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Abstract

Let k be a field of characteristic zero containing all roots of unity and K = k((¢)).
We build a ring morphism from the Grothendieck ring of semi-algebraic sets over
K to the Grothendieck ring of motives of rigid analytic varieties over K. It extends
the morphism sending the class of an algebraic variety over K to its cohomological
motive with compact support. We show that it fits inside a commutative diagram
involving Hrushovski and Kazhdan’s motivic integration and Ayoub’s equivalence
between motives of rigid analytic varieties over K and quasi-unipotent motives over
k; we also show that it satisfies a form of duality. This allows us to answer a question
by Ayoub, Ivorra and Sebag about the analytic Milnor fiber.

Keywords Motivic integration - Rigid motives - Rigid analytic geometry - Motivic
Milnor fiber - Analytic Milnor fiber

Mathematics Subject Classification 14C15 - 14F42 - 03C60 - 14G22 - 32S30

1 Introduction

Let k be a field of characteristic zero containing all roots of unity and K = k((¢))
the field of Laurent series. Morel and Voevodsky build in [27] the category SH(k)
of stable A!-invariant motivic sheaves without transfers over k. More generally, for
S a k-scheme they build the category of S-motives SH(S). Following an insight by
Voevodsky, see Deligne’s notes [13], Ayoub developed in [1] a six functors formalism
for the categories SH(—), mimicking Grothendieck’s six functors formalism for étale
cohomology. See also in [11] an alternative construction by Cisinski and Déglise. For
f + X — Y amorphism of schemes, in addition to the direct image f, : SH(X) —
SH(Y) and pull-back f* : SH(Y) — SH(X), one has the extraordinary direct
image f; : SH(X) — SH(Y) and extraordinary pull-back f! : SH(Y) — SH(X).
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This allows in particular to define for any S-scheme f : X — S an object
Mg,C(X ) = fif*1x € SH(S), the so-called cohomological motive with compact
support of X.

Denote by K(Vary) the Grothendieck ring of k-varieties. It is the abelian group
generated by isomorphism classes of k-varieties, with the scissors relations

[X]=[Y]+[X\Y]

for Y a closed subvariety of X. The cartesian product induces a ring structure on
K(Vary).

As SH(k) is a triangulated category, we can consider its Grothendieck ring
K(SH(k)), which is the abelian group generated by isomorphism classes of its com-
pact (also called constructible) objects, with relations [ B] = [A] 4 [C] whenever there
is a distinguished triangle

A—>B—>Cii.

Elements of K(SH(k)) are called virtual motives and the tensor product on SH(k)
induces a ring structure on K(SH(k)). The locality principle implies that the assign-
ment X € Vary +— [M,Z’C(X)] € K(SH(k)) satisfies the scissors relations, hence
induces a morphism

xk : K(Vary) — K(SH(k))

which is a ring morphism. Such a morphism was first considered by Ivorra and
Sebag [22].

Ayoub builds in [3] the category RigSH(K) of rigid analytic motives over K, in a
similar fashion of SH(K) but instead of K-schemes, he starts with rigid analytic K -
varieties in the sense of Tate. The analytification functor from algebraic K -varieties
to rigid K -varieties induces a functor

Rig* : SH(K) — RigSH(K).

For any rigid K-variety X, Ayoub defines MRj¢(X) and Ml{ig(X ), respectively, the
homological and cohomological rigid motives of X. However, to our knowledge there
is no general notion of cohomological rigid motive with compact support.

One can also consider K(VFg), the Grothendieck ring of semi-algebraic sets over
K. If X = Spec(A) is an affine variety over K, a semi-algebraic subset of X" is
a boolean combination of subsets of the form {x € X* | v(f(x)) < v(g(x))}, for
f, g € A (where v is the valuation on K). The ring K(VF) is then the abelian group
of isomorphism classes of semi-algebraic sets (for semi-algebraic bijections) with
relations [X] = [U]+[V]if X is the disjoint union of U and V. We could also consider
K(VFZ}?), the Grothendieck ring of subanalytic sets over K . Itisisomorphic to K(VFg)
by a byproduct of Hrushovski and Kazhdan’s theory of motivic integration [20].
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In this situation it is rather natural to ask about the existence of a ring
morphism

xrig : K(VFg) — K(RigSH(K))

extending the morphism yg : K(Varg) — K(SH(K)).

Ayoub, Ivorra and Sebag ask in [4, Remark 8.15] about the existence of a morphism
similar to xRje and speculate that one should be able to recover from it their comparison
result about the motivic Milnor fiber. We will show that it is indeed the case, see below.

If X is an algebraic K-variety smooth and connected of dimension d, then
[MX’C(X)] = [Mg (X)(—d)], where (—d) is the Tate twist (iterated d times). We
would like to define for X a quasi-compact rigid K -variety smooth and connected of
dimension d, xrig([X1) = [MRig(X)(—d)]. Such classes generate K(VFg). If xrig
is well-defined, it will be the unique morphism satisfying such conditions. The main
objective of this paper is to show the existence of such a morphism.

The strategy of proof is to use alternative descriptions of K(VFg) and RigSH(K),
the former being established by Hrushovski and Kazhdan, the latter by Ayoub. Let us
describe them briefly.

From a model-theoretic point of view, semi-algebraic sets over K are definable sets
in the (first order) theory of algebraically closed valued fields over K. If L is a valued
field, with ring of integers O, of maximal ideal My, we setRV(L) = L*/(14+My).
Observe that RV fits in the following exact sequence, where K is the residue field and
I' the value group:

1-k*—>RV—->T-—-0.

Working in a two sorted language, with one sort VF for the valued field and one sort
RV, Hrushovski and Kazhdan establish in [20] the following isomorphism of rings:

f . K(VFx) — KRV [])/Lp,

where K(RV g [*]) is the Grothendieck ring of definable sets of RV, the [*] meaning
that some grading is considered and Iy, is an ideal generated by a single explicit
relation, see Sect. 2.1. Set ji = lim, u,, with u,, the group of n-th roots of unity
in k and K(Varf: ) the Grothendieck of varieties equipped with a good fi-action, see
Definition 2.6 for the precise definition.

The ring K(RV g [*]) can be further decomposed into a part generated by K(Var,’: )
and a part generated by definable subsets of the value group. The latter being polytopes,
one can apply Euler characteristic with compact supports to get a ring morphism

©o& : KRVk[*])/Isp — K(Varf).
Ayoub on his side defines the category of quasi-unipotent motives QUSH (k) as the

triangulated subcategory of SH(G,,;) with infinite sums generated by homological
motives (and their twists) of G, ;-varieties of the form
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X[T, T~ V1/(V" = Tf) — Speck[T, T~ ']) = Gy

where X is a smooth k-variety, r € N*,and f € I'(X, Oy).Letq : Spec(K) — Gy
be the morphism defined by 7' € k[T, T~ t € K = k(). Ayoub shows in [3]
that the functor

5 : QUSH(k) & SH(K) % RigSH(K)

is an equivalence of categories, denote by R a quasi-inverse.
We will define a morphism

Xp K(Varf) — K(QUSH(k))

compatible with y; in the sense that it commutes with the morphism K(Var,i‘ ) —
K(Vary) induced by the forgetful functor and 1* : K(SH(G,;,;)) — K(SH(k)), where
1 : Spec(k) — Gy, is the unit section, see Sect. 3.3.

Here is our main theorem.

Theorem 1.1 Let k be a field of characteristic zero containing all roots of unity and
set K = k((t)). Then there exists a unique ring morphism

Xrig : K(VFg) — K(RigSH(K))

such that for any quasi-compact rigid K -variety X, smooth and connected of dimension
d, xrig([X]) = [MRig(X)(—=d)].
Moreover, all the squares in the following diagram commute:

K(Varg) — K(VFg) % KRV [x])/Ip Ooke, K (Varl) —— K(Vary)

K(SH(K)) I?g*}‘ K(RigSH(K)) 9; K(QUSH(k)) oT K(SH(k)).

14

Observe that with this diagram in mind, defining xrjg is easy since 2 is an iso-
morphism, it is the equality xrig(X) = [MRgig(X)(—d)] that we will have to prove.
We will rely for this on an explicit computation of ¢[X] when a semi-stable formal
R = k[[t]-model of X is chosen.

Two choices are made in this construction. The first is when applying the compactly
supported Euler characteristic £, where we also could have used the Euler character-
istic £, the second is when we apply the morphism x,, where we can also consider
the morphism sending the class of a variety to its homological motive with compact
support. Varying these choices leads to three other ring morphisms

XRig: XRigs Xgig - K(VFk) — K(RigSHon (K))
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—

satisfying properties analogous to Theorem 1.1. In particular, we will show that Xf{ig
also extends the morphism yg.

We claim that xrig(X) is the virtual incarnation of a hypothetical cohomological
rigid motive with compact support of X. Hence, we expect some duality to appear.
Here is what we prove in this direction.

Theorem 1.2 Let X be a quasi-compact smooth rigid variety, X an formal R-model
of X, D a proper subscheme of its special fiber X,. Consider the tube |D[ of D in X,
it is a (possibly non-quasi-compact) rigid subvariety of X. Then

xrig(1D]) = [Mg;,(1DD)].
In particular, if X is a smooth and proper rigid variety,
XRig(X) = [Mg;(X)].

To prove this theorem, we will once again rely on a choice of a semi-stable formal
R-model of X and compute explicitly [Mﬁig(]D[)] in terms of homological motives
of ] D[ and some subsets of ]D[. Our approach is inspired by parts of Bittner’s works
[6,7] where she defines duality involutions in K (Varg)[L~!] and shows that a toric
variety associated to a simplicial fan satisfies an instance of Poincaré’s duality.

Theorem 1.2 allows us to answer the question asked by Ayoub et al. [4, Remark
8.15] in relation to the motivic Milnor fiber. Fix X a smooth connected k-variety and
let f:X — Ai be a non-constant morphism. Define X, to be the closed subvariety
of X defined by the vanishing of f. Denef and Loeser define in [14-16], see also [25],

the motivic nearby cycle of f as an element ¢ € K(Var’;a). If x : Spec(k) — X, is
a closed point of X, fiber product induces a morphism x* : K(Var’f(o) — K(Var}),

and Y7, = x*y s € K(Var}) is the motivic Milnor fiber of f at x.

Denef and Loeser justify their definition by showing that known additive invariants
associated to the classical nearby cycle functor can be recovered from v and ¥ 7 ,,
the Euler characteristic for example.

Ivorra and Sebag study a new instance of such a principle in [22] where they show
(with our notations) that xx, (¥ r) = [W 1] € K(SH(X,)), where W is the motivic
nearby cycle functor constructed by Ayoub [2, Chapitre 3]. Literally speaking they
only prove it in K (DA% (X,,, @)), but it is observed in [4, Section 8.2] that their result
generalizes to K(SH(Xy)).

It was first observed by Nicaise and Sebag [30] that one can relate the motivic
Milnor fiber to a rigid analytic variety. Consider the morphism Spec(R) — Spec(A ,1()
induced by T € k[T] +> t € k[[t]. Still denote X — Spec(R) the base change of f
along this morphism, and let &’ be the formal 7-adic completion of X. For x € X, a
closed point, let F a‘}x be the tube of {x} in X. It is called the analytic Milnor fiber.

Ayoub, Ivorra and Sebag show in [4] that

[1% 0 WMy, (FH )] = xe(¥s.0) € KSH(K)).
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In our context, we have ® o &, o f f;‘}x =Yrx € K(Var;z), we can see it either
by a direct computation using resolution of singularities as in [28,29] or by adapting
results by Hrushovski and Loeser [21]. Now Theorem 1.2 shows that xgig(F ?{‘X) =

[Mg; o (F7 )] hence by Theorem 1.1,

[RMyi, (FF" 01 = % (¥y.2) € K(QUSH(K)).

We then have refined the result of Ayoub, Ivorra and Sebag to an equivariant setting.

The paper is organized as follows. See the beginning of each section for the precise
content. Section 2 is devoted to what we need on Hrushovski and Kazhdan motivic
integration. In Sect. 3, we settle what we will use on motives, rigid analytic geometry
and rigid motives. In Sect. 4 we build the realization map xrig and prove Theorem 1.1.
The last Sect. 5 is devoted to duality and the proof of Theorem 1.2.

2 Preliminaries on motivic integration

In this section we will introduce Hrushovski and Kazhdan’s theory of motivic inte-
gration in Sect. 2.1 and use it to define two maps from the Grothendieck ring of
semi-algebraic sets over K to the equivariant Grothendieck ring of varieties over k in
Sect. 2.2.

2.1 Recap on Hrushovski and Kazhdan’s integration in valued fields

We outline here the construction of Hrushovski and Kazhdan’s motivic integration
[20], focusing on the universal additive invariant since this is the only part that we will
use. See also the papers [35,36] by Yin who gives an account of the theory in ACVF.

We will work in the first order theory ACVF of algebraically closed valued fields
of equicharacteristic zero in the two-sorted language £. The two sorts are VF and
RV. We put the ring language on VF, with symbols (0, 1, +, —, -), on RV we put
the group language (-, )~'), a unary predicate k* for a subgroup, and operations
+ : k?> — k where k is the union of k* and a symbol 0. We add also a unary function
rv : VF* = VF\{0} — RV.

We will also consider the imaginary sort I defined by the exact sequence

1-k*—>RV—>T-—0,

together with maps vy : RV — I'and v : VF* — I'. We extend v to K by setting
v(0) = +o0.

If L is a valued field, with valuation ring Oy, and maximal ideal M, define an
L-structure by VF(L) = L, RV(L) = L*/(1 + M), k(L) = Op/ M, (L) =
L* /O] . Note that the valuation ring is definable in this language because O} =
v HK*(L)).

Fix a field k of characteristic zero containing all roots of unity and set K = k((¢)).
Viewing K as a fixed base structure, for the rest of the paper, we will only consider
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L(K)-structures, where £(K) is the language obtained by adjoining to £ constants
symbols for elements of K. Any valued field extending K can be interpreted as a
L(K)-structure. Denote by ACVFg the L£(K)-theory of such algebraically closed
valued fields. The theory ACVFg admits quantifier elimination in the language
L(K).

We will use the notation VF® for VF” for some n. The £(K)-definable subsets of
VF* are semi-algebraic sets, that is boolean combinations of sets of the form

{x € VF" [ v(f(x)) = v(g(x)},

where f and g are polynomials with coefficients in K. Observe that constructible sets
are semi-algebraic, since one can take g = 0 in the definition.

Denote by K(VFg) the free group of £(K)-definable subsets of VF®, with the
following relations:

e [X] = [Y]if there is a semi-algebraic bijection X — Y
e [X] = [U]+[V]if X is the disjoint union X = U U V.

The cartesian product endows K(VFg) with a ring structure.

Remark 2.1 Note that this framework allows us to consider general semi-algebraic
subsets of K -varieties as studied for example by Martin [26]. We say that S is a semi-
algebraic subset of a k-scheme X, if S is a finite union S = US; such that for every
i, there is an open affine subset U; = Spec(A;) of U such that S; C U; is defined by
a boolean combination of subsets of the form {y e UM |v(f(y) =v(g (y))}, with
f, g € A;. Hence, we can consider its class [S] € K(VFk).

Remark 2.2 Hrushovski and Kazhdan use a slightly different definition for K(VFx).
They define it as the group generated by isomorphism classes of definable sets X C
VEF* x RV*®, such that for some n € N, there is some definable function f : X — VF”
with finite fibers, with cut-and-paste relations (the function f is not part of the data).
We can show that for such an X, there is some definable X’ € VF®, with a definable
bijection X >~ X', see [20, Lemma 8.1], hence the rings are isomorphic.

The category RV [n] is the category of pairs (Y, f), with ¥ € RV*® definable
and f : Y — RV”" a definable finite-to-one function. A morphism between (Y, f)
and (Y’, f') is a definable function g : ¥ — Y’. One defines RESk [1] to be the full
subcategory of RV[n] whose objects (Y, f) are such that v, (Y) is finite. From those
categories one forms the graded categories

RVk[#] := ]_[RVK[i], RESk[*] := ]_[RESK[i].
ieN ieN

For later purpose, we will also need a category related to the value group. One defines
I'[n] to be the category with objects subsets of I'” defined by piecewise linear equations
and inequations with Z-coefficients. A morphism between ¥ and Y’ is a bijection
defined piecewise by composite of Q-translations and GL,, (Z) morphisms. From this
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one forms I'[*] := ][,y '[n]. One defines also rfin[;] and T[] to be the full
subcategories of I'[n] and I"[*] whose objects are finite.

Each of these categories C has disjoint unions, induced by disjoint unions of defin-
able sets. We can form the associated Grothendieck ring K(C). It is the abelian group
generated by isomorphism classes of objects of C, with relations induced by disjoint
unions and the product induced by the cartesian product.

For a fixed definable set X € RV™, we can view X as an object in RV g [n], for any
n > m. Hence for each n > m, X induces a class denoted [X], € K(RVg[*]). If X
is non-empty, we then have [X],, # [X], forn # n'.

Note that he Cartesian product induces graded ring structures on K(RV g [x]),
K(RESk[*]) and K(I'[]). We can also forget the grading and obtain rings K(RVg)
and K(RESg).

Set (X, f) € RVk[n]. Define £(X, f) to be the fiber product

X, f)={(x,y») € VF" x X [ v(x) = f(»)}.

As f is finite-to-one, the projection of £(X, f) to VF" is finite-to-one, hence we can
view it as an object in VFg by Remark 2.2.

If (X, ), (X', f') € RVg[n], with a definable bijection X ~ X', then there is a
definable bijection £(X, f) >~ £(X’, f/) by [20, Proposition 6.1], hence we have a
ring morphism £ : K(RVg[x]) = K(VFg).

Set Rv>0 = {x e RV | vrv(x) > O}. Denote by I, the ideal of K(RV g [*]) gener-
ated by [RV>0] + [1]o — [1]1. The main theorem of [20] is the following.

Theorem 2.3 The morphism £ is surjective and its kernel is .

Denote by f the inverse: K(VFg) — KRV [*])/Isp.

Remark 2.4 We will also consider the theory ACVF3! in the language La,(K). This
language is an enrichment of £ where we add symbols for restricted analytic functions
with coefficients in K, see [12,24] for details. A maximally complete algebraically
closed valued field containing K can be enriched as an L, (K)-structure. Denote
ACVF% their Ly, (K)-theory. We shall refer to Ly, (K)-definable subsets of VF* as
subanalytic sets. We can form similarly the Grothendieck ring of sub-analytic sets
K(VF¥).

As ACVF¥' is an enrichment of ACVFg, we have a canonical map K(VFg) —
K(VF%), which is an isomorphism.

Indeed Hrushovski and Kazhdan establish the isomorphism ¢ for any first order
theory T which is V-minimal. The theory ACVF?" being an example of such a theory,
we get also an isomorphism

7{ K(VF) > KRV [#])/Ip.

Quantifier elimination shows that K(RV#[*]) >~ K(RV[x]), hence in particular
K(VFk) ~ K(VFg).
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The above isomorphism allows to consider the class of any subanalytic set in
K(VFg). If X is a quasicompact rigid analytic K -variety, it determines a subana-
lytic set X VF and we can then consider its class in K(VFg). From now on, we will
implicitly use this convention when referring to classes of subanalytic sets.

2.2 Landing in K(Varf)

Our goal here is to relate the target ring of motivic integration K(RV g [*]) /I, to the
Grothendieck ring of k-varieties equipped with a fi-action.
Recall from [20, Corollary 10.3] that there is an isomorphism of rings

K(RES [*]) ®ping) K(T[x]) — KRV [4]).

As the theory of I is o-minimal, one can use o-minimal Euler characteristic to
define an additive map eu : K(I'[n]) — Z. Any X C I'" can be finitely partitioned
into pieces definably isomorphic to non-empty open cubes Hi:],.‘.,k(ai’ Bi), with
ai, Bi € T U {—o00, +0o0}. One sets eu((w, /S)k) = (—=D* and then defines eu(X)
by additivity. One can show that this does not depends on the chosen partition of X,
see [33, Chapter 4]. One can also show that when M — +o0, eu(X N [-M, M]")
stabilizes and one defines the bounded Euler characteristic to be

euc(X) := MEHJ:OO eu(X N[—-M, MT").

The Euler characteristics eu and eu, do coincide on bounded sets, but not in general.
For example, eu ((0, +00)) = —1 but eu.((0, +00)) = 0.

Fora € QQ, set ¢, = [vr_v1 (a)]1 € K(RESk[1]). Let 'T be the ideal of K(RESg)
spanned by all differences e, — ep and set !K(RESg) := K(RESk)/!I. Define also
L =[All

Proposition 2.5 ([20, Theorem 10.5 (2) and (4)]) There are ring morphisms
& : K(RVk[*])/Iyp —'K(RESg)[L™]
and
E KRV [*])/Is, —'K(RESg),

such that for [X], € RESk[n], £([X],) = [X]/L" and E.([X]1,) = [X], and for
A € T'[n], EvHA)) = eu(A)[Gu}1/L" and E.(vH(A)) = euc(A)[Gull.

Definition 2.6 Let i, be the group of n-th roots of unity in k and t = lim — ;. Define

Varf to be the category of quasi-projective k-varieties equipped with a good ji-action,
that is, a fi-action that factors through some p,,-action. Since the varieties are assumed
to be quasi-projective, such an action is automatically good in the usual sense, i.e.
the orbit of every point is contained in an affine open subset stable by the action.
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nb
Let K(Varf ) be the abelian group generated by isomorphism classes of quasi-
projective k-varieties X equipped with good fi-action, with the scissors relations.

p ~b
Let K(Var;;) be the quotient of K(Var;j ) by additional relations [(V, p)] = [(V, p')]
if V is a finite dimensional k-vector space and p, p’ two good linear fi-actions on V.

~b A
Note that the Cartesian product induces ring structures on K(Varﬁj ) and K(Varf: ).

We want to define a map K(RESg) — K(Varf: b). Fix a set of parameters t, €
K (1)™¢ fora € Q such that #; = ¢ and 7, = t; for a € N* and denote t, :=rv(t,).
Set V¥ =v~!(y)and V, = V¥ U{0}. If X € RES, then X C RV" and the image of
vy ¢ X — ' is finite. Working piecewise we can suppose this image is a singleton.
In this case, there are m, ky,...,k, € N* such that X C Vi /m x -+ X Vi /.
The function g : (x1, ..., %) € X > X1/t /ms - - - » Xn/tk,ym) € k™ is K ((t1/™))-
definable and its image g(X) inherits a u,-action from the one on X. Moreover g(X)
is a definable subset of k", hence constructible by quantifier elimination. So, we get a
map ® : K(RESg) — K(Varfjb), and it induces also a map 'K(RESg) — K(Var;j).
Hrushovski and Loeser prove the following proposition.

Proposition 2.7 ([21, Proposition 4.3.1]) The ring morphisms

~b .
© : K(RESg) — K(Var} ) and © : IK(RESg) — K(Var})
are isomorphisms.

Sett =1v(r). If U C A} is asmooth subvariety of A7, f € I'(U, OE) an invertible
regular function on U and r € N\ {0}, set

oW, f)={u,v) e V{ x Vi lueU v =tfw}.

Corollary 2.8 The ring K(RESk|[x]) is generated by classes of sets of the form
[OFV(U. Ny € K(RESk[n]).

Corollary 2.9 There is a unique ring morphism K(Varf ) — K(Varg,,, ) that satisfies
the following condition. For X a k-variety, f € Oy (X) andm € N*, it sends the class
of X[V]/(V™ — f) with the py,-action on V to the class of

X(v,v=' T, T "/(V" = Tf) = Gy = Speck[T, T~ ']).

Proof By Corollary 2.8 and Proposition 2.7, the classes in the statement of the corollary

generate K(Var;: ), hence uniqueness is clear. To show that the morphism is well
defined, one proceeds by induction on the dimension as in the proof of Proposition 2.7.

This leads to a well-defined map K(Var;: b) — K(Varg,,, ). Indeed, given Y as above,
X and m are uniquely determined. The function f is only determined up to a factor
in O ;n, but all different choices of representatives will lead to isomorphic Z.
Finally, note that the relations added when dropping the flat are in the kernel of the
above map. Indeed, once again, because a linear action of , on k" is diagonalizable,
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it suffices to show that the image of [(k, u,)], where u,, acts on k by multiplication by
n-th roots of unity, is independent of n. As 0 is a fixed point, we can restrict the action
on k. The image in K(Varg,,, ) is then [Spec(k[U, U~!, T, T~1, V]/(V" — TU))].
But this variety is isomorphic to Spec(k[V, V!, T, T~!]) over G, the isomorphism
being defined by U = VT~V > V. O

3 Preliminaries on motives

This section is devoted to fix notations about motives. After a brief recap on
Grothendieck rings of triangulated categories in Sect. 3.1, we introduce the category
of motives in Sect. 3.2. We then build a map from the equivariant Grothendieck ring
of varieties to the Grothendieck ring of quasi-unipotent motives in Sect. 3.3. Finally,
we introduce motives of rigid analytic varieties in Sect. 3.4.

3.1 Triangulated categories

A triangulated category, as introduced by Verdier in his thesis [34], is an additive
category endowed with an autoequivalence, denoted —[1] and called the suspension,

and a class of distinguished triangles, of the foom A — B — C i;, satisfying some
axioms.

Recall from [31, Tag 09SM] the notion of compact object. Let 7, be the full
subcategory of compact objects of 7. It is a triangulated subcategory of 7.

We define the Grothendieck group K(7') of a triangulated category 7 admitting
infinite sums as the free abelian group generated by isomorphism classes of objects
of 7¢p with relations [B] = [A] + [C] for every distinguished triangle

A—>B—>Ci;.

As for every compact object A, the triangle A — 0 — A[l] H is distinguished,
[A[1]] = —[A] € K(7), hence the suspension is idempotent in K(7). Moreover,

since we have, for every A, B € Tcp, a distinguished triangle A - A® B — B ii,
we have [A & B] = [A] + [B]. If 7 is moreover a monoidal triangulated category,
then K(7) inherits a ring structure induced by tensor product.

3.2 Stable category of motives

All schemes are separated and of finite type. Fix a scheme §. Denote by SHgy; (S) the
stable category of motivic sheaves over S for the Nisnevich topology and coefficients
M, as studied by Ayoub [2, Définition 4.5.21]. The two main examples are if 91 is
the category of simplicial spectra, in which case SHgy (S) is the stable homotopy
category (without transfers) of Morel-Voevodsky introduced in [27]. The other one is
if 91 is the category of complexes of A-modules, for some ring A. In this case we set
SHgp (S) = DA(S, A).
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The category SHygy (S) is triangulated, denote by —[1] its suspension functor. It
is also equipped with a Tate twist —(—1) with is an autoequivalence. The categories
SHgy (—) possess various functorialities. If f : X — Y is a morphism of schemes,
then the pull-back f* and the push-forward f, defined at the level of sheaves induce
functors f* : SHgn(Y) — SHgp(X) and fi : SHgp(X) — SHgnp(Y), fi is a
right adjoint to f*. Assuming we work over a base scheme of characteristic zero,
Ayoub [1] has constructed a six functors formalism for SHgy (—). In particular, he
defines extraordinary push-forward f; and pull-back f' that satisfy various compat-
ibilities. See also [11] for the definition of the shriek functors in the non-projective
case.

The homological (resp. cohomological, homological with compact support, coho-
mological with compact support) motive of X is defined as Mg(X) := fi f'(1s) (resp.
MY (X) = fuf* (L), MY (X) := fif*(Ls), Ms o(X) := f..f'(Ls)). For X smooth
over S, Mg(X) and M (X) can in fact be defined using only the suspension functor
Sus(} and the internal Hom Hom.

The following motivic realization has already been considered by Ivorra and Sebag.

Proposition 3.1 ([22, Lemma 2.1]) Let S be a k-scheme. There is a unique ring mor-
phism
xs : K(Varg) — K(SHgn(S))

such that xs([X]) = M\S/’C(X)for any S-scheme f : X — S.

Proposition3.2 Let f : X — S be a smooth morphism of pure relative dimension d.
Then

Mg .(X)] = Ms(X)(—=d)] € K(SHgn ($)).

Proof By definition, ME!C(X) = fif*(1y) and f) = f*Th_l(Qf), where Q¢ is the
bundle of relative differentials of f and Th(§2y) its associated Thom equivalence. As
Mg (—) is additive and Q¢ is locally free, we can assume 2 is free (of rank d). In
that case, Th™! (2¢) = (—=d)[—2d]. The result now follows because the suspension
function is idempotent in the Grothendieck ring. O

3.3 From K(Vari‘) to K(QUSHyy; (k))

Let X = Spec(A) be a k-scheme of finite type, r € N* and f € A*. We denote
8" (X, f) the G,,;-scheme

Spec(A[T, T, V1/(V" = fT)) = Gy = Speck[T, T~')).

More generally, we define by gluing for X = Spec(A) a k-scheme of finite type,
r € N\ {0} and f € I'(X, Oy) the Gy;-scheme Q" (X, f).

Let QUSHyy; (k) be the triangulated subcategory of SHgy (G, ) with infinite sums
spanned by objects Sus} (QF" (X, f) ® Acg) for X smooth k-scheme and A € .
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Here, £ is a set of homotopically compacts objects of 91 generating the homotopy
category of 9, see [3, Définition 1.2.31] for details. Let g : G,z — Spec(k) be the
structural projection and 1 : Spec(k) — G, its unit section.

Proposition 3.3 There is a unique ring morphism
x; - K(Var)) — K(QUSHgy (k)

such that for X a smooth k-scheme, f € T'(X,Oy) and r € N\{0}, the class of
X[V1/(V" — f) (with the j,-action on V) is send to [Mémk’C(Qf’"(x, NI

Proof The ring morphism
xi : K(Var)) — K(Varg,,,) = K(SHgp (Gpup)).

is defined by composition of maps from Corollary 2.9 and Proposition 3.1.
It suffices to show that the image of this morphism lies in K(QUSHgy; (k)). From

the proof of Proposition 2.7, K(Var;:) is generated by classes of X[V]/(V" = f) as
in the statement of the proposition. Hence it suffices to show that

Mg,,..(Q8" (X, £)] € K(QUSHgy (k)).

But QUSHgy; (k) is the triangulated subcategory with infinite sums generated by the
set of objects Sus‘Tj (Qfm (X, f)® Acst), which is stable by Tate twist, hence by Propo-
sition 3.2, [Mg,,, (0" (X, )] € K(QUSHyy (k)). o

Lemma 3.4 We have a commutative diagram:

K(Varl) K(Vary)
X[LJ/ JX!{
K(QUSHgp (k)) —————— K(SHay (k)),

where K(Varg ) — K(Vary) is induced by the forgetful functor and
1" : K(QUSHgy (k)) — K(SHgy (k))

is the composite

K(QUSHgy (k)) —> K(SHgy(Gynp)) —> K(SHyp ().
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Proof Recall that the composition K(Var,’z ) = K(Varg,,,) RN K(Vary) is the for-
getful map. Hence it suffices to show that the following diagram is commutative:

K(Varg,,,) K(Vary)
XGka/ J/Xk
K(SHap (Gmr)) ———— K(SHyp (%)),

where the upper map is induced by picking the fiber above 1 of a G, ;-variety. For
X € Varg,, , we consider the following cartesian square:

X’ v
-

11

k————— G

One needs to show that 1*Mg,,, (X) =~ My .(X’). By [1, Scholie 1.4.3], there is a
2-isomorphism f/'1” = 1* fi. Hence

1"Mg,,.c(X) = 1" fif*1g,, =~ 17" f*1g,, = f f"1*1g,, =M (X").

3.4 Rigid motives

We use the formalism of Tate’s rigid analytic geometry [32]. For details and proofs,
see also [9,18].

Ayoub buildsin [3] a category RigSHgy (K) of rigid motives over K, in an analogous
manner of SHgy (K), but with starting point rigid analytic K -varieties instead of K-
schemes, and replacing A !-invariance by B!-invariance, where B! represent the closed
unit ball.

As in the algebraic case, one needs to choose a category of coefficients 9, the main
examples being RigSH(K') and RigDA (K, A). We also have the suspension functor
Sus’. (—), the tensor — ® A has a right adjoint Hom(A, —) and the Tate twist —(—1)
is defined.

We define for X a smooth rigid K -variety its homological motive by Mg (X) =
Sus(}an (X ® 1) and its cohomological motive by Ml{ig(X ) = Hom(MRgjg(X), 1g).

To our knowledge a full six functor formalism is not available in this context,
the missing ingredients being fi and f'. Hence there is no already defined notion of
compactly supported rigid motive.

The analytification functor induces a (monoidal triangulated) functor

Rig* : SHgn(K) — RigSHgyn (K).
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Such a functor is compatible in a strong sense with the six operations defined on
SHgj; (—), see [3, Théoréme 1.4.40].
Let X be a smooth k-scheme, f € I'(X, (’);) and p € N*, Then define Qg’r(X, D)

as the t-adic completion of the R-scheme X xj R[V]/(VP — tf), and Ql;ig(X, )
the generic fiber of Qg’r (X, f). Define also Q‘;,n (X, f) as the analytification of X xj
K[V1/(VP — tf). There is an open immersion of rigid K -varieties Qﬁlg(X, f) —
0¥ (X, /).

Theorem 3.5 ([3, Théoréeme 1.3.11]) Let X be a smooth k-scheme, f € I'(X, O;),

and p a positive integer. Then the inclusion Ql;ig(X , ) — Q‘}‘]“(X , f) induces an
isomorphism

Mrig(Q5 5(X. 1)) = Mrig(Q¥(X. /).
Define a functor § : QUSHyy (k) — RigSHgy (K) as the composite

§ : QUSHgy (k) = SHyn (Gpi) — SHygn (K) R—> RigSHgi (K),
T ig*

where 7 : Spec(K) — G, corresponds to the ring morphism k[T, T-11> K =
k() sending T to t. Observe that § sends the generators MGmk(Q%m(X , ) €
QUSHgy (k) to MRig(Q;n(X, f)). One of the main results of Ayoub [3] is the fol-
lowing theorem.

Theorem 3.6 ([3, Scholie 1.3.26]) The functor § : QUSHgy (k) — RigSHgy (K) is
an equivalence of categories.

Denote by R a quasi-inverse of §.

4 Realization map for definable sets

This aim of this section is to define a morphism xrig : K(VFg) — K(RigSHgy (K)).
We will first define it on K(I'[*]) and K(RESk[*]) in Sects. 4.1 and 4.2. Using
Hrushovski and Kazhdan’s isomorphism, this will allow us to define it on K(VFg) in
Sect. 4.3. Section 4.4 is devoted to the proof of Theorem 1.1 via the study of motives
of tubes in a semi-stable situation, the main results are grouped in Sect. 4.5. The
last Sect. 4.6 is devoted to the definition of two other realization maps K(VFg) —
K(RigSHgp (K)) and the statement of an analog of Theorem 1.1 for them.

4.1 TheT part

Recall the o-minimal Euler characteristics eu and eu. defined above Proposition 2.5.
We use the notations from [3]. For a rigid K-variety X and f, g € O(X), we denote
by Bx (o, | f]) (resp. Crx (o, | f],|f1]), dBx (o, | f])) the family parametrized by X of
closed balls centered at the origin and radius | f| (resp. annuli centered at the origin
and radius | f| and |g|, thin annuli centered at the origin and radius | f]).
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Definition 4.1 If [X] € K(I'[*]), with X € I'[d], define
Xrig(X) = eue(X)[MRig (0B (o0, )*)(~d)] € K(RigSHgy (K))
and
XRig ([IX]) = eu(X)[MRig (9B(0, )] € K(RigSHgy (K)).
Hence we get two ring morphisms
XRig» XRig - K(T[¥]) > K(RigSHgp (K)).

It is well defined because K(I'[*]) is naturally graded and by additivity of Euler
characteristic.

Proposition 4.2 Let X C I'" be a convex bounded polytope. If X is closed, then
Xrig (XD = MRig (v CORE) (=n)] and xgi, ([X]) = [Mrig(v™ ' (X)R)].

If X is open, then

r _ n . —1 Rig

Xrig ([X]) = (=17 [MRig (v (X)™5)(—=n)]

and

X (XD = (1" [Mrig (v (X)Ri®)].
Proof If X is empty, eu(X) = eu.(X) = 0 hence the proposition is verified. Hence
we can suppose X in non-empty. We have eu(X) = eu.(X) = 1 if X is closed, and

eu(X) = eu.(X) = (—1)" if X is open. Hence the result follows from the following
Lemma 4.3. O

Lemma4.3 Let X C I' be a non-empty convex polytope, either closed or open. Then
Mgig (v~ (X)RE) = MRig (9B(0, 1)™).
Proof We first assume that X is closed. We work by induction on n. If n = 1, then
X={x]a=px=p}
fora, B € Z, p € N. Hence

ﬂ,g|l/p7 na|1/17).

v xORE = Cr (o,

By [3, Proposition 1.3.4], Mgie (v 1 (X)Ri8) = Mg (dB(o, 1)).



Virtual rigid motives of semi-algebraic sets Page170f43 6

Suppose now that the result is known for n — 1. There are finitely many affine
functions (h;);ej, with Z-coefficients such that

X={xel"|hi(x)>0,i€l}.
We can rewrite X as
X = [(x,y) el xI" ! pix < fi(y),qjx > gj(),iel, je J}

for some (possibly empty) finite sets 1, J, integers p;,g; € N and affine functions
fi.gj: T "=l _ T with Z coefficients. Now observe that the projection of X on the
last n — 1-th coordinates is

v={yer VG, ) el x I, pigi() < a; i}

It satisfies the hypotheses of the proposition hence we get that [MR;g v I()Rig)] =
[MRig (8B(0, 1)"~1)] by induction.
Weset]’={i € I | p; >0}and J'={j € J | g; > 0}. Observe that

X={(x,»)eT xY|px < fi(y).qjx >=g;(y).,iel jel}.
1/pi

fi

fOL o) =b+aiyi + -+ an—1yn-1,

Set X; j = Cryrie (0, , |§j yl/q’), where we used the notation that if

then

£ b
fxt, oo, xp—1) =t -x‘f‘ ..... Xt

We have now
xRig — ﬂ Xi,j
(. j)el’xJ’
Set

1/pi
1

Yi) = {y e YRE V(i el xJ, )ﬁ

~ |1/ pi - : ~ .
™ o <l

The (Y; ), j)erxs form an admissible cover of YRig indeed, Y; ; is defined in yRig
by some non-strict valuative inequalities, if D is a rational domain, the standard cover
of D induced by functions used to define D and the functions used to define the Y; ;
gives the required refinement of (D N X; )¢, j)erxJ-

Then it suffices to show the result for XRi& N (¥; ; x g A}gan). But we have then

§j|1/qj>

1/pi

’

XRig N (Yi,j XK A}(,an) = (CVY,.J. (0, fi
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hence the result follows from [3, Proposition 1.3.4], which gives

MRig (CrY[‘j (07

Suppose now that X is an open polyhedron. We work similarly by induction on 7.
Ifn=1,

Upi | _ .
I \g,-l”"f)) ~ Mig(3By, , (0, 1).

i

X={x|a<px<p}
for o, B € Z, p € N. Hence

v ook = U Cr(o,r~! |7'rﬂ’l/pr, r ’n“|l/p),

ro<r<l

for some ry < 1 close enough to 1. It is thus enough to show that the inclusion
1
dB(o, 1) = Cr (0, rt 7P| ” oy ‘n"‘|1/p)

induces an isomorphism in RigSHgn (K), forrg < r < l and r| € Ri such that
ro_l|7r/3|l/p <r < r0|rr"‘|l/”. This is [3, Proposition 1.3.4].

Suppose now that the result is known for n — 1. There are finitely many affine
functions h;, i € Iy with Z-coefficients such that

X={x€F”|hi(x)>()}.

Proceed now as in the closed case, denote by Y the projection of X on the last
n — 1-th coordinates. By induction, it suffices to show that MRig(v_l(X)Rig) ~
Mgig(dBy (0, 1)).Define I, J, Y; ;, X; j as above, replacing large inequalities by strict
ones where needed. We will show that Mgig (X, ;) ~ MRig(BIB%yiJ (0, 1)), with these
isomorphisms compatible on X; ; N X;/ ;». We can find ro € Q with0 < ry < 1 such

~ 1/pi - 1/a;:
fi()’)‘ <ro|gi (| /9] We can

that for each (i, j) € I x J,andy € ¥; j, ro~"!

moreover choose for each (i, j) € I x J a monomial function h: j onY; ; such that
forally € Y; ;,

1~ 1/pi 1/q;
VO |

h;,j(y)‘ <rolgi(»

and assume that these functions coincide on ¥; ; N Y;r .
We now have

l,an —1
Xi,j n (Yi,j XK AK = Ur0<r<l(crYi,j (07 r

~ 1/pi N :
fi()’)‘ ! ,rlgj(y)}]/q’),
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hence it suffices to show that the immersion
- -1z 1/pi . 1/q;
0By, ;(0, hij) = Cry,; (o, r ‘fi()’)‘ g

induces an isomorphism in RigSHgy (K'), which follows once again from [3, Propo-
sition 1.3.4]. O

We will not use it, but Proposition 4.2 can be extended to all closed polyhedral
complexes.

Proposition 4.4 Let X C I'" be (the realization of) a bounded closed polyhedral
complex. Then

Xrig [IX]) = MRig (v CORE) (—=d)].
Proof In view of the definition of x{ig, we need to show that

[MRig (v (X)Ri€)] = eu(X)[9B(o, 1)"].

We work by double induction on the maximal dimension of simplexes in X and
the number of simplexes of maximal dimension. Let A C X be a simplex of maximal
dimension. Set Y = X\ A°, with A° the interior of A, 9A = A\A°.

Then (v_1(A)RE, v=1(Y)Rig) is an admissible cover of v~ (X)Ri&, with intersec-
tion v_1(d A)Rig hence

[Mrig(v""' CONE)] = [Mrig (v (A)89)] + [Mrig (v ()R] = [Mpig (v (02)79)].
By Lemma 4.3, [Mg;g (v (A)RiE)] = [8B(o, 1)"]. Apply the induction hypothesis

to get [Mrig(v"'(@A)R®)] = (1 — (=1)¥)([8B(0, 1)"] and [Mgig(v_'(V)RI®)] =
eu(Y)[0B(o, 1)"]. We have the result, since eu(X) = eu(Y) + (—1)4. O

4.2 The RES part
Definition 4.5 Define ring morphisms

Xrig. : KRESg)[] — K(RigSHgy (K))
and

Xii - K(RESk)[*] > K(RigSHgp (K))

by the formulas, for X a smooth k-variety of pure dimension r, f € I'(X, O%),
m € N¥,

Rig

Xiig (O (X, 1) = [Qm (X, f)(—r)]
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and
KBS (LORV (X, H)ln) = [OmE(X. ) (n — 1.

As the [Q,%V(X , )] generate K(RESk [*]) by Corollary 2.8, one only needs to
show that the maps are well defined. But we can check that they coincide with the
composite

K(RES[]) — K(RESx)[L~"'] -2 K(Var;f)[]L—l]

X K(QUSHgy (k) > K(RigSHgp (K)).

where the map K(RESg [*]) —>'K(RESK)[A1]_l is [X], — [X] for X}%ES and
X1, — [XI]L™" for legES The maps O, y;, § are respectively defined in Propo-
sitions 2.7, 3.3 and Theorem 3.6. Note that this also implies that it is a morphism of
rings.

4.3 Definition of ng

Recall the isomorphism K(RES g [*]) ®K(rfinf«]) K([T'[*¥]) = K(RVg[*]). To define

a ring morphism K(RV g [*]) — K(RigSHgy, (K)), it suffices to specify rings mor-
phisms

K(RESk[*]) - K(RigSHgy (K)) and K(I'[*]) — K(RigSHgp (K))
that coincide on K(I'fin[x]).
Definition 4.6 Define
AR KRV [#]) — K(RigSHgn (K))

using the morphisms Xllégs and Xll;ig and

Xﬁlfgv K[RVk[*]) - K(RigSHgy (K))

using the morphisms yg: RES and Xng

To show that it is well defined, one needs to check that if A € I'" is definable and
finite, then xg;, [AD) = xgte (Ve ™' (A1) and xpl ([AD = x> (Vv ™' (A)]).
By additivity, one can assume A = {«}. Hence it follows from the f0110w1ng lemma.

Lemma4.7 Leto = («y,...,a,) € ['" be definable. Then

Xrig (v~ ()] = [9B(o, 1) (—n)]
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and

X (vey ' ({a))] = [0B(0, 1)"]

Proof We have vy ! ({a}) = vy 1 @1) X -+ - X viy L (). Because XI%E,S and Xl/{lﬁgES

are ring morphisms and [0B(o, 1)"(—n)] = [0B(o, 1)(—1)]"*, we can assume n = 1.
Suppose a = k/m, with k € Z and m € N* relatively prime. Let a, b € Z be such
that am + bk = 1. In this case, we have

Vi e fm) = @) € v T A /m) v TN O0) |27 =t} = QR (G, )

via the isomorphism w € vy~ (k/m) — (t*w”, t%w™). But now, Qiig(Gmk, ub) ~
0B(o, k/m) via the isomorphism (z, u) +— ZFu® and

MRig (0B (0, k/m)) >~ Mgig(9B(o, 1))

by [3, Proposition 1.3.4]. O

Remark 4.8 1f X C RV" is definable, then xrig([X1,) = xrig([X1,) for any m > n,
hence xrjg does not depend on the grading in K(RV[x]), itis in fact defined on K(RV).

Proposition 4.9 The ring morphisms Xng and Xl’{lﬁgv of Definition 4.6 induce ring

morphisms
XRig KR * KRV [])/Ig; — K(RigSHgp (K)).

Proof We need to check that the generator of I, vanishes under Xng and Xl’{lfgv.

We have MRig ({1}) = MRjg(Spm(K)) = 1g, hence
xrig ({11D) = xgig({1}0) = xghe ([{1}0) = [1]

and xgi¥ ({1} = [Tk (D].

Moreover, RV>? = v=1((0, +00)) and eu.((0, +00)) = 0, eu((0, +00)) = —1.
Hence Xng([RV>0]]) =0 and X,‘;Vg([RWO]]) = —[MRig(dB(o, 1))], which implies
that

X (D) = xag {0 + [RV7T)).

For Xl’{llw, we have by construction

Mgig(9B(0, 1)) = MRig(Spm(K)) & Mrig(Spm(()K))(D[1].
Hence we get that in K(RigSHgy (K)), the equality

[MRig (Spm(K))] = [MRig(Spm(K))(1)] + [MRig (9B (0, 1))]
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holds, which implies that

Xiie {101 = xle (1] — xgie (IRV™O10),

hence

Xie (1) = Xy (1o + [RV™OT).

Recall the isomorphism f : K(VFg) — KRVg[*])/Isp.

Definition 4.10 Define xrig and g K(VF) — K(RigSHon (K)) by xrig = X}%\g’ of
and xg;, = Xﬁfi{gv of¢.

For any irreducible smooth k-variety X of dimension d, f € O%(X) and r € N*,
set

0YF(X, f)={(x,y) € X(VF) x VF | y" =tf(x)}.

Proposition 4.11 For any irreducible smooth k-variety X of dimensiond, [ € (9; (X)
andr € N¥,

xrig(QYF (X, f)) = [MRig(OFE(X, ) (—d)].

Proof Since [QYF (X, )1 = [ORV(X, f)],, it simply follows from the definition of

RES
XRig - m]

Proposition 4.12 Let A C TI'" be defined by linearly independent affine equations
li >0fori=0,...,n. Then

XRig(V (A)) = (=1 [Mrig(v" (A)RE) (=)].
Proof 1t follows from Proposition 4.2. O

Theorem 4.13 There are commutative squares

K(VEx) Ockeod K(Varf)

XRigJ J/Xﬁ

K(RigSHap (K)) ————— K(QUSHgy (k)
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and
K(VFg) Ootof K(Varly[Al]~!
Xl/(igJ/ J/Xﬁ
K (RigSHoy; (K)) ——5—— K(QUSHy (K)).

Proof We will only show the commutativity of the first diagram, the second being
similar.
We need to show that the following diagram is commutative:

[OL Y

K(RV[x])/Ip K(Varl)
xl‘;v{ lxﬁ
K (RigSHyn (K)) ——5—— K(QUSHm (k).

It suffices to show that the following diagrams are commutative:

K(RESk[*]) Oote K(Varl)

K(RigSHgy (K)) —— K(QUSHgy (k)).

R
and
K(T) Ok K(Var)
Xf{igl J/X/AL
K(RigSHy (K)) ———— K(QUSHan (k).

For the first one, we already observed that Xl%gs does not depend on the grading,

hence we need to show that 9 o nggs = X o ©, as morphisms from !K(RESk) to

K(QUSHgy (k)). By Corollary 2.8, 'K(RES ) is generated by classes of Q}W(X, ),
for X a k-variety smooth of pure dimensiond,r € N\{0}and f € I'(X, O )X(). The def-
inition of x; 0 ® shows that x;, 0 ®(QRV(X, f)) = [Mg,,, (0F" (X, £))(— dim(X))].
From the definition of X}%gs, X]%ES(QEV(X, = [MRig(QEIg(X, F(=d))] ; from
Theorem 3.5, Mgig(Qr £(X, f) ~ Mgig(Q*™ (X, f), and from the definition of 9,
R(MRig (O3 (X, ) = MGmk(Qfm(X, £)). For the second square, for any X C I'",
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Xll;ig(X) = eu.(X)[0B(o, 1)"(—n)] and £.(X) = eu.(X)[Gy,}], so it follows from
the fact that R[MRig(3B(0, D] = [Mg,,, (Gmi xx Gup)]. o

4.4 Motives of tubes

The aim of this section is to compute xrig for a quasi-compact smooth rigid K -variety.
We will use semi-stable formal models, and in particular tubes of their branches, see
[5] or [23] for details on tubes. Denote by R = k[[¢] the valuation ring of K. All the
formal R-schemes we consider are assumed to be topologically of finite type.

Let X’ be a formal R-scheme. Denote by &, € Vary its special fiber and &, its
generic fiber, which is a rigid K -variety. Given an admissible formal R-scheme A,
there is a canonical map, called the specialization map (or the reduction map), defined
at the level of topological spaces sp : &, — X;;.

Recall from [10, Theorem 4.1] that any separated quasi-compact rigid K -variety
admits an admissible formal R-model.

Definition 4.14 Let X be a formal R-scheme. If D is a locally closed subset of the
special fiber, the tube of D in X is the inverse image |D[y:= sp~ (D), with its
reduced rigid variety structure. It is an open rigid analytic subvariety of X,. When
there is no possible confusion, we will denote | D[y by ]DI.

If U is an open formal subscheme of X such that D C U,, then |D[y=]D[y. In
particular, Uy [x = U,.

Definition 4.15 Let X’ be a formal R-scheme of finite type. Say that X’ is semi-stable
if for every x € Ay, there is a regular open formal subscheme &/ C X containing x
and elements u, tq, ..., t, € OU) such that the following properties hold:

1. u is invertible and there are positive integers Ny, ..., N, such that the following
: . Ny Ny
equality holds: r = ut;"" ---1,'",
2. foreverynonempty / C {1, ..., r}, thesubscheme D; C U, defined by equations
t; = 0 fori € I is smooth over k, has codimension |/| — 1 in U, and contains x.

The irreducible components of X, are called its branches.

If X is a formal R-scheme, f € I'(X, Ox), N € Nk, we define
St;ﬂ = X(Ty, ..., T/ T TN — ).

Let X be a semi-stable formal R-scheme and (D;);c; be the branches of its special
fiber A;. For any non-empty I C J, set D; = Nje;D; and D(I) = Uj¢; D;. Set also
for I’ C J\I, D}’I’ = D;\D(I') and if I’ = J\I, simply D} = D;\D(J\I).

Ayoub, Ivorra and Sebag prove the following proposition.

Proposition 4.16 ([4, Theorem 5.1]) For any non-empty I C J and I' C 1" C J\I,
the inclusion ]D?I [ — ]D?I [ induces an isomorphism

Mgig(1D5"" ) ~ Mig(1DS" D).
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We will mostly use this proposition in the following particular case.

Corollary 4.17 For any non-empty I C J, there is an isomorphism
MRig(1D7[) = MRig(1D;[).

Proposition 4.18 Let X be a semi-stable formal R-scheme and D = U,y D; a union
of branches. Then the following equalities hold in K(RigSHgy (K))

[MRig1DD]1 = Y (=D~ [Mgig(1D;D)]

IcJ’

and

[My;, (1IDD] = Y (=D=M, 1D/ D).

1cJ’

Proof The collection (D;);¢ is a closed cover of D, hence by [5, Proposition 1.1.14],
(IDiDiecy is an admissible cover of |D[. Hence by Mayer—Vietoris distinguished
triangle and induction on the cardinal of /, we have the result. O

Using Corollary 4.17, we deduce the following formula.

Corollary 4.19 Under the hypotheses of Proposition 4.18, we have

[MRig(1DD] = Y (=D " [Mrig(1D7 D]

IcJ’

and

[Mgie(1DD] = Y (=D Mg, D7D

1cJ’

Theorem 4.20 Let X be a semi-stable formal R-scheme of dimension d. Then
. VFy _ .
XRig (X)) = [MRig (X (=d))].

Still denoting A, = U;ey D; the irreducible components of X, the special fiber of
X, we can write X,;’F as a disjoint union XnVF = U,U]D; [, hence

xrig(IDIY) = Y xrig(1DFD).
IcJ

In view of the formula of Corollary 4.19, to prove Theorem 4.20, it suffices to prove
the following proposition.
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Proposition 4.21 Let X be a semi-stable R-scheme. Then
i 1D = (=D My (DD (=],
where d = dim(X},).
Before proving the proposition, we need a reduction.

. -1
Lemma 4.22 To prove Proposition 4.21, we can assume that X = StquikR,M where

N = (Ni,...,Ny) e (N) (wherer = |I|), u; € O*(D] xi R).

Proof Using Mayer—Vietoris distinguished triangles, we can also work Zariski locally,
hence suppose by [3, Proposition 1.1.62] that there is an étale R-morphism

e XV, VT = S =Sty g1y nlSt S
where N is the type of & at x € ]Dj[. The irreducible components of S, are
defined by equations 7; = 0, denote by C their intersection. We have C =
Spec(k[U, u=L,s.,....8D. Up to permuting the D;, we can assume that D; is
defined in X; by 7; o e = 0, inducing an étale morphism e, : D;[V, v~11— Cand
a Cartesian square of R-schemes

Djv,v1l]— X

C S.

The morphism e, induces an étale morphism of R-schemes
D/[V,V I xx R — C xi R,
which itself induces an étale R-morphism

-1
PR ey
e X = StD/[V,V—']ka,ﬂ — S,
together with a Cartesian square

D;v,v1i1—— s x’

C S.

The fiber product X{V, V1Y x5 X hence satisfies X{V,V™!} x5 &’ xg C ~
D;[V, V’l] xc D[V, V’l]. Because e, : D;[V, V”] — C is étale, the diag-
onal embedding D;[V, V-1 = Dy[V,V] x¢ D[V, V™! is an open and
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closed immersion, hence induces a decomposition D;[V, V- xe D[V, V1] ~
D[V, VNMUF.Set X" = X{V, V~1} x g X'\ F. We have two étale morphisms f :
X' = X{V,Vv~and f': X" — X’ such that f~1(D;[V,V~!]) ~ D;[V, V]
and f~Y(D;[V, V™)) =~ D;[V, V~!]. We can apply twice [5, Proposition 1.3.1] to
get that

D51V, V gy vy 2 1D2IV, V. Ly
and
1DSIV, Vol = 1DV, V4

By the choice of F, at the ring level both f and f’ send V to the same element. Hence
the isomorphism ] D7[V, V_l][)({v y-1y = 1DJLV, V_l][X, induces anisomorphism

1D}l = 1D71 1,

Uyt
t I
Dy xRN

where the above map is the composition

1DjLy = 1DV, V™ Nl y-1y 2 IDFLV. V7 Ly = IDFL 1,

Dy xRN

with the first map the inclusion of the unit section and the last one the projection
forgetting the V variable. O

Remark 4.23 The proof of Lemma 4.22 also gives a definable bijection ]D§ [},/(F o~

]D;[\E, see also [28, Theorem 2.6.1] for an alternative approach.

Proof of Proposition 4.21 We can suppose that we are in the situation of Lemma 4.22,
with X = St“DE,1 ; (RN Let N; be the greatest common divisor of the N; fori € I. Set
Ni/ = N;/Nj. Asthe Ni/ are coprime, we can form an r X r matrix A € GL,,(Z) which
first row is constituted by the N/. The matrices A and A~ define automorphisms of
Gm'g™, hence of G = D§(R) x G,,¢™". As 1 DS][ is arigid subvariety of G, we can
consider W, its image by A. Then W is the locally closed semi-algebraic subset of G
defined by

{Ceow) e DR < (K 1 wur () = 1.1 vw) > 0, -y (vw)) > 0
where the [; : I'" — I are linearly independent affine functions with integer coeffi-
cients. Hence W = Qxf(Do, ur) x v 1(A), where A C T~ is defined by equations

i >0fori=1,...,r.
By Propositions 4.11 and 4.12, we know that

KRig(ONF (D, 1)) = [Myig(Q5 (D, up)(—d +r — 1]
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and
xRig(VH(A)) = (=D MRig(vHARE) (= + D]

Hence as xrjg is multiplicative,
KRig(W) = (=1~ [MRig(WRE) (=d)].
After applying the isomorphism A~!, we get as required
rRig(1DZY) = (=D [Myig (DD (=],
O

The proof of Theorem 4.20 is now complete. For later use, note that the proofs of
Proposition 4.21 and Lemma 4.22 gives the following equality.

Corollary 4.24 With the notation of Proposition 4.21, we have
. oy ~ . Rig o |11
MRrig(1D7D) = MRig(Qy, (D7, ur) x 9B(o, D).

4.5 Compatibilities of yrig

We will now derive consequences of Theorem 4.20.

Theorem 4.25 The morphism xrig is the unique ring morphism
K(VFg) — K(RigSHgp (K))

such that for any quasi-compact smooth rigid K -variety X of pure dimension d,
KRig(XVF) = [MRig(X)(=d)]-

Proof By quantifier elimination in the theory ACVF g, K(VF) is generated by classes
of smooth affinoid rigid K -varieties, which shows uniqueness. For the existence, fix
X a quasi-compact smooth rigid K-variety of pure dimension d. We can find X, a
formal R-model of X and by Hironaka’s resolution of singularities, we can assume X’
is semi-stable. We can now apply Theorem 4.20. O

Theorem 4.26 There is a commutative diagram

K(Varg) K(VFk)

XKJ J/XRig

K(SHay (K)) - KRigSHoy (K)).
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Proof By Hironaka’s resolution of singularities, the ring K(Varg) is generated by
classes of smooth projective varieties, hence it suffices to check the compatibility for
such a K-variety X. Denoting by f : X — K the structural morphism, one has by
definition

xx (X)) = [fif 1x] = [fs f Lk (=d)] = [Mg (X)(=d)],

where d = dim(X) and we used fi = f; o Th='(Q r) for f smooth. Applying the
functor Rig, one needs to show that g ([ X 1VFy = [MRig(X*")(—d)]. As X is smooth
and projective, X*" is a quasi-compact rigid smooth K-variety hence one can find a
semi-stable formal model of X?" over R, denote it X. Hence X ~ X K = ]X [%,s0
by Theorem 4.20, xrig([X1VF) = [M; g(leg)( d)]. o

Note that combining Theorems 4.25 and 4.26 gives Theorem 1.1.

4.6 A few more realization maps

In this section we construct in addition to xrig and Xéig two more realization maps

—_—

Yﬁg and Xl,{ig obtained by considering homological motives with compact support
instead of cohomological motives with compact support.

Recall the ring morphism of Proposition 3.1 x5 : K(Vars) — K(SHgy(S)) sending
[f 1 X = STto MY (X)] = [fif*1s].

Working dually, we can define also a morphism s : K(Vars) — K(SHgy(5))
sending [f : X — S] to [Ms (X)] = [f*f!]ls]. The proof that it respects the
scissors relations is similar, using the exact triangle

iilA > A Al
instead of

JTA > A iitA S,
where i and j are closed and open complementary immersions. Another approach
would be to use the duality involution of the following Sect. 5.

Composing with the morphism K(Vark) — K(Varg,,,), we get a morphism X} :
K(Varf: ) = K(QUSHgy (G,1)), fitting in the following commutative square:

K(Varl) K(Vary)

K(QUSHyy (k)) — K(SHgy (k)).
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Recall that

XRig=30X@o®o<‘/}07§ andxéigzgoxﬂo®ogoyg.
We can now define

&Eg=3o5<;o@o&o?§ and}gzso%o@ogoyﬁ.

Unraveling the definitions, we see that if X is a smooth connected k-variety of
dimension d, f € I'(X, O;), r € N*and A C I'" an open simplex of dimension n,

TRie(0YF (X, ) = My, (0F (X, (@)1,
Xiig(QYF(X. ) = My (QFE (X, )1,
KRV (A) = (=D Mg, (v (AR @),

and
@(V’I(A)) = (=DM, (v ()R],

See the proofs of Propositions 4.11 and 4.12 for details.

—

Hence the proof of Theorem 4.20 can be adapted to xg;,, XRig and XRig» ShOW-
ing in particular that if X is a quasi-compact smooth connected rigid K-variety of
dimension d,

XRig XV = [MRig(X) ()], Xpig(X*T) = [Mrig(X)],

TRig(XVT) = Mpi, X (@), Xiig (X'T) = My (X)].

If X is a proper algebraic K -variety of structural morphism f, since f, = fi, we
have M%’C(X) = My (X) and M}’C(X) = Mg (X), hence we can adapt the proof
of Theorem 4.26 to get commutative diagrams similar of Theorem 1.1, the first one
being the statement of Theorem 1.1.

Proposition 4.27 The squares in the following diagrams commutes:

f

®of.o0f ~
K(Varg) — K(VFg) — 3 K(Varl) —— K(Vary)

K(SH(K)) 1@* K(RigSH(K)) % K(QUSH(k)) T K(SH(k)),
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K(Varg) — K(VFk) Ooboh K (Var)[L~1] — K(Varp)[L~']

I

K(SH(K)) l?g* K(RigSH(K)) % K(QUSH(k)) — K(SH(k)),

Eeof

Oo&.0f N
K(Varg) — K(VFg) —— K(Varf:) — K(Varg)

K(SH(K)) 1@‘ K(RigSH(K)) % K(QUSH(k)) BT K(SH(k)),

K (Varg) —— K(VEg) 2% K (Var)[L=1] — K(Varp)[L~']

SN

K(SH(K)) l?g* K(RigSH(K)) % K(QUSH(k)) 5 K(SH(k)).

—~

In particular, we see that xRrig and x; ¢ agreeon the image of K(Varg ) and similarly
XRig and XRig agree on the image of K(Varg).

Remark 4.28 (Volume forms) In addition of the additive morphism f , Hrushovski
and Kazhdan also study the Grothendieck ring of definable sets with volume forms
K(urVFk). Objects in urVFg are pairs (X, w) with X € VF*® a definable set
and w : X — T a definable function. Morphisms are measure preserving definable
bijections (up to a set of lower dimension). In this context, they build an isomorphism

I
7{  K(urVEx) — K(urRVg)/ul,

see [20, Theorem 8.26].
One can further decompose K(urRVg) similarly to K(RVg[*]). Using this
Hrushovski and Loeser define in [21] for m € N morphisms

B+ K(urRVEYD) /Ty — K(Vary)ioc

with the m related to considering rational points in k((t}/™)). Here, bdd means we
consider only bounded sets. Note that there is an inaccuracy in the definition of 4, in
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[21] since they use [20, Proposition 10.10 (2)] which happens to be incorrect. Using
the category of bounded sets with volume forms deals with the issue.

We can further compose with the morphism § o x; in order to get for each m € N*
a morphism

K(ur VF¥Y) — K(RigSHgp (K)).

Such morphisms do not seem to satisfy properties similar to those of xRig.

5 Duality

The goal of this section is to prove Theorem 1.2. We will adapt Bittner’s results on
duality in the Grothendieck ring of varieties in Sect. 5.1 in order to be able to compute
in Sect. 5.2 explicitly the cohomological motive of some tubes in terms of homological
motives. The last Sect. 5.3 is devoted to an application to the motivic Milnor fiber and
analytic Milnor fiber.

5.1 Duality involutions

Bittner developed in [6] an abstract theory of duality in the Grothendieck ring of
varieties. We recall here some of her results and show that they imply similar results
for K(SHgy (K)).

Using the weak factorization theorem, Bittner prove the following alternative
description of K(Vary). We state if for a variety S above K, but it holds for vari-
eties above any field of characteristic zero.

Proposition 5.1 ([6, Theorem 5.1]) Fix a K -variety S. The ring K(Varg) is isomorphic
to the abelian group generated by classes of S-varieties which are smooth over K,
proper over S, subject to the relations [#]s = 0 and [Bly (X)]s —[Els = [X]s —[Y]s,
where X is smooth over K, proper over S, Y C X a closed smooth subvariety, Bly (X)
is the blow-up of X along Y and E is the exceptional divisor of this blow-up.

For f : X — Y a morphism of S-varieties, composition with f induce a
(group) morphism f; : K(Vary) — K(Vary) and pull-back along f induces a
(group) morphism f* : K(Vary) — K(Vary). Both induces M g-linear morphisms
fi: My - My and f*: My — My, where Mx = K(Vary)[L™'].

Definition 5.2 We define now a duality operator Dy : K(Vary) — My for any K-
variety X. Set Dy ([Y]) = [Y]L~ 4™ if y is an X-variety proper over X, connected
and smooth over K. In view of Proposition 5.1, to show that it induces a unique (group)
morphism K(Vary) — My, it suffices to show that if ¥ C Z is a closed immersion
of X-varieties, proper over X, smooth and connected over K,

[Bly(Z)JL™ dim(Z) _ [E]L—dim(Z)—H = [Z]L~ dim(Z) _ [Y]]L—dim(Y)’

itholds since (L — [E] = (L4m(£)—dim(¥) _ 1}[y]. See [6, Definition 6.3] for details.
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Observe that Dy (L) = L~! and that Dy is Dg-linear, hence Dy can be extended
as a Dk -linear morphism Dy : Mx — M, which is an involution.

Although Dy is not in general a ring morphism, D is a ring morphism.

For f : X — Y, set f' = Dx f*Dy and f, = Dy fiDx. Observe that if f is
proper, fi = f. and if f is smooth of relative dimension d over S, f' = L~¢ f*.

Such a duality operator can also be defined in the Grothendieck ring of varieties
equipped with a good action of some finite group G, see [6, Sections 7,8] for details.

In SHgy (K), the internal hom gives also notion of duality. Define the dual-
ity functor as Dg(A) = Homg (A, 1g). Since Dk is triangulated, it induces a
morphism on K(SHgy (S5)), still denoted Dg. By [1, Théoreme 2.3.75], Dk is an
autoequivalence on constructible objects and its own quasi-inverse. In particular, (com-
pactly supported) (co)homological motives of S-varieties are constructible, hence
Dk is an involution. One can also define more generally for @ : X — Spec(K),
Dx(A) = Homy (A, a'lg), but we will not use those. By [1, Théoreme 2.3.75],
Dg (Mg (X)) = My (X) for any K -variety X.

The following proposition shows the compatibility between those two duality oper-
ators.

Proposition 5.3 There is a commutative diagram

Mk Px Mgk

K(SHgy (K)) T K(SHgy (K)).

Proof 1t suffices to show that xx Dk ([X]) = Dg xx ([X]) for X a connected, smooth
and proper K -variety of dimension d. Set f : X — Spec(K). As f is smooth and
proper, [M%’C(X)] = [MY (X)] = [Mg (X)(—d)]. We then have

xxk Dk (X]) = xx (XIL™9) = Mg (X)(d)] = [Mg(X)]
and
Dg xx ([X]) = Dg (Mg (X)]) = Dg (Mg (X)]) = [Mg (X)].

O

All our duality results will ultimately boil down to the following lemma, which states
that normal toric varieties satisfy Poincare duality. It is due to Bittner, see [7, Lemma
4.1]. The proof relies on toric resolution of singularities and the Dehn—Sommerville
equations, see for example [19].

Lemma 5.4 Let X be an affine toric K -variety associated to a simplicial cone, X — Y
be a proper morphism, G a finite group acting on X via the torus with trivial action
onY. Then
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Dy ([X]) = [X]L™ "X e M.

For the rest of the section, we fix a semi-stable formal R-scheme X and let (D;);cs
be the branches of its special fiber A,;. Fix I C J, up to reordering the coordinates,
suppose I = {1, ..., k}. Recall that around every closed point x € Dj, there is a
Zariski open neighborhood U/ and regular functions uy, x1, ..., xx such that u; €
O*U) and t = ulevl ...x,iv", with the branch D; defined by x; = 0. Still denote
ur, Xy, ..., x; their reductions to U = U,. The various u; glue to define a section
uy € T(DS, (’)g?/((’)x;)N’). Recall that N; is the greatest common divisor of the N;,
iel.

We already considered (the analytification of) the K -variety

ON, (D7, up) = Df xx K[VI/ (VM —tup).

In this section, we will denote 5"; = Q?@O(D", u 1) to simplify the notations. We will
also abuse the notations and still denote Dj, Dy, U the base change to K of those
varietiei . _

~Let Dy be the normalization of Dj in D;. We also set for K C I, Dyjp, =

Dy xp, Dg

Proposition 5.5 For every I C K C J, we have bV”DK z/b\;and DD,[E] =
L\I\—d-‘r] [51]

Observe that Bittner’s Lemma 5.2 in [7] is analogous, but holds in K(Varﬁ(2 ). Since

it is not a priori clear that dualities on K(Varfz ) and K(QUSHgy (k)) are compatible,
we cannot apply directly her Lemma. We will nevertheless follow closely her proof.
Combination of Propositions 5.5 and 5.3 yields the following corollary.

Corollary 5.6 Forany I C J such that Dy is proper, we have the equality in K(Varg)

D= " (D%,

ICKCJ
and [Dx (M}, (D)1 = My (D)(d — 1| + 1)] € K(SHgy (K)).

Proof The first equality is the first point of Proposition 5.5. For the second equality,
since Dy is proper, setting f : D; xx G, — Gy, we have fiDp, = Dk fi hence by
the second point of Proposition 5.5,

D (IDy]) = [DJL~4+11=1,

Since 5} is proper over K, we have My (5’1) = M}’ c(lF)V[), hence the result follows
from Proposition 5.3 after applying a Tate twist. O

Proof of Proposition 5.5 Working inductively on the codimension of Dk in D; and up
to reordering the branches, we can suppose I = {1,...,k— 1} C K = {1,...,k}.



Virtual rigid motives of semi-algebraic sets Page350f43 6

As the statement is local we can work on an open neighborhood U of some closed

point of Dg and choose a system of local coordinates xi, ..., x; on U such that
N, .
unc{vl . xkkl1 = qu{vl x,iv = uval ...x[liv", where u € OX(U) and fori =

1,...,k, D; is defined by equation x; = 0. Define a uy,-étale cover of U by
vV =U[Z21/(Z™" — tu).

We consider V as a variety with a puy,-action induced by multiplication of z by
f e MUN; -

Then y; = sx1,y2 = X2,...,X4 = Yq+1 is a system of local coordinates on V.
Shrinking U, we can assume the morphism V — AZ“ induced by yi1, ..., Yg+1 18
¢tale. Denote by Fy, Fy, Fg, Fg the pull-backs of Dy, D7, Dk, D%.

Denote by 1?16 the following étale cover of F7}:

o o N
Fp = FpIwl/(wht — ylen i,

Observe that F]?’ is isomorphic to the fiber product (Fy) X pe 53’ . The variety I::I6 is
equipped with a py, -action, with ¢ € py, acting on w by multiplication by ¢ Ni/NT,

Denote by F; the normalization of F; in F} and consider the following diagram:

p*Df ————— Dy

| |

Asp: Fy— Dyis smooth and 51 is normal p*ﬁ} is normal As p*ﬁ} — FI is
finite and surjective, p* D; 1 is isomorphic to F; 1. Denoting by F, /1N, the quotient of Fy 7
by the w v, -action, we then have D; [~ F 1/N, and 51m11arly Dx K Fx k /1N, . Hence
it suffices to show that F1|FK o~ FK and DF,[FI] = [FI]]L ntk=1"poth equalities
being compatible with the u y, -actions.

Now consider the étale morphism : V — A‘II(H. Denoting by z1, ..., Z4+1 the
coordinates of Ad'H define C; C A(Id}:i by the equations z; = --- = zz—1 = 0 and
C; = C\Ujzk,....d+1 {Z] = 0} Define similarly Cx and Cg.

Define an étale cover of C; by
C3 = CJIS)/(SN — 2 ... 2heh,

define similarly é}‘} and let 5; and 6;( be the normalizations of C; and Ck in 65’
and C§.
We then have a Cartesian diagram

Fl————— G

| |

Fj—————C
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with v étale, hence it suffices to show that CA‘;‘CK ~ C"}} and D, [6}] = CA‘;JL"”" R
both equalities being compatible with the py,-actions ({ € wy, acts on CA'J; by multi-
plication of s by ¢V1/N1). Indeed, since 7 is étale, we have 7*Dc, = D, x, Gy T
Since the projection ATl — A?~* is smooth, the result now follows from the
following Lemmas 5.7 and 5.8 which correspond to Lemmas 5.3 and 5.4 in[7]. O

Lemma 5.7 The restriction of the normalization S of S = {s¥ =x{"...xJ'} C
A,lc Xk Aémk to {x; =0} C Afémk is isomorphic to the normalization S’ of S’ =

{sN/ =x5.. .x[llvd}, where N' = gcd(N, ay). If N divides some q € N*, then the

isomorphism is compatible with the w,-actions on S and S where { € ugactson S
by multiplication of s by £?/N and on S" by multiplication of s by gq/N'.

Proof Assume first that N, ay, ..., ag are coprime. Then S is irreducible. Let M be
the lattice of R? spanned by Z¢ and v = (a1/N,...,a4/N). Set M+ = M N R‘j_.
Then S =~ Spec(k[M*]). If My := {u € M | uy =0} and M;" = My N R%, then
Spec(k[Mf]) is the restriction of S to {x; = 0}.

Now consider the lattice M generated by v = (0, a2/N’, ..., as/N’) and {0} x
7471, and set M't = M’ N RL. We have S” =~ Spec(k[M'"]), hence it suffices to
show that M’ ~ M;.

Denote ey, ..., eq the canonical basis of Z%. Set k = a;/N’ and [ = N/N'.
Observe that v/ = N/N'v —ay/N’e; = lv — ke, hence M’ C M. Reciprocally, if
u = Zle Aiei + v € My, then Ay + uk/l € Z, hence u' = /1 € 7 (since k and
£ are coprime), hence u = Z?:z riej + v’ € M'. The p4-actions are compatible,
since sV = sV x; .

Back to the general case, let ¢ be the greatest common divisor of N, ay, ..., a4. Set

~ ! ’
e=N/c,a, =a;j/c,e’ = N'/c.Let T be the normalization of T = {se = xf‘ ...x;d}

and T’ be the normalization of 7/ = {se/ = x;Z .. .xZ" } Both T and 7" are equipped

with a p.-action as in the statement of the lemma.
The mapping

&, s,x) eun xT — (¢s,x) €S
induce an isomorphism
(un x T)/pe =S,

where the uy-action on S correspond to the action on (uy X T) /e given by multi-
plication on p . Similarly, the mapping

N/N'

@, s,x) euny xT' = (¢ s,x) €S

induce an isomorphism

(un X T /e = 5.
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Hence we can apply the first case to T and T’ to get §|x1 _o =~ § and check that the
actions correspond. O

Lemma 5.8 Denote again by S the normalization of S = {s¥ =x{"...x}"}. Then
DA‘}( [S]=[SIL e MM , { € luq acting again by multiplication of s by cN,
Proof 1t is a particular case of Lemma 5.4 when N, ay, ..., ag are coprime, and the

general case follows as in the proof of Lemma 5.7. O

5.2 Computation of cohomological motives

Using Corollary 5.6, we can now compute the cohomological motive of 5}’ in terms
of homological motives.

Proposition 5.9 For any I C J such that D; is proper fori € I, we have

Mg DI =Y (~DH Mg (DF xx Gl ) (= + 111 = 1)) € K(SHgn (K)).
IcLCJ

We first prove an auxiliary formula.

Lemma 5.10 Forany I C J such that D; is proper for i € I, we have [M}, (53’)] =

[Mk (D —d+111=D]+ > ([MxDP)(=d +ILI = D] = Mg D1~ L)
ICLCJ

Proof By the first point of Corollary 5.6 and additivity of M}’C(—), we have

My (D)) = My (DDl — Y [My (D). 5.1

ICLCJ

As each of the 5’2 is smooth of pure dimension d — |L| + 1, by Proposition 3.2,
[M (D )] = [MK(D )( d +|L| — 1)]. We apply ]DK to Eq. 5.1. By linearity of
Dg, the fact that ID)KMK(D )(—d+|L|—1) =My (D )(+d — |L| + 1) and second
point of Corollary 5.6, we get

[M} (D{)(d — |11+ D] = My (D)(d — 1]+ 1)] - > M ( (Dy)(d— LI+ D).

ICLCT
(5.2)
Twisting this equation d — || 4 1 times and applying again Corollary 5.6 gives the
desired result. O

Proof of Proposition 5.9 We work by induction ond — |I| + 1. If d — [I| +1 < 0,
then D7 is empty and there is nothing to show. If d — |I| 4 1 = 0, the formula boils
down to

[My (D9)] = [Mg (D)),
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which holds since 5}’ is of dimension 0.
Suppose now the proposition holds for any L with |L| > |I|. Letr =d — |I| + 1.
By Lemma 5.10,

[M} (D)] = [Mk (D§)(—r)] + Z (IMk (D})(—d + |L| = 1)]
ICLCJ

—[Mg (D )AL= [LD]).
Applying the induction hypothesis to [M}((EZ)], we get

MY (D9)] = Mgk (D) (-] + Y ([Mk<b“z><—d+|u—1>]

ICLCJ

~ 3 DM (DY, x g G
LcL'cJ

|| -IL]

(=d + 1] — 1)]>.

Interverting the sums, we get

[M (D)] = [Mg (D)(—r)] + Z [Mk (D) (—d + |L| — 1]

ICLCJ
|L’|7|1|71 |L/|_| | - |
B o o]
ICL'c] =0

Regrouping the terms, we get
My (D] = Mg (D) (=] + > Mg (D) (~r)]
ICL'cJ
|L,|_”|_l | ’ _ |I| ) )
Mg (D)(|L'| = 111 — ; ( ; )(—1) [Mk (G')]
(5.3)

We need to compute the expression inside the big brackets. We have

|L'|—111-1

! L _|I| i i
M L] =103 - ZO: <| |i >(—1) Mk (G
= Mk (L] = 111+ (= DIE Mg @, 171

— (Mg (1)] = [Mg Gy 1) =171

= DIV @l T

because [Mg (G, x)] = [Mg (1)]—[Mg (1)(1)]. Injecting in Eq. 5.3 gives the required
expression for [My (D )]. O
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Proposition 5.11 Let X be a semi-stable formal R-scheme and (D;);c; the reduced
irreducible components of its special fiber. Set J' C J such that for everyi € J', D;
is proper. Then setting D = | J;.;» Di, we have

Xrig(IDIY) = [My;,ADLx)].

Proof By additivity of xRie, Proposition 4.21 and Corollary 4.24, we have

xrigUDIY) = > xrig(1DF1Y)
1cJ
INJ'#0

= > (D" Mrig1DF D) (=d)]
1cJ
INJ'#0
= Y (D" Mg (QNE(DS. up) x 8B, D' (=a)]. (5.4)

IcJ
INJ'#0

We will relate the cohomological motive of the tube to this formula using the duality
relations proven above. By Corollary 4.19, we have

My (1DD1 = Y (=D=M (D5 | - (5.5)

cy
By Corollary 4.24,

Mg (105D = [ M, (QNE(Df. ur) x 9B(o, D1

= [ M (QNE(DS un)] - M, @Bo. DIITH] . (5.6)

Combining Egs. 5.5 and 5.6, we get
M 1DD] = Y (=D MG, (ORE (D5 )| [ My @Blo, 1717D)] . 5.7)

1cy’

The analytification of 5? is Q?\?l (DY, uy), hence by Theorem 3.5,

Rig*Mg (D) = Mrig(QN (D, up))

and similarly for cohomological motives.
Foreach I C J’, Dy satisfies the hypothesis of Proposition 5.9, hence after applying
Rig*, we get

[Mye (QN (D5 up))]

= Y D)H MR (QNE (D ur) xx 9B(o, DI (—d + 1] = D).
IcLcJ
(5.8)
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We also know that [Mﬁig(aﬁ(o, )] = —[MRgig(0B(o, 1))(=1)]. With these two
remarks, Eq. 5.7 yields

MieDDI= Y D =D Mig(QE(D ur) xk 9B (o, DM (=) |
g£IC] ICLCT

= 2 D [Mrig(ORE(DF ur) xk 9B(o, DH)(=a)]

LcJ
LN/ 0

[LnJ’| |Lr‘1J/\ .
oy (e
i=1 !
= > D [Mrig(OREDS wr) i 0BG, DHD(=a)].  (5.9)

LcJ
LNJ 0

Comparing to Eq. 5.4 gives the desired

xrigADLYF) = My, ADD].
O

Proposition 5.11 imply the following theorem, which is Theorem 1.2 of the intro-
duction. All we need to do is choosing a semi-stable formal R-scheme ) over X such
that ) — X is a composition of admissible blow-ups. Hence the induced morphism
at the level of special fibers is proper and we can apply Proposition 5.11.

Theorem 5.12 Let X be a quasi-compact smooth rigid K -variety, X an formal R-
model of X, D a proper subscheme of its special fiber X,. Then

xrigADLYF) = My, ADD].
In particular, if X is a smooth and proper rigid variety,
Krig [(XVF]) = [Mg;, (X)].
5.3 Analytic Milnor fiber

Itis suggested by Ayoub et al. [4, Remark 8.15] that one should be able to recover their
comparison result between the motivic Milnor fiber and the cohomological motive of
the analytic Milnor fiber using a morphism similar to xrig. We show below that it
is indeed the case and moreover generalize their comparison result to an equivariant
setting.

Let X be a smooth k-variety and f : X — Ali a non-constant regular function.
Base change to R makes of X an R-scheme. Denote X'y the formal completion of X
with respect to (). Its special fiber X7 ; is the zero locus of f in X. For any closed
point x € Xy 5, denote by 5’-' 4. the tube of {x} in Xf. It is the analytic Milnor fiber.
It is a rigid subvariety of Xy ;, the analytic nearby cycles.
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Consider an embedded resolution of singularities of X’y , in X. It is a proper bira-
tional morphism 4 : ¥ — X such that 4~! (Xy &) is a smooth strict normal crossing
divisor. Denote by (E;);c; the reductions of its (smooth) irreducible components and
N; € N* the multiplicity of E; in h~! (X} ).

For any non-empty I C J, denote by E; = NicrE; and E; = E\Ujeng E|.
Define as follows the étale cover E;’ of E}. Let N; be the greatest common divi-
sor of the N;, for i € I. Working locally on some open neighborhood U of E7
in Y, we can assume that E; is defined by equation #; = 0, for some 1; € O(U)

Nl . . —_
and that on U, f = urt;, ! ...t.N", with u; € O(U)*. Then set E;NU =

Iy
{(v,x) €Gup x U | vV = u;}.
Recall the motivic Milnor fiber, defined by Denef and Loeser, see for example [17].

In an equivariant setting, for any closed point x € X 4, it satisfies the formula

V= Y (DG, T E; n A~ ()] € K(Var}).
PEICT

In particular, they show that this formula is independent of the chosen resolution /.

Remarlf 5.13 In the literature, the motivic Milnor is defined in the localization of
K(Varf: )byL = [A}c]. Such a localization in non-injective if k = C, see Borisov [8].
However, Proposition 5.14 shows that it is well defined in K(Var,/f ). The same fact is
proven in [28, Corollary 2.6.2] using a computation similar to ours.

Proposition 5.14 For any closed point x € Xy 5,

Ook o 7§ FVE) = s € K(Var}).

Proof The embedded resolution of X .o induces an admissible morphism / : )V —
X', hence ]h_l(x)[y ~ ]{x} [Xf- Up to changing &, we can suppose A~ (x) is a
divisor E = U;c; E; in Yy = U,y D;, with I’ C 1. Then we have

an, VF ' VF
Fovr = UJ e
IcJ
INJ'#0

We want to show that

@0 o f(]E;’D = (=) Gu ! > ESL.

ul_lt

ESxxR,N’
N =(Ni,...,Ny) e (N) (wherer = |I|), u; € O(E} xx R)*. But now, as in the
proof of Proposition 4.21, ]E;’[VF is definably isomorphic to QXf(E°, u) x v_1(A).

Hence § 1ES[ = [OXY (ES. us) x vi;! (A)]a. Now @ QRY (ES, u;) = [E] and

By Remark 4.23 following Lemma 4.22, we can suppose ) = St where
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So, putting pieces together by linearity of ® o & o 35 ,

Qo offa'j;c‘”’ = > OING T < Efl = vpa € K(Varl).

IcJ
INJ #0

From Theorem 5.12, we deduce the following corollary.

Corollary 5.15 For any closed point x € Xy 4,

XRig(fa?;CVF) = [MKig( ;nx)]

Combining Corollary 5.15 and Proposition 5.14 with Theorem 4.13 gives the fol-
lowing result.

Corollary 5.16 For any closed point x € Xy 5, we have

[RMR;e (F)] = xa (W r,x) € K(QUSHgy (K)).

It is a generalization of Corollary 8.9 of Ayoub et al. [4] at an equivariant level. They
show the same equality, but in K(SHgjy; (k)), hence one can deduce their result from
Corollary 5.16 using Lemma 3.4.
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