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Abstract: We consider the time evolution of a system of N identical bosons whose
interaction potential is rescaled by N ~!. We choose the initial wave function to describe
a condensate in which all particles are in the same one-particle state. It is well known
that in the mean-field limit N — oo the quantum N-body dynamics is governed by the
nonlinear Hartree equation. Using a nonperturbative method, we extend previous results
on the mean-field limit in two directions. First, we allow a large class of singular inter-
action potentials as well as strong, possibly time-dependent external potentials. Second,
we derive bounds on the rate of convergence of the quantum N-body dynamics to the
Hartree dynamics.

1. Introduction

We consider a system of N identical bosons in d dimensions, described by a wave
function Wy € H™), Here

HN = L2RN dx; - - - dxy)

is the subspace of LZ(RN‘J, dx - - -dxpy) consisting of wave functions Wy (x1, ..., xy)
that are symmetric under permutation of their arguments xi,...,xy € R?. The
Hamiltonian is given by
al 1
HN=Zh,-+N > wli —x)). (1.1)
i=1 1<i<j<N

where h; denotes a one-particle Hamiltonian /4 (to be specified later) acting on the coor-
dinate x;, and w is an interaction potential. Note the mean-field scaling 1/N in front of
the interaction potential, which ensures that the free and interacting parts of Hy are of
the same order.
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The time evolution of Wy is governed by the N-body Schrodinger equation
10,Wn(1) = HyWy (), Wn(0) =Wy po. (1.2)

For definiteness, let us consider factorized initial data Wy o = gogz’N for some ¢g €
L*(R?) satisfying the normalization condition ||go || ;2ga) = 1. Clearly, because of the
interaction between the particles, the factorization of the wave function is not preserved
by the time evolution. However, it turns out that for large N the interaction potential expe-
rienced by any single particle may be approximated by an effective mean-field potential,
so that the wave function W (#) remains approximately factorized for all times. In other
words we have that, in a sense to be made precise, Wy (1) ~ (p(t)®N for some appropriate
@(t). A simple argument shows that in a product state ¢(1)®" the interaction potential
experienced by a particle is approximately w * |¢(r)|?, where % denotes convolution.
This implies that ¢(¢) is a solution of the nonlinear Hartree equation

i09() = ho@) +(wxlp®)e@),  ¢0) = . (1.3)

Let us be a little more precise about what one means with Wy ~ ¢®V (we omit the
irrelevant time argument). One does not expect the L2-distance H Yy — ¢®N H L2(RNd)
to become small as N — oo. A more useful, weaker, indicator of convergence should
depend only on a finite, fixed! number, k, of particles. To this end we define the reduced
k-particle density matrix

k
V;E/) = Trpe1, N [N (PN,

where Triy1, v denotes the partial trace over the coordinates xi4p,...,xy, and
|W ) (W | denotes (in accordance with the usual Dirac notation) the orthogonal projector

onto Wy . In other words, ylflk )is the positive trace class operator on Li(de ,dxq---dxg)
with operator kernel

k
V},)(M,...,xk;yl,...,yk)

=/dxk+1 coedxyUN L L XN)YNODL - YE Xk - XN

The reduced k-particle density matrix yli,k) embodies all the information contained in
the full N-particle wave function that pertains to at most k particles. There are two

commonly used indicators of the closeness yjslk) ~ (|g) (@) ®k: the projection
(k) . koK) Qk
Ey =1—{9% vy ¢®)

and the trace norm distance
k k
RY =Te |y = 40) D], (1.4)

It is well known (see e.g. [9]) that all of these indicators are equivalent in the sense
that the vanishing of either Rg\ll‘) or E;{,() for some k in the limit N — oo implies that

limy RI(\/;/) = limy E%‘/) = 0 for all k¥’. However, the rate of convergence may differ

1 In fact, as shown in Corollary 3.2, kK may be taken to grow like o(N).
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from one indicator to another. Thus, when studying rates of convergence, they are not
equivalent (see Sect.2 below for a full discussion).

The study of the convergence of yy, () (t) in the mean-field limit towards (|¢(?))
(@(t))®* for all 7 has a history going back almost thirty years. The first result is due to
Spohn [13], who showed that lim RI(\];) (t) = O for all t provided that w is bounded. His
method is based on the BBGKY hierarchy,

k

iy 0 =2 [y O]+ 5 D [wei =) vy 0]
i=1 l<t<]<k
Nk .
=), v 0], (1.5)

i=1

an equation of motion for the family (J/]E,k) (t))ren of reduced density matrices. It is a
simple computation to check that the BBGKY hierarchy is equivalent to the Schroding-
er equation (1.2) for Wy (¢). Using a perturbative expansion of the BBGKY hierarchy,
Spohn showed that in the limit N — oo the family (y]i,k) (t))ren converges to a family

(yéif) (t))ren that satisfies the limiting BBGKY obtained by formally setting N = oo in
(1.5). This limiting hierarchy is easily seen to be equivalent to the Hartree equation (1.3)
via the identification y(k) (1) = (Jo()) (@(1)])®*. We refer to [3] for a short discussion
of some subsequent developments.

In the past few years considerable progress has been made in strengthening such

results in mainly two directions. First, the convergence limy Rz(\]/() (t) = 0 for all ¢ has
been proven for singular interaction potentials w. It is for instance of special physical
interest to understand the case of a Coulomb potential, w(x) = A|x|~!, where A € R.
The proofs for singular interaction potentials are considerably more involved than for
bounded interaction potentials. The first result for the case 1 = —A and w(x) = A|x| -1
is due to Erd6s and Yau [3]. Their proof uses the BBGKY hierarchy and a weak com-
pactness argument. In [1], Schlein and Elgart extended this result to the technically more
demanding case of a semirelativistic kinetic energy, # = /1 — A and w(x) = Alx|~L.
This is a critical case in the sense that the kinetic energy has the same scaling behav-
iour as the Coulomb potential energy, thus requiring quite refined estimates. A different
approach, based on operator methods, was developed by Frohlich et al. in [4], where
the authors treat the case # = —A and w(x) = A|x|~!. Their proof relies on dispersive
estimates and counting of Feynman graphs. Yet another approach was adopted by Rod-
nianski and Schlein in [12]. Using methods inspired by a semiclassical argument of Hepp
[6] focusing on the dynamics of coherent states in Fock space, they show convergence
to the mean-field limit in the case h = —A and w(x) = Alx|~!

The second area of recent progress in understanding the mean-field limit is deriv-
ing estimates on the rate of convergence to the mean-field limit. Methods based on

expansions, as used in [13 and 4], give very weak bounds on the error Rl(\})(t), while
weak compactness arguments, as used in [3 and 1], yield no information on the rate of
convergence. From a physical point of view, where N is large but finite, it is of some
interest to have tight error bounds in order to be able to address the question whether
the mean-field approximation may be regarded as valid. The first reasonable estimates
on the error were derived for the case h = —A and w(x) = Alx|~! by Rodnianski and
Schlein in their work [12] mentioned above. In fact they derive an explicit estimate on
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the error of the form

for some constants C (k), C2(k) > 0. Using anovel approach inspired by Lieb-Robinson
bounds, Erdés and Schlein [2] further improved this estimate under the more restrictive
assumption that w is bounded and its Fourier transform integrable. Their result is

k Ci
RI(V)(I) < FGCZkeC‘%[,

for some constants Cy, Cp, C3 > 0.

In the present article we adopt yet another approach based on a method of Pickl [10].
We strengthen and generalize many of the results listed above, by treating more singular
interaction potentials as well as deriving estimates on the rate of convergence. Moreover,
our approach allows for a large class of (possibly time-dependent) external potentials,
which might for instance describe a trap confining the particles to a small volume. We
also show that if the solution ¢(-) of the Hartree equation satisfies a scattering condition,
all of the error estimates are uniform in time.

The outline of the article is as follows. Section 2 is devoted to a short discussion
of the indicators of convergence E](\];) and R;];), in which we derive estimates relating
them to each other. In Sect. 3 we state and prove our first main result, which concerns the
mean-field limit in the case of L>-type singularities in w; see Theorem 3.1 and Corollary
3.2.In Sect.4 we state and prove our second main result, which allows for a larger class
of singularities such as the nonrelativistic critical case 1 = —A and w(x) = A|x]| —2: see
Theorem 4.1. For an outline of the methods underlying our proofs, see the beginnings
of Sects.3 and 4.

Notation. Except in definitions, in statements of results and where confusion is possible,
we refrain from indicating the explicit dependence of a quantity ay (¢) on the time ¢ and
the particle number N. When needed, we use the notations a(¢) and a|; interchangeably
to denote the value of the quantity a at time 7. The symbol C is reserved for a generic
positive constant that may depend on some fixed parameters. We abbreviate a < Cb
with a < b. To simplify notation, we assume that ¢ > 0.

We abbreviate L”(R?, dx) = L? and ||-||zr = lI-lp. We also set |||l .2 qwaay = |-
For s € R we use H® = H*(R?) to denote the Sobolev space with norm || f| s =
|| 1+ |k|2)s/2f|‘2, where f is the Fourier transform of f.

Integer indices on operators denote particle number: A k-particle operator A (i.e.
an operator on H(k)) acting on the coordinates x;,, ..., x;,, where i} < --- < i, is
denoted by A;, ;.. Also, by a slight abuse of notation, we identify k-particle functions
f(x1, ..., xz) with their associated multiplication operators on H®). The operator norm
of the multiplication operator f is equal to, and will always be denoted by, || f||co-

We use the symbol Q(-) to denote the form domain of a semibounded operator. We
denote the space of bounded linear maps from X to X, by £(X1; X»), and abbreviate
L(X) = L(X; X). We abbreviate the operator norm of L(LZ(RN")) by ||-||. For two
Banach spaces, X and X5, contained in some larger space, we set

LUl + 1 £21x).

I f lxinxs = I1LF g + 11F 1 x
and denote by X1 + X» and X1 N X» the corresponding Banach spaces.

= inf
||f||X1+Xz F=fit
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2. Indicators of Convergence

This section is devoted to a discussion, which might also be of independent interest, of

quantitative relationships between the indicators £ 1(\1;) and R%). Throughout this section
we suppress the irrelevant index N.

Take a k-particle density matrix y® e £(H®) and a one-particle condensate wave
function ¢ € L2. The following lemma gives the relationship between different elements
of the sequence E M ED . where, we recall,

E® =1 — (p®k, y® @), @2.1)
Lemma 2.1. Let y© e L(H®) satisfy
y© >0 Try®=1.
Let ¢ € L? satisfy |¢|| = 1. Then
E® <k ED. (2.2)

Proof. Let (@Ek))i>1 be an orthonormal basis of H® with ®* = ¢k Then

[0,y 0 o) = 3 (p @ 8% B o @ o)
i1

_ 2(90 ® cpl(k—l) ’ 7/(k) R cI)l(k—l)>
i>2
k—1 k—1
=g,y ) —Z(cp®d>§ )y o e o ).
i>2

Therefore,

(@, vV o) — (p®k, y® k)
_ Z<‘p @ ok 0, @ kD)

i>2

> 30 00l 0 4 oot

i>2 j>1

_ zz(q);l) & ok, ® cI>§.l) ® o)
i>1 />0

S S (0 Pt 0 g g gBk-D)

i1

- 1= <¢®(k—1) ,

N

(k—1) ®(k—1)).

14 ¢

This yields
E® < E*=D 4 E(l),

and the claim follows. O
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Remark 2.2. The bound in (2.2) is sharp. Indeed, let us suppose that E® < & f(k) EDD
for some function f. Then

sup $>limJ:l’

k) >
fo = Sllp kE(l) O<a<l ka a—0 ka

where the second inequality follows by restricting the supremum to product states y ©) =
(1) (¥ )®* and writing @ = E

The next lemma describes the relationship between E &) and R®, where, we recall,
RO =Tr [y — (lp) (0D ®].

Lemma 2.3. Let y® € L(H®) be a density matrix and ¢ € L? satisfy ||¢|| = 1. Then

E(k) < R(k), (2321)
R® < VSE®, (2.3b)

Proof. It is convenient to introduce the shorthand
P = (o) D .
Thus,
E® =1 — (8 0 @) = T (p®) — p®,®) < @ T [0 - ®)| = RO,
which is (2.3a). In order to prove (2.3b) it is easiest to use the identity

Tr ip(k) _ )/(k)| -2 ”p(k) —y (2.4)

valid for any one-dimensional projector p® and nonnegative density matrix y ©). This
was first observed by Seiringer; see [12]. For the convenience of the reader we recall the
proof of (2.4). Let (A,),cN be the sequence of eigenvalues of the trace class operator
A :=y® — p® Since p® is a rank one projection, A has at most one negative eigen-
value, say Ao. Also, Tr A = 0 implies that >, A, = 0. Thus, >, |A,| = 2|A¢l|, which is
(2.4).

Now (2.4) yields

2
RO _ Tr |p(k) _ ]/(k)| ) ”p(k) _ y(k)” <2 Tr(p(k) — y(k)) .
Then (2.3b) follows from
Tr(p(k)_y(k))2:1_2Tr(p(k)y(k)) +Tr(y ") < E® — (p(k)y(k)) 1=2£E%®

Alternatively, one may prove (2.3b) without (2.4) by using the polar decomposition
and the Cauchy-Schwarz inequality for Hilbert-Schmidt operators. 0O
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Remark 2.4. Up to constant factors the bounds (2.3) are sharp, as the following examples
show. Here we drop the irrelevant index k. Consider first

(1 _(l=a O
(p - O ’ V - 0 a ’
where 0 < a < 1. As above we set p := |¢)(p|. One finds

E=1—-{p,y9)=a, R=Tr|lp—y|=2a,

so that (2.3a) is sharp up to a constant factor.

It is not hard to see that if y and p commute then (2.3b) can be replaced with the
stronger bound R < E. In order to show that in general (2.3b) is sharp up to a constant

factor, consider
1 _( 1—-a ~Va—a?
L U AR W/

where 0 < a < 1. One readily sees that y is a density matrix (in fact, a one-dimensional
projector). A short calculation yields

E=1—(p,y¢)=a
as well as
Tr|y(1 - p)| = Va.
Using
Trly(1—p)|=Tr|ly —p+p—yp| <2 Trlp -y

we therefore find

ol

VE
R=Trlp—y| > -

’

as desired.

3. Convergence for L2-type Singularities

This section is devoted to the case w € L2 + L°°.
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3.1. Outline and main result. Our method relies on controlling the quantity

an(t) = EV (). (3.1)
To this end, we derive an estimate of the form
an() < Ay@®) +By(@)ay(t), (3.2)

which, by Gronwall’s Lemma, implies

1 t t

an(t) < ay(0)eh By +/ An(s)els BN ds. (3.3)
0

In order to show (3.2), we differentiate oy () and note that all terms arising from the

one-particle Hamiltonian vanish. We control the remaining terms by introducing the

time-dependent orthogonal projections

p@) = le®Ne®I|, q@) =1— p().

We then partition 1 = p(¢) + g(¢) appropriately and use the following heuristics for
controlling the terms that arise in this manner. Factors p(¢) are used to control singular-
ities of w by exploiting the smoothness of the Hartree wave function ¢(¢). Factors g (¢)
are expected to yield something small, i.e. proportional to o (), in accordance with the
identity an (1) = (VN (1), q1 (1) WN (1)).

For the following it is convenient to rewrite the Hamiltonian (1.1) as

N
1 0 w
Hy = Zhi+ﬁ Z W;; = Hy+H)Y, (3.4)
i=1 1<i<j<N
where W;; = w(x; — x;). We may now list our assumptions.

(A1) The one-particle Hamiltonian 4 is self-adjoint and bounded from below. Without
loss of generality we assume that 2z > 0. We define the Hilbert space Xy =
Q(Hl(\),) as the form domain of H1(\)/ with norm

IWllxy = |1+ HD2|.

(A2) The Hamiltonian (3.4) is self-adjoint and bounded from below. We also assume
that Q(Hy) C Xn-

(A3) The interaction potential w is a real and even function satisfying w € LP! + LP2,
where 2 < p; < pr < 00.

(A4) The solution ¢(-) of (1.3) satisfies

9() € CR; X NLMNC'R; X7),
where 2 < ¢» < g1 < oo are defined through
1 1 1 )
- = —+ —, i=1,2. (3.5)
2 pi qi
Here X T denotes the dual space of X1, i.e. the closure of L? under the norm
lpllxs == I1(L+ )~ g].
‘We now state our main result.



Mean-Field Dynamics: Singular Potentials and Rate of Convergence 109

Theorem 3.1. Let Wy o € Q(Hy) satisfy |Wnoll = 1, and @9 € X1 N L9 satisfy
lpoll = 1. Assume that Assumptions (A1) — (A4) hold. Then

1
an(t) < (aN(0> + —) e?®),
N
where

t
(1) = 320wl s /O ds (05l + 10 llgn).

We may combine this result with the observations of Sect. 2.

Corollary 3.2. Let the sequence Wy o € Q(Hy), N € N, satisfy the assumptions of
Theorem 3.1 as well as

1
EQ0) < 5

Then we have

k k
) B (1) (k) / #(1)/2
EV (1) < e’ RY (1) < e .
N (0 ~ N N () ~ N

Remark 3.3. Corollary 3.2 implies that we can control the condensation of k = o(N)
particles.

Remark 3.4. Assumption (A3) allows for singularities in w up to, but not including, the
type |x|~>/? in three dimensions. In the next section we treat a larger class of interaction
potentials.

Remark 3.5. Assumption (A4) is typically verified by solving the Hartree equation in a
Sobolev space of high index (see e.g. Sect.3.2.2). Instead of requiring a global-in-time
solution ¢(-), it is enough to have a local-in-time solution on [0, T') for some T > O.

Remark 3.6. If sup, ¢ (t) < oo, or in other words if [|¢(#) ||, and ||¢(#)]|4, are integrable
in ¢ over R, then all estimates are uniform in time. This describes a scattering regime
where the time evolution is asymptotically free for large times. Such an integrability
condition requires large exponents g;, which translates to small exponents p;, i.e. an
interaction potential with strong decay.

Remark 3.7. The result easily extends to time-dependent one-particle Hamiltonians
h = h(t). Replace (A1) and (A2) with

(A1’) The Hamiltonian %(¢) is self-adjoint and bounded from below. We assume that
there is an operator ko > 0 that such that 0 < h(¢) < ho for all 7. Define the
Hilbert space Xy = Q(>;(ho);) as in (Al).

(A2’) The Hamiltonian Hy (¢) is self-adjoint and bounded from below. We assume that
Q(Hp (1)) C Xy forall . We also assume that the N-body propagator Uy (¢, s),
defined by

10, Un(t,8) = Hy(D)Un(t,5),  Un(s,s) =1,
exists and satisfies Uy (¢, 0)Wy 0 € Q(Hn (¢)) for all ¢.
It is then straightforward that Theorem 3.1 holds with the same proof.
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Remark 3.8. In some cases (see e.g. Sect.3.2.1 below) it is convenient to modify the
assumptions as follows. Replace (A3) and (A4) with

(A3’) The interaction potential w is a real and even function satisfying

Jw? =10l < K llel, (3.6)

for some constant K > 0. Without loss of generality we assume that K > 1.
(A4’) The solution ¢(-) of (1.3) satisfies

¢() € CR; X1) NC'(R; XP).
Then Theorem 3.1 and Corollary 3.2 hold with

t
p(t) = 32K /0 dslle)%,-

The proof remains virtually unchanged. One replaces (3.24) with (3.6), as well as (3.20)
with

Jw = lel?| o < 2K llel%,.

which is an easy consequence of (3.6).

3.2. Examples. We list two examples of systems satisfying the assumptions of Theorem
3.1.

3.2.1. Particles in a trap. Consider nonrelativistic particles in R? confined by a strong
trapping potential. The particles interact by means of the Coulomb potential: w(x) =
klxl_l, where A € R. The one-particle Hamiltonian is of the form 7 = —A + v, where
v is a measurable function on R3. Decompose v into its positive and negative parts:
v = vy — v_, where vy, v— > 0. We assume that v, € LllOC and that v_ is —A-form
bounded with relative bound less than one, i.e. there are constants 0 < a < 1 and
0 < b < oo such that

(p,v_9) < alp, —Ap) +b{p, ¢). 3.7

Thus h + b1 is positive, and it is not hard to see that % is essentially self-adjoint on
cx (R3). This follows by density and a standard argument using Riesz’s representa-
tion theorem to show that the equation (2 + (b + 1)1)¢ = f has a unique solution
pefpel?: hpe L?*) foreach f e L.

It is now easy to see that Assumptions (A1) and (A2) hold with the one-particle
Hamiltonian 4 + c1 for some ¢ > 0. Let us assume without loss of generality that c = 0.
Next, we verify Assumptions (A3’) and (A4’) (see Remark 3.8). We find

)»2
/ dy SleP| S (0. —Ap)
lx =yl

|w? s 1ol . = sup
X

S e ho) + (9. 9) = ok,

where the second step follows from Hardy’s inequality and translation invariance of A,
and the third step is a simple consequence of (3.7). This proves (A3’).
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Next, take @9 € X1. By standard methods (see e.g. the presentation of [7]) one finds
that (A4’) holds. Moreover, the mass | ¢(7)||> and the energy

Py — l _ 2 2
E?(1) = [<¢,h<p>+2/dxdy w(x — Y| le(y)l }

t

are conserved under time evolution. Using the identity |x|™! < ]l{|x|<8}8|x|_2 +
1{jx|=e}¢ " and Hardy’s inequality one sees that

le%, S EY®) + lle@®|?,

and therefore ||¢(?)| x, < C for all . We conclude: Theorem 3.1 holds with ¢ (t) = Ct.
More generally, the preceding discussion holds for interaction potentials w € L3w + L,
where L% denotes the weak L? space (see e.g. [11]). This follows from a short computa-
tion using symmetric-decreasing rearrangements; we omit further details. This example
generalizes the results of [3,12 and 4].

3.2.2. A boson star. Consider semirelativistic particles in R? whose one-particle Hamil-
tonian is given by 4 = 4/1 — A. The particles interact by means of a Coulomb potential:
wx) = Alx|~L We impose the condition A > —4 /. This condition is necessary for
both the stability of the N-body problem (i.e. Assumption (A2)) and the global well-po-
sedness of the Hartree equation. See [7,8] for details. It is well known that Assumptions
(A1) and (A2) hold in this case.

In order to show (A4) we need some regularity of ¢(-). To this end, let s > 1 and
take @9 € H*®. Theorem 3 of [7] implies that (1.3) has a unique global solution in H*.
Therefore Sobolev’s inequality implies that (A4) holds with

1 1

N
q 2 3
Thus g; > 6, and (A3) holds with appropriately chosen values of py, p>. We conclude:
Theorem 3.1 holds for some continuous function ¢ (¢). (In fact, as shown in [7], one has
the bound ¢ (r) < e€’.) This example generalizes the result of [1].

3.3. Proof of Theorem 3.1.

3.3.1. A family of projectors. Define the time-dependent projectors
p@) = lpO)e®].  q@):=1—p).
Write
I=(p1+q1)---(pn +qn), (3.8)

and define P, for k = 0, ..., N, as the term obtained by multiplying out (3.8) and
selecting all summands containing k factors g. In other words,

N
Pe= > J]ri “q" (3.9)

aef{0,1}N : i=1
>iai=k

Ifk #1{0,..., N} we set P, = 0. It is easy to see that the following properties hold:
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(i) Py is an orthogonal projector,
(i)  PePr = b P,
(i) > Pr=1.

Next, for any function f : {0, ..., N} — C we define the operator

F=> fkP. (3.10)
k

It follows immediately that
fg=1re

and that fcommutes with p; and Pr. We shall often make use of the functions

k k
k) = —, k) =,/ —.
m(k) N n(k) =, N
‘We have the relation

1 1 1
N2y 2L 2t =y 2

Thus, by symmetry of W, we get
a=(V,q V)= (V,mVY). (3.12)

The correspondence g1 ~ m of (3.11) yields the following useful bounds.

Lemma 3.9. For any nonnegative function f : {0, ..., N} — [0, 0co0) we have
(¥, fqiw) = (W, Fmw), (3.13)
- N PR
(V. fq192V) < m(‘lf fm*w). (3.14)

Proof. The proof of (3.13) is an immediate consequence of (3.11). In order to prove
(3.14) we write, using symmetry of W as well as (3.11),

o~ 1 o~
(‘I” fCI16]2‘1’) = m%(‘p fCIiCIj‘I’)
1

N N ~
< mZ(\v faiqj¥v) = __1<q;’ Fintw),

i.j
which is the claim. O
Next, we introduce the shift operation 7, n € Z, defined on functions f through
(Tt f)(k) = f(k+n). (3.15)

Its usefulness for our purposes is encapsulated by the following lemma.
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Lemma 3.10. Let r > 1 and A be an operator on H"). Let Q;, i = 1,2, be two
projectors of the form

Qi =#-#,
where each # stands for either p or q. Then

Q1A fOr = Ql;:?Al...rQL

where n = no — ny and n; is the number of factors q in Q;.

Proof. Define

ae{0, )N i=r+l

> ai=k
Then,

Qif =D f(k)QiP=> fk)QiP[_,, = > flk+n)QiPf.
k k k
The claim follows from the fact that Pkr commutes with A{_,. O

3.3.2. A bound on ¢&. Let us abbreviate
W = w ||

From (A3) and (A4) we find W% € L (see (3.20) below). Then id,¢ = (h + W¥)g,
where h + W¥ e L£(X1; X7). Thus, for any ¢ € X independent of t we have

10 (Y. pyv) = (Y. [h+W?, ply).

On the other hand, it is easy to see from (A3) and (A4) that m¥ € Q(H). Combin-
ing these observations, and noting that ¥ € Q(H) C X by (A2), we see that « is
differentiable in ¢ with derivative

a=i(V,[H—H? m|V),
where H? := Y. (h; + W). Thus,
& =i<\¥, [%ZW,-,- - w, n7:|\IJ>
i<j i

By symmetry of W and m we get

&= (¥, [V = DW= NW] = NWY ] w) (3.16)

In order to estimate the right-hand side, we introduce

I =(p1+q1)(p2+q2)



114 A. Knowles, P. Pickl

on both sides of the commutator in (3.16). Of the sixteen resulting terms only three
different types survive:

N, pipa[(N = DWi — NWE — NWY  iii]q1 pa¥), D
N, qipo[ (N = DWip — NW{ — NWY ii]q192 %), (ID)
Hw, pipa[(V = DWia = NWY = NWY  im]qiga®). (1)

Indeed, Lemma 3.10 implies that terms with the same number of factors g on the left
and on the right vanish. What remains is

a = 2(I) + 2(I) + (III) + complex conjugate.

The remainder of the proof consists in estimating each term.

Term (I). First, we remark that
p2Wiaps = paWY. (3.17)

This is easiest to see using operator kernels (we drop the trivial indices x3, y3, ...,
XN, YN

(P2Wi2p2)(x1, x25 y1, ¥2) = /dzw(m) @) w(xy —2)8(x1 — y1) ¢(2) @(y2)
= @(x2) P(y2) 8(x1 — y1) (w * |9 (x1).

Therefore,

“w, pip2[ WY, m]q1pa¥).

@I = (‘1’ pip2[(N = DW] = NWY ,iit]qi pa¥) = 5 {

Using Lemma 3.10 we find

0= (‘IJ pipaW{ (m — t_im)qi p2 V) = ZN(‘I’ pip2W{qip2 V).
This gives
(O] < 757 1W¥lloe = —||w ol .-

By (A3), we may write

w=w+w?®  w®erLr (3.18)
By Young’s inequality,

[w® s 1ol ] o < 1w @y llel?
where rq, rp are defined through

12
1= —+=. (3.19)
pi ri
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Therefore,
lw =l < lwPlp el + 1wl el
2
< (w1, + 1w @) (el + )"

Taking the infimum over all decompositions (3.18) yields

1W¥lloo = [ l0l?| oy < Iwllzmsrr (Il + Igl)” (3.20)
Note that (A3) and (A4) imply
2<ri <q, (3.21)
so that the right-hand side of (3.20) is finite. Summarizing,

1

2
|| < ﬁ||w||LP1+L1’2(||<P||r1 +llellr)". (3.22)

Term (II). Applying Lemma 3.10 to (II) yields
i o~ —
I = 5(‘?,611P2((N — DWip — NWy) (i — T 1m)q192%)

_ iy Nl —we N7
=s\Year\— 12 > a2V ),

so that
1 1 0
|an| < §|(‘If 12 Wigiga V)| + §|(‘IJ 12 W3 12 V)| (3.23)

The second term of (3.23) is bounded by

1 1 2
E”W(p”oo g1 |* < §||w||LP1+LP2(”(P”r1 +lgllr) e,

where we used the bound (3.20) as well as (3.12).
The first term of (3.23) is bounded using Cauchy-Schwarz by

1
5\/(‘1"6]1P2W122P2611‘1’) (¥, q192V)
1

= W gipa(w? % 1012) p2g1 VWV 102 0).

2

This follows by applying (3.17) to W?2. Thus we get the bound

1 1
Sl w2« 0Pl = e/ [w? Il o

We now proceed as above. Using the decomposition (3.18) we get
[w? = 1ol o <20 @) 10 + 2] @) x lol | .
Then Young’s inequality gives

[w®? x 10l ], < [w®];, Il
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which implies that

Jw? %101 o, < 20wi2psp0 (I9llg, + Illg,) . (3.24)

Putting all of this together we get
1 2
D] < Swlzresr [V2(Ielg + l@le) + (Il + lel)* ]

Term (III). The final term (III) is equal to
i o~ —_—
5(\11,191192(N — DWip(m — Tom)q192%)
N-—-1
=i

N

i

(W, pip2[(N = DWWy, m]q192¥) =
2

(W, prpaWing142W),

where we used Lemma 3.10. Next, we note that, on the range of g1, the operator 7 1is

well-defined and bounded. Thus (III) is equal to

N-—1 . N-1
¥ (W, prpaWonn 'qigpV) =i

where we used Lemma 3.10 again. We now use Cauchy-Schwarz to get

(W, pip2Ton Wit ' q1q2 W),

i

)| < /(9. pip2 70 Wh G0 p1pa W)/ (9. A 20102%)

= \/(‘IJ . p1paTon (w?  |@|?) | Tan py Pz\lf)\/(\lf ,mq1g2¥)

<y lw?*le?| ||@WH\/EJW
SN PR Y M

Using the estimate (3.24) we get finally

1

N
|| < 2V20lwllzrisrez (lllg, + I@llg, ) Y1 (05 + N)

Conclusion of the proof. We have shown that the estimate (3.2) holds with

By(t) = 2||lwllzrisrr2 [(Iltp(t)llrl + ||</>(t)llr2)2 +6(le®) g + |I<0(t)||qz)],

B
Ay(t) = 11Vv(t).
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Using L?-norm conservation |¢(7)|| = 1 and interpolation we find ||<p(t)||%i < lle@®llg; -
Thus,

By (1) < 16|wllzrisrr: (100 llg, + llo®)llg,)-

The claim now follows from the Gronwall estimate (3.3).

4. Convergence for Stronger Singularities

In this section we extend the results of the Sect. 3 to more singular interaction potentials.
We consider the case w € LP0 + L°°, where

1 1 1
— = @.1)
po 2 d

For example in three dimensions pg = 6/5, which corresponds to singularities up to, but
not including, the type |x| /2. Of course, there are other restrictions on the interaction
potential which ensure the stability of the N-body Hamiltonian and the well-posedness
of the Hartree equation. In practice, it is often these latter restrictions that determine the
class of allowed singularities.

In the words of [11] (p. 169), it is “venerable physical folklore” that an N-body
Hamiltonian of the form (3.4), with # = —A and w(x) = |x|~¢ for ¢ < 2, produces
reasonable quantum dynamics in three dimensions. Mathematically, this means that such
a Hamiltonian is self-adjoint; this is a well-known result (see e.g. [11]). The correspond-
ing Hartree equation is known to be globally well-posed (see [5]). This section answers
(affirmatively) the question whether, in the case of such singular interaction potentials,
the mean-field limit of the N-body dynamics is governed by the Hartree equation.

4.1. Outline and main result. As in Sect. 3, we need to control expressions of the form
lw? s |@|?|loo. The situation is considerably more involved when w? is not locally inte-
grable. An important step in dealing with such potentials in our proof is to express w as
the divergence of a vector field £ € L2. This approach requires the control of not only
o =gV ||2 but also [|Vigq1 ¥ |12, which arises from integrating by parts in expressions
containing the factor V - £. As it turns out, §, defined through

By () = (Vy 7 Wy) (4.2)

1

does the trick. This follows from an estimate exploiting conservation of energy (see
Lemma 4.6 below). The inequality m < n and the representation (3.12) yield

a < B. (4.3)
We consider a Hamiltonian of the form (3.4) and make the following assumptions.

(B1) The one-particle Hamiltonian # is self-adjoint and bounded from below. Without
loss of generality we assume that 7 > 0. We also assume that there are constants
K1, k2 > 0 such that

—A<Kk1h+ky,

as an inequality of forms on H(D.
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(B2) The Hamiltonian (3.4) is self-adjoint and bounded from below. We also assume
that Q(Hy) C Xy, where Xy is defined as in Assumption (Al).
(B3) There is a constant k3 € (0, 1) such that
0< (I =x3)(hi +h2)+ Wi,
as an inequality of forms on H®.
(B4) The interaction potential w is a real and even function satisfying w € L? + L,
where pg < p < 2.
(B5) The solution ¢(-) of (1.3) satisfies
9() € C(R; X] NL®)NC'(R; L?),
where X % := Q(h?) C L? is equipped with the norm
lellyz = |1 +h%! 0]

Next, we define the microscopic energy per particle

1
En(t) = 5 (YN Hy )

1

as well as the Hartree energy

] N 1 _ 2 2
E¥ (1) = [((p,h<p>+ 2/dx dyw(x — y)|e@)[*le(y)] }

t

By spectral calculus, Eﬁ () is independent of 7. Also, invoking Assumption (B5) to dif-
ferentiate E¥ (t) with respect to ¢ shows that E?(¢) is conserved as well. Summarizing,

EV() = Eyx(0), E“(1)=E*0), teR.
We may now state the main result of this section.

Theorem 4.1. Let Wy o € Q(Hy) and assume that Assumptions (BI) — (B5) hold. Then
there is a constant K, depending only on d, h, w and p, such that

BN () < (,BN(O) +Ey —EY+ %) Ko,

where

p/po—1

- 44
= ppe—pr2—1 4

and

t
b(1) = /0 s (1+ 1061 er )
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Remark 4.2. We have convergence to the mean-field limit whenever limy EI‘\I,’ = E?

and limy By (0) = 0. For instance if we start in a fully factorized state, Wy o = (p(e)aN s
then By (0) = 0 and

1
Ey —EY = ~ (%0 ® 90, Wi2 00 ® go),

so that Theorem 4.1 yields

1
(1) < K(1)
EN () < Bu(®) S 17et?,

and the analogue of Corollary 3.2 holds.

Remark 4.3. The following graph shows the dependence of n on p for d = 3, ie.
pPo = 6/5.

0.5 T T T

04| .

0.3 | .

0.2 | 4

01 .

Remark 4.4. Theorem 4.1 remains valid for a large class of time-dependent one-particle
Hamiltonians A (¢). See Sect. 4.4 below for a full discussion.

Remark 4.5. In three dimensions Assumption (B1) and Sobolev’s inequality imply that
lolloo < lll 2. so that Assumption (BS5) is equivalent to ¢ € C(R; XN CY(R; L?).

4.2. Example: nonrelativistic particles with interaction potential of critical type. Con-
sider nonrelativistic particles in R3 with one-particle Hamiltonian # = —A. The inter-
action potential is given by w(x) = A|x|~2. This corresponds to a critical nonlinearity
of the Hartree equation. We require that A > —1/2, which ensures that the N-body
Hamiltonian is stable and the Hartree equation has global solutions. To see this, recall
Hardy’s inequality in three dimensions,

(@, 1x|720) < 4(p, —Ap). (4.5)

One easily infers that Assumptions (B1) — (B3) hold. Moreover, Assumption (B4) holds
forany p < 3/2.

In order to verify Assumption (B5) we refer to [5], where local well-posedness is
proven. Global existence follows by standard methods using conservation of the mass
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ll¢lI%, conservation of the energy E¥, and Hardy’s inequality (4.5). Together they yield
an a-priori bound on ||¢|| x,, from which an a-priori bound for ||¢|| x2 may be inferred;

see [5] for details.

We conclude: For any n < 1/3 there is a continuous function ¢ (¢) such that Theorem
4.1 holds.

4.3. Proof of Theorem 4.1.

4.3.1. Anenergy estimate. Inthe first step of our proof we exploit conservation of energy
to derive an estimate on || Vg1 V||.

Lemma 4.6. Assume that Assumptions (B1) — (B5) hold. Then

1
IVigr¥|I> S EY —E?+ (1+ 9l o <,3+—)-
q ( x2nL ) JN

Proof. Write
@ 1 @
EY = <<p,h¢)+§(</),W @), (4.6)
as well as
o N —1
E" =W, V) + — (¥, WpU). 4.7)
2N
Inserting

1=pip2+A—pip2)

in front of every W in (4.7) and multiplying everything out yields

(. (@ = pip)hi(1 — p1p2)¥)

=EY — (W, pip2hip1pa¥)
N —1

- (¥, w v
N (¥, p1paWiap1 p2'\V)

—(V, (@ = pipD)hipip2V) — (¥, pip2hi (1 — p1p) V)
N_l(\lf a W w) N_l(\y Wia(1 )W)
N s pP1p2 12P1P2 N s P1P2Wi12 Pip2
N-—1

- W(‘P, (1L — p1p2)Wi2(1 — p1p2) V).

We want to find an upper bound for the left-hand side. In order to control the last term on
the right-hand side for negative interaction potentials, we need to use some of the kinetic
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energy on the left-hand side. To this end, we split the left-hand side by multiplying it
with 1 = k3 + (1 — «3). Thus, using (4.6), we get
3, (1L — prp)hi(1 — p1p)¥)
=EY —EY
— (W, pip2h1p1p2¥) + (@, he)
N_l(\p w xy>+1< W¥g)
N » P1P2W12P1 D2 ) @, @
—(V., (1 = pip2)hip1p2¥) — (¥, pip2hi (1 — p1p2)¥)
N -1

N —1
- — (¥, - w V) — ——(V, Wi (1 — v
N (W, @ = pr1p)Wiapip2¥) N (W, pipaWia(l — p1p2)V¥)

S A= pip Wil = prpo) )

— (1= k3){¥, (I = p1p)hi (1 = p1p2)W). (4.8)
The rest of the proof consists in estimating each line on the right-hand side of (4.8)
separately. There is nothing to be done with the first line.
Lines 6—7. The last two lines of (4.8) are equal to

N —1
e a- Win(1 — \1/>
N < ( p1p2) Wizl — p1p2)

1
-5 - )W, (1 = pip2)(hi +ha)(1 = p1p2) W)
N —1

< =S¥ @ = pip2[(1 = k) +ho) + W] (L= pip2)¥) <0,

where in the last step we used Assumption (B3).
Line 2. The second line on the right-hand side of (4.8) is bounded in absolute value by

[(@. hp) — (¥, p1p2h1p1p2¥)| = (@, he) (¥, (1 — p1p2) V)|
= (¢, ho)|(W, (q1p2 + P12 + 9192) V)|
< 3alp, he)
< 3B (¢, ho),
where in the last step we used (4.3).
Line 3. The third line on the right-hand side of (4.8) is bounded in absolute value by
1 N -1
‘z(w, W) — Sy P2 WipipV)

1 N —1
= —|(p. W¥9)| ‘1 - T(\P,mmw‘

[\S]

1 1
EIIW“’IIOO‘(\IJ, (q1p2+ P1g2 + q192) V) + v p1p2‘lf>‘

< 3IIW“’II + 1
X A o ~;
2 o N

éIIW“’II (ﬂ+i)
2 o N)

N

N
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As in (3.20), one finds that
IWlloo < wlltsroe l@l720 0
Line 4. The fourth line on the right-hand side of (4.8) is bounded in absolute value by
(W, (@ — pip)hipipa¥)| = [(Y. (q1p2 + P12 + q192)h1 p1 p2 V)
(W, q1h1p1p2V)|
(@, g1 7272 hy i po W)
(@, g1 hy 7' /2 prpaw)),

where in the last step we used Lemma 3.10. Using Cauchy-Schwarz, we thus get

(W, (@ = p1p2)hip1p2¥)| < \/(\If,qlﬁ‘“lf)\/(‘ll pipatin' 2 kT pipr W)

= (W, W) (p, h29),/(¥, T p1p2 V),

where in the second step we used Lemma 3.9. Using

(r1n) (k) _—,/—k+] <n(k)+—1
n <
: N ~N

. 1
(@, @~ pip)hipipa¥)| < VBV (9, h2g) (W, W) + NG

= Vg k%) f(f N1/4)
SZW(ﬂ"‘\/—N)-

Line 5. Finally, we turn our attention to the fifth line on the right-hand side of (4.8),
which is bounded in absolute value by

(W, prpaWia(l — p1p)¥)| = [V, p1p2Wia(pigz + g1 p2 + 192%)| < 2(a) + (b),

where

we find

@) = |(V, prp2Wigip2¥)|.  (b) :=|(V, pip2Wiaqiq2 V)|
One finds, using (3.17), Lemma 3.10 and Lemma 3.9,
@) = [V, pip2W{q:¥)|
= (W, prpaW{ a2 12 q )|
= (v, prpaTin P Wi a2 g0

<IWe oo (W, T W) (W, 2 g1 W)

< HW¥loo (W, nw)+\/% (v, 7v)

1
\2 ¢ o0 =N K
< 2[WE (ﬂ+\/ﬁ)
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The estimation of (b) requires a little more effort. We start by splitting
w=w?+w® WP el W L

This yields (b) < (b)(p) + (b)(oo) in self-explanatory notation. Let us first concentrate
on (b)©®:
) = (W, p1 W5 q1g2 V)|
= (¥, pip2W A qiga V)|
= (v, pipaTan WS "2

<IW oy /(¥ T2 w) /(W 72 q1g29)

2
< ooy Jor+ - Ve

2
< 20wl (ﬂ + N)'

Let us now consider (b)), In order to deal with the singularities in w”), we write
it as the divergence of a vector field &,

wP) =V .E. (4.9)

This is nothing but a problem of electrostatics, which is solved by

X
ész*w(”),
X

with some constant C depending on d. By the Hardy-Littlewood-Sobolev inequality, we
find

1 1 1
< Jw™® —=— . 4.10
18lg < [, o=2-7 (4.10)
Thus if p > po then ¢ > 2. Denote by X1, multiplication by £(x; — x»). For the fol-
lowing it is convenient to write V - & = VP£P where a summation over p = 1,...,d
is implied.
Recalling Lemma 3.10, we therefore get
®)P = [(, prpaWi} 77 q1920))
= |(W.piprTon le 7 'qig2 V)|
= (V. prp2Tn (V) X)o7 q1929)|.

Integrating by parts yields

)P < |(ViTn pip2¥ ., X], 77 qiga )|
+|(@r prp2¥, XV A qiga )| (4.11)
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Let us begin by estimating the first term. Recalling that p = |¢)(¢|, we find that the first
term on the right-hand side of (4.11) is equal to

(X0, p2 (VP 1T ¥, 7 q192 W)

< (VP T W, paX DX, pa(V7 p)an W) [ 1920 |

< lel? =2 IVl |2n e | |7 1929 ||
2
S IEllg ol 2z gl o + - Ve,

where we used Young’s inequality, Assumption (B1), and Lemma 3.9. Recalling that
B < «, we conclude that the first term on the right-hand side of (4.11) is bounded by

1
Cllel%, e (ﬁ + N)'

Next, we estimate the second term on the right-hand side of (4.11). It is equal to

(X7, prp2Tan W, VY q1g2W)| < \/(fz\n\lf,mmX]zzPle?iﬁ‘If) IVin ' 129 |

< el =82 Iz vl [Via ! qig2¥ ||
2
< &g lellL2npe @+ IVin~' q1g29].

We estimate ”Vl g1 H by introducing 1 = p; + g1 on the left. The term arising
from p; is bounded by

IpVia ! gV = | prg2Tin ! Vigi ¥ |

< \/(Vlch‘l’,cn T2 Vg )

N
1 _
= <V1q1\11 , —— E qi Tin 2V1q1q1>
i=2

N —1
’\ .
L X
< <V1Q1‘IJ, quiﬂ\n_zvlqlw>
\ i=1
= \/(qul\y,ﬁ2ﬁﬁ—2 Vig1¥)
< Vi1 .

The term arising from ¢; in the above splitting is dealt with in exactly the same way.
Thus we have proven that the second term on the right-hand side of (4.11) is bounded
by

1
Cliglranreey B+ 5 IVigi¥l.



Mean-Field Dynamics: Singular Potentials and Rate of Convergence 125

Summarizing, we have
1 1
®P < ellx e (ﬂ + N) *lelnze B+ 5 IVig1 9]l

Conclusion of the proof. Putting all the estimates of the right-hand side of (4.8) together,
we find

(W, @ = prp)hi(1 — p1p2)V¥) (4.12)
1
JN

Next, from 1 — p1p2 = p1g2 + q1 we deduce
IWhig ¥l = [Vhi(L = p1p2)¥ = Vhipiga¥|
< W@ = pip)¥| +1Vhiprga .
Now, recalling that p = |¢)(¢|, we find

IWhiprg2% |l < IVhipilllg2¥l < llelix, /B

1
SEY—EY+(1+ ||<p||§%mo)(/3 - ) +llelznzy/ B+ - IVig1 9|

Therefore,
2
IWmgv1? < Vi@ = prp) | +llel%, 8.
Plugging in (4.13) yields

1
Viaw|” 5 £ = £+ (L g, ) (#+ )

1
H@llL2nreey B+ v Vgl
Next, we observe that Assumption (B1) implies

IVigi¥ll < [Vhigv || + V8,

so that we get

1
Vi o] $ £ = £+ (1 lolgn) (£ + <)
1
Hlelanzey B+ 5 IVma ¥l
Now we claim that

1
gl S B = e i) (6 75) @

This follows from the general estimate
X2 <C(R+ax) = x*<2CR+C%*d?,

which itself follows from the elementary inequality

1 2.2 1 2
C(R+ax)§CR+§Ca +§x.

The claim of the lemma now follows from (4.13) by using Assumption (B1). O
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4.3.2. A bound on B. We start exactly as in Sect. 3. Assumptions (B1) — (B5) imply that
B is differentiable in ¢ with derivative

B =3 [V = Wi = NW) = NWY 7]w)

= 2(I) + 2(II) + (III) + complex conjugate, 4.14)
where
i ~
D = (¥, pip2[(N = DWiz = NW = NWJ . ]q1p2 %),
. i @ @
an := 5(‘117611172[(1\7 —DWia — NW) — NWY 7i]q142),
N i 1 @ [ 1]
(IIl) := 5(\11, pip2[(N = DWip — NW/ — NWY , 7]q1g29).

Term (I). Using (3.17) we find

2|M] = (¥, pip2[(N = DWip — NW) — NWY , 7t]q1 p2 ¥
= (¥, pipo| WY ]q1 P2 V)|
= (v, pipaW{ (7 — T_111) q1 p2¥)

)

where we used Lemma 3.10. Define

VN ,
uk) == N(nk) — (t—1n) (k) ~(k), k=1,...,N.
( )= VE+Vk—1 J_
(4.15)
Thus,
1 @~
(| = ﬁ|<‘1‘,P1P2W1 Zq1p2V)|
1 —
< 7MWl (v, 22 q1v)
1 =
< =W ooy /(W . 72 q1 W)
N
<1 2
~ N”(p”LZmLoov
by (3.13).
Term (II). Using Lemma 3.10 we find
2/ = (V. qip2[(N = DHWia — NWY . 7]q192V))| (4.16)
-1 N
K‘If 6111?2( N le—Wf)MéhfIz‘I’» 4.17)

<V qip Wi BqigW)|+ (V. qipp Wi Taip V). (4.18)
=:(a) =:(b)
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One immediately finds

(®) < W]l llg1 @l (W, 22q1g2%) S 110172, B-
In (a) we split
w=w? +w®, w®? e P, w® e[,
with a resulting splitting (a) < (@)® + (2)(*. The easy part is
@ < w oo llg1 ¥ < B-

In order to deal with (a)? we write w?) = V - £ as the divergence of a vector field &,
exactly as in the proof of Lemma 4.6; see (4.9) and the remarks after it. We integrate by
parts to find

@ = (¥, qip2(V{ X" 12 B q192V)|
<|(Vigqip2V, XL, BqiV)| + [(qip2¥ . X0,V Bqiq2W)].  (4.19)

The first term of (4.19) is equal to

(XD, P2 Vi1V, B q192V)| < \/(leth Y, o X1 X0 P2V q1¥) \/(‘I’ 2 qiq2 V)

SVIE2#19Plloo Vg1 W1l /(¥ . 72 q162 V)

N
<VIE # 10Plo IVl || = (¥ 729)

SENG @l 2nre Vig1 ¥l /B
SAIVIg VI @l 2aze + B ll@ll 2L

where in the second step we used (4.15), in the third Lemma 3.9, and in the last (4.3),
Young’s inequality, and (4.10). The second term of (4.19) is equal to

g1 P2V, X7, (p1 +q1) V] L qi1g2V))|
< |gr1p2V. X TR VY q1g2V)| + (g1 2V . X 5q1 12V q1g29)

, (4.20)
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where we used Lemma 3.10. We estimate the first term of (4.20). The second term is

dealt with in exactly the same way. We find

(p1X0q1 P2V . T V192 V)|
< \/<‘1’ , Q102 X%, P2q1 ‘P)\/(qul‘lf @ T Vg1V

<VIE 5 9Pl 1%l /(Vig1 ¥, 772 2V1g1 W)

N
1 _
S el lpllzns Vo | 2 (Vian¥, 72 V1q1 )
i=2
1 N
ShollzasVB | 5—7 2 (Vian. 72 Vi1 )

i=1

N PP
= ||<P||L2me\/E\/ﬁ(V1Q1\P,n*2 2 Vig1V)

S el 2aresv/B IVIg V||
< Bl 2are + IVIGIY I @l 20

In summary, we have proven that
(D] < Bllel2nre + IVigr¥ I 9] 2z

Term (III). Using Lemma 3.10 we find

|| = (N — D|(¥, pi1p2[Wi2, 7]q192%)]
=N = D|(V, pip2Wia (T — T2n) q192Y)).

Defining

VN

we have
2|am| < (¥, p1p2Wi2Vq192V)|.
As usual we start by splitting

w=w?+w®, W epr y ™,

<n '), k=2,...

421
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with the induced splitting (IIT) = (III)(” ) 4+ (III)(OO). Thus, using Lemma 3.10, we find
2| = (W, prpoW S 7R T q129)|
= (v, pip2 @' P WS a2 0 g1, 9)]

< ooy (¥, 71 W) (W 77152 g120)
< \/7,/\1/“3 v
~ :3+ N ( 174192 )
< ﬂ+\/z,/L,3
= NVN-—1
1

S ﬂ +—,
VN
where in the fifth step we used Lemma 3.9.
In order to estimate (II)”) we introduce a splitting of w” into “singular” and
“regular” parts,

w® = w®D 4 (P2 . () ﬂ{\w(/’)\>a} +w® ﬂ{\w“’)\éu}’ (4.22)

where a is a positive (N-dependent) constant we choose later. For future reference we
record the estimates

PPy < a' PP 5, (4.23a)
<a

_ 2
||w(17,2)|| 1-p/2 ”w(P)”g/ ) (4.23b)

2

The proof of (4.23) is elementary; for instance (4.23a) follows from
||w(p’1)||§8 — /dx|w(P)|p |w(P)|1’0_p ]l{\w(l’)\>a}
< aPO*P/dx|w(P)|p Ly >a) < apo*p/dx|w(”)|p.

Let us start with (III)(” D Asin (4.9), we use the representation
wPD =v.g
Then (4.10) and (4.23a) imply that
1§12 S Nw® Py, S a'=P/P0. (4.24)
Integrating by parts, we find
2PV | = (W, pipaW 91920

=|(¥, p1p2(VY X))V q129)

< [VPpipa¥, X1 0 q1029)| + (o2, XV DqigaW)|. (4.25)
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Using ||V p|| = || Ve|l and Lemma 3.9 we find that the first term of (4.25) is bounded by

SV 1w pa X0, X%, 02V p1w) (. 92 q1029) < 1901 glloolE 12 Vet

< IVell gl a'=P/P0 /B
< Vol gl (B +a>2P/P0),

where in the second step we used the estimate (4.24). Next, using Lemma 3.10, we find
that the second term of (4.25) is equal to

[(p1p2V, X5 (p1 +q) V)V 1429
< |(pip2¥. X1, p1 TV Vi q129)| + (1 92V, XD,q1 D VI q1g2 V)|

We estimate the first term (the second is dealt with in exactly the same way):

{p1p2W, X1, p1 TV Vi q1g2¥)| < \/(‘l', P1P2X%2P1P2\D)\/(VICII‘I’, 2 Viq V)

N

1 _
<VIpXhpall | 2 (V¥ 72 Vi ¥)
i=2
1 N
<lEl2lgloo | v 2 (Vi1¥, 772 i Vig1¥)

i=1

_ N
§al p/po“(p”oo/m (V]ql\.IJ,qu1\I/)

< Nplloo (@®72P/70 + [ V1g1 W11%).
Summarizing,
APV S liploo (Blglx, +1V1g1 W12 +a> /M lglx, ).
Finally, we estimate

AP = (v, pi W40 q1029)] = (¢ pr WS D D + x D129,
(4.26)

where
P=xV+x®0 XD x® e 0N,

is some partition of the unity to be chosen later. The need for this partitioning will soon
become clear. In order to bound the term with x (| we note that the operator norm of

P1p2 Wl(g ’2)q1q2 on the full space L?(R4") is much larger than on its symmetric sub-

space. Thus, as a first step, we symmetrize the operator pj pa Wl(é’ 2) q1q> in coordinate
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2. We get the bound
(P21
(W, p1paW 770 x D q1g2 )|

N
1 P2 Ty
= HK\D > ZPlPiW” qiq1 X(I)VQI‘I’
i=

131

N

(4.27)

~ 2 - )
<y lvaY| > e P g x D q1g; Wi pipiw).
i,j=2
Using
[Parv| <lmlqw) <1
we find
2) ~ Y 1
(@, proaW 255D qigw)| < v VA+B
where
2 - 2
A= (W, oo WP a1 x D g Wit pjprw),
2<I#JSN
Bi=> (¥, pipiW{! P q1q, KO WP b pyw).
i=2
The easy part is

=

B <D (W, pipi (W) pipr¥)
=2

<Z|I POV s o2 AW pipi ¥

< (N = DllglX lw®? 3
SNa* 7 ol

Let us therefore concentrate on

D0 M () 2
A= > (W pipWqig xV xV g W pipiv)

2AJSN

— 2 2 —
= Z (‘I’,Plpiqj'fzx(l)wl(f )6]1W1(f )sz(l)qmjpl‘l’)

2<i#j <N
= A+ Ay,
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with A = A1 + A arising from the splitting g; = 1 — p;. We start with

A —
A< D (W, pipig; ax D WP WD 13D gip; prw)|

2<I#IKN

= 2 lw.pinig w2y ® \/Wl(ip,Z)\/Wl(f’Z)\/Wl({?’z)\/Wl(;’Z) tx D gip; p1¥)|
2<I#JKN

< > (worx D g pip | W[ WE? pipig; ax D ),
2<I#IKN

by Cauchy-Schwarz and symmetry of W. Here +/- is any complex square root.
In order to estimate this we claim that, for i # j,

i w2 W2 i,

1j < w2 10?2, (4.28)

Indeed, by (3.17), we have

plpi|W1(ip’2)||w1(§”2)|171pi = 11711175|W1({”2)|p,-|Wl(§.’*2)|pl

= pipi ([0 P2 % 10P), | W2 pr.

(p.2)

The operator p (|w??)| x |('0|2)1|le |p1 is equal to f; pi, where

flxj) = /dX1s0(x1)(|w("’2)| % 1p1?) )| wP? (x1 — x))|@(x1).
Thus,

1 fllee < |2 5102

from which (4.28) follows immediately.
Using (4.28), we get

2 1 2
A< > w1l mx Dav|
2<i#j <N

< NHwP 2 ol7 20,0 (¥ 2x D g1 W)

SN2 @l a0 (¥, 2x D A% W),
Now let us choose

x V) ==Ly pyis (4.29)
for some § € (0, 1). Then
(xMyn* <N7?

implies

4 2§
1AL S lldsn o N2
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Similarly, we find

A< S |Wegimx D pp WP p W pipj ax D giw)|

2<i#T N
< S JuwP? s el 2w, x D g w)
2<I#] <N

20 nd -5
S.;N ”(p”LZQLooN
4 2-6

= ”go”LZﬂLocN .

Thus we have proven

4 2—§
ALS lplds N7,

Going back to (4.27), we see that
(. pipaWED DA D 01429)| S 1912, N7 4 gl 2l 02,
What remains is to estimate is the term of (IIT)?? containing x @,

(W, pipaW P Tfﬁqwz\ll)!

N
1 (p,2) T Al2a12
= N_IK‘I’, Zzlplpin,- giq1 x@ 0202 1w
1=

N

~ 2 o~ -2
o[ Pgw| | D (v pipiW P q1a x@ 0 q1q; Wi pjprw).
ij=2
Using
[P e < Vi a2 ) = B
we find
DTy VB
|<\Il,p1p2W1(§ )vx(z) q1q2\D)| < N — lvA + B, (4.30)
where
A= > (v WP qg x(z)vq,W(” Y pim¥),
2<i#j <N
N
B:= > (¥, pipiW"P qug; x(2)vW(” 2 pip1®).
i=2
Since
X(z)(k) = 1{k>N1*5}
we find

X(z) v < X(z) n*l < N8/2
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—

Thus, [lg1g; x@ V]| < N%/? and we get

N
B < N‘S/ZZ(\IJ,p1pi(W1(lP’2))2PiP1‘IJ> < N1+6/2 ” (w(p,Z))2 % |(p|2||OO
i=2
< N2 | w @3 )2, < N2 2P )2,

by (4.23b).
Next, using Lemma 3.10, we find

A

2) 7 oy~ o~ 2
Z (W, prpig; Wl x @912 gy 012 Wl(f 'aipip1V)
2<i#j <N
D)~ 2 2) T 0y~
> (WL pipigj x®@ v P WP g Wil 1@ 502 g, pip1v)
2<I#j <N
= A + Ay,

where, as above, the splitting A = A + A arises from writing g; = 1 — p1. Thus,

) —~ 2 2) T o)~
A< D (. pipig; ax@ @ P WP WP 1)@ 5012 g, pipyw)|

2<i#j <N

N 2 2 2
= 3 lpipigx @ @' D w D Swi?
2<i#j <N

2@ 5
thzx(z)fzvl/qu'Pjplw)}

< z (‘IJ,LIjTz/XE@1/2PlPi|W1(f’2)HW1(f'2>|PiP1m@l/2QjW),
2<i#j <N

by Cauchy-Schwarz and symmetry of W. Using (4.28) we get
2 —
|ALl < N2 [ [wP2] « o (¥, 20 q1W)
< Nw P22 @l 720, (V. TW)
SN0l B

Similarly,

) —~ 2 2 o~
|[Az] < Z |(‘I’,piqjT2X(2)12V1/2P1W1(f )lel(f )Plfzx(z)fzvl/zqz‘l’j‘l’)|

2<i#j <N
< D WP s lpP |2 (v, v grv)
2<i#AjSN

< Nw P12 1@l 20 (¥, 7 W)
SN gl 2 B-

Plugging all this back into (4.30), we find that

2~ o) _ _
(W, p1o2 W5 x@ q1029)] < B(101% 2000 + [91l00) + llsca® P N>,
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Summarizing:
AP < (1+ 1907204, ) (,3 +a? P NPT N2 4 N_l/zal_p/z),
from which we deduce
[P | < Nlllool Vigi W2

+(1+ ||<p||XmLoo)(,8 +a> P NO27Ly N2 N2t R +a2_21’/”0).

Let us seta = ay = N¢ and optimize in § and ¢. This yields the relations

c2—p)+s=1, d =2§(1 —ﬁ),
2 Po

which imply
§  p/po—1

2 2p/po—p/2-1

with § < 1. Thus,

|ADP| S pllocl Vign @2+ (1 + lgllxine) (B+ N "),

where n = §/2 satisfies (4.4).
Conclusion of the proof. We have shown that

B S M@l 2arIVigi¥l? + (1+ lgllx,nze) (B + N77).

Using Lemma 4.6 we find

. I
g < <1+||¢||§(%0Lm)(ﬂ+E“’ —E“’+m). 431)

The claim then follows from the Gronwall estimate (3.3).

4.4. A remark on time-dependent external potentials. Theorem 4.1 can be extended to
time-dependent external potentials /4 (¢) without too much sweat. The only complica-
tion is that energy is no longer conserved. We overcome this problem by observing that,
while the energies EV (¢) and E¥ (¢) exhibit large variations in ¢, their difference remains
small. In the following we estimate the quantity E¥ (t) — E¢(¢) by controlling its time
derivative.

We need the following assumptions, which replace Assumptions (B1) — (B3).

(B1’) The Hamiltonian A (¢) is self-adjoint and bounded from below. We assume that
there is an operator g > 0 that such that 0 < h(r) < ho for all 1. We define
the Hilbert space Xy = Q(3;(ho);) as in (A1), and the space X7 = Q(h3)
as in (BS) using hp. We also assume that there are time-independent constants
K1, k2 > 0 such that

—A<LKk1h(@®)+ky

for all ¢.
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We make the following assumptions on the differentiability of 4 (¢). The map
t = (Y, h(1)¥) is continuously differentiable for all ¥y € X, with derivative
(¢, h(t)y) for some self-adjoint operator 4 (¢). Moreover, we assume that the
quantities

(™), h(O*e®), @ +hr) 2 h@) (L +h@)~ |

are continuous and finite for all 7.

(B2’) The Hamiltonian Hy (¢) is self-adjoint and bounded from below. We assume
that Q(Hy(¢)) C Xy for all . We also assume that the N-body propagator
Un(t,s), defined by

ia;UN(t,S):HN(t)UN(t,S), UN(SaS):ﬂv

exists and satisfies Uy (¢, 0)Wy 0 € Q(Hn (¢)) for all ¢.
(B3’) There is a time-independent constant k3 € (0, 1) such that

0< (A —r3)(h(t) +ha(t)) + W2
for all ¢.

Theorem 4.7. Assume that Assumptions (B1’) — (B3’), (B4), and (B5) hold. Then there
is a continuous nonnegative function ¢, independent of N and Wy o, such that

1
B (1) < (1) (ﬁN(O) +EN(0) — E¥(0) + m)’

with n defined in (4.4).

Proof. We start by deriving an upper bound on the energy difference £(t) := E¥ (1) —
E¥(t). Assumptions (B1’) and (B2’) and the fundamental theorem of calculus imply

t . .
EW) =0+ /0 ds ((¥6), W) = (), h)g()) ).

=:G()
By inserting 1 = p1(s)+¢i(s) on both sides of hi(s) we get (omitting the time argument
)
G = (V. pihip1V¥) — (¢, he) + 2Re(V, priq1 ) + (V. g1 ¥).  (4.32)
The first two terms of (4.32) are equal to
(W, p1¥) = 1){p. he) = alp. he) < Blp. he)l.
The third term of (4.32) is bounded, using Lemmas 3.9 and 3.10, by
2|, prin a2 72 )| = 2| (i pr TR 2w, m 2 g 0|

< \/(r’ﬁl/z W, pih2 py Tl 2w [ gy w|

<\t i) Jlv . wmw) w7 gq1v)

X 1
N ahz £
<y e, h2g)| ﬂ+ﬁ\/ﬁ
. 1
<\ g, h? —)
S e w)l(ﬁ+ﬁ)
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The last term of (4.32) is equal to

(W, i@+ 2@+ R V2R (1 +h) 2@+ 1) g 0)
< @ +r) 2R+ Ry [+ ) g

Thus, using Assumption (B1’) we conclude that

G(t) < C(1) (ﬂ(t) + %ﬁ + | hi () g1 ()W () ||2) (4.33)

for all . Here, and in the following, C () denotes some continuous nonnegative function
that does not depend on N.

Next, we observe that, under Assumptions (B1’) — (B3”), the proof of Lemma 4.6
remains valid for time-dependent one-particle Hamiltonians. Thus, (4.13) implies

1O P @¥O]* S EO+ 1+ 10015g0,) (ﬂ(r) + ﬁ)

Plugging this into (4.33) yields

G(t) < C(t)(ﬁ(t) + «/Lﬁ +€(t)).

Therefore,

! 1
E) <EO dsC & — ). 4.34
(1) < &( )+/0 s (S)(ﬁ(S)+ (s) + «/ﬁ) (4.34)

Next, we observe that, under Assumptions (B1’) — (B3’), the derivation of the esti-
mate (4.31) in the proof of Theorem 4.1 remains valid for time-dependent one-particle
Hamiltonians. Therefore,

t
B < BO) +/ ds C(s)(ﬂ(s) +E&(s) + L) (4.35)
0 N7
Applying Gronwall’s lemma to the sum of (4.34) and (4.35) yields
ot 1 't
B(t) +E(1) < (BO) +E(0)) eho € + %/ ds C(s)eh €,
0
Plugging this back into (4.35) yields
1
p(1) < C(f)(ﬂ(o) +E(0) + W)
which is the claim.
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