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Abstract
This thesis focuses on algorithms to support real-time railway traffic
management. The thesis is situated in the research context of dynamic
capacity improvement, which aims at increasing railway capacity using the
currently existing reserves in the system to schedule new services without
construction of new infrastructures. The key idea of dynamic capacity
improvement is to increase planning and operating precision through
automated systems, such that time reserves at capacity bottlenecks can
be reduced or even eliminated. The algorithms proposed in this work
are integrable into the current information flows of traffic management to
enable automated traffic rescheduling and, as a consequence, more timely
and accurate information to customers.

Previous works in this research context have developed algorithms
to support timetabling, rescheduling and speed control. In particular,
the work by Fuchsberger (2012) set the basis for the present thesis. He
developed a rescheduling algorithm for major station areas with complex
topology and very dense traffic. The algorithm was based on the resource
conflict graph, which is a mathematical formulation of the railway traffic
rescheduling problem enabling retiming, reordering, rerouting, reservic-
ing and speed advisory decisions. The present thesis aims at further
developing that algorithm and makes four main contributions to this end:

• an extension of the resource conflict graph model that enables
decisions on several operation points to be modelled explicitly,
which makes the formulation more suitable for rescheduling in
simple topologies;

• a simulation-based approach, based on the green wave principle, to
generate the blocking time stairways linked to the decision variables
of the resource conflict graph formulation, which enables different
train routings and speed profiles to be modelled precisely;

• a column generation framework that considerably reduces the com-
putational effort to solve the resource conflict graph formulation;
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• a non-hierarchical coordination approach for rescheduling in adja-
cent zones of the railway network that enables large train reschedul-
ing problems to be decomposed according to the available compute
server.

The validity and the effectiveness of these methods have been success-
fully tested using simulations of railway operations. Two very different
real-world railway networks from Switzerland have been used to show that
the proposed methodology is applicable to a large variety of situations:

• The double track section between Berne and Worblaufen managed
by the Regionalverkehr Bern Solothurn (RBS), which has a simple
topology but extremely dense traffic;

• The area around station Brugg managed by the Swiss Federal Rail-
ways (SBB), which presents both complex and simple topology
sections and very heterogeneous traffic.

The tests showed experimentally that the column generation framework for
the extended resource conflict graph formulation can solve train reschedul-
ing problems within the short times available during real-time traffic
management and the new adapted schedules are feasible, i.e. the model
extension is valid. The new adapted schedules significantly reduce con-
flicts with respect to a first come first served policy, which improves
the traffic flow and potentially reduces the overall energy consumption.
However, the tests have also highlighted that these improvements are
associated with an increase of the overall train delays (with respect to first
come first served), as the new schedules include larger headways and pos-
sibly some additional stops at operation points. This indicates a conflict
between the objective of dynamic capacity improvement and the green
wave principle, which has been used to generate the blocking time stair-
ways linked to the decision variables. Thus, there is the need for further
development of the simulation-based blocking time stairways generator
in future research. Finally, the tests showed experimentally that the non-
hierarchical coordination approach improves the consistency of decisions
at portals between zones, and, given that the local rescheduling problems
are much less complex than the centralised one, it has computation times
compatible with real-time railway operations.

Furthermore, the integration of the algorithms proposed in this thesis
into the control loops at SBB has been investigated, and it has been
shown that linking them with the current information flows of the traffic
management and customer information systems is straightforward. Thus,
it can be concluded that these algorithms can actually be exploited to
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support real-time railway operations and, as a consequence, to improve
timeliness and consistency of customer information.
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Zusammenfassung

Diese Dissertation befasst sich mit Algorithmen zur Dispositionsunterstüt-
zung des Eisenbahnbetriebs. Sie gliedert sich in den breiten Forschungs-
kontext der dynamischen Kapazitätssteigerung ein, die durch Nutzung
der bestehenden Zeitreserven im Bahnsystem zusätzliche Trassen zur
Verfügung zu stellen sucht. Die Grundidee der dynamischen Kapazitäts-
steigerung besteht darin, eine höhere Planungs- und Betriebspräzision zu
erreichen, so dass die Zeitreserven an den Kapazitätsengpässen verringert
oder ganz eliminiert werden können. Die Algorithmen aus dieser Arbeit
sollen in die aktuellen Informationsflüsse der Eisenbahnbetriebssteuerung
einbindbar sein, um die Automatisierung der Steuerung zu ermöglichen
und damit die Konsistenz und Aktualität der Kundeninformation zu ver-
bessern.

In früheren Arbeiten in diesem Kontext wurden Unterstützungsalgo-
rithmen für Fahrplanung, Disposition und Geschwindigkeitsanpassung
entwickelt. Insbesondere hat die Arbeit von Fuchsberger (2012), in wel-
cher er einen Dispositionsalgorithmus für hochkomplexe Bahnhofsbe-
reiche mit hochverdichtetem Verkehr entwickelte, die Grundlagen für
diese Dissertation gelegt. Die Basis des Algorithmus ist ein gemischt-
ganzzahliges lineares Modell des Dispositionsprozesses, ein sogenanntes
Resource Conflict Graph Modell, welches Entscheidungen zu Laufwe-
gen, Zeitanpassungen, Anschlüssen und Geschwindigkeitsvorgaben er-
möglicht. Diese Dissertation erweitert das bestehende Wissen um die
folgenden vier Elemente:

• Verallgemeinerung der Formulierung des Resource Conflict Graph
Modells, um Entscheidungen an mehreren Betriebspunkten expli-
zit zu modellieren, so dass sie für die Disposition in einfachen
Gleistopologien geeignet ist.

• Simulationsbasiertes Verfahren für die Erzeugung der Sperrzeiten-
treppen, die mit den Entscheidungsvariablen des Resource Conflict
Graph Modells übereinstimmen, so dass verschiedene Laufwege
und Geschwindigkeitsprofile präzis modelliert werden können. Die
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erzeugten Sperrzeitentreppen sind konform zum Prinzip der grünen
Welle.

• Column-Generation-Verfahren, welches das Lösen des Modells
beschleunigt, so dass die Rechenzeit für einen neuen Fahrplan die
kurze, in der Eisenbahnbetriebssteuerung verfügbare Zeit nicht
überschreitet.

• Ein nicht-hierarchisches Koordinationsverfahren für benachbarte
Dispositionszonen, welches die Verteilung von grossen Dispositi-
onsproblemen, die nicht zentralisiert lösbar sind, ermöglicht.

Diese Methoden wurden mittels Eisenbahnbetriebssimulationen validiert.
Um die Aussagekraft der Experimente zu optimieren wurden zwei unter-
schiedliche Eisenbahnnetze betrachtet:

• Die vom Regionalverkehr Bern-Solothurn (RBS) betriebene zwei-
spurige Strecke zwischen Bern und Worblaufen mit einer einfachen
Gleistopologie aber sehr dichtem Verkehr.

• Die Region um Brugg mit heterogenem Verkehr und komplexer
Gleistopologie, welche von der Schweizerischen Bundesbahn (SBB)
betrieben wird.

Die Validität der Modellerweiterung wurde bestätigt. Das Column-Generation-
Verfahren für das erweiterte Resource Conflict Graph Modell kann das
Dispositionsproblem innerhalb der verfügbaren Zeit lösen. Die Anzahl
Konflikte werden im Vergleich zu einer First-Come-First-Served Strategie
verringert, so dass die Verkehrsflüsse verbessert werden. Die Experimente
haben jedoch auch gezeigt, dass diese Verbesserungen im Vergleich zur
First-Come-First-Served-Strategie mit grösseren Zugsverspätungen ver-
bunden sind, weil die neu generierten Fahrpläne längere Zugfolgezeiten
vorsehen. Diese Resultate zeigen, dass die Grundidee der dynamischen
Kapazitätssteigerung und das Prinzip der grünen Welle in Konflikt stehen.
Dies liesse sich durch eine Weiterentwicklung des simulationsbasierten
Verfahrens für die Erzeugung der Sperrzeitentreppen korrigieren und wird
als vielversprechendes Thema für die zukünftige Forschung empfohlen.
Des Weiteren haben die Experimente gezeigt, dass das nicht hierarchische
Koordinationsverfahren die Konsistenz der Entscheidungen an den Gren-
zen der Dispositionszonen verbessern kann, wobei die Rechenzeiten den
Ansprüchen der Betriebssteuerung genügen. Dies wird durch die Auftei-
lung des grossen zentralen Dispositionsproblems auf mehrere kleinere,
signifikant einfacher zu lösende, lokale Dispositionsprobleme erreicht.
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Dazu wurde eine mögliche Integration der entwickelten Methodik
in die bestehenden Betriebssteuerungsprozesse der SBB untersucht und
nachgewiesen, dass sie einfach in die bestehenden Informationsflüsse
eingebunden werden kann. Damit können die Algorithmen dieser Disser-
tation zur Dispositionsunterstützung angewandt werden. Dadurch können
die Konsistenz und Aktualität der Kundeninformation verbessert werden.
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Riassunto
Questa tesi tratta di algoritmi per il supporto della gestione del traffico
ferroviario e si inserisce nell’ambito di ricerca di aumento dinamico del-
la capacità. Quest’ultimo mira a sviluppare soluzioni automatizzate per
accrescere la precisione del piano orario e della sua esecuzione, in modo
da poter utilizzare parte delle riserve attualmente esistenti nel sistema per
pianificare nuovi treni, senza conseguenze negative sulla qualità del servi-
zio. L’integrazione di questi algoritmi negli attuali flussi di informazioni
dei sistemi di controllo del traffico ferroviario ha un ruolo fondamentale
in questa tesi in quanto chiave per l’automatizzazione della gestione del
traffico e, come conseguenza, per il miglioramento in termini di tempo
e accuratezza dell’informazione ai passeggeri e agli attori coinvolti nel
trasporto merci.

I lavori di ricerca precedenti in questo ambito si sono concentrati
sul supporto alla costruzione del piano orario, alla gestione in tempo
reale del traffico e sul controllo proattivo della velocità dei treni. La
tesi di Fuchsberger (2012), in particolare, ha posto le basi per il lavoro
riportato di seguito in quanto ha sviluppato un algoritmo, basato sulla
rappresentazione del problema tramite un modello resource conflict graph,
per la gestione del traffico in tempo reale in grandi stazioni ferroviarie
con una topologia complessa e grandi volumi di traffico. Questa tesi mira
ad estendere tale algoritmo e porta, principalmente, quattro contributi:

• l’estensione del modello resource conflict graph per la rappresen-
tazione diretta di decisioni in più di un punto di esercizio, così da
poterlo utilizzare per la modellizzazione del problema non solo in
grandi stazioni con topologie complesse ma anche in tutti gli altri
tipi di area.

• un metodo basato su simulazioni per generare le traiettorie alterna-
tive legate alle variabili del modello, secondo il principio dell’onda
verde. In questo modo è possibile modellare accuratamente sia la
dinamica dei treni che quella legata agli apparati centrali, e quin-
di considerare un grande numero di percorsi e profili di velocità
alternativi.
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• un approccio basato sulla generazione di colonne che permette
di accorciare i tempi di risoluzione del modello per ottenere un
nuovo piano orario adattato alla situazione attuale. In questo modo
è possibile considerare una grande quantità di alternative per i
percorsi, gli orari di partenza e arrivo, e i profili di velocità, senza
eccedere il poco tempo disponibile per la gestione in tempo reale
del traffico.

• un sistema non gerarchico basato su negoziazioni per coordinare
la gestione di zone adiacenti, che quindi permette di decomporre il
problema a seconda della potenza di calcolo disponibile.

Per garantire l’applicabilità dei metodi a una vasta gamma di situazioni,
la validità e l’efficacia di questi quattro elementi è testata empiricamente
utilizzando simulazioni dell’esercizio in due porzioni della rete ferroviaria
svizzera con caratteristiche molto diverse:

• La tratta a doppio binario tra Berna e Worblaufen controllata da Re-
gionalverkehr Bern Solothurn (RBS), dove la topologia è semplice
ma il traffico estremamente denso.

• La regione centrata su Brugg gestita dalle Ferrovie Federali Svizzere
(FFS), che si trova all’incrocio di due corridoi con traffico molto
disomogeneo e dove convivono topologie di diversa complessità.

I test dimostrano empiricamente la validità dell’estensione del modello
resource conflict graph nel generare piani orari eseguibili e l’efficacia del
metodo basato sulla generazione delle colonne nel risolvere il modello
nell’intervallo di tempo disponibile durante la gestione in tempo reale
del traffico. Nella maggior parte degli scenari simulati, l’applicazione del
piano orario generato usando i metodi sviluppati in questa tesi riduce il
numero di conflitti che occorrono tra i punti di esercizio rispetto a una
strategia First-Come-First-Served. Ciò migliora il flusso del traffico e po-
tenzialmente riduce la quantità di energia consumata complessivamente,
ma allo stesso tempo aumenta il ritardo cumulato a causa di tempi molto
lunghi nelle riservazioni dei percorsi e, in alcuni, casi, anche di fermate ag-
giuntive ai punti di esercizio. Questi risultati indicano un’incompatibilità
tra il concetto di aumento dinamico della capacità e il principio dell’onda
verde, che è stato utilizzato per generare le traiettorie alternative che
possono essere selezionate dal modello. Pertanto, un approccio per la ge-
nerazione delle traiettorie che permetta ai treni di viaggiare più ravvicinati
tra loro incontrando un numero di segnali dagli aspetti gialli dovrebbe
essere al centro di lavori di ricerca futuri. Gli esperimenti hanno anche
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dimostrato che la strategia non gerarchica di coordinazione migliora no-
tevolmente la coerenza delle decisioni ai portali tra le aree gestite da
modelli indipendenti e che i tempi di calcolo dello schema distribuito
sono compatibili con un utilizzo in tempo reale di questi algoritmi, dato
che la complessità dei modelli locali è molto minore di quella del modello
centralizzato.

Infine, l’integrabilità di questi metodi negli attuali sistemi di controllo
del traffico ferroviario di FFS è stata investigata ed è stato possibile
mostrare che il loro inserimento nei flussi di informazioni dei sistemi di
gestione del traffico e di informazione alla clientela è semplice. Pertanto,
si è potuto concludere che questi algoritmi possono effettivamente essere
utilizzati come supporto per la gestione del traffico in tempo reale e che,
come conseguenza, porterebbero a un miglioramento della coerenza e
della tempestività delle informazioni per la clientela.
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Chapter 1

Introduction
During the last decades, demand for rail transport has grown considerably
in Switzerland, and the number of public transport passengers and rail
freights are estimated to continue growing rapidly (+51% public transport
passenger-kilometers and +40% rail freight ton-kilometers by 2040 with
respect to 2010, Federal Office for Spacial Development, 2016). In order
to face the challenge to serve more passengers and transport more goods
on the existing infrastructure without loss of service quality, there is a need
for new support systems for railway traffic planning and control which
consider customers’ requirements in mixed-traffic railway networks.

The next subsection gives further details on the motivation of the
present thesis. Section 1.2 states the research question and hypotheses.
Section 1.3 outlines the structure of the thesis.

1.1 Motivation
In February 2014, the referendum for the funding and expansion of rail-
way infrastructure (FABI, Bundesversammlung der Schweizerischen Ei-
dgenossenschaft, 2013) has been accepted by Swiss voters, and now it
ensures substantial economic resources to railways. Nevertheless, most
of these resources have to be used to maintain the existing infrastructure,
and only little remains for expansion projects. Furthermore, network
expansions are not only expensive but also need a long time to be imple-
mented and have irreversible effects on landscape and urban development.
Thus, better utilisation of the existing infrastructure should be preferred
to network expansion.

The higher the utilisation, the larger the conflict potential1. This

1see, e.g., Müller (2017) who analysed the conflicts being resolved in one of the SBB control centres
and concluded that both the increased quantity of passengers in rush hours and the higher number of
freight trains in off-peak times increase the number of conflicts
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suggests that, without an improvement of the current planning and control
processes, an increase of infrastructure utilisation to allocate the rapidly
increasing demand might have negative consequences on the service
quality, which might cost a shift to more pollutant motorised individual
transport.

The increase of infrastructure utilisation to allocate additional travel
demand without affecting the service quality has been denoted as dy-
namic capacity improvement by Weidmann et al. (2015), who identified
automation as the key to achieve it. Railway automation is enabled by the
following five technical elements:

• Automated real-time rescheduling: adapting the published timetable
in real-time according to the current traffic situation to prevent and
resolve conflicts;

• Speed profiles optimisation: computing speed profiles that ensure
precise implementation of the schedule and prevent unplanned
stops;

• Automatic train operation: driving trains automatically in order to
apply the optimal speed profiles precisely;

• Integrated control for rescheduling and train driving: combining the
previous three elements within a cascade control loops system to
fully exploit the benefits of each one;

• Optimised distribution of time-reserves: recognising where buffer
times are needed and tuning them accurately by considering the
service intention and the characteristics of trains.

The key idea of dynamic capacity improvement is to increase planning
and operating precision such that time reserves at capacity bottlenecks
can be reduced or even eliminated. By using technologies that improve
the precision of planning and operation, the Swiss Federal Railways, for
example, anticipate that they would be able to plan around 15%-30% more
trains on their network without the construction of new infrastructures
(Meyer, 2017).

Figure 1.1 shows the research context of railway automation, in which
this dissertation is situated. Railway automation enables higher precision
at all five levels of planning and operations. At the first, more strategic,
level it contributes to the definition of the functional requirements for
customer oriented railway services with better estimations of transport
chains, acceptable time windows, and required levels of services. These

2
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Figure 1.1: Conceptual framework for railway automation (adapted from
Weidmann, 2015).

functional requirements are propagated to the other levels (solid arrows in
Figure 1.1), where they act as the backbone of the boundary conditions and
objectives for the corresponding tasks. Thus, a preciser definition enables
the most appropriate resources and degrees of freedom to be exploited
for planning and operating the different services. If the task of one of the
following levels results infeasible due to the functional requirements, a
request to soften them can be propagated up (dashed arrows).

At the second level, automation enables the generation of network-
wide macroscopic schedules and vehicle assignments that better reflect the
functional requirements and in shorter times than current processes. This
allows the macroscopic scheduling and vehicle assignment processes to
be moved from the current tactical timeframe (i.e., usually occurring once
a year) to the operational one (i.e., the schedule and the corresponding
vehicle assignment are computed every day or more often). Therefore, the
system can react more quickly and reassign vehicles and infrastructures
appropriately in case of major disruptions (e.g. suppress single trains or
lines, or reroute them to bypass the affected area) and drastic demand
changes (e.g., select appropriate vehicle size, or tune dwell times). The
macroscopic schedule and the vehicle assignment plan are propagated

3
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down to the following levels, where they constitute the reference values
for computing quality measures (e.g., delays) and train dynamics.

At the third level, automation improves coordination of neighbouring
capacity bottlenecks and supports dynamic network decomposition in
areas of tractable size (depending on, e.g., traffic density and complexity
of track topology) for the next levels. In fact, planning and operations of
railway networks are usually too complex to be managed at a microscopic
detail level in a fully centralised way (see Section 3.3 for further reading).
Thus, appropriate decomposition and coordination enable safeguarding
global feasibility at a microscopic level and set the basis for generating
microscopic local schedules that target a common global optimum. The
network partitioning and the coordination targets are propagated down to
the next level.

At the fourth level, automation enables fast generation of microscopic
local schedules that are optimal with respect to the functional require-
ments, the time windows and the coordination targets fixed by the previous
levels. Consequently, local schedules can be computed in real-time ac-
cording to the current traffic situation, which further improves the reaction
capability of the system considerably. Thus, the negative consequences of
higher infrastructure utilisation mentioned above can be mitigated. Then,
the microscopic schedules can be passed to the last level for application.

At the fifth level, automation enables trains to follow the instructions
received by the previous levels more precisely. This prevents conflicts be-
tween trains, unnecessary braking actions and stops in front of red signals
that would result in longer infrastructure occupations and consequently
capacity losses. If the problem at any level results infeasible, it is reported
to the upper one, which tries to enlarge the solution space of the following
ones by softening the requirements that it propagates down.

This dissertation contributes to the third and fourth levels of railway
automation (Figure 1.1). The thesis focuses on algorithms for coordi-
nated real-time rescheduling in highly congested main station zones (or
condensation zones2) and inbound lines in neighbouring regions (or com-
pensation zones2). Figure 1.2 shows a conceptual view. These algorithms
are designed to cope with disturbances, as defined by Cacchiani et al.
(2014), and provide optimal schedules which minimise delays and/or
customer inconvenience for the entire area considered. Disturbances are
little deviations from the published timetable or failures of single technical
components, which should be solved without modifying the rolling stock
circulation and the crew shifts (Cacchiani et al., 2014). Examples are:

2Definitions in Section 4.1.1
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Figure 1.2: The orange circle denotes a condensation zone, and the blue
areas indicate compensation zones. The dashed circle indi-
cates the focus of this PhD: Rescheduling in condensation
zones and inbound lines.

• Prolonged dwell time of a passenger train at a station, which might
require some follow-up train to be assigned a different platform
from planned;

• Delayed trains on the open track, which might cause secondary
delays for follow-up trains on the same track or at junctions;

• Single tracks or switches that cannot be used properly, thus requiring
trains to use alternative infrastructure resources than planned.

Disruptions, which are major events that can only be solved by changing
rolling stock and crew assignments, are not in the scope of the current
research. Examples could be:

• A power outage in a station or line, requiring all trains to by-pass
the area;

• The failure of several tracks and switches, which forces trains to
by-pass the area or to do short-turns.

Both operators and customers would benefit from the implementa-
tion of these rescheduling algorithms. Infrastructure managers could
schedule more trains with reduced buffer times, without loss of stability.
Information to customers could be improved, thanks to the pieces of infor-
mation provided by these algorithms. In fact, the new schedule computed
considering the current traffic situation can be used to inform customers
more timely and consistently about train delays, platform changes, and
connections missed.

5
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1.2 Research question and hypotheses
This dissertation aims at answering the following question:

How can algorithmic real-time rescheduling procedures sup-
port the resolution of small disturbances in railway operations
in condensation zones and inbound lines, in order to make
traffic management automatable and, as a consequence, im-
prove consistency and timeliness of passenger information?

In order to answer this question, the following ten hypotheses are pro-
posed:

H1 The relevant functional requirements of traffic management can be
described in a way, which makes uniquely determinable whether a
rescheduling method satisfies them or not.

H2 One or more mathematical models can represent the functional
requirements from H1.

H3 The parameters for these models can be obtained with either the
current safety system based on lineside signalling and tracking or
the European Train Control System (ETCS) Level 2.

H4 Traffic management consists of subtasks, whose boundary condi-
tions and goals can be written using the models of H2. Then, the
subtasks of traffic management are optimisation problems in these
variables.

H5 For each optimisation problem of H4, there is an algorithmic method
that solves it within the short time available during real-time opera-
tions without the solution quality failing under a minimal definable
threshold.

H6 There is a combination of the algorithms of H5 that returns either a
feasible new schedule adapted to the current traffic situation or the
proof that no such schedule exists within the modelling assumptions.

H7 The most common rescheduling measures (e.g., retiming departures,
changing the train orders, giving up passenger connections, etc.)
can be handled within the algorithms of H6.

H8 The application of the optimal rescheduling measure can be auto-
mated.

6
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H9 Consistency and timeliness of passenger information can be im-
proved thanks to the algorithms of H6.

H10 It is possible to define a category of ”small disturbances” and the
proposed approach provides feasible schedules for every scenario
rising from this category.

1.3 Outline
The thesis is structured as follows. Chapter 2 summarises the basic princi-
ples of railway operations and control and gives an overview of current
traffic management and customer information at Swiss Federal Railways
(SBB). The chapter is concluded with the functional requirements that
new algorithmic rescheduling systems must meet in order to be applicable
to real-world railway operations. Chapter 3 reviews the literature on math-
ematical models and algorithmic methods for railway operations planning
and management, including approaches to problem decomposition. Chap-
ter 4 presents the main contributions of the dissertation:

• a local rescheduling approach suitable for both condensation and
compensation zones,

• a column generation based solution method for fast solution finding,

• and a coordination strategy for rescheduling over multiple areas.

Computational experiments are performed in Chapter 5. The experiments
are designed to check the validity of the models and algorithms for railway
traffic rescheduling, as well as to test their solution quality per compu-
tation time performance and their scalability in three test scenarios of
different network size and timetable characteristics. In Chapter 6, the
results of the experiments are discussed, the validity of the proposed
approaches assessed, and the hypotheses checked. Furthermore, the re-
sulting rescheduling approach is placed into the control loops of railway
operations. The information flows requirements and time thresholds for
decision making and implementation are specified. Chapter 7 summarises
the main findings of the thesis, answers the research question, and outlines
open problems for future research.
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Chapter 2

Background and
functional requirements

This chapter introduces the reader to the matter of this thesis and defines
general concepts and boundary conditions that will be used hereinafter.
Section 2.1 presents the basic principles of railway operations and control.
Section 2.2.1 describes traffic control systems and processes currently
applied by SBB1, who serves as a case study for this work. Section 2.2.2
outlines the functioning of customer information system CUS that cur-
rently manages information for the entire Swiss public transport network.
Section 2.3 summarises the functional requirements of traffic management
and customer information that a new algorithmic rescheduling system
must satisfy to be implementable in practice.

2.1 Principles of railway operations and con-
trol

The essential elements of a railway system are the infrastructure, the
rolling stock and the operational rules and processes that ensure safety
and efficiency (Pachl, 2015). Given the low resistance between the wheels
and the rails, trains have long braking distances, and the look-ahead ca-
pability of train drivers is not sufficient to ensure at the same time safe
operations and high infrastructure utilisation. For this reason train separa-
tion is safeguarded by interlocking and signalling systems. Furthermore,
a timetable provides the train routes, orderings, and departure times at the
relevant infrastructure points.

Safe railway operations are currently enforced by fixed block sig-

1Swiss Federal Railways, railway infrastructure manager and train operator in Switzerland
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nalling. Railway networks are partitioned into blocks that are delimited by
signals. Interlockings prepare train routes by moving switches, blocking
the corresponding infrastructure elements, and regulate the access of trains
into blocks through signals. Each block can host at most one train at a
time, and trains must be able to stop within the distance they have reserved
ahead (Blocking time theory, Pachl, 2008). The time an infrastructure
resource is blocked by a train is referred to as blocking time interval, and
the sequence of blocking time intervals on a train path is referred to as
blocking time stairway. The blocking time interval begins when the train
head passes the corresponding detection point and ends when the tail
passes the axle counter or insulated joint situated at the end of the infras-
tructure resource plus a small release time needed by the interlocking to
actually release the resource. Some state-of-the-art technologies2 enable
continuous communication with trains. Thus, loosing the dependence
on track-side signals, such that rights of way can be transmitted at any
moment and trains may be allowed to travel faster by reserving several
blocks at a time. In a long term perspective, this signalling system may be
replaced by moving block signalling.3 Moving block signalling defines
blocks dynamically depending on train position and speed. From a traffic
management perspective, this is equivalent to fixed block signalling where
infrastructure resources have infinitesimal length and trains can reserve
several blocks at a time (Wendler, 2007). Thus, the current work focuses
on fixed block signalling with special attention to those systems allowing
trains to reserve several resources at a time.

Railway services are organised in timetables. Different timetable
granularities exist. Usually, customers can visualise the itineraries on
the network and the departure and arrival times at stops, while traffic
managers work with a much finer schedule including local routes within
junctions and passing times at all relevant infrastructure points (e.g., sig-
nals, track-circuits, axle-counters, etc.). In the context of this thesis,
unless explicitly specified, the latter is considered. In general, accord-
ing to Schranil and Weidmann (2013), ”an operation disturbance is an
unexpected deviation from scheduled operations that requires the use of
unplanned resources to resolve”, where the resources are the set of vehi-
cles, infrastructure, information (including traffic control systems), staff,
operations (procedural operation aspects), and customers’ time, money
and comfort. The disturbances investigated in this thesis are relatively
small and meet the definition of Cacchiani et al. (2014) as they ”can

2e.g., ERTMS(/ETCS Level 2, with which the main European lines are currently being equipped.
3e.g., ERTMS/ETCS Level 3.
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Figure 2.1: Railway control (Rao et al., 2016)

be handled by rescheduling the timetable only, without rescheduling the
[vehicles and staff] resource duties”.

Railway traffic control ensures the compliance with the previously
mentioned safety processes and service quality targets and is usually or-
ganised over two control levels (Lüthi, 2009). An ”outer” control loop
(often referred to as traffic management) is responsible for supervising
traffic and intervening to prevent or resolve conflicts. Intervention con-
sists in modifying the timetable with rerouting, reordering, and retiming
trains, re-servicing (e.g., give up passenger connections, cancel trains,
Corman and Meng, 2013), and speed advisory. An ”inner” control loop
focuses on the single train operation and adapts acceleration, cruising,
coasting, and breaking phases to achieve the targets prescribed by the
outer loop and respect the safety standards.

Conventionally, human dispatchers and train drivers are the decision
makers in the outer and inner control loops, respectively. Thanks to recent
developments in both algorithms and technical equipment, dispatchers and
train drivers are increasingly supported by automatised advisory systems,
which enable them to take more informed decisions and increase the
overall system performance (Weidmann et al., 2015). Figure 2.1 shows
an overview of the mentioned control loops with integrated decision
support system (DSS) for dispatchers, driver advisory system (DAS), and
automatic train operation (ATO). An important output of the outer control
loop which is not mentioned in Figure 2.1 concerns customers. In fact,
passengers and freight forwarders need to be informed about decisions
that impact their transport chains. This interaction of traffic management
with customer information is investigated by the current work.

The current work aims at improving decision support for the outer
control loop (i.e., traffic management). The reference state for this control
loop is given by the timetable with predetermined train orderings and
local routings. The input and output data depend on infrastructure and
rolling stock equipments. With classical lineside signalling equipment

11
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and no mobile communication, the position of trains can only be recorded
at track circuits and trains can receive information only at fixed signals,
which usually can display only a limited selection of information. With
newer signalling systems such as ETCS Level 2, which is being rolled
out on the main European lines, it is possible to communicate with trains
continuously and a wider range of information can be exchanged. Given
the long life span and the high cost, several generations of railway sig-
nalling equipments usually coexist within a railway system. Thus, the
current work aims at developing approaches that are flexible with respect
to granularity and frequency of input and output.

2.2 Current railway operations and customer
information in Switzerland

The Swiss Federal Railways (Schweizerische Bundesbahnen, SBB) are
Switzerland’s largest infrastructure manager with a controlled territory of
3’172 track kilometres (SBB AG, 2015). The average traffic on each main
track amounts to 101.5 trains per day. Traffic is generally mixed, with a
daily average of 1.21 millions passengers and 205’000 net tons of goods
transported. SBB also manages the customer information system for the
entire Swiss public transport network. In this section, the main features of
traffic management and customer information at SBB are presented.

2.2.1 Rail traffic management at SBB
The principles of traffic management at SBB are described in SBB AG
(2014b). Railway operations are planned and controlled from five national
centres: an operation centre (Operation Centre Infrastruktur) in Berne
is responsible for network-wide planning, supervision, and reporting;
while the control centres (Betriebszentrale) in Zurich, Olten, Lausanne
and Pollegio supervise specific parts of the network and are involved
in rescheduling, train control, and customer information. The Berne
operation centre is also in charge for scheduling extra trains through the
network and intervening in case of large disruptions. Up to one day
before the schedule is executed, in each control centre, planners define
local routes and refine the schedules of train movements through their
controlled areas. Then, these pieces of information are used to generate
train routing data (Zuglenkdaten, ZLD) for the interlocking control system
ILTIS (Siemens, 2018). During railway operations, train routing data are
automatically implemented by the centralised train control system (CTC,
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Interlocking Interlocking

ILTIS

RCS-Dispo

ALEA HOT ADL ZLD

UNO

timetable

Figure 2.2: Railway Traffic Control at SBB (adapted from Oettich and
Caspar, 2015)

refer to Pachl, 2015, for details) , which manages interlockings, unless an
operator modifies them manually.

The railway infrastructure is composed by operation points, which are
stations, stops, and junctions. To each control centre is assigned a number
of adjacent operation points. In control centres, rail traffic management
is organised hierarchically. Each dispatcher supervises a specific sector,
which is a relatively large set of adjacent operation points. Each CTC
operator manages a specific part of a sector (often a minor line with several
small operation points or a part of a large one) in which he/she implements
the dispatcher’s decisions. Visualization and implementation support is
available for both dispatchers and CTC operators. Interlocking plants are
remotely managed with CTC system ILTIS. Timetable data including local
routings and train orders at junctions saved as ZLD are applied by ILTIS
to reserve train paths when detection points are passed. CTC operators
can change ZLD data to reroute and reorder trains. At the upper decision
level, system RCS-Dispo supports dispatchers by providing an overview
of current and predicted traffic and highlighting conflicts (Dolder et al.,
2009). Coordination among neighbouring sections is usually achieved via
oral communication between dispatchers. Figure 2.2 shows the current
rail traffic control support at SBB.

13
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Specific decisions start to be automatised at SBB, and some fully au-
tomated systems have already been rolled out. RCS-Dispo autonomously
applies wait-depart thresholds for passenger connections. Note that, even
in case of fully manual operations, Swiss dispatchers must apply given
thresholds for waiting delayed feeder trains (Z/C 505.1; Z/C 505.2). These
thresholds are agreed between the infrastructure manager and the train
operators during the definition of the yearly timetable. System RCS-HOT
autonomously manages trains at Killwangen junction by setting train
orders and speeds (Oettich and Caspar, 2015). In the Lötschberg base-
tunnel, where a double track line converges to a single track, unplanned
stops are prevented thanks to speed advices provided by the Automatic
Function (Mehta et al., 2010). All other decisions to resolve small dis-
turbances are still taken by human dispatchers and manually applied by
CTC operators. Contingency plans to resolve large disruptions (entire
blockade of a track or a line) developed by experienced traffic managers
are stored in system ALEA. Dispatchers can adapt these solution patterns
for real-time intervention. In addition, the entire network is equipped with
system ADL (Adaptive Lenkung), which provides train drivers with speed
advices to prevent full stops in front of red signals (Völker, 2013).

2.2.2 Customer information in Swiss public transport
system

In many countries, each train operating company is responsible for in-
formation to the own customers. Differently, the Swiss Federal Office
for transportation has mandated SBB to put on and manage a platform
(CUS) which provides customer information for the entire public trans-
port system in Switzerland (including regional and city networks, buses,
and other train operating companies, Strässle and Schneeberger, 2017).
This platform automatically receives data from several sources and sends
information to many interfaces.

Figure 2.3 shows the information in- and outflows of customer infor-
mation system CUS. Static databases CUSMDM and INFO+ contain the
trains that are supposed to run through each station and the published
timetable. Control system LTA and schedule database VDV update in-
formation about train, tram and bus positions and routes. The traffic
management systems MIMI CUS and RCS-Dispo give information about
predicted delays and connections. Train operating companies keep infor-
mation about the planned service, train compositions (Kompo-EVU) and
seat reservations (PLABE) up to date. Data are used to provide stations,
online systems and staff with information about the current traffic situation

14



2.3. Functional requirements for decision support systems
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Figure 2.3: Customer information in Switzerland (adapted from Strässle
and Schneeberger, 2017)

and the effects on passengers’ transport chains. Most data are recorded
and transmitted automatically. In control centres, about 50 customer in-
formation specialists care about the few manual inputs (i.e., source of
disturbances and guiding passengers in case their transport chain is bro-
ken). An ongoing project aims at improving automation also in these tasks.
Currently, this sophisticated system is only available for passenger traffic.
Information about freight trains is still transmitted by phone. However,
there is a trend towards refining tracking of freights.

The system is centralised, but in case of failure, customer information
systems at stations still receive information about the scheduled trains
from the static database and local information about train positions and
routings from the interlocking plants. Time horizons for taking decisions
about connections are agreed with the involved stakeholders to be six
minutes for regional and eight minutes for long-distance traffic. There is
no official time limit to change platforms or communicate delays because
it strongly depends on station topology and alternative connections.

2.3 Functional requirements for decision sup-
port systems4

To reflect the actual railway operations and be useful for real-time traffic
management, models and algorithms for rescheduling should satisfy a
number of functional requirements. This section summarises these re-
quirements which are drawn from the previous sections and the general

4This section is based on Toletti et al. (2015b), section 2

15



Chapter 2. Background and functional requirements

features of railway operations. The requirements can be grouped in three
categories: (1) infrastructure; (2) rolling stock; (3) operations. In addition,
systems aiming at supporting traffic management have to consider the data
flows; i.e., the pieces of information that can be gathered from real-time
operations, the messages that can be passed to customers, infrastructure
and trains, and the times needed for such communications (Weidmann
and Sinner, 2016).

2.3.1 Infrastructure
Railway infrastructure prescribes the static physical boundaries of railway
operations. Infrastructure networks are usually represented using graphs.
The granularities of these representations differ considerably depending
on the applications. Macroscopic infrastructure models (or macroscopic
topologies) usually contain only stations, junctions, and links between
them. Information on quantity and length of tracks, average running
time, and capacity is usually associated with these macroscopic links.
Detailed representations of railway infrastructure including permissible
speeds, gradients, radii, signals, block sections, and track-circuits are
usually referred to as microscopic infrastructure models (or microscopic
topologies).

According to Radtke (2014), conflict detection and resolution requires
a microscopic infrastructure model. In fact, according to the blocking time
theory (see Section 2.1 and Pachl, 2008), when the blocking time intervals
of a resource of different train movements overlap, there is a conflict.
The resources are defined by the train protection system and delimited
by insulated joints and axles counters, which can only be represented
on a microscopic infrastructure model. Thus, microscopic models are of
particular relevance for the purpose of the present work.

Note that, if the energy supply of a network is not uniform, also
this element should be considered by the infrastructure model. As this
thesis aims at identifying suitable models for rescheduling traffic on the
Swiss railway network, and this network is completely and uniformly5
electrified, this element is neglected here.

2.3.2 Rolling stock
The rolling stock represents the dynamic physical boundaries of railway
operations. The length of trains influences the occupation time of infras-
tructure resources and may limit overtaking and routing and influence

5with 15 kV, 16.7 Hz AC railway electrification system
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rescheduling solutions (as shown, e.g., by Toletti et al., 2015a). The
maximum speed on a track is determined by acceleration and braking
capabilities of rolling stock combined with train length, mass, resistance,
and infrastructure properties (curvature, gradient, signalling system and
block length). The feasible dynamics for each train on each track can be
obtained using these elements and considering the timetable (see, e.g.,
Brünger and Dahlhaus, 2014, for further information on train dynamics).
Cordeau et al. (1998) highlighted that speed can be represented either by
fixed profiles or by variable ones. Considering fixed speed profiles reduces
the number of variables, which decreases the size of the model but also
limits the degrees of freedom for finding solutions. For instance, energy
consumption cannot be optimised using fixed speed profiles because the
relevant degrees of freedom are missing.

Furthermore, nonuniform gauge, energy supply or safety system may
limit the access to some parts of the network to specific types of rolling
stock. Hereinafter, this will be neglected due to two reasons. First, the
current work focuses on the adaptation of an existing timetable. And
it is assumed that the rolling stock assigned to the trains in the original
timetable is compatible with the scheduled routes. Second, this thesis
focuses on small disturbances that do not require the modification of
rolling stock assignments. Thus, it is not necessary to consider track
access limitations due to the gauge, the energy supply, and the safety
system. Only train dynamics and track access limitations due to the train
length are considered among the functional requirements for the decision
support systems to be developed in this work.

2.3.3 Train protection and control processes

Additional requirements are prescribed by safety, monitoring and inter-
vention features, and operational interdependencies. As mentioned in
Section 2.1, safe operations are currently ensured by fixed block sig-
nalling systems and there is a trend towards systems allowing trains to
block several resources at a time (e.g., ETCS Level 2). Thus, to account
for both the current and future safety requirements, models for traffic
management must be able to ensure safe operations with the current fixed
block signalling system with the possibility to reserve several blocks at a
time. 6

Given that trains are not self-organising, if a train cannot reserve the

6If the signalling system of the reference network is not uniform, then the representations of infrastruc-
ture and rolling stock should include the corresponding pieces of information.
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next resources on its itinerary, it cannot continue its run and has no other
possibility than to stop in front of a red signal. This can be due to

conflict case 1 another train is blocking one required resource,

conflict case 2 the resource is out of service (e.g., for maintenance),

conflict case 3 the waiting for an ”enabling event” such as a scheduled meet-pass
or a passenger connection or even the arrival of the rolling stock at
the departure point.

To prevent or resolve this situation dispatchers have different possibilities:7

• retiming events, e.g., delay the arrival at or the departure from
an infrastructure resource such that the train uses the contended
resource after the one currently occupying it (conflict case 1) or
after the ”enabling event” has taken place (conflict case 3);

• reordering trains on shared infrastructure, e.g., give the right of way
to the first train arriving at a convergence of multiple lines even if
it was scheduled to follow another train which has not reached the
point yet (conflict case 3);

• rerouting trains locally, e.g., a platform change, or globally, e.g., let
a train use a siding instead of the scheduled main track in order to
overtake another slower train (conflict case 1), or by-pass a switch
which is closed due to maintenance works (conflict case 2);

• re-servicing, e.g., modify the stopping pattern or turnaround before
destination to bypass unavailable resources (conflict case 2) or break
a connection if the feeder train is delayed or cancel a train if the
previous service using the same rolling stock is delayed (conflict
case 3).

Reservicing actions are usually only applied to resolve large perturbations
(see, e.g., Schranil and Weidmann, 2013, page 12). As the focus of this
work is to provide support in resolving small instances, only connections
breaks and cancellations will be considered here. The reason for consid-
ering cancellations is the following. In situations with very dense traffic,
even minor disturbances might temporarily oversaturate some part of the
network. In these cases, some movement must be deferred until capacity
becomes available again. But if it requires that a passenger train departs
after the next service on the same line, it is better to cancel the train
movement.

7Nomenclature from Corman and Meng (2013).

18



2.3. Functional requirements for decision support systems

2.3.4 Data availability and information flow

Knowing the current train positions, the state of the infrastructure re-
sources, and the amount of customers that can be affected by disturbed
operations is very important for real-time traffic management. Weidmann
and Sinner (2016) outline the functional data flow requirements for traffic
management at SBB. With current communication systems it is only possi-
ble to position trains when they travel on track circuits. With ETCS Level
2, it will be possible to update the position of trains almost continuously
(position and speed information are transmitted to the Radio Block Centre
every six seconds). SBB infrastructure data are managed by system UNO,
which reports whether the infrastructure elements are in service or out-
of-order. The average number of passengers served by each SBB service
(daily granularity) is available thanks to automatic counters installed on
the doors of newest trains, estimates by train staff (older trains) and yearly
origin-destination surveys.

Safety relevant information can only be passed by the interlocking
system. Thus, currently, only signals can be applied to give right of way.
Other information such as speed advices can be continuously transmitted
to trains using GSM-R system. With Radio Block based signalling (e.g.,
ETCS Level 2) it will be possible to transmit rights of way directly to
trains. Customer information can be passed to CUS. As highlighted in
the previous sections (Sections 2.2.1 and 2.2.2) most of the rescheduling
decisions must be fixed some time before the corresponding events occur
(e.g., entering a block or departing from a station). In particular, the
following thresholds should be considered for the current systems:

• retiming: no hard limit, but the sooner the better;

• reordering: no specified limit but before the route is locked for the
first train;

• rerouting (local): six minutes for safety reasons, but larger times
may be required by platform changes in those stations where trains
have to be charged with luggage or supplies for restaurant cars;

• rerouting (global): not considered here;

• reservicing: six/eight minutes for connection break (regional/long-
distance), no hard limit for train cancellations.
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Table 2.1: Summary of functional requirements
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infrastructure microscopic track topology (possibly at
track-circuit level)

x

rolling stock train length x
train dynamics x x

operations

safety system enabling the reservation of
multiple blocks

x

target the published timetable x x
minimise train delays x
minimise customer inconvenience x
exclude closed tracks from train paths x x
retiming of train departures, arrivals and
passing

x x x x

reordering of trains at junctions x x x x
rerouting trains locally (including plat-
form assignment)

x x x x

keep/break connections x x x x
train movements’ cancellations x x x x

information

current train location (and speed) x
current status of infrastructure elements x
adapted route setting information for inter-
locking (including train ordering)

x

adapted departure, arrival and speed pro-
file information for trains

x

adapted departure, arrival and connection
information for customer information sys-
tems

x

adapted schedule information is ready for
transmission at a suitable time for imple-
mentation

x
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2.3.5 Summary of requirements
Table 2.1 summarises the requirements that the traffic management algo-
rithms developed by the current research must satisfy. The structure of
such algorithms will be explained at a later point, but for now it can be
assumed that they consist mainly of a mathematical programming model
which describes the problem, a solution method which fixes the values
of the model decision variables, an input which sets the parameters of
the model from train location data, and an output which converts the
decision variables into commands for trains and interlocking plants. The
first column indicates the kind of resource each requirement is linked to,
the second lists the requirements, and the others indicate which part of
the algorithm is responsible for each of them.
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Literature review
In this chapter the most relevant literature for the development of an au-
tomated rescheduling system is reviewed. Section 3.1 summarises the
mathematical models that have been used within previous works to repre-
sent railway operations and analyses them with respect to the functional
requirements listed in Section 2.3 and the optimisation objectives pro-
posed so far. Section 3.2 recalls the algorithmic methods that have been
applied to solve these models and outlines the possible applications in the
current research. Finally, Section 3.3 examines the problem decomposi-
tion approaches that have been exploited to split optimisation problems
related to railway operations to reduce the computational effort.

3.1 Mathematical models1
Several mathematical models to support different tasks in railway traffic
planning and operations have been developed during the last decades.
Different models have been developed to represent different properties
of railway operations depending on the intended application: macro-
scopic timetabling, microscopic timetabling2, or rescheduling. Here-
inafter, timetabling and rescheduling are used accordingly to the definition
given by Törnquist (2006):

Definition 3.1 (Törnquist, 2006)

Scheduling (or timetabling) is the process of constructing a
schedule from scratch, while rescheduling (or dispatching)
indicates that a schedule already exists and will be modified3.

1This section is based on Toletti et al. (2015b)
2A macroscopic(microscopic) timetable is a schedule on a macroscopic(microscopic) topology.
3Remark on the notation: The term dispatching is sometimes used to indicate a timetabling process

taking place short before the train departure. Thus, to avoid confusion, this term is not used in this thesis.
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This section presents and analyses the representatives of the main
classes of formulations for timetabling and rescheduling that are most
prominent in the literature and that were identified in the overview of
papers by Cacchiani et al. (2014), Corman and Meng (2013), Törnquist
(2006), Lusby et al. (2011), and Cordeau et al. (1998). The presentation
follows the outline of Baccelli et al. (1992)’s ”guidelines for modelling of
dynamic systems”: (1) describe the evolution of each unit in the system
individually; (2) integrate the interactions among the units; (3) tackle the
problem of initialisation. In this framework, the units are the train runs,
which are fully defined by sequences of discrete events coinciding with
arrivals and departures at relevant infrastructure points.

The complexity of initialisation depends on when the timetabling or
rescheduling process is executed. Rescheduling is usually performed in
real-time. Thus, initialisation must consider the up-to-date position of the
units in the system. Timetabling can be performed both in real-time or
some time in advance (usually one year for passenger services in Europe).
In the first case, initialisation is the same as for rescheduling. In the
latter case, it is much simpler. Given that long-term predictions of the
system evolution are not very reliable (see, e.g., Kecman et al., 2015),
real-time timetabling and rescheduling are often inserted into a rolling
horizon framework. The main idea is that, at predetermined times, the
optimisation problem is redefined with the most up-to-date information
and resolved. Each time the evolution of the investigated system is only
evaluated for a limited time period, and only decisions that are due in
the first time interval of that period are made (see, e.g., Sethi and Sorger,
1991, for further reading on general rolling horizon frameworks).

In Section 3.1.1, the formulations modelling time as a continuous
variable are presented. In Section 3.1.2, time-indexed formulations are
introduced. All models are illustrated using the network of the Railway
Operations Laboratory (EBL) at the ETH Zurich. Figure 3.1 shows the
macroscopic topology with the six stations considered by the following
examples. Two trains are assumed to travel through it. The first train trav-
els from Testadt (T) to Pewald (P) passing Ypslikon (Y) and Zetthausen
(Z), and the second train travels from Utal (U) to Pewald (P) passing
Testadt (T), Ypslikon (Y), and Wedorf (W). In Ypslikon, a passenger
connection is expected. Figure 3.2 shows station Ypslikon, which is used
as an instance of a microscopic topology. To make the modelling task
more challenging, it is assumed that the first train reaches Ypslikon from
signal A105 and the second one from A205.
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Utal (U) Testadt (T) Ypslikon (Y)

Zetthausen (Z)

Wedorf (W)

Pewald (P)

Train 1
Train 2

Figure 3.1: Macroscopic topology of the network of the Railway Opera-
tions Laboratory at the ETH Zurich.
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Ypslikon

D53

D52
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Figure 3.2: Microscopic topology of station Ypslikon in the Railway Op-
erations Laboratory at the ETH Zurich.

3.1.1 Continuous-time formulations
This section presents the best known continuous-time formulations that
have been applied to railway timetabling and rescheduling, which are:

• Event Scheduling Problem (ESP);

• Alternative Graph (AG);

• FlexiblePath (FP);

• Route-lock-Route-release formulation (RR).

The Periodic ESP (PESP) has been extensively used to produce periodic
macroscopic timetables for given sets of train lines (Serafini and Ukovich,
1989; Peeters and Kroon, 2001; Caimi, 2009; Kroon et al., 2009; Herrigel
et al., 2013b). AG has been primarily exploited to generate microscopic
schedules both off- and on-line (Mascis and Pacciarelli, 2002; Mazzarello
and Ottaviani, 2007; D’Ariano et al., 2007a, 2008; Corman et al., 2010b;
D’Ariano et al., 2014). A macroscopic extension of AG has been pro-
posed by Kecman et al. (2013) for macroscopic rescheduling. FP has been
applied to find train routes and schedules in a microscopic topology in
real-time (Yan and Yang, 2012; Mu and Dessouky, 2014). Törnquist and
Persson (2007) proposed a very similar formulation based on a topology
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with a coarser granularity, which was applied for network-wide reschedul-
ing. RR has been developed by Pellegrini et al. (2014) for microscopic
rescheduling.

Modelling individual train runs Let vz
S denote a discrete event that is

related to some train z and takes place at some node S of the underlying
topology. In all four formulations, continuous variables t z

S represent the
times when the discrete events vz

S occur.

t z
v ∈ R≥0, ∀vz

S (3.1)

The relevant discrete events for ESP and for Kecman et al. (2013)’s
AG extension are the arrivals and departures at nodes of a macroscopic
topology, which coincide with stations where services begin or end or
connections take place. In contrast, the discrete events of AG, FP, and
RR are associated with nodes of microscopic topologies. AG considers
not only arrivals and departures at all stations, but also at signals. The
discrete events associated with FP are the entrances in and the exits from
sections of infrastructure that correspond to tracks between junctions
and can host at most one train at a time (refer to Lu et al. (2004) for
a complete description of the underlying network partitioning). The
granularity for RR is finer, as the sections are delimited by track-circuits.
Figure 3.3 shows the event-activity network (i.e., the graph associated with
ESP model) for the sample macroscopic timetabling problem presented in
Section 3.1 on the macroscopic topology depicted in Figure 3.1. Figure 3.4
shows the sample microscopic timetabling problem in station Ypslikon
(the track topology is shown in Figure 3.2). In both figures, the white
nodes represent the discrete events. The black nodes indicate zero events,
which are events that take place at time zero independently from any other
event.

Assuming that the route of a train z is known in advance, its run can
be fully described as the sequence of discrete events (vz

S) associated with
the topology nodes S on that route. Zero events can be employed for
fixing time intervals, when necessary. In continuous-time formulations,
the relations between the events are described by inequalities of the form

cT ype : t z
S2
− t z

S1
≥ f z

(S1,S2) (3.2)

These constraints fix the minimum time separation f z
(S1,S2) allowed be-

tween two events vz
S1
, vz

S2
, and they can describe:
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v1T,d cRun cDwell
v1Y,a v1Y,d cRun cDwell

v1Z,a v1Z,d cRun
v1P,a

v2T,d v2Y,a v2Y,d v2W,a v2W,d v2P,a

cHeadcDep

cConn

cConn

cRuncDwellcRuncDwellcRun

0
cPass

v2U,d v2T,a cDwellcRun

Figure 3.3: ESP for two train runs on the infrastructure shown in Fig-
ure 3.1. The white nodes represent the discrete events, and the
black node represent a zero event. The grey left-right arrows
coincide with constraints (3.3) and the orange with (3.10).

v1A105 v1W2 v1C2 v1D52 cExit

vO vN

cStart
v1B2 v1Exit

v2A205 v2W2 v2C3 v2D53
cExitcStart

v2B3 v2ExitcRuncRuncRuncRun

0
cOut

cConn

cConn

cPass0

cHead

cRun

cRun

cRun

cRun

cRun

cRun

cRun

cRun

cDwell

cDwell

cDwell

Figure 3.4: AG for two train runs in Ypslikon (see track topology in
Figure 3.2). The white nodes correspond to the discrete events,
the black nodes indicate zero events, and the orange ones are
the start node (v0) and the end node (vN ). The solid grey lines
represent constraints (3.2), the solid orange constraints (3.10),
and the dashed constraints (3.14).

• cRun: the minimum running time f z
(S1,S2) from a departure vz

S1
to

the following arrival vz
S2

;

• cRun: the maximum running time − f z
(S1,S2) from a departure vz

S2
to

the following arrival vz
S1

;

• cDwell: the minimum dwell time f z
(S1,S2) between an arrival vz

S1
and the following departure vz

S2
;

• cDwell: the maximum dwell time − f z
(S1,S2) between an arrival vz

S2
and the following departure vz

S1
;

• cPass: vz
S1

corresponds to a zero event, and vz
S2

cannot take place
before f z

(S1,S2) (e.g., the departure from a station cannot take place
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before the timetabled time, Mazzarello and Ottaviani, 2007, refer to
these constraints as passing constraints);

• cPass: vz
S2

corresponds to a zero event, and vz
S1

cannot take place
after − f z

(S1,S2);

• cOverall: the minimum running time f z
(S1,S2) from the departure

from the first station vz
S1

to the arrival at destination vz
S2

(usually
defined for ESP only);

• cOverall: the maximum running time − f z
(S1,S2) from the departure

from the first station vz
S2

to the arrival at destination vz
S1

(usually
defined for ESP only);

ESP usually contains for each minimum time constraint also the cor-
responding maximum time constraint. Therefore, the inequalities are
identified by cRun, cDwell, cPass, and cOverall and are associated

with intervals
[

f z
(S1,S2)

,− f
z
(S2,S1)

]
:

cT ype : f z
(S1,S2)

≤ (t z
S2
− t z

S1
) ≤ − f

z
(S2,S1) (3.3)

Figures 3.3 and 3.4 show the relations for ESP and AG listed above as
solid grey lines.

Note that, if a train stops, it cannot enter the successive section with
maximum speed. This issue was addressed by Rodriguez (2007), which
inserted the computation of speed profiles in a model similar to RR.
D’Ariano et al. (2007b) iteratively updated the realisable running times
(i.e., the right-hand-side of (3.2) for constraints of type cRun) according to
the solution given by AG in the previous step. Oettich and Caspar (2015)
modelled the different speed profiles for each train using the concept of
alternative arcs, to be explained later in this section.

FP does not need the routes to be fixed in advance but includes a
binary variable xz

i for each train z and infrastructure node i indicating
whether z uses i. Oz and Dz denote the origin and destination node for z.
δ−(J) and δ+(J) denote sets of nodes connected with junction J from the
two travel directions. As each train follows a unique continuous route, the
following additional constraints must be satisfied:

xz
i =




l1, if train z travels through infrastructure
node i

0, else
(3.4)
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xz
Oz

= xz
Dz

= 1 ∀z (3.5)∑
i∈δ−(J)

xz
i =

∑
i∈δ+(J)

xz
i ∀J,∀z (3.6)

D’Ariano et al. (2014) extend the AG formulation to feature rerouting.
This formulation and RR include a binary variable xz

i for each train z
and for each route i from the entrance of z in the considered area to its
exit. This variable denotes whether z follows route i. In this case, the
route continuity constraint (3.6) is no longer needed, and the uniqueness
constraint (3.5) becomes

xz
i =




1, if train z uses route i
0, else

(3.7)∑
i

xz
i = 1 ∀z (3.8)

In all three cases (FP, extended AG, and RR), the constraints (3.2) become

cT ype : t z
S2
− t z

S1
+ M (1 − xz

i ) ≥ f z
(S1,S2) (3.9)

where M is large positive constant value.

Modelling interactions The interactions between the different runs can
be represented using the time variables t z

S. In the classical ESP and AG
formulations (i.e., no routing), a relation between an event vz

S1
of a train z

and an event vwS2
of another train w can be represented as

cT ype : twS2
− t z

S1
≥ f z,w

(S1,S2) (3.10)

which can model:

• cConn: minimum connection time f z,w
(S1,S2) from the arrival vz

S1
of z

to the departure vwS2
of the destination train w;

• cConn: maximum connection time − f z,w
(S1,S2) from the arrival vwS2

of
w to the departure vz

S1
of the destination train z;

• cDep: minimum separation time f z,w
(S1,S2) between the departures

vz
S1
, vwS2

of trains z,w with similar services;

• cDep: maximum separation time − f w,z(S2,S1) between the departures
vwS2
, vz

S1
of trains z,w with similar services.
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In ESP, these interactions can also be modelled using intervals (crf. (3.3)).
Despite no explicit mention in the literature, these interactions could be
modelled within FP and AG’s extension by modifying (3.10) as follows:

cT ype : twS2
− t z

S1
+ M (1 − xz

i ) + M (1 − xwj ) ≥ f z,w
(S1,S2) (3.11)

where i, j are the either infrastructure resources (FP) or routes (RR and
AG) connected with the discrete events vz

S1
and vwS2

respectively. To coor-
dinate the movement of all trains and to measure the total time needed to
bring all trains to destination, AG contains a Start Node vO corresponding
to a zero event preceding all other events in the system and an End Node
vN corresponding to an event that is enabled by the completion of all other
events in the system. Orange disks represent these nodes in Figure 3.4.
A constraint cStart connects the node of the first event vz

S1
of every train

to the Start Node. A constraint cExit imposes that the event of the End
Node takes place after the last event vz

S2
of every train run.

cStart : t z
S1
− tO ≥ 0 cExit : tN − t z

S2
≥ 0 (3.12)

This for RR and D’Ariano et al. (2014)’s AG extension becomes

cStart : t z
S1
−tO+M (1−xz

i ) ≥ 0 cExit : tN−t z
S2

+M (1−xz
i ) ≥ 0 (3.13)

The interactions listed above are shown as solid orange lines in Figures
3.3 and 3.4. Pellegrini et al. (2014) use equations similar to (3.13) for
modelling connections that have to be forced and rolling stock circula-
tions.

The order of trains at conflict points is not usually known in advance
but has to be chosen by the timetabling or rescheduling procedure. PESP
models headway constraints applying a modulo operator to constrains of
type (3.10) on the events corresponding to the trains entering and leaving
common sections. If periodicity is dropped, these constraints must be
reformulated in disjunctive form. AG represents headway constraints as
pairs of alternative arcs, which correspond to disjunctive constraints of
the form

cHead : (twS3
− t z

S2
≥ f z,w

(S1,S2,S3,S4)) ∨ (t z
S1
− twS4

≥ f w,z(S1,S2,S3,S4)) (3.14)

where vz
S1

corresponds to train z entering the common section; vz
S2

to
z leaving it; vwS3

to train w entering it; vwS4
to w leaving it. Note that

with some safety systems, the number of blocks reserved for a train run
depends on its speed. Thus, the alternative arcs in AG should be updated
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according to the speed of the trains within the iterative procedure proposed
by D’Ariano et al. (2007b). Alternative arcs can also be represented using
binary variables hz,w

i as follows:

hz,w
i =




1, if train z travels through infrastructure
resource i before train w

0, else
(3.15)

cHead : twS3
− t z

S2
+ Mhz,w

i ≥ f z,w
(S1,S2,S3,S4)

t z
S1
− twS4

+ M (1 − hz,w
i ) ≥ f w,z(S1,S2,S3,S4)

(3.16)

Analogously, FP, RR, and the mentioned AG extension model headway
constraints as

cHead :
twS3
− t z

S2
+ Mhz,w

i + M (1 − xz
j ) + M (1 − xwk ) ≥ f z,w

(S1,S2,S3,S4) (3.17)

t z
S1
− twS4

+ M (1 − hz,w
i ) + M (1 − xz

j ) + M (1 − xwk ) ≥ f w,z(S1,S2,S3,S4)

where i = j = k in FP and j, k are routes containing i in RR and AG. A
basic assumption of FP is that each section is longer than the longest train,
while AG and RR model longer trains with longer alternative arcs (i.e.,
going from the end of a section to the beginning of a previous section)
and larger f w,z(S1,S2,S3,S4) parameters, respectively. The dashed orange lines
in Figures 3.3 and 3.4 represent this second type of interactions.

Corman et al. (2012a) use alternative arcs for modelling connections.
While connections represented using (3.10) are forced, the formulation via
alternative arcs allows connections to be given up. Disjunctive constraints
(3.14) can also model out-of-order constraints (cOut), which represent
the closure of an infrastructure resource (Mazzarello and Ottaviani, 2007).
In this case, trains are forced to pass the closed section either before the
closure or after the reopening time.

Initialisation While the timetabling versions of ESP, AG, and FP need
no particular initialisation, their real-time and rescheduling versions and
RR need the initial positions of all the trains. Mazzarello and Ottaviani
(2007) model the initial position of each train in AG with a position node
which is inserted into the train path. The position node is connected with
v0 through a constraint of type (3.2), where f z

S1,S2
denotes the current

time. Due to their similarity with AG, one can imagine to apply the same
initialisation to the other models presented so far. Pellegrini et al. (2014)
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propose a rolling horizon framework which considers even the decisions
taken in previous steps.

3.1.2 Time-indexed formulations
Several timetabling and rescheduling approaches that allow routing choices
are based on discrete-time (sometimes referred to as time-indexed) models.
Their goal is finding conflict-free routes and schedules simultaneously.
Also delay management formulations usually model time discretely. The
classical delay management problem does not consider operational feasi-
bility but only the effects of delays and wait-depart decisions for scheduled
connections on passengers. Recent developments have pushed delay man-
agement towards an integration of railway operations, which makes them
worth of consideration for the purpose of the current work. This section
presents the following models:

• Arc Packing Problem (APP) and its weak version (APP’);

• Path Packing Problem (PPP);

• Arc Configuration Problem (ACP);

• Path Configuration Problem (PCP);

• Resource Tree Conflict Graph (RTCG) and Tree Conflict Graph
(TCG);

• Resource Conflict Graph (RCG);

• REFormulated Simultaneous train Rerouting and Rescheduling
(REF-SRR);

• Capacitaded Delay Management (Cap-DM).

Packing problems APP and PPP are the the most prominent approaches
in the literature. APP, APP’, ACP, PPP, and PCP have been used to
route trains on macroscopic topologies and produce aperiodic timetables
(Caprara et al., 2002; Borndörfer and Schlechte, 2007; Fischer and Helm-
berg, 2010). RTCG has been applied to allocate blocks in microscopic
timetabling (Caimi, 2009; Caimi et al., 2011). RCG has been used by
Caimi (2009) for microscopic timetabling, and a version called Static
Train Dispatching has been used by Fuchsberger (2012) for microscopic
rescheduling. Lusby et al. (2013) developed a variant of RCG that per-
mits partial allocation of resources for real-time timetabling on junctions.
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REF-SRR has been proposed by Meng and Zhou (2014) for microscopic
rescheduling as a reformulation of the continuous-time formulation FP.
Cap-DM has been first proposed by Schöbel (2009) for wait-depart deci-
sions about passenger connections including line capacity considerations.
Dollevoet et al. (2015) extended it to consider station capacity and alter-
native platform assignments.

Modelling individual train runs As for continuous-time models, the
discrete events modelled by time-indexed formulations are arrivals at and
departures from relevant infrastructure points. The relevant infrastructure
points coincide with stations in APP, APP’, ACP, PPP, and PCP, and with
the endpoints of the infrastructure resources in RTCG, TCG, RCG, and
REF-SRR. Each event can take place at several times. APP, APP’, ACP,
PPP, PCP, and REF-SRR contain a node for each time and place that
can host such an event. In contrast, RCTG, TCG, and RCG contain only
times when trains may enter the controlled area or start runs from station
platforms. Similar to continuous-time formulations, Cap-DM contains
only one decision variable per discrete event modelling the time a train
arrives to or departs from a station. All formulations contain a source
node sz and a sink node tz for each train z. These nodes coincide with
the origin and destination infrastructure node or event in REF-SRR and
Cap-DM, while they correspond to artificial source and sink nodes in all
other formulations.

APP, APP’, ACP, RTCG, and TCG include a binary variable xz
a for

each action a separating two events that can be consecutive for train z.

xz
a =




1, if action a of train z is chosen
for inclusion into the schedule

0, else
(3.18)

Each variable indicates whether the corresponding action is scheduled or
not. These actions coincide with directed edges and can be:

• aStart: arcs connecting a source node to all nodes corresponding
to the first station of a train;

• aEnd: arcs connecting all nodes corresponding to the last station
of a train to the sink node;

• aRun: arcs connecting the specific time and place where a run starts
to the end time and place (i.e., these arcs define the route choice
and the running time);
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• aDwell: dwells in stations from specific arrival times to specific
departure times;

• aIn f easibility: arcs connecting a node that does not coincide with
the last station to the sink node.

Figure 3.5(a) shows a time-space grid for the macroscopic timetabling
problem presented in Section 3.1 for APP, APP’, ACP, PPP, and PCP. Fig-
ure 3.6(a) shows the routing trees for the sample microscopic timetabling
problem in Figure 3.2. Source and sink nodes are depicted as black disks
and some of the actions mentioned above are shown as grey edges. For
each node v, let δ+(v) and δ−(v) be the outgoing and ingoing arcs respec-
tively. As each train can be scheduled at most once, and the path should
be continuous, the following constraints must be satisfied.∑

a∈δ+(sz )

xz
a ≤ 1 ∀z (3.19)∑

a∈δ+(v)

xz
a −

∑
a∈δ−(v)

xz
a = 0 ∀v < {sz, tz},∀z (3.20)

In APP and APP’, both route and time continuity are ensured by (3.20).
PPP, PCP, and RCG include a unique binary variable xz

p for an entire
chain of such actions from the beginning of a train path to the end. The
left-hand side of Figure 3.5 depicts these variables as blue and red paths;
the left-hand side of Figure 3.6 shows these variables as blue and red
nodes. In these cases, continuity constraints (3.20) are implicitly assumed
in the choice of the paths. The variables only have to satisfy the equivalent
of (3.19):

xz
=




1, if the chain of actions p of train z is chosen
for inclusion into the schedule

0, else
(3.21)

∑
p

xz
p ≤ 1 ∀z (3.22)

As the the stopping pattern influences the speed that is actually realisable,
Fischer and Helmberg (2010) extend ACP to consider both the rolling
stock and the stopping pattern for defining the realisable speed on a section.
While the paths in Fuchsberger (2012)’s RCG formulation are associated
with fixed speed profiles, Caimi (2009) proposed a RCG formulation for
timetabling in regions with low traffic density which considers different
speed profiles. If the number of block sections reserved by a train run
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Figure 3.5: APP/APP’/ACP arcs and PPP/PCP model for the sample
macroscopic timetabling problem in Figure 3.1.
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(a) The small nodes correspond to possible departure and arrival times at stations; the

large nodes represent sources and sinks; the grey arcs represent the different types of
constraints for APP/APP’/ACP; the blue and red paths correspond to possible runs
for the first and the second train in PPP/PCP respectively.
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(b) The conflict graph between T and Y, corresponding to the section in the grey box in
Figure 3.5(a).
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Figure 3.6: RTCG/TCG tree and RCG model for the sample microscopic
timetabling problem in Figure 3.2.
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(a) The small nodes correspond to the route choice points in the topology of Ypslikon
(Figure 3.2); the large nodes indicate the sources and sinks; the arcs correspond to
the actions between the events in RTCG and TCG; the blue and red nodes correspond
to the possible paths of the first and the second train in RCG, respectively.
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(b) Conflict graph connected with resource w8. The nodes correspond to the nodes in
Figure 3.6(a). Red and blue edges connect all nodes associated with one train, and
black edges indicate overlapping blocking time intervals .
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depends on the speed, this particularity is reflected in the blocking time
stairways corresponding to the different profiles.

Similarly to the time-indexed formulations mentioned so far, REF-
SRR contains binary variables xz

i, j indicating whether train z passes infras-
tructure nodes i and j sequentially. Route continuity and uniqueness are
ensured by constraints (3.19) and (3.20). In addition, REF-SRR contains
the following (binary) decision variables:

xz
i, j =




1, if train z travels through infrastructure node i
and then through infrastructure node j

0, else
(3.23)

az
i, j,t =




1, if train z has arrived at infrastructure node j
from infrastructure node i by time t

0, else
(3.24)

dz
i, j,t =




1, if train z has departed from infrastructure node i
towards infrastructure node i by time t

0, else
(3.25)

yz
i, j,t =




1, if train z is between infrastructure node j
and infrastructure node i at time t

0, else
(3.26)

As the decision variables correspond to the arrival and departure times and
to the route choices, this model includes constraints modelling the time-
space interdependencies for each train. The relations between time vari-
ables az

i, j,t , dz
i, j,t correspond to running and dwell times and are modelled

via constraints of type (3.2) similarly as in continuous-time formulations.
Passing constraints (cfr. time-indexed formulations) prevent departures
ahead of schedule.

Cap-DM models single train runs in the same way as ESP (see previous
section). The only difference is that in Cap-DM the decision variables are
integer.

Modelling interactions Interactions between trains in time-indexed
formulations usually correspond to infrastructure allocation conflicts. If
a line between two stations that can host at most one train at time or a
single infrastructure resource is considered, then a conflict occurs if the
blocking time intervals of different trains overlap. If xz

a and xwb correspond
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to conflicting allocations of an infrastructure resource r , APP’ and TCG
prevent the simultaneous allocation through

xz
a + xwb ≤ 1 (3.27)

APP, PPP, RTCG, and RCG model conflicting allocations using conflict
graphs. For a given infrastructure resource r , a conflict graph contains a
node for each alternative train movement that requires that resource (i.e.,
for each edge in figures 3.5(a) and 3.6(a) connected with that resource).
Two nodes are linked together if either they correspond to the same
train, or their blocking time intervals of the resource overlap (see, e.g.,
Herrmann, 2006, for further information about conflict graphs). Let Cr
be the set of maximal cliques of the conflict graph for the infrastructure
resource r . Then, the following constraints prevent conflicts:

(APP, APP′, RTCG)
∑

(z,a)∈C

xz
a ≤ 1 ∀C ∈ Cr, r (3.28)

(PPP, RCG)
∑

(z,p)∩C,∅

xz
p ≤ 1 ∀C ∈ Cr, r (3.29)

In Lusby et al. (2013)’s version of RCG, train routes that block a resource
but do not occupy it physically (e.g., the unused branch of a switch) receive
coefficient of 0.5 in (3.29). The right-hand side of Figure 3.5 shows the
conflict graph for the sample macroscopic timetabling problem presented
in Section 3.1, assuming that both trains use the same track between
Testadt and Ypslikon. The nodes correspond to the edges between Testadt
and Ypslikon highlighted in the grey box on the left-hand side. The red
and blue edges of the conflict graph connect all nodes corresponding to
one train, and the black edges coincide with conflicts. The right-hand
side of Figure 3.6 shows the conflict graph for resource w8 (highlighted
in the left-hand side) in the sample microscopic timetabling problem
presented in Section 3.1. Train length is implicitly considered by TCG,
RTCG, and RCG with the size of the resource allocation interval. Also
REF-SRR prevents conflicting allocations using a sort of conflict clique.
Conflict-free operations on track (i, j) are modelled as∑

z:z passes (i, j)

yz
i, j,t +

∑
z:z passes ( j,i)

yz j, i, t ≤ Cap(i, j, t) ∀t (3.30)

where Cap(i, j, t) is the capacity of (i, j) at time t.

Fischer et al. (2008) include capacity constraints within stations in
PPP. These constraints indicate how many trains can be hosted and how

38



3.1. Mathematical models

many movements can be assigned to each direction during the considered
time. Fuchsberger (2012)’s RCG model contains variables indicating
whether connections have to be forced or broken during operations. ACP
and PCP are extensions of APP and PPP respectively. Instead of using
conflict graphs directly, ACP and PCP use them to identify configurations.
A configuration q is a set of trips on a track r that are not conflicting with
each other. Thus, it satisfies

|q ∩ C | ≤ 1 ∀C ∈ Cr (3.31)

A configuration q for a track r is a path from an artificial source node sr
to an artificial sink node tr . The edges on the path either correspond to
runs on the track r or connect s j to departure nodes, t j to arrival nodes, or
an arrival to possible departures of follow-up runs. For each such edge
e, let ye be a binary variable, indicating whether the edge is part of the
configuration. δ+(v) and δ−(v) denote the outgoing and ingoing arcs
for each node v of this graph. A conflict-free schedule is obtained by
choosing a unique continuous path in this graph and limiting the choice of
actions a in APP to the ones that are contained in the configuration path.
This corresponds to substituting (3.28) with the following constraints, and
the obtained model is ACP:

ye =




1, if the edge e of a configuration is chosen
for inclusion into the schedule

0, else
(3.32)

∑
e∈δ+(v)

ye −
∑

e∈δ−(v)

ye = 0 ∀e < {sr, tr },∀r (3.33)∑
e∈δ+(sr )

ye ≤ 1 ∀r (3.34)

xa − ya ≤ 1 ∀a (3.35)

For each configuration q, PCP includes a unique binary variable yq indi-
cating whether q is assigned in the schedule. Thus, continuity constraints
(3.33) are no longer needed. Let Qr be the set of configurations on track
r . PCP is obtained by substituting (3.29) with the following constraints:

yq =




1, if the configuration q is chosen
for inclusion into the schedule

0, else
(3.36)
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∑
q∈Qr

yq ≤ 1 ∀r (3.37)∑
a∈p

xp −
∑
a∈q

yq ≤ 0 ∀a (3.38)

Interactions in Cap-DM are passenger connections and headways.
These are modelled using disjunctive constraints (3.16). In Dollevoet et al.
(2015)’s extension to track assignment, additional constraints ensure that
station platform capacity is respected. These constraints yield to a similar
result as (3.17).

Initialisation As for continuous-time formulations, while approaches
for long-term timetabling need no initialisation, Fuchsberger (2012)’s and
Meng and Zhou (2014)’s rescheduling approaches and Schöbel (2009)’s
delay management problem need the initial position of the trains. Fuchs-
berger (2012) uses a rolling horizon framework, which fixes the blocking
time stairways of train movements that have already started or are starting
too early in future and uses predictions for the entrance times of trains
that are approaching the controlled area. In their numerical experiments,
Meng and Zhou (2014) applies a scenario-based rolling horizon solution
approach.

3.1.3 Comparison of the different models
Two main categories of mathematical models of railway operations can
be distinguished. The formulations in the first category model time with
continuous variables and safety with minimal time differences between
pairs of consecutive trains on each infrastructure resource. This category
includes ESP, AG, FP and RR. Such models are often referred to as big-M
formulations because of the disjunctive form of the conflict avoidance
constrains. These constraints make the formulation weak, meaning that
they slow down considerably the solution process of standard algorithms
(Lamorgese et al., 2016).

The second category contains models based on discrete representation
of time, modelling conflicts as cliques of a conflict graph. APP, ACP,
RTCG, PPP, PCP, RCG, and REF-SRR are in this second category. While
variables in APP, ACP, and RTCG represent single train actions, variables
in PPP, PCP, and RCG model entire paths, and variables in REF-SRR
correspond to either route choices or cumulative flow variables that count
the trains that have departed from or arrived at some infrastructure points.
Such models are often referred to as time-indexed formulations and are
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Table 3.1: Models vs. functional requirements from Table 2.1): × means
that the model satisfies the functional requirement; (×) means
that the requirement is satisfied off-line (i.e., for timetabling);
◦ means that there is a model extension which satisfies the
requirement.

continuous-time time-indexed

E
SP

A
G

FP R
R

C
ap

-D
M

A
PP

’

T
C

G

A
PP

/

A
C

P

R
T

C
G

R
EF

–
SR

R

PP
P/

PC
P

R
C

G

infra-
structure

macroscopic × ◦ ◦ × × × ×

microscopic × × × × × × ×

rolling
stock

length × × × × ×

max. speed × × × × × × × × × × × ×

real. speed ◦ ◦ ◦ × ×

operations

#blocks ◦ ×

timetable × × × × × ×

closed tracks × × × ◦ × ×

retiming (×) × × × × (×) (×) (×) (×) × (×) ×

reordering (×) × × × × (×) (×) (×) (×) × (×) ×

rerouting ◦ × × ◦ (×) (×) (×) (×) × (×) ×

break
connections ◦ × ×

cancel train ◦ × × (×) (×) (×) (×) × (×) ×

pairwise conflicts on tracks on paths

conflict cliques

thought to be stronger than big-M formulations but are usually much
larger, which, again, results in a huge solving effort (Lamorgese et al.,
2016). Some models cannot be classified in any of these categories
because they rely on discrete representations of time and model conflicts
pairwise. Examples of such models are Cap-DM, APP’ and TCG (i.e.,
the weak versions of APP and RCTG).

Table 3.1 shows the results of the analysis of the models from Sec-
tion 3.1 with respect to the functional requirements listed in Section 2.3.

Infrastructure ESP, Cap-DM, APP, ACP, APP’, PPP, and PCP are
based on a macroscopic topology, which is not suitable for modelling
safety constraints of fixed block signalling systems precisely. Still, for
each of these macroscopic models, there is a microscopic model that
considers time and conflicts analogously. ESP, AG, FP and RR model
time with continuous variables and require a minimum time separation
between pairs of trains using the same infrastructure resource. Cap-DM,
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APP’ and TCG model discrete time choices and require that at most one
allocation from each pair of conflicting allocations of an infrastructure
resource is assigned. The other models limit time choices to discrete sets
and prevent (track occupation) conflicts using conflict graphs. APP, ACP,
RTCG describe single activities (run, dwell); PPP, PCP, and RCG describe
entire paths, and REF-SRR describe cumulative flows passed through
infrastructure resources.

Rolling Stock All microscopic models but FP and REF-SER consider
train length: AG by allowing longer alternative arcs (i.e., spanning over
signal nodes), the others by assuming longer infrastructure occupation
times. All models are able to describe train dynamics considering the
maximum speeds permitted on tracks. For timetabling the stopping pat-
terns are usually known in advance. Thus, the maximum speeds (that
consider the planned stops) suffice to generate feasible schedules. If
stopping patterns are not fixed in advance, it is necessary to consider the
effect of stopping on the minimum feasible running time. In fact, if a train
has to stop or it runs with limited speed on a track, it is not possible to
enter the next contiguous track at maximum speed. As PPP, PCP, and
RCG consider entire train paths, they represent realisable speed profiles,
because the running times are computed during the preprocessing phase,
after having chosen which paths to include into the model.

In the other models, the dependence of running times on stops has to
be modelled within the optimisation problem. D’Ariano et al. (2007b)
proposed an iterative approach that combines an AG with a second step
updating the realisable speeds according to the solution found by the
AG. Oettich and Caspar (2015) proposed to model the different speed
profiles for each train with alternative arcs. Rodriguez (2007) inserted the
explicit computation of speed profiles in a model similar to RR. Fischer
and Helmberg (2010)’s ACP extension provides the actually realisable
speed profiles as functions of rolling stock and stopping pattern. Note that
RTCG computes conflicts using the realisable maximal speed profiles, but
it does not consider lower speed profiles that may result by successive
branching.

Operations Only microscopic models represent the blocks of the inter-
locking system and, thus, can consider the reservation of a number of
blocks that depends on the speed of the train. In addition, as explained
above, only few models are based on the actually realisable speed profiles.
Consequently, basing on the literature analysed by this thesis, only the
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RCG and D’Ariano et al. (2007b)’s and Oettich and Caspar (2015)’s AG
extensions satisfy this requirement.

Models conceived for timetabling rather than rescheduling do not
usually include representations of operations related features. In addition,
these features are represented differently by the models that have already
been applied to real-time operations (i.e., AG, FP, RR, Cap-DM, RCG,
and REF-SRR).

First, the constraints given by the planned timetable may be included
as a set of passing constraints (i.e,. inequalities imposing the departure
times from stations to be greater to or equal to the scheduled times),
as part of the objective function (i.e., terms that penalise early and late
departures as well as too early or late arrivals and which usually depend
on the amount of delay), or by considering them in the preprocessing
phase when choosing the paths.

Second, FP, RR, RCG, and REF-SRR represent routing possibilities
by binary variables that can be forced to zero to represent closed tracks.
The classical AG contains no such variable and does not support rerouting.
If a track is closed, trains are forced to pass it either before its closure or
after its reopening time. D’Ariano et al. (2014)’s AG extension contains
binary variables for routing possibilities. Thus, closed tracks can be
represented as in the RR model. Similarly, the classical Cap-DM does
not consider microscopic routes, but Dollevoet et al. (2015)’s extension
allows rerouting within a station in a similar way as FP. Thus, the same
logic can be applied to model closed platforms too.

Third, all models presented include representations of either interven-
tion features or their off-line counterparts. Formulations for timetabling
support timing, ordering, routing, and/or scheduling/not scheduling trains,
which are the off-line counterparts of retiming, reordering, rerouting, and
cancellation of trains. In models with continuous time variables and Cap-
DM, (re)timing is achieved by changing the value of time variables. In the
other models considering discrete time choices, (re)timing corresponds to
a different choice of time-space combination. ESP, AG, FP, RR and Cap-
DM formulate (re)ordering options as pairs of alternative arcs. The other
formulations contain no such arc, and reordering is performed implicitly
by choosing times and routes. All formulations based upon discrete times
feature (re)routing. Also D’Ariano et al. (2014)’ AG extension, RR, and
FP feature rerouting. Breaking connections is featured only by Cap-DM,
RCG and Corman et al. (2012a)’s AG extension. ESP, the classical AG
and Cap-DM formulations aim at finding suitable times for previously
selected discrete events. Thus, if a train cannot be scheduled because it
conflicts with other services, the solution may either not exist or schedule
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the train after all other services. Train cancellation is represented by all
other models as not scheduling the train. This coincides with all routing
or path variables taking value zero. Note that Meng and Zhou (2014)’s
REF-SRR formulation imposes that each train is scheduled exactly once,
but this constraint can be relaxed to model that each train is scheduled at
most once.

3.1.4 Model objectives
The most conventional objective of real-time timetabling and rescheduling
approaches is to minimise some measure based on train delays. Thus,
finding the most convenient solution from the operator’s perspective. Two
representative examples are: Yan and Yang (2012)’s real-time timetabling
approach of freight services that minimises the operational costs, includ-
ing costs associated with delays; and Samà et al. (2015)’s rescheduling
approach (based on the alternative graph) evaluating multiple train de-
lay based criteria (punctuality, (weighted) train delays, etc.) via Data
Envelopment Analysis.

Recently, several approaches started considering customer perspec-
tives and energy issues. In the remaining of this section, literature about
real-time rescheduling is reviewed with respect to passenger expectations4,
freight traffic representation, and energy efficiency consideration.

Passengers 5 Several approaches to support operations have considered
the customer perspective, particularly in the framework of delay man-
agement (e.g., Schöbel, 2009; Kanai et al., 2011; Dollevoet et al., 2012;
Rückert et al., 2017). Rückert et al. (2017) develop a webtool that supports
dispatchers with simulations of the consequences of waiting/non-waiting
decisions on passengers. The the webtool is able to consider the entire
German railway network but it does not consider stations’ and tracks’
capacity nor other operational requirements. In approaches aiming at
optimising railway operations with respect to the passengers’ delays, the
consequences of delays on passengers are usually approximated by a
weighted sum of dropped connections and train delays, which generally
is a very accurate approximation for the sum of additional delays over
all passengers (refer to Schöbel, 2007, for further details). Dollevoet
et al. (2012) include passenger rerouting possibilities into the delay man-
agement problem by inserting the OD matrices and assuming that all

4Literature about timetabling will be neglected and the interested reader can refer to the recent work
by Parbo et al. (2016).

5This paragraph is based on Toletti and Weidmann (2016)
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passengers take the shortest path. Kanai et al. (2011) model passengers’
disutility as a weighted sum of the on-board time, the waiting time at
stations, the number of transfers, and the running time weighted by a
congestion-related factor. The weighting parameters are set according to
the results of a survey conducted in Japan.

Passenger satisfaction is very important for macroscopic reschedul-
ing too. Binder et al. (2015) propose a passenger centric macroscopic
rescheduling for severe disruptions with passengers rerouting. They model
the problem as an IP based on a time-expanded graph including arc ac-
tivities connected to both trains (depart, run dwell) and passengers (en-
ter/leave the system, ride, wait, transfer). The objective is to minimise the
combination of operating costs (expressed as the sum of running times for
all services) and cumulated generalised travel times of passengers, which
are a weighted sum of travel and waiting times, penalties for transfers
and early/late departures. Tomii et al. (2005) propose the minimisation
of passengers dissatisfaction as rescheduling objective. Passenger dissat-
isfaction is computed as a weighted sum of arrival and departure delays,
prolonged dwell times, prolonged running times, the interval between con-
secutive trains of the same line, and missed connections. Sato et al. (2013)
reschedule train operations minimising passenger discomfort resulting
from disruptions, which is a weighted sum of running time, waiting time
and transfers with respect to the planned trip. The model also includes
a representation of passengers’ decisional behaviour when facing sched-
ule changes. Almodóvar and García-Ródenas (2013) provide a vehicle
rescheduling problem to bring vehicles to lines experiencing extremely
huge unexpected demand (e.g., in case of temporary unavailability of
alternative transport systems). The problem is tackled using predictive
simulation and on-line optimisation aiming at minimising the time of
passengers in the system.

Given the local view of microscopic rescheduling, few works consider
passengers explicitly. Fuchsberger (2012) models passenger dissatisfac-
tion for the RCG model as a weighted sum of train cancellations, arrival
and departure delays, and connections dropped. Corman et al. (2012a) and
Espinosa-Aranda and García-Ródenas (2013) combine rescheduling and
delay management via alternative graphs. Corman et al. (2012a) include
decisions about connections as weighted terms in the objective function,
while Espinosa-Aranda and García-Ródenas (2013) include estimations
of origin-destination-matrices such that the objective function represents
the total passenger delay.
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Freight 6 Only few papers address freight train rescheduling. A possible
reason for this lack is that in some countries there is no planned freight
schedule (Pachl, 2015). Thus, real-time freight train management is
actually a timetabling task that is executed up to a day prior the concerned
train movements (see, e.g., Murali et al., 2016). This is not the case in
Switzerland, where the yearly timetable includes a large number of slots
for freight trains. Some slots are allocated to trains and some remain
unallocated and can be used by trains that are too early or too late for their
assigned slot. Kraay and Harker (1995) propose a macroscopic real-time
timetabling model which minimises the operational costs, represented
by a convex function of the departure and arrival delays, the penalty for
extending a crew shift beyond the legal amount of hours and a penalty for
blocks missing a connection with another train.

Another reason why freight rescheduling has received less attention is
that freight trains usually have different punctuality targets from passenger
trains. In Europe, they usually have arrival time slots rather than precise
arrival times. Consequently, in the case of a conflict, they usually have
lower priorities than passenger trains. With a similar perspective, Davydov
et al. (2014) state that the local delays of freight trains are not as significant
as the ones of passenger trains, and freight train rescheduling should
focus on energy efficient operations. However, some freight trains (e.g.,
transporting mail, just-in-time delivery) already share the same priority of
passenger trains in dispatching. It is reasonable to assume that with the
liberalisation of the railway sector, freight train operating companies will
expect more transparency in conflict resolution, which implies that freight
train rescheduling objectives have to be modelled explicitly.

Due to this lack of references, an empirical study about current prac-
tices in freight train rescheduling was carried out by Ulmke (2017). Based
on interviews with both the infrastructure manager (SBB) and the freight
train operator (SBB Cargo), Ulmke (2017) concluded that objective func-
tion for mixed traffic rescheduling is best represented by monetary costs
and should consider energy consumption, the operating costs of the rail-
way undertaking, the value of time of passenger delays and freight train
delays.

Energy efficiency7 The main factors affecting energy-efficient driving
strategies are speed uniformity and loss of kinetic energy caused by brak-
ing (Bai et al., 2009). Most of the literature on traction energy reduction
focuses on speed profile optimisation considering the single train as an

6This paragraph is extracted from Toletti et al. (2017).
7This paragraph is adapted from Toletti et al. (2016)
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isolated system. The problem has been approached within control theory
by considering the traction force as the control variable under simplified
conditions and different control cases (Howlett, 2000; Khmelnitsky, 2000).
Further improvements have been made on multi-stage optimisation to in-
clude track variability (Franke et al., 2000; Balmelli, 2010), and analytic
solutions for the sequence of optimal control (Liu and Golovicher, 2003;
Albrecht et al., 2015).

Several authors use speed profile parameters instead of traction efforts
as control variables (Aradi et al., 2013; De Martinis et al., 2014). The
model by Aradi et al. (2013) assumes that the arrival time is no longer
fixed but rather that the difference between the actual and planned time
is a term in the objective function that needs to be minimised. The
model by De Martinis et al. (2014) takes a supply design modelling
approach and uses a simulation based framework to define the amount
of additional travel time that can be spent to reduce energy consumption.
Then, simulation is used to check the effects of speed profile modification
on railway traffic.

Only few works explicitly consider energy efficiency during reschedul-
ing and most of them focus on to metro lines, where traffic is not mixed
(e.g., Su et al., 2015; Li and Lo, 2014). One of the few approaches for
mixed traffic has been presented by Corman et al. (2009): it implements
the green wave policy with fixed speed profiles in AG and evaluates en-
ergy consumption reduction as an effect of conflict resolution. Another
approach focuses on the modification of speed profiles during operation
when small disturbances occur (D’Ariano and Albrecht, 2006; Mehta
et al., 2010). It is based on forecasting conflicts and then modifying the
speed profiles (sequence of instructions for drivers) towards conflict-free
trajectories. Implementing this method requires an overview of rail traffic
together with the length, position, speed and ongoing acceleration/deceler-
ation of all trains. In particular, a case study for the Loetschberg tunnel in
Switzerland has shown a 12% reduction of energy consumption compared
to the non-optimised trajectories (Mehta et al., 2010).

3.2 Solution methods

Given a mathematical optimisation problem, like the models described
in the previous section, the task is to find the values for the decision
variables which give the best value for the objective and satisfy all con-
straints. Several methods to solve mathematical optimisation problems
and obtain one or more solutions exist. The suitability of these methods
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for a particular formulation usually depends on the problem’s size, the
time and space available for computation, and the variables being linear,
integer or mixed. All the models described in the previous section that
feature rerouting contain some integer or binary variables. Exact methods
that aim at finding an optimal solution of (mixed) integer linear programs
are usually unsuitable for solving large problems in short times (e.g.,
branch and bound (BB), cutting planes, and dynamic programming see,
e.g., Galli, 2017). Relaxation approaches and (meta-)heuristics put more
emphasis on the computation time but cannot ensure optimality.

Literature on solution methods to optimisation problems is very vast
and spans several decades with the first works having been redacted dur-
ing World War II and new advances being continuously published. As
a consequence, nowadays, the researcher can decide to use commercial
software and open source libraries along with own implemented algo-
rithms. This section summarises the most relevant solution methods for
the scope of this thesis. In particular, algorithms and tools applied to
railway timetabling and rescheduling problems are reviewed. The goal is
to identify promising methods to exploit and further develop in this thesis.

3.2.1 State-of-the-art commercial and open-source soft-
ware

Many of the models for timetabling and rescheduling presented in the
previous section are solved via commercial MILP/LP/IP solvers such
as CPLEX (IBM, 2015) or Gurobi (Gurobi Optimization, 2016). Such
standard solution approaches are often combined with ad-hoc preprocess-
ing routines to improve the algorithm’s efficiency in terms of computa-
tion time and solution quality. Caimi (2009), Caimi et al. (2011, 2012),
and Fuchsberger (2012) use CPLEX (with built-in preprocessing) for
timetabling and rescheduling using Conflict Graph based formulations.
Borndörfer and Schlechte (2007) solve LP relaxations of APP’ and ACP
using CPLEX. Yan and Yang (2012) combine CPLEX with variable fix-
ing (e.g., forbidding very unlikely takeovers). Similarly, Törnquist and
Persson (2007) limit the rescheduling options (e.g., ”only track change
and no reordering”, or ”at most x reorderings”). Peeters and Kroon (2001)
remove redundancies before solving the problem using CPLEX. Pelle-
grini et al. (2014) propose a two-steps-procedure: first the rescheduling
problem is solved with no rerouting possibility, then the solution is used
as a starting value if it is found that a rerouting is necessary. Lusby et al.
(2013) embed CPLEX in a variable generation scheme where pricing is
achieved via enumeration of time-space extensions and a recursive tree
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transversal algorithm. Kroon et al. (2009) use CPLEX for microscopic
routing but the upper level is solved by constraint programming. Herrigel
et al. (2013a) use CPLEX within a hierarchical decomposition approach
based on train classes to solve PESP. Kersbergen et al. (2016) use Gurobi
to reschedule in a decomposed Model Predictive Control (MPC) setting.

Other researchers use open source libraries such as GNU linear pro-
gramming kit, used by Schöbel (2007) for solving the delay management
problem. Another promising open source library for the current work is
LEMON (Dezsõ et al., 2011), which implements data structures and algo-
rithms for combinatorial optimisation. Although to the author’s knowl-
edge it has not been applied to real-time railway traffic management yet,
LEMON has been used for similar problems such as network expansion
planning (Bärmann, 2016, combined with Gurobi) and subway passenger
flow assignment Stasko et al. (2016).

Timetabling and rescheduling problems are usually too large to be
solved with a simple application of commercial or open source software.
Nevertheless, such tools can be very useful if embedded into more elab-
orate routines (see, e.g., Lusby et al., 2013; Kroon et al., 2009; Herrigel
et al., 2013a). The next sections review some concepts that help coping
with the problem size.

3.2.2 Column generation and Lagrangian relaxation
Column generation and Lagrangian relaxation are known methods for
solving large-scale linear programming problems. Barnhart et al. (1998),
Desaulniers et al. (2005), and Lübbecke and Desrosiers (2005) explain the
theoretical and algorithmic features of column generation approaches with
examples from the literature. The three works highlight the interrelations
between column generation and Lagrangian relaxation:

1. The Lagrangian dual of a MIP corresponds to the optimal value
of the LP relaxation of its column generation form obtained by
Dantzig-Wolfe decomposition;

2. the Lagrangian relaxation of a MIP has the same form as the col-
umn generation sub-problem of the LP-relaxation of its column
generation form.

The phases of column generation are (adapted from Barnhart et al.,
1998):

Step 1 Determine an initial feasible restricted master problem.
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Step 2 Solve the current restricted master problem.

Step 3 Delete nonbasic columns with high negative reduced costs from the
restricted master problem.

Step 4 Solve the pricing problem(s) to prove optimality or generate one or
more columns with positive reduced costs. If columns are generated,
add them to the restricted master problem and go to 2.

Step 5 Stop.

A variant of column generation called branch and price is commonly
applied to (mixed) integer linear programs: If the solution after step 4
does not satisfy integrality conditions, branching (i.e., fixing the value of
an integer variable) is applied and the algorithm goes back to step 2.

Some works have focused on applying column generation and La-
grangian relaxation to railway timetabling or rescheduling problems.
Brännlund et al. (1998) use Lagrangian relaxation for decomposing the
railway timetabling problem into train-specific sub-problems for column
generation. Each column corresponds to a feasible schedule for a train
and the use of capacity is penalised by the Lagrangian multipliers in the
objective function of the master problem. Caprara et al. (2002) develop a
heuristic based on Lagrangian relaxation for timetabling. Cacchiani et al.
(2008) apply column generation to the same formulation. The columns
correspond to feasible schedules for each train. In a following work, Cac-
chiani et al. (2010) apply Lagrangian relaxation for inserting additional
freight trains into a schedule where the timetables of passenger trains can-
not be changed. Since it is preferable to have as few dualised constraints
as possible, Meng and Zhou (2014) propose to dualise a subset of capacity
constraints of the Simultaneous Retiming and Rerouting formulation (the
ones that have not been used by trains so far). The Lagrangian multipliers
can be interpreted as the (time-dependent) costs for using those resources
and the train specific sub-problems consist in finding the least cost path
from origin to destination.

Borndörfer and Schlechte (2007) solve the LP-relaxation of the re-
duced master problem of PCP using CPLEX and apply a rounding heuris-
tic, while the longest path is used for pricing. Fischer et al. (2008) solve
the train timetabling problem using ConicBundle library (Helmberg, 2005)
and CPLEX on the Lagrangian relaxation. Basing on the observation that
most trains only use the ”earlier” partition of their time-expanded graphs,
Fischer and Helmberg (2010); Fischer (2013) combine Lagrangian re-
laxation and column generation for timetabling. The innovation of this
approach is that it reduces the memory required by the sub-problems.
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The time-expanded network that is used to build the columns is restricted
to the partition that was interesting for previous computations and it is
enlarged only if needed.

Min et al. (2011) use column generation to coordinate rescheduling
over a large metropolitan area. Each column of the master problem corre-
sponds to a feasible schedule in a segment and is obtained via heuristics.
Lusby et al. (2013) apply a column generation inspired approach for real-
time rescheduling. The columns correspond to paths of trains through a
junction and are obtained using a tree-based algorithm instead of defining
and solving a proper optimisation problem. Foglietta et al. (2014) apply
a column and row generation approach for solving an AG formulation
with routing choices. This approach starts with a restricted master prob-
lem that contains only the time variables and the constraints connected
with the movements of the individual trains and adds variables and con-
straints modelling interactions between trains as needed until the problem
is solved.

Column generation and Lagrangian relaxation are not only well un-
derstood from the theoretical point of view, but they have been applied to
many industries (Desaulniers et al., 2005) . Degraeve and Schrage (1997)
developed a column generation approach for tire production scheduling.
Huisman et al. (2005) describe the advantages of combining column
generation and Lagrangian relaxation for the integrated vehicle and crew
scheduling in bus transport. In this approach, each column consists in a set
of duties. Bélanger et al. (2006) apply column generation for the periodic
airline fleet assignment problem. In this case, the columns correspond to
feasible aircraft itineraries. Westphal and Krumke (2008) apply column
generation for the vehicle routing problem associated with dispatching for
the German automobile club. In this application, each column represents
a feasible tour for a vehicle.

3.2.3 Heuristics and metaheuristics
Heuristics are usually very fast solution methods that often provide good
quality solutions, but whose optimality cannot be proven. Several heuris-
tic algorithms have been developed for continuous-time formulations.
These are often based on local search or consists of a problem-specific
modification of the branch and bound method (BB). Serafini and Ukovich
(1989) apply a refined search tree algorithm to solve PESP. Mascis and
Pacciarelli (2002) and Mazzarello and Ottaviani (2007) solve AG with a
BB method based on greedy algorithms. D’Ariano et al. (2007a) propose
an algorithm to solve AG in which it forbids BB to select alternative pairs
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of arcs that would result in higher delays. The same strategy is applied by
D’Ariano et al. (2007b, 2014, 2008); Corman et al. (2010b, 2012a); Kec-
man et al. (2013). D’Ariano et al. (2008) combine it with a local search
for routing. Corman et al. (2012a) combine it with a Pareto local search
for connections. Zhou and Zhong (2007) apply BB with lower bound
rules. Tamannaei et al. (2016) speed up a BB method to rescheduling (AG
formulation) using fathoming rules based on the lower bound and setting
an upper bound to the computation time based on the number of block
sections covered by the considered sub-problem.

Heuristic approaches have also been applied to speed up the reso-
lution of timetabling problems formulated as constraint programming
or Boolean satisfiability problems (SAT). Constraint programming has
long been considered the most time-efficient way to solve some NP-hard
problem such as PESP, but more recent results have shown that these
might be outperformed by newer SAT solvers (Großmann et al., 2012).
Nevertheless, real world problems are often too large even for such meth-
ods, which are then integrated by heuristics. Rodriguez (2007) applies a
search tree with BB for solving the constraint programming formulation
for real-time timetabling. Kümmling et al. (2015) adopt a hierarchical
decomposition approach for network-wide SAT-based timetabling which
is combined with local conflict search and corridor analysis to improve
the solution of the decomposed problem.

Metaheuristics are enhanced heuristics with special techniques to
avoid getting stuck in local optima or in loops (Galli, 2017). Corman et al.
(2010b) and D’Ariano et al. (2014) complete D’Ariano et al. (2007a)’s BB
algorithm with a tabu search for routing. The resulting algorithm is much
faster than the analogous problem formulated as mixed-integer linear
programming (MILP) and solved via CPLEX in several numerical experi-
ments proposed by D’Ariano et al. (2014). Samà et al. (2017) propose a
variable neighbourhood search algorithm to explore the alternative routes
for an AG formulation time-efficiently. Herrmann (2006) applies a fixed
point iteration method to route trains and a random restart local search
to increase timetable stability in stations. Samà et al. (2016) improve
the solution time of Pellegrini et al. (2014)’s formulation by selecting
the routes to be used by each train with a ”real-time Routing Selection
Problem” solved via ant colony optimisation. In addition, there are many
approaches which transform train schedules into binary strings and apply
Genetic Algorithms to maximise some quality measure (see, e.g., Dündar
and Şahin, 2013; Gholami and Sotskov, 2012).
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3.2.4 Comparison of the different solution methods

Commercial solvers are usually a good option if the problem size is lim-
ited. Successful preprocessing strategies, heuristics based on local search
and/or branch and bound, Lagrangian relaxation and column generation
frameworks are motivated by some characteristics of the model represen-
tation of the problem. Column generation yielded good schedules with
respect to the stated objective when applied to models with many integer
variables within short computation times. This because it enables the
number of alternatives in the model, which is the main source of com-
plexity in time-indexed formulations, to be reduced. Several heuristics
and metaheuristics could solve continuous-time formulations within short
computation times and find near-to-optimal schedules with respect to the
objective functions of the models. The reason is that they reduce (or
remove) the variables involved in Big-M constraints which usually slow
down the convergence of otherwise fast branch and bound algorithms.

This thesis investigates different combinations of commercial solver
with column generation, relaxation and heuristic techniques trying to
exploit the aforementioned strengths of each approach. The main goal is
to define a solution method which is able to find a feasible schedule with
a satisfactory value of the objective function of the mathematical model
within the time available for taking decisions about departure, passing,
and arrival times, connections, and speed advisory as prescribed by the
functional requirements in Table 2.1.

3.3 Partitioning and coordination approaches

Large and complex problems such as traffic management are hardly treat-
able by a fully centralised approach because of both the large computa-
tional effort required and the low acceptance from dispatchers and train
controllers. In fact, even state-of-the-art computers might not be able
to solve network-wide centralised traffic management problems or need
long times that are incompatible with real-time operations. In the long
term perspective, this problem may be solved by more powerful com-
puters. However, the energy required by high performance computers is
very high (see, e.g., the power consumption of the world top machines,
top500.org), and the energy issue is not expected to become less
important in future. Moreover, Brüngger et al. (2014) highlighted the
importance that users of automated systems can understand and overview
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what automatic functions do, otherwise they will try to avoid using them.
This implies that a system reflecting the decentralised traffic control struc-
ture of many railway infrastructure managers might be adopted more
easily than a centralised one. For these reasons, automatic solutions have
usually been developed to control single junctions, stations, or lines (see,
e.g., Corman and Meng, 2013, for a literature review; and Mehta et al.,
2010, and Oettich and Caspar, 2015 for real-world applications). The
same trend has been observed in the literature on control of automated
road vehicles, where most approaches address single isolated intersections
(see, e.g., Li et al., 2014).

To the author’s knowledge, no commonly-agreed decomposition and
coordination approach for real-time railway traffic rescheduling exists.
Coordinating automated rescheduling in different areas is not only rele-
vant for future applications of the current research but also for facilitating
the adoption of automated traffic management support systems by practi-
tioners. In fact, the number of critical spots in the Swiss railway network
is doomed to increase with traffic density. Thus, it cannot be excluded
that two (or more) of the above mentioned automated systems will work
close enough to directly affect each other.

To extend the size of control areas, different partitioning and coordina-
tion approaches are often considered (Rinaldi and Tampère, 2015):

• decomposition divides the problem into simpler subproblems and
solve them using centralised computation while maintaining the
original problem dynamics;

• distribution solves the subproblems separately and ensures the orig-
inal problem dynamics using a central coordinator, if necessary;

• decentralisation solves the subproblems separately with no explicit
coordinating mechanism.

The following sections review and compare decomposition, distribution
and decentralisation approaches for railway operations.

3.3.1 Decomposition schemes
The size of a centralised railway rescheduling problem has been consid-
ered problematic by many researchers who proposed to decompose it into
smaller instances that are easier to solve. In many cases, finding a feasible
solution is delegated to trains and infrastructure partitions and negotiation
approaches are applied for coordination. However, in some cases, the
decomposition is not geographical. Herrigel et al. (2013a), for instance,
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propose a hierarchical decomposition approach for timetabling in which
the different classes of trains are added to the timetable stepwise starting
with the ones with higher priority.

Mazzarello and Ottaviani (2007) identify the need for decomposing
large alternative graph formulations into sub-problems of tractable size
that are coordinated by an upper level that checks the feasibility of the
global solution. In this framework, Corman et al. (2010a, 2012b, 2014)
coordinate rescheduling using a so-called border-graph (see, e.g., Strot-
mann, 2007). Corman et al. (2010a) emphasise the need to consider not
only the geography but also the amount of traffic to produce instances
of tractable size, but do not outline any more precise strategy to network
partitioning. Dollevoet et al. (2014) alternate delay management and
station rescheduling iteratively for network-wide control. Note that in
this case the areas at the microscopic level are disjoint. Caimi (2009)
formalises the network partitioning originally proposed by Laube et al.
(2007)and applies it to timetabling. Again, the network partitioning de-
pends on geography and traffic density (cfr. Salido et al., 2007; Corman
et al., 2010a). Condensation zones are the bottlenecks of the network,
the congested infrastructures according to UIC-code 406 (2004). There,
trains are scheduled at maximum speed to reduce the resources’ occupa-
tion times. Compensation zones coincide with regions with lower traffic
density. There, time reserves for delay absorption are planned. It is as-
sumed that each two condensation zones are separated by a condensation
zone. This network partitioning is adopted by Fuchsberger (2012) for
a Model Predictive Control approach for rescheduling in condensation
areas.

Other approaches solve the burden of centralised decision making
through rule based decision making and Multi-Agent Systems. Jia and
Zhang (1994) propose a hierarchically distributed fuzzy decision-making
system that mimics the decisions of human dispatchers via IF-THEN
rules. An upper level takes the strategic decisions, while the operational
decisions are taken by local controllers in real time. Proença and Oliveira
(2005) decompose the traffic management problem via a Multi-Agent
System, in which agents correspond to trains (speed control), stations
(platform management and train orderings) and a supervisor (which en-
sures safety). In addition, a learning module adapts the rules based on past
decisions. Narayanaswami and Rangaraj (2015) propose to reschedule
rail traffic on a single track line using Multi-Agent Systems (MAS). A
supervisor agent detects conflicts and informs an auctioneer, which asks
the affected train agents to place their bids and declares the winner. The
look-ahead ranking bid ensures deadlock-avoidance. Then, supervisors
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determine the departure times of the conflict trains and reschedule the
rest of the trains using a MILP and station agents allocate the needed
resources and check the feasibility of the solution.

3.3.2 Distribution schemes
Salido et al. (2007) model the train timetabling problem as a Constraint
Satisfaction and Optimisation problem. They show that the distributed
modelling can be solved much faster than a centralised one and that a
partitioning which considers the problem properties outperforms ”domain-
independent” problem partitioning, which only aims at generating sub-
problems of equal size (e.g., generated by a commercial graph partitioning
software). Two strategies for partitioning were proposed: The first groups
the variables depending on the train type; the second divides the network
with respect to geographic regions. In the second case, to balance the
solution effort and increase the success rate, partitions containing bottle-
necks are smaller and have higher priority during the solution process.
Partial states are passed between the agents solving the sub-problems until
a compatible assignment is reached. The two strategies result in similar
solution times.

Kersbergen et al. (2014) and Kersbergen et al. (2016) apply a Dis-
tributed Model Predictive Control for macroscopic rescheduling at network-
wide level. In this case, no higher-level supervision exists, but the local
instances are also responsible for coordination with neighbours. The
constraints of the MILP model (based on Max-Plus algebra, but similar to
macroscopic AG, refer to van den Boom et al., 2012, for further details)
are rearranged into smaller matrices which refer to vectors of decision
variables that are as independent as possible from each other. Kersbergen
et al. (2014) proposes two approaches to solve the model. The first solves
it sequentially by re-optimising with respect to one vector of decision
variables. The second iteratively optimises the sub-problems consisting of
small matrices and independent vectors of decision variables separately
and joins the solutions until convergence is reached. All test cases show
convergence. Kersbergen et al. (2016) compare the performance, in terms
of objective value and computation time, of different decomposition strate-
gies (local/global reorder, local/global retime) and coordination settings
(fixed/traffic-dependent weights at partition boundaries). They highlight
that the most efficient strategy consists of limiting the decisions in each
subproblem (i.e., local reorder and retime) and set weights at boundaries
that depend on the outbound traffic volumes.

Tamannaei et al. (2016) consider a double track line where a block

56



3.3. Partitioning and coordination approaches

section is disrupted such that all trains must circulate on a single track.
The authors partition the problem into subproblems covering either the
only available track in the disrupted area or the one-directional tracks
outside. The problems are then solved sequentially according to trains’
travel directions.

3.3.3 Decentralisation schemes

Vernazza and Zunino (1990) propose a decentralised intelligence approach
for assigning tracks between nodes, in which each two (or more) neigh-
bouring nodes negotiate assignments of the track in-between according to
urgency for decision, train priorities and node overcrowding. Parodi et al.
(1996) complete this approach including deadlock-avoidance algorithms.
Iyer and Ghosh (1995) highlight the advantages of decentralised traffic
management, in that the need for computation time and memory in cen-
tralised systems increases non linearly with the number of trains, stations
and tracks. They propose that each ”natural entity” (e.g., trains, stations)
contributes to conflict resolution by negotiating with other entities and
taking its own decisions. Train on-board processors compute suitable
paths through stations, and station units optimise the track allocations
by accepting or denying the trains’ requests for routes. The coordination
works through continuous message passing. Lee and Ghosh (1998) extend
the look-ahead capability of this approach and introduce the concept of
”soft-reservation”: A station can accept the request of a train to use a track
either for the requested interval or for the first interval available. The
tracks between stations are controlled by one of the neighbouring stations.
Parkes and Ungar (2001) reformulate the auction’s winner determination
problem for track allocation in stations as a MILP and determine the
bidding prices using dynamic programming.

Lamma et al. (1997) partition the railway network in equal modules,
each one controlling one station and some (contiguous) branches. Co-
ordination is ensured by message passing. The authors highlight the
difference between timetabling in stations and on branches. This intu-
itive decomposition has been implicitly assumed by many more recent
timetabling and rescheduling methods. DONS, for instance, contains a
module for network-wide timetabling and one for microscopic timetabling
in station areas (Hooghiemstra et al., 1999). It is implicitly assumed that
no refinement of the macroscopic schedule is necessary outside stations.
Chou et al. (2009) propose a collaborative rescheduling approach, where
each agent is responsible for rescheduling traffic on a junction and can
choose any strategy independently from the others. Coordination between
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Table 3.2: Problem partitioning schemes

decomposition distribution decentralisation

literature Caimi (2009); Corman
et al. (2010a, 2012b,
2014); Dollevoet et al.
(2014); Herrigel et al.
(2013a); Jia and Zhang
(1994); Narayanaswami
and Rangaraj (2015);
Proença and Oliveira
(2005)

Kersbergen et al. (2014,
2016); Salido et al.
(2007); Tamannaei et al.
(2016)

Chou et al. (2009);
Iyer and Ghosh (1995);
Lamma et al. (1997);
Lee and Ghosh (1998);
Parkes and Ungar (2001);
Parodi et al. (1996);
Vernazza and Zunino
(1990)

communication always through master;
shared memory (no mes-
sage passing needed);

through master or peer-
to-peer; shared or dis-
tributed memory possi-
ble;

peer-to-peer; distributed
memory (message pass-
ing needed);

higher level
coordination
(e.g., predic-
tion, delay
management)

master master should be embedded in
one peer

scalability limited high highest

fault tolerance zero limited high

a subset of junctions is achieved via negotiations. Each junction com-
putes its own optimal solution given initial boundary conditions, then
the interface-coordination method checks whether the local schedules of
adjacent areas are compatible, if not, new local schedules are computed,
until a common solution is found.

3.3.4 Comparison of problem partitioning approaches
Rinaldi and Tampère (2015) point out that problem partitioning approaches
are usually classifiable into three categories: decomposition, distribution
and decentralised schemes. Examples of each scheme exist in railway traf-
fic management literature. Table 3.2 summarises the literature presented
in the previous sections and the strengths and weaknesses of the different
paritioning schemes.

Decentralisation schemes have the highest scalability and are usually
more fault tolerant (Lamma et al., 1997). However, they are characterised
by more complex communication protocols because the computing nodes
do not have access to some commonly shared memory. Note that distribu-
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tion schemes can be converted into decentralisation schemes by adjusting
memory management and communication.

In almost all the reviewed approaches, partitioning considers geo-
graphic attributes. Salido et al. (2007) show that such partitioning yields
better results than domain-independent ones. Furthermore, even the exper-
iments by Törnquist and Persson (2007), where no partitioning approach
was applied, indicate that the region where the disturbance occurs is more
important than the magnitude of the corresponding initial delay. In addi-
tion, a geographic partitioning is very close to current traffic management
processes at many railway infrastructure managers. Thus, geographic par-
titioning is expected to have higher acceptance in practice (cfr. Brüngger
et al., 2014).
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Coordinated rescheduling
over multiple zones

This chapter introduces a methodology for railway traffic rescheduling
over multiple zones. Figure 4.1 shows the general idea. First, the railway
traffic rescheduling problem is translated into a mathematical model. Then,
a solution method is applied to solve the mathematical model and obtain
a new schedule. The satisfaction of the functional requirements from
Table 2.1 is a sine qua non for all elements of this methodology, includ-
ing the initialization of the mathematical model from the current traffic
situation and the communication of the new schedule to the interlocking
system, to the trains and to customers.

The chapter is organised as follows. Section 4.1 defines the problem
partitioning and the types of zones. Section 4.2 describes the mathemati-
cal representation of the local traffic rescheduling problem in each zone as
an optimisation model. The model constraints correspond to the boundary
conditions for safe and reliable railway operations, while the objective

Figure 4.1: Elements of railway traffic rescheduling

Real-world railway operations

Mathematical model of
railway traffic
rescheduling

Solution method New adapted
schedule

Functional requirements of traffic management
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function measures the quality of the new adapted schedule according
to predefined criteria. Section 4.3 highlights that the complexity of the
resulting formulation (in the following referred to as the monolith) is
too high for the model to be solved in a short time by simply applying
a commercial software. This motivates the development of alternative
resolution approaches based on column generation techniques and prob-
lem partitioning schemes which are described in Sections 4.4 and 4.5
respectively. Section 4.4 introduces a column generation framework with
different pricing approaches which aims at speeding up the resolution
of the local rescheduling problem by limiting the number of alternative
train trajectories considered concurrently by the model (in the following
these approaches will be shortly referred to as cgApP, cgApC, cgPpP, and
cgPpC). Section 4.5 proposes a non-hierarchical coordination approach
for neighbouring zones. This aims at enabling the partitioning of the
rescheduling problem according to the available compute server and, thus,
at speeding up the solution process by reducing the size of each local
rescheduling model and by limiting the decision measures to the most
relevant ones for the underlying topology and train density.

4.1 Network and problem partitioning
This section introduces the main principles of problem partitioning and de-
fines types of zones for local traffic rescheduling. The literature review in
Section 3.3 suggests that the geographic extension and the amount of traf-
fic considered by a railway traffic rescheduling model have to be limited
to get problems of tractable sizes, which can be solved rapidly. Conse-
quently, it is sensible to split network-wide rescheduling problems into
smaller sub-problems. The following definitions of network partitioning
and problem partitioning are used hereinafter.

Definition 4.1 A network partitioning of a network N consists of a set
N0, N1, . . ., Nm of connected sub-networks or zones of N such that

(R1) the zones cover the entire network, i.e.,
⋃m

i=0Ni = N ,

(R2) the boundaries ∂Ni of the each zone Ni are operation points, i.e.,
∂Ni ⊂ S, ∀0 ≤ i ≤ m, where S denotes the set of operation points
in N .

The set Si, j :=
{
s ∈ S|s ∈ Ni ∩ Nj

}
denotes the portals between zones

Ni and Nj , i.e., the operation points at the common boundary. And
Sportals :=

⋃m
i=0

⋃
j>i Si j indicates the set of all portals in the network N
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in the network partitioning. Each operation point s ∈ S \ Sportals is in
exactly one sub-network N.. Zones sharing a boundary, i.e. Si j , ∅, are
said adjacent or neighbouring.

Definition 4.2 Let a network partitioningN0,N1, . . .,Nm ofN be given.
And let Φ = minx∈X f (x) be the mathematical representation of the
rescheduling problem in network N , where x is a vector of decision
variables, X is the set of decisions satisfying the constraints of railway
traffic management, and f represents the objectives of railway traffic
rescheduling (e.g., minimise train delays). A problem partitioning of Φ
is a set of local rescheduling problems φ0, φ1, . . ., φm in sub-networks
N0, N1, . . ., Nm that can be solved in a distributed way and such that
combining their solutions one obtains a feasible global schedule.

Given that solutions to decomposed optimisation problems are usually
suboptimal and the coordination effort might be large enough to even
annihilate the time savings produced by decomposition, it is important that
the railway network is partitioned into as few sub-problems as manageable.
In case of small disturbances, one can assume that the number of trains
to be considered for the new schedule does not vary significantly from
the yearly timetable, which is fixed. Thus, the capacity consumption of
railway infrastructure of the yearly timetable plays a key role for defining
a low number of sub-problems and, at the same time, for keeping the
computational effort of solving each sub-problem within the limits of
current processors.

The next section gives some basic definitions that are used in this
section and describes a concept, first introduced by Laube et al. (2007),
to partition the railway network into condensation and compensation
zones, according to the capacity consumption. Section 4.1.2 outlines
different rescheduling policies for both zone types that also account for
the complexity of the railway topology in each zone.

4.1.1 Network partitioning and types of zones
In the current work, traffic density is measured via capacity consumption
of the underlying infrastructure. According to UIC-code 406 (2004),
capacity consumption is the infrastructure occupation plus time supple-
ments for stability requirements. Mixed traffic lines with infrastructure
occupation greater than 75% in peak hours (60% off-peak) are said to
be congested. Capacity consumption is defined by the number of trains,
heterogeneity, timetable, and stability requirements (see Appendix A for
some examples). Infrastructure occupation of line sections is computed
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by compressing the timetable over a period of time (e.g., one hour) and
dividing the resulting occupation at the first block section by the length of
the period (UIC-code 406, 2004).

The application of UIC-code 406 (2004) to stations and junctions is not
straightforward and has been investigated by several researchers. Landex
(2008) suggests not to split these entities during capacity consumption
analyses in order to detect all possible conflicts. In addition, larger stability
buffers should be included in large station areas to implicitly consider
shunting movements that are not reported in the published timetable.
Lindner (2011) concludes that UIC-code 406 (2004) cannot be used to
compute the absolute capacity of station areas because it strongly depends
on the routes assigned to the trains (one route may exclude all other
routes, while other ones may be used simultaneously). Alternatively,
Frank (2013) proposes a mesoscopic approach to compute infrastructure
occupation based on the headway times required between scheduled
services. Station areas are divided into conflict points which are analysed
separately according to the main traffic flows. This approach neglects the
interdependence of different conflict points and shunting movements but
suggests that capacity consumption does not only depend on the actual
occupation on infrastructure but also on the type of conflicts that may
arise (e.g., crossing, follow-up, etc.).

A network partitioning considering capacity consumption and result-
ing in a relatively low number of zones was suggested and used by Laube
et al. (2007), Caimi (2009), and Fuchsberger (2012). The following defi-
nitions have been associated by Caimi (2009) to the network partitioning
in condensation and compensation zones:

Definition 4.3 (Caimi, 2009)

Condensation zones are the saturated zones1 of the network.
The available unused capacity is scarce, thus they represent
the bottlenecks of the network. Here, the network shall be
used at the maximal possible capacity that allows stable
operation. Therefore, the timetabling policy for these zones
is such that no time reserves are introduced, and the specified
track paths must be followed very precisely. Usually, but not
necessarily, condensation zones are situated around major
stations.

Compensation zones are the zones that connect different con-
densation zones and mostly have additional capacity avail-
able. They serve as recovery zones for the trains with respect

1e.g., according to UIC-code 406 (2004).
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to punctuality and following of a determined track path. In
compensation zones, trains will be controlled in order to
enter the next condensation zone precisely at the predeter-
mined time and speed. This way, the condensation zone can
be passed without losing any capacity. Time reserves are
introduced to reduce possible delays coming from previous
condensation zones and thereby to improve timetable stabil-
ity.

The indivisibility of resources prescribes that each infrastructure resource
is in at most one zone.

Given that traffic heterogeneity and timetable structure may vary from
day to day or even within the same day (e.g., rush hour, off peak, and
night), condensation and compensation zones may change over the time.
In addition, these characteristics may deviate from the planned values
due to real-time operational issues. This suggests the need for flexible
and dynamic network decomposition. However, the time available for
real-time rescheduling is usually very limited. Thus, a trade-off is needed
between dynamic network decomposition, which is the most proper the-
oretical approach, and time-to-solution, which has to be short. Given
that the currently investigated approach is supposed to solve relatively
small disturbances, which do not significantly modify traffic heterogeneity
and timetable structure, a static network decomposition is applied. The
network decomposition is determined off-line using the yearly timetable.
This way, zones may change over time according to planned railway
operations but not to deviations occurring during real-time operations.

4.1.2 Rescheduling policies in condensation and compen-
sation zones

Ideally, all possible rescheduling options should be considered every-
where: retiming, speed advisory, reordering and rerouting. However, as
it will be shown in Section 4.3, this usually results in huge problems
that are not tractable in the short time available during real-time traffic
management. In particular, dense traffic implies a large number of trains,
thus a large number of retiming, speed advisory and reordering decisions.
Similarly, complex track topologies such as large stations or junctions
provide many paths, thus a large number of rerouting alternatives for each
train. In addition, the paths in complex topologies are usually highly
interdependent, given that each path blocks all paths sharing the same
infrastructure elements.
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Caimi (2009)’s condensation zones usually coincide with station areas
and the following timetabling policy applies:

Policy 5.6 (Scheduling in condensation zones) In condensa-
tion zones, each train is scheduled to travel at the maximally
allowed speed on the designed route. This maximal speed
profile can vary depending on the given route.

Fuchsberger (2012) successfully applies this policy to real-time reschedul-
ing in condensation zones around main station areas. However, this policy
might not be suitable for real-time rescheduling in highly congested ar-
eas with simpler topologies. For instance, Montigel (2009) and Oettich
and Caspar (2015) report on successful implementations of speed advi-
sory systems for conflict avoidance at heavily congested junctions in the
Lötschberg base tunnel and in Killwangen (where occupation ratios are
larger than 75% Weidmann et al., 2014, p. 82). Thus, in the following,
the timetabling policies by Caimi (2009) are refined to be applicable for
real-time rescheduling in condensation and compensation zones and to
consider track topology too. 2

Topologies where conflicts occur between trains having different entry
and exit points from the shared resource (German Konfliktfall Kreuzung)
are denoted hereinafter as complex topologies. These are opposed to
simple topologies where conflicting trains have at least one entry or exit
point in common (German Konfliktfälle: Folgefahrt, Einfädelung, Abfolge,
Ausfädelung). With this definition, complex condensation zones are
usually situated around congested major freight terminals or stations
where many passengers alight or transfer to connecting trains. These
usually correspond to the nodes of the periodic timetable.

Four rescheduling policies can be defined: (1) for condensation zones
situated in complex topological areas; (2) for condensation zones in
simple areas; (3) for compensation zones in complex areas; and (4) for
compensation zones in simple area.

(1) Dense traffic on complex topologies yields to a huge number of
rerouting, retiming (speed) and reordering decisions. Here, capacity
is usually limited by switch regions. Topologically, these areas
are characterised by many switches, which implies many routing
possibilities as well as high route interdependence. The latter point
prescribes that trains should traverse the area at maximum speed3

2Note that this dependency on infrastructure is in line with several research approaches outlined in
Section 3.3, which consider different rescheduling policies and models for lines and junctions/stations.

3Note that this speed is usually low due to the switches
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in order to affect the minimum number of routes of other trains
(scheduling policy 5.6 Caimi, 2009). Usually, complex topologies
are built where traffic is dense. However, outside peak hours they
might experience a low amount of traffic and become part of a
compensation zone.

(2) Simple condensation zones contain few switches and tracks, and
possibly some minor station. Traffic might be very intense and
heterogeneous. In simple condensation zones, capacity is usually
limited by track capacity. Here, speed plays a central role in conflict
resolution, because there is usually no alternative routing.

(3-4) Compensation zones can be either topologically complex or simple.
Due to the lower traffic density, it should not be necessary to limit
the speed profiles to the maximal ones. However, in complex
compensation zones, if the amount of trains is not critical, it might
be unnecessary to use routes requiring many track changes.

In condensation zones, traffic is dense and very little capacity reserve
is planned. Thus, the main objective during rescheduling is maintaining
feasibility while minimising the inconvenience for operators and cus-
tomers (cfr. Caimi, 2009, objective in timetabling). In compensation areas,
further objectives such as the minimisation of energy consumption can be
included to exploit the time reserves not needed to delay absorption.

It has usually been assumed that no rescheduling is needed in com-
pensation zones. Thus, by requiring that each two condensation zones are
separated by a compensation zone that has enough reserves to allow each
train to enter the next condensation zone at the requested time, there is
no need for coordinating rescheduling of neighbouring zones. However,
in very densely utilised network, this requirement might yield to the defi-
nition of extremely large condensation zones. In fact, if a compensation
zone does not have enough reserves, then it is merged with its neighbours
into a huge condensation zone. This requirement can be dropped if a
suitable coordination process for rescheduling in adjacent zones is speci-
fied. Coordination processes are tackled in Section 4.5. Given a suitable
coordination process, it is possible to divide even a condensation zone
into multiple zones if the traffic density or the infrastructure extension are
too large and exceed the performance of the available compute server. In
this way it might be possible to partition every railway traffic rescheduling
problem into a set of sub-problems that are solvable in the short time
available during real-time traffic management.
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In the rest of this thesis, it is assumed that a network partitioning in
condensation and compensation zones is given. The determination of a
general network partitioning strategy is left for future research.

4.2 Resource conflict graph model for local
rescheduling (RCG)

The analysis in Section 3.1.3 highlights that the resource conflict graph
model satisfies all the functional requirements of real-time traffic manage-
ment listed in Section 2.3. In addition, preliminary studies showed that
this model is very flexible with respect to the objective function (Toletti
and Weidmann, 2016; Toletti et al., 2015a, also summarised in Chapter 5).
This motivates its further development and future application to local
rescheduling.

Fuchsberger (2012) and Caimi et al. (2012) successfully applied the
RCG model for predictive control in a condensation area around a large
station with highly complex topology. The current work further develops
that approach in three ways. First, the next section extends the model to
consider multiple operation points such that it can be applied to zones
with simple topologies. Second, Section 4.2.2 presents different objective
functions and a framework to integrate multiple objectives using the RCG
model. Third, a simulation-based approach for blocking time stairways
pattern generation is proposed in Section 4.2.3.

4.2.1 RCG model for compensation areas and conden-
sation zones with simple topology 4

The RCG model for railway traffic rescheduling is an integer linear pro-
gram in which the (binary) decision variables correspond to decisions
about deferring train runs, cancellations, passenger transfers and trajec-
tories between operation points (stations, stops, and junctions). A train
trajectory is the time-space-speed representation of a train run. Thus, a
train trajectory defines the departure time and track from an operation
point and the arrival time and track at the successive operation point, as
well as the routes and speed profiles in-between. Train trajectories are
protected by blocking time stairways as explained in Section 2.1.

Given a geographical area, let S be the set of operation points in it,
T be the set of trains travelling in it, and CN be the set of scheduled

4This section is based on Toletti et al. (2017)
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passenger connections at the operation points in S. The set of tracks in
operation point s ∈ S is denoted by Ps, and Ps,t is the set of tracks that
a specific train t ∈ T can use. It is assumed that each train runs through
a predefined sequence (s0, s1, . . . , snt ) of operation points, where s0 is
either the departure station, depot or portal from which the train enters
the control area and snt either the final station, depot or portal from which
it leaves the control area. Let Bt,i be a set of alternative blocking time
stairways for the run of train t from si−1 to si.

In this framework, a resource is a subset of infrastructure elements
that are locked and released simultaneously according to the Blocking
Time Theory (see, e.g., Hansen and Pachl, 2014). R denotes the set of
resources in the control area and Br the set of all blocking time stairways
using some resource r ∈ R. b(r) and b(r) denote the lock and release
times of resource r by the blocking time stairway b ∈ Br . For each
resource r ∈ R, the nodes of the conflict graph correspond to the blocking
time stairways Br and the edges link together the nodes of blocking time
stairways overlapping on resource r .

Let mt,t ′
p,p′ be the minimum time needed between an event of train t

on track p and an event of t′ on p′, e.g., the minimum dwelling time if
t = t′, p = p′ or the minimum transfer time for a passenger connection
from train t on platform p to train t′ on platform p′. Blocking time
stairways that are not separated by this minimum time are said to be
incompatible (nomenclature by Fuchsberger, 2012). The sets of maximal
incompatible sets are denoted byΩt,t ′

p,p′. Similarly, let mvt
p be the maximum

difference tolerable between the arrival speed of train t at track p and
its departure from the same track. Blocking time stairways whose speed
difference is larger than the tolerated one are said speed-incompatible and
the set of maximal speed-incompatible sets is denoted by Ωvt

p.

The binary decision variables of the problem indicate whether runs
between two consecutive stations are scheduled in the current horizon,
whether they are cancelled, whether a trajectory corresponding to a block-
ing time stairway is selected, and whether scheduled connections are kept,
i.e.,

rt,i =




1, if the run of train t from si−1 to si is scheduled
in the current horizon

0, else
(4.1)

ht,i =



1, if the run of train t from si−1 to si is cancelled
0, else

(4.2)
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xb =



1, if the schedule uses b
0, else

(4.3)

cs,t,t ′ =




1, if the connection from t to t′

in station s is kept
0, else.

(4.4)

Since freight and service trains cannot be cancelled, h· variables are
defined for passenger trains only. If a train run is neither scheduled in the
current horizon nor cancelled, then it is deferred to the next horizon.

Linear constraints model the functional requirements of railway oper-
ations, time-space-speed consistency, conflict freedom, and feasibility of
passenger transfers, as follows:

rt,i ≤ rt,i−1 ∀t ∈ T , i = 2, . . . , nt (4.5)
rt,i + ht,i ≤ 1 ∀t ∈ Tp, i = 1, . . . , nt (4.6)

ht,i ≥ ht,i−1 ∀t ∈ Tp, i = 2, . . . , nt (4.7)

rt,i =
∑

b∈Bt, i

xb ∀t ∈ T , i = 2, . . . , nt (4.8)∑
b∈C

xb ≤ 1 ∀C ∈ Cr, r ∈ R \
⋃
s∈S

Ps (4.9)

0 ≤
∑

b∈A.,p

α(b)≤α

xb −
∑

b∈D.,p

δ(b)<α

xb ≤ 1
∀α ∈ {α(b), b ∈ A.,p}, p ∈ Ps,

s ∈ S
(4.10)

∑
b∈A.,p

α(b)=α

xb ≤ 1
∀α ∈ {α(b), b ∈ At,p}, p ∈ Ps,

s ∈ S
(4.11)

∑
b∈At,p

xb −
∑

b∈Dt,p

xb ≤ 0 ∀p ∈ P·,t, t ∈ T (4.12)∑
b∈U

xb +
∑
b∈V

xb ≤ 1 ∀(U,V ) ∈ Ωt,t
p,p, p ∈ Ps,t (4.13)∑

b∈U

xb +
∑
b∈V

xb ≤ 1 ∀(U,V ) ∈ Ωvt
p, p ∈ Ps,t (4.14)

cs,t,t ′ +
∑
b∈U

xb +
∑
b∈V

xb ≤ 2
(U,V ) ∈ Ωt,t ′

p,p′, p ∈ Ps,t,

p′ ∈ Ps,t ′, (s, t, t′) ∈ CN
(4.15)

csi,t,t ′ ≤ rt,i
(U,V ) ∈ Ωt,t ′

p,p′, p ∈ Psi,t,

p′ ∈ Psi,t ′, (si, t, t′) ∈ CN
(4.16)
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csi−1,t,t ′ ≤ rt ′,i
(U,V ) ∈ Ωt,t ′

p,p′, p ∈ Psi−1,t,

p′ ∈ Psi1,t
′, (si−1, t, t′) ∈ CN .

(4.17)

Constraints (4.5) ensure that at most one blocking time stairway is al-
located to each successive section and none is allocated to trains that
have not been scheduled at a previous point. Constraints (4.6) link rt,i to
ht,i variables, where Tp denotes the set of passenger trains. Cancellation
consistency is ensured by constraints (4.7). Constraints (4.8) link rt,i
to xb variables. Conflicts are avoided thanks to constraints (4.9-4.11):
(4.10-4.11) prevent conflicts at operation points , while (4.9) are used for
the other resources, where Cr denotes the set of maximal cliques of the
conflict graph for resource r. Constraints (4.12) force trains to depart
from operation points from the same track they have arrived to. The
self-connection constraints (4.13) ensure that trains only depart after they
have arrived to the operation point and the minimum dwelling time has
expired and that the arrival and departure times coincide (up to a given
tolerance value) for trains passing an operation point without stopping.
Constraints (4.14) ensure speed consistency. Connection constraints (4.15)
model decisions about passenger connections, and (4.16-4.17) link them
to decisions on train runs.

The RCG model by Fuchsberger (2012) for rescheduling around a
main station area already included the decision variables x · and c· along
with the conflict constraints (4.9) and (4.10), the self-connection con-
straints (4.12) and (4.13), and the connection constraints (4.15). That
model considered only one run arriving at and one departing from the
main station for each train and no cancellation. Here, the decision vari-
ables r· and h· serve to link the different runs of each train. Constraints
(4.5), (4.7), (4.6), (4.8), (4.16) and (4.17) have been added to link the
decision variables with each other. Constraints (4.12) have been relaxed
to enable a train run to arrive to an operation point during the considered
horizon and the departure from the operation point to be deferred to the
next one. The previous model assumed that all trains stop at the operation
point (i.e., the large station). To enable trains to travel through an opera-
tion point without stopping, constraints (4.13) have been augmented to
enforce time consistency and (4.14) have been defined to enforce speed
consistency. In addition, conflict constraints (4.11) have been defined to
prevent conflicts involving non-stopping trains at operation points.

The objective function can model train delays, customer inconve-
nience (delays, waiting times, connections missed, cfr. Caimi et al., 2012;
Toletti and Weidmann, 2016) and/or energy targets (Toletti et al., 2015a).
Examples of objective functions and a framework for multi-criteria rail-
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way traffic rescheduling are presented in the following section, while the
notation is summarised in Table 4.1.

4.2.2 Objectives for RCG model5

The following objective functions measure train delay, customer satis-
faction, and energy efficiency for model (4.1)-(4.14). The operator’s
perspective is reflected by the overall train delay, i.e., the sum of arrival
delays at scheduled stops or at the boundaries of the control area, which
can be computed in the following ways

td1 =
∑
t∈T

∑
i=1,...,nt |
∃scheduled
event at si

(1 − rt,i − ht,i) · ∆

+
∑
t∈T

∑
i=1,...,nt |
∃scheduled
event at si

∑
b∈Bt, i

xb
(
α(b) − α̂t,i

) (4.18)

td2 =
∑
t∈T

∑
i=1,...,nt |
∃scheduled
event at si

(1 − rt,i − ht,i) ·
(
H + mrt,i − α̂t,i

)

+
∑
t∈T

∑
i=1,...,nt

(1 − rt,i − ht,i) · (mrt,i + dtt,i) ·
∑

j=i+1,...,nt |
∃scheduled
event at s j

1

+
∑
t∈T

∑
i=1,...,nt |
∃scheduled
event at si

∑
b∈Bt, i

xb
(
α(b) − α̂t,i

)
(4.19)

where ∆ denotes the size of the rescheduling horizon, α(b) is the arrival
time of blocking time stairway b and α̂t,i the scheduled arrival time of
train t at si, H is the rescheduling horizon end, mrt,i and dtt,i are the
minimum running time of train t in section i and the minimum dwell at si
respectively. The first case assigns a fixed penalty equals the length of the
rescheduling horizon to runs that are scheduled outside the rolling horizon
(first row of 4.18); while the latter estimates the earliest possible time of
each scheduled event outside the rolling horizon (first row of 4.19) and
the effect on the successive sections (second row of 4.19). The last rows
of (4.18-4.19) quantify the delay of the chosen blocking time stairways.

5This section is based on Toletti et al. (2017)
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Customer satisfaction is measured in terms of passenger delay and
freight delay. Passenger delay corresponds to the sum of arrival delays of
passenger trains at scheduled stops weighted by the number of passengers
alighting. Here, missed passenger connections are penalised using fixed
delay equivalents multiplied by the number of passengers who were
planning to use each connection. Approaches accounting for the effects
of the broken transport chain can be found in Schöbel (2007).

pd1 =
∑
t∈Tp

∑
i=1,...,nt |
∃scheduled
event at si

γt,i · (1 − rt,i − ht,i) · ∆

+
∑
t∈Tp

∑
i=1,...,nt |
∃scheduled
event at si

γt,i ·
*.
,
ht,iΓt,i +

∑
b∈Bt, i

xb
(
α(b) − α̂t,i

)+/
-

+
∑

(s,t,t ′)∈CN

γs,t,t ′Γs,t,t ′(1 − cs,t,t ′)

(4.20)

pd2 =
∑
t∈Tp

∑
i=1,...,nt |
∃scheduled
event at si

γt,i · (1 − rt,i − ht,i) ·
(
H + mrt,i − α̂t,i

)

+
∑
t∈Tp

∑
i=1,...,nt

(1 − rt,i − ht,i) · (mrt,i + dtt,i) ·
∑

j=i+1,...,nt |
∃scheduled
event at s j

γt, j

+
∑
t∈Tp

∑
i=1,...,nt |
∃scheduled
event at si

γt,i ·
*.
,
ht,iΓt,i +

∑
b∈Bt, i

xb
(
α(b) − α̂t,i

)+/
-

+
∑

(s,t,t ′)∈CN

γs,t,t ′Γs,t,t ′(1 − cs,t,t ′)

(4.21)

where γt,i is the number of passengers alighting t at si, γs,t,t ′ the number
of passengers transferring from train t to t′ at s, and Γt,i and Γs,t,t ′ the
delay equivalents of cancelling the i run of train t and the connection from
t to t′ at s (usually the timetable period). Hereinafter, the numbers of
passengers γt,i and γs,t,t ′ are assumed to be fixed and given as an input to
the model. For real world applications these values can be approximated
by the travel demand models, which are usually known by train operating
companies. For instance, SBB estimates them using the surveys about
the transport chains of passengers made several times per year by the
train staff. This assumption is made also by Rückert et al. (2017) for the
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development of a webtool that simulates the consequences of wait-depart
decisions on passengers. Although the currently available information
about passengers flows come from static demand models, the authors
anticipate that data on the actual flows will be available soon thanks to
the increasing digitalisation of the railway sector.

Freight trains usually have fixed time windows for arriving at their
destination. Out of its corresponding window a train can not be processed,
e.g., due to lack of marshalling staff or equipment. This is usually ne-
glected by rescheduling approaches, including the current one. Here,
freight delay corresponds to the sum of arrival delays of freight trains
either at their final destination or when leaving the control area

f d1 =
∑

t∈T \T ,p

∑
i=1,...,nt |
∃scheduled
event at si

*.
,
(1 − rt,i) · ∆ +

∑
b∈Bt, i

xb
(
α(b) − α̂t,i

)+/
-

(4.22)

f d2 =
∑

t∈T \Tp

∑
i=1,...,nt |
∃scheduled
event at si

(1 − rt,i) ·
(
H + mrt,i − α̂t,i

)

+
∑

t∈T \Tp

∑
i=1,...,nt

(1 − rt,i) · (mrt,i + dtt,i) ·
∑

j=i+1,...,nt |
∃scheduled
event at s j

1

+
∑

t∈T \Tp

∑
i=1,...,nt |
∃scheduled
event at si

∑
b∈Bt, i

xb
(
α(b) − α̂t,i

)
(4.23)

Energy efficiency and operating costs are measured in terms of overall
energy consumption, i.e., the sum of the energy needed by each train to
run through the control area

e =
∑
t∈T

∑
i=1,...,nt

∑
b∈Bt, i

xbE(b) (4.24)

where E(b) denotes the energy consumption of blocking time stairway b.

Multiple objectives can be simultaneously considered by RCG us-
ing the ε-constraint method. Unlike the weighted sum method, the ε-
constraint method can identify all Pareto-optimal solutions to a multi-
criteria discrete optimisation problem. The objective space is explored by
optimising one of the criteria while constraining the others to given values,
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usually denoted by ε . The classical version (Haimes et al., 1971) assumes
that these values are chosen in advance, which requires a deep knowledge
of the problem as a too coarse grid might miss some optimal solutions and
a too fine grid might result in over-proportioned computational effort with
respect to the number of Pareto-optimal solutions obtained. Laumanns
et al. (2006) propose an adaptive procedure that starts by solving the
”unconstrained” problem and in each iteration defines the epsilons to be
used successively, until all Pareto-optimal solutions are identified.

This method can be applied to the multi-criteria rescheduling problem
using the four objectives defined above:

min td· (4.25)
subject to (4.1) − (4.17) (4.26)

ε p < pd· ≤ ε p (4.27)
ε f < f d· ≤ ε f (4.28)
ε e < e ≤ ε e. (4.29)

the overall train delay is minimised as the primary objective function,
while ε-constraints are introduced for passenger delay, freight delay, and
energy consumption.

Table 4.1: Notation of the resource conflict graph model

Input sets
R (infrastructure) resources in control area
S operation points (stations, stops, junctions,

portals) in control area
Ps tracks at operation point s ∈ S
T trains running in the control area during the

considered horizon
Tp ⊆ T passenger trains running in the control area

during the considered horizon
Tf ⊆ T freight trains running in the control area dur-

ing the considered horizon
CN passenger transfers scheduled in the area dur-

ing the considered horizon
Continued on next page
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Table 4.1 – continued from previous page
Bt,i blocking time stairway candidates (combina-

tions of routing, timing and speed control) for
the run of train t ∈ T in section i = 1, . . . , nt

Input (timetable) parameters
(s0, s1, . . . , snt ) ∈ S

nt+1 ordered operation points on the itinerary of
train t ∈ T

α̂t,i scheduled arrival time of train t ∈ T at ith

operation point on its itinerary
δ̂t,i scheduled departure time of train t ∈ T from

ith operation point on its itinerary
mrt,i minimum running time for train t ∈ T from

operation point si−1 to si

dtt,i minimum dwelling time for train t ∈ T at
operation point si

Decision variables
rt,i decision of including ith run of train t ∈

T in rescheduling solution of considered
rescheduling horizon

ht,i decision of cancelling ith run of train t ∈ T
xb decision about including blocking time stair-

way b in rescheduling solution
cs,t,t ′ wait-depart decision concerning a scheduled

connection from train t′ ∈ T to t ∈ T at
station s ∈ S

Model sets

Br ⊆
⋃
t∈T

nt⋃
i=1

Bt,i blocking time stairways using resource r ∈ R

Cr maximal conflict cliques for resource r ∈ R
At,p blocking time stairway candidates for train

t ∈ T arriving at operation point track p ∈⋃
s∈S Ps

Dt,p blocking time stairway candidates for train
t ∈ T departing from operation point track
p ∈

⋃
s∈S Ps

Continued on next page
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4.2. Resource conflict graph model for local rescheduling (RCG)

Table 4.1 – continued from previous page
A·,p =

⋃
t∈T At,p blocking time stairways arriving at operation

point track p ∈
⋃

s∈S Ps

D·,p =
⋃

t∈T At,p blocking time stairways departing from oper-
ation point track p ∈

⋃
s∈S Ps

Ω
t,t ′
p,p′ maximal incompatible sets for an event of

train t ∈ T at operation point track p ∈ Ps
followed by an event of train t′ ∈ T at p′ ∈
Ps for some operation point s ∈ S

Functions
α(b) arrival time of blocking time stairway b
δ(b) departure time of blocking time stairway b
E(b) energy consumption of blocking time stair-

way b

Parameters (objectives)
∆ size of rescheduling horizon
H end of rescheduling horizon
γt,i number of passengers who alight train t ∈ T

at si

γs,t,t ′ number of passengers who transfer from train
t ∈ T to train t′ ∈ T at s ∈ S

Γt,i delay equivalent of cancelling ith run of train
t ∈ T

Γs,t,t ′ delay equivalent for breaking connection
from train t ∈ T to train t′ ∈ T at s ∈ S

4.2.3 Generation of blocking time stairway patterns us-
ing simulations6

In order to produce realistic solutions that can actually be applied to
real-world railway operations, all relevant pieces of information on the
train movements must be reflected in the model. With the RCG model
described in Section 4.2.1, this means that the blocking time stairways b
associated with the decision variables xb must contain the exact route lock
and route-section release points and times, which can only be obtained by
considering a very fine infrastructure granularity including track-circuits.

6This section is extracted from (Toletti et al., 2017)
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Chapter 4. Coordinated rescheduling over multiple zones

Figure 4.2: Simulation based variable generation
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In addition, each blocking time stairway must allow at least one trajectory
that respects rolling stock traction and brake capabilities as well as vehicle
and line speed limits. This level of granularity is often used by railway
simulators. Given the infrastructure and the rolling stock, railway simu-
lation tools reproduce train dynamics and interlocking information very
accurately. In addition, some software packages are also able to provide
energy consumption measures for the simulated train movements.

To save time during real-time operations, blocking time stairways to
be used as decision alternatives can be prepared offline in a preprocessing
step. This can be done taking advantage of the strengths of railway simu-
lators mentioned before. Figure 4.2 depicts the blocking time stairways
generation framework. A generator program fixes vehicles, routes, stop-
ping patterns, and speed targets into a simulator and receives information
about lock and releasing times of the infrastructure resources and energy
consumption. With these pieces of information it generates the blocking
time stairway patterns for the rescheduling model and stores them in a
database.

Hereinafter, it is assumed that conflict freedom is achieved when all
trains encounter only green signals. This setting is usually referred to
as green wave principle. If trains only encounter green signals, they do
not have to stop nor brake and they can free the utilised resources very
quickly, which reduces the capacity consumption. For this reason, each
train run is simulated separately and conform to the green wave principle.

4.3 Complexity of the ”monolith” approach

In the following, monolith refers to a RCG model built with all time-
shifted copies of the patters in a database of blocking time stairways that
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4.3. Complexity of the ”monolith” approach

Figure 4.3: Performance of the monolith (results of the experiment de-
scribed in Section 5.6.1 on server ivt-pikelot).
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fit into the considered rescheduling horizon for a given time-shift size and
solved by a commercial solver.

Figure 4.3 shows the performance of the monolith approach in terms
of computation time and solution quality (the objective value must be
minimised) for a numerical experiment (for detailed information see
Chapter 5). The computation time grows over-proportionally with the
number of blocking time stairways used to generate the decision variables
of the RCG model while the solution quality stagnates when the number
of blocking time stairways reaches some threshold. This indicates that a
column generation approach might shorten the computation times without
a significant loss of solution quality.

Another issue that can become critical is the memory required for
storing the blocking time stairway patterns. In fact, a huge number of
patterns can be generated for areas with highly heterogeneous traffic,
complex infrastructure topology, and/or more possibilities to pass speed
advices to trains. The number of blocking time stairway patterns that
need to be stored in the database can be approximated as follows. Let S
and T be the sets of operation points and trains to be considered during
rescheduling. It is assumed that each train runs through a predefined
sequence (s0, s1, . . . , snt ) of operation points in the area. Let Bt,i be
a set of blocking time stairways for the run of train t from si−1 to si.
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Chapter 4. Coordinated rescheduling over multiple zones
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Figure 4.4: Computing the number
of decision variables.

The size of Bt,i can be computed in
two steps (Figure 4.4). First, con-
sider only one train t and a fixed
path p from operation point si−1 to
si. If the speed profiles are com-
municated to trains using the sig-
nalling system, then the number of
possible speed profiles that can be
considered depends on the stopping
pattern of t, the number of blocks
mp along p, and on the number of
aspects of each signal SA:

(2 − 1t,i−1) · (2 − 1t,i) · SAmp

where 1t,i indicates whether there is a scheduled stop of train t at si.
Second, considering all possible paths between operation points si−1 and
si, one gets that the size of Bt,i is

|Bt,i | =
∑

p∈ paths
si−1→si

(2 − 1t,i−1) · (2 − 1t,i) · SAmp (4.30)

Summing up over the entire itinerary (s0, s1, . . . , snt ) of train t and over all
trains, assuming that each train uses a different rolling stock, the number
of patterns in the database is

|database| =
∑
t∈T

nt∑
i=0

|Bt,i |

=
∑
t∈T

nt∑
i=1

∑
p∈ paths
si−1→si

(2 − 1t,i−1) · (2 − 1t,i) · SAmp

(4.31)

From formula (4.31) it is possible to draw some conclusions about the
number of decision variables in the problem:

• The number of trains affects the number of decision variables super-
linearly. Thus, limiting the rescheduling horizon length to cover a
lower number of trains reduces the problem size.

• The number of sections (between consecutive operation points) of
each train has a linear effect on the number of decision variables.
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4.4. Column generation for the RCG model

Thus, limiting the extension of the control area reduces the size of
the problem.

• The number of routing alternatives (paths) between consecutive
operation points influences the problem size linearly. This was also
highlighted by other research groups working on different models
(e.g., Samà et al., 2016). Thus, an a-priori selection of paths reduces
the problem size. This can be done with meta-heuristic methods
(cfr. Tabu search for routing with alternative graphs by Corman
et al., 2010b). Alternatively, as it will be shown in the following of
this work, the path choice can be embedded in a column generation
framework.

• The number of combinations of speed advices that can be passed
at signal points strongly affects the problem size if either there is a
large number of consecutive block sections (mp) between consecu-
tive operation points or many different speeds can be communicated
at each signal (SA). Thus, a selection of speed profiles reduces the
problem size (cfr. maximum allowed speed profiles for entering and
leaving a busy central station area, Caimi, 2009; Fuchsberger, 2012).
This, again, can be done using meta-heuristics or column-generation
techniques.

4.4 Column generation for the RCG model
This section proposes a column generation approach to solve the RCG
model. This approach is expected to give good quality solutions in much
shorter computation times than the monolith, given the promising re-
sults obtained for other problems of similar size and structure (see Sec-
tion 3.2.2). Figure 4.5 gives an overview of the data and processes in-
volved. Given the infrastructure, rolling stock, timetable and a prediction
of traffic, an initial restricted master problem is built (see Section 4.4.1).
Then the problem is solved and the quality of the current best solution
is checked (Section 4.4.2). If the requirements to exit the computation
are met, the current solution is returned. Otherwise, a loop is started
where the prices of the resources are gathered from the current solution
(Section 4.4.3) and used within one or more pricing problems to generate
new alternative blocking time stairways which may improve the solution
of the restricted master (Section 4.4.4). Two different pricing techniques
are proposed: one based on precomputed blocking time stairways patterns
and a constructive one which is based on a shortest path algorithm on a
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Chapter 4. Coordinated rescheduling over multiple zones

Figure 4.5: Column generation work-flow (Stop criteria explained in Sec-
tion 4.4.2).
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time expansion of the infrastructure graph. For each technique, an arc
pricing and a path pricing version are presented. Each arc pricing problem
looks for suitable blocking time stairways between a pair of operation
points, while each path pricing problem tries to generate compatible block-
ing time stairways for the entire itinerary of each train. Then, these new
alternatives are added to the restricted master problem (Section 4.4.5).
Given that constraints (4.9)-(4.15) in the rescheduling problem defined in
Section 4.2 depend on the decision variables, they need to be recomput-
ed/updated at each loop iteration. Finally, the restricted master problem is
solved again and the stop criterion checked (Section 4.4.2). If the condi-
tions to exit the loop are satisfied, the current best schedule is returned,
otherwise another iteration is executed.

Note that the LP relaxation of the restricted master problem can be
solved in step 2 instead. This provides two advantages. First, it decreases
the computational effort of step 2 because solving an LP is usually quite
cheap. Second, it might speed up the convergence, as the duals of an
LP measure the potential improvement of the objective if the constraints’
bounds are enlarged by one unit and thus are usually good estimates of
the resources’ prices in constrained optimisation problems. However, if
the LP relaxation is solved in step 2, it might be necessary to solve the
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4.4. Column generation for the RCG model

resulting restricted master problem as a MILP after the stop criterion is
met to get integral values, which may have a significant ”gap” with respect
to the optimal objective value of the LP relaxation.

4.4.1 The initial restricted master problem
Given the infrastructure, the timetable, and a prediction of traffic, the RCG
model (4.1)-(4.17) is built exploiting the algorithms by Caimi (2009) and
Fuchsberger (2012) to define the maximal conflict cliques and the maximal
incompatible sets, respectively. In this initial restricted master problem,
the blocking time stairways used as decision variables correspond to a
limited number of time shifts of the predicted trajectories. This way,
the initial restricted master problem corresponds to a sort of ”conflict
detection” step. The following notation is used to keep track of variables
and constrains and to allow model updates when adding new columns.
LetM (B) = (x, r, h, c, AS, A, D,C) denote the restricted master problem
associated with the collection of blocking time stairways B, where

• x = (xb)b∈B is the vector of decisions about blocking time stairways
in set B;

• r = (rt,i)t∈T ,i=1,2,...,nt is the vector of decisions about scheduling
train runs in the current horizon for all trains and sections;

• h = (ht,i)t∈Tp,i=1,2,...,nt is the vector of run cancellation decisions for
all passenger trains and sections;

• c = (cs,t,t ′)(s,t,t ′)∈CN is the set of wait-depart decisions for all sched-
uled connections;

• AS = (ASr )r∈R\
⋃

s∈S Ps denotes the collection of allocation schemas
of all resources;

• D = (Dt,p)p∈
⋃

s∈S Ps is the collection of departure lists for all tracks
of operation points;

• A = (At,p)p∈
⋃

s∈S
is the collection of arrival lists for all tracks of

operation points;

• C = (cindep, cbind, ccliques, cOPocc, cOPtrack, csel f−conn, cconn) is the
set of model constraints where: cindep are all constraints (4.5-
4.7), which do not depend on B; cbind are model constraints (4.8)
binding x and r variables; ccliques are conflict clique constraints
(4.9); cOPocc are operation point tracks conflict constraints (4.10);
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cOPtrack denote track consistency at operation points constraints
(4.12); csel f−conn are self-connection constraints (4.13-4.14); cconn
are connection constraints (4.15).

4.4.2 Solve the restricted master problem and stop cri-
teria

The restricted master problem is solved using the commercial solver
CPLEX (IBM, 2015). If the solution contains a blocking time stairway for
each scheduled run and the delays of all trains is under a given threshold
(one minute for ”sharp punctuality” or three minutes for ”soft punctual-
ity”), it is considered of sufficient quality and the algorithm generates the
corresponding route setting and departure commands, the speed requests,
and customer information. Note that in some cases there is no sched-
ule satisfying the aforementioned quality criteria. Using the LP-relaxed
model, these cases are identified when there is no columns with negative
reduced cost to be added to the restricted master problem. Unfortunately,
this check is not possible with the original MILP formulation. Thus, to
prevent an infinite loop, a maximum number of loop iterations is given,
such that a solution is provided even if it is not of the quality desired.

4.4.3 Compute the prices of the resources
The goal of the pricing programs is to generate new alternatives which
potentially improve the quality of the current restricted master solution.
In order for an alternative to be selected by the master, it should not
overlap with the blocking time stairways of the other trains. Thus, the
pricing problems charge the use of infrastructure resources according to
the allocations of the current restricted master solution. This can be done
in several ways.

The naivest way to price the resources in RCG is to use the slacks of
the conflict constraints (4.9)-(4.10). Remember that conflict constraints
(4.9) and (4.10) and proper platform utilisation constraints (4.12-4.14) are
associated with resource release and platform occupation times. Thus,
given the values of the slack variables of constraints (4.9-4.14) from the
last restricted master problem, the price of a candidate blocking time
stairway can be approximated with the number of conflict constraints at
their limits that a blocking time stairway contributes to.

A most proper way to price resources’ utilisation is to consider the
values associated with the dual problem. Given that the concept of duality
does not extend to MILP, it is necessary to consider the LP-relaxation
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of the restricted master problem. Analogously as with the previously
mentioned prices, given the values of the duals associated with constraints
(4.9-4.14) from last LP-relaxed restricted master problem, the price of
a candidate blocking time stairway can be approximated with the dual
prices of the conflict constraints that a blocking time stairway contributes
to.

4.4.4 Pricing problems

New alternatives to be added to the master problem can either be selected
from an existing set of blocking time stairways or constructed from scratch.
In the first case, the set may be generated off-line by the simulation
based approach of Section 4.2.3. Then, the pricing problem consists of
evaluating the precomputed blocking time stairways according to the
given resource prices and select the most convenient one(s). In the latter
case, train dynamics and route lock and resource release settings must
be modelled explicitly in each pricing problem to generate new feasible
blocking time stairways with minimal resource cost.

Both pricing techniques can be applied either directly to the master
problem (4.1)-(4.17) for generating new xb variables, or to the follow-
ing version which contains only the constraints for interdependences of
different trains.

min f (y, c) (4.32)

s.t. ∑
g∈Gt

yg = 1, ∀t ∈ T (4.33)∑
g3b,b∈C

yg ≤ 1 ∀C ∈ Cr, r ∈ R \
⋃
s∈S

Ps (4.34)

0 ≤
∑

g(p)≤α

yg −
∑

g(p)<α

yg ≤ 1 ∀α ∈ {g(p), g ∈ Gp}, p ∈ P (4.35)

∑
g(p)=α

yg ≤ 1 ∀α ∈ {g(p), g ∈ Gp}, p ∈ P (4.36)

cs,t,t ′ +
∑

y3b,b∈U

yg +
∑

g3b,b∈V

yg ≤ 2
(U,V ) ∈ Ωt,t ′

p,p′, p ∈ Ps,t,

p′ ∈ Ps,t ′, (s, t, t′) ∈ CN .
(4.37)

yg ∈ {0, 1}, ∀g ∈
⋃
t∈T

Gt (4.38)
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Figure 4.6: Arc pricing and path pricing
s0 s1 s2 s3 s4

pricing problem A pricing problem B pricing problem C pricing problem D

(a) Arc pricing

pricing problem E

s0 s1 s2 s3 s4

(b) Path pricing

where g ∈ Gt = {0, 1}nt×{0, 1}nt×
∏nt

i=1 Bpricing,t,i is an alternative itinerary
of a train t through all its scheduled sections; the first nt dimensions de-
scribe whether a train run is scheduled in each section of its itinerary in the
current horizon (i.e., the rt,i variables of the original model), the following
nt dimension describe whether the train is cancelled at any section (i.e.,
the ht,i variables), and the remaining nt report the sequence of candidate
blocking time stairways for the sections (i.e., the xb variables), yg is a
binary decision variable indicating whether g is selected to be part of the
new schedule, f (y, c) denotes a linear combination of y and c variables
representing the objective, g(p) and g(p) are the arrival and departure
times of g at platform p, given that g runs through p. Constraints (4.33)
impose that exactly one g is chosen for each train. Conflict prevention
is enforced by (4.34) for line resources and by (4.354.36) resources at
operation points. Constraints (4.37) model connections.

Hereinafter, approaches for generating columns for the original model
(4.1)-(4.17) will be referred to as arc pricing techniques, while the ap-
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proaches generating columns for the modified problem (4.32)-(4.37) will
be referred to as path pricing techniques. Figure 4.6 exemplifies the
difference between arc pricing and path pricing.

4.4.4.1 Arc pricing problems with Precomputed blocking time stair-
ways (cgApP)

Let Bpricing be a set of candidates blocking time stairways for the run of
a train t between two operation points of its itinerary. This set can be
generated from the patterns produced by the simulation-based approach
from Section 4.2.3. Promising blocking time stairways for the restricted
master problem should not overlap with the ones chosen by the previ-
ous iteration. In addition, the new blocking time stairways should be
compatible with the ones chosen for the adjacent sections. Applying the
slack-variables based resource prices described in Section 4.4.3, the cost
of a precomputed blocking time stairway b is:

Υ(b) = f (b) (4.39)

+
∑
r∈b

∑
C∈Cr

w0 · (1 − λC) · 1τ(C)∈b(r) conflict cliques

+
∑

C∈Cpd

w1 · (1 − λC) · 1|τ(C)−δ(b) |<H
conflict at

departure platform

+
∑

C∈Cpa

w2 · (1 − λC) · 1|τ(C)−α(b) |<H
conflict at

arrival platform

+
∑

(U,V )∈Ωt, t
pd,pd

w3 ·
(
1 − λ (U,V )

)
· 1δ(b)<V

self-connection at
departure platform

+
∑

(U,V )∈Ωt, t
pa,pa

w4 ·
(
1 − λ (U,V )

)
· 1α(b)>U

self-connection at
arrival platform

+
∑

(U,V )∈Ωit
pd

w5 ·
(
1 − λ (U,V )

)
· 1δ(b)>V

i.self-connection at
departure platform

+
∑

(U,V )∈Ωitpa

w6 ·
(
1 − λ (U,V )

)
· 1α(b)<U

i.self-connection at
arrival platform

+
∑

(U,V )∈Ωvt
pd

w7 ·
(
1 − λ (U,V )

)
· 1vδ(b)>V

v.self-connection at
departure platform

+
∑

(U,V )∈Ωvtpa

w8 ·
(
1 − λ (U,V )

)
· 1vα(b)<U

v.self-connection at
arrival platform
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+
∑

(U,V )∈Ωvit
pd

w9 ·
(
1 − λ (U,V )

)
· 1vδ(b)<V

v.self-connection at
departure platform

+
∑

(U,V )∈Ωvipat

w10 ·
(
1 − λ (U,V )

)
· 1vα(b)>U

v.self-connection at
arrival platform

− w11λ (t,pd) same platform

∀b ∈ Bpricing

where f (b) denotes the contribution of b to the objective function of the
restricted master, pd and pa denote the departure and arrival platforms
of b, Cp· are the set of constraints of type (4.10), τ(C) is the resource
release time associated with the conflict clique or the reservation time for
platform occupation constraint C, λC denotes the slack of C, H denotes
the minimum headway on platforms, λ (U,V ) denotes the slack of the
constraint associated with the pair of incompatible sets (U,V ), and λt,pd
is the slack of constraint (4.12). The weights w0−11 are usually equal one,
but they can be defined in order to prioritise some constraints over the
others. The remaining notation is borrowed from Section 4.2. If the LP
relaxation of the restricted master is solved in step 2, then the w· · (1 − λ ·)
terms can be substituted with the duals (see Section 4.4.3).

After computing the prices of all blocking time stairways, the pricing
problem consists into sorting the candidates according to their prices Υ
and return the one with the lowest price. After a candidate is added to the
master problem, it is removed from the pricing problem. In the following,
column generation with Arc pricing using Precomputed blocking time
stairways will be referred to as cgApP.

4.4.4.2 Path pricing problems with Precomputed blocking time stair-
ways (cgPpP)

Applying Lagrangian multipliers to constraints (4.9), (4.10), (4.11) and
(4.15) the objective of the original problem (4.1)-(4.17) becomes the
minimisation of function:

L(x, r, h, c, λ) = f (x, r, h, c) (4.40)

− λ0 ·


1 −

∑
b∈C0

xb

C∈Cr,r∈R\
⋃

s∈S Ps

conflict
cliques

− λ1 ·


1 −

∑
b(p)≤α

xb +
∑

b(p)<α

xb

α∈{b(p),b∈Bp },p∈Ps,s

conflicts at
arrival track
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− λ2 ·


1 −

∑
b(p)=α

xb

α∈{b(p),b∈Bp },p∈Ps,s

conflicts at
arrival track

− λ3 ·



∑
b(p)≤α

xb −
∑

b(p)<α

xb

α∈{b(p),b∈Bp },p∈Ps,s

conflicts at
departure track

− λ4 ·


2 − cs,t,t ′ −

∑
b∈U

xb −
∑
b∈V

xb

 (U,V )∈Ωt, t ′

p,p′
,p∈Ps, t,

p′∈Ps, t ′,(s,t,t ′)∈CN

connection
management

where λ0,1,2,3,4 denote the Lagrangian multipliers. Assuming that the
decision variables cs,t,t ′ are fixed to given values, it is possible to compute
the contribution of each train t ∈ T and section i ∈ {1, 2, . . . , nt } to L
independently using equation (4.40). In the remaining of this section, this
is denoted as L([xb]b∈Bt, i

, rt,i, ht,i, λ).

Setting the Lagrangian multipliers equal to the complement of the
slacks multiplied by some weight one obtains the path pricing problem
for each course t ∈ T :

min
nt∑

i=1

L([xb]b∈Bpr icing, t, i
, rt,i, ht,i, λ) (4.41)

s.t.

rt,i ≤ rt,i−1 ∀i = 2, . . . , nt (4.42)
rt,i + ht,i ≤ 1 ∀i = 1, . . . , nt (4.43)

ht,i ≥ ht,i−1 ∀i = 2, . . . , nt (4.44)

rt,i =
∑

b∈Bpr icing, t, i

xb ∀i = 2, . . . , nt (4.45)∑
b∈At,p

xb −
∑

b∈Dt,p

xb ≤ 0 ∀p ∈ P·,t, t ∈ T (4.46)∑
b∈U

xb +
∑
b∈V

xb ≤ 1 ∀(U,V ) ∈ Ωt,t
p,p, p ∈ Ps,t (4.47)∑

b∈U

xb +
∑
b∈V

xb ≤ 1 ∀(U,V ) ∈ Ωvt
p, p ∈ Ps,t (4.48)

xb ∈ {0, 1} ∀b ∈ Bpricing (4.49)
rt,i, ht,i ∈ {0, 1} ∀i = 1, . . . , nt (4.50)

where Bpricing denotes the set of blocking time stairways that can be
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chosen during the pricing phase and Bpricing,t,i the ones corresponding to
train t and section i. To prevent trajectories to be generated more than
once, for each new generated trajectory y∗ a new row of the following
form is added to the pricing problem (4.41)-(4.50).∑

i∈{1,...,nt
|ry
∗

t, i=0}

rt,i +
∑

i∈{1,...,nt
|hcum,y∗

t, i =1}

(1 − ht,i) +
∑

b∈Bpr icing

|xy
∗

b
=1}

(1 − xb) ≥ 1 (4.51)

where r y
∗

t,i indicates whether the ith run of train t is scheduled by trajectory

y∗ and hcum,y∗

t,i whether it is cancelled, while xy∗

b indicates whether blocking
time stairway b was part of y∗. Similarly as for the arc pricing case, the
formulation can be slightly modified to apply duals based prices as defined
in Section 4.4.3.

In the following, column generation with Path pricing using Precom-
puted blocking time stairways will be referred to as cgPpP.

4.4.4.3 Arc pricing problems Constructing blocking time stairways
(cgApC)

The constructive arc pricing is formulated as a shortest path problem on
a directed graph. The graph is a time-expansion of the infrastructure
between two consecutive operation points on the train’s itinerary. The
nodes are the joining points of adjacent resources. Two space-time nodes
are linked if their space coordinates correspond to the end points of the
same resource and the difference between their time coordinates is at
least the minimum running time of the considered rolling stock on that
resource. The direction of each arc reflects the travel direction. The length
of the arcs is given by the cumulative price of all resources blocked by
the corresponding train movements, as shown in Figure 4.7:

• the resource corresponding to the infrastructure between the space
coordinates of the end nodes during the time span between the time
coordinates (e.g., the brown areas in Figure 4.7, they spans from
space coordinate S1 to S2 and from time coordinates 0 (slow arc)
and 8 (fast arc) to 5 and 11 (respectively));

• and for an additional release time needed by the interlocking system
(e.g., blue area, space between S1 and S2, time between 5 and 6 for
slow arc and between 11 and 12 for fast arc);

• the resources on the braking path given by the implicitly defined
speed (e.g., purple area spanning over next block for slow arc and
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4.4. Column generation for the RCG model

Figure 4.7: Elements contributing to arc lengths
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over next two blocks for fast arc); if several paths are possible, the
average of all path costs is used.

A source node indicates the entrance point of the train into the con-
sidered section. If the train has already entered the section, the source is
linked to all time expansions of starting point of the next resource on its
path. Otherwise it is linked to all starting points of the routes leaving a
track of the operation point. In the first case, the lengths of these arcs are
obtained by the prices of the resources currently occupied. In the latter
case, they are given by the prices of the resource of the operation point
track they represent. A target node indicates the exit point of the train
from the considered section. This node is connected to all time expansions
of the last infrastructure traversed before leaving the section. The lengths
of these arcs are the sum of the resource price of the arrival track and the
arrival delay at the successive operation point.

A new promising alternative is built from the shortest source-target
path. Note that train dynamics should be ensured, in particular maximal
acceleration and braking ratios. Thus, a feasible trajectory is defined by
the following system which aims at minimising the difference between the
resulting trajectory and the space-time coordinates of the shortest path.

Let (ŝ0, t̂0), (ŝ1, t̂1), . . . , (ŝn, t̂n) be the nodes of the shortest path and
s0, s1, . . . , sN a discretisation of the route defined by the shortest source-
target path. These points are defined such that the infrastructure between
si and si+1 is part of same resource and is shorter than a given parameter
∆smax. The parameter ∆smax is used to split the infrastructure along the
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Chapter 4. Coordinated rescheduling over multiple zones

Figure 4.8: Post-processing for constructive pricing: the shortest source-
target path (black nodes and arcs) is transformed into a feasi-
ble trajectory (brown) using additional discretisation points
and minimising the time difference (vertical) at the shortest
path nodes, then the corresponding blocking time stairway is
generated (reservation in purple, release in blue).
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train movement into pieces that are small enough to assume a uniform
acceleration. A function σ : {0, 1, . . . , n} 7→ {0, 1, . . . , N }, i 7→ σ(i)
maps the indexes of the nodes of the shortest paths to the corresponding
discretisation indexes (i.e., ŝi = sσ(i)). Then, the following system defines
a promising feasible trajectory

min
∑n

i=0
(
tσ(i) − t̂i

)2 (4.52)
s.t ti − ti−1 ≥ rtmin(si−1 → si) i = 1, 2, . . . , N(4.53)

−dmax · (ti − ti−1) ≤ vi − vi1 i = 1, 2, . . . , N(4.54)
vi − vi−1 ≤ amax · (ti − ti−1) i = 1, 2, . . . , N(4.55)

vi−vi−1
2 =

si−si−1
ti−ti−1

≈ (si − si−1) · PL A(ti − ti−1) i = 1, 2, . . . , N(4.56)
ti, vi ∈ R≥0 i = 0, 1, . . . , N(4.57)
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4.4. Column generation for the RCG model

where (4.52) aims at minimising the overall square error between the final
times and the ones given by the shortest path; (4.53) ensure that the mini-
mum running time from si to si+1 (rtmin(si → si+1)) is respected; (4.54)
limit the speed reduction in each partition according to the maximal de-
celeration ratio of the rolling stock (dmax); (4.55) limit the speed increase
in each partition according to the maximal acceleration ratio of the rolling
stock (amax); and (4.56) link time and speed variables using the average
speed formula. Note that the latter constraint can be linearised with a
piecewise linear approximation of function 1

∆t . There are several methods
to approximate a function with a piecewise linear formula (see, e.g., Lin
et al., 2013). Here, the function is approximated with a set of tangents
which minimises the area between the hyperbole and its approximation as
shown in Figure 4.9. This choice is motivated by the fact that fixing the
number of segments, the lower and the upper points of the area of interest
[x1, xN ], the breakpoints zk,k+1 and the slopes ak are defined analytically

Figure 4.9: Piecewise linear approximation of hyperbole using 6 tangents.
The breakpoints zk,k+1 and the hyperbole points defining the
tangents’ slopes x∗k are chosen to minimise the area between
the two curves.
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Chapter 4. Coordinated rescheduling over multiple zones

by the following formulae.

x∗k = x
k−1
N−1
N · x

N−k
N−1
0 (4.58)

ak = −
1

x∗2k

(4.59)

zk,k+1 = 2 ·
x∗k · x

∗
k+1

x∗k + x∗k+1
(4.60)

Finally, the blocking time stairway for the resulting trajectory can
be computed according to the time points ti, the speeds vi, the required
braking distance at each point si, the train length and additional time
supplements for route setting and release (see Algorithm 4.1). Then, the
new blocking time stairway can be associated with a decision variable to
be inserted into the restricted master problem. In the following, column
generation with Arc pricing Constructing new blocking time stairways
will be referred to as cgApC.

4.4.4.4 Path pricing problems Constructing blocking time stairways
(cgPpC)

The constructive path pricing is very similar to its arc counterpart, but
here the time-expanded graph of the infrastructure spans the entire train
itinerary. Again, the nodes are the joining points of adjacent resources and
arcs reflect possible train movements, ensuring minimum running times
and minimum dwell times. The only difference is that the contribution to
the objective function for intermediate operation points has to be added to
the arcs corresponding to the operation point’s tracks instead of the source
and target arcs. In the following, column generation with Path pricing
Constructing new blocking time stairways will be referred to as cgPpC.

4.4.5 Add new columns to a RCG model
New columns can be added to the restricted master problem exploiting
the techniques outlined by Caimi (2009) and Fuchsberger (2012) for
building the problem. These techniques were developed to time-efficiently
compute maximal conflict cliques and incompatible sets. In the first case,
the events of each allocation schema are sorted in ascending order and the
conflict cliques are defined at resource release times that are immediately
preceded by at least one resource reservation item (Algorithm 2 by Caimi,
2009). In the second case, the events of all operation point departure
and arrival lists are sorted and incompatible sets are defined iteratively
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4.4. Column generation for the RCG model

Algorithm 4.1 Compute blocking time stairway for given trajectory
Input: trajectory (si, ti, vi)i=0,...,n, routes (r j ) j=1,...,m, maximum decelera-

tion ratio adec, reservation and release time supplements τres, τrel
Output: blocking time stairway b =

(resource, [reservation, release])resource∈∪ jr j
1: for j = 1, . . . ,m do
2: set all reservation times of resources in r j to∞
3: set all release times of resources in r j to −1
4: end for
5: routesOnBrakingPath := ∅
6: routeLength := (0.0)
7: for i = n − 1, . . . , 1 do
8: distToStop := v2

i

2∗adec
9: routeLength [0] := routeLength [0] + si+1 − si

10: currentreservation := ti − τres
11: rit :=First route in routesOnBrakingPath
12: while rit < routesOnBrakingPath.end() and distToStop > 0

do
13: set reservation time of all resources in route rit to

currentreservation
14: distToStop := distToStop − routeLength [rit]
15: rit :=Next route in routesOnBrakingPath
16: end while
17: Find minimal index currentRelease such that scurrentRelease−1 ≥

si + trainLength
18: set reservation time of the resource in si-si+1 to tcurrentRelease + τrel

19: if si is beginning of a new route rr then

20: routesOnBrakingPath := *
,

rr
routesOnBrakingPath

+
-

21: routeLength := *
,

0.0
routeLength

+
-

22: end if
23: end for
24: return b
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Chapter 4. Coordinated rescheduling over multiple zones

by checking the compatibility of pairs of event from the lists (Algorithm
3.1 by Fuchsberger, 2012). Here, new columns are added to the problem
by inserting the respective block reservation and release times in the
allocation schemas and the departure and arrival times in the lists of the
corresponding resources. Then, either the existing constraints are updated
or new ones are defined.

The conflict clique constraints (4.9) can be updated using the fol-
lowing algorithm 4.2. The idea is to insert the reservation and release
times of each resource in the corresponding allocation schema, update
all conflict cliques associated with the times between the newly inserted
allocations, and eventually define new conflict cliques. Figure 4.10 shows
two examples.

Similarly, the departure and arrival times linked with the new column
are used by algorithms 4.3-4.4 to update the conflicts at operation points
constraints (4.10) ans the same platform constraints (4.12). The idea
is to find the position of the time event in the corresponding allocation
schema, update all constraints associated with later times, and define a
new constraint in the case of an arrival event. Figure 4.11 shows two
examples. Note that in the allocation schemas, if items are associated
to the exact same time, the reservation is set before the release and the
arrival before the departure.

The incompatible sets generating constraints (4.13)-(4.15) can be
updated using the following Algorithms 4.5-4.6. The idea is exactly the
same as of Fuchsberger (2012) but when a new maximal set is found
which contains a previously defined one the old one is changed into the
new one. Figure 4.12 shows an example for a connection constraint.
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4.4. Column generation for the RCG model

Algorithm 4.2 Update conflict cliques for new blocking time interval

Input: blocking time interval br =
[
br, br

]
of resource r; allocation

schema ASr of resource r; conflict clique constraints ccliques; boolean
variable xb

Output: updated conflict cliques ccliques
1: i := 0
2: while i , length(ASr ) and ASr[i] < br do
3: i := i + 1
4: end while
5: Insert br into ASr at position i
6: if (i = 0 or ASr[i − 1] is release) and ASr[i + 1] is release then
7: define conflict clique constraint for release element ASr[i + 1]
8: end if
9: while i , length(ASr ) and ASr[i] ≤ br do

10: if ∃c̃ ∈ ccliques defined by ASr[i] then
11: c̃ := c̃ + xb
12: end if
13: i := i + 1
14: end while
15: Insert br into ASr at position i
16: if i = 0 or ASr[i − 1] is release then
17: do nothing
18: else if ASr[i + 1] is release of constraint c̃ ∈ ccliques then
19: c̃ := c̃ + xb
20: else
21: define conflict clique constraint for release element ASr[i]
22: end if
23: return ccliques.
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Chapter 4. Coordinated rescheduling over multiple zones

Figure 4.10: Updating conflict cliques. On the left hand side the blocking
time of a resource by different trajectories, in the centre
the allocation schema of the resource, and on the right the
conglict clique constraints. The orange parts correspond to a
newly inserted column
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Algorithm 4.3 Update operation point track constraints for new departure
Input: departure time δ; departure track p; allocation schema ASp of p;

operation point track conflict constraints cOPocc; track-consistency
constraint cOPtrack (p) for track p; boolean variable xb

Output: updated operation point track conflict constraints cOPocc and
track-consistency constraint cOPtrack (p)

1: cOPtrack (p) := cOPtrack (p) − xb
2: i := 0
3: while i , length(ASp) and ASp[i] <= δ do
4: i := i + 1
5: end while
6: Insert δ into ASp at position i
7: while i , length(ASp) do
8: if ∃c̃ ∈ cOPocc defined by ASp[i] then
9: c̃ := c̃ − xb

10: end if
11: i := i + 1
12: end while
13: return cOPocc, cOPtrack (p).

Algorithm 4.4 Update operation point track constraints for new arrival
Input: arrival time α; arrival track p; allocation schema ASp of p; oper-

ation point track conflict constraints cOPocc; track-consistency con-
straints cOPtrack (p) for track p; boolean variable xb

Output: updated operation point track conflict constraints cOPocc and
track-consistency constraints cOPtrack (p)

1: cOPtrack (p) := cOPtrack (p) − xb
2: i := 0
3: while i , length(ASp) and ASp[i] < α do
4: i := i + 1
5: end while
6: Insert α into ASp at position i
7: define operation point track conflict constraint for element ASp[i]
8: while i , length(ASp) do
9: if ∃c̃ ∈ cOPocc defined by ASp[i] then

10: c̃ := c̃ + xb
11: end if
12: i := i + 1
13: end while
14: return cOPocc, cOPtrack (p).
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Chapter 4. Coordinated rescheduling over multiple zones

Figure 4.11: Updating conflict at operation points constraints. On the left
hand side the blocking time stairways arriving at and depart-
ing from a resource, in the centre the allocation schema of
the resource, and on the right the sets of indices for con-
flicting allocations. The orange parts correspond to a newly
inserted column.
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Algorithm 4.5 Update maximal incompatible sets for departure
Input: departure time δ; arrival list At,p of feeder train at given platform;

departure list Dt ′,p′ of current train from given platform; maximal in-
compatible sets Ωt,t ′

p,p′; minimal connecting time m; index b of current
column

Output: updated maximal incompatible sets Ωt,t ′
p,p′

1: i := 0
2: lastSetIndex := 0
3: while i < length(Dp′,t ′) and Dt ′,p′[i] < δ do
4: if Dt ′,p′[i] defines maximal incompatible set then
5: lastSetIndex := lastSetIndex + 1
6: end if
7: i := i + 1
8: end while
9: Insert δ into Dt ′,p′ at position i

10: if α(lastSetIndex) + m > δ then
11: δ(lastSetIndex) := δ
12: V (lastSetIndex) := V (lastSetIndex) ∪ {b}
13: else
14: j := index of α(lastSetIndex) in At,p
15: j := j + 1
16: while j < index of α(lastSetIndex + 1) in At,p do
17: if At,p[ j] + m > δ) then
18: Define new incompatible set for index (At,p[ j], δ) and place it

at position lastSetIndex
19: break
20: end if
21: j := j + 1
22: end while
23: end if
24: lastSetIndex := lastSetIndex + 1
25: while lastSetIndex < length(Ωt,t ′

p,p′) do
26: V (lastSetIndex) := V (lastSetIndex) ∪ {b}
27: lastSetIndex := lastSetIndex + 1
28: end while
29: return Ωt,t ′

p,p′.
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Algorithm 4.6 Update maximal incompatible sets for arrival
Input: arrival time α; arrival list At,p of current time at given platform;

departure list Dt ′,p′ of destination train from given platform; maxi-
mal incompatible sets Ωt,t ′

p,p′; minimal connecting time m; index b of
current column

Output: updated maximal incompatible sets Ωt,t ′
p,p′

1: i := length(Ap,t)
2: lastSetIndex := length(Ωt,t ′

p,p′)
3: while i > 0 and At,p[i − 1] > α do
4: i := i − 1
5: if At,p[i] defines maximal incompatible set then
6: lastSetIndex := lastSetIndex − 1
7: end if
8: end while
9: Insert α into At,p at position i

10: if α + m > δ(lastSetIndex) then
11: α(lastSetIndex) := α
12: U (lastSetIndex) := U (lastSetIndex) ∪ {b}
13: else
14: j := index of δ(lastSetIndex) in Dt ′,p′

15: j := j − 1
16: while j > index of δ(lastSetIndex − 1) in Dt ′,p′ do
17: if α + m > Dt ′,p′[ j]) then
18: Define new incompatible set for index (α, Dt ′,p′[ j]) and place

it at lastSetIndex
19: break
20: end if
21: j := j − 1
22: end while
23: end if
24: while lastSetIndex > 0 do
25: lastSetIndex := lastSetIndex − 1
26: U (lastSetIndex) := U (lastSetIndex) ∪ {b}
27: end while
28: return Ωt,t ′

p,p′.
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Figure 4.12: Updating connection constraints at station s. On the left hand
side the blocking time stairways arriving at and departing
from two tracks in s, in the centre the departure and arrivals
lists of the tracks, and on the right the sets of maximal in-
compatible sets. The orange parts correspond to a newly
inserted column.
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Chapter 4. Coordinated rescheduling over multiple zones

The following Algorithm 4.7 summarises how to insert a new column
into the restricted master problem.

Algorithm 4.7 Insert a new column into restricted master problem
Input: blocking time stairway b for train t section s, restricted master

problemM (B)
Output: updated restricted master problemM (B ∪ {b})

1: xb := new boolean variable
2: x := x ∪ {xb}

3: cbind (t, s) := cbind (t, s) + xb
4: for all blocking time intervals br ∈ b do
5: Update ccliques with Algorithm 4.2
6: end for
7: Update cOPtrack and cOPocc with Algorithms 4.3-4.4
8: Update csel f−conn and cconn with Algorithms 4.5-4.6
9: M (B ∪ {b}) = (x, r, h, c, AS, A, D,C)

10: return M (B ∪ {b}).

4.5 Non-hierarchical coordination framework
This section proposes a non-hierarchical framework for distributed rail-
way traffic rescheduling with the RCG model (4.1)-(4.17). In fact, even
assuming that the column generation framework presented in the previous
section improves the resolution of the RCG formulation considerably,
the computational effort of network-wide railway traffic rescheduling
with a single RCG formulation will still be way above the capability of
state-of-the-art computers (and probably even of future ones). Thus, as
suggested by the literature review in Section 3.3, the geographic extension
and the amount of traffic considered by a rescheduling model have to be
limited to get problems of tractable sizes. Assuming that the size of the
rescheduling horizon and the number of trains to be considered by a RCG
model are inherited by the yearly timetable, which is fixed, it is sensible
to partition the rescheduling problem geographically in condensation and
compensation zones as described in Section 4.1.

The notation from Table 4.1 is used hereinafter. The problem of
rescheduling traffic in a network N with a set of operation points S is
denoted as

Φ = min
(x,r,h,c)∈X

f (x, r, h, c) (4.61)

where X denotes the set of values of (x, r, h, c) satisfying constraints
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4.5. Non-hierarchical coordination framework

(4.1)-(4.17). Three formulations for partitioning (4.61) into a set of local
rescheduling problems {φi}i satisfying Definition 4.2 are proposed. Each
φi is based on a RCG model for the sub-network Ni.

The central topic of this section is the coordination of the local
rescheduling problems to get a feasible global schedule. In fact, when
local rescheduling of adjacent areas is executed separately, consistent
track, time, and speed assignments at portals are not guaranteed. Even
if a common global timetable is used as reference by all zones, explicit
coordination is often required (see, e.g., the results in Section 5.8). Coor-
dination can be achieved in different ways: in non-hierarchical approaches
adjacent areas exchange values at boundaries directly with each other
to ensure coordination; while in multilevel approaches an upper level
enforces coordination at portals by fixing common time, speed and track
values. This section focuses on non-hierarchical approaches. Despite the
relevance of multilevel coordination approaches, they are out of the scope
of the current work. Thus, they will not be further investigated.

Section 4.5.1 proposes a formulation allowing trains to be stored at
the portals between neighbouring zones, while Section 4.5.2 and 4.5.3
present simpler formulations requiring that trains travel through portals
without stopping.

4.5.1 Subgradient method formulation with wait possi-
bilities at portals

The formulation presented hereinafter allows every operation point in the
network to be used as a boundary between zones. Thus, it enables a large
number of different problem partitioning approaches.

Definition 4.4 A valid network partitioning of a network N consists of a
set N0, N1, . . ., Nm of zones of N that satisfy (R1-R2) of Definition 4.1
such that

(R3) each sub-network Ni is either a condensation or a compensation
zone with either simple or complex topology,

(R4) no portal is set at operation points where connections are scheduled,
i.e., ∀s ∈ Sportals@t, t′ ∈ T s.t.(t, t′, s′) ∈ CN .

Note that each train run from an operation point to the next one can
be mapped to exactly one sub-network of a valid network partitioning.
In addition, requiring that no connection is scheduled at portals (R4),
each connection can be also mapped to exactly one sub-network of a

105



Chapter 4. Coordinated rescheduling over multiple zones

valid network partitioning. It follows that each decision variable of the
RCG model (4.1)-(4.17) can be linked to exactly one sub-networkN. of a
valid network partitioning. Then, the railway traffic rescheduling problem
(4.61) can be reformulated as

Φ = min
(x,r,h,c)∈X

m∑
i=0

f i (xi, r i, hi, ci) (4.62)

where xi, r i, hi, ci denote the decision variables linked to each sub-network
Ni, and f i (.) denotes the part of the objective function depending on them.

For a problem similar to (4.62) Terelius et al. (2011) propose a ”decen-
tralized Multi-Agent Optimisation via Dual Decomposition”. Their main
idea is to distribute the problem among m + 1 agents. They add a copy
of each decision variable for each agent and impose all copies of each
decision variable to be equal to each other. These equality constraints are
dualised using Lagrangian multipliers. The copies of the decision vari-
ables and the terms of the objective function based on them are assigned
to different agents that iteratively solve their own optimisation problem,
exchange the values of the decision variables with the neighbours, and
update the values of the Lagrangian multipliers using the values obtained
by the previous computation and the ones received from the neighbours.

Here, given that all decision variables and most of the constraints
can be linked to exactly one sub-network, it seems unduly to add copies
of all decision variables and Lagrangian multipliers for the respective
equality constraints. In addition, the RCG model already includes several
constraints that ensure consistency and conflict freedom at every operation
point, including portals. Hereinafter, these constraints are referred to as
complicating constraints. The idea is to apply a Lagrangian relaxation to
the complicating constraints and get

min
(x,r,h,c)∈X ′

m∑
i=0

f i (xi, r i, hi, ci)

+
∑

s∈Spor tal s

*
,
λs

A Asr + λs
CCsh + λs

F


*
,

F s

−F s
+
-

x − *
,
1

0
+
-



+ λs
G

[
Gs x − 1

]
+ λs

H H s x

+ λs
J
[
J s x − 1

]
+ λs

K
[
K s x − 1

]+
-

λ .. ≥ 0

(4.63)

where X ′ denotes the set defined by (4.1)-(4.17) without the relaxed
constraints, As denotes the coefficients of variables r in constraints of
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type (4.5) related to portal s ∈ Sportal , Cs denotes the coefficients of
variables h in constraints of type (4.7) related to portal s, F s denotes the
coefficients of variables x in conflict constraints of type (4.10) related to
portal s, Gs denotes the coefficients of variables x in conflict constraints
of type (4.11) related to portal s, H s denotes the coefficients of variables x
in consistency constraints of type (4.12) related to portal s, J s denotes the
coefficients of variables x in consistency constraints of type (4.13) related
to portal s, and K s denotes the coefficients of variables x in consistency
constraints of type (4.14) related to portal s.

Given the linearity of the complicating constraints, the terms of (4.63)
can be rearranged. Note that X ′ is the product of (m + 1) disjoint sets
X0, X1,. . . ,Xm that represent the local RCG models (4.1)-(4.17) in the
sub-networks N0,N1, . . ., Nm. Then, the rescheduling problem (4.62) is
equivalent to finding a solution to

Φ = max
λ

m∑
i=0

φi (λ) (4.64)

where φi (λ) denotes the local rescheduling problem in zoneNi defined as

φi (λ) = min
(xi,r i,hi,ci )∈Xi

{
f i (xi,r i, hi, ci)

+
∑

s∈∂Ni

(
λs

AAsir i + λs
CCsihi

+ λs
F


*
,

F si

−F si
+
-

xi − *
,
1
0

+
-


(4.65)

+ λs
G

[
Gsi xi − 1

]
+ λs

H H si xi

+ λs
J

[
J si xi − 1

]
+λs

K

[
K si xi − 1

] )}

where Asi, Csi, F si, Gsi, H si, J si, K si denote the columns of As, Cs, F s,
Gs, H s, J s, K s corresponding to the variables linked to zone Ni.

Lagrangian dual problems such as (4.64) are usually solved using the
subgradient method (see, e.g., Terelius et al., 2011). The subgradient
method is an iterative approach that starts with some initial estimate of
the Lagrangian multipliers λ(0) and updates it at each iteration with the
current solutions to local problems φ. according to

λ(k + 1) = λ(k) + w · q(k) (4.66)
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where λ(k) denotes the value of λ used at the kth iteration to solve
the local problems φi, w(k) indicates the step size (see, e.g., Nedic and
Ozdaglar, 2009), and g(k) indicates a subgradient of the function Q(λ) =∑m

i=0 φ
i (λ) at λ(k). The subgradient method with constant step size is

guaranteed to converge to some value very close to the optimum (see e.g,
Boyd et al., 2003).

Differentiating (4.63) with respect to each component of λ, one gets
the following refinements of (4.66):

λs
A(k + 1) = λs

A(k) + wAsr (k) (4.67)
λs

C (k + 1) = λs
C (k) + wCsh(k) (4.68)

λs
F (k + 1) = λs

F (k) + w


*
,

F s

−F s
+
-

x(k) − *
,
1
0

+
-


(4.69)

λs
G(k + 1) = λs

G(k) + w
[
Gs x(k) − 1

]
(4.70)

λs
H (k + 1) = λs

H (k) + wH s x(k) (4.71)
λs

J (k + 1) = λs
J (k) + w

[
J s x(k) − 1

]
(4.72)

λs
K (k + 1) = λs

K (k) + w
[
K s x(k) − 1

]
(4.73)

where (x(k), r (k), h(k)) is the solution to the local problems φ.(λ(k)).

4.5.2 Subgradient method no-wait formulation
The formulation presented in the previous section allows each operation
point to be used as a portal. However, if large densely utilised stations
are used as portals, the number of complicating constraints, i.e., involving
variables from different zones, is huge. Consequently, a huge number of
dual variables λ . is needed, which results in a large number of operations
to update the coefficients of the local rescheduling problems φ. and to
compute the new dual estimates after each iteration. In addition, looking
more closely at the reference SBB network one discovers that a number
of operation points represent junctions and switch regions where it is not
sensible to stop. Moreover, many of these operation points are situated
right outside main station areas (see, e.g., operation points BGN, BGOS,
BGS, and BGWE in the case study in Section 5.8). This observation
motivates the formulation proposed in this section.

Definition 4.5 A no-wait portal is an operation point between zones
where

• no train is planned to stop and
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• the tracks are so short that if a conflict between two train movements
occur, the blocking time intervals of at least one commonly used
line resource adjacent to the track overlap.

Definition 4.6 A valid no-wait network partitioning of a network N con-
sists of a set N0, N1, . . ., Nm of zones of N that satisfy the requirements
(R1-R2) of Definition 4.1, (R3-R4) of Definition 4.4, and

(R5) the boundaries of the zones are no wait portals, i.e., ∂Ni ⊂ {s ∈
S|s no-wait portal}, ∀0 ≤ i ≤ m.

Consider problem (4.62) and letN0,N1, . . .,Nm be a valid no-wait net-
work partitioning. The conflict-freedom constraints (4.10)-(4.11) linked to
the portals of the valid no-wait network partitioning can be removed from
the definition of the domain X , while the other complicating constraints
for all portals s ∈ Sportals become

(4.5) → rt,→s = rt,s→ ∀t ∈ T (4.74)
(4.7) → ht,→s = rh,s→ ∀t ∈ T (4.75)

(4.12) →
∑

b∈At,p

xb =
∑

b∈Dt,p

xb ∀p ∈ Ps, t ∈ T (4.76)

(4.13) →
∑

b∈At,p

α(b)xb =
∑

b∈Dt,p

δ(b)xb ∀p ∈ Ps, t ∈ T (4.77)

(4.14) →
∑

b∈At,p

vα(b)xb =
∑

b∈Dt,p

vδ(b)xb ∀p ∈ Ps, t ∈ T (4.78)

where→ s indicates the section of a train itinerary with arrival at portal s,
and s → the section departing from it.

Let T i
→s denote the set of trains in zone Ni leaving from portal s ∈

∂Ni and T i
s→ the ones entering it. In addition, given that each train is

supposed to pass only once through each portal, one can uniquely define
the variables of one zone linked to the runs from and to a portal s using
the index s instead of the run index. The application of a Lagrangian
relaxation to the complicating constraints (4.74)-(4.78) of problem (4.61)
gives

min
(x,r,h,c)∈X ′

m∑
i=0




f i (xi, r i, hi, ci)

+
∑
j,i

∑
s∈Ni∩Nj



∑
t∈T i
→s∪T

i
s→

{
λs,t

A,i j

[
r i

t,s − r j
t,s

)
+ λs,t

C,i j

[
hi

t,s − h j
t,s

] }

+
∑
p∈Ps

*.
,

∑
t∈T i
→s



λ

s,t,p
H,i j



∑
b∈At,p

xi
b −

∑
b∈Dt,p

x j
b
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+ λ
s,t,p
J,i j



∑
b∈At,p

α(b)xi
b −

∑
b∈Dt,p

δ(b)x j
b



+λ
s,t,p
K,i j



∑
b∈At,p

vα(b)xi
b −

∑
b∈Dt,p

vδ(b)x j
b






(4.79)

+
∑

t∈T i
s→



λ

s,t,p
H,i j



∑
b∈Dt,p

xi
b −

∑
b∈At,p

x j
b



+ λ
s,t,p
J,i j



∑
b∈Dt,p

δ(b)xi
b −

∑
b∈At,p

α(b)x j
b



+λ
s,t,p
K,i j



∑
b∈Dt,p

vδ(b)xi
b −

∑
b∈At,p

vα(b)x j
b






+/
-






λ .. ≥ 0

Then, by rearranging the terms and using the sets X0, X1, . . . , Xm as in
the previous section one can write the rescheduling problem (4.61) as
(4.64) where φi (λ) denotes the local rescheduling problem in zone Ni for
a given λ . ≥ 0 and it is defined as

φi (λ) = min
(xi,r i,hi,ci )∈Xi




f i (xi, r i, hi, ci)

+
∑
j,i

∑
s∈Ni∩Nj



∑
t∈T ,

tpasses s

[
r i

t,s

(
λs,t

A,i j − λ
s,t
A, ji

)
+ hi

t,s

(
λs,t

C,i j − λ
s,t
C, ji

)]

+
∑
p∈Ps

*.
,

∑
t∈T i
→s

∑
b∈At,p

xi
b

[
λ

s,t,p
H,i j − λ

s,t,p
H, ji

+ α(b)
(
λ

s,t,p
J,i j − λ

s,t,p
J, ji

)
(4.80)

+vα(b)
(
λ

s,t,p
K,i j − λ

s,t,p
K, ji

)]

+
∑

t∈T i
s→

∑
b∈Dt,p

xi
b

[
λ

s,t,p
H,i j − λ

s,t,p
H, ji

+ δ(b)
(
λ

s,t,p
J,i j − λ

s,t,p
J, ji

)

+vδ(b)
(
λ

s,t,p
K,i j − λ

s,t,p
K, ji

)]+/
-






As mentioned in the previous section Lagrangian dual problems such
as (4.63) are usually solved using the subgradient method in which the
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local problems (4.80) are iteratively solved with given λ estimates that
are updated at each iteration according to (4.66). In this case, for each
pair of adjacent zones (Ni, Nj) and each operation point s ∈ Ni ∩ Nj the
updates can be written as

λs,t
A,i j (k + 1) = λs,t

A,i j (k) + w ·
(
r i

t,s (k) − r j
t,s (k)

)
∀t ∈ T , passes s (4.81)

λs,t
C,i j (k + 1) = λs,t

C,i j (k) + w ·
(
hi

t,s (k) − h j
t,s (k)

)
∀t ∈ T , passes s (4.82)

λ
s,t,p
H,i j (k + 1) = λ

s,t,p
H,i j (k) + w ·

*.
,

∑
b∈At,p

xi
b(k) −

∑
b∈Dt,p

x j
b(k)+/

-
= λ

s,t,p
H,i j (k) + w ·

(
1
{sα j

t,s (k)=p} − 1
{sδ jt,s (k)=p}

)
∀p ∈ Ps, t ∈ T i

→s

(4.83)

λ
s,t,p
J,i j (k + 1) = λ

s,t,p
J,i j (k) + w ·

*.
,

∑
b∈At,p

α(b)xi
b(k) −

∑
b∈Dt,p

δ(b)x j
b(k)+/

-
= λ

s,t,p
J,i j (k) + w ·

(
αi

t,s,p(k) − δ j
t,s,p(k)

)
∀p ∈ Ps, t ∈ T i

→s

(4.84)

λ
s,t,p
K,i j (k + 1) = λ

s,t,p
K,i j (k) + w ·

*.
,

∑
b∈At,p

vα(b)xi
b(k) −

∑
b∈Dt,p

vδ(b)x j
b(k)+/

-
= λ

s,t,p
K,i j (k) + w ·

(
vαi

t,s,p(k) − vδ
j
t,s,p(k)

)
∀p ∈ Ps, t ∈ T i

→s

(4.85)

λ
s,t,p
H,i j (k + 1) = λ

s,t,p
H,i j (k) + w ·

*.
,

∑
b∈Dt,p

xi
b(k) −

∑
b∈At,p

x j
b(k)+/

-
= λ

s,t,p
H,i j (k) + w ·

(
1{sδit,s (k)=p} − 1

{sα j
t,s (k)=p}

)
∀p ∈ Ps, t ∈ T i

s→

(4.86)

λ
s,t,p
J,i j (k + 1) = λ

s,t,p
J,i j (k) + w ·

*.
,

∑
b∈Dt,p

δ(b)xi
b(k) −

∑
b∈At,p

α(b)x j
b(k)+/

-
= λ

s,t,p
J,i j (k) + w ·

(
δi

t,s,p(k) − α j
t,s,p(k)

)
∀p ∈ Ps, t ∈ T i

s→

(4.87)

λ
s,t,p
K,i j (k + 1) = λ

s,t,p
K,i j (k) + w ·

*.
,

∑
b∈Dt,p

vδ(b)xi
b(k) −

∑
b∈At,p

vα(b)x j
b(k)+/

-
= λ

s,t,p
K,i j (k) + w ·

(
vδi

t,s,p(k) − vα
j
t,s,p(k)

)
∀p ∈ Ps, t ∈ T i

s→

(4.88)

Then, with a constant step size w and an initial estimates of the duals
λ(0) = 0 each local rescheduling problem can be formulated as:

φi (λ(K + 1)) = min
(xi,r i,hi,ci )∈Xi




f i (xi, r i, hi, ci) (4.89)

+
∑
j,i

∑
s∈Ni∩Nj



∑
t∈T i
→s∪T

i
s→s

{
λ̃i,s

t,r (K )r i
t,s + λ̃i,s

t,h(K )hi
t,s

}
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+
∑
p∈Ps

*.
,

∑
t∈T i
→s

∑
b∈At,p

λ̃
i j
s,t,p(b, K )xi

b

+
∑

t∈T i
s→

∑
b∈Dt,p

λ̃
i j
s,t,p(b, K )xi

b
+/
-






λ̃i,s
t,r (K ) = 2w

K∑
k=0

[
r i

s,t (k)−r j
s,t (k)

]
(4.90)

λ̃i,s
t,h(K ) = 2w

K∑
k=0

[
hi

s,t (k) − h j
s,t (k)

]
(4.91)

λ̃i,→s
t,p (b, K ) = 2w

K∑
k=0

[
1{sαi

s, t (k)=p} − 1
{sδ js, t,p (k)=p} (4.92)

+α(b)
(
αi

s,t,p(k) − δ j
s,t,p(k)

)
+ vα(b)

(
vαi

s,t,p(k) − vδ
j
s,t,p(k)

)]

λ̃i,s→
t,p (b, K ) = 2w

K∑
k=1

[
1{sδis, t (k)=p} − 1

{sα j
s, t (k)=p (4.93)

+δ(b)
(
δi

s,t,p(k) − αi
s,t,p(k)

)
+ vδ(b)

(
vδi

s,t,p(k) − vα
j
s,t,p(k)

)]

This can be interpreted as follows: in each iteration, the local rescheduling
problem φi receives suggestions based on the results of the previous
iteration on how to change the values of the variables at the portals to get
a consistent global schedule. The signs of the differences indicate whether
the value should grow or fall and their absolute values scaled according to
2w suggest the entity of the change needed.

4.5.3 Negotiation based no-wait formulation

The approximate duals λ̃ ·. (4.90-4.93) are computed using the local sched-
ule information at the portals from all previous iterations. This section
presents an alternative to the subgradient method no-wait formulation that
uses only the local schedules from the last iteration.

As before, at each iteration, the local rescheduling problems φi (4.89)
are solved with given approximate duals. The difference from the subgra-
dient no-wait formulation is the computation of the approximate duals.
For each portal an ”intermediate schedule” is computed by combining
the current local schedules with some weights that reflect the relative
importance of exchanged information. Then, the values λ̃ ·. are defined to
quantify the distances of the decision alternatives from the intermediate
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schedule. The relative importance of exchanged information can depend
on:

(a) direction: The most natural way to coordinate the movement of
trains along different areas is by considering their travel directions.
Xie et al. (2014) suggest that communicating outflows to neigh-
bouring intersections within a rolling horizon provides an implicit
coordination. Direction based precedences are the base of the co-
ordination by Corman et al. (2012b). The strength of this strategy
is that decisions that are to be applied in a nearer future get higher
priority than the following ones. A drawback of this strategy is that
trains might be forced into an already congested area even if they
could stay a little longer in a previous uncongested area without
creating any inconvenience.

(b) hierarchical: Analogous to the microscopic timetabling work-flow
with condensation and compensation areas proposed by Caimi
(2009). The local schedules of condensation zones are imposed
to the adjacent compensation zones. Of course this strategy can
be applied to different hierarchies than condensation zones before
compensation zones (e.g., model based Kersbergen et al., 2016).
A drawback of this approach is that the rescheduling problem in a
low-rank area can result infeasible due to the boundary conditions
imposed by higher-ranked neighbours.

(c) negotiation: A combination of the previous two strategies can be
achieved with a negotiation between the areas. Adjacent zones
negotiate the passing track, time and speed of each train at the
common portals aiming at having a common result. The weight of
each local schedule for computing the intermediate schedule can
depend on the travel direction of the train or/and the type of area
(condensation or compensation). Note that this strategy also allows
the definition of overlapping areas.

Strategies a) and b) are special cases of strategy c), in which the weight
of the schedule information of either one direction or area is one and
the other zero. Table 4.2 exemplifies the three strategies for the situation
depicted in Figure 4.13 and assuming zone Ni is a condensation zone and
zone Nj a compensation zone. Strategy c) also enables the assignment of
different weights to each of the components track, time and speed.
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Table 4.2: Weights of exchanged information for rescheduling in adjacent
zones: Examples for Figure 4.13.

Ni Nj
`````````````````
Approach

Travel direction
inbound outwards inbound outwards

(a) direction 0 1 0 1
(b) hierarchical 1 1 0 0
(c) negotiation [0, 1] [0, 1] [0, 1] [0, 1]

For given negotiation weights, the approximate duals λ̃ .. can be up-
dated as follows:

λ̃i,s
t,r (k + 1) = ϕ(t)

[
1
{wi,r

t,s≥w
j,r
t,s∧r is, t (k)=0} + 1

{wi,r
t,s<w

j,r
t,s∧r j

s, t (k)=0}

]
(4.94)

λ̃i,s
t,h(k + 1) = ϕ(t)

[
1
{wi,h

t,s ≥w
j,h
t,s ∧hi

s, t (k)=0} + 1
{wi,h

t,s <w
j,h
t,s ∧h j

s, t (k)=0}

]
(4.95)

λ̃i,s
t,p(b, k + 1) = ϕ(t)

[
1
{wi, track

t,s ≥w
j, track
t,s ∧sαi

s, t (k),p} + 1
{wi, track

t,s <w
j, track
t,s ∧sδ js, t,p (k),p}

+
���α(b) −

(
wi,time

t,s αi
s,t (k) + w

j,time
t,s δ

j
s,t (k)

) ��� (4.96)

+
���vα(b) −

(
w

i,speed
t,s vαi

s,t (k) + w
j,speed
t,s vδ

j
s,t (k)

) ���


λ̃i,s
t,p(b, k + 1) = ϕ(t)

[
1
{wi, track

t,s ≥w
j, track
t,s ∧sδis, t (k),p} + 1

{wi, track
t,s <w

j, track
t,s ∧sα j

s, t,p (k),p}

+
���δ(b) −

(
wi,time

t,s δi
s,t (k) + w

j,time
t,s αi

s,t (k)
) ��� (4.97)

���vδ(b) −
(
w

i,speed
t,s vδi

s,t (k) + w
j,speed
t,s vα

j
s,t (k)

) ���
]

where ϕ(t) is a function of the available time for decisions about train
t; w.,.

t,s are the weights of the decisions about train t at portal s in the
zones Ni and Nj concerning the components time, speed and track, and
of decisions on deferring it to the next horizon or cancelling it; r .s,t (k) is
the decision taken in the kth iteration about deferring the run of train t
on the section adjacent to portal s; h.s,t (k) is the decision selected in the
kth iteration about cancelling the run of train t on the section adjacent to
portal s; α.s,t (k) and δ.s,t (k) are the arrival and departure times of train
t at the portal s found within the kth iteration; sα.s,t (k) and sδ.s,t (k) are
the arrival and departure tracks; and vα.s,t (k) and vδ.s,t (k) the arrival and
departure speeds. Figure 4.13 shows the the distributed non-hierarchical
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Figure 4.13: Coordinated rescheduling of adjacent zones using the
negotiation-based no-wait formulation.

φi (λ̂) φ j (λ̂)
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Solution
method (local)

Solution
method (local)

New adapted
schedule
zone Ni

New adapted
schedule
zone Nj

Consistent?

New adapted
schedule
global

NO

YES

update λ̂

framework for railway traffic rescheduling using the negotiation-based
no-wait formulation.

As a train approaches a portal, agreeing on a track, a time and a
speed becomes more important, i.e., the coordination costs increase with
approaching application time of the decision. Thus, ϕ() is a monotonically
decreasing function such as

ϕ(t) =
M

min(αt,i, αt, j ) − hbegin
(4.98)

where hbegin is the beginning of the current rescheduling horizon and M
is a large constant.

There are often operational rules that fix the direction of travel of
the tracks at portals. Consider the examples in Figure 4.14. On single
lines there is only one possible track assignment for all movements. In
multiple-track sections the maximum capacity is attained when all tracks
are used for one direction (and train type). Thus, in many situations it is
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portal portal portal

slow
fast
fast
slow

Figure 4.14: Tracks assignments at portals

possible to fix the passing tracks at portals and the equations 4.96-4.97
are simplified as

λ̃i,s
t,p(b, k + 1) = ϕ(t)

[
1
{wi, track

t,s ≥w
j, track
t,s ∧sαi

s, t (k),p} + 1
{wi, track

t,s <w
j, track
t,s ∧sδ js, t,p (k),p}

+
���α(b) −

(
wi,time

t,s αi
s,t (k) + w

j,time
t,s δ

j
s,t (k)

) ��� (4.99)

+
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(
w

i,speed
t,s vαi

s,t (k) + w
j,speed
t,s vδ

j
s,t (k)

) ���


λ̃i,s
t,p(b, k + 1) = ϕ(t)

[
1
{wi, track

t,s ≥w
j, track
t,s ∧sδis, t (k),p} + 1

{wi, track
t,s <w

j, track
t,s ∧sα j

s, t,p (k),p}

+
���δ(b) −

(
wi,time

t,s δi
s,t (k) + w

j,time
t,s αi

s,t (k)
) ��� (4.100)

���vδ(b) −
(
w

i,speed
t,s vδi

s,t (k) + w
j,speed
t,s vα

j
s,t (k)

) ���
]

Differently from the subgradient method, there is no guarantee that this
method converges. Thus, the following rule is applied. If no convergence
has been reached after a given number of iterations, the values at the
portals are fixed to the ones found in the last iteration according to the
weights of the components. The number of iteration should be determined
according to the available time for computation and the available compute
server.
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Chapter 5

Computational
experiments

This chapter presents a proof-of-concept of the methodology for coordi-
nated railway traffic rescheduling presented in the previous chapter. The
models and algorithms have been translated into executables that have
been run on a number of railway traffic scenarios to test the validity of the
proposed methodology and its limitations. Tests have been made at every
step of the development of the methodology (see Table 5.1).

The tests have been executed in simulated environments based on
three networks that have been selected basing on the requirements of the
different stages of the algorithm development and on data availability. The
toy network of the ETH railway operations laboratory (EBL) is used to
test the validity of the mathematical representation of the problem, the
different rescheduling objectives, and the computational implementation
of the algorithms. The small number of stations and tracks enables a
full overview of the network, which is ideal to identify implementation
errors and blind spots of the model with a relatively low computational
effort (see Section 5.2.1 for further details). The line Berne-Worblaufen
of the Regionalverkehr Bern-Solothurn commuter network (RBS) is used
to investigate the solution quality per computation time performance
of the monolith and column generation approaches for homogeneous
but extremely dense traffic in a simple topology (see Section 5.2.2 for
further details). In fact, in peak hours, this 3.8 km double track section
is travelled by 42 trains per hour. The area around Brugg managed
by the Swiss Federal Railways (SBB) is used to test the scalability of
column generation approaches and the validity of the non-hierarchical
coordination approach for rescheduling in adjacent zones from Section 4.5.
In Brugg a north-south corridor with very heterogeneous traffic and many
freight trains meets an east-west corridor mostly used by long distance



Chapter 5. Computational experiments

Table 5.1: Overview of numerical experiments.

Section to prove scenario theory in
Section

5.3 validity of RCG model extension to
consider multiple operation points and
energy efficiency objectives

EBL 4.2.1,
4.2.2

5.4 suitability of RCG model to represent
passenger traffic objectives

EBL 4.2.2

5.5 validity of multi-objective reschedul-
ing framework

part of
SBB

4.2.2

5.6 effectiveness of column generation ap-
proaches for a small condensation zone
with simple topology

RBS 4.4

5.7 effectiveness of column generation ap-
proaches in a large network around a
complex condensation zone

SBB 4.4

5.8 validity of coordination strategies SBB 4.5

and regional passenger trains. The size of the area enables the limits of
local rescheduling algorithms to be tested and provides different network
partitioning possibilities (see Section 5.2.3 for further details).

Section 5.1 summarises the main features of the railway simulator
used for the experiments and the interaction between the simulated rail-
way operations and the rescheduling routines. Section 5.2 presents the
three networks in detail. Sections 5.3-5.8 describe the test cases and the
computational results. The experiments that have been described in detail
in previous publications are summarised and references to the original
papers are given; while unpublished results are described in detail. The
tests are presented following the chronological order of the algorithm
development. First, the experiments aiming at validating the mathematical
representation of the railway traffic rescheduling problem are reported.
Second, the experiments investigating the performance of the solution
methods for local rescheduling are described. Finally, the experiments
addressing the validity of the framework to coordinate rescheduling in
adjacent zones are presented. To guide the reader through the steps of
the algorithm development, the lessons learned from each experiment
are highlighted in boxes at the end of each section. Table 5.1 shows an
overview of the experiments.
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5.1. Test environment

5.1 Test environment
Models and algorithms should provide feasible schedules that consider
the current state of the resources (infrastructure and vehicles) and are
compatible with signalling and interlocking systems. The selected train
routes must have correspondents into the interlocking system. All routing,
speed, and departure commands must be displayable by the signalling
system and must reach the trains some time before their execution1. Given
the high risks linked with a failure, it is not possible to validate models
and algorithms from this research directly on real world railway traffic.
To overcome this issue, there are several simulation tools that are able to
replicate railway operations with a high degree of precision, including
train dynamics and interlocking.

5.1.1 Setup
Many researchers have developed ad hoc tools to validate their own
research results (e.g., Fuchsberger, 2012; Rao, 2015). This praxis has the
disadvantage that comparisons with other works are difficult. In addition,
it requires a considerable effort from the researcher to implement and
verify the simulator before being able to exploit it to validate the main
elements of the own research. Several academic and commercial railway
simulation software applications exist (e.g., OpenTrack, Hürlimann, 2002;
EGtrain, Quaglietta, 2011; RailSys, rmcon, 2015), and many of them
are currently widely accepted and used by both the research community
and practitioners. These software applications replicate the chains of
interconnected events taking place during railway operations and usually
include modules for stochastic components such as delays or disruptions.

To validate the models and algorithms of the present thesis, a simu-
lator must be able to replicate railway operations on a microscopic track
topology with realistic train dynamics, interlocking, signalling, and in-
formation exchanges between traffic control, infrastructure, and trains.
OpenTrack is a simulator of railway operations that has been validated on
a large number of different railway networks and timetables and is also
utilised by practitioners. Given a microscopic track topology model, a
train catalogue and a timetable, it replicates railway operations including
train dynamics, interlocking and signalling with a track circuit precision.
A joint project of OpenTrack, IBM, and the University of Applied Sci-
ences of Winterthur ZHAW has developed an Application Programming

1This time depends on the signalling system and on whether the train operation is controlled by a
human driver or automated.
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Figure 5.1: Test environment for computational experiments. Variables
xb, rt,i, ht,i, ct,t ′,s, vi as defined in previous chapter.

Interface (API) that enables message exchanges between an OpenTrack
simulation environment and external programs. The API enables Open-
Track to send notifications of train positions, timetable events (departure,
passing, arrival), and interlocking actions (reserve, enter, exit, release
routes/sections of routes/infrastructure resource). Conversely, OpenTrack
receives dispositions affecting trains (create, cancel, request position re-
port), the timetable (change departure, passing, and arrival times, set or
remove stops/connections), and the interlocking system (allow, disallow,
reserve routes). These features make OpenTrack the most suitable tool
for testing both the simulation-based blocking time stairways generator
from Section 4.2.3 and the different rescheduling models and algorithms
from Chapter 4. Figure 5.1 shows the test environment.

The blocking time stairway generator is an executable from C++ code
that sends to the simulator the sets of trains, paths, and speed parameters
basing on the (static) infrastructure, rolling stock, and timetable data.
OpenTrack simulates the train runs according to the received information
and notifies route-lock and resource-release times to the generator, which
builds the blocking time stairways and saves them into a static database2.

2This program has been used to both generate the database of blocking time stairways patterns for the
rescheduling algorithms and predict train movements according to the published timetable.
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Local and coordinated rescheduling programs are executables imple-
mented in C++. In this case, the role of the simulator is to reproduce
railway operations as they could occur in the real world. OpenTrack takes
the railway infrastructure, the timetable, and the rolling stock information
and simulates the traffic evolution with or without perturbations. During
each simulation run, the current traffic situation is reflected into dynamic
infrastructure, rolling stock and train positions databases, which can be
accessed by the rescheduling program. Train position notifications can
have different granularities: one could consider an infrastructure-side
positioning in which trains are located when they travel through insulated
joints and axle counters, or a train-side positioning in which trains con-
tinuously communicate their position to the traffic control centre (e.g.,
via GSM-R in case of ETCS Level 2). Hereinafter, in order to faithfully
reflect the current reality of the considered test scenarios, infrastructure-
side train positioning is applied. The rescheduling program is fed with
both static and dynamic rolling stock, infrastructure, and timetable data.
With these pieces of information it computes the new schedule and sends
decisions about routings, timings and connections to OpenTrack, which
then continues the simulation of railway operations for validation of the
new schedule.

5.1.2 A reminder of notation
Hereinafter, the nomenclature and abbreviations defined in the previous
chapter are used:

monolith denotes the RCG model from Section 4.2 built with all precomputed
blocking time stairway patterns in a given database and all time-
shifts fitting into the considered rescheduling horizon, the time-shift
interval is given. This model is solved by CPLEX (IBM, 2015).

cgApP denotes the column generation framework for the RCG model with
arc pricing problems using precomputed blocking time stairway
patterns described in Section 4.4.4.1.

cgApC denotes the column generation framework for the RCG model with
arc pricing problems constructing new alternative blocking time
stairways described in Section 4.4.4.3.

cgPpP denotes the column generation framework for the RCG model with
path pricing problems using precomputed blocking time stairways
described in Section 4.4.4.2.
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cgPpC denotes the column generation framework for the RCG model with
path pricing problems constructing new blocking time stairways
described in Section 4.4.4.4.

5.2 Test scenarios
This section presents the three test networks that have been selected for the
experiments (cfr. plan in Table 5.1). Some easily controllable scenarios
were needed to test the mathematical model and the first implementa-
tions of the algorithms; while real-world scenarios with both simple and
complex topologies were needed to validate the algorithms. To satisfy
these requirements three networks have been chosen according to the
data availability. The small toy network of the railway operations lab of
the Institute for Transport Planning and Systems (IVT) at ETH Zurich
is described in Section 5.2.1. A double-track section with extremely
dense homogeneous passenger traffic managed by RBS is described in
Section 5.2.2. A complex node with highly heterogeneous traffic managed
by SBB is described in Section 5.2.3.

5.2.1 Railway operations laboratory (EBL)
The first tests of the simulation-based blocking time stairway generator
and of the RCG rescheduling model are run using the infrastructure of the
railway operations laboratory of IVT shown in Figure 5.2. The network
is equipped with signals, track circuits, and axle counters that replicate
precisely the interlocking and line-side signalling systems currently used
in Switzerland. Rolling stock reflects the vehicles currently circulating
on the SBB network. Several timetables with different traffic density and
heterogenity are developed for testing the first implementations of the
blocking time stairways generator (manual configuration and data export
from OpenTrack) and rescheduler (Java executable and manual import of
result in OpenTrack), see, e.g., Toletti et al. (2015a, 2016).

5.2.2 Berne-Worblaufen (RBS)
The double track line between Berne and Worblaufen managed by RBS is
used as an example of an extremely congested condensation zone with
simple topology. RBS is a local public transport company active in the
Swiss cantons of Berne and Solothurn. RBS manages four commuter train
lines and several local bus lines. Only the rail services are considered
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5.2. Test scenarios

Figure 5.2: EBL test network (IVT archive)

by the following experiments. The railway network consists of a double-
track section from main station Berne (BN) to junction station Worblaufen
(WBL) and three (partially single-track) branches from Worblaufen to-
wards Worb, Unterzollikofen, and Jegenstorf-Solothurn (Figure 5.3). The
network is equipped with line-side signalling, and track circuits are used
to position trains and release infrastructure resources.

The entire network topology at track circuit precision including max-
imum speed indications had been implemented in OpenTrack by PSI
Software AG and made available by RBS for the current study. RBS has
provided the timetable in graphical form, while rolling stock has been
assigned to train runs according to the information given by RBS on its
website.

During the peak hour 7:00-7:59 a.m., the 3.8-km long section Berne-
Worblaufen is travelled by a total of 42 trains, which results in an average
of 90 seconds between train movements at Berne station. Therefore, there
is not shunting possibility at terminus station Berne, and all services must
depart form the same track where the previous service ended. Not only
the line is at its capacity limit but also the Berne station area which was
built for about 16’000 passengers per day and is currently used by about
60’000 passengers per day. Thus, doors to manage pedestrian flows at
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Figure 5.3: RBS test network

(a) Global view of Swiss narrow-gauge railways: test environment in grey (adapted from
Plutowiki, 2017).

...Papiermühle
...Oberzollikofen

...Unterzollikofen
Worblaufen

Tiefenau
Felsenau

Berne

(b) Local view of selected tracks .

the station had to be installed, which imposes longer turn around times to
allow passengers to alight and board.

5.2.3 Brugg (SBB)
The region around Brugg, Switzerland, is used as large real world test
environment. Brugg is a middle size station situated at the meeting
point of the east-west corridor connecting Berne (the political capital) to
Zurich (the main economic pole) and the north-south corridor connecting
Germany to Italy. Traffic is mixed on both corridors and there are some
trains travelling from east to north and south and the other ways round.
Passenger traffic is dominant on the east-west corridor, and there are
several smaller stations used by many passengers, as they are situated near
to residential areas. Freight traffic is dominant on the north-south axis,
which mostly consists of a double track line with some minor stations
serving very few passengers and a few switches where trains can change
track. Figure 5.4 shows the considered area.

The portals (i.e., the borders of the area) are defined following sugges-
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Figure 5.4: SBB test network
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Chapter 5. Computational experiments

tions from practitioners. The Killwangen junction is currently managed
by an automatic train reordering and speed advisory system (RCS-HOT,
Oettich and Caspar, 2015). Thus, assuming that the system can manage
any traffic configuration leaving the test area, it is reasonable to set a portal
just before the junction. Due to the similar track topology, it is assumed
that the same system will be applied at the Grüemet junction (right outside
station Mellingen), in Othmarsingen, Rupperswil and Koblenz. The last
portal, in Frick, is suggested from to the fact that the suburban lines of city
Basel end there. Thus, the portal enables a clean separation with Basel
suburban traffic.

A mix of open and SBB proprietary data has been used to build the
case studies. The (microscopic) track topology, signalling and interlock-
ing descriptions have been made available by SBB. Currently (2018),
this area is equipped with a fixed block safety system that detects trains
when they pass insulated joints and axle counters with line-side signalling.
Appendices B.1-2 show the list of documents used. Gradients and allowed
speed profiles for all braking classes have been read from the collection
of Swiss standards R I-30131 (2016). The official timetables are openly
accessible on the internet (Official Timetable, 2017). Appendix B.3 shows
the files used. These timetables include scheduled passenger and freight
trains as well as scheduled operational runs such as empty trains and loco-
motives travelling to the starting point of their next commercial run. Train
numbers have been mapped to a train type according to Swiss standards
R I-30111 complement (2015). The rolling stock of long distance passen-
ger traffic has been assigned according to Reisezüge.ch (2005-2011), a
private non-commercial website listing the vehicles used by long distance
passenger trains through Switzerland. All passenger trains of each line
have been assumed to use the same type of rolling stock.

Furthermore, SBB has provided one week (20-27.03.2015) of railway
operations records at station Brugg. These data have been used to identify
rolling stock compositions of freight trains and to estimate the probability
distributions of the disturbances occurring in this region. Appendix C
highlights the main findings.

5.3 RCG model extension and energy efficiency
objectives in a small compensation zone with
simple topology

This section analyses the test run on an artificial mixed-traffic scenario
based on the infrastructure of EBL and published by Toletti et al. (2016).
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5.3. RCG model extension and energy efficiency objectives in a small compensation zone with simple
topology
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Figure 5.5: Mixed traffic scenario on EBL infrastructure (adapted from
Toletti et al., 2016).

The goal is to attest the validity of the RCG model extension to consider
multiple operation points (Section 4.2.1) and its suitability to represent
energy related targets (Section 4.2.2). In addition, an analysis of the
methods used in that first paper is performed to explain the methodological
decisions made for the current thesis.

Toletti et al. (2016) define a compensation zone including EBL opera-
tion points Testadt Pbf (TES), Ypslikon (YPS), Zetthausen (ZET), Pewald
(PEW) and Utal (UTA). The timetable is shown in Figure 5.5 and includes
four intercity trains (magenta), a regional train (red), four suburban trains
(blue), and two freight trains (brown). One of the freight trains makes
a non-commercial stop half-way to allow crossing and overtaking. The
delay scenario consists in one freight train entering the compensation zone
with a delay of three minutes and causing follow-up delays and unplanned
stops.

A preliminary version of the rescheduling program has been built in
Java according to the specifications given in Section 4.2.1. The prgram ex-
ploits the algorithms developed by Caimi (2009) and Fuchsberger (2012)
for finding the maximal cliques of the conflict graphs and the maximal
incompatible sets for time-consistency at operation points. The objective
of railway traffic rescheduling is the minimisation of a linear combination
of train delays and energy consumption. The blocking time stairways
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Chapter 5. Computational experiments

linked to the decision variables are time-shifted and time-extended copies
of patterns generated with OpenTrack software. These patterns are built
from the standard time-space-speed-power consumption output file of
OpenTrack (i.e., without using the API). Each train is simulated sepa-
rately with no speed restriction nor delay according to the green wave
principle. Then, the time-space-speed-power consumption output file is
cut at the operation points along the train itinerary, and the corresponding
blocking time stairways are built by mapping the train position to the
positions of signals and track circuits along the itinerary. Time supple-
ments for route reservation and release are set according to the literature
(Hansen and Pachl, 2014). An estimation of the energy consumption
is obtained from the standard time-space-speed-power consumption file
and attached to each blocking time stairway, which is then stored into a
database. One additional energy efficient pattern is generated with the
simulation-based framework by De Martinis et al. (2014). Different speed
profiles are approximated by progressively extending the reservation and
release times of the patterns and assuming a quadratic reduction of the
energy consumed.

Four different instances (with/without the energy efficient trajectory,
with/without running time extensions) are created and solved by IBM
ILOG CPLEX Optimization Studio version 12.6 on a 64-bit laptop running
Windows 7 Enterprise and equipped with a 2.90 GHz processor (Intel(R)
Core(TM).7-3520M CPU @ 2.9GHz) and 8 GB RAM. All four new
schedules are feasible and have lower objective values than the non-
optimised case. The computation times for building and solving each
RCG model range from 14.1 to 104.9 seconds. Thus, it can be concluded
that the RCG model described in Section 4.2.1 is valid for rescheduling in
compensation zones. Moreover, this experiment demonstrates that, given
the energy consumption associated with each blocking time stairway in
a database, the overall energy consumption of a schedule can be easily
estimated (and minimised) by the RCG approach.

The study also highlights the high sensitivity of the solution to the
weights assigned to the delays and energy consumptions of the different
trains in the objective function (see, Toletti et al., 2016). However, the
definition of the weights of the different objectives is out of the scope of
the current work and, thus, it is not further investigated.
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5.4. Passenger-oriented objectives in a small
condensation zone with simple topology

Lessons learned:

1. The RCG model extension in Section 4.2.1 is valid for reschedul-
ing in compensation zones;

2. The overall energy requirement of a new schedule can be esti-
mated (and minimised) by the RCG model;

3. The computation times for a small compensation zone are satis-
factory but suggest the need for improved implementation of the
algorithms for larger problems;

4. The railway simulation software OpenTrack provides all pieces
of information required for building blocking time stairway pat-
terns to be used by the rescheduling algorithms, which motivates
the implementation of the simulation-based approach using the
API proposed in Section 4.2.3.

5.4 Passenger-oriented objectives in a small
condensation zone with simple topology

This section summarises an experiment performed on an artificial mixed-
traffic scenario with a dense timetable based on the infrastructure of EBL
and published by Toletti and Weidmann (2016). To test the flexibility
of the RCG model extension to represent passenger-oriented objectives
and its computation times in condensation zones, additional trains and
some passenger connections are added to the timetable of the previous
experiment. Additionally, the single-track from station Pewald (PEW) to
Wedorf (WED) is considered. Figure 5.6 shows the time-space diagram
of the schedule that includes two long-distance trains (magenta), two
regional services (red), eight trains of suburban passenger lines (blue),
and seven freight trains (brown). Again, one of the freight trains has
a scheduled stop to enable crossing and overtaking. Connections are
provided at Pewald, where the main line is joined by the branch from
Wedorf. The initial delay is caused by a passenger train which departs
from a scheduled stop two minutes later than planned.

The RCG model is built in C++ under a Linux enviromnet accord-
ing to the specifications given in Section 4.2.1. Again, the algorithms
developed by Caimi (2009) and Fuchsberger (2012) are exploited for
finding the maximal cliques of the conflict graphs and the maximal incom-
patible sets for time-consistency at operation points. The blocking time
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Figure 5.6: Mixed traffic scenario with four passenger connections on
EBL infrastructure (adapted from Toletti and Weidmann,
2016).

stairways used as decision variables are time-shifted copies of patterns
generated by a C++ implementation of the simulation-based approach
presented in Section 4.2.3. The generator interacts with railway simu-
lation software OpenTrack version 1.8.3 running on Windows through
the API. OpenTrack is configured to receive routing information and
speed targets, simulate each train separately, and send back route-locks,
resource-releases, departure and arrival times and passing speeds at op-
eration points. Then, these pieces of information are used to define the
blocking time stairway patterns that are saved into a database.

Three different objectives are tested: (1) the minimisation of train
delays (cancellations and missed connections are converted to delays ac-
cording to the timetable period); (2) the minimisation of passenger delays
(computed as weighted train delays according to the number of passengers
using each run or connection); and (3) the minimisation of passenger
inconvenience (also including weighted waiting times at stations, see
Sato et al., 2013). The RCG models are solved by IBM ILOG CPLEX
Optimization Studio version 12.6.3 on a 64-bit desktop PC running Linux
Redhat enterprise 6 and equipped with four processors (Intel(R) Core(TM)
i5-2400 CPU @ 3.1GHz) and 8 GB RAM. All resulting schedules are
feasible and different from each other. Moreover, the schedules have lower
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5.5. Multi-objective rescheduling framework

objective values than the non-optimised case. Again, the results are very
sensitive to the weights assigned in the objective functions.

Lessons learned:

1. The RCG model extension in Section 4.2.1 is valid for reschedul-
ing in condensation zones;

2. Different passenger-related targets can be represented by the
RCG model;

3. The simulation-based blocking time stairway patterns genera-
tion approach proposed in Section 4.2.3 provides valid blocking
time stairway patterns to be used by the RCG model.

5.5 Multi-objective rescheduling framework3
Figure 5.7 shows a framework for multi-objective railway traffic reschedul-
ing using the objectives and the ε-constraints method described in Sec-
tion 4.2.2. The basic idea is to use the adaptive ε-constraints method
by Laumanns et al. (2006) to investigate the solution space during a
data preparation phase. Then, some promising partitions of the solution
space are identified and used to define ε-constraints that are added to
different copies of the RCG model from Section 4.2.2 that are solved
concurrently to produce alternative optimal solutions with respect to the
given objectives for real-time rescheduling.

The proposed multi-objective rescheduling framework is validated
through numerical experiments using real infrastructure and timetable
data about the eastern branch of SBB test network. The area consists of a
main corridor and a side corridor (see Figure 5.10). Several fast passenger
trains travel on the main corridor with a periodic timetable; regional trains
circulate on both the main and the minor corridors according to a fully
periodic timetable; freight traffic is present on both corridors and, although
it is not properly periodic, the slots are allocated almost periodically due
to the periodicity of passenger traffic which is dominant in the area. For
this numerical study, the number of passengers alighting at each stop is
fixed to 20 and no passenger transfer is considered.

The experiment has two phases:

3This section is adapted from Toletti et al. (2017)
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Figure 5.7: Framework for multi-objective railway traffic rescheduling
(adaptation of Figure 5.1).

1. Data preparation phase: A multi-criteria RCG model is built and
solved using an adaptive ε-constraint method. The result is the
Pareto front of the multi-objective rescheduling problem for given
train trajectory alternatives. The Pareto front is used to first gain an
overview of the interdependencies of the different objectives and
then to choose suitable ε-sets for being added to the copies of the
RCG model in the next phase.

2. Railway traffic rescheduling phase: pools of solutions to three
disturbed scenarios are generated by concurrently solving several
copies RGC models including the different sets of ε-constraints
computed in the data preparation phase.

The rescheduling horizon is fixed to 40 minutes, from 7:20 a.m. to
8:00 a.m, for both the data preparation phase and rescheduling. This
includes 8 freight trains and 36 passenger trains. Given the periodic nature
of traffic in the area, the results of data preparation do not depend on the
rescheduling horizon and the rescheduling process can be launched at any
time using the same ε-sets.

The blocking time stairways patterns to for the RCG model are gen-
erated using the simulation-based approach described in Section 4.2.3
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and implemented in C++ for the previous experiment. A total of 1’669
blocking time stairway patterns are generated for the 44 trains. Each
blocking time stairway corresponds to a station-to-station run in which
each block’s speed limit is set to either maximum track speed, 80 km/h,
or 50 km/h. Speed limits are set at block level because currently, and
until all trains are equipped with cab-signalling or driver advisory sys-
tems, signals are the only mean to transmit rescheduling decisions from
the traffic management to the drivers.4. The Swiss railway network is
being progressively equipped with type N signals which can display speed
restrictions in multiples of 10 km/h. This and the willingness to con-
sider essentially different speed profiles but limit the number of decision
variables motivates the choice of fixing the blocks’ speed limits to three
different values: maximum track speed, 80 km/h, or 50 km/h.

5.5.1 Data preparation phase and Pareto front
The Pareto front is computed using an adaptive ε-constraint method as
described above. The underlying RCG model is built using C++ and
solved using CPLEX (version 12.6.3). Figure 5.8 shows the Pareto-
optimal solutions obtained (for the given blocking time stairways). From
this figure it is possible to recognise some interdependencies of the stated
objective measures.

• Energy consumption and train delay can be both reduced by defer-
ring some trains after the considered time horizon. This leads to
large delays for passengers and freights. The blue and green points
spreading out from the lower back corner of Figure 5.8 are linked
to this phenomenon. However, the overall train delay and energy
consumption are not completely proportional, as the figure also
shows that solutions with similar overall train delay can have very
different energy consumption and the other way round.

• The relation of train delay and customer delay is difficult to char-
acterise. On the one hand, the overall train delay increases when
passenger or freight trains are delayed. On the other hand, defer-
ring trains can reduce the overall train delay within the considered
horizon but increases customer delays.

• The relation between energy consumption and customer delay is
more straightforward as energy consumption usually decreases with

4Consider, for instance, the automatic train sequencing system RCS-HOT that uses signals to provide
speed recommendations to avoid conflicts at a very busy junction of the SBB network (Oettich and Caspar,
2015)
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Figure 5.8: Pareto front, 40 minutes horizon (Toletti et al., 2017).

larger delays, which can result from either slower or deferred runs
(Figure 5.9). Note that the projection with respect to passenger
traffic is more complete than the freight one due to the prevalence of
passenger trains in the test scenario (36 to 8). The almost horizontal
lines inside the Pareto front in Figure 5.9(a) show that different
combinations of freight and passenger trains can cause similar
values of energy consumption.

• Another interesting relation appears between the two customer
classes considered. In fact, if one wants to keep a given level of
overall train delay and energy consumption (i.e., from operator’s
perspective) passenger delay can only be reduced at the costs of
freights, and vice versa.

The main goal of multi-objective rescheduling is to provide dispatchers
with alternative (Pareto-optimal) solutions. Thus, the ε-sets to be used
during the rescheduling process are chosen in order to differentiate the
solutions. For the current numerical experiment, the following sets are
selected from the Pareto front in Figure 5.8:
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(a) passenger trains (b) freight trains

Figure 5.9: 2D projections of the Pareto-optimal solutions to the numeri-
cal experiment.

ε-set 1 High energy demand and low train delay: Deferring a large amount
of trains to reduce delays and energy consumption in one time
horizon is not really an option for traffic managers. Thus, a lower
bound for energy consumption is needed to force the algorithm to
schedule as many trains as possible. The delay is minimised by the
objective function. This ε-set corresponds to the Pareto-points in
the lower front corner in Figure 5.8 (ε e = 24821, ε e = 29971).

ε-set 2 Low passenger delay: Passenger trains often have higher priority in
case of conflict than freight trains. The minimum passenger delay
in Figure 5.8 corresponds to the eight points in the top right part.
(ε p = 26200).

ε-set 3 Low passenger delay and limited freight delay. Moving down (with
respect to train delay) from the previous case, it is possible to reduce
freight delays giving up only a small amount of passenger delay
(ε p = 87620, ε f = 10800).

Since a large amount of the variety in the solutions is obtained by
deferring some trains after the rescheduling horizon, but this strategy
cannot be considered an improvement of railway traffic, two ε-sets trying
to force all trains to be scheduled are also considered:

ε-set 4 Schedule all train runs in the considered horizon. Forcing freight
and passenger delays under the cancellation penalty values, it is
possible to find solutions without deferring runs after the horizon
(ε p = 35999, ε f = 1799).
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(a) main corridor (b) side corridor

Figure 5.10: Scenarios for multi-objective rescheduling (Toletti et al.,
2017).

ε-set 5 Intensive train operations. Defining a range of energy that have to
be consumed to move the scheduled trains, it may be possible to
find good solutions with a low number of trains deferred and low
train delay thanks to higher train speeds (ε e = 36749, ε e = 44915).

5.5.2 Railway traffic rescheduling phase

Rescheduling of the original timetable and of three disturbed scenarios is
performed through concurrently solving five copies of the RGC models,
each augmented by one of the previously defined ε-sets. The test scenarios
are based on the yearly timetable for the main line between station Brugg
and the Killwangen junction and the side corridor going north from station
Turgi to Koblenz. Figure 5.10 shows the original timetable (Scenario 0)
and the primary delays of the three disturbed scenarios:

• Scenario 1: Passenger train 2065 departs from BG with a delay of
three minutes.
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Table 5.2: Numerical experiment results

Scenario ε-set
train delay [min]
(objective value)

freight
delay [min]

passenger
delay [min]

energy
required [M J]

# runs
deferred

0 1 0 180 30600 24907 80 (23 trains)
2 0 300 0 33233 29 (5 trains)
3 0 60 1200 37505 10 (2 trains)
4 0 0 0 40832 0
5 0 180 4200 37073 21 (7 train)

1 1 0 180 29400 25195 81 (21 trains)
2 0 390 0 28374 39 (8 trains)
3 0 90 1200 35738 12 (4 trains)
4 Infeasible
5 0 150 3000 min 37741 20 (5 trains)

2 1 0 180 26400 25667 77 (21 trains)
2 6.36667 390 127.333 28422 39 (8 trains)
3 0 180 1200 30820 27 (6 trains)
4 6.36667 0 127.333 40063 0
5 0 90 7200 36751 28 (7 trains)

3 1 0 270 19800 24855 68 (19 trains)
2 6.36667 390 127.333 28076 51 (8 trains)
3 0 180 1200 32097 37 (5 trains)
4 Infeasible
5 3.63333 60 4800 36839 16 (5 trains)

• Scenario 2: Freight train 50713 departs from WE with a delay of
five minutes.

• Scenario 3: Cumulation of scenario 1 and 2.

For each scenario, the RCG models are built using an adaptation of
the C++ program developed for the previous experiment and concurrently
solved with CPLEX on one node of Euler, the computer cluster of ETH
Zurich, equipped with two 12-core Intel Xeon E5-2697v2 processors (2.7
GHz nominal, 3.0–3.5 GHz peak) and 64 GB of memory clocked at 1866
MHz. Table 5.2 shows the results.

The rescheduling process tends to defer some train runs after the con-
sidered horizon to expand the solutions’ pool. This practice is hardly
applicable in real-world rescheduling, where the deferred runs would be
moved after the end of the rescheduling horizon and probably interfere
with the successive runs. To account for the expected consequences that
the deferred movements might have on the successive traffic, a representa-
tion of terminal costs in the objective function is needed.

Table 5.3 shows the computation times of the four test scenarios.
Building the model requires about 45 seconds and solving it about 6
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Table 5.3: Numerical experiment computation times

Scenario Setup [s] Model building [s] Model solving[s]
0 5.74 44.55 312.37
1 1.51 45.68 302.00
2 2.60 44.35 326.67
3 2.25 45.13 306.32

minutes, which gives an overall time of about 7 minutes for a 40 minutes
long rescheduling horizon. These times might be reduced by shortening
the horizon length as the next subsection shows.

5.5.3 The effect of terminal costs

Given the number of train runs deferred after the considered rescheduling
horizon during the previous experiment, terminal costs are added to the
objective function. The terminal costs are set equals 10’000’000 seconds
for the next movement of each train and 10’000 for the successive ones.
These values are set arbitrarily to check whether the introduction of
terminal costs actually solves the problem of deferred train runs. A
discussion about the appropriate size of terminal costs is presented at the
beginning of the next experiment (Section 5.6). In addition, the size of
the rescheduling horizon is halved, i.e., reduced to twenty minutes, to
check whether shortening the horizon makes solution times compatible
with real-time traffic management.

The new Pareto-front is shown in Figure 5.11. In this case, all train
movements are scheduled within the current rescheduling horizon. As a
consequence, there is a much smaller variation in terms of all objectives. In
particular, there is one area characterised by highest energy consumption
(bottom front points in the figure) and one with lower consumption, where
one train class (passenger or freight) receives priority over the other. The
”angle” in the figure corresponds to the switching point from prioritising
one category to the other. It is important to note, that the maximal energy
saving is now about 0.4 %. This is due either to the lack of residual
capacity in the main corridor to be used for energy saving, or to the small
variation in energy consumption of the speed profiles used to generate the
blocking time stairway patterns, or a combination of these elements.

Three ε-set are defined from the new Pareto-front. The first set aims
at bounding the overall passenger delay (ε passenger = 500+initial delay of
passengers [seconds], notation as in Section 4.2.2). The second aims at
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Figure 5.11: Pareto front for multi-objective rescheduling with terminal
costs, 20 minutes horizon.

bounding the overall freight train delay (ε f reight = 180+ initial delay of
freight trains [seconds]). The third tries to reduce energy consumption
(ε energy = 7635 [M J]). As for the previous experiment, these sets are
added to copies of the RCG model that are solved concurrently. The same
test scenarios and compute server as the previous experiment are used.
Table 5.4 shows the results.

Most of the computation times are now around ten seconds, which
indicates a superlinear relation with the size of the rescheduling horizon,
and thus with the number of decision variables in the RCG model. In
general, much less variability than in the previous case can be observed
and the results of the first two ε-sets are very similar to the ones with no ε
constraint (ε-set 0).
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Table 5.4: Results of multicriteria rescheduling in BG-KLWW partition
of SBB case study.

Scenario ε-set
train delay
(objective value) [s]

freight
delay [s]

passenger
delay [s]

energy
consumed [M J]

computation
time [s]

0

0 250 (-60389750) 137 113 9997.9 8.6
1 250 (-60389750) 137 113 10471.1 6.7
2 250 (-60389750) 137 113 9981.2 5.1
3 318 (-60379682) 137 181 7540.2 16.9

1

0 250 (-60389750) 137 113 10169.7 18.7
1 250 (-60389750) 137 113 10704.0 8.1
2 250 (-60389750) 137 113 10341.7 7.2
3 1374 (-60378626) 1214 160 7599.5 29.8

2

0 640 (-60399360) 371 269 10260.6 10.3
1 640 (-60399360) 371 269 11079.1 13.3
2 640 (-60399360) 371 269 10549.9 11.6
3 2251 (-60377749) 1618 633 7023.9 87.5

3

0 640 (-60399360) 371 269 11148.0 14.1
1 640 (-60399360) 371 269 10759.7 17.7
2 640 (-60399360) 371 269 10981.5 12.7
3 1946 (-60378054) 1617 329 7437.6 43.4

Lessons learned:

1. The RCG model supports several different objectives including
train delays, customer inconvenience and energy efficiency;

2. The objective function must include terminal costs for train
movements that cannot be scheduled within the considered hori-
zon to account for the expected consequences on railway traffic
after the end of that horizon;

3. The implemented C++ rescheduling algorithm can concurrently
handle different RCG models, which supports the development
of algorithms running parallel processes (e.g., the problem
decomposition and negotiation-based coordination approach
proposed in Section 4.1);

4. The computation times for a large condensation zone are not
satisfactory and highlight the need for improved model resolu-
tion algorithms.
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Figure 5.12: Regional traffic between Berne and Worblaufen (RBS).

5.6 Column generation approaches for RCG
model in a real-world condensation zone
with simple topology

In this section, the column generation approaches from Section 4.4 are
tested on the RBS test network, using the 2017 timetable (Figure 5.12).
The aim is to assess their effectiveness in producing good quality schedules
in less computation time than the monolith for a real-world condensation
zone with simple topology and extremely high traffic density.

For these experiments, the size of the rescheduling horizon is fixed
to fifteen minutes, the timetable period. Without loss of generality, the
current study considers only train delays and neglects customer delays,
passenger inconvenience, and energy consumption. For all experiments
in this section, the objective function is the sum of the overall train
delays (equation 4.18) and the terminal costs of train runs that cannot be
scheduled in the considered horizon, and thus have to depart in the next
period. Terminal costs represent the expected additional overall delay
that those train movements will cause in the next period. Given that the
considered timetable is very dense, it is sensible to suppose that deferring
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a train run to the next period will cause another train to fall out from the
following rescheduling horizon, which is equivalent to a delay of the size
of the horizon. For this reason the terminal costs of each train movement
is set equals to the length of the rescheduling horizon. In this case, it
is equals to the timetable period, i.e., fifteen minutes. To prioritise the
assignment of a blocking time stairway to trains that are already on the
line between two operation points over movements happening in future,
the terminal costs of these movements are ten times the rescheduling
horizon size.

First, different algorithm’s parameter settings are tested on a common
scenario to assess their influence on the algorithm’s computation time,
the convergence behaviour, and the quality of the new schedule. Of
major interest is the improvement with respect to the monolith. Then, the
parameters are tuned accordingly, and further experiments on different
delay scenarios are performed. The investigation focuses on the quality
of the schedules generated by the resulting railway traffic rescheduling
algorithm.

5.6.1 Algorithms and parameters testing
To gain an overview of the computation time, convergence behaviour, and
yielded solution quality of the monolith and column generation algorithms,
several simulations with a common delay scenario are performed on the
RBS test case. All simulations start at 6:20 a.m. and end at 6:45 a.m., the
rescheduling horizon is set from 6:30 a.m. to 6:45 a.m. The following
parameter settings are investigated:

• Blocking time stairway patterns: A database of 1’961 blocking
time stairway patterns for all train movements is available. This
is generated a-priori using the C++ program of the simulation-
based patterns generator described in Section 4.2.3 that has been
implemented for the previous experiments. Three different speed
commands can be passed at each signal: maximum track-speed,
50 km/h, 30 km/h.

• Monolith: the monolith is tested using six different time shift sizes
for the blocking time stairways copies (3s, 6s, 10s, 15s, 30s, 60s)
and two databases of blocking time stairway patterns (rerouting +

speed advisory, rerouting only).

• Initial restricted master RCG model for column generation: the
initial restricted RCG model is built using different quantities of

142



5.6. Column generation approaches for RCG model in a real-world condensation zone with simple
topology

time-shifted copies (10, 20, 30) and six different time shift sizes
(3s, 6s, 10s, 15s, 30s, 60s).

• Pricing problems: both arc and path pricing problems are tested in
both variants (with precomputed blocking time stairways and con-
structive), i.e. all cgApP, cgApC, cgPpP, and cgPpC. Six different
time shift sizes are tested (3s, 6s, 10s, 15s, 30s, 60s).

• Master-pricing iterations: at most ten master-pricing iterations are
allowed for each experiment. Fewer iterations are performed if
either no new column can be generated, or both the delay of each
event is smaller than 60 seconds and all runs have an allocated
blocking time stairway. Both LP relaxation settings (relaxed re-
stricted master RCG with dual prices, MILP restricted master RCG
with slack-based resource prices) are tested.

• Terminal costs: 15 minutes, i.e., equals the length of the reschedul-
ing horizon and timetable period.

For these tests the rescheduling program implemented in C++ for the
previous experiments is further developed and runs on a 64-bit linux
server with eighty CPUs Intel(R) Xeon(R) CPU E7-4870 at 2.40GHz and
528 GB memory (RAM).

5.6.1.1 Tuning the parameters of column generation with arc pric-
ing problems

In this section, the column generation approach with the different arc
pricing problems to solve the RCG model (4.1-4.17) is analysed and
compared with the monolith. Figure 5.13 shows the computation time
versus the solution quality for different algorithms and parameters. The
objective value per computation time of the monolith (black circles) is
the reference value to evaluate the column generation approaches. In all
cases, the times for generating the blocking time stairway patterns and
building the pricing problems are not considered because these steps can
be performed offline during a data preparation phase.

Both the objective value and the computation time of the monolith
strongly depend on the time shift used to generate the blocking time
stairway copies that are linked with the model variables: the smaller the
time shift, the lower the objective value and the higher the computation
time. The objective values and computation times of column generation
approaches with constructive pricing problems (cgApC) are comparable
with the monolith and are quite sensitive to the parameter settings. For
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Figure 5.13: Objective value vs. computation time of the monolith and
different column generation aproaches with arc pricing prob-
lems. Please note the logarithmic scala applied to the time
(x-axis).

finer time grids the pricing graphs of cgApC could not be initialised
due to memory issues (see also Figure 5.14). The column generation
approaches with precomputed blocking time stairways (cgApP) show the
best performance in terms of objective value per computation time. In
particular the LP relaxed version, where most experiments converge to
values quite close to the optimum (see also Figure 5.14).

Figure 5.14 shows the convergence of the four column generation
approaches with arc pricing problems (precomputed bts./constructive,
MILP/LP relaxation). In most cases without LP relaxation, very little
improvement is achieved with later master-pricing iterations, although
the optimum is still quite far. Thus, the LP relaxed versions should be
preferred.

Figure 5.15 shows the time statistics of the pricing problems. The
station sections (i.e., the ones for entering/leaving Berne and Worblaufen)
show the highest average computation times. In all cases, the time needed
by the pricing problems with precomputed blocking time stairways is
much smaller than the one needed by the constructive approach. In the
latter, the prices updating routine takes the largest share of the overall time.
Finally, Figure 5.16 shows how the size of the pricing graph depends on
the time grid applied. Both the numbers of arcs and nodes become quite
large for finer time grids.
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Figure 5.14: MILP and LP convergence of arc pricing approaches.

5.6.1.2 Tuning the parameters of column generation with path pric-
ing problems

In this section, the different pricing approaches applied to the ”path” ver-
sion of RCG model (4.32-4.38) are analysed. Figure 5.17 shows their
objective values and computation times for the different algorithms and
parameters. The monolith performance from the previous subsection
(black circles) is used as reference. Here, the monolith often outperforms
all current implementations of the path pricing approaches in terms of
objective value per solution quality. Again, the approaches with precom-
puted blocking time stairways produce lower objective values than the
constructive ones, which have been often killed before finishing due to
extremely high RAM requirements.

Figure 5.18 shows the convergence of the four column generation
approaches with path pricing problems (precomputed bts./constructive,
MILP/LP relaxation). Again, in most cases, very little improvement is
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Figure 5.16: Size of pricing graphs for constructive arc pricing.

achieved at later master-pricing iterations. There is an early convergence
for larger pricing time shifts (due to the fact that in areas with many short
resources the rolling horizon is not sufficient to travel through the entire
graph), while the process is always killed for smaller pricing time shifts.
Figure 5.19 shows the time statistics of the pricing problems. Again, the
average time needed by the pricing problems with precomputed blocking

146



5.6. Column generation approaches for RCG model in a real-world condensation zone with simple
topology

●

●

●

●

● ● ●

●

●

●

●

0
10

00
0

30
00

0
50

00
0

comp. time (seconds)

ge
n.

 tr
ai

n 
de

la
y 

(s
ec

on
ds

)

1 10 100 1000 10000

●

Method

monolith    
cgPpP (MILP) 
cgPpP (LPrelax) 
cgPpC (MILP) 
cgPpC (LPrelax)

Figure 5.17: Objective value vs. computation time of the monolith and
different column generation approaches with path pricing
problems. Please note the logarithmic scala applied to the
time (x-axis).

time stairways is much smaller than the one needed by the constructive
approach. In the latter, the prices updating routine takes the largest share
of the overall time.

Figure 5.20 shows how the size of the pricing graph depends on the
time grid applied. Both the numbers of arcs and nodes become quite large
for finer time grids.

5.6.1.3 Arc vs. path pricing problems

Figure 5.21 shows the correlations of the different algorithm’s parameters,
RCG model sizes, objectives, and computation times. In both arc and path
pricing problems constructive approaches return higher (worse) objective
values, and in the arc pricing case it also yields higher computation times
than the reference approach (pricing problems with precomputed blocking
time stairways and restricted master problem without LP relaxation).
Figure 5.21(b) might suggest that constructive path pricing problems
produce smaller models (fewer blocking time stairways and constraints)
and a faster convergence than the reference. Although, this is not true.
The negative correlation is explained by the fact that, in many cases,
column generation approaches with constructive path pricing problems
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Figure 5.18: MILP and LP convergence of path pricing approaches.

have been killed while building the pricing graphs due to prohibitive
memory requirements.

The most computational expensive phase of constructive pricing prob-
lems (both arc and path) is the computation of the prices for the graph’s
arcs (figures 5.15 and 5.19). Figure 5.22 shows how the computation time
of the pricing problem depends on the size of the pricing graph. While
Figure 5.23 suggests a much milder increase of the computation time of
the pricing problem with growing numbers of candidate blocking time
stairways for cgApP.

These experiments show clearly that the cgApP algorithm with LP
relaxation of the restricted master is the most promising approach to
compute new adapted schedules in short times. Thus, it is selected for
further experiments.
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5.6. Column generation approaches for RCG model in a real-world condensation zone with simple
topology
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Figure 5.20: Size of pricing graphs for constructive arc pricing.
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Chapter 5. Computational experiments

Figure 5.21: Correlations
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5.6. Column generation approaches for RCG model in a real-world condensation zone with simple
topology

Figure 5.22: Size of pricing graphs vs computation time for constructive
pricing.

●

●

●
●

●

●●●

●●
●

●●

●●
●●

●
●

●

●
●

●●

●
●●

●

●

● ●

● ●
●

●●
●

●
●●

●●

●
● ●

●

●●

●

●
●

●

●

●
●●

●●

●●

●●
●

●

●
● ●●●

●

● ●

●

● ●●
●●●

●●●
●

●●● ●●
● ●

●

● ●●●
●●●

●
●●

●
● ●●

●●●
●

●●
●

●●●
●

● ●●
●

●
●●

●
●●● ●●

●●
●

● ●●
●●

●
●●

●
● ●

●

● ●●
●●●

●●●
●

●●● ●●
● ●

●

● ●●●
●●●

●
●●

●
● ●●

●●●
●

●●
●

●●●
●

● ●●
●

●
●●

●
●●● ●●

●●
●

● ●●
●●

●●●
●

● ●
●

● ●●
●●●

●●●
●

●●● ●●
●

●
●

● ●●●
●●●

●
●●

●
● ●●

●●●
●●●
●

●●●
●

● ●●
●

●
●●

●
●●● ●●

●●
●

● ●●
●●

●●●
●

● ●
●

● ●●
●●●

●●●

●
●●● ●●

● ●
●

● ●●●
●●●

●

●●
●

● ●●
●●●

●
●●

●
●●●

●
● ●●● ●

●●

●

●●● ●●●●
●

● ●●●●
●

●●
●

● ●

●

●
●●

●●●
●●●

●
●●● ●●

● ●

●

● ●●●
●●●

●
●●

●

● ●●
●●●

●●●
●

●●●
●

● ●●
●

●●●
●

●●● ●●
●●

●
● ●

●
●●

●●
●

●
● ●

●

● ●●
●●●

●●
●

●
●●● ●●

●
●

●

● ●●●
●

●●
●

●●
●

● ●●
●●●

●
●●

●
●●●

●
● ●

●
●

●●●
●

●●● ●●
●●

●

● ●●
●●

●●●
●

● ●
●

● ●●●●●
●

●●
●

●
●● ●

●
●

●

●

● ●●●
●

●●

●
●●

●
● ●●

●●●
●●●
●

●●●
●

● ●●
●

●●●
●

●●●
●●

●●
●

● ●●●●
●●●
●● ●

●

●
●●●●●

●
●●

●
●●● ●

●● ●
●

● ●●●
●●●

●
●●

●
● ●

●
●●●

●●●
●

●●●
●

● ●●●
●

●●
●

●●● ●●●●
●

● ●●●●
●

●●
●

● ●

●

●
●●

●●●
●●●

●
●

●●
●●

●
●

●

●
●

●●
●●●

●
●●

●
● ●●

●●●
●●●
●

●●●
●

● ●●
●

●
●●

●
●●● ●●

●●
●

● ●●
●●

●●●
●

●

●

●

● ●
●

●●●

●●●

●

●●● ●
●

●
●

●

● ●
●●

●
●●

●
●● ●

●
●

●

●
●●

●
●

●

●

●
●●

●

● ●
●

●

●●
●

●
●
●●

●●
●●

●
● ●

●

●
●

●
●

●

●
●

●

●

● ●●
●●●

●
●●

●
●

●● ●●
●

●

●

● ●●●
●

●●

●
●●

●
● ●●

●●●
●

●●

●
●●●

●
● ●●

●
●

●●
●

●●● ●●
●●

●
● ●●
●●

●●
●

●● ●
●

● ●●
●●●

●●●

●
●

●●
●●● ●

●

●
●●●

●●●

●
●●

●
●

●●
●●●

●●● ●
●●●

●
● ●●

●
●

●●
●

●●● ●●
●●

●
●

●●●●
●

●●
●

● ●
●

● ●●
●●●

●●●
●

●
●● ●●
●

●
●

● ●●●
●●●

●
●●

●
● ●●

●●●
●

●●
●

●●●
●

● ●●
●

●●●
●

●●● ●●
●●

●
● ●●
●●

●●●
●

● ●

●

● ●●
●●●

●●●

●
●

●● ●●
●

●
●

● ●●●
●●●

●
●

●
●

● ●●
●●●

●
●●

●
●●●

●
● ●●

●
●●●
●

●●● ●●
●●

●
● ●●
●●

●
●●

●
●

●
●

● ●●
●●●

●●●
●

●
●●

●●●
●

●

● ●●●
●●●

●
●●

●
● ●●

●●●
●●●
●

●●●

●

● ●●● ●●●
●

●●● ●●
●●

●
● ●

●
●●

●●●
●

● ●
●

● ●●
●●●

●●●
●

●●● ●
●

●
●

●

● ●●●
●●●

●
●●

●
● ●●

●●●
●●●
●

●●
●

●
● ●●

●
●●●

●
●●● ●●

●●
●

● ●●
●●

●●●

●
● ●

●

●
●●

●●●
●●●

●
●

●● ●●
●

●

●

● ●●●
●●●

●

●●
●

●
●●

●●●
●●●
●

●●●
●

● ●●
●

●●●
●

●●● ●●
●●

●
●

●●
●●

●
●●

●
●

●
●

● ●●
●●●

●
●●

●
●

●● ●●
●

●
●

● ●●●
●●●

●
●●

●
● ●●

●●●
●●

●
●

●●●
●

● ●●
●

●●●
●

●●● ●●
●●

●
● ●●
●●

●
●●

●
●

●
●

● ●●●●●
●●●

●
●

●● ●●
●

●
●

● ●●●
●●●

●
●●

●
●

●●
●●●

●●●

●
●●●

●
● ●●

●
●●●
●

●●● ●●
●●

●
● ●●
●●

●●●
●

●

●
●

● ●●

●●●

●
●

●

●
●

●● ●
●

●

●

●

● ●●●
●●

●

●
●●

●

● ●●
●
●●

●
●●

●
●

●●

●

● ●
●

●

●●

●

●
●
●●

●●

●●

●

●
●

●

●●

●
●

●

●
● ●

●

● ●●
●●●

●●●
●

●●● ●●
● ●

●

●
●

●●
●●●

●
●●

●
● ●●

●●●
●●●
●

●●●
●

● ●●
●

●
●●

●
●●● ●●

●●
●● ●●

●●
●●

●
●

●
●

●

● ●
●

●●●
●●

●
●

●●● ●●
●

●
●

● ●●●
●●●

●

●●
●

● ●●●
●●

●
●●

●
●●●

●
● ●●

●
●●●

●
●●●

●●●●
●● ●
●

●●
●●●

●
● ●

●

● ●●
●●●

●●●
●

●●● ●●
●

●
●

● ●●●
●●●

●

●●
●

● ●●
●●●

●●●

●

●●●
●

● ●●●
●●●
●

●●● ●●●●
●

● ●●
●●

●
●●

●
● ●

●

● ●●
●●●

●●●
●

●●● ●●
●

●
●

● ●●●
●●●

●
●●

●
● ●●

●●●
●●●
●

●●●
●

● ●●
●

●●●
●

●●● ●●
●●

●
● ●●
●●

●●●
●

● ●
●

● ●●●●●
●●●

●
●●● ●●

● ●
●

● ●●●
●●●

●
●● ●

● ●●
●●●

●
●●

●
●●●

●
● ●●

●
●●●
●

●●● ●
●

●●
●

● ●●
●●

●
●●

●
● ●

●

● ●●
●●●

●●●

●

●●● ●●● ●
●

● ●●●
●●●

●

●●
●

● ●●
●●●

●●●
●

●●●
●

● ●●
●

●
●●

●
●●● ●●

●●
●

● ●●
●●

●
●●

●
●

●

●

● ●
●

●●●
●●●

●
●●● ●●

●
●

●

● ●●●
●●●

●

●● ●
● ●●

●
●● ●●●

●
●●●

●
● ●●● ●

●●
●

●●● ●●
●
●

●

● ●●
●●

●●●
●

● ●

●

● ●●
●●●

●●●
●

●●● ●●
●

●

●

● ●●●
●●●

●

●●
●

● ●●
●●●

●●●
●

●●●
●

● ●●
●

●
●●

●
●●● ●●

●●
●

● ●●
●●

●
●●

●
● ●

●

● ●
●

●●●
●●●

●
●●● ●●

●
●

●

● ●●●
●●●

●
●●

●
● ●●

●●●
●●●
●

●●●
●

● ●●
●

●●●
●

●●● ●●
●●

●
● ●●
●●

●●●
●

●

●
●

● ●
●

●●●

●
●

●

●
●

●
● ●●

●

●
●

● ●
●●

●●
●

●

●●
●

●
●●

●●●

●
●●

●
●

●●

●

● ●
●

●

●
●

●

●
●●●

●
●

●
●

●

●
●

●

●●

●
●

●

●

● ●

●

● ●●
●●●

●●●
●

●
●●

●●
●

●
●

● ●●●
●

●●

●
●●

●
● ●●

●●●
●

●●

●
●●●

●
● ●●

●
●●●
●

●●● ●●
●●

●
● ●●
●●

●●●
●

● ●
●

● ●●
●●●

●●●
●

●●● ●●
●

●

●

● ●●●
●●●

●
●●

●
● ●●

●●●
●●●
●

●●●
●

● ●●
●

●●●
●

●●● ●●
●●

●
● ●●●●

●●●
●

● ●
●

● ●●
●●●

●
●●

●
●

●● ●●
●

●
●

● ●
●●

●●
●

●
●●

●
● ●●

●●●
●

●●
●

●●●
●

● ●●
●

●●●
●

●●● ●●●●
●

● ●●●●
●●●
●

● ●
●

● ●●
●●●

●●●

●
●●● ●●● ●

●

● ●●●
●●●

●
●●

●
● ●●

●●●
●

●●
●

●●●
●

● ●●
●

●●
●

●
●●● ●●

●●
●

● ●●●●
●●●
●

● ●
●

● ●●
●●●

●●●

●
●●● ●●

●
●

●

● ●●●
●●●

●
●●

●
● ●●

●●●
●

●●
●

●●●
●

● ●●
●

●
●●

●
●●● ●●

●●
●

● ●●
●●

●
●●

●
● ●

●

● ●●
●●●

●●●
●

●
●● ●●
● ●

●

● ●
●●

●●●

●

●●
●

● ●●
●●●

●●●
●

●●●
●

● ●●●
●●●
●

●●● ●●
●●

●
● ●●
●●

●●●
●

● ●
●

● ●●
●●●

●●●
●

●●● ●●
●

●
●

● ●
●●

●●●

●
●●

●
● ●●

●●●
●●●
●

●●●
●

● ●●
●

●●●
●

●●● ●●
●●

●
● ●●
●●

●●●
●

●
●

●

●
●●●

●●
●●●

●
●●

● ●●
●

●
●

● ●●●
●●●

●
●●

●
● ●

●
●●●

●●
●

●
●●●

●
●

●●
●

●
●●

●
●●●

●●
●●

●
● ●

●
●●

●●● ●
●

●
●

● ●●●●●
●●●

●
●

●● ●●
●

●

●

● ●
●●

●●●

●
●●

●
● ●●

●●●
●●●

●
●●●

●
● ●●

●
●●●
●

●●● ●●
●●

●
● ●●●●

●●●
●

●

●
●

●
●●

●●●
●

●
●

●
●●

●
●●

●
●

●

●
●

●
●

●
●●

●
●● ●

● ●●

●●●

●

●●

●
●

●
● ●

●
●●

●

●
●

●

●

●
●
● ●

●

●
●

●●
●

●
●●

●
●●

●
● ●

●

● ●●
●●●

●
●●

●
●●● ●●

● ●
●

● ●●●
●●●

●
●●

●
● ●●

●●●
●●●
●

●●●
●

● ●●
●

●
●●

●
●●● ●●●●

●
● ●●
●●

●●●
●

● ●
●

●
●●●●●

●●
●

●
●●● ●●

●
●

●
● ●●●

●●●

●
●●

●
● ●●

●●●
●●●
●

●●●
●

● ●●
●

●●●
●

●●● ●●
●●

●
●

●●
●●

●●●
●● ●

●

● ●●●●●
●

●●

●
●●● ●●

●
●

●

● ●●●
●●●

●

●●
●

● ●●●●●
●●●
●●

●
●

●
●

●●
●

●
●●

●
●
●● ●

●
●●

●
● ●●●●

●●●

●
● ●

●

● ●●●●●
●●●

●
●●● ●●

● ●

●

● ●●●
●●●

●
●●

●
● ●●

●●●
●

●●
●

●●●
●

● ●●
●

●
●●

●
●●● ●●

●●
●

● ●●
●●

●●●
●

● ●
●

● ●
●

●●●
●●●

●
●●●
●●

●
●

●

● ●
●●

●●●

●
●●

●
● ●●

●●●
●●●
●

●●●
●

● ●●
●

●●●
●

●●● ●
●

●●
●

● ●●
●●

●●●
●

●
●

●

● ●●
●●●

●
●●

●
●●●
●●

● ●

●

● ●●●
●●●

●
●●

●
● ●●

●●●
●●●
●

●●●
●

● ●●
●

●●●
●

●●● ●●
●●

●
● ●●
●●

●●●
●

● ●

●

● ●●
●●●

●●●
●

●●● ●●
●

●
●

● ●●●
●●●

●
●●

●
● ●●●●●

●●●
●

●●●
●

● ●●
●

●
●●

●
●●● ●●

●●
●

● ●●
●●

●
●●

●
● ●

●

● ●●
●●●

●●●
●

●●● ●●
●

●
●

● ●●●
●

●●

●
●● ●

● ●●
●●●

●●●
●

●●●
●

● ●●
●

●
●●

●
●●● ●●

●●
●

● ●●
●●

●
●●

●
● ●

●

● ●●
●●●

●●●
●

●●● ●●
● ●

●

● ●●●
●

●●

●
●●

●
● ●●

●●●
●●●
●

●●●
●

● ●●
●

●
●●

●
●●● ●●

●●
●

● ●●
●●

●●●
●

●

●
●

●

●●

●●●

●●

●

●
●

●●
●

●

●

●

●

● ●●
●

●●
●

●
●●

●

●
●

●

●●●

●
●●

●
●

●●

●

● ●
●

●

●

●●
●

●
●●

●
●

●●
●

● ●
●

●●
●

●●

●

●
●

●

● ●
●

●●●
●●

●

●

●●
● ●

●
●

●

●

● ●●●
●●●

●

●●
●

● ●●
●●●

●
●●

●●

●●
●

● ●
●

● ●●
●

●
●●●

●
●

●●
●●

●
●

●● ●●●

●
● ●

●

● ●●
●●●

●●●
●

●●● ●●
●

●

●

● ●●●
●●●

●
●●

●
● ●●

●●●
●●●
●

●●●
●

● ●●
●

●●●
●

●●● ●●
●●

●
● ●●
●●

●●●
●

●
●

●

● ●●
●●●

●●●
●

●●● ●●
● ●

●

● ●●●
●●

●

●
●● ●

● ●●●●●
●●●

●
●●●

●
● ●●●

●
●●

●
●●●

●●●●
●

● ●●●●
●●●
●

● ●
●

● ●
●

●●●
●●●

●
●●● ●●

● ●
●

● ●●●
●●●

●
●●

●
● ●●

●●●
●●●
●

●●●
●

● ●●
●

●
●●

●
●●● ●●

●●
●

● ●●
●●

●●●
●

● ●

●

● ●●
●●●

●●●
●

●●● ●
●

● ●
●

● ●●●
●●●

●
●● ●

●
●●●●●

●●●
●

●●●
●

● ●●
●

●●●
●

●●● ●●
●●

●
● ●●
●●

●
●●

●
●

●
●

● ●●
●●●

●●●
●

●
●● ●●
●

●
●

● ●●●
●●●

●
●●

●
● ●●

●●●
●●●
●

●●●
●

● ●●
●

●●●
●

●●● ●●
●●

●
● ●●
●●

●●●
●

● ●

●

● ●●
●●●

●●●

●
●●● ●●

●
●

●

● ●●●
●●●

●

●●
●

● ●●
●●●

●●●
●

●●●
●

● ●●
●

●
●●

●
●●● ●●

●●
●

●
●●●●

●●●

●

● ●
●

● ●●
●●●

●●●

●
●●● ●●

●
●

●

● ●●●
●●●

●
●●

●
● ●●

●●●
●●●
●

●●●
●

● ●●
●

●●●
●

●●● ●●
●●

●
● ●●
●●

●●●
●

●
●

●

● ●●
●●●

●●●

●
●●●
●●

●
●

●

● ●
●●

●●●

●

●●
●

● ●●
●●●

●●●
●

●●●
●

● ●●
●

●
●●

●
●●● ●●

●●
●

● ●●
●●

●●
●

●
●

●
●

●
●

●

●●●

●●
●

●
●

●●
●●

●
●

●

● ●
●●

●
●

●

●
●●

●

●
●●

●●●

●
●●

●
●

●
●

●

● ●
●

●
●

●●
●

●●●
●●

●●

●

●
●

●

●●

●
●

●

●

● ●
●

● ●●
●●●

●●●
●

●●● ●●
●

●
●

● ●●●
●●●

●
●● ●

● ●●
●●●

●●●
●

●●●
●

● ●●
●

●
●●

●
●●● ●●

●●
●

● ●●
●●

●
●●

●
● ●

●

● ●●
●●●

●●●
●

●●●
●●

● ●
●

● ●●●
●●●

●
●●

●
● ●●

●●●
●

●●
●

●●●
●

● ●●
●

●
●●

●
●●● ●●

●●
●

● ●●
●●

●
●●

●
● ●

●

● ●●
●●●

●●●

●
●●● ●●

●
●

●

● ●●●
●●●

●
●●

●
● ●●

●●●
●●●
●

●●●
●

● ●●
●

●
●●

●
●●●

●●
●●

●
● ●●
●●

●●●
●

●
●

●

● ●●
●●●

●●●
●

●●●
●●●
●

●

● ●●●
●●●

●
●●

●
● ●●

●●●
●●

●
●

●●●
●

● ●●
●

●●●

●
●●● ●●●●

●
● ●

●
●●

●●● ●
● ●

●

● ●●
●●●

●●●
●

●
●●

●●
●

●
●

● ●●●
●●●

●
●●

●
● ●●

●●●
●●●
●

●●●
●

● ●●
●

●●●
●

●●●
●●

●●
●

● ●
●

●●
●●●
●

● ●
●

●
●●

●●●
●●●

●
●●● ●●

●
●

●

●
●●●

●●●

●
●● ●

● ●●
●●●

●●●
●

●●●
●

● ●●
●

●●●
●

●●● ●●
●●

●
● ●●
●●

●
●●

●
●

●
●

● ●●
●●●

●●●

●
●

●● ●●
● ●

●

● ●
●●

●●●

●
●●

●
● ●●

●●●
●

●●
●

●●●
●

● ●●
●

●●●
●

●●● ●●
●●

●
● ●●
●●

●●●
●

● ●
●

● ●●●●●
●●●

●
●●● ●●

●
●

●

● ●●●
●●●

●
●●

●
● ●●

●●●
●●●
●

●●●
●

● ●●
●

●●●
●

●●● ●●
●●

●
● ●●
●●

●
●●

●
● ●

●

●
●●●●●

●●●
●

●●●
●●

●
●

●

● ●●●
●●●

●
●●

●
● ●●

●●●
●●●
●

●●●
●

● ●●
●

●
●●

●
●●●

●●
●●

●
● ●●
●●

●●●
●

●

●

●

● ●
●

●●
●

●●
●

●
●

●●
●●

●

●
●

●
●

●●
●●

●

●
●● ●

●
●●

●●●

●●
●

●
●

●●

●

●
●

●

●

●
●●

●
●

●●
●

●

●
●

●

●
●

●

●●

●
●

●

●
● ●

●

● ●●
●●●

●●●
●

●●
● ●●

● ●
●

● ●●●
●●●

●
●●

●
●

●●
●●●

●
●●

●
●●●

●
● ●●

●
●●●

●
●●● ●●●●

●
● ●●
●●

●
●●

●
● ●

●

● ●●
●●●

●●●
●

●●● ●●
● ●

●

● ●●●
●●●

●
●●

●
● ●●

●●●
●●●
●

●●●
●

● ●●
●

●
●●

●
●●●

●●
●●

●
● ●●
●●

●
●●

●
● ●

●

● ●●
●●●

●●●
●

●●● ●●
● ●

●

● ●●●
●●●

●
●●

●
● ●●

●●●
●

●●
●

●●●
●

● ●●
●

●●●
●

●●● ●●
●●

●
● ●●
●●

●
●●

●
● ●

●

● ●●●●●
●

●●
●

●●● ●●
●

●
●

● ●
●●

●●●

●
●●

●
● ●●

●●●
●

●●
●

●●●
●

● ●●●
●●●
●

●●● ●●
●●

●
● ●●●●

●●●
●

● ●
●

● ●●
●●●

●●●
●

●●● ●●
●

●
●

● ●●●
●

●●

●
●●

●
● ●●

●●●
●●●
●

●●●
●

● ●●
●

●
●●

●
●●● ●●

●●
●

● ●●
●●

●
●●

●
● ●

●

● ●●
●●●

●●●
●

●●● ●●
● ●

●

● ●●●
●●●

●
●●

●
● ●●

●●●
●

●●
●

●●●
●

● ●●
●

●●●
●

●●● ●●
●●

●
● ●●
●●

●
●●

●
● ●

●

● ●●
●●●

●●●
●

●●●
●●

●
●

●

● ●
●●

●
●●

●
●●

●
● ●●

●●●
●

●●
●

●●●
●

● ●●
●

●●●
●

●●● ●●
●●

●
● ●●
●●

●●●
●

● ●
●

● ●●
●●●

●●●
●

●●● ●●
●

●
●

● ●●●
●●●

●
●●

●
● ●●

●●●
●●●
●

●●●
●

● ●●
●

●
●●

●
●●● ●●

●●
●

● ●●
●●

●●●
●

● ●
●

● ●●
●●●

●●●
●

●
●● ●●
● ●

●

● ●●●
●●

●

●
●● ●

● ●●
●●●

●
●●

●
●●●

●
● ●●

●
●●●
●

●●● ●●
●●

●
● ●●
●●

●●●
●

●

●

●

●
●●

●●●

●●

●

●
●

●●
●

●

●
●

●

● ●●●
●

●
●

●

●● ●

● ●
●

●●●

●
●

●

●

●●●

●

●
●●

●

●●
●

●
●
●● ●

●
●
●

●

●
●

●
●●

●●
●

●
● ●

●

● ●
●

●●●
●

●●
●

●●● ●●● ●
●

● ●●●
●●●

●
●●

●
● ●●●●●

●
●●

●
●●●

●
● ●●

●
●

●●
●

●●● ●●
●●

●
● ●●
●●

●●●
●

●
●

●

● ●●●●●
●●●

●
●●● ●

●
●

●
●

● ●●●
●●●

●
●●

●
● ●●

●●●
●●●
●

●●●
●

● ●●
●

●●●
●

●●● ●
●

●●
●

● ●
●

●●
●●●
●

●
●

●

● ●●
●●●

●
●●

●

●●● ●●
●

●
●

● ●●●
●●●

●

●●
●

● ●●
●●●

●●●
●

●●●
●

● ●●
●

●●●
●

●●●
●●

●●
●

● ●●
●●

●
●●

●
● ●

●

● ●●●●●
●

●●
●

●
●● ●●
● ●

●

● ●●●
●●●

●
●●

●
● ●

●
●●●

●●●
●

●●●
●

● ●●
●

●●●
●

●●● ●●
●●

●
● ●●
●●

●●●
●

●
●

●

● ●●
●●●

●●●
●

●
●● ●●
●

●
●

● ●●●
●●●

●
●●

●
● ●●

●●●
●●●
●

●●●
●

● ●●
●

●
●●

●
●●● ●●

●●
●

● ●
●

●●
●●●
●

● ●
●

● ●●
●●●

●●●
●

●
●● ●●●

●
●

● ●●●
●

●●

●
●●

●
● ●●

●●●
●●●
●

●●●
●

● ●●
●

●●●
●

●●● ●●
●●

●
● ●●
●●

●●●
●

● ●
●

● ●●
●●●

●●●
●

●
●●

●●
●

●
●

● ●●●
●●●

●
●●

●
●

●●●●●
●●●
●

●●●
●

● ●●
●

●●●
●

●●● ●●
●●

●

● ●●
●●

●
●●

●
●

●
●

● ●●●●●
●●●

●
●

●● ●
●

●
●

●

● ●●●
●●●

●
●●

●
● ●●

●●●
●●●
●

●●●
●

● ●●
●

●●●
●

●●● ●
●

●●
●

● ●●
●●

●●●
●

●
●

●

● ●
●

●●●
●

●●

●
●

●● ●●● ●
●

● ●●●
●

●●

●
●●

●
●

●●
●●●

●●●
●

●●●
●

●
●●

●
●●

●

●
●
●● ●●●●

●
● ●●●● ●●
●

●
●

●

●

● ●
●

●●●

●
●

●

●
●

●●
●●

●

●

●

●
●

●●

●●
●

●
●●

●

●
●

●

●●●

●
●

●

●
●

●●

●

●
●

●

●

●
●●

●
●
●●

●
●

●●

●

●
●●

●●

●●
●

●

● ●
●

● ●●●●●
●●●

●
●●● ●●

●
●

●

● ●●●
●●●

●
●● ●● ●●

●●●
●

●●

●
●●●

●
● ●●

●

●
●●

●
●●● ●●

●●
●

● ●●
●●

●
●●

●
● ●

●

● ●●
●●●

●●●

●
●

●● ●●
●

●
●

● ●●●
●●

●

●
●●

●
● ●●●●●

●
●●

●
●●●

●
● ●●

●
●●●
●

●●● ●●
●●

●
● ●●
●●

●●●
●

● ●

●

● ●●●●●
●●●

●
●●● ●●

●
●

●

● ●●●
●

●●

●

●●
●

● ●●
●●●

●●●
●

●●●
●

● ●●
●

●●●
●

●●● ●●
●●

●
● ●

●
●●

●
●●

●
● ●

●

● ●●
●●●

●●●
●

●●● ●●
● ●

●

● ●●●
●●●

●
●●

●
● ●●●●●

●●●
●

●●●
●

● ●●
●

●●●
●

●●●
●●

●●

●

● ●●
●●

●●●
●

● ●
●

● ●●
●●●

●●●
●

●●● ●●
●

●
●

● ●●●
●●

●

●
●● ●

● ●●
●●●

●●●
●

●●●
●

● ●●
●

●
●●

●
●●●

●●
●●

●
● ●●
●●

●●●
●● ●

●

● ●●
●●
● ●●●

●
●●● ●●● ●

●

● ●●●
●●●

●
●●

●
● ●●

●●●
●●●
●

●●●
●

● ●●
●

●●●
●

●●● ●●●●
●

● ●●
●●

●●●
●

● ●

●

● ●●
●●●

●●●
●

●●● ●●
● ●

●

● ●●●
●●●

●
●●

●
● ●●

●●●
●●●
●

●●●
●

● ●●
●

●●●
●

●●● ●●
●●

●
● ●●
●●

●●●
●

● ●

●

● ●●
●●●

●●●
●

●
●● ●●● ●

●

● ●
●●

●●●
●

●●
●

● ●●
●●●

●●●

●
●●●

●
● ●

●
●

●●●
●

●●● ●●
●●

●
● ●●
●●

●
●●

●
● ●

●

● ●●
●●●

●●●
●

●
●● ●

●
●

●
●

● ●●●
●●●

●

●●
●

● ●●
●●●

●
●●

●
●●●

●
● ●●

●
●●●
●

●●● ●●
●●

●
● ●●
●●

●
●●

●
●

●

●

●
●●

●●●

●●
●

●
●

●●
●●

●

●

●

●
●

●●

●
●

●

●
●●

●

●
●

●

●●●

●
●

●

●
●

●
●

●

●
●●

●

●
●

●

●

●●●
●

●

●
●

●

●
●

●

●●

●
●

●

●
● ●

●

●
●●●

●●
●●●

●
●●● ●●

●
●

●

● ●●●
●

●●

●

●●
●

●
●●●●●

●●
●

●
●●●

●
● ●●

●
●●● ●

●●● ●●
●
●

●
● ●●●●

●●
●

●
● ●

●

●
●●●●●

●
●●

●
●●● ●●

● ●

●

● ●●●
●●●

●
●●

●
● ●●

●●●
●

●●
●

●●●
●

● ●●
●

●●●

●
●
●● ●●
●●

●
● ●●
●●

●●●
●

● ●
●

● ●●
●●●

●●●
●

●●● ●●
● ●

●

● ●●●
●●●

●
●● ●

● ●●
●●●

●●●
●

●●●
●

● ●●
●

●●●
●

●●● ●●
●●

●
● ●●
●●

●
●●

●
● ●

●

●
●●

●●●
●●●

●
●●● ●●

●
●

●

● ●●●
●●●

●
●● ●

● ●●
●●●

●●●
●

●●●
●

● ●●
●

●●●
●

●●● ●●●●
●

● ●●
●●

●●
●

●
● ●

●

● ●●●●●
●●●

●
●●● ●●

●
●

●

● ●●●
●●●

●
●●

●
● ●●

●●●
●●●
●

●
●●

●
● ●●

●
●●●
●

●●● ●●
●●

●
● ●●
●●

●●
●

●
● ●

●

● ●●
●●●

●●●
●

●●● ●●
●

●

●

● ●●●
●●●

●
●●

●
● ●●

●●●
●

●●
●

●●●
●

● ●●
●

●●●
●

●●● ●●
●●

●
● ●●
●●

●●●
●

● ●
●

● ●●
●●●

●●●
●

●●● ●●
●

●
●

● ●●●
●●●

●
●●

●
● ●●

●●●
●●●
●

●●●
●

● ●●
●

●●●
●

●●● ●●
●●

●
● ●●
●●

●●●
●

●
●

●

● ●●
●●●

●●●

●
●●● ●●

●
●

●

● ●
●●

●●●

●

●●
●

● ●●
●●●

●
●●

●
●●●

●
● ●●

●
●●●
●

●●● ●●
●●

●
● ●●
●●

●●●
●

●
●

●

● ●●
●●●

●●●

●
●

●● ●●
●

●
●

● ●●●
●●

●

●
●●

●
● ●●

●●●
●

●●
●

●●●
●

● ●●
●

●●●
●

●●● ●●
●●

●
● ●●
●●

●●●
●

●

●

●

●
●●

●●●

●●

●

●
●●●
●

●

●

●
●

●
●

●●

●●●

●

●●
●

● ●
●

●●●

●●
●

●
●

●●

●

●
●

●
●

●
●

●

●
●
●●

●
●

●
●

●

●
●●

●●

●
●●

●

● ●
●

● ●●
●●●

●●●

●
●●● ●●

● ●
●

● ●●●
●●●

●
●●

●
● ●●

●●●
●

●●
●

●●●
●

● ●●●
●

●●
●

●●●
●●

●●
●

● ●●
●●

●●
●

●
● ●

●

●
●●

●●●
●●●

●
●●● ●●

●
●

●

● ●●●
●●

●

●
●●

●
● ●●

●●●
●●●
●

●●●
●

● ●
●

●
●●●
●

●●● ●●
●●

●
● ●●
●●

●
●●

●
● ●

●

● ●●●●●
●

●●
●

●●● ●●
●

●
●

● ●●●
●●

●

●

●●
●

● ●●
●●●

●
●●

●
●●●

●
● ●●

●
●●●
●

●●● ●●
●●

●
● ●●
●●

●●●
●

●
●

●
● ●●●●●

●●●

●
●

●● ●●
●

●
●

● ●●●
●

●●
●

●●
●

● ●●
●●●

●
●●

●●
●●

●
● ●

●
●

●●●
●

●●●
●●

●●
●

● ●●●●
●

●●
●

● ●
●

● ●●
●●●

●●●
●

●●● ●●
● ●

●

● ●●●
●●●

●
●●

●
● ●●

●●●
●●●
●

●●●
●

● ●●
●

●●●
●

●●● ●
●

●●
●

● ●●
●●

●
●●

●
● ●

●

● ●●
●●●

●●●
●

●●● ●●
● ●

●

● ●●●
●

●●

●

●●
●

● ●●
●●●

●●●
●

●●●
●

● ●●
●

●●●
●

●●● ●●
●●

●
● ●●
●●

●
●●

●
● ●

●

● ●●
●●●

●●●
●

●●● ●●
●

●
●

● ●●●
●●●

●
●●

●
● ●●

●●●
●●●
●

●●●
●

● ●●
●

●●●
●

●●● ●●
●●

●
● ●●
●●

●●●
●

● ●
●

● ●
●

●●●
●●●

●
●●● ●●

●
●

●

● ●●●
●●●

●
●●

●
● ●●

●●●
●●●
●

●●●
●

● ●●
●

●●●
●

●●● ●●
●●

●
● ●●
●●

●●●
●

● ●
●

● ●●●●●
●●●

●
●●● ●

●
● ●

●

● ●●●
●●●

●

●●
●

● ●●
●●●

●●●

●
●●●

●
● ●●

●
●

●●
●

●●● ●●
●●

●
● ●

●
●●

●
●●

●
●

●

●

●
●

●

●●●

●●
●

●
●

●●
●●

●
●

●

●
●

●●

●●
●

●
●●

●
● ●●

●●●

●●
●

●
●

●●

●

● ●
●

●

●
●●

●

●●● ●
●

●●

●

● ●●

●●

●●
●

●

● ●

●

●
●●

●●●
●●●

●
●

●● ●●
●

●
●

● ●●●
●●●

●
●●

●
● ●●

●●●
●●●
●

●●●
●

● ●●●
●

●●
●

●●● ●
●

●●

●

● ●●
●●

●●●
●

● ●

●

● ●●
●●●

●●●
●

●●● ●●
●

●
●

● ●●●
●●●

●

●●
●

● ●●
●●●

●
●●

●
●●●

●
● ●●

●
●●●
●

●●● ●●
●●

●
● ●●●●

●
●●

●
● ●

●

● ●●
●●●

●●●
●

●●● ●●
●

●
●

● ●●●
●

●●

●
●●

●
● ●●

●●●
●●●
●

●●●
●

● ●
●

●
●●●
●

●●● ●●
●●

●
● ●●
●●

●
●●

●
● ●

●

● ●●
●●●

●●●

●
●●● ●●

● ●
●

● ●●●
●

●●
●

●●
●

● ●●
●●●

●●●
●

●●●
●

● ●●
●

●●●
●

●●● ●●
●●

●
● ●

●
●●

●●●
●

● ●
●

● ●●
●●●

●●●
●

●●● ●●
● ●

●

● ●
●●

●●●

●
●●

●
● ●●

●●●
●●●
●

●●●
●

● ●●
●

●●●
●

●●● ●●
●●

●
● ●●
●●

●●●
●

● ●
●

● ●●
●●●

●●●
●

●●● ●●
● ●

●

● ●●●
●●●

●
●●

●
● ●●●●●

●●●
●

●●●
●

● ●●
●

●●●
●

●●● ●●
●●

●
● ●●
●●

●●●
●

● ●

●

● ●●
●●●

●●●

●
●●● ●●

●
●

●

●
●

●●
●●●

●
●●

●
● ●●

●●●
●

●●
●

●●●

●
● ●

●
●

●
●●

●
●●● ●●

●●
●

● ●●
●●

●●●
●

● ●
●

● ●●
●●●

●●●
●

●●● ●●● ●
●

● ●●●
●●●

●
●●

●
● ●●

●●●
●●●
●

●●
●

●
● ●●●

●●●
●

●●● ●●
●●

●
● ●●
●●

●●●
●

● ●

●

● ●●
●●●

●●●
●

●●● ●●
●

●

●

● ●●●
●●●

●
●●

●
● ●●

●●●
●●●
●

●●●
●

● ●●
●

●
●●

●
●●● ●●

●●
●

● ●●
●●

●●●
●

●

●

●

●
●

●

●●●

●
●●

●
●

●●
●

●
●

●

●

● ●
●●

●●
●

●

●●
●

● ●
●

●
●●

●●
●

●

●
●●

●

● ●
●

●
●

●●

●●
●●

●
●

●●
●

● ●●
●●

●
●●

●

● ●
●

● ●●
●●●

●●●
●

●●●
●●● ●

●

● ●●●
●●●

●
●●

●
● ●●

●●●
●

●●
●

●●●
●

● ●●
●

●
●●

●
●●● ●●

●●
●

● ●●
●●

●●●
●

● ●

●

●
●●

●●●
●●●

●
●

●● ●●
●

●
●

● ●●●
●●

●

●
●●

●

●
●●

●●●
●

●●
●

●●●
●

● ●●
●

●●●
●

●●● ●●
●●

●
● ●●
●●

●●●
●

● ●
●

● ●●
●●●

●●●
●

●
●●

●●
●

●

●

●
●

●●
●●●

●
●●

●
● ●●

●●●
●

●●
●

●●●
●

● ●●
●

●●●
●●

●●
●●

●●
●

● ●●
●●

●●●
●

● ●
●

● ●●
●●●

●●●
●

●●● ●●
●

●
●

● ●●●
●●

●

●

●●
●

● ●
●

●●●
●●●
●

●●●
●

●
●●

●
●●●
●

●●●
●●

●●
●

● ●●
●●

●
●●

●
● ●

●

● ●●
●●●

●●●
●●

●● ●●
●

●

●

● ●●●
●●●

●
●●

●
● ●●

●●●
●

●●
●

●●●
●

● ●●
●

●
●●

●
●●● ●●

●●
●

● ●●
●●

●
●●

●
● ●

●

● ●●
●●●

●●●

●
●

●●
●●

●
●

●

● ●
●●

●●●

●
●●

●
●

●●
●●●

●●●
●

●
●●

●
● ●●

●
●●●
●

●●●
●●

●●
●

● ●●
●●

●
●●

●
●

●
●

● ●●
●●●

●●●

●
●

●● ●●●
●

●

● ●●●
●●●

●
●●

●
● ●●

●●●
●

●●
●

●●●
●

● ●●
●

●●●
●

●●● ●●
●●

●
● ●●
●●

●●●
●

● ●
●

● ●●
●●●

●
●●

●
●●●
●●

●
●

●

● ●●●
●●●

●
●●

●
●

●●
●●●

●
●●

●
●●●

●

● ●●●
●

●●
●

●●● ●●
●●

●
● ●●
●●

●●●
●

●
●

●

● ●●
●●●

●
●●

●
●

●●
●●

●
●

●

● ●●●
●●●

●
●●

●
● ●●

●●●
●●

●
●

●●●
●

●
●●

●
●

●●
●

●●● ●●
●●

●
● ●●
●●

●
●●

●
●

●
●

●
●

●

●●●

●●
●

●
●

●●
●●

●
●

●

●
●

●●

●
●

●

●
●●

●

●
●●

●●●

●
●

●

●

●
●●

●

●
●●

●

●
●

●

●
●
●●

●●

●●

●

●
●●

●●

●
●●

●
● ●

●

●
●●

●●●
●●●

●
●●● ●

●
●

●
●

● ●●●
●●●

●
●●

●
● ●●●●●

●●●
●

●●●
●

● ●●
●

●●●
●

●●● ●●
●●

●
● ●●
●●

●●●
●

● ●
●

● ●●
●●●

●●●
●

●●● ●●
●

●
●

● ●●●
●●●

●
●●

●
● ●●

●●●
●

●●
●

●●●
●

● ●●
●

●●●
●

●●● ●●
●●

●
● ●●
●●

●●●
●

● ●
●

● ●●
●●●

●
●●

●
●●● ●●

● ●
●

● ●●●
●●●

●
●●

●
● ●●

●●●
●

●●
●

●●●
●

● ●●
●

●●●
●

●●● ●●
●●

●
● ●●
●●

●●●
●

● ●
●

● ●●
●●●

●●●
●

●●● ●●
● ●

●

● ●●●
●●●

●
●●

●
● ●●

●●●
●●●
●

●●●
●

● ●●
●

●
●●

●
●●● ●●

●●
●

● ●●
●●

●●●
●

● ●
●

● ●●
●●●

●●●
●

●●● ●●
●

●
●

● ●●●
●●●

●
●●

●
● ●●

●●●
●

●●
●

●●●
●

● ●●
●

●
●●

●
●●●

●●
●●

●
● ●●
●●

●●●
●

●
●

●

● ●
●

●●●
●

●●
●

●●●
●●

●
●

●

● ●●
●

●●
●

●
●●

●
● ●●

●
●
●

●●●
●

●●●
●

● ●●●
●

●●
●

●●●
●●

●●

●

●
●●

●●
●●

●
●

● ●

●

● ●●
●●●

●●●

●
●●● ●●

● ●

●

● ●●●
●●●

●

●●
●

● ●
●

●●●
●●●
●

●●●
●

● ●●
●

●●●
●

●●● ●●
●●

●
● ●●
●●

●
●●

●
● ●

●

● ●●
●●●

●●●

●
●●● ●●

●
●

●

● ●●●
●●●

●
●●

●
● ●

●
●●●

●●●
●

●●●
●

● ●●
●

●●●
●

●●● ●●
●●

●
● ●●
●●

●●●
●

●
●

●

● ●●
●●●

●
●●

●
●

●● ●●
●

●
●

● ●●●
●

●●

●
●● ●

● ●●
●●●

●
●●

●
●●●

●
● ●●

●
●

●●
●

●●● ●●
●●

●
● ●●
●●

●●●
●

●

●

●

●
●●

●●●

●
●

●

●

●
●●

●●
●

●

●

●
●

●●

●●
●

●
●●

●

●
●●

●●●

●
●

●

●
●

●●

●

●
●

●

●

●●

●

●
●
●●

●●

●●

●
● ●●
●●

●●
●

●

● ●
●

● ●●
●●●

●●●
●

●
●● ●●
●

●
●

● ●●●
●●●

●
●● ●

● ●●
●●●

●
●●

●
●●●

●
● ●●

●
●●●
●

●●● ●●●●
●

● ●●●●
●●●
●

● ●
●

● ●●
●●●

●●●
●●

●● ●●
●

●
●

● ●●●
●●

●

●
●●

●
● ●●

●●●
●●●
●

●●●
●

● ●●
●

●●●
●

●●● ●●
●●

●
● ●●
●●

●●●
●

●
●

●

● ●●
●●●

●
●●

●
●

●● ●●
●

●
●

● ●●●
●●●

●
●●

●
● ●●

●●●
●●●
●

●●●
●

● ●●
●

●●●
●

●●● ●●
●●

●
● ●●
●●

●●●
●

● ●
●

● ●●
●●●

●●
●

●
●

●● ●●
●

●
●

● ●●●
●●●

●
●●

●
● ●

●
●●●

●
●●

●
●●●

●
● ●●

●
●●●
●

●●● ●●
●●

●
● ●●
●●

●●●
●

● ●
●

● ●●
●●●

●●●

●
●

●●
●●

●
●

●

●
●

●●
●●●

●

●●
●

● ●●
●●●

●●
●

●
●●●

●
● ●●

●
●

●●
●

●●● ●●
●●

●
●

●●
●●

●
●●

●
●

●
●

● ●●●●● ●●●

●

●●● ●
●

●
●

●

● ●●●
●●●

●
●●

●
● ●

●
●●●

●●●

●

●●●
●

● ●
●

● ●●●
●

●●● ●●
●●

●
● ●●
●●

●
●●

●
● ●

●

● ●●
●●●

●●●
●

●
●● ●●
●

●
●

● ●●●
●●●

●
●●

●
● ●●

●●●
●●●

●
●●●

●
● ●●

●
●●●
●

●●● ●●
●●

●
● ●●
●●

●●●
●

●
●

●

● ●●
●●●

●●
●

●
●

●● ●●
●

●
●

● ●
●●

●●●

●

●●
●

● ●●
●●●

●
●●

●
●●●

●
● ●●

●
●●●
●

●●● ●●
●●

●
● ●●
●●

●●●
●

● ●
●

●
●●●●●

●●●
●

●●● ●●
●

●
●

● ●●●
●●●

●
●●

●
● ●●

●●●
●●●
●

●●●
●

● ●●
●

●●●
●

●●● ●●
●●

●
● ●●
●●

●
●●

●
●

●

●

● ●●

●●●

●●
●

●
●

●●
●●

●
●

●

●
●

●●

●●
●

●
●● ●

●
●

●

●●●

●●
●

●
●

●
●

●

●
●●

●

●
●

●

●

●●●
●●

●●

●
● ●●

●●

●
●

●

●
● ●

●

● ●●
●●●

●●●
●

●●● ●●
●

●
●

● ●●●
●●●

●
●●

●
● ●●

●●●
●

●●
●

●●●
●

● ●●
●

●●●
●

●●● ●●
●●

●
● ●●●●

●
●●

●
● ●

●

● ●●
●●●

●●●
●

●●● ●●
●

●

●

●
●

●●
●

●●

●

●●
●● ●●

●
●● ●●●

●
●●●

●
● ●●

●
●●

●
●

●●●
●●

●●

●

● ●●
●●

●●
●

●
● ●

●

● ●●
●●●

●●●
●

●●● ●●
●

●
●

● ●●●
●●●

●
●●

●
● ●●

●●●
●●●
●

●●●
●

● ●●
●

●
●●

●
●●● ●●

●●
●

● ●●
●●

●
●●

●
● ●

●

● ●●
●●●

●●●
●

●●● ●●
●

●

●

● ●●●
●

●●

●
●●

●
● ●●

●●●
●●●
●

●●●
●

● ●●
●

●●●
●

●●● ●●
●●

●
● ●●
●●

●●●
●

● ●

●

● ●●
●●●

●●
●

●
●●● ●●

●
●

●

● ●●●
●●●

●
●●

●
● ●●

●●●
●●●

●
●●●

●
● ●●

●
●

●●
●

●●●
●●

●●
●

● ●●
●●

●●●
●

● ●
●

● ●●
●●●

●●●
●

●●● ●●
● ●

●

● ●●●
●●●

●
●●

●
● ●●

●●●
●●●
●

●●●
●

● ●●
●

●●●
●

●●● ●●
●●

●
● ●●
●●

●
●●

●
● ●

●

● ●●●●●
●●●

●
●●● ●●

● ●

●

● ●●●
●●●

●
●●

●
● ●●

●●●
●●●
●

●●●
●

● ●●
●

●●●
●

●●● ●●
●●

●
● ●●
●●

●●
●

●
● ●

●

● ●
●

●●●
●●●

●
●●● ●●● ●

●

● ●●●
●●●

●

●●
●

● ●●
●●●

●●●
●

●●●
●

●
●●

●
●●●
●

●●● ●
●

●●
●

● ●●
●●

●●●
●

● ●

●

● ●●
●●●

●●●

●
●●●
●●

●
●

●

● ●●●
●

●●

●

●●
●

● ●●
●●●

●●●
●

●●●
●

● ●●
●

●
●●

●
●●● ●●

●●

●

● ●●
●●

●
●●

●
●

●

●

● ●●

●●●

●
●●

●
●

●●
●●

●
●

●

● ●
●
●

●
●

●

●
●●

●

●
●●

●●●

●●

●

●●

●●

●
● ●

●
●

●
●

●

●

●●●
●●

●
●

●

● ●
●

●●

●
●

●

●
● ●

●

●
●●●●

●
●

●●
●

●
●● ●●
●

●

●

● ●
●●

●●●

●

●●
●

● ●●
●●●

●
●●

●
●●

●
●

●
●●

●
●●

●
●

●●● ●●●●
●

● ●
●

●●
●●

●
●

● ●
●

●
●●

●●●
●●●

●
●●● ●●

●
●

●

● ●●●
●●●

●
●●

●
● ●●

●●●
●

●●
●

●●●
●

● ●●●
●●●
●

●●● ●●
●●

●
● ●●
●●

●
●●

●
● ●

●

● ●●
●●●

●
●●

●
●●● ●●

●
●

●

● ●●●
●●●

●
●●

●
● ●●

●●●
●●●
●

●●●

●

●
●●

●
●●●
●

●●● ●●
●●

●
● ●●
●●

●
●●

●
● ●

●

● ●●
●●●

●●●

●
●

●● ●●
●

●
●

● ●●●
●●●

●

●● ●
● ●●

●●●
●

●●
●

●●●
●

● ●●
●

●●●
●

●●● ●●
●●

●

● ●●
●●

●●●
●

● ●
●

● ●●
●●●

●●●

●
●●● ●●

● ●

●

● ●●●
●●●

●
●●

●
● ●●

●●●
●

●●
●

●●●
●

● ●●
●

●●●
●

●●● ●●
●●

●
● ●●
●●

●
●●

●
● ●

●

● ●●●●●
●●●

●
●●● ●●

●
●

●

● ●●●
●●●

●
●●

●
● ●●●●●

●●●
●

●●●
●

● ●●
●

●
●●

●
●●● ●●

●●
●

● ●●
●●

●●●
●

● ●
●

● ●●
●●●

●●●
●

●
●● ●●
●

●
●

● ●●●
●●●

●
●●

●
● ●●

●●●
●

●●
●●

●●
●

● ●●
●

●●●
●

●●● ●●
●●

●
● ●●●●

●
●●

●
●

●

●

● ●●
●●●

●●●

●
●

●● ●●
●

●

●

● ●●●
●

●●

●
●●

●
● ●●

●●●
●

●●

●
●●●

●
● ●●

●
●●●
●

●●● ●●
●●

●
● ●●
●●

●●●
●

● ●
●

● ●●
●●●

●●●
●

●
●● ●●
●

●

●

● ●●●
●

●●

●
●● ●

●
●●

●●●
●

●●
●

●●●
●

● ●●
●

●●●
●

●●● ●●
●●

●
● ●●
●●

●●●
●

●

●

●

●
●●

●●●

●
●

●

●
●

●●
●●

●
●

●

●
●

●●

●●
●

●

●●
●

● ●
●

●●●

●
●●

●
●

●
●

●

● ●●

●

●●
●

●

●●●
●●

●
●

●
● ●

●
●●

●
●

●

●
●

●
●

● ●●
●●●

●●●
●

●●● ●●
●

●
●

● ●●●
●●●

●
●●

●
● ●●

●●●
●●●
●

●●●
●

● ●●
●

●●●
●

●●● ●●
●●

●
● ●●
●●

●●●
●

●
●

●

● ●●
●●●

●●●
●

●
●● ●●
●

●
●

● ●●●
●●●

●
●●

●
● ●●

●●●
●●●
●

●●●
●

● ●●
●

●●●
●

●●● ●●
●●

●
● ●●
●●

●●●
●

● ●
●

● ●●
●●●

●●●
●

●●● ●●
●

●
●

● ●●●
●

●●

●
●●

●
● ●●

●●●
●

●●
●

●●●
●

● ●●
●

●
●●

●
●●● ●●

●●
●

● ●●
●●

●●●
●

●
●

●

● ●●
●●●

●●●
●

●
●● ●●● ●

●

● ●●●
●●●

●
●●

●
● ●●

●●●
●

●●
●

●●●
●

● ●
●

●
●●●
●

●●●
●●●●

●
● ●●
●●

●●●
●

● ●
●

● ●●
●●●

●●●
●

●
●● ●●
●

●

●

● ●●●
●●●

●
●●

●
● ●●

●●●
●

●●
●

●●●
●

● ●●
●

●●●
●

●●● ●●
●●

●
● ●●
●●

●
●●

●
● ●

●

● ●●
●●●

●●●
●

●
●● ●●
●

●
●

● ●●●
●●

●

●
●●

●
● ●●

●●●
●

●●
●

●●●
●

● ●●
●

●
●●

●
●●● ●●

●●
●

● ●●●●
●●●
●

● ●
●

● ●●
●●●

●●●
●

●
●● ●●
●

●
●

● ●●●
●●●

●
●●

●
● ●●

●●●
●●●
●

●●●
●

● ●●
●

●
●●

●
●●● ●●

●●
●

● ●●
●●

●
●●

●
● ●

●

● ●●
●●●

●●●
●

●
●● ●●
●

●
●

● ●●●
●●●

●
●●

●
● ●●

●●●
●

●●
●

●●●
●

● ●●
●

●●●
●

●●● ●●
●●

●
● ●●
●●

●●●
●

●
●

●

● ●
●

●●●
●

●●

●
●

●● ●
●

●
●

●

●
●

●●
●

●●

●
●●

●

● ●●
●●●

●●
●

●

●●●
●

●
●●

●
●

●● ●
●●● ●●

●●
●● ●●

●●
●●

●
●●

●

●

● ●
●

●●●

●
●

●

●
●

●●
●

●

●

●

●

● ●
●●

●●
●

●
●●

●

● ●
●

●●●

●
●

●

●
●

●●

●

● ●
●

●

●●
●

●

●●●
●●

●
●

●
● ●

●

●●

●
●●

●
● ●

●

● ●●
●●●

●●●
●

●
●● ●●
● ●

●

● ●●●
●

●●

●
●●

●
● ●●

●●●
●●●
●

●●●
●

● ●●
●

●
●●

●
●●● ●●

●●
●

● ●●
●●

●
●●

●
● ●

●

● ●●
●●●

●●
●

●
●●● ●●

●
●

●

● ●●●
●●

●

●
●●

●
● ●●

●●●
●

●●
●

●●●
●

● ●●
●

●●●
●

●●● ●●●●
●

● ●●●●
●●

●
●

● ●
●

● ●●
●●●

●●●
●

●
●● ●●
●

●
●

● ●●●
●●●

●
●●

●
● ●●

●●●
●

●●
●

●●●
●

● ●●
●

●
●●

●
●●● ●●

●●
●

● ●●
●●

●●●
●

● ●
●

● ●●
●●●

●●●
●

●
●● ●●●

●
●

● ●●●
●●●

●
●●

●
● ●●

●●●
●●●
●

●●●
●

● ●●●
●

●●
●

●●● ●●●●
●

● ●●
●●

●
●●

●
●

●
●

● ●●●●●
●●●

●
●

●● ●●
●

●
●

● ●
●●

●●●
●

●●
●

● ●
●

●●●
●●●
●

●●●
●

● ●●
●

●●●
●

●●● ●●
●●

●
● ●●●●

●●●
●

● ●
●

● ●●
●●●

●●●
●

●
●● ●●
●

●
●

● ●●●
●●●

●
●●

●
● ●●

●●●
●●●
●

●●●
●

● ●●
●

●
●●

●
●●● ●●

●●
●

● ●●
●●

●●●
●

●
●

●

● ●●
●●●

●●●
●

●
●● ●●
●

●
●

● ●●●
●

●●
●

●●
●

● ●●
●●●

●
●●

●
●●●

●
● ●●

●
●●●
●

●●● ●●
●●

●
● ●●
●●

●
●●

●
● ●

●

● ●●
●●●

●●●
●

●
●● ●●
●

●
●

● ●●●
●●●

●
●● ●

● ●●
●●●

●●●
●

●●●
●

● ●●
●

●●●
●

●●● ●●
●●

●
● ●●●●

●
●●

●
● ●

●

● ●●
●●●

●●●
●

●
●● ●●
●

●
●

● ●●●
●●●

●
●●

●
● ●●

●●●
●

●●
●

●●●
●

● ●●
●

●●●
●

●●● ●●
●●

●
● ●●
●●

●●●
●

●

●

●

●
●

●

●●●

●●
●

●
●

●●
●●

●
●

●

●
●

●●

●●
●

●
●●

●

●
●

●

●●●

●
●

●

●
●

●●

●

●
●●

●

●
●

●

●
●●●

●●

●
●

●

●
●●

●●

●
●

●

●
●

●
●

●
●●

●●●
●●●

●
●●● ●●

●
●

●

●
●

●●
●●●

●

●● ●
● ●●●●●

●●●
●

●●●
●

● ●●
●

●
●●

●
●●● ●●

●●
●

● ●●
●●

●
●●

●
● ●

●

● ●●
●●●

●●●
●

●●● ●●
●

●
●

● ●●●
●●●

●
●●

●
● ●

●
●●●

●
●●

●
●●●

●
● ●●

●
●

●●
●

●●● ●●
●●

●

●
●●

●●
●

●●
●

● ●
●

● ●●
●●●

●●●
●

●
●● ●●
●

●
●

● ●●●
●●●

●
●● ●

● ●●
●●●

●●
●

●
●●●

●
● ●●

●
●●●
●

●●● ●●
●●

●
● ●●
●●

●●●
●

●
●

●
● ●●

●●●
●●●

●
●●● ●●

●
●

●
● ●
●●

●●●

●
●●

●
● ●●

●●●
●

●●
●

●●
●

●

● ●
●

●
●●●
●●

●● ●●
●●

●
● ●●
●●

●●●
●

● ●
●

● ●●
●●●

●●●

●
●

●● ●●
●

●
●

● ●●●
●

●●

●
●●

●
● ●●

●●●
●●●
●

●●●
●

● ●●
●

●●●
●

●●● ●●
●●

●
● ●●
●●

●●●
●

●
●

●

● ●●
●●●

●●●

●
●

●● ●●
●

●

●

● ●●●
●●●

●
●●

●
● ●●

●●●
●

●●
●

●●●
●

● ●●●
●

●●
●

●●● ●●
●●

●
● ●●
●●

●●●
●

●
●

●

● ●●
●●●

●●●
●

●
●●

●●
●

●
●

● ●●●
●●●

●
●●

●
● ●●

●●●
●●●
●

●●●
●

● ●●
●

●●
●

●
●●● ●●

●●
●

● ●●
●●

●
●●

●
● ●

●

● ●●
●●●

●●●

●
●●● ●●

●
●

●

● ●
●●

●●●
●

●●
●

● ●●
●●●

●
●●

●
●●●

●
● ●●

●
●

●●
●

●●● ●●
●●

●
● ●●
●●

●●●
●

●
●

●

● ●●
●●●

●●●
●

●●● ●●
● ●

●

● ●●●
●●●

●
●●

●
● ●●

●●●
●●●

●
●●●

●
● ●●●

●
●●

●
●●● ●●

●●
●

● ●●
●●

●●●
●

●

●

●

● ●●

●●●

●●
●

●
●

●●
●●

●
●

●

●
●

●●

●●
●

●
●●

●

●
●

●

●●●

●
●

●

●

●
●
●

●

●
●

●

●

●
●

●

●

●●●
●●

●●

●

●
●

●

●●

●
●

●

●

● ●
●

●
●●

●●●
●●●

●
●●● ●●

●
●

●

● ●●●
●●●

●
●●

●
● ●●●●●

●●
●

●
●●●

●
● ●●

●
●●●
●

●●● ●●●●
●

● ●●
●●

●●●
●

● ●
●

● ●●
●●●

●●●
●

●
●● ●●
●

●
●

● ●●●
●●●

●
●●

●
● ●●

●●●
●

●●
●

●●●
●

● ●●
●

●●●
●

●●● ●●
●●

●
● ●●
●●

●●●
●

●
●

●

● ●●
●●●

●●●
●

●
●● ●●●

●
●

● ●●●
●●●

●
●●

●
● ●●

●●●
●●●
●

●●●
●

● ●●
●

●●●
●

●●● ●●
●●

●
● ●●
●●

●●●
●

● ●
●

● ●●
●●●

●●●

●
●

●●
●●

●
●

●

● ●●●
●●●

●
●●

●
● ●●●●●

●●●
●

●●●
●

● ●●
●

●●
●

●
●●● ●●

●●
●

● ●●●●
●●●
●

●
●

●

● ●●●●●
●●●

●
●

●● ●●
●

●
●

● ●●●
●

●●
●

●●
●

●
●●●●●

●●
●

●
●●●

●

● ●●
●

●
●●

●
●●● ●●

●●
●

● ●●
●●

●●●
●

●
●

●

● ●
●

●●●
●●●

●
●

●● ●●
●

●
●

● ●●●
●

●●
●

●● ●
● ●●●●●

●●
●

●
●●●

●
● ●●

●
●●●
●

●●●
●●●●

●
● ●●●●

●
●●

●
● ●

●

● ●●
●●●

●●●
●

●●● ●●●
●

●

● ●●●
●●●

●
●●

●
● ●●

●●●
●●●
●

●●●
●

● ●●
●

●●●
●

●●● ●●
●●

●
● ●●●●

●●●
●

● ●
●

● ●●
●●●

●●●
●

●
●● ●●
●

●

●

● ●●●
●●●

●
●●

●
● ●●

●●●
●

●●
●

●●●
●

● ●
●

●
●

●●
●

●●● ●●
●●

●
● ●●
●●

●●●
●

● ●
●

● ●●
●●●

●
●●

●
●

●● ●●
●

●
●

● ●●●
●●●

●
●●

●

● ●●
●●●

●●●
●

●●●
●

● ●●
●

●●●
●

●●● ●●
●●

●
● ●●
●●

●●●
●

●

●
●

●
●

●

●●
●

●●
●

●
●

●●
●●

●

●

●

●
●

●●

●
●●

●
●●

●

●
●●

●●●

●
●

●

●

●●
●

●

● ●
●

●

●
●●

●
●
●●

●●

●●

●
● ●●
●●

●●●

●

● ●
●

● ●●
●●●

●●●

●
●

●● ●●
●

●
●

● ●●●
●●●

●
●●

●
● ●●

●●●
●

●●
●

●●●
●

● ●●
●

●●●

●
●●● ●●●●

●
● ●●
●●

●●●
●

● ●
●

● ●●
●●●

●
●●

●
●●● ●●

●
●

●

● ●●●
●

●●

●
●●

●
● ●●

●●●
●●●
●

●●●
●

● ●●
●

●●●
●

●●● ●
●

●●
●

● ●
●

●●
●

●●
●

● ●
●

● ●●
●●●

●●●
●

●●● ●●
● ●

●

● ●●●
●

●●

●
●●

●
● ●●●●●

●
●●

●
●●●

●
● ●●●

●●●
●

●●● ●●
●●

●
● ●●●●

●●●
●

● ●
●

● ●●●●●
●●●

●
●●● ●●

●
●

●

● ●●●
●●●

●

●●
●

● ●●
●●●

●
●●

●
●●●

●
● ●●

●
●●●
●

●●● ●●
●●

●
● ●●
●●

●●●
●

● ●

●

● ●●
●●●

●●●
●

●
●● ●●
● ●

●

● ●●●
●●●

●
●●

●
● ●●

●●●
●●●
●

●●●
●

● ●●
●

●
●●

●
●●● ●●

●●
●

● ●●
●●

●●●
●

● ●
●

● ●●
●●●

●●●
●

●●● ●●
● ●

●

● ●●●
●●●

●
●●

●
● ●●

●●●
●●●
●

●●●
●

●
●●

●
●

●●
●

●●● ●●
●●

●
● ●●
●●

●●●
●

● ●
●

● ●●
●●●

●●●

●

●●● ●●
●

●
●

● ●●●
●●●

●
●●

●
● ●●●●●

●
●●

●
●●●

●
● ●●

●
●●●

●
●●● ●●

●●

●

● ●
●

●●
●

●●
●

● ●
●

● ●●
●●●

●●●
●

●●● ●●
●

●
●

● ●
●●

●●●

●
●●

●
● ●●

●●●
●

●●
●●

●●
●

● ●●
●

●●●
●

●●● ●●
●●

●
● ●●
●●

●
●●

●
● ●

●

● ●●
●●●

●●●
●

●●● ●●
●

●
●

● ●●●
●●●

●
●● ●

● ●●
●●●

●●●
●

●●●
●

● ●●● ●●●
●

●●● ●●
●●

●
● ●●
●●

●●●
●

●

●
●

● ●●

●●●

●●
●

●
●

●●
●

●

●

●
●

●
●

●●

●
●

●

●
●●

●

●
●●

●●●

●
●

●

●
●

●●

●

●
●●

●

●
●

●

●
●
●●

●●

●●

●

● ●●

●●

●
●●

●
● ●

●

● ●●
●●●

●●●
●

●●
● ●●● ●

●

● ●●●
●●●

●

●●
●

● ●●
●●●

●●●
●

●●●

●

● ●●
●

●●●
●

●●● ●●
●●

●
● ●●
●●

●
●●

●
● ●

●

● ●●
●●●

●●●
●

●
●● ●●
●

●
●

● ●●●
●●●

●
●●

●
● ●●

●●●
●●●
●

●●●
●

● ●●
●

●●●
●

●●● ●●
●●

●
● ●●
●●

●●●
●

● ●
●

● ●●●●●
●●●

●
●

●● ●●
●

●
●

● ●●●
●●●

●
●●

●
● ●●

●●●
●●●
●

●●●
●

● ●●
●

●●●
●

●●● ●●
●●

●
● ●●
●●

●●●
●

●
●

●

● ●●
●●●

●●●
●

●●● ●●
●

●
●

● ●●●
●●●

●
●●

●
● ●●

●●●
●●●
●

●●●
●

● ●●
●

●●●
●

●●● ●●
●●

●
● ●●
●●

●
●●

●
● ●

●

● ●●
●●●

●●●
●

●
●● ●●
●

●
●

● ●●●
●●●

●
●●

●
● ●●

●●●
●●●
●

●●●
●

● ●●
●

●●●
●

●●● ●●
●●

●
● ●●
●●

●●●
●

● ●
●

● ●●
●●●

●●●
●

●●● ●
●

●
●

●

● ●●●
●●●

●
●●

●
● ●●

●●●
●

●●
●

●●●
●

● ●●●
●●●
●

●●● ●●
●●

●
● ●●
●●

●●
●

●
●

●

●

● ●●●●●
●

●●
●

●
●●

●●
●

●
●

● ●●●
●●●

●
●●

●
● ●

●
●●●

●
●●

●
●●●

●
● ●

●
●

●●●
●

●●● ●
●

●●
●

● ●●
●●

●●●
●

● ●
●

● ●●
●●●

●
●●

●
●●● ●●

●
●

●

● ●●●
●●●

●
●●

●
● ●●

●●●
●

●●
●

●●●
●

● ●●
●

●●●
●

●●● ●●
●●

●
● ●●
●●

●
●●

●
●

●
●

● ●●
●●●

●●●
●●

●● ●●
●

●
●

● ●●●
●●●

●
●●

●
● ●

●
●●●

●●●
●

●●●
●

● ●●
●

●●●
●

●●● ●●
●●

●
● ●●
●●

●●●
●●

●

●

●
●●

●●●

●●
●

●
●

●●
●

●

●

●

●

● ●
●●

●●
●

●

●●
●

● ●
●

●●●

●
●

●

●
●

●
●

●

●
●●

●

●
●

●

●

●●●
●●

●●

●

●
●●

●●

●
●

●

●
● ●

●

● ●
●

●●●
●●●

●
●●● ●●●
●

●

● ●●●
●●●

●
●●

●
● ●●

●●●
●

●●
●

●●●
●

● ●
●

●
●●●
●

●●● ●●●●
●

● ●●●●
●●●
●

● ●
●

● ●●
●●●

●●●

●
●

●● ●●
●

●
●

● ●●●
●●●

●
●●

●
● ●●

●●●
●●●
●

●●●
●

● ●●
●

●●●
●

●●● ●●
●●

●
● ●●
●●

●●●
●

●
●

●

● ●●
●●●

●●●

●
●

●● ●●
●

●
●

● ●●●
●●●

●

●●
●

● ●●
●●●

●●●

●
●

●●
●

● ●●
●

●
●●

●
●●● ●●

●●
●

● ●●●●
●

●●
●

● ●
●

● ●●
●●●

●●●

●
●●● ●●

●
●

●

● ●●●
●●●

●
●●

●
● ●●

●●●
●●●
●

●●●
●

● ●●
●

●
●●

●
●●● ●

●
●●

●
● ●●
●●

●●●
●

●
●

●

● ●●
●●●

●●●
●

●●● ●●
●

●

●

● ●●●
●●●

●
●●

●
● ●●

●●●
●●●
●

●●●
●

● ●●
●

●●●
●

●●● ●●
●●

●
● ●●
●●

●
●●

●
●

●
●

● ●●
●●●

●●●
●

●
●● ●●
●

●
●

● ●●●
●●

●

●
●●

●
● ●●

●●●
●

●●
●

●●●
●

● ●●
●

●●●
●

●●● ●●
●●

●
● ●●
●●

●●●
●

●
●

●

● ●●
●●●

●●●
●

●
●● ●●
●

●
●

● ●●●
●●●

●
●● ●

● ●●
●●●

●
●●

●
●●●

●● ●●
●

●
●●

●
●●●

●●
●●

●
● ●●
●●

●●●
●

●
●

●

● ●●
●●
● ●●●

●
●

●● ●
●

●
●

●

● ●●●
●●●

●
●●

●
● ●

●
●●●

●
●●

●

●●●
●

● ●
●

● ●●●
●

●●● ●
●

●●
●

● ●●
●●

●●●
●

●
●

●

● ●●
●●●

●●●
●

●●● ●●
●

●
●

● ●●●
●●●

●
●●

●
● ●●

●●●
●●●
●

●●●
●

● ●●
●

●
●●

●
●●● ●●

●●
●

● ●●
●●

●●●
●

●

●
●

●
●●

●●●

●●
●

●
●

●
● ●

●

●

●
●

●
●

●●

●
●

●

●
●●

●

● ●●
●●●

●
●

●

●
●

●●

●

●
●●

●

●
●

●

●

●●●
●●

●●

●
● ●

●
●●

●
●

●

●

● ●
●

● ●
●

●●●
●

●●
●●

●●
●●

●
●

●
● ●●●

●●●

●

●● ●
● ●●

●●●
●●●
●

●●●
●

● ●●●
●

●●
●

●●● ●●
●●

●
● ●●
●●

●●●
●

● ●
●

● ●●
●●●

●●●
●

●
●● ●●
●

●
●

● ●●●
●●●

●
●●

●
● ●●

●●●
●●●

●
●●●

●
● ●●

●
●●●
●

●●● ●●
●●

●
● ●●
●●

●
●●

●
●

●
●

● ●●
●●●

●●●

●
●●● ●●●
●

●

● ●●●
●●●

●

●●
●

● ●
●

●●●
●

●●
●

●●●
●

● ●●
●

●●●
●

●●● ●●
●●

●
● ●●
●●

●
●●

●

●
●

●

● ●●
●●●

●●
●

●●
●● ●●
●

●
●

● ●●●
●●●

●
●●

●
● ●●

●●●
●

●●
●

●●●
●

● ●●
●

●●●
●

●●● ●●
●●

●
● ●●
●●

●●●
●

● ●
●

● ●●
●●●

●●●
●

●
●● ●●
●

●
●

● ●●●
●●●

●
●●

●
● ●●

●●●
●●●
●

●●●
●

● ●●
●

●
●●

●
●●● ●●

●●
●

● ●●
●●

●●●
●

●
●

●

● ●●
●●●

●●●
●

●
●● ●●
●

●
●

● ●●●
●●●

●
●●

●
● ●●

●●●
●●●
●

●●●
●

● ●●
●

●
●●

●
●●● ●

●
●●

●
● ●●
●●

●●●
●

●
●

●

● ●●●●●
●●

●

●
●

●●
●●

●
●

●

● ●●●
●●

●

●
●●

●
● ●●●●●

●
●●

●
●●●

●
● ●●

●
●

●●
●●●● ●●

●●
●

●
●●

●●
●

●●
●● ●

●

● ●●
●●●

●●●
●

●
●● ●●
●

●
●

● ●●●
●●●

●
●●

●

● ●●
●●●

●
●●

●
●●●

●
● ●●

●
●

●●
●

●●● ●●
●●

●

● ●●
●●

●
●●

●
●

●
●

● ●●
●●●

●●●
●

●
●● ●●
●

●
●

● ●●●
●●

●

●
●●

●
● ●●

●●●
●●

●
●

●●●
●

● ●●●
●●●
●

●●● ●●
●●

●
● ●●
●●

●●●
●

●

●

●

●
●●

●●●

●
●

●

●
●

●●
●●

●

●

●

● ●
●●

●●
●

●
●●

●

●
●●

●●●

●●
●

●
●

●●

●

●
●●

●

●●
●

●

●●●
●●

●●

●

● ●●

●●

●●●
●

● ●
●

●
●●

●●●
●●●

●●
●●

●●
●

●

●

● ●●●
●●

●

●
●●

●
● ●●

●●●
●●

●

●
●●●

●
● ●●

●
●●●
●

●●● ●●
●●

●
● ●●●●

●●
●

●
●

●
●

●
●●

●●●
●●●

●
●

●● ●●● ●
●

● ●●●
●●●

●

●●
●

● ●●
●●●

●●●
●

●●●
●

●
●●

●
●●●
●●

●● ●●
●
● ●
● ●●●●

●●
●

●
● ●

●

● ●●
●●●

●●●
●

●
●● ●●● ●

●

● ●●●
●●●

●
●● ●

● ●●
●●●

●
●●

●
●●●

●
● ●●

●
●

●●
●

●●● ●●
●●

●
● ●●
●●

●
●●

●
● ●

●

● ●●
●●●

●●●
●●

●● ●●
●

●
●

● ●●●
●

●●

●
●●

●
● ●●

●●●
●

●●

●
●●●

●
● ●●

●
●●●
●

●●● ●●
●●

●
● ●●
●●

●
●●

●
● ●

●

● ●●
●●●

●●●
●

●
●● ●●
●

●
●

● ●●●
●●●

●
●●

●
● ●●

●●●
●

●●
●

●●●
●

● ●●
●

●●●
●

●●● ●●
●●

●
● ●●
●●

●
●●

●
● ●

●

● ●●
●●●

●●●
●

●
●●

●●
●

●
●

● ●●●
●●●

●
●●

●
● ●●

●●●
●●●
●

●●●
●

● ●●
●

●
●●

●
●●● ●●

●●
●

● ●●
●●

●●●
●

● ●
●

● ●●
●●●

●●
●

●
●

●● ●●
●

●

●

● ●●●
●●●

●
●● ●

● ●●
●●●

●●●
●

●●●
●

● ●●
●

●●●
●●

●● ●●●●
●

● ●●
●●

●
●●

●
●

●

●

● ●●●●●

●
●●

●
●

●●
●●

●
●

●

● ●●●
●●●

●
●●

●

● ●●
●●●

●
●●

●
●

●●
●

● ●●
●

●●●
●

●●●
●●

●●
●

● ●●
●●

●●
●

●
● ●

●

● ●●
●●●

●●●
●

●
●● ●●
●

●
●

● ●●●
●●●

●
●●

●
● ●●

●●●
●

●●
●

●
●●

●
● ●●

●
●

●●
●

●●● ●●
●●

●
● ●●
●●

●●●
●

●

●

●

●
●●

●●●
●●

●

●
●

●
●

●●
●

●
●

●
●

●●

●●●

●
●●

●

● ●
●

●●●

●
●

●

●
●

●●

●

●
●●

●

●
●●

●

●
●●

●●
●
●

●
● ●●

●●

●
●

●

●
● ●

●

● ●●
●●●

●●
●

●
●●● ●●

● ●

●

● ●●●
●

●●

●
●●

●
● ●●●●●

●●●
●●

●●
●

● ●●
●

●●●
●

●●● ●●
●●

●
● ●●
●●

●
●●

●
● ●

●

● ●●
●●●

●●●
●

●
●● ●●
●

●
●

● ●●●
●●●

●
●●

●
● ●●

●●●
●●●
●

●●●
●

● ●●
●

●●●
●

●●● ●●●●
●

● ●●
●●

●●●
●

●
●

●

● ●●
●●●

●●
●

●
●

●●
●●

●
●

●

● ●●●
●

●●
●

●●
●

● ●●
●●●

●
●●

●
●●●

●
● ●●

●
●●●
●

●●● ●●●●
●

● ●●
●●

●●●
●

● ●
●

● ●●
●●●

●●●
●

●
●● ●●
●

●
●

● ●●●
●●●

●
●●

●
● ●●

●●●
●●●
●

●●●
●

● ●●
●

●●●
●

●●● ●●
●●

●
● ●●
●●

●
●●

●
● ●

●

● ●●
●●●

●
●●

●
●

●● ●●
●

●
●

● ●●●
●●●

●
●● ●

● ●●
●●●

●
●●

●
●●●

●
● ●●●

●
●●

●
●●● ●●

●●
●

● ●●
●●

●●●
●

● ●
●

● ●●
●●●

●●●

●
●

●● ●●
●

●
●

● ●●●
●●●

●
●●

●

● ●●
●●●

●
●●

●
●●●

●
● ●●

●
●●

●
●

●●● ●●
●●

●
● ●●
●●

●●
●

●
● ●

●

● ●●
●●●

●●●
●

●
●● ●●
●

●
●

● ●●●
●●●

●
●●

●
● ●●

●●●
●●●
●

●●●
●

● ●●
●

●
●●

●
●●● ●●

●●
●

● ●●
●●

●
●●

●
●

●
●

● ●●
●●●

●●●
●

●
●● ●●
●

●
●

● ●●●
●●●

●
●●

●
● ●●

●●●
●●●
●

●●●
●

● ●
●

●
●●●
●

●●● ●
●

●●
●

● ●●
●●

●
●●

●
● ●

●

●
●●

●●●
●●●

●
●

●● ●
●

●
●

●

● ●●●
●●●

●
●●

●
● ●●

●●●
●●●

●
●●●

●
● ●●

●
●

●●
●

●●● ●●
●●

●
● ●●
●●

●
●●

●
●

●

●

● ●●

●●●

●●
●

●
●

●
● ●●

●
●

●

● ●
●●

●
●●

●
●●

●

● ●●
●●●

●
●

●

●
●

●●

●

● ●●
●

●
●

●

●

●●●
●●

●●

●

●
●●

●●

●
●

●
●

● ●
●

●
●●●●●

●
●●

●
●●

● ●
●

●
●

●

● ●●●
●

●●
●

●●
●

● ●
●

●●●
●●

●

●
●●●

●
● ●●

●
●●

●

●

●●●
●●

●●
●

● ●●
●●

●
●●

●
● ●

●

● ●●●●●
●●●

●
●

●● ●●●
●

●

● ●●●
●●●

●
●●

●

● ●●
●●●

●
●●

●
●●●

●
● ●●●

●●●
●

●●● ●●
●●

●
● ●●
●●

●●●
●

● ●
●

● ●●
●●●

●
●●

●
●

●● ●●
●

●
●

● ●●●
●●●

●
●●

●
● ●●

●●●
●●●
●

●●●
●

● ●●
●

●
●●

●
●●● ●●

●●
●

● ●●
●●

●
●●

●
● ●

●

● ●●
●●●

●●●
●●

●● ●●
●

●
●

● ●●●
●●●

●
●●

●
● ●●

●●●
●

●●
●

●
●●

●
● ●●

●
●●●
●

●●● ●●
●●

●
● ●●
●●

●●●
●

● ●
●

● ●●
●●●

●●●

●
●

●● ●●
●

●
●

● ●●●
●●●

●
●●

●
● ●●

●●●
●●●
●

●●●
●

● ●●
●

●
●●

●
●●● ●●

●●
●

● ●●
●●

●
●●

●
● ●

●

● ●●
●●●

●●●
●

●
●● ●●
●

●
●

● ●●●
●●●

●
●●

●
● ●●●●●

●●●
●

●●●
●

● ●●
●

●●●
●

●●● ●●
●●

●
● ●●
●●

●●●
●

● ●
●

● ●●
●●●

●●●
●

●●● ●●
●

●
●

● ●●●
●

●●

●
●●

●
● ●●

●●●
●●●
●

●●●
●

● ●●
●

●
●●

●
●●● ●●

●●
●

● ●●
●●

●
●●

●
● ●

●

● ●●●●●
●●●

●
●

●● ●●● ●
●

● ●●●
●●●

●
●●

●
● ●●

●●●
●●●
●

●●●
●

● ●●●
●●●
●

●●● ●●
●●

●
● ●●
●●

●●●
●

●
●

●

● ●●
●●●

●
●●

●
●●● ●●●
●

●

● ●●●
●●●

●
●●

●
● ●

●
●●●

●●●
●

●●●
●

● ●
●

●
●●●
●

●●● ●●
●●

●
● ●●
●●

●●●
●

●

●

●

● ●
●

●●●

●●
●

●
●

●●
●●

●

●

●

● ●
●●

●●
●

●

●●
●

●
●

●

●●●

●
●

●

●
●

●●

●

●
●●

●

●●
●

●
●
●●

●●

●
●

●
● ●

●
●●

●●
●

●

● ●
●

● ●●
●●●

●●
●

●●
●● ●●
●

●

●

● ●●●
●●●

●
●●

●
● ●●

●●●
●●●
●

●●●
●

● ●●
●

●
●●

●
●●●

●●
●●

●
● ●

●
●●

●
●●

●
● ●

●

● ●●
●●●

●
●●

●
●

●● ●
●

●
●

●

● ●●●
●●●

●
●●

●
● ●●

●●●
●●

●
●

●●●
●

● ●●
●

●●●
●

●●● ●●
●●

●
● ●●
●●

●●●
●

●
●

●

● ●●
●●●

●
●●

●
●●● ●●

●
●

●

● ●●●
●●

●

●
●●

●
● ●●

●●●
●●●
●

●●●
●

● ●●●
●

●●
●

●●● ●●●●
●

● ●●
●●

●●●
●

● ●

●

●
●●

●●●
●●●

●
●

●● ●●
●

●
●

● ●●
● ●●●

●
●●

●
● ●●●●●

●
●●

●
●●

● ●● ●●
●

●●
●

●
●●● ●●

●●
●

●
●●

●●
●●●
●

● ●
●

● ●●
●●●

●●●
●

●●● ●●
●

●
●

● ●●●
●●●

●
●●

●
● ●●

●●●
●●●
●

●●●
●

● ●●
●

●
●●

●
●●● ●●

●●
●

● ●●
●●

●
●●

●
● ●

●

● ●●
●●●

●●●
●

●
●● ●●
●

●
●

● ●●●
●●●

●
●●

●
● ●●

●●●
●

●●
●

●●●
●

● ●●
●

●●●
●

●●● ●
●

●●
●

● ●●
●●

●
●●

●
● ●

●

● ●●
●●●

●●●
●

●●● ●●
●

●
●

● ●●●
●●●

●
●●

●
● ●●

●●●
●●●
●

●●●
●

● ●●
●

●●●
●

●●● ●●
●●

●
● ●●
●●

●●●
●

●
●

●

● ●●
●●●

●●●
●

●
●● ●●
●

●
●

● ●●●
●●●

●
●●

●
● ●●

●●●
●●●
●

●●●
●

● ●●
●

●●●
●

●●● ●●
●●

●
● ●●
●●

●●●
●

● ●
●

● ●●
●●●

●●●
●

●
●● ●●
●

●
●

● ●●●
●●●

●
●●

●
● ●●

●●●
●●●
●

●●●
●

● ●●
●

●●●
●

●●● ●●
●●

●
● ●●
●●

●
●●

●
●

●

●

● ●
●

●
●●

●●
●

●
●

●●
●●

●
●

●

●
●

●●

●
●

●

●
●●

●

●
●●

●●●

●
●

●

●
●

●●

●
● ●

●

●

●●
●

●

●●●
●●

●
●

●

● ●
●

●●

●●
●

●

● ●
●

● ●●●●●
●●●

●
●●● ●●

●
●

●

● ●●●
●●●

●
●●

●
●

●●●●●
●●●
●

●●●
●

● ●
●

●
●●●
●

●●● ●●
●●

●
● ●●
●●

●●●
●

● ●
●

● ●●
●●●

●●●
●

●●● ●●
●

●
●

● ●●●
●●●

●
●●

●
● ●●●●●

●●●
●

●●●
●

● ●●
●

●
●●

●
●●● ●●

●●
●

● ●●
●●

●●●
●

●
●

●

● ●●
●●●

●●●
●

●
●● ●●
●

●
●

● ●●●
●●●

●
●● ●

● ●●
●●●

●●●
●

●●●
●

● ●●
●

●●●
●

●●● ●●
●●

●
● ●●●●

●●●
●

●
●

●

● ●●
●●●

●●●
●

●
●● ●●
●

●
●

● ●●●
●●●

●

●●
●

● ●●
●●●

●
●●

●
●●●

●
● ●●

●
●

●●
●

●●● ●●
●●

●
● ●●
●●

●●●
●

●
●

●

● ●●
●●●

●●●
●

●●● ●●
●

●
●

● ●●●
●●●

●
●●

●
● ●●

●●●
●●●
●

●●●
●

● ●●
●

●●●
●

●●● ●●
●●

●
● ●●
●●

●●●
●

●
●

●

● ●●
●●●

●●●
●

●
●● ●●
●

●
●

● ●●●
●●●

●
●●

●
● ●●

●●●
●●●
●

●●●
●

● ●●
●

●●●
●

●●● ●●
●●

●
● ●●
●●

●
●●

●
●

●
●

● ●●
●●●

●●●

●
●

●● ●●
●

●
●

● ●●●
●●●

●
●●

●
● ●●

●●●
●

●●
●

●●●
●

● ●●
●

●
●●

●
●●● ●●

●●
●

● ●●
●●

●●●
●

●
●

●

● ●●
●●●

●
●●

●
●

●● ●●
●

●
●

● ●●●
●●

●

●
●● ●

● ●●
●●●

●●●

●
●●●

●
● ●●● ●●●

●
●●● ●●

●●
●

● ●●
●●

●●●
●

● ●

●

● ●●●●●
●●●

●
●

●● ●●
●

●
●

● ●●●
●●●

●

●● ●
● ●●

●●●
●●●

●

●●●
●

● ●●
●

●
●●

●
●●● ●●

●●
●

● ●●
●●

●●●
●

●
●

●

●
●

●

●●●

●●
●

●
●

●●
●●

●
●

●

● ●
●●

●●
●

●
●●

●

●
●●

●●●
●

●
●

●
●

●●

●

●
●●

●
●

●●
●

●●●
●●

●
●

●

●
●●

●●

●
●●

●
●

●

●

● ●●
●●●

●
●●

●
●●● ●●

● ●

●

● ●●●
●

●●

●
●●

●
● ●●●●●

●
●●

●
●●●

●
● ●●●

●●●
●●

●●
●●

●●
●

● ●●●●
●

●●
●● ●

●

● ●●
●●●

●●●
●

●
●● ●●
●

●
●

● ●●●
●●●

●
●●

●
● ●●

●●●
●●●
●

●●●
●

● ●●
●

●●●
●

●●● ●●
●●

●
● ●●
●●

●●●
●

●
●

●

● ●●●●●
●●●

●
●●● ●●

●
●

●

● ●●●
●●●

●
●● ●

● ●
●

●●●
●

●●
●

●●●
●

● ●●●
●

●●
●

●●● ●●
●●

●
● ●●●●

●●●
●

● ●
●

● ●●
●●●

●●●
●

●
●● ●●
●

●
●

● ●●●
●●●

●
●●

●
● ●●

●●●
●●●
●

●●●
●

● ●●
●

●●●
●

●●● ●●
●●

●
● ●●
●●

●●●
●

● ●
●

● ●●
●●●

●
●●

●
●●● ●●

●
●

●

● ●●●
●●●

●
●●

●
● ●●

●●●
●●●
●

●●●
●

● ●●
●

●●●

●
●●● ●●●●

●
● ●●
●●

●●●
●

●
●

●

● ●●
●●●

●●●
●●

●● ●●
●

●
●

● ●●●
●●●

●
●●

●
● ●●

●●●
●

●●
●

●●●
●

● ●●
●

●
●●

●
●●● ●●

●●
●

● ●●
●●

●
●●

●
●

●
●

● ●●
●●●

●●●
●

●
●● ●●
●

●
●

● ●●●
●

●●

●
●●

●
● ●●

●●●
●●●
●

●●●
●

● ●●
●

●●
●

●
●●● ●●

●●
●

● ●●
●●

●
●●

●
●

●
●

● ●●
●●●

●●●
●

●
●● ●●
●

●

●

● ●●●
●●●

●
●●

●
● ●

●
●●●

●
●●

●
●●●

●
● ●●●

●●
●

●
●●● ●●●●

●
● ●●
●●

●
●●

●
● ●

●

● ●●
●●●

●
●●

●
●●● ●●

●
●

●

● ●●●
●●●

●
●●

●
● ●●

●●●
●

●●
●

●●●
●

● ●●
●

●●●
●

●●● ●●
●●

●
● ●●
●●

●●●
●

●

●

●

●
●

●

●●●
●●

●

●
●

●●
●●

●

●

●

●
●

●●

●●
●

●
●●

●

●
●●

●●●

●
●

●

●
●

●●

●

●
●

●

●

●
●●

●
●
●●

●
●

●
●

●

●
●

●
●●

●
●●

●
● ●

●

● ●●
●●●

●●●

●
●

●● ●
●

●
●

●

● ●●●
●●●

●

●●
●

● ●●
●●●

●
●●

●
●●●

●
●

●●
●

●●●
●

●●● ●●●●

●

● ●●
●●

●●
●

●
●

●
●

● ●●
●●●

●●●

●
●

●● ●●
●

●
●

● ●●●
●

●●

●

●●
●

●
●●

●●●
●

●●
●

●●●
●

● ●●
●

●
●●

●
●●● ●●

●●
●

● ●●
●●

●
●●

●
● ●

●

● ●●
●●●

●●●

●
●

●● ●●
●

●
●

● ●●●
●●●

●
●●

●
● ●●

●●●
●

●●
●

●●●
●

● ●●
●

●●●
●

●●● ●●
●●

●
● ●●
●●

●
●●

●
● ●

●

● ●●
●●●

●●●

●
●

●● ●●
●

●
●

● ●●●
●●●

●

●●
●

● ●●
●●●

●●●
●

●●●
●

● ●●
●

●●●
●

●●● ●●
●●

●
● ●●
●●

●
●●

●
●

●
●

● ●●●●●
●●

●

●
●

●
● ●●

●
●

●

● ●
●●

●●●

●

●●
●

● ●●
●●●

●
●●

●
●●●

●
● ●●●

●
●●

●
●●● ●●

●●
●

● ●
●

●●
●●

●
●

● ●
●

● ●●
●●●

●●●

●
●

●● ●●
●

●
●

● ●●●
●

●●

●
●●

●
● ●

●
●●●

●
●●

●
●●●

●
● ●●

●
●●●
●

●●● ●●
●●

●

● ●●
●●

●●●
●

● ●
●

● ●
●

●●●
●

●●

●
●

●● ●●
●

●
●

● ●●●
●●●

●

●●
●

● ●●
●●●

●●●
●

●●●
●

● ●●
●

●●●
●

●●● ●●
●●

●
● ●●
●●

●
●●

●
●

●
●

● ●●
●●●

●
●●

●
●●● ●

●
●

●
●

● ●●●
●●●

●
●●

●

● ●
●

●●●
●

●●
●

●●●
●

● ●●
●

●●●
●

●●●
●●

●●
●

● ●●
●●

●●●
●

● ●
●

● ●●●●●
●●●

●
●●● ●●

●
●

●

● ●
●●

●●●

●

●●
●

● ●●
●●●

●●
●

●
●●●

●
● ●●

●
●

●●
●

●●● ●●
●●

●
● ●●
●●

●●●
●

●
●

●

● ●●

●●●

●●
●

●
●

●●
●●

●
●

●

●
●

●●

●●
●

●
●●

●

●
●●

●●●

●
●

●

●
●

●●

●

●
●●

●

●●
●

●
●●●

●●

●●

●

●
●●

●●

●
●

●

●
● ●

●

● ●
●

●●●
●●●

●
●●●
●●

●
●

●

● ●●●
●●●

●
●● ●

● ●●
●●●

●
●●

●
●●●

●
● ●●

●
●

●●
●

●●● ●●
●●

●
●

●●
●●

●
●●

●
●

●
●

● ●●
●●●

●●●
●

●
●● ●●
●

●
●

● ●●●
●●●

●
●●

●
● ●●

●●●
●●●
●

●●●
●

● ●●
●

●●●
●

●●● ●●
●●

●
● ●●
●●

●●●
●

●
●

●

● ●●
●●●

●
●●

●
●

●● ●●
●

●
●

● ●●●
●●●

●
●●

●

● ●●
●●●

●●●
●

●
●●

●● ●●
●

●
●●

●
●●● ●●

●●
●

● ●●
●●

●
●●

●
● ●

●

● ●●
●●●

●●●

●
●

●● ●●
●

●
●

● ●●●
●●●

●
●●

●
● ●●

●●●
●●●
●

●●●
●

● ●●
●

●
●●

●
●●● ●●

●●
●

● ●●
●●

●●●
●

● ●
●

● ●●
●●●

●●●
●

●
●● ●●
●

●
●

● ●●●
●●●

●
●●

●
● ●●

●●●
●●●
●

●●●
●

● ●●
●

●●●
●

●●● ●●
●●

●
● ●●
●●

●●●
●

●
●

●

● ●
●

●●●
●●●

●
●

●●
●●

●
●

●

● ●●●
●●●

●
●●

●
● ●●

●●●
●●●
●

●●●
●

● ●●
●

●
●●

●
●●● ●●

●●
●

● ●●
●●

●
●●

●
●

●
●

● ●
●●●●
●●

●

●
●●● ●

●
●

●

●

●
●●

●
●●●

●

●●
●

● ●●●●●
●●

●

●
●●●

●
● ●●

●
●

●●
●●

●●
●●

●●
●

●
●●

●●
●

●●
●

●
●

●

● ●●
●●●

●●●
●

●●● ●●
●

●
●

● ●●●
●●●

●
●●

●
● ●●

●●●
●

●●

●
●●●

●
● ●●

●
●

●●
●

●●● ●●
●●

●
● ●●●●

●
●●

●
● ●

●

● ●●
●●●

●●●
●

●
●● ●●
●

●
●

● ●●●
●●●

●
●●

●
● ●●

●●●
●●●
●

●●●
●

● ●●
●

●
●●

●
●●● ●●

●●
●

● ●●
●●

●
●●

●
●

●

●

●
●●

●●
●

●●
●

●
●

●
● ●●

●

●

●

● ●●
●

●●
●

●
●●

●
● ●●

●●●
●

●
●

●
●

●●

●

●
●●

●

●
●●

●
●
●●

●●

●●

●

●
●

●
●●

●
●

●

●

● ●

●

● ●●
●●●

●●●
●

●●●
●●

● ●

●

●
●

●●
●●●

●
●

● ●

●
●●●●●

●
●●

●
●●●

●
● ●●

●
●

●●
●

●●● ●●
●●

●
● ●●
●●

●
●●

●
● ●

●

● ●●
●●●

●●●

●
●●● ●●

●
●

●

● ●●●
●●●

●
●●

●
● ●●

●●●
●

●●
●

●●●
●

● ●●● ●●●
●

●●● ●●
●●

●
● ●●●●

●
●●

●
● ●

●

● ●●
●●●

●●●
●

●
●● ●●
●

●
●

● ●●●
●

●●

●

●●
●

● ●●
●●●

●
●●

●
●●●

●
● ●●

●
●●●
●

●●● ●●
●●

●

● ●●
●●

●
●●

●
● ●

●

● ●●
●●●

●●●
●

●
●● ●●
●

●
●

● ●●●
●

●●

●
●●

●
● ●●

●●●
●●●
●

●●●

●

● ●●●
●

●●
●

●●● ●●
●●

●
● ●●
●●

●●●
●

● ●
●

● ●●
●●●

●●●
●

●
●● ●●
●

●
●

● ●●●
●●●

●
●●

●
● ●●

●●●
●●●
●

●●●
●

● ●●
●

●●●
●

●●● ●●
●●

●
● ●●
●●

●●●
●

●
●

●

● ●●●●●
●●

●

●

●
●● ●

●
●

●
●

● ●●●
●●●

●
●● ●

● ●●●●●
●●●
●

●●●
●

● ●●
●

●●●
●

●●● ●●●●
●

● ●●
●●

●●●
●

● ●
●

● ●●
●●●

●●●
●

●
●● ●●
●

●
●

● ●●●
●

●●

●
●●

●
● ●●

●●●
●

●●
●

●●●
●

● ●●
●

●●●
●

●●● ●●
●●

●
● ●●
●●

●
●●

●
● ●

●

● ●●
●●●

●●●
●

●●● ●●
●

●
●

● ●●●
●

●●

●
●●

●
● ●●

●●●
●●●
●

●●●
●

● ●●
●

●●●
●

●●● ●●
●●

●
● ●●
●●

●●●
●

● ●
●

● ●●
●●●

●●●
●

●●● ●●
●

●
●

●
●

●●
●●●

●
●●

●
● ●●

●●●
●

●●
●

●●●
●

● ●●
●

●●●
●

●●● ●●
●●

●
● ●●
●●

●●●
●

●
●

●

● ●●

●●
●

●●
●

●
●

●●
●

●

●

●
●

●
●

●
●

●
●●

●
●●

●

●
●●

●
●●

●●
●

●

●
●

●
●

● ●
●

●

●
●

●

●
●
●●

●
●

●●

●

●
●●

●●

●●
●

●
●

●

●

● ●●
●●●

●
●●

●
●●● ●●

●
●

●

● ●
●●

●
●●

●
●●

●
● ●●

●●●
●●●
●

●●●
●

● ●●
●

●●●
●

●●● ●●
●●

●
● ●●
●●

●●●
●

● ●
●

● ●●
●●●

●●●
●

●
●● ●●
●

●
●

● ●●●
●●●

●
●●

●
● ●●●●●

●●●
●

●●●
●

● ●●
●

●●●
●

●●● ●
●

●●
●

● ●●
●●

●
●●

●
● ●

●

● ●●
●●●

●●●
●

●
●● ●●
●

●
●

● ●●●
●●●

●
●●

●
● ●●

●●●
●●●
●

●●●
●

● ●●●
●

●●
●

●●● ●●
●●

●
● ●●
●●

●●●
●

● ●

●

● ●●●●●
●●●

●
●●● ●●

●
●

●

● ●●●
●●●

●
●●

●
● ●●

●●●
●●●
●

●●●
●

● ●●
●

●●●
●

●●● ●●●●
●

● ●●●●
●●●
●

● ●
●

● ●●
●●●

●●●

●
●

●● ●●
●

●
●

● ●●●
●●●

●
●●

●
● ●●

●●●
●●●
●

●●●
●

● ●●
●

●●●
●

●●● ●●●●
●

● ●●
●●

●
●●

●
● ●

●

● ●●
●●●

●
●●

●
●

●● ●●●
●

●

● ●●●
●●

●

●
●●

●
● ●●

●●●
●●●
●

●●●
●

● ●
●

●
●

●●
●

●●● ●●
●●

●
● ●●
●●

●
●●

●
●

●

●

● ●●●●●
●

●●

●
●

●● ●●
●

●
●

● ●●●
●●●

●
●●

●
● ●●

●●●
●

●●

●
●●●

●
● ●●

●
●●●
●

●●● ●●
●●

●
● ●●
●●

●●●
●

● ●
●

● ●●
●●●

●●●
●

●
●● ●●
●

●
●

● ●●●
●●●

●
●●

●
● ●●

●●●
●

●●
●

●●●
●

● ●●●
●

●●
●

●●● ●●
●●

●
●

●●
●●

●
●●

●
●

●
●

● ●●●●●
●●●

●
●

●● ●●
●

●
●

● ●●●
●●●

●
●●

●
● ●●

●●●
●

●●
●

●●●
●

● ●●
●

●●●
●

●●● ●●
●●

●
● ●●
●●

●●●
●

●
●●

●●●●●●
●●●
●

●●●●●●●●●●●●●●●
●●●●

●●●●●●
●●

●
●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●
●

●●●●
●

●●
●

●●●●●●● ●●●●
●●

●
●●●

●
●●●●●●●●●●●●●●●

●●●●●●●
●

●●●●●●●●●
●●●●●●●●●●●● ●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●● ●●●●●●●●●
●●●●●●● ●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●
●●

●●●●●●●●●
●

●●●●●●●●
●●●●●●●

●●●●●●●●●●
●●●
●●●●●●●
●●●●●
●

●●●●●●●
●

●●●●●
●

●●
●

●●●●●●●●●●●● ●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●
●●●
●●●●●●●●●

●●●●●●● ●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●
●●●●●●
●●●
●●●●●●●●●●●●● ●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●
●●●
●●●●●●●

●●
●●●●●●● ●●●●●●●●●●

●●●
●●●●●●●●●●●●●●●●●●●●
●

●●●●●●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●● ●●●●
●●●●●

●●●●
●●● ●●●●●●●●●●●●●
●●●●●●●●●●●●
●

●●●●●●●
●

●●●●●●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●
●

●●●●●●●●● ●●●●●●●●●●●●●●●● ●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●
●

●●●●●●
●●● ●●●●●●●●●●●●●
●●● ●●●●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●● ●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●● ●●●●●●●●●

●●●●●●● ●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●
●

●●●●●●●●● ●●●●●●●●●
●●●●●●● ●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●

●
●●●●●●

●●● ●●●●●●●●●
●●●●●●● ●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●●

●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●
●●●●●●●●● ●●●●●●●●●
●●●●●●● ●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●

●●●●●●●●●
●●●●●●●●●●●●● ●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●

●●●●●●●●● ●●●●●●●●●
●●●●●●● ●●●●●●●●●●●●●

●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●● ●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●

●●●●●●●●● ●●●●●●●●
●

●●●●●●●
●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●

●●●●●●●●● ●●●●●●●●●
●●●●●●● ●●●●
●●●●●●●●●●●●●●●●●●●●●●●●●●●●●

●●●●●●
●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●

●●●●●●●●● ●●●●●●●●●
●●●●●●● ●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●● ●●●●●●●●●
●●●●●●● ●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●

●●●●●●●
●●●●●●●●● ●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●
●●●●●●●●● ●●●●●●●●●
●●●●●●● ●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●

●●●●●●●●●●●●● ●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●
●●●●●●●●●

●●●●●●● ●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●● ●●●●●●●●●
●●●●●●● ●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●

●
●●●●●●●●● ●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●
●●●●●●●●● ●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●● ●●●●●●●●●
●●●●●●● ●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●
●●●●●●●●● ●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●● ●●●●●●●●●
●●●●●●● ●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●●

●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●● ●●●●●●●●●
●●●●●●● ●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●

●●●●●●●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●

●●● ●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●● ●●●●●●●●●

●●●●●●● ●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●● ●●●●●●●●●
●●●●●●● ●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●●●

●●●●●
●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●● ●●●●●●●●●

●●●●●●● ●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●

●●●●●●●●● ●●●●●●●●●
●●●●●●● ●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●
●●●●●●●●● ●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●

●●●●●●●●●●●●●●●●●●●●
●

●●●●●●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●● ●●●●●●●●●

●●●●●●● ●●●●
●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●
●●●●●●●●● ●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●●●

●
●●●●●●●●●●●●●●●●●●●●●●●●

●
●●●●●●●●●●●● ●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●●

●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●● ●●●●●●●●●
●●●●●●● ●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●● ●●●●●●●●●
●●●●●●● ●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●

●●●●●●●●●●●●●●●●●●●●●● ●●●●●●●●●
●●●●●●● ●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●● ●●●●●●●●●
●●●●●●● ●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●
●●●●●●●●● ●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●

●●●●●●●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●
●●●●●●●●● ●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●● ●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●

0 1000000 2000000 3000000

0
20

40
60

80
12

0

#arcs

pr
ic

in
g 

co
m

p.
 ti

m
e 

(s
ec

on
ds

)

● cgApC
cgPpC

Figure 5.23: Number of candidates vs computation time for arc pricing
with precomputed blocking time stairways.
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Chapter 5. Computational experiments

5.6.2 Rescheduling different delayed scenarios
The most promising algorithm from the previous analysis is tested on
different delay scenarios in this section:

• algorithm = cgApP with LP relaxation (best solution quality per
computation time performance, Figure 5.13, and convergence be-
haviour, Figure 5.14);

• time-shift in initial restricted master = 10 s (infeasibility could be
always resolved);

• number of time-shifts in initial restricted master = 10 (shorter com-
putation times, Figure 5.21(a));

• time-shift in pricing problems = 3 s (higher precision without sig-
nificant loss of computation time, Figure 5.23);

For these tests the rescheduling program (C++ implementation from
previous experiments) runs on a 64-bit linux desktop computer with four
CPUs Intel(R) Core(TM) i5 CPU 760 at 2.80GHz and 7.7 GB memory
(RAM).

The tests are run on three different rescheduling horizons:

1. 6:30-6:45 a.m., same as for parameter testing of previous section;

2. 6:25-6:40 a.m., to fully include the movements connected with the
”6:30-node” of RBS fully integrated periodic timetable;

3. 6:25-6:55 a.m., two timetable periods long rescheduling horizon.

Each experiment includes a ten minutes training phase before the reschedul-
ing horizon. In the training phase, initial delays are added to departure
and train passing events according to the Weibull probability distribution
for regional passenger trains calibrated on SBB data and described in
Section C.2 (parameters: shape = 1.76, scale = 123.01, shift = -73.5). Ten
experiments, each with a different delay scenario, are executed for each
of the three rescheduling horizons.

First, the solution quality per computation time of the algorithm is
analysed in Section 5.6.2.1. Then, the resulting schedules are compared
against the standard first come first served policy of the simulator in
Section 5.6.2.2.

152



5.6. Column generation approaches for RCG model in a real-world condensation zone with simple
topology

Figure 5.24: Results of rescheduling several delayed scenarios of RBS
test case with cgApP algorithm with LP relaxation.
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Chapter 5. Computational experiments

5.6.2.1 Performance of cgApP

For each delay set and rescheduling horizon, cgApP produced a new
schedule. Figure 5.24 shows the statistics of the 30 experiments. The
average train delay differs considerably among the delay sets. The number
of train movements that cannot be scheduled within the rescheduling
horizon (infeasibility rate) is quite large for the shorter horizons (about
10 %), and it is smaller for the longer horizon (about 5 %).

The relatively high number of train movements hat cannot be sched-
uled within the corresponding horizons can be explained with the scarce
residual capacity of the considered section that usually requires trains to
travel quite close to the preceding ones. This kind of operation is not
supported by the patterns in the database of blocking time stairways used
to initialise the restricted master RCG problem and define the pricing
problems. The patterns have been generated using the simulation-based
approach from Section 4.2.3, which requires each train to be simulated
separately to conform to the green wave principle. It follows that the train
routes tend to be reserved long time in advance, given that the infrastruc-
ture resources are not needed by any other train. In fact, the analysis of
these patterns reveals that some include extremely long route reservation
times (see, e.g., Figure 5.25).

Most of the computation times for the first horizon are around 20 sec-
onds but the first experiment which needs almost 50 seconds to complete.
For the 6:25-6:40 a.m. horizon, the computation times are comparable to
the ones of the 6:30-6:45 a.m. horizon and range from 13.2 to 71.53 sec-
onds. Longer computation times are needed for the 6:25-6:55 a.m. hori-
zon, where times between 74.07 and 317.32 seconds are observed. Most
computation times are below the aforementioned 180 seconds threshold
(Rodriguez, 2007).

5.6.2.2 Comparison with first come first served

Each experiment is executed twice. The first time, the simulator is allowed
to change the train orders according to a first come first served procedure
(FCFS) that can be influenced by the train priorities and schedules (please
refer Section 7.3 in OpenTrack Railway Technology Ltd., 2015, for further
details). The second time, train orders and routes are set according to
the new schedule computed by cgApP. Table 5.5 reports the overall train
delays, the number of unplanned stops and braking actions as well as
the number of rerouting and retiming actions. The last column indicates
the computation time needed by cgApP for rescheduling each scenario.
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5.6. Column generation approaches for RCG model in a real-world condensation zone with simple
topology

Figure 5.25: Blocking time stairway pattern with long route reservation
times.
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Delays are computed according to OpenTrack output data with a tolerance
of 60 seconds.

In seven of the ten experiments on horizon 6:30-6:45 a.m., reschedul-
ing reduces the overall train delay up to the end of the considered horizon.
In one case, the statistics of cgApP and FCFS are almost identical. In the
remaining two, cgApP reduces either the number of unscheduled stops
or braking actions but at the cost of increasing the other and the overall
delay with respect to FCFS.

In six of the ten experiments on horizon 6:25-6:40 a.m., cgApP and
FCFS schedules produced almost identical statistics. There are signifi-
cantly less rerouting actions than the previous case.

In only one of the ten experiments on horizon 6:25-6:55 a.m., cgApP
reduces the overall delay with respect to FCFS. Nevertheless, in seven
experiments, cgApP improves traffic flows by significantly decreasing the
number of unplanned stops and braking actions.

In general, the improvements of the traffic flows at expense of addi-
tional train delays are attributable to the used database of blocking time
stairway patterns. In fact, FCFS allows trains to travel quite close to
each other and encounter a number of yellow and red signals, while the
database contains only conflict-free trajectories compatible with the green
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Table 5.5: Comparison of rescheduling several delayed train schedules with cgApP with LP relaxation against FCFS.

Horizon delay set Train delay [s] #stops at signals #braking for route energy [M J] #retimings #reroutings computation
FCFS cgApP FCFS cgApP FCFS cgApP FCFS cgApP cgApP cgApP time [s]

6:30-6:45 a.m.

1 172 325 1 2 5 7 1987 1934 22 7 48.19
2 133 226 4 5 7 6 2052 1918 20 9 15.86
3 2082 1431 14 10 27 15 2318 2059 23 9 21.31
4 270 199 5 6 11 9 2100 2112 16 7 15.4
5 144 73 3 4 5 2 1984 1806 17 7 17.18
6 135 64 3 4 5 4 2002 1954 17 5 18.21
7 2090 1805 10 7 26 16 2355 2007 23 9 16.92
8 244 173 1 2 6 8 2018 2086 15 5 19.05
9 71 70 3 4 7 5 2048 2024 19 7 13.29

10 964 343 5 4 5 2 2012 1857 20 9 23.37

6:25-6:40 a.m.

1 322 322 5 6 7 6 1925 1831 14 0 13.2
2 712 235 8 9 11 4 2001 1260 13 0 21.84
3 324 92 5 2 14 6 2024 1711 13 2 40.12
4 219 219 4 6 15 14 1994 1855 15 0 14.46
5 75 75 4 5 6 4 1907 1837 12 0 13.39
6 618 1048 5 8 13 9 2025 1706 16 0 28.93
7 130 130 3 5 6 5 1908 1769 10 0 11.08
8 189 189 5 7 15 14 1993 1920 11 0 11.87
9 126 155 3 3 13 10 1949 1912 12 0 71.53

10 379 379 4 4 9 3 1943 1636 14 2 29.79
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Table 5.5: (continued) Comparison of rescheduling several delayed train schedules with cgApP with LP relaxation against
FCFS.

Horizon delay set Train delay [s] #stops at signals #braking for route energy [M J] #retimings #reroutings computation
FCFS cgApP FCFS cgApP FCFS cgApP FCFS cgApP cgApP cgApP time [s]

6:25-6:55 a.m.

1 201 351 8 8 12 11 3441 3418 15 2 74.07
2 260 410 10 11 21 20 3526 3404 19 2 86.34
3 197 313 8 7 19 16 3481 3366 19 0 140.29
4 450 600 9 8 15 9 3476 3308 24 2 118.51
5 295 445 8 7 12 7 3439 3269 19 9 317.32
6 201 213 8 8 12 9 3436 3299 17 5 75.84
7 491 576 8 4 12 9 3439 3334 24 0 141.70
8 431 290 11 16 19 11 3571 2119 23 5 113.77
9 308 458 8 7 12 6 3436 3176 22 7 150.00

10 531 756 8 7 12 8 3439 3322 22 7 163.78
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Chapter 5. Computational experiments

wave principle that require larger headways between the trains. In such
densely operated sections as the Berne-Worblaufen test network, these
long route reservation times (Figure 5.25) contribute to eating up the
scarce capacity of the considered network area.

Although energy consumption was not included into the objective func-
tion of the RCG model solved by cgApP, Table 5.5 shows that rescheduling
reduces the energy consumption in the most part of the experiments. This
is probably linked with the lower number of stops and unnecessary braking
actions than FCFS.

5.6.2.3 No shunting

Given the lack of residual track capacity at station Berne, there is no
shunting possibility there, and each train departs from the arrival track of
the service previously utilising the rolling stock. The turnaround is done at
the station platform during the time passengers alight and board. It follows,
that the two services are linked and a minimum turnaround time must
be guaranteed. To model this interdependence, the following additional
rolling stock circulation constraints are added to model (4.1-4.17)

rtnext,0 ≤ rt,nt ∀t, tnext ∈ T |t →RS tnext (5.1)∑
b∈At,p

xb −
∑

b∈Dtnext ,p

xb ≤ 0 ∀p ∈ Psnt ,t,∀t, t
next ∈ T |t →RS tnext (5.2)

∑
b∈U

xb +
∑
b∈V

xb ≤ 1
∀(U,V ) ∈ Ωt,t ′

p,p,∀p ∈ Psnt ,t,

∀t, tnext ∈ T |t →RS tnext (5.3)

where t →RS tnext indicates that at the last station of train t the rolling
stock changes to train tnext; (5.1) indicates that a train cannot depart within
the current horizon if the previous one does not have a path to the common
station; (5.2) imposes that the arrival track of the previous train is used for
departure; and (5.3) ensures that a train departs only after the one using
the same rolling horizon has arrived and the turnaround time has elapsed.

Ten experiments are executed on RBS infrastructure and the timetable
in Figure 5.12 with a rescheduling horizon of ten minutes (6:30-6:40
a.m.) and a warm-up phase of ten minutes (6:20-6:30 a.m). The following
rolling stock circulations are considered:

• 1056 7→ 1065

• 2060 7→ 2065

• 3062 7→ 3065
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5.6. Column generation approaches for RCG model in a real-world condensation zone with simple
topology

Table 5.6: RBS rescheduling with and without Rolling stock circulation
constraints.

without circulation constraints with circulation constrains

Scenario objective value comp. time [s] remarks objective value comp. time [s]

no delay -597861 3.991 4602 arrives
at platform 3,
4605 departs
from plat-
form 1 before
1065

-577984 4.311

1 -647944 5.415 no track incon-
sistency

-647900 4.9

2 -658436 4.299 4602 arrives
at platform 3,
4605 de-
parts from
platform 1

-577955 4.226

3 -658313 4.745 4602 arrives
at platform 3,
4605 de-
parts from
platform 1

-577861 4.602

4 -597861 3.931 4602 arrives
at platform 3,
4605 departs
from plat-
form 1 before
1065

-627930 4.133

• 4602 7→ 4605

In addition, train 4065 is already at station platform at the beginning
of the rescheduling horizon. The non-delayed timetable and four delay
scenarios generated by OpenTrack software with a mean event delay of
40 seconds (cfr. average delay of regional passenger trains in Section C.2)
are rescheduled twice: once with constraints (5.1-5.3) and once without.
The following parameters setting are used by the rescheduling algorithm
for each experiment:

• the initial restricted master is built with ten time-shifted copies of
the planned trajectories with a time-shift of ten seconds.

• the algorithm can execute up to ten master-pricing iterations.

• at each iteration one column per train-section is generated using arc
pricing with precomputed blocking time stairways and LP relaxation
and added to the master.
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Chapter 5. Computational experiments

Table 5.6 summarises the results. In most cases the lack of rolling
stock circulation constraints results in inconsistent platform usage at Berne
station. The algorithm tends to move departures to the right platforms to
prevent crossings when leaving the station. Adding these constrains does
not appear to have a significant effect on the computation time nor on the
objective value.

Lessons learned:

1. The column generation frameworks with arc pricing problems
outperform the monolith for rescheduling with the RCG model
in terms of solution quality per computation time;

2. cgApP with LP relaxation of the restricted master RCG model
has the best performance in terms of overall train delays per
computation time;

3. Using few time-shifts to build the initial restricted master RCG
model decreases the computation time of the column generation
algorithms, while small time shifts in the pricing problems using
precomputed blocking time stairway patterns improve precision
without significantly affecting the computation time;

4. Tuning the parameters of cgApP with LP relaxation appropri-
ately, railway traffic rescheduling in a real-world condensation
zone with simple track topology and extremely high traffic den-
sity takes about 30 seconds, which is compatible with real-time
railway operations requirements;

5. In many cases, cgApP improves the traffic flows with respect
to FCFS by reducing the number of unnecessary stops and
braking actions, but this at the price of larger train delays, which
suggests the need for modifying the blocking time stairway
generator to produce patterns with shorter route reservation
times.
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5.7. Column generation approaches for a large real-world network partition around a condensation zone
with complex topology

5.7 Column generation approaches for a large
real-world network partition around a con-
densation zone with complex topology

In this section, the different approaches to solve the RCG formulation are
tested on a large real-world instance based on the SBB network around
station Brugg and the official timetable 2017 (see Figures 5.26-5.26). The
aim is to check whether these approaches scale up and, thus, they are
suitable for large rescheduling problems. The structure of the experiments
is similar to the one presented in the previous section. First, the different
algorithms are tested with different parameters to identify the most ap-
propriate one (Section 5.7.1). Then, the best performing algorithm and
parameters setting is used on different delay scenarios (Section 5.7.2).

5.7.1 Algorithms and parameters testing
To test the time versus solution quality performance of the monolith and
column generation algorithms to rescheduling in a large real-world
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5.7. Column generation approaches for a large real-world network partition around a condensation zone
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network partition around a condensation zone with complex topology,
several simulations are performed on a common delay scenario generated
by railway simulation software OpenTrack. All simulations start at time
6:45 a.m. and end at 8:00 a.m., and the rescheduling horizon is fixed from
7:30 a.m. to 8:00 a.m. The following parameters settings are applied to
gain an overview of the algorithms’ performance in terms of computation
time and objective value:

• Blocking time stairway patterns: A database of 7’187 blocking
time stairway patterns for all train movements is available. This is
generated a-priori using the C++ implementation of the previous
experiments of the simulation-based patterns generator described
in Section 4.2.3. Three different speed commands can be passed at
each signal: maximum track speed, 50 km/h, 80 km/h.

• Monolith: the monolith is tested using six different time shift sizes
for the blocking time stairways copies (3s, 6s, 10s, 15s, 30s, 60s)
and two sets of blocking time stairway patterns (rerouting + speed
advisory, rerouting only). In addition, a computation time limitation
of 10’000 seconds is set.

• Initial restricted master RCG model of column generation: the
initial restricted RCG model is built using different numbers of
time-shifted copies (10, 20, 30) and six different time shift sizes
(3s, 6s, 10s, 15s, 30s, 60s).

• Pricing problems: both arc and path pricing problems are tested
both using precomputed blocking time stairways and constructing
new ones, i.e. cgApP, cgApC, cgPpP, and cgPpC. Six different time
shift sizes are tested (3s, 6s, 10s, 15s, 30s, 60s).

• Master-pricing iterations: at most ten master-pricing iterations are
allowed for each experiment. Fewer iterations are executed if either
no new column can be generated or both the delay of each event
is smaller than 60 seconds and all runs have an allocated blocking
time stairway. Both LP relaxation settings are tested: solving the LP
relaxed restricted master RCG model and passing the dual prices to
the pricing problems; and solving the restricted master RCG model
as a MILP and passing the slack variables to the pricing problems.

• Terminal costs: 30 minutes, i.e., equals the length of the reschedul-
ing horizon and the timetable period (see discussion in Section 5.6).
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Figure 5.27: Objective value vs. computation time of the monolith and
different column generation approaches with arc pricing
problems. Please note the logarithmic scala applied to the
time (x-axis).

For these tests the same rescheduling program implementation as the
previous experiments is used, which runs on the same 64-bit linux server
with eighty CPUs Intel(R) Xeon(R) CPU E7-4870 at 2.40GHz and 528 GB
memory (RAM).

5.7.1.1 Tuning the parameters of column generation with arc pric-
ing problems

Figure 5.27 shows the performance (i.e., objective value per computation
time) of the monolith and column generation approaches with the differ-
ent arc pricing problems and LP relaxation settings. In many cases, the
monolith returns suboptimal objective values due to reaching the maxi-
mum computation time allowed (10’000 seconds). As concluded for the
previous experiments, smaller time grids result in longer computation
times. Again, cgApP with LP relaxed restricted master problem shows
the best objective value per computation time. In this case, cgApC cannot
achieve equally low values of the objective function as cgApP. This is
because only the pricing graphs for cgApC with larger time shifts can
be successfully built, while the others fail due to extremely high RAM
requirements. Given that infrastructure resources near to stations are very
short, the new blocking time stairways constructed using large time shifts

164



5.7. Column generation approaches for a large real-world network partition around a condensation zone
with complex topology

process killed
 

value after convergence/10 iterations

6, 10   initial restricted master time shift, #time shifts

6 10 15 301 3 60

pricing time grid (seconds)

0 2 4 6 8 10

0
40

00
0

10
00

00

cgApP (MILP)

M
IL

P
 o

bj
ec

tiv
e 

va
lu

e

15 30 60, 10; 6 10 15 30, 20 (30)

10, 10
6, 10

3, 10

60, 20
60, 30

0 2 4 6 8 10

0
40

00
0

10
00

00

cgApC (MILP)

15 30 60, 10; 6 10 15 30, 20 (30)

10, 10
6, 10

3, 10

60, 20
60, 30

0 2 4 6 8 10

0
20

00
0

60
00

0

cgApP (LPrelax)

LP
 o

bj
ec

tiv
e 

va
lu

e

(6 10 15) 30 60, 10 20 30
15, 10

10, 10; 3, 30

6, 10; 3, 20

3, 10

0 2 4 6 8 10

0
20

00
0

60
00

0

cgApC (LP relax)

(6 10 15) 30 60, 10 20 30
15, 10

10, 10; 3, 30

6, 10; 3, 20

3, 10

round

Figure 5.28: MILP and LP convergence of arc pricing approaches.

in the pricing graph have very long travel times, and consequently they
cannot reduce the generalised train delay of RCG.

Figure 5.28 shows the convergence of the four column generation
frameworks with arc pricing problems (with precomputed blocking time
stairways/constructive, MILP/LP relaxation). Again, the LP relaxation of
the restricted master RCG model shows better convergence than the origi-
nal MILP formulation. In addition, in most cases, very little improvement
is achieved at later master-pricing iterations.

Figure 5.29 shows the time statistics of the pricing problems. Differ-
ently than the previous case study, here the highest average computation
time is not imputable to the purely ”station sections” (e.g., BG-BGN,
BG-BGS) but to the line sections with the most signals (i.e., EFG-FCK,
FCK-EFG, BD-TG. TG-BD, with 7-8 routes each), and thus with the
highest number of speed profiles combinations. In all cases, the pricing
problems with precomputed blocking time stairways require considerably
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Figure 5.29: Average computation time for generating one new column
to be added to the master.

less time than the constructive approach. As in the previous experiments,
the price update routine takes the largest share of the overall computation
time of constructive pricing problems.

5.7.1.2 K.o. for column generation with path pricing problems

Figure 5.30 shows the computation time versus the objective value of the
monolith and cgPpP. Even if the monolith returns suboptimal objective
values due to reaching the maximum computation time allowed (10’000
seconds), cgPpP performs even worse. In fact, it needs extremely long
times to give solutions that are no better than the monolith’s. Thus, no
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5.7. Column generation approaches for a large real-world network partition around a condensation zone
with complex topology
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Figure 5.30: Objective value vs. computation time of the monolith and
cgPpP. Please note the logarithmic scala applied to the time
(x-axis).

further investigation on column generation approaches with path pricing
problems is performed on this scenario.

5.7.1.3 Arc vs. path pricing problems and parameters’ comparison

Given the unsatisfactory performance of cgPpP, column generation frame-
works using arc pricing problems must be preferred. Figure 5.31 shows
the correlations of the different algorithm’s parameters, RCG model sizes,
objectives, and computation times. Again, cgApP has lower computation
times and better objective values than cgApC. In addition, the positive
correlation of constructive pricing and the size of the time-shift of the
pricing problem remind, once again, that the constructive pricing graphs
with fine time grids could not be initialised due to excessive RAM require-
ments. In this case, large time shifts in the initial restricted master should
be preferred and the number of such time shifts has a negative correlation
with the objective (i.e., the larger the number the smaller the objective
value) and a positive correlation with the computation time (i.e., the larger
the number the larger the computation time).

Figure 5.32 shows the computation time of the pricing problem by
cgApP versus the number of available blocking time stairway candidates.
Again, the latter does not have a significant effect on the computation time.
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Figure 5.32: Number of candidates vs computation time for arc pricing
with precomputed blocking time stairways.
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From this analysis, it is possible to conclude that cgApP with LP
relaxation of the restricted master problem is the most promising algorithm
for rescheduling in the SBB test network. Thus, it is applied to further
experiments.

5.7.2 Rescheduling different delay scenarios
The most promising algorithm from the previous analysis is tested on
different delay scenarios in this section:

• algorithm = cgApP with LP relaxation (best solution quality per
computation time performance, Figure 5.27, and convergence be-
haviour, Figure 5.28);

• time-shift in initial restricted master = 60 s (negative correlation
with objective values, Figure 5.31);

• number of time-shifts in initial restricted master = 10 (shorter com-
putation times, Figure 5.31);

• time-shift in pricing problems = 3 s (higher precision without sig-
nificant loss of computation time, Figure 5.32);

For these tests the rescheduling program implemented in C++ in Sec-
tion 5.6.2 is used, and it runs on the same 64-bit linux machine with four
CPUs Intel(R) Core(TM) i5 CPU 760 at 2.80GHz and 7.7 GB memory
(RAM).

The tests are run with a rescheduling horizon of 30 minutes from
7:20 a.m. to 7:50 a.m. Before the beginning of the rescheduling horizon,
each experiment includes a 35-minutes-training phase in which initial
delays are added to departure and train passing events according to the
Weibull probability distributions for the different train classes calibrated
on SBB data and described in Section C.2. Ten experiments, each with a
different delay scenario, are executed.

First, the results and computation times of the algorithm are tested in
Section 5.7.2.1. Then, the resulting schedules are compared against the
standard first come first served policy of the simulator in Section 5.7.2.2.

5.7.2.1 Performance of cgApP

Figure 5.33 shows the statistics of the ten experiments. The average train
delay differs considerably among the delay sets. The number of train
movements that cannot be scheduled within the rescheduling horizon is
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Chapter 5. Computational experiments

Figure 5.33: Results of rescheduling several delayed scenarios of SBB
test case with cgApP algorithm with LP relaxation.
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very low (about 1 %) for most experiments, while it is slightly larger (about
6 %) for the two sets with the highest average delays. All computation
times are below the aforementioned 180 seconds threshold (Rodriguez,
2007). While in nine of ten experiments cgApP needs about 40 seconds to
find a new schedule, in experiment 7 it needs about two and half minutes.
Note that experiment 7 has has an high average train delay compared to
most other experiments, which suggests the existence of some limit for
the size of the disturbances that can be handled by cgApP.

5.7.2.2 Comparison with first come first served

For each of the ten experiments, the new schedule computed by cgApP is
passed to the simulator and the resulting delays are computed according to
OpenTrack simulation output with a tolerance of 60 seconds. The results
are compared with the in-built FCFS policy of the simulator (please refer
Section 7.3 in OpenTrack Railway Technology Ltd., 2015, for further
details). Table 5.7 summarises the results.

Similar to the RBS test case (Section 5.6.2), for most of the delay
sets, the rescheduling algorithm reduces the number of stops and the
number of braking actions between operation points. However, these
improvements of the traffic flows are associated with some increases of
the overall train delays. As before, this phenomenon is due partly to
the set of precomputed blocking time stairway patterns used to initialise
the restricted master RCG problem and define the pricing problems for
cgApP. In fact, some of these pattern have extremely long route reservation
times (cfr. Figure 5.25). Nevertheless, the low infeasibility rates shown
in Figure 5.33 suggest that this issue is much less critical than in the
RBS test case. Differently from the previous case, cgApP increases the
energy consumption with respect to cgApP. A closer look at the results
reveals that cgApP schedules more stops at operation points (OPs) than
the original timetable (see, e.g., Figure 5.34).

Thus, it should be concluded that FCFS results in lower train delays
and stops at operation points than cgApP, but cgApP results in fewer
unscheduled stops and braking actions between the operation points. This
is due to two factors. First, all patterns in the used database are generated
from green wave trajectories that require trains to be separated by quite
large headways. Given that FCFS does not have to satisfy this requirement,
it allows trains to travel closer to each other and encounter a number of
yellow and red signals between consecutive operation points, which can
reduce the overall train delay. Second, the previous section has shown
that the convergence of cgApP becomes quite slow after some iterations.
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Table 5.7: Comparison of rescheduling several delayed scenarios of SBB test case with cgApP algorithm with LP relaxation
against FCFS.

Horizon delay set Train delay [s] #stops at signals #braking for route Energy [M J] #stops at OPs #reroutings #retimings computation
FCFS cgApP FCFS cgApP FCFS cgApP FCFS cgApP FCFS cgApP cgApP cgApP time [s]

7:20-7:50 a.m.

1 3315 4104 10 12 20 17 58309 62184 92 124 109 40 34.54
2 3201 3791 9 4 24 12 59142 62439 92 129 99 9 29.42
3 3395 4100 8 2 24 12 58771 61750 92 128 99 24 34.52
4 1608 2265 9 8 20 17 58200 60268 92 117 99 13 25.10
5 1999 2949 10 9 22 15 59045 62246 92 125 106 17 33.69
6 2720 3484 10 8 18 16 58382 61585 92 119 97 14 30.24
7 3374 4283 9 7 16 13 57653 57317 92 122 102 13 152.18
8 3411 4183 6 8 11 7 58160 60337 92 118 101 13 26.55
9 1014 1627 9 10 22 18 58519 60615 92 116 97 14 28.67

10 3469 4056 17 13 38 27 60914 61975 92 118 102 4 33.86
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As a consequence, given the huge number of decision alternatives and
constraints of this large test case, cgApP might not change a consistent
schedule at an operation point for many iterations, even if it causes an
additional train stop.

Figure 5.34: cgApP schedules additional stops at operation points. Exam-
ple from delay scenario 1.
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Lessons learned:

1. The column generation frameworks with arc pricing problems
result lower computation times per solution quality than the
monolith in a large test network around a condensation zone
with complex topology;

2. cgApP with LP relaxation of the restricted master RCG model
has the best performance in terms of overall train delays versus
computation time, while column generation frameworks with
path pricing problems perform very poorly;

3. Using few time-shifts to build the initial restricted master RCG
model decreases the computation time of the algorithms, while
using large time-shifts in the initial restricted master and small
time-shifts in the pricing problems improves precision without
significantly affecting the computation time;

4. After tuning the parameters of cgApP with LP relaxation ap-
propriately, railway traffic rescheduling in a large test network
around a condensation zone with extremely heterogeneous traf-
fic takes about 40 seconds, which is compatible with real-time
railway traffic management requirements;

5. The cgApP algorithm with LP relaxation can improve the traffic
flows by reducing the number of unnecessary stops and braking
actions between operation points with respect to FCFS in a
large network partition around a condensation zone with com-
plex topology, but this at the price of larger train delays and
possibly additional stops at operation points.

5.8 Coordinated rescheduling over multiple ar-
eas

In this section, the partitioning and coordination approaches described
in Sections 4.1 and 4.5 are validated using the SBB test network (see
Sections 5.2.3 and 5.7). The infrastructure is partitioned into five zones
(Figure 5.35):

• Brugg: the condensation zone with complex topology centred on
station Brugg (BG) and spanning to the operation points Brugg West

174



5.8. Coordinated rescheduling over multiple areas

Figure 5.35: SBB test network partitioned
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• Eastern: the condensation zone with simple topology including
stations Turgi (TG), Baden (BD) and Wettingen (WE) as well as
stops Neuenhof (NHOF), Siggenthal (SIG), Doetting (DOE), Baden
Dorf (BDO) and Daetwil (DAE). The operation point Brugg East
(BGOS) serves as portal to zone Brugg.

• Western: the compensation zone with simple topology including
station Wildegg (WI) and stops Holderbank (HOBK) and Schinz-
nach Bad (SBAD). The operation point Brugg West (BGWE) serves
as portal to zone Brugg.

• Northern: the compensation zone with simple topology includ-
ing station Effingen (EFG) and stop Schinznach Dorf (SDO). The
operation point Brugg North (BGN) serves as portal to zone Brugg.

• Southern: the compensation zone with simple topology including
stops Lupfig (LUPF) and Birr (BIRR). The operation point Brugg
South (BGS) serves as portal to zone Brugg.
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The operation points BGOS, BGS, BGWE, and BGN are no-wait portals
(Definition 4.5). The decomposition is a no-wait network partitioning
according to Definition 4.6.

The non-hierarchical coordination approaches from Sections 4.5.2 and
4.5.3 are tested on the first five delay scenarios generated in Section 5.7.2
using the Weibull distributions calibrated in Appendix C.2. Each scenario
is solved several times. The first time, all zones are rescheduled indepen-
dently with no coordination. The other times, rescheduling of adjacent
zones is coordinated using the non-hierarchical approach from Section 4.5
with the following settings:

• subgradient: the subradient method described in Section 4.5.2 is
used to coordinate decisions at portals;

• hierarchic: the negotiation-based approach described in Section 4.5.3
is used, where the decisions taken by condensation zones have
weights equals to one and the ones taken by compensation zones
equals to zero;

• uniform: the negotiation-based approach described in Section 4.5.3
is used, where all decisions in both zones have weights equals 0.5;

• direction: the negotiation-based approach described in Section 4.5.3
is used, where the decisions of each zones concerning outbound
movements have weights equals to one and inbound movements
equals to zero.

The cgApP framework for RCG model with the parameters setting from
the previous experiments is used for local rescheduling in each area:

• algorithm = cgApP with LP relaxation;

• time-shift in initial restricted master = 60 s;

• number of time-shifts in initial restricted master = 10;

• time-shift in pricing problems = 3 s;

• number of master-pricing iterations = 10;

In each experiment, all local rescheduling problems are solved once with-
out any coordination objective. Then, each zone informs its neighbours
about the values it has obtained at the common portal and adapts its own
objective function according to the values received from the neighbours.
The updated RCG formulations are then used as initial restricted master
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problems for the next execution of cgApP. These steps are repeated nine
times or until consistent times and speeds are assigned at all portals. For
this experiment, passing times at portals of adjacent rescheduling areas
are consistent if their difference is less than 90 seconds5.

For these tests the rescheduling program implemented in C++ in
Section 5.6.2 is adapted to include the coordination loop and objectives.
The executable runs on the same 64-bit linux machine with four CPUs
Intel(R) Core(TM) i5 CPU 760 at 2.80GHz and 7.7 GB memory (RAM).

Table 5.8 shows the statistics of the new schedules, while Figure 5.36
gives an insight into the consistency at portals for one of the delay scenar-
ios. All results of the consistency at the portals for the five delay scenarios
are shown in Appendix D.

Given that all local rescheduling algorithms aim at minimising the
deviation from the published timetable, one might expect that coordination
is naturally achieved implicitly. Nevertheless, Figure 5.36 shows that
this assumption is not always justified: some grey segments are quite
long, which indicates that the two adjacent rescheduling algorithms have
assigned very different passing times at the common portal. Moreover, the
vertical overlapping of the grey segments linked to trains travelling in the
same direction (i.e., even/odd train numbers) indicates that the algorithms
have assigned different orders to the trains at the portal as well. Thus, in
general, a coordination strategy is needed.

Coordinated rescheduling using the subgradient method does not
generally improve the consistency at the portals, and in many cases the
solution degenerates considerably during the nine iterations. In particular,
some train runs are deferred after the rescheduling horizon, probably, due
to the lack of a perfect match at the portals. Negotiation-based coordina-
tion algorithms with direction-based weights return very similar results
as the non-coordinated approach in all experiments. The coordinated
rescheduling algorithms using uniform or hierarchic weights reduce the
overall train delay and the inconsistencies at the portals. In the first three
scenarios, hierarchic weights perform best in terms of consistency of deci-
sions at portals, while uniform ones give better results in the remaining
two. Figure 5.36 shows how the negotiation-based coordination strategy
with hierarchic weights solves the most part of the inconsistencies at the
portals for the first delay scenario.

The subgradient method needs extremely long computation times
compared to the negotiation-based methods. In addition, the timetable
statistics are not comparable to the ones of the other methods due to a

5In this case, train orders will be consistent too, because this is the minimum technical headway
between consecutive runs.
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Table 5.8: Results of coordinated rescheduling of several delayed scenar-
ios of SBB test case.

delay strategy train #stops at #braking #stops #retimings #reroutings computation
set delay [s] signals for route at OPs time [s]

1

FCFS 3315 10 20 92 0 0 0
cgApP centr. 4104 12 17 124 109 40 34.54
cgApP distr.
-none 5097 12 24 107 94 17 15.46
-subgradient 3987 14 20 90 93 14 21957.52
-hierarchic 3936 11 19 103 93 15 91.63
-uniform 5128 12 26 104 95 12 90.51
-direction 5128 12 26 107 95 17 90.79

2

FCFS 3201 9 24 92 0 0 0
cgApP centr. 3791 4 12 129 99 9 29.42
cgApP distr.
-none 3592 10 22 101 93 21 12.36
-subgradient 1375 9 16 94 86 31 24819.4
-hierarchic 3006 12 27 92 87 22 97.92
-uniform 3726 11 21 98 92 12 94.55
-direction 3592 11 22 100 93 15 94.94

3

FCFS 3395 8 24 92 0 0 0
cgApP centr. 4100 2 12 128 99 24 34.52
cgApP distr.
-none 4915 5 18 104 92 9 12.83
-subgradient 1846 16 22 83 88 14 19194.46
-hierarchic 2115 14 20 86 85 15 86.65
-uniform 5107 6 17 104 93 16 90.55
-direction 4915 5 18 104 92 9 93.74

4

FCFS 1608 9 20 92 0 0 0
cgApP centr. 2265 8 17 117 99 13 25.10
cgApP distr.
-none 2544 11 21 95 83 8 9.61
-subgradient 1975 14 24 91 80 17 940.10
-hierarchic 2062 12 24 99 80 15 100.34
-uniform 2109 14 24 89 73 25 89.34
-direction 2544 11 21 95 83 8 98.55

5

FCFS 1999 10 22 92 0 0 0
cgApP centr. 2949 9 15 125 106 17 33.69
cgApP distr.
-none 3481 12 24 105 92 9 12.49
-subgradient 2348 11 16 90 81 12 23504.07
-hierarchic 2277 12 18 102 88 16 138.52
-uniform 3204 23 29 88 80 20 135.86
-direction 3481 12 24 105 92 9 140.17
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Figure 5.36: Intervals between arrival at and departure from portals. Dif-
ferent colors correspond to different coordination strategies.
Delay set 1.
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large number of deferred runs. Note that the coordinated rescheduling
algorithm with hierarchic weights results in lower overall delays than the
”centralised” resolution of the same scenario with cgApP (cfr. Table 5.7).
This can be explained in two different ways. First, cgApP can better
explore the solution space of smaller problems. This means that it can
converge to a better objective value in the ten master-pricing iterations al-
lowed. Second, loosening the consistency at operation points BGN, BGS,
BGWE, BGOS and rewarding perfect matches of arrival and departure
times partially solves the problem of the additional stops at operation
points highlighted in the previous section.
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Table 5.9: Computation times of local rescheduling algorithms (in sec-
onds).

Weights delay set Zone
Southern Northern Eastern Western Brugg

none

1 7.80 10.75 15.46 0.04 11.63
2 9.19 9.76 12.36 0.04 10.12
3 8.02 10.03 12.83 0.04 9.72
4 4 9.61 9.18 0.04 6.72
5 7.5 11.75 12.49 0.03 9.85

subgradient

1 327.74 2786.10 455.37 0.14 21957.52
2 542.65 47.33 120.42 0.09 24819.40
3 551.7 68.01 183.66 0.12 19194.46
4 940.1 0.23 100.13 0.15 545.91
5 137.58 124.28 102.54 0.14 23504.07

hierarchic

1 20.16 58.51 91.63 0.03 34.85
2 31.27 14.29 97.92 0.03 30.37
3 30.25 12.88 86.65 0.03 31.17
4 30.08 12.37 100.34 0.04 31.02
5 31.11 60.1 138.52 0.04 37.34

uniform

1 36.27 59.11 90.51 0.04 35.73
2 32.62 12.70 94.55 0.04 31.48
3 35.73 12.97 90.55 0.04 33.59
4 25.6 12.02 89.34 0.05 26.15
5 36.06 59.94 135.86 0.04 38.24

direction

1 37.58 59.03 90.80 0.05 36.21
2 31.81 12.13 94.94 0.036 31.00
3 35.59 12.49 93.74 0.038 33.66
4 29.91 10.46 98.55 0.04 30.78
5 34.32 58.11 140.17 0.03 35.47

Table 5.9 reports the overall computation times of each local reschedul-
ing algorithm. Note that the experiments with the coordination loop run
cgApP ten times in each zone while the non coordinated ones only once.
As mentioned in the previous paragraph, the subgradient method results
in extremely long computation times. Using the subgradient method, the
local rescheduling algorithm in Brugg, which is the zone with most portals
to other zones, takes the most time. In negotiation-based approaches, local
rescheduling in the largest condensation zone (Eastern) requires much
longer times than in the other zones. This suggests that reducing the
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complexity of the largest local rescheduling problem should contribute to
reduction of the overall computation times.

Lessons learned:

1. Using the published timetable as common reference does not
suffice to ensure consistent rescheduling decisions at portals
between adjacent zones;

2. The negotiation-based approach with uniform and hierarchic
weights described in Section 4.5 improves consistency at por-
tals with respect to distributed rescheduling and also pro-
duces smaller train delays than the ”centralised” application
of cgApP;

3. The overall computation time of the negotiation-based dis-
tributed rescheduling algorithm is given by the complexity of
the largest local rescheduling problem, which should be small
to ensure short computation times.
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Chapter 6

Discussion
This chapter brings together the different pieces of the thesis to answer
the research hypotheses and to support the synthesis that will follow in
the final chapter. The aim of the present thesis is to investigate how al-
gorithmic methods can support real-time traffic management when small
disturbances occur. In Chapter 4, several methods (models and solution al-
gorithms) have been developed, and in Chapter 5, these methods have been
experimentally tested using simulations. The next section summarises
the methods, while the experimental results are discussed in Section 6.2.
Section 6.3 presents an assessment of the methods in light of the experi-
mental results. In Section 6.4, it is described how these methods can be
integrated into the current control loops of railway operations. Finally, the
research hypotheses are answered in Section 6.5.

6.1 Summary of methods
Four methodological enhancements of the railway traffic rescheduling
approach by Fuchsberger (2012) have been proposed in Chapter 4:

1. The original RCG model had been developed for complex central
station areas with high traffic density and many routing options.
That model focused on a single operation point (a large station) and
modelled the other operation points (usually stops and junctions)
in the control area implicitly as part of the blocking time stairways
linked to the decision variables. In condensation zones with simpler
topologies and compensation zones, the definition of that ”focal
operation point” is not straightforward and several operation points
have to be modelled explicitly to enable the necessary degrees of
freedom for conflict resolution. Thus, an RCG formulation exten-
sion for rescheduling over multiple operation points has been
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developed in Section 4.2.1. The main novelty is the application of
the concepts for ”compatibility at the focal operation point” of the
original formulation to all operation points and their extension to
account for speed differences for non-stopping trains1. The new
formulation enables the blocking time stairways to be cut at the
operation points and to be recombined to enlarge the set of available
rescheduling decision alternatives. In addition, given that railway
traffic rescheduling objectives can differ considerably among differ-
ent types of zones, several objective functions considering operators’
and customers’ preferences have been proposed in Section 4.2.2
and integrated into the model.

2. In the complex and busy central station areas that were the focus of
the original RCG formulation, the high number of switches opens
many routing possibilities but limits the train speeds. This consid-
erably reduces the number and the heterogeneity of speed profiles
applicable by the trains. In addition, given that train movements
are highly interdependent in these areas, it has been often assumed
that each train should travel as fast as possible to minimise the
interferences with potentially many other trains (see Section 4.1.2
for further details). Consequently, the original RCG approach fo-
cused on selecting the most appropriate rerouting and retiming
decisions without considering speed advisory. Simpler topologies
are characterised by limited routing alternatives but usually higher
speed limits. Thus, the number of speed profiles applicable by
trains is much larger than in complex topologies. There, conflicts
often occur when a fast train catches up with a slower one that
precedes it. It follows that speed advisory must be considered for
train rescheduling in simpler topologies. Practically, this means
that the RCG model must be built using the blocking time stairways
corresponding to different speed profiles. The accurate computation
of such blocking time stairways must consider both train dynamics
and the interlocking system. To support this data preparation phase
a simulation-based blocking time stairways generator has been
proposed in Section 4.2.3. The main idea is to use a railway simula-
tion software application to reproduce each train movement with
different routing and speed parameters with the necessary precision.

3. The inclusion of multiple operation points and speed advisory deci-
sions into the RCG model increases the problem complexity, which

1The original formulation implicitly assumed that all trains stopped at the large central station in its
focus.
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results in high computation times (see Section 4.3). To reduce the
computation times such that the algorithms are compatible with
real-world applications, a column generation framework with
different pricing problems has been introduced in Section 4.4.
The main idea is to build a restricted RCG model with a small
number of decision alternatives and iteratively add further alterna-
tives. This reduces the size of the problem and thus enables shorter
computation times. New alternatives to be added to RCG are se-
lected by pricing problems. Two different pricing strategies have
been proposed: one using a database of blocking time stairway pat-
terns generated with the simulation based approach of Section 4.2.3
(cgApP, Section 4.4.4.1); and one constructing new blocking time
stairways from a shortest path computation on a time-expanded in-
frastructure graph (cgApC, Section 4.4.4.3). In addition, so-called
”path versions” of the RCG model that delegate consistency at op-
eration points to the pricing problems have been proposed (cgPpP,
Section 4.4.4.2, and cgPpC, Section 4.4.4.4).

4. The original RCG approach focused on a single (complex conden-
sation) zone and assumed that the zone was surrounded by areas
where enough time reserves are available to recover from delays (cfr.
the network decomposition by Laube et al., 2007; Caimi, 2009).
Thus, no coordination was needed for rescheduling in adjacent
zones. However, to match the problem size with the performance
of the available compute server, it might be necessary to partition a
railway traffic rescheduling problem into several local rescheduling
problems, which necessarily have to find consistent solutions at the
common boundaries. To coordinate rescheduling in adjacent zones
a non-hierarchical coordination approach has been proposed in
Section 4.5. The main idea is to add some terms enhancing co-
ordination into the objective function of each local rescheduling
problem and iteratively correct them with pieces of information
exchanged with the neighbours until rescheduling decisions at the
common boundaries are compatible. These terms are approxima-
tions of the Lagrangian duals of the constraints of the RCG model
linked to the railway operations at portals.

6.2 Discussion of the experimental results
The four enhancements summarised in the previous section have been
empirically tested using simulations in Chapter 5. This section discusses
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the experimental results and highlights the strengths and the weaknesses
of the proposed models and algorithms.

Validity of the RCG formulation extension for rescheduling over mul-
tiple operation points. The tests summarised in Sections 5.3-5.4 have
demonstrated the validity of the RCG formulation extension for reschedul-
ing over several operation points that has been introduced in Section 4.2.1.
The tests in Section 5.3 have been performed in a compensation zone
built on a small toy network and focused on the operator’s perspective
(i.e., on the minimisation of train delays and energy consumption), while
the tests in Section 5.4 have been performed in a condensation zone built
on the same network and focused on the customer’s perspective, (i.e.,
on the minimisation of passengers’ delays and inconvenience). Feasible
new schedules adapted to the given traffic situation have been found in all
experiments. The lower objective values with respect to the non-optimised
delayed schedule demonstrated that the RCG formulation extension pro-
posed in Section 4.2.1 is valid for application in both compensation and
condensation zones, and it is flexible to support different rescheduling
objectives.

Need for terminal costs and fast algorithms to solve the RCG for-
mulation. Section 5.5 presented the first experiments performed on a
partition of a real-world railway network using the official timetable. A
multi-objective approach concurrently solved several copies of the RCG
model with a commercial MIP-solver. Each copy was augmented by
some ε-constraints to differentiate the solutions according to the multi-
criteria approach presented in Section 4.2.2. The framework appeared
to be successful in creating a large variety of solutions. Unfortunately,
much of the variety was obtained by deferring trains after the considered
rescheduling horizon, which highlighted the need for terminal costs to
prevent it. In addition, the computation times of these experiments were
around six minutes and, consequently, not satisfactory. Thus, the experi-
ments have been repeated with terminal costs and a shorter rescheduling
horizon. Although the new computation times were compatible with
real-time applications (i.e., under the 180 seconds limit usually applied by
researchers in this field and initially proposed by Rodriguez, 2007), the
new results were much less diversified. In particular, the delay statistics
of the new schedules were very similar to each other. This was due to
the lack of degrees of freedom caused by the coarse time grid used for
generating the time-shifted copies of the blocking time stairway patterns
linked to the decision variables of the RCG model with respect to the short
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rescheduling horizon. Nevertheless, the energy consumption statistics
showed that the multi-criteria approach is able to create a set of different
solutions, if enough diversity is provided by the blocking time stairways
linked with the decision variables of the RCG model. It followed that
a finer time-shift was needed. However, this was not viable without an
improvement of the solution algorithm because of the high computation
times required by the MIP-solver. These results highlight the need for
terminal costs to prevent that trains fall out of the rescheduling horizon
and for faster algorithms to solve the RCG formulation within the short
time available during real-time traffic management.

The column generation framework with arc pricing problems using
precomputed blocking time stairway patterns and with LP relax-
ation of the restricted master problem has computation times com-
patible with real-time applications. The numerical experiments in
Sections 5.6-5.7 have shown that the proposed column generation frame-
work with arc pricing problems gives better objective values per compu-
tation time than the straightforward application of a commercial solver
to the full RCG formulations (Figures 5.13 and 5.27). Using pricing
problems based on precomputed blocking time stairway patterns and the
LP relaxation of the restricted master RCG problem, so-called cgApP
algorithm, gave the best results and the computation times were usually
well below the mentioned 180 seconds limit. The good performance of
cgApP with respect to the other algorithms could be linked to two reasons.
First, building the space-time routing graph for the constructive pricing
problems with fine time grids often exceeded the available amount of
RAM of the compute server, thus requiring the corresponding processes
to be killed without returning any solution. The consequence was that new
blocking time stairways had to be built on large time grids that exceeded
the necessary travel time of many infrastructure resources. Thus, the new
blocking time stairways had excessively long travel times that made them
unappealing for the next iterations of the restricted master problem resolu-
tion. Second, after solving the LP relaxation of the restricted master RCG
problem the resulting dual prices could be used by the pricing problems
for selecting new columns. This improved the convergence with respect
to the slack variables of the MILP formulation (see Figures 5.14 and
5.28). Thus, cgApP with LP relaxation of the restricted master problem is
the most promising of the algorithms investigated by the current thesis,
as it enables the computation times of a new schedule to be compatible
with real-time applications even for those problems that could not be
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solved within more than two hours by the straightforward application of a
commercial MIP-solver to the full RCG formulation.

The column generation framework with arc pricing problems using
precomputed blocking time stairway patterns and with LP relax-
ation of the restricted master problem can improve traffic flows in
condensation zones with simple track topology and highly dense and
homogeneous traffic with respect to a first come first served policy.
However, the new schedule might conflict with the objective of dy-
namic capacity improvement, if the used database of blocking time
stairway patterns is generated according to the green wave principle.
The experiments in Sections 5.6.2 showed that cgApP with LP relaxation
can reduce the number of unplanned stops and braking actions on different
delay scenarios and rescheduling horizons with respect to a first come
first served policy (FCFS). Fewer unplanned stops and braking actions
were also reflected into lower energy consumptions. Unfortunately, the
improvements in the traffic flows were usually obtained through increased
headways between the trains and resulted into larger overall delays than
FCFS. Larger headways are not necessarily bad as they contribute, in
most cases, to reduce unplanned stops and braking actions. In addition,
given that red and yellow signals are usually displayed when a train travels
relatively close to the preceding one, some railways are focusing on reduc-
ing the number of red and yellow signals encountered by trains in order
to achieve higher safety in case of drivers’ errors (see, e.g., the report
by van den Top, 2010). However, in condensation zones with extremely
dense schedules, such as the RBS test case, where trains travel relatively
slowly (max. 80 km/h), large headways can oversaturate the network
and result in large delays. The experiments highlighted that this problem
is accentuated in shorter rescheduling horizons and by the long route
reservation times of the blocking time stairway patterns used to build
the initial restricted master RCG model and the pricing problems. The
improved traffic flows with respect to FCFS suggest that the approach
is valid for rescheduling in condensation zones with highly dense and
homogeneous traffic, in the sense that it prevents a number of conflicts
which would result in red or yellow signals. Nevertheless, these results
indicate that the classical green wave principle, i.e., each train encounters
only green signals on its path, is in contradiction with the objective of
dynamic capacity improvement explained in Section 1.1. In fact, the long
route reservation times required by the green wave principle result in
large headways that absorb a significant part of the track capacity. As
a consequence, train runs acquire additional delays to keep the required
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headways from the preceding trains, and some runs are deferred due to the
lack of capacity in the current rescheduling horizon. Thus, future research
should address the problem of how to generate blocking time stairway
patterns for the RCG model with reduced route reservation times that
meet both the safety requirements and the capacity consumption limits of
a timetable, i.e., a kind of yellow wave principle.

The column generation framework with arc pricing problems using
precomputed blocking time stairway patterns and with LP relax-
ation of the restricted master problem can improve the traffic flow
with respect to a first come first served policy in a large network
partition around a complex condensation zone. However, due to ex-
cessively strict modelling assumptions, an increased number of stops
at operation points increases both the overall train delay and energy
consumption. The experiments in Section 5.7.2 showed empirically that
cgApP with LP relaxation of the restricted master problem can improve
the traffic flow with respect to FCFS by preventing a number of stops and
braking actions between the operation points. Similarly to the previous
case, these traffic flow improvements were achieved at the costs of higher
overall train delays than FCFS. This was due to the fact that all patterns in
the used database were generated according to the green wave principle,
which required trains to be separated by large headways. Given that FCFS
did not have to satisfy this requirement, it allowed trains to travel closer
to each other and encounter a number of yellow and red signals. Never-
theless, this was much less critical than in the previous experiments and
only very few runs had to be deferred to the next horizon. The improved
traffic flows with respect to FCFS suggest that the approach is valid for
rescheduling in a large network partitions around a complex condensation
zone, in the sense that it prevents resource allocation conflicts. However,
in this case, no energy savings were observed due to cgApP inserting
many additional stops at operation points. These additional stops result
from the modelling assumptions. Stops at operation points enable the
already mentioned long route reservation times required by the green
wave principle to be limited. In fact, if a train stops at an operation point,
it can reserve the route for the continuation short before departing, while a
train travelling through the operation point without stopping must reserve
it long in advance. In addition, given that a stopping train needs some time
to accelerate, it might use blocking time stairways with shorter reservation
times until it reaches higher travel speeds. Moreover, at operation points,
consistency constraints are easily satisfied by trajectories including a stop,
because they have more flexibility with respect to arrival and departure
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times. As a consequence, given the large number of possible combinations
of decisions for this scenario, the algorithm might take many iterations
before finding a schedule with fewer stops at operation points. The results
obtained with the coordination framework summarised in the next para-
graph show that selecting those operation points where the timetable does
not plan any train to stop as portals for a network partitioning partially
overcomes the problem.

The non-hierarchical coordination framework with uniform or hier-
archical negotiation weights improves consistency at common por-
tals of adjacent zones. The overall computation time is determined
by the most complex local rescheduling problem. Decomposing a
large rescheduling problem and coordinating the solution of the par-
titions with a non-hierarchical approach can even produce smaller
overall delays than the centralised resolution through cgApP. The
experiments in Section 5.8 showed empirically that the network parti-
tioning and negotiation-based coordination approach with uniform and
hierarchic weights presented in Section 4.5 was successful in reducing
the inconsistency of passing times at portals in the schedules produced
by adjacent local rescheduling algorithms with respect to independent
resolution of the local problems. Given the reduced sizes of the local
rescheduling problems, they could be solved several times to improve con-
sistency without exceeding the 180 seconds threshold. Surprisingly, the
solution obtained by combining the local schedules resulted in lower over-
all train delays than the one of the centralised problem solved with cgApP
algorithm in the previous experiments. The reason for this phenomenon
is twofold. First, the column generation frameworks can most probably
investigate the solution space of the smaller local rescheduling problems
sufficiently well within the number of master-pricing iterations allowed
at each round. Second, loosening the consistency at the operation points
used as portals and rewarding exact matches of departure and arrival times
reduced the problem of the additional stops at operation points highlighted
in the previous paragraphs. The experiments highlighted that the overall
computation time is strictly linked to the size of the most complex local
rescheduling problem. It follows that the negotiation approach with hier-
archic weights is valid for coordinating local rescheduling algorithms in
adjacent zones. Nevertheless, further research is required for the definition
of a network partitioning strategy that considers the complexity of the
infrastructure, the traffic density and the performance of the available
compute server and for a formal definition of the negotiation weights.
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6.3 Assessment of methods

As a summary of the previous discussion, this section highlights the
strengths and weaknesses of the proposed methods in light of the exper-
imental results. The RCG model extension for several operation points
finds feasible conflict-free schedules. On the one hand, simulations on a
toy network with low to medium traffic density have shown that the pro-
posed approach can considerably reduce the overall train delay as well as
improve energy efficiency and reduce customer delays. On the other hand,
simulations on real-world networks with medium to high traffic density
have shown that the algorithm significantly reduces the number of stops
and braking actions at signals on lines between operation points with re-
spect to a first come first served policy. Nevertheless, this usually resulted
in larger overall train delays due to some additional stops scheduled at
operation points and to the large headways required by the blocking time
stairways linked to the decision variables. Thus, it can be concluded that
the green wave principle used to generate these blocking time stairways
conflicts with the objective of dynamic capacity improvement. Indeed,
the long route reservation times required such that trains encounter only
green signals eat away significant amounts of capacity.

Tests on different railway networks and traffic densities have shown
empirically that the proposed column generation framework with arc
pricing problems and LP relaxation of the restricted master, so-called
cgApP, enables a considerable reduction of computation time without
significant loss of solution quality with respect to the straightforward
application of a commercial MIP-solver to the full RCG formulation.
The proposed algorithm could return the new adapted schedule almost
always much before the 180 seconds time limit prescribed by Rodriguez
(2007) for real-time traffic management applications. In particular, it
was able to solve large real-world traffic rescheduling problems that the
straightforward application of a commercial software could not even solve
in more than two hours. Thus, it can be concluded that the cgApP is
suitable for real-world real-time railway traffic rescheduling in both zones
with simple track topology and large network partitions around complex
condensation zones.

Tests on a large subset of the SBB network have shown empirically
that partitioning the problem basing on the track topology and traffic and
coordinating the local rescheduling problems with the negotiation-based
approach provides comparable schedules with the centralised resolution
of a unique huge problem using the column generation framework men-
tioned above. Negotiation weights that consider the traffic density in each
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partition and uniform ones perform much better than direction-based ones
in improving the consistency of decisions at portals. This non-hierarchical
coordination approach considerably improved the consistency of decisions
at common portals with respect to the independent resolution of the local
rescheduling problems. In addition, it enabled the coordination of two
adjacent condensation areas. It follows that the requirement that conden-
sation areas are separated by compensation areas (Laube et al., 2007) can
be dropped. This enables large railway traffic rescheduling problems to
be decomposed according to the performance of the available compute
server such that the overall computation time of a new schedule meets
real-time railway operations requirements. Thus, it can be concluded that
the negotiation-based approach with uniform and hierarchic weights is
valid to coordinate rescheduling in adjacent zones.

The numerical experiments have highlighted that the proposed simulation-
based approach to generate blocking time stairway patterns should be
further developed before application to large networks and highly dense
traffic because it generates excessively long route reservation times, which
translate into large headways between trains and, possibly, into larger
delays than a first come first serve policy at capacity critical points. There-
fore, improved methods to generate these databases are needed, in order
to enable reduced headways and, as a consequence, increase the capacity
available to schedule more train runs.

6.4 Integration into the railway traffic control
loop and links to the customer information
system

Figure 6.1 shows the integration of current research’s results into railway
traffic management. The algorithms of this thesis support conflict detec-
tion and resolution in the traffic control loop (green rectangle in the figure).
Their initialization lies on data recorded by the supervision system and
suitably elaborated (left part of the figure). The return values concerning
train routing, ordering and timing decisions at stations, junctions, signals
and route reservation points are passed either to a dispatcher for confirma-
tion or directly to the CTC system (upper row right to green rectangle).
The return values concerning train speeds and passing times at intermedi-
ate points are sent to driver advisory systems (DAS) for implementation
within the train operation control loop (lower row).

The data from the supervision system consist of train positions and
infrastructure states. Train positioning depends on train-to-infrastructure
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Figure 6.1: Integration of current research (green rectangle) in railway
control (adapted from Rao et al., 2016).

communication. With the current signalling system, train positions are
detected at track circuits and no information about train speed and accel-
eration is available. With ETCS Level 2 and newer systems trains can
continuously report their position, speed and acceleration to the traffic
control centres. The algorithms proposed in this thesis can work with both
degrees of precision, as they assume the availability of reliable predictions
of the train movements happening in the considered time horizons. These
predictions are considered during the construction of the RCG model
for selecting only blocking time stairways that are actually applicable to
the current traffic situation. The state of the infrastructure resources is
given by CTC and infrastructure management systems. The interlock-
ing system records route locks and releases as well as trains occupying
tracks. For safety reasons, it is usually not allowed to change a route
that has already been reserved for a train run. This is taken into account
when constructing the RCG model by subselecting only the blocking time
stairways including the routes already set in the corresponding section,
if any. The same concept applies to arc and path pricing problems with
pre-computed blocking time stairways, while in constructive arc and path
pricing problems the source nodes of the time-expanded infrastructure
graph are linked to the predicted exit point and time of the already reserved
route. To account for trains occupying an operation point’s track at the
beginning of the rescheduling horizon, a dummy variable with fixed value
one is added to constraints (4.10) and (4.12) of the corresponding track
and train. Infrastructure managing systems record out-of-order resources.
Such cases are modelled in RCG by changing the right-hand side of the
corresponding constraint (4.9) or (4.10) from one to zero.

Given the data recorded by the supervision system, the main task of
the data preparation phase is the prediction of train movements that will
happen in the rescheduling horizon. Prediction is needed to account for the
evolution of the system during the elaboration of the new schedule and to
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compensate for possible time lags from data recording, missing data, and
large gaps due to discontinuous communication between infrastructure
and train (see, e.g., Weidmann and Sinner, 2016, for detailed analysis of
data flows at SBB). Note that prediction precision decreases over long
horizons (Kecman et al., 2015). Thus, the size of rescheduling horizon
should be adapted to prediction possibilities. For the case studies in
Chapter 5, a primitive prediction system based on the scheduled trajectory
and the last information of train position was implemented. However, this
can be replaced by any more advanced prediction system.

Once the RCG model is solved, several pieces of information must
be transmitted to the interlocking plants and to trains. The routes of the
chosen blocking time stairways for all trains have to be allowed by the
interlocking system. This implies that routes have to be stored when gen-
erating blocking time stairways either with simulation based approaches
or with a constructive pricing approach. In case of a platform change
of a passenger train, the customer information system must be notified
either directly by the rescheduling algorithm or indirectly (e.g., through
the interlocking system as in case of CUS, see Section 2.2.2). In addition,
interlocking plants need information about the ordering on shared infras-
tructure, which can be extrapolated by the resulting allocation schemas of
all resources managed by a single plant. It is enough to read each schema
starting from the earliest time and fix the relative ordering of the trains
according to the order of the corresponding allocations. New departure
(and arrival) times at operation points are sent to trains and to the customer
information system. These correspond to the arrival and departure time
of the chosen blocking time stairways between consecutive operation
points. Decisions about connections must be sent to customer informa-
tion systems. Speed advices are communicated using either signals or
onboard equipment. Speed targets have to be generated together with the
blocking time stairways either using the simulation-based approach from
Section 4.2.3 or when assessing the feasibility in the constructive pricing
approach from Sections 4.4.4.3-4.4.4.4 (the vi variables).

6.5 Verification of the research hypotheses

Before the next chapter summarises the main findings and answers the
underlying research question of the present thesis, this section recalls the
hypotheses stated in Section 1.2 and briefly explains how they have been
verified.
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H1 The relevant functional requirements of traffic management can
be described in a way, which makes uniquely determinable whether
a rescheduling method satisfies them or not. The analysis of the gen-
eral features of the railway system and the review of the most relevant
literature on railway traffic management systems has determined the func-
tional requirements for railway operations. The list of requirements has
been validated thanks to discussions with practitioners from SBB and is
summarised in Table 2.1.

H2 One or more mathematical models can represent the functional
requirements from H1. An extensive literature review enabled the iden-
tification of a number of mathematical models of railway operations (Sec-
tion 3.1). The evaluation with respect to the functional requirements (H1)
has returned two models that satisfy all of them: the alternative graph and
the resource conflict graph formulations. The results of the evaluation are
summarised in Table 3.1.

H3 The parameters for these models can be obtained with either the
current safety system based on lineside signalling and tracking or the
European Train Control System (ETCS) Level 2. To be applied for
real time rescheduling both models mentioned above have to be initialised
with the current train positions and availability of infrastructure resources.
In both cases, the model can be initialised with both discrete and continu-
ous time-position information. Thus, the models are compatible with both
systems.

H4 Traffic management consists of subtasks, whose boundary con-
ditions and goals can be written using the models of H2. Then, the
subtasks of traffic management are optimisation problems. From a
literature review and discussions with practitioners it has been possible to
identify the subtasks of traffic management (part of H1). In general, two
main tasks of traffic management could be identified: the first is to find the
best local schedule adapted to the current traffic situation for each zone of
the railway network, the second is to coordinate rescheduling of adjacent
zones. The evaluation of H2 highlighted that the RCG model can represent
the different subtasks of local rescheduling (rerouting, retiming, reorder-
ing, speed advisory and wait-depart passenger connections) as well as the
boundary conditions of railway operations. In addition, during this study,
it was empirically proven to be very flexible with respect to the objective.
A literature review revealed that the task of coordinating rescheduling
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of adjacent zones can be performed by either non-hierarchical or multi-
level approaches. The current thesis proposed an iterative framework for
non-hierarchical coordination, where additional terms enhancing conver-
gence towards commonly agreed decisions at portals are included into
the objective functions of the local RCG models (Figure 4.13). This way,
coordination with neighbours is an objective of each local rescheduling
problem.

H5 For each optimisation problem of H4, there is an algorithmic
method that solves it within the short time available during real-time
operations without the solution quality failing under a minimal defin-
able threshold. The numerical experiments in Sections 5.6-5.7 have
shown that the column generation framework with arc pricing problems
using precomputed blocking time stairways developed in Section 4.4 is
able to produce good quality solutions in short computation times when
applied to real-world scenarios. With an appropriate pricing algorithm
and suitable tuned parameters, most of the experiments performed on the
RBS test network needed about 25 seconds to be solved and most of the
ones performed on the SBB test network needed about 40 seconds, which
is much less than the conventional 180 seconds limit usually applied in
real-time railway traffic management evaluations2. Using the statistics
resulting from a first come first served policy as minimum threshold,
these experiments have highlighted that the mentioned column generation
framework improves the traffic flows in different types of zones with
respect to a first come first served policy, as it reduces the number of
unplanned stops and braking actions on tracks between operation points.
Nevertheless, besides the positive effects on traffic flows, some of the ex-
periments exhibited larger overall train delays, which could be explained
by the long headways between trains required by the green wave principle
that has been used to generate the alternative trajectories. The experiments
in Section 5.8 have shown that the non-hierarchical approach to coordinate
rescheduling in adjacent zones improves the consistency of the schedules
at the common portals and that the global schedules are comparable with
the ones generated by the centralised rescheduling problem. These ex-
periments also highlighted that the computation times to define the new
global schedule were below the aforementioned 180 seconds but depend
on the size of the largest local rescheduling problem considered.

2This value has been originally introduced by Rodriguez (2007) referring to a joint project with the
French infrastructure manager SNCF, and is currently applied by many researchers all around the world.
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H6 There is a combination of the algorithms of H5 that returns ei-
ther a feasible new schedule adapted to the current traffic situation
or the proof that no such schedule exists within the modelling as-
sumptions. Any algorithm based on the RCG model can be used for
the local rescheduling problems within the non-hierarchical coordination
approach proposed in Section 4.5. In the experiments in Section 5.8 the
column generation approach with arc pricing using precomputed blocking
time stairways and the LP relaxation of the restricted master RCG model
was used. These experiments showed empirically that the insertion of the
proposed local rescheduling algorithm into the negotiation-based coor-
dination approach with uniform and hierarchical weights could improve
the traffic flow and the consistency at the portals between zones in short
computation times. Unfortunately, not all inconsistent decisions at portals
could be corrected within the number of iterations executed. In addition,
given that the algorithms are based on heuristics, it is not possible to get a
proof that no better solution exists.

H7 The most common rescheduling measures (e.g., retiming depar-
tures, changing the train orders, giving up passenger connections,
etc.) can be handled within the algorithms of H6. The decision vari-
ables of the RCG model selected in H4 represent exactly these reschedul-
ing measures. Thus, by solving the RCG model, the algorithms of H6
actually choose the best rescheduling measures to apply to the given traffic
situation.

H8 The application of the optimal rescheduling measure can be auto-
mated. As explained in Section 6.4 the control variables of the models
of H4, and thus the return values of the algorithm of H6, are a combination
of routing and timetable decisions that can be passed to the interlocking
system and speed advisory information that can be transmitted to trains.

H9 Consistency and timeliness of passenger information can be im-
proved thanks to the algorithms of H6. Given that customer informa-
tion in Switzerland is a combination of timetable information and real-time
feeds from the interlocking system (see Section 2.2.2), the algorithm of
H6 is expected to improve consistency and timeliness of passenger infor-
mation because it provides a new schedule adapted to the current traffic
situation that can be followed more precisely than the original one com-
puted months in advance. This reduces the differences between the two
sources of information used by the customer information system, thus
reducing the cases of inconsistency. Moreover, the new schedule provides
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up-to-date information before the interlocking system sets the required
routes and tracks the actual train movements, thus improving timeliness.

H10 It is possible to define a category of ”small disturbances” and the
proposed approach provides feasible schedules for every scenario ris-
ing from this category. Small disturbances were defined by Cacchiani
et al. (2014) as those perturbations of railway traffic that can be resolved
by modifying the timetable and not the crew and vehicle schedules. This
category includes train delays and failures of single infrastructure ele-
ments. The proposed algorithms have been tested in Chapter 5 with
different delay scenarios generated with parameters that were estimated
using SBB data of actual train runs. In all experiments, the proposed
algorithms returned new feasible schedules that often outperformed a first
come first served policy in terms of unplanned stops and unnecessary brak-
ing actions. The algorithms have not been tested in case of infrastructural
failures, which should be done in future research.
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Synthesis

7.1 Summary of findings
The aim of this thesis is the identification of models and algorithms to
support railway traffic rescheduling and, as a consequence, to improve
customer information in case of small perturbations of railway operations.
More precisely, it focuses on the research question:

How can algorithmic real-time rescheduling procedures sup-
port the resolution of small disturbances in railway operations
in condensation zones and inbound lines, in order to make
traffic management automatable and, as a consequence, im-
prove consistency and timeliness of passenger information?

Two tasks of traffic management that needed algorithmic support have
been identified and addressed:

• local railway traffic rescheduling in different types of zones (in
terms of track topology complexity and traffic density);

• coordination of railway traffic rescheduling in adjacent zones.

Methods based on Operations Research have been proposed for the algo-
rithmic support of each task, and they have been validated by simulations
using real-world railway traffic data. In addition, a possible integration
of these methods into the current information systems of SBB has been
suggested.

The method to support local railway traffic rescheduling in different
types of zones is based on the mathematical representation of the problem
as a resource conflict graph model, as proposed by Caimi (2009) and
Fuchsberger (2012). Caimi (2009) proposed a multilevel timetabling
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approach, where the microscopic timetables of different areas were com-
puted separately. In condensation areas, many routing options and a
unique speed profile per route and train type were considered. In compen-
sation areas, different speed profiles were considered. Fuchsberger (2012)
adapted the microscopic timetabling approach for condensation zones to
real-time rescheduling in central station areas with highly complex track
topology. Considered by his approach were routing options, alternative
times for departures at the tracks of the station and at the boundaries of
the zone, and wait-depart decisions for connections. The current thesis
enhanced this approach to make it more suitable for rescheduling in dif-
ferent types of zones. A model augmentation extended the departure time
and wait-depart decisions to several operation points in a single zone;
while a simulation-based approach enabled the integration of speed profile
alternatives with very realistic train dynamics and ensured that the new
adapted schedules are conform to the green wave principle. Thanks to a
column generation framework, the enhanced mathematical representation
could be solved in short times in a number of numerical experiments
based on real-world railway data. Thus, the proposed method for local
railway traffic rescheduling is suitable for application to all types of track
topologies and timetables.

This approach differentiates itself from other local rescheduling ap-
proached in several ways. First, the method proposed in this thesis relies
on an extremely detailed representation of infrastructure and train dynam-
ics. Very few approaches to local rescheduling model railway infrastruc-
ture at track-circuit level (one example is, e.g., Pellegrini et al., 2014) or
consider acceleration and braking capabilities of rolling stock in their esti-
mations of train dynamics (one example is, e.g., D’Ariano and Albrecht,
2006). Thanks to the problem representation as a resource conflict graph
model and the simulation-based framework for speed profile alternatives,
the proposed approach has both these features, which enables very precise
conflict detection and compatibility with current interlocking systems.
Second, many researchers based their approaches on continuous-time
formulations of the problem (e.g., D’Ariano et al., 2007b, 2008, 2014;
Corman et al., 2012a; Lu et al., 2004; Pellegrini et al., 2014; Törnquist
and Persson, 2007); while the resource conflict graph model is a time-
indexed formulation. Both types of formulations have known weaknesses
(Lamorgese et al., 2016). Continuous-time formulations require Big-M
constraints for modelling resource allocation conflicts, which cause slow
convergence of solution methods. Time-indexed formulations require
a huge number of variables (and possibly of constraints) to model all
timing, routing, and speed options, which involve an even larger number
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of possible combinations that have to be investigated to find a solution.
During the past decades, ad-hoc solution methods have been developed for
continuous-time formulation to obviate the slow convergence caused by
Big-M constraints (see, e.g., Corman et al., 2010b). This thesis proposes
an ad-hoc solution method for the time-indexed formulation based on the
RCG to obviate the model size issue. The column generation framework
reduces the number of decision variables in the resource conflict graph
formulation, which improves its solution time and its competitiveness.

The method to support the coordination of railway traffic rescheduling
in adjacent zones is based on the Lagrangian relaxation of the consis-
tency constraints at the portals between the zones. Differently from
approaches featuring microscopic rescheduling only in busy station areas
(e.g., Dollevoet et al., 2014), this non-hierarchical method enables the
trajectories of trains to be adjusted before they reach a condensation area.
Thus, it enlarges the decision space to resolve conflicts to adjacent zones
that might have capacity reserves. The proposed coordination framework
can be applied to almost any network partitioning, which invalidates the
requirement that condensation zones are separated by compensation zones
(Laube et al., 2007). As a consequence, it supports the definition of zones
where local rescheduling is manageable by the available compute server.
That is, the proposed non-hierarchical coordination method improves
the scalability with respecto to the multi-level timetabling approach by
Caimi (2009), which makes it eligible to support real-time railway traffic
rescheduling. Still, the global problem characteristics are retained by the
distributed approach, which enables the optimisation of objectives such
as train delays, passenger inconvenience and energy efficiency.

All pieces of information required to initialise these methods are cur-
rently available in state-of-the-art traffic management systems. Similarly,
the results can be passed to the interlocking, signalling, driver advisory
and customer information systems for automated implementation or after
validation by a dispatcher. As a consequence, consistency and timeli-
ness of customer information can be improved. In fact, given that the
new schedules are adapted to the current traffic situation, there will be
fewer inconsistencies among the different sources that feed the customer
information system.

7.2 Future research needs

The current thesis leaves a number of open questions for further research.
First of all, given that the size of a local rescheduling problem has a large
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influence on the computation time of the algorithms, it is necessary to
define a process for network partitioning into zones that are tractable by
the local rescheduling algorithms in the short time available during real-
time railway operations. The partitioning should consider the complexity
of the track topology, the traffic density, and the performance of the
available compute server.

Second, it is important to know whether the proposed coordination
approach is applicable to larger networks with many condensation and
compensation zones. If not, the limits of the current approach should
be specified, and a global coordination strategy should be developed. In
addition, given the good results on the consistency of decisions at portals
of both uniform and hierarchic coordination weights observed in some
experiments, further investigations on how to determine the negotiation
weights of adjacent rescheduling zones should be made.

Third, future research should address the problem of how to generate
blocking time stairway patterns for the RCG model with reduced route
reservation times. In fact, the computational experiments have highlighted
that the green wave principle conflicts with the objective of dynamic
capacity improvement as it requires large headways between trains, which
eat away significant amount of track capacity and cause additional delays
at critical points. The generation should meet both the safety requirements
and the capacity consumption limits of a timetable. Nevertheless, capacity
losses should be minimised.

Last, but not least, new ideas for improving the constructive pricing
problems should be tested. The approach proposed in this thesis often
exceeded the available RAM of the compute server. However, it should
not be necessary to build the entire pricing graph for each train run to find
good new columns and a smart algorithm could extremely improve this
approach.
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Abbreviations
ACP Arc Configuration Problem

AG Alternative Graph

API Application Programming Interface

APP Arc Packing Problem

ATO Automatic Train Operation

BB Branch and Bound

cgApC column generation with Arc pricing Constructing new blocking
time stairways

cgApP column generation with Arc pricing using Precomputed blocking
time stairways

cgPpC column generation with Path pricing Constructing new blocking
time stairways

cgPpP column generation with Path pricing using Precomputed blocking
time stairways

CTC centralised train control, system to manage railway interlockings

DAS Driver Advisory System

DSS Decision Support System

EBL Eisenbahnbetriebslabor, Railway Operations Laboratory

ERTMS European Rail Traffic Management System

ESP Event Scheduling Problem

ETCS European Train Control System
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FCFS First Come First Served

FP Flexible Path

MILP Mixed-Integer Linear Programming

PCP Path Configuration Problem

PESP Periodic Event Scheduling Problem

PPP Path Packing Problem

RBS Regionalverkehr Bern-Solothurn, commuter network

RCG Resource Conflict Graph

REF-SRR REFormulated Simultaneous train Rerouting and Reschedul-
ing

RR Route-lock-Route-release formulation

RTCG Resource Tree Conflict Graph

SAT Boolean satisfiability problems

SBB Schweizerische Bundesbahnen, Swiss Federal Railways

TCG Tree Conflict Graph

ZLD Zuglenkdaten, train routing data
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Appendix A

Examples of capacity
utilisation
The examples below show how different train-mix, timetables, and stabil-
ity requirements influence line capacity consumption.

Figure A.1(a) shows completely homogeneous traffic over a period
of one hour on a line consisting of three blocks. Figure A.1(b) shows
the compression, which gives and occupation ratio of the first block
equals 56%. With the standard stability requirement of 25% of unplanned
capacity, the line is not congested. Obviously, increasing the number of

60 min.

(a) Planned train routes

60 min.

34 min.

55%

25%

(b) Capacity consumption

Figure A.1: Homogeneous traffic: Line section occupation through com-
pression (blue solid) and stability requirement (orange dotted)
do not result in congestion.

trains per time period increases capacity consumption, but even replacing
some trains by slower trains increases the network occupation. Figure
A.2 shows that replacing the last trains in the previous example by slower
ones increases occupation to 66% but does not yield to congestion.

Timetable structure influences capacity consumption too, as shown in
Figure A.3. In fact, if the trains of the previous example are not grouped
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60 min.

(a) Planned train routes

60 min.

40 min.

25%

66%

(b) Capacity consumption

Figure A.2: Heterogeneous traffic: Line section occupation through com-
pression (blue solid) and stability requirement (orange dotted)
do not result in congestion.

by their speed the occupation increases due to the time needed between
slow trains and fast trains in early tracks and between fast trains and slow
trains in late tracks.

60 min.

(a) Planned train routes

60 min.

43 min.

25%

70%

(b) Capacity consumption

Figure A.3: Timetable not bundling heterogeneous traffic: Line section
occupation through compression (blue solid) and stability
requirement (orange dotted) do not result in congestion.

Higher stability requirements increase line capacity consumption. Run-
ning time supplements increase infrastructure occupation, while buffer
times simply add up as shown in previous examples. If more restrictive
stability requirements (e.g., unscheduled capacity equals 40%) are in-
cluded in the previous example, the line section may become congested,
with a capacity consumption greater than 100%.

These examples show how traffic heterogeneity, timetable structure,
and stability requirements affect capacity consumption.
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60 min.

(a) Planned network occupation in time

60 min.

43 min.

40%

70%

(b) Compressed stairways

Figure A.4: Heterogeneous traffic with non-harmonized timetable and
higher stability requirements: Line section occupation
through compression (blue solid) and stability requirement
(orange dotted) result in congestion.
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Appendix B

Documents used for SBB
test case

B.1 Track topology

SBB Infrastruktur Projekte. Baden - Übersichtsplan Sicherungsanlagen,
Plan Nr. 38022/100/101/1, version 10.11.16. Zurich.

SBB Infrastruktur Projekte. Brugg - Übersichtsplan Sicherungsanlagen,
Plan Nr. 2BG-U048-n, version 18.11.16. Luzern.

SBB Infrastruktur Projekte. Döttingen- Übersichtsplan Sicherungsanla-
gen, Plan Nr. 38237-100-101-1, version 31.10.16. Zurich.

SBB Infrastruktur Projekte. Effingen - Übersichtsplan Sicherungsanlagen,
Plan Nr. 2EFG-U001-c1-n, version 23.05.14. Luzern.

SBB Infrastruktur Projekte. Frick - Übersichtsplan Sicherungsanlagen,
Plan Nr. 2FCK-U032-d1, version 05.12.16. Luzern.

SBB Infrastruktur Projekte. Hornussen - Übersichtsplan Sicherungsanla-
gen, Plan Nr. 2HNS-U024-e, version 01.07.14. Luzern.

SBB Infrastruktur Projekte. Killwangen-Spreitenbach+ Hst Neuenhof,
SpW Langacher- Übersichtsplan Sicherungsanlagen, Plan Nr. 38016/100/101/1,
version 17.10.16. Zurich.

SBB Infrastruktur Projekte. Koblenz- Übersichtsplan Sicherungsanlagen,
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Plan Nr. 30948/100/101/1, version 01.10.13. Zurich.

SBB Infrastruktur Projekte. Lupfig - Übersichtsplan Sicherungsanlagen,
Plan Nr. 2LUPF-U001-h1, version 04.03.16. Luzern.

SBB Infrastruktur Projekte. Mägenwil - Übersichtsplan Sicherungsanla-
gen, Plan Nr. 2MAEG-U022-q, version 23.01.17. Luzern.

SBB Infrastruktur Projekte. Mellingen (Dienststation Gruement) - Über-
sichtsplan Sicherungsanlagen, Plan Nr. 2MEL-U001-f, version 28.10.14.
Luzern.

SBB Infrastruktur Projekte. Othmarsingen - Übersichtsplan Sicherungsan-
lagen, Plan Nr. 2OTH-U019-j, version 04.10.16. Luzern.

SBB Infrastruktur Projekte. Rupperswil - Übersichtsplan Sicherungsanla-
gen, Plan Nr. 2RU-U035-a1, version 07.04.15. Luzern.

SBB Infrastruktur Projekte. Schninznach Dorf - Übersichtsplan Sicherungsan-
lagen, Plan Nr. 2SDO-U009-p, version 08.05.14. Luzern.

SBB Infrastruktur Projekte. Siggenthal - Würenlingen - Übersichtsplan
Sicherungsanlagen, Plan Nr. 38231/100/101/1, version 15.05.17. Zurich.

SBB Infrastruktur Projekte. Turgi - Übersichtsplan Sicherungsanlagen,
Plan Nr. 38027/100/101/1, version 31.10.16. Zurich.

SBB Infrastruktur Projekte. Villnachern - Übersichtsplan Sicherungsan-
lagen, Plan Nr. 2VILL-U001-k-p, version 22.04.14, Luzern.

SBB Infrastruktur Projekte. Wettingen- Übersichtsplan Sicherungsanla-
gen, Plan Nr. 38020/100/101/1, version 11.08.15. Zurich.

SBB Infrastruktur Projekte. Wildegg + Holderbanck AG + Schninznach
Bad - Übersichtsplan Sicherungsanlagen, Plan Nr. 2WI-U019-b1, version
29.09.14. Luzern.

SBB Infrastruktur Projekte. Würenlos - Übersichtsplan Sicherungsanla-
gen, Plan Nr. 32839/100/101/1, version 02.05.16. Zurich.
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B.2 Route setting
SBB. Handbuch Betrieb Baden. I-B 87/12, version 17.08.2016.

SBB. Handbuch Betrieb Brugg AG. I-B 92018, version 0-0, 23.04.2012.

SBB. Handbuch Betrieb Döttingen inkl. Haltestelle Klingnau, I-B 93045,
version 3-0, 24.04.2014.

SBB. BF-Handbuch Effingen, D BFR Mitte 20/08, version 16.02.2010.

SBB. Handbuch Betrieb Frick, I-B 92036, version 2-0, 31.10.2016.

SBB. Handbuch Betrieb Hornussen, I-B 92047, version 1-0, 30.06.2014.

SBB. Handbuch Betrieb Killwangen-Spreitenbach, I-B 93092, version
1-0, 27.05.2013.

SBB. Handbuch Betrieb Koblenz + Schwaderloch inkl. Haltestellen
Koblenz Dorf und Waldshut, I-B 93095, version 2-3, 20.10.2015.
SBB. Handbuch Betrieb Lupfig, I-B 92065, version 1-0, 01.04.2014.

SBB. Handbuch- Betrieb Mägenwil, I-B 92070, version 1-0, 02.12.2013.

SBB. Handbuch Betrieb Mellingen, I-B 92073, version 1-0, 02.12.2013.

SBB. Handbuch- Betrieb Othmarsingen, I-B 92091, version 3-0, 28.11.2016.

SBB. Handbuch- Betrieb Rupperswil, I-B 92099, version 1-0, 01.07.2016.

SBB. BF-Handbuch Schninznach Dorf, I-B 92102, version 1-0, 18.04.2016.

SBB. Handbuch Betrieb Siggenthal – Würenlingen, I-B 93170, version
3-0, 21.11.2016. Zurich.

SBB. Handbuch Betrieb Turgi, I-B 93193, version 1-0, 27.05.2013. Zurich.

SBB. Handbuch Betrieb Wettingen, I-B 93211, version 1-0, 19.06.2013.

SBB. Handbuch Betrieb Wildegg, I-B 92128, version 1-0, 02.06.2016.
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SBB. Handbuch Betrieb Würenlos, I-B 93220, version 18.12.2009. Zurich.

B.3 Timetables
SBB AG. 152 - Olten - Däniken - Aarau - Brugg, in Official Timetable,
Timetable period 2016 (13.12.2015-10.12.2016), version 27.11.2015,
available at http://www.fahrplanfelder.ch/en/archives/
graphic-timetables.html, accessed 02.02.2016.

SBB AG. 161 - Brugg AG - Altstetten - Hardbrücke - Zürich HB, in Offi-
cial Timetable, Timetable period 2016 (13.12.2015-10.12.2016), version
23.11.2015, available at http://www.fahrplanfelder.ch/en/
archives/graphic-timetables.html, accessed 02.02.2016.

SBB AG. 432 - Zofingen - Suhr - Lenzburg - Mellingen - Wettingen, in Of-
ficial Timetable, Timetable period 2016 (13.12.2015-10.12.2016), version
27.11.2015, available at http://www.fahrplanfelder.ch/en/
archives/graphic-timetables.html, accessed 02.02.2016.

SBB AG. 511 - Basel SBB - Stein-S. - Brugg, in Official Timetable,
Timetable period 2016 (13.12.2015-10.12.2016), version 27.11.2015,
available at http://www.fahrplanfelder.ch/en/archives/
graphic-timetables.html., accessed 02.02.2016.

SBB AG. 521 - Brugg VL - Wohlen - Muri - Arth-Goldau, in Offi-
cial Timetable, Timetable period 2016 (13.12.2015-10.12.2016), version
27.11.2015, available at http://www.fahrplanfelder.ch/en/
archives/graphic-timetables.html,accessed 02.02.2016.

SBB AG. 602 - Baden - Koblenz - Waldshut, in Official Timetable,
Timetable period 2016 (13.12.2015-10.12.2016), version 27.11.2015,
available at http://www.fahrplanfelder.ch/en/archives/
graphic-timetables.html, accessed 02.02.2016.
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Appendix C

SBB data analysis for
numerical experiments

C.1 Rolling stock of freight trains

SBB provided data about 3030 train compositions for one week operations
(20-27.03.2015) in the area surrounding Brugg AG. 365 observations con-
cerned freight or service trains. Freight trains were differentiated accord-
ing to R I-30111 complement (2015) in: combined transport, international,
national, regional, express, extra and unit trains.

In order to simplify the implementation of the simulation environment,
all trains in a class are supposed to use the same rolling stock. The rolling
stock was selected to be the one corresponding to the closest to the 3rd
quartiles of length and weight (lines in figure C.1).

Note that the selected rolling stock for extra freight trains (on-demand)
is very similar to the one used for combined freight traffic (table C.1 and
figure C.1). For this reason, extra freight trains will be represented by
the rolling stock of the combined traffic. Express freight trains (e.g., mail
trains) are comparable to passenger trains for which concerns weight and
length. The only significant difference between the selected national train
and the international one is the double traction. However, closer data
analysis shows that also most national trains have only one locomotive.
Thus, it was decided to utilise the chosen rolling material for interna-
tional freight trains also for the national ones. Although regional freight
trains and unit trains show similar lengths and weights, their breaking
characteristics force to represent them with different rolling stock. As
the characteristics of service trains do not differ much from simple lo-
comotives and their operation is also very similar, these trains will be
represented by locomotives.



Appendix C. SBB data analysis for numerical experiments

Figure C.1: Choice of rolling stock for simulations
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C.2 Delays

12’325 registered times at Brugg AG have been analysed to estimate the
delay distributions to be used for the numerical experiments of chapter 5.
Figure C.2 shows an overview. Note that departure and arrival delays at
Brugg are only available for trains making commercial stops there. For
the numerical experiments in chapter 5 it is assumed that initial delays are
generated when trains enter the control area and when they depart from
stations within the control area where they have stopped. This implicitly
accounts for dwelling time variations and is fully compatible with the
chosen simulation software. The probability densities of these delays are
approximated from the recorded departure and passing delays at signals
(all signals not only entrance) using function fitdistr from R software
MASS package (Venables and Ripley, 2002). A Weibull distribution is
assumed and the parameters found by Corman et al. (2011) are used as

236



C.2. Delays

Table C.1: Characteristics of freight trains. Bold ones are used as repre-
sentatives for simulations.
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combined 42027 20.03.2015 1508 579 D 80 100 25 2 10
extra 54006 24.03.2015 1505 582 A 80 100 24 2 10

express 50293 24.03.2015 464 194 A 95 120 11 1 4

international 49064 21.03.2015 1551 623 A 70 120 39 1 4
national 60475 24.03.2015 1441 633 D 75 100 35 2 8

regional 62673 25.03.2015 901 526 D 85 100 31 2 8

unit 66422 24.03.2015 921 582 A 105 100 36 1 4

service 99726 22.03.2015 220 59 unknown 100 2 1 4

starting values of the approximation process. Figure C.3 shows the results.
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Figure C.2: Delays at Brugg (SBB)
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C.2. Delays

Figure C.3: Initial delays at Brugg (SBB)
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Appendix C. SBB data analysis for numerical experiments

Figure C.3: (continued) Initial delays at Brugg (SBB)
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Extended results of
numerical experiments for
coordinated rescheduling



Appendix D. Extended results of numerical experiments for coordinated rescheduling

Figure D.1: Intervals between arrival at and departure from portals. Dif-
ferent colors correspond to different coordination strategies.
Delay set 1.
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Figure D.2: Intervals between arrival at and departure from portals. Dif-
ferent colors correspond to different coordination strategies.
Delay set 2.
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Appendix D. Extended results of numerical experiments for coordinated rescheduling

Figure D.3: Intervals between arrival at and departure from portals. Dif-
ferent colors correspond to different coordination strategies.
Delay set 3.
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Figure D.4: Intervals between arrival at and departure from portals. Dif-
ferent colors correspond to different coordination strategies.
Delay set 4.
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Appendix D. Extended results of numerical experiments for coordinated rescheduling

Figure D.5: Intervals between arrival at and departure from portals. Dif-
ferent colors correspond to different coordination strategies.
Delay set 5.
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