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ABSTRACT. Transport theory is a broad field. In this thesis, we limit the scope of our investigations
to two aspects of transport theory that are characterized by the very lack of any transport.

In a first part, we study the phenomenon that an electron traveling in a disordered solid can get
trapped in exponentially sharply localized orbitals—it experiences so-called Anderson localization. Our
investigation revolves around the series of alloys Eu,Ca;_,Bg for which our experimental colleagues
have found interesting transport properties. Specifically, they found a metal-insulator transition as
the alloying parameter x is lowered below x ~ 0.3 and observed colossal magnetoresistance effects for
x in a range between 0.2 and 0.3. We show that these observations can be understood in terms of a
localization-delocalization transition. We introduce a model for conduction electrons of Eu,Ca;_,Bg—
simplified to the extent that we can treat some aspects of it related to Anderson localization in a
mathematically rigorous way—reproducing the main features observed in the experiments.

Europium has a half-filled 4 f-shell and has therefore a large magnetic moment, whereas Calcium is
non-magnetic. We place Europium and Calcium atoms on a cubic lattice according to a site percolation
process with parameter x. Because of the experimental fact that the conduction band is very weakly
populated we neglect electron-electron interactions and consider a one-particle Hamiltonian. In a Born-
Oppenheimer approximation we freeze the dynamics of the magnetic moments of the Europium atoms,
and because the moments are quite large we treat them as classical vectors. We propose to describe
the exchange coupling of a conduction electron to the magnetic moments of the Europium atoms by a
Zeeman term. The disorder comes about because the direction of the magnetic moments of Europium
atoms that do not lie in a connected cluster will—in the absence of an external magnetic field—vary
randomly.

We investigate various distributions of the magnetic moments: For temperatures above Tcyrie and
for pure EuBg, neighboring magnetic moments are only weakly correlated, and we model this regime
with a Gibbs distribution that slightly favors ferromagnetic alignment of neighboring moments. At
low temperatures and for x below the percolation threshold, we expect ferromagnetic alignment of
the Europium moments across connected clusters to prevail. Hence we assume that the directions
of magnetic moments are fixed across connected Europium clusters but vary randomly over distinct
clusters.

In these regimes, we prove Anderson localization, that is, almost-sure pure point spectrum of the
Hamiltonian with exponentially decaying eigenfunctions, for energies in the band tails.

Finally, we show that the case of a large external magnetic field can be modeled with a Bernoulli-
type random Schrodinger operator, where the random potential at a site takes values +1. Here we
prove a weaker result, namely absence of diffusion for energies in the Lifshitz tails and outside a set of
energies of very small measure.

In the second part of this thesis, we discuss another hindrance to transport, namely friction. We
study the motion of a tracer particle that interacts with a dispersive medium, in our case a Bose-Einstein
condensate. For the sake of mathematical rigor, we look at the case of a very heavy tracer particle in a
very dense, non-interacting Bose gas. We argue heuristically that this mean-field limit corresponds to
a classical limit and that the quantum dynamics reduces to a classical system of Hamiltonian equations
of motion. We expect that the particle experiences friction by emission of Cerenkov radiation of gapless
(Goldstone) modes into the Bose gas.

For these—as it turns out—semi-linear integro-differential equations describing the dynamics of the
tracer particle and the medium, we prove that the particle velocity v; decays like |v¢| <t717% ast — oo,
for some € > 0, and that the gas forms a splash that follows the position of the particle. In particular,
the decay of the particle speed is integrable and hence the particle comes to rest after having traveled
a finite distance. We prove this result by expanding the propagator around its instantaneous value
at a large but fixed time, and using asymptotic expansions of the resolvent of Schrodinger operators,
standard dispersive estimates, and a contraction principle.
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KURrzFASSUNG. Die Transporttheorie ist ein weites Feld. Deshalb schranken wir uns in dieser Dis-
sertation auf die Behandlung von zwei Aspekten des Transports ein, die gerade dadurch charakterisiert
sind, dass gar kein Transport stattfindet.

In einem ersten Teil untersuchen wir die Quantendynamik von Elektronen, die sich in einem un-
geordneten Festkorper bewegen und in exponentiell genau lokalisierten Orbitalen gefangen werden —
man spricht dann von Anderson-Lokalisierung. Unsere Untersuchung dreht sich um die Reihe von
Legierungen Eu,Ca;_,Bg, flir die unsere Kollegen aus der Experimentalphysik interessante Trans-
porteigenschaften gefunden haben. Konkret haben sie einen Metall-Isolator-Ubergang gefunden, sobald
der Legierungsparameter x unter x ~ 0.3 fallt. Ausserdem haben sie fiir x in einem Bereich zwischen
0.2 und 0.3 kolossalen Magnetwiderstand beobachtet. Wir werden aufzeigen, dass diese Effekte im
Rahmen eines Lokalisierungs-Delokalisierungsiibergangs verstanden werden konnen. Dazu fithren wir
ein Modell fiir Leitungselektronen in Eu,Ca;_,Bg ein, das so weit vereinfacht ist, dass wir einige seiner
Eigenschaften mathematisch streng behandeln kénnen, das aber trotzdem die wesentlichen Ziige der
Experimente wiedergibt.

Europium hat eine halbgefiillte 4 f-Schale, weshalb es ein grosses magnetisches Moment hat, wohinge-
gen Kalzium nichtmagnetisch ist. Wir setzen Europium- und Kalziumatome auf ein kubisches Gitter
gemass einem Perkolationsprozess mit Parameter . Weil, wie Experimente zeigen, das Leitungsband
sehr schwach gefiillt ist, vernachléssigen wir Wechselwirkungen der Elektronen untereinander und be-
trachten einen Einteilchen-Hamilton-Operator. In der Born-Oppenheimer-Naherung frieren wir die
Dynamik der magnetischen Momente der Europiumatome ein, und weil die Momente recht gross sind,
behandeln wir sie als klassische Vektoren. Die Austauschkopplung zwischen einem Leitungselektron
und dem magnetischen Moment eines Europiumatoms beschreiben wir mit einem Zeemanterm. Die
Unordnung kommt daher, dass die Richtung der magnetischen Momente der Europiumatome, die nicht
in einem zusammenhédngenden Cluster liegen, zuféllig variiert.

Wir werden veschiedene Verteilungen fiir die magnetischen Momente untersuchen: Bei Tempera-
turen iiber Toyrie des reinen EuBg sind benachbarte magnetische Momente nur schwach korreliert, we-
shalb wir diesen Parameterbereich mit einer Gibbsverteilung modellieren, die ferromagnetische Anord-
nung benachbarter Momente leicht bevorzugt. Bei tiefen Temperaturen und fiir  unterhalb der Perko-
lationsschwelle erwarten wir ferromagnetische Ordung der Momente in einem zusammenhidngenden
FEuropiumcluster. Wir nehmen also an, dass die Richtung der magnetischen Momente in einem Europi-
umcluster fixiert ist, aber zwischen verschiedenen Clustern zuféllig &ndert.

In diesen Bereichen beweisen wir Anderson-Lokalisierung, das heisst fast sicher reines Punktspek-
trum des Hamilton-Operators mit exponentiell lokalisierten Eigenfunktionen fiir Energien nahe der
Rander des Leitungsbandes.

Schliesslich zeigen wir, dass sich der Fall eines grossen dusseren magnetischen Feldes auf einen
Bernoulli-Schrodinger-Operator zuriickfiihren ldsst, bei dem das Zufallspotential an jedem Gitterplatz
die Werte +1 annehmen kann. In diesem Falle beweisen wir etwas weniger, namlich Abwesenheit von
Diffusion flir Energien in den Lifshitz-Réndern und ausserhalb einer Menge von Energien von sehr
kleinem Mass.

Im zweiten Teil dieser Dissertation diskutieren wir ein weiteres Hindernis fiir Transport, ndmlich
Reibung. Wir analysieren ein Teilchen das mit einem dispergierenden Medium wechselwirkt, in unserem
Fall mit einem Bose-Einstein-Kondensat. Aus Griinden der mathematischen Strenge schauen wir uns
den Fall eines sehr schweren Teilchens in einem sehr dichten, nicht wechselwirkenden Bose-Gas an.
Wir argumentieren heuristisch, dass dieser Molekularfeld-Limes einem klassischen Limes entspricht
und dass die Quantendynamik so zu einem System von klassischen Hamiltongleichungen fiihrt. Wir
erwarten, dass das Teilchen durch Aussenden von Cerenkovstrahlung von Goldstone-Moden in das
Bose-Gas Reibung erfihrt.



Fiir die — wie es sich herausstellt — semilinearen Integro-Differentialgleichungen, die die Dynamik
des Teilchens und des Mediums beschreiben, beweisen wir, dass die Geschwindigkeit des Teilchens wie
vy < t717¢ ¢ > 0 abnimmt, wenn ¢ — oo, und dass das Gas eine Wolke bildet, die der Position
des Teilchens folgt. Insbesondere ist die zeitliche Abnahme der Teilchengeschwindigkeit integrierbar,
weshalb das Teilchen schliesslich zur Ruhe kommt, nachdem es eine endliche Strecke zuriickgelegt
hat. Wir beweisen dieses Resultat, indem wir den Propagator um seinen instantanen Wert zu einer
grossen aber festen Zeit entwickeln, und indem wir asymptotische Entwicklungen der Resolvente eines
Schrédinger-Operators, gewisse Streuabschétzungen und ein Kontraktionsprinzip beniitzen.
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INTRODUCTION AND ORGANIZATION OF THE THESIS 1

Introduction and organization of the thesis

The Latin root of the word transport, trans-portare, meaning “to carry over”, neatly summarizes
what happens during transport; and the sheer amount of goods and people that are carried, ferried and
shipped around the globe each day is a testimony to its importance for the functioning of our world.
But also when we zoom in on the atomic scale of matter, the realm of condensed matter physics,
transport theory is an essential field of study: transport of matter (diffusion of a solute in a solvent),
energy (heat conduction) or charge (electrical conductivity) are physical phenomena of prime interest
and importance.

In this thesis, we focus on two phenomena where transport is actually hampered—Ilocalization and
friction. In the former, charge transport (for instance) is reduced when electrons traveling through
a disordered crystal lattice of a solid get trapped and do not contribute to electrical conductivity.
In the latter, matter transport is reduced as particles traversing a medium are slowed down because
of interaction with their environment. The aim of this thesis is to further the understanding of the
mathematics that may lie at the bottom of these phenomena. That is, we will present and study
mathematical models of localization and friction that are simplified to an extent where we can analyze
them rigorously but where they still retain the essential phenomenological features.

Localization. If we were to describe a conduction electron in a metal as one traveling in the
periodic potential of the atomic cores that are arrayed in a perfect crystal lattice we would run imme-
diately into troubles: The electron is described by a Bloch wave and as such has a non-vanishing mean
velocity that persists forever—the conductivity is infinite. In a more realistic model, scattering of the
electron on lattice vibrations (phonons) and defects in the crystal lattice reduce conductivity to a finite
amount seen in experiments. Let us concentrate on the second mechanism, the influence on conduc-
tivity of lattice imperfections; this is reasonable since we will only consider very low temperatures so
that phonons can be neglected. It is probably too difficult to describe mathematically the influence on
an electron of a combination of interstitials, impurities, dislocation etc. at prescribed locations in the
lattice. P.W. Anderson’s fruitful idea was to treat the imperfections in a summary fashion by replacing
the perfect periodic potential by a random potential, where an increasing amount of lattice imperfec-
tions is modeled by increasing randomness. In his famous 1958 paper [6] he argued that in the presence
of strong disorder caused by impurities and/or defects and neglecting electron-electron interactions,
electrons populating a weakly filled conduction band of a metal get trapped in exponentially sharply
localized one-particle orbitals. This is the phenomenon known as Anderson localization. A consequence
of localization is that the conductivity of such a material very nearly vanishes at low temperatures.
If disorder is described by an on-site random potential with bounded probability density and short-
range correlations in a one-electron tight-binding Hamiltonian then Anderson’s arguments can be made
precise, mathematically, for one-dimensional systems with arbitrarily weak disorder [30, 42|, and for
higher-dimensional systems provided that disorder is strong enough, or the energy of the one-electron
orbital lies in the band tails [27, 25]. It is generally expected—but not rigorously proven—that in
two-dimensional systems of this kind, too, all states are localized, no matter how weak the disorder.
In contrast, in three or more dimensions, localized states with energies in the band tails are expected
to coexist with extended states (generalized eigenstates of the model Hamiltonian) corresponding to
energies in the continuous spectrum near the center of the band, provided the disorder is sufficiently
weak. It is expected that wave packets made from superpositions of such extended states exhibit dif-
fusive propagation corresponding to a non-zero conductivity [60, 1]. One is led to predict that, at
very low temperatures, a three-dimensional disordered semiconductor exhibits a transition from an
insulating state (all electrons in the conduction band occupy localized states) to a conducting state
(some fraction of the electrons populate extended states), as the density of electrons in the conduction
band is increased or the strength of disorder is lowered. This transition from an insulator to a metal
is called a Mott transition.



2 CONTENTS

In the first part of this thesis, we investigate a different kind of disorder, namely spin disorder.
More precisely, we will analyse a mathematical model of the alloy Eu,Ca;_,Bg where experimenters
have done interesting measurements the results of which we propose to explain in the framework of
Anderson localization. In the same way the electron feels the potential of its surrounding lattice of
atomic cores because it is charged, its spin feels the magnetic moments of the atomic cores. So if the
magnetic moments are disordered, we may expect similar localization effects to take place. It is the
main achievement of the first part of this thesis to show that, indeed, completely analogous results to
the case of a random potential can be proven.

Friction. Friction is arguably too all-pervading as a physical phenomenon to allow for a unified
mathematical description. We will therefore restrict our attention to one instance of it, namely the
friction a particle experiences while traveling through a dispersive medium. Dispersive here means that
the medium is “forgetful” in some sense: It forgets quickly where the particle has been by propagating
the disturbance caused by the particle to infinity in such a way that if the particle revisits a place,
(almost) all trace of its former visit is gone. Again, to be able to prove a mathematical theorem we
will have to study a simple model for the medium; we will take it to be non-interacting, for instance.
However, our methods should apply also to the interacting case. In the rigorous study of friction effects
in a model of a particle interacting with a dispersive medium, different models for the medium have been
investigated, mostly wave fields (that is, the field satisfies a wave equation) such as the electro-magnetic
field or a scalar wave field, but also the mean-field limit of an ideal gas of small particles (obeying the
Vlasov equation). In the second part of this thesis, we will derive, through physical considerations, a
model describing the motion of a heavy particle in a very dense Bose-Einstein condensate. We will prove
that the particle loses kinetic energy (and hence speed) by engendering so-called Cerenkov radiation in
the condensate. Its velocity as a function of time decays as a power law, indicative of memory effects.
If the medium were more forgetful we would expect exponential decay.

The thesis is organized as follows. First part: In Chapter 1, we give a summary of experimental
results concerning a particlar alloy, Eu,Ca;_,Bg, which we aim to explain in the framework of Anderson
localization. Moreover, we introduce the mathematical model, state the main results and give some
definitions used throughout the first part. In Chapter 2, we discuss, as a preliminary example, the
“classical” mathematical theory of Anderson localization with random potentials.. In Chapter 3, we
prove the main results outlined in Chapter 1. Second part: In Chapter 4, we give an introduction
to the mathematical treatment of friction and introduce our model in greater generality. In Chapter
5, we present and prove the main theorem for the free Bose gas, and in Chapter 6 we describe some
technical proofs. The appendix contains results about the cluster expansion used to handle correlations
of the magnetic moments, a matrix-valued Cartan-type theorem that lies at the core of the proof of
localization, and some musings about the thermodynamic limit.



Part 1

Localization






CHAPTER 1

Introduction

In the first part of the thesis, we study the phenomenon of Anderson localization, both from a
physical and a mathematical perspective. Regarding the former, we try to elucidate later in this Chap-
ter intriguing experimental findings concerning the electric properties of Europium-based hexaborides
(Eu,Ca;_,Bsg), [62]. A Mott transition is found experimentally as the concentration, x, of the mag-
netic Europium atoms is varied, and considerable magneto-resistance effects are observed. To account
for these properties we introduce a tight-binding model for a Mott transition where the disorder is
caused by indirect exchange interactions between the electrons in a conduction band and a dilute array
of localized atoms with large magnetic moments. The model is only physically motivated, appealing
to heuristic arguments. The mathematical perspective enters with the analysis of the model, which
occupies Chapter 3. Since the mathematics of Anderson localization is quite involved, we provide an
introduction to it in Chapter 2.

Fairly simple arguments presented below lead us to introduce a model given in terms of a one-
electron tight-binding Hamiltonian with a random Zeeman interaction term acting on electron spin.
This term describes indirect exchange interactions between an electron in the conduction band and
electrons in the half-filled 4 f-shell of a Eu-atom located nearby. It takes the form of a ferromagnetic
coupling of the spin of the electron in the conduction band to the static total spin of electrons in
the 4f-shell of a Eu-atom. Because the latter is quite large, S = 7/2, it can be described, in good
approximation, by a classical unit vector, m [44]. However, if a unit cell of the simple cubic lattice
of a Eu,Ca;_,Bg alloy contains a Ca-atom then m = 0, because a Ca-atom has spin 0. At low
temperatures, the direction of 17 is approximately constant throughout a connected Eu-cluster, because
of indirect ferromagnetic exchange interactions between the spins of different Eu-atoms in the cluster.
The direction of m varies randomly, however, from one Eu-cluster to another, as long as the external
magnetic field vanishes. Thus, an electron in the conduction band of a Fu,Ca;_,Bg alloy in zero
magnetic field propagates in a disordered quasi-static background of essentially classical spins located
in those unit cells that contain a Eu-atom. These spins are ferromagnetically coupled to the spin
operator of the electron.

One of our main results is that, as long as there is no ferromagnetic long-range order (unit cells
containing a Eu-atom do not percolate), but the concentration of Eu-atoms is not too small, in zero
magnetic field, this type of magnetic disorder causes Anderson localization in the tails of the conduction
band.

If the concentration, z, of Eu-atoms is brought above the percolation threshold then there is an
infinite connected cluster of positive density of unit cells containing a Eu-atom, and the alloy is observed
to order ferromagnetically at low enough temperatures [63]. Most Eu-spins are then aligned in a fixed
direction. The same happens if a sufficiently strong external magnetic field is applied. Finally, if z is
very small most unit cells exhibit a vanishing spin, that is, the vector m vanishes in most unit cells.
In all these three situations, the disorder felt by electrons in the conduction band is weak, so that the
localization threshold (or “mobility edge”) moves towards the band edges. We thus expect to observe a
delocalization— or Mott transition to a conducting state, as x increases across the percolation threshold,
T, or if the external magnetic field is increased.
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It is not understood, at present, how to prove the existence of such a transition and analyze
its characteristics, although heuristically it is fairly well understood. But the existence of Anderson
localization in the band tails, for x below the percolation threshold but non-zero, and for a sufficiently
weak external magnetic field, can be proven rigorously.

The main mathematical results presented in this first part of the thesis may not be particulary
suprising, but they concern examples of Anderson localization that have not previously been studied
mathematically.

Our preliminary discussion is summarized in Figures 1 and 2.

B
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FIGURE 1. z denotes the concentration of Eu-atoms, B the value of a homogeneous external
magnetic field. The concentration of conduction electrons is assumed to be approximately
constant. The shaded area corresponds to an insulating state; a Mott transition to a semi-
metal is expected to be observed at its boundary. Rigorous results are proven for a subset of
the parameter values inside the shaded area.

FIGURE 2. o denotes the conductivity of the alloy. The figure provides a qualitative plot of o.

1. Summary of experimental results concerning FEu,Ca;_,Bg, and physical mechanisms

We begin by recalling some essential properties of EuBg. This binary compound crystallizes in a
simple cubic lattice. At the center of each unit cell of the crystal there is a divalent Eu atom, at every
corner of a unit cell there is an octahedron of B-ions; see Figure 3 below.

The 4 f-shell of a Eu-atom is half filled, which, according to Hund’s rule, implies that the total spin
is S = 7/2. Electron transport is dominated by defect-state conduction with a low concentration, n.,
of around 1073 charge carriers per unit cell [64]. At low temperatures, EuBg orders ferromagnetically



1. SUMMARY OF EXPERIMENTAL RESULTS CONCERNING Eu,Ca;_.Bgs, AND PHYSICAL MECHANISMS

FIGURE 3. Schematic unit cell of EuBg; each cube corner is the centre of a Boron octahedron
which make up a rigid cage of covalent bonds

at a Curie temperature T¢ ~

12 K, accompanied by a significant reduction of the resistivity, p, in the
ordered phase [22]. The isostructural compound CaBg is obtained by replacing Eu by isoelectronic but

non-magnetic Ca, which leads to a further reduction of n. by an order of magnitude [62]. In the series
Eu,Ca;_.Bg, Tc decreases monotonically with decreasing x, down to x ~ 0.3. At lower values of z, no
onset of long-range magnetic order is observed. Instead spin-glass type features dominate the magnetic
response at low temperatures [63]. For the simple cubic lattice, x. = 0.31 is the site percolation limit
[63]. In the concentration range 0.2 < x < 0.3, significant localization and colossal magnetoresistance
effects, such as shown in Figure 4, have been observed. For x = 0.27, the enhancement of the low-
temperature resistivity by six orders of magnitude below 10 K may be quenched by rather moderate

magnetic fields of the order of 1 T. Detailed investigations using selected-area electron diffraction
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FIGURE 4. Main panel: p(T) of EuyCai—5Bg for various values of z. The thin solid line for

x = 0.27 is to guide the eye. Inset: Magnetoresistance of Eug.27Cag.73Bs at low temperatures
Reprinted from [62]. Reprinted with permission.

patterns and high-resolution transmission electron-microscopy (HRTEM) have shown that also for
large concentrations of Ca for Eu, the structural quality, that is, the perfect atomic arrangement in a
simple cubic lattice is preserved and the disorder is simply in the spins on the sites of the Eu clusters

7



8 1. INTRODUCTION

Energy-filtered TEM reveals a phase separation into microscopically small Ca- and Eu-rich regions,
respectively. This implies that the material is magnetically and electronically inhomogeneous [62].
Next, we sketch some ideas on a possible mechanism that may explain the long-range ferromagnetic
order observed in EuBg at temperatures below Tc. See also [48] for a similar discussion. The large
size of the unit cells of EuBg (as compared to the size of a Eu atom) and numerical simulations [41]
suggest that ferromagnetic order is established through indirect exchange mediated by electrons in a
somewhat less than half-filled valence band, with strong on-site Coulomb repulsion preventing double
occupancy; see Figure 5. For a non-vanishing density of holes in the valence band [64], the spins of the
electrons in the valence band are expected to order ferromagnetically at very low temperatures. For
the groundstate, this is a prediction of the Thouless-Nagaoka theorem [55, 46, 5]; (see also [28] for an
analysis of ferromagnetism in the Hubbard model). Because of overlap of the orbitals of electrons in
the valence band with those in the 4 f-shells of Eu-atoms, the spin of a valence electron in a unit cell
has a tendency of being “anti-parallel” to the total spin of the Eu-atom in the same unit cell, provided
the temperature is low. Appealing to Hund’s rule, this is seen to be a consequence of Pauli’s exclusion
principle and of the half-filling of the 4 f-shell. Hopping processes of valence electrons into either an
empty orbital of the 4 f-shell of a Eu-atom or to an empty orbital of the valence band thus give rise to
ferromagnetic order among the spins of the Eu-atoms and those of the valence electrons, the latter being
“anti-parallel” to the spins of the Eu-atoms. Because the orbitals of conduction electrons overlap with
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FIGURE 5. Spin ordering in EuBg.

those of valence electrons, there are exchange interactions between conduction— and valence electrons
that, again because of the Pauli principle, favor anti-ferromagnetic order between conduction— and
valence electrons. Thus, the spins of conduction electrons have a tendency of being aligned with the
spins of the Eu-atoms. We will describe this tendency by a Heisenberg term that couples the spin
of a conduction electron in a unit cell ferromagnetically to the spin of the Eu-atom in the same unit
cell. Since the spin of the Eu-atom is rather large (S = 7/2), we propose to describe it as a static
classical spin, m. It would be of considerable interest to improve the theoretical understanding of
ferromagnetism in a one-band Hubbard model coupled to a lattice of large localized spins.

In our somewhat idealized theoretical description of Eu,Ca;_,Bg, we place Eu- and Ca-atoms at
the centers of the unit cells of the simple cubic lattice Z* according to a site percolation process with
probability x to find a Eu-atom at a given site. The mechanism for ferromagnetic order through indirect
exchange described above suggests that, within connected clusters of unit cells filled with Eu-atoms,
the spins of the Eu-atoms are ferromagnetically ordered. Since different Eu-clusters are separated by
regions filled with non-magnetic Ca-atoms, one expects that the directions in which the spins of Eu-
atoms are aligned vary randomly from one Eu-cluster to the next, as long as the external magnetic
field vanishes (or is very small). If there is no infinite cluster of Eu-atoms this introduces disorder, and,
because the conduction electrons are scattered at the spins of the Eu-atoms, it enhances a tendency
towards Anderson localization of conduction electrons.
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The threshold for the emergence of an infinite connected cluster in a site percolation process on Z3
is x. ~ 0.31. For x above x., one expects that there exists an infinite connected cluster of Eu-atoms. At
low temperature, the spins of the Eu-atoms in the infinite cluster are all aligned, so that spin-disorder
is weak. And if z is very small there is an infinite cluster of non-magnetic Ca-atoms, while Eu-clusters
are tiny, on average, and sparse. Hence, spin-disorder is again weak. However, for z in some range
below z., and in zero external magnetic field, there is considerable disorder in the way spins in different
FEu-clusters are aligned. This enhances scattering of conduction electrons at different Eu-clusters, and
one expects that the mobility edge, F., separating low-lying localized orbitals from extended states
near the center of the conduction band is shifted away from the band edge towards the center of the
band. If the Fermi energy in the conduction band is approximately constant as x varies one is led to
predict that Mott transitions may be observed at some z* ~ z. and some z, < z.; see Figure 6.

Ep -

Y
5

0

FIGURE 6. Mobility edge, Enm(x), as a function of z. There is no solid mathematical under-
standing of Fwm, and the figure is purely qualitative.

2. Mathematical model and results

In this section, we propose a model expected to exhibit some of the phenomena described in the last
section, namely the Mott transition and the colossal magnetoresistance observed in Eu,Ca;_,Bg alloys.
Our model is idealized to an extent that some of its properties, in particular Anderson localization,
can be established rigorously.

Because, experimentally, the conduction band of Eu,Caj_,Bg is only weakly populated, n. <
0O(1073), we neglect interactions among conduction electrons and describe the propagation of a con-
duction electron with the help of a one-particle model. It is convenient to make use of a tight-binding
approximation. The Hilbert space of pure state vectors of a conduction electron is then given by

(1.1) H=">0r(Z=C?.

Although valence electrons mediate an indirect exchange interaction between conduction electrons and
the electrons in the half-filled 4f-shells of Eu atoms, they do not appear explicitly in our model.
Instead, the interactions of conduction electrons with the local Eu spins are described by a Heisenberg
term coupling the spin of a conduction electron ferromagnetically to the spin of a Eu atom localized
in the same unit cell. Since the latter is quite large (S = 7/2), we describe it by a classical unit vector,
m. The Heisenberg term then takes the form of a Zeeman term, —Jm - o, where o is the vector of
Pauli matrices associated with a conduction electron, and J > 0 is a constant. If a unit cell j € Z3 is
filled with a Eu atom then |m;| = 1; if it is filled with a Ca-atom then m; = 0. Eu- and Ca-atoms are
assumed to be distributed over the unit cells of Z3 by a site percolation process, with probability z to
place a Eu atom at any given site. The configuration, (m;);eczs, of classical spins is treated as quenched
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(in particular time-independent). Because of the observed tendency of Eu-spins in a connected Eu-
cluster to order ferromagnetically, the distribution of the configurations (m;);ezs of Eu-spins in every
connected Eu-cluster, C, is chosen to be given by a Gibbs measure

(1.2) dPc(m) := Z; ' exp{x Z m; - mj + BBZm(Z)}H6|mJ|2 1)d?

i,J€C jec
li—jl=1

Here, k = x(T) is a temperature-dependent, positive constant (x(T) is decreasing with T'), 8 is pro-

portional to the inverse temperature, B is the strength of a uniform external magnetic field in the
(2);

dP¢ is a probablhty measure. Distinct clusters are taken to be independent. This accounts for the fact

z-direction, m;™’is the z-component of m;, and Z¢ (the cluster partition function) is chosen such that
that the indirect exchange mechanism that is responsible for the ferromagnetic order across connected
Eu-clusters is not effective between two clusters that are separated by non-magnetic Calcium. It is
appropriate to draw attention to the paper [29] (and references therein) where a Schrédinger operator
with random vector potentials is studied. However, in their case the direction of the vectors is fixed
and only their length is varied randomly, which is arguably an easier problem and not suited to our
physical situation. See also [19] for a more elaborate continuum version.

One might envisage to combine the distribution of the Eu-clusters C and of the configurations
(mj)jezs (with m; = 0if j is occupied by a Ca atom) into a single probability distribution that would
then describe a tendency towards Eu-Ca phase segregation. We will not consider this possibility in
this thesis.

The one-particle tight-binding Hamiltonian is chosen to be given by

(1.3) Hw) =T +v(w) — Jmj(w) - o,

where T2 —Aisa short-range hopping term (A is the discrete Laplacian), w denotes the randomness
of the interaction terms, (m;(w)) is distributed according to (1.2), and v(w) is a Bernoulli random
potential with distribution

(1.4) 0 (w) = {v if m; # 0 (that is, j occupied by Eu)
. j(w) =

—v if m; = 0 (that is, j occupied by Ca) .
The potential v is incorporated in (1.3) because the potential energy of a conduction electron at a site
j may depend on whether j is occupied by a Eu atom or a Ca atom.

The physical quantity of main interest is the electrical conductivity, o, given in linear response
theory by

(1.5) o=—D,

where D is the diffusion constant of conduction electrons. At temperature 7' = 0 and for a given Fermi
energy Er, D is given by

Er
(1.6) D= / dEp(E)D(E)
where p(E) is the density of states and D(E) is given by the Kubo formula
_ 2e” 2 =12
(1.7) p(E)D(E) &11_13% . EZZJ 17 E[{OI(H (w) — E —ig)~"[5)]
J

where E denotes an expectation with respect to the distributions given in (1.2) and (1.4).
In Chapter 3, we consider various limiting regimes of the model introduced in (1.2)—(1.4) of varying
mathematical difficulty:

(A) k small, B small.
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This regime is appropriate to describe electronic properties of Eu,Caj_,Bg in the absence of mag-
netic order (e.g. well above the Curie temperature of the magnetic transition). Mathematically, this is
the easiest regime. In Chapter 3, Section 3 through 6 we will focus on the case £ = 1 of pure EuBg
above the Curie temperature. Using methods developed in [8] and a cluster expansion to treat the
weak correlations of the magnetic moments, it is not very difficult to establish Anderson localization,
provided the energy lies sufficiently close to the band edges (depending on B and f in (1.2)). Our
results are in agreement with experiments (see Figure 7), which find that for moderate temperatures
above T¢ (in our model, “moderate” means not so high as to invalidate our not including phonons)
resistivity drops with increasing B and decreasing temperature, suggesting spin disorder as the local-
izing agent. (In contrast, below T¢ resistivity in EuBg even increases with increasing B.) Coexistence

yoe F e T T T 12410 T
Y
1.0x10°] AR ®» 2K(m)

8.0x10°%] 1 1 —2K()
1.0x10*
o] \ J o 4K
o W o I Kz:;)

7.0x10%] 1 BOX1I0'] & 8K(m) 1
—~ 6.0x10%] 1 i R e
:E; 5.0x10°] 1 5 6.0x107 - i i
Q.

e 4.0x10°] b 00 s, i
20:40%] |, g ity
20x10%] = 40K ' 2.0x107 - {
A 60K , A BOK i
i O 125K, & 175K 0.0 e i It .
N BRIy T TR B R T DT TN
B, (T) B, (T

FIGURE 7. Resistivity p of EuBg as a function of applied external magnetic field, at various
temperatures both above (left) and below (right) Tc. Reprinted from [64]. Reprinted with

permission.

of localized states corresponding to energies in the band tails and extended states corresponding to
energies near the center of the conduction band is expected for J small enough. However, the nature
of the spectrum of the random Schrédinger Hamiltonian H(w) defined in (1.3) near the center of the
energy band is very poorly understood, at present.

(B) kK — 00, B small.

In this regime, the spins of Eu atoms in every connected Eu-cluster are completely aligned, but
their direction can vary arbitrarily from one such cluster to another one. In Chapter 3, Section 7 we
prove Anderson localization fo x < x., so Europium does not percolate, and for energies sufficiently
close to the band edges. For x sufficiently close to 1 an infinite, ferromagnetically ordered Eu-cluster
of density fairly close to x exists, and we expect to find two mobility edges close to the band edges.
(A mobility edge separates energies corresponding to localized states from energies corresponding to
extended states.) Our results suggest that the putative mobility edge moves towards the band edges
when B is increased, in accordance with the experimental fact that colossal negative magnetoresis-
tance is observed in Eu,Ca;_,Bg, see Figure 4, inset. Mathematically, the existence of mobility edges
remains, however, an open issue.

(C) B — .

In this limit, all the spins m; are aligned in the positive z-direction. The conduction band then
splits into two independent subbands for electrons with spin in the negative z-direction and those with
spin in the positive z-direction, respectively. Within each subband, the Hamiltonian H(w) is then
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equivalent to a “Bernoulli Hamiltonian”
(1.8) Hw)=T+v(w),
where

wj:I:J, m]%O

—Wwj, mj =

(1.9) vj(w) = v]j-[(w) = {

Adapting methods developed in [54], we show that, at all energies in small intervals adjacent to the
band edges, except possibly in subsets of those intervals of very small Lebesgue measure, the quantity
p(E)D(E) introduced in (1.7) vanishes, as long as x # 0, 1. However, it is not known whether corre-
sponding eigenstates are exponentially localized. It should be pointed out that the localization effect
in this regime seems to be very weak, as can be seen in the inset of Figure 4.

Assuming that mobility edges, E., exist—separating energies F with p(E)D(E) = 0 from energies
E’ closer to the center of the band, where p(E')D(E") > 0—we expect (on the basis of our mathematical
analysis of regimes (A) and (B)) that, as a function of B, E, = E.(B) moves ever closer to a band
edge, as B increases (that is, as magnetic disorder decreases). Thus, for 0 < z < 0.3 and for a
small, but positive density of conduction electrons, it can be expected that, at zero temperature, our
model describes a Mott transition from an insulating state at small values of the magnetic field B to a
conducting state at large values of B. If correct this conjecture would explain the colossal (negative)
magnetoresistance observed at x = 0.27 and very low temperatures; (recall Figure 4).

3. Definitions and notation

We find it convenient to gather the most frequently used definitions in this section, for ease of
reference.

Since we are dealing exclusively with the lattice Anderson model it is convenient to use the maxi-
mum norm as a distance measure in Z%, that is,

|| == lrélzagxd|xi| .

We denote the matrix elements of an operator H on ¢?(Z%; C")—which are r x r-matrices—by

H(-Ta y)ij = <5I,i ) H6y7j> )

where 0 ;(2)k = 03,0, For an r x r-matrix A we denote its operator norm also by | - |, that is,
|A] := sup |Av|.
lv|=1

This should not give rise to confusion, and we have of course |tr A| < r|A|. The reason for the non-
standard notation is that we want it to be distinguished from the operator norm of the operators on
¢%(Z4;C"), which we denote

|B]| := S |Bf|, fe*z%C).
=1

Sometimes, for brevity, we write a— to denote a not further specified real number strictly lower
than, but arbitrarily close to a.
The discrete analog of the Laplacian, acting on ¢2(Z%), is also denoted by A and is defined by

AHG) = > G- f0)-

l7—3'1=1
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By Fourier transform, the spectrum of —A is easily found to be [0, 4d]:

BN = S NG = 3 3 (G- ea) = 16)+ £+ e0) — 1)

JEZA jezd a=1
d
_ Z Z f(j)(ei(j-l‘ea)'k . ei_j»k + ei(j—ea)‘k - eij -k Z Z f 1_] k — 14 e—ika - 1)
jE€ZL a=1 jezd a=1

d
= f(k) > (2coska —2).
a=1
If not stated otherwise, we will consider the Laplacian with diagonal elements removed, that is,
> FE)
li—5"1=1

and so its spectrum is [—2d, 2d).
We will also mainly consider the Laplacian restricted to finite subsets A C Z% with zero Dirichlet
boundary conditions,

AA(jvj/) =0
if j ¢ Aorj ¢ A For a Schrodinger operator H = —A + v; we define
Hp :7AA+1A( )’U],

where 1, denotes the characteristic function of the set A, and we denote the corresponding Green
function by G4(F),

GA(E):=(Hy—E)™*.
The tool for handling these restricted Green functions is the second resolvent identity
Ry — Rp=Rp(B—A)Rs=Ra(B—-A)Rp,

for operators A, B and their resolvents R4, Rp.
Next, we introduce some geometric notions that will be used throughout this first part of the thesis.

DEFINITION. e An [-cube with center z € Z9 is the set A;(x) :={y € Z: |z —y| < }.
e An elementary l-region is a difference of two I-cubes, that is, a set R C Z% such that there
exist two [-cubes Cy, Cy satisfying R = C1\C>. The set of all elementary [-regions is denoted
by 51.
e An elementary l-region R; is called regular at energy E (sometimes, to be very clear, c-reqular)
if there exists a constant ¢ > 0 such that

(1.10) IGr (B)| <

l

(1.11) and  |Gg, (E;z,y)| <e =¥ for |z —y|> o
If an elementary region is not regular, it is called singular.

e For aset X C Z4 we call its boundary 0X the set {(z,y):z € X,y ¢ X, |r —y| = 1}, and its

inner boundary 0X~ theset {z € X : Iy ¢ X, |z —y| =1}

Finally, we explain how to use the second resolvent identity for the basic perturbation of the
resolvent in the hopping terms: Consider a set X C Z? and a subset Y C X. Clearly,

HX:HyEBHX\yfI‘
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where
1 zeX\YyeY,|z—yl=1
I'(z,y) =<1 yeX\Y,zeY,|lz—y|=1,
0 otherwise
that is, I' is the operator coupling Y along the boundary to its complement in X. The resolvent

equation reads Gx = Gy ® Gx\y + Gy ® Gx\yI'Gx. Note that (G4 ® Gp)(z,y) = 0 unless both x
and y belong to A (or B), and that in this case (Ga ® Gg)(z,y) = Ga(z,y) (or Gp(x,y)), for instance

e x,ycyY
Gx(w,y) = Gymy+ S Gyl(w.2)Gx(2,y)
(z,2")€dY
e z,yc X\Y
Gx(z,y) = Gx\y(2,y) + Z Gx\y(z,2)Gx (2, y)
(27,2)€0Y
e xecY,ye X\Y

GX(:L'ay) = Z GY(va)GX(Z/)y)
(z,2")€dY



CHAPTER 2

Preliminary example: random potentials with bounded density

The first mathematically rigorous results on Anderson localization in arbitrary dimensions were
established by Frohlich and Spencer [27] in 1983—a quarter of a century after the inception of the field
by Anderson. The multi-scale analysis devised in their work has the reputation of being arcane and
difficult to understand. We will show in this chapter that—at least for random potentials with bounded
density—this is not the case. Because we will use many of the techniques, later on in Chapter 3, when
we treat the random Zeeman interaction model, this chapter also serves to set the stage for subsequent
arguments. The original method [27] has been simplified by Spencer and Dreifus (see [58, 53]) and
applied to a plethora of problems by many people, see [38] for a recent review.

We study the Anderson Hamiltonian

(2.1) Hw) =—-A+v(w)
acting on ¢%(Z?), where —A is the finite-difference Laplacian and (v;) jeza is a collection of independent
identically distributed random variables, the density g = dzsjv) of which satisfies

glloe < 00

The random potential is supposed to model the effects of defects and impurities in a real solid, as
opposed to a periodic potential representing the perfect crystal structure of ideal solids covered by
Bloch/Floquet-theory. The physically relevant result in the mathematical theory of localization is to
prove absence of conduction, represented by the vanishing of the conductivity, o, given by

o(B) = S-p(E)D(E),

where e is the electric charge, h is Planck’s constant, p(F) is the density of states, and the diffusion
constant, D, is given by the Kubo formula (see e.g. [45])

_2¢? 2 o 2
(2.2) AEVD(E) : = liy 5 3 IaP EIG(E + w0, 2)P
xTE

p- [ " aB(B)D(E)
where
G(z,w;2,y) = {6z, (H(w) — 2)715,).

As suggested by (2.2), analysis of the behaviour of the Green function G(E +ie) as € \ 0 is essential in
the investigation of the transport properties of a Hamiltonian. For instance, it is easy to see (wait for
the next chapter for precise definitions) that the density of states p(F) has the following representation,

1
p(E) = lim —Im EG(F +i¢;0,0) .
e—=0 T
By the second resolvent formula, we compute

mpe(E) = E %[G(E Fie) - G(E —i9)](0,0) = E€[G(E + ie)G(E — i£)](0,0),

15
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so that

2 _ mpe(E) _

> E|G(E +ie;0,2)] -

If we define
fo(z) :== E|G(E +ie; 0, 2)|?,
then we can think of the Fourier transform

fs(p) = Zeipvzfs(w) )

so that the above formula reads

Tpe(E -
mpe(E) _ £.(0).
€
Formal computations (see [45]) lead us to the following expectation in what concerns the telltale
signature of localization and delocalization, respectively:

; mpe(E)

Je (p) = L )

De(p) +¢

where for small p
D(E)p? diffusive regime
ep localized regime .

The form of D.(p) in the diffusive regime is easily explained: From the Kubo formula above we obtain

pe(BYD(E) = 2= 3 [af? () = S aP (2)(0) = 5 AL (0).

md
On the other hand, using D.(0) = 0,

A 1
Af.(0) = —ﬂpa(E)gADa(O) ,
so that
d

AD.(0) = §D(E)
Summarizing, precise knowledge of the function f.(z, E) is all we need in the study of the transport
properties of a Hamiltonian. Unfortunately, the analysis of the average E |G(E + ie,w; 0, x)| is fraught
with small denominator problems coming from configurations w = (v;);eze Wwhich are near-resonant,
as exemplified by the rank-one perturbation formula

(2.3) G(z0,2) = =———— ,

Gz, x)~t + vy

where in G the value of vy is set to 0. Since G is independent of v,, we see that for some “resonant”
values of v, there is a non-integrable %—divergence. One way to overcome this so-called small denomi-
nator problem was introduced in [3] (see also [4] for a simplified version), and goes under the name of
“fractional moments method”. The main idea boils down to considering E |G(F +i0,w; 0, z)|® for some
positive s < 1, thus rendering integrable the %—divergences alluded to above, and the basic inequality

%
Dolagl] <D laglz, vs<2.
i i

We will not discuss this method here because the other method, the multi-scale analysis, is better
suited to the random Zeeman interaction terms considered in Chapter 3.
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1. Multi-scale analysis

The multi-scale analysis is an inductive scheme to handle the small denominators due to resonant
configurations. The Hamiltonian H is regularized by restricting it to finite-size cubes A; induction
is then on the size of these cubes, the “scales”. The main idea is to prove exponential decay of the
off-diagonal elements of the regularized Green function, with probability approaching 1 for A 7 Z<.
The induction proceeds roughly as follows: The strongly resonant configurations (they turn out to be
very rare) are avoided at scale n + 1, and the decay of the Green function at scale n can then be used
to offset the small denominators coming from mildy resonant configurations to prove the decay at scale
n+ 1.

A typical result that we can prove is a theorem such as

THEOREM 2.1. Consider the random Schrédinger operator (2.1) on the lattice Z¢. Let E € R,
k>2d and 0 <n < 1. There is an L such that if for ly > L we have

(1)

Pl Y [Ga,(E+is0y)|<n| >1-1gF  ve#£0
yeEOA, (O)

P [dist (E,0(Ha,(0))) < k] < C|Ai]5,

for all k > 0 small enough and all 1 > Iy,
then for mo = —logn/2ly we have that

P(G(E +ic:0,2)] < ™V lD ¢ 20]> 1 N+
holds for all x € Z2.

REMARKS.

e The so-called Wegner estimate (ii) in the form stated is too strong a condition. All that is
needed is

P [dist (B.o(Ha,)) <] <17",
for a 0 < b < 1. Using the selfadjointess of H,, ) we write this as
b —
(2.4) P [HGAL(O)(E)H <eé } 117",

e The Wegner estimate is actually not needed for all [ > Iy, but only for an infinite sequence of
scales [; = 181, i € N, where 1 <a<2.

In [27] it was shown how Theorem 2.1 implies absence of diffusion. We reproduce their argument here
for the sake of completeness. Decompose Z? into annuli, 4;,i = 0,1,2,... where

Ag:={x:|z| < R}
Aji={z:R27'<|z| < R2Y} i=1,2,...
with an R to be chosen later on. Define the events
Vi i={w: |G(E +ie,w; 0, z)| < emoWV=leh o £}
and estimate by (2.2)
p(E)D(E) id f; ( 2emoNiP[Vy,] Y JaPemmolrl 4 Cy(R2Y) PV, ])

T€A;
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where Cy is a constant, and in the second term on the right hand side we used the trivial upper bound
2|G(E +ie,w;0,2)|> < 1;
the sequence (IV;)52, can be chosen at convenience. Clearly
Z |30|Qe_m°|c”| < const e~ HRY , J=>1,

TEA;
and by Theorem 2.1

P[Vy,]=1-P[Vy,] < CpN; ¥,
for any k£ > 2d. We now choose N; = %RQi. It follows then that
Rmg > ™o poi > ;
< T 2 [ B0 Ha42 — ™0 R2 iyd+2—k o gk—d
p(E)D(E) < Eh_%const le (e s RTC 4 26 8 ) + ; Cq(R2") Cr8

Choosing now k > d + 2, letting first € tend to 0 and then R to oo we conclude that p(E)D(E) = 0,
that is, o(E) = 0. O

We can hope to prove Theorem 2.1 for all energies F if the disorder is large, that is ||g]|ec < 1,
or in general for energies in the band tails. To make the proof more transparent we prove first the
following “finite-volume version”,

THEOREM 2.2. Consider the random Schrodinger operator (2.1), and fir 1 < a <2, N>k > 2d0‘

There exists an L > 0 such that if for lo > L, and ¢ > 0 we have that
l
PlIGa, (Biz,y)| e ¥, Vo —y| > 512 11"
then, for all 1, = 1",
. ln

(2.5) PllGa,, (Biz,y)| < e 27 Vo —y| > EL

DEFINITION. We call a cube of size [ that satisfies (2.5) “I-good” (or simply “good”), and otherwise
“ba,d” .

The proof of this theorem uses an expansion of the resolvent (see Section 3 for notation), as in

Ga=Gp+Gpl'pGy,

where B is a suitable subset of A. It is clear from the above formula that we need an a priori estimate
on the dangling factor of G4. This estimate is provided by the fact that ||GA(F)|| = 1/dist(E, o(H,)),
and the following elementary result,

LEMMA 2.3 (Wegner estimate). If the random potential has a bounded density g, then
(2.6) Pldist(E, 0(Ha)) < k] < 2(|g]loor] A] -
PROOF. The core of the proof is the following observation,
Na(E;{vj}) = Na(0,{v; — E}),
where N4(E) denotes the number of eigenvalues of H, less than E. Thus, we can write

AN (E’

Pldist(o(E, Hp)) < k] < E[NA(E+ k) — Nao(E — k)] =E / )dE’

!/
B-p|<n  AE

ONA(E / / ONA(E")
= — 7dE/ dE’ dvg(vy) ———=
Z /E E' v; Z E-FE'|< ]‘_‘[ 79(vy) v,

JEA |<w jeA A

< ligllee Z/ E'/ [T dvsg(v) INA(E', v; = —00) = Na(E', 05 = o0)],

< - .
jea|E-E|sk J'#7
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because _[ﬂgfm is clearly positive. Now, by the minmax principle
J

OSNA(E/,’UJ‘ :—OO)—NA(E/,U]‘ :OO) < 1,

SO

Pldist(o(F, ) < ] < gl 3 / aE / IT dvsg(oy)
jea’|E=-Esk i'#i
= 2glloerl A

O

REMARK. Much effort has been devoted to the study of how much the conditions on the probability
density can be relaxed such that a Wegner estimate can still be proven. The most natural condition is
probably Hoélder continuity of the probability measure: P is called Holder continuous of order a > 0 if

P([a,b
C;':=inf sup M < 00.
>0y _qj<r [b—al*

In such a case one can prove [13] in a very similar fashion the following Wegner estimate,

2(1
<
- C

for all 0 < C' < C,, and k small enough. This is good enough to prove the exact same things we are

Pldist(c(E, H,)) < #] [A[TFRe

)

now going to prove for a bounded probability density.
Since the volume factor |A4;| grows only polynomially in I, we see from the Wegner estimate that
the probability that E is exponentially close (in ) to the spectrum of H,, is exponentially small.

PROOF. (Of Theorem 2.2) The proof is by induction, and to keep notation light we will show the
step from [y to [ = I§f. As a first step, denote by Qw the set of configurations of the random potentials

where ||G 4, (E)[| > ei””. Because of the Wegner estimate we know

/ —

P[Qw] < Ceh’”

Denote further by €54 the set of configurations where there are two or more disjoint bad cubes of size
lop in A;,. Because of the induction hypothesis we know

BET|
P[] < CI241572%F = c1™ < Zi*

— 2 )
for [y large enough. So the probability of these problematic configurations is small,
P[Qw U Qo] <177,

which means that the proof is finished if we can show the exponential decay for the unproblematic
configurations. Hence, for the rest of the proof, consider only configurations in Q\(Qw U Qa4 ), that
is, configurations for which |Gy, || < el}/z, and for which there is at most one bad [p-cube in A;,.
(Actually, there can be more, but they all have to intersect, so that they are contained in a slightly
larger cube of size 3ly.)

First, assume that there is no bad lp-cube in A;;. We expand the resolvent along a sequence of
nested [p-cubes C; from x to y.

Ga, (Bizy)= Y Go,(B;x,21)Ga, (B 2,y)
(21721)6601
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for z € C1 but y ¢ C1. Find 2] that maximizes |G 4, (E;21,y)| in the expression above, and denote it
by Zi. Continue expanding around the cube Co:

|G/111(E;'Tay)| < Z |G01(E;'T’Z1)||G02(E;ziazQ)”GALl (E;Zéay”a
(21,21)6601
(22,25)€0C2

for y ¢ C3. We can continue this procedure until y € Cy1, and obtain
Ga, (Bszy)l < Y |Gey(Bsw 20| |Go (B Zmy, 2|1 Ga, (B)]-
(2:,2})€0C;

. . . 1/2
For the configurations under consideration, we know that |G 4, (E)|| <eh'". So,

1/2

G, (B;a,y)| < (Clg~")reclokeh

Since k > |z — y|/lp we obtain

9SO |yl oy 1
|Ga, (Esz,y)| <e o e “lTTVleh
d—1 /2
log(c13—1y
< e—(c—lioo—‘f,y‘)lw—yl
d—1
log(Cl ) ja/2-1
<e (w1~ Dyl . gmerlo—yl ,

for |x — y| > lo.

Next, we will prove exponential decay of the resolvent if there is one bad lp-cube in 4;,, denote it
by @. Consider first A;,\@, and note that by construction there is no bad lo-cube in A;,\@, so that
we can prove as above that

Ga @Bz, y)| <e vz —y| > 1.

Restoring the couplings to the bad cube @ is only a small pertubation and does not destroy the
exponential decay:

GAzl (z,y) = [G/lzl\Q + GAll\QFGAll FGALI\Q](Z" Y)

where I" here denotes the operator corresponding to dQ. Using the estimates established up to now we
obtain

|GAll(x’y)|Se—clwz—y\+eli/2 S el

(21,27)€0Q
(Z21Zé)€6Q

(A little nicety was swept under the rug here, namely what if the distance of either x or y to 9Q is less
than [y (it is not possible that both are since |z — y| > 11/10). However, by the Wegner estimate we
. . /
can again establish a very crude bound |G 4, \q(E;7,y)| < [[G4,\@(E)| < i’ for any @ and |z —y|,
having to discard configurations of measure of order e’ 2
Because

|z —y| < |z — 21|+ |21 — 22| + |22 — ¥ and
|21 — 22| <o
we get

Gy, (2,9)] < e=ele9I(1 4 T|2eh " Hoy

l}/2+l0+log c|r|2?
< e—(cl—Wﬂm—y‘

1/2 1/ 2
1172 e Log oy
—(c1—10+—L———Nz—y| _ . _—c)|lz—y
< e I e 1‘ ‘ s
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for | — y| > 11/10 and Iy large enough.
The induction step is now proven, and the claim follows since it is clear that cj, > & for all n. [

From this result of exponential decay for finite-size cubes, it is straightforward to go to the limit
A 7 Z% We shall now recall (see [58]) how to prove Theorem 2.1 from the finite-volume version
Theorem 2.2.

PROOF OF THEOREM 2.1. We have for an F € R, all scales [ and all cubes A; with probability at
least 1 — [~k

¢ l
|G a, (E +10; 2, y)| < e~ &lovl for |z —y|> e

Fix an = € Z? and consider a sequence of cubes A, centered at the origin with sides of length 1,, =
2" (2|z|4+ L). We expand G(E +ig; 0, z) around this sequence of nested cubes using the second resolvent
identity and obtain

G(E-i—if;‘;o,x) = [GAo + G ToG Ay + Ga,T1G A T0G A, + ...](E—‘,—i{;‘;o,x).

Since the distance between 0A; and 0A;11 is greater than [; we get that

k—1
GATho1 ... Ga,T1GA,To(E +ig;0,2)| < ] [Aile™ 2"
i=0
holds with probability at least

k
1=Y 17k
i=1
For the innermost cube, if |z| > L/2 we get
|G, (E +ig; 0, )| < e 51l

with probability at least

k
1
1-lF=1—-(——-) >1—(2L)7".
0 (2|z|+L) =1-020)

For |z| < L/2, the Wegner estimate gives

1/2 c
L < e4

|Ga, (F +1i;0,2)| <e
with probability at least
1- L7k,
Combined, the above estimates say that
|G A, (F +1e;0,2)| < e5(L—lz])
with probability at least
1—@L)y *—L*>1-C,L".
In a completely analogous way we get an estimate for G4, (E + ig; x, yo) for a yo € dAo:
|Gy (E +ig; 2, y0)| < e3(E 1)
with probability at least
1—CpL™".
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So Theorem 2.1 follows observing that first

co k—1

Z H |Asle™ 2% < const,

k=0 i=0

and second that
S+ CLTF <O L
i=1

for some C} > 0. O

2. Pure point spectrum

Although we have established absence of diffusion, one might argue that a mathematically more
satisfactory result would be a more precise knowledge of the spectrum of the random Schrédinger
operator (2.1). Note that the group of translations acts ergodically on the probability space of con-
figurations (v;),ecz4, allowing us to conclude [42] that there exist fixed sets opp, 0ac, 0sc € R such
that

Opp(H(W)) = 0pp  Tac(H(W)) = 0ac  0sc(H(w)) = 0sc  almost surely.
In the same work it is shown that we can determine the spectrum of (2.1) with probability one,
(2.7) o(H(w)) = [—2d,2d] + supp ¢ almost surely,

where A+ B={a+b:a€ A,be B} for sets A, B C R.
With Theorem 2.1 at hand, there are several ways to show pure point spectrum with exponentially
decaying eigenfunctions, the easiest of which is due to Simon and Wolff [52],

THEOREM 2.4. If for almost every E € (a,b) and almost every w
li .. 2
lim Z |G(E +ie;0,2)|° < 00
zeZd
then, with probability one, H has pure point spectrum in (a,b) with exponentially decaying eigenfunc-

tions.

Theorem 2.1 and the lemma of Borel-Cantelli imply that for almost every w there is an L, not
depending on € such that

|G(E +ie; 0, z)| < e™Eeolzl)

Thus Theorem 2.4 implies that H has almost surely pure point spectrum with exponentially decaying
eigenfunctions in the range of energies F where Theorem 2.1 holds, that is where we can establish
the initial estimate of Theorem 2.2. We show in the following how this can be done in various energy
regimes.

Large disorder. For large disorder, that is, ||g|lcc < 1, the condition on the smallness of off-
diagonal elements of the resolvent in Theorem 2.2 is established simply with a norm bound: Consider
G 4 for some finite subset A C Z?. If we have for some F

lvg(w) — E| >M+2d VreA,
then

Gl = (ist(B. o (Ha)) ™ < 17



2. PURE POINT SPECTRUM 23

Now
Pllve(w) — E| > M +2d Vz € A = (P[lva(w) — E| > M + 2d])!"!

=(1 = Pllog(w) — E| < M+ 2d))"1 > (1 = 2(M + 2d)]| g o0) ! oo

As the above holds for any M, the condition of Theorem 2.2 is verified for all E € R provided ||g||~ is
small enough. (Note that ||g|lcc — O implies in particular that the support of g gets infinite.)

Low energy. In the same vein for low energy: Suppose that for some N we have |v,(w)| < N for
all z € A. Then

o(Hp(w)) C [-N —2d,N + 2d],
and for |E| > N + 2d + M we have

1

1GA(B, W)l = (dist(E, o (Ha@))) " < 77 -
Because A is finite it is clear from the Markov inequality that

Pllv.] < N Vz € A] = P[jv,| < NI

> (1 E [va| . — 1
- N N—oo ’

for v, € L'(€). So the initial condition of Theorem 2.2 is fulfilled for |E| large enough. Obviously,
this is only of interest when the support of the probability density is infinite.
Band tails. We will treat this case extensively in Chapter 3, so the reader is asked for patience.






CHAPTER 3

Mathematics of random Zeeman interaction

1. Introduction

Now that we have explained the key ideas and main techniques used in the mathematical treatment
of Anderson localization, we are ready to discuss the random Schrédinger operator that describes the
evolution of a conduction electron in Eu,Ca;_,Bg. Recall from Chapter 1 that it is given by

(3.1) Hw)=-A+vw)—Jm;w)-o.
As before, we have that there exist fixed sets opp, Tac, 0sc C R such that
Opp(H(W)) = 0pp  Tac(H(W)) = 0ac  0sc(H(w)) = 0sc  almost surely,

and

o(H(w)) = [~2d, 2d] + Suppgae (H) almost surely,
where the “support of the diagonal part” of H is defined by

SUPPgiag(H) := {a € R: Ve >0 Pldist(o(H (w)(0,0)),a) < e] > 0}.

It is easy to see that suppg;,,(H) = {+v £ J} so that

o(Hw))=[-2d—v—J2d+v+ J] almost surely,

for v, J small, whereas the band splits into several bands if v and/or J are large. Our results hold only
for the band edges of the extreme bands, so we will not distinguish the cases.

The proof of localization could run along the very same lines of the case of a random potential with
bounded density, if it were not for the fact that it is not known how to prove an a priori (Wegner-type)
estimate concerning the distribution of eigenvalues of the Hamiltonian restricted to finite-size cubes,
such as

(3.2) Pldist(E, o0(H,)) < k] < CrlA| .

Recall that in the case of a bounded probability density the constant is given by C' = 2||g||c0, where g
is the density, explaining why the estimate is useless for the Bernoulli potential. The random Zeeman
interaction term m - ¢ is similar to the Bernoulli potential in the sense that is has the same spectrum
{£1}, so that we could naively expect to encounter the same difficulties. However, as it will turn out,
the continuous distribution of the random vector m on the unit sphere makes life a lot easier. It is
still not known, though, how to prove a Wegner estimate (3.2) for a Schrédinger operator with random
Zeeman interaction term (it may even be wrong in the form stated), but a new scheme introduced in [8]
circumvents this problem by establishing a Wegner-type estimate inductively, starting from an initial
scale, that will therefore hold only for energies E where we can prove the initial estimate. (The classic
Wegner estimate holds for all energies F, even if these energies lie in the region that has supposedly
absolutely continuous spectrum in the thermodynamic limit.)
Recall the main theorem from Chapter 2,

THEOREM (2.1). Consider the random Schrédinger operator (2.1) on the lattice Z¢. Let E € R,
k> 2d and 0 <n < 1. There is an L such that if for ly > L we have

25
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Pl Y [Ga,(E+ig0,y)<n| >1-1gF  Ve#0
yeaAlg(O)

(i)
P [dist (E,0(Ha,(0))) < k] < C|Al]5,

for all kK > 0 small enough and all I > 1y,

then for mg = —logn/2ly we have that
P(IG(E +ie:0,2)] < ™ (™V—le) ¢ 0] > 1 - CLN*
holds for all x € Z2.

There is a certain dichotomy regarding the conditions of this Theorem. The first condition, about
the off-diagonal decay of the Green function, is to be verified only at an initial scale, whereas the
Wegner estimate (ii) has to be established on all scales. However, recent efforts of Jean Bourgain
[8] have shown that under some analyticity assumptions the Wegner estimate, too, has to be verified
only at the initial scale. Using his techniques we can prove the following reslts; consult Section 3 for
notation.

Recall from Chapter 1 the different physical regimes (A), (B), (C) for which we want to prove
Anderson localization.

REMARK. For both the regimes (A) and (B) we will discard the additional Bernoulli potential
vj(w). It would only burden the notation, without really changing any proof. This is clear for the
case of v; = v;?dd + v?emo“”i (so the random potential is a sum of independent random variables, one
of which has a bounded probability density g, and the other one is Bernoulli). The joint probability
density g, is given by the convolution, g,(z) = g * (30_1 + 101)(z) = 3g9(z + 1) + 2g(z — 1), so it is
bounded as well, yielding the Wegner estimate and thus the pure point spectrum.

In this chapter, we prove the following results for the various regimes described in the introduction:

(A) k small, B small, z =1

THEOREM 3.1. Consider the random Schridinger operator (3.1), with the distribution of w given
by
(3.3) dP(m) = Z ' exp{x Z m; -mj + BB Zm§-z)} Hé(m? —1)d®m; .
li—jl=1 J J

There is a ko > 0 such that for k < ko the following holds true. There exists a 6 = d(k,B) such

that H(w) has, with probability one, pure point spectrum for E € [E — 4§, E] with exponentially decaying
eigenfunctions, where E denotes the upper spectral edge (and symmetrically for the lower spectral edge).

(B) k — 0o, B small.

THEOREM 3.2. For x < x. there exists a § = §(B,x) such that the random Schridinger operator
(3.1) with magnetic moments distributed “of percolation type” according to Chapter 1 has, with proba-
bility one, pure point spectrum for E € [E — 6, E| with exponentially decaying eigenfunctions, where E
denotes the upper spectral edge (and symmetrically for the lower spectral edge).

(C) B = oc.
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THEOREM 3.3. Consider the Bernoulli random Schriodinger operator
H(w) = —-A+ vj;(w),

where

1, with probability x
(3.4) vj(w) = {

—1, with probability 1 — x .

The v; are assumed to be independent. Then, in the band tail from [—\, —cA? + O(X*7)], p(E)D(E)
vanishes for all energies outside a set of the order of exp(—% exp(%/\’l/Q’)).

This is a perturbative result, and is meaningful only for small values of .

2. Wegner estimate

Since the main new difficulty when considering a random Zeeman interaction term instead of a
random potential with bounded density comes from the Wegner estimate, we devote this section to the
latter.

The Wegner estimate Lemma 2.3 says that the eigenvalues of H4 do not “clump together” too seri-
ously. This is closely related to the density of states, to which we will now give a precise mathematical
meaning. Denote by N4(FE,w) the number of eigenvalues of H,(w) less than, or equal to E. Denote
further by P4(F,w) the spectral projection of H, onto the interval (—oo, F). Then Stone’s formula
reads

1 [E
P4(E,w) = s—lim— Im (Hp(w) — E' —ie) *dE'.
e—=0 T J_
We can express the number of eigenvalues using the projection,
Ny(E,w) = tr Py(E,w) = Y tr (0a, Pa(E,w)d,)
zeA

1 E
= lim — E / tr ImGa(E' + ig;z, z)dE’ .
€AY >

e—=0 T
x

By the subadditive ergodic theorem, see for instance [14],

. NA(va)
E):=1 _
()= fim, ==

)

the integrated density of states, exists and is independent of w with probability one. Since n(FE) is
monotone, its derivative exists almost everywhere and is denoted by p(F), the density of states. From
the formulae above we get
1
p(E) = lim —Etr Im G(E + ig;0,0) .
e—=0 T

Here we used translation invariance, details are discussed in Appendix C. At finite scales, we can define

1 1
pA(E) = Mzez/llim —Etr Im G4 (F + ig; x, x) .

e—=0 T

The connection to the Wegner estimate is obvious from the relation p,(E) = diENA(E)/|A|, where
NA(F) = ENs(FE,w). If, for instance, we know that ps(E) is bounded by C' uniformly in A then this
provides us immediately with the Wegner estimate:

P[dist (F,0(HA)) < k] KENJ(E + k) —ENj(FE — k) =

d
:/ T ENa(ENAE" = 2|4] pA(E")dE' < AC| Al .
|[E—E'|<K |E—E'|<x
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The regularity of the (averaged) finite-scale density of states ps(FE) is thus crucial for a Wegner estimate
to hold. This is an explanation for why the Bernoulli random potential is so difficult: The unaveraged
quantity pa(F,w) is simply a sum of d-functions, but taking the expectation value has a smoothing
effect for a random potential with a density. In the Bernoulli case, however, taking the expectation
amounts to taking a finite average as long as A is finite,

[Ep/l(an) = ﬁ Z PA(E;W)
configurations w
so that p,(E) still is a sum of d-functions.

In our case of a random Zeeman interaction term, m(w)-o, things look much brighter—even though
its spectrum is as singular as Bernoulli’s—because taking the average entails integrating m over the
unit sphere, thus making p4(FE) much more regular than in the Bernoulli case.

However, it is still not straightforward to come up with a Wegner estimate, and it is only an
inductive scheme described in the next section that bears fruit. To see why the matrix-nature of
randomness complicates matters, we look back at the case of a random potential with bounded density:
In this case, the Wegner estimate is obtained by first-order eigenvalue perturbation (as long as the
probability is bounded): For A C Z¢ finite consider an interval, centered at an eigenvalue of H, =
—A + v, of length 2k <« min|E, — Ey|, for E,, E/, different eigenvalues. Compute for H(v)¢(v) =
E(v)¢(v)

T = kP,
and note that as ||€]| = 1 there is at least one site jo with |;,(v)|*> > 1/|A|. Thus by varying v, of
order Kk we get

K
0E(v) =0 (—) )
|A]
indicating that P[dist(c(Ha(v), E)) < k/|A]|] is of order & (for a bounded probability density). We

have given a rigorous proof in Lemma 2.3. An essential ingredient in the proof is the trivial identity
N(E,v) = N(0,v — E). Such an identity does not hold in general for matrix-valued potentials,
explaining why it is not possible to generalize the above proof in a straight-forward way. The difficulty
that arises when treating matrix-valued potentials can also be exemplified by doing an eigenvalue
variation. Consider the Hamiltonian H(w) = —A+w ™! Aw, where A = diag(\1,..., ) and w € SU(r)
random, that is, w™'Aw a random hermitian matrix with fixed spectrum. Then

0B(w) O 1 (Hw)Ew).&w) = 0.

Ow; 1 Owily—n

wj=
Thus for an eigenfunction that is concentrated on sites j with w; ~ 1, it is not possible to move the
corresponding eigenvalue by small variations of w;.

However, if we allow for some analyticity in the distribution of magnetic moments, it is very easy—
using a path expansion—to prove the following lemma (see Appendix 6, where the proof is done for
correlated magnetic moments using a cluster expansion.)

LEMMA 3.4. Consider the random Schrddinger operator (3.1) with magnetic moments distributed
according to

dP(m) = Z ' exp{x Z m; -mj + BB Zm§-z)} HA(’Y)Q_’Y(W?—MZ)de%mj .
J

li—jl=1 j

Then, for |E|+ v large and k small, the finite-scale density of states, defined by

1 1
E)=—+—— lim —tr Imn EG 4 (E + ie;
palB) = gy 2, iy o ImEC (B + i),
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is bounded uniformely in A.

With the Wegner estimate at hand, we can proceed as in Chapter 2 to prove pure point spectrum
with exponentially decaying eigenfunctions.

The Wegner estimate in the fractional-moments approach. Although it does not figure
as prominently as in the multi-scale analysis, a Wegner-type estimate does enter the estimates of the
fractional-moments method. A uniform estimate on the average of a fractional power of the diagonal
elements of the resolvent is needed, see [4],

sup E|G(z;z,2)|]° < C.
z€C\R
For random potentials with e.g. bounded density this is a simple consequence of (2.3). For the random
Zeeman interaction we have an analogous formula,

Glziz,x) = (Glziz,2) o -mg) ",

the quantities here being 2 x 2-matrices, and in G the value of my, has been set to zero. Unfortunately,
it is not easy to get a uniform estimate from this formula; and again the problem is the fixed spectrum
of o - my. If we try to compute the expectation by conditioning on the values of (my)y=q,

E|G(z:2,2)|° = / At (m,) / du(ma)| (G2, 2) ™ + 0 - ma)°

then we run into problems because
/du(mm)|(A boeomy) U oo, A+l

We see that the fractional-moments approach is plagued with the same difficulties, and we will not
pursue it any further.

3. Multi-scale analysis with inductive Wegner estimate

The method devised by Frohlich and Spencer [27] to prove Anderson localization for a random
Schrédinger operator H consists of proving exponential decay of the Green function of the operator
restricted to finite subsets A, with probability approaching one on ever larger scales. As discussed in
Chapter 2, two ingredients are needed for their inductive scheme to work. First, a certain control over
the off-diagonal elements of the Green function at an initial scale, and second, an a priori control over
the clumping together of eigenvalues of H, on all scales—the Wegner estimate. The main technical
innovation in [8] is to prove also the Wegner-type estimate inductively, so that it, too, has to be verified
only at an initial scale.

We turn now our attention to the proof of Theorems 3.1 and 3.2. Its most technical part is
contained in the following lemma (see page 13 for definitions),

LEMMA 3.5. Let E € R. Consider the random Schridinger operator (3.1). There are Ny and k
such that if for all Ry € &, %Né“d <1 < Ng,

P[R; is c-reqular at energy E] >1—17%,
then
P[Ry is g—regular at energy B >1— Nk,

for all Ry € En, for all N > Nj.
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3.1. Sketch of proof. Recall the main strategy of the multi-scale analysis: We establish existence
of “good” cubes with high probability at an initial scale, and use this information to show existence of
good cubes with even higher probability, inductively, at larger scales. The probability that a cube A;
is good should behave like 1 — p;, where p; o< =%, and k is some integer. The key point is that, at finite
scales, we have to prove existence of good cubes only with high probability and not with probability
one: Denote by 2 the whole probability space, that is, the set of all configurations w of the random
magnetic moments (m;);jezs. From the outset, we can discard configurations w that are difficult to
handle, as long as they have small probability.

The induction step from scale l,, to l,4+1 < 2 proceeds as follows: Consider a cube A, ,, of size
lp41. Since “bad” cubes of size [, are, by the induction hypothesis, improbable, the probability that
there are many, say N, bad [,,-cubes in a [, 41-cube is even smaller, of the order of pl]\i. The integer N
is chosen such that pan < Pi,,.- Therefore, only configurations w where the l,1-cube contains not too
many bad [, -cubes need to be considered.

To prove that A;,,_,
cubes (of which there are not too many) from 4,

is good we proceed in the following way. In a first step, we excise the bad [,,-
.41+ 1terating the resolvent identity along a sequence of
ln-cubes and using the induction hypothesis at scale I,, we prove that A;, ,,\{bad cubes} is good. The
difficulty is now that, to couple a bad cube A;, back to 4;,, ,,
/A;, that satisfies a Wegner-type estimate. But by the induction hypothesis, the Wegner estimate holds
for cubes of this size only with probability 1 —p;, , whereas we should like to establish it with the much
larger probability 1 —py,, .-

As discussed in detail in Chapter 2, for random potentials with a bounded probability density it

we need a slightly larger cube covering

has been known for a long time [61] how to establish a Wegner-type estimate simultaneously on all
scales [. Recent mathematical work [8], triggered by our study of the hexaboride alloys, shows how to
establish a Wegner estimate inductively.

We have already argued that we can restrict our attention to configurations w where there are
not too many bad cubes of size I,, in A;, ,—call these bad cubes Bj,. The key idea is to modify each
configuration w by changing in w = (m]—)jeAln+1 only the values of m; for j inside the By such that,
for this new configuration w’, each bad cube has a neighbourhood satisfying a Wegner estimate. In a
second step, one shows with the help of complex analysis that these configurations w’ have actually
very large probability.

Technically, this is done as follows (see also Figure 1): Pick one of the bad cubes, call it B. Now,
cover the bad cube B with a slightly larger cube B(;). Then the probability that the configuration in
the ring B(;)\ B makes the cube B(;y bad, no matter what the configuration inside B, is smaller than
pi,,- Thus, the probability that there are many, say N, equicentered cubes B(;) of increasing diameter
such that, for all 4, the configuration in the ring B(;)\ B(;—1) makes the cube B(;) bad, no matter what
the configuration in the interior, B(;_1), is very small, namely of the order of p{i . We can therefore,
from the outset, restrict considerations to configurations w where each bad cube B can be replaced
by a larger cube B;,_1) with the property that the configuration w can be modified inside the cube
B(i,—1) alone such that the cube B(;,_1) has a good neighborhood Bj;,). The modified configuration
shall be denoted by w'.

We can now use again the resolvent identity to establish the desired bound on [|G4, , (E,w')|.
We have thus found that |Gy, , (E)| is bounded at scale I,y for one fized configuration w’. One
may think that this is far too little, since a single point w’ has zero probability in 2. However, in a
last step, one shows, using a matrix-valued Cartan-type lemma, that the probability of configurations
for which [|Gy, ,, (E)| satisfies the desired estimate is at least 1 — pn41.

To understand the last step we need to recall a result from complex analysis, known as Cartan’s
lemma. The precise mathematical statement can be found in the appendix. For the purpose of this
sketch, a rough understanding of the lemma will suffice: The lemma says that an analytic function
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An+1

FIGURE 1. Generic cube of size l,,+1. The bad cubes of size I, of which we suppose there
are not too many, are depicted as smaller cubes. The construction of a good neighborhood
of a bad cube is hinted at.

that is bounded away from zero at one point of its domain of definition is at most points not too close
to zero. We need a higher-dimensional matrix-valued analog of this lemma due to Bourgain [8], which
we relegate to the appendix. This generalized lemma says that if |G 4, ., (E;w)| is not too large for
one configuration w’, it is not too large for most configurations; actually only exponentially few (in I,,)
configurations have to be excluded. It is important to point out that in order to apply this lemma the
distribution of magnetic moments on the unit sphere needs to have a bounded density with respect to
the uniform measure on the sphere.

We can apply this lemma, for we have explicitly constructed a configuration w’ with the desired
properties.

The off-diagonal decay is standard now, using again iteration of the resolvent equation along a
sequence of nested cubes.

3.2. Proof of Lemma 3.5. We are now ready to discuss the proof with all technical details.

PROOF. To simplify the presentation we will first do the proof for regime (A), more precisely
for k = 0,z = 1. We are thus looking at independent unit vectors m;, j € 7%, that are uniformly
distributed on the unit sphere,

dP(m) = [[6(m3 — 1)d®m; .

We will show later on how the proof has to be modified to cover correlations and percolation effects.
The proof is by induction. For sake of readability we perform the step from Ny to N;. Take
n < Ng < Ny with N; < N02 and n = Nll/gd < N3/4d.

Induction hypothesis: Elementary [-regions are c-regular with probability at least 1 —1~* for scales
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First step: Let B be an elementary Nj-region, and fix an integer M > 32d. The probability that
there are many singular n-regions is small: Denote by 3 C € the set of all configurations w such
that there are M or more disjoint singular n-regions R C B. Thanks to the induction assumption, its
probability is bounded by

(3.5) P[] < CN2Mp=kM o = 3kM

if K > 32d%. The first factor is an upper bound on the number of possibilities to place M n-regions
in B, since |B| < CN{ and elementary regions are differences of two cubes; the second factor is due
to independence. We restrict to configurations w € €, that is, to configurations where there are at
most M singular n-regions R C B all of which are disjoint, or where there are (possibly more than
M) intersecting singular n-regions no M of which are disjoint. In the latter case, these n-regions are
contained in a cube of diameter (2M — 1)2n. In the former case, group regions R that have a mutual
distance less than 10Mn and cover them with minimal cubes Q. In addition, if a cube ) happens to
lie at a distance < n from 9B then replace it by a minimal covering cube (again denoted by @) of
which each side either intersects OB or is at a distance at least n from it. These cubes @ satisfy by

construction
(3.6) 4n < diam Q < 20M*n
(3.7) dist(Q, Q') > 10Mn for distinct Q, Q' .

Denote the union of these new (and at most M) cubes by A. The first result is that a Wegner estimate
holds on B\ A,

LEMMA 3.6. There is an n such that
|Gaa(B)] < 2nttiem ™.
PROOF. By the resolvent identity, we have
(z,2")€0W ()
where W (z) = C(z) N (B\A) with C(z) an n-cube with center . Summing over y € B\ A and taking

the supremum we obtain

sup > |Gpu(Biz,y)| < sup Y |G (B)]|

T€B\A e p\A 2€B\A (o)
+ sup Y |Gww(Eiz,2)| sup Y |Gpa(Biw,y)l.
IeB\A(z,z’)G@W(m) weB\AyGB\A

Since the W (x) are regular n-regions for all x € B\ A by construction of A (if z is in an outer corner
of B, W(x) is actually a n/2-region, which explains the lower bound in the induction hypothesis) we
can use (1.10) and (1.11) at scale n to get

nl/2
IGaaE)l < suwp > [Gpa(Bse,y) < ™ e,
IEB\AyGB\A

for kgn?~le=°" < 1/2, where the constant 4 is such that the magnitude of the boundary of an n-cube

is bounded by kgn?~1. U
The second result ist the off-diagonal decay,
LEMMA 3.7. There is an n and a ¢1 < ¢ such that
Gp\a(Esa,y)| < e vl

for |z —y| > n.
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PrOOF. We expand the resolvent along a sequence of regular n-cubes C; as follows:
GB\A(nyay) - Z Gcl(E;.T,Zl)GB\A(E;Zi,y)
(z1,21)€0C1

for x € Cy but y ¢ C1. Find 2] that maximizes |G p\ 4(£; 21, y)| in the expression above, and denote it
by Zj. Continue expanding around the cube Cs:

Gpua(Biz,y) < > |Go (B, 20)||Go, (B; 21, 22) |G sy a (B 25, y)]

(21,2})€0C
(22,25)€0C>

for y ¢ Cy. We can continue this procedure until y € Cy11, and obtain
GpaEBsz < DY |Ge, (Byw,z)l...|Go, (Bi Zy, 20)[1Gra(B)]
(Zi,ZI()EaCi

_ _ 1/2
S (ndnd 1)ke cnk2nd+1en

)

Since k > |z — y|/n we are left with

(Gaa(Es 2, y)] < Comelomyl == eyl 4n/?
< Qo (o= D 1 gy | /32
< o (e BTN oy oy
for | — y| > n and n large enough. O

We have thus completed the first step, namely we constructed with probability at least 1 — n=2kM
a decomposition of B = AU (B\A) such that

(3.8) IGpa(E)| < 2ntten

(3.9) |Ge\a(Es2,y)| < e~ C1lz=yl for |x —y| >n.
REMARK. By repeating the above argument, (3.8), (3.9) hold for any N-region C B\A, N > n.

Second step: After showing that the Green function is well-behaved outside the cubes constituting
A, all we are wanting for a norm estimate on the whole of B is a norm estimate on neighbourhoods of
these cubes. To achieve this, we make the following construction. Let @) be one of the components of
A, and let

Q=Qu CQ1 CQr C- CQu

be a sequence of equicentered cubes with dist(0Q;—1),9Q(;)) = n. Next, we introduce an auxiliary
notion: Call a ring Q;)\Q;—1) ring-singular if the configuration in the ring Q;\@;—1) is such that
Q(s) is singular for all configurations in Q_1). Since P[Q;) is singular] < n~% (it is here that we
need the induction hypothesis to hold over a range of initial scales), the probability that Q)\Q-1)
is ring-singular is at most n~*. Denote with Qy C € the set of configurations w where for some cube
QCB,QCQu CQp C--- C Q) as above, we have that each ring Q;)\Q(;—1) is ring-singular.
Its probability is bounded by

1
P[] < Nii-i-ln—kjw < po2kM

Hence let us restrict further to configurations w € (€23 UQ2)¢, that is, to configurations where for each
component @ of A there is some 1 < i < M such that the ring Q;)\Q;—1) is not ring-singular, and
denote this Q(;_1) by Q. The new cubes are at least 8 M n-separated by definition, see (3.7). The union
of these larger cubes is called A, and it is clear that (3.8),(3.9) still hold. By construction, A has the
property that each of its components @ has an n-neighbourhood @’ such that the ring Q’\Q is not
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ring-singular. Hence we can modify any given configuration w € (£; U Q)¢ on each Q such that the
resulting w’ satisfies

(310) GB\Z(an/) = GB\Z(va)
(3.11) |G (B o) < e M for all Q'
due to (3.6) and (20M?n)'/? < 10Mn'/2. Estimates (3.10),(3.11) and the so-called Frohlich-Spencer

coupling lemma (since it “couples” singular subsets to their complement) allow us to establish a bound
on [|Gp(E,«')],

LEMMA 3.8. There is an n such that
|G (B, )| < M

Proor. Fix z,y € B. We have to distinguish three cases:
(a) z,y e A
(b) x,y € B\A
(c) x€ A, ye B\A
(a): Expanding G'p alternatingly along 94 and 9A’ (where A’ := [ JQ’), and denoting the corresponding
operators I' and I”, respectively, we obtain

Gp(z,y) = [Ga + GA/F’GB\ZFGA/ + GA/F’GB\ZFGA/F’GB\ZFGA/ + .. (z,9),
since here Gp\7(+,y) = 0. Now, clearly |G|l < maxq |G| as Ha is block diagonal. Thus, we
estimate each factor of G4/ (u,v) by (3.11), and because
dist(9A’,04) > n
we estimate with (3.10), that is, (3.9),
TG AT (u, 0)] < emtlvmh < gmern
to get

1/2

G p(x,y)| < MM (1 — |59 A |em e TIOMnY?) 1 < gol0Mn/?

for n large enough.
(b): Since now G/ (+,y) = 0 a similar expansion looks like

Gp(z,y) =[G + Gpal'Gpg + Geal'GpalGaT Gpg + .. ](2,y).
By the remark after (3.9) we have |Gp\ 4| < 2nd+1en”” and thus

|GB(x,y)| S 2nd+1en1/2 + |1—\/|(2nd+1en1/2)2(1 _ |8Z||aA/|efcln+10Mn1/2)fl

1/2
< 3"

f— )

for n large enough.
(c): A very similar expansion again is in this case

Gp(z,y) = [Ga + GaT'Gp g+ Gal' Gl GaT' G+ .. )(2,y),
and yields

|GB(SC,y)| S elOMnl/2 + |F/|2nd+1en1/2(1 o |aZ||8A/|efcln+10Mn1/2>fl

1/2
S 2610Mn

)

for n large enough.
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As seen previously, we can bound the norm via matrix elements,
IGB(E, o) < sup Y |Gp(E,w';2,y)|,
zEB yEB

and thus obtain the desired result
(3.12) IGB(E,w)|| < Nit1geloMn'? < g1iMn'/?

O

Third step: Now that we have a bound on ||Gp(E)|| for at least one point in probability space, we
have all the requirements to invoke the Cartan-type lemma proven in Appendix B to prove the norm
estimate with high probability on the whole of B,

LEMMA 3.9. There is an n such that

/2]

PIGa(E)| > eM"'] < N2+,

ProOOF. We apply Lemma B.4 (with n =m = |A], N = |B|) to the real analytic matrix function
on (R3)4
A(zj,j € A) = Hp(w; (j € B\A),2; (j € A)) — E

to get

Plz € (®)": |Gp(E:w; (j € B\A).x; (j € D) > €

< C|Z|ecmeim < M(21M2n)de*C(MZ”)7d71t .
Denote by Q3 C Q the set
{w € (21 UQ)° : wly is such that [|Gp(B;w)| > e},

Combining all of the above we obtain

PG5 (E)| > M) < P[0 U Qs U Q]

S n*%kM 4 n*%k]\/f 4 (2N1)dMM(21M2n)defc(1\/[2n)*d*lNll/Z
3

kM dM+L1 _ 8
<2N1 16d +CN1 +se CN{

&

< NP
for M > 32d, and n (and thus Ny) large enough. O

All that remains is to verify the off-diagonal decay at scale Ny,

LEMMA 3.10. There is an n such that

N
Co(Erm )] <o forfo—y] > 0
PrROOF. Recall A, the set introduced in the beginning of the proof, which is the union of at most
1/2

M cubes of size 4n < diam(Q) < 20M?n, and let us restrict to configurations where ||Gp(E)|| < e’
We use again the F-S coupling lemma, but this time in an inductive manner, for to get information on
the decay of off-diagonal elements it is required to couple one singular cube at a time. For, consider
the situation where we would like to couple a singular set S that consists of two or more disjoint cubes
of some fixed size. Choosing two points that are far apart compared to the size of a cube does then not

imply that at least one of the points is far away from 0.5, which is needed for the off-diagonal decay.
Therefore, define A := (B\A) U Q for some cube Q C A.



36 3. MATHEMATICS OF RANDOM ZEEMAN INTERACTION

Let z,y € A : |z —y| > Ni/(3M7110). (We need the factor of 3*~1 in the denominator of the
separation of x and y for the coupling of the next M — 1 cubes.)

(a): 7,y ¢ Q
GA(:C,y) = [GA\Q + GA\QFGAFGA\Q](:L', y) s

where T" here denotes the operator corresponding to Q). Using the estimates established up to now (if
the distance of either z or y to 9Q is less than n - it is not possible that both are since |z — y| is too
large - estimate the corresponding term with the norm bound, the rest goes through analogously) we
obtain

Galz,y)| < e clomvl oM™ 3 grallemzltzl)
(21,21)€0Q
(22,22)€0Q

It is clear that the norm estimate on G4 is established in exactly the same way as for Gp (possibly
having to exclude events of measure N; 2%, but M N;2* < N[*, for Ny large enough). Because

|z —yl < |z —21[+ 21 — 22 + |22 —y[+2  and
|21 — 29| < 20M?%n

we get

|GA(1',?J)| < efcl|mfy|(1 + |F|2eN11/2+20M2n+2)

< ef(clfol/g')\zfy\C|F|2€N11/2+20M2n+27N12/3/(3M10)

. n—1/3 _ _ _
Se_(cl Ny )z—yl B chlz y|’

for N1 = n®? large enough.

b):zreQ, y¢Q
Ga(z,y) = [Gal'Ga\gl(z,9)
implies

1/2
Ga(z,y)| <M > |Gae(?,y)l
(z,2")€0Q

S eN11/2|F|e_Cl‘zl_y‘ S e_cllll_yl ,
by using |z —y| < |z — 2| + |2/ — y| + 1 and the same arguments as in (a).
Repeat now the above steps for A — AUQ for some other cube Q C A, and |z —y| > N1 /(3M~210),

and so on until all singular cubes have been “coupled”, that is, A = B. In this way we obtain the
sought after decay

N
IGp(E;2,y)| <e "= for |z —y| > 1_(;,
with Probablhty at least 1 — N;k We denoted the resulting “mass” again by c1. O

Thus, the induction step is performed, and Lemma 3.5 proven as it is apparent that lim; ., ¢; >
¢/2, for Ny large enough. O
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4. Pure Point Spectrum

The vanishing of the diffusion constant so far proven is a pointwise result, that is we have showed
D(FE) = 0 for energies F at which G(F) satisfies certain hypotheses. As argued in Chapter 2 it may be
mathematically more satisfactory to determine the nature of the spectrum, or at least part of it. There
are several ways of deducing pure point spectrum from the exponential decay of the Green function. We
have used the simplest, due to Simon and Wolff [52], in Chapter 2, but their method is unfortunately
not applicable for matrix-valued potentials or potentials with too singular a probability density. We
will pursue another method using generalized eigenfunctions, closely following [9].

The problem with the direct application of Lemma 3.5 is that for proving almost sure point spec-
trum in an interval I the Green function G(E,w) needs to be small for all energies E € I simultaneously
(essentially because uncountable intersections of sets of measure 1 can have measure < 1). The following
remark is essential and follows easily by considering (1.10):

1
REMARK. Regularity at scale [ is stable under perturbation of the energy of order e=** 7.

The key observation for proving the absence of continuous spectrum is a representation of the
spectrum of a Schrédinger operator [51] using generalized eigenfunctions.

DEFINITION 4.1. A function ¢ on Z? is called a generalized eigenfunction with generalized eigen-
value E of a self-adjoint operator H, if v is a polynomially bounded solution to the equation Hy = E.

In the same work it is proven that

o(H) ={E: FE is a generalized eigenvalue of H}.

All we need to show is therefore that any generalized eigenfunction of H(w) is actually a true eigen-
function. Consider thus a polynomially bounded solution ¢ (w) of the equation

H(w)p(w) = E(w)h(w),

where £ € I, the set where we can prove the initial estimate of Lemma 3.5. To reduce notation, we
will in the following pretend that I = o(H).

The problem is that £ and ¥ depend on the configuration w. We want to get rid of that depen-
dence by finding a finite set of “deterministic” energies that are close to the generalized eigenvalues
E(w). Because regularity is stable under slight perturbation of the energy, this will enable us to prove
regularity for all energies simultaneously.

Fix therefore a scale [ and evenly spaced points (E;)Y ; € o(H) with spacing e_l% such that £ =
info(H) and |Ex —supo(H)| < 13 (N is of order el%, since the spectrum is compactly supported),
and consider cubes centered at 0 of size L := 2 and 2L, denoted by Ar, and Ay, respectively. Consider
a tiling of Ay, with [-cubes, denote it by F. Define

Fbad := {4 € F: G4(E,w) is not regular},
and denote by C (= C(F)) the connected component of

(3.13) Apu | A
AEFbad

LEMMA 3.11. With probability larger than 1 — 1= we have that for all energies
CcC A%L

with obvious notation.
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PROOF. Assume that (3.13) is violated. Then there is a chain
AD A A0

of distinct l-cubes € Fpaq such that AN N AL # @, AD N ACFD £ & and AT N AC%L # @. In

particular,

The number of such r-chains is bounded by
(2e)71C,
since there are at most Cy possibilities for AGTD given A®). The probability of a given chain of
non-regular cubes is at most
Efkr
so that the probability of (3.13) going awry is at most
(262)(1—105[—1“‘ < €2d(0£_k)l/2 < [—% ,

2
for [ large enough. Adding these exceptional sets over all e'* energies E; (because of the aforementioned
stability of the regularity of cubes under perturbation of the energy) we get the final bound on the
probability

kl

2 ki 2 kL
1T T =P loely <77

for [ large enough. O
Denote by Q¢ the set of configurations such that for all energies F we have that C(E) C A 3. For

w in Q¢ consider a polynomially bounded solution of H(w)y(w) = &(w)y(w). For z € Z? the center of
a E-regular cube A;, and |z| < IV for some N, |1 (z)| is small for | large enough:

()= D Ga(E 2wz,
(z,2")€dN;
and hence

(3.14) [(z)] < |0A e c===l(1 + |2)™ < C1d e N < g7

For w € Qg4, , setting to zero the wave function ¢ (w) outside C yields an approximate eigenfunction
of Hy,, (w) to the generalized eigenvalue £(w) of the full Hamiltonian H (w):

(Hpyy, —E)Letp = (H — &)1t
=[H - &, 1cly = [H,1c] = [-A, Lc].

The last commutator is small because it is supported on 0C and because cubes intersecting dC are by
construction regular:

=4, Te]e ()]
_ Ny , 0 j¢ac
_||ij_1ﬂc<y ¥ (5") nco)'“_z'_lw(ang{m eoc

where M := max{|¥(j')| : j/ € 9C,|j — j'| = 1}. From (3.14) we get

(815)  [(Hawy — E)Lett] = [[-A, LeJol| < dloC|?e= ! < d| Ay [2e= L < e .



4. PURE POINT SPECTRUM 39

This implies that H,,, must have an eigenvalue close to £: Let (, be the normalized eigenfunctions
of Hy,, and E, the corresponding eigenvalues. We write

Tagy = Z Cala
and obtain with (3.15)

e ! > ”an(Ea - 5)<a||2 = ZCZ(Ea - 5)2

(03

(B, —&)? > Z ezl

(]

hence

We can assume 1(0) = 1, so in particular Y ¢2 > 1, and therefore

(3.16) dist(€,0(H,,)) <e T,

Obviously, o(H,, ) depends only on the random variables inside Asz,, that is on {w; : j € Aop}. This
is the (almost) “deterministic” set that lies close to &, alluded to above. Fix an energy E € 0(Hy,, )
and consider an overlapping covering of the ring Ajgr,\ A2z with cubes of size [ (such that the allowed

perturbation of the energy is greater than e_%l). The number of cubes in this covering is bounded
by (10L)4/19 = C1%, and so the probability that all cubes in the covering are E-regular is at least
1-Cli*F=1-Cl1% ",

Adding these exceptional sets over all energies in o(H,, ) (so that the cubes covering the ring are in
particular £(w)-regular for all £(w)) we get an exceptional set of size

Cl=FL = CPF.

In the proof of Lemma 3.5 we have shown how to prove regularity of the ring Ajgr\Aay, for the case
where we have an overlapping covering of regular cubes. We have thus reached our goal: For an
w € Q¢ we have that for (w;)jea,0,\4,, Of probability (restricted to the ring) at least 1 — C134=* the
ring A1or\ A2z is £(w)-regular for all £(w). Because of independence we finally obtain

Plw : Ajor\Aar is E(w)-regular for all £(w)]
(3.17) >(1—1"%)(1 - P > 1 - crtdk

Now, with the exponential decay of the Green function established for rings on all scales with probability
approaching 1, the proof that H has almost surely pure point spectrum is straight-forward (and does
not need independence).

DEFINITION 4.2. For an orthonormal basis {¢,}°; of Hilbert space and a sequence (a;) with
a; > 0,Y,a; < oo, define the Borel measure p(B) := Y. a;(¥;, 1p(H)Y:) = >, aify, (B), whith p,
the spectral measure of H associated to 1. Any Borel measure equivalent to p is called a spectral
measure. This equivalence class is independent of {¢;} and {a;} as p(B) = 0 if and only if 15(H) = 0.

PROOF OF POINT SPECTRUM. Define the sequence of events
Ay i={w: Asp, \AL, is E(w)-regular for all E(w)},

where L,, = 2" L for some L large enough, and observe that

STPAg < Y cniY < o,
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for k large enough. Hence the Borel-Cantelli lemma says that for Qs 1= Ny>1 Ug>n AS, that is, “AS
infinitely often”, we have P[Qs] = 0. So, for every w € QS there is an N(w) such that R, := Asp, \ AL,
is regular for all n > N(w) and all £(w).

Let ¢ be a generalized eigenfuction of H(w) with generalized eigenvalue £(w). Using the resolvent
identity we can write

P(z) = Z Gr, (E(w);z,2)¢Y(2')  VreR,.
(2,2")EOR,
Choose an arbitrary x with |z| > Ly(,)41. It is easy to see that there exists an n such that
dist(x,0R;) > |z|/3 > Lyp—1. We get

[ ()] < |ORnle™ 131 + |2'|)™ < CLT Vemelel Ly,

from the polynomial boundedness of 1. Apparently, CL%d71+m) < efbn-1/2 < ecl®l/6 provided L is

large enough. We get
()] < emelel/S

for all = outside a cube of size Ly (.)+1- We have therefore proven that for almost every configuration
w any generalized eigenfunction corresponding to a generalized eigenvalue decays exponentially and is
thus a true eigenfuction.

To conclude the proof we need the following well-known fact:

LEMMA 3.12. For almost every w € € there exists a spectral measure p,, such that almost every
energy E, with respect to p., is a generalized eigenvalue.

Denote the set of w such that there exists a spectral measure p,, with p,-a.e. energy a generalized
eigenvalue by (2gen. We have

P[QS, N Qen] = 1.

Fix now an w € Q% N Qgen. If cont N1 1= 0ac U ose NI # & there exists a ¢ € Hae @ Hee such
that gy (0cont N I) > 0, in particular pcon®
eigenvalue, and thus because of what we have proven above a true eigenvalue, we have pf®™({E €
Ocont N I is an eigenvalue }) > 0, and because p

of eigenvalues is uncountable, which is a contradiction as H is separable. Therefore oeont NI = @

(0cont N I) > 0. But since p,-a.e. energy is a generalized

cont

P8 is a continuous measure, we have that the number

almost surely. (I

4.1. Dynamical Localization. So far we have used only the polynomial boundedness of the
generalized eigenfunctions, and not yet the full eigenfunction expansion. The latter can be used to
prove dynamical localization, as opposed to the previously established spectral localization. We discuss
the case of a random potential in order not to burden the notation with spin indices. For an interval
I we define

r2(t,w) = (e_itH“’]lj(Hw)éo,xQG_itH“’ 1;(Hy)do) ,

the mean square of the distance from the origin of a particle, initially localized (for simplicity ¢ (0) = d)
with spectral support in I. We say that H, exhibits dynamical localization in I if
sup r?(t,w) < oo almost surely.
teR
See [16] for a discussion of the subtle difference between pure point spectrum with exponentially
decaying eigenfunctions and actual dynamical localization.
Use the generalized eigenfunction expansion to write

e—itHw ]].](Hw)60 (.’L') = /dpw(E)e_itEF(.’L', 0, E’CU) )
I



5. PROOF FOR CORRELATED VARIABLES 41

where F(z,0; F,w) is defined p(E)-almost everywhere by
N(E)
(L+2%)2 " fi(@ E)f;(0,B),
j=1
with 6 > d/2 and {fj}j-vz(lE) orthogonal functions in ¢£2(Z9) such that ¢;(z, E) := (1 + 22)%/2f;(z, E)
are solutions of

(H,— E)p=0,
and N(E) counts multiplicity. Normalization is such that

N(E)

S IHBI=1.

We can thus estimate

r2(t,w) = [lo e He 1 (H,)d (2)?
< pull) / Apo(E)||2F (0, 2 B,w)

The almost sure exponential decay of the ¢;(z) established in the last section allows one to conclude
sup, r?(t,w) < oo with probability one. For details see [35].

5. Proof for Correlated Variables

In the proofs of the foregoing sections independence of the random variables is used only when
estimating the probability of occurence of several singular regions. All we need is that this probability
is low, which is particularly easy in the independent case, but independence is not essential. In regime
(A), for k 2 0, the random variables are weakly correlated, and our proof goes through essentially
unchanged. Using a cluster expansion we will prove in Appendix A, for the case of the particular
Gibbs measure (3.3) under consideration, the following estimate,

k

k k
(3.15) LIESES | LORIEUE ) SIET

for all events Qg, supported on subsets .S; which satisfy dist(S;,S;) > L (see Appendix A for results
and definitions). If the random variables are weakly correlated in this sense, then the proofs still hold.
See [59] for the first result on localization for correlated random potentials. Their results are not strong
enough for the inductive Wegner scheme, though.

PROOF OF LEMMA 3.5 FOR CORRELATED VARIABLES. The proof proceeds along the very same
lines, albeit with the following modifications:

e In the first step, the singular n-regions are required to be at a mutual distance of at least n,
rather than being merely disjoint. So Q1 C Q is defined as the set of configurations where
there are M or more singular n-regions R C B that are at least n-separated. Then we have
with (3.18)

[P[§~21] < N1(d+1)M (n*kM + (M —1)e"™ M (2n + 1)d) < nfékM’

for k > 16d(d+ 1) and n large enough. We restrict then to configurations w € (NZ‘i where there
are at most M singular n-regions that are n-separated, or where there are (possibly more
than M) singular n-regions no M of which have mutual distance greater than n. In the latter
case, these cubes are contained in a cube of size (4M — 3)n. The estimates of the first step
are unchanged.
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e In the second step, modify the construction by considering n-separated rings @(i), i=1,.... M
of thickness n around each cube @ C A, rather than touching rings. That is, consider a
sequence of equicentered cubes

Q=0 CQuCuC - CQuy CQumy,
with 6302(1-) an n-neighbourhood of Q(;_1), and Q; an n-neighbourhood of Ci))(i). Define the

ring @(i) to be Q(i)\Q(i)'

Denote by 2, the set of configurations w such that Q; is singular. By the induction
hypothesis we have P[Q2q, ] < n~*. Introduce now the set

o ) is singular V'

Qg ={w: Qu (w‘@u)’WI Qi

5
Evidently, Qq,,, C Qq,,, that is,
[F)[QQ(i)] < [P[QQ('L)] < nika
and QQU) has support in Cj(i). Thus, define by ﬁg C ) the set of configurations where for

some cube Q C A every ring ;) is singular, in the sense that the cube Q(;) is singular no

matter the configuration in Q(Z—). Its probability is bounded by
P[0a] < N{F (7 4+ (M — 1)e™™" M (20 + 1)) <n”2FM

So as in the independent case, we restrict to configurations in (~2§ where for each @) there is

an ¢ such that the ring @(i) is not singular. Replace each @ by its Q ;). Hence the new cubes
are still 6 M n-separated, and the rest of step two remains unchanged.
e The third step and the off-diagonal decay do not require independence and remain unchanged.

O

PROOF OF THE ANALOGON OF THEOREM 2.1 FROM LEMMA 3.5. This proof does not need inde-

pendence and remains thus unchanged. O

PROOF OF ABSENCE OF DIFFUSION. Here, too, independence is not needed, and we may infer

absence of diffusion as we did for independent random variables. O

PROOF OF POINT SPECTRUM. Independence is used when estimating the probability of occurence

of a chain of non-regular cubes. Simply modify the notion of connectedness in the definition of C: Two
[-cubes A, A" are called “connected” if |04 — 0A’| <. The chain is modified to consist of

AD A@ A0

such that [AM — Ap| <1, [AD — ACED| <, and |AM — A5 | < 1. In particular,

1 ¢
20)24 > > p2 = —
QO™ 2r=05=1

The number of such r-chains is bounded by

(2e*)4tcyr.

The probability of a given chain of non-regular cubes is at most

7R (r = 1)e ™pld < e 3

)

for [ large enough. This estimate is good enough to proceed with the proof.
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The second instance where independence is used is (3.17), and since Q¢ and the set of configurations
where the ring Ajor,\ Az is covered by only regular [-cubes are supported on sets a distance ~ L/2
apart we have

Plw : A1or\Azr is E(w)-regular for all £(w) € Ig,]
> (1—179)(1 = CPéky — emL/2012d > 1 — Optd=F

for [ large enough. The rest of the proof carries over verbatim. O

6. Verification of the initial conditions

All that is left to do is to establish the initial estimate of Lemma 3.5. Bourgain [8] showed how
the estimates can be proved for energies in the band tail. For notational convenience, set J = 1 and
v = 0. The upper edge of the spectrum is then £ = 2d + 1. The Neumann series expansion of the
Green function

1 1
On(Ew) = BT e @)
shows that we have to prove that the probability of | Hy(w)|| > E — &, for some small x > 0, is low.
The basic idea is that for a ¢ € 2(Qn; C?) with (Hy(w)¢, &) > E — K, neighbouring &;,7 € Qn have
to be close, and each £; has to be close to the eigenvector with eigenvalue +1 of the random matrix
o - hj. This implies that the +1-eigenvectors of the random matrices on different lattice sites have to
be close which happens with low probability as long as they are only weakly correlated.

Thus let us assume ||Hy(w)|| > E — k. Then there is a ¢ € £2(Qx;C?), |¢] = 1 such that

(HyW)e.€) = > ((0-h)& &)+ > (&.&) >2d+1—k.

JEQN [7—3'=1
It follows that
(3.19) Do h)é &) >1—r
JEQN

Z <§j,§j/> >2d— kK.

l7—3"1=1

From the latter follows the closeness of neighbouring &;: For

D & Eren) > 1=k,
J

with e, the unit vectors of Z¢, implies
(3.20) D& —Eirea? =2 2Re(§ e, ) < 26
J J
Furthermore, for K € Z4, |K,| < we have
D = Eirrl® < D (& = Gun |+l = Eunl + o+ b, — Ex))?,
J J

where the w; = w;(j) describe a shortest path from j to j + K, and n = |Ky|+ - + |Kq| — 1. We
obtain

S IG =&k <D (A D)G = &u P+ -+ (n+ 1)[Ew, — &ikl
j 5

(3.21) < (n+1)%2k < 2d°0%k .
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If we denote the eigenvectors corresponding to the eigenvalues +1 and —1 of o - h; with 77]7" and 7;,
respectively, we have the decomposition

& = agnf + By = (0 7y)&;,&) = (loy|* = |651),

and from (3.19) we get
(3.22) Sl =18 >1- k.
J

Hence we obtain that up to scaling and a phase factor the {; are close to the eigenvectors nj:
Z 1§ — 915 1P = (e — 1&gt + Bimy )P

f2|aﬁe‘%|@||2+|ﬂ]|2f1+2|ajfe‘mw o 2

=1 - Z a2 = (y/lay 2 + 18,12 — e ¥ ;)?
N——

o]

<1- Z i [ = (o + 1815 = loy])* < &,
where in the last step we used (3.22). Combining this last result with (3.20) we find
D iren =I5l
J
<2 [&jren — &P+ 18 — 1€ 1€ P < 226+ k) = Ck,

and using this

D Nirealereant,, —|&le i <

2> [[&ren [t = Eien” + |&iren — €190 P < 2(k + Cr) = Ck.
J
Furthermore we have

“PJJrEQ |2

Z |e“PJ+6a

= Z(|§j+ea| - |§j|)2|77;_+ea Z €jtea — ? <2k,
J

Ejtea |T]g+ea & |77]+ea

and hence finally
S g lerreant (gl
J
<2 g leteant — |&iren et eant 1P+ [[Gpe, [T — (& leinT

<22k+Ck) =Ck.

Since ) €% = 1 we rewrite the last result as

Sl nfe ) > 1 - Ck.
J
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From the bound (3.21) on the distance of ¢; and &, for K as above we get

S NEGE = 1€k PIMT  nfe ) < Y161+ 18-k DIE = 1€-x]]
- ,

J
§2\/Z IéjIQ\/Z & — &k |? < 2V2dIV/E
j ;

Hence we find

(3.23) DGR ke e i) = D &k Pl e ) > 1= ClVR.
i J

If we take k oc [~3 and average (3.23) over K € {0,...,1 — 1}? there is a j € Qx such that

Z |<77;F+K777;F+K+ea>| > qlda
0<K <l

for any ¢ < 1, for [ and hence N large enough. Now, since E|(n], 75 )| < 1, a large deviation estimate
(see, for instance, [18]) gives

1 .
P 1d Z |<77;_+K777j+}(+ea>|>q <e .
0<Ky<1

Thus it follows that for  oc (£log N')=3/4
P[|Hy(w)|>E—k] <N,

With this information we can easily verify the conditions of Lemma 3.5 for energies in the band tail.
Let I be the interval [E — (log No) =%, E] and 6 = (log No)~3/¢ — (log No)~*. Since dist(c(Hx,), E)) > §
with probability at least 1 — Ny k we obtain for E € T

4
1 (log No) v
6 — (4—3/d)loglog Ny
|G (B +i0;2,y)] < elomvl,

1Gno (B < < < and

where ¢ < 1((4 — 3/d)loglog No)'/2/(log Ny)?, the latter from the Combes-Thomas argument. Thus
it is apparent that we have established the conditions for Lemma 3.5 in the required range of inital
scales between n and Njy.

The proof of Theorem 3.1 is finished. (]

7. Percolation

Let us now turn to regime (B)—that is to the proof of Theorem 3.2. Magnetic moments are placed
according to a site percolation process with parameter . The moments are distributed uniformely on
a sphere of fixed radius, but are required to be equal in a cluster of neighbouring moments. Although
it might seem that this perfect correlation of the magnetic moments across connected clusters throws
us well out of the regime of weak correlations where we could prove Anderson localization, there is
a result on the cluster size distribution which is equivalent to the exponential decorrelation used in
section 5.

Indeed, as long as we are below the percolation threshold, = < z., we have the following result
about the cluster size distribution [31, 33],

P[diam C(0) > m] < e ®@m
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where a(x) > 0, C(0) denotes the cluster 0 is in. Because of translation invariance
(3.24) P[3C C A: diam C > m] < P[(_J{diam C(j) > m}] < |Ale=*()™
jeA
There is a similar bound on the probability of large clusters for 1 > x > x., namely
P(IC(0)] = m] < exp(—Bla)m™T),
with (z) > 0. However,
P[C(0)] = m] =Y P[|C(0)| = k] + P[0 lies in infinite cluster],

k>m
and the last term is a constant > 0 since z > z., rendering the estimate useless. For the rest of this
section, we restrict ourselves therefore to x < x..
With (3.24) at hand, we discard in the proof of Lemma 3.5 from the beginning a small set Qperc of

configurations where there are clusters in the Ny-region B of size larger than n/10, where n = Nl1 /8d o
N&Md, with Ny the initial scale in Lemma 3.5. We have

2
[P[Qperc] < ngd e_a(P)"/IO < n_%kM

)

C

perc We can repeat the proof of Lemma 3.5 that we did

for the correlated case, as n-regions that are a distance n apart are independent because there are no

for n large enough. For configurations in €2

clusters of size bigger than n/10, and distinct clusters are by construction independent.

To see that the Cartan-type Lemma B.4 is still applicable we divide probability space into 2!7!
parts, one for each percolation configuration in B. Fix one of the 2/ “percolation pictures”. As the
moments in one cluster are all identical we take as domain (S?)#{clusterst ingtead of (S?)/4!) and the
smallness of the exceptional set follows as in the appendix. Since the bound on the exceptional set is
certainly bounded by the one where each site is occupied Lemma B.4 carries over verbatim.

The deduction of pure point spectrum in the band tails from Lemma 3.5 is done as in the case of
correlated magnetic moments.

It remains to check whether the initial-scale estimates can still be established. Take Qx an N-
region. For a normalized function & to have (Hg,&,&) r-close to the upper spectral edge, 2d + 1,
neighboring £; have to be close to maximize the hopping term, and each {; has to be close to the
eigenvector with eigenvalue 41 of the random matrix o - m;. In addition, sites j with m; = 0 should
be avoided: As in the previous section, we have

L=k <Y ((0-m),&) = > ((0-my)&.&).
J Jim;#0
On the other hand, we know that Zj (&;,&;) = 1, so that subtraction yields
S A —o-m)g L)+ D (,&) <k
jim;#0 j:m;=0
Since 1 — o - m; is a positive matrix, we get the desired result
(3.25) > 6 .6) <.
j:m;=0

In the previous section, we established for any K € Z¢ with |K,| < £
(3.26) Yolg = &l < 24k,
J

Since Y &[> = 1 we know that there exists a j such that

1 1 1
2
N> = = =5
] Qn| N4 g2
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Set K = gzl ™2*"2. Because Y. & — &k |* < 2d*(*k we have
1
& — &rk|? < 2d°0k = ngw,
and therefore
L _q
(E+r| =165 = (& = Ger)l 2 161 =16 = &Gar| > 567

By (3.25) this implies that m;x # 0. As this is true for all K € Z¢ with |K,| < £, we get that there
exists a cluster of size ¢, but by the percolation estimate we know that with probability larger than
1 — ??exp(—a(x)l) there are no clusters of size larger than ¢ in Q. We have therefore proven that

Pl Hoy @)|| > E = &] < N exp(—a(z)NV/?) < N7F,

for N large enough. The proof of Theorem 3.2 is finished as in the previous section. O

8. Bernoulli in the Lifshitz tails

In our analysis of Eu,Ca;_,Bg we have investigated so far both the regimes x above and below
the percolation threshold, but in either case we restricted attention to a weak external magnetic field.
In this section, we will analyze regime (C) (B — oo) introduced at the end of Chapter 1. As argued
there, the spin up and spin down bands split, and each is described by a Bernoulli Hamiltonian

H(w) = —A +o(w),
where

vj(w) = U]j-[(w) =

{viJ, m; # 0

—v, m; =0

We will concentrate on one subband, and for the sake of simplicity we choose = = % and shift the
energy such that

Hw) = —-A+ vj;(w),

where

1, with probability
vj(w) =

N N

—1, with probability

The singular nature of the Bernoulli probability “density” makes it hard to prove a Wegner estimate
(see the discussion in Section 2), and not even the inductive scheme that we used to our advantage in
Section 3 is applicable (recall that a bounded probability density is required). We will therefore pursue
an old method [54] that gives at least the partial results which constitute Theorem 3.3. We should
also mention that the Bernoulli problem has been solved in the continuum [9], but with methods that
do not extend to the lattice.

We have explained in Section 2 why it is difficult to get a good estimate on the density of states
for the Bernoulli Hamiltonian. However, it stands to reason that in the extreme band tails—the so-
called Lifshitz tails—things might be easier. Lifshitz argued that near Ein¢ := inf o(H) the integrated
density of states n(E) should behave like exp(—c(E — Einf)~%?). His heuristic argument (see, for
instance, [14]) is very similar to the ideas we have encountered in the previous section: In order for
the Hamiltonian H(w) to have an eigenvalue close to Ei,s the corresponding eigenfunction £ has to
minimize both (—A¢,£) and (v€, ). To minimize the former, the eigenfunction £ has to be spread out
over a region of size at least |E — Einf|_1/2, see (3.26), comprising |F — Einf|d/2 sites. To minimize the
potential term, v; has to equal —1 for all the sites in the support of £, which happens with probability
(1/2)|E_Ei“f‘d/2 because of independence.
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In this section, we will prove rigorously that for a Bernoulli potential the integrated density of
states is indeed exponentially small:

LEMMA 3.13. Ford =3 and E € [-\, —cA? 4+ O(\*7)], the integrated density of states satisfies the
estimate

n(E) < cexp(—%(u)*%),

where ¢, C' > 0 are constants. We defer the proof for the moment and will instead give a proof of
Theorem 3.3 using the smallness of the integrated density of states in the Lifshitz tails. See Section 2
for notions and definitions.
Proof of Theorem 3.3. As noted earlier on in Chapter 2, we can determine the spectrum of a
random Schrédinger operator with probability one,
o(Hw)) =[-X\,4d + )] almost surely .

(From the point of view of notation, it is convenient to work in this section without the subtraction
of 2d from the discrete Laplacian). We focus on the lower edge of the spectrum, that is, [-A,0]. The
task at hand is to establish conditions (i), (ii) of Theorem 2.1, as Lemma 3.5 is not applicable for too
singular a probability density.

The following considerations show that the task indeed boils down to finding a good bound on the
integrated density of states n(E). Recall that we denoted by N (F) the number of eigenvalues of H,
less than E, for some A C Z%. The probability that there is an eigenvalue below E is bounded in terms
of n(E):

(327) [P[NA(E) > 1] = [E]]-{NA(E)Zl} < [ENA(E)]]'{NA(E)Zl} < [ENA(E) .

Since Dirichlet boundary conditions raise eigenvalues [14] we have

(3.28) ENA(E) <|An(E).

We combine this result with the following lemma to obtain exponential off-diagonal decay with prob-
ability at least 1 — |A|n(E).

LEMMA (Combes-Thomas). Whenever Hx has no spectrum below Ey then for E < E1,

2 1
(329) Ga(B:2,9)] < 5 exp(—3 Vil ).
where § := |E — E1|.

PROOF. Let U(a) be the operator of multiplication by e** (actually e** ® 1, but we drop the
identity matrix for sake of clarity), and compute

(U(=a)(Ha = B)YU(a)]f(x) =

d
[Ha = Elf(@)+ 3 (e = Df(w+e;) + (7% = 1)f(@ —e))
=: [Ha = E)f (v) + [Qa(@)]f (=),

where e; denote the unit vectors in Z¢. Thus, Q(a) is a bounded operator with

d d
1Qa(a)ll <D 2(cosha; —1) < C Y af = Claf,
j=1 j=1
with C' < 2 for a small. Hence, if we choose |a| = 1/J/2C, we obtain
5

dist(o(Ha + Qala)), E) = 3,
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and hence
U (=a)(Ha = E)U(@)] | = [[Ha — E + Qa(a)] || < % :
Therefore we can bound the matrix elements
% > [[U(=a)GA(E)U(a)](z,y)| = e VG a(E; 2,y)|
from which the claim follows choosing a || (z — y) . O

Since the spectrum of H(w) is compactly supported we can easily get a bound for n(E): Using

2 [ £ 2 E—x
;/ dEm:;arctan( - )+1Z®(E—.’L') V€>O,

where O is the Heaviside function, the spectral theorem provides the bound

— 00

) E
(3.30) —/ dE'ImE G(E' +1e;0,0) > E (69, P(E,w)) = n(E) Ve >0.

T™J-x

The last equality is due to translation invariance and is discussed in Appendix C.

REMARK. Observe that the above estimate on n(FE) holds for any £ > 0. It will turn out to be
essential to choose € small but not too small, depending on .

This estimate implies that in order to get a bound on the integrated density of states, we have to
bound the imaginary part of the averaged Green function. The strategy is simple. If X is small the
first thought is to expand the resolvent (—A + \v(w) — E —ig)~! in powers of A around (—A — E)~ 1.
But since we consider the average E (—A — \v(w) — E)~!, there may be an optimal energy Ey around
which to expand. This energy is found as follows. Formally, we have that

1 B 1
~A+Mw—-FE—ic —-A+Ey—ie+ M+ (—Ey—E)
=Go Y (=W + E+ Eg)Go)",

n>0

G(E +ie) =

where we have introduced the unperturbed Green function
Go(—Ep +ig) = (A + Ey —ie) !
The first terms are
G = Gy — Go[M — (E + Ep)]|Go + Go[d — (E + Ey)|Go[Av — (E + Ep)|Go + . ...
Using that Ev = 0 and Ev? = 1, we obtain
EG = Go + G2[E + Fo] + X\2Go(0,0)G2 + G3E + Eo]* + ... .
Thus, we see that, in order for the A2-term to vanish, we must choose
(3.31) E + Ey = —\*Go(—Ep +1i¢;0,0) = O(\?)

to arrive at EG = Go + O(\1).
To make the above considerations mathematically respectable, we iterate the second resolvent
identity

G(FE +ie;z0,x) = Go(—Ep + ig; xo, ) + Z Go(—Ep +ie;x0,y)[— M + (E + Ep)|G(E + ic; y, x)
y
with 0 < Ep = —F — A?%(E), where A2X(E) is motivated by (3.31) and is defined in a self-consistent
way by

NY(E) = N2(-A — E - \*%(E) —ig)71(0,0).
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Since Ey has to be positive in order for Go(Ep) to exist as a bounded operator we have as an upper
limit for £

(3.32) E* =X *A"%0,0) <0.

Indeed, we have that Ey > CA*~0 if E < E* — X*~° for a positive constant C, any small § > 0 and A
small enough, see [17]. (It will become clear later on why we need a lower bound on Ey.) In Figure 2
we depict the expected nature of the spectrum. We will prove absence of diffusion for (most) energies
E < E* — X% Tt is expected that H,, has a mobility edge, separating pure point from absolutely
continuous spectrum, slightly above FE,, but this is well outside the scope of this thesis. Next, we

Y E* =\ E*=0(\%) 0
oo b} | .
E Ey = Eyo(E)

FIGURE 2. Expected nature of the spectrum of the Bernoulli Hamiltonian —A + Av; for
small values of .

iterate the resolvent identity M times with the intention of optimizing the truncation parameter M,
later on, to minimize the remainder term. Setting W := —Av — A?Y and G° := G(E + ig) we get
M
(3.33) G*= > GiWG§|™ + G WGg]" Wae.
m=0
The dangling factor G¢ in the remainder is estimated trivially by 1/e. The key observation is that the
imaginary part of the first M + 1 terms on the right-hand side can be shown to be proportional to €,
whereas the remainder term multiplying G¢ is of order e~ N7 Thus we choose €2 = e~ N ™* and
get the estimate
ImEG(E' +ig;0,0) < const ez (N2 ,
which implies Lemma 3.13 by (3.30), as the spectrum is compactly supported.
Summarizing, with probability larger than

(3.34) 1— |A|Ce=2N7

there is off-diagonal exponential decay of the resolvent G4(E), for E € [-\, —cA? + O(A™47)], see
(3.32). Therefore, for any initial scale [y there is a A such that (1.11) holds with high probability.
Having established condition (1.11) of the multiscale analysis, we are looking for a Wegner estimate.
Because of the very singular nature of the Bernoulli potential, the inductive scheme devised in [8] does
not work. In [54], the following trick was introduced: For each scale ,,, we define p(J) = p, (J) to be
the expected number of eigenvalues of H,, in an interval J. The following easy estimate shows how
we have to proceed:

Pldist(E,0(Hy,)) < k] < ENp(E+ k) —ENp(E—k)=w(E—k,E+K).

We see that (1.10) is fulfilled if we exclude a set of “singular” energies, and the following lemma shows
that this set of energies has very small measure.

LEMMA. Let u be a measure on an interval I. Let S be the set of energies E for which the measure
is singular at scale €, that is at which

WE —¢e,E+¢)>et/?,
If |S| denotes the Lebesgue measure of S then
S| < 2u(l)e'/?.
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PRrROOF. An easy application of Fubini’s theorem shows that
e/?)8| < /SdE/dM(:c)l[E_E,EH] (x)
I

< [ u [ aBLs-ppo@) = (D)2
I I
O

Appealing to multiscale analysis, we see that, at each scale [, ~ l%n, we have to exclude energies

1lon
of measure C' exp(félg2 ). Thus the total measure of energies we might have to excise is

= 1 on- 11
|Eex¢) = |UEZXC| < ZCeXp(—§lo l) < QCeXp(—aloz).
n n=0

Because the integrated density of states is so small, we can choose I to be exponentially large in A\~/2~

(but not larger because of the factor A; o< I3 in (3.34)), and hence the set of energies we have to excise
is of order exp(—3 exp(3A~1/27)). Summarizing, for all energies in [\, —cA? + O(A*7)]\ E*° we have
proven——provided of course that Lemma 3.13 holds—that the initial conditions for Theorem 2.1 hold
and we can prove absence of diffusion as in Chapter 2. (I

Proof of Lemma 3.13. Recall that we have to estimate
ImEG(E +i¢;0,0).

We use the expansion (3.33) of the Green function,

N
G* =) GiWG5™ + G5 [WGg" WGe
m=0
which we write in abbreviated form
G°(0,0) =: A5(0,0)+ > Bx(0,9)G*(y,0).
y
Thus we can estimate

Im G*(0,0) < Im A5(0,0) + Im Y BX(0,)G*(y,0)|
Yy

1/2
< Im A5 (0,0) + <Z|B§V(O,y)|2> (Z IGE(y,0)|2>

1/2

1/2
(3.35) < Tm 45,(0,0) + <Z |B§V(o,y)|2> é ,

y
where we used that Im G=(0,0) > 0 (which follows easily from the spectral theorem), the Schwartz
inequality and the self-adjointness of H. Next, we average over the random vectors and obtain with
Jensen’s inequality

1/2
1
(3.36) Im E G°(0,0) < Im EA3,(0,0) + ([E 3 |va(o,y)|2> -
)

Similarly, we have

1/2
(3.37) E|GS(x, )| < EJ A3 (@,2)| + (E ) |B§V<x,y>|2> .

Y

From now on we drop the superscript ¢ for sake of readability.
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Self-energy correction. We elucidate the simplification due to the energy shift A>Y by noting the
effect of averaging in the resolvent expansion. A first and second application of the resolvent equation
yields

G = Gy — \GovG — \2Go2G
= Go — AGovGo 4+ N2GovGovG — N2GoZG + N3GovGoXG .

By definition of X it is clear that the “descendants” of the third term will cancel the ones of the fourth
upon averaging. This cancelation holds of course at every renewed application of the resolvent equation
such that the average of By will in the end contain but one (of order AN*! and thus subleading) term
containing ¥. The order N of the perturbation expansion will be chosen to minimize the remainder
term.

In computing the terms of the form

E[Go(AvGo)™(x,y)
:lE[ Z Go(SC,:Cl))\’UIIGo(ZL'l, 1'2) cee /\’Uszo(l'm, y)] y

L1yeeesTm

it is easiest to use a graphical representation: Go(z,y) corresponds to a line joining z and y, while
the interaction v corresponds to a vertex. Averaging over the randomness yields terms represented
by graphs obtained by fusing an even number (since expressions involving an odd number of v vanish
upon averaging because of Ev = 0) of vertices at a time until none remains unpaired (in particular, m
has to be even). Because

1 = Ev?" < vy(n) ([Ev2)n =7(n)

~y(n) = (22722!! = number of full pair contractions

we can use Wick’s theorem to get an upper bound by considering only fusions of pairs of vertices. The
self-energy correction alluded to above means on the graphic level that we do not have to consider
graphs containing tadpoles, as they get canceled by the A\?X-shift in energy.

We begin with the term By. In the graphical representation, | By (0,y)|?> = Bn(0,y)Bn(0,y)* is
given by Figure 3. The leading diagram that results upon averaging is the ladder diagram, see Figure
4. The resulting graph is depicted in Figure 5 and estimated in the following.

1 TN
0 o o o o o o o o e Y
0 —e . . . . . . . .y

FIGURE 4. Leading diagram in |Bn(0,%)|?. Contraction is along dotted lines.
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FIGURE 5. The resulting graph.

Bounds on graphs. The asymptotic behaviour of the free propagator Gy for Fy > 0 is [36]:

C _ T
|Go(Eo;0,z)| = me VEl (1 +o(z])), |z| = oo

Since ultraviolet regularity is trivial because of the lattice we can bound the propagator by

e~ VEolzl

. FEo; <
(3 38) |G0( 0,0,1')| = |.’L'|+1

Here and in the following, C' denotes different, largely irrelevant constants. The ladder diagram is now
easily estimated:

223 (Golon )P = A2 3 [Gol0, ) 2 < OA2 / &y
Yy

Y

e—2VEolyl
(1+y))?

PRl /d3 e C (—AQ ) A
VEp (VEo + [y])? VEp
Summing next over xy,zyN_1,... we get as a bound on the ladder diagram contributing to E |Bx (0, y)
the value ANT1. We see that in order to make the remainder term E |By|? small we need to put a
lower bound on Ejy, namely Ey > \*~%, for some § > 0. In particular, we have from the discussion

| 2

after (3.32) as an upper bound for E
(3.39) E+ X0 <Er.

By construction, any graph contributing to E |By|? is one-particle irreducible. Tadpole (self-energy)
corrections to a propagator line are canceled by the energy shift A2, as explained above. The next-
order subgraph is shown Figure 6 and is estimated as follows:

T T2 x3 Ty
------- e I

FIGURE 6. Contraction along the dotted lines yields the lip diagram.

~3vEolz|
4 3 4 3 3 4 3.6
XD T 1Go (@, wa) P < CA /dz |Go(0,2)]* < CX /d HCEE

Tq
- C’X‘/d%eigm < OM1og(EgY) .
(I + vEo)?
The next-order subgraph that might occur is shown in Figure 7 and is bounded by CA°E; 1/ 2,
A% Go(0,)*Goly, ©)*Go(0, z)

z,y

< )\GE_l/Q /d 3d 3 672‘y‘ 672|97I| ef‘z‘
S xr-ay
0 (lyl + VEo)? (Jy — z| + VEo)? |z| + VEq
< CNSET1/? /Cumﬂd 3dy3 1 1 1
< r°dy .
0 (lyl + VE0)? (|z| + VEo)? |z — y| + VEo
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Now use

2 2
o — yl = Va2 + g2 — 2[al[y] cosf = \/2a]ly] ﬁ ~ cos
Ziy

> /2|z|[y[V1 = cos @

sin 6 1 sin 6 V14 cosf 1
lz =yl = 2ffly] VI —cos@  \2[z[ly] ~ /]=[ly]

to see that the integral remains bounded for Ey — 0:

cutoff
1 1 1
/ da?dy? 3 3
(lyl + vEo)? (|z] + VEo)? |z — y| + vV Eo
wﬁsirwde
lyl? |2 [z -y

CNSE; /2

- C}\GEfl/? cutoff q
< 0 i

< ONSET1/? Cumﬂd dyl—L a2
>~ 0 |:L'| |y||x|1/2|y|1/2 = 0 .

We can easily convince ourselves (see [20, 17] for a more thorough discussion of the various graphs

FIGURE 7. The moustache graph.

that occur) that the worst kind of graph is depicted in Figure 8, where the beads stand for one-particle
irreducible subgraphs. If we can bound the subgraphs between ug;—1 and ug; (the value of which we

FIGURE 8. Worst type of diagram in |By|?.



8. BERNOULLI IN THE LIFSHITZ TAILS 55

denote by f;(ug;—1 — us2;)) we go to Fourier space to localize it:
| /dBSC H dgui Go(o — Ul)fl (u1 — UQ) e fn(’LLQn,1 — Ugn)Go(Ugn — ’y)Go(y — ’Ui) e Go(’Uj — 0)|
= [(Go * f1* Go * fa*---xGo)(0)]

~ ~

:m/ﬁ%éamﬁ@ﬁamufmmawn

R 1 n+2
< 3 n2 < 3
<Ol Ml | G  < Cllils ol | ()
1
0

<Clfill-Mfnlh—7s -
En+1/2

As we have seen before, for Fy > A% the worst subgraph goes like \* log(Ey 1), so the worst graph is
bounded by

1\ N2
C<)\410g(E0 1)) o C,<)\2|10gE0|1/2

Mo
Eo VB VEs > N

The number of graphs contributing to E |Bx (0, )|? is less than gvj\]g: ~ 2N(N/e)Nv/2 < 2V N1, so

C )\2|logE0|1/2>N + 1
E[Bn(0,9)2 ] <2V N! < NI(CN)HY .
(%j|N<wn>_ = () < mien Y

Choosing now N = (C\)~? renders this remainder term exponentially small in A~:

1 _ _ G-t
(3.40) (Z [E|BN(0,y)|2> < C’)\Q_(SNNe NYNN=N <¢le=@ 7,
Y

Equation (3.36) leaves us with bounding Im EA%,(0,0). From the discussion of the term By it is clear
that the worst graph is of the form depicted in Figure 9, and we estimate

FIGURE 9. Worst type of graph in An.

T(m) :=Tm »_ Go(0 — 21)(G3Go)(x1 — 22) ... (GFG0) (T j2—1 — Tiny2)Go (T2 — 0)

—

=Im Gy * (G2Go) * - - * (G2Go) * Gy (0) = Im /[ . A3k Go (k)G (k) ... Go(k) .

Considering
—~ 1 13 €
ImGo(k) =1 =
m Go(k) k) + Bo—ie  (e(k) + Eo)? + 2~ (e(k) + Bo)?
and
_ 1 3 e(k) + By +ie e
ImGH(k) =Tm | —w—rp——] =1 (e(k) + Eo)b
m Gi(k) = Im <e(kz)+Eo—i€> m <(e(k)+Eo)2+52> <C(6(/€)+E0)6,
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heeding the following calculation for the imaginary part of the product of complex numbers (z and y
denote the maximum of the |zx| and |yk|, respectively),

|IH1 H(:Ck +iyk)| < Z <Zl) xm*jyj < maX{Lxm}Z (mE'J>]

k=1 jodd J

0o myj .
<CZ;(3,!) =C(e™ —-1)<2Cmy,
]:

for y small enough, and using the bounds on the diagram established above, we find
2

VEo

where we discard logarithmic factors. We have thus, recalling that there are less than 2™/2(m/2)!
graphs with m/2 vertices,

T(m) < Cem ( ) < CmeX’™

N N
ImE A%(0,0) = ImE Y G5(MG5)™(0,0) < Y 2m/2(m/2)mm/2c%5.
m=0 m=0

Recalling N = (C\)~? we get

N N
1 m \m/2

. < < E m/2 ! < § 3/2 (2 < Ce.

(3.41) Im E A%(0,0) < Csm:OQ (m/2) mNm/2 < Camzom (Ne) < Ce

Recalling (3.35) and combining (3.40) with (3.41) we obtain as a bound on the imaginary part of the
averaged Green function

51
Im EG#(0,0) < Cs + C'e~> JE .

If e > e~ 52" then
ImE G(0,0) < Ce + C'e 5* " < Ce.
From equation (3.30) we get, for all E satisfying condition (3.39),

2 [® -
(3.42) n(E) < —/ dE' Tm E G5(E';0,0) < conste = conste™
™

which is our desired bound on the integrated density of states. By a similar computation we get for
E|AN(z,2)|

E|An(z,2)| < Ce™2VFole—2l
and hence
E|G(z,2)| < Ce2VEolr=2l 4 9Ce=52""

>y —0
for e > e"3N ", O
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Friction






CHAPTER 4

Introduction

Although friction is ubiquitous as a phenomenon in the physical world it does not often make
an appearance in the mathematical literature. Indeed, we know of only a few instances of a rigorous
mathematical analysis of friction. The physics approach usually consists of adding explicitely a term
that mimicks the effect of friction to the equations governing the evolution of the system under consid-
eration. The physical system that we have in mind in the context of friction is that of a tracer particle
traveling in a dispersive medium. In a very crude approximation, we could study Newton’s equation
of motion for the particle where we lump together all the interaction of the tracer particle with the
medium in an effective friction term that is usually chosen proportional to the velocity,

(4.1) mi(t) = —VV(x(t)) — ni(t), n>0.

For a confining potential, for instance V(z) = |z|?, the particle approaches the minimum of the po-
tential well, = 0, exponentially fast with rate 5L, as one computes easily. For a constant external
force, V(x) = —F - x, the particle reaches a limiting speed % proportional to the external force, with
exponential rate ;L. In particular, the particle comes to a full stop exponentially fast if the external
force vanishes.

A more elaborate approach is the Langevin equation that models the effects of the medium by a
memory and a random term, see [57] or for the quantum case [23]. The Langevin equation in one
dimension is given by

mi(t) = ~VV(x(t) - 7 / u(t — T (r)dr + ().

where Newton’s equation has been modified by two terms, a mean force characterized by a memory
function p(t), and a random force (; given by a stationary Gaussian process with mean zero and
covariance

(66 = 5 [ 10 cos(k(t ~ )k

lt) = ~01{Guto) = 5 / k| (k) 2 sin(kt)dk

T
Here, 7 is a friction constant, and p(x) is a function describing the coupling between particle and
medium. The non-linear effective equation we will end up studying is structurally similar to the
Langevin equation insofar as there will also be a linear “memory term”, whereas non-linear (in the
velocity) terms will take the place of the random term (.

Rigorous results. In [10] the authors investigate how realistic the aforementioned “linear” model
of friction (4.1) is. They study rigorously a Hamiltonian model of a classical particle interacting with
a homogeneous dissipative medium. The medium consists of an independent scalar wave field at each
point in space. They prove that for wave medium dimension d = 3, and for ¢ sufficiently large (where ¢
denotes the “speed of light” in the medium), the particle indeed exhibits the above behaviour of linear
friction. More precisely, they prove that the particle approaches a minimum of a confining potential
with exponential rate 7, and a limiting velocity v(F') with exponential rate 7 in the case of a constant

59
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external force F. Here, n is some effective friction parameter depending on the form factor of the
interaction between the particle and the wave fields.

The assumption of independent scalar wave fields at each point in space seems too strong a sim-
plification, and it might be precisely this complete lack of memory effects that leads to the exponential
relaxation rates. In an earlier work, [40], a Hamiltonian model of a classical particle (with relativistic
kinetic energy) in a confining potential interacting with a scalar wave field is investigated. It is proven
that solutions of finite energy converge in some local sense to the set of stationary solutions as ¢t — co.
The relaxation rate depends on the spatial decay of the initial conditions and is exponential only for
rapid spatial decay of the latter.

The earliest attempt at understanding rigorously the friction effect felt by a particle in a dispersive
medium seems to be [15, 7]. There, the Pauli-Fierz model for a charged extended particle in a central
potential, interacting with the electro-magnetic field is studied. The authors find that, under some
conditions on the radius and the frequency of revolution of the particle, orbits that are initially close to
those allowing the purely mechanical circular motion stay close to these orbits for exponentially long
times.

More recently, Pulvirenti et al. [12] analyzed the time-evolution of a disk subjected to a constant
force interacting with a gas of free particles in the mean-field (Vlasov) approximation. They find that
for sufficiently small positive values of vo, —vg, the difference between the equilibrium velocity and the
initial velocity of the disk, the disk reaches voo with a power law ¢~(¢+2) where d is the dimension of
the physical space in which the disk moves. They find that the power law is due to recollisions, and
that any Markovian approximation (which amounts to neglecting the recollisions) yields an exponential
rate.

The phenomenon of runaway particles is investigated in [47]. The authors look at a Hamiltonian
model of a charged particle under the influence of a strong constant electric field and interacting with
a medium that is described as a Vlasov fluid that is not perturbed by the particle. They find that
if the singularity of the particle-medium interaction is integrable and the electric field is large enough
then the particle escapes to infinity with a quasi-uniformely accelerated motion.

New Hamiltonian model of friction. Recently, some Hamiltonian models of friction have been
introduced in [26] and analyzed in [24]. This second part of the thesis is a contribution to that body
of work. In this introduction, we follow closely [24].

The goal is not to study an effective model for friction but to understand how friction comes about
in a Hamiltonian system. We shoot a tracer particle into a dispersive medium (here taken to be a
Bose-Einstein condensate) and investigate its trajectory. Because the tracer particle interacts with
the medium there should be some energy transfer from the particle to the medium where the energy
is dissipated, hence the particle should be slowed down—it experiences friction. As discussed above,
the rate of approach to some equilibrium position seems to depend sensitively on how “forgetful” the
medium is. We will not make any assumptions weakening the memory of the bath—such as independent
baths at each point in space, or a wave bath with high velocity of light such that energy is rapidly
dissipated away from the particle—so that it is not too surprising that we will find only a power-law
approach to equilibrium.

Mathematically, we consider a tracer particle of Mass M coupled to a bath of n identical bosons
of mass m confined to some cubic region A C R3,

n

L@ L, N
(4.2) H = oA+ V(X) - Z%A;) JrgZW(zi - X) +AZ¢(:@- —zj),
i=1 i=1 i<j
acting on the Hilbert space H(™ @ Hp := (PLL*(A)®") @ L*(A). P, denotes the projection onto
symmetric wavefunctions and is used because we are considering Bosons. The parameters g, A > 0
denote coupling constants, W is a fast decaying interaction potential between tracer particle and
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medium, ¢ is a potential, of positive type and also of fast decay at infinity, describing two-body
interactions between medium particles, and V is an external potential affecting only the tracer particle.
The Laplacians are required to have, for instance, periodic boundary conditions on dA.

We are interested in the thermodynamic limit A ~ R3 of this system, with the particle density
p= |"7| kept fixed. It is therefore convenient to pass to a second quantized description on Fock space

F. @ L*(A) = (@nzo H(")) ® L%(A) in order to accomodate an arbitrary number of bosons. To

understand the thermodynamic limit A * R3 of this system is a mathematical problem that is not at all
understood rigorously. For our purposes it is enough, though, to carry out the following computations
on a formal level. Only the resulting model will be analyzed in a mathematically rigorous way. We
therefore pretend that we have given some sense to the limit A ~ R3 and drop the reference to the
finite cube A in the following.

In second quantized notation, the Hamiltonian (4.2) takes the following form,

Hff—AXJrV /—Va \WVa(z)dde
JFQ/WI* (a'(z)a(z) — p) Az

+3 [ @ @at) - ) o — ) (a )aty) - o) Eacy.

where we modified the Hamiltonian so as to give states of small total energy the desired value ~ p.
Note that we just added a (infinite) constant and a chemical potential, so that the new Hamiltonian
describes the same physics. Here, af,a are creation and annihilation operators,

[a(x),a(y)] = 6(z —y)L,  [a(@)*,a(y)] = 0.
We introduce a mean-field parameter N > 0
\ _ Mog’ _ Npo
N ) p g2 )

as we are interested in a high-density and weak-interaction limit, N — oco. For our purposes, it is more
natural to work with rescaled and shifted creation and annihilation operators,

1 Po
Vi = —af — |22
N VN 2
In the following, we consider a very heavy tracer particle with mass M = N M moving in an external
potential V(X) = Nv(X). In the new variables, the Hamiltonian is given by H = NH™) where

1
- N22M,

+g / Wi = X)Bh @b (o) + [ Eh ) + b))

M [ (oo + B0k + b ) »
x ¢(x —y) (bk(y)bzv(y) + \/;ZS@EV(.«;) + bN(y))) d*zd’y

Recall the Schrodinger equation,

1
HWN) — —Ax +v(X)+ / %Vb}fv(x)VbN(x)dsx

ihOypy = Hipy
which in our case reads

0 = Hiy = i 0 = HVy,
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so that % is seen to play the role of A. Note that the kinetic energy is usually proportional to A2. This
is why we chose to scale the mass as M = MyN.

The “mean-field limit” N — oo corresponds therefore to a “classical limit” & — 0, and we obtain
the following classical Hamiltonian system. For a system in a finite periodic box, this could probably
be made rigorous, see [32, 39]. But again, for our purposes a heuristic derivation is sufficient. The
phase space of the system is given by

I' =R x H'(R?),
where H'(R?) is the complex Sobolev space over R3. The Poisson brackets are
{X, X} ={P, P} = 0,{X;, Pj} = b
{8%,8%) = 0,{B(2), B(y)} = ib(z —y).

Finally, the Hamilton functional is given by

H :2];;0 +u(X) + / Wd% + g/W(x —-X) (|5(:c)|2 + 2\/?Reﬁ(:c)) d3z

a2 [ (1R 2y Bres) ) ot - (1908 + 2, %o st) ) iy,

Setting a(x) = B(x) + /55 we see that the Hamiltonian takes the form

H 21;\;0 LX)+ / %d% +g/W(z ~ X) <|Oz(x)|2 - "’_g) 43z

g
Aog? 2 Po 2 PO\ 3 33
+ 2 [ (Ja@)P - ) o - ) (la)P - 23 ) dady,
g g
and for W = 0 we can read off the explicit ground state,
Pt =0

X: = Xo : a minimum of v(x)

_ io PO
ar=ag=¢e", /=,
g

19 is an arbitrary phase. Note that, for pg > 0, the continuous gauge symmetry

where e
alz) = a(z), a(z) —» e Ya(zx)

of the Hamilton functional is spontaneously broken in the ground states, which corresponds to Bose-
Einstein condensation. It is expected that the Bose gas exhibits gapless (Goldstone) modes.
In the S-variables, the equations of motion are found to be

B=— ViV (X)) —g [ VxWe - X050 + 2\/5—§Reﬂt<x>>dx,
iB@) =(= 5=+ gW (@ = X)) + VAW (& = X0)

Fhog"lox (15" + 2\/§i8Re Bl Bete) + /53

For a pure Bose gas (that is, W = 0) and in the weak coupling limit Ay — 0 while A\gpy =const, the
frequency spectrum of the fluctuations S can be found: The equation for § takes the form

L 1
B = *Q—Aﬁt +2Xopo¢ * Re Bt
m
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Mov..

FIGURE 1. Interacting Bose gas: linear dispersion relation for small wave vectors. Mo-
mentum states with |P| > Moyv. decay by emitting Cerenkov radiation, that is, the particle
experiences friction. Momentum states with |P| < Myv. describe stable, ballistic propaga-

tion.

and writing 8 = £ + in we find
1

b= g

. 1
N = Q—Aft — 2X0pod * & -
m

Differentiating the lower line with respect to time and plugging in the upper yields

. 1 1
he=—7 S A%+ —Xopod * Ay .
m m
By Fourier transform we obtain
1 k2 5~
2~ o A~ 3~
—Q°n(k) = *—4m2k n(k) — EAOPO(QW)QQbU(k) :

The dispersion relation found is linear for small |k|:

Qk) = |/<:|\/ 4];; L @m0 g gy [ BT 2020dO)

m m

where v, is the speed of sound in the Bose gas. In Figure 1 we plot the joint energy-momentum spectrum
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of the tracer particle and the medium (for W = v = 0). We see that for momenta |P| > Myv, the

energy, %, of the particle is embedded in the continuous energy spectrum. Resonance theory suggests
that as soon as the interaction is switched on (that is, W # 0) the state of the particle decays into
states of smaller velocity by exciting gapless modes in the Bose gas (Cerenkov radiation). The speed
of the particle diminishes until it has dropped below v,. For the non-interacting Bose gas, the speed

of sound equals zero, so that the tracer particle comes to a full stop eventually.

In summary, the physical interpretation is that a particle shot into a condensed Bose gas experiences
friction by emission of Cerenkov radiation and is decelerated until its speed comes to lie below the

speed of sound in the Bose gas.
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P2
B 20,

FIGURE 2. Non-interacting Bose gas: quadratic dispersion relation, v. = 0, so that all
momentum states decay.



CHAPTER 5

Free Bose gas

1. Outline of strategy

We do not intend to study the full model but certain limiting regimes. We consider the free Bose
gas, that is the limit Ay = 0. Furthermore, we consider the model without forcing, so v = 0. In this
case, the equations of motion are

. P
Xt == VO
(5.1) P =—g /R VWX (z) (|ﬂt(z)|2 + 2\/5j2I{e ﬂt(z)) d*z
iBe(x) = W By(x) + /poW X (2)

where WXt (z) := W(x — X;), and h*t 1= (5= A + gW ™).
For simplicity, we choose m = % and require the potential W

A1) to be smooth,

(A1)
(A2) to decay exponentially at infinity,
(A3) to be spherically symmetric,

(A4) to satisfy /W(O) # 0.

REMARK. Under these assumptions there are no bound states, nor zero-energy resonances for g
small.

In the main part of this chapter we prove that the tracer particle experiences friction and is
decelerated to a full stop in accordance with the heuristic findings of the previous chapter. We prove
a lower bound for the strength of this friction mechanism, namely |P;| < c¢t='7¢, t — oo, for some
explicit € > 0 depending on the initial conditions. At large times, the medium is shown to exhibit
the expected behavior: It forms a “splash” that follows the motion of the tracer particle. Remarkably,
even though initial conditions 3y can be chosen to be very small (in L?-sense), the splash that the
medium forms is not square integrable. This is a consequence of the fact that we chose the medium to
be non-interacting. This fact is also responsible for making it difficult to “guess” the right asymptotic
behaviour of |P;| on a heuristic level. See [26, 24] for a more thorough discussion.

In [24] the problem is analysed in the weak-coupling limit ¢ — 0. They find completely analogous
results. Nevertheless, our findings are interesting in their own right as we treat a particle coupled fully
to the medium (as opposed to a weak coupling limit), which is usually a much harder problem. The
main technical difference is that the generator of time evolution of the reservoir, h*t = —A + gW ¢,
depends on time, for g # 0, through the position X; of the particle. In addition, the generator of
translations, d,, no longer commutes with h*t.

In order to be able to state a precise theorem, introduce the continuous, monotonically increasing
function Q : (—oo,1) — R™T,

) 1 /1 1 (1 )_1( 1 ( _1 _5)+ l_é)d
= — ——(1—-1r)"2 ro2 —r r2 r,
TJo 14+ (1—7r)2 1-26
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and denote by 0* the value at which Q =1,
Q") =1.
The computer says
0" ~0.66.
In the subsequent sections, we will prove the following main theorem.

THEOREM 5.1. For any é € I := (%,5*) there exists a gog > 0 and an €9 > 0 such that if 0 < g < go
and ||(z)° Bol|2, | Po| < €0 and ||[()*0.Bo||2 < oo then

|P,| < Cst™ 2 %as t — oo,
and
Jim [18; + /oo (hX) W o = 0.

In particular, the particle comes to rest after a finite distance: There is a Xoo € R? such that Xy — Xoo,
and

Br — —/po(hX=) "W = ¢ L2(R?).

REMARKS.

e Assumption (A4), that is, W(O) # 0, is essential for the theorem to hold. However, it is
also this assumption which makes the fluctuation field 5; evolve to a not square-integrable
function, as

(—A)TW = O(k™2), |k| = 0.
e §* is critical in the following sense,
0 — 86" asgg,e0 — 0.

Unfortunately, we do not know whether the decay exponent is universal (that is, independent
of initial conditions).

e It is not easy to guess the right power law from some linearization of the equations of mo-
tion. This is essentially because the eventual configuration of the fluctuation field g; is, as
mentioned, not square-integrable, has therefore infinite energy and is unphysical as an initial
condition.

The main strategy for proving Theorem 5.1 is easily explained. We split the equation for P into a part
linear in P and a non-linear part,

By = Ly(P)(t) + La(P)(t) + N (P, X, B)(1).

Then we establish a decay estimate for the solution of one of the linear parts of the equation, call it
K(t):

K(t) = Ly(K)(1).
We can then rewrite P in terms of this decaying solution and the remaining terms
t
P, =K({t)P, + / K(t— s)(La2(P)(s) + N(P, X, 5)(s))ds.
0

Using the decay of K(t), the local existence of small solutions to the full equation and a bootstrap
argument (in the form of a contraction lemma) we prove the theorem.
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A little more detailed: By some elementary manipulations that we will do in the next section we
obtain the following equation for P,

P, = 2p0Re (1 + gh™ W), W e 1" (X — X;) - 0. (h) W)
— Q%Re (1 +gh™'W)o, W, /Ot e =) p . 9, ()" Wds)
+ N(P, X, B)(t),
where N (P, X, 3)(t) is a non-linear remainder. To reduce the amount of notation define
£t = 2]@—‘23(3 (1+ gh™ " W), W ™0, (h) "W).

It is easy to see that f(t) is of order t~% as t — co. We have thus

t t
Bo=110) [ Puds— [ 1t~ s)Pads + NPX )0,
0 0
We turn now to the linear equation
. t
K(t) = - / F(t — s)K(s)ds.
0
Essentially by Fourier transformation we prove
LEMMA 5.2. The function K : RT — R satisfies
Kt)=Ct 2 +0(t™ ") ast— oo.

Note that in the proof of the lemma use is made of the fact that W(O) = [Wd3z # 0.
As advertised, we can now express P; as

(5.2) P, =K(t)P, + /0 K(t—s)f(s) /OS P, ,dsids + /0 K(t—s)N(P,X,0)(s)ds.

REMARK. Superficially, all three terms are only of order t*%, that is, if P; is to decay faster there
must be some cancelation.

We effect this cancelation in the following way. Integrate the equation for P from 0 to ¢ to obtain
the equivalent equation

t s t s
P=PF - / / f(s—s1)Ps,ds1ds —|—/ f(s)/ Ps, ds1ds
o Jo 0 0
t
+ [ MR X s,
0
Multiply it by K(t) and subtract it from (5.2) to obtain
t s
P(1 - K(t)) :/ K(t)/ f(s—s1)Ps,ds1ds
0 0
t s
+ / (K(t—s)— K(t))f(s)/ Py, dsyds
0 0

+ / (K(t— 5) — K)N(P, X, 8)(s)ds .
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The first term still does not have the required decay. We cancel the leading term of it by regrouping
the terms and using the explicit form of f(t) to obtain

P,(1— K(t)) = K(t)Re (3, W, (—ih) ™ /t[e—ih“—s) — e M9, (h)"1W P,ds)
0
+/O (K(t—s)—K(t))f(s)/s P, dsids

f/ K(tfs)f(s)ds/ Psldler/ (K(t—s)— K@)N(P,X,3)(s)ds.
0 0 0

REMARK. The third term of the right hand side has good decay, as seen by
t t
/ K(t— 5)f(s)ds = / K(s)f(t— s)ds = K(1)
0 0

We know that K (t) = O(t™2) as t — 00, so we may hope that K (t) = O(t~2) as t — oo, and this will
indeed turn out to be the case.

We make the self-consistent assumption that P, = O(t~2~%) for some § > 1 and find that all terms
on the right hand side have the appropriate decay. To invoke a contraction principle we would like to
divide by 1 — K (t) to get an integral equation for P;. Since K (t) — 1 as t — 0 we need to be careful
for small values of ¢. However, since we know that K(¢) is eventually small we can adopt the strategy
of “waiting for long enough”. We divide the time axis [0, 00) into two parts, a finite one [0, 7], and an
infinite one [T, 00), such that K(t) < 1 for ¢ > T. In the finite part, standard local existence proofs
provide a solution P;, t € [0,7], and in the infinite one we have—after division by 1 — K (t)—an integral
equation for (P;)r<¢<co with an inhomogeneous part depending on (P)o<i<7,

Py =Y (X[1,00)P)(t) + G(x(0,1) P.)(1) ,
which is amenable to a contraction principle. For this purpose, introduce the family of Banach spaces
Bsg = {f:t2%°f € L®[T, 00)}
with norm
£ s,z = 177 lloo -

The main technical task is now to show that, for T large enough, first the inhomogeneous term G(t)
is small in Bs 7, and second that Y(): Bs.t — Bsr is a contraction. The contraction lemma then
guarantees the existence of a solution in Bjs r, which is the claim.

To prove these estimates we use the following asymptotic expansion of the propagator,

e = Ct iR + Ot 2),
valid in the topology of B(L?3, L?~3), where L** denotes a weighted L? space,
L2 = {f + [{@)* fll2 < o0}

This expansion is correct if h = —A + gWW has no eigenvalues and no zero resonance, which is the case
for our choice of W and g small enough. The operator B; is given by

Bi() = (-, 1+ (=) gW) T (1 + (-A)TgW) ',
so that it is easy to see that in a term of the form

<8IW,e*iht AN

the leading term is in effect of order ¢=3 for spherically symmetric W.
To facilitate later discussions we rescale the equation such that

om =1, |W(0)] = 1.
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2. Main theorem

Recall from Section 1 the continuous, monotonically increasing function Q : (—oo,1) — R™T,

0= 1 [ o (et ) an

and recall that we have denoted by §* the value at which Q =1,
Q") =1

N[

We have
0" ~0.66.
For the system of equations (5.1) we prove the following main theorem,

THEOREM 5.3. Suppose that in (5.1) the external potential vanishes, V = 0, and the potential W
is smooth, spherically symmetric, decays rapidly at |x| = oo, and satisfies

[W(0)| #0.

Then, for any § € I := (%,5*) there exists a go > 0 and an g9 > 0 such that if 0 < g < go and
H(m>3ﬁ0||2, | Py < eo and H(m>36160||2 < 0o then

(5.3) |P| < ct™ 7 %as t — oo,
and
(5.4) t£%|\ﬂt+¢p_o(hxt)flth||m =0.

In particular, the particle comes to rest after a finite distance: There is a Xoo € R3 such that X — Xoo,
and
Br — —/po(hX=)TTW ¥~ ¢ L2(R?).

The theorem will be proved in section 5.

Now we present the main difficulties in the proof and the strategies of overcoming them. Similar to
what was proved in [24], we start with decomposing the equation for P, into a linear and a non-linear
part. The linear equations can be solved explicitly, and we use the solution to rewrite the equation for
P, in terms of this solution and the non-linear part. Since we expect that the momentum P; decays
for large times t it is reasonable to assume that eventually the dynamics is dominated by the linear
part. The detailed knowledge of the decay properties of the solution to the linear part and standard
dispersive estimates enable us to use a contraction principle to establish the claim.

There is one major technical difference to the model studied in [24], namely that the generator
of time evolution, h** = —A + gW*¢, depends on time through the position X; of the particle.
Mathematically, this makes it more involved to cancel various terms by symmetry considerations, and,
as additional complication, the generator of translations, d,, no longer commutes with hX¢. We treat
this as follows. Since we expect that the particle will come to rest at some X, € R3, we expand the
propagator U (t, s) gererated by h*Xt = —A + gW** around the “instantaneous” propagator e_ihxtt, at
some large time t where

o ih it _ e—ihXTt|t:T
is to be understood. By Duhamel’s principle we obtain

t

U(t,0) = e ™t — i/ e =) (X, Xy) - 0, WXtem M s ds 4
0

To facilitate later discussions we rescale the equation such that

2m =1, [W(0)| = 1.
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3. Reformulation of the problem and the local wellposedness

Recall the general plan outlined above of decomposing the equation for P, into linear and non-
linear parts. In the following, we carry out this plan albeit in a slightly more elaborate form: We first
decompose the fluctuation field 8; into a main part and a remainder, the ||-||cc-norm of which will go
to 0 as t — oo.

Since the generator hX* depends on the position X; of the particle, we expand it around its value

at a position X7 for some large time T'. Define 3% := —,/pg(h) "W and introduce a new function
ot by
No 4
(5.5) Br=: BT+ y/po Y, —(Xe = X) "0 (W) WA 45,
|a]=1

Then §; satisfies the equation

No
. AP S 1 a—1ga -
I(St — hXT(St +g(WXt _ WXT)(St _ IWOPIE . P aa(Xt - XT) 18;3 (hXT) 1WXT — Gl

No
. 1
(5.6) 8o =fo— X" —po Y —(Xo—Xp)*0g (h¥T)TTWAT,

la|=1

where aX*~! means the vector X = (o X (@171:02,03) X (er,02=105) 5 X (a1,02,05-1)) "and the term
G is defined as

Gl = hXtTNU y
with 7y defined by
o o 1 a Qo —
B = BXT oo Y (X = Xp)* 0y (X)W 4y
la|<N

and estimated in the following lemma,

LEMMA 5.4. For any N € N
_ _ 1
(5.7) gre=BYT + o Z J(Xt — Xr)* 0y (BXT) T TWAT 4y
la|<N
where |[(z)*hXiry|ls < Cn| Xy — Xp|NHL.
PRrOOF. The claim follows immediately by Taylor-expanding the function §; around Sr in the

vector-variable X; — X7. To control the remainder we used the fact that (hX)~! is a bounded operator
from L?3 to L?>~3, and the exponential decay of W. O

We take the first Ny terms in the expansion of 3¢, where Ny :=min{n € N: (n+1)(6§ —1) > 3},
because for T > t, | Xy — Xp| = O(t279), hence | X; — Xp|Nott = O(t~2).
Using Duhamel’s principle we can rewrite §; in the form

t
5t —_ efihXTté-Oiig/ efihXT(tfs)[WXs 7WXT]5SdS
0
N O T L b
(58) . WO Z a/ eilh T(tfs)a;(hXT)fleTPSa(Xs 7XT)aildS+i/ eflh T(tfs)Gl(s)dS
aj=1 70 0

The function §; admits the following estimate: Define an estimating function u: RT — RT by

— Lys
(5.9) ult) = max (1+ )77y
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PROPOSITION 5.5. If u(T) < 1 then for any 7 < T we have

1

(5.10) )67l S (14 7)7 2.

The proposition will be proved in Section 6.
In what follows we derive an equation for P;. To this end, we rewrite equation (5.8) for d; as

t
61& — efihXTt\/p—O(XO . XT) . am(hXT)fleT _ %/ e—ihXT(tfs)Ps . az(hXT)flw)(Tds
0

Iy B+ S (X — Xp)"0p (7))

lor|=2

t
. 1g/ e*ihXT(tfs)[WXS o WXT](SSdS
0

No t t
v 1 ; .
_VPo E : / e—thT(tfs)ag(hXT)—1”7XTPSQ(XS —XT)O‘*ldsti/ e*‘hXT(t*S)Gl(s)ds

al
=2 0 0

(5.11)
— 3. D)

where Dy and D5 will be the main terms (being linear in P;) in the equation for P,, whereas D3 through
Dg will constitute remainder terms.

Recalling (5.1) and using Sr = BX7 + §r we thus arrive at the following equation for P,, where we
evaluate at t = T to effect the cancelations due to spherical symmetry, which is only perfect when all
centers agree:

B,_, = — 2p0Re (9, WXT e M (X — X) - 0, (X)W XT)
— 2g\/poRe (FXT 9, WXT eI T (Xo — X7) - 0, (hXT) " W)
T
+ 2p—]\2Re<8zWXT, / e T (T=)p g (RXT) W XT ds)
0
T
+ 29%1% (BXT 9, WXT | / eI T(T=)p . g, (KXW X7 ds)
0
+ R(P,T),

with R(P,T') defined as

(5.12) R(P,T) = —2/pol(1 + \/_BXT 0, WXt ZD D, WXT | |67%) .

By shifting the center of integration and using the spherical symmetry of W the above equation is
equivalent to (k =1,2,3)

P® - — 2poRe (1 + —\/gp_o B)0u W, e T (Xg — Xrp)0s, (h)~2W)
Po g 3 o ih(T—=s) p(k) 1
n 220 Re —J_pya,, W, / P®g, Wds
e+ \/p_oﬁ L(h)” )
+ R(P,T),

or

(5.13) Pr = L(P)(T) + R(P,T),
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where
L(p(l))
L(P):= | L(P?®)
L(p(3))

Remark: From now on, we will write ¢ for T for esthetic reasons.

The local well-posedness of this equation is standard, as summarized in

THEOREM 5.6. The equation (5.13) is locally well-posed: If Py € R® and (z)*By € L%(R3) then
there exists a time Tioe = Tioe(|Pol, ||(z)? Boll2) such that | Py < oo for any time t < Tioe. Moreover, for
any Tioe > 0 there exists an eo(Tioe) such that if |Po|, || (z)*Boll2 < €0(Tioe) then P satisfies the estimate

(5.14) |P| < T2 t€[0,Tioe -

loc

PROOF. The local well-posedness of (5.13) can be proved by standard techniques, hence we omit
the details here. The second assertion follows considering that if Py = 0 and Sy = 0 then P, =0 is a
global solution. O

4. The existence of the solution in the infinite time interval

It is hard to derive a decay estimate for P; directly from (5.13). In what follows we will rearrange
terms until a fixed point theorem becomes applicable.

We will express the solution of the full equation (5.13) in terms of the solution K (t) of one part of
the linear equation,

(5.15) K(t) = ZRe ([1 — g(h)"'W]0,, W , /t e M=) K (5)8,, (h)"'Wds),
0
K(0)=1.

Here the constant Z € RY is defined as

In Section 7 we prove the following lemma,

LEMMA 5.7. Let K(t) be a solution of equation (5.15) with K(0) = 1. Then there exists a real
constant C' such that

(5.16) ZK(t) = %w—% (1+Co)t™z +0(t™h).

With K (t) at hand, we can write the Duhamel-like formula
t s t
P, = K(t)Py + Z/ K(t —s)Re([1 — g(h)_1W]8$1W,e_ihsc’)ml(h)_lW>/ P, ds +/ K(t — s)R(P, s)ds.
0 0 0

We now repeat the same steps as in [24] to arrive at

(5.17) P = 17#11{@)14(13)@) + %K(t) /O (K(t— 5) — K(O]R(P,s)ds,

where the linear operator A is defined by

A(P)(t) = — Z/O [K(t—s) — K(t)|Re ([l — g(h) " *W]0,, W, e~ "0, (h) " W) / Py, dsids
(5.18) + Z/t K(t —s)Re([1 —g(h)"'W]0,, W ,e "0, (h) " W)ds /t Py, ds;
0 0

+ ZK(t)Re ([1 — g(h)"'W]0,, W, (—ih) ! /Ot[e—ih“—S) — e M Pdsd,, (h) "W).
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Since we plan to use a fixed point theorem, we introduce a family of suitable Banach spaces,
B 1, = {f 1370 € L [Tioe, 00)}
with norm
£ lla:7i0e = 1550 ] oc

We divide the time interval [0,00) into two parts [0, Tioc) and [Tioe,00). Introduce the Heaviside
function x1,,. := 1jo,7,,) and rewrite (5.17) as

(519) P = (1~ x5,)P)(1) + G,

where

(1= 1) PO = T A = 1) PYO) + T | (= 5) = KOIA(P.) = R, P.olds
Gy = %mamp)(t) + I%K(t) / (K (t — 8) — K (1) R(xn,. P.s)ds.

The following two propositions, proven in Sections 8 and 9, show that for Tj,. large enough, T((1 —
XTi.. ) P)(t) : Bs1,. = Bs,m.. is a contraction, and G is small in Bs 7., if the initial conditions for P
and [ are small enough, which will allow us to prove the main theorem.

PROPOSITION 5.8. There is an M > 0 such that for Tioc > M the mapping YT((1 — xn..)P)(t) :
Bs1.,. — Bsm,. ts a contraction, or more precisely:
(1) For any function q € Bs 1.,
1

t%+5‘I______

A = xm)a0] < (2900) + Tl

where £(Tioe) = 0 as Tipe — 00.
(2) Recall that the solution P exists in the time interval [0, Tioc] according to Theorem 5.6. Suppose
that Q1,Qz : [0,00) — R3 are two functions satisfying

Ql(t):Q2(t):Pt fOTtG [Ovﬂoc]a
and in the interval [Tipe, 00)
1Q1lls 7ioes |Q2lls, 110 < 1.

Then,

t%+5‘1 1

K (1) / [K(s = 1) = K®)][R(Q1, 5) = R(Q2,5)]ds| < (|Qu

5.Tioe + [Q2ll5710.) Q1 — Q2]

0, Tloc *

PROPOSITION 5.9. Suppose that Tioe > M (see Proposition 5.8) and | Py|, ||(z)*Boll2 < c0(Tioc) (see
Theorem 5.6). Then Gy is in the Banach space Bsr,., and its norm is small. Specifically, for any
t > Toc
€(Thoc)
5(ﬂoc> )

t3 40| e Al P) (1))

<
1 t
t2+6‘ %K(t) fo [K(t—s)— K@®)]R(xn.. P, s)ds| <

with €(Toc) = 0 as Toe — 00.
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5. Proof of main theorem

As discussed before, we divide the time interval [0, c0) into two parts, [0, Tioc] and [Tioc, 00). The
existence of the solution in the finite domain was proven in Theorem 5.6. For the infinite domain,
Propositions 5.8 and 5.9 enable us to apply the contraction lemma on (5.19) to see that P € Bs ..
By the definition of Bs . we have proven (5.3).

To prove (5.4), we estimate (5.20) in ||-||co-norm and use standard L' — L*°-bounds [65],

t
H(stHoo < ”eiihXTt(SOHooﬁLg/ |‘e7ihXT(t75)[WXS *WXT](SsHoodS
0

No t
\/ PO 1 7ihXT(t75) a/p X \—117X a—1
9 2 ol J, lle O (W*T)TIWAT Psau(Xs — X1)* | ods

jal=1

i /t||e_ihXT(t_s)Gl(S)lloods-
To control the various terms iorming the first term on the right hand side we use
05 () W loe = O(7%).
which is implied by the observation that
Bz, (M)W = (h) ™85, W — (h) ™90, W (h) ™' W,
so that each term of "9 (h) ='W is of the form
dhtp=1f  fe Ll
and the estimate
e h ™| i = O™ 7).
For the second term on the right hand side use
lem MW — W] < (8= ) TR =Wy S ()7 E
For the term containing GG; use the Holder inequality:
IG1 ()l = 1) Ga(s) @) Il < 1) *Gr(s)lall ) 772 = g||<$>301(8)||2 S(+s)72,

where we used the definition of G; = hXTN0 and its estimation in Lemma 5.4.
To deal with the appearance of d5 on the right hand side, introduce the function

~ 1
Q) = Jax &% 16500 »

and use the above preparations to obtain

t
—_ipX _3
[8tlloc < e Tt50|\oo+9/(t—5) 2[|0s ]| oo ds
0

Po Jo 1 K —ihXT (t—s) Xr\—117X —1_5 ! —ihXT (t—s)
F S0 [ e ) W 1k s [0 ()] cds
. O O

lo]=1

No
Cax i XTy 5 _inXre 1 afa -
S e ™ Bolloo + ™" B oo + Y e (X — Xp) 0 (Y)W o

la|=1

t t
+g/0 (t— )| —WXT]|\1||65||mds+/0

(t—s)-%(1+s)—%—5ds+/0 (t— )~ 3G (s)|lds

t t
StTE||Bolly +t7EF 472 +gQ(t)/ (t—s)"2(1+s) " 2ds +t 3 +/ (t—s)"2(1+s) 2ds
0 0

<t 3eq+gQ)tE + 3178 41
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Combining the above estimates we obtain, for t =T,
T2 |7l S 9Q(T) + 1,
or
Q(T) $9Q(T) +1,

and so since g is small

QM) s1.
Since Br = —/po(h*T)*WXT + 67, this proves (5.4).
The proof of the main theorem is finished. (]

6. Proof of Proposition 5.5

For any time 7 < T we apply Duhamel’s principle to rewrite (5.6) as

57_ _ efihXT'ré‘O - lg/ efihXT (1—s5) [WXS _ WXT]5SdS
0

VPo 1 [T —ihXT (1—5) gap Xr\— 1117 X7 a—1 [T —in X ()
T Z o~ i e X (W ) "TWAT Pya( X — X)) Hds + i ; e G1(s)ds

Jal=1

(5.20)

Now we estimate each term on the right hand side of (5.20). Recall the definition of x(7") in (5.9) and
the assumption u(7") < 1. By the definition of dy and the propagator estimates of Proposition 5.15 we

have
X No 1
@Bl = @) e TIG = BT = an Y~ (Xo = X) 0 (W) T Wy
la|=1 ’
< @) e Bl o (@) e A
Mooy «
i W)_O|Zl X0 = Xr|*[[() PO () Tt W
< A+ TE @) Bolla + A+ T)TEH (L T)TE(T)

< (147 2[1+eo+ u(T),

where in the third line we used the fact
T
Xo Xrl < [ PJds £ ().
0

For the last line we recall the overarching hypothesis of Theorem 5.3 ||(z)*Bo||2 < 0.
For B3 we have

[[) ~* B3]

A

w(T) /OT(1 +7—8) 3 (1+5)"20ds

w(T)(1+7)7270;

A
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recall that we only consider § € (%, 0*) and §* < 1. Similarly for By

[[@)~* Bal2 < uN°+1(T)/O (1+7—s)"3(1+s)"3ds

S PN (14 7)
Since Bs depends on d,, we have to proceed in a different way. Define the function @ by

Q(r) = max_(1+s)%](z) *6l2.

0<s<7<T

Then B> admits the estimate

() Ba 2 S g/T(l +7—8) 72 (@) (WAT — W), ||2ds
0
< QQ(T)/O (14+7—-35)"2(1+s) 2ds
< gQ(r)(1+7)77 .

In the first line, we use the fact
) WX | < (@) 77,

which holds since |X.| is bounded.
Collecting the estimates above we find

(L4 7)2 () 7*0: ]| £ 9Q(r) + 1+ <0 + (1),
which by definition of Q(7) yields for any 0 <7 < T
Q1) S 9Q(7) + 1+ &0+ u(T).
As g is small we obtain
Q(r) S1+eo+p(T) S 1,

which is the claim.

7. Proof of Lemma 5.7

We follow the strategy of [24]. Define Z := 222 and a function G : R — C by

i

G(k +1i0) :==((h + k +i0) 710y, () 'W ,[1 — g(h) " *W]0,, W)

N

i
2

Now, we relate G to the solution K:

(5.21) (1 = g(h) ™' W0, W, (h — k —i0) "0, (h) ' W)

LEMMA 5.10. The solution K of (5.15) takes the form
K(t) = - / "R ! ktdk
- Tr “+ 2G(k +10) T

— 00

In particular,
K(t)=0  fort<O.

The proof of Lemma 5.10 is done as in [24] and is not repeated here. With this explicit expression
for K, we can prove Lemma 5.7 with the help of the following lemma,
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LEMMA 5.11. The function G(k +10) satisfies

Gl +10) (i—1)Z(1+O0(g)k? + Cik + O(k?) ifk>0
1 = 1 K ?
(—i = DI (14 O(g))|k|? + Cok + O(k|3) if k<0
with Cp,Cs being some constants.
Lemma 5.11 is proven at the end of this section.

PROOF OF LEMMA 5.7. Decompose K (t) into two parts,

K(t) = Ky (t) + K_(1).

with
Ky(t):= fl/oo Re;cosktdk
LA ik + ZG(k + i0)
and
K_(t):= l/O Re;cosktdk
T r ) ik + ZG(k +1i0)
Define a new function g : R™ — R by
_1 1 1 1
2aR) = =R G e v i0)
1 meG
- Zr (£ +ImG)2 + (ReG)?
3(1+0(9),, 1 1
=——%5, K21+ 0k),

where we used the explicit form of G(k +10) of Lemma 5.11. By construction, the function g is smooth
on [0, 00) and satisfies (because G(k) is bounded as k — oo, see [49])

lg(p)| < C(1+p)72.

We can now directly compute as in [24]
Ki(t) = /OOO k™2 g(k?) cos ktdk
=2 /OOO g(p) cos(p’t)dp
= 2¢(0) /000 cos(p*t) + D
with D defined as
D= 2/000[90)) — g(0)] cos(p*t)dp .

The first term on the right hand side is the dominant one:

o 1 . )
/ cos z”dz = Mﬂ_ft—a )
0 2\/§Z

N[=

29(0) [ cos(o)do = 29 00"

where we used the Fresnel integral [ cosaz?dz = (7/8)%.
We prove now that D is a correction of order t=5. This implies

5140(0) 5,3 o
K, =——27ng72t72 +0(t .
+ 2\/§Z ™ ( )
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Since we find by completely analogous computation

_30+0(9) 5,1 1
—usg T o

the claim follows.
To estimate D first integrate by parts:

|D| =t~ /OOO pg(p) — 9(0)]9, sin(p°t)dp|
=1 [ Hsint

with H(p) := 9,p'[g(p) — g(0)] a smooth function satisfying |H(p)| < (1 + p)~2. Write H(p) =
H(0) + p[p~'(H(p) — H(0))] and perform again integration by parts to obtain

|D| =t~ |H(0)]] /OOO sin(p°t)dp| + %t‘Qgi_r% m(p)—;H(o)l + %t‘QI /OOO plp™" (H(p) — H(0))]|dp.

The first term on the right hand side can be computed explicitely,

O [ sl - t-3|H<o>|\/§ ,

and the second term is obviously of order ¢t~2. The last term is controlled by
t‘Q/ (1+p)2dp St
0
by the fact that [0,[p~*(H(p) — H(0))]| S (1 +p)~2 O

PROOF OF LEMMA 5.11. We start by studying the function G(k), k¥ € C\RT whose limit on the
real axis is G(k + i0), k € R. Define a variable ¢ by ¢ := k2, where k is in the domain C\R™T, and
k2 = +kz > 0 for k > 0. By standard theory we know that G(k), k € C\R" is analytic in .

The claim follows by expanding (h + k)~! around h~!. By classical results, see for example [34], if
the constant |g| in h = —A + gW is sufficiently small and W decays sufficiently fast at co, then h has
no zero-resonance or eigenvectors. This together with the discussions above and results in [34] imply
that

(5.22) (h+k)™' = Bo+(B1+¢(*Bx + 0(¢%),
in the topology of B(L?3, L*73), B; being operators in B(L?3, L*~3), namely
Bo=(1+(=A)"'gW)"(=A)""
1

Bi= (. (14 (=2)"gW)L)(1 + (=) "gW)L.

We cannot apply this expansion directly because d,,h~*W ¢ L%3. So first, observe that 1 — gh=1W
is bounded and define for brevity

Op, W1 :=[1 — g(h) "' W]0,, W,
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so that W7 is rapidly decaying. Then use the second resolvent identity to rewrite the terms of G(k),
%([(—A +k+i0)"" = (htk+i0) " gW(=A £k +i0)7"0,, [(—A) ! = (=A) T 'gWhTW , 0y, Wh)

(5.23)

= %((—A +k4+10)710,, (=AW, 0, W)

(5.24)

— %((—A +k4+10)710,, (=A) " tgWhTW 0, W)
(5.25)

+ %((h +k+i0) T gW(=A £k +i0) 0., (—A) W, 0., W)
(5.26)

- %((h £k +i0) " LgW(=A £ k +10) 10y, (=A) " LgWh™IW , 0y, W) .
The term (5.23) is rewritten as

i

2

for which we can now use (5.22). The constant term in the expansion vanishes in the difference (5.21).
For the k'/2-term we get (consider first k > 0)

(A £k +10)710,, (~A)"'W, 0y, W) = %((—A £k +10)7IW, W),

SR 1) (W (1 () g1+ (-A) g, W)

:ﬁklﬂ(i —1)[(W,1)(1,W) +0(9)] ,

where we used Wi = W + O(g) in ||*||ec- Using (W, 1) = (1, W) = (2#)%/1/[7(0) the last line equals
2
TR - 1)(1+0(9)

The term (5.24) is treated analogously and gives a contribution of order k2O(g).
The term (5.25) is rewritten as

i

(h+k+10)""gW (=A 4k 4+10) "0, (—A) W, 0, W)

N |

(5.27) :g%((—A £k +10) 71, (—A) W, W (h £ k —10) 718, W)

On the right hand side of the scalar product, we can use the expansion for (h + k —i0), as 9,, W is in
the appropriate weighted L2-space:

(5.28) W (h+k —i0)"'0,, W1 = W Bo(0s,W1) + k2 W By (95, W1) + ...
Note that each factor in the expansion is a rapidly decaying function of x. We consider thus
(A £ k+i0)710,, (—A) "W, V) = ((p® £ k+i0) " p1p 2W, V)
:27r/ / (p? £k +10)" pcos W (p)V (p, 9)dpsin 9d9 = O(1)
o Jo
by scaling p — pk%. On the other hand, we know from general theory that
(5.29) (A + E+i0)710,, (=A)"'W ., V)

is analytic in ¢ = k2 € {Im¢ > 0}, so that the next order is k2. Plugging this and (5.28) into (5.27),
and noting that the constant term vanishes in the difference (5.21), we are left with a contribution of
order k20(g) for the term (5.25).
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The term (5.26) can be treated in the exact same way and yields a contribution of order k2 O(g?).
The case k < 0 is treated analogously. (|

8. Proof of Point (1) of Proposition 5.8

Similar to [24] we decomposition the linear operator A, defined in (5.18), to be

A((1 = xmi00)9) = i L ((1 = X730.)9) -
k=1
where the terms I'y, are defined as
T = Z/Ot[K(t —5) = K()[Re ([1 — g(h)""W]0s, W, e~ "0, (h)"'W) /t Gs; (1 = X (51))ds1ds
Ty:= z/ot K(t —s)Re ([l — g(h) " W)a,, W, 728, (h) "1 W)ds /Ot qs, (1 = X7y, (51))ds1
s := ZK(t)Re (1 — g(h) "\ W]dy, W, (—ih)~" /t[e‘ih“‘” — ¢ Mgs(1 = X7, (5))ds8y, (h) "' W) .

0

Define two continuous functions €, Qs : (—o00,1) — RT by

1 ! 1 L
5.30 0(6) == / (1)t oy
(530) 0= g7 |, Tra o0 )
1t 1 11s
(5.31) 0(6) 1= = [ ————(1 =) britar,
TJo 1+ (1—r)2
Recall the function £2(J) introduced before Theorem 5.3. It is given by the sum Q(d) = Q4 (d) + Q2(0),
and we compute
1 1 /2L -6 (-6
Qo) = n (3-0) § ) )
md(2d — 1)  2y/7 \ T'(1—9) (2 —9)
Note that ©(0) has only apparent singularities at 6 = 0, % It is a continuous, monotonically increasing
function
Q:(—00,1) = R
satisfying
lim Q(§) =0
d——00
log 4
Q0)=1- —Of ~ 0.56
1 logd — 2
Qz)=1+ — ~038.
() =1+——
lim Q(0) = o0
6—1

Numerical analysis suggests that Q(6) < 1 for all § < 0.66.
Point (1) of Proposition 5.8 is covered by the following lemma,

LEMMA 5.12. If ¢; € Bs 1., then there is a small constant (Tioc) satisfying e(c0) = 0 such that
IP1] < £727°[20(8) + e(Tioe))(1 + O(9))alls 1.
D] < £727°[Q(8) + (Tioe))(1 + O(9))lalls 1.

_1_
Ta| < t727e(Tioc) lalls 1 »
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PRrROOF. We start with I's. The second term in the product is easy to estimate,

t
(5.32) |/ G5, (1 = X110 (51))ds1| < (1+8)7°||gl|5.,. -
0

The first term is estimated as follows. Apply the Fourier transform to the convolution function, then
inverse Fourier transform to find

K , 1 [ F(k) ;
VA K(t — 1— —1 —ihs -1 —_ —ikt
/0 (0= R (1 = o) W10 W70, ()~ W)ds = oo [ e Mar
where F (k) is defined as
F(k):= Z/ e Re ([1 — g(h) ' W10, W , e~ %9, (h) "W )ds
0
Z [~ . : .
= 5/ M (L = g(h) " W8, W, ™0, ()T W) + ([ — g(h) "' W0, W, €8, ()~ W)]ds
0
Z

= Z[([1 = g(h) " * W10, W, (—ih + ik — 0) 204, (h) " W) + ([1 — g(h) "' W]0,, W, (ih + ik — 0)"10,, (h) ' W)]

2
= —ZG(k +10).
Around k = 0, the term % has the expansion
F(k) 1
— 2 =—14+Ck24+0(k).
%1 ZG(k 1 10) +Ok2 +O(k)

The constant term does not contribute, as is seen by integration by parts,

°° (k) ikt _/°° 1 F(k) ikt
/_Ooik+ZG(k+iO)e k=] 5%\ &5vzewro)c *

and the Fourier transform of k2 is of order t~2. The detailed computations are identical to [24] and
thus omitted. We obtain

t
(5.33) |Z/ K(t—s)Re ([1 — g(h) " W10y, W, e "0, (h)"'W)ds| < (14+1)7% .
0
Combining (5.32) and (5.33), we have

-3 1.5
5T < 1ol (L+1)727°%q|

loc

_3 1_ 1 _i_
Po| S A+8)" 21+ )2 llgllsm. = (L +8)72(1+1)72 ]

0, Tioc »
which is the desired estimate.
Now, we turn to I';. Recall the asymptotic expression for K in Lemma (5.16),
3

ZK(t) = ﬁw—% (1+Cg)t—z +0t™Y),

and observe that by Duhamel’s principle and the second resolvent identity there exists a C € R such
that

Re ([L = g(h) =" W]0,, W e "0y, (R)T'W) = %Re (W, W) + O(gt2)

3

7373 (14 Cg) + ot~ 2).

1
5.34 S
(5.34) Wo
Now to the proof of (5.34):

(1= g(h) "' W]0a, W, €™M0y, (W) T'W) = (0, W, €210, (= A) 7' W) — g{(hT W) 0y, W, 20, (—=2) 7' W)

t
_g<V’eiAtam1(_A)71Wh71W> —I—g(V,/ eiA(tfs)WefihsaZlh—lv[/%
0
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where we used the abbreviation

V=[1-g(h) 'Wo,W.
Concerning the various terms on the right hand side we use the propagator estimates in 5.15 to get

(0, W, 20, (~A)T1W) = g<W AW
g|<(h_1W)811W eiAtaﬂh( )
)

>| < gt~ (@) (W) D, W |2 ()W |2
gl(V, e, (~A)TWhTIW)| < gt 3

@)V o | @) W W |l
t . .
gV, / A, B < gl ()Y |2 / (14t — 5)~ () We 50, h=1W |1ods
0 0

t P P
So [ t= o) H 4o H () Wiads S g7
0
This concludes the proof of (5.34).

We take the leading order terms K , M , Iy to approximate these functions

~ 3 5, 1
ZK(t) = Eﬂ_it_i(l +Cyg)

3

1 3 ~
— 3t 2(1+C
5va" ¢ 21+ C9)

Iy = —Z/O [K(t—s)— IN((S)]]T](S)/ qs, [1 — xr(s1)]ds1ds.

Now compute

~ 1+0 1 . s [t
i< 2529 [ 978 -4t [gajasias
O S
1+0(9)
= (12§>w/0[<t—8> 27252 (1270 — 5270 )dsl|glls.r
14 0(g) /t EEY 1 Loils 1l
= Q= t—s) 2t 2———85 2 t2 — 52 ds ,
Toar Jy C ) %)dsllqelr

Change variables s = rt to obtain

ITy| < 72701+ O(9))21(8) [l ae

where the constant (25 is defined in (5. 30) In what follows we estimate IT'y —T'y|. Divide the integration
1
region [0, ¢] into three parts, [0, Tlgc] [Tlgc, -T2 ], and [t — Tlgc, t].

L=z / VIRt 5) — K()|Re ([L - g(h) " W10, W e "%, ()~ W) / Gor[1 = 7, (s1)]ds s

(S)/ qsq [1 — XTioe (81)](3181(218.

We have

[K(t—s)— K(t)],|K(t—s5) = K(1)]
S wray
<t 3 (1+45)

(5.35)

Nl
Nl

+(t—s)"2—1t"
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because s < Téc, and t > Tioc. And consequently
K (t—s) = K(®)[Re ([1 — g(h) " W05, W, e~ "8, (h)'W) + |K(t — ) — K(t)||[M(s)] St~ %s7%(1+ O(g)).
Plug this into I; to obtain

1
3

Tige 1
PSS 0(9))/ sl e = 01+ 02T el me S EH0TE (14 0(9) o me -
0

1
Now we turn to the second interval, [T}3_,t Tlgc]

L=Z / . K (= ) — K(O)]Re ([1— (k)" W0, W ,e™50,, ()W) / (1= XTioc (51))gs, dsrds

tiTlog - - . t
7z / IR (- 5) — RV (s) / (1= X1, (51)) g, 51 ds

T
=2 [ = 8) = K(0) = (Rt~ 5) = ROODIRe (L= g(0) ™ WIow W o0, (07 W) |1 =i ()

t=Ti5e - , — ¢
+Z/l [K(t —s) = K®)][Re([1 — g(h)™ W]0s, W, e "0y, (h) "' W) *M(S)]/ (1= XT3 (51))gs, dsads .

Tlgc
Using
[K(t—s)— K(t —s)| S (+t—s)7!
K() - K(t)] S 4
[Re ([1 — g(h) "' W]y, W, e "0, (R)"'W) = M(s)| < s,
and
[K(t—s)— K@) St (t—s)"7s,
we obtain

] S Tt s

In the third interval, s € [t — T;2

loc?

Re ([1 — g(h)"'W]0,, W ,e "0, (h)'W) <t 2,

t], we have

and hence

T3] =12 / [ = 9) = K(ORe (1 = g(0) " W10, W 0., (1) W) / (1= X1y, (51))ds, ds1ds

4 /tTl(%L [f((t —5)— K(t)]]q(s)/s (1 — x7,.(51))gs, ds1ds|

t
5/ (= s 4 s 7 gl
t T3

loc

ST guls 7

loc

<To 47270 gulls 1 -

Putting together, we have shown that
01| S 72 7000(8) + &(Thoo)] (1 + O(9)lgells e

where &(Tioc) — 0, as Tipe — 00.
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Finally, we turn to I's. Similar to the strategy in estimating 'y, we start with retrieving the main
part. Define a new function V to approximate the function V (¢) := Re ([1 — g(h) W0, W , (—ih)~te~iht9, (h)~1W)
when ¢ is large (simply by integrating (5.34)),

e

V.= ?ﬂ'%(l +Cg)t™= .

Now, define an approximation f3 of I's,

T3 = Zf((t)/o [V(t—s) = V()1 - xr..(5))gsds

Compute
=~ 1 1 t 1 1 1
IPs <t72—(1+ 0(9))/0 [(t— )72 —t72]s™ 2 ds|gs 5.
— 1101 +0(9))/t ————(t—5) s s g s m,.
m o (t—s)z 412 e

The change variables s = tr yields

_
1+ (1—7)2

N

= _1.s1 ! _ 1 1
[Ta] <tz 5;(1+0(9))/0 (1—7) r270dr|gellsm,. =t 2 70Q(6) (L + O(9))llgells. 1 -

Next, we write the difference I's — fg as
Iy =By =2[K(0) = K] | V(= 5) = V)1 = ()
(5.36) +ZR() [ V(=9 = Tl =)0 = xn(9)ads

LZRW[TV () - V()] / (1 - X1y, ()gsdls

We know

and
V(t—s)—V(t—s)| < (A+t—s) 7.

Plug these into (5.36) to find the desired estimate

t t
Lo Ta 70 [ (1 s) sl + 30+ 0(0) [ (L e= 973049 M dslalon,
0 0

3, Thoc

t
47 [ (s s
0

S+ 0@ lellsime < (14 O@NT o2t llgellom,.

Putting it together, we have shown

D3] < 72 7°(022(8) + &(Tioo)] (1 + O(9)lgells 7o

which finishes the proof. O
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9. Proof of Point (2) of Proposition 5.8
Point (2) is proven by the next result,

LEMMA 5.13. Let Q1 and Q2 be as in Proposition (5.8), and recall the definition of R(P,t) in
(5.12). If |Po| < T,;2 then, for k = 3,4,5,6,

5.Tioe (@1

¢ ~ ~ 1
/0 K (t = 5) = K()][D(Q1) — Dr(Q2)l(s)ds < 72~ e(Thoc) |Q1 — Q2 5,10 + [1Q@2ll5,7icc ) -

PRrROOF. Because the proof is rather long we divide it into sections.

9.1. The term 153. Because of the spherical symmetry of W certain terms in the definition
vanish. For notational convenience, we define

9 zx X X
14+ —=—p*)0, Wt .=V,
( VPO
Note that V is rapidly decaying. This makes 133 take the form

No
n —inX —inX 1 ana —
Ds(t) = —2y/poRe (VX*, e 7" 16y) — 2pgRe (VXt e 7h 710 Y —(Xo = X1)°0; (WXe) =Xy
|a]=2
= 531 + 532 .
For 1331 we write
X . _
<VXt ’e—lh ttﬁO) _ <V,€_lhtﬁ0 Xt> ;

and compute

; _ - 3 _ _ Y 3 ; ( 1— 2)(5) S
(Ve (85X = By )| < (@) V]lzt~ 2 [(2) (85 ™ = By )2 S 2 [I()* (o —ﬁg e (S

t t
_3 7 (Q1—Q2)(s1)ds1 _3
=t 2H<~’C>3/ 05y ' dsl2 =t 2||(z)’0xBo / (Q1— Q2)(s)ds|2
Thoc 1

oc

0, Tloc »

t
<t ¥ @) 0uthll [ 1Qr - Qal(s)ds S 7101 - Qo

7-'10(:
where we used Xy = Xpp_, + f;l Q1(s)ds and X; = X7, + thl Q2(s)ds.
The term 1532 is treated similarly,

1Dia(Q1) — Dsz(@2)[(6) S (Ve ™ 3 (X, = X,)%02 ()W)

jal=2

<Vl Y ™05 () Wlsel [ 1Qu(s) — Qa(s))°

|Oz‘:2 tloc
. No t No
DY / [@1(s) = Qa(s)° S 770 3 11QF — Q5 llam.
\a|:2 tioc |O¢‘:2

SR s m,. + 193]

The estimate for K is as in [24],

5T )1 Q1 — Q25,710 -

Kt—s)— K@) < (1 +t—s)"2(1+¢)" s,

so the claim follows for 53.
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9.2. The term 154. Consider
Dy(t) = —ig(V™r, / i WX — W¥)5.ds)
0
=—ig(V*, / =g, e (Xo — X4)d.ds)
0
—ig(VXe, /0 t DO (X, — X, [?) > 0eWSs.ds)
laf=2
=: 541 + 1542-

The second term is easier and thus omitted. Two terms depend on @, namely (X — X;) and §; X*.
We use the expansion [34] e "7 = 773 B) + 77 2By + ... in B(L25, [2) and the fact that V is odd
in 2 so that the ¢~ 3-term vanishes to compute

t
|D41(Q1) — Dan (Q2)[(t) < 9|<V,/ e MG W (Xy — X+ X — Xi)0, X0 ds)|
0
t
SOIVElla [ (=) H@) O~ K+ X~ X0) - Bl o) ads
0
t
< g/ X, = Ko+ Xy — Xi| (14 £ — )~ 5 (2) 00, W5 X [[ods
0

t
gg/ X — Xo4+ Xo— X[ (14t —s)"2(1+5) 2ds.
0

t 1_5
.
6,Tloc/ sp 7 ds
S

Both @1 and @2 are in Bs 7., and thus

o ¢
X — X+ Xs — Xy| = |/ [Q1 — Q2](s1)ds1] < [|@Q1 — Q2]

1_ 1_
S 101 — Qallsm, (1270 — s27°).

Now write

and use that for s <t and any € > 0

to estimate

t
~ ~ _83,.1 1_ _1
[Da1(Q1) — Dan(Q2)[(1) S 9l Q1 — Qzllfmoc/ (L+t—s)72t 76271+ 5)72ds
0
S gt Q1 — Qs
Since also 05 depends on ) we have to estimate also

t o
gV, / e M9, W (X, — X,)(67% — 5,5)ds)|
0

t _

(5.37) <9 / (14t =) 3 X, = Xl [{2) 0. W (3% — 5,7 |ads
0

This is more involved. Introduce a new function 7,

Ns 1= 5;X’5 — g;)?f .



9. PROOF OF POINT (2) OF PROPOSITION 5.8

By (5.6), n satisfies the following equation,

ins = hns + g(WXe=X0 — WXemXey5 0% g g X=X, — gW,

No

.v/P0 1 a1 A —
Q- Q)(s) Y Sa(X, - Xt 9w
|a]=1
No
1
+i% 2(s) Z —alXs — Xy — X + X713 (h) T W
la|=1 ’
= (WX Xy, R, Ty

which implies by Duhamel’s principle

S - - S ~ ~
ns = efihsno . Zg/ efih(sfsl)(VVXsl . WXstt)(S;Xtdsl + g/ eflh(sfsl)WXsletnSIdsl
0 0

+g/
0

S

e ih(s_sl)Wnsldsl + ...

87

We will only treat the displayed terms, the others are similar but easier and hence omitted. From

(5.37) and the discussion of the previous term it is clear that we are done if we can prove

_3 1
[{z) "mell2 S t72[|Q1 — Q2|

0, Tloc *

With the usual estimates we obtain

and

_3 _s 1
[(z) "™ Minolle S t72[Q1 — Q2lls,t.

t ~ ~
@) / e AR LR E
0
t ) o )
59/ (Lt =) H @) (WX = WX (1 +5)"Hds
0
t 3 3 ¢ 1
So [(@rt=9 @We [ 10 - Qal(s)dsa(1+5) Hs
0 s

t
S9l1Q1 — Q2lls, 7. / (1+1¢— s)*%(l + s)%*‘s(l + s)*%ds
0

<gt™1Q1 — Qa|

0, Tloc *

The next term contains 7 implicitely and is therefore dealt with in the by now familiar way. Introduce

a new function L,

Then

- 3 -3
L(t) = max s (@) 1]z

t -~ t ~ o~
o)y [ e W T sy S g [ (1= 9 E @) W ads
0 0

t
< gL(t)/ (1+t—s) 25 2ds
0

1

SgL(t)tz.

The last term is treated in the same way

t
z) 39 / =W, ds|ly < gL(t)t
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so that we obtain in the end

1 -3 1_
t2](@) " nell2 S Q1 — Qallsma. + 9t7 Q1 — Q2lls.ma. +29L(2) -

Maximizing both sides over ¢ yields

L(t) £ 2|Q1 — Q2lls,n.. +29L(1),

and because g is small

L(t) S Q1 — Q2|ls, 7. »

which finishes the proof for 154.

Consider now the term D5. The treatment of it is very similar to Dy but much easier, and hence
omitted.

9.3. The term Dg. Consider finally
(Ve /Ot e ih™ =) G (s)ds),
so that
1D6(@0) = Do(@I(0) = 0.7 | e g TS
With the usual procedure there are two terms to be estimated,
(2., / ) (6 R )
0
and

t . . -
(0, W | / o= Xe=Rr (X Ry ()))

t
0
For the first, use
th*Xt _ th*Xt — g(WXs*Xt _ WXs*Xt)

to obtain

(0= W, /O eI (e Ry )
9 /Ot(l 1 — 5) 73 |(m) (WK - Wf(ff(t)(hXS*Xt)71<:c>_3||2||<z>3hX5*XfT;§0Xt [|2ds
<9 /t(l ot — o) @ (XX KR (p X X)Ly 3,1 4 5) s
0
S9ll@Q1 — Q2llm,..6 /Ot(l e 8 (1 4 8)E @20 W (RS X @) B a(1 4+ 5) Fds

! Z 1 P
~9Q1 = QQHTM«S/ (14t—s)"2(1+5)79(1+s) 2ds
0

<9ll@Q1 — Qo muest ™70,

where in the second step we used

(@) h e rny (s)]la S (1+8)7% .

We are left with a last term,

t ~ - ~
(5.38) (0, W . /0 emi(t=9) KoK (pXi X (6)ds)|
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Recall that 7y, (s) is the remainder term in the Taylor expansion of (h*¢)~1W s so we can write

N, (S — N0+1/ / / ajl aﬂNoH( Xsng +1) 1W SNo+1 Xgﬁoil X71ds

- XDds.
In (5.38) we use h¥ = h + g(WY — W), the W-term of which is easy to estimtate, and for the h-term
we observe

ie”Mhf(t) = i0 (7" f (1)) — iDL f(2)
of which the first term leads even to improved decay, and the second is by now standard. Each term

X(s) = Q1(s), and X (s) = Qa(s) gives a decay factor of order s~2 %, and the many derivatives render
(h)~! harmless. So with the usual estimates we obtain

(2, W, /O R IR (ra X =X (s)ds)|
SUQ1 s 7. + 1Q2lls1,)1Q1 — Qallsmiot ™70
The last step is to incorporate the term g(9, WXt |6;|?). But this is straight forward, because
16:(Q)I* = 16:(Q2)* = (8:(Q1) — 6:(Q2))87 (Q1) + 6:(Q2)(67 (Q1) — 67 (Q2)) ,
and so, using the estimates from above,
(WX 18:(Q1)° = 16:(Q2) )] S I1@)* 0. WX 60(Q1) = 8:(Q2) 111 (2) ~*67 (@)l
< (1Ql110c 5 + 1Q2 11 Q1 = Qo st ™47,

where we also used

[a) 365 (Q1)[loe S 72,

which is proven in complete analogy to (5.10).

10. Proof of Proposition 5.9

As in [24], we prove first
LEMMA 5.14.
| A(¢T,. (P))] < (Tioc)t™27°.

PROOF. Recall the definition of A in (5.18) and the local existence estimate |P;| < T;,2 for t €
[0, Tioc]. Then compute

Thoc
l[A(X71,. P)| SZE(Tloc)[/O [K(t —s) = K(t)||[Re ([1 — g(h) ' W]ds, W, e~ "0, (h)~'W)|ds
+|/0 K(t —s)Re([1 — g(h)"1W]0,, W, e~ "0, (h) "W )ds|
+ K (1) /0 [Re ([1 = g(h) "' W0, W, (—ih) " e ") — e7M]0,, (h)~'W)ds].

As proved in (5.33) the second term on the right hand side is of order t=3. For the third term, we have
by a computation similar to (5.35)

IRe ([1 — g(h) W10, W, (—ih)_l[e_ih(t_s) - e_iht]aml(h)_lWH S(1+t— s)_%(l + ) s+ (14t — s)_% )



90 5. FREE BOSE GAS

So we obtain
Tioc ) s Tioc 5 3
Al P ST (0407 [ a9t as s [ o s i s
0 (1+s)2 0

Thoc Thoc
+(1+t)*%+(1+t)*%/ (1+t—s)*%sds+(1+t)*%/ (14+t—s) 3ds

0 0
<5(Tloc)(1+t)___

where e(Tjoc) — 0 as Tipe — 00. O

We are left with proving

t
/ K(t — 5) — K(&)]Drxm,. P, s)ds| <t~ ¢(Tioe)

0
for k = 3,4,5,6. As in in the proof of Proposition 5.8, all we have to show is

|D(x1,. Py )| < 57706 (Thoc) -

The estimates are very similar to the ones in the proof of Proposition 5.8, so we will do only the first
two, D3 and Dy.

1D3(xmi. P )| S 1@ WXt 0P Bo) | + (0, WX o7 ”Z (Xo — Xy)*08 (W)~ W]

lo|= 2

SN0W e ()0t~ 3 || (@) Bol| + |0 W (a)® |2t~ 2 .

This, together with (5.16) and the fact that we consider ¢ > Tjoc, imply the claim.
For Dy, observe

—~ ’Tloc . '
|Da(x13,. P t)| S gl(0. W, / o= WX (X, — Xp,)8,ds))|
0

Tioc S Tioc 3 x
sg/ <1+tfs>-5/ 1Py [dsa () 285 s
0 s

Because of the local existence estimate (5.14), we have

,1110(3
/ |Psl|d51 10C .
s

|54<leocP,t>|sgﬂ;3/ (L4t —s)3(1+s) 2ds S gTi (14 )75.
0

So we can estimate

The term g(0, WXt |6:|%(x1.. P)) is treated as follows,
190 WX, 6:(X 1100 P); (XT10 P S 1200 W81 (X300 P 11 11(2) 207 (X300 P) |

Tloc
5/ (1+t—s)" 2T 2dst >
0

loc

<7

loc
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11. Propagator Estimates

In this section we prove the propagator estimates used throughout the second part of the thesis.
Define h := —A + gW, with g € R small and W (z) = W (|z|).

PROPOSITION 5.15. If W : R® — R is a smooth function and decays exponentially fast at oo we
have

(5.39) 1) 2™ (B) =gl < C(1+£)" 202 (2) 6], € [0,1]
(5.40) [(z) 20, (h) "' Wy < C(141)"2
(5.41) () ™02 (h) " W, < C(1+ )72, |a] >2.

e

—~ o~

Estimate (5.39) is a classic result, see e.g. [34]. In the proof of the remaining assertions we will
use the following

LEMMA 5.16. For any smooth, spherically symmetric and fast decaying function ¢ we have
(@) "2, (=A) Tplls < C(L+ )72 [(2) 2

PROOF. By Fourier transform we obtain

efitAaz(iA)flcp _ C’/ eik-zeit|k|2i¢(k>dk,
R ||

for some constant C' € R. Since ¢ is spherically symmetric, so is ¢. Using polar coordinates (R3 > k =
pg(a,9)) we find

1 2m 0
efitAaz(iA)flcp _ C/ / / eip\z\ cosﬂeitmpg(a7 ﬁ)@(p)dpdad cos
—-1J0 0

1 27 poo
N C/ / / eitp2pg(0" 9)@(p)dpdad cos ¥
—1Jo 0

1 27 poo eip|x|cosv9 _
+ C/ / / er‘tP g(a, )@(p)dpdad cos
-1J0 0 p

1 2w poo eip\:c\cosﬁ _ o,
N C/ / / p2eltp g(a, 9)p(p)dpdad cos 9,
-1Jo Jo )

as the unit vector g(«, ) averages to zero over the unit sphere. Denote by f,(p) the smooth function
eip\m\c051971

- and evaluate the p-integral by scaling p — t p as follows:

o0 2
/ f(p)p?e ¢ / Folpt™3)p%e® p(pt)dp.
0
Since eriPQ is not integrable we integrate by parts which yields

‘%/ Falpt™3)p%e " p(pt~#)dp = t"—/ 0, (pf(pt™E)@(pt™¥))dp
t

i Jo " fulpt™ 2)¢(pti)dﬂt§£/0 & pd,(fo(pt~2)(pt~3))dp.

The first term on the second line is easily seen to be given by

Ao [ Lo Ha(rEdp = O (R.(002(0) + of1)) = 01 (cos 012[5(0) + o1)).

LJo
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where o(1) is short for o(1), t — co. In the second term we integrate by parts again to get

[N

—

1 [ . . 1., 1
5/ e pdy(fu(pt™2)p(pt™2))dp
1Jo
_3 . . a3l [ o 1., 1
== Ct72(f1(0)(0) + fo(0)#'(0) =72 o | € Op(falpt™2)d(pt™7))dp.
0
The last term is given by

fa(r)p(r) + o(1)).

a3l [ 1., 1 _3
2o [ @05 (falpt™2)R(pt”7))dp = Ct2(9]
r=0

1Jo

Summarizing, we have shown
—j — _3
6720, (=A) ()| < Ot = (|2 ly*plh + o(1))
because f//(0) = —icos®¥J|z|?, and ¢”(0) = [ y?pd3y. Using Holder’s inequality we arrive at
-5 _i _ _3
[(z)~"e™ 40, (=A) " Holla < Ct2 [ () ¢ll2 ,
which is the claim. O

PROOF OF PROPOSITION 5.15. We only prove (5.40), the proof of (5.41) is easier and hence omit-
ted. Define the function

§i=(1+gW(=A)"H)~'W.
The function ¢ is spherically symmetric, and from the equation (—A)~*¢ = h='W we get
E= (AW =W — gWh™'W,
from wich it is easy to see that ¢ decays exponentially fast at oo, since h~! is a bounded operator

A — AP for s > 1
By Duhamel’s principle, we rewrite e*?0,h~'W as

eithazhflw — eitham(_A)flg

t
=e "R, (-A) T+ / M) gIWe 198, (—A) T Heds
0

The desired estimate follows from (5.39) and Lemma 5.16. O
12. Weighted L? spaces

Weighted L? spaces are a useful tool when dealing with Schrédinger operators —A + V(z), since
the resolvent (—A +V — 2z)~! may not remain bounded as an operator on L? as z approaches the real
axis. It remains, however, bounded as an operator between certain weighted L? spaces.

DEFINITION 12.1. For any s € R, we denote by L?° the set of functions

()17,
which is the set of all measurable functions f that satisfy

[@)" fll2 < 00

Clearly, L2 C L** for s’ < s, so that we define
L0 := () L*7.
y<s
It is a classic result (see e.g. [2]), sometimes called the limiting absorption principle, that for sufficiently

fast decaying potential V', the limits
(~-A+V —E+i0)"!  E # eigenvalue



13. ABSENCE OF EIGENVALUES AND ZERO RESONANCE 93

exist as bounded operators from L** to L?~* for s > 1 (s > 1 for E = 0).

13. Absence of Eigenvalues and Zero Resonance

In this section, we show that the operator H = —A + gW has no eigenvalues or zero resonance for
g small enough. There are many results in the literature that cover the case of a smooth, exponentially

decaying potential (see for instance [50]), but since part of the proofs are elementary we give them

here for completeness.

(1)

(5.42)

Absence of eigenvalues < 0 and zero resonance:
This is elementary to show. Recall that a zero resonance is defined as a solution of HyY = 0
that is not in L2 but in L>~270. Let thus E < 0 and assume that ¢ € L>~270 satisfies the
equation
(—A+gW —E))=0.
Then we have
1+ (-A-E)"gW)p=0
(2l 4 g(—A — B)tweslzheelzly = o
(1 + ge™l*l(—A — B)"tWesleheelely = 0,

for some small ¢ > 0. For brevity, set Ap = e~¢I*l(=A — E)~'We®l*l. By looking at the
integral kernel of Ag,
—e|z| e_‘E‘E |z—y|

|z -yl
we see that Ag is Hilbert-Schmidt, so in particular compact (uniformely in E). By the
analytic Fredholm theorem, and the fact that 1 + gAg is invertible for ¢ = 0, we conclude
that there exists an 7 > 0 such that for all |g| < r and all E < 0, the resolvent (1 + gAg)~*
exists. Equation (5.42) thus implies 1) = 0, so that F < 0 is not an eigenvalue, nor E =0 a

Ap(z,y) =e W(y)e ! e L*(RY),

Zero resonance.
Absence of Positive Eigenvalues:
This is considerably harder than the above. See [50] for the classic results.






APPENDIX A

Cluster expansion

In regime (A), that is, for pure EuBg above the Curie temperature, we should allow for weak
correlations between the random magnetic moments at different sites, if we want our model of a
disordered solid to be (more) realistic. The cluster expansion is a well established, robust method
suiting this purpose. In the following, we give an introduction to this topic and state the most important
results.

1. Connected parts

Let A be a finite set. For a symmetric function ¢ : {a C A} — C define the “connected parts”

(“¢runcated function”,“Ursell function”)

(A1) p(a) = > [T ).

II€partitions of a bEIL

recursively by

We will be dealing with ¢ of the form ¢ = e~V where V is some other symmetric function modeling
the interaction between elements of A. Note that any symmetric function V' : {a C A} — C can be
written as a sum of “atoms” v as follows

Via) = Z v

bCa

Ua::V(a)—va Vo #aCA.
bCa

To understand the denomination “connected parts” for ¢ T compute
p(A) =exp(=V(A) =exp(— Y wa)= ] exp(-va),
a€P.(A) a€Py(A)
where P,(A) denotes the power set of A without the empty set. We rewrite this with the usual trick
(A.2) [T ewp(—va)= T (expl—va)—1+1)= > [,
a€P.(A) a€P.(A) ACP«(A)a€A

where we introduced the standard abbreviation ((a) := exp(—v,) — 1.

Any A C P,(A) is decomposed uniquely into sets C' = {a1,...,an}, a; C A that are|]J; a;-connected
in the following sense: For any two points p, ¢ € |J; a; C A there exists a sequence of a; € C such that
pEa,aNay #D,...,0m—1Naym #* J,q € a,,. The empty set is, by definition, a-connected if and
only if |a| = 1. We therefore have

(A.3) > TMcw= > II > Il¢w,

ACP.(A)acA Ilepartitions of Ayell CCP.(y) acC
C' y-connected

where the sets |J; a; from the decomposition of A constitute the sets y of the partition. An empty
product is defined to be 1. Comparing (A.3) to (A.1) we find an explicit expression for the connected

95
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(A.4) Ty =exp(-V)Tw)= >, J[¢@.

CCP«(y) acl
C' y-connected

The expansion in connected parts is particularly transparent if V' is a sum of two-body potentials v:

V(A) =V(p1,p2,....pn) == Z v(pi, pj)

1<i<j<n

so the “atoms” v, are nonzero only for two-element subsets a C A:

0 otherwise .

; :{v(p,q) a={p,q}

The sets A C P.(A) in (A.2) are sets of two-element subsets of A, that is, graphs:

oV = H e~ v(Pip;) — Z H C(Piapj),

1<i<j<n GeGn (4,5)€G

where G,, denotes the set of all (unoriented) graphs with n vertices. Our notion of connectedness for a
set C € P(P.(A)) clearly coincides for two-element subsets with the natural one for graphs. Thus we
get the name-giving formula

e ) =exp(-V)Tw) = > [ ¢wipi),

GeCy (1,5)€G

where C, denotes the set of connected graphs with the elements of y as vertices.

Thus we understand the general situation: One is given a set of objects A furnished with a notion of
connectedness by the interaction V' that gives rise to a natural defition of connected parts of a function
defined on subsets of A. For example, in the case of A C Z% and v a nearest-neighbor interaction it is
clear that the induced notion of connectedness is the same as the natural one of the lattice Z%, thus

implying

o (y) = exp(=V)T(y) =0, if y is not connected.

2. Logarithm of partition function

Let (£2, 1) be a measure space and u a finite measure. ) is a set of objects, such as spins on a
lattice or coordinates of particles in a box, which interact with a symmetric Gibbs factor e =8V (#1,2,...2n)
defined on finite sequences of §2, where 8 is a small parameter such as the inverse temperature.

The cluster expansion is a means to write the logarithm of the grand canonical partition function
as a sum over clusters. The partition function Z is defined as

[ee] 1 . . ]
Z = Zm/dU(zl)...d’u(zn)e BV (21,82,-s20)
n=0

The goal of the cluster expansion is to use combinatorics and analysis to write Z as the exponential of
an absolutely convergent sum over “simpler terms”.
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Upon substituting the definition (A.1) of connected parts into the partition function (with ¢ =
e=#V), we obtain

z-y 1 ) I [a@ueto)

" Mepartitions of {1,2,...,n} Y €Il

P SE DI SN | WEVTY

m>1 M={X1,..., X, } YEI

:;%Z$ > H/dY/upT(Y).

m>1 M=(X1,...,.Xm) YeEI

As ¢, and hence ¢, is symmetric the integral [d¥Yu T (Y) depends only on |Y|. The number of
ordered partitions I = (X1,..., X,,), with | X;| = n; fixed, >, n; =n,n; > 1, m fixed, is —2—, so

niln;?
SR E A T i [

m>1" Y. mi=n i=1
Formally, we can carry out the sum over n and get

2= 2 % o [,

m>1 NYyeens Ny 1=1
Note that
m
m
E H ani = E an i
N1yeeeyNm > 1 1=1 n>1
to get

1
(A.5) Z = exp Zﬁ/d”ucprf(:cl,...,xn)

n>1

Written for the case of two-body interactions, the partition function and its logarithm take the

form
1
Z:Zﬁ/dﬂ(xl)...du(xn) ST c@inay),
n>0 GEGn (i,§)€G
1
log Z = Z = /du(ml) coodp(xy) Z H C(zi,xy) .
n>1" GeCy (i,j)€G
REMARK. Compare also to the probabilistic version. Let Xj,..., X, be random variables on a

probability space 2 and consider the moment generating function
. 1
Ee¥' = Z a,uata,
lee| >0
where « is a multiindex and p, := E X®. Its logarithm is the cumulant generating function
1
Xt _ - «
logEe™™ = Z a!nat ,
lor|>1

where k. are the cumulants, related to the moments via

= S e

II€partitions of a Y €II
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3. Polymer models

Let us now turn to the random Zeeman interaction model of regime (A), that is, we look at
an electron on the lattice Z¢ interacting with a static background of random magnetic moments,
represented by unit vectors {m} cza distributed as

dP(m) = Z ' exp{x Z My - my—i—BBZm(?’)}Hém —1)d

|z—y|=1

= 7" exp Hdu My) .

Since the number of lattice sites is constant for a fixed finite A C Z¢ considered in our application, we
first have to find a suitable grand canonical formulation of the problem. Expanding the Gibbs factor
as in (A.2) yields

ZA:/Hdumx exp(—V /Hdumm > ] ¢

z€eA z€A ACP.(A)a€A
/Hd,umz % Z H1+Ccuc HHC(C‘)
z€A T C1,.,Cn CPL(A) i<] i=1a€cC;

C; connected

where Z“ takes care of the non-intersection property of the C;:

(Uc€C1 C) N (UCEC2 C) ?é 2z

otherwise.

(Cr,C) = {01

The notion of connectedness of the C; is the one introduced in section 1.3.1. Note that such a Z
corresponds to a two-body hard-core interaction,

V(C1,Co,.o Co) = Y W(Ch,Cy)

1<i<j<n

35(0r. 0y = 1 Ueees 9N (Ueec, ©) # 2
b 0  otherwise
z(cla 02) = eXp(—ﬁ(Cl, 02)) —

Since we chose the C; in such a way that they do not share elements the integral factorizes (in addition,
we use here that du is a probability measure)

ZA:Z% > [T +ces e H/Hd,umz I1 ¢

n 0, CrCPL(A) i< z€C; a€C;
C; connected

=:2(Cy)

and we have arrived at a so-called polymer system:

1 . n
ZA:ZE > [Ta+<@,c) ] =
n T Cye,Cr CPL(A) 1<) i=1
C; connected

(A.6) ogZi=Y 0 Y FC,. G ][

n>1 cl,...,cncP*(A) =1
C; connected
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where ¢ = e=V. The above expression for the logarithm of Z, is just formula (A.5) with weighted
counting measure and hard-core interaction V. To be very clear we write C for the “support” (C A)
of the polymer C C P.(A).

Sometimes in the literature (see e.g. [11]), this procedure of creating a polymer model is considered
a first instance of “taking connected parts” with respect to connectedness induced by V. That both
are the same has been made clear in the section on connected parts:

ZA—/Hd,U m,) exp(—V (m)) = > 11 /dyueXp )H(Y).

zeA IIepartitions of AY €Il
fzn, > JIo+ vy H/dwexp V).
LY, CA i<y
Ui

where
-1 YNZ+#o

(Y, 2) =
¢ ) {0 otherwise.

Since (A.4) yields exp(—V)T(Y) =1+ (exp(—v(Y)) — 1) for [Y]| = 1, and [du(h) =1, it is clear
that we can drop the condition U;Y; = A if we modify the weights of Y’s with |Y| = 1:

ZA—Z Z [Ta+cyy) H (Vi)

..... Y, i<j =1
where
d¥ -y if [Y]>1
oy o [T meR(VT) i
[d¥ pexp(-V)T(Y) -1 if|Y|=1.
In the general terms of the previous section, 0 = {subsets of A}, and p is the counting measure

multiplied by the weight factor w. Thus we write

=5 I CORRITA) | (RARD)

1<J

and consequently, (A.5) yields

logZy =Y — /qul v Y Il vy

n>1 GeCp (4,j)EG
SOEI O | Dol | AT
n>1 LY, i=1 GeCy (3,5)€G

where we used graph-notation since we are dealing with a polymer system and hence with a two-point
interaction (hard-core). Because of the simple form of the function Z“ , we can further simplify things
by singling out a subset Ejn C Gy, of graphs of polymers where two vertices Y;,Y; are connected with
an edge iff Y; NY; # &, the polymers are then called “incompatible”, Y; % Y;. The above expressions
become

ZA_Z ZHW Z (1)1 E@I

,,,,, Y, i=1 GeGn
1 n
an oezs=3 2 ¥ [[ud ¥ (Ee
S T GO e GEG.NCy

(A8) =Y = Y et F 0 Y.
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Note that we have now two types of Ursell functions, one, pT(Y) = exp(—V)T(Y), hidden in the
weights w(Y), and another GT({¥;}) = exp(—V)T({¥;}). This is at the first glance slightly confusing.
The former stems from the connectedness induced by V', and the latter from the one induced by ‘7,
that is, non-intersection of the Y;.

4. Convergence

There are two recent papers that deal comprehensively with the convergence issues [56, 21], the
former introducing a generalized form of the Kotecky-Preiss convergence criterion for discrete and
continuous systems, and the latter providing refined convergence criteria, though only for polymer
systems. Since in our application we are dealing with a polymer system we recall the useful notion of
(in)compatibility between polymers:

C; ~Cj if U N U =g “C; and C; are compatible”

ceC; ceCy
Ci # C; if U N U + O “C; and C; are incompatible” .
ceC; CGC]‘

Of the various criteria entailing convergence of (A.6) the one of Kotecky and Preiss suits our needs
best: If there exists a function a : P?(P°(Z%)) — [0, 00) such that

(A.9) > 120 <a(Co) VG,
CCo

then (A.6) converges absolutely. (With P%(X) we denote the set of finite subsets of X.) Furthermore,
we have the following uniform bound in A,

n

”Zm Z ©T(Co, Ch,. o, C)I [ 12(Co)| < @) WGy,

n>1 i=1

implying the existence of the thermodynamic limit A — Z of derivatives of log Z 4, that is, correlation
functions. In accordance with literature, we write ¢* to mean the Ursell function associated to the
hard-core repulsion between polymers, formerly denoted by @T. From the above inequality follows,
with (A.9), the useful inequality

(A.10) Zm Z e (Cr,. . Ol [ I2(C)l < a(C)  vC,

n>1 =1
760

where by C1,...C, 4 C we mean Ji : C; # C.
Since the weight of a polymer decreases rapidly with size it is possible to obtain refined estimates
if the cluster-size is bounded from below: If we can show that

Z e™2(0)] e < a(Cy) VCy,
AT

holds for some m > 0, then we can extract exponential decay and obtain, for )", |C;| > L,

n

(A.11) Z — Z T(Cr,. Ol [ 1(C) < e ™Ea(C)  vC.

n>1 Cl, i=1
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5. Decay of correlations

In this section we use the results about the cluster expansion proved so far to show that for 3
small enough, events relating to subsets of the lattice that are distant are only weakly correlated under
the Gibbs measure (3.3). So in the following, (£2, P) denotes the probability space of configurations of
magnetic moments {m;};cze with distribution

dP(m) = Z ' exp{k Z m; - mj + ﬂBZm§3)} H(S(m? —1)d®m; .
li—jl=1 J J
DEFINITION 5.1. An event A C Q is said to have support in S C Z% if

€A VI

weA= (w|gw

Sc) Sc

LEMMA A.1. Consider events Qg, with support in S; C Z%, satisfying dist(S;, S;) > L, for i # j.
Then we have that for any n > 0 there is a kg > 0 such that for all 0 < k < Kg
P[5, N Qs,] — Pr[Qs,]Pr[Qs,]] < e (|S1] + 1S2])

and inductively

n n

Pl 2s] = [[Pels ]l < (n=D)e™ D 1Si|. (3.18)

i=1 i=1 i=1

REMARK. We also prove that kg = ko (8, B) is a decreasing function of both the inverse temperature
[ and the strength B of the external magnetic field, so that at fixed correlation parameter s the maximal
decay parameter 7 is a decreasing function of both 8 and B. Going through the proof of pure point
spectrum in the band tails, we see that the region where we can prove point spectrum shrinks with
increasing # and B, suggesting that resistivity drops with lowering temperatures and increasing the
external magnetic field—in agreement with the experimental results shown in Figure 7, left.

PRrROOF. We drop the subscript x in the following.

1 KMg-m m(s)
P [Qs, NQs,] = E [log 1o, | = ~ /dﬂezu,y) omy+BB Y, mé las, lag, »

with the one-site measure
dp(mg) = §(m?2 — 1)d>m,, .
The covariance is obtained by derivation of the logarithm of the following partition function.

Zy\ = /d/L eE@w) wme-my+BB 3, mgvs)J”\llel (m)+Az2lag, (m) .

We have thus Zy = Z, and

0o 0

8_>\18_/\2 IOgZA = |E [1951 1952] — [E [1951} |E [1952] .

0

As we have seen, the cluster expansion is a means to write the logarithm of Zy as a restricted sum,
where one sums only over polymers that are connected in some sense, that is, over polymers that
constitute a cluster. The evaluation of the derivatives at A; = 0 implies that the sum extends only over
clusters that contain exactly one factor of 1o, and one of 1gg ,

(A.12) 2 7
0
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The weight z(C) of a polymer C is given by

/ 1 &*madm2 —1) IT (e —1) TT 7™ 1),

zeC (zy)eC zeC
We use
|eﬁmz'my _ 1| < eﬁlmszy\ —1 < eﬁ(mierfl) —1

= (P2 — 1) ("™ — 1) + (P — 1) + (P — 1)

to disentangle the integration variables. Thus we have

T @i T (@ =0 =1+ = 1) + (@7 - 1))

(w,y)eC (w,y)eC

DN I{CEED

i xeC

where the summation ranges from 1 to 3!¢! (here, |C| shall denote the number of bonds in C), and

0 < ni(z) < 2d. Clearly, >, ng(i) > |C| for all i. For the factor Hzec(eﬁBmf) — 1) we consider the

el

regime of e’? > 2 and estimate its absolute value by (eBBmch) — . For small values of the product

BB, we get additional decay factors and we could estimate the product by 1.

We obtain
(A.13) |2(C)| < 3I¢! max 11 /dgmz m2 — 1)(e"ms — 1)mi(@) (eBBImP| _ 1)
zel
(A.14) = (3(? Niel max [ (e — 1)@ < [3(eF — 1)(e” — 1)7]IT,
zeC
since |C| < d|C].

We see that condition (A.9) is fulfilled, for it is easy to see that it is enough to show

sup Z O)]e?l < a,

7€ ot {a}

where we have already included the customary ansatz a(C) = a|C|. For any a,n > 0 there exists a
k= k(B, B) > 0 small enough, such that

sup Z e77|C|| |ea|C| < ZQn/d 2d)2n[3( 6B 1)(e" — 1>§]ne(n+a)n <a,
CEGCU Cp{z} n>1

since the number of polymers of size n is less than (2d)?*2"/4.

Equation (A.12) tells us that our sum extends only over clusters that meet both S7 and Ss, that
is, the diameter of the clusters is at least L, since the distance of S; and S is at least L. Therefore
(see (A.11)) we get

g 9
|8—)\18—A2 lOgZA| S e_"La|Sl U Sgl .
0

Taking a = 1 concludes the proof. (]
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6. Proof of Lemma 3.4
Using a path expansion we write formally

—

.1 1 1
pal) = i 157 2t S0 fautm) ([
sed U jew
IS e DU SR FI) ) f pu—
= — - m
sy |A] -« T mw:zﬂz K L \omy - E—ie ) ’
?E:t e {si==%} J= JSi+1

S$1=8,8|w|+1=8

where the arrow indicates a path-ordered product since the Pauli matrices do not commute. Recall
our choice of probability measure

(A.15) dpa(m) = — H dp(myg)eV (™)
16/1
V(m) = Z KMy - My, k>0,
(z,y)EAXA

where (z,y) denote nearest neighbors (we forget about the external magnetic field, but it easily be
incorporated as in the previous section). We want to use the cluster expansion to estimate the contri-
bution F,, of a path w with fixed spin configuration to p4(FE),

:_/:l_]:d'u _V(m)H(O' mw(J)Eis)

e = SjSji+1

=fu

We proceed as in the previous section, starting with

log/ H dp(my) e” V@ +TALe

A=0 z€A

o
F,=—
YA

As in the previous section, evaluation of the derivative at A = 0 means that only clusters with exactly
one factor of f,, survive. So

F,=Y_ Z cl,...,cn)Hz(cz)

n>1C4,..., Ch
where
+0) = [ TLautma) T] (e -1y
zeC (z,y)eC
and

c):/Hdu(mz) IT = -]l (ﬁ>+

zeC (z,y)eC TEW

for the one polymer containing w. So if we can show that the weight of the polymer containing w goes
like ol for some small & > 0, and the Kotecky-Preiss criterion holds for these weights z(C) we have
with (A.10)

F,| < a“lalwl.
|
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Thus, for a small enough we are able to resum the path expansion

(A.16) mpa(E |A| Z Z Z al“let )|

IEA w z—>z
S1= SS\wH»l =S

(A.17) = > > alletlw < Y (2d)2lalvletlw] < €'
WiT—T {si=%} jw|=1

A o Y —
wC 51=38,5|u|41=5

The constant C' goes to 0 for |E|,y — oo.

REMARK. Exactly the same computation for z # y yields |[EG(FE 4 i0; z, y)| < Ce~"l*=¥l (because
the sum over |w| starts only at |w| = |2 — y|).

As we have seen in the section on the decay of correlations, the following condition suffices:

(A.18) sup Z O)le?l®l < a,
ZECO C/)C{I}

Next, we estimate the weights of the polymer C' containing the path w:
1
_ 3 2 KMy -m
C)—/Hdng(mz) H (e v—1) H (m) H Oz,
zeC (z,y)eC rzeCNw $i8i+1 zew\C

where

or = [ dntmo) <m> (2 = w(j)).

In finding bounds for a, we take advantage of the analyticity of g, the one-site distribution of the
random vectors,

1
(A.19) ul = | [ dmaglm? ( 10) |
55841

We write m, = m,n, where n varies over the, say, north hemisphere of S?, and m, runs from —oo to
00. So we have

00 1
Q= mg:X'am' :H;§X|/d2n/_oodmog(m(2)) (mon'O—EiO)SS’|-

We think of mgy as a complex variable and, since the integrand is meromorphic with single poles at
+(F +10), we deform the contour I" so as to avoid the poles and get, with D := miny _ dist (T, £(E +

i0)),
2 —y(m2—m?)? 1
a< | &®*n [ dmoA(y)le™ "™ | =,
F D

since ||[(A — 2)7 Y| = (dist (spec 4,2))~! for a normal matrix A. It is now apparent that for either
|E| >> m (that is, energy in the band tail) or v << 1 (that is, large disorder), we can deform the
contour so as to get

<
« .
=D ’

as small as we desire.
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REMARK. For sake of simplicity we consider a self-avoiding path w. The calculations carry over to
the general case since

(A.20) |@irjy - - iy, < (max|ag|)? <> lai|? < nf| AP
B

for any n x n-matrix A = (a;;). For a path w that intersects itself, say, p times at x, o, in (A.19)

1 1
dBmag(m?) | ——————— o —— ——— ,
/ mg(mz)(mzwaiO)_ _ (mm-aEi()), _
Sj1851+1 SjpSip+1

which is estimated by contour deformation in precisely the same way as before, using (A.20) in addition.

changes into

For the term z(C') we do the same trick, deform the contour to avoid the poles and get

= 1] am/Hd%m//

zew\C zel
/ dhy,g(h2, () / dhg g2 )t(n) T (ememmens — 1),
T N
(z,y)eC
where {z1,...,7)¢} = C, and

1
t(l‘) _ (U»mm—E—lo)SS, z w

1 otherwise
Hence,
sen=(3)" [T [ TLotme) TT @mmi -1,
zeC zeC y)EC
The remaining integral is estimated as in the previous section:
|w
2
(A.21) |2(C)| < <5) S‘C‘max H /dgm Aly)e —y(m—p®)? (efme — 1))
zeC

Divide the radial integration region into two parts, the interval [0, R] and its complement. The tail is
estimated as follows:

/ a9, / A|mg|m2 A(y)e 1 =m)? (grmi _ ynl@) <
R

47T/ d|mm|m§A(7)ef'Y(mi*m2)2+“2dm§.
R

The exponential above is a Gaussian in m?2 with mean m? + rd/~, and thus the integral can be made
as small as we like by choosing R large enough: For any £ > 0 there is an R independent of C' such
that

/de/ dmiIﬁl(v)e_"’(”ﬁv_’"z)2 (e"‘mi 1)@ < g,
R

Thus we are left with the integral over [0, R]:

/dQ / d|mg|[ma|2A(y)e ™Y (me=m? (grmi _ )n(@) <

4”/ | ma[* Ay )e e (@1 - 12,
0
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Since the Gaussian is normalized to 1 if integrated over the whole R3 we obtain

R
[0 [ dimafm, Page i
0

for k small enough. Recalling equation (A.13), we have that for any ¢ > 0 there exists a k > 0 such
that (by choosing first R large and then  small enough)

12(0)] < (%)w 3101 (20)1€1 < (%)w (319¢)/<

The polymers not containing the path w are estimated analogously.
We see that condition (A.18) is fulfilled: For any a > 0 there exists an ¢ = ¢(k,7y or E) small
enough, such that

2

(eﬁmi _ 1)71(1) < (enR2 _ 1)2d < (QHRQ)Qd,

sup Y [2(0)]e9N <Y (2d)* e < a.

€0 Gty n>1



APPENDIX B

A matrix-valued Cartan-type theorem

In this appendix we recall a theorem proven by Bourgain in [8] that lies at the core of the inductive
Wegner estimate used in Chapter 3, and show how to modify it so that we can apply it to the random
Zeeman interaction problem.

Some generality does not hurt, so consider the random Schrédinger operator

(B.1) Hw) = A+ A@w),
acting on the Hilbert space 12(Z%; C"), with
Alw) = Z a(wg)ey ey,
z€Z?

where a is a real-analytic function ranging in the hermitian r x r-matrices, defined on a convex,
bounded subset U C R”, that extends to an analytic function on U + ediam(U)D” C C¥, where
D = {z € C: |z| <1} is the unit disk in the complex plane. The random variables w, are independent
and identically distributed according to

(B.2) dP(w;) = g(wy)d"w,
with g : U — RT a bounded density with respect to Lebesgue measure.

THEOREM B.1. There exists an Ny such that the random Schrédinger operator (B.1) with random
variables distributed according to (B.2) with g a bounded density has, with probability one, pure point
spectrum for E € [E — (log No) ™%, E] with exponentially decaying eigenfunctions, where E denotes the
upper spectral edge.

To start we state without proof (see, for instance, [43]) the classical result usually called a Cartan
estimate.

LEMMA B.2. Let f(z) be a function analytic in the disc {z : |z| < eR}, |f(0)| =1, and let n be an
arbitrary small positive number. Then the estimate

15€3

log |f(2)] = —log log My (eR),

where My (r) = max|.|—, | f(2)], is valid everywhere in the disc {z : |z| < R} outside a set of discs with
sum of radii

> rj<nR.
In particular, we have
{o € =R R |f(2)] < 8}] < 306" RO™ 7,
where | - | denotes Lebesgue measure.

The next lemma is a higher-dimensional generalization [8],

107
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LEMMA B.3. Let F be a real-analytic function on Q = [a,b]™ which extends to an analytic function
onD", D={z€C:|z— 22| < £|a —b|}, with the bound

Mp = max |F(z1,...,2,)] < 0.
zeDn
Assume furthermore that there is an a € § such that
|F(a)] > ¢,
where 0 < & < 1/2. Denoting for 6 > 0
Es={xe€Q:|F(z)| <}
we have
p({e € Q1 |F(@)] < 8}) < Cllgllsonla — b"swee 7= |

where | denotes a measure with bounded density g with respect to Lebesque measure, and C,c > 0 are
constants.

Crucial is the dependence on the dimension n. For the normalized Lebesgue measure (uniform
probability distribution) one can even drop the volume factor |a — b|™ as it is cancelled by |/¢||co-

PRrROOF. The proof is derived from the classical statement for n = 1. Using polar coordinates with
the origin at a we write

(¢)
(B.3) w(Es) :/d”xg(:c)lEJ(z) /s d(/o drr"g(a+rQ)lg,(a+ 1),

where r(¢) is defined by @ = {a+7¢ : ( € Sp-1,0 < r < r({)}. Now, for a fixed { € S,_1,
f(r) :== F(a + r() is a real analytic function of r € T = [0,7({)]. It extends to an analytic function
f(z) on the neighbourhood D = I + §max(1,7(¢)) - D C C of I, where max.cp |f(z)] < Mp and
|f(0)] = |F(a)| > e. From Cartan’s lemma, it follows that

/dr lg;(a+rQ)=|{rel:|f(r)] <d} < CoEMw e p(()
I
with C, ¢ > 0 constants. Substituting into (B.3) we obtain the desired bound

1(Es) < Cllgllacd ™5 7% / A¢ ()™ = nllgllocla — b|rCETENETE .
n—1
——
n|Q|

The next lemma generalizes the result to matrix-valued functions [8],

LEMMA B.4. Let A(x) be a real analytic self-adjoint N x N-matriz function of x € Q = [a,b]"™,
satisfying the following conditions (with m < N, By, Ba, B3 > 1)
(1) A(x) has an analytic extension A(z) to z € D™ (D as in the previous lemma) with
(B.4) lA(2)| < B1 z€D
(2) There is a subset A of {1,2,...,N} such that |A| < m and for all z € D™.
(B.5) IRty aA() Risvpna) 1l < Ba,

where Rg denotes coordinate restriction to S.
(3) For some a € Q we have

(B.6) | A(a) | < Bs.
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Then
(B.7) w(Ex) = p({e € Q: | A@)~Y| > KY) < Cllglloenla — b7 K~

PROOF. The main idea is to reduce the inversion of A(z) to that of a smaller matrix, its Schur
complement. Consider the following analytic matrix-valued function on D™ with index set A,

(B.8) B(z) = RAA(2)Ra — (RAA(2)Rac)(Rpac A(2)Rpc) " H(Rac A(2)Ra)

satisfying by (B.4) and (B.5)

(B.9) |B(2)|| < 2B{B,  for z € D".

The invertibility of A(x) is equivalent to that of B(x), and more precisely

(B.10) 1B S 1@ S (L4 [(Rac AG)Rac) ) (1 + [ B) )
S B3+ |1B=)7M)-

Because B(x) is self-adjoint and (B.6,B.10)

(B.11) |det B(a) = [ AN =B~ > (CBs)™™.
Aea(B(a))

Also,
- B(x)|™~'  (2BiBs)™ !

B.12 B(x)7Y| < I L

(B-12) 1B@) = Tt BT < Taet B@)]

Now, consider the analytic function on D™

(B.13) F(z) = (2B} By) "™ det B(z).

We have |F(z)| <1 by (B.9) and |F(a)| > (CB}BsB3)~™ by (B.11). Application of Lemma B.3 with
e = (CB?ByB3)™™ to F yields

(B.14) ({z € Q| det B@)| < K}) < Clgllsonla — " ( e TR
. nx ;| de x Jllcom|a (2B%B2)m
(B.15) < C|lgllson|a — b|" K m1es 515255

If | det B(z)| > K then ||A(z)~'|| < (2B?)" By K~ by (B.10,B.12), so that the claim follows from
(B.14). 0

It is not essential that the function A be defined on [a, b]™. Consider the random Zeeman interaction
case, for instance. Here, = (S?)" with the normalised uniform measure. For each i € A C Z¢ we
have spherical coordinates 9; : (0,27) x (0,7) — S? which parametrize the sphere outside half a great
arc in a real-analytic way. We then apply Lemma B.4 to the function

G:=Aov:((0,2m) x (0,7))" — {hermitian 2n x 2n-matrices}
(i, Ui) = —A + i, %) - 0.

The analyticity assumptions of the lemma a certainly fulfilled, as A and v and hence G are entire
functions. On ((0,2m) x (0,7))™ the pull-back measure is dp* =[], sin9;dv;de;, so [|g]|cc = 1, and we
have the estimate

w(Ex) = " (0~ (Bx)) < On(2n®)" K~ s bimss |

for the case the function G = A o ¢ fulfills assumptions (1)-(3). Here we have used that the half great
arc that is not parametrized by the spherical coordinates has zero measure.
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REMARK. An interesting class of functions A(w) is given by
A(w) = U(w) tdiag(Ai, ..., \)U (W),
where the U are distributed according to the normalized Haar measure on SU(r). The required chart

is the exponential map exp : U C su(r) — SU(r). For example, the exponential map maps the open
ball of radius 7 centered at 0 diffeomorphically onto SU(2)\{—1}.



APPENDIX C

Thermodynamic limit

For a cube Ay, define
na(E,w) := Ztr (05, PA(E,w)dz) .
[4] =
We want to prove

LEmMma C.1.

lim Eng, (E,w) =tr E{0s,,P(F,w)dz,) -

L—oo

PROOF. The claim is intuitively clear from translation invariance in the limit of the whole lattice
Z%. Divide the cube Ay, into an interior region Ag and a boundary of thickness L'/2. Then

1
Ena, (B,w) = 7 > E(S, Pay(Bw)de) + o Y. trE(5:,Pa, (B,w)ds),
| L| z€Ag | L| x€AL\ Ao
and as ||P4, || = 1 VL the second term goes to 0 as L — oo, and we drop it from now on. Denote the

lower and upper edge of the (almost sure) spectrum of H by Ey and Ej, respectively. By assumption,
|Eol, | E1| < oo. We introduce an approximation of 1jg, g by continuous functions x,, with

Xn 2> Ligy,E], SUPP Xn C [Eo, F1]
Jim [ xn = Lo, |00 = 0-

Since xn(x) is continuous and defined on a compact interval we can by Weierstrass approximate it
uniformely with polynomials py,, in (x — z)_l Im z # 0. Therefore

[ETLAL(E,(U> nhﬁ}H;O |/1 | Z tr lE van(HAL( ))5 >
L CEGAU
= lim lim Z tr E(0z , Pum (Ga, (2,w))0z) -

n—00 M—+00 |AL| =

For a summand of pp,,, (G4, (z,w)) we use a path expansion: For |z| large enough we have

Ga, (z,0)(x,z) = Z H Z HG ,

s Yk—1 1=0 V:Yi=Yit1 YEY
where v is a path in Ar, yo = yx = z, and G%L (y) = (A, —z)~L. Tt is thus clear that EG 4, (z,w)*(z, )
depends only negligibly on the base point z: For any other base point xg € Ay we have the translated
paths 7,5, that give a differing contribution only if they intersect A. But in this case they are of
combined length |T| at least 2L/2, and thus their contribution is estimated from above by

Ld(kfl)(Qd)\ﬂefC(z)\ﬂ < CLd(kfl)efc’(z)Ll/Z < echl/Q

as we can choose |z| large enough for each fixed L. Therefore we have

A
S 0 E e pa(Ga (2r)h) =

tr E <5zo ,pnm(GAL (z, w))6$o> T O(Lde—CL1/2) ,
€ 4o ALl
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where the error term does not depend on n or m. Taking now the limits m,n — oo yields

A 1/2
Ena, (B w) = %[E (820, P, (B,w)8,,) + O(Le CL"?y
L
and hence
lim Eny, (E,w) =
L—oo
lim (1 — 2L Y2)4E (5,, , P, (E,w)ds,) + O(L% L") = E (6,,,P(E,w)ds,) -

L—oo

A second proof [37] appeals to Birkhoff’s ergodic theorem. Define

|A|Ztr5 ,P(E,w)d;),

JjeEA

1
—tr (P(E,w)l,) =
A

na(E,w) :=
and note that (X;),cza for X := tr (§;,P(E,w)d;) is an ergodic stochastic process, as obviously
X;j(Tiw) = Xj—i(w)

for (Tjw); = w;—;. Thus apply the ergodic theorem to (X;);eza to get

nA(E,w) = ZX — EXo = Etr (6, P(E,w)d).

[4] &

It remains to show that dns(FE) converges vaguely to the density of states measure dn(E) = p(E)dE,
that is,

[daEreE) — [anEm). veeam),

where Cop(R) denotes the continuous complex-valued functions vanishing at infinity. For the same
reasons as above, it is enough to take ¢(FE) of the form 1/(E — z) for some z € C\R. We obtain

- 1 1 1
/dnA(E)E_Wtr (H ) |Zterx

and

1 1
/dnA(E)E:mtr (HAZ) |A|ZtrGAxx

zeN
The resolvent equation yields

| Z Ga(z,z) — G(z,x)| = | Z ZGA(x,z)G(z,xﬂ

€A zeA 0A
a-1 1
< ZHGA MG E A< D IGAllIG] < C14] e’
oA
implying
R Y
|/dnA ——/dnA( “| <ol oy 5.

As dny converges vaguely to dn the claim is (again) proven.
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