =H\ D H: (3.28)

with corresponding reproducing kernels K%, K, K5, ... where we will also write
Hrs = M when the explicit dependence of the RKHS on the kernels is to be
emphasized. Furthermore denote by =} and =", u = s, t the solution operators for
the interpolating and smoothing spline equations, i.e.

ol = argmin |25 e ==ha" (3.29)
z€(Av)~1qu X
o = argmin |[A"x — a“||124u7_[1; + ||x||3{} =="a" (3.30)
T€HY

where A" : H}; — R" are the measurement operators and A"Hy 1= H qugaurcy.
The next theorem provides a way of inferring a splines’ expansion coefficients
A that is both computationally efficient and not too taxing on the memory. It
furthermore clears up the relationship between interpolating and smoothing splines
that are either only spatial or temporal and jointly spatiotemporal splines.

Theorem 3.1.10 Let the notation be as introduced above. Then
I The spatiotemporal tensor product smoothing spline %}

0% = aremin || A° ®@ Az — al|? + ||lz|? 3.31
} = mgin 408 o)+ el 33D)
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is just an orthogonal projection of the spatiotemporal tensor interpolating
spline and we have

Ef =B ® EL = Py ® PXE, ® ), = PRE}
where =% : R™ @ R™ — HS is the solution operator for the tensor spline
3.31, P§ and P% are orthogonal projections onto H’ and HY; respectively

and =% is the tensor product of the solution operators of the separate spatial
and temporal interpolation problems as defined in 3.29

Il The smoothing spline o%(u,v) for any u € S,v € Tcan be given explicitly as
a superposition of linear operators A*, A applied to the appropriate kernel
functions with their second arguments fixed to s and t.

ns Nt
0% (u,v) =Y Y NGAK ()i (AKY (-, v));
i=1 j=1
A= (25457 e (B +34) e (A9)i; = Ayj

The data a € R™ ® R™ are assumed to lie on a regular grid in S x T
as the measurement operator A factorizes into two parts A*> @ At. The ma-
trices ¥y = A" @ A"K, for ¢ = X,Y and u = s,1 are the covariance
matrices induced by the linear operator A" acting on elements of H", i.e.

Yu = E[A"q® (A"q)*].

III The coefficient tensor \* € R™ ® R™ may be calculated via the matrix

product
N = (2% + 35 e (B +38) T

when the data a is assembled as a matrix a € R"™ ® R™. If the cor-

responding spline o% is to be evaluated on a regular grid, say o' =

eval ,, eval

{J?}(Sf”"l , t;v‘”) }ns ntzl, then

i=1,j
o = (@) A°Q (3.32)
(@) = (AKX(,s5)); (@), = (A (£, 15):.

IV The worst case computational complexity to calculate the full tensor o is

approximately n? +n3 +nZn, +nins +n“ngn, +nnne when using the
formulas expounded in I1l. The naive implementation without tensor product
factorization roughly has worst case computational complexity of (nsn;)® +
nzvalnivalnsnt_

Remark 1t is worth noting that tensorsplines are not more general than ordinary

splines. They are more suitable for large scale computations though, as problem

structure is used to simplify, or at least speed up, the solution of the SLAE’s arising

during their evaluation.
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Proof: 1 The space HS has RK K Kb =: K¢ and if A is written as [y, ..., 1,
then A[H? /HY] has as kernel the matrix C'z,x with entries
(Cz/x)ij = (A ® A [(Kﬁ( + Ky )(Kx + Ky) — Kg?])ij
= (A® A KKy + K¢ + Ky KY)
=1, Q; [K{ Ky + Ky + Ky K]

]

If the matrix A @ AK ;‘? is denoted by C'x then an alternative formulation of

equation 3.31is 0y = argmin [|Az —al[2, + |||} to which the solution
:EE’H;% X
is given as
n
0';82 = Z /\JZJKE? A= (CZ/X + Cx)_la
=1

= LK%, .. 1 KR] (Czpx + Cx)

.

-

=2

~

where the operator 22 : R" — H is the solution operator for the tensor
smoothing spline. Now if one just splits the space H = H3 ® HY, into two
parts

H; = Hy @ Hy & Hx © Hy @i Hy @ Hy @ Hy @ Hy

HS HE x

then lemma 3.1.8 asserts that 0§ = P,e0} where P,e is the orthogonal
X X

projection onto H$ as interpreted in lemma 3.1.8 and o, is the interpolating
spline

oy = argmin ||z[7e.
zEA—la,zeHg z

Then o3, has the explicit representation

0f =Y MNLEZ A= (Czx+Cx)'a
j=1
= [llK%@, ceny an?} (Cz/X + Cx)_l a

TV
=®
=A

where =% : R" — H is the solution operator for the interpolating spline.
According to [21, p. 181], =% factors into ZF = =5 ® =, Tt is still left to
show that Py = Py s factors as Pys, ® Py, This follows from

(Prs, @ Pt )" = (Puy, @ Pyt )(Pus, @ Payt ) = Ps, @ Py,



3.1. HILBERT SPACES AND ESTIMATION 107

II

III

1A%

establishing it as an orthogonal projection and since its range is Py (H7) ®
Py (HYy) = Hi ® MY, it is the orthogonal projection onto . Then
PS =N = Pus, ® Py =5 ® =) as claimed.
This follows almost immediately from 1. Note that A = A® ® A" and it is
possible to rewrite the result of applying A as a matrix of dimensions ng x ny,
1.e.

(AKR)ij = (A" @ AKX K )iy = (AKX )i(A'KX);.

Similarly for A® one has

Ao = [A® AKS) la= (A ®@ A%) @ (A'@ AYK3KL] ' a
= [0 A*K 0 A' @ A'KY]a
= (Z%+55) 7 e (Zh +34) a

This is just a reformulation of II. For any selfadjoint matrices C*, C* and a E
R™ @R™ it holds that the latter one can be writtenas a = »_.° ZJ L Qi€ ®
(e})* which enables the simplification

C«s@Ota_iZa” Css Ct t)

zl]l

I ST
=1 j=1
and implies \® = (3% + 3%) 'a(Z + 3%) ! € R™ @ R™. The n&" x nf*!

matrix o$* has then the entries

(5 = [AK (s oy (K 55))0 ] A°

eval eval T
[(AtKX('7tj 1)>17”'7(AtK§(('7tj l))”t]
and the whole matrix can be written as (Q*)*A\® Q" as claimed in the theorem.
For the tensor spline evaluation it is necessary to calculate

eval ® Nt 8\ * s s\t t t\t t
o A ¥+ X a (X% +X
W= (Q)NQ = Q) Sk + )t (S + ) Q

-~
B N e O

where the inversion takes an amount of operations proportional to n3 and n?
respectively, the inner matrix multiplications take n?n; and n,n? and the outer
matrix multiplications consume n<¥nn; and nevalntngval steps. In total, the
worst case amount of operations may be written as ns(ns +ngng + nev‘“n ¢) +

ne(n? +ngns+nS¥n). For the naive evaluation of the spline it is necessary
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to calculate

eval ,eval
ngng

nsnt

eval eval eval ele
{o% E N K (55,85

i=1

This amounts to n*n* times nyn; operations plus the cost of determining
A = (2% + 259" a which is dominated by inverting a matrix of dimension
nsng. The total cost is approximately ngn;(n<4ns + n2n?) for this im-
plementation and features terms of the sixth power in the number of points

compared to only the third power in the tensor spline formulation.

O

Interpretation of the tensorspline approach is relatively straightforward; one gains
computational speed by assuming that the task is to extract an element of 15 @ H’,
from a space of the form (H5 @ H3 ) @ (HY @ H3) which is less general than to
extract an element of H5 ® Hi =: HY from some H which contains H$ as a
subspace. Figure 3.6 illustrates this.

H =T O M=, O H: HY =H, @H,
H: /s 8 fiih H; @My |H; ©H,;
Hy H OH | H O H,

Figure 3.6: A graphical sketch of the estimation problem underlying tensor splines. The RKHS H5 ® "H’;( consists of
functions that have a correlation structure as prescribed by K% in space and K E( in time and are to be separated from other
constituents of the square ?—L? =H,® HE, = (?—t;( &3} H;,) ® (?—[;( &) Hg,) based on measurements of elements in ?—L?

It is not possible to reformulate problems of type “extract an element of H% from
HS @ Hy” as a tensor spline problem; one is limited to ambient spaces with n?
components and n an integer. Even though this restriction is significant, the time
saved during computation makes tensor splines worthwhile entities to investigate
and employ when suitable. A simple spatiotemporal separation problem may serve
to emphasize that and prepare the stage for later applications of the theory to the
separation of atmospheric effects and deformations in terrestrial radar interferom-
etry. The runtimes are documented in table 3.2; some graphical results in figure
3.7.
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3.2 Construction of reproducing kernels

In section 3.1 a formalism was introduced that allowed the solution of abstract min-
imization problems corresponding to interesting real-world applications. The fo-
cus was, however, more on how to assemble a complex RKHS from simpler given
ones and represent the solution in terms of the kernels of those elementary RKHS.
Whereas in previous sections the kernels were assumed given, this section begins
a systematic investigation into the properties of positive definite kernels that will
allow the reader to guess kernels for a specific problem or infer them naively with-
out any convergence guarantees or error estimates. Regardless of this weakness in
rigor, the material presented here is sufficient for applying the theoretical apparatus
associated to abstract splines in practice. Finally, a scheme for approximation of
kernels by products of simpler kernels will be presented and questions of kernel in-
ference will be posed. The obstacles arising there can only be solved with methods
developed later during chapter 4. This section is therefore understood to have an
introductory character rather than a definitive one.

3.2.1 Properties of covariance matrices

The solution formula for an abstract spline problem is linear in the data and nontriviality
of the estimation is due to the complexity inherent in the covariance matrices describing the
correlation structure of the process whose realization is to be inferred. From this point of
view covariance matrices in the finite dimensional and covariance operators in the infinite
dimensional settings encode all the information available about the processes behaviour in
terms of lower order statistical moments and some of these relationships are collected below.

Recall that reproducing kernels K : 7" x T" — R are always positive definite in the
sense that

Zzoﬁaj[((tiatj> 2 0 VneN {tz}?zl cT {Oél' ?:1 CR

i=1 j=1

Size 5x5x5 10x10x10 50 x50x50 100 x 100 x 100 500 x 500 x 500

Naive RMSE: 0.42 0.35 unsolvable
Time (s): 3% 1073 0.27
2-tensor RMSE: 0.51 0.42 0.31 ——————unsolvable
Time (s): 3% 107% 2% 1073 3.8
3-tensor RMSE: 0.58 0.52 0.45 0.42 - unsolvable -
‘ Time (s): 2% 107% 4%107% 5% 1072 0.94
Nr. of elements in CM 10 106 1010 1012 1016

Table 3.2: Average root mean square errors and runtimes over 1000 simulations and successive inferences performed for
spatiotemporal data of the size indicated in the top row for different estimation schemes. The 'naive’ scheme uses full
covariance matrix, the 2-tensor’ scheme a splitting of the underlying covariance matrices into spatial and temporal parts and
the *3-tensor’ scheme factorizes in X and Y direction as well. The last row indicates the number of elements in the full
covariance matrix for the differently sized problems. A task is arbitrarily declared as unsolvable if its solution takes more
than 5 seconds to compute on an office computer with 3.5 GHz and 32 GB RAM.
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Simulated input data for signal separation at timesteps:
55 100

5 51
- !I ‘ '
Tensor spline estimations of smooth components

a4

Underlying ground truth

Figure 3.7: The first row of images shows time slices of one realization of a spatiotemporal random field at the times (arbitrary
units) indicated by the numbers above the images. The field is a superposition of a spatiotemporal field that is smooth in time
and space and one that is rough both in time and space — its covariance function is therefore not decomposable as would be
necessary for tensorsplines to be optimal. The second and third row feature the estimations and ground truths for the smooth
part of the realization. The colorscale is identical for all images.

as recorded in subsection 2.3.1 and that the RKHS H i with RK K is isometrically
isomorphic to a Hilbert space of T-indexed mean zero random variables { X }er
whose covariance is given as F[X,X;] = K(s,t), see section 3.1. Therefore a
kernel can always be interpreted as a covariance function and for any finite n, the
matrix with elements (C');; = K(t;,t;) for some choice of {t;}I; C T is the
covariance matrix of the random vector {X; }*, C L£(X). Since C is positive
semidefinite and the bounded operators on R" form a C* -algebra, C' : R" 5 f —
Cf € R*with (Cf); = >_7_, K(ti,t;) f; may be written as

C=DB'B=A? A BeBR (3.33)

[48, p. 15] and is seen to be the square of another operator A : R” — R™. In the
limit case, the covariance matrix becomes the covariance operator C'y with

(Cx )(t) :/TK(s,t)f(s)ds. (3.34)

It is a positive semidefinite kernel operator that is furthermore compact (subsection
2.1.4) and admits a spectral decomposition C'xp; = \;; for a sequence {p; }32, of
eigenfunctions and a sequence {\;}:2; of nonnegative eigenvalues. This allows a
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practical implementation of functional calculus and therefore construction of square
roots C)l(/ 2, pseudoinverses Cy and arbitrary decompositions C'x = C + Cy when
a partition of unity is applied to C'y, see section 2.2. Using the same sequence of
eigenvalues \; and eigenfunctions ;, the kernel K can be written in form of the
Mercer decomposition

K(s,t) = Z Aigi(s)pi(t)-

For the associated stochastic process { X; };er, each of the random variables X; can
be represented as a superposition of deterministic ¢;’s with random coefficients to
form the Karhunen Loewe expansion

X; = Z £/ Ajp;(t)  with £ mean zero, unit variance, i.i.d. .
j=1

In this way, one can easily generate samples of a stochastic process with covariance
function K (-,-) from realizations of white noise if the eigenvalues and eigenfunc-
tions of the covariance operator C'x are known. Note, however, that the sample
paths X,(-) : 7" — R interpreted as realizations of random functions do not lie
in the associated Hilbert space Hj with probability one in the case of Karhunen
Loewe expansions with infinitely many nonzero expansion coefficients [107].

A straightforward implication of the Karhunen Loewe expansion is that for finite
rank C'x, X, (+) is arandom superposition of finitely many functions. If for example

K(s,t) = ogst then Cx = ogp(s)p(t)

is the spectral decomposition of C'x with ¢(s) = s and X; = oyt, £ mean zero
and unit variance, is just a line passing through the origin chosen at random. This is
consistent with X; = at, a ~ N(0, 02) from which E[X,X;] = o2st = K (s, ) fol-
lows. Clearly, the structure of K (-, -) determines important features of both H x and
{Xi}ier. Recall from page 83 that { X}, is a second order stationary stochastic
process if F[X;] and F[X,X;] — E[X|E[X;] are translation invariant [39, p. 17],
ie.

E[X)] = E[X;a] A:t+AeT (3.35)
K(s,t) =K(s+ A, t+ A) A:(s+At+A)eT xT. (3.36)

This requires 7' to admit an additive structure. For the random vector X =
(X1, ..., Xu]", the expected energy E[(X,X)] = FE[} 7 X7] is given as
> -1 Aj = tr(Cx) where C is the covariance matrix of X.

In general, constructing a kernel K by forming K (s,t) = f(s)f(t) for any function

f T — R leads to the associated stochastic process being a randomly scaled
version of f(-) : T" — R as implied by the Karhunen Loewe expansion. The
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associated Hilbert space is therefore one-dimensional and does not contain enough
different types of functions to be useful in the context of a typical nonparametric
estimation. Superpositions of arbitrarily many functions { f; 721, however, are
suited to construct kernels with nontrivial infinite rank structure under certain
conditions as recorded in Fortet’s theorem [20, p. 22].

Theorem 3.2.1 (Fortets theorem) K : T x T" — C is a reproducing kernel iff
Jp : T — 02 with K(s,t) = (¢(s), p(t))ez Vs, t €T.

This allows constructing arbitrarily complex kernels that strongly deviate from the
regular ones typically generated from a restricted family of kernels by fixing a small
amount of parameters. The associated random fields can feature sharp changes in
variance, ridges and locally variable anisotropies. Examples are collected in figure
3.8.

Realizations of random fields based on

Scaled cosine Sawtooth Sawtooth + Tanh Indicator function

Associated kernels

Point nr
Point nr
Point nr
Point nr

\

Point nr Point nr Point nr Point nr

Figure 3.8: Kernels K constructed from specific sets of functions mentioned in the respective headlines. They are plotted
only for the case 7" C R for purposes of clarity; the realizations are generated from the Karhunen-Loewe expansion of tensor
products K ® K forming kernels on 7' x T' C R2.

The stochastic interpretation of K (s,t) as a covariance function has direct conse-
quences for the quantification of the estimations reliability. As is recorded in the
geostatistical literature, the expected square deviation E[e?] = E[(X, — X,)?] =
El(ox(t) — X;)?] is explicitly given as [39, p. 169]

Var(e) = Var(X;) — ANT[K (t1,t0), ..., K(tn, to)]" — 1" [fi(to), .-y fin(to)]"
(3.37)

where oy (t) is a solution to o x () = argmin ¢ 41, ||[#]||2, . In this formulation A
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is just evaluation at tq, ..., t,,, fi1, ..., fn form a basis of the nullspace of the canon-
ical projection [-] and a is the problem data. The vectors A € R" and . € R™ are
as before solutions of the SLAE documented in theorem 3.1.5. Therefore, confi-
dence intervals can be derived for the estimator o x (). Indeed, the aforementioned
equation is a special case of the formula to calculate the conditional covariance of a
mean-zero Gaussian random vector Z = [X;Y], X : Q@ — R™, Y : Q@ — R™ for
which it reads [160, p. 73]

Yxly = Xxx — Sxy Syy Ly x (3.38)
S,y — Yxx XXy
Yvx Yyy|

The conditional mean of X given Y is then pixy = px + EXYZ;%/(Y — py) [160,
p. 73] where ux, py are the marginal means of X and Y. This allows conditional
simulation and the construction of covariance matrices whose associated vectors
satisfy certain boundary conditions, see figure 3.9 for examples. This idea will be
pursued further in subsection 3.2.2.

95% confidence interval Conditional simulations Conditional covariance X x|y

° Data
7 s [—Cond. mean
“---Conf. interval

\

Function value
Point nr

____________________________________________

N\

Time Time Point nr

Figure 3.9: Theoretical confidence intervals and conditional simulations of a Brownian bridge process with known values at
the locations indicated by circles. The conditional covariance matrix detailing the kernel of the random variables conditioned
on the observations is plotted in the last panel.

Lastly, notice that in the finite dimensional case the spectral decomposition of C'x
provides a solution to the problem of efficiently representing functions using only a
limited number of fixed basis functions and coefficients. This follows from the fact
that minimizing E[|| f — Py, f||3,] with #; H unknown and H = R™ is equivalent
to minimizing

E(lf = P, fl3 = EI{f = P f. f = Prs )

[(fs P = 2{Pus f, P+ (Pry fy Pry )]

= E[(f, [n — (Prs [ Py )]

—tr B[f ® f*] = tr E[(Py, f) ® (P, f)"]
= tr(Cx — Py, Cx Py,).

If dimH; = nq, then Py, Cx Py, is an ny-rank approximation to Cx. But A =
C'x — Py, Cx Py, is positive semidefinite and therefore tr(A) is just the trace norm
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|| |ltx of A. Tt is proven in [136] that the choice of rank-n; Q minimizing ||Cx — Q||
is simply @ = Y77, A\jp; ® ¢} where {\;}_; and {y;}]_, are the eigenvalues
and eigenfunctions of C'y. Therefore the basis vectors {901}1-:1 provide an efficient
system, in which to represent any f = X;(w).

3.2.2 Approximation of kernels

For primarily computational reasons, it is often convenient to consider kernels K : (S xT') x
(S x T) — R that factorize as the tensor product of two simpler kernels K° : S x S — R
and K' : T x T — R. Inversion and spectral decomposition of the arising kernel matrices

can then be done in a fraction of the time needed otherwise and enables efficient simulation

and inference. When the kernel does not have a representation as a simple tensor but may

be approximated by a sum of simple tensors, the binomial inverse theorem can be of help.

Although only situationally applicable and affected by numerical instabilities, this approach

reliant on iterative schemes involving spectral decompositions is at times the only possibility

to handle large-scale problems.
Recall that the Karhunen-Loewe expansion guaranteed the decomposability of a
mean-zero, second order stochastic process {X; };er into a superposition of basis
functions as given in theorem 2.3.5. When the expansion is truncated after the n-th
term, the resultant expression X' = >°"_| £;/A;¢;(t) is an approximation to X
whose error decreases monotonically with n. If as relative error € one designates
the ratio of expected energy || X/ — X||%. of the error to the expected total energy

| X¢]|., then one finds for €” the alternative expression

E[”th - Xt“%Z . ZioinJrl E;inﬂ E[figj]\/ )‘i)\j<%0i> 90j>L2 o Z?in+1 Ai

BIKIED p[om S a6 lvn o] o
(3.39)

As {\;}2, € Ry and limy_,o, A, = 0, the relative error €” converges to zero and
if the sequence of eigenvalues decays fast, it does so rapidly. The approximation
X}' may be interpreted as being drawn from a degenerated stochastic process with
covariance operator C'y — an n-term low rank approximation Z?Zl Ajp; @ @] to

Ck. Constructing a functional calculus on C, Ve, (x71) = > i1 /\j_lcpj ® ;=
é;( is readily computable and enables fast, approximate inference.
If the kernel K : (S x T) x (S x T) — R decomposes as K(u,v) =

K((s1,t1), (s2,t2)) = K*(s1,82)K"(t1,t2) and the individual Mercer decompo-
sitions are known to be

“(s1,82) Z)‘J% 51)#5(52) K'(t1,15) = ZAJ% 1)@y (t)

then K can be written explicitly by simplifying the product to K ((s1,%1), (S2,t2)) =
Do 2o AiNGeE (s1)@5 (s2) 5 (t1)h (). The positive Kernel operator C = f —
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/. g7 K (1, -) f(u)du acting on functions on .S x T then has the representation

CKIZZAW 1) @e5()) @ (95() @ #i() Z% o ® (7))

i=1 j=1

(3.40)

where the sequence {);}7°, contains positive eigenvalues and {p;}°, are or-
thonormal eigenfunctions of C'x. If the sequence of eigenvalues is rearranged
into descending order, then a low rank approximation Cx can be found again via
truncation. This enables simulation and inference.

Example 17 Consider a spatiotemporal random field /' from which a realization
is to be drawn. The index setis S x 7" C R?® with S = S, x S, C R? and
T C R!. Suppose that S and T are sampled at discrete points leading to realizations
of F' being sought on an n X n X n grid. A naive simulation requires the spectral
decomposition of a positive semidefinite covariance matrix with n° entries whereas
a truncated tensor product approach employs the spectral decomposition of matrices
with n? entries each. The runtimes for simulating a Gaussian random field with
squared exponential covariances in S,, .S, and 7" for a relative error € < 1% are
compared to a standard method of simulation (mvnrnd in Matlab) in table 3.3.

If the goal is not simulation but inference, one has to proceed differently. If n
denotes the number of observations, the covariance matrix of these observations
has n X n entries and a naive inversion e.g. With Gaussian elimination requires
the execution of floating point operations of order approximately n3. Usually
neither inversion nor storage are feasible on normal office computers if n is above
50000. However, this situation occurs routinely when dealing with spatiotemporal
problems as those encountered during the investigation of atmospheric effects
in terrestrial radar interferometry in section 5.2. If the RK K of Hx can be
written as K = K*° ® K° then a similar statement holds for the covariance matrix
C = C* ® C" and its pseudoinverse C* = (C*)" @ (C")*, C* € R™ @ R™,
C! € R™ @ R™. This reduces storage and inversion of an nyn; X n,n, matrix to
storage and inversion of both an ng X ns and an n; X n, matrix. The situation gets
more complicated when K is a superposition of simple tensors.

Theorem 3.2.2 (Binomial inverse theorem) Let A, B,U,V be matrices of ap-

Size 5x5x5 10x10x 10 50 x 50 x 50 100 x 100 x 100 500 x 500 x 500
Runtime mvnrnd 0.0004s 0.170s unsolvable
Runtime tensor 0.001s 0.013s 0.331s 2.959s 800s

Table 3.3: Runtimes of different simulation procedures dependent on grid size based on 100 trial runs per scenario. A task is
arbitrarily declared as unsolvable if during computation a standard office computer (32 GB RAM) runs out of memory.
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propriate dimensions such that the term (A + UBV) is well defined. If A and
B + BV A~YU B are invertible, then [160, p. 23]

(A+UBV)'=A"'"-AT'UB(B+ BVA'UB) 'BVA™, (3.41)

The binomial inverse theorem is also known as the matrix inversion lemma or as
the Woodbury matrix identity. In the simple case where B is the identity and U, V'
are column and row vectors u and v respectively, the equation specializes to the
Sherman-Morrison-Woodbury formula

(A7) (vA™Y) .

1 41
(A+uw) " =A T oAty

(3.42)

This leads to a cheap update rule for the inverses of perturbed kernel matrices and
allows calculation of inverses (C; + C3)~", C% a low rank approximation to Cb,
that are otherwise intractable. Suppose now that K; = K{K! and Ky, = KK}
leading to the kernel matrices C; = C§ ® C% and Cy = C5 @ CL When for
the sake of inference, (C] + C’Q)*1 is needed, the following theorem provides a
computationally efficient solution.

Theorem 3.2.3 Let Cy and Cs be defined as above. Denote by (?g the n-term low

rank approximation C3 = 7, AP @ (pF)* = > i1 wj @ ui. The eigenvalues
and \® and the eigenvectors @58 are constructed as described on page 115. Then

with the notation Q7 = (Cy + C3)~1, one finds the recursive equation

Q' =(CH e (C)T (3.43)

i i Q" uy) @ (@ uy)
Q' =Q" - 1+]uJTQHuj :

1< (3.44)

The theorem follows directly from a successive application of the binomial inverse
theorem as stated in equation 3.42 to the term (C; + Z?Zl u; ® uy). Theorem
3.2.3 is useful, if )\;@ decays fast as in that case only few steps n are necessary to

approximate (Cy + Cy) by (C} 4+ C%. It is then possible to approximate the inverses
of C' = (Cy + Cy + ....) that are sums of simple tensors C; = CF ® Cf,j =
1,...,m without inverting the sum by reducing the calculation to manipulation of
(C5)*T ® (C*)* and the main spectral components of C}, j > 2.

Since sums of simple tensors can be arbitrarily complicated, this allows fast ap-
proximate inversion even of anisotropic and instationary kernel matrices C'if a de-
composition into simple tensors Z?zl Ci=CC;=CF® C]t- is available and the
spectra of the individual components C; decay sufficiently fast. As the relationship
between the individual spectra of C'; and C5 and the spectrum of the sum C4 + Cy
is not straightforward and expensive to compute (see [31]), large scale simulation
of random vectors with covariance matrix C' = Z?Zl C; is more difficult than in-
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version and we leave it for future work. In practice, it is sometimes desirable to find
a C' that satisfies certain boundary conditions. This can be done either by means
of solving a constrained variance components estimation problem C' = Z?Zl 1;C;
for the coefficient vector 1 € R™ as in subsection 4.4.2 or directly in terms of the
elements of C'. The latter is a special case of the former and will be treated in the
succeeding subsection.

3.2.3 Methods of construction and design

A certain amount of standard kernels exist but they are often insufficient in practical applica-
tions where a systems behavior is either unknown or satisfies constraints that are not reflected
in any of the widely used kernels. The proper choice of kernels based on observations is a
task that is tackled in chapter 4. For now the easier problem of constructing a kernel from
prior considerations is addressed. It will be shown how kernels can be derived when only
their linear transforms are known and and one is given a set of linear constraints. Examples
are provided to illustrate the construction rules practical meaning in the context of abstract
splines featuring nontrivial measurement and energy operators. Throughout this subsection,
an entirely finite-dimensional perspective will be taken and kernels, or rather kernel opera-
tors, are replaced by covariance matrices associated to Gaussian random vectors.

¢ Linear relations between spaces

Let Lg = R™ be the Hilbert space of vectors in R together with the standard
inner product (f, g) 2 = >_;%, fig; inherited from the identity matrix /. Denote by
€ ~ N (uec, I') a white noise Gaussian random vector taking values in R™. Hx, Hy
and H,. are finite dimensional (reproducing kernel) Hilbert spaces associated to
Gaussian random vectors

X ~ N(px,Cx) Y ~ N(py, Cy) € ~ N (pe, I)

taking values in R"¥ R™ and R"¢ respectively. The corresponding inner products
are

(f:9ux = (CX . 9)r2 (fs )y =(Cy [, 9)12 (f, 9. = (f, 9)rz.

Depending on the exact nature of the known relationships between Hx, Hy, H.
some of the covariance matrices are considered known and some are to be deduced.
For now, let . = 0. The following two situations arise regularly in practice and
feature closed form solutions under mild assumptions.

a) Case: L? AH x, C'x unknown. (’Variance propagation’)

Let X = Ae with A of full row rank. Then px = E[A¢] = 0 and
Cx = E[X ® X*| = E[Ae @ ' A*] = AT AT

implying X ~ N(0, AAT). Since A is full row rank, AA” is invertible and
the spaces Hx and L? are linked via the operator A € R"X @ R™ by the
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relationship
Lz é) HX HX - 1m(A> <f7 g>'HX = <(AAT)_1f7 9>L§(

Furthermore, straightforward calculation shows (f, )2 = (AA"f, g)u, =

(AT f, AT g)4,. and if H x is restricted to im(A), thenV f, g € Hx Ju,v € H,
s.t. f = Au,g= Avimplying

(f. 9hrx = (AAT) 71 ghig = ((AAT) 7 Au, Av) g = (AT Au, v)y..
If A were invertible, then (u, v)y, = ((AT(AAT) A u)y, = (Au, Av)qy, .
b) Case: L? £ x, Cx unknown. ("Energy operator’)

Let ¢ = BX with B full column rank and therefore left invertible. If X is
known to be zero mean, then

I =C.=E[e®¢] = E[BX ® X*B*] = BCxB"

implying C'y = B (BT)™ = (B B)™ due to the rank condition. BB is
invertible, X ~ N (0, (BT B)~!) and the spaces H x and L? are linked via the
operator B € R" ® R"X by the relationship

L2 & 3y Hx =B~ '(L?) (f:9)ux = (B"Bf, )12

Furthermore, straightforward calculation shows (f,g)u, = (Bf, Bg)n..
If B were invertible, then (u,v)y, = (B'B(B~'u),(B~'v))2 =
(B~'u, B™') 4.

. . . . A
For both cases, the interpretations are relatively straightforward. If L? = Hx, then
H x contains the responses of A to white noise and for f € Hx, ||f[|F,, = llull7-
where Au = [ measures the negative log likelihood of f by reducing it to the

underlying noise variable. In contrast, if Lg 3 Hx, then B f contains white noise
and penalizing || f[|,, = ||Bf]|3. means demanding that f should approximately
X
satisfy the equation Bf = 0 or at least minimize the energy || Bf||7, of deviations
X
from 0.

We will continue to use the schematic diagrams of type H x 4 ‘Hy and interpret
them as Y = AX on the level of random variables with consequences for the as-
sociated RKHS H x and Hy. Before introducing linear constraints on covariance
matrices, investigate situations that feature spaces related to white noise in nontriv-
ial ways. Clearly, L. 4 Hx LN Hy and L? Vs Hx & ‘Hy are just versions of
cases a) and b) with F'A replacing A and BG replacing B in such a way that

Cy = FAATFT = FCyFT (3.45)
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Cy = BY(BTB)"(B")" = (G")Cx(G)T (3.46)

under the right assumptions for F, A, G, B. However, the following constellation
requires special care.

c) Case: L? A Hx & Hy, Cy unknown.
From a) and b) one derives Cy = (AAT) and Cx = GCyG”. Introduce
Q = C;(l/ ’, the selfadjoint positive semidefinite inverse squareroot of C'x
and assume QG is invertible. Then C'y = GCyG7 is equivalent to

I = QGCyGTQT
& Cy = (QG)T ((QG))" = [(R&)T(QG)]" =[6"TQTQG]"
= [GT(aAT) 1G]

with C'xy = AAT or in a more convenient form Cy = GTCy(GT)™ when it
applies.

§ Linear constraints

Let Hx 4 H., A of full row rank with nullspace N(A) of dimension m. Let L be
a linear operator L : Hx — R™ such that ker ANker L = {0} and A. = [A; L] :
Hx — R™ @ R™ invertible. Define as usual

T T
A.® ACx = ACx A, = {AOXA ACxL }

LOx AT LCxL™|"

If Hy 25 M., then ACx AT = I. If ACx LT and LCx L7 can be specified with the
help of the boundary conditions introduced by L and given in the form ACx LT =
q', LOx LT = S, then the system of equations

T _ I QT
ACxA, = [q g (3.47)

——
I

follows. It has solution C'x = (A-')I.(A1)T. If slightly more general, the situa-
tion is described by the scheme Hy- 4 H x with Cy- unknown and C'x known, then
the SLAE 3.48 ensues.

Cy = (A;HF.(A;HT (3.48)
A [ Oox  ACyLT
A = M Fe= [LCYAT Ly LT (3.49)

Example 18 Let A = V be (a discrete version of) the derivative operator and
L=¢cl,ie. Lf= f(0). Then N(A) are the constants and dim N(A) = 1. Since
V annihilates constants, C'y can be inferred only up to a constant from the equation



120 3.2.3 METHODS OF CONSTRUCTION AND DESIGN

VAVT = [ and L detAermines that constant. The usual Brownian motion is then
constructed from Hy — H. ® R where A. = [V; L]. For the boundary condition
Lf = f(0) = 0, one explicitly finds

1 -1 0 -0 0]
o 1 -1 --- 0 0 / o I 0
A =1 + - - F,=1| , X 60} — [ ]
¢ C o ¢ lelCoVT el Cxe 00
00 0 - 1 -1 orer oA
0 0 -0 0]
if it is demanded that C'x is zero in the first row and column as forced by Lf =
el f = 0. The equation Cx = (A ')F.(A]!) gives the covariance matrix for
Brownian motion, as desired (see figure 3.10). [ |

Example 19 Let A = V2 = A be (a discrete version of) the second derivative
and L = [el,el], i.e Lf = [f(0), f(n)]" € R% Then N(A) are the first order
polynomials and dim N (A) = 2. If we choose to let f start and end at zero, then for
the underlying kernel K it holds that K (¢,0) = 0, K (¢,n) = 0 V¢ and consequently
VK(t,0) = VK(t,n) = 0. One explicitly finds

1 -2 1 --- 0 0

o 1 -2 .--- 0 0
Al P

0 0 -2 1

1 0 0 0

_0 0 0 1_

[ I VCX(EO VCXen I 00
F.= |elCcVT elCxey el Cxe,| =10 0 0

_eZC’XVT 620}(60 650}(671 0 00

The result C'xy = (A7) Fo(AZNT is plotted in figure 3.10 and has some similarities
to the covariance matrix of a Brownian bridge process but is smoother due to the
act of integrating twice to counteract the second derivative. [

When more constraints are included than strictly necessary, A. = [A; L] does not
have an inverse anymore. For the overdetermined system A.Cy AT = F, a weight
matrix P® = (X®)~! could be introduced to weigh the different conditions against
each other. Then estimate

Cy = argmin ||A.® A.Cy — F.||3e
Cy €R™ QR™Y

= ((A2)TP2AZ) " (AS)TPPF, A = A, ® A, (3.50)
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Covariance matrix Cy,  Samples from H¢,  Covariance matrix C,,  Samples from #¢,,

Nr. points x value Nr. points x value

Nr. points
y v?lue
Nr. points
y value

Figure 3.10: A visualization of the results from examples 18 and 19. The constructed Cy-’s (panel 1 and 3) are generated
using the equation Cy, = (Az1)(Cx)(Ag )T where C'x is white noise covariance and A, as in the examples. Panels 2
and 4 contain some realizations of a Gaussian process with the covariance matrices C'y-; and C'y 2; note that they fulfill the
boundary conditions and also that V f or A f respectively look like white noise.

If ¥¥ = ¥ ® ¥ then P® = P ® P and the simplified version of equation 3.50 is

Cy = (AD)Fo(AD)" (3.51)
AY = (ATPA,)" ATP. (3.52)

With this method, one can force for example Brownian motion to be approximately
periodic among other things. Note at this point however, that it is always assumed
that Cy = E[Y ® Y*] and Cx = E[X ® X*|. If the boundary conditions introduce
a non-zero mean, the more complicated terms Cx = E[X ® X*] — F[X] ® E[X]*
and Cy = F]Y @ Y*| — E[Y] ® E[Y]* have to be used.

§ Derivation of the matrix F.

It is not always straightforward to derive the elements of the matrix £, from prior
knowledge about the function space to be constructed. We will present a scheme
to derive a guess for F, from linear boundary conditions that are in a first step
assumed to be stochastic but with mean zero. Represent this as follows.

Hy (known)
(known) A L (known) A Hy = Hx ©F
A Hx & F — Hy
(known)H x F(known)

Here A, = [A; L], E[X] = E[AY] = 0 and it is supposed that ker A. = {0} such
that A, is injective and there exists a left inverse. Then 3AT : AT A, = idy, but
A AT #idy a7 in general. To use equation 3.51, the terms F', ¢, S in the following
expression need to be determined.

T T T
AC®ACCY _ ACyA ACyL :| _ |:F q

LCy AT LCyLT q S] = Fe (3.53)

The equation AY = X gives information about the covariances of Y by relating
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them to the known covariances C'x of X. LY = f gives additional information to
resolve ambiguities stemming from a nonzero nullspace N (A). It is allowed that f
is random but for now let E[f] = 0. Writing

Cx Cxr
I, = 3.54
{OFX Cr } (354
Cx = ACy AT = E[AY ® Y*A'] = B[ X ® X" (assumed known)
Cr=LOYL" =E[LY @ Y*L*| = E[f ® f] (assumed known)
Cxr=ACyL" = E[AY @ Y*L*] = E[z @ f*] (fixed but unknown)

makes it clear that C'y and Cr are design choices determining the correlation struc-
ture of Y and the boundary conditions LY whereas the unknown C'xr = C%Ly is
determined (not necessarily uniquely) through these choices and needs to be de-
rived. One finds

Cox =Bl 0.7 = 0¥ 0 (7)1 = 10 [ o e [
— LAY [C?X Cgﬂ (ADTAT (355)
e ad SR A
T

In matrix notation, the individual terms have dimensions as listed below. Here by
writing Y'[ny, 1] for example, it is meant that the random vector Y has as realiza-

tions elements of R™Y .

dim Hy = ny dimHyxy =ny dim F =np

Y [ny, 1] X [nx,1] fnp, 1]

Cx [nx,nx] Cy [ny,ny] Cr [711% nP] Crx [TLP, nX]
A lnx,ny] A.[nx +np,ny] Al [ny,nx +np] L [np,ny]

T [np,nx +np] T =1[T,,T,] T [np,nx] T, [np,np]
S [nx +np,nx] S =[S S S [nx,nx] Sa [np,nx|

Equation 3.55 can be simplified. Rename C'rx = () and let ¢ be the linear transpo-
sition operator satisfying »M = M7 for any matrix M.

o= 7|5 &[5

- ECXSU +T‘lQTSd+T7‘QSu +TTOFSd
=705, Cx+T,®S;Cr+ (T1®S; +T,® 5, ) Q

This is the case iff

I-T @55y —-T,®5)Q=T®S.Cx +T,®S5;Cp



3.2. CONSTRUCTION OF REPRODUCING KERNELS 123

and we propose as a rule to infer Crx from C'x and Cr the equation
Cox=(I -T2y -T,050) [l1&STCx + T, © STCr]  (3.56)

For the mean zero case with E[X| = E[Y] = E[f] = 0, this concludes the
inference scheme as C'y,Cr,Crx are then known and one might infer Cy via
(AF)F.(AF)T. The formulas for this deduction in the presence of a nonzero mean
reduce almost completely to what was just derived. This is summarized below.

Define F[X]| = pux € R, Cx = E[X ® X*| — E[X] ® E[X]* and suppose that
Cy,Cp, Cpyx are defined analogously. In the model

A L A - Hy — Hx O F
A:IH)(@./—"—)IHY
Hx F

with A, admitting a left inverse assume the following quantities to be known.

[A,Cx, ux] A relates the unknown function space Hy to the known space
Hx.

[L,Cp, pur] L determines via LY = f the stochastic boundary conditions to
be satisfied by elements of Hy-.

Then for the mean of Y one finds

uy = E[Y] = E[A} {ﬂ] AF {“X} . (3.57)

Similarly to before, from Y = AF[X, f]7 itis possible to derive

o< (o[[5]o [ -+ £ ]

= (ADHF.(AD" (3.58)
_ L[Xext Xefr]  L[X] o [X]
FC‘E{fM* f®f*1 EM‘@M
C ct
N {CF); EFX} (3.59)

Executing the same set of calculations as before and using the notation from equa-
tion 3.55, one arrives at

Crx = E[f @ X*]| — E|f]| ® E[X

:LAjEH } B(H (ANTAT — LATE lﬂ ®E[ﬂ*(Aj)TAT
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= LAT F, (AH)TAT. (3.60)
\7{./ T/

The best guess for C'rx emerges as
Crx=[I-T1@8Ty T, 08T (1 SICx + T, ® STCr).  (3.61)

As the final result, one recovers py = Af[ux, ur]’ and Cy = (A7) F.(A7)T where
F. is the matrix from equation 3.59 with C'rx as guessed by equation 3.61. Figure
3.11 illustrates some results.

Covariance matrix C;,, Samples from H¢,, Covariance matrix Cy, ~ Samples from Hc,,

Nr. points
y value
Nr. points
y value

Nr. points x value Nr. points x value

Figure 3.11: Results from the construction method for generating kernels satisfying boundary conditions. The first two
panels feature a space of functions which are integrals of white noise that take the same values at the start, middle and ending
positions although that function value is random. The second pair of panels features a space of functions the inhabitants of
which have derivative +1 in the middle position additionally to starting, ending and going through zero. Their second order
derivatives behave approximately as white noise.

3.3 Basic geodetic applications

This section is devoted to an exposition of practical applications of stochastic pro-
cesses and RKHS to problems routinely encountered in geodesy. Its purpose is
to provide a hands-on tutorial, expose strengths and weaknesses of RKHS based
processing approaches, and to collect a set of test-problems with different flavors.
Although mathematical rigor will not constitute one of this sections main concerns,
the experiences made and conclusions drawn should be sufficiently representative to
allow an intuitive assessment about which type of practical problems can be posed
and solved in an RKHS framework and which complications may arise in doing
so. The contents of this section are ordered roughly with respect to their difficulty.
Therefore stochastic processes X : T — L*(2),dim T = 1 are considered first and
it is shown how they can provide models for real world processes driven by random
inputs. Afterwards the focus will shift to modelling and analysis of random fields,
i.e. to assignments X : T — L*(Q),dim T > 1 before the topic of Hilbert space
embeddings of probability distributions is brought up again.
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3.3.1 Modelling with stochastic processes

The Wiener process is also known as Brownian motion. Since it is the integral of white noise,
it can be considered as the archetypal process representing a system in which measurement
noise adds over time or space depending on the definition of the index set T. As such, it
also provides a stochastic model for the data gathered during either leveling or total station
measurements and the well known rules for distributing errors in leveling emerge as simple
consequences of the abstract spline equations. An abstract spline model can be specified for
the task of optimally estimating deformations based on total station measurements that are a
superposition of deformation, pure noise and atmospheric influences. As soon as measure-
ments to more than one prism are involved, the situation admits nontrivial statements that
rest on the measurement operator in the abstract spline formulation being integration along
a line rather than evaluation. It is not difficult to extend the calculations slightly and make
the estimation procedure applicable to highly dynamic movement processes by introducing a
more sophisticated stochastic model. Trajectory estimation of objects based on total station
measurements can then be done in virtually the same way as deformation estimation.

Example 20 Recall that the Wiener process X : 7" x {2 — R on the interval
T = [0,L] C R as integrated white noise has the kernel min(s,t). A discrete
version of X on the set 7' = {1,...,n} with X(¢) = 23:1 €, €, ~ N(0,02) was
shown to be a reasonable stochastic model for the distribution of errors in leveling
on page 84. As a matter of fact, it was even shown in subsection 3.2.3 that the
covariance matrices generated by this type of covariance function arise naturally
from demanding the leveling error to be zero at the beginning and to be composed
of uncorrelated noise that adds up over the course of measuring along the path, i.e.
X(0) = 0and 0, X (t) = €e(t) with ¢(¢) white noise.

Now consider the error at loop closure X (L) . Since for typical non-sophisticated
leveling tasks one starts and ends at the same location, the realization z, of X (L) is
known and one may guess from this the distribution of errors along the whole path
T'. The interpolating spline problem

0.(-) = argmin [z,
rEH i, e x=x],

for the evaluation functional ey, : f +— f(L) Vf € Hx and Hj the Wiener process
RKHS with RK K (s,¢) = min(s,t) provides this best guess in form of o,. The
explicit solution is

JI() = AeLK('f) A= K_I(Lu L)xL
. rr
- ) et
min(-, L) 7
which is nothing but a function that is linear from ¢ = 0 to ¢ = L and then takes on
the value of the constant ;. Comparing to standard references, this is exactly the

rule for distribution of leveling errors in practice [209, p. 272]. |

Example 21 Reconsider the clamped elastic string under load on an interval
T = [0, 1] from subsection 2.3.2. Denote by w(-) a smoothly distributed weight
function that is supposed to lie in an RKHS Hyy of functions and let x € H x be the
displacement induced by w; 92z = w € Hyy. Then the likelihood of x is quantified
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by

(3 = 1107213,
and B = 07, Hp = Hw are properly physically motivated choices for the energy
operator and its associated space. The nullspace of B are the constant and linear
polynomials, both of whose coefficients are necessarily zero due to the boundary
conditions x(O) = z(L) = 0. Assume the displacement has been noisily observed at

locations {s;};*; C 7" where the measurement noise has mean zero and covariance
matrix . Then the abstract smoothing spline

7, = argmin || Az — a3, + 102l
zeEH x

with A evaluation at {s;};*, provides a best guess for the displacement = based on
the measurements a and knowledge of the load configurations typical structure. At
the same time

ow = argmin |[ALqw — alls,, + [lw|3,,

weHw

with L being integration against Greens function , (L f)(t fo s, t)f(s)ds,
provides a best guess for the underlying load distrlbutlon. For spe01ﬁc ch01ces of
parameters, results can be seen in figure 3.12

Kernel K, Load + displacement Best guess o, Best guess oy,

——ground truth
- --guess C_

o QUESS C

smooth

y value
weight
displacement

x value x value x value x value

Figure 3.12: The kernel K x of Hx such that 6z2x = w € Hyw for some smooth load w is featured in panel 1. True
underlying load and displacement together with noisy observations serving as inputs to the estimation is plotted in panel 2
whereas the last two images show the best guesses for displacement and load based on our physical model and a generic
smooth squared exponential kernel. Ground truth is plotted for comparison.

The noisily observed loaded string is only a toy problem without any direct im-
plications for geodesy but the general approach of optimally estimating a physical
quantity based on unreliable measurements and understanding of the underlying
differential equations touches upon the interaction between measurements and sim-
ulations of physical systems. It has received heightened attention since the advent of
highly performant FEM-programs and measurement instruments which are capable
of generating geometrically dense samples, see for example [177] who considers
this in the context of terrestrial laserscanning. |

Example 22 A total station measures distances and angles by employing electro-
magnetic waves with wavelengths approximately in the spectrum of visible light.
They are emitted by the instrument and reflected by prisms mounted on the object
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whose coordinates are to be determined. Presuming the total station’s position to
be known, a sequence of measurements to an object leads to a noisy sequence of
measurements of three dimensional positions of that object. Before considering in
more detail the nature of the noise, the following two abstract spline problems arise
naturally when dealing with time series of coordinates.

I) Suppose that the measurements have been processed to yield a sequence of x
coordinates over which white noise of known variance is superimposed leading to
the data vector a = {x; +er £ If the true behavior of the = coordinates is smooth,
that is * € Hg, with Kx some smooth kernel, one may split signal and noise by
calculating the smoothing spline

o, = argmin || Az — al|} + ||[I]H?L¢KX
TEH K

where A is the operator of evaluation at ti, ..., %,, [-] is the canonical projection
that annihilates constants, ¢ € R" is the data and X is the noise covariance matrix
with entries (X);; = 0(2)51»]-. Depending on H ., the classical mean estimator o, =
nt 2?21 a; can be recovered for degeneratedly smooth kernel choices K'x. In all
other cases, one arrives at more complex, time varying estimators. This is illustrated
in figure 3.13.

IT) Suppose one has measured at certain times the three-dimensional trajectory of
an object that is rapidly moving to such an extent that the influence of the noise is
negligible. If the goal is to estimate the full trajectory z(-) : T — R3, this can be
formulated as the abstract interpolating vector spline.

7. = axgmin o]l
z€A-1q

A : The measurement operator consisting of linear evaluation functionals
at times %4, ..., t,, for all three coordinates.
a : The data containing z, v, z coordinates as a vector in R*".
['] : The canonical projection annihilating constants and linear functions.
Hi, : A Hilbert space of vector-valued functions T — R? assembled as the
direct sum of the three component Hilbert spaces Hy, @, Hy, Be Hz,.

The canonical projection allows for a drift in expected value of the objects position.
If noise would be incorporated into the model, the behavior would be similar as in
a). In the limit, infinitely strong regularity requirements on Hg, and high noise
variances lead to the best guess for the trajectory being a straight line; see figure
3.13.

There are more realistic models for the noise in total station measurements than
white noise. During the propagation through the atmosphere, the transmitted signal
is delayed compared to its propagation through vacuum. That delay is highly vari-
able in time and related to the refractive index of the medium, which in case of the
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Estimation of coordinates Estimation of trajectory
-
2 e
(5]
£y 3
= T@
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time x value

Figure 3.13: The left panel shows data from a total station and two associated smoothing splines; one which presupposes the
x-coordinates to vary smoothly and one that presupposes that they do not change at all. Similar cases are also plotted in the
right panel which exhibits the result of a smoothing spline estimation of trajectory based on a sequence of three dimensional
coordinates. The data plotted on the right come from a real world experiment, in which trajectories of a skier were recorded,
see [23] .

atmosphere itself mainly depends on temperature, pressure and water vapor content.
Then one invokes an argument similar to the one put forward during the analysis of
leveling noise and claims that the incremental delays experienced by the wave on a
short part of its path are second order stationary and their integral along the whole
propagation path forms the actual total delay observed in the measurements.

The overall variance is then composed of an instrument specific pure noise part that
subsumes e.g. the relatively distance invariant quantization errors and electronic
crosstalk and an atmospheric part whose variance increases with the length of the
propagation path. A reasonable stochastic model is then that the measurements m
of coordinate changes are superpositions of uncorrelated noise n, atmospheric ef-
fects ¢ and real deformations d. Associate to each of these terms an RKHS and
set

Hy =Hs ©DHo @ Hn.

Hq consists of functions that are line integrals through the field of refrac-
tion changes r which is itself supposed to be a spatial random field asso-
ciated to the RKHS Hp such that Ho = {Lr(-) : r(-) € Hgr} where
L:Hgr>r— f50 r(s)ds € Hcg is the operator of line integration from the
instruments position sy to an arbitrary position. Clearly, this model is too simple
to capture all of the intricacies and interdependencies encountered in total station
measurements and therefore more a toy example than state of the art. The following
situations are interesting from a theoretical perspective.

III) If total station measurements have been made towards a set of stable prisms
located at positions {s;}72, then Hy = Hg © Hy and one may try to tackle the
tomography problem of inferring the spatial distribution of refractive index changes
r(-) : R® — R by solving the abstract smoothing spline problem

o, = argmin ||ALr — a||?4HN + ||7"H§{R
reHr

A Linear operator of evaluation at locations {s;}7=,
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L : Linear operator of line integration from sq, (L7)(-) = / r(s)ds

S0
a : Data of the n, measured distance changes
AHy : The Hilbert space of ns-vectors with the inner product

(n1,n2) amy = 0! Z(nl)j(nQ)j
j=1
‘Hr : A Hilbert space of smooth spatial functions.

Some results of this procedure for a simulated dataset are plotted in figure 3.14.
Note that obviously the quality of the estimation depends strongly on a physically
justifiable choice of the space of functions H . More information about this topic
can be found in the comments discussing stochastic models for atmospheric effects
observed in terrestrial radar interferometry in subsection 5.2.1.

Measurements m Covariance of m Covariance of r Best guess o,

y coordinate
point nr )
point nr

y coordinate

x coordinate point nr point nr x coordinate

Figure 3.14: The solution of the abstract smoothing spline problem is an estimator o, for the underlying field of refractive
indices 7. The black arrows in the left panel signify that each measurement m(s;) is a line integral from the instrument
position to the prism at s; through r. There is therefore a noticeable difference between the correlation structure of the
refraction indices and the correlation structure of the atmospheric effects induced by them.

IV) if n, prisms at positions {s;}j; have been measured over the time 7' =
{t1, ..., tn, } by the same total station, then the measurements m are vector valued
with

Hyr=Hp ©Ho @ Hy
Hp=EiHp, Ho=EP Mo, Hyv=EDHy,
j=1 j=1 j=1

Each of the component spaces Hp,, Hq,, Hn, represents deformations, atmo-
spheric effects or noise at location s; and an element of e.g. Hp, is an n,; vector
containing a time series of deformations for that location. The non-orthogonal di-
rect sum was chosen to reflect that the quantities may well be nontrivially correlated
between different points.

The problem of jointly estimating the time series of deformations at each location
seems to be not immediately falling into the abstract spline framework but it can be
cast as a simple smoothing spline, a vector spline or as a tensor spline. To see this,
consider the new indexset T, := U2, formed by the disjoint union (see e.g. [2,
p. 14] for a definition) of n copies of 7. A measurement m is then a function on
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T and the kernels for the spaces Hyx, X = D,(Q, N are spatiotemporal covariance
functions Kx((s;,t:), (sj,t;)) = E[X(s;,t:) X (s;,t;)]. The best guess for d is the
smoothing spline

. 2 2
04 = argmin ||Ad - O“HHQEBﬂ'lN + HdHHD
deHp
with as usual A being evaluation and a the spatiotemporal dataset. If one would
consider a whole spatiotemporal field of (potential) measurements and factorize
Hr into H3, @ Hj, which is evaluated only at the times 7" and locations {s;}72,,
then one would recover a tensor spline. Similarly, if one interpreted the setup as
producing n, vectors with n; entries then it is possible to formulate a vector spline

problem to the same effect.

In any case, all three problems can easily be solved with the usual equations. The
solutions for the case of three points and a specific set of data and assumptions are
recorded in figure 3.15. Note that the results would have been different if the three

time series were not processed jointly. [
Measurements m  Best guess gy Best guess o, Best guess o,
o
— o %
= DQ“’%?O o 00%‘?%1)"
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Figure 3.15: A signal separation problem in which several mutually correlated time series are to be decomposed into different
parts. The top collection of panels collects the results whereas the lower part showcases the nontrivial correlations between
the measurements at different times and at the three different locations.
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Interpolation and smoothing of vector fields f : T — R? is possible in exactly the
same way. Just consider an RKHS H x of functions on I_Igle and solve

_ . 2 2
0, = argmin ||Az — aHHA + HB‘T“HB Vector field in the plane
rCHK TINNA T 7 S s - -
A R S S T I g
A LN NN S R IT
or the vector spline problem R
> VO 1 RSSO
~ v / ;///u//// .
. ’ (IR
o,= argmin  [[Aler,2) —ally, gl
(21,12)67{)(1 DHaq cg o . 9 f e
2 2 > SN
+ @5y, + lw2lyy,
for appropriate choices of measurement i o2 aosbd C;jijiii T
LIRS o NN Y o0 =g
operators, energy operators or corre- o &1$ Lt
. . X value
sponding seminorms and data. An exem-
plary result can be seen in figure 3.16 and Figure 3.16: Illustration of vector field inter-
could represent a field of deformations in- polation. Black circles mark observed vec-

tors.

terpolated for example from GNSS or to-
tal station measurements.

It is possible to include special relationships as for example discontinuities or
boundary conditions via the kernel construction method outlined in subsection
3.2.3. In principle, it is also possible to perform estimation on the sphere, the torus
or other arbitrary manifolds M by constructing kernels satisfying certain boundary
conditions (see figure 3.17).

Vector field on the torus
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. parameter 1
constructed on them are available, these
are used instead. Figure 3.17: A vector field on the torus. Top
and bottom, left and right border are identi-
fied.

This was investigated for example by Wahba [202] and Swarztrauber [147] who
came up with solutions to estimating vorticity and divergence of vector fields on the
sphere. They also provide interpolating and smoothing spline procedures that are
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related to the Laplacian — an energy operator associated to the Poisson equation
governing the gravity fields behavior [203, pp. 28-30].

The model for atmospheric influences on total station measurements contains al-
ready first elements of a tomography problem. The connection between atmospheric
influences and refractive index could in principle be used to solve the inverse prob-
lem of optimally estimating the three-dimensional spatial distribution of refractive
indices based on total station measurements. The estimation of spatial quantities
for which measurements are available only in the form of aggregated values such as
line integrals or averages is quite recurrent in geodesy and another example for this
type of problem is given by GPS based estimation of atmospheric quantities.

Simple spatial estimation can also be used to create smooth maps for fingerprinting-
based WLAN positioning systems. Figure 3.18 showcases the effect of kernel-
smoothing on received signal strengths at different locations in an indoor area on
Hoenggerberg-campus, ETH. For more details, consult [213].

Data Estimated signal 0 Estimated noise

Local y-coordinate
Received signal strength in dB
Received signal strength in dB

: : . . . : -110 : : :
0 10 20 30 0 10 20 30 0 10 20 30
Local x-coordinate Local x-coordinate Local x-coordinate

Figure 3.18: The left panel shows the received signal strength of a W-LAN access point. Several outliers and implausible
values are visible. If kernel smoothing (squared exponential kernel for the signal, white noise kernel for the noise) is applied
to the dataset, the best estimates of the underlying smooth signal and noise seem intuitively reasonable.

3.3.2 Statistical testing

Some geodetic problems like the comparison of different samples from the same instrument
are of a low dimensional nature but still interesting. Due to the prevalent focus on linearity
and correlation in RKHS-based approaches, problems requiring nonlinear measures of de-
pendence between random variables and manipulation of non-Gaussian probability density
Sfunctions have been neglected so far. This is rectified by using the RKHS embedding of prob-
ability distributions. The Hilbert-Schmidt independence criterion (HSIC) is compared to the
correlation coefficient by application to a simple example. The HSIC is employed to answer
geodetically motivated questions pertaining to the dependency of measurements on auxiliary
variables. Other than in this subsection, however, the view of RKHS as function spaces with
physical meaning will stay the predominant perspective.
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Suppose two different instruments A and B of the same type are used to produce
a series of measurements. Denote by X : Q@ — R Y : Q@ — R the random
variables with probability distributions P, () associated to measuring with A and B
respectively. If two samples z = {1, ...,x,,} and y = {y1, ..., y,} of realizations
of X and Y are given, the question may arise if A and B have been manufactured
alike or if one of the instruments is suffering from a malfunction detectable in the
statistical distribution of the measurements. In short, the task is to infer from x €
R™ and y € R™if P # (). This task has been analyzed in [82] where a two sample
test is derived on the basis of RKHS embeddings of distributions.

Suppose K(-,-) is a positive definite kernel and denote by Hx the corresponding
RKHS. One may try to find a smooth function f € H that distinguishes the sample
x and y maximally and designate the mean of f(z)— f(y) as an indicator of distance
between x and y. This leads to the maximum mean discrepancy

MMD = Hf||sup<1Ep[ F(X)] = Eglf(Y)] = Hstup<1<uP, e = (s s

= |[up — 1ol (3.62)

where pp = Ep[K(X,")], ug = Eg[K(Y, )] are the kernel embeddings of P and
(). The element f € Hj leading to the maximum discrepancy is f = ||up —
uQ H?_-ti (1p — 1g) and an unbiased estimate of the MMD is given by [82]

2 m
— =3 K(zi.y) (3.63)

Let m = n. Then for the hypotheses Hy : P = () and H; : P # () the distributions

of the test statistic M/ M D can be derived. Demanding an acceptance region leading
to a type I error of « leads to the thresholding test

MMD” < (4 sup K (z;, z;) [m] /2 log(a1)> (3.64)

Ti,%;

where the nullhypothesis is rejected if statement 3.64 is untrue. See [82] for the
details. This test is illustrated schematically in figure 3.19 thereby concluding the
example.

Suppose now that radar interferometric measurements are made over a precisely
known stable length [ with wavelength A ~ 17.6mm. As is shown later in chapter
5, the difference between received and sent phase is

4
Ay = mod (Tﬂlop[ic, 27r) Ap € |0, 27]
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Figure 3.19: An example of the empirical kernel embedding — since the smooth squared exponential kernel was used, the
result looks like a kernel density estimate but should not be confused with one. The two panels on the right side showcase
in dashed lines the elements 1 p — g1 which are used to assemble the test statistic MMD = ||up — pQll,. The
more pp — fuq deviates from zero, the bigger the test statistic implying a higher tendency towards accepting P # @ - this
coincides with the ground truth underlying the simulations (Gaussian vs uniform with different means in middle panel, two
identical uniform distributions in right panel).

and the optical path length /,;. depends on meteorological parameters as recorded
on page 231. For the sake of simplicity, we consider here only the partial pressure
e of water vapor the temperature 7". Given synthetic noisy observations of Ap, T’ e
that were generated using this functional relationship, we want to use the Hilbert
Schmidt independence criterion to diagnose if Ap, T’ e are statistically indepen-
dent. For reasons of contrast, also a dummy variable z completely independent of
the others has been included, see figure 3.20.

Transmission and reception
Transmitter A(D :(Dtransmit - goreceive RCﬂCCtOI‘

’\\ o »

Length in propagation medium with variable properties

Phase Ay Temperature T' Water vapor e
] [} [} Q
E E E E
= < = <
> > = >
Measurement nr. Measurement nr. Measurement nr. Measurement nr.

Figure 3.20: An illustration of the radarinterferometric toy example. Given the measurements for the phases, temperatures,
water vapor content and an unrelated dummy variable, HSIC is used to diagnose dependencies between the four sets of
measurements plotted in the second row. The results are reported in figure 3.21.

Given {Ap; 1 AT {ei}iy, {=}, and kernels Kx(-,-) :RxR— R, X €
{Ap, T, E, 2}, calculating HSIC between for example Ay and 7' is akin to estimat-
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ing

ICaprllms = (| Y _ 02 (Capr) Capr = Y Kap(Ap;, ) @ Krp(t;, )
1=1

i=1

for example via [83]

IR _
1:| tr (KLAwHLKTH) (H)”:(Sw—m 1

n —

HSIC = {

which is essentially a comparison metric evaluating how strongly (Lg,,)ij =
Kap(Ap;, Ap;) and (Lk,.)i; = Kr(t;,t;) are correlated as vectors in R” @ R”™.
Upper bounding the type I error by « and setting Hy : Ap [T, H; : A@HT, a
threshold can be determined [83]. The results are documented in figure 3.21.

Kernel matrix Lg,

Kernel matrix Lg,, Kernel matrix Lg, Kernel matrix Lg,

Point nr.
Point nr.
Point nr.
Point nr.

Point nr. Point nr. Point nr. Point nr.

Figure 3.21: The different kernel matrices of the observations. Notice that L seems to be rather unrelated to the other
three as confirmed via a small inner product (HLy, HLg  )p o< HSIC, X € {Ap, T, e}.

For the HSIC values of the pairs (Ap, T'), (A, e), (Ayp, z) one finds after 100 sim-
ulations the empirical mean values

HSIC(Ap,T) =0.04  HSIC(Ayp,e) =0.03 HSIC(Agp, z) = 0.0001

of which the last one is significantly below the other two. We reject Ap [[T and
Agp ][] e and thereby come to the conclusion that the dependence of Ay on tem-
perature and content of water vapor is much stronger than explainable by random
chance. This is in accordance to what the data generation process suggests.
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Chapter

Theory of kernel inference

This is the last chapter in which new theoretical content will be presented. We will
focus primarily on deriving a systematic approach to kernel inference, i.e. the de-
termination of covariance functions and their corresponding RKHS from data. For
the sake of a more thorough comprehension, positive definite functions and positive
definite kernels K are first investigated in their own right independently of their po-
tential relation to elements of an RKHS . The theory of group (C*)-algebras is
one of the settings in which positive definiteness admits an easy characterization in
terms of group algebraic multiplication and a *-structure. Bochner’s theorem pro-
vides necessary and sufficient conditions for a function to be the covariance function
of a second order stationary stochastic process. It makes use of the abstract notion of
a Fourier transform on locally compact abelian groups and relates positive definite-
ness of a function to positivity of its Fourier transform therefore opening up routes
to a formulation of kernel inference as an optimization problem with constraints
on its Fourier transform. The choice of correct distance measure to minimize is
as difficult as the derivation of an actual algorithm capable of minimizing it within
the feasible region determined by the constraints. Both questions receive some at-
tention and their resolution comes in the form of a type of optimization problem
that has some resemblance to semidefinite programs, or SDP for short. While a
brief description of their numerical implementation is unavoidable, the main inter-
est of this chapter is SDP-based kernel inference and the analysis and solution of
other geodetically motivated problems admitting a formulation in terms of spectral
quantities.

4.1 Group algebras

During the definition of second order stationary stochastic processes as those pos-
sessing a translation invariant covariance function K(-,-), K(t; + 7,t; + 7) =
K(t;,tj) Vti,t;,7 € T, use was made of an additional group structure on 7" that
allowed addition of its elements. The implications of a group structure on 7" for
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the vector space of functions 7" — C have so far been neglected together with the
existence of a natural multiplication of functions given either by pointwise multi-
plication or convolution. Both aspects are interrelated and function algebras with
an involution on locally compact abelian groups have irreducible one dimensional
representations in terms of special elements called group characters. The set of char-
acters can be endowed with a structure that mimics the original group. It is termed
the dual group and is a necessary ingredient for the abstract Fourier transform, for
which instructive applications from signals and systems theory will be collected.

4.1.1 (Locally) Compact groups and their algebras

A group T' is called compact if it has a topology and every open cover of T' includes a finite
open subcover. It is called locally compact and abelian if its group operation is commutative
and every group element has a closed compact neighborhood w.r.t. the topology T. Complete

spaces LY(T) of functions f : T — C that satisfy an L'-norm finiteness condition and
are endowed with the usual convolution of functions f x g(t) = [__. f(T)g(t — 7)dT as

multiplication go by the name of group algebras. They are of interest because the additional
structure of a multiplication of functions on T is necessary to algebraically distinguish
positive definite functions from generic ones by e.g. relating positive definite functions to
squares f x f* € LY(T). Ideals of an algebra L*(T) are subspaces that are also absorbing
with respect to multiplication and the set of maximal ideals forms a particularly convenient
decomposition if L*(T) into one dimensional subspaces of T is a locally compact abelian

group.
Definition 4.1.1 Let 7" be a set and a binary operation 7" x T" — T’ be given. This
operation is typically denoted by * or + depending on its properties. However, often
no special symbol is used at all and the operation is implicitly assumed to be applied
to two elements ¢1,t, € 7' if they are written in juxtaposition as t1%s.

I The set T" together with the binary operation is called a group if [156, p.25]
Vs, t,u € T it holds that i) (st)u = s(tu), ii) Je € T : te = et = t, iii)
JtteT:t=tt'=e

IT If the group operation is commutative and therefore satisfies iv) st =
ts Vs,t € T then T is called an abelian group [156, p. 28].

III The group 7' is called topological if a topology O of open sets is defined on T’
with respect to which the group operation (s, ) — st and inversion ¢ — ¢~
are continuous for all s, € T [95, p.16] and 7' as a topological space is
Hausdorff, thatis Vs,t € T3 0,,0, € O : s € Oz, t € Oy and O, N Oy = ()
[208, p. 85].

IV A topological group 7' is called compact if 7" is compact as a topological
space, i.e. if Ujej O; DY =37 C J,|J'| finite, such that Ujej, 0; DT
where in all of the above the O; are elements of the topology O. T is called
locally compact if V¢ € T' 3 a neighborhood U of ¢ such that U is compact
[95, p. 11].

For a locally compact abelian group 7" that is also Hausdorff, the string of adjectives
will routinely be shortened by saying that 7" is LCA. Examples of compact groups
include the complex numbers of modulus 1 with multiplication, 3 x 3 orthogonal
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matrices with determinant 1 and rotations in the plane or 3-dimensional euclidean
space [74, p. 45] [63, p. 135]. The algebraic first pair of examples is obviously
related to the second pair which details groups of transformations. The real num-
bers with addition as well as their finite products (R", +) are examples of locally
compact abelian groups [113, p. 213] .

A function f on a group 7" is completely determined when its values f(¢) at the
group members ¢ € 7" are known. In the case of countably many elements this
suggests a decomposition

= Zasés(t) a, € CVseT
seT

where 0,(t) is one for s = ¢ and zero otherwise. A natural condition to impose on the
multiplication x : (f, g) — f*g of two functions f and g is that it is compatible with
the group operation in the sense of d,(-) * 0,;(-) = d4(+) as then the delta functions
under multiplication mirror the groups behavior under the group operation. In this
way the basis of the space of functions on 7" may be identified with 7" itself. This
type of structure preserving multiplication is termed the (discrete) convolution and
extends to functions f, g on 1" via

(f*9)(- (Zas )*<Zm<->>=ZZasﬁtast<->

seT teTl seT teT

and renaming st = u € 7' this leads to

(f * g)() = Z Zasﬁtést(') = Z (Z asﬁslu> 5u()

seT teT u€eT \seT

implying (f * g)(-) = h(-) = >, Vs0s(-) with coefficients v, = > ;. fy-15.
One then notices that f(t) = a4, g(t) = ; and therefore

f * g Zasﬁs—lt - Z f 71t

seT seT

which gives an explicit formula for f % ¢ in terms of values of f(-) and ¢(-). To
guarantee existence of the convolution, it is enough to demand the coefficients of
f(-) and g(-) to be absolutely summable, i.e. f = > _, asd(-) should satisfy
> et las] < oo. In the algebra ¢'(T') of absolutely summable functions on a
countable group T defined like this, it holds that (¢!(T'), ) is a Banach algebra
with continuous involution f(s) — f(s~!) under norm || - ||s w.r.t. the counting
measure [128, pp. 120-122]. Furthermore ¢'(T') is commutative iff 7" is abelian
because

(f+9) (&) = (g% N)) =D f(s)g(s™t) = > gls)f(st) (4.1)

seT seT
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s:s‘”Zf (s7) = Y gt Hf(s)  @2)

seT s'eT

Z —g(ts™")] (4.3)

is zero iff s7't = ts™! Vs,t € T. Any representation 7 : T — U(H,) of T by
means of unitary operators U; € U(H.,) on some Hilbert space #, can be lifted to
a bounded x-representation on (!'(T) by n(f) = >, f(O)U Yf € ¢1(T) [128,
p. 127]. This construction parallels the usual Fourier transform as for f, g € ¢*(T)

Upg = > (f = ZZf (s7't)U,

teT teT seT
=D FE) ) 9t)U
seT t'erT
=> f(UY gl —UU, (44
seT teT
and 7[f % g] = m(f)m(g) maps convolution to regular products. Since for any

q € H, the function f(s7't) = (Uy-1,q, q)#, is positive definite by

Z Zaia_jf(tglt ZZO%OCJ (U4, U, @), = || ZO"

i=1 j=1 i=1 j=1

for all choices of a; and evaluation points t;, the algebra ¢'(7') and its unitary
representations are related to positive definite functions that correspond to co-
variance functions of second order stationary stochastic processes. Extending the
construction to cover uncountable groups while at the same time carrying over
the convenient properties requires introduction of an essentially unique invariant
measure — called the Haar measure — on 7'. The next theorem only sketches its
properties; more details, a proof and rigorous definitions of the involved quantities
can be found in [63, p. 41].

Theorem 4.1.2 For any locally compact group T’ there exists a nonzero Radon
measure () : B — u(B) € C such that u(tB) = u({tb : b € B}) = u(B) for
all t € T and Borel sets B C T. This so called Haar measure is unique up to a
positive scaling constant.

Employing this theorem, integration against the Haar measure on 7' is invariant
against translation of functions f(¢) by s € T to f(s™'t) as

/ F(t)dp) / F(t)dp(st) / 1Tf(t)du(st)

/ (s (u) Vs €T (4.5)
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and essentially the calculations made during the exemplary study of countable
groups T’ carry over unperturbedly. One can then formulate the following theorem
listing properties of L'(T) = {f : T — C: [,,|f(t)|du(t) < oo}

Theorem 4.1.3 Let T be an LCA group and y its Haar measure. Then for L'(T)
with convolution (f * g)(t) = [._ f(s)g(t — s)du(s) as multiplication and involu-

tion x : f(s) — f(s71)

I LY(T) is a commutative Banach x-algebra. The closure of L'(T) under the
norm || f ||« = sup, ||7(f)||3,., ™ any continuous unitary representation of T
on H., is the group C*-algebra C*(T) [48, p. 303].

Il Functions f € L*(T) that are squares in the sense of [ = g**gor [ = g*g*
for some g € L'(T) are positive definite. This follows from

S il —t) = 3 [ ots = tats = tduts)

i,j=1 i,j=1

- / h(s)T(s)dp(s) >0 (46)

for h(s) = > @g(s — t;) and implies a systematic way to construct co-
variance functions for second order stationary processes. Another method of
construction using more elementary functions is given in item IV. Note that
I fll. = llgl|3 automatically by the Banach algebra property.

III Unitary representations 7 : T > t — w(t) = Uy € B(H.,) that are continuous
asmaps T >t &—> 7r( )q € Hr for q € H, induce *-representations of L*(T)
on B(Hy) vian(f) = [,.p fO)Udp(t) [128, p. 127].

IV The functions f(t —8) = (Ui—_sq, q)n, for some nonzero q € H, are then
bounded, continuous and positive definite with || f|| = f(1) = ||lq|3,. [63,
pp.83,92].

We illustrate briefly for 7 = (R,+) and LY(T) == {f : T — C : ||f]1 =
Jg |f(t)|dt < oo} where we interpret f x h = Ly, f as the response of a linear time
invariant system to the input f.

We find by I that L'(R) is commutative with f * h = h * f and
(fh)" = h*sf* Vf h € L(R) where (f*)(s) = f(—s) and [ fh[l < [[f[lL[|A]:.
The group C*-algebra is the closure of L'(R) under the norm || f|l. = ||f]lsup
and C*(R) = Cy(R), the continuous functions on R vanishing at infinity [63,
p.225]. Since forevery w € R, m, : T' > t — m,(t) = exp(iwt) € C creates a
unitary operator on C for every t € T by Il m,,(f) = [, f(t)e™'dt Vf e L'(R)
which as a function of w is just the usual Fourier transform. It holds that
7,(f * h) = 7,(f)m.(h) which already hints at 7,(f) = m,(h) ‘m,(f * h)
and solvability of the inverse problem in case when the transfer function has
nonvanishing Fourier transform.
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Finally note that f,,(t —s) = (m,(t—5)q, ¢)c = |c|>¢“(*~*) is a continuous bounded
positive definite function on R for all w € R. The complex constant ¢ € C is
arbitrary and || f,,|lsup = f(0) = |c|?>. The complex exponentials take a central
role in the next subsections as they turn out to be the extreme points of the convex
set of positive definite functions, which can consequently be written as integrals of
complex exponentials against a probability measure. The situation is clarified in
figure 4.1

Impulse response and Unitary representations Unitary representations Positive definite function
transfer function (real part) (imaginary part) from convolution
---Transfer fun. (h) ---Unitary rep. of h ---Square of h
----- o Impulses (f) ~Unitary rep. of f Square of f

—Impulse response (hxf) — Unitary rep. of hxf —Square of hxf|

Function value

IR b

H 4

H 3
\/\ %

Time Frequency Frequency Temporal separation

Figure 4.1: Convolution as a way of superimposing signals has a simple relationship to the family of unitary representations
7w (t) = exp(iwt), that form elementary building blocks of positive definite functions.. On the left, an input signal f, the
transfer function h and its convolution can be seen, whereas the middle plots show their complex unitary representations for
a range of parameters w. The right panel finally exhibits the positive definite convolution squares f * f* and h * h* and

(hox f) % (hox f)".

The role of complex exponentials as constituting simple positive definite functions
is no coincidence. They arise naturally when one tries to decompose the algebra
LY(T) into minimal parts to derive a structure theorem for algebras that generalizes
theorems about orthogonal decomposability of separable Hilbert spaces into direct
sums of one dimensional subspaces.

A subalgebra J of a commutative Banach x-algebra A is called an ideal if
Vf e Jand g € Aonehas f x g € J. Itis termed proper if J # A and maximal
if # a proper ideal 7' C J. Let as before I' : A — C(c(A)) be the Gelfand
transform and o(.A) be the set of multiplicative linear functionals from A to the
complex numbers.

Theorem 4.1.4 For a complex commutative Banach algebra A with ideal T, the
following statements hold

I Every maximal ideal J is the kernel of an h € o(A). If A is unital, A/ J has
dimension 1 [128, p. 69].

II If J is maximal, the quotient space A/ J can be made into a Banach algebra
by defining multiplication on representations of equivalence classes. If A is
unital and every nonzero element of A/ J is invertible, then A/ J = C [95,
p. 473].

I If Ais unital, A € A has an inverse if and only if A & J for any proper ideal
J [128, p. 64].

IV If A = LYT) for a commutative locally compact group T, then each homo-
morphism h € o(A) can be written as h(f) = [, [(t)Xu(t)du(t) for some
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Xw(+) € L®°(T). The so called character x,(-) is unique and a homomor-
phism from T to C [128, p. 135].

Let us again illustrate the theorems implications by investigating an instructive spe-
cial case. Let A be the algebra of selfadjoint linear bounded operators on H = C”
which are generated from a selfadjoint A € B(#) with simple spectrum by apply-
ing bounded Borel functions f to it. A is unital and commutative since A° = I and
f(A)g(A) = g(A)f(A) Vf,g,€ B(c(A)). They can be simultaneously diagonal-
ized by some unitary matrix U = [uy, ..., n,] € R" ® R", see spectral theorem.

One can then construct explicitly 4 € o(.A) such that & is a multiplicative functional
on A by setting — now for B, C' € A arbitrary —

where e, is the k-th Euclidean unit vector and dj, denotes the k-th diagonal element.
Since B = f(A) and C = ¢(A), U*BU = Ap and U*CU = A are diagonal
which implies the homomorphism properties

hi(B4+C) = ((Ap + Ac)ex, ex)n =dip(Ap+ Ac)
= hy(B) + hx(C)
hi(BC) = ((ApAc)ex, ex)u = d(ApAc)
= hi,(A)hi(B)

The map associating to B € A its k-th eigenvalue (apart from some reordering)
is therefore a homomorphism for all £ = 1,...,n. By theorem 4.1.4.1 the corre-
sponding maximal ideals J; are the kernels of hy, i.e. are all those B € A such
that their k-th diagonal element hy(B) = di(Ap) is zero. This property is con-
served under addition and under multiplication by elements of A. 7, consists only
of noninvertible elements by theorem 4.1.4.11I. For each £ = 1, ..., n an element of
A/ Jy is an equivalence class containing linear operators in .A whose k-th diagonal
element coincides. They form a one dimensional subalgebra of A in which every
nonzero element [B| € A/J) can be inverted by multiplying with some [C] for
which hy,(C) = hy(B)~!. By theorem 4.1.4.11 this allows to conclude A/, = C

Notice that A/J, = C and C" = @;_, A/Jx. Since bounded operators sat-
isfy |B*Bllop = ||[BB*|lop = ||1B*llop VB € B(H), A is also a C*-algebra,
A = C(0(A)) = C(range A) by Gelfand Naimark theorem and [63, p. 7]. Since
the functions on an n-element domain (A was assumed to have simple spectrum)
can be represented as a vector in C", we find A = @;_, A/J} and multiplica-
tion on A may equivalently be carried out via the trivial pointwise multiplication of
elements A\ = {\;}7_, € D;_, A/TJ = C". All of this is relatively close to the
discussion of the spectral theorem in subsection 2.2.3 but now with an explicit focus
on the algebraic aspects of the operator algebra generated by a covariance operator.
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Figure 4.2: In the first row the elements sin(A), AY/2 Al and A2 of the algebra A generated by A are plotted. In the
middle row representing elements [sin(A)], [A1/2], [A1], and [A2] of the quotient space @i:l A/ T}, are exhibited. The
representers B € [B] were chosen such that hy (B) = 0 for k > 5. The complements of ker(hy) in A for k = 1, ..., 4 are
shown in the last row and correspond to a representing element of the one dimensional spaces not annihilated by hy.

4.1.2 Group characters and the Fourier transform

Every maximal ideal J of L'(T) is the kernel of a unique algebra homomorphism o :
LNT) > f = f7 € C,os7 € Hompy (L' (T),C). Since vy as a linear multiplicative
functional is also an element of the dual space (L*(T))* = L>°(T), it can be written in the
form o7 (f) = [ X7 (7)f(T)dT where the x 7(-) € L™ are called group characters. They

map T to S' in a structure preserving way and their relevance lies in the fact that there is
a one to one correspondence between multiplicative linear functionals, maximal ideals and
group characters. Once they have been determined for certain groups Ty and Ty they are
readily computable for product and quotient groups involving T1 and T5. Group characters

Sform themselves an abelian group (T, -) under pointwise multiplication. Products as well as

powers of functions f,g € L*(T) are straightforward to analyze with the help of x7 € T
since p7(f *g) = o7(f) - ©7(g) and f is approximable as a weighted sum over group
characters x g indexed by the set of all maximal ideals. Convolutions of functions are en-
countered in the theory of linear time invariant systems and when calculating the probability
density of sums of random variables.

Theorem 4.1.4 from the previous subsection suggests a one to one relationship
between maximal ideals of an algebra A, the set of homomorphisms from A to
C and certain unitary representations that act as homomorphisms from 7" to C
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if T is LCA and A = LYT). These functions y have important properties
that stem from the fact that, for LCA groups 7, their structure preserving prop-
erties as maps T — S = {z € C : |z|> = 1} lift to structure preserving
properties as maps L'(T) — C when they are identified with linear functionals
L (f) = [, F(t)x(t)dpu(t). In this case one finds among other relations

LT +9) = [ (7 a)Ox(e)dnct)
= [ [t - oxautssuts
[ [ e RO dulantn
= [ 16x@a) [ aoxoan =L @)

T
in which [, (-) : L'(T) — C reveals itself as an algebra homomorphism from
the group algebra to the complex numbers and a one-dimensional analogue of the

Fourier transform but obviously more general. The exact nature of these y(-) is
fixed in the next definition [128, pp. 135-138].

Definition 4.1.5 Let 7" be LCA and S the set of all complex numbers of modulus 1.

IIf x() : T >t — x(t) €S is a continuous homomorphism into the mul-
tiplicative group of complex numbers in the sense that x (¢ + s) = x(¢)x(s)
then Yy is called a character of 7.

Il ThesetT := {x:7T — S, x a character} together with pointwise multiplica-
tion x1x2 = x with x(¢t) = x1(¢t)x2(t) Vt € T, x1, x2 € T is called the dual
group of 7.

Itis standard [128, pp. 137-138] to show that the set T with multiplication as defined
above is actually again a locally compact group with y~! = . From x € T by
L(f+9) = L)+ () and L (Fg) = L()y(g) ¥F. g € LH(T) = Aas shown
in equation 4.7 it follows that [, (-) : L'(T") — C is a multiplicative functional and
therefore [, € o(.A). That also the converse is true and every | € o(.A) arises as

[, for some x € T was the topic of theorem 4.1.4.IV. As under these conditions

the topology of compact convergence on 7' coincides with the weak™ topology on
{ly - x € T} C L™ [63, p. 97], the map

LT3 x 1y € 0(A), L(f) = / FOX(E)du(t)

L
is a homomorphism and 7" = o(L'(T')), so that the spectrum of the algebra L' (T')
may be identified with the dual group 7' in the future. If 7' is even compact
with (7T) = 1 then T is an orthonormal basis for L*(T) := {f : T — C :
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[ 1F(6)2dp(t0 < oo}, ie. [63, p. 109]

(Xu Xj>L2(T) = /TXi(t)X_j(t)dM(t) = 5@']'-

This allows orthogonal decomposition of functions for example on the circle
S without reference to the exterior space R? into which one might embed it.
Originally x(-) came from a unitary representation of the group 7', and most
of its properties can be derived from this connection. It implies an interesting
relationship between the dual group T and unitary representations of 7' by means
of one dimensional complex numbers or their Cartesian products.

Theorem 4.1.6 Let T' be LCA. Then every irreducible unitary representation, i.e.
every 7w : T — B(H) which cannot be further decomposed into m = m @ my with
g 2 T — B(Hy), Hi @H unitary and Hy, # {0} for k = 1,2, is one dimensional
[63, p. 72].

Furthermore for every irreducible 7, H, = C and 7(t) € B(C) = C can be iden-
tified with a complex number x(¢) € C V¢ € T'. The x(¢) constructed in this way
is a character and all characters have this form so that the dual group T is in one to
one correspondence with all irreducible unitary representations [63, p. 96]. Conse-
quently w(f) = [, f()x(t)du(t) Vf € L'(T) is a multiplicative functional whose
kernel is a maximal ideal in L'(T') [128, p. 135].

As a corollary, notice that if for k = 1,2 m, : T, — B(H;) = C is an irreducible
representation of of LCA T}’s on Hy, then m(s)ma(t),s € Ty,t € Ty is a complex
number of modulus 1 and

T=mme: Ty x Ty > (s,t) = m(s)m(t) €S

is an irreducible unitary representation of 7 x T, on H, = C [128, p. 139]. It
follows that 7 x T5 & Tl X Tg. In a similar vein, if one decomposes

T=T/SxS T’é(f/TS”) x S S subgroup of T’
one finds that the unitary representation

m(t) = m([t])m(s)

fort € T,[t] € T/S,s € S implies that the characters of 7'/.S are those characters
of T' which are constant on S [128, p. 139]. In fact, if [-] is the canonical projection
T — T/S, then 7 o [] is a character on T'/S. Typical examples of groups 7" for
which we will need the characters to construct positive definite functions include
[95, p. 366-388]

I

i) T = (R,+) T
i) T=R",+) T

T Xw(t) = exp(2miwt) weR
T

I

Xw(t) = exp(2mi({w, t)s) weR"
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i) T = (S, *) T
) T = (Ry, %) T

112

Z Xw(t) = exp(2miwt) weEZ
R Xw(t) = exp(2miw log t) weR

12

where the properties of the positive reals under multiplication follow from the first
statement and the fact that (R, *) and (R, +) are isomorphic as groups via the
exponential map [74, p. 15].

The relevance of examples i) and ii) is clear: when dealing with functions on R"
from a stochastic perspective, the characters are elementary building blocks of trans-
lation invariant positive definite kernels which one might identify with covariance
functions of second order stationary processes. They will be shown to provide
something akin to a basis for covariance functions enabling inference of a processes
correlation structure in a non-parametric way. For iii) and iv) note that it might be
interesting to look at functions on R? that are rotation invariant. We might then
decompose R? in some way with 7' = (R, *) x S via polar coordinates, focus on
the quotient space 7'/S and investigate functions and kernels on it.

As was just seen, ;7 maps convolutions to pointwise multiplication and its
central ingredient y; : T — S! sets up a norm preserving isomorphism
F i LAT) 5 f(t) = (Ffw) = [oep f(T)xudr € L*(T) so that analysis of
f € L3(T) is interchangeable with analysis of f = Ff € L2(T'). The construction
of F [ is analogous to the usual Fourier transform f when T = R and carries its
advantages over to function spaces on arbitrary locally compact abelian groups.

Definition 4.1.7 let 7" be LCA and denote again by T its dual group. Then for
f € LY(T) the function f : T'— C defined as

A

fw) = / Xa(t)f (B)dpt) 48)

is called the Fourier transform of f. The map F : L'(T) 3 f — f € Cyo(T) is
called Fourier transform on 7" [63, p. 102].

The Fourier transform on 7" is a *-homomorphism between L'(T') and Cy(T") and
many of the convenient properties listed in the theorem below are direct conse-
quences of (F f)(w) being effectively 7, (f) for a family of unitary representations
indexed by x,, € 7. It is standard to identify the 7" and {w : ., € T'}.

Theorem 4.1.8 Let F be the Fourier transform on some LCA T with dual group T.
Then the following assertions hold [63, pp. 101-114].

1 If f € Ll(T) then the Fourier transform can be inverted to yield

£(t) = / Vo) f(w)dr (@)
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where equality holds almost everywhere and v is the dual measure of the
Haar measure v on T'. The Fourier transform can be extended to a unitary
isomorphism between L*(T) and L*(T).

Il For f,g € LY(T), the Fourier transform diagonalizes the convolution opera-
tor Lyg = f * g which is unitarily equivalent to M; via

FLig=F(f+g)=fg=M;:Fg

by the homomorphism property implying Ly = F*M ;. F.

IIl The covariance operator C with kernel K (s,t) = f(t — s) given as Cg =
Jp [t — s)g(s)du(s) for some continuous positive definite f(-) absolutely
integrable on T is diagonalizable via Fourier transform. This is implied by 11
via Cg = [ g = Lyg = F*"MyFg. Particularly, C’s positivity means that
f takes on only nonnegative values as o(Ly) = o(My) = range f where the

last equality holds because for a continuous function f essential range and
range coincide [168, p. 369] [196, p. 80].

IV (Poisson summation) If S is a closed subgroup of T, [ € LY(T) with compact
support and f|g1 € L'(S™) then

[ fstidnts) = | fptnane)

where equality again holds almost everywhere, 1 (and v) a suitably normal-
ized (dual) Haar measure and S* = {x, € T : xo(s) =0Vs € S} = T/S.

On a less formal level, theorem 4.1.8.1 implies that one may investigate f in-
stead of f without losses in explanatory power. Statement II furnished with ad-
ditional surroundings provides a method for fast inversion of covariance operators
whose kernel is a positive definite function. This speeds up one of the steps whose
computational cost is most prohibitive to practical applications of spline formulas
o=y AiK(t5,), A = C"'ato large scale estimation problems whereas III as-
sures that the action of applying C' is unitarily equivalent to multiplication by some
f , whose nonnegativity is necessary for C’s positive definiteness. Finally the Pois-
son summation formula exhibited in IV makes possible an extension of Shannon’s
sampling theorem to functions on LCA groups.
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4.1.3 Bochners theorem

The set of elementary positive definite functions X,,w € T forms an important subset of
positive definite functions [ with || f||cc = 1 for which they play a role similar to a basis in

ordinary vector space theory. The representation of f in terms of weighted sums of x.,,w € T
has characteristic positivity properties that are stated formally in Bochner’s theorem and
provide a canonical link between correlation functions and different functions occurring in
probability theory. In its most simplistic form, Bochner’s theorem implies the possibility of
inferring positive definite functions f via classical least squares estimation of type ||Af —
al|2 — min augmented with a positivity constraint on the Fourier transform F f.

Recall that a function f on an LCA group 71" was called positive definite if

Z a;a; f(t; —t;) >0 Vchoicesof oy € C,t; € T 4.9)

i,j=1

where n is an arbitrary natural number. If equation 4.9 holds for a function
K : T xT — C of two variables with f(¢; — t;) replaced by K(¢;,t;) then K is
called a positive definite kernel [19, pp. 67,87]. Denote by ‘P the set of continuous
positive definite functions on some LCA 7" and let °13; be the subset consisting of
those functions f for which |f(0)| = 1 [63, p. 86]. Similarly let & be the set of
positive definite kernels without any continuity conditions imposed on them [19,
p. 80]. To investigate the structure of B3, *P3; and K, some definitions taken from
convex geometry are in order.

Definition 4.1.9 I A set € for which it holds that Ve, co € €, A(¢y,¢0) 1=
Act + (1 — A)ey € € whenever A € [0, 1] is called convex and if furthermore
for all A > 0, A€ C € then € is a convex cone [50, p. 135].

IT 2A is termed an extreme subset of the convex cone € if Vcq,co € € and A €
(0,1), Mg, ¢2) € A implies ¢1,co € ~A. §F C € is an extreme ray if § =
{Ac¢ : A > 0} for some fixed ¢ € € and forany f € §, [ # ¢1 + ¢, for any
c1,c2 € €/F. Single points f € € are termed extreme points if {f} is an
extreme subset of € [112, p. 239], [19, p 55].

As an example of a convex cone, take the set of positive semidefinite matrices S’
acting on R”. Obvious extreme rays are sets of the form {\f ® f* : A > 0} for
some f € R™[112, p. 239]. Since for any nonzero 2 € S, —% ¢ S we find that
# nonzero 31, %, € S% with 3y + Yo = 0 and the zero matrix forms an extreme
point {0} of S%.

In general for K7, Ko € Sand A, Ay > 0

Z Oéz'Oé_j [AlKl(ti,t]‘) + /\QKQ(ti, tj)] == )\1 [Z OéiOé_jKl(tl‘, tj)]

i,j=1 i,j=1

+ Ao

Z OéiOé_sz(ti, Q)] Z 0

ij=1
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and *J3 as well as K are also closed under scaling by a positive scalar A. Therefore
B and K are convex cones. The extreme rays of K and the extreme points of *J3; are
given explicitly in the next theorem.

Theorem 4.1.10 Let *3, be the set of continuous positive definite functions f € 13
for which also |f(0)| = 1 and denote by R the set of all positive definite kernels.

I Any positive definite function f € B can be written as f(t) = (7;(t)q, ¢)#;,
for the unitary representation m; given by

mr()g] = [g(- —1)]

for some g € Hy. Here || is the canonical projection from L*(T) to H;, the
Hilbert space of equivalence classes L'(T) /N where N is the nullspace of the
seminorm induced by the semi-inner product (g, h)y, = [}, [, g(s)h(t) f(s —
t)du(s)du(t) [63, p. 84].

Il The extreme points of 31 are those f € ‘B for which the unitary represen-
tation 7y as determined in I is irreducible [63, p. 86]. These are also often
called elementary positive definite functions.

III The set {\K : X > 0} is an extreme ray of R if and only if K(s,t) = g(s)g(t)
for some nonzero g : T — C. The RKHS Hy, associated to k(-,-) via the
Moore-Aronszajn theorem has dimension 1 [19, p. 83].

Theorem 4.1.10.I1 provides a systematic way to list all the extreme points of
normalized positive definite functions f € ‘33; by enumerating the characters of
T. Ttem III does essentially the same for & and comes as no surprise due to it
being simply a further specification of properties for the Mercer decomposition of a
kernel. Since convex cones are the closure of the set of convex combinations of its
extreme points by the Krein-Milman theorem [119], both parts suggest that a) one
may deconstruct a given f € B, or K € R into linear combinations of elementary
positive definite functions and b) synthesize f € 3;, K € K by combining either
complex exponentials or tensor products of functions according to certain rules.
At least for the case of *J3 and ‘3; this is made formal in Bochners theorem [63,
pp- 103-104].

Theorem 4.1.11 (Bochners theorem) Let T be LCA. Then | € B on T iff
(1) = / YoBdv(w) VEeT (.10)
T

for some unique positive measure v on T. If || f||co = 1L or f(0) = 1 and therefore
even f € By, then v(-) is a probability measure, i.e. v(T) = 1.

For not necessarily translation invariant positive definite kernels K (-,-) a similar
but weaker equivalence result is provided by Fortet’s theorem 3.2.1 on page 112.
The general situation is less accessible to systematic treatment and yields no easily
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implementable constraints expressible via linear transforms of K'(-,-). This cannot
be sidestepped and will make necessary the development of optimization procedures
that operate under cone constraints in the following sections.

Now four different options are available to construct positive definite kernels A on
T x T or positive definite functions f on 7. In the translation invariant case, one
may either form square functions f % f* or integrate against a probability measure
onT to get f = J7 Xw(-)dv(w). When constructing positive definite kernels in gen-
eral there are two options as well: choose an arbitrary but normalized sequence of
functions {g; } 72, and employ a converse of the Mercer decomposition to the effect
of creating a kernel K(s,t) = 37| A;g;(s)g;(t) for some summable sequence of
positive A; or freely specify the right-hand side of the equation in Fortet’s theorem.
According to Bochner’s and Fortet’s theorems as well as Mercers decomposition,
the last three constructions establish a one-to-one correspondence. This opens up
the possibility to approximate and estimate positive definite functions or kernels via
linear combinations of complex exponentials or squares g;g; on which the compli-
cated constraint of positive (semi)definiteness is replaced by the easy one of posi-
tivity of the expansion coefficients — a condition that is not only straightforward to
check but can also be included as a constraint during optimization procedures.

A similar but weaker statement can be made for the square construction f = g * g*.
Suppose f € B N LYT) with f € LY(T). By theorem 4.1.8.1I f > 0 and if

g = ﬁ e L'(T) as well by the Fourier inversion theorem 4.1.8.1 3g € L!(T') with

o(t) = / 36 v (£)dr(w)
Flg*g*)=F(9)F(g*) = g3

~

[fl=Frf

which implies that g+g*(t) = [, f(w)xw(t)dv(w) = f(t). Therefore under stronger
conditions on the positive definite function f, approximating or estimating them via
sums of type 2?21 Ajg; * gj for A; > 0 is a reasonable approach as well.

4.2 Kernel inference

In this section different methods for estimating reproducing kernels from data are
evaluated. The goal is to create inference procedures based on nonparametric rep-
resentations of kernels /K in terms of orthonormal bases in some Hilbert space H.
The theory outlined in section 4.1 suggests the existence of a decomposition into
a weighted sum of complex exponentials when the reproducing kernel is transla-
tion invariant. This observation serves as a suitable starting point for constrained
¢* norm minimization based kernel inference. It is easily implementable but the
performance of the inferred kernels for estimation purposes can be disappointing
necessitating further investigations into appropriate measures of closeness between
kernels and the possibility of regularization.
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4.2.1 Naive kernel inference

The optimal decomposition of a normalized translation invariant kernel into a weighted
superposition of group characters requires solution algorithms for constrained least
squares problems. One of these is the sequential coordinatewise algorithm for nonnegative
least squares. Its performance for estimation of positive definite functions and kernels
is assessed. While the approximative qualities of this approach are satisfying at first,
serious drawbacks emerge as soon as the p.d. functions and kernels are interpreted as
covariances and used for statistical inference. Further deficiencies become apparent when
the approach is employed to estimate instationary kernels with unknown eigenfunctions
and unknown linear relations to stationary kernels; i.e. when more is subject to incomplete
information than simply the spectrum of the covariance operator Cy. The investiga-
tions leading up to these realizations are interesting in their own right as they pave the
way for more sophisticated approaches of kernel inference and are presented in what follows.

From Bochner’s theorem it is known that for each probability measure v on T, the
formula f(s —t) = [ xw(s — t)dv(w) defines a p.d. function f(-) on the LCA
T'. Particularly, this implies that for  a weighted counting measure on some subset
W C T, the equation

K(s,t) = fls=1) = > awxuls — 1

weWw

defines both a translation invariant kernel k(-,-) and a p.d. function f(-) if o, >
0 Vw € W. This relation can be used for purposes of estimating non-parametrically
a p.d. function from data. Let the LCA T be given and again introduce the R"-
valued linear measurement operator A with domain either p.d. functions, kernels or
as needed on a case-to-case basis. K., € R" will denote any empirical data used
to narrow down the search for an appropriate K (-, -), which satisfies AK ~ Kepp.
The following three inference strategies suggest themselves immediately.

IIf W C T is a finite subset with |[I| = m, then set the estimator
Keg(s,t) Vs, t € T to

Keu(s,t) = f(s —1) = Z wXw(s — t)

where the parametervector o = {, },ew € R is determined as the solution
to the optimization problem

o = argmin ||V — Kempll3 (4.11)
a€RT

Here U = [y, ..., ¥ € C" @ C™ with i = Ay, (- — -) and wj is the j-th
element of .

I If {@;}7", is a sequence of functions in L'(T'), then set the estimator
Key(s,t) Vs, t €T to

Key(s,t) = f(s—t) = (gxg")(s —1) g() = Zﬁj%(-)
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where the parametervector 3 = {f3;}7., € C™ is determined as the solution
to the optimization problem

[P = argmin ||Vou(8 ® B) — Kemp”% (4.12)
peCm

Here v(-) : C" ® (Cm — C™™ is the vectorization operator and ¥ =
I If {¢;}22, is an ONB of L*(T'), then set the estimator K (s,t) Vs, t € T to

est 5 t ZO‘]@] 90]

where the parameter vector a = {a;}7L, € R, m finite , is determined as
the solution to the optimization problem

o = argmin [|[Va — Kempll (4.13)
a€RT

Here U = [y, ..., ¥ € C" @ C™ with ¢; = Ap;(-)e;(-).

The optimization problem posed in strategy II is obviously very complicated since
the unknown parameter vector enters the objective function in a nonlinear fashion
already before norms are evaluated and we will not pursue this approach further.
Note, however, that if in IT {;}7", is an orthonormal system w.r.t. L*(T, u) , e.g.
if p; = X, for T compact and abelian by Peter-Weyl theorem [63, p. 143], then

St / Yo (5 — X1 (—)dpa(t)

=1

Ms

f(s)=(g*g)(
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Il
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ﬁkEka (S) <le ) ka >L2(T,u)
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Wy‘ Xw]( )

1

[
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1
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and processing strategy II reduces to I. The theoretical drawback of I and II is
that only translation invariant kernels can be inferred. The same limitation does
not hold for III which is slightly more general in this respect as setting ¢; to
Xw; recovers I. However, III is not a suitable strategy if the exact nature of K
is not known beforehand as the family constructible via positive linear combina-
tions of elements of UJL,{p; ® ;} differs only in terms of the kernel operator
C'k’s spectrum whereas the spectral family stays the same for all the families mem-
bers. This is due to the fact that whatever o; € R, are chosen in the expansion
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K(s,t) = 200, ajpi(s)p;(t),
(Crpi)(s) = (K(s,-), %‘(')>L2(T) = (Z OéjSOj(S)SOj(')>SOi(')>L2(T) = a;pi(s).

This is particularly obvious in the real finite-dimensional matrix case, where we
can set ; to the canonical euclidean basis vector e; € R™ which implies that C'x =
Z?Zl er @ e, could only ever be a diagonal matrix. The number of freely choosable
parameters «; € R then amounts to n whereas the set of n X n covariance matrices
has dimension at least (n? — n)/2 because the manifold of symmetric matrices has
dimension n(n +1)/2 [45, p. 70] and only n further linear positivity constraints are
needed to enforce positive semidefiniteness.

Regarding the practical implementation of I and III there are at least two options:
Solve the constrained optimization problem for the parameters numerically with an
algorithm for nonnegative least-squares; e.g. the sequential coordinatewise algo-
rithm [67]. Alternatively solve a relaxation of the problem with " € R} replaced
by ag™ € R™ via pseudoinverse methods and project the resulting 5™ onto R by
discarding any of its negative entries. We briefly describe both for the practically
relevant case where kernel and measurements are explicitly demanded to be real-
valued. Since « has trivial imaginary part as well by Bochner’s theorem, it holds
that

| Re (AKex (-, ) — Kemp) o = || Re (Vo — Kemp) |2 = || Re(¥)a — KempHQ

and one might write the objective functions from equations 4.11-4.13 explicitly with
U replaced by Re(V) = U,

The sequential coordinatewise algorithm [67] minimizes (1/2)[| ¥, — Kemp||3, @ €
R by first swapping it for the equivalent quadratic program

1
min é(a, VW, a)rm + (@, =2V Kemp ) rrm

subject to o ¢ with € the nonnegative orthant in R

and then solving it by once initializing the algorithm in step i) and then applying
repeatedly step i1) until convergence.

i) Seta® = 0, 40 = —2U* Koy and H = U0, = [y, ..., by

k+1

ii) Loop through the index set / = {1,...,m} and update o to ;" where k

denotes the k-th iteration by setting
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i.e. the vector y is modified after each update of an «; V5 € J. One typically
lets 7 run through J several times until a certain stopping criterion concerning
closeness between the parameter vectors o and o**! as measured by the
norm of their differences is reached.

The algorithm is known to always converge for nonnegative least-squares problems
and typically does so rapidly, even for high-dimensional decision variables o« [67].

The pseudoinverse method:
. t .
i) Solve ag” = argmin ||V, — Kempl|3 = U;F Kep.
acR™

ii) Project ay’ onto its positive part via IT, 5™ where 11 : R™ — R™ is the

orthogonal projection I1; : v — [T, v = {[vg]+}}L, that maps every entry vy
of a vector v € R™ to 0 if (as™); < 0 and leaves it unperturbed otherwise.

iii) The vector Il.ay” is a vector of coefficients such that f =

o (Myag? t)j Xu, is positive definite and close to Kepp.

Since 5™ € R™ is a solution to a relaxed problem and consequently the search

space for the minimum is bigger (R™ D R7"), W, ay™ is closer to Kepp than W,

or equally far away). Furthermore I, 5" is an element o ut not necessari
qually f y). Furth I, a5 1 f R™ but ly

the actually optimal a°® implying W,.a°" to be closer to Kep, than W, 11, 5™ (or

equally far away). This is summarizable as
19,057 — Kempllz < [[Tra™ — Kempllz < [T 05™ — Kempl2

and leads via triangle inequality to an upper bound for the difference between true
optimum and approximation.

19,0 — O, I a5l < [[Tra™ — Kempllz + I 05" — Kempl2
< 2|V, I ™ — Kempllo (4.14)

Strategies I and III are illustrated in figure 4.3 by applying them to exemplary data.

While strategy I's performance looks reasonable for the translation invariant
squared exponential covariance matrix, it fails as soon as instationary CM’s are
encountered. Strategy III demands prior fixation of an ONB {p;,}7°, of L*(T).
If the right one is chosen, it succeeds (see figure 4.3 column 4, row 2) even
for instationary CM — here the CM of Brownian motion on 7' = [0, 1] with
oi(t) = V2sin (Z(2k + 1)t). However, it fails for the example in figure 4.3 (col-
umn 4, row 3) because {¢y }7", is "too far away” from the correct spectral family
of the underlying CM.

Even though the approximations might seem sensible, the predictions resulting from
estimated kernels K.q(-,-) deviating from the true kernel only marginally in the
mean-square sense can be almost arbitrarily bad. This is illustrated in figure 4.4 and
the reasons for the observed shortcomings are twofold:
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Underlying CMs Empirical CMs

Figure 4.3: An illustration of strategy I and III’s performance in estimating different types of covariance matrices from sam-
ples AK(-,-) = Kemp where A is here simple evaluation and the data to be approximated are the full empirical covariance
matrices. In the third column, strategy I and in the last column strategy III was employed to first estimate a covariance
function K (-, -) nonparametrically via the sequential coordinatewise minimization and then form a covariance matrix. To
approximate the covariance function, 50 expansion terms were used. The colorscale is identical for all images.

Estimated CMs (Strategy I) Estimated CMs (Strategy lll)

i) Whereas the />-norm is a good measure of the distance between functions,
kernels mostly take on the role of key ingredients of linear operators, for
which different measures of closeness are appropriate.

ii) When choosing the optimization objective to be ||Ag K — al|?, A measure-
ment operator, a data, K decision variable, no regularization term || K[|y re-
lated to the energy of K or any other indicator of its ’likelihood’ is included
in the problem formulation.

Insufficient reliability arising due to overfitting and lack of robustness are the con-
sequence. One might conclude then, that it is necessary to investigate more appro-
priate measures of closeness between kernels than the simple £2-norm. Recall for
example that the differentiability of K'(s,¢) = f(t—s) around 0 is primarily respon-
sible for the global smoothness properties of a stochastic process with covariance
function K (-,-). However, || - ||, does not distinguish between deviations around
0 and any other element of the parameter set 7" and therefore fails as a distance
measure for kernels.

One of the reasons is that the Frobenius norm || Al = (3, ; a7;)"/* for matrices
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Underlying covariance function Estimated covariance function Usage for interpolation

o Data
- - -Using true cf.
—— Using estimated cf.

Underlying covariance function Estimated covariance function Usage for interpolation

o Data
- - - Using true cf.
—— Using estimated cf.

Figure 4.4: In the first column a squared exponential (smooth, infinitely often differentiable sample paths) and an exponential
(nowhere differentiable, everywhere continuous sample paths) [162, pp. 83-85] covariance function are plotted. From some
sample values the positive definite functions in the middle columns are inferred as estimates for the underlying covariance
functions. Time series predictions using true and estimated covariances are plotted in the final two panels. Notice the large
deviations. Y values of zero are marked by the dashed grey line.

A € B(R™,/R") is not an ¢, — ¢, operator norm (if it were ||/||z would have to
take the value 1) and as such fails to uphold inequalities of the type ||Az||, <
| Allop|lz|l, that relate the norm of an operator A : H — % to its action on H.
Therefore the proper interpretation of || A|| ¢ is simply that of the Euclidean length
of a vector in R" ® R" equipped with the standard inner product and norm of R™.
This is inappropriate both in the sense that ||A||r tells very little of A seen as an
operator and in the sense that the size of A is measured by considering the entries
a;; to be white noise (then |A||p <> probability density of A). A proper choice
of norm should be related to a more suitable choice of probability distribution of
the elements. The Wishart distribution as a generalization of the x? distribution
for matrix valued random variables is a natural candidate and regularization terms
based on prior assumptions of this type will be investigated in the next section.
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4.2.2 Regularization terms

If one wants to answer questions regarding which one of a choice of two kernels K, Ky
is the more reasonable option given some apriori preconceptions of the kernels behavior, a
probabilistic perspective is helpful. We pursue ideas similar to those in section 3.1, where
the link between norms and Gaussian processes helped reformulating statistical inference as
an optimization problem in a quadratic form. If functions f; are realizations of Gaussian
processes then in analogy kernels K are realizations of a kernel valued process that must
be a multivariate generalization of the x*-distribution due to the K ; being sums of squares
according to the Mercer decomposition.

Likelihood based regularization terms require knowledge of the underlying probability dis-
tribution and may therefore be hard to justify. They can be swapped for functional analytic
terms that express the intuitive belief that kernels K as correlation functions representing the
laws governing a physical system are more likely to change smoothly than abruptly. Depend-
ing on the physical system whose state f is modelled as an element of H this assumption
is incorrect to different degrees. However, this does not change the fact that in doing so one
derives one of the few kernel inference formulations, for which a solution can be found. High
likelihood, smoothness and robustness to inversion are all properties that make a kernel more
useful for statistical inference and their relative importance depends on the task at hand and
the preferences of the user.

Recall that covariance matrices K are positive elements of the C*-algebra of
bounded operators in R” and have therefore always a decomposition K = A*A
for some A € B(R") [48, p. 15]. This decomposition may be used to incorporate

prior knowledge about K’s nature while prescribing only a stochastic and flexible
model for K by

i) demanding A to be a random matrix drawn from a distribution related to prior
assumptions on K as expressed by a guess C), for K.

ii) setting K = A*A which is automatically positive semidefinite, has expected
value E[K| = C), and a probability density suitable for inference.

Specific parts of this strategy and its properties are collected in the next theorem.

Theorem 4.2.1 Let a prior covariance matrix Cp, =Y " | N\ip; ® ¢} be prescribed
and then set

A\ o~ 1). 4.1
AE I TeViAss  &eA0D @

The matrix A can be interpreted as both a random field on T x T and a linear
operator indexed by elements of T' x T" where T' is the indexset of the process for
which inference is to be performed. When denoting by C(x) the function E|x ®
r*] — Elz] ® E[x]* and extending the trace to the usual tensor contraction, one
finds

I E[A] =0, i.e. A has mean 0.

II C(A) =FEA® A*] = (C’ ® C,)™, i.e. A apart from some reordering
has covariance proportlonal to the tensor product of the prior guess C,. Here
Ty, denotes higher order transposition which interchanges the second and
Sfourth dimension of a tensor.
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Il E[A*A] = C, ,i.e. the expected correlation for the model K = A*A is C,,

Proof: The statements are straightforward to verify. For I, note simply that E[A] =
\/ti_c,, >oim1 2oy Eléijl/Aidji @ ¢ = 0. Similarly for II, we find

C(A) = E[A® A*] - E[A] ® ElA]

tl"C ZZZZnggkl >\)\)\k>\1901®90]®§0l®§0k

z1j1k111

trC ZZA%%@%@%@%

11]1

(C QC )T24

Tt C

and III follows from

§ 1 n n n n X
ElAA] = —5 DYDY Bl VA e © 9 (0 on)
P =1 j=1 k=1 =1
1 n n
i A
tl" Cp (’LZ]. ) ]:1 ]SOJ ® SOJ

]

It is necessary to derive information that will help to evaluate the probability density
of A*A. A simple calculation results in

A*A = trC ZZZZ&;&Z /\ A9 @ 0F) (or @ )

zljlklll

trc ZZZ%M VAN ® o

=1 j=1 [=1
ZZ% ® o] Z&j&m VAN
tGC ==
i
= Cp ; ;%z% ® ¢} (4.16)

It is possible to approximate the distribution of the matrix v with (vy);; = ~;; for
1,7 = 1,...,n as having a Wishart probability density. The goal is to prove this. To
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this end, start noticing that
vy=vVAZAE VA (4.17)

where A is an n xn diagonal matrix with entries (A);; = \; and = is an n x n random
matrix with (2);; = &; ~ N(0,1). To see this, note that if ) = VAZ = [y, ..., 1,,]
one has v = YAY* =37 N\ @ ¢ and

D Wi @ U =Y A/ A N&ia = i
=1 =1

as defined in equation 4.16 and claimed by equation 4.17. This obviously implies

the decomposition
Y= A @Y =Y AS;
i=1 i=1

where ¥; = [V A1, s VAREin]T ~ N(0,A) from which it follows that S; ~
Wh(1,A) for i = 1,...,n. Typically the sum ¢; My + coMs,c1,¢c5 > 0 of two
Wishart distributed matrices My, M, is not Wishart distributed anymore and the
sums probability density is given by a rather complicated term involving conflu-
ent hypergeometric functions of the first kind [121]; optimization and maximum
likelihood estimation become seemingly intractable.

Adopting an approximation approach proposed in [158] and slightly extending it to
cover sums of Wishart matrices whose expected values are not simply multiples of
the identity, we exchange the term

v =) NS Si ~ Wa(1,A)
=1

for an approximation 4 defined as

5= trqcps S~ W, (q, A) (4.18)
q = [[tr(CH] Htr(Cy)?]] (4.19)

where [-] is the operator taking a real number to the nearest integer. The approx-
imation is motivated by the fact that the expected value of 4 equals E[v| and the
second moments of v and 7y coincide approximately on the diagonal [158]:

Bl = SOMEIS] = A = o gh) = £

i=1

Var[(7)gx] = Cov (Z A\ SHE, Z )\jS]'-“k>
i=1 j=1
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2SO Cov (8%, 55F) = 202 tr(C2)

Var(()w] = tr(qc;p) Var[Sik]
tr(Cp)2 tr(Cg)

= 2M; = 2X; tr(Cp)?
q k k ’Vtr(Cp)gJ 1"( p)
When [tr(C7)]~"[tr(C))?] is approximately integer, then Var[(v)x] ~ Var[(7) -
For the calculations we employed [160, p. 115] to derive the variance of diagonal
elements of Wishart distributed matrices.

Therefore v is approximately distributed like ¥ ~ W, (¢, A); equivalently in terms
of the probability density function associated to the Wishart distribution [160,
p. 108] p5 (V) for any positive definite V' € S with entries (V);; = v;;

1
2% [A]2T, (4)

_|om O\ TT /2
-l @1y
j—1

in which I'(-) is the gamma function. As routinely encountered before, — log p5 (V)
is more suitable for inference. By denoting the appropriate term constant in V' by
Co, one finds

ps(V) =

VICE exp (-5 ()

—1 n

g—n—1 1 S
V(5 exp (—5 Zﬂ) (4.20)
=1 7

—n—-1 1 Vs
—logps (V) = ¢ — A — logdet V 4 — Yii 4.21)

2 2 = Aj
This formula allows expressing the likelihood of a positive definite random A*A =
D im1 2y Vigpi @ @ with E[A*A] = C,, for some prespecified prior Cj,. In suc-
cessive chapters equation 4.21 will be employed to numerically determine the maxi-
mum aposteriori (MAP) estimate for covariance matrices and kernels by supposing
the model K (y) = >0, > 7 | viji ® ) with parameters (7)i; 4,5 = 1,...,n
and interchanging p.;(v|f) o pg(f|7)p,(7) with the more easily optimizable

Py (f|7)p5(7) for some observations f.

Note that the mode of the Wishart distribution W, (¢, A) lies at (¢ —n — 1)A [59,
p. 653]. Therefore in specifying ¢ we have the alternative choice of setting ¢ = n+2
which guarantees that the mode of the distribution is exactly A but induces a devi-
ation in variance of the diagonal elements compared to the original model stem-
ming from A*A = Eszl ¢; ® ;. Compared to the classical Wishart assumption
K ~ W,(q,C,), expressing K as a random variable A*A results in more flexible
class of models, see figure 4.5.
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Expected covariance Realizations of Wishart random variables Realizations of K=A"A in our model
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Figure 4.5: Comparison between two different probability distributions on covariance matrices. The expected values C),
of the random variables (first row: squared exponential; second row Wiener covariance matrix ) are shown in column one.
Columns two and three show realizations of Wishart random matrices K ~ W, (n, Cp) while the two rightmost columns
show realizations of K = A* A for A a Gaussian random field with E[A* A] = C},. Note that the random field model is
able to generate highly flexible covariance matrices unlike the model based on directly sampling from a Wishart distribution.

4.2.3 Formulation of kernel inference tasks

When kernel inference is formulated as an optimization problem with a mixture of terms
measuring smoothness and plausibility given observations, the interpretation is similar as
in the abstract spline framework. In the previous subsection a probabilistic perspective was
developed that allowed to concretely express the prior likelihood of a kernel. An analysis of
the multivariate normal distribution extends this line of approach to derive equations relating
the likelihood of a kernel to observation data and the resulting optimization problem features
simple linear terms as well as complexity penalties involving determinants. The optimization
problem has similarities to a generalization of semidefinite programs called maxdet problems
which have received attention in the past due to their links to multivariate statistics and
experiment design. We relate our formulation of kernel inference to this problem class and
investigate certain trivial subcases. The theoretical analysis is aided by results provided by
implementations of numerical procedures recorded in the literature.

For K an n x n positive definite matrix, the probability density function p¢(-) of a
multivariate Gaussian f ~ AN (u, K) is given by [160, p. 68]

pih) = [V e (<50 - w K- 0) @)

2

— n) (et K exp (~ 31— el 423)

where we employ the custom of denoting a specific realization of the random vari-
able f : Q > w — f, € Rby f, where w is an element of the probability space
Q). Suppose now that a certain fixed f,, was observed and the task was to infer the
most probable K from a #-parametrized family of covariance matrices explaining
the data. The Bayes-law for probability densities suggests investigation of the term

_ Pr1o(fulf)pe(9)
p'9|f(9’fw> - pf(fw)

which is the posterior distribution of the parameters given the observations and an
obvious objective function to be optimized w.r.t. 6 to arrive at an estimate of K. To
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derive this so called maximum aposteriori estimator, the normalization constant in
the denominator can be discarded as it does not depend on 6. Furthermore, instead
of maximizing py (0| f.,) one might instead minimize — log py| (0| f.,)-

Finally one arrives at

Oriap = ar;grgin —logpyse(fs]@) — log pe(6)
S

. n 1 1
= ar;,g;ergln 5 log 27 + 5 log det K (6) + §wa - uH%K(G) —log pe(0)

with © the set of permissible values for 6. The term pyo(f.|0) = L(6; f.,) is also
called the likelihood of #. In absence of prior knowledge on the distribution of 6, it
is a common practice to either assume a uniform prior on © or to just ignore py(6)
altogether leading in both cases to a maximum likelihood (ML) estimate for /'
[162, pp. 112-114] whose properties and construction we briefly sketch. More de-
tails are found in a dedicated chapter on inference of hyperparameters for Gaussian
processes in the book by Rasmussen and Williams [162, pp. 105-125].

Orrr, = argmin logdet K(0) + || f., — /LH?{K“))

0cO
— \2
= argmin Z Aj+ (oo = 11), 03 (4.24)
0o Aj
Aj€a(K(9))

where (/) denotes the spectrum of K'(#) and ¢; is the eigenfunction of K (f)
corresponding to eigenvalue A;. Seen purely from a perspective of RKHS based
estimation, the term || f,, — NHZAK(@ quantifies the likelihood of the residuals f,, — p
whereas terms of type log det K not expressible via norms have not been encoun-
tered before. They are often referred to as complexity penalties [162, p. 113] and
are vital for kernel estimation as the following train of thought suggests, in which
we compare the results of estimating a covariance matrix in absence (situation A) or
presence (situation B) of the complexity penalty. For simplicity’s sake, we suppose
pw=0.

A) If we ignored the complexity penalty and would instead try to find a covariance
matrix K such that the negative log likelihood of f,, as represented by || f, |3,
was minimal for some prespecified f,,, there would be a simple solution. As the
maximizer K, for the likelihood of f,, satisfies

Ko = argmin || f,||3,, = argmin f2K'f,
Kesn Kesn
it is clear that by choosing an arbitrary p.d. K and scaling it by some large o € R
the term f2 (oK) ~'f, = £ fL K~ f,, can be driven arbitrarily close to 0. Without
complexity penalty, the best guess for K making f,, most likely would therefore
be any p.d. matrix scaled to large proportions as to keep || K ~*||,, small — this is
obviously degenerated behavior to be avoided. |
B) Now in contrast to item A, investigate the same situation with the complexity
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penalty present. Given the true K, K., suppose the goal is to find @ € R, such
that E[log det(aKwe) + |1 117 | is minimal. One has

aKirue

Ellog det(aKe) + f1(aKwe) " f] = log det(aKie) + éE[tr(f ® fT Kiue)]

1
= na + logdet Kyye + —tr [
o
1
=n (a + —) + log det Kiue
«

To find the o minimizing the last expression in item B, solve equivalently

) 1
Qopt = argmin - o + —
a€R+ (07

where the first part of the optimization objective comes from the complexity penalty
and drives o towards 0. The second term originates from the data-fit penalty and
would again, analogously to the case discussed in A, drive o to oo. Solving this
problem is possible analytically. Notice that

if and only if o = 1;i.e. a € {1, —1} with « = —1 being ruled out by reasons of
positive semidefiniteness. Furthermore the Hessian is given by

0? 1 1
—|la+—]|=—2>0 for aeR
oo o ad *

implying @ = 1 to be indeed a minimum and K,,; = QoptKie = Kipe. 1t 18
therefore demonstrated that the addition of the log det term can successfully avoid
the degeneracies encountered in the naive formulation K, = argmin. sn 1 foll3 K

that find their expression in preference of unboundedly scaled versions of K.
|

A system similar to equation 4.24 has been investigated by Mardia and Marshal
[133] in the context of spatial statistics. They assume the mean function p(t),t €
T = {1,...,n} to be unknown as well but of type () = >_'7, ;g;(t) for some
given family {g; ?ﬁl and suggest for the joint estimation of 5 € R"# and § € R™
the following Levenberg-Marquard type of algorithm.

1. Start with an initial, potentially randomized guess 6, € © of the parameters
6. Compute 3y = (GTK;'G)'GTK,'f., where Ky = K(f) and G is an
n X ng regressor matrix with (G);; = g¢;(¢;). The initial estimate is ¢y =

(B 0, 90)
2. Calculate the gradients Vg and Vj of the log likelihood w.r.t the mean and
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covariance function parameters (3 and ¢. They are
Ve=-G"K;'GBy+ G'Ky' f.,

(Vo) = _; (K‘ 1OK

80,

10K

) 5 = G K GG (£, — G

3. Update ¢; = ¢o+B~1(V 3, Vy)T where B is block diagonal with B=B; B,
Bz = GTK;'G and the individual elements of By given as

Lo (10K 10K
(Boki =5 (KO 50; 0 ae)

4. Set ¢, as the initial estimate in step 1. and repeat until convergence.

Note that in a practical implementation, it is recommended to work with the loga-
rithm of typical parameters 6 representing variances or ranges in covariance func-
tion models to avoid volatile behavior near the origin. The problem is not convex
and local optima may exist [162, p. 115] which suggests to start either with good
initial values for 3 and € or to solve a sequence of problems with 3 and @ initialized
randomly and then pick the set of parameters with the highest likelihood as given by
equation 4.22. The implementation is straightforward otherwise and the maximum
likelihood estimator of covariance functions as described above seems to behave
favorably compared to the character-based estimation, see figure 4.6 and compare
to the predictions in figure 4.4. The supposition of already known parametric type
of covariance function is often approximately justified but can be a drawback.

If in model 4.22 one refrains from using covariance functions that are nonlinear in
the parameters, one recovers a convex optimization problem known as maxdet and
closely related to semidefinite programming.

Theorem 4.2.2 Fix an ONB {p;}32, of the real (separable, countably infinite)
Hilbert space L*(T) for T C RP and truncate the sequence at n € N giving the
orthonormal sequence {¢;}7_,. A linear superposition K (-,-) = > " | c;oi(-) ()
with nonnegative o; is obviously positive (semi)definite; the more flexible

=3 aee)

is positive definite if and only if A € R" @ R™, (A);; = «; is positive semidefinite
as a matrix.

Proof: ¥Ym € Nand V{t;}}_, C T,{B8}}~, C R, one has

m n n

ZZﬁkﬂlK by 1) Zzzz@zgﬁk% ti) Bip (1)

k=1 =1 k=1 =1 i=1 j=1
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Data used for inference True Signal and Noise Estimated Signal and Noise

Empirical CM Underlying true CM Estimated CM (via ML)

Figure 4.6: The result of estimating a covariance function (squared exponential + white noise) based on observation data and
a correctly specified parametric model, the exact parameters of which are unknown. The inferred kernel exhibits convincing
performance when used to derive solutions to a signal separation problem.

2D9) LTUSLH 3p LI
i=1 k=1 J=1 =1
Vi RZ

=" Ay

where v € R" is a vector with components (7); = 7;. Now one may proceed to
show necessity and sufficiency of 77 Ay > 0 Vv € R" for K to be a positive
(semi)definite kernel. Sufficiency is simple; if v/ Ay > 0 Vy € R", then also

2221 eril 5’651[((7% tl) > 0.

Necessity follow from the fact that if 3 with v7 Ay < 0 then one may associate a
corresponding 5 € R™ and a sequence {t;}}"; C T suchthaty; = > ;" Brpi(tx)
for all i = 1,...,n. Constructability is guaranteed by solvability of v = ¢ for
where ¢ € R” ® R™ with ¢, = ¢;(t;,) which in turn depends on the existence of a
solution 3 with ¢ = ~. Therefore if 3 a right inverse ¢ with ¢ = I, B = ¢ty

satisfies .
Z Zﬁkﬁl (tr,t1) =7 Ay <0

k=1 =1

establishing K (-, -) as not positive semidefinite. Existence of ¢ is asserted by the
following lemma. [
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Lemma 4.2.3 Let {;}!' | be an orthonormal sequence in a separable Hilbert space
H of functions on T. Then 3m € N and {t;;}}"., C T such that the matrix with
entries (¢)i = i(ty) has a right inverse.

Proof: The matrix ¢ has a right inverse iff it is of full row rank. Note that the state-
ment of ¢ having full row rank is trivial for n = 1 as the orthonormality condition
ensures that 3t; € T : ¢1(t1) # 0. Then proceed by complete induction through
dimensions ¢ up to n. Suppose that the matrix

e1(t) - ealty) — (o) —
¢q = : = € R? @ R?

Pq(t1) - pelty) _(903)_

has full row rank of ¢q. For ¢ + 1 < n, if ¢, is augmented with the row vector
a1 = [Pgr1(t1), - q+1(ty)] to form a matrix of dimension (¢ + 1) x g, then that
matrix has row rank ¢ since row rank equals column rank equals q. Then for the
unique ¢ € R? such that 7 ; = >1_, cjgog, there exists at least one tqﬂ E.T With
Car1(ter1) # Do5-1 ¢jpj(ter1) as otherwise (441,225, ¢jp;) # 0 in violation

to the presupposition that {¢; %1 is an ONS. Consequently, for any sequence of

coefficients ¢;,j = 1,...,g s.t. Y27 c;pf = g 4, one finds 35, c;0;(ty11) #

©q+1(t141) and the matrix ¢, has full row rank admitting a right inverse. 0

Now suppose the task is to find the sequence of coefficients o = {a;}i%;_, such
that the function

m

K(s.0 = 3 ay (1= 38 ) [0(5)e0) + s (chato)

i<j=1

best explains the data Af = f,, for f € H(T'), f., € R" and A evaluation at {¢; }}_,
in the maximum likelihood sense. If one denotes the covariance matrix AQ AK (-, )
induced by the kernel function K (-, -) by K and sets

- 1
Fla)= Y aiydy (dy)u = (1 - 5%’) [pi(tr)p;(t) + @i(te)ei(t)],
i<j=1
optimizing «;; with respect to the likelihood L(cv; f,,) = pyix (fu|F(v)) leads to

minimize logdet F(a) + fLF(a)™'f,,
subject to F'(«) = 0.
However, log det F'is concave in F' [28, p. 73] precluding minimization [28, p. 356].

Reformulating the estimation problem in terms not of the kernel K(-,-) but of a
function (-, -) such that the matrix @) with (Q)x = Q(tx,t;) is the inverse covari-
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ance matrix changes it into a convex optimization problem [199]. When setting

Q)= Y as (1= 385 ) [(o)es0) + o3(5)i()
& 1
Q)= Y iy (6= (1= 33 ) [ty + ey (00]

and interpreting ()(«) as an estimator for K., maximization of the likelihood finds
its expression in the optimization problem

maximize — logdet Q(a)™! — f1Q(a)f.,
subject to Q(a) = 0

which can be slightly simplified to

minimize logdet Q(a)™! + tr(f, ® f1Q(a))
subject to Q(a) = 0.

This is a maxdet problem with decision variables {c;;}7%;_, and linear term (c, a)
for ¢ a vector with (¢);; = 2(1 — 36;;)(f., Api)(fu, Ap;) since, denoting Ap; =
forall: € N

tr(fo ® f1Q(a)) = (fu ® f1,Q(a)F

m

=Y oylfo® £l <1 - %5@') [ @] + ¢ @] ) r
i<j=1

=Y a2 (1 - %@-j) (o) ).

i<j=1
This follows from the Frobenius inner products behavior on simple tensors:
(a@b" c@d)r=tr((a®@b")c@d)=tr(b@a’c®d")
=a’cb’d

The formula is readily extendable to the case where more than one f, was ob-
served, say a sequence { f,, }.2% in which case maximum likelihood estimation of
the inverse covariance matrix K ! is given by

minimize logdet Q(a) ™" + (Kepmp, Q(a)) p
subject to Q(a) = 0. (4.25)

If @ is subjugated to no constraint whatsoever, m = n, and the {¢;}! , provide
the full canonical euclidean basis for R™, the solution to 4.25 is the inverse of
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the empirical covariance matrix Kep, = —— — Z”"bs Jo; ® fT (provided it exists)
[199][211].

Remark Rename the vector of logarithms of eigenvalues to {log \;}7_; = I\ € R"
and notice the formal similarity between the log det complexity penalty cp(K), the
Riemannian distance between positive definite matrices and linear/bilinear forms.
One has

P(K,T) = ||log K~Y2TK 12|12, => " [log A =(Iy, [))gn

ep(K) = logdet K :ZIOg Aj =(1,\)rn

with 1 a vector of ones in R". To introduce a prior on K whose purpose it is to
prefer matrices K close to some prior guess C}, € S%,, one might set py(0) =
cexp (—(1/2)d*(K(0),C,)). Assume that K () lies in the von-Neumann-Algebra
generated by C),, i.e. it commutes with C), and their spectral families coincide. Then
the MAP is

Orrap = ar(gégin (fo — )" K(O0)™ (fo — p) + ep(K) + d*(K, C,)

e Zl — ooy (L Y+ I — 13
c -

which is a quadratic program in /£ with an additional data term of the form || f,, —
M||§<(e)

Alternatively, and this turns out to be easier, it is possible to directly include a prior
on the coefficients « by specifying a prior covariance matrix C,, = > " | A\jp; ® ¢
and employing the induced probability distribution on the coefficients « derived in
previous subsections. Several approximations and assumptions are integral to this
formulation — the whole procedure including problem specification, mathematical
setup, and the associated optimization task, is outlined below. In the future, the
author will refer to this and similar procedures as "kernel inference’.

Problem: Given measurements Lf = {f(tx)}}_, = f. of some function f ele-
ment of the RKHS Hy on T, L € B(Hy,R"™) being evaluation, infer optimally
the reproducing kernel K (-,-) employing some prior guess /. Interpreted as a
stochastic process, the functions f chosen at random from the RKHS have mean p
equal to zero.

Given: Lf € R", K,(s,t) =Y 1 N'P(s) ® ¢¥'(t), the evaluation operator L.
Assume: The true underlying kernel K(-,-) is actually a realization of a degener-
ate, finite rank kernel valued random variable that is at the same time a stochastic
process on 7' x T'. One may write K (-,-) = K“(-,-) forw € Q, Q2 some probability
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space and

K

1K DY i) @) az0 =) bk
e

P =1 j=1

The coefficient matrix « is to be inferred and can be assembled to provide a good
estimator for (-, -) even when only the analogue finite dimensional problem with
covariance matrices replacing kernels is solved.

Setup: Replace K,(-,-) by C, = L ® LK, = {K,(t;,t;)}},-, and write C}, =
Yo A @ f where \; and ¢; are the eigenvalues and eigenvectors of C),. If
C =L®LKY = {K(t;,t;)}_, is the true underlying covariance matrix for fo
based on evaluating the kernel K “; E[f, ® f] = C ; then estimate C' via

~ 1 m m

where A is the m X m diagonal matrix containing Ay, ..., \,,. Solve for «, the
positive semidefinite matrix of coefficients a;; by solving an optimization problem.
Optimize: The maximum aposteriori optimization problem for the determination
of the o € ST explaining best the data f,, € R"™ while generating a covariance
matrix close to C), is

Gprap = argmax prla(fula)pala) (4.26)
aest
which we replace by
& = argmax pyio(fu|a)pa(a) (4.27)
aesT

where py|, is multivariate Gaussian and pg is Wishart according to equation 4.20.
Consequently one may equivalently minimize — log pyj (f.|a)pa(a) where o = 0
are the decision variables. |

The rest of this section deals with the simplification of equation 4.27 towards
an optimization problem solvable with standard numerical methods. Denoting
Pria(fula)pa(e) by p(ev, f.,) and using I(ev, f.,) for —log p(ev, f.,), then for some
constant c the usual formulas for the probability density functions [160, p. 108,p. 68]
imply

—1

[det G(a)](75)

Bla, f.) = [(27r)"/22"q/2rn (g) ﬁxg/z det F(a)

j=1
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- exp (—% [tr(A'G(a)) + fLF(a)™! fw]> : (4.28)

Consequently the negative log density is found — apart from some constants irrel-
evant to the optimization performed later — as

(o, f) = logdet F(a) + f1 F(a)™]

N | —

. {_ (%) log det G(a) + %tr(AlG(a))] (4.29)

where 7 = 1 is a parameter that can be changed to adjust the weight of the prior and

F(a) 1= (1/2)05] [0 © ¢ + ;@ ¢}] €R"@R"
g 0l

1 m
Gla) = a;i[1 —(1/2)044] |e; @ el +e;@ef| € R @ R™
() \/MZ;I J[ (/)]][ i J ]
with e,k = 1,...,m being the canonical euclidean basis in R™. By splitting

I(cv, f.,) into the two terms

~ 1

b, fu) = 5 [log det F(e) + f, F(a)™ f.] (4.30)

. —n—1 1

lo(a, fo) =1 [— (%) log det G(«) + 3 tr(A'G(a)) (4.31)
and subsequently applying the substitution F(a)”™' = Q(a) while using

—logdet A = log(det A)~! = logdet A~! one may realize that both [;(«, f,,) and
l~2(a, f.») can in principle be interpreted as constituents of two maxdet problems that
have been joined and need to be solved simultaneously. [204] reports solvability
of a closely related but more complicated problem via Block-Coordinate-Descent;
implementation details will be given later. One might extend the framework to
include only indirect measurements based on arbitrary bounded linear operators A
more general than just pointwise evaluation and incorporate a joint estimation of
mean and covariance functions similar to what was done in [133]. We leave this for
future work.

The roles of l~1 and l~2 are clear. The solution to the pure l~1 problem

1 1
X, = argmm B log | X|+ = tr (sx71) (4.32)

opt Xe S n

is the empirical covariance matrix Xo, = S = [nos] ' D7 fu, @ [ 5 the first
term drives X to zero and the second term prefers large X. In direct comparison,
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the solution to the pure I, problem

2
X opt

1 1
= argmin — = log | X|+ = tr (A7'X) (4.33)
Xesn 2 2

with ¢ = n 4 21is X2 =
drives X to zero. Only solving the L problem amounts to absolute data fidelity
while solving the I problem amounts to ignoring the data and choosing the prior
covariance. A weighted mixture of both objectives is therefore a natural target for
optimization. As before, the derivation of [ (o, f.,) is extendable to cover more
than one observation f,. If the coefficient vector « is swapped for the coefficient
matrix  and the more straightforward model C(y) = Y752, vi;i ® @5,y s
0 is employed, the calculations become less cluttered. Assume 7., independent

observations f,, ..., fu, € R" are given. Then
obs

= A. The first term prefers large X while the second one

Tobs Tobs

p’ylf (fy|fwl7"‘7fwnobs prh/ fw]|fy p'y prl’y fw]|,y ( )

and the last term can be simplified to yields for [ 7%} py, (f.,;[7)P(7) the term

Tobs 1
Il m e (—ﬁfijc_l(v)wa

1 g—n—1 1 _
{W‘J et (‘5“ (A l”))]
=& C(7)| 7 T exp (—%tr - —wa c fwj>

- ﬁ(% fw17 ""fwnobs)

for some normalization constant ¢. Writing

Tlobs Tlobs

waj fw] Ztr<fw]®f - )Znobstr(scil)

with S being the empirical covariance matrix, and taking the negative logarithm
l = —1ogp(7, furs s fun,, ) OnE finds

1) = ~og(®)+ | 3108 C0)| + 3 (SO ()|
+ {— (%) log || + %tr (A—W)} (4.34)

Discarding the constant — log(¢), minimizing I(~, S) with respect to + is equivalent
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to minimizing L(7),

[—clog v+ tr (A™'y)]  (4.35)

7

1
L(y) = [log |C()| + tx (SC™' ()] + -~
le';,S) TLQ‘(fy,A)

for r = ng.,c = (¢ —n — 1). More observations therefore simply affect the

optimization objective via a decrease of the regularization parameter r.

4.3 Practical implementation

The kernel inference formulations encountered in subsection 4.2.3 exhibit con-
straints on the spectrum of a symmetric matrix and amount to demanding that the
decision variables can be assembled to lie in the convex cone of positive semidef-
inite matrices. Convex optimization problems with covariance matrix valued de-
cision variables are called semidefinite programs (SDP) and include as subclasses
linear, quadratic and second order cone programs. Many tasks in geodesy such as
robust estimation, /’-norm minimization, variance components estimation and cam-
paign design problems can be stated and solved in the SDP framework although the
SDP-embeddings are often nonobvious and the solution algorithms are less reliable
and less performant than those for linear or quadratic programs. Typical implemen-
tations are based on interior point methods: A self concordant barrier function is
added to the objective function and acts to enforce the constraints, then a sequential
minimization of incrementally modified problems generates a curve of solutions
that converges to the solution of the original problem in the limiting case. This
procedure will be modified to cope with the task of approximately minimizing ex-
pression 4.35 in order to derive a finite dimensional matrix representation of the
positive definite kernel most compatible with prior knowledge and observed data.
The algorithm can be extended in several directions; the most important one is the
inclusion of affine constraints.

4.3.1 Semidefinite programming

Semidefinite programs are optimization problems in a matrix X with a linear objective func-
tion expressible as (C, X)) subject to linear equalities (A;, X)r = b; and the cone con-
straint X zsr 0 demanding the decision variable to lie in the convex cone S of n X n
positive semidefinite matrices . The class of semidefinite programs properly includes as sub-
classes linear (LP) quadratic (QP) and second order cone programs (SOCP) and thus also
generalizes least-squares based estimation procedures. Consequently, they arise naturally in
statistics as soon as robustness (as measured by the (' -norm), maximum-likelihood estima-
tion under a joint Gaussian assumption (as measured by the (?>-norm) or the properties of
covariance matrices (as measured by the distribution of their spectra) are of interest.

The positive definiteness constraint is not easy to enforce and requires algorithms
significantly different from the ones known to work for LP, QP and SOCP. Some of
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the most successful ones trace a continuous path through the interior of the feasible
set by solving a sequence of problems in which the constraint X' >=g» 0 is replaced
by adding the self-concordant barrier function —u det X to the objective. The steps
undertaken to derive these interior point algorithms can be modified slightly to
construct a practically implementable algorithm for kernel inference.

Definition 4.3.1 A function f : R" — R is called convex if it satisfies

flowy + (1 = a)zg) < af(rr) + (1 — @) f(2)

for all 1,29 € R™ and o € [0, 1] [149, p. 112].

The definition implies that for a convex function f, every line connecting two
codomain elements f(x;) and f(x9) lies above the function values f(axs + (1 —
a)xy),a € [0, 1] generated by applying f to the line connecting two domain ele-
ments x; and x5. For these functions, any local optimum is globally optimal [28,
p. 138] and they automatically possess a weak analogue of differentiability. Subgra-
dients may then be defined to approximate f’s local behavior and lower bound its
minimum value, so that a generalized type of gradient descent is at least in theory
always available to perform minimization [149, pp. 141-143].

Many convex optimization problems can be written as ones with linear ob-
jective and conic constraints [5]; the generality of the order induced by the
cones € through X »¢ Y & X — Y € € corresponds to the generality of
the convex optimization problem. A simple cone is the nonnegative orthant
R? :={z € R": 2, > 0 k = 1...n}. Cone constraints of this type appear in linear
programming whereas the so, called Lorenz cone €, := {(z,t) : ||z||> < t} allows
a linear formulation of quadratically constrained quadratic programs which include
least squares problems as trivial cases. A more general partial order containing
>——Ri and ¢, is induced by the cone S of positive semidefinite n x n matrices. If
constraints of the type y r;A; € S are imposed, one speaks of a linear matrix
inequality (LMI) and the whole problem of finding X' =g» 0 to minimize (C, X)
subject to linear equalities is a semidefinite program (SDP). See figure 4.7 for an
illustration of different cones involved and notice the heavy nonlinearities implicit
in the cone constraints as visible in the boundaries of the feasible sets.

Definition 4.3.2 (SDP) A semidefinite program in standard form [210, p. 113] is an
optimization problem

minimize (C, X)p (4.36)
subject to (A;, X)p = b; i=1,..,n.
X =g 0

where (C, X)r = tr(C*X) is called the objective function, (A;, X)r = b; is a
set of n. affine linear constraints, X igi 0 is the cone constraint and the posi-
tive semidefinite matrix X € R"™ ® R" is the decision variable to be chosen as to
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LP SOCP SDP
(Linear Prog.) (Second Order Cone Prog.) (Semidefinite Prog.)
Cone Nonnegative orthant Lorentz cone Semidefinite matrices
< L' -
X2 X,‘
L p pops
xl xl 1
Inequality x [ =20 x, [=% 2 PP =7
i ) P 1op
X5 t
= ~ A
Constraints < x, >0 | x|t o o(x)c R

Figure 4.7: An illustration of the positive orthant, the Lorenz cone and the semidefinite cone in R3. The latter is sometimes
also called a spectrahedron; its specific form depends on the exact type of inequality. The one plotted here is constructed on
the basis of a parametrization taken from [200].

minimize the objective function.

Alternatively, SDPs can be provided in inequality form as a minimization problem
with vector valued decision variable and a linear matrix inequality [28, p. 169].
They are then written as

minimize (C, X)p (4.37)

m
subject to Fy + szﬂ 551 0

i=1

with the F; symmetric n X n matrices for ¢ = 0,...,m. This form is especially
suitable to demonstrate embeddability of LPs and QPs into SDPs when one
furthermore employs the following lemma.

Lemma 4.3.3 (Schur complement) The (n+m) x (n+m) dimensional symmetric
matrix

AelSt ,CeSl,

i !

B* C
is positive semidefinite if and only iff C' = gn B*ATB [210, p. 21].

Example 23 (LP) Employing the relationship between positive definiteness of a
matrix and the positive definiteness of its submatrices, it immediately follows that
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a linear program in standard form

minimize (c, z)gn
subject to Ax =b
x>0

is nothing more than an SDP in standard form with non-diagonal elements of the
matrix X in equation 4.36 constrained to be zero [112, p. 3]. This constraint is
obviously linear and LPs are therefore also often called diagonal SDPs. |

Example 24 (QP) Similarly, minimizing the quadratic form ||Az — a||% = (Az —
a)*(Ax — a) can be embedded into the SDP

minimize t
7 Ax —a

subject to (Az — a)* 1

=g 0

where the decision variable is the n + 1-dimensional vector [t;z]. By the Schur
complement lemma, the constraint is satisfied, iff ¢/ =sn 0and 1 — t~1(Az —
a)*(Az —a) > 0 & t > ||Az — a||% therefore forcing = € R™ to take the values
minimizing || Az — al|7,. As the matrix appearing in the semidefiniteness constraint
can also be written as
7 Ax —a 0 —a I 0 0 a 0 a,
(Az —a)* 1 ] = {—a* 1 ] i [o 0] i Lﬁ{ o} o [a* 0}

n

_—— —_—— —_——
Fy Iy Fy Fn

with A = [ay, ..., a,) and all the matrices F' symmetric, the problem is clearly an
SDP in inequality form. u

Adherence to a cone constraint of type X =g» 0 is implicitly guaranteed by
adding the barrier-term —yp log | X |, 1 > 0, to the minimization objective (C, X) .
Roughly explained, —u log | X | grows towards infinity on the border of the semidef-
inite cone (| X| = 0 iff X is singular) enforcing a strictly positive definite solution
when performing unconstrained minimization of

"= <O7X>F —#10g|X|

with respect to X. Therefore for strictly positive x this produces a minimizer X,
that lies in the interior of the semidefinite cone; solving a sequence of minimizations
of terms {/*/}22, with lim; = 0 and the sequence {z;}52, of barrier weights
decreasing monotonically traces out a curve through the interior of the semidefinite
cone that converges to the correct solution of problem 4.36 and is known as the
primal path.

More detailed information on these interior point algorithms including convergence
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guarantees and theoretical justifications can be found in Nesterov’s book on convex
optimization [149, pp. 192-210] and in [112, p. 77], where specific schemes of type

X9t = argmin 1" (X), X = X (4.38)
Hj1 = Qftj, a€0,1)

are outlined which construct and follow the primal path even for cones € different
from S7 if log | X| is replaced by a self-concordant barrier function for €. Solving
the subproblems of minimizing [*/ appearing in algorithm 4.38 is efficiently possi-
ble with Newtons method, because the self-concordant barrier function —p log | X |
has gradients and Hessians that can be calculated explicitly as VI# = C'— uX " and
V2* = pn X+ @ X+ respectively [112, p. 79].

To every convex optimization problem P there exists a dual problem D. In the SDP
case a problem is given as miny,o(C, X)p subject to (4;, X)p = b;,i = 1,...,m
and its Lagrangian dual is given as maxgy yerm (b, y)rm subjectto Y . | y; A+ =
C'. Notice the similarity of D and the LMI formulation of an SDP. In a very coarse
sense the constraints in the primal problem are stated in terms of membership to a
cone € whereas its dual makes use of the dual cone €* := {X € R™ : (X, Y) .2 =
0 VY € C€}. The cone S of positive semidefinite n x n matrices is one of only
three self-dual cones over the reals, the other ones being R, and the Lorentz cone
¢ ([112], p. 21).

The main information a dual offers about its corresponding primal are lower bounds
on the latter’s optimal value. For any feasible point (y,.S) of the dual, (y,b)gm <
(C, X)p VX feasible for the primal problem and the difference of these two values
is called the duality gap. If P and D fulfill the Slater constraint qualification, the
primal’s optimal value coincides with the dual’s optimal value and it is reasonable
to manipulate both decision variables of P and D to minimize the duality gap. In
the limit the result is a smooth curve through feasible primal and dual variables —
the central path — that as in the purely primal case converges to the solutions of P
and D.

One of these primal-dual path following methods is Mehrotras predictor correc-
tor method [138]. It is comprising of a sequence of steps that roughly follow the
idea outlined above and are implemented in existing openly accessible software
packages SeDuMi by Sturm [192] and SDPT3 by Toh et al.[195]. Both software
implementations do not require feasible starting points and are as such suitable to
find positive semidefinite solutions X to linear equations by solving the standard
SDP

minimize 0
subject to <AZ, X>F = bz
X tsi 0.

When this is handled via primal path following and therefore effectively maximiza-
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tion of | X, the result is called the analytic center of the inequalities [199]. This
way to construct the analytic center provides a feasible initial iterate as necessary in
the kernel inference algorithms devised later.

If not for the problem that the Frobenius norm is unsuitable to measure distances
between covariance matrices in any meaningful way one could now solve an SDP
constructed as described below as a means for kernel inference. Recall the SDP
embedding of a least squares problem and notice that K = ZZ;XL Yijpi @ @ 18
positive semidefinite if 7;; is positive semidefinite due to the fact that v =g» 0
implies v*Kv = Y752, 75 (v, ¢i) (v, ;) = w*yw > 0. Write K € R" ® R" as the
superposition of matrices ¥;; € R" @ R";

Nexp Texp
K= Z Vijpi @ = Z Yij Vij, (Wi )mn = (i © €] )mn
i,j=1 =1

and identify K with its vectorized version inhabiting R™*. Each element of K, s
again a weighted sum of elements of the matrices ®,,,, € R"» @ R"e,

Tlexp

Kmn - Z sz(q]z])mn - </77 (Dmn>Rn2a (q)mn)ij - (@z)m(%pj)n
i,j=1
Ky (‘1’11)11 T (\I’nexpnexp)n Y11
Knn (\:[j11>nn e (\I[nexpnexp>nn /ynexpnexp
H/_/ ~\~ - N~ -
K 4 o

Given an empirical covariance matrix K¢n, one could now search for that positive
semidefinite ~y for which || Uy — Kppl|3 — min. The associated SDP in inequality
form is

minimize (c, 'Ny)Rngpo (4.39)
Tlexp
subject to Fy + tF; + Z Yii Fij =sn 0
ij=1
0 —Kemp 0 I 00 Uy 0
Fo= | =K 1 0 F,=10 0 0 Fy=1(vy; 0 0
0 0 0 000 0 Qy
with Q;; = €; ® e} € R"™» @R"», the tensor product of the i-th and j-the canonical
euclidean basis vectors in R™. In the above, ¢ = [1,0,....,0] € R"»*! and 5 =

[t Y115 s Vrexprep) € R"*1. In the context of what was said before, it should be
clear that the block diagonal structure of the linear matrix inequality implies its
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equivalence to the two separate LMIs

Y11 T Vnep

t[ (\I]’y - Kemp) is:t O and : ',. S tsﬁ O

(Uy — Kemp)* 1

r)/nexpl T fynexpnexp

which in turn means problem 4.39 has the simple interpretation

minimize ||Uy — Kemp”%‘

subject to vy =gn 0;

i.e. v is the positive semidefinite least squares solution to the approximation prob-
lem K = ¥y =~ K.y,. We will not pursue this approach farther due to the subopti-
mality of the Frobenius norm for this task and the fact that solving SDP 4.39 poses
a severe computational challenge.

4.3.2 Unconstrained kernel inference

Maximum likelihood and maximum aposteriori estimation of covariance matrices C' € R™ ®
R™ under the model

Nexp
C= Z Vijpi ® ¢
j=1
is possible. Inclusion of prior knowledge in form of a probability distribution on the coeffi-
cients y ~ Wi, (q, A) for (N)ij = diNi, 05 € R™ is straightforward for A, p; eigenvalues
and eigenfunctions originating from some prior covariance matrix C’I’)s spectral decompo-
sition C, = ®AD*. We record in the following the calculations necessary to formulate a

Newton-type algorithm based on Fisher scoring to approximately minimize the regularized
discrepancy measure L = L1 + r Lo from equation4.35 with respect to the positive semidefi-

Mexp

nite coefficient matrix vy € S, .

Bearing in mind the general setup of the optimization problem whose goal is infer-
ence of a reproducing kernel, task is to find

Yopt = argmin L(7)

nexp

'yESJr
L(7) = log[C(7)] + tr(SCWv)Z +r \[—clog |F(v)| + tr(A_lF(v))l (4.40)
0(7):223)21 Vij §9i®4p; F("{):Zzg(gl Yij 87;®83f

Here {e;}}_, is the canonical Euclidean basis of R", S = (1) " >_/™ fu; ® 15
is the empirical covariance matrix calculated from realizations f,,. € R" of the ran-
dom vector f whose covariance matrix is to be inferred and r is a regularization
parameter. The value of  may be set to n;bls to recover the objective function cor-
responding to the statistically motivated MAP estimation derived in section 4.2.3
equation 4.35, the constant ¢ = ¢ — n — 1 could play a similar role as r though we

will typically fix it to be 1.

The goal is to find the gradient L, and the information matrix B, such that the
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numerical scheme
7k+1 - 7’“ — B;rL,y (4.41)

produces a minimizer of equation 4.40. As it holds that log |C| = trlog C, one has
0/0vi;log |C| = tr(C*C;;) [133] where for now the sub- and superscripts indicate
differentiation; i.e.

0 0

C=Cy and Ct =l
i ’ i

Lemma 4.3.4 Let Q;; = p; @ ¢} and A\ be diagonal with elements \;. For every
ONB {p;}7_, of R" and any matrix C' = S i Qij with Ny, < m it holds that

ij=1
I Cy = Qi
II QrQij = 6aQk;j
o1 C* =375 49 Qi for v = (vF)y
IV C*Cyj = 30 Y Qg
V CHCCT = 37 Qu
VI tr(CTCy5) =7
VII tr(CHCyCHCy) = ilyik
Proof: 1t is clear that Ci; = 0/07i; > 52 Tapr @ ¢ = @i ® @ = Qi thus

proving I. As QuQi; = (v ® ¢))(wi ® ¥}) = (Pi, Pi)rer @ @ = 6uQyj, 1
follows. For III, note that if n., < n finite, the matrix C' may be written as

Tbexp ’}/11 N ’ylnexp (p’f
¢ = ZVZ]@Z@SO‘? - [(pl,...,gonexp] — (I)fyq)*
v ’Yncxpl T fyncxpncxp (p;klexp

It is then trivial to show that the matrix C' = .7, 77Q;; with 47 = (y7);
satisfies the four Moore-Penrose conditions [18, p. 40]

ccc=Cc ccc=cCc (cOyr=cC (CO)=CC

implying C' to be the pseudoinverse C*. The matrix multiplication of C'* with Cij
yields

Texp Texp Texp
cte.. = kl ) ki
ij — Y leQz] — lek] '}/ ng
k=1 k=1

and ultimately leads to the trace formula

Tlexp Texp
tr(C7Cy) = ZVM w(Qy) =D M=
k=1

(k@7 )=(Pr,@j)mn
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This proves IV and V' I; equations V and V' I are a result of straightforward com-
putation as well.

Tlexp Tlexp Tlexp  Tlexp
+ + kl kil
CHCHCT = AMQuQi Y 7" Qpe = Y D> V665,Qp
k=1 p,q=1 k,l=1p,q=1
Tlexp
_ ki_jl
= E VY R
k=1

Equation V' 11 can be proven be reformulating the term tr(C+C;;C*Cy,;) as

Texp  Texp Texp  Texp
tr (Z Z ’qu’YrstqujQrstl> = Z Z VPN 643050 t1(Qpi)

p,q=17rs5=1 p,q=1r,s=1

Texp
=D " (Qu)
p=1
tr(p®@p; ) =(Pp,p1)rRN

_ ik

T

With the help of lemma 4.3.4 it is possible to calculate gradients and (expected)
Hessians of L' and L? from equation 4.35 with L(y) = L'(y) + rL*(v).

Theorem 4.3.5 With the same notation as before, the gradients L% and Li with
respect to the parameters v;j,1, ] = 1,..., Ny, are given by

Ly = [ =" 5,7"] (442)
L2=r[-cyt + A7 (4.43)

b € = G —n = Land Sy =y, 370 fL @ (f1)* with f € R a
vector with elements (f1); = (f.;, %)Rn- The mformanon matrices B} and B2 act

on symmetric matrices A € S as

where r = n

1

B A= vt AT (4.44)
20—

BIA = reyt Ayt (4.45)

Proof: (Equation 4.42) From L' = log |C/| + tr(SC) it follows that

Texp

(L3)ij = tr(CTCiy) 4+ t2(SC9) = 47" = >~ ¥y tr(S Q).

k=1
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Since 7 is symmetric, 7 = ~7* and one also finds that tr(SQy;) satisfies

Tobs 1 Nobs

(fwj ® £ le) = Z<fwj790k>Rn<fwja<Pl>R"

obs =1

tr(SQp) =

Employing the notation f; k= Ju;» Px)mn for the coordinates of f, in the ONS
spanned by {¢;}:" one arrives at

Tlexp Tobs  Tlexp Tlexp Mobs
3 i e(SQu) = bpE Z VL = Z (V1) (v 1),
k=1 p 1 k=1 p=1

where (f2)r = (fu,, ¢r)rr. To get the whole matrix {(L!);;};2, we may sim-
ply form (v f2) @ (vFf2)" = 4"(f2) ® (f2)*y" and collect terms yielding

=N (fE) @ (fe)y T = ’y+5¢7+ and finally

Tlobs

L =% — 4+ Syt
for S, = -7 (f1) @ (f1)* the empirical coefficients Yemp.

(Equation 4.43) From L? = r [—clog |F ()| + tr (A" F(~))] it can be derived that
(L) =7 [—etr (FTFy) + tr (A7 Fy)) = r [=ev” + 057

. . . . . 2
By the same arguments as for the preceding equation, we may explicitly rewrite L7
in matrix form as

Li =r [—chr + A_l} .

(Equation 4.44). Mardia and Marshal [133] prove that under the simplifying as-
sumption E[f ® f*] = C, the Fisher information matrix B} = E[L. ] for L' the
Hessian of L' has elements

(Bqlx)(i,j)(k:,l) = tr (C+Cij0+0kl) _ ,yjk,ylz

Then for A € S, BiA can be written as

Texp  TMexp
BiA = E E VR, ® e; e, @efA
1,j=1 k,l=1
Texp  Tlexp
_ il kj *
= YUY e X ej
1,j=1 k,l=1
Tlexp Texp
il i
:E 7e ®e A g 736k®e;f =yt e~TA

il=1 kj=1
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Similarly, it is straightforward to prove equation 4.45. The information matrix
Bﬁ = L?W (since the random variables f,,. does not appear here, taking expecta-
tions is not required) has elements (Bgy)(i,j)(kyl) computable as the 7j-th element of
—TC(@/@’}/;CZ)’}/—’_ = TCF+Fle+. Since Fkl =€ ® 67 =: Pkl, one finds

0 o
—rc ( +) = rc<F+Ple+’ PU>F = retr (F+P;3;F+Pij) _ TCVZJVzk
ij

Okl
The direct calcu}lation’ B?/A = rc Zzei’l le: ajiyte, @ e =
reY ity doigny Y awy™, where we exchanged I and k, then commuted the
scalar factors, establishes B?YA = reyT Ayt for symmetric A. Therefore B,% acts
onAe STasreyt @47 [

To minimize L = L' + L?, find the zeros of the gradient

!

Ly=L 4+ L =~"—4*'Sy" +r[-cy" + A7 =0 (4.46)

This is a continuous time algebraic Riccati equation [126] for which solutions
can be constructed from the spectral decomposition of a certain symplectic matrix.
However, in our experiments these solutions were typically not positive definite and
instead of the closed form solutions, we employ a sequence of Newton steps.

Yt =~% - BfL, (4.47)
+
BIL, = (BL+ B (11 +12)
1 _
=107 @y [(1—re)yt =TSyt +rA
1—rc 1 r
— — S A 4.48
(1—1—7“0)Fy T1re T Tare ™) (448)

This implies the following explicit formula for 7! dependent on the previous iter-
ation v, the prior A and the matrix S, = ®7 S representing the empirical y-values
(see remarks later).

1—rc 1 r
k+l _ .k k g _ kA~ k
7 7 (1+rc)7 +1+7“c v 1+7°c7 7
=(1+ rc)_1 [27"07’“ + 5, — r”ykAflfyk] (4.49)

Recalling r = n . and using 7c(1 + rc) ™t = ¢(c + neps) "+ one may alternatively

write
2c n 1
k+1 _ k s )g _ FATIAP 4.50
K (C‘i‘nobs)ﬁy " (C+n0bs) v (C—i_n(’bs)ﬁy ! ( )
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¢ Detailed investigation of the kernel inference procedure

When initializing v° = A, equation 4.50 leads to fast and reliable guesses for 7; see
figures 4.8 to 4.11. When no observations are available, equation 4.50 specializes
to

1
P =298 = =y ATR (4.51)
Similarly, if no prior knowledge about -y is specified and ¢ = 0, then
P =3, (4.52)

The matrix S, can be interpreted as a low-dimensional approximation to the matrix
7 that forms the empirical covariance matrix S via S = ®7®*. Notice that

1 Tobs

Z Jor, ® [, = Z Yijpi ® o; = DyP*. (4.53)
k=1

Tobs _

S:

,j=1

If neyp, were n, one would have ¥ = ®*S® and (7);; = % D iy fun ) (P fn)-
Since neyy < n, S, = ®*SP is only an approximation to 7 derived from the norm
minimization problem

[®5,8* — S||% — min < S, = (®)" @ (&%) S = *5.

Equation 4.52 determines therefore a reasonable guess for the coefficient matrix v in
the absence of prior knowledge. Equation 4.51 has a specific interpretation as well.
Suppose the task would be to only minimize the prior term L?(vy). The obvious
solution is to investigate the gradient L?y = r[—cy* + A~!] which equals zero for
vt = ¢ 'A ' and v = cA, the mode of the Wishart distribution. If these exact
solutions were unknown, one could try to optimize L?(v) (and L'(+)) numerically
via semidefinite programming. For L?(+), the projected Newton direction A~y can
be calculated directly [112, p. 77-80] as

. 1
A~ = argmin (Li, Av)p + §<L37A% A p = _71/2

{71/2/\—171/2
AyeSn

7 71/2
Cc
A—l
—y-1= (4.54)

and leads to the update rule v+ = 24 — c=14* A~1~* exhibited in equation 4.51.
Optimizing only the prior probability is therefore expressable as semidefinite opti-
mization leading to an iterative update rule for the coefficient matrix v. A similar
investigation is possible for equation 4.52. Suppose for the sake of illustration that
Nexp = M and +y is invertible. Then |C'(y)| = |®yP*| = |y| by the properties of
determinants. If one writes L'(7) as

L'(7y) =log|C(7)] 4+ tr (SC™' (7)) =log|y| +tr (Spv™)
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= —log|v"| + tr (Sp7™) (4.55)

the result is a term in Z = ~7 that is again amenable to semidefinite programming
and has projected Newton direction [112, p. 77-80]

AZ =7~ 75,7 (4.56)

where AZ is an update for the inverse 4+ of 4. In conclusion, investigation of the
special cases inherent to the iteration scheme proposed in equation 4.50 reveals it
to be a mixture of weighted simultaneous manipulations of the coefficient matrix ~y
and its pseudoinverse v via the action of regularization and data terms. We suggest
to set ¢ = 1 to avoid issues evoked by the mode of the Wishart distribution scaling
with c. The pseudocode below summarizes our approach.

Nonparametric unconstrained kernel inference

Input

S =-1 Z?O:bi Ju;, ® f:j, the empirical n X n covariance matrix

Tlobs

K, the prior kernel with decomposition K, (s, t) = Y| Xip;i(s)gi(t)

Parameters

Nexp < 7, the expansion depth determining the dimension of

—1

r € [0, 00), a regularization parameter which can be set to r = n_

Begin
,YO =A,withA € Szew and (A)ZJ = 5ij)\i

Do until convergence:

V= 1 207+ Sp — ryATY]
where S, € S S, = (®1)S(2*)F, @ = [p1, ..., Pny)

End

Output

TMexp

7, @ Nexp X Nexp coefficient matrix such that C(v) = 27 i1 Yijpi ® @] is both likely
under the observations and probable under the prior assumptions.

Since all operations act only on the finite dimensional coefficient matrices, there
is no inherent reason, why the algorithm should not work for infinite dimensional
covariance matrices — or the underlying kernel functions if one swaps R" for L.
The algorithm is illustrated on subsequent pages by plotting in the figures 4.8 to
4.11 some results showing performance for inference and simulation tasks and by
comparing it to other methods.
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Inputs

w
.-e

Inferred C’s and v's
r=0 r=1 r=2 r=10

Figure 4.8: Inferred coefficient matrices «y and covariance matrices C' = ®~®* for different regularization parameters r.
The expansion depth nexp is 10, the dimension n of the observed process is 100 whereas the number n4ps of observations that
contributed to the empirical covariance matrix S is assumed unknown precluding any informed choice of r. The influence of
the regularization parameter r on the result of the inference procedure is well visible. The algorithm terminated in approx-
imately 0.01 seconds. The colorscale is identical for all plots of the same type. In all cases the true underlying covariance
function was the squared exponential kernel.

4.3.3 Extensions

It is possible to solve the kernel inference problem under affine constraints on the coefficient
matrix 7y albeit at the cost of further computational effort and reliability of the solutions. The
resultant algorithm can be used for example to formulate a procedure for variance compo-
nents estimation centered around the likelihood as optimization objective. The calculation of
the closed forms of gradients, Hessians and derived information matrices provided by theo-

Ny

rem 4.3.5 exploited the orthonormality of the family {; },",. Especially in the infinite dimen-
sional case, where the Mercer decomposition of the prior K, (s, t) is Y- Xipi(s)pi (t) with
{pi}32, an ONS of functions in L*(T), one typically has access and works with only a finite
vector of point evaluations [;(t1), ..., pi(t)]T € R™ or more generally with Ap; = 1; for
some linear operator A : L?>(T) — R™. Then the 1); are not necessarily orthogonal any-

more; however if the sequence {1; }7_, C R™ is linearly independent, the results derived for
the ONB-case mostly still hold as will be shown in what follows.



4.3. PRACTICAL IMPLEMENTATION 187

Inputs

T EN

Inferred C's and «'s

r=0 r=1 r=2 r=10

R
L1 1]

Figure 4.9: The same setup as in the previous figure but with a massively misspecified prior covariance. The true underlying
covariance function is the min(s, t)-kernel of the Wiener process. If r is set to n(;sl = 0.05 (20 observations), the prior is
overridden as more data comes in and the result of inference is a covariance matrix that lies between the one plotted in the

first and second column.

¢ Inclusion of affine constraints

Recall from theorem 4.3.5 that the gradient and Hessian of the approximate maxi-
mum a posteriori objective function

L =1log|C(y)] + tr (SC* (7)) + 1 [ log|y| + tr (ATv)] (4.57)
were given by the expressions

L,=Q—=r)yt+rAt — 4TS " (4.58)
L,,={04ry" oy (4.59)

If it is now demanded that 7 € R"» © R" is the solution to some linear equation
Ay = b where b € R", A : R"» @ R"» — R" and n, is the number of
constraints, then one may try to optimize L with respect to v € A~!b, i.e. enforce
7 to lie in the preimage of b under A. Given some initial guess 7" lying in the
feasible set A~'b, the projected Newton direction Ay € S" is that symmetric
matrix, which minimizes a Taylor expansion based approximation to L at v° while
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True kernel Observations Empirical CM MAP inferred kernel Spline estimates

o= N

(B AR
LS
AR NS

Squared exponential

CORRSN)
2%

8%
/

Wiener process

Brownian bridge

Figure 4.10: Kernel estimations of the kernels exhibited in the first column based on several observations whose locations are
marked by the dashed black lines in the second column. The empirical covariance matrices are illustrated in column 3, the
MAP estimates in column 4. The regularization parameter was chosen according to the rule r = no_bsl As a prior, the smooth
squared exponential kernel was used. Finally column 5 reports the results of spline estimation for a simple interpolation

problem using the true kernels (dashed lines) and the inferred ones (unbroken lines). Compare to figure 4.4.

additionally satisfying AAy = 0. Then, if the initial iterate is chosen correctly,
vt = 4% + A~y has a smaller objective value L(vy') than 7° and still satisfies

Ayt = Ay% + AA~ = b; see [112, p. 78] for more details.

Theorem 4.3.6 With notation as above, the projected Newton direction

. 1
A~y = argmin (L., Ay)p + §<LWA7, Av) g (4.60)
ArESnen

subjectto  AAy =0

is — presupposing invertibility of v and Ay A* — given by the expression

1
Ay =1 [YA* (AyA* )T A—=TI] [1 = r)y + ryAty = S,] . (4.61)
Proof. Write A : R @ R™» — R" as the matrix A* = [4,, ..., 4, | where each
A; € R"w is the vectorization of the matrix A; such that tr(Aiy) = (A, v)r =
(A7);. When convenient, we will identify A;, v, A~ either as elements of R" or
of R"» @ R"». The Lagrangian of the problem is

1 e
L= <Lw Ay)p + §<LWA% Av)p + Z wiAi, Av)p
i=1
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True kernel MAP estimate (r=0.5) MAP estimate (r=1.5) Parametric estimate

Figure 4.11: Column one shows a certain kernel K and exemplary members of H . These samples are used to infer K via
MAP and parametrically. Simulations illustrate that the elements of H x,,, capture more of the underlying global structure
than an arbitrarily chosen parametric model (squared exponential). Notice that the input is an empirical covariance matrix
whereas the outputs of the inference procedures are kernel functions that can be employed in spline constructions.

Kernel

Simulations

and consequently the KKT conditions [25, p. 161] are

VA7£ = LA/ + L,WA’}/ + Z /LZAZ =0
i=1
VL = (Ai, Av)F = 0.

This can be written as a system of linear equations for Avy. With 2 € R™ such that
(u); = pi, the SLAE has the form

LAy + A'p=—L
AAy =0

~

One might denote as A the matrix (L, A% A, 0], set Ay = [Av; ] and f:, =

[L.;0]. This would allow to write the equation as
iA— L
and solve it by means of simple matrix inversion, albeit very inefficiently. Instead,

under assumption of invertibility of v and full row rank of A, a sequence of substi-
tutions produces

I Avy = —L7 (Ly+ A*p)
11 ANy —0
& i = —(ALL A")TALT L,

111 L Ay+ A =L,
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s M = —L* (L, — A"(AL: AT ALL L)
= L (A*(AL* ATALE — 1) L,

Since L., and L% only act on symmetric matrices in the above expression, they can
be simplified by using L., = (1 + )yt ® 4" on S™». Now investigate separately

Ay=—-LLL, + LA (ALX A" AL L,. (4.62)
—— N ~ v
Am Az

For A+, one arrives in analogy to the unconstrained case at

1
Ay =—-LT L, =137 @y [(L=r)y" +rAT — 1S
1
=1 [(r=1)y+ S, — ryAt] (4.63)

For A~,, notice that Ay, = (1 + r)~2yA* (AL%A"‘)Jr AvyL.~v and that since
ALT A*z = (14 7) " AyA* 2y, the inverse (AL%A*)Jr acts on some b € R as
(1+7) (AyA*)" by*. Since we assume + to be invertible, we may write

1 1
Ayy = ——yA* (AyA")T [AyL T =y A (AyA)T A ——~L
Ve = 1A (AvAY T ALy ]y = AT (A AT (H?ﬂw)
= —yA* (AyA")T AAY, (4.64)
Adding A~v; and A+, and collecting terms proves the theorem. O]

We can then summarize the result of the projected Newton steps as

Y+ Ay =7+ Ay — yA* (AyA*)T AN, (4.65)
Ayi=1+7r)" [(r—1)y+ S, —ryATy]. (4.66)

The term (AyA*)" has dimension [n,, n.] and is easy to invert. It can be constructed
as the pseudoinverse to the operator ANM, A* where M., = I ® v is matrix multipli-
cation by -y but slightly modified to act on vectors of dimension ngxp in an analogous
way.

§ Nonorthogonal basis vectors

Suppose an arbitrary ONB {;}! | C R™ is given and express the covariance matrix
in terms of a matrix 7 of coefficients for the elementary matrices ¢; ® ¢} formed
by tensoring together the elements of a linearly independent but otherwise arbitrary
sequence of vectors {1; }1;.

C, = Z Nij i @ Y7 {1}, linearly independent . (4.67)

4,j=1
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Let the matrix 7 have prior A. In the loss function L(n) = Li(n) + La(n) =
log |Cy| + tr (SC;F) + 7 [—log || + tr (A*n)], the first term Ly () is related to the
likelihood of (), given the data and one might express (), using the elementary
matrices 0;; = ¢; ® ;. Naming the coefficients of this expansion 7; i.e.

C, = Z Niji @V = Z%‘j%‘@)@; =C,

1,j=1 1,j=1

one has Ly(n) = log |Cy| + tr (SC;7) = log|C,| + tr (SCF) = Li(v), where the
expansion in terms of v uses the ONB {;}" ;. Gradients and Hessians for this
case are provided in theorem 4.3.5. If a prior A is given only for 7 and not for ~,
then the second term Lo (7) has to be rewritten slightly. Denote by D the matrix of
expansion coefficients (D);; = d;; where 1; = Z?Zl dijp;, or ¥ = ® DT for short
with U = [y, ..., ¢,] and = [p;, ..., v,,|. Then rewrite

Cﬂ = Z niﬂbi ® 1/);‘ = Z Mij (Z dik@k) ® (Z djl@l>
k=1 =1

i,7=1 7,j=1

= Z Z dienijdji pr ® @

kl=11,j=1
————
Ykl
n
*
= E VelPr & ¥ =C,
k=1

The relationship between the coefficient matrices 7 and + is therefore seen to be
v=D"nD (4.68)

as vi; = 22,1:1 dkinkldlj = d:??dj for D = [dl, ,dn] As D = ((I)+\Il>* = Ud
with both ¥* and ® quadratic and full rank, it holds that D has also full rank and is
therefore invertible [100, p. 13] with inverse F' = D,

This allows to reformulate L,(7) in terms of 7 by replacing n with F*~ [ leading
to the loss function

Ly =log|Cy| +tr (SC;F) +r [—log|n| + tr (A*n)] (4.69)
=log|C,| + tr (SC) +r [~ log |F*yF| + tr (AT F*yF)] (4.70)

completely described by the coefficients v of an expansion in terms of the ONB
{®i}i_,. Now note that —log |F*vF| = —log |F*||F||y| = —2log|F| — log ||
with —2log | F'| being a finite constant due to F being invertible. It is independent of
~ and therefore ignorable for purposes of minimization w.r.t v. One may therefore
equivalently optimize

Ly =log|C,| + tr (SCT) 4+ r[=log |[y| + tr (G F)] 4.71)
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with G = AT F*. Apart from the term tr (G~ F) all first and second derivatives have
already been calculated before. It is obvious that the second derivatives all vanish
and that its first derivatives are given as FA*F™* because

0 0 < 0 &
. 0 (GyF) = > GoryirFim = o > Y GonkFim
Tij Vi g1 RLZ R R —

m=1

= (FG)ji

and (FATF*);; = (FATF*);; by symmetry. Then it is possible to employ the same
Newton-type algorithm as before to minimize L, by iterating v**+! = ~* — Bj V, L,y
where

- 1 .
BV, L, = (ﬁ) Y@y [(1 =1y =7 Syt + rFATFY]

1—7r 1 r I
_(1+T)7_(1+T>S¢+<1+T)VFA s

The expression for v%*1 based on the k—th iterate - is then

1
P = (1 n 7’) [2ry + S — ryFATFY] 4.72)

where after convergence the relationship n = F*~F' can be used to find the opti-
mal 7. Alternatively one might directly write down an iteration scheme for 1 by
exploiting v = D*nD via
n*t = (14 r)"Y(D*)* [2rD*nD + S, — rD*nDFA* F*D*nD] D*
= (1+7)""[2rn + F*S,F —rnA*n] (4.73)
s
»

Effectively, the scheme is the same as the one presented previously for « but with
S, replaced by F*S,F' =: S,,. The interpretation is as follows.

Sy = F*S¢F = [*®TSOF = (@D*)*S[((I)D*)Jr]* = (\If+)5(\11+)*
At the same time one finds

argmin || U7¥* — S| =0t @ UtS = (UH)S(UH)* =S,
ﬁGRn®R”

i.e. Sy is the coefficient matrix such that » 7', (Sy)i;j¥ @ ¢ is closest to S.
The matrix contains the expansion coefficients of S in the linearly independent
system given by {1;}7_,. When ney, < n expansion coefficients are used, the least
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squares interpretation still holds. The surprising conclusion is that the algorithm
as sketched on page 185 still holds even if only a system of linearly independent
vectors spanning R"” is used but not an ONB.

Remark The reader may notice that this situation was already encountered during
the computations for figure 4.10. There an n,, X n, covariance matrix C' with prior
Cp = > 1% Aipi @ ¢ € R™ @ R™ had to be inferred from samples f,,, € R" with
n < np.

We summarize the results in the following general algorithm for constrained kernel
inference for which some geodetic applications are provided in the final section of
this chapter.

Nonparametric kernel inference with affine constraints

Problem
The kernel K (s,t) on an indexset 7' x T is to be inferred based on nps observation
vectors fu, = [fu, (t1)s s fu, (tn)]T € R™ that provide point evaluations of the func-
tions f, (+) drawn from H g for I = 1, ..., nops.
A prior guess K, (-, ) for the kernel with Mercer decomposition Y .= Xi:(-)¢i(-)
is to be respected and the result of inference has to satisfy the affine constraints

(Am, ) = bm,m = 1,...,n. where v is a coefficient matrix determining the guess for
K.

Model

The best guess for K (-, -) is determined by that v € Si”“ for which the log probability
is maximal; i.e. which minimizes

L(v) = log |Cy| + tr (SCT) + 7 [—log [y| + tr (A*y)]

where C,, = ZZ?Ll Yigi @ Y7 with ¥ = [ipi(t1), ..., 0i(tn)]’ € R™ is the covari-
TNexp

ance matrix induced by the kernel guess K (s,t) = >, %", vijpi(s)pij(t) and other
quantities are as defined below.

This probabilistic model corresponds to the assumption of Gaussianity for f,, € R"

Texp

and approximately a Wishart distribution on y € S**.

Input
S =1 Z?":bsl w; ® f5,» the empirical n X n covariance matrix

Tlobs

K,, the prior kernel with known Mercer decomposition K,(s,t) =
i Aipi(s)pi(t) where ny is allowed to be finite or infinite and the sequence
{©i(-)}=y C L*(T) constitutes an ONB.

2
A € R" ® R™w, the operator determining the n. affine constraints Ay = b =
{<AMa’Y>F xf:l'
e Sz“p N A~1b, a feasible initial guess for + used as a starting point for iteration.

Parameters

TNexp» the expansion depth determining the dimension of ~y

—1

r € [0, 00), a regularization parameter which can be set to r = n
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Begin
Set A € S, (A)yj = dij N
Do until convergence:
Y=+ Ay — y AT (AyAT)TAAy
where Ayy = (1+7)7 (r — 1)y + Sy — ryATH] € ST
and Sy = (UF)S(T*)+ € ST, U = [y, vy U]

End

Output
v, @ Nexp X Nexp coefficient matrix subject to linear constraints such that C'(y) =
ZZ‘}”":l Yijpi @ ¢ is both likely under the observations and probable under the prior
assumptions. A kernel estimate K(-,-) = EZ}"’:I vi;pi(-)p;(-) having those same
properties and generalizing C(7).

4.4 Selected applications

In this last section of chapter 4, the theoretical apparatus developed in sections
4.1 to 4.3 will be given practical meaning by applying it to geodetically motivated
problems. These include but are not limited to different versions of variance and
covariance estimation tasks for which kernel inference methodologies are an obvi-
ous choice due to the central role played by positivity in the characterizations of
variances, covariance matrices, and kernels. Less expected might be the applica-
tion of linear programming to robust estimation, in which primarily /*-norm based
minimization problems are employed to handle sparsity constraints and introduce
robustness into geodetic standard procedures such as the otherwise /?>-norm based
estimation of Helmert transformations. The use of LP methods raises the question,
which additional geodetic problems might admit a formulation in terms of quadratic
programs or the more general semidefinite programs and first nonobvious applica-
tions of kernel inference are investigated.

4.4.1 Robust estimation

The choice of parameters x based on {? norm minimization of residuals r = Az —b, with A, b
problem data, results usually in nonsparse residuals even if an x exists with (Ax); = b; for
all but one j € J. Furthermore, due to the square r? in |3 = 2721 77 large residuals are
strongly penalized and during the minimization of ||r||3 it regularly happens that the decrease
of a large residual v by Ary is bought by an increase of several small r; by Arj,j € J/{l}
st Y eglry + Arj? < dies |7;|? but the absolute value of the residuals has grown:
> jes i+ A >3, |rj| This tendency to overemphasize the largest residuals can lead
to inconvenient behavior when outliers are encountered. Sparsity and robustness to outliers
are linked to the {'-norm rather than the (*>-norm and intuitive explanations for that fact
are presented in this subsection. As (*,(? and (°>°-norm minimization can be cast in an LP
respectively QP framework, SDP embeddings exist and solutions to ¢ = argmin, cp. ||Ax —
bll,p € {1,2,00} can be calculated numerically. These then help to solve both the robust
estimation of parameters in a linear model and the more challenging nonlinear problem of
inferring the parameters of a Helmert transformation H : R? — R? given identical points in
different coordinate systems.
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As shown previously, norm minimization tasks of the type

oy = argmin||Af — y||% + || I3, (4.74)
feHK

correspond to optimal estimation in presence of white noise on the measurements
Af of a stochastic process f with covariance function K (-,-). This interpretation
is also valid for adjustment problems A\ — y = v with white noise v on the
measurements and a prior that favors small lengths of the coefficient vector A
although A is a design matrix rather than a measurement operator in this case. Even

m

though a prior on coefficient vectors A with (A\), = (Z i1 )\jgj(xk)>k S

seems, at least from this perspective, puzzling at first, it enters naturally if one
assumes that the linear combination 77" | \;g;(-) is itself chosen randomly with
the A;’s distributed as multivariate Gaussian.

This establishes interpretations of further machine learning methods that are similar
in flavor to the abstract spline problem 4.74. Consider for example

Ridge regression : o = a;gglinHAf —yllZ + of| Bf||%
oR™
LASSO: oy = aﬁgl&}nﬂz‘lf —yllZ: + all flle
Blastic net: 7 = argmnin|[Af — s + o /I + 0]l
[92, pp. 61,68,118] where the «’s are some positive constants that determine if

faithfulness to the data or regularity of the estimator are prioritized and B is some
linear operator. In the above, || - ||» denotes the classical /¥ norms, i.e.

[ fller =

> 1l
k=1

Note that for some nonnegative function ¢(f) > 0 Vf € R™ satisfying additional
constraints exp(—¢(f)) is normalizable with ¢™* = [, e/ df < oo implying
that cexp(—¢(f)) is a valid probability density function (pdf). Therefore to each
norm type there corresponds a unique probability density function: to the £* norm
one may associate the multivariate Gaussian and to the ¢! norm a multivariate ver-
sion of the Laplacian distribution. See Fig. 4.12 below for some sketches of the
respective norms and densities in the instructive 1 dimensional case.

The Gaussian pdf’s derivative at its mean is zero; the pdf’s value converges to zero
extraordinarily fast. The Laplacian pdf in contrast has heavy tails but its derivative
at the mean is undefined. We extract the following from our discussion and the
images in Fig. 4.12:

I When minimizing the ¢?-norm or equivalently maximizing the likelihood un-
der a Gaussian pdf, small residuals are considered almost irrelevant since the
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L' norm L' norm induced pdf L' norm in 2 D L' norm induced pdf in 2D

\,

r

L? norm L? norm induced pdf L? norm in 2D L? norm induced pdf in 2D

A

- r

L™ norm L™ norm induced pdf L™ norm in 2 D L™ norm induced pdf in 2D

Figure 4.12: The £, £2 and £°° norms and their corresponding probability densities associated with the Gaussian and Lapla-
cian distribution. Note the Laplacian’s heavier tails. In the 2-D images, brighter color corresponds to higher density values.
To the best of the authors knowledge, the exact nature of the pdfs associated to £°°-norms in dimensions greater or equal than
two has not yet been investigated.

gradient of || - ||7, around 0 is zero. Large deviations are punished dispropor-
tionately strong: During minimization decreasing a big residual is considered
more favorable than decreasing several small ones by the same amount.

II When minimizing the ¢!-norm or equivalently maximizing the likelihood un-
der a Laplacian pdf, small residuals are punished less than big ones but still
severely as the gradient of || - ||,x around O is constant and positive driv-
ing either f to sparsity (if || f||ss — min) or leading to sparse residuals (if
|Af — y|ler — min). Big residuals are penalized proportionally: decreasing
a big residual is as good as decreasing an already small residual by the same
amount.

Combining I and II explains why ¢!-norm minimization leads to sparse and robust
estimators that can systematically outperform ¢2-norm based least squares solutions.
Therefore ridge regression might be seen as adjustment with a prior on the length of
B, LASSO has a sparsity prior on the parameter vector A and elastic net regular-
ization balances both. To obtain the usual interpretations, swap f for A in the above
and assume the stochastic process f to be determined by a multivariate Gaussian on
B f, sparse or a combination of both.

The behavior of ¢!, ¢? and ¢*°-norm based estimation procedures differs signifi-
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cantly. For an illustration of the results of fitting optimally a line and a parabola
to data subject to noisy measurements and outliers see figure 4.13. Minimizing
|AX — y]|, can be cast as a linear program for p € {1,00} and as a quadratic
program for p = 2, which establishes the optimization task as a subproblem of
semidefinite programming. The exact SDP-embeddings are reproduced below for
the reader’s convenience, with more details available in [28, pp. 293-294,].

e The /!-norm based estimation problem is a diagonal SDP. It can be written as

A* = argmin |AX —y|ly =  argmin Z [{ak, Nz — Yl
A=[ALyer Am] ER™ A=[A1,Am]ER™ T3

This is equivalent to the following formulation.
min (¢, q)pe

qgeRSs
subjectto  Gqg < h

LR R i IS

where ) is the set of m parameters to be inferred, y contains the n observa-
tions, and A is the design matrix with rows ay.

e The (?-norm based estimation problem has an SDP-embedding as well; its
explicit form was derived earlier in example 24. As there are closed-form
solutions to the problem that do not rely on numerical optimization, those
will be given instead.

A* = argmin |AN —yl|5 =  argmin Z ag, N2 — i |?
A=A o Am] ER™ A=[A1,AmlER™ 1T

The solution is
A=Aty
where the notation is as in the £*-norm minimization case and A" denotes the
pseudoinverse of A.
e The />°-norm based estimation problem is a diagonal SDP. It can be written as

X=  argmin AN —yle= argmin  swp |{ap N — pil
A=[A1,...,.Am]ER™ A=[A1,.. . Am]ER™ ke{l,...n}

This is equivalent to the following formulation.
min (¢, q)pe

qEeRS
subjectto  Gqg < h
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Figure 4.13: The best fitting lines and parabolas based on data contaminated by noise with different probability distributions
where "best” is meant as the lowest #P-norm, p € {1, 2, 0o} of the residuals. Both of the lower images show the estimation’s
sensitivity with respect to outliers. Where the red line (ground truth) is not visible, it is covered by the coinciding £!-norm

based estimation.

This performance difference of /2 and ¢*-norm based estimation in the presence of
outliers carries over to the nonlinear but nonetheless typical geodetic task of infer-
ring a Helmert transformation with fixed scale from coordinate measurements, see
Fig. 4.14. We briefly sketch the algorithm used to find the optimal transformation

AN with

A=

argmin
A=[za,y4,04]ER3

ANz = yllew

p=1,2

(4.75)

that maps the coordinates x in system 1 onto the coordinates y in system 2:

1. Get initial solution: \° € R3.

2. Set up problem: y* = A(N¥)x, Ay* = y* — .

3. Estimation step: AX* = argmin|| DA AX — AyF|[4.

ANER3

4. Update step: A1 = \* + A\*. Repeat steps 2-4 until convergence.
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In the above, D denotes the differential with respect to the parameters. The initial
solution can be guessed via an initial least squares step or by solving a subproblem
which is neither over- nor underdetermined. The minimization problem in step 3
is either solved analytically (/2-norm) or via linear programming (/'-norm) [28,
p. 294].

Coordinates in different Systems I1 estimate vs ground truth I2 estimate vs ground truth
o ©  Ground truth ©  Ground truth
o |, estimate o |, estimate
3 il — Differences —> Differences
% ® a
£ ¢ & ¢
o
g S . -
8 . 8 ° ;7
®
! oo & o ®
= ®
a » (-l
o o o o
g = 2 4\\1 Q//f
L B
) ) ° °
© Coordinates in system 1 L [} —>==
o o o o o Coordinates in system 2 ) ® Bva
© Measured coordinates with outliers -]
o o o o o O =8

x-coordinate

Figure 4.14: The left panel shows three sets of coordinates. They represent the same set of material, real-world points in
two different coordinate systems in the presence of noise and outliers. The noisy dataset was used to infer translation and
orientation parameters of a Helmert transformation using the two different £P-based schemes as outlined on page 198. As is
visible in the figure, £ -norm based estimation is much more robust than the #2-norm based estimation. The scale in the pair
of images placed on the righthand side is identical.

4.4.2 Kernel estimation

The estimation of variance components has a long standing history in geodesy. It is used most
widely to provide a test of the validity of a hypothetical stochastic model based on real data in
conjunction with an updated guess on the diagonal covariance matrix characterizing the pre-
cision ratios of the observations. Kernel inference includes as a special case the estimation of
a positive diagonal matrix and for purely illustrative purposes the two methods are compared
w.r.t the results they offer when applied to instructive numerical examples. As soon as nonzero
nondiagonal terms E[X; X ;| = 0;5,1 # j arise, the simple variance components estimation
associated to the covariance matrix model ¥ x = ZZ:1 Axer ® ey = 0, e, standard basis of
R", is not sufficient anymore. The covariance model K x = ZZ]’:I Aijpi @ j = 0 includes
nonzero crossterms and by a proper choice of y, it is possible to estimate covariance func-
tions and covariance matrices as superpositions of orthogonal parametric or nonparametric
basis functions depending on auxiliary information.

Approximation via sequence expansions can be modified to cover decompositions of co-
variance matrices X x = 0 into two covariance matrices Xx,,%x, = 0 by projection

Z? =1 Xijpi @ @ onto subspaces spanned by subsets {©k }res. This is illustrated by split-
ting the empirical covariance matrix of exemplary total station measurements into parts cor-
responding to pure noise and correlated influences explainable by atmospheric effects or
smooth movements of the measured object.
Nonparametric kernel inference with affine constraints can be used for what is called
variance components estimation in the geodetic literature [114, p. 265]. There,
a combination of linearly independent elementary positive semidefinite matrices
Cj,7 = 1,...,nep into a single covariance matrix C), is sought in such a way that
C, and the observations are minimally contradictory.

Texp

A covariance matrix C, = > ;%] u;C; assembled from the C; € ST is interpretable
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as the joint covariance matrix resulting from having several independent observation
processes each with covariance matrix C;. Suppose for example that z = [z, 23] =
[€1, €1+ €5] for two independent white noise variables €, €; with unknown variances
i1 and pio. Then

2

B 0 [ 0 7 1o 0 0§,

CM—E[$®$]—|:O u1+l’L2:|_ILL1|:0 1:|+M2|:0 1 —'1/L]CJ
]:

motivating this approach and giving the matrices C; the interpretation of being co-
variance matrices of blocks of observations. One can come up with similarly sensi-
ble explanations for nondiagonal C}, see for example [151, p. 320]. Given a prior
Wishart distribution with scale matrix A for p (considered as a diagonal matrix),
finding the maximum aposteriori parameter matrix x corresponds to minimizing

L(p) =1og |Cy| 4 tr (SCF) + 1 [—log || + tr (AT p)] (4.76)
where C,, = Z?;‘i C; and S is an empirical covariance matrix derived from
observations. One might swap C, = Z;%:‘i 1;C; for the more general model

Cy = > 0,21 %% @ ¢ with {;}7, some ONB of R™ and as a compensation
impose an affine constraint on v € S”! to ensure that 3p € R™ such that C), = C.,.
Since converting a prior on / into a prior on <y is nontrivial in the case where the
transformation is not of the form y = $~®*, attention will be restricted to the spe-
cial case of r = 0, thereby effectively neglecting regularization and only performing
maximum likelihood estimation.

Note that demanding C, € span{C1, ..., C,, } is the same as demanding PC, =
C,, where P : R™ — R™ is the orthogonal projection onto the column space of
C=[C,...Ch,] € R™ @ R"». The appropriate linear constraint on ~ is therefore

(I — P)®yd* =0 P=c(co)yter 4.77)

and by renaming A = (I — P)®®®, the problem of maximum likelihood estimation
can be encapsulated as the optimization problem

minimize log|C,| + tr (SC)
subject to Ay = 0. (4.78)
But this is just constrained kernel inference with regularization parameter r = 0

and can be solved by employing the algorithm outlined on page 193. The steps are
briefly listed below for convenience.

Maximum likelihood variance components estimation



4.4. SELECTED APPLICATIONS 201

Input

_ 1 Tobs * L . .
S= =200 fu; ® f5,, the empirical n X n covariance matrix

{¢i}?_,, an ONB of R”

{Cj}?z"l a linearly independent sequence of positive semidefinite matrices

Begin
70 = &*CP with @ = [©1, ey On), C = Z?e:"l C;
Do until convergence:
v =8, — YA*(AyA*)TAS, + yA*(AyA*)T Ay
where S, = ®*S® and A = (I — C(C*C)TC*)P ® P
and C = [C4,...,Cp, ] € R" @ R"ew

) Uexp

End

Output
v, an X n coefficient matrix such that C'(y) = Z?_jzl Yijpi @ ¢ is the matrix of the
form C,, = Z;ﬁ"l 1;C; with the highest likelihood given the data.

Remark If v or AyA* are not invertible, numerical problems during formation
of A~y can induce nonzero AA~ implying that later iterations of ®y®* are not

exp

expressible anymore as Z?:l u?-_C'j. Typically noninvertible v are encountered,
when the initial construction C'™" = Z?:‘i C; does not have full rank as then

rank y° = rank(®CM'P) = rank C™™* [100, p. 13] for ® constructed from an ONB
{witiss.
§ Comparison with least squares

Estimation of variance components for geodetic applications has received some
attention particularly during the advent of affordable compute power during the late
1970’s. Iterative schemes were published during that era, see [64] for an overview.
They generalize the well known formulas for empirical variances and covariances
and are of type BIQUE (best invariant quadratic unbiased estimators). Estimation
of variances or coefficients in a functional model describing variances is still an
important problem lacking a universally agreed upon success criterion and closed
form solutions. We will briefly sketch the construction of a least squares estimator
that is fast and relatively reliable but can lead to negative guesses for variances
and under unfortunate circumstances results in covariance matrices that are not
positive semidefinite. In what follows, the outputs of kernel inference and the
the least squares based algorithm are compared with respect to the computational
cost associated to deriving them, several error metrics and their performance for
estimation purposes where applicable.

Estimation of coefficients y; may be solved within a least squares framework by
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solving the problem

Texp

popt =axgmin || Y~ ;G — 8|3 = C*S. (4.79)
j=1

MERneXP

Although a direct generalization of the straightforward scalar estimators for empiri-
cal variances and covariances, least squares estimators can lead to model covariance
matrices Z;L:‘i 1;C; that are not positive semidefinite, violate the conditions sen-
sibly imposed on covariance matrices and perform insufficiently when themselves
used for estimation. Three problems will illustrate the behavior exhibited by the
least squares solution and the Maximum Likelihood estimator derived in the kernel-
inference framework. The summary statistics provided for each of the problems
are generated using simulated data based on synthetic ground truth and 1000 trial
runs, in which both kernel inference and the classical method are employed to de-
rive a solution. The entries ||Z¢., — Z¢,,||2 are the average ¢*-norms quantifying the

lengths of the deviations between solutions of the problems

e, = argmin [|Az — b7, and Tepe = argmin [|Az — b, ;
zERTeD ZERMexP
i.e they quantify how far estimation with C deviates from estimation with Cie.
In the above, A and b are white noise variables of the appropriate sizes randomly
drawn for each of the trial runs and C,y and C\.. are, of course, the estimated and
the underlying true covariance matrices of the problem.

Example 25 (Problem I) Estimation of basis variances p; and ps in total station
measurements with observation variances o,,s = [ + fodops Where dys is the
distance to reflective targets in m. The goal is to find p; and pe > 0 such
that g1 + poD is most likely given an empirical covariance matrix S. D is
a diagonal matrix with (D);; = d;;dos, With 4, ranging from 1 to n,s, the
number of observations. In the specific instance of problem [ treated below,
nevs = 5, D = 100diag[l,2,3,4,5], the true py and ps are g™ = 1 m and
ps'e = 1073, and the empirical covariance matrix S comes from 50 simulations
drawn from the true underlying distribution. The results of this and the following

examples are summarily interpreted after example 27.

Runtime ins  Absolute error RMSE Likelihood |[|Z¢c,, — Zcy. |2
LS 4.3%107° w1 0.2042 1 1 0.2556 7.7140 0.0409
e 0.0007 o+ 0.0008
KI 0.0449 w1 0.2022 w12 0.2533 7.7136 0.0406

po  0.0007  pg 1 0.0008

Example 26 (Problem II) Estimation of variance of leveling instruments. Let a
simple leveling setup with known point heights and lengths L, Lo, Ly = Ly + Lo
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be given as specified in figure 4.15.

Observations A, A, Instruments

X, = A a L e L, 8 A, measured with /|

Xy =Ryt A, measured with /,

%= N N, \ﬁ/ A, measured with 7,
L

Figure 4.15: The hypothetical leveling setup for purposes of instrument testing investigated in Problem II. The A’s are
measured height differences between the points of known height marked as empty circles and can therefore be directly
converted to residuals.

Presupposing the usual model claiming leveling variances to be proportional to lev-
eling lengths, it is trivial to check that

051 = 1Ly 022 = p1 Ly + paLo 053 = p1Ly + poLy + po(Ly + Lo)

03201962 = ly 03261963 = pnly Uzm = pun Ly + poLo

where af,k denotes the variance of z; and aiixj denotes the covariance between z;

and x;. This implies that the model S for the covariance matrix of the observations
depending on the variance factors i1, fio is

. Ly Ly Iy 0 0 0
S=up L1 L1 Li| +p2 |0 Ly L,
Ll Ll Ll 0 L2 L1 + 2L2

Now infer from 50 realizations of = and the associated empirical covariance matrix
S the coefficients p; and ps. They correspond to 20%1 and 20132, multiples of
the two instrument variances per 1 km double run. The synthetic ground truth is
i = 1 and 5" = 2. Note that an imaginary average likelihood implies, that

invalid covariance matrices have been produced by the LS procedure.

Runtime ins  Absolute error RMSE Likelihood  ||Z¢,, — Zopell2
LS 3.5%107° w1 2 0.3055 py 2 0.3867  5.873 + 0.003¢ 0.083
fy : 0.3258 g ¢ 0.4067
KI 0.0610 w1 :0.2354 w1 0.3010 5.8484 0.063

[ :0.2834 151 0.3539

Example 27 (Problem III) Approximately decompose an empirical covariance ma-
trix S derived from time series into a superpositions of two parts S, Sy, that cor-
respond to low and high frequency components. The goal is to use S; and .S}, for
signal separation and filter out the high-frequency ’noise’ from a time series. To
this end, set the ground truth covariance function to be a superposition K (-,-) of
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a squared exponential covariance and a pure white noise covariance, both with co-
efficients 1. This ground truth is unknown to the algorithm. Afterwards sample
50 realizations of a stochastic process with covariance K, then form the empiri-
cal covariance matrix S. Decompose S into the weighted sum Cj + Z;L:‘i 1;C;
where () is the identity matrix and the C, 7 = 1, ..., ne, are covariance matrices
of smooth processes. Figure 4.16 illustrates this procedure and the associated table
again compares performances of the classical solution and kernel inference. Sur-
prisingly, Least squares and kernel inference are identical up to machine precision
in this example.

Runtime in s Absolute error RMSE Likelihood Prediction RMSE

LS 1.1x107% to 1 0.0284 1 : 0.036 20.3766 1.3945
w12 1.0399  py 2 1.3081
KI 0.2134 to :0.0284  po : 0.036 20.3766 1.3945

w12 1.0399  py 2 1.3081

Remark Note that in these tests, we are restricting kernel inference to solve a task
similar to the one solved by variance components estimation. It should be clear,
that the least squares algorithm can be outperformed significantly w.r.t. prediction
RMSE by employing the more general model S ~ S = Z?;il VijPi @ ¢ + Yol for
{0i }:" some ONB coming from the spectral decomposition of a smooth covariance
matrix. However, inference with this model is impossible with least squares as it is
unable to assure a choice of v that leads to positive (semi-)definite S.

Note that our algorithms runtime scales unfavorably with the dimension n X n of the
matrices involved because the full n X n matrix v is is formed and inference is per-
formed by iterating over «y subject to affine constraints. The least squares algorithm
manipulates the coefficients directly and only once; it is therefore much faster. By
extrapolation from problems I to III, one might conclude that least squares estima-
tion finds itself at an advantage over kernel inference in situations where numerical
simplicity and lower runtimes are of the essence whereas the kernel inference shows
better results in terms of those parameters likelihood, which can be imaginary ow-
ing to violations of positive definiteness constraints in the least squares approach,
and prediction performance.

¢ Inference of instationary covariance functions

The inference of covariance functions of random fields is included as a subcase
in the kernel inference algorithm. It is mentioned here explicitly only because the
practical application may seem nonobvious. Suppose an instationary random field
N has been observed at several locations {s;}7_, C R? where s, are spatial co-
ordinates and for purposes of illustration N.(-) is the distribution of a modified
refractivity N = 106(nair — 1) where ny;, is the refractive index of air. For each
w e O, N,(-) : R? - R is a specific spatial distribution of N in z and 2, i.e.
a profile drawn at random and indexed by an element in the probability space (2.
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True CM Example realizations Empirical CM

Sampling from
distribution

2

Kernel inference
VCE

Sample Estimated high frequencies Estimated low frequencies

Signal separation

True high frequencies True low frequencies

Comparison with
ground truth

Figure 4.16: In Problem III, variance components estimation (VCE) is used to approximately decompose an empirical covari-
ance matrix into a rough part (C ) and a superposition of smooth parts (e.g. C7). Later on, this decomposition of covariance
matrices is used for signal separation.



206 4.4.2 KERNEL ESTIMATION

Given the e, = 40 measurements of the of the nqp,s = 6 realizations N, , ..., Ny,
at the locations s1, ..., meas Shown in figure 4.17, the task is to infer the kernel
Kn(-,+) : R? x R? — R thereby enabling inference of the whole of N.

N
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Figure 4.17: Six realizations of the random field N.(-) : @ xR? — R representing a modified refractivity. For the simulations
a stochastic model was used; it features smooth changes in N. (-) and increasing variability for high altitudes. The red boxes
mark the locations of measurements to be used for kernel inference.

To perform inference, use an exponential kernel K3, and K3 in x and z direction
respectively. Choose the range parameters reasonably and construct the prior

prior T z
KR = KT K7

From the Mercer decompositions K% = > 7 Mo @ pf and K5 = 0 Mg? @

1
7 construct via tensorization the Mercer decomposition of K5 as

KR?OI('; )= Z Aigi(+) @ i)

where J; is the i-th element of the sequence { A} A }75_; sorted in descending order
and ¢;(-) = ¢f(-) ® 7 (-) is the tensor product of the eigenfunctions corresponding
to the eigenvalues A\f and \7. Each ;(+) is therefore a function from R? to R. There
are no affine constraints. To minimize the objective function

L(v) =1log |Cy| + tr(SCT) +r [~ log |y| + tr(ATY)]

Tlexp

Cy=Y ¥l U, € R”, (1,), = ¢i(se)

1,7=1

with ney = 20,A € R"™» @ R"» );; = §;;\ and S the empirical covariance
matrix, execute the iterative scheme proposed for unconstrained kernel inference.
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This means, repeat

1
AR = T [2ry + Sy — ryATH]

until convergence, where the 1y, X Nexp Symmetric matrix .Sy, is defined as S, =
(U)*S(¥*)*. The result is a symmetric positive semidefinite matrix ~ such that
Kn(--) = ZZ}XLI 7i9i(-) ® @;(+) is a reasonable kernel given the observations.
Using the classical Kriging formulas, interpolation can then be performed, yielding
the results plotted in figure 4.18. The figure suggests that, compared to other ap-
proaches, interpolation with covariance functions determined by kernel inference
potentially frees the user from the negative impact that misspecified covariance
models can have on the estimation performance. This is especially the case when
correlation data is reliable and has been gathered densely; then the advantage of ad-
ditional flexibility of a non-parametric model outweigh the disadvantage of worse
regularity properties.

Interpolation Interpolation Interpolation
Ground truth Kl kernel parametric kernel parametric kernel
1 1 1 1 10
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Figure 4.18: The interpolations performed with kernels extracted from the data plotted in the previous figure. The first column
shows the ground truth, two different realizations and an empirical covariance matrix. The three columns right of that show
the guesses of the ground truth based on the measurements marked with the red squares. Estimation was performed using
the kernel from kernel inference (2nd column), a squared exponential kernel close to the true underlying kernel (3rd column)
and an exponential kernel (4th column) that one may actually count as a gross misspecification. Notice that the KI-kernel is
nonstationary and exhibits a truthful representation of the variation structure even though the prior was the poorly performing
covariance function in the fourth column.



208 4.4.2 KERNEL ESTIMATION




Chapter

Applications to terrestrial radar interferometry

In this last chapter, the concepts introduced in chapters 2 to 4 — Hilbert spaces of
functions, probability distributions on them, and their choice — will be employed in
the context of radar interferometry. In order to do this, it is necessary to review the
basic principles of terrestrial radar interferometry (TRI) first and explain the rela-
tionship between objects surveyed, data produced, and the role of the transmission
medium. It will not take long to identify the atmosphere as one of the main contrib-
utors to the artifacts contaminating TRI-data whereupon we focus on extracting the
deformations from the noisy data in an RKHS framework. The way the data is nor-
mally represented as a complex number encoding phase and amplitude leads us to
consider complex covariance matrices whose interpretation is followed by practical
strategies for estimating them in the framework of kernel inference. The standard
approaches for solving TRI signal separation tasks turn out to be special cases of
RKHS-based processing and we provide the appropriate Hilbert space embeddings
that establish this link.

5.1 Basics of terrestrial radar interferometry

Terrestrial radar interferometry (TRI) is a relatively young technology devoted
to employing electromagnetic waves to derive coarse digital elevation models
or highly precise deformation estimates for surveying or monitoring purposes.
TRI as a remote sensing technology also used by geodesists has been applied
successfully in practice to derive safety-relevant deformation estimates for land-
slides, glaciers, volcanoes, and man-made infrastructure among other objects
[194, 166, 201, 167, 47]; more comprehensive overviews can be found in [35] and
[143]. However, the technology is still only partially understood from a scientific
standpoint as testified by still ongoing discussions as to what is actually measured
and how the data are to be interpreted exactly. Instruments have been designed,
developed, completed and made available to the market before the real-world im-
plications of their wave-theoretical underpinnings had fully been worked out.
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This precludes a completely satisfactory and closed treatment of TRI from a math-
ematical perspective, and topics like scattering theory and phasor arithmetics will
only be touched upon briefly herein. Instead, a rough survey of principles and
instruments will be provided and serves as an intuitive guide to the functional re-
lations between surveyed objects and data. We will allow ourselves to be guided
by empiricism and use mathematically sound reasoning based on formulae only in
a supporting role. In the same spirit, the standard processing chain producing un-
wrapped interferograms from SLCs will be presented; uses and motivations behind
the products generated in this way are emphasized. A detailed look at some appli-
cations will reveal current limitations that are inherent to the technology and can
only be approached via more sophisticated data analysis.

5.1.1 Survey of principles and instruments

TRI is as an active remote sensing technology that uses radar waves to derive deformations by
evaluating changes of the backscattering behavior of natural surfaces. Even though the phys-
ical and electrotechnical realization of the instrument and explanations of its characteristics
rely on quantum mechanical arguments, simply relating changes of a surface’s mean-distance
(to the instrument) to differences in measured phase and focusing almost exclusively on these
works well enough as a mental model and first order approximation to reality.

Spatial resolution in range direction is generated via frequency modulation whereas the way
in which the resolution in angular (cross-range) direction is formed depends on the type of
system used. One mainly differentiates between systems with real or synthetic aperture and it
makes sense to treat these separately. The geometric configuration inherent to the measure-
ment process has immediate consequences in terms of certain effects on the distribution of
noise, radar shadows, and classes of movements that are indistinguishable from the perspec-
tive of TRI.
Before any interferometric post processing happens, a terrestrial radar interfer-
ometer provides amplitudes A and phase values ¢ for a discrete set of positions
(ki Yrt), (k1) € Zyy, X 7y, corresponding to real-world surface patches. These sets
of values (Ax;, or1), Axt > 0,01 € [—m, |, are typically stored in complex form
as a matrix z € C™ ® C" representing the totality of waves scattered back by sur-
faces associated to the positions {(@x, Yri) }(k1)ez,xz, C R?. More on the exact
interpretation of these complex values can be found in the subsequent subsection

and the general scheme is illustrated in figure 5.1.

The matrix z is also called a Single-Look Complex image, or SLC for short.
Whereas the phases {gpkl}gzl’;ﬁ(u) are basically realizations of spatial uniform
noise on the interval [—m, 7] [91, p. 89] they should stay constant in time in ab-
sence of any changes of instrument conditions, propagation medium or backscatter-
ing surfaces. Conversely for different times ¢; and ¢, non-zero phase differences
Apy = gpfj’l — go’,;ll correspond to changes in topography or atmosphere and often
have a strongly autocorrelated and highly intricate structure that reflects underlying
meteorological phenomena or deformation processes; see figure 5.2 for interfero-
grams featuring both. Note that it is common to use the word ’phase’ also for the
phase difference Ay of the interferogram. This introduces a slight ambiguity and
terminological overlap as the same nomenclature is used for the phase of an SLC.
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Figure 5.1: The top panel illustrates the measurement process schematically. Waves are emitted, scattered back by terrain
and objects and then received by the radar. Due to occlusion, certain regions should theoretically have a backscattering
intensity of 0, however, noise, small scale scatterers and meteorological effects preclude this. Different systems patch these
one-dimensional slices together differently. The result is nonetheless always a set of two two-dimensional images in polar
coordinates that detail amplitude and phase values (bottom panels). If, as will be the case in later practical applications, an
instrument with a real aperture is used, then each line of constant polar angle in the resultant images is associated to the signal
backscattered by a one-dimensional section of the topography. In this way, the measurement situation depicted in the top
panel may lead to the single lines marked in the bottom two panels, see comments in the text.

However, since the original phases ¢ of the SLCs are rarely the subject of discus-
sion directly, the potential for confusion is limited. The same holds for the symbol
"> which may either denote a phase or a phase difference depending on context.

Of the four quantities Ay, @i, Tii, Y provided by a TRI measurement, the way
the positions as given by tuples (zx;, yx;) are formed is indicative of the type of in-
strument used. All of them employ either frequency modulated continuous waves or
stepped frequency continuous waves to derive distances d between instrument and
backscattering surface by comparing the difference in phases of transmitted and re-
ceived signals. These differences are time-dependent and by analyzing the mixture
of transmitted and received signals one finds the formula

d = Efbeat
2

5.1
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Figure 5.2: The phases of two subsequent interferograms formed by differencing three SLCs that were acquired two minutes
apart. In these interferograms, one part of the phase is dynamic and changes even in the course of two minutes time difference
and the other one is more slowly varying. The data are taken from the dataset described in subsection 5.2.2.

where c is the speed of light, 1 the rate of change in frequency, fieat the time
derivative of the mixtures phase and d is the distance to be inferred. More details
can be found for example in [189], [109, p. 14], and [111, pp. 90-92] . In this way, a
one-dimensional slice of distance measurements is generated from the superposition
of received signals by low-pass filtering their mixtures with the transmitted signal
and performing Fourier analysis to decompose them into elementary waves with
different frequencies (distances) and complex coefficients (amplitudes and phases).

This however is not yet sufficient to derive a spatial distribution of amplitudes and
phases, which is why additional measurements have to be made to guarantee suffi-
cient cross-range resolution. One may distinguish between radars with real aperture
(RAR), which are limited in terms of cross-range resolution by the antenna’s gain
pattern and radars with synthetic aperture (SAR). For the latter ones, the width at
half maximum is typically not a limiting factor as they acquire the set of range-
profiles necessary for generating a spatial distribution of amplitudes and phases not
via reorientation of their antenna but via movement of the whole instrument. Both
types of radars are in practical operation. A brief sketch of the TRI instruments
available on the market follows. Although care was taken to compile all informa-
tion found on that topic in scientific papers, no guarantee can be given as towards
the list’s completeness. Where detailed information regarding an instrument’s spec-
ifications is otherwise unavailable from scientific sources, webpresences of manu-
facturing companies are referenced.

At the time of writing there exist at least six commercially available systems for
measuring medium- to large-scale surface deformations with TRI [143]. Three
types of essentially different working principles may be distinguished. Four sys-
tems that have reached technological and commercial maturity rely on the SAR
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principle and use a multitude of acquisitions from slightly different perspectives to
synthesize a nontrivial cross-range resolution purely computationally. To this end,
the TRIs "FastGBSAR’ of Metasensing BV, "IBIS-FM’ manufactured by IDS, and
"LiSALab’ by Ellegi S.r.1. translate their antennas along a rail of approximately 2 m
length whereas "IBIS-ArcSAR’ by IDS employs a circular motion. The instruments
going by the name of ’GPRI’ and 'SSR-XT’ produced by Gamma Remote Sensing
AG and GroundProbe Itd. respectively are real aperture radars. All systems apart
from SSR-XT and LiSALab operate in a frequency spectrum ranging from 17.1 to
17.3 GHz.

FastGBSAR: With acquisition times of less than 5
seconds per image, this currently fastest commercially
available system is part of the products offered by the
Dutch company Metasensing BV [167]. It is operable
in two different modes (either as SAR or RAR) which,
according to the manufacturer, enables its usage for the
purposes of both structural health monitoring as well
as for risk assessment of geotechnical constructions and Figure 5.3: The FastGBSAR
widespread geological phenomena. The instrument has system (Image: (167

to be fixed on a tripod for RAR-usage. This mode of
operation allows measurement of approximately 4000 range profiles per second and

enables the analysis of vibrations and rapid movements of structures or industrial
objects requiring supervision.

IBIS-FM: This system by the Italian company IDS is
widely used in the mining industry. With an acquisition
time of approximately 3 minutes, it is still suitable
for continuous monitoring [102]. It has already been
used for risk assessment in different scenarios related
to geohazards; usage for structural health monitoring
is possible as well in a slightly modified version that
goes by the name of IBIS-FS. The mode of operation , _

is analogous to that of FastGBSAR but offers only a tFelr%]u(rlengé: ?SZ)TBIS-FL >
temporal resolution of 200 Hz in RAR mode [103].

LiSALab: This instrument by company Ellegi S.r.1 is based on research done in
cooperation with the Institute for the Protection and Security of the Citizen which
is a Joint Research Center of the European Commission. It is very similar to the
other two ground-based SAR systems mentioned previously but differs slightly with
regard to the frequency spectrum, that for LiSALab spans the interval from 17.0
to 17.2 GHz [187, 47, 193]. Neither the homepage nor the papers available to
the author mention any possibility of operating it in a stationary mode enabling
temporally highly frequent measurements.

The three instruments mentioned above are able to operate within ranges of up to
4 km. The precision of deformations derived from SAR measurements is approx-
imately 0.1 mm under laboratory conditions whereas the operation in RAR-mode
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leads to results an order of magnitude better. For SAR measurements, the instru-
ments are typically installed at a fixed location that stays constant for the measure-
ment campaign’s duration. This ’zero baseline condition’ guarantees negligibility
of topography-induced phases and allows for easy extraction of deformations from
the measurements but prevents the derivation of a DEM. The condition can be bro-
ken on purpose. Resolutions for all three systems are 0.75 m in range direction and
4.4 = x distance to radar in cross-range direction. The range resolution is a con-
sequence of operating the radar with a bandwidth of 200 MHz. Nontrivial angular
resolution results from processing data gathered by an antenna moved either along
a line or any other well known trajectory.

IBIS-ArcSAR: As explained in [110], spatial distributions of amplitudes and
phases are extractable from measurements made by an omnidirectional antenna that
rotates along a circular trajectory. Prototypes of an instrument of this type featuring
continuous wave stepped frequency transmitters and a step motor driving a robotic
arm have been developed by IDS and did lead to the commercially available IBIS-
ArcSAR system, whose specifications are documented in [101]. The instrument
performs similar to the IBIS-FM in practical applications w.r.t. resolution and ac-
curacy but, as [155] records, the antenna’s more complex motion pattern induces
an elevation-dependent error term that results in a non-negligible defocusing not
encountered in the rail-based systems.

GPRI: The Gamma Portable Radar Interferometer
(GPRI) is a terrestrial radar interferometer with real aper-
ture [191]. It can be deployed for deformation measure-
ments as well as temporally dense monitoring of profiles
and the generation of DEMs. For completion of the latter
task, a nonzero baseline is required. For the GPRI this
baseline is implemented in form of two separate receiver
antennas mounted on a rotating tower that is fixed atop
a tripod. The emitted radiation is concentrated in a cer-
tain direction orthogonal to the main axis of the antennas,
which is why the instrument tower holding transmission
and receiver antennas needs to be set into rotary motion Figuro 5.5 The GPem
to acquire an SLC. The acquisition time for one complete (Image: AP Swiss).

180 degree acquisition is 30 seconds for instruments of

the second generation.

SSR: Manufactured by the Australian company Groundprobe and designed specif-
ically for slope stability assessment, this system features a parabolic antenna that
is rotatable horizontally and vertically. Its pencil beam is moved over the slope to
sample it at regular intervals. With measured amplitude and phase as well as the
time of flight and given the angles, a digital elevation model can be reconstructed
from which regions of particular interest to the risk assessment might be extracted
and automatically monitored [88]. The sampling method is in itself similar to the
one used by laserscanners and especially in comparison to competing systems can
be interpreted as less areal and more pointwise.
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One advantage of the RAR approach over the SAR-systems is the suppression of
effects induced by moving machinery necessary for day-to-day mining business.
Due to the radar wave not being sharply focused in SAR, strongly reflective material
can have an influence even on neighboring resolution cells [91, p.42] and these so-
called sidelobes can lead to false alarms.

5.1.2 Typical processing chain

The minimum requirement for assessing surface deformations are unwrapped interferograms.
These are available only after a sequence of post-processing steps that takes as input an or-
dered set of SLCs and converts them to interferograms via multilooking and complex con-
Jugation. A global optimization routine then searches for that spatial distribution of phase
differences which is simultaneously well explainable by the observed interferogram and has a
low amount of large phase gradients between neighboring pixels [72]. Several algorithms ex-
ist, some of them easily interpretable in an RKHS framework and therefore especially suitable
as a basis for explanations. Other interferometric byproducts exist that are not of immedi-
ate relevance in the above pipeline but provide either helpful estimations of a measurement’s
reliability or further insight into an observed phenomenon’s dynamics. The information com-
piled in this section is well known generally but its presentation is scattered in the literature
due to textbooks focusing mostly on spaceborne SAR. Nonetheless, almost everything apart

from a few computational details may be found for example in [91].

SLCs and MLIs: Averaging the raw data to improve the signal-to-noise ratio (SNR)
leads to SLCs. In each pixel of an SLC z, phases and amplitudes are encoded in the
form of a complex number

2l = a -+ b= |Zkl|€w’“l.

where £ and [ are indices quantifying row and column. Calculating the absolute
value of 2kl via ‘Zkl| = szlHC = \/<2k1,2k1>(c = \/ZZlel and its angle P as
or = atan (Jm(zy)/Me(zy,)) from the representation of zy, in the complex plane
amounts to extracting amplitude and phase, see figure 5.6. This is more than just a
computational sleight of hand; the algebra of complex numbers mimics the behav-
ior of the real backscattering process in some important aspects [91, p. 89]. The
result of adding two complex numbers in neighboring pixels corresponds to that
complex number, one would have recovered as a result of measuring jointly the
surface patches associated to those two pixels. In this sense, addition of complex
numbers imitates constructive and destructive interference of backscattered waves;
the same cannot be said for example about the alternative candidate procedure of
simply adding amplitudes and phases.

This relation can be used to form Multi-Look Images (MLI) which exhibit worse
geometric resolution but a superior signal-to-noise ratio. To generate an MLI 2, €

!Parts of the material in this subsection are translated excerpts from an unpublished report on results
of a measurement campaign that was carried out on initiative of the Swiss office for the environ-
ment. The report was compiled together with professor Martin Funk, ETHZ. The excerpts presented
here were written by the author of this monograph.
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Figure 5.6: The amplitudes and phases are encoded in SLCs as the absolute values and angles of complex numbers. The axis
of SLCs correspond to range and cross-range and are indicative of a polar geometry that first has to be transformed into the
Cartesian plane or onto a DEM.

Cmnew & Cev | one effectively applies a boxcar filter to an SLC z resulting in

Nnp—1ne—1

(ZM)kl = Z Z Z(k—1)nr+o+1,(—1)ne+p+1 (5.2)

o=0 p=0

for individual entries in the MLI matrix z,;. Here n, and n. are the desired num-
bers of looks in range and cross-range direction and problems pertaining to out-
of-bounds indices arising at the border of the SLC are obviously solvable by some
convention or demanding M,y < M, Npewne < n. For computational reasons
one may reformulate equation 5.2 to make use of linear operators to derive the
equivalent equation 5.3 posed in terms of matrix multiplications,

My, the my,.,, index matrix for range summation

My, the ny,e,, index matrix for cross-range summation,

where, as before, the asterisk denotes forming adjoints. (M) is 1iff [ € [(k —
D)n, + 1,kn,| and (M) is 1iff [ € [(k — 1)n. + 1, kn.|. They are 0 otherwise.
This is easily implementable and computationally efficient if Multi-looking is to be
performed on a batch of SLCs as the matrices M, have to be formed only once
upon which they are readily available for the subsequent matrix multiplications.

Interferograms: The interferometric phase ¢, given here the symbol ¢, for clar-
ity, is the temporal difference between two spatially corresponding pixels in two
different SLCs z; and z,. It can be calculated via pointwise multiplication of the
SLC z; with the elementwise complex conjugated z; of 25. The choice of order is
inessential as it changes only the phase’s sign and and leaves all other characteris-
tics of the complex number untouched although the one presented here seems to be
the most widespread. The individual entries of the complex interferogram 2z, are

(z)m = (Am)rei?™ = (Ay)p(Ag) ellern=(e2ul

= (21)m(22)k =(21 0 Z2) .
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Calculating z; 0 z3 = 2z € C™ ® C" (o is the pointwise Hadamard product,
not matrix multiplication) has the advantage that it produces complex numbers that
can be coherently added in a second step. As alluded to during the explanation
of MLlIs, this improves the interferometric phase’s signal-to-noise-ratio. Choosing
natural numbers n, and n. determining the number of looks in range and cross-
range direction, one arrives at a formula almost entirely analogous to the one for
MLIs. For the interferogram zyy, € C™ v @ C"ev generated via simultaneous
multilooking one finds the components and the whole matrix to have the form

Np—1ne—1
(ZMInt)kl = Z Z (Z1 © 2_2)(k—1)n,.+1+o,(l—1)nc+1+p
0o=0 p=0
v = My (21 0 Z3) My

where M, and M, are index matrices as defined before. More information can be
found in [91, p. 93].

There are still two problems. First, there may be regions in which the interfero-
metric phase seems to be almost completely randomly distributed; those regions
are said to exhibit low coherence. The other problem is that the values extractable
for ¢, are bound to lie in [, 7| even though the true phase change that occured
between the acquisition times is ¢, + k27 for some k € Z. As even in the absence
of noise one would be able to reconstruct the true interferometric phase only up to
a multiple of 27 due to ¢, = mod(pfss, 27), it is necessary to employ additional
information to resolve this ambiguity; a task that is known as unwrapping. Both
problems are illustrated in figure 5.7.

Interferometric phase

Amplitude

B: Pure Noise

tes

local range coordinates

local range coordi
Measured phase difference in rad

Measured amplitude in arbitrary units

local azimuth local azimuth

Figure 5.7: The amplitudes and phases of an interferogram. The two panels on the right side are magnifications of the areas
outlined in the phase image. They show clear phase jumps (A) of 27 that do not reflect the true underlying phase and are due
to the ambiguities in the measurement process. In areas of especially low backscattered intensity, the measured phase can be
pure noise (B). Note that the interferometric phase is almost nowhere zero even though the covered scene is composed mostly
of stable areas; this is due to the influence of atmospheric effects.

Unwrapped interferograms: It is often possible to resolve the phase ambiguities
and the corresponding uncertainties regarding the sign of a pixels motion. This can
be seen in figure 5.8 on the right hand side, which exhibits an unwrapped version of
the interferogram previously shown in figure 5.7; note the different colorscale.
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Most of the errors in sign and discontinuities are gone
in the regions exhibiting good SNR and a spatially
coherent interferometric phase. The most common
methods for unwrapping search paths between re-
gions separated by phase discontinuities along which
the phase gradients vary smoothly. Along those
paths, the phase gradient can be integrated consis-
tently meaning that the result of the integration is in-
dependent of the specific path taken. An example of
this type of method is the branch-cut algorithm first = AR
proposed by Goldstein et al. [77]. It is also often " local azimuth

Unwrapped phase

local range coordinates
Unwrapped phase in rad

coupled with a denoising step that smoothes out the Figure 5.8: The range of the phase
spatial Fourier spectrum [76] and a phase gradient es- value after unwrapping spans mul-

. . - tiple ranges of 2.
timation based on a minimum cost flow problem that

minimizes a global measure of error based on network programming [41]. The lat-
ter method was employed to generate figure 5.8. Even though approaches based on
local integration of phase gradients are fast, the choice of integration path is a con-
sistent source of uncertainty and global methods based on the /¥ norm minimization

@Unw - argmin HWVSOInt - VSOUnw“p (54)

$PUnw cRmxn

have been designed to sidestep these problems [72]. Here V denotes the discrete
gradient, ¢y, the wrapped phase, Qunw the best guess for the unwrapped phase and
W is the wrapping operator Wy = mod(y, 27). The p-norm || - ||, is understood
to act on tuples of functions as ||(f, g)[[5 = [|f|[} + [|g][s. For p = 2, essentially
a least squares estimator results, that is both fast and global but suffers from over-
smoothing and spreads residual errors over the whole interferogram instead of con-
centrating them in isolated spots as should be clear from the discussion surrounding
subsection 4.4.1. One may as well formulate the problem of phase unwrapping as
an inference problem in a reproducing kernel Hilbert space by posing the following
problem.

@Unw = al"gmin ||@901nt - v(PUan?H]\, + ||90Unw||3-[¢ (55)
‘pUnwEHap

Here @cplm is a guess for the phase gradient, H » the noise RKHS with inner product
<f7 g>'HN = Z %
j=1 7

and 0']2 the noise variance as derivable for example from coherence maps. H,, is the
Sobolev-type RKHS with inner product

<f7 g>H<p = <Vf, v.g>HK

for some appropriately smooth kernel K. As usual, the first term enforces fidelity
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to the data whereas the second one regularizes the solution to have apriori likely
properties amounting to simultaneous smoothing and denoising during unwrapping.

Interferograms after atmospheric corrections: Even after unwrapping and poten-
tially denoising, the interferogram retains artifacts that do not relate to real deforma-
tion and are instead stemming from short- and long-term meteorological changes.
Separating the so called atmospheric phase screen (APS) from deformation is still
an open research question and the whole of section 5.2 is dedicated to its solution.
As this is an ill-posed problem without exact solution and nontrivial ground truth
is usually unavailable outside of image regions known to be stable, a multitude of
approaches has been developed to deal with this problem.

The APS is temporally and spatially highly variable; timewise it consists of a tur-
bulent part that changes within minutes and a long term periodic trend that operates
in the frequency region of 1/day. The most basic correction methods consist of
simply averaging the interferometric phase in time to low-pass filter out the highly
frequent part of the APS. This approach is termed stacking and the results can be
seen in figure 5.9. Other approaches focus entirely on the spatial aspects and try to
fit parametric or nonparametric models to predict and subtract the APS. Physically
motivated simulations have been successfully tested for spaceborne SAR [79] but
seem to be infeasible for TRI due to the small-scale nature of the local meteoro-
logical fluctuations. All these methods have a probabilistic interpretation that will
be made explicit when a RKHS-based framework is introduced to solve the spa-
tiotemporal signal-splitting problem in a stochastically rigorous setting in section
5.2

2 minute average 20 minute average 2 hour average 24 hour average

3
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0.5

) ) ) ) 0
local azimuth local azimuth local azimuth local azimuth
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Figure 5.9: The longer one averages in time, the less prominent atmospheric effects induced by turbulent meteorological
changes become. However, it is typically not possible to reduce them to zero and long term changes in temperature and
humidity prevent convergence of the sequence of averages to the true underlying deformations.

Coherence images: Two SLCs describing the same real-world surface patch at
different times are not necessarily sensibly comparable. Specifically this is the case
when the surface under consideration has undergone significant transformations that
have altered its reflective properties drastically. Changes in humidity and water
content or the random movements of vegetation due to wind can therefore already
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deteriorate the comparability of two image regions [91, p. 98],[15]. The coherence
v, |7l € [0,1] is a measure for the systematicity of joint phase variations in two
image regions and is used to exclude unsuitably incoherent and noise-dominated
areas from further processing. It is a function of the expected value E[-] of the
interferometric phase ¢, which is estimated by considering all values in a moving
window. If z; and z, denote two complex-valued random variables, whose phase
difference forms the interferometric phase to be evaluated w.r.t. its coherence -,
then

Y= E[z 23]
VE[ 211 E[| 2]

v e C. (5.6)

Several convenient properties carry over from the calculation of the real corre-
lation coefficient to the complex coherence unperturbedly. Note for example,
that for two complex random variables 2; and zy, if 2o = czy, then E[|2]%] =
|c|?E[|21)?], E[2123] = ¢* E[|21]?] and consequently

E * *E 2

7= (217 == [’2’1’2] =c*c! (5.7)
VE[2PIE[z]  cEllal]

has modulus |c*c™| = |ae™%[ac’?]7!| = |e7?*| = 1 just as in the purely real

case. Therefore a coherence with absolute value close to 1 indicates linear relation-
ships between the random variables, although the coefficient relating both may be
complex and encode not only scaling but phase shifts as well.

Coherence is high, if neighboring pixels behave simi-

larly. This is typically indicative of the existence of Coherence
reliable backscatterers. Often one does not distin- .
guish between the complex coherence 7 and its mod-
ulus |v|. Usually no confusion arises between the two
and we will follow this convention; to avoid ambigu-
ities we will explicitly mention the coherence being
complex when necessary. In figure 5.10 a coherence
estimate || on the basis of a two minute interfero-
gram can be seen. Regions lying in the radar shadow
are dominated by noise and therefore black, regions
featuring vegetation are still relatively noisy and are
assigned a grayish color (bottom parts). Areas con-

.. . . . . Figure 5.10: The coherence image
taining objects that scatter incoming waves in a con- provides information about phase
sistent manner are brightly colored and indicate high quality.
quality of the interferometric phase.
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Under certain simplifying assumptions, the coherence is the only quantity necessary
to compute the variance of the interferometric phase and closed form expressions
exist for afmm(fy) [14]. Even more, it is shown in [15] that under the assumption of
finite and identical signal-to-noise ratios SNR in the two SLCs forming an interfer-
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ogram and supposing an absence of changes of the imaging process itself,

SNR
——— orequivalently SNR = il .
SNR + 1 1— ||

v =

This shows that the coherence is useful to examine the interferometric phase’s relia-
bility and by providing covariance matrices helps to define inner products in RKHS
for which norm || - ||, and likelihood of phase-noise are in one-to-one correspon-
dence. Coherence is estimated via a moving window approach and an efficient
implementation based on matrix multiplication is possible similarly to what was
presented in the previous explanations, see page 256 for more details. Points ex-
hibiting especially reliable > phase information are often called persistent scatterers
(PS); see page 264 for more detailed procedures on how to determine them.

Derived products: The unwrapped and corrected interferograms featuring primar-
ily deformation rates need to be interpreted in the light of the initial monitoring task.
Aggregating information to aid decisions is not part of the generic radar interfero-
metric set of methods and needs to be done in a way tailored to the specific task at
hand. TRI data are particularly suitable for a subsequent time series analysis of in-
dividual pixels or whole regions. Due to the data being in the form of a sequence of
matrices, tools from computer vision like optical flow or segmentation are as easily
applied as extraction of statistical moments or special features like the coherence
that are indicative of the surveyed surface’s state.

5.1.3 Practical applications and limitations

Its ability to autonomously measure deformations over wide areas and with high temporal
repeatability has lead to TRI being deployed primarily for purposes of monitoring medium- to
large-scale natural phenomena like landslides, potential icefalls and volcanic activity as well
as structural health of geotechnical constructions in the mining industry. Typically, the results
of TRI measurements are then temporally dense, two-dimensional spatial maps quantifying
deformation velocities and time series derived from these maps. Most instruments listed in
subsection 5.1.1 can also be operated in a way that suppresses the formation of any angular
resolution enabling them to perform measurements of a one-dimensional slice of a structure
of interest directly in their field of view with very high frequency. Even though the practical
performance of TRI is often satisfactory, certain theoretical problems recurrently appear
in almost all applications. Most prominently, these are the effects induced by atmospheric
changes between two acquisitions, unknown stochastic properties of the data, and a lack of
interpretability stemming from an unclear relationship between measured changes in phase
and underlying changes of the topography.

Since terrestrial radar interferometers are suitable for surveying and monitoring of
various objects with differing characteristics and behavior, also the mathematical
models representing those objects are different. It is common to perform comple-
mentary measurements with instruments other than TRI to derive the parametersets
necessary to harmonize observations and models of either objects or measurement
processes. We will call such a problem-specific strategy determining the mode of

ZReliability here is not meant in the classical engineering geodetic sense of Baarda [12] but in the
more colloquial one implying high quality and low proportions of noise
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gathering information a monitoring concept and explain its components for a few
selected representative examples encountered in the current literature.

For one, there are validation measurements to verify the correctness of data pro-
vided by TRI. Apart from their use for detecting errors — particularly important in
the early stages of instruments as young as TRIs — they provide additional value in
the sense that the coordinates they deliver can serve as reference points for phase un-
wrapping. The latter is a problem of integrability and as such depends on the differ-
entiability of the interferometric phase, which is why local decorrelations can neg-
atively impact the success probability of extracting from the interferometric phase
an absolute phase difference that is independent of the path of integration. Pixels
in the interferogram with unambiguously identifiable deformations are particularly
suitable reference points for unwrapping and as such can diminish the potential for
contradictions between several separately unwrapped image regions. The ground
truth derived in this way further helps to quantify deviations and artifacts encoun-
tered in TRI data and supports the development of stochastic models that enable
statistical inference and uncertainty quantification also for derived products like de-
formation rates and failure probabilities.

Instead of investing time and financial resources into gathering data that are com-
pletely redundant in the worst case, it often seems more desirable to conduct com-
plementary measurements to gather the information necessary to apply correc-
tions and uniquely determine model parameters. Compiling meteorological data
via thermometer, barometer and hygrometer to estimate and subsequently subtract
the atmospheric phase screen [165] falls into this category, as does the deployment
of ultrasound sensors and stream gauges for quantification of the phase induced by
melting snow and other meteorological phenomena unrelated to kinematic changes
of the ground [163]. Gathering physical and geometrical properties for a joint pro-
cessing with TRI data seems to be fairly widespread and is implemented in different
variants. In the framework of already existing projects, the following instruments
and surveying principles have been used in conjunction with TRI:

* Terrestrial laser scanners (TLS) to generate three-dimensional models of steep
surfaces with the intention of georeferencing the deformations extracted from
TRI data [194].

» Spaceborne SAR interferometry to offer a different, independent line of sight
and in combination with TRI-data the possibility to derive two dimensional
vectors to quantify ground motions.

* GNSS to monitor the movement of particularly important points in a geodetic
network that cannot reliably be surveyed by TRI.

* Geological field measurements, infrared tomography and thermochemical de-
vices to infer information about composition of and processes in geological
formations [134].

* Measurements of mechanical tension for structural health monitoring and in-
clinometers, hydraulic as well as borehole measurements and geoelectrics for
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geotechnical monitorings [29].

* Documentation of human construction together with measurements of pre-
cipitation to find a causal connection between particularly rapid deformations
and their triggers [29].

As far as possible and accessible, theoretical geotechnical models have increasingly
been tied into the monitoring concepts; see for example [194]. In that source, a
finite difference model has been designed to model the dynamics of a landslide that
occurred in the province of Belluno, Italy. It has been changed regularly based
on TRI data to minimize the contradictions between predicted and observed move-
ments. Simple prediction procedures based solely on deformation measurements
have thereby been replaced by a more algorithmic approach in which that physical
model is derived that is most accurately explaining the observations. It is then used
for further predictions. Apart from this inclusion of models, in practice one often
encounters activities of a supporting nature, e.g. the installation of corner reflectors
to increase partially the SNR in natural scenes that otherwise exhibit only a low
proportion of stable backscatterers [152].

The possibilities for application of and practical experiences with TRI are the sub-
ject of disproportionately many articles owing probably to TRI still being consid-
ered as a technique in the experimental stage. While deformation monitoring of
geometrical surface changes is still the primary area of application, the dependence
of the interferometric phase on material properties of the reflecting surfaces has re-
ceived attention sporadically as well and found its use in vegetation and land cover
estimation. Since there are by now several companies originating from academic
institutions dealing with monitoring of geohazards via TRI, it is to be expected that
TRI will be deployed for a wider spectrum of tasks going beyond what it was origi-
nally designed for. Eight representative applications are listed below including their
results and further references.

1. Landslides: Each of the systems previously presented is used for monitoring
potential landslide areas. While for the SSR, these are primarily the techni-
cally created slopes of open pit mines [137] and for FastGBSAR these are
dykes [167], GPRI, IBIS and LiSALab have been used for monitoring of a
diverse set of regions with varying characteristics, see e.g. [194], [34], [47].
Publications are focused particularly on comparisons between data gathered
with classical geodetic measurements and TRI.

2. Monitoring of dykes: Metasensings FastGBSAR was tested in August 2012
in an area specifically designed to simulate dyke failure and enable early
warning. The result of these measurements were a sequence of time series
that describe the kinematic progress of the artificially induced formation of
crevasses [167].
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3. Early warning against volcanic geohazards:

IBIS-L has been deployed within the frame of the
project *Exupery’ under the auspices of the Ger-
man program ’Geotechnologien’ as part of a moni-
toring system to enable early warning and rapid re-
sponse to volcanic activity [166]. After creation of
an artificial spatial baseline, the ground based SAR
was able to generate a DEM and deliver a common
reference system allowing inclusion of other obser-
vations and the geometric components of the mon-
itoring scheme, that furthermore featured tempera- Figure 5.11: TRI was used
ture measurements, seismic recordings and chem- for deformation monitoring of
. . . . Stromboli. Image: [6]

ical analysis of gaseous emissions. For further in-

formation on volcanic monitoring with TRI and

their integration with geomorphological surveys,

consult [105].

Glacial monitoring: Several articles were published by or in cooperation
with expert staff from Swiss Gamma Remote Sensing AG on the topic of
glacial monitoring. These publications showcase functionality and practical
applicability of their in-house development *’GPRI’ in the context of real-
world measurement campaigns including outlet glaciers in Greenland [201]
as well as several ones in Switzerland. The results indicate fast decorrelations
induced by melting processes and atmospheric effects as the main hindrances
preventing reliable deformation data, see [163] and [191] .

CIliff stability monitoring: Martino and Mazzanti [134] used IBIS-L to sup-
plement TLS and infrared tomography thereby deriving statements about cliff
stabilities on Mount Pucci, Italy. The GBSAR extracted local motions and the
results were embedded into a framework that also employed geotechnical and
continuum mechanical calculations. The authors identify as problems of this
in principle successfully approach especially foreshortening effects and an
almost invariably insufficient set of possible instrument positions suitable for
cliff monitoring.
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Figure 5.12: TLS and TRI can be combined to visualize three-dimensional deformations. The image is from [134].
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6. Monitoring of snow depth: For the case of mainly dry snow, accumula-
tion of snow induces changes of a region’s topography that can be sensed
almost analogously to surface deformations. Early warning of persons and
localities potentially threatened by avalanches by means of TRI was tackled
in [130], however the measurements to gauge snow-depth changes via TRI
were delivering values that were at best moderately close to the ground truth
as influences of material properties — especially those of wet snow — on
penetration depth and phase retardation have not been fully understood yet.

7. Monitoring of infrastructure and historic building fabric: The leaflets of
Nhazca S.r.I. and Metasensing list several projects related to man-made struc-
tures. Among them are analysis of long- and short-term dynamics of railroad
bridges under different load configurations, of hydroelectric dams and of road
beds and road superstructures. School buildings, high-rise buildings, towers,
pillars, power plants, storage tanks and interim storages are mentioned as
well as examples of objects potentially suitable for monitoring with GBSAR,
especially in the RAR mode of operation. A specific application detailing
concept, execution and results of monitoring a bridge is described in [122].

8. Digital elevation models for visualization purposes: = Gamma Remote
Sensing AG published a paper, in which the process of estimating a digital el-
evation model of a glacier from GPRI data was described in detail. In compar-
ison to the official swisstopo DHM25 model provided by national authorities
in 1992, height differences of approximately 40 m were recorded that may
be traced back to melting processes and glacial recession [191]. The stan-
dard deviation of the difference between interferometrically generated height
model and the one provided by governmental institutions was around 3.4 m
at stable locations unaffected by glacial phenomena.

There exists an extensive supply of commercial and openly accessible software for
processing and evaluation of data gathered via satellite radar interferometry. The
main providers of open source software and freeware in that area are either public
research institutions like ESA, NASA, and TU Delft or collaborations of motivated
individuals. As an example of software originating from the latter constellation,
one may notice RAT (RAdar Tools); developed under the supervision of and with
contributions from Andreas Reigber, who codeveloped the software and augmented
it with E-learning tutorials while working at DLR [115].

Commercial packages are offered by suppliers of programs for professional visu-
alization of geodata or industry-oriented companies that sell hardware and moni-
toring services. The collections of programs typically offer the full functionality
needed to process raw data all the way up to differential interferograms. Programs
that go beyond this and support the user by assisting with examination and inter-
pretation of the data seem to be implemented only seldomly. Another example is
GMTSAR, which offers access to a preprocessor for every type of satellite currently
in operation, an InSAR processor for coregistration, interferogram calculation and
derivation of the topographic phase. A postprocessor enables coherence estimation,
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complex filtering, the plotting of displacement maps, georeferencing, and provides
a set of scripts for two-pass interferometry and time series analysis [171].

For TRI, however, the author failed in identifying openly accessible software. This
may have at least two reasons.

1. The necessity for a concerted effort to construct and operate TRIs is signif-
icantly smaller than the one for successful completion of a satellite mission.
Consequently, in TRI there is no large publicly subsidized institution that
considers itself responsible for developing and sharing high-quality program
packages. Market shares are split between small private providers whose pri-
mary goal of generating revenue conflicts with making openly accessible the
software that is often sold in conjunction with their hardware.

2. Apart from conversion of data in proprietary and company specific formats to
SLCs and other accepted standard products, further processing can be done
analogously to the spaceborne case. In principle, it is therefore possible to
perform further processing steps with already existing software; the exactly
known spatial baseline and a lack of any topographic phase even imply a
significant simplification.

The analysis of TRI data has received a surprisingly small amount of attention up
until now and is done essentially by visual inspection. Even though TRI has the
potential to provide measurements with high spatial and temporal resolution and
thereby acquire a large set of mutually correlated time series, papers rarely deal
with TRI data from this perspective. In a 40 month long investigation of an area
subject to frequently occurring landslides, Mazzanti et al. were able to identify
typical patterns indicative of onsetting landslide activity. Exploiting this knowledge
allowed to diagnose creep movements of soil and connect the time immediately
preceding an event to a decrease in surface acceleration [29]. Presupposing a power
law for velocity and acceleration during slope motion, they were able to successfully
predict 8 out of 10 landslides with temporal deviations of less than 2 hours via
back-analysis. Manually tuning a finite-impulse-response filter further increased the
prediction accuracy. Failure cases dominated by strongly nonlinear creep processes
still evaded any kind of reliable prognosis.

A different group of researchers considers the sensitivity of the interferometric
phase to meteorological conditions as a disadvantage that might be mitigated by
applying methodology from computer vision to the intensity images. Crosetto et
al. utilize methods for sub-pixel exact image registration to examine the geomet-
ric content of a sequence of amplitude images. They claim that, unlike the normal
interferometric procedure, their approach is not adversely affected by aliasing, at-
mospheric influences and is not restricted to inferring motion only in line-of-sight
[44]. Obvious disadvantages are the need for corner reflectors in case of insufficient
amounts of natural backscatterers of high quality and a cross range sensitivity that
is linearly decreasing with distance.

The main obstruction to extracting true deformations from sequences of interfero-
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grams are the atmospheric effects that affect the interferometric phase ¢, at every
pixel and form an APS overlaying all of the image [157]. If no corrections are ap-
plied to the original measurements, the results of data processing are systematically
wrong due to the effects of air pressure, air moisture and temperature [166]. Exten-
sive and spatially low-frequent atmospheric effects can entirely mask the deforma-
tions [152]. Up to first order, they are proportional to the lengths of the propagation
path and can lead to errors of magnitudes up to 1 mm/km if the partial pressure of
water vapor changes only slightly from 0 mbar to 0.2 mbar with temperature and
total pressure as in the definition of the standard atmosphere and remaining con-
stant. To the best of the author’s knowledge, estimation and subtraction of the APS
is the most serious non-profane limitation faced in practice and no reliable solution
accounting for the highly complicated spatiotemporal structure of the APS has been
proposed as of yet.

5.2 Mitigation of atmospheric effects

The preceding section concluded with the claim that atmospheric artifacts (in form
of the APS) are the main obstruction in TRI. A brief investigation into the reason
for their occurrence will reveal certain characteristics that imply the APS to be inac-
cessible to modelling via physical models. A closer examination of real-world data
will validate these suspicions and provides a first opportunity to design and test
stochastic models for the APS and noise components of interferograms. It is then
possible to develop different optimization problems in RKHS, whose solutions co-
incide with estimators for deformation, APS and noise respectively. As soon as this
is done, the machinery assembled in chapters 3 and 4 directly delivers efficient pro-
cedures to construct and evaluate these spatiotemporal splines. Due to the approach
being fairly abstract, an analysis of the estimator’s behavior in several special situ-
ations will aid the tangibility of its results; the section closes with a reinterpretation
of commonly used APS correction methods in the RKHS framework allowing the
derivation of the hidden stochastic assumptions underlying them.

5.2.1 The atmospheric phase screen

The theory of electromagnetic waves provides well-known formulas relating attenuation,
phase delay, and trajectories of propagating waves to material properties of the medium they
travel in. These physical models have been extensively studied for classical geodetic mea-
surements; they explicitly depend on temporally and spatially highly variable meteorological
quantities. This indicates that forward modelling of the APS based on an understanding of
atmospheric dynamics supplemented by measurements of meteorological parameters is un-
feasible and needs to be replaced by a data-driven approach. This conclusion is supported by
the theoretical considerations developed by researchers primarily involved with the mechan-
ics of turbulent fluids, who have proposed early on to employ statistical tools for handling
such ill-posed problems [142]. Nonetheless, the physical measurement process has certain
implications even for the statistical model that restricts the potential behavior and as such is
useful as prior knowledge.
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The propagation of radar waves is governed by Maxwell’s equations, which are a
set of four differential or integral equations linking the behavior of the electric field
E : R* — R3 and the magnetic field B : R* — R3. In differential form and in
absence of any matter or electric charges, they are [66, p. 3]

(V,E) =0 V x E = o0, B (5.8)
<V, B> =0 VxB= —antE (59)

where (i, €y are the permeability and permittivity of the vacuum. As is the usual
notational custom in physics, the del operator V = [9,, 9,, 0|" is treated as a nor-
mal vector subjectable to inner products (-,-) : R?* x R® — R and cross products
- x - : R3 x R®* — R? and whose components interact with any function by form-
ing its derivative. Whereas the left hand side equations in 5.8 and 5.9 claim that
electric and magnetic fields are divergenceless, the right hand side equations imply
that a changing electric field induces a magnetic field with nontrivial curl and vice
versa. Once initiated, the resulting chain of interlocking electric and magnetic fields
propagates through the medium [175, p. 137]; this is then called an electromagnetic
wave. By the usual identities for curl and divergence [32, p. 161] one finds

VxVxE=-uV xB = — 0o E
VXVXBZEOantE :—uoﬁoatZB.

Since V x V x g = V(V, g) — Ag, it is clear from Maxwell’s equation that both £
and B satisfy the wave equation >, _, 92 9 — po€oOfg = 0. The same equation is
rewritten slightly with the help of the negative semidefinite self-adjoint unbounded
operator A, the componentwise Laplace operator, as

02g = *Ag c= (,uoeo)_l/2 (5.10)

where c is the speed of light in vacuum [51, p. 250]. Intuitively the wave equa-
tion 5.10 can be solved via a modification of the functional calculus defined in
subsection 2.2.2 by constructing the positive semidefinite square root /—A of the

negative Laplacian. For this, note that g(¢,z) = exp <t \/A%\/—A> go satisfies the

wave equation, and real valued solutions to the problem

g =Ng
9(0> ZE) = 9o Ogo = 9(/)

can be found by taking the real part resulting in terms involving sines and cosines of
the operator /—A. More information on the explicit construction of wave operators
and solutions to second order partial differential equations of hyperbolic type and
their dependence on the initial conditions can be found in [53, pp. 377-397] and
[99, pp. 267-272]. By renaming h = [g,d;g]", A = [0, I; A, 0], ho = [g0, gp)7, the
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problem may also be written as the abstract Cauchy problem

8th = Ah
]’L(O, [L’) = hg

and subsequently solved with the help of the one-parameter semigroup generated
by A leading to h = exp(tA)hg [154, pp. 219-222]. The simplest solutions to the
scalar versions of the wave equation are plane waves which one may represent as
the real part of the complex exponential

g =aexp (i ((k, 2)rs — wt + ) = zexp (i ((k, v)rs — wi)) (5.11)

for angular frequency w = 27 f and some complex z € C that encodes both the
phase shift ¢, and the amplitude a. The vector k € R? is called the wave vector and
determines the main direction of propagation; planes of constant phase are exactly
those orthogonal to k as for any x+ € {k}* one has (k, z +21) —wt = (k, z) — wt.

If during the propagation of an electromagnetic wave the medium’s material prop-
erties change, then the wave’s frequency f = [27] 'w stays constant whereas the
wavelength \ changes in a way that guarantees that \f = v where v = (ep) /2
is the propagation speed in a medium with permittivity € and permeability u [66,
p. 4]. The ratio n = ¢/v of speed of propagation in vacuum to speed of propagation
in the medium is called the index of refraction and for the wavelength the relation
in equation 5.12 holds.

) 1 c

“f fyme af

Basic wave dynamics are illustrated in figure 5.13. Furthermore, at the boundaries
(both fuzzy and hard) between regions of different indices of refraction, at least two
effects can occur.

A

(5.12)

1. Refraction: According to Fermat’s principle, light interpreted as a particle
takes those trajectories which lead to extrema in the optical path length /oy =
f;ol n(s)ds. Snell’s law follows and any change of refractive index implies the
the possibility of a small deflection of the propagation direction [51, p. 321].

2. Reflection: From Huygens principle one may derive the reflection coeffi-
cients describing the energy ratio R of incident and reflected light which is

2
ny —ne

Ny + N9

Qreflected

R:

Qincident

irrespective of polarization [66, pp. 43-45] for the case of a planar wave in-
teracting with a planar boundary whose normal is parallel to the wavevector.
At the interface, reflection occurs that is stronger if the gradient of n is big-
ger. The reflections can constructively interfere and form clear-air echos if
the reflective structures have dominant spatial frequencies of order \/2 [54,
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o

pp. 13-15].

Refraction changes the trajectory of the path taken by light and as such primarily
affects the phase via bending of the ray and slight differences in path length and
acquisition geometry. The influence is demonstrated to be negligible in [17]. Re-
flection leads to spurious signals especially in areas purportedly hidden in radar
shadow. It is responsible for deteriorating SNR in regions already exhibiting un-
favorable conditions. In what follows, we will largely ignore these two effects or
consider them as subsumed under the general random field model proposed later
on.

Plane waves Trajectory of light
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Figure 5.13: The top left panels show the evolution of a free 2D plane wave over time ¢. On the top right the influence of the
index of refraction n on the propagation of a light ray is highlighted in red. The curved trajectory is calculated by a differential
version of Snell’s theorem that at each timestep estimates the curvature of a single ray on the basis of the refraction occurring
at a plane oriented normal to the gradient of the continuous index of refraction. The lower two plots illustrate the wavelengths
dependence on n, which is plotted as a dashed line. Note that in these plots the gradients in n are unrealistically high to yield
deflections and phase delays visible to the naked eye.

Figure 5.13 indicates that a change in refractive properties of a medium induces a
change in phase between transmitted and received signal. If the angular frequency
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w stays constant and the time of travel ¢ increases as measured by the optical path
length Sopic, One may write a time increment At as (At/As)As = (As/At) ' As
which in the limit becomes [v(s)]"*ds. Then

ol I I optic
t= / ——ds = —/ _C ds = —/ n(s)ds = Soptie (5.13)
s V(8) ¢ sy v(s) ¢ Jso c

for s the spatial coordinate. Scaling up the path length locally by multiplying it with
n(s) is therefore equivalent to taking into consideration the reduced propagation
velocity v(s). A plane wave g with angular frequency w, wave vector k, phase shift
©o, and amplitude a starting at s, is consequently found in state

g(s,t) = exp (ip(s, 1)) = exp (i ((Soptics k) — wt + o)) (5.14)

at position s and time ¢ as implied by equation 5.11. Comparing the phase terms
Oreceived ANd Yransmied Of @ Wave, reflected at geometrical distance s and measured
at the origin sy = 0, at a certain instant of time ¢ yields

Cbt = Preceived — Ptransmitted — gO(t, 23) - gO(t, 0) = 2ksoptic

This only holds, however, if the optical path length stays constant in time. In TRI
this is typically not the case and measurements taken at different times ¢;, ¢ exhibit
different phase values ¢, , ¢;, due to changes in optical wavelength induced by at-
mospheric dynamics. As the values ¢,, and ¢, are recorded in the SLCs as phases,
the interferometric phase ¢, depends on time via changes of refractive index even
in complete absence of any deformation according to

PlInt = ¢t2 - ¢t1 =2k [Soptic<sa t2) - Soptic(su tl)]

_ ok / 05, t2) — (3, 1)
_ ok / An(3)ds (5.15)

where An(3) is the difference of indices of refraction at position § between times
ty and t;. For general radio meteorological use covering a broad range of stan-
dard atmosphere conditions and radio frequencies of up to 30 GHz, Smith and
Weintraub [183] propose the two term equation 5.16 linking scaled up refractiv-
ity N = 10%(n — 1), temperature T, partial pressure e of water vapor, and total
pressure p.

77.6 5€
N=2 (p 4 481%10 ?) (5.16)

T : Absolute temperature in K
p : Total pressure pgry + € in mbar

e : Partial pressure of water vapor in mbar
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The refractivities N predicted with this model align closely with ones derived in
a later metastudy [169, eq 9] (< 0.15% deviation for 7" € [250,310] K,e €
[0, 100] mbar, predicted N ranging between 245 and 895) . Choosing T = 288 K,
p = 1013.25 mbar and e = 0 mbar produces N ~ 273 for the standard atmosphere.
A TRI measurement extending over a distance of s = 1 km through standard atmo-
sphere leads to a phase

1 km

4

¢ = Qk/ n(8)ds = Tﬁ (14 273.0146 = 10~°) % 1000, A~ 17.6 mm
0 km

whose wrapped value mod (¢, 27) ~ 2.44 rad is associated to the corresponding
pixel in the SLC. Changing the temperature by 1 K or the partial pressure of water
vapor to 0.2 mbar along the whole propagation path already changes the observed
phase by 0.7 rad = 1 mm. For the phases ¢;,, ¢, at different times, it is possible to
rearrange equation 5.15 to

S s A -
b= o0 =2 [ dn(@yis = 2als — sl [ 225

S0 | _SO‘
= 2k|s — so|An

with An the mean value of difference in refractive indices along the LOS at both
epochs. Operating on the unwrapped interferometric phase ¢, = ¢y, — ¢, only
and ignoring the effects of the wrapping operator, variance propagation can be used
to derive a first approximation to interferometric phase variability dependent on
the variability of meteorological quantities. For the sake of argument, assume that
the temperature and water vapor are the same everywhere in space and just vary
temporally and that no variations occur in the total pressure. Presupposing standard
atmosphere during the first epoch and denoting by ¢; and ¢, the constants appearing
in equation 5.16, the relationship is

C1 €

M = Nstandard — [1 + 1076? <P + CQT)}

0 ——\° 9 -—\"
OAn = 10_6 (a_TAn) 0—% + (@Aﬂ) 0—3 |T,e:standard atmosphere

_ c e\12 c1C912
=10 6\/|:T—12 <p+ 202?)] 0'% + [%} Ug ’T,e:standard atmosphere

_ —6 T2 ~
=10 C10p + 020'2

Oy = 2k —\ G102 + Gy02 (5.17)

where ¢, = [/ T2(p + 2c¢T72)]? ~ 0.9 and & = [c;cT?]* ~ 20.25. For
so = 1 km,or = 1K,0, = 0.1 mbar, \ = 17.6 mm, one derives an interfero-
metric phase variance of 4mA~110731/0.94 + 0.21 = 0.76 rad. This translates to a
variance of estimated deformations of size 1.1 mm. It is quite clear that realistically



5.2. MITIGATION OF ATMOSPHERIC EFFECTS 233

the temperature and water vapor changes are not distributed homogeneously and
instead have to be treated as random fields implying An(-) to be a random field as
well. This is illustrated in figure 5.14 which also plots systematically the influence
of temperature and water vapor on the interferometric phase per 10 m.
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Figure 5.14: The top panels show two-dimensional simulations of temperature and water vapor changes (both assumed to
be Gaussian random fields) and the changes they induce for the index of refraction. The resultant phase as calculated via
the line integration in equation 5.15 is plotted in the bottom left image. The instrument position is assumed to be at [0, 0]T.
Since the standard atmosphere only allows positive deviations of water vapor, phase delay is dominantly positive in that
case. To prevent the false impression of a nonnegative phase delay being the standard case, the middle panel shows what
happens when standard atmosphere is not assumed and deviations of water vapor are therefore allowed to be both positive and
negative. The bottom right image shows the unwrapped interferometric phase between a measurement of 10 m length under
standard atmosphere conditions and a measurement of the same length under the meteorological conditions indicated on the
axes. Due to linearity, these values may be scaled up by distance d and wrapped as W (d¢(T, e2)) — W (d¢(T1,e1)) to
derive a guess for the interferometric phase between measurements taken during conditions (7%, 62) and (77, 61).

The highly dynamical nature of meteorological phenomena and the complexity al-
ready exhibited by the simple simulations in figure 5.14 suggest that an approach
based on forward modelling of the atmospheric phase screen will fail. Neither
can one expect measurements of temperature and water vapor distributed densely
enough to form initial conditions that enable solving the associated differential
equations nor would there be any confidence in a solution derived in this way since
the Navier Stokes equations are known to be typically ill-posed with solutions ex-
hibiting sensitive dependence on the input data [46, 27].

This seems to be a problem that is encountered routinely when dealing with turbu-
lent media. To summarize Monin and Yagloms reasoning for tackling the problem
from a statistical perspective [142, pp. 1-30], the behavior of turbulent media is
so complicated and disorderly that the underlying velocity field is typically a non-
sparse superposition of infinitely many base-vector fields and no analytical closed-



234 5.2.1 THE ATMOSPHERIC PHASE SCREEN

form expression may be derived. The latter would also not likely to be helpful due
to the sensitivity of the solutions to boundary conditions; instead the fields gener-
ated by virtually identical boundary conditions are best perceived as realizations of
a random field whose persistent statistical features are to be emphasized. Modern
day understanding of the ’problem of turbulence’ is that it is one of determining
a one-parameter family of probability distributions P,(-) over the phase space of
solenoidal vector fields indexed by time ¢. In principle, a nonlinear solution oper-
ator U, determining a one parameter semigroup may be found demonstrating P;(-)
to be uniquely defined by Fy(+) and the dynamics [142, p. 8].

Instead of calculating P;(-) directly, Monin suggests an approach akin to the method
of moments [142, p. 8]. The PDE governing the system is used to derive evolution
equations for the statistical moments; they correspond uniquely to a probability
distribution. The advantage is that one may focus on first and second order statistical
moments and still arrive at telling information about the system’s global dynamics.
From first principles based on cascades of self-similar eddies, power laws for the
spectrum of covariance functions of quantities like velocities and kinetic energy
can be deduced [142, p. 15]. These ideas are closely related to the investigations
carried out in subsection 2.2.4 for the heat equation. Nonetheless, this is still not
satisfactory in the context of our purposes. Even a self-similar theory sufficient
for characterizing turbulent flows in regions far from any boundary interactions is
bound to fail as a stochastic model for the APS in TRI, in which the topography and
its interaction with air flow, temperature exchange and humidity transport takes on
a central role.

Still, the general approach of deriving hypotheses for the shape of the statistical mo-
ments based on physical considerations is a promising one since the sheer amount
of measurements generated by TRI allows to choose unknown parameters in a data-
driven way and facilitates a semi-empirical model. The following hypotheses form
the basis of later considerations.

1. TRI data contain the effects of deformation, atmosphere and noise. The at-
mospheric term (APS) is dominated by the influence of the phase delay inte-
grated along the propagation path; other effects like ray bending and reflec-
tion are ignorable to the point, that no explicit stochastic model is needed for
them. All involved quantities are spatiotemporal random fields.

2. The turbulent field An(t, s) of changes in refractive index is ergodic [70] with
an expected value of zero. Since integration is a linear operation commuting
with expectation, also the first moment of the APS vanishes whereas the sec-
ond moment is nontrivial and found by a double integration of the second
moments of An(t, s).

We remark that these hypotheses are debatable and counterarguments may be found.
Their merit lies in suggesting a stochastic model for TRI data that is flexible enough
to account for the complicated nature of the behavior witnessed in practice while
still restricted enough to allow for inference.
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5.2.2 Bisgletscher case study

In the preceeding sections, hypotheses regarding behavior of the APS have been motivated
mostly by theoretical considerations. To alleviate this, an extensive TRI dataset is now in-
troduced. It features challenging topography with height differences of several km, distances
of up to 8 km, significant surface displacements and spans several months. It has originally
been gathered to evaluate the suitability of TRI for glacial monitoring and early warning
purposes. Duration and spatial dimension are helpful to form conjectures of the limiting
average behavior of the APS and check the validity of the propositions put forward in the
last subsection. This can be done by calculating statistical moments like expected values and
variances and quantifying their dependence on distance to the instrument and topographical
features.

In the mountainous regions of Switzerland, glacial icefalls and the avalanches po-
tentially induced by them pose a constant risk towards rural communities in their
vicinity. One such potentially dangerous glacier is the Bisgletscher, which is located
in the southern part of Switzerland in canton Valais and may put the Mattervalleys
critical transportation infrastructure in form of the local cantonal road and railway
line at risk. Installation of classical geodetic measurement devices like GNSS re-
ceivers or prisms for total station measurements in this case is both expensive and
dangerous. It is wasteful as well in the sense that the instruments often suffer fatal
damage and glacial activity indicating a potential event is best quantified by a dense
spatial distribution of glacial velocities [56] [55]. To sidestep these problems and
complement the cameras already installed in the region, a GPRI terrestrial radar in-
terferometer was installed in 2014 on the slope opposite to the Bisgletscher. It was
operated almost continuously for 3 months during summertime to gain insight into
the suitability of TRI for deformation monitoring in alpine regions. The setup is
illustrated in figure 5.15. 3

The radar was placed and in the vicinity of a mountain hut that provided power
supply and data infrastructure. Apart from a few system failures due to power
spikes and outages, the GPRI was continuously operated between mid July and
mid September and acquired an SLC every 2 minutes during that time leading to
a dataset containing approximately 65.000 SLCs. Each of the interferograms has
a dimension of at least 1300 x 260 [range X cross-range] pixels covering an area,
which spans 15 km?. The geometry is outlined in figure 5.16.

The different types of scattering mechanisms as well as the geometrical proper-
ties of the acquisition geometry clearly affect the distribution of the interferometric
phase. Examining short- and long-term behavior reveals good agreement between
the actual data and the hypotheses stating an expected value of APS + noise of zero,

3The project was carried out in collaboration with Prof. Martin Funk (ETHZ) who took the orga-
nizational lead, Prof. Martin Truffer (University of Alaska) who provided the instrument and his
expertise, and Dr. Jan Beutel from the ETHZ Computer Engineering Group who provided the in-
frastructure necessary to remotely access the instrument. It was partially funded by the Swiss Office
for the Environment. Georg Eisler from Swiss Alpine Club section Uto and Renato Schaller from
the Dombhiitte mountain hut provided logistical support.
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Figure 5.15: In the background, the Bisgletscher is visible with its two steep scarps and its suspension glaciers adhering to
the prominent pyramidal form of the Weisshorn peak. The foreground shows the radome covering the GPRI for reasons of
weather protection.

as for randomly chosen stable points s and times ¢

Nime

Htemporal = E (@Int)s’j = ~0

J=1

However, the data does not conclusively support the hypothesis of mean-square
ergodicity in the first moment as defined for example in [185, p. 170] because spatial
and temporal averages, interpreted as ensemble averages of realizations of random
fields, differ significantly. One has

Nrow Mol

Hspatial = Z Z ((Plnt)kl,t = € % 0

k=1 =1

and no type of convergent behavior is observable when the area used for averaging
is continually increased. This may be due to the systems boundaries not being set in
a way that the atmospheric dynamics average out over space in the given geometry
or because no conservation laws hold for the refraction index for specific moments
in time. In the above, ¢, < 107! rad in nearly 100% of the cases but ¢, < 107! rad
only in 30% of the cases. One day worth of interferograms has been used for these
calculations and areas of actual motion have been masked out beforehand.

When directly plotting averages of interferograms over an increasing amount of
time like in figure 5.17, it becomes apparent that over a relatively short period of
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Figure 5.16: The area surveyed by the radar. Several distinct features of the landscape have direct consequences in the form
of radar shadows, low coherence and increased noise levels. The radar is installed 3.5 km away from the lower edge of shown
terrain at coordinates [0, 0]7 (not visible).

time, the temporally highly frequent atmospheric effects of locally turbulent behav-
ior cancel out and give way to the ones connected to slow and systematic changes in
temperature, water vapor and total pressure. These are persistent, spatiotemporally
autocorrelated and depend on topographical features.
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Figure 5.17: Temporal averages over 2 minutes, 20 minutes, 3 hours, and 1 day respectively. Notice the decrease in turbulent
behavior and high spatial frequencies as well as the significant influence of the topography.

Based on these observations, one may concretize the initial hypotheses and state the
decomposability of data into realizations of random fields corresponding to

* pure noise (negligible spatial and temporal autocorrelation)
* turbulent APS (significant spatial but negligible temporal autocorrelation)
* laminar APS (significant spatial and temporal autocorrelation)

* deformation (structure depending on observed object).
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Analyzing the validity of the second hypothesis regarding the integral nature of
the APS requires more of a spatial approach. Integration as a linear operator does
commute with expectation meaning that the first moment stays unchanged by this
hypothesis. Instead what will increase with integration length are the fluctuations of
the values and by virtue of that also the variance of the interferometric phase. Figure
5.18 indicates that this is actually the case in practice by plotting phase variances as
a function of distance to the instrument for different populations of pixels.
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Figure 5.18: The scatterplot shows the phase variance of different populations of pixels and their respective distances to the
instrument. Only a random subset of the points is plotted. The right plot demonstrates that the phase variance is not simply
due to incoherent fluctuations associated to higher noise on longer propagation paths as phase variance increases though
coherence stays good. Indeed, the random fluctuations of incoherent points are resulting in phase variances higher than those
of coherent points only for small distances as APS induced phase-changes lessen in magnitude. 24 h worth of data were
used to calculate the phase variances. Phases of points with an especially low SNR are set to zero before unwrapping. SNR
is estimated for each epoch separately leading to these low-SNR points being unwrapped occasionally and having non-zero
phase variances.

Similarly to the first order moments, the estimated average central third order mo-
ment approaches zero more reliably the more data is used and one finds for a specific
day (01.08.2014) the values —0.92 rad®, —0.09 rad® and —0.01 rad® when 10, 100
and 720 interferograms are used for estimation. The third order moment can deviate
consistently and significantly from zero for individual pixels, however, indicating
that the underlying probability distribution is not really Gaussian and prediction ac-
curacy could be gained by incorporating statistics of higher order. Since inference
procedures that take third order moments into consideration are not covered in the
RKHS approach to optimal estimation, attention will be restricted to second order
moments.

Figure 5.18 implies that to predict the variance of the interferometric phase, one
should incorporate the distance to the instrument and consequently a first ad hoc
model could be of the form

o? = ag+ath+agr + azaz (5.18)

Pln
h : Altitude r : Range az : Azimuth

where dependence on azimuth and elevation are included to allow for more flex-
ibility in cross-range direction and influence of topographical information respec-
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tively. The relationship is only approximately supposed to hold for interferometric
phases primarily affected by APS and explicitly neglects measurements with bad
coherence as they would necessitate the inclusion of an SNR-based variance com-
ponent. A simple least squares fitting of model 5.18 to the empirical phase variances
finds g = —0.35 rad®, oy = 2.1 % 10~* rad?/m, ap = 3.6 % 107* rad2/m, a3 =
1.7 * 1073 rad and o, as the factor quantifying propagation distance to be the most
important as measured via a sensitivity analysis of prediction performances. Figure
5.19 shows this model and the results in two exemplary situations.

Empirical variance Predicted variance

in rad?

Empirical/predicted variance

Figure 5.19: Empirical variances and the variances predicted by the simple ad hoc model described in equation 5.18 for
two regions corresponding to the topmost part and the bottom of the area surveyed by the radar. Estimations can be invalid
(negative) owing to the least squares nature of the estimator. Only pixels that neither move nor show bad SNR are plotted.

Note that as a means for inference, this stochastic model for Uim is insufficient. It
demonstrates, however, that the general proposition of the APS being formed via
line integration is supported by data. The linear relation between variance and dis-
tance hints at it behaving similar to a Wiener process, see subsection 2.1.1 for a
discussion of the integral nature of the Wiener process. Based on these observa-
tions, we will elevate the hypotheses 1 and 2 from subsection 5.2.1 to the status
of assumptions that will be tacitly presupposed in the further developments of a
stochastic model suitable for large scale inference.

5.2.3 A stochastic model for TRI

Before actually formulating and solving the problem of estimating deformations from TRI
data, the qualitative hypotheses have to be reframed in a quantitative setting. Based on the
last subsection’s findings, a stochastic model is presented that consists of a joint normal dis-
tribution of the deformations, APS, and noise whose superposition forms the measurements.
The stochastic perspective based on random fields and random functions is complemented
by an equivalent functional one making use of reproducing kernel Hilbert spaces; abstract
splines are reinterpreted in this context. The impact of measurement principle and geometry
on the probability distribution of the data is included into the stochastic model by introducing
an auxiliary random field of refraction changes; the line integrals through this field form the
APS.

Ignoring amplitude information, unwrapped interferograms can be interpreted as
functions m : U — R, U C RR3 that associate to a certain point in space the phase

of the signal scattered back by the region surrounding that point. Alternatively, it
is possible to map each of these points into a plane of constant height and interpret



240 5.2.3 A STOCHASTIC MODEL FOR TRI

the result of this projection as functions U — R, U C R2. In both cases, the inter-
ferograms m are then functions that — although defined on an uncountable domain
U — are only known through some of their values. This mirrors the construction
in which a function m is associated with a finite set of values Am € R" via the
measurement operator A during the formulation of abstract splines in subsection
3.1.2 . In accordance with the introductory remarks about turbulence stated in sub-
section 5.2.1, it seems sensible to consider m to be a realization of a random field
M : Q x U — R with € some probability space and m(-) := M(w,-) : U — R
or equivalently but with slightly different terminology as a realization of a random
function M.

Associating to the random function M a Gaussian probability measure on function
space as done throughout chapter 3 and constructing the corresponding reproducing
kernel Hilbert space H ), the following statements are consistent with the assump-
tions put forward in subsections 5.2.1 and 5.2.2.

1. The RKHS H,; of measurements m(-) is a direct sum of the RKHSs
‘Hp, Hp, Hy containing the deformation functions d(+), the atmosphere func-
tions p(-) and the noise n(-) respectively. One has

Hy =Hp®Hp D Hy

where D, P, N are random fields containing d(-), p(:),n(-) : U — R.

2. Setting X € {D, P, N} as a placeholder and assuming X.(-) : Q@ x U >
(,u) — X, € L*(Q) to be mean-zero and square integrable, E[X,] =
0, E[X?] < oo Yu € U, the reproducing kernel for X can be written as

Kx(u,v) = Cov(X,, X,) = E[X,X,]

i.e. the respective kernels are just the second order moment functions detail-
ing the autocorrelations of the involved random fields.

3. Sequences of interferograms are spatiotemporal functions m(-) : U —
R, U = S x T where S is space and 7' is time. Using superscripts s and
t to denote spatial or temporal parts of the random fields or their realizations,
we propose a tensor product decomposition of H x. If assumed to hold, H x
will be written as H% with

HE =5 @ H

for X € {M,D,P, N} and the tensor product symbol indicating the full
RKHS of spatiotemporal functions. This placeholder notation will be used
throughout the rest of this section.

Remark The above statements will be interpreted as the qualitative versions of the
statements found on page 234. We will tacitly assume their correctness or at least
usefulness for the rest of the chapter as they form our description of a stochastic
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model for TRI. Statement number 3 can be omitted for most of the theoretical con-
siderations and has primarily implications for the factorizability of equations and
therefore the computational cost of the algorithm’s practical implementation.

In the context of what was said about the stochastic implications of algebraic de-
composability of an RKHS into tensor products and direct sums, statement 1 means
that the measurements )/ are a superposition of deformations D, atmosphere P
and noise N. All three of them are spatiotemporal random fields that may show
complicated autocorrelated behavior but are uncorrelated with each other, i.e.

E[Dupv] = E[Dqu] - E[PUNU] =0 VU,U eU.

Assuming Gaussianity of the probability measure on the space of functions is akin
to asserting that one only deems relevant the first and second order moments as the
Gaussian distribution is the maximum entropy distribution [42, p. 413] given fixed
mean values and covariances. It is therefore the distribution including the least
amount of additional assumptions given those two pieces of information. Using
only second order statistics is justifiable primarily from a functional and algorithmic
perspective as the objective of minimizing terms of type

|Ad — yll5,, + | Bd||3, y € R" observations

w.r.t. deformation functions d(-) € Hp is a reasonable one for estimating d(-) and
second order statistics are sufficient for that. It is also clear that including j-th order
moments or cumulants would lead to exploding computational costs and memory
requirements since it would be necessary to store and manipulate j-tensors with n?
elements.

Decomposability of the Hilbert space HY of spatiotemporal functions into a ten-
sor product of Hilbert spaces H5 of spatial functions and Hilbert spaces H’ of
temporal functions implies that every function z(-) € H$ may be written as a su-
perposition of base functions ¢; € H% and 903» € Hi as

r(u,v) = ZZaijgof(u)goz(v); Z |avj]? < o0 (5.19)
i=1 j=1 i,j=1

where o forms an infinite second order coefficient tensor [7, pp. 358-361]. Equiva-
lently, the reproducing kernel K§ of H$ is just the product of the separate kernels

K%v ((Sl, tl), (82, tQ)) = K;(Sl, SQ)Kg((tl, tg) (520)

which precludes certain types of complicated correlation patterns. The advantage
of demanding a Hilbert space to be of this restricted class are that statements can be
derived regarding representation and truncation of multivariable functions and the
factorization of problems into subproblems.

The local and global structure of H; = Hp @ Hp S Hy is determined by the struc-
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ture of the constituent Hilbert spaces which are in turn determined by the Kernels
Kp,Kp, Ky. It is to be expected that K is white noise with pointwise vary-
ing variance and no autocorrelations whatsoever. The comments on generalized
stochastic processes from chapter 3 apply because K as defined on a continuous
domain is not actually a function but a functional — however, when N is consid-
ered on the set of pixels, the distinction vanishes and no complications arise when
K3 (u,v) is just considered as 02 d,, with §;; the Kronecker delta.

The kernel K5 should reflect the spatiotemporal behavior expected of the deforma-
tion. Depending on the mechanism behind it, it may be written as Kj, = D, K%
with K73, and K% both smooth for e.g. creep processes or as Ky = K3 K% with
K% ragged and long correlation length on K%, to model spatially localized but tem-
porally relatively persistent motion as encountered for example during monitoring
of glacial iceflows. The choice of K is a design decision and the author sees
few possibilities to infer it from data as deformations seldomly occur in TRI data
without being accompanied by APS and noise. Whereas it might be sensible to
first learn jointly K p 4+ K with kernel inference by training on stable regions and
then split any guess for K, based on regions where D, P and /N are nonzero into
Kp+ Ky and a guess for K'p, the same will not work in early warning applications
where the deformations are seldomly observed and too much adherence to observed
data could cause a bias against recognizing deformations at their onset. Especially
for rare events, the best choice of K5 needs to be discussed critically and in all
likelihood on a case-by-case basis.

The stochastic model and its associated Hilbert space formulation are summarized
below compactly for convenience and easier reference. The (phase) measurements
M are the zero-mean random field

M :Qx(SxT)> (w,v)— M eR (5.21)
2 : Some probability space
S x T : Subset of R* indexing the measurements

v = (s,t) Element of S x T';s,t space, time index

If interpreted in the sense of functions S x 7" — R chosen at random via X' :
Q35w XY € Hx, Hy being an RKHS with RK K, the notation z(-) or
plainly = will be used instead of X . Then one may reformulate the equation M’ =
D+ P+ N: in terms of Hilbert space valued random variables:

m=d+p+n (5.22)
d € Hp RKHS containing deformations
p € Hp  RKHS containing phase screens
n € Hy  RKHS containing noise functions
meHy Hyu=HpDHpDHN

where @ denotes the orthogonal direct sum of Hilbert spaces and H x has RK Kx
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s.t. Kx(+,-) : (SxT)? 3 (v1,02) = Kx (v1,v2) = E [X, X, ] € R from which
it is straightforward to show that K, = Kp + Kp + K.

There are several possible approaches
to generate structure identification pro-
cedures using the theorems and discus-
sions contained in chapter 4. Apart
from numerical issues that can arise
when evaluating the solutions to opti-
mal estimation problems in an RKHS
framework, the main problem still left
is one of kernel inference. The ker-
nels Kp, Kp, Ky need to be esti-
mated from data or, if no other way
is found, prescribed on a reasonably
sound physical basis. As indicated
before, Kp + Ky is indirectly ob-
served via measurements on stable ar-
eas and can be separated due to the
white noise assumption that distin-
guishes K from Kp. Nonetheless,
the exact way in which inference of the
reproducing kernels is carried out, i.e.
the objective function to be minimized,
has a signiﬁcant impact on the form of Figure 5.20: The actual measurements )/ are a superposition

. of deformations D, atmospheric phase screen P strongly au-
the inferred kernels and Consequently tocorrelated due to measurement geometry, and uncorrelated

on the estimators that are derived us- noise N.
ing these kernels.

As implied by figure 5.20 p(s,t), the phase screen associated to index (s, ), sub-
sumes all atmospheric effects Ap(-) influencing the electromagnetic wave along its
propagation path linking location of instrument sy with the location of backscatter-
ing s € S. This will be reflected by including the functional relationship

p(s,t) = /S Ap(r,t)dr = psAp(-,t) (5.23)

0

Ap(-,t) : ch(SUsp) > s+ Ap(s,t) € R (5.24)

where p(-) € Hp, Ap(-) € Hap,ch(S U sg) is the closure of the convex hull of
S U sg and Hap is the RKHS with RK Kap. Kap and Kp are related via

Kp (v1,v2) = E 9 Ap(-, t1)@s,p (- t2)]
=5 @ 9032KAP ((? tl)? ('> t2))

S1 S92
= / / KAP ((7"1,t1)7(7“2,t2))d7”1d7”2 (525)
S0 S0



244 5.2.4 REPRODUCING KERNELS ARISING IN TRI

in which we understand ¢,, ® ¢, to act on the Mercer decomposition
Kap (1), (5 t2)) = 222 Al 1) @ e(-, 12) of Kap.

The Moore-Aronszajn theorem immediately asserts that to K'p there corresponds
a unique RKHS #Hp with RK Kp and 3 a random field { P, : @ — R, (s,1) €

S x T} whose covariance function is K p. However {F(SJ), (s,t) € S x T} and

{ P4, (s,t) € S x T} may differ from each other in moments of order higher than
2 [129, thm. 6.1].

5.2.4 Reproducing kernels arising in TRI

Whereas the correlation structure of the deformations is to a certain degree an unknowable
design parameter to be prescribed by prior knowledge or assumptions, the covariance func-
tions of noise and APS can reasonably be inferred from observations via kernel inference
and compared to the theoretical model based on line integration. Several flexible approaches
are possible; they are employed to guess the involved correlation functions which in turn are
identified with the reproducing kernels of RKHS. The solutions to small-scale toy problems
give intuitive insight into the suitability of the different stochastic models.
To illustrate the approaches listed in section 4.2, Bochner’s theorem and kernel
inference are contrasted with an approach making use of the line integration model.
Suppose the problem were to infer the correlation structure of the APS in the regions
outlined in red in figure 5.21. The region is assumed for now to be free of noise and

deformations after some elementary preprocessing.

Covariance vertical line Covariance horizontal line
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Figure 5.21: The TRI data in the subregions outlined in red are dominated by APS and noise. Two example interferograms
detailing these regions are shown in the second column. The two lines indicate the two sets of points, for which the empirical
covariance matrices are plotted in the four right images. For the calculation of the covariance matrices 24 h worth of data
were used.

A first, purely ad hoc least squares based idea consists in presupposing the existence
of a radial second order stationary kernel K (u,v) = C(u —v) = C(Ar) that is
linearly related to the observed empirical covariance matrix S € R” @ R" =~ R"’
via

S=AC. (5.26)

Here A is a linear operator encoding double integration (Af)(u,v) =
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/, 1; f;; f(@,9)dado and if C(-) is represented as a discrete vector C' in R™, A can be

written as a matrix in R”” ® R™ and C' = ATS € R™ would be an obvious candi-
date providing sample values of the function C'(+) that could be used for estimation
of C'(+) via for example the fitting of splines.

Apart from the problem of providing only values, through which a positive defi-
nite function is to be fitted carefully, figure 5.22 clearly indicates this procedure to
be unreliable. Furthermore the shape of the guess C e R™of C (+) looks highly
unexpected and with its strong fluctuations is both implausible and unlikely to al-
low fitting of a positive definite function as the Toeplitz matrix generated by C is
not positive semidefinite due to off diagonal terms being larger than their diagonal
counterparts. This approach is therefore unsuitable for inference of the involved
covariance functions. It is thus interesting to investigate the more sophisticated
models explained in section 4.2 and what they tell about the correlation structure of
TRI data.
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Figure 5.22: Guesses for underlying radial stationary covariance functions using equation 5.26. The empirical covariance
matrices are extracted from the regions outlined on the previous figure by evaluating 24 h of TRI data. The guesses for
the covariance functions in the last column look highly implausible and the reconstructed covariance matrices in the second
column are very irregular compared to the original empirical covariance matrices. The correlation structures encoded in
= AT Sy and Cy = A;‘ S2 do not coincide with what one would expect from atmospherically driven processes and are
very dissimilar to each other.

§ Estimation by Bochners theorem

Given an empirical covariance matrix S € R™ @ R™ = R™ deviating from the
true one (K e (v;, ij))Z;:l ,ny number of persistent scatterers, in a nonsystematic
manner and Kyye = LgCuue = L ® LCiye, Cie € P(Space) one may propose for
K e the estimator K as defined below.

K argmin || Re (S — AgK) ||%. (5.27)
K=LgC,CeP(Space)

Again, A = @}, A; is evaluation at points {v;}.", C Space, Ay = A ® A,
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and L is the bounded linear operator relating a s.o.s. random field with covariance
C(- — -) * to the instationary one with covariance function K (-, -). Inclusion of this
assumption allows C' to be written as a weighted integral of complex exponentials
Xo = exp(2mi(v, -)) against a non-normalized probability measure. Approximation
via

Tlexp

C=>Y A =) ery (5.28)
=1

Texp

for x; = Xu, for some choice of wavevectors {wi},27 is then a reasonable option
as by positivity of coefficients v, C' is positive definite (see equation 4.1.11).
Consequently K = Ly (C'is also positive definite and a valid reproducing kernel.

The right hand side of equation 5.27 can be simplified sufficiently to allow express-
ing the problem in a more amenable form. Considering S and Ag K as column
vectors in the tensor spaces R™ @ R™ or C™ @ C™ respectively and introducing
the notation Lgx; = 1 as well as Agy; = ¥, € C™ @ C™ we find

IRe (S — AgK) [|7: = [|S — Re (Z A@M%) 172

=1
= IS = Re [¥y-- T, ] 7]
— IS = w3 529

where W is as defined by equation 5.31. The optimal choice 7 € R’ to minimize
expression 5.29 and by extension solve the nonnegative least squares problem

7 = argmin||S — ¥v||3, = nnls(S, ¥) (5.30)
'yGRT"p
Re(¥1);; -+ Re (\Ijnexp)n
Re (\I}1>nunﬁ e Re (\Ijne’(P)nnnﬁ

S : Column vector of empirical covariances

is well known to be approximable using iterative standard methods from convex
optimization [37, p. 72].

To reduce the computational burden arising later during evaluation of K, coeffi-
cients 7; so small as to be virtually negligible w.r.t. their contribution to K =

12 3ahy will be discarded. Truncation of 7 leads to the reduced coefficient vector
Aea and the reduced positive definite function Cleq = S (Grea); xi- Using the

Ly — Ly operator norm [[Allop = sup,,; [|Az|[2 it is possible to assemble the

“This notation indicates that C'is a function acting on tuples of arguments via C' : (s,t) — C(s —t)
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following inequalities.

IK — Reall iz =l Lo (C = Cra) |1
S”L@HOpHé - C~'red||L2 (532)
18]z <L lapll 1l (5:33)

To ensure negligibility, it is then demanded that

ILelloplIC — Creall 2 <1072 Lo lop IO 2

PN 10~ _HC CredHLQ
IICIILz
Z Ty 'Vred))
\/ = n e (5.34)

Effectively this limits the upper bound for the energy of K — K4 to 1% of that of
K. Calculating K3, = K3 + K3} requires the evaluation of the more complicated
terms ¥3(-,-) = . ® @.x;(- — -), where . is the line integration introduced in
equation 5.23.

Tlexp
KM Snasm Z@Z)z tnytm VPz"‘Z(Sl Sny Sm 'YNZ (5.35)

J/

Vo Vv
K% (sn,5m) K3 (sn,5m)

In the above, 6} (s,, ;) is a Kronecker-delta type function thatis 1 if s, = s, = s,
and 0 otherwise. With the same notation as before and using the fact that the dual
group R” of R™ is R" implying its characters x; to satisfy

X;(s1) H exp( 27mu = exp(2mi({wj, 51)) (5.36)

st = (s])j—y, wj = (w})}_, a direct computation is possible.

Ap ® All/}j = P,  Pg eXp(27Ti<Wj, T >)
Sk s
:/ / exp(2mi(w;, u — v))dudv
S0 s0

= 9;(50, 5%) 95 (50, 51) (5.37)

|5k — so|e2 2mi{w;,51) 2mifwj,s0)
) _ T (Wj,Sk) T (W ,S 5.38
g, (80, Sk;) 27T<0Jj7 Sp— 50) [6 e } ( )

If (w;, sy — so) = 0 then g;(sg, i) is trivially ||sx — sol|,2. It immediately follows
by means of equations 5.30 and 5.31 that
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T = (Yp, %) = nnls(S, ¥°) (5.39)
fl(Sl,Sl) fnexp(shsl) 51(81,81) 5713(31751)
e = : K : : ’ :
il (5n57 sns) T fnexp (Sns: Sns) 01 (37157 Sns> e O, (Snsa Sns)
(5.40)
fi(sk, s1) = Re(g;(s0, sk)g;(s0, 51)) (5.41)

The coefficients {7}, },=7 and {73}/, are then inserted into formula 5.35 com-
pleting step 1 of the estimation process followed by truncation of the coefficient
vectors. Some results of this procedure can be seen in figure 5.23.
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Figure 5.23: For the same empirical covariance matrices S1 and S as in figure 5.22, the Bochner type approach provides an
estimate of an underlying stationary covariance function C'(-) and the model predictions Ag LgC(-) are positive semidef-
inite. The third column shows the inferred underlying stationary covariance functions at altitude z = 0, i.e. it shows an
assortment of values C'(z, y, 0) detailing the covariance of any two points having respective coordinate separation of x ,y,
and 0. The parameter vector «y has approximately 340 entries and highest frequencies of 1 cycle per 500 m.

The derivation of a stationary covariance function C with LgC' = K and AgK
close to S via Bochner’s theorem is pleasing from a theoretical point of view and
as figure 5.23 indicates, the results can be reasonable. However, some of the the
practical disadvantages are prohibitive. For example, it is unclear, how to choose
the right set of wavevectors w for the complex exponentials x, () and the re-
sults of inference can change drastically depending on that choice. The expansion
C(-) = [ e Xw(-)dv(w) is only guaranteed to hold if the domain of integration is

the whole dual group R and not only a discrete subset {w;},=¢. Furthermore the

closing comments from subsection 4.2.1 hold: Even in the case where approxima-



5.2. MITIGATION OF ATMOSPHERIC EFFECTS 249

tion to the underlying ground truth is good in the ¢*-sense and

Thexp

C() = () satisfies [|AgLgC(-) = S|3 is small
=1

it is by no means guaranteed that the covariance matrix Ag L®5 (+) derived from C
is likely in the statistical sense given the observations summarized in the empirical
covariance matrix S. The truncation induces persistent long range oscillations in the
correlations between far away regions and harms this model’s credibility further.

§ Estimation using parametrized families of kernels

The most obvious way to avoid regularity problems is to choose C'(-) from a set of
well-behaved kernels. Again, the main assumption will be that the relation

Ki(si55) = (LoCl =)= [ [ Clu=o)dude

holds where Kp(-,-) is the kernel for %, L is the operator of line integration and
C'(-) is to be inferred from a class of parametric kernels. If the dependence is to
be made explicit, C'(-) is also written as Cy(-) where § € © are the parameters.
The goal is to determine ¢ in such a way as to minimize the discrepancy between
empirical and predicted covariance matrices as, for the sake of simplicity, measured
by the Frobenius norm.

Oop = argmin || Ag Lo Co(-) — S||% (5.42)
0O

When 0, is found, the kernel Ky, (-, -) = LgCl,, (-, ) is considered the best guess
and H% is set to %Kegpt' To keep the optimization 5.42 feasible, the covariance
functions Cy(- — -) are allowed to be a part of only 3 restrictive families with two
parameters each. The main properties of these covariance models are outlined be-
low and described more comprehensively in [39, pp. 84-101].

1. Name: Squared exponential covariance function
. si—s4l|?
Equation: Cy(s; — s;) = 01 exp <—%) , (01,0) e Ry x Ry

Corresponds to: An is an infinitely differentiable field of changes in
refraction index.

2. Name: Exponential covariance function
Equation: Cy(s; — s;) = 01 exp <—%> , (01,09) e Ry x Ry

Corresponds to: An is an everywhere continuous but nowhere differen-
tiable field of changes in refraction index.

3. Name: Spherical covariance function
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. 8;—S; si—sj||3
Equation: Cy(s; — 55) = Tjjs,—s,| <0101 (1 — %H o all 4 %” 931” ) ,

(01,602) € Ry x Ry, 1, = 1if statement z is true and 0 otherwise

Corresponds to: An exhibits a behavior in between being smooth and
discontinuous and is an irregular and, near the origin, structurally scale
invariant field of changes in refraction index similar to fractal fields gov-
erned by a power law variogram E[(An(s;) — An(s;))?] = ||s; — s;]|*.

Even though only two parameters are involved, the range parameter 0, enters the
equations for Cy(-) nonlinearly. Since evaluation of the covariance functions can be
made relatively cheaply with the help of numerical methods, a brute force approach
is adopted to estimate 6. It consists in evaluating the objective function in equation
5.42 for a range of positive values 0, and following up with a refinement step. Once
a specific value 6, is chosen, the optimal #; can be calculated in closed form as the
term

0‘1)‘” = argmin |[|¢; Ky, — S||%
01€R¢

where Ky, = AgLgCp—(1,0,)(- — -). Then

161 Ko, — S||F = (01 Ky, — S, 01Ky, — S)r
= 07 (Ko,, Ko,)r + (S, S)r — 261 (Kq,, S)F
= 01| Ko, |7 — 201 (Kop,, S)r + ||S||7

Taking the derivative Jy, ||01 Ky, — S||% and equating it to zero to determine the
minimum of this convex problem yields

89,1161 Ko, — S|% = 201 Ko, |2 — 2(Ko,, S)p = 0

which is immediately resolved and establishes

eopt _ <K92, S>F
' (Ko,, Koy) F

No need exists therefore to brute force search for 6™ as it is uniquely determined
once 5 has been chosen. The brute force algorithm then takes the form

1. Choose a sequence of ranges {0;; }?ifl C Ry and calculate the sequence
{K92j }?ifl' Calculate {Qlj}nbf = {<K927 S>F||K92j H;“2};Lif1'

i=17

2. Evaluate the sequence {||0;;Ky,, — S||3};2) and determine the parameters
~ opt ~ opt . . . .
0, ’ , 0o ’ leading to its least value. They are approximators for the optimal

tuple 6Pt = (67%, 05™).

3. Repeat step 1 and 2 with a new sequence of ranges {0y, }?ifl that is centered
~ opt
around QQOP .
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Although not very involved, this procedure did lead reliably to parameter estimates
arbitrarily close to the optimal ones for the data we tested it on. We observed the
existence of a well defined global optimum of ||#; Ky, — S||F w.r.t 65 in all cases
where S had more than 1 element.

Predicted CM Predicted CM Approximation error
line integration model stationary model (normalized)

v 0.6
—Integration model
i H - - -Stationary model
: 0.4
| 02
1 N
0 - 0

Empirical CM

w b

[
Normalized
approximation error

25
'=

50 2 H - - -Stationary model §
=100 ; 04 g 2
£ 15 |} NS
£150 : T T
g 1] EE
200 | 029%
0.5 o
250 - S %

0 - 0

50 100 150 200 250 50 100 150 200 250 50 100 150 200 250 0 1000 2000 3000

Point nr. Point nr. Point nr. Range parameter in m

Figure 5.24: The best choices of the range parameters are relatively easy to determine via brute force; the simplicity of the
empirical relationships between 62 and ||61 Ky, — S|| exhibited above are representative for the data we investigated .
Notice that the predicted covariance matrices exhibit features that are deviating more from the empirical covariance matrices
compared to the Bochner approach but have stronger regularity properties. The third column features a best fit of a stationary
covariance model and allows the comparison of the two covariance models K (-,-) = C(-—-)and K(+,-) = LgC(-—-). The
results directly imposing a stationary covariance on the APS are overly smooth and (apart from stationarity) show too strong
long-distance correlations compared with the observed behavior. The integration model performs better as quantified by the
normalized error measure € = || K — S||%||S|| ;2. The minimal error €,y is (0.0092,0.0081) for the two different regions
respectively using the line integration model and (0.0162,0.0123) using the stationary model. The underlying covariance
function is the exponential one in both cases.

If one abandoned the model Kp = Lg(C' and would instead directly fit one of the
aforementioned stationary covariance models C'(- —-) : R? x R® — R to the data, a
lot of computation will be avoided. The approximation quality, however, is visibly
worse. See figure 5.24 for a comparison between the covariance models featuring
path integration and those that do not. In reality, the distribution of points from
which the empirical covariance matrix is to be generated is less geometrically regu-
lar and more scattered. Then the stationary models are even less able to capture the
correlation structure of the point set; presumably since the full 3-dimensional vari-
ation patterns are not isotropic and the line integration model has a natural built-in
anisotropy distinguishing range and azimuth. See figure 5.25 for a concrete example
featuring an irregular distribution of points.

The best fitting of the three covariance function models is the squared exponential
one under the no-line-integral assumption and the exponential covariance in the
line-integral case. This reflects the regularity properties: The APS is rather smooth
and this can be either modelled directly by the covariance of a smooth process or by
having its derivative at least continuous and having the smoothness emerge during
the act of integration.
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Figure 5.25: The best fits of three different covariance models to an empirical covariance matrix, where the points don’t
lie on a line. The normalized approximation errors € are (from left to right) 0.007, 0.011 and 0.065 respectively. Line
integration was performed against an exponential covariance function to generate the image in the second panel. The bottom
row illustrates the underlying geometric distribution of the points whose correlation structure is to be reconstructed. The
point enumeration scheme is derived from matrix vectorization, i.e. the ordering is column-by-column and within a column
row-by-row.

The most expensive step in the procedure described above is the calculation of the
covariance matrices with entries 5, ® ¢, C(- —-). Analytical expressions for these
terms are not available and numerical approximation of the integral

Sk s
Kp(sg,s1) = / / C(ry — ro)dridry (5.43)
S0 S0

is costly in terms of the number of function evaluations, if not a scheme more so-
phisticated than discretization on a regular grid and subsequent averaging is em-
ployed. In one dimension, n-point Gauss quadrature rules of type

/_ 1 fludu =" fu;)w; (5.44)

are optimal in the sense of being exact for polynomials of degree 2n — 1, if the u;,
are the n roots of the n-th (orthogonal) Legendre polynomial on [—1, 1] and the w;
are the integrals over the associated Lagrange interpolation polynomials [73, § 5.3].

According to a theorem by [78], the w; can be found efficiently from the eigenvalues
and eigenvectors of the matrix J encoding the three term recurrence relation (k +
1)Pyy1(x) = (2k + 1)xPy(x) — kPy_1(z) satisfied by Legendre polynomials Py in
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the following way:

M0 aq 0 Ce 07
aq 0 [6%) 0
J — O 042 O ag ... (5‘45)
: 0 (6%} ’
L0 |
z k
_ - 5.46
Ak \/(2k+1)(2(k—1)+1) 12— 1 540
uy = k-th eigenvalue of J (5.47)
! 1 2 1
wi :/ (e /llexll) " du = 2(e("y? (5.48)
—1

where e,ﬁl) is the first component of the k-th normed eigenvector e of J. For two-

dimensional integrals, the tensor product of the n-point Gauss quadrature rule given
by specifying evaluation points u® and weights w®, while denoting by 1 € R" a
vector of ones, as

1 1 n n
/ / f(uq, ug)duydus ~ g E flu)ws (5.49)
—1J-1

i=1 j=1
u® = (1@ {u ) & {u})_, ®1) € R™ (5.50)
w® = {w;}l; @ {w;}1_, € R™ (5.51)

is not strictly optimal any more. However, it turns out to approximate dou-
ble integrals to sufficient numerical accuracy for our purpose with only a mod-
est amount of function evaluations. The appropriate coordinate diffeomorphism’
¢ : U = [—1,1]* = [0,1]* = V inducing a pullback ¢* mapping integral 5.43 to
integral 5.49 can be given by

(ur, ug) = [Ul(uhw)] _ Fm + %] . (5.52)

Ug(Ul,U2> %UQ + %

With this definition and setting v = (uy, uz),v = (v, v) the following sequence of
integral substitutions holds:

Sk 81
Kp(sg,s1) = / / C(ry — ro)dridry (5.53)

S

=c fj C(r1(v1,v9) — 1ro(v1, v2))dvidvy

[0,1]?

SA diffeomorphism is a differentiable one-to-one map with differentiable inverse.
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jf ¢ C(r1(v) —ro(v)) ‘% % duy dus
_1[0 1]2 8u1 8’!1,2
4 ff ) — ro(v(u)))dusdug (5.54)
—1,1]2
where ¢* : (V — R) — (U — R) is the usual pullback on functions [62, pp.
22 -25] and ¢ = ||sg — Sollez||s1 — Sollez- Ultimately, the cubature rule yields the
expression:

p(Sk, S1) Z Z C (r(v —ra(v(u))) w (5.55)

lel

Here C'(- — -) might be any positive definite function; we have chosen it to be an
exponential kernel. The error in the one dimensional case is bounded by the 2n-th
derivative 88 5= C(r1(v(u)) — +) [90, p. 325] implying it to be non-negligible for
rapidly decaying covariance functions C'. In our experiments, this did not seem to
be of much concern, as the optimally inferred K3, all exhibited smooth behav-
ior, correlation lengths between 200 m and 1500 m and their integrals were well
approximated using the tensor product of a 5-point Gauss rule. In comparing the
5-point Gauss rule to the trivial integration procedure consisting of taking the av-
erage of 10.000 function evaluations on a regular grid, one finds both method’s
approximation qualities to be quite similar. The trade-off for the potential (but in
our experiments not significant) loss in numerical accuracy is an increase in speed
of up to a factor of 400 for an interferogram with 1000 persistent scatterers and
300.000 pixels for which estimation is to be performed. This reduced the time
for the calculation of the covariance matrices to 10 minutes on an office computer
with 32.0 GB RAM and a 3.50 GHz processor. Once the covariance matrices have
been calculated, APS estimation for a single interferogram can be executed in less
than 1 second. Nonetheless, we suggest to recalculate the covariance matrices in
regular intervals of several days to avoid long term changes in meteorological cor-
relations to negatively impact the estimations although further investigations would
be needed to derive a reliable rule of thumb.

§ Kernel Inference

Inferring a suitably flexible kernel from data is exactly the task, for which the al-
gorithm described as 'nonparametric kernel inference with affine constraints’ ex-
plained on page 193 was designed. In the case of the APS in TRI, the kernel

K(',')3SXSB(S¢,8]')'—>K<SZ',S]')€R, Si,SjERS

of the APS is to be inferred on the index set of spatial coordinates S, whose exact
format is irrelevant for but will occasionally be assumed to consist of local carte-
sian coordinates centered around the instrument’s position for the sake of simplic-
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ity. The observations are given as a sequence of interferograms evaluated at stable
points {s;}"_, € R? with good signal-to-noise ratio to guarantee that the empiri-
cal covariance matrix (also denoted as .5) is formed solely by values of realizations
P,(-),w € Q where P(-) is the random function corresponding to the APS.

To keep arrangements simple and runtimes short, we will for now neither include
any affine constraints nor give too much weight to the prior guess for the covariance
function. To get an initial orthonormal basis {p; }.=%, ¢; : R? — R, set

Kprior(si, 87) = K (w(si), 2(s5)) K (y(s0), y(87)) G (2(s1), 2(55))

where K7, is the squared exponential kernel on the z-coordinates of the three-
dimensional coordinates s;, s; and analogously for K, K. Employing the in-
dividual Mercer decompositions

Z)\ngl ®(pl()7 qu?y?’Z

allows to write

prlor B Z >\z§01 ® Pi )

where ); is the i-th element of the sequence {AF A/} }55 ,_, sorted in descending
order and ¢;(-) = ¢ (2(-)) @ [ (y(-)) @ ¢ (2(+)) is the tensor product of the eigen-
functions corresponding to the eigenvalues A7, AL, Af that form A;. Apart from pro-
viding the orthonormal basis, the prior will be made rather unimportant by setting
to zero the parameter 7 in the objective function °

L(v) = log |C,| + tr (SC’;’) +r [— log |y] + tr (AJW)]
Texp
Cy = Z Vi i @V, i € R™, (i), = pilsi)-
ij=1
This sidesteps the need for an iteration and in accordance to the remarks in subsec-
tion 4.3.2, page 184, the explicit formula 5.56 is found.

v=258,=(U)"S(T)", U=[,..., Y] € R" Q@R (5.56)

The solution is then K'(-,-) = > " ~,¢;(-)¢;(-) and the predicted covariance
matrix is

Tlexp
Cy =) Wi @) = Uyl = (WUH)S(Tut)”
ij=1
which is P,,S P with P the orthogonal projection onto the range of W. The results
of this procedure are plotted in figure 5.26 as well as the results obtained when

®Note that v is a positive semidefinite coefficient matrix in the equations surrounding 5.56 and not,
as in the next paragraph, the coherence.



256 5.2.4 REPRODUCING KERNELS ARISING IN TRI

different amounts of regularization are used.
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Figure 5.26: The results of kernel inference for the same empirical covariance matrices S1 and Sz as in figure 5.22 with and
without regularization. When prior knowledge is ignored, the reconstructive performance of kernel inference exceeds that
of both the parametric and the Bochner-type approach. Imposing stronger requirements on a kernel’s regularity discourages
sharp changes in the associated covariance matrices; care must be taken to ensure that this effect is avoided if improper (first
row). Due to numerical problems, the regularization was introduced by means of moving along the geodesic path connecting
Sy and A as parametrized in [96].

Remark Up until now only the negative log likelihood was used to assess the qual-
ity of the approximation. This is not wrong per se but incomplete as any kernel
being identical to the empirical covariance matrix S at the measurement points has
the best score under this metric. But these kernels obviously do not have the best
generalization performance, so the negative log likelihood should be seen more as a
measure of a models flexibility to emulate the structure encountered in the matrix S
rather than a definite performance indicator. As discussed before, a kernel’s suitabil-
ity for purposes of inference and prediction depend also on that kernel’s regularity.
The only procedures guaranteeing this are kernel inference and the parametric in-
ference scheme. For reasons of simplicity, the latter approach will be adopted for
the practical implementations presented later during this chapter.

¢ Estimation of noise variance

Typically one links coherence, phase noise variance and signal-to-noise ratio [91,
p- 98]. The classical estimator for the coherence employs spatial averages and is, as
already mentioned in subsection 5.1.2,

Zjerd 2 (2)*

\/Zjerd |Z{|2 Zjerd |Z%|2

(5.57)

“spatial =

for a certain spatial neighborhood Nbd of a fixed point. In this formula zf denotes
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the complex number encoding amplitude and phase of the the j-th pixel in the i-th
interferogram z; and ergodicity is assumed to hold [91, p. 96]. In the privileged
situation where TRI measurements are dense in time, one can estimate the complex
correlation coefficient y at a certain fixed pixel location j (dropped from the notation
for economy of presentation) as the normalized off-diagonal entries of the complex
covariance matrix

o= a[ [ [ v
’ ) )

Y 1 - 7 * *
2[,21,,22]71 = n—1 Z |:|: : ] ® [Zz Zi+1]:|

Z.
i—1 1+1

for z; := zf ;1 = 1,...,n denoting the complex number of the pixel at location j in
the ¢-th epoch. This immediately leads to the alternative expression
n—1
A = n Zi:l ZiZ1
tempora - n :
n—1 3zl

(5.58)

The interpretation of equation 5.58 is different from the interpretation of the usual
estimator 5.57. Both estimation formulas for 7y take on high values if an image patch
in image 2 is a scaled and phase-shifted version of the same patch in image 1. But
whereas 5.57 takes on low values if the interferometric phase varies randomly in a
spatial image patch, expression 5.58 takes on low values only if the interferometric
phase varies randomly in time. In the presence of other temporally high frequent
sources of strong phase variation like atmospheric influences, the estimator 5.58
does not deliver a suitable indicator for phase reliability of individual pixels whereas
5.57 still does.

From a purely practical point of view, the assumptions regarding the pure noise
component (see page 237) permit to estimate the phase noise as that part of the
measurements which exhibits low temporal and low spatial correlation to its im-
mediate vicinity. The author proposes the following estimators for noise and noise
variance at location sy.

1
N(sk):M(sk)—W > M(s;) (5.59)
JENbA(k)
2
I & 1
o) = — M (sp,t)) — ——— M (s;,t 5.60
TN (se) ntlzl (s t0) = TR > Msyt) 60
= JENbBd(k)

where Nbd(k) is a set containing the indices j of the locations s; that form the
spatial neighborhood of the location sy.
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5.2.5 Spatiotemporal deformation estimation

Given a Hilbert space model Hy; for the measurements that decomposes into direct sums
of Hilbert spaces Hp,Ha, Hn, estimating deformations d when only a superposition of
deformation, atmosphere and noise is measured can be formulated as the task of finding a
certain spatiotemporal smoothing spline o4. The corresponding norm-minimization problem
is at the same time a maximum likelihood problem when the kernels Kp, K o, K are chosen
to reflect the different phenomena’s covariance functions. Several different formulations of
this estimation problem are possible and correspond e.g. to interpolating the APS given some
of its values, solving spatial and temporal filtering separately, or doing full spatiotemporal
signal separation. Briefly surveying these formulations in order of ascending generality and
focusing on computability leads to the tensor-spline construction explained in subsection
3.1.3. Assuming second order stationarity of all quantities involved yields immediate results;
implementing the more justified line integral covariance model requires methods of numerical
integration. The end result is an algorithm the author terms TRI-MAPS, where the latter part
is an acronym for 'mitigation of atmospheric phase screen’. It produces three sequences of
two-dimensional maps depicting deformation, atmosphere, and noise.

Suppose the Hilbert space model Hy;, = Hp © Hp @ Hy is given and the kernels
Kp, Kp and Ky determining the reproducing kernel Hilbert spaces of deforma-
tions, atmospheric phase screen and noise are known. Without specifying a priori if
the domain U of the functions in these four RKHS is space, time or spacetime, the

following general interpolating spline contains all subcases relevant for deformation
estimation.

O = argmin [|ml|7, (5.61)
meA~la

where A : Hjy — R" is the measurement operator of evaluation at {u;}7_, C U
and decomposes as A = Ap @& Ap & Ay, Ax : Hx — R", X € {D,P,N}.
The data is provided as an n-dimensional vector a € R"™ whose exact nature de-
pends on that of U. By the remarks in subsection 3.1.2, the smoothing splines
04, 0p, 0p, corresponding to optimal estimators of deformation, APS, and noise
can be derived via orthogonal projection of o0, onto the respective subspaces
Hx DMy, X € {D, P, N}. This means

o4 = agg;ﬂin IADd = all iy, 100y + N3, =1, 0m (5.62)
D

op = argmin IAPD = allZ0 /20y + P13, =1y 0m (5.63)
D

0w = argmin [ANT = allZa0,, san) + Il =l om (5.64)
D

where the Hilbert spaces A(H,;/H x) have kernel (A ®@ A)[Ky, (-, ) + Ky,(+,-)] €
R™ @ R™ with Y7, Y5 the elements of the set {D, P, N} /{X}.

The probabilistic interpretation is simply that the objective functions in equa-
tions 5.62 to 5.64 are the negative log likelihoods of Gaussian processes whose
minimizers correspond to those elements o, in an RKHS Hx of functions that
maximize jointly both the likelihood of o, and of the residuals Ao, — a. It
was mentioned in chapter 3 that given a certain set of assumptions, splines o,
minimize the expected square loss and as such are analogues to conditional
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expectations F[X (-)|JAm = a] =: FE[X|a]. Before any processing happens, a
decision has to be made about which data to include for the estimation step and
which data to discard. Ignoring data corresponds to the strong assumption that
asserts this data’s lack of informativity for the specific estimation purpose. This can
be made formal using the concept of conditional independence of random variables.

Definition 5.2.1 Two random variables M; and M5 are conditionally independent
given a third random variable M5 if

fMl,M2|M3 (mh msy ’mg) = fM1|M3 (m1 \ma)sz\Mg (mz ’m3)

where fy is the probability density function of expression Y. This is written as
M, [] My|Ms. My, My, Mj can also be sets of random variables [116, p. 24].
Theorem 5.2.2 Conditional independence has the following three properties.
Weak union: M || My, M3|My = M [ May| M3, M,
Decomposition: My [ [ Ma, M3|My = My [ M| M,
Intersection: (M [ Ma|Ms, My) A (M [ My|Ms, M3) = M, [ [ My, My|Ms

The original statements including details on their interpretation and their proofs
can be found in the literature concerned with graphical models and causal-
ity, e.g. in [116, p. 25]. Theorem 5.2.2 can be used to prove that from
X1IY, ., YalZ, ..., Zy, it follows that

fX|Y1 ..... Yn, 210, Zm(flf|y17-‘->yn72’1,-~,2m):fX\Zl ..... Zm($|21,---72’m)

whenever the conditional distribution is well defined. Renaming Y;,....Y, to Y,
Z1, ..., Zm to Z and compressing the subscript indicators for the probability density
functions and the notation for any realizations in the same way, this can be deduced
from

fX,Y\Z(xa y|2) XYz fX|Z(~’L'a Z)fY\Z(y|Z>
Tyiz(ylz) fyiz(y|2)

when the denominator is nontrivial. This subsequently implies that the conditional
expectation E[X|Y =y, Z = z] =: E[X|y, 2] can be written as

Ixyz(zly, z) = = fxz(z]?)

E[X’yla'“aynazlw“a /X fX\YZ(x’yla' 7yn7217"'72m)dw
/X fX\Z |Zl,...7 )
= E[X|21, ooy 2m)] (5.65)

Recalling that F[X |z, ..., 2] and E[X|y1, ..., Ym, 21, ---, Zm| as conditional expec-
tations are in the Gaussian case the typical Kriging estimators, this allows one to
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conclude that data vy, ..., y,, can be ignored for optimal estimation under the spe-
cific assumption of X [[ Y3, ..., Y| Z1, ..., Zpe

Nsnt

As concrete examples, consider two special cases. Let Mgz := {M(s;, ;) =1,
be the set of all random variables associated to measurements M : 2 x S xT — R.
For a specific spatial position s € S, denote by
Mg = {M(s,t;)}72, the "pillar’ of all mea-
surements at dlfferent times tq, ..., t, at location
s € S and denote by M;; = {M(si,t)}?’:s1 the
’slice’ of all measurements at different locations
taken at time ¢ € T'. Suppose that for all s € S'it
holds that

Interferogram,

Interferogram,

Mz M
Ms it H Mg z S Z (566) Interferogram,

where the fraction notation is to be interpreted as ~ Figure 5.27: Different ways to cluster se-
. . X quences of interferograms
set subtraction, i.e. > = X \Y.

Expression 5.66 then means that a specific random variable M ; is independent of
all other random variables M;7 \ M;, that lie in different time ’slices’ (interfer-
ograms) given knowledge of all other measurements M;, \ M, in the time slice
that contains M (s, t). By making recursive use of the intersection property and the
symmetry of conditional independence, one then finds

Mg,' Mg,
(M_S; HMsht | Msl,tt) (Mst HMsmt | sn, )

forj=1,...,n

SJ7

This implies that time slices are independent of each other and optimal estimation
of M, via the conditional expectation Ms,t = E[M;|Msz\ Ms,| can be reduced
to M&t = E[M;4|Ms,\ M) meaning that the interferogram M5, at time ¢ contains
all relevant information about M, ;. Analogously it is possible to derive

Mz .
M, H Ms’; forj=1,...,n

M . .
based on the assumption M, [ | Ms u *L This corresponds to the assertion that

the time evolution of a single plxel contalns all information necessary to charac-
terize that pixel thereby reducing a spatiotemporal estimation to a purely temporal

one:
Ms,t - E[Ms,t|M§,f\ Ms,t] - E[Ms,t|Ms,f\ Ms,t]

The assumptions are in general too strong to be accepted; nonetheless they are im-
plicit when instead of the full spatiotemporal situation only spatial or temporal as-
pects are respected. In the same spirit, it will be shown that for example the stacking
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of interferograms is stochastically optimal only under the hypothesis that the APS
behaves as spatiotemporal white noise and the deformation is constant.

Given a sequence of unwrapped interferograms interpreted as a function from
S x T — R and ny = nyn, measurements where n, is the number of pixels per
interferogram and n; is the number of interferograms, define

A®, A" the spatial and temporal evaluation operators for locations
{si}iz, or times {t;}7., respectively.
A= A*® A" the spatiotemporal evaluation operator Af = { f(s;, ;) }i=1"i_;.
BHy the RKHS with reproducing kernel B ® B K for any bounded
linear operator B.
Hr,, /Hi, the quotient RKHS with reproducing kernel equal to K, — Kx
where Hi,, = Hr, © Hky-
HS = H @ HYy  the tensor product RKHS with reproducing kernel K% K.

In general all involved quantities receive the additional superscript s or t if their
explicitly spatial or temporal nature is to be highlighted. The special case where
only one interferogram is used for estimation amounts to fixing a certain time ¢ in
the spatiotemporal problem

_ - 2 2
oq= azg?g}n |Ad =l j50e + lldllye (5.67)

restricting the involved operators accordingly and solving the minimization problem
only for ¢ = ty. The estimator for the deformation is then

o =argmin||A°d® — a°| ?MH%GBASH?V + ||d°| 3{% (5.68)
dseHs,
-1
= (K3 (sis )iz [ (G (s s5)in, | a® (5.69)

- s

~
EsR™s —HY

Equivalently for a fixed location s = s, the solution to a temporal filtering problem
can be written analogously with obvious change of notations.

oy =argmin|| A'd" — o[}y g aer + 1113 (5.70)
dtert,
ne T nt -1
= (Kbt ) )" (i), | (5.71)
Et:R”T—)HSD

By passing from the assumption d(-) € Hp with RK K to the less general as-
sumption d(-) € Hj, @ HYy =: H, i.e. d(so, to) = D 5 di(s0) @ df(to),HdHH% <
0o, d* € H3,d' € Hi, equations 5.68 and 5.70 can be joined to form the spa-
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tiotemporal tensor spline equation 5.72

oq=2"®=Z"a (5.72)
= argmin||A* ® A'd — al|? it waigi. T+ 1dl3e
deHS, iefoyt TPOA o

+1A° @ iday, dlderg om0, + i, @A A 6000,

Theorem 81.3 in [21] together with the abstract spline representation of the solution
in terms of superpositions of kernel functions shows that, given trivial nullspace
ker(B) = {0}, equation 5.72 is equivalent to the following expression.

0y == @t (5.73)
= argmin||A° ® A'd — aHiM/DH%/%% + Hd”ig
deH$

HE = (H) @ Hy @ Hy) © (Hp @ Hy & Hiy)

The interpretation is as for normal abstract splines. The first term measures fidelity
to the data by quantifying the likelihood of the gap between predicted values A° ®
Ald and an actually observed a. The second term assesses the likelihood of d itself
by smoothness criteria derived from assumptions on the function space HS%.

§ Special cases

Three special cases are particularly useful in applications. Although the estimators
derived in this subsection are not strictly optimal in the sense defined above, they
share the property of being practically feasible and can circumvent problems arising
due to apriori unknown kernels.

Case 0: Deformations constant, APS white noise

This situation is purely hypothetical and serves more as an example than a practi-
cally relevant set of conditions and solutions. If H5) = H3 @ H!, with H3, spatially
uncorrelated white noise and H’, the semi-Hilbert space of constants with semi-
reproducing kernel K& (t;,t;) = 1, HS = Hj ® H is spatiotemporally white
noise and H = 0, then

oq=="®Za
= argmin [|4° ® A'd — al%y,, + HdHiL@’
deHS, ——

= argmin Z Z (d(Sz‘, tj) — aij)z d < H% = d(Si, tj) = d(SZ)

— argmin Z(Z (d(si)—aij)z) (5.74)

d={d(s)};2, 4
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From the last line it follows that d(s;,t) = (n;)~" >_7*, a;; which is the temporal
average for each pixel s; individually. This confirms the initial considerations that
established a purely temporal approach as sufficient when no spatial dependence
can be found between any of the random variables.

Case 1: Deformations confined in space

When no valid information about the expected smoothness of potential deforma-
tions is available at all and K, therefore unknown, estimation of d(-) is still possible
when the deformations are known to be zero outside a fixed spatial domain V' C S.
Given this information, o4, reduces to o, in (S N VY) x T. It is then natural to
calculate o, based on data available at spacetimes (Sy; N V) x Ty, and estimate
d(-) by d(-) = 0pm — 0, — 0, 0n (Spy N'V) x Ty A subscript M indicates the
restricted sets of positions and times, for which measurements are available. Since
n(-) is assumed to be uncorrelated noise with mean zero and m(-) was measured
directly this simplifies to

A

() = m() = o,() (579)
o, can be calculated with aid of equation 5.73 by setting o4 to zero.
0p(') = Zp ® Zha (576)
=5 = (Ko D" (5 + KR ss)]
=t = [(Kb(t, )" )" [((Kzta + Kfv)(ti,tj))Z§:1]_l

For practical evaluation it will be necessary to use a tensor representation of the data
a, achievable e.g. via singular value decomposition, to write explicitly

min(ns,n¢)

op()= > Epal®Ehd. (5.77)

j=1
Kp and Ky need to be estimated from the data, which is to be restricted to (S N
V) x T first. The complete implementation consists of the three steps

1. Choice of stable persistent scatterers {s;}/*, C SNV,

2. Inferring kernels Kp and Ky from data.

3. Performing APS interpolation and denoising in S NV

As all points in SNV © are stable by assumption, step 1 reduces to finding a suitable
metric to evaluate the noise level associated to a pixel. The amplitude dispersion
index (ADI) [61]

(5.78)
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detailing the ratio of expected amplitudes ;( Amp) to amplitude standard deviations
o(Amp). is a useful measure in this regard since high, stable amplitudes indicate
the presence of a single object in the resolution cell that dominates the backscattered
signal. Additions of smaller complex numbers corresponding to random processes
affecting the reflected wave in a noise-like way then leave the phase relatively un-
perturbed, see [91, p. 51] for more details. From a sequence of interferograms,
an ADI map is easily generated. Thresholding and thinning of points with good
ADI, typically < 0.25 [61], leads to a set of stable pixels with reliable phases —
these will be used as persistent scatterers and their coordinates form the sequence
{Si ?;1 C SN VC.

Inferring K is done as described in the previous subsection, i.e. Ky is estimated
from phase deviations of a pixel from that pixel’s neighborhood’s average as

2
8ii0mn < 1
K3 7 'Kt tmatn = L E il - g
N(S 78]) N( ) ny - Qi |Nbd(l)| v a’pl
_ » i

~~
2

nyo;
where a,, are the measurements (interferometric phases) at pixels with index p at
time [ and Nbd(7) is a neighborhood of pixel i. Typically, Ky ~ 0 on the persistent
scatterers which permits ignoring the noise when trying to extract the correlation
structure of the APS. For K73, the parametric approach is chosen and it is estimated
as

Kp(si,85) = / / Kap(ry,r2)dridry (5.79)
so Jsg
Kap(ri,r;) = ™ exp <—W) (5.80)
Cy
(P, ) = argmin [{EB(si585) Yisey — S5 (5.81)
(cl,cg)EIRQ+

where S is the empirical covariance matrix for the persistent scatterers at {s;}.*;.
Fitting K%, to the data can be done by adopting the parameter ¢, in an exponential
covariance model and setting c; = 1 to guarantee a correlation model close to the
observed one. One then has everything to directly implement equation 5.77. In
figure5.28 the spatial APS interpolation using the integral covariance model was
performed for single interferograms averaged in time. The term p = o, (-) was first
calculated and then subtracted from the data yielding d + n. Subsequently 7 was
estimated by comparing d(s) + 7(s) to the average value of its neighbors. This is
summarized in equation 5.82.

op(r) = Z ANiKp(si, ) (5.82)
=1
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A\ f fsl Kap Tr,rg)drldrg f fs"S Kap(ry,mo)dridry ! a
)\ns fsns f51 KAP Tr,Tg)dTldTQ . fsng fsng KAP TT, T‘Q)d’f‘ld’f‘g Qg

Notice that the APS+noise estimation using the integral covariance is better than the
one provided for example by simple Kriging. There are clear effects of the topog-
raphy and anisotropies stemming from the measurement geometry that a standard
Kriging approach operating only on pixels or their three-dimensional coordinates
is not able to model. Performance differences are made more formal in the results
section. Figure 5.29 aims to highlight visually the quality of the APS interpolation.

Figure 5.28 also confirms that especially the turbulent parts of the APS are hard to
predict. This is why, as more interferograms are averaged together and the correla-
tion structure of the averaged APS gets smoother, both the APS estimations and the
deformation estimations get more reliable.

Case 2: Deformations confined in time

This is in a sense the most general situation for which estimation is still possible
in the framework presented in this monograph. Here no apriori information about
the behavior of noise and atmospheric effects is supposed to be accessible and the
spatial extent of the deformations is unknown. Assuming the deformations to occur
only outside a certain time interval V' C T, all measurements m(v;),v; € Sy X
(Thy N'V') consist only of noise and APS enabling estimation of their covariance
functions. The set of empirical covariance functions K3, Kb, K5, K% needs to
be completed by adding K73, K, based on knowledge of the underlying physics
and implied spatiotemporal correlation structure of the motion phenomena to be
observed. Equation 5.73 can then be used directly.

It is worth noting, however, that the quality of the solution to this ill posed signal
extraction problem depends on the validity of assumptions regarding the motion
patterns encoded in the choice of K, and K. Two problems may arise:

i) HS = Hy,@H, with RK K35 K does not contain the deformation functions
d(-). If the prespecified structure of the deformation is ’too erroneous’, the
estimated deformations o4(+) € H5, differ from the real ones systematically.

i) K§ K¢ is too similar’ to K5 K% or K5 K. If the spatiotemporal structure of
the deformation is virtually indistinguishable from that of the APS or noise,
the amount of confidence awarded to the results of signal separation needs to
be evaluated critically.

The author suggest to choose the squared exponential kernel K, (t1,t2) =
coexp (—(|[t2 — t1]|/r0)?) , co, 7o constants, to model smooth behavior as f € Hy,,
implies f to be infinitely differentiable. Jagged and irregular behavior will be as-
sociated to the exponential kernel Koy, (s1,52) = coexp (—|[s2 — s1l|/70) , co, 70
constants, as f € Hg,,, implies [ to be continuous but not differentiable [39, pp.
88-89]. For deformations like locally incohesive glacial motion that are nonrapid
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Figure 5.28: Example of APS and deformation estimation performance using the RKHS approach. The region featured in
the interferogram is mostly stable. Any nonzero guesses for the deformation are erroneous and optimally the predicted APS
plus noise values should be close to the original interferogram. The red squares in the first image showcase the basepoints
(PSs), over which the APS is interpolated. A clearer image of the estimator’s performance and topography dependence can be
found in figure 5.29. The zone of persistent phase change identifiable in the upper part of the stacked interferogram covering
4 hours is of unknown origin but may actually be due to local motion as the area under question is an inclined ice-covered
slope topographically close to the glacial scarp. It is unlikely to be induced by locally confined melting or snow accumulation
processes as the detected phase changes persistently reappear during several consecutive days.
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Figure 5.29: The data points in the left panels provide values of the APS at certain locations. These values are used to predict
the APS at all other locations using the RKHS approach and the standard method of natural neighbor interpolation. The
ground truth is plotted in the second column; as the regions are mostly stable in the time interval considered, the sum of
APS and noise is equal to the whole interferogram. The differences in interpolation performance are especially noticeable in
regions with severe topographical changes.

w.r.t the sampling frequency it seems reasonable to assume strong autocorrelation
in time but not in space, i.e. d(-) € H} with RK Kp = K K/ . Together with
the often turbulent nature of the APS this guarantees good separability. Other de-
formation phenomena like slow creep processes affecting widespread regions of
homogeneous soil are represented more faithfully by elements of an RKHS with
RK Kp = K} K/, in this case signal separation will likely suffer from problem
ii) in the above list since the assumed spatial structures of APS and deformation are

similar.

Since it was not assumed that the points used for estimation were stable or of high
phase quality, it is not necessary to restrict attention to the persistent scatterers.
Instead one may directly write down the solution to

oq(-) = azgggn |A* @ A'd — a||i(H%/H%) + ||d||§{% (5.83)
D

after inference of kernels has been performed as in case 1. Then

O_d(_) — Es ® Et(l (584)
= = [(Kp s | (st 5505
= = (Kb )] (RSt ]

Sy
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K&(SZ’,SJ') = KB(SZ',SJ) —|—/ / sz(rl,rg)drldrg +5ij0i2
so Jso

K (tity) = Kp(ti, tj) + Kp(ti, t;) + 64

Employing theorem 3.31 from subsection 3.1.3, it is possible to evaluate og4(+)

; eval\ Teval ; evall Meval ; ;
at all locations {s{**'},*{' and times {¢5*'},*{ simultaneously in a computation-
eval

ally efficient way. When denoting by 0" the R"

(0§),; = oa(s5™, t5), then

t . . .
&® R"va matrix with entries

o9 = (Q*) (25 a (24,) T (QY) (5.85)
a € R" @ R"™ : The phase observations in form of a ny X n; matrix

Q° € R™ @ R : Matrix with entries (Q%)i; = K5(si, s5)

Q' € R™ @ R"w : Matrix with entries (Q');; = K& (t;, t‘;‘-"al)
Equation 5.85 speeds up the evaluation significantly and reduces the memory re-
quirements to a level that can be handled by ordinary office computers. As a matter
of fact, the author was unable to implement and evaluate computationally unopti-
mized estimators’ at all on ordinary personal computers for the spatiotemporal case.
The results of using 0" as a deformation estimate are collected in figure 5.30.

It is again necessary to use numerical integration to calculate the double integrals
in an efficient way. Please note that generally the performance of the deformation
estimate will be worse compared to the one exhibited in case 1, equation 5.82.
This is due to the fact that the assumptions are weaker: the method just developed
presupposes virtually no prior structure and is usable quite generally whereas the
spline estimator for case 1 relied heavily on the deformations only occurring in a
confined region in space.

§ TRI MAPS

To conclude, we propose to integrate cases 1 and 2 as alternative subprocesses into
an algorithm called TRI-MAPS, that tackles the mitigation of atmospheric phase
screens in terrestrial radar interferometry.

TRI MAPS

1. For a series of interferograms, calculate the ADI maps and associate to each
pixel its three-dimensional coordinates.

2. Perform parametric kernel inference to determine the spatiotemporal kernel
K% = K3 K} and the noise kernel Ky = K3 K% from measurements on the
identified PS..

"Here, an estimator is considered to be *unoptimized’ if it is of the same form as in equation 3.15
and the involved matrices are not expressed as tensor products of simpler matrices.
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Figure 5.30: Unwrapped but not otherwise preprocessed interferograms at three different times and the tensor splines for
deformation, APS and noise respectively. No stability assumptions have been made for the scene; the spatiotemporal signal
separation was executed as described in the sequence of steps named as ’case 2’ starting on page 265. The first three rows show
the glacial tongue for which deformation actually occurs whereas the second set of rows show the tensor spline estimations
for a stable area. Comparing the estimations recorded in them to the average of 24 h of interferograms, one can notice a
tendency to overestimate the size of small deformations and to underestimate the size of big, locally confined deformations.
The results are nonetheless significantly better than simple averaging in time as documented on later occasion in figure 5.33.
Note the different color scales.
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3. Depending on stable areas being known or unknown, either solve

Og=m—0p,— 0y op(-) = argmin HPH?@
pEA=1aNHSY r

for averaged interferograms or

D) — : s tg 2 2
oaq(*) azg{n@;n |A° ® A'd aHA(H%{/H%) + HdHH%
D

for the whole sequence where the kernel K5 = K3 K}, represents prior
knowledge about the deformation process.

4. If the interferograms are too big to solve the problems in step 3, apply step 2
and 3 locally to spatiotemporal subsets {sub; };™ C S x T of interferograms.
Then patch the local estimations together using an overlapping partition of
unity {;};7 on the indexset S x T such that > ™ ;(-) = Lgx7(-) and
each ¢; has support exactly on subset sub;.

This concludes the description of algorithms for atmospheric correction. At this
point we want to remark in the sense of an outlook that it is entirely possible to
swap what one subjectively considers noise and what signal thereby shifting focus
towards the APS as an entity of interest in itself. The amount of information that
TRI data can provide about microlocal changes in meteorology and tropospheric
dynamics is significant and to just eliminate it from further processing seems waste-
ful. In fact, by changing slightly the formulation of the abstract spline interpolation
problem

. 2
op(:) = argmin [|p[f3, (5.86)
pEA—laﬂ’Hp
A : Measurement operator, evaluation at stable points {s; }*,
a : Data consisting of n, atmospheric phase delays at locations {s;}"*,

‘Hp : RKHS pf phase delays, has reproducing kernel K p

to include instead of the APS P : Q x R?* — R the differential field AP : Q x R3 —
R and designating it as the target of estimation, one recovers problem 5.87.

oap(-) = argmin HApH%AP (5.87)
Ape(AL)~tanHap
L : Operator of line integration from s to a variable s € R?
Hap : RKHS of differential phase delays, has reproducing kernel Kap (5.88)

where A, a are as before and (ALAP) = { f:;) Ap(r)dr}?s,. Relating the field
AP of differential atmospheric phase delays to the field of refraction index changes
An:Q x R? — Rvia

A

AP (s) = ) Angy(s) (5.89)
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Figure 5.31: The left panel shows a randomly generated landscape. The instrument’s position is so = [0,0]T and the

measurements in the second column are generated via line integration from s to the surface’s coordinates s through the
field AP illustrated in the third column. The estimations of AP derived as solutions to problem 5.87 are plotted in column
4. Note that the estimation errors grow rapidly when leaving the volume through which P was measured. The results are,
however, promising.

for \ the wavelength of about 17.6 mm and s € S a location enables some type of
TRI meteorology by solving the tomography problem 5.87 for the field of refraction
changes An,(-). The solution to abstract spline problem 5.87 can be written down
explicitly and in closed form. It is

oap(*) :Z)\i/ iKAP(-,r)dr (5.90)

-1

A\ f fsl Kap( rr,r2)dr1dr2 f fs"s Kap(ry,mo)dridry a
An. fS"S fsl KAP (rp,mo)dridry ... fS"S fS"“’ KAP (rp,m2)dridry U,
or in more compact notation denoting h(- f Kap(-,r)dr as
-1
<h1a h1>'HAP o <h1) hns>’HAp ai
UAP(') = [h1<)7’hns()]
<hn57 h1>HAP st <h'ns7 h'ns>HAP ans
(5.91)

Figure 5.31 records some solutions for synthetic examples. Potentially, one might
try to extract temperature and water vapor changes by inverting equation 5.16 but
this constitutes a severely ill-posed problem that is left for future work.
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5.2.6 Results and comparisons

It is important but difficult to check the validity of any methodology for filtering of TRI-data
as ground truth is available only for the regions known to be stable. Alternatively one may
simulate deformation data, which acts as synthetic nonzero ground truth when mixed into
measurements known to consist only of APS and noise. In a comparison between TRI-MAPS
and more common methods based on the fitting of parametric models, TRI-MAPS exhibits
superior performance as measured by the RMSE both in stable and unstable areas. It is
possible to choose kernels and probabilistic assumptions in a way such that the RKHS based
approach reproduces the easier models like stacking, Kriging, or topography induced phase
variation models. Therefore one is able to write down the specific set of assumptions under
which they are stochastically optimal.
A completely hypothesis free check of estimation performances is not possible
given the state of technology. TRI is as of now the only ground based geodetic
technique capable of surveying spatially densely areas of up to 100 km? in less than
a minute and with high repetition rates. The spatial density of GNSS measurements
and total station measurements (per minute) is not high enough and terrestrial laser-
scanning exhibits a whole other set of unresolved problems and comparability issues
when displacements vectors are to be extracted from point clouds — apart from the
fact that these systems are influenced by atmospheric effects as well. Therefore,
ground truth covering the whole area essentially needs to come from apriori knowl-
edge about the deformation behavior that is occurring and not from other measure-

ment systems.

When stable areas are surveyed, one may assume that any phase changes docu-
mented in interferograms are due to atmosphere and noise. The ground truth to
compare the deformation estimation against should then be zero. The downside of
this assumption is that the ground truth is always zero and the root mean square error
is the RMSE; = ||o4||3, which implies that no algorithm, no matter how sophis-
ticated or stochastically justified, would ever outperform the trivial but practically
useless estimator that guesses a deformation of zero uniformly and independently of
observed data. Evaluating performance on stable areas only would introduce a bias
towards assessing those estimators as lacking in quality that actually at some point
assert the presence of deformation in the TRI signal. Optimizing w.r.t. this perfor-
mance measure would lead to estimators that consistently underestimate deforma-
tion and in a sense minimize the a-error of rejecting stability when it is actually the
underlying ground truth.

To prevent this, the estimator also has to be tested on regions including nontrivial
deformations dy.(+) to quantify RMSEy = ||0q — dyye||7 2. Since such regions do
not exist in the data available for this dissertation and can hardly be provided at all,
we will simply simulate dy,,. as a spatiotemporal random field dg,,,, superimpose it
on data M = P + N coming from stable regions and assess the performance by
comparing the estimations to this synthetic ground truth. The choice of probabil-
ity distribution for the simulated field of deformations d,. impacts the estimation
performance since the spline o, is explicitly constructed from what one considers
apriori to be the correlation functions that determine the spatiotemporal structure of
d(-). The RKHS approach shares this problem with the other estimators commonly
used in the literature that all propose parametric or nonparametric models of equal
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likelihood on either the APS or the deformations. It should be noted that by tuning
the probability distribution of dy.., one can make the spline estimator look almost
arbitrarily bad or even stochastically optimal depending on how aligned the prior
guess for K and the true underlying deformation structure are. We will therefore
make explicit what type of deformation model we use and in how far the estimators
are based on misspecified assumptions. This second performance measure is then
related to the [S-error of wrongly accepting stability and the relative importance of
RMSFE, vs RM S E, depends on the concrete application and should be subject to
a risk-oriented discussion.

Figure 5.32 shows an exemplary simulated deformation field and its evolution over
time. The spatiotemporal behavior is indicative of the correlation model that is used
to generate samples of dy.,. for performance evaluation purposes.

Deformation Deformation Deformation Deformation
at t=0 min at t=10 min att=1h att=4 h

v vi » |
0
-1

50 100

y coordinates
)
o
Deformation in rad

0 50 100 O 50 100 O 50 100 O
X coordinates x coordinates X coordinates x coordinates

-
o
o

Figure 5.32: An exemplary deformation field detailing coordinate changes at different times. Each image reflects the sum
of deformations that occurred during the 2-minute interval preceding the timestamp and is thereby of the same incremental
form as the deformations underlying interferograms. The correlation model is squared exponential in space and time. It will
be used generically to generate synthetic ground truth if nothing to the contrary is mentioned.

It was explained before that the APS consists of a turbulent part that approximately
averages out over time and a persistent, smooth part that evolves over time scales of
several hours and reflects changes in average meteorological parameters. The latter
one is easier to predict and estimation performance gets better if the algorithms for
APS estimation act on more data that they can potentially average. The graphs in
figure 5.33 compare simple stacking, the RKHS approaches, second order polyno-
mial fitting, and a multiple regression model based on elevation information (see
[104]) in this respect.

Several methods other than the RKHS approach have been developed in the liter-
ature under different assumptions. They span the whole range from parametric to
nonparametric estimators and from estimators that use only temporal information
to ones that employ primarily spatial information. Approaches based on Kriging of
the APS over stable points have become more widespread recently although in con-
trast to the RKHS method presented here, they incorporate only piecewise constant
deterministic models for the deformation and second order stationary covariances
[212, 13]. Most of the methods are data-driven and it is possible to find an RKHS
embedding of the estimation problem in such a way that these correction methods
emerge as splines in that framework enabling a clear stochastic interpretation.
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Figure 5.33: The performance of RKHS-based methods (spatiotemporal splines as in cases 1 and 2 in subsection 5.2.5),
second order polynomial fitting, simple stacking, and other methods for extraction of deformations. The two plots on the
top were generated by evaluating 24 h worth of data by passing averaged interferograms of increasing integration time to the
algorithms. The region of interest is the same one as the bottom region plotted in figure 5.21. Nonzero ground truth has been
simulated as described before and illustrated in figure 5.32. Note that the RMSE in the moving areas does not converge to zero
but instead to the standard deviation of the movement; as from an averaged interferogram only a constant estimator for the
deformations is extracted, faithful reconstruction of the time-varying ground truth is not possible. The second row presents
the results of several algorithms for full spatiotemporal estimation of the sequence of two-dimensional deformations. The
trivial model consists in taking the individual interferograms phase values directly as estimators for the deformation without
further processing. Bandlimiting is described in subsequent explanations. Note the different length scales of the y-axis.

Stacking
Explanation: Interferograms are simply averaged in time; potential spatial
correlations are ignored.

Equation: o4(t) = - 37 m(t;)

ne
RKHS embedding:
04 = argmin ||A'd — a'||%ep
deHt, r
My = Hp © Hp

H', = Hilbert space of constants with RK K% (t1,t5) = 1[170,p. 71]
A"HY, = R™ Hilbert space of white noise residuals

Stochastic interpretation: This approach is optimal under the assumption that
the atmosphere behaves as white noise and the deformations are constant in
time. If the topography is trivial and the APS purely turbulent, the method
can work. Otherwise it is not recommended.

Proof: We know that d € Y%, is a constant and at the same time o4 =
argmin 37", [d(t) — a!)? = argmin 3, [ —al)’ = L3, .
dGHtD coER
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Polynomial fitting

Explanation: A second degree polynomial in range is fitted to explain the
APS observed on stable persistent scatterers and predict it at other locations,
see [152].
Equation: o4(r, az) = m(r,az) — 0,(r)

op(r) = [1r ) (FTF) " FTat (F)yy = (rep ™!
RKHS embedding:

o, = argmin ||A°p — a’|
pPEHD

Hyy=Hp O Hp ©Hy
‘H7, = unspecified Hilbert space of deformations

2
ASH,

‘H» = Hilbert space of second order polynomials in range.
Has kernel K&(r,7;) = g + ciryrj + cgrfr?.

A*Hy = R™, Hilbert space of white noise residuals

Stochastic interpretation: This approach is optimal under the assumption that
the local phase delay varies linearly in range and therefore integrates to a
second order polynomial that forms the APS. The stable points are known and
residuals between predicted APS and observed phase values are uniformly
white noise on these parts. If the topography is trivial, the APS highly regular
and the area is small, the method can work.

Proof: We know that p € H$ is of the form p(r) = ¢y + ar +

cyr® and at the same time o,(r) = argmin 3.1 [p(s;) —ai]> =
pEHD
argmin Y., [co + 17y + cor? — ag]” for which the solution is simply the

co,c1,c2€R
usual expression (FTF)~!FTq* known from adjustment theory.

High pass filtering

Explanation: The signal is split into a part with high spatial frequencies and
a part with low spatial frequencies [34].

Equation: o4 = (I — F iy F ) m  F Fourier transform
RKHS embedding:

o4 = argmin ||d — m)|
deMs,

Hiy = Hp & Hp
‘H = Paley Wiener space of bandlimited functions with kernel

Kp(si,85) = %sine(b(si — 54))[20, p. 304]

2
i

s = L*(S)/#5, Hilbert space of deformations that have no
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frequencies less than |b|

Stochastic interpretation: This approach is optimal if there is no noise, the
deformations occur only locally and the APS is smooth. If the deformation
and the APS have non-disjoint support in frequency space or the deformations
behavior is unknown, it is not usable.

Proof: Notice that Py, = F 1y F : L*(S) — H3% is an orthogonal pro-
jection as Py, = P, = Py, as one can easily check using unitarity of .
The set of functions f : Py f = f is precisely those f with frequencies con-
tained in the interval [—b, b] and therefore P, is the orthogonal projection
onto Hjp [93, p. 103]. Consequently Py m satisfies

Pysm = argmin ||p — mH%2(S)
pEHD

and [ — Py, is the projection onto L*(S)/H3 = H3,. The best reconstruction
of m by functions in H}, is given by (I — F*Lj_pyF)m. As || - ||12¢s) and
|- 3{; coincide for elements of #3 [20, p. 304], the claim follows.

These and other methods are illustrated in figure 5.34 which shows estimated at-
mospheric phase screens and deformations for two exemplary interferograms with
known , but in the case of the second interferogram, synthetic, ground-truth. As
is clearly visible and quantified more objectively in figure 5.33, the deformation
estimations provided by stacking and parametric modelling of the APS based on
observations of the phase on stable points are not very accurate. The method de-
scribed as RKHS case 2 does not use any potentially inaccessible prior information
about the stability of the observation points and the corresponding lack of assump-
tions on the one hand improves the generality under which it is applicable but also
degrades estimation results. The RKHS approach that also integrates stability in-
formation performs best and exhibits realistic estimations of APS and deformations
although bad signal-to-noise ratio and unwrapping errors can deteriorate the quality.
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Figure 5.34: The estimators for APS and deformation previously described in the text. They act on 1 h of data whose average
is plotted in the first row. The interferogram in column 3 is a superposition of the non-zero ground truth plotted in column
4 and the APS shown in column 1. The reference for the regression model featuring explicit dependence of the APS on the
elevation is [104].
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Chapter

Conclusions and outlook

This monograph investigated, explained, and advanced a Hilbert space-based ap-
proach to signal processing, in which spaces of functions are furnished with proba-
bility distributions to solve challenging and often ill-posed estimation problems by
reformulating them as optimization tasks in infinite-dimensional functional spaces.
Our main contributions are the introduction of a probabilistically motivated non-
parametric algorithm for a data-driven choice of the Hilbert space most suitable for
estimation and the application of the theory to the problem of separating signal and
noise in terrestrial radar interferometry.

An introductory chapter aimed at familiarizing the reader with functional analytic
notions and concepts within the context of low dimensional spaces for reasons of ac-
cessibility. After introducing some standard notation and basic theorems expound-
ing Hilbert spaces and linear operators on them, light was shed on their relationship
to signal processing by showing that optimal approximation tasks can equivalently
be formulated as norm-minimization problems. In this sense, the choice of mod-
els for representation of signals, the choice of basis elements in a Hilbert space,
optimality in the least-squares-sense and orthogonal projections are all related to
problems of interpolation, smoothing, and efficient representation of observational
data. With the help of spectral theory, we derived and presented new results that
relate certain transforms of a covariance operator’s spectrum to equivalently trans-
formed stochastic processes. Employing the exact same functional calculus allowed
to solve physically motivated deterministic differential equations as well; estimating
a system’s state subject to physical constraints and uncertainty in the observations
was shown to be feasible and simple for exemplary diffusion-type problems. The
duality between stochastic and deterministic perspectives is explorable especially
well in the framework of reproducing kernel Hilbert spaces. They allow the cou-
pling of differential equations, correlation structures and feature representations.

Several equivalent formulations of optimization problems were investigated and
their relationship to geostatistical standard methods was made explicit. Extending
these optimization problems such that their solutions could be expressed as abstract
splines allowed the target of estimation to be related to a prior and to the given
measurements nontrivially via linear operators. Direct sums, quotients, and tensor
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products of RKHS lead again to RKHS and widen the applicability of the abstract
splines framework to include estimation of function tuples, equivalence classes and
tensors. We presented new memory efficient and cheaply implementable equations
for tensor splines that facilitate spatiotemporal estimation infeasible otherwise. In a
similar spirit, sequential approximation schemes for inverses of nonfactorizable ker-
nel operators were discussed primarily from the perspective of computational load
and practicability before matters of kernel construction and design were touched
upon. We proved the relevance of the RKHS approach by solving nonobvious
geodetically motivated problems that involved vector fields, tomographic imaging,
and nonlinear hypothesis testing.

We proposed a novel solution to the open question of how to actually infer the
kernel uniquely determining an RKHS in the absence of prior knowledge of its
parametric form. After reviewing abstract harmonic and operator-theoretic notions
of positivity, we introduced a Wishart-type probability distribution over the convex
cone of all kernels by expressing kernels as superpositions of simple tensors com-
posed from the eigenfunctions of a prior guess’s associated kernel operator. This
representation led to a matrix-valued coefficient structure that has to be determined
in the kernel’s stead. Ensuring positive definiteness, a necessary and sufficient key
requirement for a two-variable function to be a reproducing kernel and determine
an RKHS, amounts to introducing positivity constraints on the coefficient matrix’s
spectrum. Under these spectral constraints, solving for the optimal coefficients is
a numerically challenging task for which we suggested an iterative Fisher-scoring-
type algorithm that, bar occasional convergence problems, leads to nonparametric,
highly complex kernel estimations that are consistent with the observed data and
likely under some freely selectable prior assumptions. We showed that they out-
perform popular parametric families of kernels in both reconstructive flexibility and
estimation quality in practical applications.

Investigating our algorithm further revealed ties to semidefinite programming and
enabled us to extend the kernel inference procedure to respect linear equality con-
straints and lessen the requirements on the basis functions into which the kernel
is supposedly decomposable. We showed that this approach is suitable to solve
instationary spatial estimation problems intractable with other methods and empha-
sized its generality as well as its practical applicability by expressing the problem
of variance components estimation in terms of our kernel inference framework.

Assembling the tools devised previously in the monograph, we tackled and solved
a difficult signal separation problem arising regularly during TRI-based deforma-
tion monitoring of geohazards in mountainous terrain. This problem featured tur-
bulence induced artifacts and instationary long-term drifts highly autocorrelated in
time and space with a strong but not deterministically expressible dependence on the
topography. Both of these noise components differed from the deformation signal
to be extracted only in terms of their probability distribution. By embedding spa-
tiotemporal sequences of interferograms into infinite-dimensional RKHS exhibiting
a tensorproduct structure, we prove that it is possible to explicitly pose and solve



stochastically motivated optimization problems whose solutions are optimal estima-
tors for the spatiotemporal evolution of deformations noisily observed by terrestrial
radar interferometry.

In the most general formulation, our approach does neither assume the accessibility
of prior knowledge about stable areas nor simple, parametrically describable corre-
lation structures of the artifacts to be filtered out. Instead, it splits the full sequence
of measurements into guesses for noise and signal based on a detailed analysis of
the correlation structure of TRI-data resulting in a data-driven learning scheme that
improves with the amount of data observed. Our method is neither expressible as the
fitting of a parametric function nor as a simple geostatistical procedure of Kriging-
type and, in fact, properly generalizes and contains both of these approaches that
were previously proposed in the literature for solving the problem of signal sepa-
ration in TRI-processing. We reformulated the most common previously proposed
solutions in an RKHS framework enabling an explicit stochastic interpretation that
allowed uncovering their underlying probabilistic assumptions and straightforward
comparison. We found that in comparison to the widely employed temporal averag-
ing, our method’s root mean square error converges to zero more reliably and faster
by almost a factor of 10. Although less drastically, the method also outperformed
a host of other approaches ranging from topography-based regression models to
spectrum-based filters as tested with the help of a real-world dataset gathered dur-
ing a monitoring campaign in the Swiss Alps that features distances of up to 8 km
and elevation differences of up to 3 km.

The author hopes that the monograph suitably demonstrated the unifying power
and potential of reproducing kernel Hilbert spaces for spatiotemporal statistics and
its many uses for geodetic data. There is still much to improve and even more
to discover. Questions like the following are both interesting from a theoretical
perspective and practically relevant:

* Can one implement a holistic joint inference on complex radar interferometric
data and avoid splitting amplitude and phase information?

* Is it possible to implement rigorous stochastically driven linear dynamics of
probability distributions and use them to do inference for physical systems?

* Can one efficiently optimize over arguments in kernels to find optimal exper-
iment designs?

* Are there better priors on covariances than the Wishart distribution?

* What exactly is the relationship between kernels, dynamical systems, physi-
cal laws and learning?

In the end, the effort put into them might very well contribute to a general frame-
work for optimal monitoring and uncertainty quantification. At the very least, im-
mediate improvements in specific instances of typical engineering geodetic tasks
are to be expected. These prospects are well worth pursuing.
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