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Weak solutions of inverse mean curvature flow
for hypersurfaces with boundary

By Thomas Marquardt at Zurich

Abstract. We consider the evolution of hypersurfaces with boundary under inverse
mean curvature flow. The boundary condition is of Neumann type, i.e. the evolving hyper-
surface moves along, but stays perpendicular to, a fixed supporting hypersurface. In this setup,
we prove existence and uniqueness of weak solutions. Furthermore, we indicate the existence
of a monotone quantity which is the analog of the Hawking mass for closed hypersurfaces.

1. Introduction

The evolution of closed hypersurfaces under inverse mean curvature flow (IMCF) was put
forward by Geroch [5] and Jang and Wald [13] as an approach to the proof of the positive mass
theorem. They observed the monotonicity of the Hawking mass under IMCF and showed that
if IMCF remained smooth, this monotonicity could be used to prove the Riemannian Penrose
inequality and thus the positive mass theorem. Unfortunately, IMCF does not remain smooth
in general. However, the Positive Mass Theorem was proved by Schoen and Yau [26] using
a different approach.

Later Gerhardt [4] showed that starting IMCF from a closed, smooth, star-shaped hyper-
surface with strictly positive mean curvature the surface evolves for all time and approaches
a round sphere as time tends to infinity (see also Urbas [33]). For non-star-shaped initial
hypersurfaces singularities may occur in finite time. In order to make sense of the flow in
that situation Huisken and Ilmanen [11, 12] defined weak solutions of IMCF which still keep
the Hawking mass monotone. This enabled them to prove the Riemannian Penrose inequality.
See also Bray [2] for a different approach.

Here we want to consider IMCF in the case where the hypersurfaces possess a boundary
and move along, but stay perpendicular to, a fixed supporting hypersurface. For a short time
this flow admits a classical solution [22]. Moreover, in the special case where the supporting
hypersurface is a convex cone and the initial hypersurface is star-shaped and has strictly pos-
itive mean curvature we proved long-time existence and convergence to a piece of a round
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sphere [23]. The aim of this work is to prove the existence of weak solutions of IMCF for
hypersurfaces with boundary. We use a level set approach along the ideas of Huisken and
Ilmanen together with new barrier constructions and a priori estimates for a family of mixed
Dirichlet-Neumann problems in non-smooth domains.

The article is organized as follows: In Section 2 we introduce the classical formulation
of IMCF and describe the corresponding level set problem and a family of approximating
problems. In Section 3 we derive a priori estimates for solutions of the approximating prob-
lems. This yields existence and uniqueness for solutions of these problems in weighted Holder
spaces. In Section 4 we define weak solutions of IMCF for hypersurfaces with boundary.
Furthermore, we show that a sequence of solutions of the approximating problems converges
to a weak solution. The main result is summarized in Theorem 4.8. We use Section 5 to discuss
further properties of weak solutions and finish with Section 6 by proving the existence of
a monotone quantity for classical solutions in Proposition 6.1. It is the analog of the Hawking
mass for closed hypersurfaces. The justification of the monotonicity in the weak setting will be
carried out in a forthcoming paper.

Acknowledgement. The author wants to thank Gerhard Huisken for acquainting him
with inverse mean curvature flow and for all the support and valuable discussions during the
time the author spent at the Max Planck Institute for Gravitational Physics in Potsdam.

2. Level-set description and approximation

Let us first consider the classical formulation of inverse mean curvature flow in the case
where the hypersurfaces possess a boundary and move along, but stay perpendicular to a fixed
supporting hypersurface.

Definition 2.1. Tet M" be a compact, smooth, n-dimensional manifold with compact,
smooth boundary dM". Let £" be a C?*-hypersurface in R”*! without boundary. Further-
more, let us assume that the initial hypersurface is described by an immersion Fo : M" — R*+1
such that M := Fo(M") has strictly positive mean curvature with respect to the unit normal
vector field v and satisfies

F()(aMn) = F()(Mn) N En, (v,,u o F()) =0 onoM”"

where p is the unit normal vector fields of ¥”. Given a one-parameter family of immersions
F:M"x[0,T)— R""! wesay that M]" := F(M™", ) moves under inverse mean curvature
flow if F satisfies

dF
ar _ v in M" x(0,7),
dr H
(IMCF) FOM" 1) =M!NZE", (v,uoF)=0 onoM" x (0,T),
F(-,0) = Fy on M".

Here v is the unit normal vector field on M/ which is compatible with that of M’ and H is
the scalar mean curvature!) of M in R”*!. Furthermore, w is chosen to point away from M,
i.e. for curves in M/* ending at p € 0M]* with tangent vector v(p) we have (v, u)(p) > 0.

1) Note that a classical solution of (IMCF) can only exists as long as H remains strictly positive.
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In order to obtain the level set description we define the set of all points on one side of X"
including X" itself:
Q:={x e R Iy e ([0, 1],R"T1): (0) = y([0,1]) N =",
y() =x,y'(0) = —pu} U E".
Furthermore, for a set A C €2 we define the boundary parts
0gA: =04\ X" and O0zA:=04)\0JgA.

Now, the aim is to find a function u : & — R such that the hypersurface M/ is given as the
t-level set of u, i.e. M]' = dq{u < t}. The conditions on u are described by the following
degenerate elliptic mixed boundary value problem for u:

) Du ) _
div = |Du| inQp:=Q\ Eop,
| Du|

(*) Dyu=0 on Xg := 050,
u=20 on oq Ey,

where Eo := {u < 0} and dq Eq is supposed to be a C2*-hypersurface which meets %"
orthogonally.

Note that as long as H(M[') > 0 we have M]' = {u =t}, |Duly=| = H(M]') >0
and (x) is equivalent to (IMCF). The purpose of this paper is to prove the existence and unique-
ness of weak solutions of (x) in the sense of Definition 4.1.

Remark 2.2. (1) For Fy € C%>%(M") there exists a constant 7 > 0 such that (IMCF)
has a unique solution F € C2+®1+5 (M7 x [0, T]) N C°(M™ x (0, T]). This also holds
in a Riemannian ambient space [22].

(2) The corresponding Neumann problem for mean curvature flow was first studied by
Stahl [30,31]. It was followed by the work of Buckland [3] who analyzed the singulari-
ties and by the work of Koeller [14, 15] who proved further regularity results. Recently,
Vulcanov [35] studied a mixed Dirichlet-Neumann boundary value problem for mean
curvature flow.

(3) If X" is a convex cone and M is a C 2:%_hypersurface with strictly positive mean curva-
ture which is star-shaped with respect to the center of the cone, then (IMCF) has a unique
solution for all time. Furthermore, after suitable rescaling the hypersurfaces converge
to a piece of a round sphere [23]. For closed hypersurfaces this result goes back to
Gerhardt [4] (see also Urbas [33]).

(4) The definition of weak solutions of IMCEF for closed hypersurfaces via elliptic regulariza-
tion of (%) together with a variational approach goes back to Huisken and Ilmanen [11].
They proved the existence and uniqueness of those weak solutions which enabled them
to prove the Riemannian Penrose inequality.

(5) Moser [25] showed that weak solutions in the sense of Huisken—Ilmanen can also be
obtained by regularizing (%) with the help of p-harmonic functions. Later, Kotschwar and
Ni [16] extended this result to Riemannian ambient spaces satisfying a volume growth
condition.
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(6) Another related problem was considered by Hein [10] who proved the existence of weak
solutions similar to those of Huisken—Ilmanen for a parabolic version of the level-set
equation. This approach is also interesting with regard to a numerical treatment of IMCF.

(7) Schulze [27] applied the level-set approach to study flows with speed equal to positive
powers of the mean curvature. In [28], he used this formulation to give a new proof of
the isoperimetric inequality. Currently, Volkmann [34] is using the level-set approach to
study the Neumann problem for flows with speed equal to positive powers of the mean
curvature.

In order to solve (x) we want to consider a family of non-degenerate problems in bounded
domains. It turns out that we also have to deform the given set Ey in order to be able to solve
the non-degenerate problem in the right weighted Holder spaces.

Definition 2.3. Let £y C Q be relatively open in Q. Suppose dq Eo is a C>*-hyper-
surface which meets X" orthogonally. The approximating inner Dirichlet boundary dg Eg ¢ is
defined with the help of the set

Eoe:= Eo\{x € Eo | dist(x, X") < ¢, dist(x,0E¢) < &(x)}

2
3 o
Ee(x) :=¢ exp(l (g — dist(x, E”)) )

Note that & is arranged such that

where

2.1 0< D, dist(-,Ege) <1 onX"NdgEge.

To define a family of approximating problems in bounded domains we also have to introduce
an artificial outer Dirichlet boundary. If F7,, C €2 is open and dq Fy,, is a C 2""—hypelrsurface
such that F;,, D Eg ¢ and

(2.2) —1<Dydist(-, F1,) <0 on X" NogFy,,

then Og F,, is a suitable outer Dirichlet boundary. Finally, we also regularize the differential

operator by defining
D
Qfu = div(—u) — /&2 + |Dul?.
V&% + |Du|?

Using these notations we can formulate a family of e-regularized level-set problems in bounded
domains: For ¢ > 0 we consider the family of regularized problems

0%u®* =0 inQ,:= Fr.\ Eoe,
D,u®* =0 on X, :=05Qs,
ua’t =0 on aQ EO,S’

(%)e,z

=1 ondqfy,,

where t € [0, L¢] and L > 0.
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Figure 1. Domain and boundaries for (x)¢, ;. The dotted line denotes og Eg.

Remark 2.4. The aim is that for ¢ — 0 the sets F7, become larger, 0q E¢ . deforms
back to dg E¢ and L, — oo in order to recover the problem (x) in the limit. The existence of
a solution of (x)¢,; will depend on the choice of Fy,, and L, as we will see in the next section.
Furthermore, properties (2.1) and (2.2) ensure the existence of more regular solutions.

3. Existence for the approximating problems

We will prove the existence of solutions u®7 of ()¢, in weighted Holder spaces. In
particular, those solutions will satisfy u®% € C2%(Q,) N C 1A (Q,) for some a, f € (0, 1).
This motivates the following definition:

Definition 3.1. Let o, 8 € (0, 1). A solution of (%), with regularity
us € C2(Q) N CHP ()

is called admissible. Furthermore, a function »~ with that regularity is a subsolution of ()¢ ¢
if the following inequalities hold:

0%~ >0 inQq,
Dyu~ <0 onX,
u- <0 ondqEy,,

u

IA

T ondqfFy,.

Similarly, a function u™ which satisfies the reverse inequalities it is called supersolution.

To obtain an estimate for [u®?| we first note that u" := 7 is a supersolution of (x)e ¢
and thus u®? < t. Unfortunately, constant functions do not serve as a subsolution. If we want
to find a non-constant subsolution ™ with the help of the maximum principle, the sign of the
quantity D, u~ has to be controlled everywhere on X,. To achieve this we restrict to the case
where X" is globally given as the graph of a C!-function f : R”*! — R such that all tangent

lines to graph f in radial directions hit the x"*!-axis above the point xo := (0,...,0, —co),
ie.
3.1 min {f(x) — (x, Df(x))} > —co
xeR”+1

for some co > O sufficiently large. With the help of this condition we obtain a lower bound.
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Lemma 3.2 (Existence of a subsolution). Let n > 2. Let X" be globally given as the
graph of a C'-function f : R*T1 — R such that (3.1) holds. We set

1 1 1 R
a = max dist(-,xg), e<—, R:=—, 0<1t<Lg:=—-—In|—
00Eo.c 4a 4e 2 a

and define
Fr, == {x € Q | dist(x, xo) < R}.

Then an admissible solution u®® of (x)e ¢ satisfies the estimate
u®t(x) > ug (x) := %ln(M) —Le+
Proof. To obtain a subsolution of (%), 7, we make the ansatz
u (x):= /\ln(r(a—x)), L; = Aln(g), A>0, R>0

where r(x) := dist(x, xo) and A and R will be specified later. In order to apply the maximum
principle” we note that
u <0 onodqEo¢,

u- =1L ondqfFy,.
Using (3.1) we obtain
_ _ A
Dyyu (x) = (u(x), Du™(x)) = m(ﬂ(x)vx —x0) <0
for x € X,. It is left to prove the inequality for the operator Q¢. We compute

1
r(82r2 + 12)3/2

0° (") > (=A% + A% = 2627202 — et

provided n > 2. Thus, if we choose A = 1/2,r < R := 1/4gand e < 1/4a,then Q%(u~) > 0
and the maximum principle implies ¥~ < u®L¢ in Q. So far we obtained a subsolution
of (x)gr=L,, SO We rename u~ to “Zs and note that the function u := ”ZP —Lg+ 115
a subsolution of (%) ¢. O

Note that the estimate ©®* > u_ is not very accurate near o E ¢ since it does not imply
that u® T becomes non-negative as ¢ tends to zero. Using subsolutions which are less steep we
can fix this problem.

Lemma 3.3 (Improved lower bound). Letn,a, X", Fr, L be defined as in Lemma 3.2.
If e > 0 is sufficiently small and R is defined as R = 1/(10e'/®%), then an admissible solution
u®T of (x)e,r satisfies
u®? > max{—e’/*, uy ).

2) Here and in the following we use a version of the comparison principle for quasilinear elliptic operators
similar to [6, Theorem 10.1].
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Proof. We define a new subsolution of (x), ; by
1 r(x
v (x) == nug (x) = n(iln((T)) — L.+ ‘L’)

with r(x) := dist(x, xo). We see that for n € [0, 1] the function v~ = nu~ satisfies the right
inequalities at the boundary

V JoqEo. =0, v lagF, =T, DuvT|y, <0.

Similar to the proof of Lemma 3.2 we compute Q¢(v™). For n > 2, ¢ > 0 sufficiently small,
n = e21/16 and r < 1/(106'/%%) =: R we obtain Q%(v~) > 0. Thus, the maximum principle
implies

Ut (x) = v (x) = —7*19(C + [Ine 1)) =~

for e < C~1® where C = C(a, ming, dist(-, xo)). |

Now we estimate the gradient. We start with the estimates on the Dirichlet boundary
parts 0q Eo ¢ and dq F7,,. On dq Fy,, we can directly use super- and subsolutions uj‘ and u;
as barriers.

Lemma 3.4 (Gradient estimate on 0q Fy,). Assume that there exists an admissible
subsolution up_ of (x)e,L, such that Fy, = {up < Lg}. Then an admissible solution u®*
of (x)e,r satisfies the gradient estimate

0<Du®" < Dyup,  onogFy,

where v is the exterior unit normal to 0 Fy,, with respect to the set Fy,,. Under the hypothesis

of Lemma 3.3 we obtain the more explicit estimate D,u®* < 5¢1/64,

Proof. The lower bound follows from the fact that uj := 7 is a supersolution of (%) ¢
which coincides with u®* on dg Fi,.. Similarly, uy := u}_— L¢ + 7 is a subsolution of (%)e,z
which coincides with u®* on dg Fr,. This yields the upper bound. Under the hypothesis of
Lemma 3.3 we obtain an explicit subsolution u; which yields the estimate

D,utt < 5g1/64 m]
In order to estimate the gradient on dg Eg . we construct barriers p having a product

structure which involves the distance to dg Eo and X,. In a first step we compute Q°(p)
and D, p for this type of barriers.

Lemma 3.5 (Formulas for barriers having a product structure). Let d := dista, g,
and s := disty,, and assume that the distance functions are evaluated in a region where they
are C2. Let f,g € C?(R). Then a barrier of the form p(x) := f(d(x)) - g(s(x)) satisfies

(3.2) (/eI =1fg'D* = 1Dpl* < (I /gl + 1 f&'D*.

The Neumann condition reads

(3.3) Dyyp(@)|s, = f(d(x))|2,80)Dyx)d(x)|s, — f(d(x))|s,. &' (0)
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and for the differential operator Q¢ we obtain

f2g/2DiSDjS
B t— l'jd

3.4 24 |Dp|l20%p = f'g| 87
(3.4) (/&> + |Dp|*0°p fg( 2+ |DpP

12,2 D0 J
(s J'2¢DidDid > i
+ fg (Sl-/ — 2 1 |DpP2 Djjs — & — |Dp|
f"g 2 2. 72 2
_-— 1—(Dd,D
&t 78 71— (DA Dsy)
P (2 + f/2g%(1 — (Dd. Ds)?))
ez + |Dpl?
2f'¢’! 2
———>—(e2(Dd, D 'gg'((Dd, Ds)* —1)).
T 1ppE (D4 DS) + [f'gg' (DA, Ds)* = 1))
Proof. The formulas follow from a direct calculation using the fact that Ds = —u
and |Dd| =1 = |Ds|. m

Remark 3.6. Note that in general dg Eo has to be extended below X" in a small
neighborhood of dg Egp N X" in order to use the distance function in a neighborhood of the
corner. This extension can be constructed to have the same C2-norm as oq E 0,¢ so the estimates
are independent of this extension.

First, we use the product ansatz to construct a barrier on dg Eg ¢ from below.

Lemma 3.7 (Gradient estimate on dg E¢ ¢ from below). Let ¢ > 0 be sufficiently small.
Suppose that 0q Eo ¢ and X are C2-hypersurfaces. If u®® is an admissible solution of (x)e,r
which satisfies u®* > —e' %V for some y € (0, 1), then the following gradient estimate holds:

Dvug’r Z _28 on aQ E0,8

where v is the exterior unit normal to 0 E¢ ¢ with respect to the set Eq .

Proof. Letd := disty, E, ., and s := disty,. We restrict ourselves to the set
I'={x € Q| dx) < dmna}-

The value of dp,x > 0 will be determined later. The boundary of I" consists of dg Eq ¢, OxT
and a new boundary part in the interior of Q. which we call 0I';. We make the ansatz

p(x) == f(d(x))- g(s(x))
with .
f(d) = —(exp(-Ad) — 1)
and see that f, f’ and f” satisfy
(3.5) —%5]‘50, —Sff/i—g, %Ef”fsz‘l
where the upper bound on f/ and the lower bound on f” require dya.x < In(2)/A. For g we
choose

Smax —S

1+ exp(2 — Z(M)z) for0 < s < Smax.
g(s) =
1 for s > Smax,
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and a direct calculation shows that

(3.6) l<g=2, - <g' =<0, 0=<¢g"< 122
Smax Smax

The exact values dmax, Smax and A will be determined later. We see that p is a negative func-
tion which satisfies the Dirichlet boundary condition p = 0 on dg Eg ¢ since f(0) = 0. Using
utTt > —eltY we see that

p = —%(1 — eXp(—Admax)) = u®*

on oI for & > O sufficiently small. Next we want to verify that D, p < 0 on 0xI". By construc-
tion of Eo ¢ we know that (2.1) holds. Thus, there is some C1 > 0 such that D,d > —Cd
on 0xT'. Furthermore, we note that f(d) < —ed /2 for dp.x < A~!. Using these estimates
together with (3.3) and (3.5) yields

4

Dup =2/"(d)Dyd + -

max

f(d)§28(cl—d1 )d <0

on 0x I for dipax < min{Cl_l, A1}, Finally, we have to make sure that Q¢(p) > 0. Using (3.4),
(3.5) and (3.6) we obtain

f2g/2DisDjs
i — ijd

2 1 Dol20%o > ol §V
2+ |DpPQp = fg (8 - LD

B f/ZgZDidDjd
+ fg’(5” T T2+ Do Dijs — &> —|Dpl?
f//g fg// 2f/g/
5 282+ 5 2(82+f/2g2)_ 5 282
g% + |Dp| &% 4+ |Dp| &% 4+ | Dp|

where the only positive term is the one which involves f”. If we are further than sp,, away
from X, the function g = 1, |Dp|?> = (f’)? and the estimate reads

2

& / ! £
2+ DpPQ%p = ['Ad =& — () + s

f//ZO

fore < 1and A > 4(2 + n?|D?d|). Before we continue with the estimate close to I, we have
to estimate | Dp|%. We use (3.2), (3.5), (3.6) and Aspa > 24 to see that

2 2
Lo (e ) < |Dpl* < |26 + ) <o
9 2 ASmax Asmax

This estimate together with (3.5) and (3.6) allows us to estimate

. f2¢'?DisD/s

f/g(5”—w Eikj| < 4delg?
and o o mi i
y g2DidDid

(87 - LR Yty | < Tl
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where we used again Aspyax > 24. Putting everything together we obtain an estimate for Q¢p
away from X,
e

g2 + |D,O|2Q8p = W((Asmax)2 - CZ(ASmax) - CZ) > 0

max

fore < 1, Smax < 1, C2 := 10000(n2|D?d |4+n?|D?s|+1) and Aspax > 2C,. Altogether we see
that p is a subsolution of (%), . in I" for ¢ > 0 sufficiently small and the choice of parameters
2C, . 1 -
Smax (=1, A= ., dmax := min{C; 14 l,r;}.

Smax

Using the maximum principle we conclude that
Dyu®* = Dyp = f'(0)gDvd + f(0)g'Dys = —eg = —2& on 0qEo,e

where v is the exterior unit normal to dg E ¢ with respect to the set Eg . D
In the next step we construct a barrier on dg Eg ¢ from above.

Lemma 3.8 (Gradient estimate on dg Eg ¢ from above). Let ¢ > 0 be sufficiently small.
Suppose that 9q E¢ ¢ and X¢ are C2-hypersurfaces. If u®* is an admissible solution of ()e.z,
then the following gradient estimate holds:

Dvus’r S C(n9aQEO’En) on aQEO,S
where v is the exterior unit normal to 0g E¢ ¢ with respect to the set Eq .
Proof. Letd,s, T, p, g be as in the proof of Lemma 3.7. Furthermore, let f(d) := Ad
for some A > 0. The exact values dpax, Smax and A will be determined later. We see that p

is a positive function which satisfies the Dirichlet boundary condition p = 0 on dg E¢ ¢ since
f(0) = 0. Furthermore, p lies above u** on 0I'; since

p= f(dmax) : g(S(X)) > Admax > u®*t

on 0I'y for Adpmax > . To verify that D;,p > 0 on 0" we use (3.3) together with the estimate
Dyd > —C1d on 0xTI to obtain

2
Dyp=24D,d + Ad > 2A(—C1 + )d >0
max

max

on 0T for dipax < 2C1_1. In contrast to Lemma 3.7 we first prove that Q%p > 0. Using (3.4)
and (3.6) we obtain

. 2 /2DiSDjS B f/2g2DidDjd
D 0, < ¢/ 51J_fg— Diid s — iy
Dpl0% = ¢ s Dyd + g s by
fg//
—IDp|2+—|Dp|2f/2g2-

Here the only good term is —|Dp|?. In the case that we are far from X, we have g = |
and |Dp|? = | f|?. Therefore, the estimate simplifies and we obtain

|Dp| Q% < f'Ad —|Dp|?* < An*|D?*d| — A*> <0
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for A > n?|D?d|. As in Lemma 3.7 we proceed by estimating | Dp|?. We use (3.2) and (3.6)
and choose diax := Smax/8 to compute that

2
A < A2(1 — %) < |Dp|?* < 4A2(1 + de‘”‘) < 742

4 Smax Smax
This yields o
ol - zg/fDl;lleD”)&sj < 6lgP?
and . f'2¢>DidDid
(8 - T2 20 Jag| < oae

Combining these estimates we obtain

|Dp|0%p < (1000(n2|D2d| +n?|D%s| + s 1)y —4) <0

max

for A > 1000(n?|D?d| + n2|D2s| + s,1) =:1000(C3 + s
that p is a supersolution of (x)o,r in I" for the parameters

). To summarize, we proved

dinax := min{2C7 10, Smax 1= 8dmax, A7 := 1000(C3 + 5.1 ) +

dmax

So far, to match increasing boundary values 7 on 0"} we have to choose steeper functions p.
This means that in the limit ¢ — 0 (L, — o0) we loose the gradient estimate. To prevent this
from happening we choose the function p corresponding to t := 1 and consider the subdomain
I[':={0<p<1}CT.OnT we define

5— P

=1,

We see that p = 0 on dg Eg ¢ since p = 0 on dg E¢ . Furthermore, we obtain the same sign
for D, p as for D, p. The PDE is also satisfied with the same inequality since

Aq
Q p = Q o= _—(1000(C3 +Smax) _Al) =-

4| Dp| 12dmax

In contrast to p the function p is a supersolution of (x)gr on {0 < p <t} C I for arbitrary
large boundary values since the function blows up when it approaches the boundary {p = 1}.

Next, we observe that
B 3 3|D?%p
|Q8P—QOP|§ (1+ ||Dla|[2)|)g§c18.

Therefore, by continuity we know that Q¢p < 0 for ¢ sufficiently small. Thus, p is also a super-
solution of (x)¢ ; for ¢ > 0 sufficiently small and arbitrary z. This yields the estimate

Dyu < Dyp=D,p=C(n,0Ey, X"

on dq Eg ¢. Note that we can estimate the C2-norm of d independently of the approximation
of dq E¢ by 0q Eo,¢. Thus, the estimate is independent of ¢. |

The remaining boundary part of the domain €2 is the Neumann boundary part 3. If the
supporting hypersurface is convex, the maximum principle tells us that a maximum of the
gradient cannot occur on .
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Lemma 3.9 (Gradient estimate on X;). Let X be a convex C3-hypersurface. Let u®®
be an admissible solution of ()¢ 1. Then, | Du®*| cannot attain a maximum on .

Proof. Let x¢ € X;. First, we note that due to the regularity of X, there is a neighbor-
hood of x¢ in 2, in which u := u®7 is C3. Let us define v := |Du|?/2. Let

j P’ ij da’ (p)
a' = ———— and da" = —.
(p) 21 F (p) opi

We apply the operator (Dju)Dj to Q°(u) defined in (%) . Here j runs from 1 to n. This
yields
. DJ
(3.7) Lv := D;(a*(Du)Dyv) — —uDjv

V& + [DuP?

, . , : D/
> D;(a** (Du) D/ uDyju) — a'* (Du) DI uDy ju — !

V&2 + |Dul?
= D’uD; div| ————=) — D’uD;/¢? + |Dul?> = 0.
V&2 + |Du|?

Assume that the maximum of v is attained at x¢. In a neighborhood of xo we choose an ortho-

Dkuiju

normal frame such that ey, ..., e,—1 € Ty X, and e, = . At xo we have
n—1 n—1
Dyv = Z Deiu(De[(Denu) — Z(Deien,ej)Deju)
i=1 j=1
n—1
== Y h(ei.ej)De;uDe;u <0
ij=1

since X is convex. The signs for D, v and Lv together with the maximum principle imply
that v cannot attain a maximum on . D

Remark 3.10. Using the maximum principle, inequality (3.7) implies that the gradient
of an admissible solution of (x)¢ ; cannot attain a maximum in the interior of 2.

All together we obtain the following a priori estimates for |u|, |Du| and the weighted
Holder norm || - ||g_;§i ) which is defined in Definition A.1 in the appendix.

Proposition 3.11.  Assume that an admissible subsolution up_ of (x)e L, exists such
that Fr, ={up, < Lg} satisfies condition (2.2). Let u be an admissible solution of (%)e,
such that u > —e'*7 for some y € (0, 1) and that |Du|x, < cy independently of e. Then, for
& > 0 sufficiently small

—eYY <u <<t and |Du| <C(n,0qEy, X", c1, |Dug |)
on Qg. Furthermore,
lul$ P < Cn.e.0g Eoe. 5. Lo, | DU )
for some B = B(D,, distg, ., Dy distg, ) € (0, 1).
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Proof. The estimates for |u| and |Du| follow from our previous lemmas in conjunc-

tion with the existence of a subsolution which satisfies u > —&! 7. Furthermore, the gradient
estimate tells us that the elliptic equation in (%) r which is equivalent to

aij(Du)Diju =

1 ;i D'uDJu
7 — Diju=1
82+|Du|2( 82+|Du|2) Y
can be regarded as a linear, uniformly elliptic equation with bounded coefficients and right-
hand side. Therefore, [17, Chapter 2, Section 6, Theorem 6.1] implies that

Du € H{® ()

and thus also N
a'l(Du) € H(Q).

Finally, based on conditions (2.1) and (2.2) the linear theory, i.e. Theorem A.3 yields the esti-
mate in H{ ' P (Q) for some § = B(D,, distg, . Dy distr,,) € (0, 1). O

In particular, Proposition 3.11 holds in the following situation:

Corollary 3.12. Letn > 2. Let ¥" be given as the graph of a convex C3-function which
is asymptotic to a cone in the sense that (3.1) holds. Then, an admissible solution of (x)e ¢
with & > 0 sufficiently small satisfies the estimates of Proposition 3.11.

Proof.  Under these assumptions we constructed a subsolution 7 in Lemma 3.3 which
satisfies
up, = el
Furthermore, the gradient estimate on X, is independent of & since ¥” is convex. Thus, all
conditions of Proposition 3.11 are satisfied. |

Now we can use the a priori estimates to obtain a unique solution of the approximating
problems (%), ;. Furthermore, we can use the uniform estimate of | Du®*| to obtain a converg-
ing subsequence of solutions as € tends to zero.

Proposition 3.13 (Existence for the (%) problem). Let ¢ > 0 be sufficiently small.
Under the assumptions of Proposition 3.11 there exists a unique solution u®* € HZ(;XI_B ) (£2,)
of (¥)e,r for all T € [0, Lg]. Furthermore, there exist sequences (&;)ieN, (Lg;)ieN, (S2¢,;)ieN
and (ufi-Lei); e such that for e; — 0 we have Lg; — o0,

Fr. \Eoe — Q\Eo and u"s —ueCYN(Q\ Eo)
locally uniformly.
Proof. Let ¢ > 0 be sufficiently small. We proceed in two steps. First we prove the

existence of solutions for T = 0. In the second step we consider t € [0, L¢]. The equation
Q°%(u) = 0is equivalent to F(u/e) = & with

1 Du
F(u) := div( )
V1+ |Dul? V1 + |Dul?
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Therefore, the function u is a solution of (%), ¢ if and only if % := u/e solves
F() =¢ inQq,
(*)e,0 Dyt =0 on X,
Uu=0 ondgFEy,UodqQFL,.

We consider F as an operator F' : A — B where

A= {weH P (@) | w=00n0gEy. UdgFr,. Dyw = 0on =},
B:=H{ P (Q.).

The weighted Holder spaces H ,gbo)! (£2) are discussed in Definition A.1. The value for f is the
one from Proposition 3.11. The problem (/*\)0 has the solution 1 := 0. Furthermore, the lin-
earization of F around iy is the Laplacian, i.e. DF;, = A. The linear theory guarantees the
global invertibility of DF around i¢. Thus, the Inverse Function Theorem implies the invert-
ibility of F in a neighborhood of F(itg) = 0 in B. This proves the existence of a unique
solution of (T)g\,o and thus of (%) o for ¢ > 0 sufficiently small.

To prove the existence of solutions of (x), r let us define the set

I :={t € [0, L¢] | (%)g,r has a unique solution in Hz(,_al_ﬂ)(Qe)}.

We already know that 0 € I,. If we can show that /. is open and closed, we obtain the desired
result. To show that I, is open we use once more the Inverse Function Theorem. We modify
the spaces 4 and B to allow other boundary values than zero on 0g F7,, and define

A:=1{we Hz(;l_ﬂ)(ﬂe) |w=00n0qEps Dyw=0o0nX},

B := By x By := Hy P (@) x H )P (0 F1,).
We denote the restriction on dg Fr,, by

A= By, wra(w):i=wlegF,
and consider the operator
T:A— B, wt Tw:=(0%w),n(w)).
Its linearization around some ug € A is given by DTy w = (DQj, w, w(w)) with
DQ% w = a” (Dug)Dijw + B*(Dug, D*uo) Dyw.

Lett € I,. We linearize T around uq := u®7. Here it is crucial that ug € C -8 (Q2¢) in order to
control the ellipticity. The linear theory, Theorem A.3, implies that DTy, is globally invertible.
Therefore, T is invertible in a small neighborhood of Tug = (0, 7). Thus, I is open.

In order to prove that I, is closed let us consider a sequence of elements 7, € I, which
is converging to t. The corresponding sequence of solutions is u®™. Using the maximum
principle, the a priori estimates of Proposition 3.11 and the Arzela—Ascoli type result of
Lemma A.2 we obtain a subsequence converging to u®* € A. Thus, T € I and I, is closed.

Using the a priori estimates for | Du®L¢| which are independent of & we see that u® L« is
uniformly bounded and uniformly equicontinuous on compact subsets. Thus, by Arzela—Ascoli
there exists a subsequence u®-L¢ converging to a locally Lipschitz continuous function u. o
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In particular, Proposition 3.13 holds in the following situation.

Corollary 3.14. Letn > 2 and let ¢ > 0 be sufficiently small. Let Eo, E¢ ¢ and (x)¢ ¢ be
defined as above. Furthermore, let ¥" be given as the graph of a convex C3-function which
is asymptotic to a cone in the sense that (3.1) holds. Then the conditions of Theorem 3.13
are satisfied.

Proof. By Corollary 3.12 these assumptions assure that the a priori estimates of Propo-
sition 3.11 hold. O

4. Variational characterization of the limit

In the last section, we obtained a function u € C2.1(Q \ Ey) as the limit of solutions u®i

of the approximating problems (*)g;, Le,- In this section, we follow the ideas of Huisken and
Ilmanen [11] and define weak solutions of (x). We show that the limit u is the unique weak
solution.

Definition 4.1. Let A C Q be relatively open in Q. For u € C%:!(A) we consider the
functional

JuK:Clg’cl(A)eR, v|—>JuK(v) ::/(|Dv|+v|Du|)dk
K

where {u # v} C K and K C A is a compact Caccioppoli set. In the following we omit the
set K and write J, instead of J,X. The function u € C%:!(Q) is called a weak solution of (%)
with initial condition Eg C Q if Eg = {u < 0} and

Ju() < Jy(v) forallv e C2N(Qo), {u # v} CC Qo.

Here Q¢ := Q \ Ey. The integration is performed over any set K as above containing {u # v}.
We can give an alternative characterization of weak solutions.
Definition 4.2. Let A C Q. For u € C%:!(A) we consider the functional

JK:.ca4) > R, F— JK(F):= |ag;FmK|—/ | Du| dA
FNK

where K is a compact set such that [05F N OK| = 0. Here Ca(A4) denotes the set of all
Caccioppoli sets in A. In the following we omit the set K and write J;, instead of JuK . Let
(E¢)¢=0 C Q be a nested family of relatively open Caccioppoli sets in Q2. Let u be defined
by E; = {u <t} C Q. The family (E;);>¢ is called a weak solution of () with initial condi-
tion Eg C Q ifu € C21(2) and

Ju(E) < Ju(F) forall F € Ca(Q \ Eo), EAF CC Q\ Eq

for each ¢ > 0. The integration is performed over set K as above containing EAF.

These two definitions are compatible.
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Lemma 4.3. Let u € C21(Q) and let Eq C Q be relatively open in Q. The following
are equivalent:

(1) ({u < t})¢=0 is a weak solution of (x) with initial condition Ey.

(F1) u is a weak solution of (x) with initial condition E.
Proof. See[l11, Lemma 1.1 and Lemma 1.2]. O
The following two results are be needed in the sequel.

Lemma 4.4 (Compactness of weak solutions). Let (A;);jeN, A C Q be relatively open
in Q. Let (u;)ien C C2Y(A;) be a sequence of weak solutions of (x) such that

loc
Ai = A, u; —»ueCll(4)
locally uniformly for i — oo. If for each compact set K C A and i large enough
esssupg | Du;| < C(K),

then u is a weak solution of (x) in A.
Proof. See[11, Theorem 2.1]. O

Lemma 4.5 (Uniqueness of weak solutions). Let A C Q be relatively open in 2. For
a given Eo C Q, there exists at most one solution (E;)¢>o C Q of () such that each E; is
precompact.

Proof. See[11, Theorem 2.2]. O

Note that the assumption of E; being precompact cannot be dropped: If u € C2:1(Q)

satisfies (1) and ¢ > 0, then min(u( - ), ¢) also satisfies (). Next, we show that the definition
of weak solutions is compatible with classical solutions.

Lemma 4.6 (Classical = weak). Let (N¢)c<t<q C 2 be a family of compact surfaces
of positive mean curvature that solve (IMCF) classically. Let u =t on N¢, u < c in the region
bounded by N, and E; == {u <t} C Q. Then for c <t < d, E; minimizes J,, in Eg \ E..

Proof. Lett € (c,d). We have to show that E; := {u < t} minimizes J, in E; \ E¢,
i.e.

|%&mﬂ—/

|Dmugugme—/ |Du| dA
E/NK FNK

for all F having locally finite perimeter and satisfying E;,AF CC Egz\ E.. We choose r, s € R
suchthatc <r <t <s <d anduse K := E; \ E,. Then the above inequality reads

wym—f |mmmg%Fp[
EN\E, F

Let us consider the vector field X := Du/|Du| which is C! away from dg E. N 0g E. and
Oq E4 N 0x E4. The Divergence Theorem and the fact that u is a solution of (x) yield

/ vaA-de=/diV(X)d/\=/ |[Du|dA.
04 A A

|Du|dA.

¥
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Furthermore, for any set A C €2 we have

/ Xd / bu o
Vosd - X ds = e s =0.
asd oA |Dul

These two equalities help us to calculate

|a;gE,|—[ | Du|dx =/
EN\E, ot E

QLt

5/ VagF'XdS—/ |[Du|dA
3 F F\E,

< |a;;F|—/F\E | Du| dA.

l)a;szt'XdS—/ |Du|dk
E/\E,

This shows that £; minimizes J, in E; \E_C O

Now we are able to prove that the limit ¥ which was obtained in the previous section is
a weak solution of (x) in Q.

Proposition 4.7 (Criterion for existence). Lef (Uj)ieN C Hz(’_o{l_’9 )(Qsi) be a sequence
of solutions of (*)gi,Lgi with

oc

Fr, \ Eoe — Q\ Eo, ui > ueCyl(Q\ Eo)
locally uniformly for i — oc. If for each compact set K C Q2 \ Eo and i large enough

sup |Du;| < C(K),
K
then u is a weak solution of (x) in Q¢ := Q '\ Eo with initial condition Ey.

Proof. Let us define

Ui: Qg xR—=>R, (x,2) = Ui(x,z) ;= u;i(x) — &z,
U:(Q\E)xR—=>R, (x,2) = U(x,z) := u(x).

Then U; — U locally uniformly in (2 \ Eg) x R. For fixed i € N we consider the sets
; — U; t
M; :={(x,z) € Q¢ xR | Uj(x,z) =t} = graph = )
l l

Note that these graphs are classical solutions of inverse mean curvature flow one dimension
higher. This can be seen by computing

DU;
d' n - DU
e

which is equivalent to (IMCF) since |DU;| = H > 0 (see Remark 2.2). The Neumann condi-
tion is satisfied as well since the normal to X" x R is given by it = (i, 0) and

DpUi = Dyui =0 onodsQe; X R.

Therefore, Lemma 4.6 implies that U; is a weak solution in (F L, \ Eo,¢;) x R and thus the



254 Marquardt, Weak solutions of IMCF for hypersurfaces with boundary

compactness result, Lemma 4.4 implies that U is a weak solution in (2 \ Eg) x R. To deduce
that u is a weak solution in Q¢ := Q \ E( we use the cutoff functions

1 for z € [0, 5],
) forz € [-1,0],
O, R—->R, zb Pg(z):= (s) orz el |
d(s—z) forzel[s,s+ 1],
0 forz e R\ [-1,s + 1],

where @ is chosen such that ®; € C!(R) with ®4(z) € [0, 1] and |®%(z)| < 2 for all z € R.
As a competitor to U(x, z) = u(x) we use

V:iQoxR, (x,2) > V(x,z):= d5(z)v(x) + (1 — Dg(2))u(x)

where v € LY1(Q) with {u # v} C K and K a compact subset of Q. We compute that

loc
|Dx V| < ®s|Dxv| + (1 — )| Dxul + |(D;||v —ul.
Since {U # V} C K x[—1,5 + 1] CC Qo x R, we have
JuU) < Ju(V),

i.e.
/ ®, (D + u| Dyu]) di(x. 2)
Kx[—1,s+1]

s/ (@(1Dxv| + | Dyul) + @4 ][v — ) dA(x. 2).
Kx[—1,54+1]

This implies
shy(u) < (s +2)Jy(v) + 4/ |[v —u|dA(x).
K

Dividing by s and passing s — oo proves that Jy, (1) < J,,(v). Finally, we extend u negatively
to Eg in order to satisfy Eg = {u < 0}. m]

Finally, we can state and prove our main existence and uniqueness result for weak
solutions of inverse mean curvature flow for hypersurfaces with boundary:

Theorem 4.8 (Existence and uniqueness of weak solutions). Let X", Eq, Eg ¢ and (*)e,z
be defined as above. Assume that an admissible subsolution up,_ of problem (x)e,L, exists
such that Fp, = {up < Lg} satisfies condition (2.2). Let u be an admissible solution of
problem (%) ¢ such thatu > —&' 7 for some y € (0,1) and that |Du|x, < c; independently
of €. Then there exists a weak solution u € Clgél (2) of problem (x) with initial condition Eg
such that for all t > 0 the sets E; := {u <t} are the unique precompact minimizers of Jy

in 2\ Eo.

Proof.  Proposition 3.13 provides a sequence of solutions (u;);en of (*)g;, L, which
converges locally uniformly to a function u € C2:1(Q2 \ E¢). Then Lemma 4.7 implies that u
is a weak solution of () in Q¢ := Q \ Eg with initial condition E¢. Finally, Lemma 4.5 shows
that u is the unique weak solution as long as E; remains precompact. m)
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In particular, Theorem 4.8 holds in the following situation.

Corollary 4.9. Letn > 2 and let ¢ > 0 be sufficiently small. Let Eq, Eq ¢ and (x)g ¢ be
defined as above. Furthermore, let X" be given as the graph of a convex C3-function which
is asymptotic to a cone in the sense that (3.1) holds. Then the conditions of Theorem 4.8 are
satisfied.

Proof. By Corollary 3.14 the assumptions assure that all conditions in Proposition 3.13
are satisfied. O

5. Properties of weak solutions
For minimizers of the functional J;, we obtain the following regularity.

Lemma 5.1. Let u € CL1(A). Let E C Q be a minimizer of the functional Jy. Then

ocC

05 E is a subset of a C 1’Uz-hypersz,trface and
H*OQE\OSE) =0 forallk >n—8

where 0, E is the reduced boundary of E in Q.

Proof. Sinceu € Clgél (A), we see that minimizers of J,, are almost minimal in the sense
that for balls of radius R we have

(5.1) 05 E N Bg| < [05F N Br| + C(|| Duloc. n)R* !

for EAF CC Bpg. Thus [32, Theorem 1] yields the result. See also [24]. O

For classical solutions of (IMCF) we have H = |Du|. Now we want to show that this
equality still holds in a weak sense for minimizers of J,. Recall, that for C2-submanifolds M"
of R**1 with (n — 1)-dimensional C!-boundary 9M" and C!-vector fields X the following
equality holds:

(diVMnX—HV'X)d/,L:—/ X -nds
M" oM"

where 7 is the inward pointing unit co-normal of 0M" (see [29]). Note that if M" and X" met
orthogonally, the right-hand side would vanish for variations X which are tangential along X"

Definition 5.2. We say that the hypersurface M" possesses a weak mean curvature
in L? if there exists a vector-valued function H € LP (M",R"*1) such that

(5.2) / (divpygn X — H - X)du =0
Mn
forall X € C°(TM") with spt X N oM"™ = @. Furthermore, we say that M" is weakly ortho-

gonal to X" if condition (5.2) holds for all X € CZ°(TM"™) which are tangential along X",
ie. X(x) € Ty X" forx € X",
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Lemma 5.3 (Weak mean curvature). Leta,b € Ry witha < b and let E; == {u <t}
minimize Jy, in A := Ep \ Eq where u € Clgél (A). Then up to a set of dimension less than or
equalton —8, M[' :== 0qE;isaC 1,1/2 -hypersurface which possesses a weak mean curvature
in L*° given by

Du(x)

| Du(x)]
foralmost everyt € (a,b) and almost every x € M]'. Furthermore, for those values of t, M[* is
orthogonal to X" in the classical sense in any neighborhood of points x € 05 E; N X",

H(x) = |Du(x)|v(x) wherev(x) :=

Proof. Let U C R"*1 be open such that U N A # @, and let K C U be compact such
that K N M # 0. We consider a family of diffeomorphisms

O:(—-L,)xU —-U, (x,5) ®(s,x)=: Dg(x)

satisfying
. . 0d(s, x)
Qo =id, Psly\kx = id|v\k, s leo = X(@p(x)) = X(x)
where X is a smooth vector field with support in K and tangential to X" if K N X" # @. Note
that .
0%5 " (») —1
3 ls—o (®g " (»)) )

By Lemma 4.3 the function u minimizes J,, in Ep, \ E,. Therefore, the first variation of Jy,
vanishes. We use the area and co-area formula to compute

d -
0= aL:o‘]u(u ° q)s 1)

b
=§S\S=O( fU |Du(x)] - | det Dy (x)| dAx) + / /MW (U)<uoq>;1)(y)d3en(y>dz)

b
= / / (divarr X(x) — Du(x) - X(x)) dF" (x) dr.
a JMINU

The Lebesgue Differentiation Theorem implies that the inner integral vanishes for almost
every t € (a,b). Thus, a comparison with (5.2) yields the result. The fact that we obtained (5.2)
for all vector fields which are tangential to X" shows that M/* is weakly orthogonal to X".
Combining the fact that E; is almost minimal, i.e. (5.1) with the existence of a weak mean cur-
vature in L°° one can argue as in [8] or [7] and apply the results of [9] to prove the regularity
result of Lemma 5.1 up to the boundary of M. This implies that M/ meets X" orthogonally
in the classical sense in any neighborhood of points in 95, E; N X", m)

Now we come to a geometric characterization of the jumps of the hypersurfaces which
occur under the weak flow.

Definition 5.4. Let A C Q be relatively open in 2. The set £ C 2 is called a minimiz-
ing hull in A if for all sets F' C Q and all compact sets K C A containing F \ E we have

0GE N K| <|ogF NK| forF DE.
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Furthermore, E is called a strictly minimizing hull in 4 if E is a minimizing hull in A and in
addition
PGENK|=[06FNK| = ENA=FnNA.

Let £ C 2 be some measurable set and let A C 2 be relatively open in 2. We consider
the family (E,),es of the Lebesgue points of strictly minimizing hulls in A which contain E.
Using this family we define the strictly minimizing hull of £ in A4 as

E) = ﬂ E,.
e

Note that up to a set of measure zero E/; may be realized by a countable intersection and
therefore E'; is a strictly minimizing hull and open (compare with [1, Definition 2.1]).

The following lemma provides a description of the jumping time.

Lemma 5.5 (Minimizing hull property). Letu € C2.1(Q) satisfy (11). Then:
(1) Fort >0, E; := {u <t} is a minimizing hull in Q.
(2) Fort >0, E;" = int{u <t} is a strictly minimizing hull in <.
(3) Fort >0, E;, = E t+ , provided that E t+ is precompact.
(4) Fort >0, |05 E;| = |05 E | provided that E" is precompacct.
Note that 4) holds for t = 0 if, and only if, Eg is a minimizing hull.

Proof.  See [11, Minimizing Hull Property 1.4]. ]
As for the classical flow the rescaled surface area is constant:

Lemma 5.6 (Exponential growth). Let (E;)s>o solve () with initial condition Ey.
As long as E; remains precompact, we have

|05 E¢| = ce', ceR,1>0.

If Eo is a minimizing hull, then ¢ = [0g Eo|.

Proof. See [11, Lemma 1.6]. O

6. Outlook: Monotonicity of the Hawking mass

The evolution of closed hypersurfaces under inverse mean curvature flow (IMCF) was
put forward by Geroch [5] and Jang and Wald [13] as an approach to the proof of the Positive
Mass Theorem. They observed the monotonicity of the Hawking mass

M2 |12 >
—\ 167 — H~*d
(16n)3/2( e )

under IMCF and showed that if IMCF remained smooth, this monotonicity could be used to
prove the Riemannian Penrose inequality and thus the Positive Mass Theorem. Unfortunately,

MHaw (Mz) =
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IMCEF does not remain smooth in general. However, the Positive Mass Theorem was proved
by Schoen and Yau [26] using a different approach. The big achievement of Huisken and
Ilmanen [11] was to define weak solutions of IMCF which still keep mpy,w monotone. This
enabled them to prove the Riemannian Penrose inequality. See also Bray [2] for a different
approach.

In the following we introduce an analog quantity of mp,y. We prove its monotonicity
under classical IMCF for hypersurfaces with boundary. The justification of the monotonicity
in the weak setting will be carried out in a forthcoming paper.

Proposition 6.1. Let ¥2, Mg 2 C R3 be orientable C?>**-surfaces. Suppose oM, 2 cx?
such that Mg 2 touches ¥* orthogonally Let (M?)>0 C R3 be a classical solution of (IMCF)
such that each M,2 is connected. If £? is mean-convex, i.e. Dyl > 0, then the quantity

|M,2|1/2(8n —/ . H? d,ut)
Mt

is monotone increasing in t.

Proof. Note that

0H AH |A]> 2|VH|?

o0 H? H H3
The evolution equation can be found in [11] and the formula for V,, H follows from differenti-
ating 0 = p - v in time:

d dv du VH \Yy7)
0=— ’ =\7>5. ’ ) ) .
AL <dt “>+<” dt> <H2 “>+<” H

Furthermore, we use the Gauss equation 2K = H? — | A|? and the Gauss—Bonnet formula

and V,H =-H 2:zh(v,v).

Kd,u=2n—/ kg ds =27T—/ Zzh(t,r)ds.
M? oM?

M2 0

Here kg is the geodesic curvature of the boundary curve. It can be expressed as the second
fundamental form of £? in direction T € TM? N T'X? where |t| = 1. Putting everything
together we obtain

d H2d —/ H? 4+ 2H AH VAP AP d
/"Lt_ Mtz H2 H3 H /’Lt

VHI|?
:/ (H2_2|A|2_ | | )d ,+2/ H™'V, Hds,
M2 H?

H? 52
< 2K — — ) du; —2 h(v,v)ds;
M? 2 oM?

t

1
< —(871—/ szm) —2/ Z*H ds,.
2 M? aM?

Using the exponential growth of |M,2| proven in Lemma 5.6 and the fact that X2 is mean-
convex yields the desired monotonicity. m)
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In case that ¥2 is convex we obtain
d

— H2d <0.
ar Mt

This does not require the Gauss—Bonnet formula and is therefore valid in all dimensions. Note
that Proposition 6.1 still holds if we replace R3 by a Riemannian 3-manifold with positive
scalar curvature.

A. Linear mixed Dirichlet-Neumann problems

Definition A.1. Let 2 C R” be a bounded Lipschitz domain. We denote by X a rela-
tively open part of 02 and write 0 = 02 \ X. Let u be the outward pointing unit normal to €2
on X. We consider the following mixed Dirichlet—-Neumann boundary value problem:

Lu = aijDiju + kaku = f inQ,
(A.1) w*Dyu=0 onx,
uU=7vV ono,

where L is assumed to be uniformly elliptic and X, o are supposed to be subsets of C2*%-hyper-

surfaces. Since the domain might have corners, we introduce weighted Holder spaces to allow
for less regular solutions. For § > 0 sufficiently small we define

= {x € Q| dist(x,0Q \ ) > §}.

Using the classical Holder norms || - ||, .. as they appear in [17] we define
b b b
lull? o = gupsb”*“nunka o HD@ = | ul (). < oo}

fork e N,a € (0,1)and b > —k — «.
These norms have the following useful properties.

Lemma A.2. Letky,ky,k,l e Nanda,B € (0,1). Ifk + o > 1 + B, then

Letki+oa>b > 0.If (uy)nen C H( b)(Q) is bounded, then there is a subsequence (Un; )keN
such that
HE ()
Up, — > u (k — 00)

forO<b' <b,0<ky+ B <ky+aandk, + B > Db’

Proof. See [18, Section 1] and the introduction of [19]. O

Now we can state the existence and regularity result for mixed elliptic boundary value
problems which is due to Lieberman [20, 21].
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Theorem A.3. Let X, 0 be subsets of C**-hypersurfaces. Let @ C R" be a bounded
Lipschitz domain with boundary 0Q = o U X where ¢ and X are relatively open in 0S2.
Assume that a is uniformly continuous in Q and that L is uniformly elliptic. Furthermore,
assume that for all x € V := & N X the boundary parts o and ¥ enclose the domain at an
angle 0 < 0(x) < Opax < % Then there exists some B(Omax) € (0, 1) such that if

a’ e HO@)., b en{P@). feH{P@). vech@),

then there exists a unique solutionu € C°(Q) N C2(L U X) of (A.1). Furthermore, each such
solution of (A.1) satisfies the estimate

Il ol < CALLIS s + vl pig)-

Proof. The existence and uniqueness result can be found in [20, Theorem 2]. The reg-
ularity result is a variant of [21, Theorem 4]. It relies on a modification of the height estimate
[21, Lemma 3.3]. This modification is necessary in order to match with the definition of the
weighted norm which is used in [20]. O
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