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1 Introduction

Since its discovery in 2012 [1, 2], the study of the Higgs boson has been one of the dominant

topics in the physics programme of the Large Hadron Collider (LHC). The Higgs signals

provide a strong test of the Standard Model (SM) and can be a probe of New Physics (NP),

in case a deviation from the SM behaviour of the Higgs properties will be revealed [3–6].

The major production channel of the Higgs boson at the LHC is gluon-gluon fusion.

Since the Higgs boson does not couple directly to gluons, the coupling is mediated by

a heavy-quark loop. Thus, the leading-order (LO) production requires the evaluation of

one-loop amplitudes, the production at the next-to-leading order (NLO) accuracy requires

the evaluation of two-loop amplitudes, and so forth. So far, in the full theory, i.e. with a

complete dependence on the heavy-quark mass, Higgs production via gluon-gluon fusion

is known at NLO [7, 8] (see also [9–12]). However, in the limit in which the heavy-quark

mass is much heavier than the other scales in the process, the computations are made more

tractable by using the Higgs Effective Field Theory (HEFT), i.e. by replacing the loop-

mediated Higgs-gluon coupling by a tree-level effective coupling. That lowers by one loop

the amplitudes to be computed. In the HEFT, Higgs production via gluon-gluon fusion is

known at N3LO [13–17], whose accuracy has reached the 5% level [18].

In order to have access to a detailed study of the Higgs properties, precise theoreti-

cal predictions for more exclusive observables are needed. Of particular importance, for

a detailed study of the SM structure of the loop-mediated Higgs-gluon coupling and of

possible NP contributions to it, is the prediction of the transverse momentum distribution

of a Higgs boson at high pT [19–31].

The transverse momentum distribution of the Higgs boson in gluon-gluon fusion is

known in the HEFT at NNLO [32–36]. While this approximation is satisfactory in the
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region in which the Higgs pT is smaller than the top-quark mass, in the high-pT region it

is known to give rise to predictions that can differ considerably from the ones in which the

top-quark mass is treated exactly [37]. In the full theory, the production of a Higgs boson

in association with a jet is known only at LO [38, 39]. Several approximations exist to

Higgs plus one jet production at NLO in the full theory: (i) a numerical computation [40],

which includes, though, only the dependence on the top-quark mass, while neglecting the

bottom-quark mass; (ii) computations in the high pT region [41, 42], based on the two-loop

amplitudes for Higgs plus three partons, computed in the limit when the Higgs transverse

momentum is larger than the top-quark mass, pT ≫ mt [43].; (iii) computations in the

intermediate pT region, where it is relevant to include also the top-bottom interference [44,

45], which is estimated by interfering a top-quark loop computed in the HEFT with a

bottom-quark loop computed as an expansion in a small bottom-quark mass [46, 47].

The exact evaluation of the Higgs plus one jet production at NLO in the full theory,

i.e. retaining the complete dependence on the mass of the heavy quark that runs into the

loops, requires to compute the two-loop four-point amplitudes for Higgs plus three partons,

where one of the loops is a heavy-quark loop, which involve elliptic iterated integrals. So

far, only the planar contributions have been computed [48].

In addition, although the Higgs boson does not couple directly to massless fermions, its

coupling to light fermions may be mediated by an electroweak-boson loop. In particular,

the Higgs boson may also couple to gluons via a double loop, made by an electroweak-

boson loop and a light-quark loop [49, 50]. This production mode makes up the bulk of the

two-loop electroweak corrections to Higgs production via gluon-gluon fusion [51–53] and

increases by about 5% the LO gluon-fusion cross section and by about 2% the N3LO cross

section [18].

The NLO QCD corrections to the two-loop light-quark contribution to Higgs produc-

tion via gluon-gluon fusion consist of the three-loop mixed QCD-electroweak corrections

to Higgs production [54, 55], and of the two-loop four-point amplitudes for Higgs plus

three partons, where one loop is an electroweak-boson loop and the other is a light-quark

loop. These two-loop four-point amplitudes are presently unknown. Two approximated

evaluations of the NLO QCD corrections have been computed: (a) the full corrections in

the un-physical limit where the Higgs mass is much smaller than the electroweak-boson

mass [56]; (b) a computation in which the virtual part is treated exactly [55], but the real

radiation is included in the soft-gluon approximation [57].

In this paper, we present the analytic computation of the planar master integrals (MIs)

relevant to the evaluation of the two-loop four-point amplitudes for Higgs plus three glu-

ons, where one loop is an electroweak-boson loop and the other is a light-quark loop. They

contribute to the mixed QCD-electroweak light-fermion corrections to the production of a

Higgs boson with an additional jet, as well as to the real radiation of the NLO QCD correc-

tions to the two-loop light-quark contribution to Higgs production via gluon-gluon fusion.

We performed the reduction to the MIs using the computer softwares FIRE5 [58] and

LiteRed [59],1 which implement Integration-by-parts identities (IBPs) [63–65] and Lorentz-

invariance [66] identities, obtaining 48 MIs. Apart from the two-point functions, these MIs

1Other public available softwares [60–62] for the IBPs reduction exist.
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are new and presented in this paper for the first time. They are analitically computed using

the differential equations method [67–71]. This method has proved to be very efficient for

the computation of the MIs needed for higher-order corrections in the SM. In particular,

we adopt the canonical basis approach [71–77] to the solution of the system of differen-

tial equations, which is expressed in terms of Chen-iterated integrals [78] represented as

Goncharov multiple polylogarithms [79–81] (GPLs) up to weight four. The solutions are

evaluated numerically using the software GiNaC [82, 83] and tested numerically against the

software FIESTA [84] in the Euclidean and Minkowski regions of the phase space. We find

agreement in both regions.

The analytic results presented in this paper are given as ancillary files uploaded with

the arXiv submission.2

The paper is structured as follows. In the section 2 we give our notations and we de-

scribe the kinematic of the processes studied. In section 3 we describe briefly the method

of differential equations and the canonical basis approach, moreover we give the alphabet

associated to the solution. In section 4 we present the canonical basis and the transforma-

tion among the MIs in canonical form and the pre-canonical ones. Finally, in section 5 we

present our conclusion.

2 Notations

In this paper we consider the partonic processes gg → Hg, gq → qH, qq̄ → gH, and the

crossed channels H → ggg and H → qq̄g. The external momenta corresponding either to

gluons or to quarks are on their mass-shell p2i = 0, while the external Higgs momentum p24
is regarded as a variable. Therefore, we appoach the solution of the master integrals (MIs)

of the topology as a three-scale problem, where, apart from the Higgs momentum p24, the

other two variables are the Mandelstam variables

s = (p1 + p2)
2 , t = (p1 + p3)

2 . (2.1)

For later convenience we define the dimensionless variabiles x, y, z such that

x = − s

4m2
B

, y = − t

4m2
B

, z = − p24
4m2

B

, (2.2)

where m2
B is the squared mass of the internal Electroweak boson (W or Z).

The physical phase-space region of the kinematic invariants (2.2) is

x < 0, y < 0, z < x+ y , (2.3)

for the decay channel, while for the production channel is

x < z < 0, y > 0, z > x+ y . (2.4)

The planar corrections can be computed considering the 7-denominator topology shown

in figure 1. The MIs of the topology are defined by the two-loop dimensionally regularized

2The ancillary files are in text format and the results, expressed as GPLs, are written in GiNac format.
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Figure 1. Planar seven-denominator topology.

integrals
∫

Ddk1Ddk2
Da8

8 Da9
9

Da1
1 Da2

2 Da3
3 Da4

4 Da5
5 Da6

6 Da7
7

, (2.5)

where d = 4 − 2ǫ, ai with i = 1, . . . , 7 are integer numbers, while a8 and a9 are natural

numbers and the normalization is such that

Ddki =
ddki

iπ
d
2

eǫγE
(

m2
B

µ2

)ǫ

. (2.6)

The Di, i = 1, . . . , 7, are the denominators involved, while D8, D9 the numerators. They

belong to the following set:

{

− k21,− (k1 − k2)
2 ,− (p1 + k1)

2 ,− (p1 + p2 + k1)
2 ,− (p3 − k1)

2 ,

− (p1 + p2 + k2)
2 +m2

B,− (p3 − k2)
2 +m2

B,− (p3 + k1 − k2)
2 ,− (k2 + p2)

2 } . (2.7)

The number of MIs for this topology is 48, considering the different channels and

crossings. Apart from two-point functions,3 the MIs presented in this paper are new.

3 The system of differential equations

The analytic computation of the master integrals is performed by using the differential

equations method [67–70] applied to a canonical basis for the MIs [71, 72]. In order to

find the canonical basis several approaches exist [71–75]. We adopt the semi-algorithmic

approach described in [76, 77]. The canonical basis ~f(~x, ǫ) satisfies a system of first order

partial linear differential equations with respect to the kinematic invariants ~x,

∂ ~f(~x, ǫ)

∂xi
= ǫAi(~x)~f(~x, ǫ) (3.1)

where i ∈ {1, . . . , n}, n is the number kinematic invariants and Ai(~x) is the set of matrices

defining the differential equations. The linear system of partial differential equations,

eq. (3.1), is equivalent to the following differential form,

d~f(~x, ǫ) = ǫ dÃ(~x)~f(~x, ǫ) , (3.2)

where the matrix elements of Ã(~x) are Q-linear combinations of logarithms, with

∂Ã(~x)

∂xi
= Ai(~x) . (3.3)

3The two-point functions can be found for instance in [85, 86].
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The set of linearly indipendent arguments of the logarithms is called the alphabet of the

solution, and its elements are called letters. The matrices Ai(~x) satisfy the integrability

condition
∂Aj

∂xi
− ∂Ai

∂xj
= 0, [Ai, Aj ] = 0 , (3.4)

where [Ai, Aj ] = AiAj − AjAi. The solution of the differential equations (3.2) can be

formally written as a path ordered exponential:

~f(~x, ǫ) = P exp

(

ǫ

∫

γ
dÃ(~x)

)

~f(~x0, ǫ) , (3.5)

where P stands for the path-ordering operator, γ is a path in the space of kinematic

invariants and ~f(~x0, ǫ) is a vector of boundary conditions. In practice we are interested in

a solution around ǫ = 0. By series expanding ~f(~x, ǫ),

~f(~x, ǫ) =
∞
∑

k=0

ǫk ~f (k)(~x), (3.6)

and by parametrizing the integration contour with t ∈ [0, 1], the solution, eq. (3.5), trans-

lates to iterated integrals [78]:

~f(x) = ~f (0)(~x0) +
∞
∑

k=1

ǫk
k

∑

j=1

∫ 1

0
dt1

∂Ã(t1)

∂t1

∫ t1

0
dt2

∂Ã(t2)

∂t2
. . .

∫ tj−1

0
dtj

∂Ã(tj)

∂tj
~f (k−j)(~x0) .

(3.7)

In general, the alphabet letters depend algebraically on the kinematic invariants xi.

However, for the problem under consideration, it is possible to perform a variable change

such that the alphabet depends only rationally on the new variables. This implies that the

solution eq. (3.7) can be directly expressed in terms of Goncharov multiple polylogarithms

(GPLs) [79, 87], defined recursively as,

G(α1, . . . , αn; z) =

∫ z

0

dt

t− α1
G(α2, . . . , αn; t) . (3.8)

The recursion ends when n = 0 where we conventionally set

G(; z) ≡ 1 . (3.9)

Moreover, in order to deal with the divergency at the basepoint 0 when αn = 0, one defines:

G
(

~0; z
)

≡ 1

n!
log(z)n . (3.10)

We remark that also when the alphabet letters are not rational functions it is often possible

to find a representation of the solution in terms of polylogarithmic functions. One starts

from the symbol [88] of the solution, which is obtained from the differential equations matrix

Ã(~x) and the ǫ0 order of the boundary conditions, by the following recursive formula,

S
(

f (i)
n (~x)

)

=
∑

m

S
(

f (i−1)
m (~x)

)

⊗ S
(

Ãnm(~x)
)

. (3.11)

The corresponding polylogarithmic expressions are found by using the algorithm of [88, 89],

and its algebraic generalisation [48].
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3.1 The alphabet

The system of differential equations depends originally on rational functions of x and y

and on the following square root
√

z(1 + z) . (3.12)

Exploiting for instance the methods described in [77], it is possible to rationalize the square

root (3.12) by means of the change of variables

z → w2

1 + 2w
. (3.13)

It is then straightforward to define the differential equations with respect to x, y, w defined

by the matrices Ax(x, y, w), Ay(x, y, w), Aw(x, y, w) respectively and solve them by using

the following iterative formula,

f
(i)
j (x, y, w) =

∑

k

[
∫ x,y0,w0

x0,y0,w0

Ax,jk(x, y, w)f
(i−1)
k (x, y, w)dx

+

∫ x,y,w0

x,y0,w0

Ay,jk(x, y, w)f
(i−1)
k (x, y, w)dy

+

∫ x,y,w

x,y,w0

Aw,jk(x, y, w)f
(i−1)
k (x, y, w)dw

]

+ f
(i)
j (x0, y0, w0), (3.14)

where we denoted by, e.g., Ax,jk(x, y, w) the matrix element of the matrix Ax(x, y, w) and

x0, y0, w0 is a set of boundary points that in general depend on the master integral (see next

section). The recursion above can be directly solved in terms of GPLs by factorizing the

matrix elements with respect to the integration variable. By performing the factorization

we obtain the (inverse) GPLs integration kernels, (x− xk),(y − yk),(w − wk), with

xk ∈
{

0,−1

4
,
1

4

}

, (3.15)

yk ∈
{

0,−1

4
,
1

4
,−x,− x

4x+ 1

}

, (3.16)

wk ∈
{

0, −1

2
, −1,

1

4

(

−1− i
√
3
)

,
1

4

(

−1 + i
√
3
)

, 2x, − 2x

4x+ 1
, x−

√

x2 + x,

x+
√

x2 + x,
1

4

(

−1 + 4x −
√

16x2 + 8x− 3
)

,
1

4

(

−1 + 4x+
√

16x2 + 8x− 3
)

,

2y, − 2y

4y + 1
, y −

√

y2 + y, y +
√

y2 + y,
1

4

(

−1 + 4y −
√

16y2 + 8y − 3
)

,

1

4

(

−1 + 4y +
√

16y2 + 8y − 3
)

, x+ y −
√

x2 + 2xy + x+ y2 + y,

x+ y +
√

x2 + 2xy + x+ y2 + y,
−x− y

2y
,
−x− y

2x

}

, (3.17)

that correspond to the arguments of the GPLs of the solution.
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4 The master integrals

The set of 48 MIs, which we refer as Ti, i ∈ {1, . . . , 48}, is shown in figure 2. The corre-

sponding canonical basis elements fi(~x) are defined as linear combinations of pre-canonical

integrals with algebraic prefactors of the Mandelstam invariants and the space-time regu-

lator. Their definition is provided in appendix B.

The boundary conditions for the canonical master integrals f3, . . . , f6, f8, . . . , f24, f26,

. . . , f36, f38, f40, . . . , f48 are fixed in the point s = t = p24 = 0, which is a regular point

for the previous canonical master integrals, instead, the master integrals f1, f2, f7, f25 are

divergent in s = t = p24 = 0, but they are product of known one-loop master integrals.

Finally, for the master integrals f37, f39 we fix the boundary conditions, respectively, in the

regular points (s = 0, t = m2
B, p

2
4 = 0) and (s = m2

B, t = 0, p24 = 0).

The solution is obtained in the un-physical region defined by:

x ≥ 0, y ≥ 0, w ≥ 0. (4.1)

Since we are able to express all the canonical integrals f1 . . . f48 in terms of GPLs up to

weight 4, the numerical check in all the regions of the phase space is straightforward. For

the numerical evaluation of the masters we use the software GiNaC [82, 83]. The analytic

continuation in the Minkowski region is perfomed (numerically) adding a small imaginary

part to the squared c.m. energy, s + i0+. The Minkowski physical regions are given, in

terms of the variables x,y and w, by:

H decay: x < 0, y < 0,
w2

1 + 2w
< x+ y , (4.2)

H + jet: x <
w2

1 + 2w
< 0, y > 0,

w2

1 + 2w
> x+ y . (4.3)

where no branch cuts are present. We checked different points of the phase space against

FIESTA [84], finding complete agreement.

5 Conclusions

In this paper we have computed analytically the planar master integrals relevant to the

evaluation of the two-loop four-point amplitudes for Higgs plus three gluons, where one

loop is an electroweak-boson loop and the other is a light-quark loop. Those amplitudes

contribute to the mixed QCD-electroweak light-fermion corrections to the production of a

Higgs boson with an additional jet, as well as to the real radiation of the NLO QCD correc-

tions to the two-loop light-quark contribution to Higgs production via gluon-gluon fusion.

The master integrals are evaluated with the differential equations method applied to

a canonical set of basis integrals. Since the alphabet of the solution depends on a single

square root, it is possible to find a variable change such that the matrices associated to the

system of differential equations can be expressed in terms of rational functions. This allows

a direct integration of the differential equations in terms of generalized polylogarithms up

to weight 4. The expression of the master integrals in terms of generalized polylogarithms

is quite flexible and can be evaluated numerically in a fast and precise way.

– 7 –



J
H
E
P
1
2
(
2
0
1
8
)
0
1
9

p
2
4

(T1)

t

(T2)

p
2
4

(T3)
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t

(T12)

p
2
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(T13)

s

(T14)

s

(T15)

s

(T16)

t

(T17)

t

(T18)

t

(T19)

t

(T20)

s

(T21)

s

(T22)

p
2
4

(T23)

t

(T24)

(T25)

s

(T26)

t

(T27)

t

(T28)

t

(T29)

t

(T30)

s

(T31)

s

(T32)

s

(T33)

s

(T34) (T35) (T36) (T37) (T38) (T39) (T40)

(T41) (T42) (T43)

−(k1+p1+ p2)
2

(T44) (T45) (T46)

−(p3−k1)
2

(T47) (T48)

Figure 2. Master integrals in pre-canonical form. Internal plain thin lines represent massless

propagators, while thick lines represent the vector-boson propagator. External plain thin lines

represent massless particles on their mass-shell. External dashed thin lines represent the dependence

on s, t, or m2

H
. The external dashed thick line represents the Higgs on its mass-shell.
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A Routing for the pre-canonical master integrals

In this appendix we give the expression for the pre-canonical master integrals in the form

of eq. (2.5).

T1 =
∫

Ddk1Ddk2
1

D2
4D5D

2
7

, T2 =
∫

Ddk1Ddk2
1

D2
3D5D

2
7

,

T3 =
∫

Ddk1Ddk2
1

D2
2D

2
5D6

, T4 =
∫

Ddk1Ddk2
1

D2
2D5D

2
6

,

T5 =
∫

Ddk1Ddk2
1

D2
2D

2
3D7

, T6 =
∫

Ddk1Ddk2
1

D2
2D3D

2
7

,
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T7 =
∫

Ddk1Ddk2
1

D2
1D4D

2
7

, T8 =
∫

Ddk1Ddk2
1

D2
1D2D7

,

T9 =
∫

Ddk1Ddk2
1

D2
1D

2
2D6

, T10 =
∫

Ddk1Ddk2
1

D2
1D2D

2
6

,

T11 =
∫

Ddk1Ddk2
1

D2
4D5D6D

2
7

, T12 =
∫

Ddk1Ddk2
1

D2
3D5D

2
6D7

,

T13 =
∫

Ddk1Ddk2
1

D2
2D5D

2
6D7

, T14 =
∫

Ddk1Ddk2
1

D2
1D4D6D

2
7

,

T15 =
∫

Ddk1Ddk2
1

D2
1D2D6D7

, T16 =
∫

Ddk1Ddk2
1

D2
1D2D

2
6D7

,

T17 =
∫

Ddk1Ddk2
1

D2
2D3D6D7

, T18 =
∫

Ddk1Ddk2
1

D2
2D3D6D

2
7

,

T19 =
∫

Ddk1Ddk2
1

D2
2D3D5D6

, T20 =
∫

Ddk1Ddk2
1

D2
2D3D5D

2
6

,

T21 =
∫

Ddk1Ddk2
1

D1D
2
2D4D7

, T22 =
∫

Ddk1Ddk2
1

D1D
2
2D4D

2
7

,

T23 =
∫

Ddk1Ddk2
1

D2D4D5D6D
2
7

, T24 =
∫

Ddk1Ddk2
1

D2D3D4D6D7
,

T25 =
∫

Ddk1Ddk2
1

D1D3D4D5D
2
7

, T26 =
∫

Ddk1Ddk2
1

D1D2D5D6D7
,

T27 =
∫

Ddk1Ddk2
1

D2D3D5D6D7
, T28 =

∫

Ddk1Ddk2
1

D2
2D3D5D6D7

,

T29 =
∫

Ddk1Ddk2
1

D2D3D
2
5D

2
6D7

, T30 =
∫

Ddk1Ddk2
1

D2D3D5D
2
6D7

,

T31 =
∫

Ddk1Ddk2
1

D1D2D4D6D7
, T32 =

∫

Ddk1Ddk2
1

D2
1D2D4D6D7

,

T33 =
∫

Ddk1Ddk2
1

D1D2D
2
4D6D

2
7

, T34 =
∫

Ddk1Ddk2
1

D1D2D4D6D
2
7

,

T35 =
∫

Ddk1Ddk2
1

D1D2D3D6D7
, T36 =

∫

Ddk1Ddk2
1

D1D
2
2D3D6D7

,

T37 =
∫

Ddk1Ddk2
1

D1D
2
2D3D5D6

, T38 =
∫

Ddk1Ddk2
1

D1D2D3D5D
2
6

,

T39 =
∫

Ddk1Ddk2
1

D1D
2
2D3D4D7

, T40 =
∫

Ddk1Ddk2
1

D1D2D3D4D
2
7

,

T41 =
∫

Ddk1Ddk2
1

D1D3D4D5D6D
2
7

, T42 =
∫

Ddk1Ddk2
1

D1D2D3D5D6D7
,

T43 =
∫

Ddk1Ddk2
D4

D1D2D3D5D6D7
, T44 =

∫

Ddk1Ddk2
1

D1D2D3D5D
2
6D7

,

T45 =
∫

Ddk1Ddk2
1

D1D2D3D4D6D7
, T46 =

∫

Ddk1Ddk2
D5

D1D2D3D4D6D7
,

T47 =
∫

Ddk1Ddk2
1

D1D2D3D4D6D
2
7

, T48 =
∫

Ddk1Ddk2
1

D1D2D3D4D5D6D7
.

(A.1)
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B The canonical basis

f1 = ǫ2 p24T1 ,
f2 = ǫ2 tT2 ,
f3 = ǫ2

(

m2
B−p24

)

T3 + 2m2
B ǫ2T4 ,

f4 = ǫ2 p24T4 ,
f5 = −2m2

B ǫ2T6+ǫ2
(

t−m2
B

)

T5 ,
f6 = ǫ2 tT6 ,
f7 = ǫ2 sT7 ,
f8 = ǫ2(ǫ−1)T8 ,
f9 = ǫ2

(

s−m2
B

)

T9+ǫ2
(

s−2m2
B

)

T10 ,
f10 = ǫ2 sT10 ,

f11 = ǫ2
√

(

p24
)3
√

4m2
B−p24T11 ,

f12 = ǫ2
√

p24

√

4m2
B−p24 tT12 ,

f13 = ǫ2
√

p24

√

4m2
B−p24m

2
B T13 + ǫ2

(

m2
B−p24

)

√

4m2
B−p24

4
√

p24
T3

+ǫ2
(

m2
B−p24

) 4m2
B−p24

4
√

p24
T4−ǫ2(ǫ−1)

√

4m2
B−p24

2
√

p24
T8 ,

f14 = ǫ2
√

4m2
B−p24

√

p24 sT14 ,
f15 = ǫ3

(

s−p24
)

T15 ,

f16 = ǫ2

√

4m2
B−p24

√

p24
(

m2
B p24 − p24 s+ s2

)

2s−p24
T16 + ǫ2(ǫ−1)

√

4m2
B−p24

√

p24

2p24−4s
T8

+

√

4m2
B−p24

√

p24
(

s−m2
B

)

2
(

2p24−4s
) T9−3ǫ3

√

4m2
B−p24

√

p24
(

s−p24
)

2p24−4s
T15 ,

f17 = ǫ3(t−p24)T17 ,

f18 = ǫ2

√

4m2
B−p24

√

p24
(

m2
B p24−p24 t+ t2

)

−p24+2t
T18 − 3ǫ3

√

4m2
B−p24

√

p24
(

t−p24
)

2p24−4t
T17

+ǫ2(ǫ−1)

√

4m2
B−p24

√

p24

2p24−4t
T8+ ǫ2

√

4m2
B−p24

√

p24
(

t−m2
B

)

2
(

2p24−4t
) T5

+ǫ2

√

4m2
B−p24

√

p24 t
(

t−m2
B

)

2
(

p24 t− t2
) T6 ,

f19 = ǫ3
(

t−p24
)

T19 ,

– 10 –
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f20 = ǫ2
m2

B

(

t−p24
)(

m2
B−p24+ t

)

−2m2
B−p24+ t

T20 + ǫ3
(

p24− t
)(

−4m2
B+p24− t

)

2m2
B+p24− t

T19

+ǫ2
(

p24− t
)

t

2m2
B+p24− t

T2− ǫ2
2m2

B

(

m2
B−p24

)

−2m2
B−p24+ t

T3 − ǫ2
2m2

B

(

2m2
B+p24

)

−2m2
B−p24+ t

T4 ,

f21 = ǫ3(s−p24)T21 ,

f22 =
ǫ2m2

B

(

s−p24
)(

m2
B−p24+s

)

−2m2
B−p24+s

T22+
ǫ3
(

p24−s
)(

−4m2
B+p24−s

)

2m2
B+p24−s

T21

−2ǫ2m2
B

(

m2
B−p24

)

−2m2
B−p24+s

T3−
2ǫ2m2

B

(

2m2
B+p24

)

−2m2
B−p24+s

T4 +
2ǫ2m2

B s

−2m2
B−p24+s

T7 ,

f23 = ǫ2(−1+2ǫ)m2
B p24T23 + ǫ2p44T11 − ǫ2m2

B p24T13 ,
f24 = ǫ4

(

t−p24
)

T24 ,
f25 = ǫ3 stT25 ,
f26 = ǫ4

(

s−p24
)

T26 ,
f27 = ǫ4

(

t−p24
)

T27 ,
f28 = ǫ3m2

B

(

t−p24
)

T28 ,

f29 = ǫ2m2
B p24 tT29 + 2ǫ4 tT27 +

1

2
m2

Bǫ
3
(

p24− t
)

T28 +
1

2
p24ǫ

3
(

p24+ t
)

T30

+
ǫ2
(

−4m2
B+p24

)

t

2m2
B+p24− t

T2−
ǫ2
(

4m4
B−5m2

Bp
2
4+p44

)

−2m2
B−p24+ t

T3 −
ǫ2
(

8m4
B+2m2

Bp
2
4−p44

)

−2m2
B−p24+ t

T4

+
ǫ2
(

m2
B− t

)

t

2
(

p24−2t
) T5 +

ǫ2 t
(

m2
B−p24+ t

)

p24−2t
T6−

(ǫ−1)ǫ2
(

p24− t
)

p24−2t
T8 + p24 tǫ

2T12

+m2
B p24 ǫ

2T13 −
ǫ3
(

3p44−5p24t+ t2
)

p24−2t
T17+

p24ǫ
2
(

m2
Bp

2
4+ t(t−p24)

)

p24−2t
T18

−2ǫ3
(

3p24−2t
)(

m2
B−p24+ t

)

2m2
B+p24− t

T19 +
ǫ2m2

B

(

3p24−2t
)(

m2
B−p24+ t

)

2m2
B+p24− t

T20 ,

f30 = ǫ3
√

p24

√

4m2
B−p24

(

t−p24
)

T30 ,
f31 = ǫ4

(

s−p24
)

T31 ,
f32 = ǫ3 s

(

s−p24
)

T32 ,

f33 = ǫ2m2
B p24 sT33 + 2ǫ4

(

p24+s
)

T31 + ǫ3 s
(

s−p24
)

T32 + ǫ3 p24
(

p24+s
)

T34

+
2ǫ2 p24

(

p24−m2
B

)

2m2
B+p24−s

T3−
2ǫ2 p24 s

2m2
B+p24−s

T4 +
2ǫ2 s

(

4m2
B+3p24−2s

)

2m2
B+p24−s

T7

−p24(ǫ−1)ǫ2

p24−2s
T8 +

ǫ2 p24
(

m2
B−s

)

2
(

p24−2s
) T9+

ǫ2 p24
(

m2
B−s

)

p24−2s
T10 + 2ǫ2m2

B p24T13

+2ǫ2 p24 sT14 +
ǫ3 p24

(

7s−5p24
)

p24−2s
T15+

2ǫ2 p24
(

m2
Bp

2
4+s(s−p24)

)

p24−2s
T16

−4ǫ3 p24
(

m2
B−p24+s

)

2m2
B+p24−s

T21 +
2m2

B p24 ǫ
2
(

m2
B−p24+s

)

2m2
B+p24−s

T22 ,

f34 = ǫ3
√

p24

√

4m2
B−p24

(

s−p24
)

T34 ,

– 11 –
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f35 = ǫ4 (s+ t)T35 ,
f36 = ǫ3

(

−
(

m2
B(s+ t)−st

))

T36 + 2ǫ4(s+ t)T35 ,
f37 = ǫ3 t

(

s−m2
B

)

T37 + ǫ3
(

s−m2
B

)

tT38 ,
f38 = ǫ3 stT38 ,
f39 = ǫ3 s

(

t−m2
B

)

T39 + ǫ3 s
(

t−m2
B

)

T40 ,
f40 = ǫ3 stT40 ,
f41 = ǫ3

√

p24

√

4m2
B−p24 stT41 ,

f42 = ǫ4 t
(

s−p24
)

T42 ,
f43 = ǫ4 tT43 + ǫ4 p24 tT42 −ǫ4 tT35 ,

f44 = −
ǫ3
√

p24

√

4m2
B−p24 t

(

m2
Bp

2
4+s

(

s−p24
))

p24−2s
T44 +

ǫ4
√

p24

√

4m2
B−p24 t

p24−2s
T43

+
ǫ4
√

p24

√

4m2
B−p24

(

2p24−s
)

t

p24−2s
T42 +

ǫ2
(

m2
B−3p24

)
√

p24

√

4m2
B−p24 t

3
(

p24−2s
)(

2m2
B+p24− t

) T2

−
ǫ2
(

m2
B−p24

)
√

p24

√

4m2
B−p24

(

10m2
B−3

(

3p24+ t
))

12
(

p24−2s
)(

2m2
B+p24− t

) T3

+
ǫ2
√

p24

√

4m2
B−p24

(

−10m4
B+m2

B

(

p24+3t
)

+3p24
(

p24+ t
))

6
(

p24−2s
)(

2m2
B+p24− t

) T4

+
ǫ2
√

p24

√

4m2
B−p24

(

t−m2
B

)(

3p24−2t
)

8
(

p24−2s
)(

p24−2t
) T5

+
ǫ2
√

p24

√

4m2
B−p24

(

2t(m2
B+p24)−3m2

Bp
2
4

)

4
(

p24−2s
)

(p24−2t)
T6

+
(ǫ−1)ǫ2

√

p24

√

4m2
B−p24

(

11p24−16t
)

6
(

p24−2s
)(

p24−2t
) T8 +

ǫ2
√

p24

√

4m2
B−p24

(

s−m2
B

)

8
(

p24−2s
) T9

−
ǫ2m2

B

√

p24

√

4m2
B−p24

4p24−8s
T10−

ǫ2
√

(

p24
)3

√

4m2
B−p24 t

p24−2s
T12

−
ǫ2m2

B

√

(

p24
)3

√

4m2
B−p24

p24−2s
T13+

ǫ3
√

p24

√

4m2
B−p24

(

s−p24
)

2p24−4s
T15

+
ǫ3
√

p24

√

4m2
B−p24

(

2p44−2p24t− t2
)

(

p24−2s
)(

p24−2t
) T17

−
ǫ2
√

(

p24
)3

√

4m2
B−p24

(

m2
Bp

2
4+ t

(

t−p24
))

(

p24−2s
)(

p24−2t
) T18
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+
ǫ3
√

p24

√

4m2
B−p24

(

m2
B

(

3p24− t
)

+2p24
(

t−p24
))

(

p24−2s
)(

2m2
B+p24− t

) T19

−
ǫ2m2

B

√

p24

√

4m2
B−p24

(

7p24− t
)(

m2
B−p24+ t

)

6
(

p24−2s
)(

2m2
B+p24− t

) T20

+
ǫ4
√

p24

√

4m2
B−p24

(

p24−s
)

p24−2s
T26

−
ǫ4
√

p24

√

4m2
B−p24

(

p24+ t
)

p24−2s
T27−

ǫ2m2
B

√

(

p24
)3

√

4m2
B−p24 t

p24−2s
T29

−
ǫ3
√

(

p24
)3

√

4m2
B−p24

(

p24+ t
)

2
(

p24−2s
) T30 +

ǫ4
√

p24

√

4m2
B−p24 (3s+ t)

2
(

p24−2s
) T35

+
ǫ3
√

p24

√

4m2
B−p24

(

m2
B(s+ t)−st

)

4(p24−2s)
T36

+
ǫ3
√

p24

√

4m2
B−p24 t

(

s−m2
B

)

6
(

p24−2s
) T37 −

ǫ3
√

p24

√

4m2
B−p24

(

m2
B−3s

)

t

6
(

p24−2s
) T38 ,

f45 = ǫ4 s
(

t−p24
)

T45 ,
f46 = ǫ4 sT46 + ǫ4 p24 sT45 −ǫ4 sT35 ,

f47 = −
ǫ3
√

p24

√

4m2
B−p24 s

(

m2
Bp

2
4+ t

(

t−p24
))

p24−2t
T47 +

ǫ4
√

p24

√

4m2
B−p24 s

p24−2t
T46

+
ǫ4
√

p24

√

4m2
B−p24

(

2p24− t
)

s

p24−2t
T45

−
ǫ2
√

p24

√

4m2
B−p24

(

m2
B−p24

)(

10m2
B−3

(

3p24+s
))

12
(

p24−2t
)(

2m2
B+p24−s

) T3

+
ǫ2
√

p24

√

4m2
B−p24

(

−10m4
B+m2

B

(

p24+3s
)

+3p24
(

p24+s
))

6
(

p24−2t
)(

2m2
B+p24−s

) T4

+
ǫ2
√

p24

√

4m2
B−p24

(

t−m2
B

)

8
(

p24−2t
) T5 −

ǫ2m2
B

√

p24

√

4m2
B−p24

4p24−8t
T6

+
ǫ2
√

p24

√

4m2
B−p24 s

(

m2
B−3p24

)

3
(

p24−2t
)(

2m2
B+p24−s

) T7+
(ǫ−1)ǫ2

√

p24

√

4m2
B−p24

(

11p24−16s
)

6
(

p24−2s
)(

p24−2t
) T8

+
ǫ2
√

p24

√

4m2
B−p24

(

s−m2
B

)(

3p24−2s
)

8
(

p24−2s
)(

p24−2t
) T9

+
ǫ2
√

p24

√

4m2
B−p24

(

2s
(

m2
B+p24

)

−3m2
Bp

2
4

)

4
(

p24−2s
)(

p24−2t
) T10 −

ǫ2m2
B

√

p24
3
√

4m2
B−p24

p24−2t
T13
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−
ǫ2
√

p24
3
√

4m2
B−p24 s

p24−2t
T14+

ǫ3
√

p24

√

4m2
B−p24

(

2p44−2p24s−s2
)

(

p24−2s
)(

p24−2t
) T15

−
ǫ2
√

p24
3
√

4m2
B−p24

(

m2
Bp

2
4+s

(

s−p24
))

(

p24−2s
)(

p24−2t
) T16+

ǫ3
√

p24

√

4m2
B−p24

(

t−p24
)

2p24−4t
T17

+
ǫ3
√

p24

√

4m2
B−p24

(

m2
B

(

3p24−s
)

+2p24
(

s−p24
))

(

p24−2t
)(

2m2
B+p24−s

) T21

−
ǫ2m2

B

√

p24

√

4m2
B−p24

(

7p24−s
)(

m2
B−p24+s

)

6
(

p24−2t
)(

2m2
B+p24−s

) T22

+
ǫ4
√

p24

√

4m2
B−p24

(

p24− t
)

p24−2t
T24 −

ǫ4
√

p24

√

4m2
B−p24

(

p24+s
)

p24−2t
T31

−
ǫ2m2

B s
√

p24
3
√

4m2
B−p24

p24−2t
T33 −

ǫ3
√

p24
3
√

4m2
B−p24

(

p24+s
)

2
(

p24−2t
) T34

+
ǫ4
√

p24

√

4m2
B−p24 (s+3t)

2
(

p24−2t
) T35+

ǫ3
√

p24

√

4m2
B−p24

(

m2
B(s+ t)−st

)

4
(

p24−2t
) T36

+
ǫ3
√

p24

√

4m2
B−p24 s

(

t−m2
B

)

6
(

p24−2t
) T39 −

ǫ3
√

p24

√

4m2
B−p24 s

(

m2
B−3t

)

6
(

p24−2t
) T40 ,

f48 = ǫ4 p24 stT48 +
ǫ2
(

m2
B−3p24

)
√

p24

√

4m2
B−p24t

3
(

p24−2s
)(

2m2
B+p24− t

) T2+A
(

s, t,p24
)

T3+B
(

s, t,p24
)

T4

+
ǫ2
√

p24

√

4m2
B−p24

(

m2
B− t

)(

−2p24+s+ t
)

4
(

p24−2s
)(

p24−2t
) T5

+
ǫ2
√

p24

√

4m2
B−p24

(

m2
B

(

−2p24+s+ t
)

+p24t
)

2
(

p24−2s
)(

p24−2t
) T6

+
(ǫ−1)ǫ2

√

p24

√

4m2
B−p24

(

11p24−8(s+ t)
)

3
(

p24−2s
)(

p24−2t
) T8

+
ǫ2
√

p24

√

4m2
B−p24

(

m2
B−s

)(

−2p24+s+ t
)

4
(

p24−2s
)(

p24−2t
) T9

+
ǫ2
√

p24

√

4m2
B−p24

(

m2
B

(

−2p24+s+ t
)

+p24s
)

2
(

p24−2s
)(

p24−2t
) T10−

ǫ2
√

p24
3
√

4m2
B−p24 t

p24−2s
T12

+
2ǫ2m2

B
3/2

√

4m2
B−p24

(

−p24+s+ t
)

(

p24−2s
)(

p24−2t
) T13−

ǫ2
√

p24
3
√

4m2
B−p24 s

p24−2t
T14

+
ǫ3
√

p24

√

4m2
B−p24

(

3p44+p24(2t−3s)−2s(s+ t)
)

2
(

p24−2s
)(

p24−2t
) T15
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−
ǫ2
√

p24
3
√

4m2
B−p24

(

m2
Bp

2
4+s

(

s−p24
))

(

p24−2s
)(

p24−2t
) T16

+
ǫ3
√

p24

√

4m2
B−p24

(

3p44+p24(2s−3t)−2t(s+ t)
)

2
(

p24−2s
)(

p24−2t
) T17

−
ǫ2
√

p24
3
√

4m2
B−p24

(

m2
Bp

2
4+ t

(

t−p24
))

(

p24−2s
)(

p24−2t
) T18

+
ǫ3
√

p24

√

4m2
B−p24

(

m2
B

(

3p24− t
)

+2p24
(

t−p24
))

(

p24−2s
)(

2m2
B+p24− t

) T19

−
ǫ2m2

B

√

p24

√

4m2
B−p24

(

7p24− t
)(

m2
B−p24+ t

)

6
(

p24−2s
)(

2m2
B+p24− t

) T20

+
ǫ3
√

p24

√

4m2
B−p24

(

m2
B

(

3p24−s
)

+2p24
(

s−p24
))

(

p24−2t
)(

2m2
B+p24−s

) T21

−
ǫ2m2

B

√

p24

√

4m2
B−p24

(

7p24−s
)(

m2
B−p24+s

)

6
(

p24−2t
)(

2m2
B+p24−s

) T22

+
ǫ4
√

p24

√

4m2
B−p24

(

p24− t
)

p24−2t
T24 +

ǫ4
√

p24

√

4m2
B−p24

(

p24−s
)

p24−2s
T26

−
ǫ4
√

p24

√

4m2
B−p24

(

p24+ t
)

p24−2s
T27+ǫ3m2

B

(

t−p24
)

T28

−
ǫ2m2

B

√

p24
3
√

4m2
B−p24 t

p24−2s
T29 −

ǫ3
√

p24
3
√

4m2
B−p24

(

p24+ t
)

2
(

p24−2s
) T30

−
ǫ4
√

p24

√

4m2
B−p24

(

p24+s
)

p24−2t
T31 + ǫ3 s

(

s−p24
)

T32

−
ǫ2m2

B

√

p24
3
√

4m2
B−p24 s

p24−2t
T33−

ǫ3
√

p24
3
√

4m2
B−p24

(

p24+s
)

2
(

p24−2t
) T34

+
ǫ4
√

p24

√

4m2
B−p24

(

2p24 (s+ t)−s2−6st− t2
)

(

p24−2s
)(

p24−2t
) T35

+
ǫ3
√

p24

√

4m2
B−p24

(

m2
B (s+ t)−st

)(

p24−s− t
)

2
(

p24−2s
)(

p24−2t
) T36

+
ǫ3
√

p24

√

4m2
B−p24 t

(

s−m2
B

)

6
(

p24−2s
) T37 −

ǫ3
√

p24

√

4m2
B−p24

(

m2
B−3s

)

t

6
(

p24−2s
) T38

+
ǫ3
√

p24

√

4m2
B−p24 s

(

t−m2
B

)

6
(

p24−2t
) T39−

ǫ3
√

p24

√

4m2
B−p24 s

(

m2
B−3t

)

6
(

p24−2t
) T40
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+
ǫ4
√

p24 t
(

−s
√

4m2
B−p24+2p24

√

4m2
B−p24+

√

p24
(

p24−2s
)

)

p24−2s
T42

+
ǫ4
√

p24

√

4m2
B−p24 t

p24−2s
T43 −

ǫ3
√

p24

√

4m2
B−p24 t

(

m2
Bp

2
4+s

(

s−p24
))

p24−2s
T44

+
ǫ4 s

√

p24

(

−t
√

4m2
B−p24+2p24

√

4m2
B−p24+

√

p24
(

p24−2t
)

)

p24−2t
T45

+
ǫ4 s

√

p24

√

4m2
B−p24

p24−2t
T46−

ǫ3 s
√

p24

√

4m2
B−p24

(

m2
Bp

2
4+ t

(

t−p24
))

p24−2t
T47 , (B.1)

where

A
(

s, t,p24
)

= −
(

m2
B−p24

)
√

p24

√

4m2
B−p24

(

20m4
B

(

p24−s− t
)

+m2
B

(

2(3s+ t)(s+3t)−8p44
))

6
(

p24−2s
)(

p24−2t
)(

2m2
B+p24−s

)(

2m2
B+p24− t

)

+

(

m2
B−p24

)
√

p24

√

4m2
B−p24

(

3p64−4p44(s+ t)−p24
(

s2−5st+ t2
)

+st(s+ t)
)

2
(

p24−2s
)(

p24−2t
)(

2m2
B+p24−s

)(

2m2
B+p24− t

)

B
(

s, t,p24
)

= −
√

p24

√

4m2
B−p24

(

2m2
B+p24

)

s
(

−10m4
B−3m2

Bp
2
4+3p44

)

3
(

p24−2s
)(

p24−2t
)(

2m2
B+p24−s

)(

2m2
B+p24− t

)

−
√

p24

√

4m2
B−p24

(

2m2
B+p24

)(

3s2
(

m2
B+p24

)

−p24
(

2m2
B+p24

)(

3p24−5m2
B

))

3
(

p24−2s
)(

p24−2t
)(

2m2
B+p24−s

)(

2m2
B+p24− t

)

−
t2
√

p24

√

4m2
B−p24

(

m2
B+p24

)

(

p24−2s
)(

p24−2t
)(

2m2
B+p24− t

)

+
t
√

p24

√

4m2
B−p24

(

2m2
B+p24

)(

10m4
B+3m2

Bp
2
4−3p44

)

3
(

p24−2s
)(

p24−2t
)(

2m2
B+p24−s

)(

2m2
B+p24− t

)

−
st
√

p24

√

4m2
B−p24

(

20m4
B+m2

B

(

p24−3s
)

−3p24
(

p24+s
))

3
(

p24−2s
)(

p24−2t
)(

2m2
B+p24−s

)(

2m2
B+p24− t

) . (B.2)
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