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Abstract

We study two dynamic approaches to the valuation of contingent claims in an incom-
plete market. The first is indifference valuation where at each time ¢, an agent deter-
mines for a random payoff X a value p;(X) by the requirement that she is indifferent
between buying X for p;(X) or not doing so, provided she always trades optimally in
the basic assets. We assume that the agent’s time ¢ preferences are given by a mon-
etary concave utility functional (MCUF) Uy, i.e., that —U; is a (conditional) convex
risk measure. The valuation functional p,(X) is then the convolution of U, and a mar-
ket functional constructed from the underlying financial market with the help of the
optional decomposition under constraints. Qur main goal is to show that the valuation
functional p (-) is time-consistent, i.e., preserves (in a suitable sense) the ordering
of payoffs over time. This is achieved by proving that the market functional is time-
consistent and that the convolution of dynamic MCUFs preserves time-consistency.
As an auxiliary result, we provide a representation for (conditional) MCUFs in terms
of their concave conjugates and via equivalent probability measures. Moreover, we
show how our results can be translated to dynamic MCUFs defined via backward
stochastic differential equations.

Our second valuation approach is a bit less restrictive. We do not specify a unique
value for X, but a whole interval of possible values which is still small enough to be
useful in practice. This interval is obtained by taking for valuation those measures Q
which yield neither arbitrage opportunities nor good deals. The latter are defined as
investment opportunities with a (von Neumann-Morgenstern expected) utility which
is “too high” in comparison with the maximal utility obtainable by trading in the
basic assets. The main difficulty is the precise definition of the set N of no-good-
deal measures which is very important for computational and dynamic properties of
the good deal bounds, i.e., of the boundaries of the interval of possible values. In a
Lévy setting, we define A via a restriction on an appropriate integrand, and we clarify
the exact relation between this “local” and an economically more intuitive “global”
restriction. The resulting valuation bounds are then time-consistent dynamic MCUFs.

In order to establish the relation between the local and global restrictions, we need
to know that the Lévy structure of the underlying market is preserved under an op-
timal change of measure. This is proved in the last part of this thesis for optimal
measures obtained from the dual problem of minimizing some f-divergence over a
set of equivalent local martingale measures. These optimization problems naturally
arise in utility maximization, and we establish the Lévy preservation result for the
f-divergences corresponding to logarithmic, power and quadratic utility.
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Zusammenfassung

Diese Arbeit befasst sich mit zwei dynamischen Bewertungsmethoden fiir Derivate
in unvollstindigen Mérkten. Die erste ist Indifferenzbewertung, bei der ein Agent zu
jedem Zeitpunkt ¢+ den Wert p;(X) einer zufilligen Auszahlung X dadurch festlegt,
dass es ihm gleichgiiltig ist, ob er X fiir den Preis p;(X) kauft oder nicht, sofern er
stets optimal in den Basisanlagen handelt. Wir nehmen an, dass die Priiferenzen des
Agenten zum Zeitpunkt ¢ durch eine monetdre konkave Nutzenfunktion (MCUF) U;
gegeben sind, d.h., dass —U; ein (bedingtes) konvexes RisikomaB ist. Das Bewer-
tungsfunktional p,(-) entspricht dann gerade der Faltung von U; und einem Markt-
funktional, welches mit Hilfe der optionalen Zerlegung unter Handelsbeschrinkungen
aus dem zugrunde liegenden Finanzmarkt konstruiert wird. Unser eigentliches Ziel
ist es zu zeigen, dass p ( -) zeitkonsistent ist, also (auf eine geeignete Art und Weise)
die Ordnung zwischen verschiedenen Auszahlung iiber die Zeit erhiilt. Hierzu be-
weisen wir, dass das Marktfunktional zeitkonsistent ist, und dass bei der Faltung dy-
namischer MCUFs die Zeitkonsistenz erhalten bleibt. Als Hilfsresultat leiten wir eine
Darstellung fiir (bedingte) MCUFs mit Hilfe der zugehdrigen konkav konjugierten
Funktion und dquivalenten Wahrscheinlichkeitsmaflen her. Zusétzlich zeigen wir, wie
unsere Resultate auf solche dynamische MCUFs iibertragen werden konnen, die durch
stochastische Riickwirtsdifferenzialgleichungen definiert sind.

Die zweite hier betrachtete Methode ist etwas weniger restriktiv. Anstelle eines
eindeutigen Wertes fiir X bestimmen wir ein ganzes Intervall moglicher Werte, welches
klein genug ist, um praktischen Nutzen zu haben. Dieses Intervall erhalten wir durch
die Verwendung all jener Bewertungsmafle Q, die weder zu Arbitragemdglichkeiten
noch zu good deals fiihren. Letztere definieren wir als Auszahlungen mit einem (von
Neumann-Morgenstern erwarteten) Nutzen, der im Vergleich mit dem maximal durch
Handeln in den Basisanlagen erreichbaren Nutzen “zu hoch” ist. Die eigentliche
Schwierigkeit besteht in der genauen Definition der Menge der no-good-deal-Mafe
N . Sie ist maBigebend fiir die Berechenbarkeit und die dynamischen Eigenschaften
der good-deal bounds, d.h. der Grenzen des Intervalls der mdglichen Werte fiir X. In
einem Lévy-Model definieren wir W iiber die Beschriankung eines geeigneten Inte-
granden and kldren den genaven Zusammenhang zwischen dieser “lokalen” und einer
intuitiveren “globalen” Beschrinkung. Die daraus resultierenden good-deal bounds
sind zeitkonsistente dynamische MCUFs.

Um eine Beziehung zwischen den lokalen und globalen Beschrinkungen herzu-
stellen, bendtigen wir, dass die Lévy-Struktur des zugrunde liegenden Marktes bei
einem optimalen MaBwechsel erhalten bleibt. Dies wird im letzten Teil der vorliegen-
den Arbeit fiir optimale MaBe gezeigt, welche das duale Problem der Minimierung
einer f-Divergenz iiber eine Menge von dquivalenten lokalen Martingalmaflen l6sen.

X



Solche Optimierungsprobleme treten bei der Nutzenmaximierung auf, und wir zeigen
die Erhaltung der Lévy-Struktur fiir die f-Divergenzen, welche zu logarithmischen,
quadratischen und Potenz-Nutzenfunktionen gehoren.
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Chapter 1

Introduction

This thesis is concerned with dynamic approaches to valuation in incomplete markets.
To put our contributions in perspective in a larger context, it seems useful to start with
a short overview.

1.1 Valuations in incomplete markets

Complete models of financial markets have nice conceptual properties. In particular,
by no-arbitrage arguments alone, one can obtain a unique price for any random payoff
X due at some time 7 in the future. This price is the expectation of X with respect to
the unique martingale measure for the traded assets. However, in a complete model,
every payoff is redundant, and this is in general not true for a real financial market.
Therefore realistic models are incomplete, and if the (discounted) price processes of
the traded assets are modelled by some semimartingale S, the set M¢(S) of equivalent
local martingale measures for § contains infinitely many elements. Since any E o[ X]
with Q € M?(S) is an arbitrage-free value for X, we obtain a whole interval of possi-
ble values; we refer to values for X rather than prices because they are not unique and
their determination typically involves subjective preferences. Valuation in incomplete
markets has been and still is being intensively studied, and we mention here only some
of the main approaches with a few original references, and some overviews.

A frequently chosen approach is to specify unique values Eg[X] for all X by
fixing one element Q of M¢(S) as pricing measure; see Bellini/Frittelli [BF02] for
a discussion. Typical examples are the minimal entropy, the variance-optimal or the
minimal martingale measure. However, such a choice can be rather arbitrary or restric-
tive, even if it is backed up by some specific subjective preferences. On the other hand,
as discussed above, introducing no preferences at all only gives a rather big interval
of arbitrage-free values for X. Its upper bound, sup o ye(s) E o[ X], is the superrepli-
cation value (also known as superhedging value), which is the smallest amount of
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2 Chapter 1. Introduction

money from which it is possible to obtain, with a dynamic self-financing trading strat-
egy in S, a payoff dominating X with probability one. This valuation principle was
first studied by El Karoui/Quenez [EKQ95] and Kramkov [Kra96]. Like most other
approaches, it is defined from the perspective of an agent who can trade in § and tries
to find a suitable amount of money for which she is willing to sell (or buy) X. Su-
perreplication is a very conservative approach since it allows the seller to implement a
dominating trading strategy for X, thus eliminating all the risk involved in selling X.
The drawback of this is that the capital requirement for the superreplication strategy
is usually very big, so that the superreplication value is unrealistically high. However,
if the agent is willing to accept some risk, the required capital can be reduced. This
leads to the quantile hedging and efficient hedging approaches. The first looks for the
smallest initial capital for which there exists a dynamic trading strategy in S whose
probability of a shortfall, i.c., of a loss after selling X and implementing the trading
strategy, stays below some bound; see Follmer/Leukert [FL99]. In contrast, efficient
hedging also takes into account the size of the shortfall and determines the smallest
amount of money for which there is a trading strategy with shortfall risk below a fixed
bound; see Follmer/Leukert [FLOO].

Perhaps the earliest approaches to valuation via hedging are those based on quad-
ratic criteria. Mean-variance hedging is similar to efficient hedging, but instead of
fixing a bound for the shortfall risk, one minimizes the L2-norm of the hedging er-
ror over all initial capitals and trading strategies; see Bouleau/L.amberton [BL89],
Duffie/Richardson [DR91] or Schweizer [Sch94]. The value of X is then given by
E 5[X], where O denotes the variance-optimal signed martingale measure for S; this
1s obtained via solving the dual problem of minimizing the variance (under the subjec-
tive measure P) of the density d Q/d P over all (signed) martingale measures Q. An
even earlier quadratic approach is (local) risk-minimization; see Follmer/Sondermann
[FS86] and Schweizer [Sch91]. In contrast to the other approaches, one considers here
trading strategies which perfectly replicate X. Due to the incompleteness of the mar-
ket, these trading strategies cannot be self-financing in general so that intermediate
costs occur. The value for X is then the initial capital of that trading strategy which
minimizes the expected squared intermediate costs, and it turns out to be given by the
expectation of X under the minimal signed martingale measure. An overview of these
quadratic approaches is given by Schweizer [SchO1]. More generally, one can con-
sider other than quadratic criteria, e.g., one can replace the L?-norm by the L”-norm.
Viewing such a power function as a utility function then naturally leads us to utility
based valuation approaches.

The first utility based approach is utility indifference valuation which (in the con-
text of financial markets) was suggested by Hodges/Neuberger [HN89]; see Hender-
son/Hobson [HH04] for an overview. One assumes that the preferences of the agent
can be captured by some utility functional U. The value p of X is then determined by
the condition that the agent is indifferent (according to U) between buying X for p and
not buying it, presuming she trades optimally in S in both cases. If one uses this ap-
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proach with a von Neumann-Morgenstern expected utility, it is very difficult to obtain
explicit results, and several variants have been suggested to overcome these problems.
A very recent and promising method is indifference valuation via convex risk mea-
sures, where preferences are given by monetary utility functionals, i.e., minus convex
risk measures; see Barriew/El Karoui [BEK05], Xu [Xu06] and Chapter 2 of this the-
sis. The crucial difference is that monetary utility functionals measure, as their name
suggests, utility in monetary units; they are therefore translation-invariant for the ad-
dition of cash, and this yields rather explicit results for the corresponding indifference
value. Another, considerably earlier variant is the fair price (also known as marginal
utility based or shadow price) which goes back to Davis [Dav98] and which is defined
via a marginal substitutability condition on the expected utility. More precisely, it is
that amount p of money which, given the possibility of buy-and-hold trading in X for
the price p and dynamic trading in S, makes the agent’s optimal demand for X (with
respect to her utility functional U) equal to zero.

All valuation concepts presented above aim to specify for the payoff X a unique
value out of the usually very large interval of arbitrage-free values. As mentioned
above, this can be quite restrictive, and one would perhaps like to have a middle way.
Instead of a single value, one could therefore aim for an entire interval of values which
at the same time is small enough to be useful in practice. This leads us to good deal
value bounds, where in addition to arbitrage opportunities, one also rules out those
investments which are too attractive (in an appropriate sense) in comparison with those
traded in the market. This approach has originally been suggested by Cochrane/Saa-
Requejo [CSR00] who measure attractiveness in terms of the Sharpe ratio; see also
Cerny/Hodges [CHO02] and Jaschke/Kiichler [JKO1] for subsequent alternatives and
generalizations.

1.2 Main results

A large part of the existing literature studies valuation in incomplete markets statically,
i.e., at time ¢ = 0; exceptions are notably works based on stochastic control theory.
The main goal of this thesis is a dynamic study of value functionals and valuation
bounds for some payoff X. More precisely, this is done for indifference valuation
via convex risk measures, and for good deal price bounds. Both topics in the current
general form have emerged only rather recently. In particular, indifference valuation
via convex risk measures has been developped in parallel to this thesis by Barriew/El
Karoui [BEKO05] and Xu [Xu06]. In our view, the most important dynamic property
of both indifference valuation via risk measures and good deal bounds (in the sense
they are presented here) is that they are time-consistent. This means that if at time ¢
the value of X is higher than that of Y, the same holds true at any time s < ¢, i.e.,
when less information is available. For indifference valuation in particular, the study
of time-consistency is one of the most important issues and contributions of this thesis.
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1.2.1 Indifference valuation via convex risk measures

We first consider indifference valuation via convex risk measures in more detail and
explain our main results. The mathematical formulation is as follows. We assume that
our agent’s time ¢ preferences are given by a monetary utility functional Uy, 1.e., minus
a convex risk measure. The corresponding indifference value p;(X) for a payoff X is
then defined by

ess sup U, (G — p:(X) + X) = ess sup U;(G), (1.2.1)
GE@[ GEC’t

where the set C; of payoffs superreplicable from time ¢ with zero wealth encodes the
trades available in the underlying financial market. Because U, is translation invariant
in the sense that U; (X +a;) = U;(X) +a; if a; is F;-measurable, we can solve (1.2.1)
explicitly for p;(X) to get

pi(X) = ess sup Uy (G + X) — ess sup U, (G) =: UPY(X) — UP(©). (1.22)
Gel; Ge;

Here U,Opt(X ) describes the agent’s modified preferences when she takes into account
her trading opportunities. Due to (1.2.2), it suffices to study U™ instead of p; itself.

It turns out that U tc’pt is the convolution of U; with another monetary utility functional,
namely the so-called market functional. The latter is associated to the financial market
via the set C;, and it is constructed like in Follmer/Schied [FS02] with the help of
the optional decomposition under constraints. More precisely, we show in Theorems
2.5.11 and 2.6.8 that the market functional for C; exists and that it is time-consistent.
Moreover, we study in Theorem 2.4.3 the convolution of two abstract dynamic convex
risk measures and prove in particular that the convolution operation preserves time-
consistency. Combining these results readily implies that the indifference valuation
functional (p,) itself is time-consistent, which achieves one of our major goals.

A second contribution in connection with the above approach concerns the struc-
ture of conditional convex risk measures. Because pricing in financial markets is
usually done with the help of equivalent martingale measures, we want a representa-
tion for conditional convex risk measures in terms of their conjugate functionals via
equivalent probability measures. In Theorem 2.3.16, we obtain such a result which is
slightly sharper than those in the existing literature. Finally, we also look at examples.
As shown in Rosazza Gianin [RGO06], a large class of examples of time-consistent
dynamic convex risk measures can be obtained via backward stochastic differential
equations (BSDEs for short) and can be entirely described via some integrand. This
allows rather explicit representations, at the cost of strong assumptions (Brownian fil-
tration) on the information structure. We show in Theorems 2.7.15 and 2.7.17 for such
a setting how U; and the market functional can be expressed in terms of BSDEs, and
that U,” P! can be obtained by convoluting the respective integrands.

Although various aspects of our approach have appeared before, the combined and
systematic treatment of all ideas at the general and conditional level seems to be new.
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Most previous results are only given unconditionally for ¢ = 0; this applies to the in-
difference valuation via risk measures mentioned in Barriew/El Karoui [BEKO05] and
discussed in more detail in Xu [Xu06], to the construction of the market functional in
Follmer/Schied [FS02], or to the convolution in Barrieu/El Karoui [BEKO05]. Some
conditional results are available; Larsen/Pirvu/Shreve/Tiitlincii [LPSTO05] treat indif-
ference valuation for a special Uy, Detlefsen/Scandolo [DS05] and Cheridito/Delbaen/
Kupper [CDKO06] provide similar representations like here for conditional convex risk
measures; see Section 2.3 for a more detailed comparison with these two papers.
Jobert/Rogers [JRO6] study several of the above issues in finite discrete time over
a finite probability space. Barrieuw/El Karoui [BEK04] discuss the convolution of DM-
CUFs which are given by BSDEs. However, they work with a class of BSDEs which
is not general enough to incorporate the market functional of an incomplete market,
which is constructed as in Bender/Kohlmann [BK04].

1.2.2 Utility based good deal bounds

The second contribution of this thesis is in the area of good deal bounds. The main
idea is as follows. We have already observed that the interval

inf  Ep[X]), sup E [X])
(QE,M"’(S) e QEMI‘?(S) Q

of all arbitrage-free values for a payoff X is usually too big to be useful in practice.
One reason for this is that M€ () contains many pricing measures which are not very
reasonable, because they yield investment opportunities which are too “good” com-
pared with those traded in the market. By omitting these “unrealistic” measures, one
obtains a smaller interval of values for X. This approach has the advantage that it is
not as restrictive as singling out one particular pricing measure.

But how does one measure “good” or “unrealistic”? We quantify here attractive-
ness in terms of von Neumann-Morgenstern expected utility and relate this approach
to the original definition of Cochrane/Saa-Requejo [CSR0O0] where the Sharpe ratio is
used as performance measure. In order to obtain a mathematically tractable problem,
[CSROO0] use an inequality from Hansen/Jagannathan [HJ91] to bound the Sharpe ra-
tio of any payoff by the variance of the density of the pricing measure being used. We
prove that this upper bound is just the maximal attainable Sharpe ratio in an extended
market, where the extension depends on the chosen pricing measure. In addition, we
show that the set N of no-good-deal measures from [CSRO0] can also be obtained
by imposing an upper bound on the maximal quadratic utility attainable in the same
extended market. This gives rise to a more general approach where we replace the
quadratic by more general utility functions like power, exponential or logarithmic util-
ity. A similar approach has been suggested by Cerny [Cer03]; one major difference is
that we provide here a more general and (we believe) more transparent treatment.

Our main goal is to study the no-good-deal values and value bounds as processes.
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Because their computability and dynamic properties depend on the set & of no-good-
deal measures, a key issue is to find an appropriate and yet workable definition for this
set in a dynamic context. In a Lévy setting, we define N by a pointwise restriction
on an appropriate integrand. This allows to apply dynamic programming techniques
in the computation of the value bounds. Moreover, we show in Theorem 3.5.7 that
this pointwise (“local”) restriction implies a bound on the corresponding “global” cri-
terion. The resulting dynamic value bounds are dynamic coherent risk measures and
in particular time-consistent.

The main contributions of this thesis to the theory of good deal bounds are The-
orem 3.5.7 and Proposition 3.5.10 which clarify the connection between the “global”
and the pointwise restrictions. This intrinsically depends on the fact that we choose
the pointwise bound for the integrand to be deterministic and time-independent. How-
ever, this bound cannot be chosen completely arbitrarily. In order to yield meaningful
intervals for the values, it must depend on the maximal utility attainable from trading
in the basic assets S only. It is well known that the latter can be calculated via a dual

problem, namely minimizing some f-divergence, i.e., a functional Q — E [ f (Z—IQ,)]

where f is convex, over M¢(S). If the f-minimal martingale measure Q7 i.c., the
solution to this dual optimization problem, preserves the Lévy property of the process
driving the financial market, then the pointwise bound can be chosen deterministic
and time-independent. This is one motivation for us to study in general the ques-
tion whether the Lévy property is preserved under an optimal change of measure; see
below for details.

Pointwise restrictions in connection with the determination of good deal bounds
have been suggested before in Cochrane/Saa-Requejo [CSR00], Cerny [Cer03] and
Bjork/Slinko [BS06]. [CSR00] and [Cer03] work in a Brownian setting and obtain a
sort of connection between the local and global restrictions by taking limits. [BS06]
extend that model by adding a marked point process, but do not study the relation be-
tween the local and global restrictions. In contrast, Theorem 3.5.7 proves in a general
setting that the local implies the global restriction, and Proposition 3.5.10 provides a
precise description of a situation when the local and global restrictions coincide for
the choice of no-good-deal pricing measures. Moreover, we also give a justification
why a constant or deterministic local restriction is reasonable, and in particular show
why it induces a non-empty set of no-good-deal measures.

1.2.3 Preservation of the Lévy property under an optimal change
of measure

As explained above, we can obtain a nice relation between the global and local restric-
tions in the definition of the good deal bounds if we know that the f-minimal martin-
gale measure Q7 preserves the Lévy property of the underlying financial market. Let
us explain this in more detail. Suppose our filtration is generated by a d-dimensional
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semimartingale L which is a Lévy process under the subjective measure P, and con-
sider the set M¢(ML) of equivalent local martingale measures for ML with a fixed
d x d-matrix M. We assume that M and the basic assets are chosen such that M¢(S) =
ME(ML); this includes for instance exponential Lévy models S = &(L) or suitable
classes of stochastic volatility models, as explained in Esche/Schweizer [ES05]. The
main result of [ES05] in this setting is then that L is still a Lévy process under the min-
imal entropy martingale measure Q° = argmin . ye (5 E [(dQ/dP)log(d Q/dP)}.
This QF is the f-minimal martingale measure for the function f°(z) = zlogz which
comes up in the dual problem corresponding to exponential utility maximization.

In the final contribution of this thesis, we show that the approach and result in
[ESO5] can be generalized to the f-minimal martingale measures associated to the
convex functions

ff@ = -—logz,
fP(z) = z7% ford e (0, c0), (1.2.3)
fiz) = %

These occur in the dual problems for logarithmic (£), power (p) and quadratic (q)
utility, respectively. More precisely, the allowed power utilities are the functions
§§—1x% = 1x% with § := % € (0,1) and x € (0, oc). The main idea for proving
this generalization is the same as in [ES05], but the computations and technical details
become a little bit more involved.

For completeness, let us explain how the argument works. Due to the underlying
Lévy structure, any Q ~ P can be described by two stochastic processes called the
Girsanov parameters of Q. The f-divergence f(Q|P) = E[f(dQ/dP)] of Q is then
a convex functional of these Girsanov parameters and by Jensen’s inequality can thus
be reduced by averaging the Girsanov parameters. More precisely, the new parameters
obtained by averaging define a measure Q with f (@ [P) < f(Q|P). Since we are
interested in the measure Q/ = argmin e ye sy f (Q|P), we should also like to have

that 6 is a local martingale measure if Q is. This is not true in general, but it does
hold if we take @ from a suitable subset of M¢(ML), specified via an additional
integrability property for L. We then show that this subset is dense in M¢(ML) in an
appropriate sense, and this allows us to prove that for all f in (1.2.3), the f-minimal
martingale measure Q7 has time-independent and deterministic Girsanov parameters.
Since this is exactly the property which describes the measures preserving the Lévy
property of L, one can conclude that L is indeed still a Lévy process under Q7.
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1.3 Links between indifference valuation and good deal
bounds

At first sight, the above two valuation approaches may appear very different. However,
there is a close relation between the indifference valuation considered in this thesis
and good deal bounds, provided that the latter are defined slightly differently than
here. Alternative definitions are discussed in detail in Section 3.3 below, and so we
only outline the main idea.

In the literature, good deals are usually defined as payoffs with non-positive prices
and which are contained in an (abstract) set of desirable claims; see, e.g., Cerny/
Hodges [CHO2], Jaschke/Kiichler [JKO1] or Staum [Sta04]. The (lower) good deal
value bound for a payoff X is then defined as the biggest amount a of money that
can be subtracted from X so that the resulting payoff X — a cannot be turned into a
good deal by trading in the market with zero initial capital. Hence, buying X for a
price below this bound allows to generate a good deal by trading. It remains to specify
the set of desirable payoffs, and this is typically the acceptance set of a monetary
utility functional Uy, i.e., the set of those payoffs X with U;(X) > 0. This is different
from our approach to good deal bounds because we work with a (non-monetary) von
Neumann-Morgenstern expected utility.

Now suppose that U; used for defining good deals as above also describes the pref-
erences in our indifference valuation approach. If p; is the corresponding indifference
value, then the interval of no-good-deal values turns out to be [p;(X), — p,(—X)]; this
is discussed in more detail at the end of Section 2.6 below. Hence we see that the good
deal bounds in this general approach coincide with the seller and buyer values from
the indifference valuation method.

1.4 Structure of the thesis

This thesis consists of an introduction, three chapters and an appendix. To keep each
chapter self-contained, we have deliberately allowed redundancies. The structure of
the thesis is as follows.

In Chapter 2 we study indifference valuation via convex risk measures, beginning
with a detailed introduction and some notation. In Section 2.3 we then concentrate
on monetary concave utility functionals (MCUFs) U;. In particular, we provide a
representation for Uy in terms of its concave conjugate and via equivalent probability
measures. In addition, we give some results about time-consistency, inspired mainly
by Delbaen [Del06]. Section 2.4 studies the convolution of general dynamic MCUFs
(DMCUFs), showing in particular that this operation preserves time-consistency. The
proof is an application of the representation theorem of Section 2.3. In Section 2.5, we
adapt the results of Follmer/Kramkov [FK97] about superhedging under constraints
to our needs. We combine the above results in Section 2.6 to prove that U°P' from
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(1.2.2) is the convolution of U and the market DMCUF given via the superhedging
price. Then we show that the indifference valuation functional p is a DMCUF, give
conditions for it to be time-consistent and consistent with the no-arbitrage principle,
and relate it to good deal bounds. Section 2.7 presents three examples. The first
deals with time-consistency and some properties of the convolution, the second with
DMCUFs described by BSDEs, and the third illustrates that a static MCUF cannot
always be extended to a dynamic MCUF.

In Chapter 3 we turn to good deal bounds. After a general introduction, we recall
in Section 3.2 the original definition of good deal bounds from Cochrane/Saa-Requejo
[CSRO0] and explain how it can be generalized. For clarity of presentation, this is done
in a static setting. Section 3.3 explains the link between value bounds and monetary
utility functionals, and discusses in more detail the connections between the different
existing approaches on good deal bounds. We then turn to a dynamic setting to study
good deal values and value bounds as processes. In order to have a nice parametriza-
tion for the set of all equivalent local martingale measures, we choose to work in a
Lévy framework, and Section 3.4 collects some auxiliary results on this. Section 3.5
deals with the extension of no-good-deal valuation to a dynamic setting. The main
difficulty is to find a reasonable definition for the set of no-good-deal measures which
still leads to mathematically tractable problems. As explained above in Section 1.2.2,
our definition is obtained from a pointwise restriction on an appropriate integrand.
We explain how this “local” restriction is motivated by a “global” criterion, and how
the two are connected. Section 3.6 discusses the properties of the resulting good deal
prices and price bounds as processes. Finally, we present two explicit examples in
Section 3.7.

Chapter 4 studies the preservation of the Lévy property for a P-Lévy process L
under the f-minimal martingale measure for ML, with f as in (1.2.3) and a fixed
matrix M. We first motivate our results and relate them to existing literature. In
Section 4.3 we fix some notation and recall some important facts about Lévy processes
and changes of measure. In particular, we explain how equivalent measures can be
described by their Girsanov parameters and give conditions for the latter to describe a
measure in M¢(ML). Section 4.4 then contains the main results of this chapter. We
explicitly define the averaging procedure for the Girsanov parameters and show how
it reduces the f-divergence. Then we specify a dense subset of M¢(ML) consisting
of measures for which this averaging leads to measures again contained in M¢(ML).
This is subsequently exploited to prove our main result that L is still a Lévy process
under the f-minimal martingale measure. Finally, Section 4.5 briefly discusses the
quadratic case f(z) = f9(z) = z2. We show that if the f9-minimal martingale
measure and the variance-optimal signed martingale measure coincide, one can show
directly that the f-minimal martingale measure preserves the Lévy property. This uses
that in a Lévy setting the variance-optimal signed martingale measure agrees with the
minimal signed martingale measure, for which an explicit formula is known.
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Chapter 2

Dynamic indifference valuation
via convex risk measures

2.1 Introduction

This chapter deals with the valuation of contingent claims in incomplete financial
markets. We present a dynamic indifference valuation approach which stems from the
basic economic concept of certainty equivalent, modified and extended to accommo-
date the market environment (an idea introduced by Hodges/Neuberger [HN89]). The
agents’ attitudes towards risk are incorporated to establish preferences over risk which
cannot be eliminated by trading.

More precisely, our investor’s preferences at each time ¢ are given by some utility
functional U; : L — L*(¥;). The investor has at time ¢ an ¥;-measurable initial
endowment x; and can trade in a financial market, possibly under constraints. We
denote by C; the set of payoffs she can superhedge by trading during (¢, 7] with zero
initial endowment. At each time ¢ € [0, T'], the indifference value p;(X) of a payoff
X € L™ due at time T is defined implicitly by

ess sup U;(x; + G) = ess sup U (x; — py(X) + G + X), (2.1.1)
GeCy GeGy;

i.e., such that the agent is indifferent between buying X for the price p,(X) and not
buying it, presuming she trades optimally in the market in both cases. U, belongs to
the class of monetary concave utility functionals at time t (MCUPFs for short), which
is defined axiomatically such that —U; is a (¥;-conditional) convex risk measure. In
particular, U; is F;-translation invariant in the sense that

U(X +a;) = Ug(X)+a, foralla, e L=(F),

11
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so that in (2.1.1) all #;-measurable quantities can be extracted. Hence
p(X) = UP(X) — U (0), (2.1.2)

where the operator
U,Opt(-) =esssupU;(- + G)
GeC;
corresponds to the agent’s market modified preferences when she takes into account
her trading opportunities.

We show that similarly as in Barrieu/El Karoui [BEK05], U™ is an MCUF and
given by the convolution of U, and the market MCUF; the latter is associated to ¢, and
constructed like in Féllmer/Schied [FS02] with the help of the optional decomposition
under constraints. A key issue is to ensure (strong) time-consistency for the dynamic
behaviour of p = (p;). Therefore we study the convolution of two abstract condi-
tional risk measures and prove that this operation preserves (strong) time-consistency.
In the same general setting, we give sufficient conditions to guarantee that p, (X) lies
inside the interval of arbitrage-free prices so that it could be considered as a price for
X, and we investigate the structure of p when there are no trading constraints. We
briefly discuss the connection to good deal bounds. In the special case where U 1s
given by a backward stochastic differential equation (BSDE), we also describe the
market DMCUEF, U and p in this way, and we show that the driver for U is the
pointwise convolution of the drivers of U and of the market DMCUF. This extends
results of Rosazza Gianin [RG06] and Barrieu/El Karoui [BEKO4]. Finally, because
pricing and valuation in financial markets is done with the help of equivalent martin-
gale measures, we also want a representation for MCUFs in terms of their concave
conjugate functionals via equivalent probability measures.

Although various aspects of our approach have appeared before, the combined
treatment of all ideas at the general and conditional level seems to be new. Most
previous results are only given unconditionally for 1 = 0; this applies to the indif-
ference valuation via risk measures in Xu [Xu06] or (briefly) in Barrieu/El Karoui
[BEKO5], to the construction of the market functional in F6llmer/Schied [FS02], or to
the convolution in Barriew/El Karoui [BEKO05]. Some conditional results are available;
Larsen/Pirvu/Shreve/Tiitlincti [LPSTO5] treat indifference valuation for a special Uy,
Detlefsen/Scandolo [DS05] and Cheridito/Delbaen/Kupper [CDKO06] provide similar
representations for conditional convex risk measures; see Section 2.3 for a more de-
tailed comparison with these two papers. Jobert/Rogers [JR0O6] study several of the
above issues in finite discrete time over a finite probability space. Barriew/El Karoui
[BEKO04] discuss the convolution of DMCUFs which are given by BSDEs. However,
they work with a class of BSDEs which is not general enough to incorporate the mar-
ket functional of an incomplete market, which is constructed as in Bender/Kohlmann
[BKO4]. Our general results that convolution preserves time-consistency and that the
market functional in an incomplete market with trading constraints is time-consistent
seem to be new.
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The chapter is structured as follows, Notations and conventions are given in Sec-
tion 2.2. Section 2.3 introduces (dynamic) MCUFs. We state a representation theo-
rem for MCUFs similar to [DS05] but in terms of equivalent probability measures;
a closely related result can be found in [CDK06]. Some results about (strong) time-
consistency inspired mainly by [Del06] are also given. Section 2.4 introduces the
convolution of general dynamic MCUFs and extends a result of [BEKOS5]. The proof
is one application of the representation theorem of Section 2.3. In Section 2.5, we
adapt the results of [FK97] about superhedging under constraints to our needs. We
combine the above results in Section 2.6 to prove that U is the convolution of U
and the market DMCUF given via the superhedging price. Then we show that the
indifference valuation functional p is a dynamic MCUF, give conditions when it is
strongly time-consistent and consistent with the no-arbitrage principle, and relate it
to good deal bounds. Section 2.7 presents three examples. The first deals with time-
consistency and some properties of the convolution, the second with dynamic MCUFs
described by backward stochastic differential equations, and the third illustrates that a
static MCUF cannot always be extended to a dynamic MCUF.

2.2 Notations and conventions

Throughout this chapter, we work with a fixed probability space (€2, ¥, P) and a fixed
filtration F = (¥;)o<s<T, Where T < oo is a fixed finite time horizon. We assume
that [ satisfies the usual conditions of right-continuity and completeness. Hence we
can and do choose for each semimartingale a right-continuous version with left limits
(RCLL for short). For simplicity we let o be trivial and ¥ = ¥. Fors < ¢
an integral from s to ¢ is defined on the half-open interval (s, t]. For p € (1, o],
L?(Q2, 4, P) (LP(4) or even L? = L?(¥) if no confusion is possible) denotes the
space of all equivalence classes of real-valued, §-measurable random variables with
finite L? (P)-norm, where % is a sub-o-field of #. By LO(#;, Y) we denote the set
of all equivalence classes of F;-measurable mappings 2 — Y. An F;-partition is a
family of pairwise disjoint sets (A, )nev in F; whose union is 2. The transpose of a
vector z is denoted by z* and 14 denotes the indicator function for a set A € . P
denotes the set of all probability measures Q on (€2, ), P the set of all Q € J with
Q « P and P€ the set of all Q € P“ with Q ~ P. Unless mentioned otherwise,
all (in-)equalities which involve random variables hold almost surely with respect to
P, (conditional) expectations and essential infima and suprema are taken with respect
to P, a density Z7 of some measure Q € ¢ is its density with respect to P on
F = F¥r and its density process Z = (Z;)o<:<r consists of its densities Z; with
respect to P on ¥;. We frequently identify a probability measure Q € P¢ with its
density Zr € L'(Q2, ¥, P). When we say that a set @ C £“ has a property in
L!, we mean that the set of corresponding densities has this property. @¢ consists
of all Q0 € @ which are equivalent to P. We always work with equivalence classes
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of random variables and thus do not distinguish between different versions of, ¢.g.,
the essential infimum of a family of random variables. In particular, when defining
some set depending on an equivalence class of random variables we take one (fixed)
representative, in order to have that set well-defined. For the definition of processes
having locally some property we refer to Definition VI.27 in [DM82]. As we consider
processes on [¢, 7] having some local properties, this definition has the advantage that
a stopped process with starting point ¢ need not have the required property on all of £2
but only on the sets {t, > #} where (t,)ncv is a localizing sequence. In particular, for
any ¢ > 0 we have {t, > t} C {1, > 0} and this ensures that if S is a locally bounded
semimartingale on [0, T], so is § on [¢, T]. Moreover, note that the assumption of
Fo to be trivial implies boundedness of Sy. Since we are working with a finite time
horizon T, a localizing sequence for some process (S;)o<:<7 1S an increasing sequence
of [0, T']-valued stopping times t,, n € IN, such that lim,_,» P[t, < T] = 0 and
such that for each n € IN, the stopped process S™ has the desired property.

2.3 Representations and time-consistency of dynamic
MCUFs

In this section we introduce and study (dynamic) monetary concave utility function-
als (MCUFs for short). This is the class of functionals we consider for indifference
valuation in a later section. Their definition is very similar to that of convex risk
measures, for which it is known that they can be equivalently described by their ac-
ceptance set, i.e., the set of payoffs to which they assign non-positive values. We state
the analogous result for (dynamic) MCUFs and investigate the properties, in particular
continuity, of (dynamic) MCUFs. The main result of this section gives an equivalence
between continuity of an MCUF, its representability, and closedness of its acceptance
set. This extends well-known results from the static case to a dynamic setting. Similar
dynamic results can also be found in a recent work of Detlefsen/Scandolo [DS05],
and in [CDKO06] in a more general setting. Finally we investigate a property called
(strong) time-consistency which ensures that the ordering on payoffs induced by a
dynamic MCUF is consistent between different points in time.

Definition 2.3.1. Fix ¢ € [0, T']. We call a mapping
@, : L°(Q, F, P) - L™, #, P)
a monetary concave utility functional at time t (MCUF for short) if it satisfies
A) Monotonicity: ®;(X1) < ;(X,) forall Xq, X; € L™ with X < X».

B) F;-translation invariance: &.(X + a;) = ®,(X) +a; forall X € L,
a; € L>(F7).
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C) Concavity: ®;(BX1+ (1 —B)X3) = P, (X)) + (1 —B)P:(X2) forall X;,
X> e L® and B8 € [0, 1].

We say that an MCUF ®; is normalized if ®,(0) = 0, and we call it a monetary
coherent utility functional at time t (MCohUF for short) if it satisfies

D) Positive homogeneity: ®;(0X) = A®,(X) forall X € L and A = 0.

If ®; is an MCUF (respectively an MCohUF) at each time ¢ € [0, T], we call the
family @ = (®P;(.))o<s<T a dynamic MCUF (respectively a dynamic MCohUF) and
use the abbreviation DMCUF (respectively DMCohUF).

An additional property one might require of @, is

E) Fi-regularity: ®;(14X1 + 1acX2) = 14D,(X1) 4+ 14¢P;(X2) for all X,
X, e L*®and A € ¥;.

But M. Kupper has pointed out to us that monotonicity and translation invariance
already imply E) as follows; see also Proposition 3.3 of [CDKO06]. First of all, we
have 14,P;(X14) = 149;(X) for X € L*® and A € ¥;, because A) and B) yield

<
14D(X) 149, (X124 £ [ X[lLoolac) = 14D (X14).
=

Applying this to X = 14X + 14X gives

P (X) = 14P;(X14) + Lac @ (X1 pe) = 14 P;(X1) + Lac @1 (X2).

Remark 2.3.2. i) An MCUF ®; at time ¢ automatically satisfies not only C), but
even the stronger property of ¥,-concavity, where 8 € LO(F;; [0, 1]). This can
be proved by the standard measure-theoretic induction, using the F;-regularity
and Lipschitz-continuity of ®,. So —®; is almost an F;-conditional convex
risk measure in the sense of [DS05]; the only difference is that in [DS05] &,
is normalized. Also by standard measure-theoretic induction, one can show
that an MCohUF automatically satisfies instead of D) the stronger property of
F;-positive homogeneity, where A € LE°(F).

il) Since Fg is trivial, —®y is simply a convex risk measure in the usual sense;
see [FS04] for an comprehensive textbook account. We call ¢+ = 0 the static or
unconditional case.

iii) In the literature, extensions from static to dynamic risk measures have been con-
sidered under two aspects. What we present here corresponds to the study of
risk measures conditioned on some information. A second aspect is to define
risk measures for payoff streams, i.e., on stochastic processes instead of ran-
dom variables; see [Wan99], [Det03], [Sca03], [ADEHKO04], [CDKO04], [PR04],
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[Rie04], [CDKO05], [CDKO06], [Del06] or [Web06] for work on that topic. De-
spite the importance of the latter aspect, we restrict our considerations here to
the first one.

iv) We note that MCohUFs are always normalized. Moreover, under the assump-
tion of positive homogeneity, concavity 1s equivalent to

F) Superadditivity: ®,(X1 + X3) > &(X1) + O,(X2) for all Xy,
X, € L. O

An MCUF at time ¢t < T assigns to each discounted net payoff X due at time
T another random variable ®,(X). We interpret ®;(X) as the (individual) utility,
expressed in monetary units, that some agent assigns to X at time z. However, this
does not imply that it is always possible to swap at time ¢ the future payoff X for
&, (X) monetary units. In fact, this would require the existence of another agent who
is willing to pay &;(X) in exchange for the entitlement to X. Such an agent need not
exist in general.

For an economic interpretation of the axioms, we assume that there is a non-risky
investment opportunity where the agent can borrow or invest arbitrary amounts of
money. Moreover, we assume that all payoffs are already discounted with respect to
this non-risky asset. Then the interpretation of F;-translation invariance is of partic-
ular interest because it clarifies the idea behind the definition of ®,(X) and justifies
the terminology of a monetary utility functional; see also [FS04]. In fact, it implies
that ®; (X — ®;(X)) = 0. Hence ®,(X) is the maximal monetary amount that can
be subtracted from X at time ¢ such that the agent still assigns a non-negative utility
to the resulting (discounted) payoff X — ®,;(X) due at time T. (To be precise, the
agent cannot take the money away from X; she must borrow it from the non-risky
investment and pay this debt back at time T', thus changing the discounted payoff due
attime 7 to X — &,(X).)

We emphasize that translation invariance distinguishes the considered class of util-
ity functionals from von Neumann-Morgenstern expected utility functionals, most of
which do not have this property. In contrast, the economic interpretation of the other
axioms is more familiar. The meaning of monotonicity is obvious, and concavity
models the idea that diversification should not decrease the utility. The condition that
®,(X) is F;-measurable means that values only depend on information which is avail-
able at time ¢. F;-regularity implies that an event which can already be ruled out at
time ¢ does not influence the value of ®,(X). As utility may grow in a non-linear way
with the size of the payoff, we usually do not insist on positive homogeneity.

The issue of normalization is a bit more subtle. It depends on the exact interpreta-
tion of the random variable X to which ®; is applied whether this assumption makes
sense or not. If X expresses a change in wealth, assuming normalization seems rea-
sonable. But if X is some payoff to which we want to apply some utility, normalization
might be inappropriate. To see this, suppose the agent has the possibility to trade in
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some financial market. Then she might obtain with zero initial endowment a position
she personally considers to be strictly preferable to the payoff 0. In this situation she
might very well assign non-zero utility to 0. Note that this again uses the idea that
®,(X) should be viewed as a subjective value rather than a (market) price. Finally,
we point out that normalization can always be achieved by subtracting ®,(0) from the
original functional. This changes the initial level of utility, but has no influence on the
ordering induced by ®,. Nevertheless, we will see that subtracting $,(0) to obtain a
normalized functional can yield some difficulties.

Example 2.3.3.  a) A classical example of an MCUF at time O is the exponential
certainty equivalent with risk aversion y, 1.e.,

1
Po(X) 1=~ log E [exp (~y X)| = ess inf{ Eo[X] + v (QIP)},

where for Q € ¢ with density Zy the functional f¢(Q|P) := E[Zr log Z7]
denotes the relative entropy of Q with respect to P; see for instance Example
4.105 in [FS04], Section 5 in [DS05], or Examples 3.2 and 3.4 in [BEK04].
This MCUF is not coherent.

b) It is well known and easy to verify that every non-empty set @ € € defines an
MCohUF by

®,(X) := ess inf Eg[X|F]. (2.3.1)
Qe

For @ = {Q}, this is just the conditional expectation under some Q € P°.
If @ is not a singleton, ®, can be interpreted to express the preferences of a
conservative agent who is uncertain about the underlying model and hence takes
into account several possible models. For an extension to the convex case, see
Remark 2.3.18 below.

Note that since it is only taken over measures equivalent to P, the P-essential

infimum in (2.3.1) is well-defined. This need not be the case if @ were to contain

probability measures which are only absolutely continuous with respect to P.
&

An elementary consequence of the axioms is that every MCUF is Lipschitz-contin-
uous for the L°°-norm with Lipschitz coefficient 1. In fact, translation invariance and
monotonicity are already sufficient to obtain this property.

Lemma 2.3.4. For any MCUF @, at time t and any X, Y € L° we have
[P (X) — P (V) lLe = || X — Y.

Proof. This can be shown exactly as in the static case; see Lemma 4.3 in [FS04]. 0O
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It is well-known from the theory of static risk measures that an MCUF @ at time
0 can be equivalently described by its acceptance set; see Propositions 4.6 and 4.7 in
[FS04]. This also holds true for the conditional case if we use (like in [CDKO06]) a
conditional form of the L°°-norm as follows. For X € L® and ¢ € [0, T'], set

I1X ||, := ess inf {m, € L®(F) | |X| < m;}

and call B C L™ closed with respect to | - ||; if for any sequence (X, ), in B such
that lim,,, o || X, — X||; = 0 for some X € L*, we also have X € B. This holds for
instance if B is closed in o (L°°, L1).

Definition 2.3.5. For a given MCUF &, the acceptance set is
A= { X e L®| &(X) = 0},

and elements of A, are called acceptable (with respect to @, to be precise).

Lemma 2.3.6. The acceptance set A; of an MCUF ®, at time t has the following
properties:

a) A; is non-empty and convex;

b) ess sup{m; € L®(F;)| —m; € A;} = ess sup (—A; NL*(F;)) € L™

c) —A;issolid, ie, X € A, Y €e L andY = X imply that Y € Ay;

d) A;is Fi-regular, ie, X,Y € A, and A € F; implies that 14X + 14cY € Ay,

Moreover, A; is closed with respect to || . ||;. Finally, if ®; is an MCohUF, then Ay is
a cone containing 0.

Proof. For the closedness property, see Proposition 3.6 in [CDKO06] and Remark 2.3.7
below. The rest follows from the definition as in the static case; see Proposition 4.6 in
[FS04]. O

Remark 2.3.7. Some of the results in the present section can be obtained as special
cases from [CDKO06]. This is not entirely obvious for two reasons. Like [DSO05],
[CDKO06] impose in their axioms for MCUFs normalization and ¥;-concavity; see
1) of Remark 2.3.2. This difference has no effect for those results we want to quote.
More importantly, [CDK06] work more generally with DMCUFs defined on processes
instead of random variables and therefore use more elaborate notations than we need
here. To help readers in making the connection, we very briefly sketch here the main
translations between [CDKO06] and our setting.
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When using [CDKO06] results for random variables, replace R and !RS"’B by L°;
replace || - |lz.9 by || - |Is; replace L (F;) by L% (¥;); and omit all 1[; ). More-
over, replace D, g by {Z € L_l,_ (P) | E[Z|F] = l} which corresponds to the set of

densities of the elements in = defined in (2.3.21) below. Then :‘D;‘j‘é corresponds to

{Z e LL(P)|EIZ|F:]1=1,Z > 0 P-as.]

Q
Z
- {Zz 79 — (Z;Q)()gtg:r is the density process of some Q € :7"“’} .
1
Finally, (X, a);¢ with X € R and a € A1 must be replaced by E[Xa|F;] with
XeL®anda € {Z e LL(P)|E[Z|F]=1]. O

Definition 2.3.8. A subset B of L.°° satisfying the properties a) — d) in Lemma 2.3.6
is called a pre-acceptance set at time t.

Lemma 2.3.9. Let B C L be a pre-acceptance set at time t and define a mapping
on L™ by

®2F(X) = esssup{m, e L®(F)| X —m; € B}
= esssup ((X — B)NL®(F)). (2.3.2)

Then:
a) ®F is an MCUF at time t.

b) If B is in addition closed with respect to || . ||;, then B is the acceptance set of
o3,

c) If B is the acceptance set Ay of an MCUF ®; at time t, then ®, = CID;rB, ie, we
can recover ®; from its acceptance set as P, = CID;A’ .

d) If B is a cone containing 0, then ®E is an MCohUF.

Proof. This follows from Proposition 3.10 of [CDKO06]; see Remark 2.3.7. O

Our next goal is now to provide a representation for an MCUF ®; via its concave
conjugate functional, which is defined as follows.

Definition 2.3.10. The concave conjugate functional of an MCUF ®; at time ¢ is the
mapping o, : P{° > LO(F;; [—o00, +00)),

Q > ar(Q) == ess inf { E[X| %] — &,(X)) (23.3)

where P7 :={Q € | Q ~ P on F;}.
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Remark 2.3.11. £/ is the largest set on which the essential infimum in (2.3.3) is
well-defined in the usual sense; see Section 5 in [Del06] for more general definitions.
&

Lemma 2.3.12. The concave conjugate oy of an MCUF ®, at time t with acceptance
set A; can be written as

o (Q) = ess infEQ[Xl?,] for Q € 7, (2.3.4)
EA, :

and it has the following o-pasting property: If Q", n € IN, are in ¢ with den-
sity processes Z", if (Ap)nem is an Fi-partition of Q and if Q € P€ is defined by

Zn
49 = 3%, 14, 7, then o (Q) = 52 14,04 (Q™).

Proof. We start by proving (2.3.4), i.e., by showing that

ess inf { Eg[X'|F;] — ©:(X")} = ess inf EQ[X'| 7).
= X'eA;

As A; C L™ and @, is non-negative on +;, we clearly have

ess inf {Eg[X'|1F] — ®(X)} = essinf{Eg[X'|F]— ®,(X)}
X' €L X' e,

< ess inf Eg[X'|F].
X' eA,;

Conversely, translation invariance implies for X € L that X:=X- P;(X) € A
and hence that

ess inf EQ[X'| /] < E[X|Fi] = Eg[X|Fi] - ®:(X).
e .

Taking the essential infimum over all X € L°° we obtain

ess inf Eg[X'| %] < ess inf { Eg[X'|F] — ®,(X)}.
X' cA; X'ell*®

. z7 1
For the second claim note that £ [Z;o:l lAnE:?L] =F [Z:il lAnZ—?E[Z%?}]] = 1.



2.3. Representations and time-consistency of DMCUFs 21

Since #4; € L%, (2.3.4) and the dominated convergence theorem imply that

d

X’Ed“)[ t

o (Q) = essinfE |:Zl nZTX’

= essinf Y 1a EonlX'|F:
S5 In Z A Eon[X'| ]
= ZlAness meQn[X | 1]

n=1

= ZlA,,aAQ")

n=1

This finishes the proof. L]

In Lemma 2.3.9 b), we proved that if B is a pre-acceptance set at time ¢ which
is closed with respect to || . ||; and thus in particular if it is closed in o (L°°, L), itis
the acceptance set of ®F. We shall see that o (L, L!)-closedness of the acceptance
set is equivalent to a continuity property of the corresponding MCUF. As in the static
case, this continuity property will be required to obtain a structural characterization of
MCUFs.

Definition 2.3.13. An MCUF &, at time ¢ is called continuous from above (below) if
lim,,—, o, ®;(X,) = ®,(X) for any sequence (X,)nen in L decreasing (increasing)
to some X € L*. (Note that monotonicity of ®; implies the almost sure existence of
the limit.)

Like in the static case, continuity from below is stronger than continuity from
above:

Lemma 2.3.14. If ®, is an MCUF at time t and continuous from below, then it is also
continuous from above. '

Proof. Let (Xy)nem be a sequence in L.°° decreasing to some X € L* andforn € IN
define Z, := X,, — X. With X := X — ®,(X), we obtain from B) and C) that

0 = &«(X)
I 1
- q>t(5(f+zn)+5(x—zn))

1 1
5 P(X +Zn) + 50 (X = Za)

v
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so that
O (X + Zy) — Oi(X) < Py(X) ~ P (X — Zy). (2.3.5)

From this together with A), continuity from below and since X —Z, = 2X—-X, X,
we obtain

0 < @;(Xp) — @:(X) < (X)) — O:(X — Zp) \ Pr(X) — P:(X) = 0.

Hence ®,(X,,) decreases to ®,(X) asn — . O

Remark 2.3.15. The MCUFs in Example 2.3.3 a) and b) are always continuous from
above. The exponential certainty equivalent is also continuous from below, but for the
MCohUFs in part b) this depends on the choice of @; see Corollary 4.35 in [FS04]. &

The following Theorem 2.3.16 is the main result of this section. It shows that for
an MCUF &, the existence of a representation via the concave conjugate functional,
continuity from above, and o (L, LY)-closedness of its acceptance set o, are all
equivalent. A detailed discussion is given below.

Theorem 2.3.16. For an MCUF ®, at time t with acceptance set A;, the following
are equivalent:

1) @, is continuous from above and infxc 4, EQ[X] > —00 for some Q € P°.

II) @, can be represented as
®,(X) = ess inf{EQ[XI.T;] - a?(Q)] (2.3.6)
Qepe
for a mapping Ot? . P¢ — LO(F,; [—o0, +00)) which has the o-pasting prop-
erty.

IIl) ®; can be represented as
@,(X) = ess inf {EQ[Xl.'i-'t] - a,(Q)} (2.3.7)
epe
where o is the concave conjugate of @;.

IV) A, is closed in o (L°°, Ll) and infxc 4, EQ[X] > —00 for some Q € PC.

If ®; satisfies one of the above properties and is in addition positively homogeneous,
hence an MCohUF, it can be represented as

$;(X) =ess inf Eg[X|F;] (2.3.8)
Qeqe

for some set @ C P and with Q¢ = Q N P #£ @. Q can be chosen convex and
closed in L},
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Definition 2.3.17. If one of the equivalent properties I) — IV) is satisfied, we say that
D, is well-representable.

Remark 2.3.18. i) Inanalogy to Example 2.3.3 b), it is easy to see that any func-
tional @, : L*° — L°(%;) which can be represented as in (2.3.6) is an MCUF
at time #. This does not require the o -pasting property of oz?.

ii) InII) it suffices to have the o -pasting property only for those Q € P¢ satisfying
) (Q) 5 —oo.

iii) Note that Theorem 2.3.16 also allows us to define an MCUF at time ¢ from a
suitable mapping & by (2.3.6). This is particularly useful in the coherent case
where &, is specified via (2.3.8) entirely by the set @; see Example 2.3.3 b).
A similar interpretation holds in the convex case, where 0(0) is a correction
term which quantifies how the model Q is viewed. In Example 2.3.3 a), P can
be seen as a reference model and the correction term is chosen proportional to
the (entropic) deviation of Q from P; see also Section 4.3 in [FS04].

&

Proof of Theorem 2.3.16. “III) = 1I):” Obvious due to Lemma 2.3.12.

“I) = 1):” To see continuity from above, let (X,),ew S L% be a uniformly
bounded sequence decreasing to some X € L°°. Then

\o- lim @(X,) = inf {ess mf{EQ[Xnm]—a,(Q)]}

nelN | Qefe

= essinr{ inf {EolX,i%i) - (@)} ]

— : BT _ 0

= essinf {\ lim Eq[X,| %] - of Q)]
= (Dt (X ) ’

where the last equality follows from the monotone convergence theorem and

(2.3.6). It remains to prove the existence of Q as desired. To this behalf choose
a sequence (Q™") in P¢ and for ¢ > 0 an F;-partition (A,) of €2 such that

—®,(0) = ess sup o, (Q) = sup «o, (Q ) < Z 14,0 (Q") +&.

Qepe nelN
Define Q € P° by f'”Q, =3 02 14, gj,,l and note that the o-pasting property of

cxt gives o %) +e>—d (0) € L°°. Using (2.3.4) and (2.3.6) yields

ess inf E5[XIi] = e)?smf{ Q[Xm]—essmf{EQ[Xm]—a,(Q)}}

> al(Q)
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and therefore infxe., E5[X] > Eé[oz?(Q)] > —E 3[®(0)] — & > —o0.
“I) = II):” First we show that “<” holds in (2.3.7), i.e., that

@(X) < egs inf {Eg[X|F:] — o (Q)} (2.3.9)
cpe

for all X € L. Indeed, for any Q € ¢ and any X € L*, (2.3.3) gives
Eo[X|F] —a:(Q) = EglX|#]— f;gselilc}of{EQ[X’lﬁ] - ‘I’z(X/)}

> EglX|F]— (EglX|F:] — @:(X))
= @(X).

(2.3.9) follows if we take the essential infimum over all @ € &¢. Inequality
(2.3.9) implies (2.3.7) if we show that for any X € L™

Esl®(X)] = Eé[egsé}%f{EQ[Xlﬁ] —a ()} ] (2.3.10)

Similarly to, e.g., [Det03], this will be done by exploiting the well-known rep-
resentation results for the static case. To derive from ®; an MCUF at time O,
we define the mapping ®g : L® — IR by Oo(X) = EQ[<I>t(X)]. This is an
MCUF at time 0, and continuous from above because ®; is. Hence Theorem
4.31 and Remark 4.16 of [FS04] imply that it can be represented as

do(X) = Qiggm [EolX]1-a(0)}, 2.3.11)

where ~
é0(Q) = inf_ [EQ[Y] - CDO(Y)] . (2.3.12)

We argue below that do(Q) > —oc, and because 0 € P°, this implies that we
have

do(X) = Jnf, [EolX]1—a0(Q)} . (2.3.13)

Similarly to [DS05], we show next that (2.3.13) remains true if we take the
infimum only over all @ in

@, = {Q e 2° | 0[A] = O[A] forall A € F, ] ,
i.e., we claim that
Jnf {EolX) -~ do(Q)} = inf {£olX]=G0(@)}. (2.3.14)

It is clear that “<” holds, and “>" will follow once we show that

&(Q) = —oo forany Q € (P¢\ @). (2.3.15)
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Butif Q & @, there exists A € F; such that Q[A] # Q[A]. As ¥;-translation
invariance of ®; implies that

Do(A14) = E 5[®r(A1a +0)] = E5[A1al + E 5 [P (0)],

we obtain from (2.3.12)

G0(@) = inf [Eglr1a] - ®o(214)]

I

inf {2.0041- 20141 - E5l®: 1] = —o.
Hence (2.3.14) follows. Now we show that
Esla:(Q)] = &0(Q) forall Q e a,. (2.3.16)

In fact, F;-regularity of &, implies that the set { Eo[X|F:] — ®:(X) | X e L°°}
is a lattice. Hence ([Nev75}) there exists a sequence (X,),ev < L such that

ess inf {EQ[X|F/] - @ (X)} =\ - lim (Eo[XalFi]~ ®:(Xn) (23.17)

so that by the monotone convergence theorem

E, [e;zggf{EQ[Xtﬂ] - <I>t(X)}]
= N\ lim Eg [Eo[X,l %]~ ®1(Xn)]
= inf Ej[EolXIF] - ®/(X)];

clearly we then even have *="" in the last line. This together with (2.3.3), Q € @,
and (2.3.12) yields

Eglas(@1 = inf {EolX]— Eglen(x)]]
AT
= (0

and hence (2.3.16). Combining this with (2.3.9), (2.3.16), (2.3.13) and (2.3.14)
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we can finish the proof of (2.3.10) as follows:
Egl®(X)] < Eg|ess inf {Eo[X| %]~ a:(Q)}]
< Eg|essinf{Eg[X|F]~ o./t(Q)}j|
s Qe
< inf Ey[{EolX|F]—o(Q)}]]
Qcd,
= inf {EolX)~ Eglan(Q)]]
Qe
= inf {EgIX]—&(Q)}
Qe
®o(X)
E g [®/(X)].
Finally, to see that &o(Q) > —oo, note that ¥ — ®;(Y) € A, forany ¥ € L™,
Hence (2.3.12) gives
G0(0) = i s[Y — &,(V)] = i =[X] > —cc.
Go(Q) = inf Es] ()] z inf E5[X]> —o0
“I) = IV):” Closedness of the acceptance set can be shown as in the static case, see
[FS04], Theorem 4.31, ¢) = ¢) = f) together with Lemma 4.20.
“IV) = I).” To see continuity from above, let (X,),en be a uniformly bounded

sequence in L decreasing to some X € L so that

N\ - lim ®,(X,) =2Z (2.3.18)
—> X0

for some Z € L*°(¥;). Then Y, := X,, — &;(X,,) converges to X — Z P-a.s.
and is uniformly bounded as well. By dominated convergence, (¥, ),en thus
also converges to X — Z in o (L>°, L!). But by translation invariance, ¥, € A,
for all n and 4y is closed in o (L>°, L!) so that X — Z is in #; as well. From
this together with translation invariance and since Z € L°(¥;), we obtain that
®,(X) > Z. Hence monotonicity implies by (2.3.18)

lim @;(X,) =Z < &,(X) = &( lim X,) < lim ®,(X,).
n— 0 n—00 n—=o0

To finish the proof of Theorem 2.3.16, it remains to show that if ®, is positively
homogeneous, there exists a set @ € P€ such that

& (X) = ess inf Eg[X|F;].
Qe
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By positive homogeneity, the acceptance set 4, is closed under multiplication with
non-negative scalars and in particular 0 € »4,. Therefore a,(Q) from (2.3.4) is
{0, —oco}-valued for each Q € £¢. Next we show that there exists O € £¢ such
that o (Q) = (. In fact, as any MCohUF is normalized, we obtain from III) that

0 = ®,(0) = ess inf{—c,;(Q)} = inf {—a;(Qy)}
Qcpe nelN

for some sequence (Qy)new S P°¢ (see [Nev75]). Hence there exists an F;-partition
(A)nen and a sequence (Q™)pe, Q" € P¢ with density processes Z”, such that

> 14, 00" =0;

n=1

this uses that each a;(Q™") only takes the values 0 and —oo. We define the measure
Q € P°€ via its density

n=1
Lemma 2.3.12 then implies that
o0
0 (0) =) 14,a(Q" =0. (2.3.19)
n=1

Now fix Q' € £€ and let
A={w(Q)=0}eF

(where, as usual, we consider a fixed version of o (Q)). If Z and Z’ denote the

density processes of Q and Q’, we define a new measure Q € P°¢ via its density Zr
as

. V4l Zr
Zr = 1A7"I,N+IAC —.
t t

Then Lemma 2.3.12 implies that

at(é) = lA Oy (Q/) + lAL‘ at(é) =0,
Because 14 Eqg/[.|F ] =14E (. |F:] and a;(Q') = —o0 on A€, we obtain

Eg[X|F]1—a:(Q) = E5[X|Fi] — a:(0)

by looking separately at A and A°. In other words, when taking the essential infimum
in (2.3.7) it is enough to restrict attention to measures like Q that have a;(Q) = 0. So
if we define

Q:={Q e P| a(Q) =0},
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we obtain
®,(X) = ess inf Eg[X|F;] = ess inf Eg[X|F;].
0c@ Qc@e

In order to have @ convex and closed in L!, we can replace @ by its L!-closed convex
hull and recall that for convex sets the norm closure and the weak closure are the
same. O

The papers [DS05] and [CDKO06] contain closely related representation results;
the relations and differences will be discussed below after we have introduced some
additional concepts. Another representation for conditional convex risk measures can
be found in Rosazza Gianin [RG06] in the context of BSDEs. In the coherent case,
things become simpler; see for instance [Rie04], [ADEHKO04] or [RSE05]. The recent
work of Weber [Web06] is less relevant for our goals, because law-invariance does not
fit well with the notion of hedging.

For comparison purposes, let us first give a slight variation of Theorem 2.3.16;
without IV’), this is simply Theorem 1 of [DS05] in our notation.

Theorem 2.3.19. For an MCUF ®; at time t with acceptance set A;, the following
are equivalent:

I') @, is continuous from above.

II') ®; can be represented as
@ (X) = ess inf [Eolx|F1 - o0(0)) (2.3.20)
for a mapping cx? D PT L0 (?}; [—oo, +oo)) and where
P-={Q K P|Q =P onF} (2.3.21)
III') ®, can be represented as
@:(X) = ess inf {EotxiF - (0)] (2.3.22)
where o is the concave conjugate of ®;.

IV') A, is closed in o (L°°, Ll).

Definition 2.3.20. If one of the equivalent properties I') —IV’) is satisfied, we say that
®; is representable.
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One difference to other related representation results is our use of the condition

inf E;[X]> —oco forsome Q € P°. (2.3.23)
XeA, ¢

Before discussing this difference in more detail, let us first show how (2.3.23) can be
ensured from a relevance condition on ®,; see Definition 4.32 and Corollaries 4.34
and 9.30 in [FS04] for this economically very natural concept.

Definition 2.3.21. If an MCUF ®; at time ¢ satisfies P[(I),(—l B) < CD,(O)] > 0 for
any B € F with P[B] > 0, it is called relevant or sensitive.

Proposition 2.3.22. Let ®; be an MCUF at time t.

a) If @, is continuous from above and relevant, then (2.3.23) holds. In particular,
@, is well-representable.

b) If ®, is well-representable and an MCohUF at time t, then ®; is relevant.

Proof. b) (2.3.8) gives ®,(—1p) < —Ep[1p|¥;] for some Q € #¢, and $,(0) = 0.
Hence @, is relevant.

a) Almost like in the proof of Theorem 2.3.16, “ I) = III)”, we define and repre-
sent an MCUF @y at time 0 by

Bo(X) = E[®(X)] = inf {EolX]-a@o(Q)} =  inf, {EgIX]-G0(0)]

@o(Q)>—00
(2.3.24)
with .
@(Q) = inf {EolY]— @o(D)};

the last equality in (2.3.24) holds since @y is finite-valued. Because ®; is relevant, so
is ®g. To construct Q € P¢ with

ap(Q) > —oo, (2.3.25)

we define B € ¥ up to nullsets by
1p :=ess sup [1{Z$>0} ‘ 0 € P* and @p(Q) > —oo].

By the definition of B, for Q € #¢ with &p(Q) > —oc, we must have Eg[lg:] =0,
so that by (2.3.24) we have ®¢g(—1pc) = Po(0). Hence P[B] = 1 by relevance
of ®g. Now choose Q" € P¢ with density processes Z" and @p(Q") > —o0
such that sup, ¢y 1{zz>0p = 1p = 1 P-as., and B, > 0 with > B =1and

oo 1 Ba@o(Q™) > —oc. Then ‘;l; := Y o | BnZ} defines a measure Q € #¢ which
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satisfies (2.3.25). With the same arguments as for (2.3.15) and (2.3.16) one can first
prove that @p(Q) = —oo for any Q € (¢ \ P;°) which implies that 0 € #~ and
then conclude that @y(Q) = Epla;(Q)] so that (2.3.4) yields

Jnt EglX) = Eg|ess inf E5XIF1] = Eplay(@)] = o(Q) > —o0.
Hence O does the job. O

Now we can discuss the differences between Theorem 2.3.16, Theorem 2.3.19
(which corresponds to Theorem 1 in [DS05]) and Theorems 3.16, 3.18 and 3.23 in
[CDKO06]. Obvious differences are changes of signs in [DS05] and that [CDKO06] work
with MCUFs on processes instead of only random variables like here. In Remark
2.3.7, we have briefly sketched how their notation can be translated to our setting.
But the main difference is that [DS05] and [CDKO06] assume in I) only that &, 1s
continuous from above. They then obtain representations like in (2.3.22), where the
set of measures is £~ which explicitly depends on ;. By imposing the additional
condition (2.3.23) on ®;, we have in contrast a representation with one set /¢ for all
t and, more importantly, a representation in terms of measures which are equivalent to
P. The term “well-representable” is meant to highlight this difference.

To be accurate, things are even more subtle. In their Theorem 3.23, [CDKO06]
also provide a representation like (2.3.7) in terms of $¢. However, they assume for
this that @, is relevant, which by Lemma 2.3.22 is sufficient (but not necessary) for
(2.3.23). In contrast, we show that the weaker condition (2.3.23) is already sufficient
for the representation in (2.3.7), and that (together with continuity from above) it is
actually also necessary.

None of the properties imposed on DMCUFs so far requires any relation between
the MCUFs at different points in time. To actually study the dynamic behavior of
DMCUFs, we now introduce a notion of time-consistency.

Definition 2.3.23. A DMCUF @ := (®;)o<s<r is called time-consistent if for any
X, YeL*®ands <1,

D, (X) = DY) implies that D (X) = D(Y). (2.3.26)
® is called strongly time-consistent if in addition its acceptance sets (+A;)o<s<7 satisfy

A C A fort > s.

In the literature, one can find several differing definitions of time-consistency; see
for instance [Pen04], [Web06], or [ADEHKO04] for an overview. For our purposes,
(2.3.26) means that indifference at time ¢ between two payoffs X and Y is carried over
to any time s < ¢, i.e., when less information is available. Because the “=" signs
could obviously be replaced by “>" signs in (2.3.26), time-consistency preserves the
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ordering between payoffs over time, but does not fix the level at which this occurs.
Unless all ®, are normalized, (2.3.26) therefore does not guarantee that an X accept-
able in 7 is also acceptable at time s < ¢; this requires strong time-consistency. We do
not impose normalization here since we later consider operations on DMCUFs which
preserve (strong) time-consistency, but may change the initial utility level; see the
remark after Theorem 2.4.3 and Example 2.7.1.

Remark 2.3.24. i) In Section 2.7.2 we investigate DMCUFs which are defined
via solutions of backward stochastic differential equations. As they are al-
ways time-consistent, these provide us with a big class of examples for time-
consistent DMCUFs.

ii) Epstein and Schneider’s Example 4.1 in [ES03] illustrates that under ambiguity
aversion, a rational agent might well exhibit a time-inconsistent behavior. Like
for all axioms concerning decision making, it is thus important to be aware of
situations where seemingly natural rules are violated.

<&

For a DMCUF (®;)o<s<r With acceptance sets (+4;)o<s<7 and for s < 7, we use
the notation 4, (F;) 1= sAs N L2 (F;). We note that o := Py 0 ®; is an MCUF at
time s and denote by ;. its acceptance set. Similarly as in Theorems 12 and 16 in
[Del06], time-consistency can then be characterized as follows; see also Proposition 8
of [DS05].

Lemma 2.3.25. For a DMCUF ® = (®;)o<:<1, the properties
a) &, = by, foralls <,
b) As = Asor foralls <t,
c) As = A (F) + A foralls <1,
are all equivalent and imply
d) ® is time-consistent.

If ® is normalized, i.e., ®,(0) = 0 for all t € [0, T, then d) is equivalent to a) - c).

Proof. a) implies d) and by ¢) of Lemma 2.3.9 is equivalent to b). If ,(0) = 0,
take X € L® and define Y = &,(X) to get by translation invariance ®;(Y) =
@, (0 + ®,(X)) = &;(X). Time-consistency then yields ®;(X) = @y (¥) = Psor(X)
so that d) implies a).

“b) = ¢)”: To show the inclusion “2” in¢), let X = X1 + X with X1 € A;(F1),
X, € #A, and use translation invariance and that X» € A; to get ,(X) = X1 +
®,(X,) > X;. Monotonicity and X| € o4(F;) thus yield @5 (X) = Ps(X1) = 0
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so that X € g,y = o5 by b). For the converse inclusion, write X € A as X =
D, (X)+ (X — <I>,(X)). The second summand is in #;, and the first is in 4, (F;) since
D5 (P1(X)) = Pyor(X) > 0 because X € s = oo by b).

“c) = b)”: To show “C”, write X € 4, by c) as X = X1+ X, with X € A;(F)
and X» € A;. As above, this yields ®,(X) > X; and hence by monotonicity of
@, that ®4(P;(X)) > Ds(X1) = O since X| € A;. Thus &,(X) € A; which is
equivalent to X € sAgor. To obtain “D”, note that X € Ay gives @ (X) € Az (F;) so
that X = (X — ®/(X)) + ©;(X) € A, + As(F;) = oA; by c). O

For a normalized DMCUF, time-consistency and strong time-consistency are the
same, In fact, @;(0) = 0 implies 0 € A;(F;) and therefore A, € A, by ¢) of Lemma
2.3.25. Moreover, each of the equivalent properties a) — ¢) in Lemma 2.3.25 implies
that & is normalized. To see this for a), simply write

®;(0) = Dror (0) = (0 + :(0)) = P, (0) + ©(0) = 2P, (0).

Moreover, an arbitrary DMCUF ® := (®;)o<;<7 is time-consistent if and only if
the normalized DMCUF @’ := (®})o< <7 defined by ®;(-) := &,(-) — $,(0) is
(strongly) time-consistent. The acceptance set of @} is A} := A; + ©,(0), where A,
denotes the acceptance set of ®,. However, we illustrate in Example 2.7.1 below that
a DMCUF can be strongly time-consistent without being normalized.

Suppose that a DMCUF & satisfies A; C A for? > 5. Thent — infxcq, E Q[X ]
is increasing and thus infxc 4, £ Q[X ] > —o0 holds for all ¢ as soon as we have this

for 1 = 0, i.e., if ap(Q) = infxen, E5[X] > —oo. Hence condition I) in Theorem
2.3.16 simplifies in this case. Similarly, a time-consistent DMCUF ® with @ relevant
has ®; relevant for all z.

For the economic interpretation of property a) in Lemma 2.3.25, note that for any
normalized DMCUF & we have ®;(X) = &;(P;(X)) . This means that the agent
assigns at time ¢ the same monetary utility to X and to ®,(X). If she acts in a time-
consistent way, she should stick to this indifference at time s, which yields exactly
property a). Clearly property b) is just a reformulation of a). For property ¢), we note
that A; C #A(F:) + 4, means that we can split any payoff acceptable at time s into
the sum of a payoff X; which is acceptable at time s when the observation period
ends at time ¢, and a payoff X, which is acceptable if the observation period starts at
time 7. Conversely, let a payoff X be the sum of such X; and X>. Normalization and
translation invariance imply that ®,(X; + X2) = ®:(X2) + X1 = X1 = ®:(Xy),
i.e., at time ¢ the agent prefers the payoff X = X + X; to X;. If she acts in a time-
consistent way, she should have the same ordering at time s; see the comment after
Definition 2.3.23. As X is acceptable at time s, this shows that the converse inclusion
should hold as well. Note that the above interpretations all use that ¢ is normalized.
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Remark 2.3.26. Until now, we have considered DMCUFs for the time horizon T'. To
emphasize the dependence on T we write

@ 7(-) instead of Pg(-).

In view of a possible study of indifference valuation functionals for intermediate time
horizons ¢t < T one could also look at DMCUFs (®; ;(-))o<s<: forall t < T, the
idea being that @, ;(X) is the value at time s for the payoff X € L*°(¥;) due at time
t (instead of 7). Where such a ®_; comes from will be discussed later. In general,
a property one might want to have for such families of functionals (in addition to
(strong) time-consistency of ®_ 1) 1s

(R) Recursiveness: ®g (P, 17(X)) = Ps7(X) forany X € L>*(F7).

(This could also be called Bellman’s principle.) Note the difference between recur-
siveness and property a) in Lemma 2.3.25, where we have ®; 7 instead of ®;,. In
economic terms, recursiveness means that if we want to value the time T payoff X
at time s, we can either do this directly or first value it at time ¢ > s and then value
that result at time s. This can also be desirable for non-normalized functionals. The
concept of recursiveness seems to go back to Peng who studied it in the context of
non-linear expectations; see [Pen04] for a comprehensive overview. The following
considerations are motivated by a discussion with S. Peng.

The aim of the present work is to obtain a valuation functional from indifference
considerations. Among other things, we assume that there exists a bank account with
zero interest rate, so that money can be freely transferred over time. Hence an investor
should be indifferent between receiving a payoff X € L°°(¥;) at time ¢ < T or at
time 7. If the indifference valuation functionals over time are given by a family p, we
should therefore have

ps.i(X) = ps.,7(X) foralls <t <T and X € L®(F). (2.3.27)

In addition, indifference valuation functionals should be normalized, i.e., ps (0) =0
forall s < t < T. With this and (2.3.27), time-consistency and recursiveness are
equivalent; see Lemma 2.3.25. Moreover, (R) for p then also holds for any time
horizon u > t instead of T'.

The indifference valuation DMCUF p_r will be obtained from a (strongly) time-
consistent DMCUF @ _ 7 via normalization, i.e., ps,7(+) = ®;57(-) — $5 7(0). Here
difficulties can arise if we want to valuate also for intermediate time horizons ¢t < T
but do not start with normalized families &. In fact, forall s < ¢ < T we want to have
MCUEFs (with time horizon t) ®;, : L*(#;) — L°(¥;) and then to set

Ps.t(X) 1= @5, (X) — ®,,(0) forall X € L™(F). (2.3.28)
With this construction, we can assume (2.3.27) if and only if

By (X)— D (0) = Dy 7 (X)— D5 7(0) foralls <7 <T,X e LO(F). (2.3.29)
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This holds, e.g., if the indifference valuation DMCUF is constructed from the condi-
tional exponential certainty equivalent; see Example 2.7.19. If & satisfies (2.3.29) and
@ 7 is time-consistent, then @ _; is also time-consistent for each . p_; from (2.3.28)
is then normalized and strongly time-consistent for each ¢, and hence the family p also
satisfies (R).

Since the family @ is the basic building block in the above construction, we now
have to ask where ®_; comes from. & 7 is always given, and the simplest way to
obtain some @ ; satisfying (2.3.29) is the brute force definition

O, 4(X) i = b 7(X) fors <t <TandX € L*(F).

This will always work, but is not always reasonable. Suppose for instance that @ ,
should represent some maximal subjective utility achievable between s and z. Then
another reasonable definition could be

®; (X)) := O 7(X) — ®,,7(0) foralls <t < Tand X € L(F). (2.3.30)

The loose argument for subtracting the second term is that since X is known at time
t, it is by translation invariance irrelevant for the maximal utility achievable during
the period from ¢ to 7. (But of course such an “argument” via splitting (s, 7] into
(s,t] and (¢, T] is based on the intuition from recursiveness and thus has a taste of
circularity.) It is straightforward to check that (2.3.30) implies (2.3.29). However,
@, ,(X) is not Fy-measurable unless ®; 7(0) is, and if this should hold for all s, we
must require that (& 7(0))o<s<7 is a deterministic process. In that case, (2.3.30)
gives a good definition.

In Section 2.7.2, we shall examine functionals ® 7 defined via backward stochas-
tic differential equations (BSDEs). In that case, the BSDE also produces a natural
definition for ®_, for each ¢ < T, and one can show that if ®_7(0) is deterministic,
those &, must be of the form (2.3.30). In that sense, this definition is also natural. <

Although time-consistency is desirable in most situations, it is also quite restrictive
as we shall illustrate by an example in Section 2.7.3. In preparation and to complete
the results here, we provide another equivalent description of time-consistency for the
case where the DMCUF is coherent. Since DMCohUFs are always normalized, this
description is also equivalent to strong time-consistency.

Definition 2.3.27. A set @ € P¢ is called weakly multiplicatively stable (weakly
m-stable for short) if @ N P¢ # @ and @ has the following property: If we take any
0° 0!, 0% € @ with associated density processes Zz0, z, 7% fix t € [0, T] and
A € F;, impose that Q!, Q% € #° and define
z? z?
Zr =12tz 41,422 72,

then Z7 is the density of some element in .
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Remark 2.3.28. i) Intuitively, weak m-stability means that @ is closed under the

following operation: We pick any time ¢ and construct from 0% 0',0%°c@a
new probability measure Q € @ which agrees with 0P on F; and has after ¢ on
A the same F;-conditional behavior as Q' and on A€ the same as 02.

Definition 2.3.27 is similar to the definition of m-stable sets given in [Del06].
However, we only paste together probability measures at deterministic times,
whereas Delbaen also considers stopping times. Therefore we have to introduce
the set A to ensure that the set {Eg[X|F:]| Q € @ N P¢} is a lattice for each
X € L*°, whereas this holds automatically when stopping-times are allowed;
see Proposition 1 in [Del06]. Moreover, in [Del06] it is assumed that P € @; but
since P is required only to specify the nullsets and to ensure that @ N P¢ # 0,
the latter condition is already sufficient. Moreover, our assumption that o is
trivial simplifies the definition slightly.

&

The following Lemma 2.3.29 is a slight improvement of Theorem 12 of [Del06] as
it does not only give (in part a)) a structural description of time-consistent DMCohUFs
of a particular form, but also shows (in part b)) that every normalized time-consistent
DMCUF which is well-representable and positively homogeneous at time 0 is of this
form, and gives an explicit representation. This will prove helpful in the abovemen-
tioned example of Section 2.7.3.

Lemma 2.3.29.  a) Define a family of mappings ® = (®)o<r<r on L™ by

b)

®;(X) =ess inf Eg[X | #¢] (2.3.31)
Qe@c

for some L -closed and convex set @ € P% with Q¢ = @ N P¢ # (. Then P
is a well-representable strongly time-consistent DMCohUF if and only if @ is
weakly m-stable.

Conversely, let ® = (®)o<s<1 be a normalized time-consistent DMCUF such
that ®g is positively homogeneous and well-representable. Then & can be rep-
resented as in (2.3.31) and is in particular a DMCohUF, i.e., positively homo-
geneous for all t € [0, T]. Moreover, @ is unique, weakly m-stable and consists
of all Q € P whose densities are elements of the polar cone of —A¢ where
Ao is the acceptance set of ®o, i.e.,

Q= { Qe P dQ =ZrdP, Zr € (—Ao)° N :B(Ll)] . (2332
Here B(LY) is the unit ball in L}, and the polar cone of — Ay is given by

(—Ag)® = [z cL! [ E[ZX] <0 forall X € (—Ao)] .
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Remark 2.3.30. Lemma 2.3.29 shows that a DMCUF which is positively homoge-
neous at time O can only be time-consistent if the set of representing measures at time
0 or the acceptance set ¢ at time O (more precisely, the polar cone of —+g) has an
appropriate structure. Moreover, it shows that there exists at most one normalized
time-consistent DMCUF which extends a given static MCohUF at time 0. In Section
2.7.3 we consider an example of a static MCohUF at time 0 which cannot be extended
to a time-consistent DMCUF. &

Proof of Lemma 2.3.29. a) This follows similarly as in the proof of Theorem 12 in
[Del06]. The assumption that Q¢ # @ is obviously necessary from the definition
of a (weakly) m-stable set.

b) By the proof of Theorem 3.2 in [Del02], with @ from (2.3.32),

Po(-) = 5221 Egl-] (2.3.33)

on L®, and @ is L'-closed and convex. To show that ®; can be represented by
(2.3.31), we define a DMCUF @ = (®;)p<<7 as the RHS of (2.3.31), i.e.,

d,(X) = ess inf Eq[X|7;] forall X € L>®,
e e

and we show that ® = &; weak m-stability of @ then follows from a) and the
time-consistency of ®. Since @y is well-representable, there exists Q € P¢
such that ®g(-) < EE[']‘ Hence the density Z7 of Q is in (—#¢)° so that

0 € @° and we can replace @ by @¢ in (2.3.33) which then implies that
®o = by (2.3.34)

on L°°. In fact, fix Q' € @ with density Z ,T and define for each ¢ > ( a measure
Q°f € @° by its density Z% = eZ7 + (1 — ¢)Z/.. Clearly, as ¢ tends to zero,
Z:. converges to Z}. in L! and hence also weakly in L!. This shows (2.3.34).

Lemma 2.3.9 implies that two DMCohUFs ®! and ®? are equal if and only if
they have the same acceptance set at each time ¢. Therefore we are left to show
that for all r € (0, T']

A= {X e L®| 0,0 20} = {X e L) $: (0 2 0} =t A

Fixt € (0,T] and let X € s, ie., ®(X) = ess inf EQ[X | #1] = 0. Then
=] e
(2.3.34) yields

0< Qinet; Eg[14X] = ®o(14X) forall A € F;. (2.3.35)
c e
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As & is time-consistent and normalized, Lemma 2.3.25 and F;-regularity imply
that

Dy (14X) = Po(P;(14X)) = Po(14D:(X)) forall A € F.
From this, (2.3.35), (2.3.34) and since Q € @€, we obtain that
0 < &g (14D, (X)) = Qm£ Eg[14®:(X)] < E5[14®:(X)] forall A € ;.
= e

But sinnce @, (X) 158 F;-measurable, this implies that ®,(X) > 0. Hence X € A;
and A; € »;. To show the converse inclusion, suppose that ®,(X) > 0. Then
F-regularity and normalization yield

O,(1aX) =14D;,(X) =0 forall A € F,.
Hence time-consistency, monotonicity and normalization imply that
Po(14X) = ®o(P/(14X)) = 0 forall A € F,
Consequently, we have by (2.3.34) that
Qi&fqe Eg[14X] = ®o(14X) =0 forall A e F

and obtain
¢ X ——— i f E X > O-
1(X) egiélel olX|#:] =

This shows that A; = o‘%t.

We are left to show uniqueness of @, and it suffices to prove that there is a
unique representing set at time 0. Suppose there exists another L!-closed and
convex set @ # @ S P such that

®o(-) = inf Ep[-1= inf Ep[-] 2.3.36)
( o ol-] o Eo (
on L°°. Then we apply the same arguments as in the proof of (2.3.34) to con-
clude that also

inf Eg[-]1= inf Ep[-] 2.3.37

Mt ol-] o o) ( )
on L. Without loss of generality there exists 0 € @\@, and so the Hahn-
Banach theorem yields some X € L° such that

o(X) = inf Eo[X]> EglX] 2 érelg EolX] = ®o(X).

This being a contradiction, @ must be unique.
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24 Convolution

In this section we study an operation on MCUFs called convolution. We know from
the preceding section that an MCUF models the preferences of an agent. If this agent
gets the possibility to trade in some financial market, this will affect her preference
ordering. We shall see that this can be captured by convoluting appropriate MCUFs.
From a purely mathematical point of view, the convolution is an operation on two
MCUFs at time ¢ which defines a new MCUF., If ®! and ®? are two (strongly) time-
consistent DMCUFs, then we can obtain a new DMCUF by convoluting ®} and ®?
at each time ¢. An important property of the convolution is that this DMCUF is again
(strongly) time-consistent.

Definition 2.4.1. Let ®} and ®? be two MCUFs at time ¢. The convolution of ®} and
®? is defined as

CD}EI@;"(X) := ess sup [CD,I(X +Y)+ CD?(_Y)} forall X € L™, (2.4.1)
YelL*

If 8 C L% is non-empty, convex and F;-regular, the convolution of ®! and 8 is
defined as

®!OB(X) :=ess sup® (X +Y) for X € L™, (2.4.2)
Ye—8
Remark 2.4.2, 1) The convolution is obviously symmetric, i.e.,

@ 0P?(X) = 200} (X) forall X € L™,
i) Since L is a linear space, we could equivalently define the convolution by

@}D(D,Z(X) = ess sup [@}(X -Y)+ CDIZ(Y)}.
YeL®
This looks more natural because of the analogy to classical convolution opera-

tions. We deliberately choose the formulation (2.4.1) because it will turn out to
be more convenient for subsequent interpretations. &

For a brief overview of the development of this type of convolution, we should
probably start with Rockafellar. In his book [Roc70], he studied the infimal convolu-
tion of two convex functions f and g, defined as

fOg(x) = yiglfl’e{f(x -y +&gn} (2.4.3)

The terminology arises from the obvious analogy to the formula for classical integral
convolutions. The convolution (2.4.3) is dual to the operation of addition for convex
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functions in the sense that the convex conjugate of f + g is equal to the convolution of
the conjugates of f and of g. The convolution in (2.4.1) was introduced and studied
by [Del00] for static and coherent risk measures; see also [Del06a]. One motivation
for studying CDII DCD? comes from a problem of risk transfer between two agents with
preferences given by ®/ and ®?; see Barriew/El Karoui ((BEK04], [BEK05]). We will
show below that convoluting CD(]) and CID% also corresponds to finding a Pareto-efficient
exchange between two individuals with preferences @ (1) and CDS. This has been pointed
out to us by N. Touzi; see also [JSTO05].

The main result of this section is an extension of Theorem 3.6 in [BEKO0S5] in
several directions. We show that the convolution operation produces a new MCUF
and also preserves the dynamic property of (strong) time-consistency. All this is done
in a conditional and abstract setting. This is in contrast to [BEKO5] who only treat
the static abstract case, and also to [BEK04] who study in the dynamic case a class of
DMCUFs defined via BSDEs; we will come back to this in Section 2.7.2. Moreover,
the question of time-consistency for convolutions of DMCUFs seems not to have been
addressed so far in a general setting. In technical terms, the main difficulty here is
related to closedness properties of acceptance sets; this comes up when we need to
identify the acceptance set of the convolution ®!0®?, Before we state the main result
of this section, we recall from Lemma 2.3.14 that any MCUF which is continuous from
below is also continuous from above, and hence representable due to Theorem 2.3.19.

Theorem 2.4.3. Fori = 1,2, let (Dﬁ be_ MCUFs at time t with acceptance sets .A);' and
concave conjugates ol. Assume that ®}0®?(0) € L, Then:

a) CD} DCth is an MCUF at time t, and for all X € L™

®!OP7(X) = &, OAF(X) =ess sup {®} (X + ¥) + ®7(-Y)}, (244
Ye—-8B

where B is an arbitrary subset of L°° containing Atz.

b) If ®} and ®? are both coherent, so is PO D2,

c) If ®} or ®? is continuous from below, then ®0®? is continuous from below

and in particular representable. Its concave conjugate a1"? is then given by

al™2(Q) = (Q) +0?(Q) for Q € P, (2.4.5)
and its acceptance set Atl 02 js given by
A2 = AL+ AZ, (2.4.6)
where the closure is taken in o (L>°, L), If in addition we have

inf Es[X]> —oo forsome Q € P, (2.4.7)
XeAl+A2
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then ®!0O®2 is also well-representable.

d) Suppose that ¥ = (<I>§)05t57 for i = 1,2 are (strongly) time-consistent
DMCUFs such that for each t € [0,T], CD,I is continuous from below and
®!002(0) € L®. Then @'00? = (&!0D?)g<;<1 is also a (strongly) time-
consistent DMCUF.

Remark 2.4.4. i) Like in Section 2.3, condition (2.4.7) simplifies if ®'0®? is
strongly time-consistent; it is then enough if

inf Ea[X]=a5(0)+a5(0) > —oo for some Q € £°.
XeAl+A]

ii) We illustrate in Example 2.7.1 below that ®! C1®? need not be normalized even
if ®! and ®? both are. This is our main reason for abandoning the requirement

of normalization.
&

As mentioned above, convoluting the MCUFs fb(l) and CD% corresponds to finding a
Pareto-efficient exchange between two individuals with preferences corresponding to
dD(l) respectively fbg. To see this, denote by

Ko = {(Y‘,Y2)eL°° me‘ Y1+Y2=X}
the set of all feasible exchanges. Then (2.4.1) for t = 0 can equivalently be written as

sup {(I)(l)(Yl) + <I>0(Y2)] . (2.4.8)
(¥1,Y2)eky

A feasible exchange (Y1, Y2) € Ky is called Pareto-efficient if no (Y',¥?) € Ky
satisfies

o (Y = @b (), PHY) > ®Y(FT) for (i, j) = (1,2) or (i, j) = (2, 1). (24.9)

(Y', ¥?) is called weakly Pareto-efficient if “>” is replaced by “>" in (2.4.9). It is
well known (see, e.g., Proposition 2.8 in [IBKO02]) that (Y 1 Y2y € K, is weakly
Pareto-efficient if and only if there exists (A!, A?) € lR%ﬂ\{(O, 0)} such that

(Y1, 7% maximizes (Y',Y?) > A1O}(¥") +A2Z(Y%) over Ko. (2.4.10)

If 2! > 0and A2 > 0 then (¥}, ¥2) is even Pareto-efficient.
Note that for any ¢ € IR and (Y',Y?) € Ko also (Y! + ¢, Y — ¢) € Ko and that
by translation invariance of ®;,, we have

MO ¥! +0)+225(Y? —c) = A @l (] + A2 dF(¥ ) + cA! —1P).



2.4, Convolution 41

But if A1 5 A2, then this tends to 400 if ¢ = +o0 or if ¢ = —oc. Thus (Y1, ¥2) €
Ky is a Pareto-efficient exchange if and only if it satisfies (2.4.10) for A! = A2 > 0,
i.e., if it maximizes (2.4.8). This explains the connection between the convolution and
Pareto-efficient exchanges.

There is another economic interpretation for the convolution which comes from the
second expression in (2.4.4) and was suggested in [BEKO5]. Consider two individuals
I, and I, with preferences corresponding to @} and ®? who want to maximize their
monetary utilities. Suppose that I; owns at time ¢ < T some asset with payoff X at
time 7. She might try to increase her utility by exchanging at time ¢ with I> some
payoff ¥ due at time 7. But of course, I> will only agree to hand over Y to I; if
he deems the for him resulting payoff —Y acceptable. This gives a constraint for the
maximization problem of I; exactly as in (2.4.4). In particular, if the preferences
of agent I correspond to a normalized MCUF so that CIDf(O) = 0, he will agree to
handing over Y if and only if this does not decrease his utility.

In the proof of Theorem 2.4.3, we use the following auxiliary result.

Lemma 2.4.5. Take an MCUF ®] at time t and a non-empty, convex and F,-regular
set B8 C L. If &1 OB(0) € L, then:

a) ®)0OB is an MCUF at time t.

b) If <I>',l is coherent and B a convex cone containing 0, then CI)tl OB isan MCohUF
at time t.

c) If @} is continuous from below, so is ®}O1B.

Proof. To shorten notation we write ®; := @, 0B.

a) Properties A) and B) of Definition 2.3.1 are obvious. To see C), let 8 € [0, 1]
and X1, X> € LL*. Since 8B is convex and d),l is concave, we get

@/ (BX1 + (1 - B)X2)
=  ess sup <I>,] (ﬁ(X] + Y1)+ -8)(X2+ YZ))

Yi.Yoe—8B
> B ess sup <I>,1(X1 + Y1) + (1 — B)ess sup CIDII(XZ + Y5)
Yie-B Y,e—8
= BP(X1)+ - B (X>).
Finally, A) and B) imply

[P (X)Lee < [P (0)[|Loe + | X [|Loe < 00

so that ®,(X) € L* foreach X € L*°.
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b) To see that ®; is coherent, we first show that
d,(0) = 0. 2.4.11)

Suppose this is not true. Since <I>,1 as MCohUF is normalized so that 0 € B
implies ©;(0) = dD} (0 + 0) = 0, we then must have @,(0) > 0 with positive
probability. Because the essential supremum in the definition of ®; can be
written as the pointwise supremum over a countable number of elements of
—8B ([Nev75]), there exist Y € —B and A € F; with P[A] > 0 such that

®,(0) = ®1(Y) > 0 onA.

Now replace Y by nY and use positive homogeneity of ®! and that 8 is a
convex cone to obtain for n — oo that ®,(0) = 400 on A, contradicting
®;(0) € L°°. This establishes (2.4.11). Now let A > 0. For any X € L™ we
obtain by using positive homogeneity of ®! and the fact that 8 is a convex cone

that
1 1 Y
ess sup ©,(AX +7Y) = esssupird, (X + —)
Ye-8 Ye-8 A
= Aess supCD}(X—i-Y).
Ye—-B

Hence ®; is positively homogeneous.

¢) To see that continuity from below of CIDtl carries over to ®;, let (X,)),ev be a
uniformly bounded sequence increasing to some X € L. Then monotonicity
of ®; yields

lim &;(X,) = sup (Xy)
n—> 00 nelV

= sup {ess sup <I>t1(Xn + Y)}
nelN | Ye-8

= ess sup{ sup ®; (X, +Y)}
Ye—B nelN

= ess sup <I>tl(X +7Y)
Ye—-8B

- q)t(X)9

which shows that ®; 1s continuous from below. -

Proof of Theorem 2.4.3. To shorten notation we write @, := ®!0®? for ¢ € [0, TT.
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a) Once we have shown (2.4.4), the rest follows from Lemma 2.4.5 a). We begin
by proving the first equality in (2.4.4), i.e., that

ess sup {@; (X 4+ Y) + @7 (—Y)} =ess sup &; (X +Y').
YeLo® Y/ e— A2

For arguing “<”, we fix ¥ € L and show that there exists Y’ € — A2 such that
OHX +Y)+ OH(=Y) =P/ (X + ).

In fact, translation invariance implies that ¥/ := ¥ +®?(—Y) isin —s; and also
yields ®1(X 4+ ¥') = ®}(X 4+ ¥) + @?(=Y). To see “>”, note that Y’ € —A7
yields ®?(—Y’) > 0 and therefore

OLUX +7Y) < ®N(X +Y') + X(=Y)).

This shows the first equality in (2.4.4) which then immediately implies the sec-
ond by

®lO®2(X) = esssup {CD,I(X +Y)+ CI),Z(—Y/)]
Ye—-8

> ess sup {cp}(x +Y)+ cb,z(—Y’)}
Y’G—A%

> esssup ® (X +Y)
Y e— A2

= oloe?(X),

where we used again that ®>(—Y’) > O forall Y’ € — A2

b) This follows immediately from (2.4.4) and Lemma 2.4.5 b), since 47 is by
Lemma 2.3.6 a convex cone containing 0.

¢) Continuity from below follows immediately from (2.4.4) and Lemma 2.4.5.
From this together with a) and Lemma 2.3.14, we can apply Theorem 2.3.19
which implies that @, is representable. If in addition (2.4.7) holds, &, is even
well-representable by Theorem 2.3.16. Moreover, (2.4.5) holds since by Defi-
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nition 2.3.10 for any Q € &

@l7(Q) = ess inf{EqlX|Fi] - ess sup {&) (X + 1) + @}~ n}|
XeL YeLe®

= ess inf { ess inf
Xelo® YelL>®

[EolX + Y171+ Eol-YIF] - @] (X + 1) ~ ®2(-1)}}

— ess mf[EQ[ Y|F]— ®X(=Y)

YeL®

+ess iglof[EQ[X +Y[F]- D (X + Y)”

= essinf{Eg[-Y|%i] - @}(-1) +/(Q)]

= o/ (Q)+a (Q).

The proof of the assertion that A4!7% = A} + A? is a bit more involved. If
X; € Al fori = 1,2, then ®(X1 + X2) = ®} (X)) + ®?(X2) > 0 shows
that X| + X» € 4.2, and because 472 is closed in o (L, L!) by Theorem
2.3.19, we obtain

Al + A2 C A2
For the converse inclusion, we claim that for all Z L_I'_

inf E[ZX]= inf FE[ZX]= inf E[ZX]; (24.12)
XeA? XeA{+A] XAl +A2

note that the second equality follows from the first since we already know that
Al + AZ C A} + AZ € A 72, Then if the inclusion “C” in (2.4.6) is not true,
there exists some X’ € 4,72 \ 4] + A7, and the Hahn-Banach theorem yields
some Z' € L! with

inf E[XZ']> E[X'Z] > —cx. (2.4.13)
XeA! +A?

But since W(A,] + Atz) is solid, we must have Z’ > 0, and so (2.4.13) contra-
dicts (2.4.12).

To complete the proof, it remains to establish (2.4.12). To that end, we first use
Lemma 2.3.12, (2.4.5) and again Lemma 2.3.12 to obtain

ess mf EolX|F]1 = «'P2(0)
XGA

= ess 1nfEQ[X1 | ]+ ess meQ[X2|J’7t]
X1€A)} XreA?

= ess inf EQ[X|5’7,] forall Q € 7. (2.4.14)
Xe.f% +.A
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d)

Now up to normalization, ;> N £ can be identified with
7, :={Z e LL| forall A € 7, P[A] > O implies E[Z1,] > 0} .

Hence (2.4.14) implies that

ess inf E[ZX|F;] = essinf E[ZX|F;] forall Z € Z,. (2.4.15)
XeA!D? XeAl+A?

To extend this to all Z € L., fix Z € L}, and define B € #; up to nullsets by
1p ;= esssup{ls |A € F; and Z14 = 0} so that Z13. = Z. Because @ is
representable, we have by Lemma 2.3.12 that

L® 5 —®,(0) = ess sup!T2(Q) = ess sup ( ess inf EQ[X|5-“,])

Qe QeP= “XealD?
and so there exists Q' € £~ such that ess 1115 Eg[X|F]e L™ If Z. denotes
XeA,
the density of Q’, then Z:= Z71g + Z1pe isin Z; and

15¢E[ZX|F] = 15 E[ZX|¥,] forall X € L®, (2.4.16)

Using Z = Zlpe, (2.4.16), (2.4.15) for Z and then reversing the steps again
yields

ess inf E[ZX|F;] = essinf E[ZX|F]

XeAlt? XeAl4+A2

as desired. Because { E[ZX|#;]| X € B} isalattice for B € {4;2, A, +47]
by ¥;-regularity, we can interchange infimum and expectation to obtain

inf E[ZX]= inf E[ZX]
XeAD? XeAl+AZ

forevery Z € Lﬂr. This establishes (2.4.12).

Suppose first that &' and &2 are time-consistent. We may also assume that they
are normalized, because the MCUFs @/ (X) := & (X) — & (0) fori = 1,2
are, we have @,(X) = ®10®2(X) + (@} (0) + ©2(0)), and time-consistency
is not affected by translation. So let s < ¢ and X, X7 be such that

P (X1) = P;(X2) = ess sup <I>,1(X2 +Y). (2.4.17)
YE—A?

By (2.4.4) 1t suffices to show that we then have

¢§DA§(X1) = ess sup (I);(Xl +Y’) = ess sup <I>_1(X2 + Y.
Y'e—hA2 Y e— A2
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Now Lemma 2.3.25 implies that

ol(x) = ol(e!(X)) forX eL>™, (2.4.18)
A2 = AXNF)+ AL (2.4.19)

and Lemma 2.3.6 applied to A7 together with the F;-regularity of ®! yields

that {CI),I(X +Y) | Y € —A,z} is a lattice for any X € L°°. Hence there is a

sequence (Yy) in —.A),z such that ess sup <I)}(X+Y) =/ -lim, CID,1 (X+7Yy).
Ye—A?

Moreover, (@} (X + Yy)), .y is uniformly bounded due to (2.4.4) because

—IX + YillLe < @}(X + Y1) < O} (X + ¥p) < ess sup &, (X + Y) = P4(X)
Ye—,f%,2

and since ¥,(X) € L™. Hence translation invariance and continuity from below
of & } imply for any element Y of A?(?‘,) that

<1>j(ess sup® (X + Y + ?)) = - lim o} (@/(X +Y,)+7)
Ye-—A% n— 00

< ess sup @} (OL(X +Y)+7),
Ye— Al

and by monotonicity of ®!, we even must have equality. Combining this with
(2.4.18), (2.4.19) and using (2.4.17) to exchange X for X», we get

ess sup®L(X1+Y) = esssup esssup <1>§(<D[1(X1 +Y + f’))
Y'e—A3 Pe—AL(F) Ye—Al

= ess sup @}(ess supCID}(X2+Y)+I?)

Ye—A2(F) Y e—A?
= esssup (X2 +Y),
Y'e—AZ

where the last equality is obtained by doing the same steps in reverse order
with X replaced by X». This shows that ¢ is time-c_onsistent. If ®!, &2 are
strongly time-consistent, we have in addition #4; C #{ fort > sandi = 1,2,
and thus also 4! + A? € Al + A2, Hence (2.4.6) implies that @ is strongly
time-consistent as well, and so d) is proved.

O

Remark 2.4.6. Parts of the proof of Theorem 2.4.3 are a straightforward generaliza-
tion of the arguments for the (static) Theorem 3.6 in [BEKO05]; this extends smoothly
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because thanks to the preparations in Section 2.3, we can appeal to the dynamic repre-
sentations in Theorem 2.3.16 and 2.3.19 instead of their static counterpart. Exceptions
are the parts where we show (2.4.6) and the assertions b) and d). &

If ®! is an MCUF and B a pre-acceptance set at time ¢, Lemma 2.4.5 implies that
&, := & 0B is again an MCUE, provided that ®,(0) € L*. In the sequel, we want to
have a maximum of good properties for that &, with a minimum of assumptions on B.
To make this more precise, recall from Lemma 2.3.9 the MCUF @ associated to 8.
By (2.4.4), it seems natural to expect that ®!08 = ©]0®F and that the acceptance

set of @, should be ) + B in view of (2.4.6). However, this can be deduced from the
preceding results only if CD} is continuous from below and B is the acceptance set of
@&, e.g., if B is closed in o (L°, L!). Because the latter is often hard to check, we do
not want to make that assumption. So we first work with the o (L*°, L')-closure B of

B since we have precise results for @} EICD?, and then show that the latter coincides
with &} OB.

The program sketched above is carried out in the next result. This in turn is used
below in Section 2.6 when we study indifference valuation.

Proposition 2.4.7. Let B be a pre-acceptance set and ®] an MCUF at time t with
acceptance set 4! and concave conjugate al. Denote by B the closure of B in

o(L*®, LY. If !08(0) = ess sup ®; (Y) € L™, then
Ye—-8
ol08 = ¢)0dE. (2.4.20)
If in addition ®} is continuous from below and

ess sup (— B NL®(F)) e L™, (24.21)

then _
/08 =olo0E. (2.4.22)

In particular, ®, := ®! OB is then continuous from below with concave conjugate
@ (Q) = & (Q) + & (Q) 1= &} (Q) + ess inf Eg[Y|F] (24.23)
YeB

and acceptance set

A = Al + B = A} + B.

Proof. 1f A2 denotes the acceptance set of &, then 8 C 4 so that (2.4.4) implies

®!0DE(X) =ess sup ®L(X +Y) > ess sup @} (X + V) = ¢]OB(X). (24.24)
Ye—sAP Ye—B
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Since @ is non-negative on 4%, (2.4.4) also yields

/002 (X) < esssup (P(X +Y)+ OF(-Y))

Ye—AP
< ess sup (@)X +¥) + dE(-V))
YelLe®
= o!oe®(x)
so that ! OB (X) = ess sup (P} (X +¥) + ®E(-Y)). In view of (2.4.24), it thus

Ye—aA2
suffices to show that for each Y/ € — 4%,

/(X +Y)+ ®B(-1) < ess sup®; (X +Y). (2.4.25)
Ye-8B

Pick a sequence (m) in L%°(¥;) and an F;-partition (A,) with =Y’ —m] € B and

o0
OB (~Y) <Y 1a,m] +¢,

n=1

for a fixed & > 0. Then translation invariance of ®} implies that

o0
ess supCD,I(X +Y) = ZlAn ess supcbtl(X +7Y)
Ye—-8B n—1 Ye—8
o0
> Y 14,0/ (X + Y +m))
n=1
. o0
= OIX+Y)+ Y 1a,m]

n=1
> OIX+Y)+OF(-Y) —e.

Since € > 0 was arbitrary, this proves (2.4.25) and hence (2.4.20).

If we now assume (2.4.21), B is like B acceptable at time 7 and thus by Lemma
2.3.9 the acceptance set of the MCUF ®2. So it is enough to prove (2.4.22) because
all claimed properties then follow from Theorem 2.4.3 and Lemma 2.3.12, and as

@, := ®}0B and ®0DE both are MCUFs at time 7, they coincide if their accep-
tance sets +; and A} + B = A + B agree. By the assumptions and Lemma 2.4.5,

®, is continuous from below, so that 4, is closed in o (L™, L!) by Lemma 2.3.14
and Theorem 2.3.19. Because the definition of ®; gives Atl + B C A;, we obtain

A,l + 8B < A, and the converse inclusion is trivial since (2.4.2) and (2.4.4) with
A? = B give

®,(X) < ess sup® (X +7) = 0!00B(X) for X € L™,
Ye-B
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This completes the proof. O

2.5 Superhedging under constraints

This section deals with superhedging under constraints. The results presented here are
slight modifications of those Follmer and Kramkov proved in [FK97]. We obtain the
existence of a minimal hedging portfolio for a given payoff if trading is constrained,
and we provide a representation of the value process corresponding to this portfolio.
These results will be very helpful in Section 2.6. There we consider a DMCUF &
representing the preferences of some agent and assume that she gets the possibility
to trade in a financial market, possibly under some constraints. Then we use the
value process of the minimal hedging portfolio to construct a strongly time-consistent
DMCUF which allows us to capture the effects on the agent’s preference order of the
trading opportunities.

In this section, all processes (except for integrands of stochastic integrals) are as-
sumed to be RCLL and adapted with respect to the given filtration . For two such
processes U and V, the relation U < V means that V — U is an increasing process.
We model the discounted price process of some traded assets by a locally bounded
IR%-valued P-semimartingale S = (Sy)p</<r. Before we can state the main theorem
of this section, we need to specify the set of strategies allowed for trading and provide
some technical results which are required for its proof.

Definition 2.5.1. We denote by L(S) the set of all IR%-valued predictable processes
H = (H,)o<i<7 Which are S-integrable, and call H € L(S) an admissible strategy if
the process ( fg H, dS,)o<:<r 18 locally bounded from below. The set of all admissible
strategies is denoted by Lj (S). We call a triple (x, H, K) an admissible portfolio if
x € R, H e L% (S)and K = (K;)o<:<r 18 an adapted RCLL increasing process

loc
with Ko = 0. The corresponding value process is defined by

t
Vt=x+/ HidS; — K;, t€l0,T]
0

The economic interpretation of an admissible portfolio (x, H, K) is very simple:
x gives the initial capital of the portfolio, H specifies the number of units of each asset
held in the portfolio, and K models cumulative consumption.

If trading is not constrained, every admissible strategy can be used for trading.
However, we want to allow for trading constraints. For technical reasons we need to
impose some closedness properties on the set of allowed hedging strategies. To that
end, we recall the Emery distance between two real-valued semimartingales N ! and
N2, defined as

T
D(N',N?) = sup E [1 /\f Jsd(N1 —Nz)s],
7)<l 0
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where the supremum is taken over all predictable processes J which are uniformly
bounded by 1. By Theorem 5.4 of [Mem80], the space L(S) is complete with respect

to the metric
dS(Hl,Hz)zb(f HldS,[szS).

Deﬂmtlon 2.5.2. Wecall a subset # of L{! (S) an admissible hedging set if it contains

= 0, is closed in L (S) with respect to the metric dg and is predictably convex,
i.e., for any H!, H? ¢ 3¢ and any [0, 1]-valued predictable process h = (hs)o<s<T,
the process hH' + (1 — h)H? belongs to #. An admissible portfolio (x, H, K) is
called #-constrained if H € J¢.

Remark 2.5.3. i) Note that # need not be closed under addition or multiplication
by scalars in general.

ii) Since # is predictably convex and contains 0, we have for every H € Jf and
every stopping time 7 that also H' := H1y; r € #. In addition, for any H €
Ly (S), such H " is also in L{ .(S). More generally, if N is any process which

is locally bounded from below and  is any stopping time, then N’ := N — N°

is again locally bounded from below. To see this, assume for simplicity that
No = 0, N > 0 and for some n € IN define o := inf{t = O|N; > n}. Then
on {t > t} we have N/,, = Nipno — Nyag = 0 —n, since on {t < o} we have
Nipo <nandon{r > 1 > o} wehave Nypg — Nepo = No — No =0, &

Definition 2.5.4. For a payoff X € L°°, we call an #-constrained portfolio (x, H, K)
an J¢-constrained hedging portfolio for X if its value process V is uniformly bounded
from below and satisfies V7 > X. An J-constrained portfolio (X, H, K ) for X with
value process V is called minimal F¢-constrained hedging portfolio for X if

Vi<V, foralltel0,T]
for any J¢-constrained hedging portfolio for X with value process V.

One central auxiliary result is a characterization of value processes corresponding
to J¢-constrained portfolios. For its formulation, we need to introduce some additional
notation. Moreover, we make the following assumption to ensure that the market does
not provide any arbitrage opportunities.

Assumption (NFLVR): There exists O € ¢ such that S is a local Q-martingale.

Let us fix an admissible hedging set # and introduce the family of semimartingales

= | [ nas

He,}(’}.
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Definition 2.5.5. Let R(8) denote the class of all 0 € #¢ for which there exists an
increasing predictable process A (depending on Q and ) such that N — A is a local
Q-supermartingale for any N € 4, i.e.,

AN(Q) < A forall N € 8, (2.5.1)

where AN (Q) is the predictable process of finite variation in the canonical decompo-
sition of N under Q. Then we call an increasing predictable process A%(Q) the upper
variation process of 8 under Q if it satisfies (2.5.1) and is minimal with respect to
this property in the sense that A%(Q) < A for any increasing predictable process A
satisfying (2.5.1).

Remark 2.5.6. a) The set R(8) is denoted by P (8) in [FK97]. However, we
changed notation to avoid confusion with the set 7 of probability measures on
(2, ¥).

b) Note that (NFLVR) ensures that R(8) # @. In fact, since # < Lf (S), if

loc
0 € P¢ is a local martingale measure for S, then each N € 4§ is even a local Q-

martingale by Corollary 3.5 in [AS94]. Hence AV (0) = 0 so that A%(Q) = 0.
&

Example 2.5.7. If # = L{ (9), i.e., in the case of unconstrained trading, it is well
known that R(8) is just the set M¢(S) of all equivalent local martingale measures
for S. Indeed, this can also be seen from Remark 2.5.6 and Lemma 2.6.15 below.
As shown in Remark 2.5.6, we then have A%(Q) = O for all Q0 € R(8) = ME(S).

Further examples can be found in [FK97]. O

Lemma 2.1 of [FK97], which characterizes JR(4) and the upper variation pro-
cesses A*(Q), reads as follows:

Lemma 2.5.8. A probability measure Q & P€ belongs to R(8) if and only if all

N € & are special semimartingales under Q and ess sup AN(Q); < 00 P-a.s. forall
Nesd
t € [0, T}. In this case the upper variation process exists and is uniquely determined

by the equations

A*(Q); = esssup AN(Q)s, (2.5.2)
Nes
E[A“(Q)T] = sw E[AN(Q)T] (2.5.3)
S

for all stopping times v < T. Moreover, there exists a sequence (N")yew S 8 such
that the compensators A" := AN" (Q) satisfy A" < A" and

lim sup (A*(Q), — A?) =0 P-a.s.

=00 Gcr<T
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Remark 2.5.9. Equation (2.5.3) is not really required for the characterization of
A%(Q) as it is a consequence of (2.5.2). In fact, Follmer and Kramkov show in
the proof of their Lemma 2.1 that for fixed Q € R(48), the space of compensators
{AN(Q)| N € 8} is directed upwards. This implies that { A¥ (Q) | N € 8} is di-
rected upwards for any stopping time t < T so that (2.5.2) implies (2.5.3). &

In order to manipulate the upper variation process we require the following result:

Lemma 2.5.10. Fix a stopping time t < T, a set B € ¥; and probability mea-
sures Q', Q%, Q € R(8), and denote by Z', 72 the density processes of Q1, Q* with
respect to Q. Then

N
= ZTlB + Z "Z"—EIBC

T

Q|
@t}@i

defines a probability measure Q € R(8) such that Q= 0Q'on F; and

EE[' |F] = Epl.|F:]s+ Epl.[#:]11pc on {t > t}. 2.5.4)
The upper variation process of 8 under Q can be written as

M@ = ((4°@Y - 4%@":) 15+ (4@ - 4°(@7): ) 15¢) o)
+A%(Qunr- 2.5.5)

Proof. That 0 = Q' on F, is obvious. To see (2.5.4), denote by Z the density process
of Q with respect to Q and note that Z' ' 1it>ry is F;-measurable for i = 1, 2, so that

_ - i Z2
Ztl{t>‘t} = (ZtllB + 212—;13’:> 1{t>r}'

T

Then

! t

Zr, le +Z 1z | 1
= {t>=1} = Z B Z B¢ {t>1}

yields (2.5.4). From this it is easy to check that for any N € 4 the finite variation
process in the canonical decomposition of N under Q is given by

Y@, = ((A¥@h - AV (@) 15+ (47 (@D — A¥(©@):) 157) L)
+ A% (QNunr- (2:5.6)

By Lemma 2.5.8, if A*(Q) exists, then it is given by (2.5.2). Hence (2.5.6) implies
that A%(Q) = A%(Q") on the stochastic interval [0, T]] and we are left to consider the
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increments after 7, i.e., to show that
(Ag(a)u - Ag(a)r) 1{u>t] (257)
= ((4*@ - 4*(@": ) 15 + (41 (@D — 450D ) 1¢) Lo,

For this, we note that for every N1, N? € 8, we also have N1y oy + N*1p. 7y € 8
since J is predictably convex. This yields for any Q € R(4§) that

ess sup AV(Q), = ess sup {AN () — 4V (Q): + 4V (0
Ned Ned

= s sup {4V (Q)u - AV(0), | +ess sup AV (Q):
Ned Ned

on {u > 7} so that (2.5.2) and (2.5.6) imply that on {u > 7} N B¢, we have

AS@Qu = esssup[a¥ (@), — AV (@D + 4" (@)

Ned

= ess sup {AN(QZ)u - AN(QZ).E} +ess sup AV (QY),
Ned Nes

= ess sup {AN(Qz)u — AN(Qz)r} + A%(QY),
Ned

= A%0%, — A%(0%), + A%(QY):.

As an analogous equality holds on {# > 7} N B, this proves (2.5.7) and hence (2.5.5).
In addition, existence of the upper variation process of § under Q implies by Lemma
2.5.8 that 0 € R(8). | O

One of our goals in the next section is the construction of a certain DMCUF from
the minimal #-constrained hedging portfolio. The key tool for this is the main result
of this section, which is a slight modification of Proposition 4.1 in [FK97]:

Theorem 2.5.11. For any X € L there exists a minimal H-constrained hedging
portfolio (x, H, K). Its value process equals

~

t
Vt - .72-’-/ HstS—Kt
0

= esssup [EgIX|F] - Eo[4%(@r - a*@)| 7]} @58)
QeR(S)

and is in particular uniformly bounded.



54 Chapter 2. Dynamic indifference valuation

Remark 2.5.12. i) We can immediately see from Example 2.5.7 that in the un-
constrained case, (2.5.8) becomes the well-known representation of the super-
hedging price process as

\A/; = ess sup Ep[X|F].
QeMe(S)

ii) There are some differences between our work and [FK97]. First of all, Féllmer
and Kramkov consider non-negative random variables as payoffs whereas we
impose that payoffs are in L. A more significant difference is that we allow the
value process of F-constrained hedging portfolios for a payoff X to be bounded
from below by an arbitrary constant (depending on X), whereas Follmer and
Kramkov fix the lower bound at 0. This causes some changes in the results, and
some arguments in the proof become a bit more involved. For related results
see also Theorem 5.5 in [DS98] and Theorem 5.1 in [DS99].

&

The proof of Theorem 2.5.11 strongly relies on Theorem 4.1 of [FK97] which we
state next:

Theorem 2.5.13. Consider a process V which is locally bounded from below. Then
the following statements are equivalent:

a) V is the value process of some F-constrained portfolio (Vy, H, K), i.e.,

V=V0+/HdS~K.

b) Forall Q € R(8), the process V. — A*(Q) is a local Q-supermartingale.

As a second auxiliary result for the proof of Theorem 2.5.11, we require the fol-
lowing Lemma 2.5.14, which is similar to Lemma A.1 from [FK97].

Lemma 2.5.14. For each X € L, there exists a uniformly bounded (RCLL adapted)
process V = (Vy)o«r<r Such that for all stopping times t < T

V, = ess sup [EQ[Xm] _ Eg [A*(Q)T — 4%(0). ;‘,]] P-as.  (259)

QeR(8)
Moreover, the process V — A‘g(é) is a local Q-supermartingale for each Q € R(4).
Proof. Define via the RHS of (2.5.9) a family of random variables U, indexed by

the set of all stopping times ¢ < T. Note that the family U, is uniformly bounded.
Indeed, by (NFLVR) there exists an equivalent local martingale measure Q for § so
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that in particular O € R($) and A* (Q) = (). Then boundedness follows immediately
from the definition of U; since

—[XllLe < E4[X|F:] < Ur = (| X]|Leo. (2.5.10)

1) Fix 0 € R($), t € [0, T] and stopping times ¢ < #, v < T such that the
stopped upper variation process A% (Q)” is bounded. We first show that

EglUinelFsl = esssup Eo|X = 4%(Q)r|Fone]
QeR(8)inc

+Eg | 4% D)ine

?am] , (2.5.11)

where
R@B)ine i={0 € RS) | @ =0 on Fine .

For abbreviation we introduce on R (4§) the operator

F(Q) = EqIX|Fine] - Eo [ A%(Q)r — A*(Qine| Fine ] 25.12)
Moreover, in part 1) of this proof we express all densities and density processes
with respect to Q. To see (2.5.11), we first note that

Uiae = ess sup F(Q) = esssup F(Q). (2.5.13)
QeR(4) QER(E)int

In fact, take Q € R (&) with density process (Z,)o<u<r and define a new mea-

sure Q by the density
Zr = 1 (2.5.14)
Zt/\‘[

with respect to Q. Then Lemma 2.5.10 implies that Q € R(8);, and

A3 @) = (4@ = A*(Dinr ) Tumtrny) + A* (Dpuninon

and we have EE[' [Finzl = Egl . |Fiaz] so that (2.5.13) holds. Next we note
that the set { F(Q) | Q € R(8);1;} is alattice, since forany Q!, 0? € R(8)iar
with densities Z}, Z% and any B € F;, we can define a probability measure
Q' by Z = Z}IB + Z%lgc to obtain from Lemma 2.5.10 that Q' € R($):ar
and that F(Q’) = F(QY)13+F (Q?%)1z. This guarantees ((Nev75]) by (2.5.13)
the existence of some sequence (Q™)mew € R($):ar such that

Uinr = esssup F(Q)=/- lim F(Q™). (2.5.15)
QeR(8)inr m—o0
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2)

To finish the proof of (2.5.11), we recall that by (NFLVR) there ex1sts an equiv-
alent local martingale measure O for S. By Remark 2. 5.6, we have 0 € R(8)
and A%(Q) = 0. If we denote the > density process of Q by 7, we can define as
in (2.5.14) a probability measure Q € R($);1; by the density

- Z
ZT = = T .
Zint

Since { F(Q) | Q € R($)¢ar} s alattice, we can assume without loss of gener-
ality that in the above sequence Q! = Q. By Lemma 2.5.10,

A4 (Q)r — A% (Q)ine = A3 (D)1 — A*(Q)inr =0

so that we can apply the monotone convergence theorem to obtain from (2.5.15),
(2.5.12) and since @ = Q™ on F;,, that

E5[Uinc|¥5]
= EQ[/'- lim F(Q"’)‘%]
= /- lim Eg [F(Q )| F5]
= /—mlgnooEQm[F(Q )|}~0]

esssup Eg [X — A3 (O)r + A% (Q)inr
QeR(S)inr

A

3;,“] . (2.5.16)

As the converse inequality is trivial due to (2.5.13), we even get equality in
(2.5.16). This implies (2.5.11) since for any Q € R with density process Z
we have Q = Q on Fiar and Z7 = Z so that by Lemma 2.5.10

A*(Q)m = A*(Q)m. (2.5.17)

As in 1), we fix Q e R(48), 1€ [0, T'] and stopping times ¢ < t, T < T such
that the stopped process A% (Q)? is uniformly bounded. We show the following

supermartingale property for the family (U ine — A% (Q) ’\T)O{,{T:

Eg[Une =A% (Oine| o] = Usne =A% Donr.  25.18)

Indeed, since o < t implies that R($);nr S R(8)oar, We get from (2.5.11)
that

EglUinl %] < esssup Eg|X - A%(Q)r| Fone]
QeR($)ant

+Eg | 4% D)ine

ﬁm] (2.5.19)
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3)

Because A% (Q), A7 18 Fr-measurable, we have

Ta/\r] = EQI:EQ I:AJ(Q)IM'

= EQ I:A,S(Q)t/\r ?a]-

Eg[4*@ine 7| %]

From this together with (2.5.19), (2.5.13) and (2.5.17), we get

Fo| = esswp Eg[X-4%Qr|Fon]
QeR (8ot

= Uspr — A% (Qonr (2.5.20)

Eg | Uine = A% (O)ine

and hence (2.5.18).

Our next goal is to show that for a sequence of stopping times o, < T decreas-
ing to another stopping time o < T, we have

EQ[UG] = n]l)rrgo EQ[UG,,] (2.5.21)

for any equivalent local martingale measure Q for S. Indeed, (2.5.18) yields for
Q=0Q,t=Tand v = g, that

Us 2 EplUs, | F5] (2.5.22)
and hence also
EQ[UG] > lim sup EQ[UU,, ]. (2.5.23)
n—» o0

To prove the converse inequality, we fix ¢ > 0. From (2.5.11), we get for
Q=0,t=0,t =T and o = 0 there that

Eglls]= swp Eo[X—a'@r],
QeR()

where R(8), = {0 € R(8)| QO = O on F,}. Hence there exists Q' € R($),
such that
EylUs] < Eg[X — A%(Q)r] +e. (2.5.24)

Note that in particular 0 < A%(0)r € L1(Q). For the rest of this proof, all
densities and density processes are expressed with respect to Q. Denote the den-
sity process of Q' by Z' = (Z;)o<s<r and set v := inf{u >0 | Z, <0.1 }/\T.
As Z' is right-continuous and Z’ = 1 on [0, ], we have v > o. For each
n € IN we define a measure Q" by

/

Z
Z7 = “Z,ll{aﬁv} + Lig,zv}-
On
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4)

3)

By Lemma 2.5.10, Q" € R(8),, and
4%0"r = (4421 - 4*(Q)s, ) Loy

Hence we can apply (2.5.11) for each n € IN with 0= O,t=T,0 =0and
T = g, to obtain

liminf E 5[Us,] > liminf Egn [X A%(Q" )T]

n—>00 Q[ H—>00

v

N - Z,
11rn1nfEQ |:Z_’T (X — A% Q)7 + AJ(Q’)U,,) 1{on<v}j|

n—* 00
Tn

+liminf E 5[X1{¢,1))- (2.5.25)

Because o0, \, ¢ < v, the second summand is zero by dominated conver-
gence. For the first summand, we note that Z{,n > 0.1 on {0, < v}, sothata

lower bound for the sequence (Z+ (X — A%(Q)r + A%(Q)o,) 1{0n<v}) o

(7] ne
is given by 10 (= || X[lL~ — A*(Q")7) € L1(Q’). This allows us to apply Fa-
tou’s lemma to get from (2.5.25), (2.5.24) and since Q = Q' on ¥, that

liminf E

=00 Q[

Us] = Eg [X AN + A*(Q’)a] (2.5.26)

= Eg[x-4%Q)r]
> EplUs]—e:

we used like in (2.5.17) that Q' € R(8), so that A%(Q)s = AJ(Q)Cr = 0.
Since ¢ > 0 was arbitrary, this together with (2.5.23) implies (2.5.21).

Next we deduce that U := (U, )o<:<7 admits an RCLL modification V. Denote

by @ an equivalent local martingale measure for § and note that withs < < T,
(2.5.18) yields for 0 = 0,0 =sandt = T that

E U %5] < Us.

Hence the family U = (U;)o<:<r satisfies under 0 the supermartingale prop-
erty and is by (2.5.21) right-continuous in expectation. This implies by Theorem
V1.3 of [DM82] the existence of an RCLL modification V = (V;)o<:<1 of U.

By the definition of a right-continuous modification, (2.5.9) holds for any de-
terministic time t. However, we still have to show that it remains true for any
stopping time o < T. To see this, take a sequence of stopping times o, < T
decreasing to o and taking only rational values. If we can show that

im EA[|Us —~ Us,|]1=0, (2.5.27)

n—00 Q
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6)

then we are done since right-continuity and boundedness of V' then imply that

Us = lim U,, = 11m Vo, = Vs,

n—00

where the limits are taken in LI(Q). However, (2.5.18) yields for 0 = Q
t =T,0 = o,4] there and 7 = o, that

EQ[UG,,|~7:G;;+1] = U0n+1'

Since (0n)nemv is decreasing and U is uniformly bounded, this means that
(Us, )new is abackward supermartingale under Q. By Theorem V.30 of [DM82],

(Us, )nev therefore converges in L!(Q) to some U. Clearly U is measurable
with respect to ¥, = ﬂne n Fo, so that the sequence (E Q[Udn |Fo Dnemw also

converges to U in Ll(Q), and so it remains to show that (EQ[UanITa])new
converges to U, in L!( Q). But this follows immediately from (2.5.21) and
(2.5.22).

Finally we want to conclude that V — A% (Q) is a local Q—supermartjngale for
each Q € R(4). To that end}et (T2)nemw be alocalizing sequence such that the
upper variation process A%(Q)™ is bounded for each n. Then 5) implies that

Vttn - A,S(Q);En = Ut/\t,, - AJ(Q)IAT,,,

which together with 2) and boundedness of V implies that (V — A (Q))’" isa
bounded Q-supermartingale.

]

Proof of Theorem 2.5.11. Use Lemma 2.5.14 to define V as a uniformly bounded
(RCLL) process satisfying for each ¢ € [0, T’}

U, = ess sup Eg [X AS(Q)r + A (Q),' 3-',] (2.5.28)
QeR(S)

Then Lemma 2.5.14 and Theorem 2.5.13 imply that V is the value ' process of some
J-constrained hedging portfolio (X, H, K) for X. To prove that V is minimal, we
first show that in (2.5.28) we can replace R(8) by

R = {0 e RB) | Eo|-a* @1 +4%(Q)

7] > 21Xl - 1}.

By (NFLVR) there exists an equivalent local martingale measure Q for . As A%( Q)
0, we have O € R(8)?. Since V; = E o[XIF] = —lIX|le and X < | X]lLe,
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we claim that a measure Q € R(4$) cannot contribute to the essential supremum in
(2.5.28) on the set

Bi={Eq|-a%(Q)r +4%(Q)

35] < —2|| X[l — 1} € F

In fact, if Z = (Zy)o<r<r denotes the density process of Q with respect to Q, we can
construct a measure Q via its density

— Zr
Zr =15+ —2—136

t

with respect to ( to obtain from Lemma 2.5.10 that O € R(4) and that
Eg|-4*@r1 +4°D) | 7]

Ey| -4 + A%,
> 20X~ - 1,

I}

|15+ Eq [-A%(O)r + A%(Q)

3:,] 15

where the inequality holds by the definition of B and because A%(0) = 0. This shows
that Q is in R(8)P and also that in (2.5.28) we can indeed replace R(8) by R(8)P
since

Ep[-4%(Q)r +4%(0) | |15 + Eo [ -A%(@)r + 4% (@)
=

Eo[-4%@r + A% | %],

ﬂ] 15

where we used again that Al (Q) = 0.

Now we can prove that V is a lower bound for the value process V of any -
constrained hedging portfolio (x, H, K) for X. To that end fix Q0 € R(4 )2 and let
(tn)nemw be a localizing sequence of stopping times such that A%(0Q) is bounded on
[0, 7,]. By the definition of A%(Q), the process V — A*(Q) is a local Q-supermartin-
gale. On [0, 7, ], it is bounded from below and hence a Q-supermartingale, and there-
fore

Vire 2 Eo [ Ve — 4%(Q)s, + 4% (Q)iney | 7]

for each n € IN. Moreover, 0 € R(8)? implies that —A*(Q)r + A%(Q), is O-
integrable and hence an integrable lower bound for (—A%(Q)s, + A*(Q)ins,)
This allows us to apply Fatou’s lemma to obtain

nelN-*

Vi z Eg[liminf (Vi — A%(0)r, + A% (Qire,)
=00

= Eg|Vr-4%Qr +4%0) 3—7]

5]

| X - A3(Q)r + A% Q)

v
b
S
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Because Q € R(8)? was arbitrary, this implies

V: = esssup Eg [X - A%(Q)r + A%(Q)
QeR($)°

th] - ‘7t-

2.6 Dynamic indifference valuation

Asset valuation in incomplete markets is still an important problem in mathematical
finance. One approach is the dynamic indifference valuation method which we con-
sider in this section. After defining the indifference value for each time ¢ € [0, T'], we
investigate its properties as a functional on L°°, in particular with respect to continuity
and time-consistency. For this we observe that the indifference valuation functional
is obtained by normalization of the convolution of the DMCUF corresponding to the
agent’s preferences and the market DMCUF whose acceptance sets consist (up to sign)
of exactly those payoffs that can be superhedged at zero cost. We extend an idea of
Follmer/Schied [FS02] by using the optional decomposition under constraints dynam-
ically over time to construct the market DMCUEF, and notably show that this DMCUF
is strongly time-consistent. Moreover, we discuss the connections between this indif-
ference valuation approach and arbitrage opportunities, explain the link to good deal
bounds, and examine the special case when trading in the market is possible without
constraints.

Valuation by indifference with respect to an expected utility is an old theme and
has been much studied again in the last years. An early reference is Hodges/Neuberger
[HN89]; Frittelli [Fri00] and Rouge/El Karoui [REKO0O] are at the start of the recent
resurgence of activity, and Becherer [Bec03] and Henderson/Hobson [HH04] contain
overviews and many more references. However, explicit results are hard to obtain
because except for the exponential case, the utility-based certainty equivalent is not
translation invariant.

The idea of replacing expected utility by a monetary (hence translation invariant)
utility functional and the naturally ensuing link to the convolution with the market
functional have only emerged rather recently. Perhaps the earliest reference where a
similar idea can be found in a general abstract (but static) form is Jaschke/Kiichler
[JKO1], even though the formulation there is for coherent risk measures and cast in
terms of good-deal bounds. Indifference valuation proper is mentioned in [BEKO35]
and discussed in more detail in Xu [Xu06] which also contains a number of worked ex-
amples. However, both deal only with the static case, and [Xu06] has no constraints in
the market. Larsen/Pirvu/Shreve/Tiitiincii [LPSTO05] contains a dynamic treatment for
a particular class of examples where the monetary utility functional is given via a fi-
nite set of scenario and stress measures, generalizing an idea from Carr/Geman/Madan
[CGMO1]. None of these works study the issue of time-consistency.
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The underlying idea is the following. For each ¢t € [0, T], let U; be a functional
which maps L into L°°(#;). We assume that U;(X) models the utility that some
(fixed) agent assigns at time ¢ < T to the payoff X which is due at time 7. We suppose
that she can trade in a financial market and denote by C; the set of payoffs due at time
T that she can superhedge by trading during (7, 7] with zero initial capital. If the
agent has at time # an initial endowment x, € L°°(¥;), she can implicitly determine a
time ¢ value p,(X) for the payoff X € L™ by the indifference requirement

ess sup U;(x; + G) = ess sup Uy (x; — pi(X) + G + X) (2.6.1)
GEG; GeC’t

(presuming that p;(X) is well-defined). We call p(X) = (p;(X))o<:<7 the indiffer-
ence value process for X since it makes the agent at each time ¢ indifferent (according
to U;) between buying the asset X or not, provided that she always optimally exploits
her trading opportunities.

Remark 2.6.1. i) The set G; consists of all payoffs that the agent can superhedge
by trading during (¢, T'] from zero initial capital. Hence C; is solid. This will be
required later when we assume that —C; is a pre-acceptance set. Note that we
assumed implicitly in the definition of p that the initial endowment x; can be
transferred from ¢ to 7, i.e., the existence of a bank account with zero interest
rate. However, besides from this, we did not impose any conditions on the
structure of G; so far. In fact, G; can be used to incorporate transaction costs or
bid and ask prices for the traded assets. However, when we specify C; later in
this section, we do not make use of this.

ii) In analogy to the value p;(X) for buying the asset X, we can define a value

p; (X) for selling X by
ess sup U;(x; + G) = ess sup Ui (x; + p;(X) + G — X). (2.6.2)
GeC, GE@,

All results will be stated for p;(X) only, since p(X) = —p;(—X) so that the
value of selling the asset X can easily be deduced from p;(X). &

Let us first consider the indifference value p; for a fixed time ¢. Throughout this
section we assume that the functional U, is F;-translation invariant in the sense of
Definition 2.3.1, 1.e., we make the standing assumption

Assumption (TI): The functional U; : L — L°°(¥;) satisfies
Ui(X +a;) =Ui(X)+a; forall X € L™ and a; € L°°(F,).

This assumption implies (like the notation suggests) that p;(X) does not depend
on the initial endowment x; € L (%;), since this can be pulled out on both sides of
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equation (2.6.1). If in addition

Ut‘)pt(X) :=ess sup Uy (X 4+ G) e L* forall X € L™, (2.6.3)
GeG,

then translation invariance ensures that p, (X) is well-defined in L°°(¥;) and given by
pr(X) = UP(X) — U (0). (2.6.4)

U,Opt(X ) is the maximal utility the agent can achieve from the payoff X by trading
optimally in the market. It is clear from (2.6.4) that this operator is a key tool in the
investigation of the indifference value.

When defining the value p;(X) as in (2.6.1), we implicitly assume that the agent
does not yet hold any other assets due at time 7. In fact, such assets might cause
diversification effects which she should take into account for the valuation. Suppose
the agent already holds in her portfolio an asset with payoff ¥ € L* due at time 7.
Then she should define pY (X), the indifference value at time ¢ for buying the asset X
when holding Y, implicitly by

ess sup Uy (x; + G + Y) =ess sup U (x; — pf (X) + G+ Y + X). (2.6.5)
GEC[ GEC[

In other words, she should compare the maximal utility she can achieve by trading
optimally when she has only Y with the maximal utility she can obtain when her
portfolio consists of X and ¥ (and when she has to pay p} (X) at time ¢). Analogously
to (2.6.4), provided that Utop ' maps L into L°°(¥;), we can resolve (2.6.5) for p,Y (X)
to obtain

pl(X) = UM (X + 1) - U(). (2.6.6)

The following result shows that our approach has the pleasant property that this leads
to a consistent valuation principle, in the sense that the value for X + Y coincides with
the sum of the value for Y and the value for X when holding Y. Put differently, it
does not matter whether the agent buys the assets one after another or in bulk, always
provided that she properly takes into account what has already been bought.

Proposition 2.6.2. If U, PLX) e L® forall X € L™ then

p(X +7Y) = p(Y)+ p] (X).

Proof. This follows immediately from (2.6.4) and (2.6.6). [

From now on we do not only assume that U, is translation invariant, but that
U; = &, is an MCUF at time ¢. The analogue of U,opt from (2.6.3) is then

bept(X) :=ess sup O, (X + G), (2.6.7)
Ge;
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and the corresponding indifference value functional p; from (2.6.4) is
pr(X) = O (X) — ;P (0). (2.6.8)

Monotonicity and translation invariance of an MCUF imply that CID;)pt maps L°° into
L (F;) if and only if ®.7'(0) is bounded, i.e., if

@;P(0) = ess sup @,(G) = ©,0(—C) (0) e L™, (2.6.9)
Ge@,;

Recall that we have studied the operator CD;)pl in detail in Lemma 2.4.5 and Proposition
2.4.7. In particular, we have given conditions for when it is an MCUF and also for
when it corresponds to the convolution of ®, and

®; € (X) :=ess sup {m, e L°(F)| X —m; € =G}, (2.6.10)

the market MCUF induced by C;. This name is justified by the observation that in view
of the interpretation of G, as superhedgeable payoffs, —®, G (—X) is the minimal
amount required at time ¢ that allows to superhedge X. Lemma 2.4.5 and Proposition
2.4.7 together with (2.6.8) immediately yield the following result:

Proposition 2.6.3. Let ®; be an MCUF at time t and C; € L™ a non-empty convex
and F;-regular set such that (2.6.9) holds. Then:

a) p:(.) is a normalized MCUF at time t, which is continuous from below if ®:(.)
is.

b) If —C; is a pre-acceptance set at time t then
(X)) = &0, (X) forall X € L® (2.6.11)
so that

pi(X) = ©,00; % (X) — &,00,5(0) forall X € L®. (2.6.12)

Remark 2.6.4. A sufficient condition for (2.6.9) is that
C:N{X e L®|P[®(X) > 0] > 0} =9, (2.6.13)

since this implies that ess supg.e, ®:(G) < 0. If d; is coherent and C; is a non-
empty F;-regular convex cone containing 0, then (2.6.13) is even necessary for (2.6.9).
In fact, if (2.6.13) does not hold, then there exist X € C; and ¢ > O such that for the
set A ;= {P,(X) > ¢} € F; we have P[A] > 0. But since for all n € IN also
nX1y4 € G, positive homogeneity and ¥;-regularity of ®; imply that

ess sup ®,(G) = ®,(nX1y) = nely.
Ge@, i

Taking the limit for n — o0, this shows that (2.6.9) cannot hold true. &
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It seems natural to ask if we can consider p;(X) not only as a value for X, but also
as a price for (buying) X. A minimal requirement for this is clearly that p,(X) should
not lead to arbitrage opportunities. Before we make this more precise we should first
ensure that the market itself does not contain arbitrage opportunities. Therefore we
impose that

@; % (0) = ess sup (€, NL®(F,)) <0, (2.6.14)

i.e., that one cannot superhedge from ¢ on at zero cost something known at time ¢
and positive. In particular (2.6.14) ensures that the interval [CDt_Gt (X), -9, Ci (—X)]
from the subhedging to the superhedging price is non-empty. Then for p;(X) respec-
tively p$(X) not to yield arbitrage opportunities they should lie inside the interval
(GD,_@’ (X), —®, Ci (—X)); for an early work on this see [Fri00]. By Proposition 2.6.3,
p:(X) is a normalized MCUF at time ¢, and since p;(X) = —p;(—X), this implies
that p;(X) < p;(X) so that the value (or price) for buying X does not exceed the
value for selling X. In fact, normalization and concavity imply that

1 1 1 1
= X — =X}z -p(X)+ - p:(—X),
0 Pt(2 2 )_zpt( )+2Pt( )

so that
—p1(X) = pi(—X)

on L. Consequently, we seek for conditions which ensure that p;(X) and pj(X)
yield arbitrage-free bid and ask prices for X in the sense that

[p:(X), pL(X)] € [@; ¢ (X), —®; ¢ (= X)]. (2.6.15)

But a violation of condition (2.6.15) does not necessarily lead to an arbitrage opportu-
nity. Indeed, to exclude arbitrage, it would already suffice to have the two interlocking
inequalities

p(X) < =@ (=X) and p{(X) = &; Y (X). (2.6.16)

However, if for instance pf(X), the value for selling X, exceeds the superhedging
price —®, € (= X) for buying X, nobody would agree to pay this as a price. Therefore
we consider the stronger condition (2.6.15) to be desirable. The next result gives
sufficient conditions for (2.6.15).

Proposition 2.6.5. Let ®; be an MCUF at time t and —C; € L™ a pre-acceptance
set at time t such that (2.6.9) and (2.6.14) hold. Then we have absence of arbitrage in
the sense of (2.6.15) if one of the following conditions holds:

a) —C; is a convex cone containing 0.

b) 0 is in the acceptance set of ®; and the MCUF (D?pt is normalized, i.e.,

®,;(0) > 0 and ess sup ©,(G) = 0.
GE@[
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In particular, if a) or b) holds and if X satisfies CD,_G‘ (X) = —CD;@‘ (—X), then
®; " (X) = pi(X) = p{ (X) = —&; “(=X).

Thus for an asset which is traded in the market, value and market price must coincide.

Proof. Since pj(-) = —p:(~-), it suffices to show that
o7 %(X) = p(X). (2.6.17)

a) If —C; is a convex cone containing 0, then (Dt_e’ is by Lemma 2.3.9 positively
homogeneous and therefore by Remark 2.3.2 iv) superadditive, i.¢., it satisfies
CD,_@’ X+7Y) > CD,"G’(X) - (D,_G’(Y). Hence Proposition 2.6.3 and the sym-
metry of the convolution imply that

pi(X) = @00, %(X)— 00, (0) (2.6.18)
= €ess sup (Cbt_e‘ X+Y)+ cpt(_y)) —_ CI%D(D;“G’ (0)
YeL*®
2 @7 7(X) +ess sup (<I>7 “r) + @;(—Y)) — ®,00; % (0)
YelL®
= & (X).

b) If &, 0d; ¢ (0) = &' (0) = 0, then (2.6.18) simplifies to

p(X) = @00, %X)
= ess sup (bee’ X+Y)+ <I>t(—Y))
YeL®>®
> @, (X)+ ;0
> 7% (X),

where the last inequality holds since ®,(0) = 0.

[l

When G, is only convex but not a convex cone containing 0, even the weaker
no-arbitrage condition (2.6.16) can be violated. This can be explained as follows.
Our definition (2.6.1) of the indifference value uses the same set C; of gains from
strategies irrespective of whether the agent owns X or not, and so we implicitly assume
that buying X does not change the set of possible strategies. Note that X is here
viewed as a new financial instrument; like in a market with transaction costs, this
must be distinguished from a portfolio generating the same payoff as X, but formed
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from the primary assets in the market. The following example explicitly illustrates
how buying or owning such a portfolio can change the set C¢ of allowed gains into a
new set @5( , and how this makes it reasonable for the agent to pay more for X than the
Co-superhedging price. Indeed, although po(X) is bigger than — @, Co (—X), the agent
cannot increase her maximal attainable utility by superhedging X via the portfolio
instead of buying it directly for po(X), because she may only work with (?5( after the
superhedging.

The above discussion shows that one must be very careful when introducing a new
instrument X in the market, because (especially with constraints) this may affect the
set of allowed trades. However, we do not pursue this delicate issue any further.

Example 2.6.6. For simplicity we consider a one-step discrete time model with only
two possible states. There exists a bank account with zero interest rate and one risky

asset S with net payoff S; — Sp = (-1, %) Trading is restricted in that the agent

is not allowed to hold strictly less than —1 units of the risky asset. Hence the set of
payoffs which can be superhedged by trading from zero initial capital is

s {r (2 ra -

We consider the payoff X := (%, —%). Its superhedging price is

—0,(~X) = inf{ceﬂ? |(l —%) Sc+ﬁ(—1,i') forsomeﬁz—l}

>
i 1 1 1
= {ma"{z TPy zﬁ}}
1
= — 1
since it is easy to check that the infimum is attained for 8 = — % Note that the corre-

sponding superhedging strategy is even a hedging strategy as it perfectly replicates X.

The preferences of the agent correspond to the exponential certainty equivalent from

Example 2.3.3 with risk aversion % so that

®o(X) = —4log E [e*%X],

where the probability measure P assigns to both possible states the same probability.
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Hence the maximal attainable monetary utility without owning X is

1
sup Po(G) = sup P (ﬁ (—1, —))
GeC pz—1 4

1 1 _.
= sup {—4log{§e%ﬂ+ie“%6ﬂ}}

pz—1
1/ 1 1
= —4bg(5(e‘4+eﬁ))
~  0.3264,
where the supremum is attained for 8 = —1. Along the same lines, the maximal

attainable monetary utility when holding X is

1 _1f1_ 1 —1({=141
sup ®o(X +G) = sup {—4log (—e 4(2 ’3) + e 4( 4+3ﬁ))}
GeCy B>—1 2 2
1 3 |
— —_ — -3 ]
4log (2 (e +e8))
~  0.3763,
where again the supremum is attained for 8 = —1. By (2.6.8),

— 05 (—X) (2.6.19)

1
po(X) = sup ®o(X+G)— sup Pp(G) ~ 0.050 > ——
GeCy GeCy 10

so that even the weak no-arbitrage condition (2.6.16) is violated. Moreover, we can
immediately see why this happens. In fact, the argument why prices should be consis-
tent with the no-arbitrage principle is that instead of buying X for a price exceeding its
superhedging price, it would be cheaper to buy the assets required to superhedge X.
However, the situation is slightly different here. For superhedging X, the agent needs
to sell short % units of the risky asset, and then she can go short only % further units in
the risky asset. Therefore her maximal attainable monetary utility after implementing

the (super-)hedging strategy for X = —1—10 - % (-1, 211-) is

sup Do (X - (—(Dae"(—X)) + ﬁ( _1, %))

pz—2
N

B>—%
@™ (0)
0.3264.

{

&
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Note how the initial trade to superhedge X has explicitly changed the set of strategies
from Co={f > —1} to CGX={B = —%}. On the other hand, if directly buying X
for po(X) does not change the set of possible trading strategies, then the maximal
monetary utility after that purchase is

sup ®o(X — po(X) +G) = DF(X) — po(X)
GeCy

= &7"(0)

~ (0.3264.

Hence acting upon the apparent arbitrage opportunity does not yield a higher attain-
able utility than buying X for po(X), since the former trade changes the set of admis-
sible strategies. <&

To specify the representation and the acceptance set of the convolution ®,0®, €
and hence of p,; more precisely, we require some additional properties. The following
result follows immediately from Proposition 2.4.7 (with 8 = —C;) and (2.6.12).

Proposition 2.6.7. Let —C; be a pre-acceptance set at time t and ®; an MCUF at
time t which is continuous from below with acceptance set A; and concave conjugate
a;. If (2.6.9) holds and if

ess sup {m, e L®(F) ’ m; € a} e L,

where the closure is taken in o (L°°, L), then the MCUF q)?pt = CDtIZICI),_e’ is con-
tinuous from below and its concave conjugate is

a0 (Q) +a; € (0),

where a;e’(Q) :=ess inf Eg[Y|F;]). Its acceptance set is
YE-G:

At —C = A =G,
In particular, the indifference value functional
() =0T ()~ 2P0
is an MCUF which is continuous from below with acceptance set
A — C; + @ (0).

Having discussed the properties of p; for fixed ¢, we now investigate the dynamic
aspects of the indifference valuation DMCUF p = (ps)o<i<r. In particular, we
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turn our attention to time-consistency. Under the assumptions of Proposition 2.6.3
b), p; is obtained at each time ¢ from the convolution CD,DCD,_G‘ by normalization,
and we know that normalization turns a time-consistent DMCUF into a strongly time-
consistent one. We also know from Theorem 2.4.3 that the convolution of (strongly)
time-consistent DMCUFs is again a (strongly) time-consistent DMCUF. Hence the
obvious idea to ensure that the indifference valuation DMCUF p is strongly time-
consistent is to choose @ and the sets (C;)o<:<7 such that both ® and the market
DMCUF (&, e')OEth are time-consistent. To achieve the latter by defining C; in
an appropriate way, we have to specify the structure of the financial market in more
detail.

As in Section 2.5 we model the discounted price process of the basic traded as-
sets by a locally bounded RCLL P-semimartingale S = (S;)o</<7. We assume that
(NFLVR) holds and fix an admissible hedging set # C Lj .(S). For each time ¢
we define the set of payoffs superhedgeable from zero initial endowment via trading

during (z, T] by
T
G = ({f H dS;
t

ﬂt::{HER

He Jf,} — L‘}r) NL>® (2.6.20)

with

f H; dS; is uniformly bounded from below } . (2.6.21)
1

Each H ¢ #, describes a self-financing trading strategy on (¢, 7'] with a wealth pro-
cess which is uniformly bounded from below. The subtraction of L(J)r economically
means that we are always allowed to “throw away” money. In the following result we
apply Theorem 2.5.11 to prove that the above sets C; yield a strongly time-consistent
market DMCUF (&, “)o</<7-

Theorem 2.6.8. For X € L and eacht € [0, T'] define
®,(X) := ~V,, (2.6.22)
where (\7,)05, <7 is the value process of the minimal ¥ -constrained hedging portfolio

for —X from Theorem 2.5.11. Then (&Dt)ost <7 is a well-representable strongly time-

consistent DMCUF. Its acceptance set at any time t is —C; so that o, = d,  on

L®. In particular, each C; is closed in o (L, L1).
Proof. Clearly, &,(X) e L® by uniform boundedness of V. By (2.5.8) we can write

f't]) ;

2 e $ Y
b(X) = ess inf (EolX1F1+ Eq [ 4*(@)r - 4%(2)
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note that we construct V frdm X. Hence Remark 2.3.18 1) yields that <i>, is indeed an
MCUEF at time # since in (2.3.6) we can set a2(Q) := —Eg [ A*(Q)r — A%(Q):| F1]
if 0 € R($) and o, 0(Q) := —o0 otherwise. Now Theorem 2.3.16 together with Re-

mark 2.3.18 ii) 1mp1y that ®, is well-representable and in particular that its acceptance
set A, is closed in o (L, L1). Next we show that ,A), —C;. To see that —C; C At,
note that for any H € #; and Y € L such that G = ftT H;dS; — Y € G,
we can construct an Ff-constrained hedging portfolio (0, H', K’) for G by choos-
ing H := Hly, ) and K’ := Y17y, where H' € J¢ by Remark 2.5.3 ii). The
value process V' corresponding to (0, H’, K’) is zero at time ¢ and, as required for
an Jf-constrained hedging portfolio, uniformly bounded from below since H € #;
and G € L®, This implies that the value process V of the minimal #-constrained
hedging portfolio for G satisfies V; < V/ = 0 so that Q(=G) = =V, = 0, ie.,
-G € J\;t To see that also J%t C ~G, fix X e a&, and denote by (x, ﬁ I%) the
minimal J¢-constrained hedging portfolio for —X and the corresponding (uniformly
bounded) value process by V. Since (K —K t)t<u<T 1S an increasing process, we
obtain from

u
Vu = ‘/t +/ Hs dSs - (Ku - Kt)q t S u S T (2.6.23)
t

that H ¢ H;. Moreover, if we take u = T in (2.6.23) and recall that ‘7, < 0 (since
X e J%,) and VT > —X, this also shows that —X € G;. Hence we have proved that
—C; is the acceptance set of CiDt

Since clearly —C; C Gs fors > s, it only remams to show time-consistency. So
let s < t and suppose that <I>,(X) = &,(Y), but P[CIDS(X) > &4 (Y)] > O for some
X,Y e L*®. Denote by (x*, HX, K¥), (xY, KY) the minimal J#¢-constrained
hedging portfolios for —X and Y with Value processes VX = —®(X) and V¥ =
—®(Y). Then we can define another J¢-constrained hedgmg portfolio (x’, H', K')
for —Y (by essentially switching from (xX, HX, K*) to (x¥, HY, KY) at time ¢) via

X = xX,
H, = Hlu<y+H] sy,
K, = KXly<y+ K —KY + K500,

Note that H' € # by predictable convexity and that the value process corresponding
to(x’, H', K')is givenby V' := VX1  + V¥ 1y, 7 (since VX = V}Y). Hence, V' is
in particular uniformly bounded (from below) so that (x’, H’, K') is an Jf-constrained
hedging portfolio for —Y. Since P[V] < VY] > 0 we get a contradiction to the
minimality of (x¥, HY, K¥). Therefore ®,(X) = ®,(¥) and ® is time-consistent.

[l

Combining Theorems 2.6.8 and 2.4.3 immediately shows that we can extend Propo-
sition 2.6.7 to obtain strong time-consistency as well:
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Proposition 2.6.9. Let @ be a time-consistent DMCUF which is continuous from
below, and such that (2.6.9) is satisfied for each t € [0, T] with C; from (2.6.20). Then
the indifference valuation DMCUF p(.) is also continuous from below and strongly
time-consistent.

Remark 2.6.10. i) The idea for using the optional decomposition under constraints
to construct an MCUF describing a financial market is due to Follmer/Schied
[FS02] in the static case; see also Section 4.8 in [FS04]. But, time-consistency
aspects have apparently not been studied or proved so far.

ii) Note that (NFLVR) implies that G, from (2.6.20) always satisfies the no-arbitrage
condition (2.6.14); see also Lemma 2.6.15 below.
&

As mentioned in Section 2.3, one might be interested in finding an indifference
value p; ;(X) for all intermediate time horizons ¢t < T and s < £, X € L°(¥;). This
requires a definition for cp;’}’;‘ : L (F;) = L°°(¥F5) so that we can set

ps.1(X) := OF(X) — D (0).

We have argued in Section 2.3 that the existence of a bank account with zero interest
rate implies that we should have

Ps.t(X) = ps,7(X) forall X € L%(F) (2.6.24)
since money can be freely transferred between ¢ and 7. (2.6.24) holds if and only if

O (X) — D (0) = OF(X) — D (0) forall s <7 < T, X € L®(F), (2.6.25)
and in this case, time-consistency of the family p is equivalent to its recursiveness.
The natural choice ®g (X) := @7 (X) — @;%.(0) satisfies (2.6.25) and makes sense
if (@?f’; (0))o<s<7 is a deterministic process, hence in particular if the process is con-
stantly zero. This occurs for instance if all sets C; from (2.6.20) are convex cones
containing 0, so that the market functional is a time-consistent DMCohUF, and if in
addition ® is a time-consistent DMCohUF. Their convolution ®°P! is then by Theo-
rem 2.4.3 a strongly time-consistent DMCohUF and in particular normalized. Hence,
in this coherent setting, the valuation family p is recursive as in (R).

Remark 2.6.11. Let us indicate why we used the results of Section 2.5 about super-
hedging under constraints to prove that (¢>t_et Yo<t<T is time-consistent. In Theorem
2.6.8, we have seen that those results imply that —C; is a o (L®, L!)-closed pre-
acceptance set at time ¢, so that it is the acceptance set of (Dt_e’ and the essential

supremum in the definition of @, Ce (X) is attained by some m; € L°°(¥;). Moreover,
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Theorem 2.6.8 tells us that there exists an J-constrained hedging portfolio for —X
such that &, Ci (X) corresponds at each time ¢ to minus the value V, of this portfolio.
In particular, this value process is uniformly bounded.

Now suppose we try to find a set J¢ of integrands such that ((D,_e‘)oftir becomes
time-consistent, without using the results from Section 2.5. From Lemma 2.3.25, we
basically have two possibilities to prove time-consistency. Since the set of payoffs
which can be superhedged from zero initial capital by trading during (¢, T'] corre-
sponds to a set of stochastic integrals with respect to the price process of the traded
assets S, it seems natural to try and prove that the acceptance sets (+4;) of (CIDI_G’ )o<t<T
have the decomposition property

As = A (F;) + A, foralls <t (2.6.26)
But then the following problems occur:

e It is difficult to find conditions on the set #¢ of integrands allowed for trading
so that —C; is an acceptance set of some MCUF at each time ¢, e.g., conditions
which ensure that —C; from (2.6.20) is a o (L%, L1)-closed pre-acceptance set
at each time 7. But if this fails, the acceptance set of Cbt_e’ differs from —C;
and we cannot expect that it has the nice structure as a set of integrals which
we would like to exploit to prove (2.6.26). Replacing C; by its closure G; in
o (L, L) at each time f we lose the above integral structure. So the difficulty
here is that a closure operation in o (>, L!) does not fit well with stochastic
integrals.

e Evenif —C; is for each time ¢ the acceptance set of @, €t and has a nice integral
structure as above, we have not finished. Indeed, if fsT H d S is an element of C;,
we can clearly split it for any s < ¢ < T into the sum of fst HdS and ftT HdS.
But unfortunately, uniform boundedness from below of ( fsu H dS)s<y<r need

not carry over to ( j;“ H dS);<u<r, which is required if we want the latter to
correspond to an element of —C,. So here the difficulty is to handle lower
bounds on varying time intervals.

Alternatively, we might try to prove time-consistency directly from its definition, i.c.,
to show that

7% (X) = ;% (Y) implies ®7%(X)=®7C () (2.6.27)

for all s < t, where <I>;e“ (X) = ess sup{m, € L*(F,)| X —m, € —C,}. It looks
natural to try this by a contradiction argument, and that involves the construction of a
hedging strategy starting at time s by pasting together at time ¢ the strategies which are
associated with ;¢ (X ) and <I>t_e’ (Y). But then similar problems as above occur:
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o If —C; is not a ¢ (L°°, L')-closed pre-acceptance set at time 7, the supremum
in the definition of &, © need not be attained. Hence we cannot relate to it one
single hedging strategy, but need an entire sequence. However, pasting together
countably many strategies is not feasible in general since we lose control over
the required uniform lower bound for the corresponding value process.

e Evenif —C, is closed in o (L°°, L), so that the essential supremum is attained,
it is not clear how CDS_GS (X) and dD,_G’ (X) are related. The problem is that the

value at time ¢ of the hedging strategy corresponding to ;% need not be in
L*°(&;), since it is not necessarily bounded from above.

This discussion explains why we decided to provide and work with the results about
superhedging under constraints. &

We now turn to a discussion of the special case of unconstrained trading. In partic-
ular, we examine the effect of unconstrained trading on the MCUF &, which expresses
the preferences of an investor. For a static MCUF @y, it is known (see e.g., Chapter 4.8
in [FS04] or [BEKO05]) that this is captured by taking the infimum in the representation
of ®¢ only over all O € MH4(S), the set of all Q € P¢ which are local martingale
measures for S, instead of taking it over the whole set #¢. In other words, if ag is the
concave conjugate of @, then the new MCUF Cbgpt( ) =supgee, Pol. + G) can be
represented as

oF'(X) = inf {Eq[X]—ao(Q)}. (2.6.28)
QeM4(S)
We shall obtain an analogous result in the dynamic case. One might expect that at time
t, we have to take the essential supremum over the set of all local martingale measures
for the process (S,):<u<T, but we shall see that it is even possible to take the set of all
equivalent local martingale measures for § (considered on all of [0, T'])).

Before we can state our result, we have to introduce some notation. Unconstrained
trading means that we allow all admissible strategies for trading, i.e., we use the ad-
missible hedging set # = Ly (S). We denote by L{ (S) := H; the set of all processes

H in L} (S) which are (uniformly) admissible from time t in the sense that the process

( fts H, dSy):<s<T 1s uniformly bounded from below, and by

T
D = {/ H,dS,
t

we denote the corresponding set of terminal values. Furthermore we distinguish be-
tween several sets of martingale measures:

HeLﬁa}

Definition 2.6.12. For any ¢t € [0, 7] and A € ¥; we denote by Mf’A(S) the set of
all O € P°¢ such that (Ss14):<s<7 18 a local martingale under Q, i.c., there exists an
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increasing sequence of [¢, T']-valued stopping times t, with lim, e P[1, < T] =0
such that (S{"14 1{z,>1)i<s<r is a uniformly integrable Q-martingale foreachn € INV.
For A = Q we write M; (S) := Mf’Q(S). In particular M€(S) := M{(S) denotes the
set of all equivalent local martingale measures for S = (S5)o<s<T.

Theorem 2.6.13. Let O, be an MCUF at time t with acceptance set A; and concave
conjugate oy. Assume that P, is continuous from below, infxc 4, Eg[X] > —00 for
some Q € ME(S) and that (2.6.9) holds with

C = (;D, - Lg) AL, (2.6.29)
Then we have the representation

opt _ -G _ . _
O (X) = ©,00; “/(X) = essinf {EoIXIFil—ar(@)].  (2630)

Remark 2.6.14. Both (2.6.9) and the assumption that infyec 4, Eg[X] > —oo for
some Q € M(S) formalize the intuitive requirement that the a priori preferences
®, should fit together with the financial market. Like in the comment after Lemma
2.3.25, the second condition (involving Q) need only hold for ¢ = 0 if @ is strongly
time-consistent. <o

In order to prove Theorem 2.6.13, we need to characterize the set M¢(S) of equiv-
alent local martingale measures in terms of D;.

Lemma 2.6.15. Lett € [0,T], A € F;, Q € P¢. Then

QeMAS) < EplG14|F]1<0 Q-as. forallG e D NL®
& Ep[G14]1<0 forallG e Oy NL™.

Proof. The second equivalence is trivial since Dy is closed under multiplication with
15, B € ¥;. Hence we only have to prove the first equivalence.

“=": Let Q € Mf’A(S). Then (Sg14);<s<7 is a local Q-martingale. Each element
G of D, satisfies G = ftT H; dS; for some H € L%(S). By Corollary 3.5 of
[AS94], the uniform boundedness from below of (14 fts Hy dSs);<s<7 implies
that (14 fts H; dSs)i<s<r is also a local Q-martingale and hence, again by uni-
form boundedness from below, a Q-supermartingale. Thus Eg[G14|F] < 0
Q-as.
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“”: Since (Ss14)r<s<r is locally bounded, it is a local Q-martingale if and only
if (S71ad{r>1))i<s<7 is a Q-martingale for each stopping time ¢t < v < T
such that (ST141{r))r<s<7 is uniformly bounded. Fort < s; < s2 < T and
B € ¥y, define H := 1j; a5,z rs,j18 Which is in L (). By assumption,

T
0= Eg |:1Af Hsts:I = Eglp(aS;, —1457)]
¢

= Eg[lp(1aS5,Lizsn — 1aS5 Liz>)],

and since B € ¥, is arbitrary, we get that Eg[14 szl{w,}l.?-}l] < lASfll{w,}
Q- a.s. Because we also have —H € L%(S), we even get equality, and so
(87 1adiz>1))i<s<T is @ Q-martingale.

[
Proof of Theorem 2.6.13. 1) By Theorem 2.6.8, ®, ' is a well-representable
MCUF at time ¢ with acceptance set —C;. Because G; is a convex cone contain-

ing 0, the concave conjugate o, € of o C: only takes the values 0 and —o0. We
claim that we have for each Q € £ the explicit expression (with oo - 0 := 0)

o “(Q) = —00 140y, (2.6.31)
where A9 € ¥; is defined up to nullsets by

1,0 = ess sup{lA’A € F and Q € ,Mf’A(S)].

Intuitively, A€ is the largest F;-measurable set on which (Ss)t<s<7 is a local

Q-martingale. To see (2.6.31), note first that Q € .Mf’AQ(S). Since 0 € G; and
Dy NL™® C Gy, Lemma 2.6.15 implies that

1,0 essinf Eg[G|#:]=0 P-as.,
Ge—C;

which means by Lemma 2.3.12 that ¢,
thus only remains to show that

€ () = 0 on A2. To prove (2.6.31), it

ess inf E9[G|F;]=—oc0 P-as. on(A2).
Ge—er

For this, we may assume that P[(A 2)¢] > 0 so that (Ss)i<s<r With positive
probability fails to be a local Q-martingale. By Lemma 2.6.15, we can thus find
aB e ¥, with P[B] > Oand B € (A9)¢ and some Gg € D; NL>® C &
such that Eg[—Go|F;] < —e on B for some ¢ > 0. Closedness of C; under
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2)

multiplication with non-negative scalars then implies that ess igf Ep[GlF] =
e—Cy

—oo on B. But this must even hold on the whole set (A 2y¢. In fact, if it does
not, we obtain some set B € F; with P[B] > 0 and B € (A9)¢ such that

0> %ss igf EolG|F] = —m > —0C on B forsome m > 0.
e—C;

Closedness of C; under multiplication with non-negative scalars now implies
that %ss igf Ep[G|F:] = 0 on B and therefore by Lemma 2.6.15 that
e~y

Q € Mf’AQUE(S). But this contradicts the definition of A2, and hence we
have proved (2.6.31).

From (2.6.31), our assumptions and Theorem 2.4.3, the MCUF &,0¢, € is

well-representable and since convoluting two MCUFs means adding their con-
cave conjugates we obtain

This suggests that it should be enough to take the above essential infimum only
over those Q € P°¢ that have P[A9] = 1, which means that Q should be in
M (S). We now prove that this is true by showing that

®,00; % (X) = ess inf {Eg[X|F]—a:(Q)}. (2.6.33)
Q' eMi(S)
By (NFLVR), there exists 0 € M(S) C M (S) with density process 7. For

any Q € ¢ with density process Z<, define a new measure Q' € ¢ with
density process Z’ by

so that Q' € M¢(S) by the definition of AC. Since
Egl.1F]1 =140 EQ[.|F1] + 140y Epl. |F:]
we obtain from Lemma 2.3.12 and (2.6.31) that
Eg[X|F] - a/(Q) — o7 (Q)
= 140 (EQlXI%] - a(0) —a; “(Q))
oy (E5IXIF] - a(0) - o (D)
= 1,0 (EQ[X|F;] — a:(Q) + 00 1 40))
oy (EGIXIF] - i(0) + 00140, )
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3)

But (AQ)C is a P-nullset since Q € M7 (S) and so afe'(é) =0= —-ool(AQ)c
by (2.6.31). The same is true for Q’. Hence, using A2N(A2)¢ = @ and (2.6.31)
for O/, we get

EQ’[Xl‘?:}] - at(Q,)
= Eg[X|Fi]— o (Q)+ 0010/

= Luo(EolXIF) — (@) + Loy (EglXIF] - ar(0)
< EQlX|#] — ar(Q) + 00140

by looking separately at A? and (A€)°. This shows that we can replace any
Q € P° by a corresponding Q' € M (S) when taking the essential infimum in
(2.6.32) and thus establishes (2.6.33).

In view of (2.6.33), it only remains to show that

ess inf {Fo[X|¥;] — « = ess inf {Ep[X|F;] — o .
Qewm{ o[X|F:] — e (D)} QW(S){ o[X|F:] ~ ar (D)}
The inequality “<” is clear since M7 (S) 2 M*(S). To prove the converse, we

show that for any Q € M?(S) with density process Z, there exists Q' € M°(S)
with density process Z’ such that

Zr = htZ}
Zr

for some F;-measurable h; > 0. Because then we have from 2 = % and by
t t
using (2.3.3) that

Eg[X|F] - (Q) = Eg[X|F] — ar(Q),

and obtain “>". To construct Q’, take some Q € M*°(S) with density process
Z and define

with h; = g— Then Q' € M®(S) because Z'S is a local P-martingale on all
1

of [0, T]: on [0, ¢] because Z' = Z on [0, ¢] and Q € M(S),andon [z, T]
because :
Z'=—Z on[tT]
hy
and ZS§ is a local P-martingale on [[t, T]] since Q € M;(S). This completes
the proof.
]
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As an immediate consequence we get the following no-arbitrage result for the
indifference value in the case of unconstrained trading:

Corollary 2.6.16. Under the assumptions of Theorem 2.6.13 and with C; as in (2.6.29),
the valuations p, and p: are consistent with the no-arbitrage principle in the following
two senses:

a) If X € L is attainable from time t in the sense that X = x; + ftT H;dS;
with x; € L*(F;) and H € L{(S) such that (ftu H; dSs) is uniformly
bounded, then

T T
pe(X) = py (xt + / H, dss) = (xr + f H, dss) = pS(X) = x1.
t t

b) Both, p; and p}, take values in the interval of possible arbitrage-free valuations,
Le.,

t<u<T

ess inf Eg[X|F] < pi(X) < pl(X) < esssup Eg[X|F;] forall X e L.
QeMe(S) QeMe(S)

Proof. a) Since we have Eg[X|¥;] = x, forany Q € M*(S), this follows imme-
diately from (2.6.12) and the representation (2.6.30).

b) Since —C; is a convex cone containing 0, this follows from Proposition 2.6.5
and Remark 2.5.12.
]

In all of Section 2.6, we have assumed that it is the MCUF @ representing the
agent’s preferences which is continuous from below, and not the market MCUF &, &,
(Note that for Theorem 2.4.3 it is enough if one of the two is continuous from below.)
The reason is the following. It is known that in the unconstrained case we can represent
o, Co analogously to (2.6.28) as

P, Co(X) = Qeiﬁg(S) EplX],

where M“(S) denotes the set of all local martingale measures Q € F“ for §. It fol-
lows from Corollary 4.35 of [FS04] that continuity from below of &, Co implies that
M4(S) is weakly compact (since it is weakly closed). But if the price process § is
continuous and the filtration is quasi left-continuous, Corollary 7.2 of [Del92] then
implies that M%(S) is a singleton so that the market must be complete. This shows
that it may be rather restrictive to insist on a market DMCUF which is continuous
from below.
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We finish this section with a comment about the connection between the indiffer-
ence values p;(X), p; (X) and good deal bounds.

The no-arbitrage price bounds &, € (.) and -—(D,_et(m .) induced by superhedg-
ing are usually not sharp enough to be useful for pricing in practice. Therefore several
approaches have been suggested to define tighter price bounds which are less restric-
tive than the choice of one pricing measure; see, e.g., [BL0O], [CSR00] or [CGMO1].
In particular, Cochrane/Saa-Requejo [CSRO0] introduced the concept of good deal
bounds. These price bounds are obtained by ruling out not only arbitrage opportunities
but also good deals, which are in [CSR00] defined as investment opportunities with a
high Sharpe ratio. This procedure is justified by arguing that Sharpe ratios observed
in the market tend to be rather low. Subsequently, the good deal pricing approach has
been generalized by many authors; see, e.g., [JKO1], [CHO2], [Cer03] or [Sta04]. In
particular, they defined good deals more generally as investment opportunities which
are in some sense desirable and do not necessarily have a high Sharpe ratio. To jus-
tify the exclusion of good deals, it is argued like for arbitrage opportunities that they
would vanish immediately from the market by trading.

For these good deal price bounds, it is well known that they correspond to risk
measures (and hence to MCUFs). However, the literature often creates the impression
that they are somehow generic and independent of individual preferences. This is not
the case: One has to specify the set of good deals, and we shall see presently that this
basically corresponds to the choice of an MCUF and hence of a specification of utility.

The following definition of good deals (in a static and coherent framework) is
taken from Jaschke/Kiichler [JKO1]. They fix Cp, a convex cone containing zero of
payoffs which can be superhedged with zero initial capital, and in addition a coherent
acceptance set A9 € L%, i.e., A¢ is the acceptance set of some MCohUF at time
0. This specifies the set of desirable payoffs, and the most conservative choice is
0 = LZ°. In this latter case, the good deal price bounds correspond to those obtained
by excluding arbitrage opportunities only.

Definition 2.6.17. An element X € C is called good deal of the first kind if X is
contained in #Ag and X # 0, and good deal (of the second kind) if there exists & > 0
such that X — el € Ayp.

Whereas good deals of the first kind represent opportunities to get something good
for free, where the good part may or may not come, those of the second kind are
“cash-and-carry good deals” and yield a sure profit. Jaschke and Kiichler consider the
second concept to be much more important. They argue that any arbitrage transaction
in practice involves some risks or costs that cannot be captured in a model. Therefore
arbitrageurs will only act if the anticipated gain is substantial enough. As a conse-
quence, they only consider good deals of the second kind, and we do the same here.
The lower bound for prices for X obtained by excluding these good deals is given by

75 (X) :=sup{mo € R| X —molg + G € A forsome G € Co).
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In fact, if the agent could buy the future payoff X for a price mp(X) < zr(’)’"o (X),

then there exist G € Cp and ¢ > 0 with mp(X) + ¢ < 7154’ %(X) — ¢ and such that
X — (mo(X) + ¢)1q + G is contained in the set of desirable payoffs 4. Hence the
agent could buy X for m¢(X), use the superhedging strategy corresponding to G and
obtain a resulting payoff X — mo(X) + G which is a good deal. As before, selling X
corresponds to buying — X, and so the good deal price bounds are given by

[n(’;“"’ (X), —n(;‘“O(—X)] .

The above concept of good deal price bounds can immediately be generalized to a
dynamic and convex framework. For a convex (but still static) setting this can also
be found in Staum [Sta04]. However, he works with a slightly different definition,
and the one given in [JKO1] fits better into our framework. We model the set C; of
payoffs which are superhedgeable via trading during (¢, T'] by a non-empty, convex
and F;-regular subset of L*°; compare Lemma 2.4.5. The set of desirable payoffs is
given by some pre-acceptance set B; at time ¢. In analogy to the static case, we then
define a good deal as follows:

Definition 2.6.18. Fix Y € B;. Then X € C; is called a good deal at time t if there
exists a constant ¢ > QO and aset A € ¥;, P[A] > O suchthat (X —elg) 1y + Y14
is contained in B;.

Note that 8B; is F;-regular so that the definition does not depend on the choice of
the element Y € B;; this is introduced since whether X is a good deal at time ¢ or
not should not depend on events which can already be ruled out at this time. Note that
also B, need not contain 0 which is otherwise a natural choice for Y. The lower price
bound obtained from excluding good deals is then given by

71,3‘ (X) :=ess sup {m, € L°°($})| X—m;+ G € B;forsome G € G,} . (2.6.34)

The reasoning is similar to the static case. Indeed, if the agent could buy the future
payoff X for a price 7;(X) which is not greater or equal to n,‘B’ (X), then there exist
e > 0andaset A € ¥ with P[A] > O such that 7;(X) + elq < 7,7 (X) — elg on
A. By (2.6.34) we can find a subset B € ¥; of A with P[B] > 0, m; € L*°(¥;) and
GeCsuchthatY :=X —m; + G € B; and m; > ﬂ,‘B’(X) —&¢lg on B, The ¥;-
regularity of B, implies that also Y'15 +Y1pc € B;. But since n;(X)+elg < m; on
B and — B, is solid, we now obtain that (X — m,(X) + G) —elg) 1p+ Y1 € By,
i.e., that X — 7, (X) + G is a good deal.

Next we show how the above price bound is connected to an indifference valuation
functional p,(X). To this end, we recall from (2.3.2) in Lemma 2.3.9 that 8; induces
an MCUF &, at time ¢ by

@ (X) 1= O (X) = ess sup {m, e LX(F)| X —m; € By}
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This representation implies that

@?pt(X) = es;, iaup P;(X +G)
€Cy

= ess sup ess sup{m, € L°°(.T,)| X+G—m; € 3,}
GeG;

= ess sup{m, eL°°(3~",)]X—mt+G € B; forsomeG € G,}
= 72X).

Hence if CD?pl(O) = 0 so that p,(X) = fI)?pt(X ), the lower good deal bound is the
indifference value p;(X) and

[7%(X), —7 % (=X)] = [p:(X), P} (X)]

is the interval of possible prices for X which do not yield a good deal. We recall from
Proposition 2.6.5 that we might need additional assumptions to have price bounds
which are actually tighter than those obtained by excluding arbitrage opportunities.

Using that p,(.) is defined as the indifference value, we can also give another
interpretation for why p;(.) can be viewed as a lower price bound obtained by ex-
cluding (slightly differently defined) good deals. We fix a set C; of superhedgeable
payoffs and an MCUF ®,, Then we might call X € C; useful deal if it increases the
maximal attainable utility, i.e., if

QD?PK(X) = ess sup &,(X + G) = ess sup P;(G) = q)?pt(o)
Ge@, GeG,

and the inequality is strict with strictly positive probability. This implies that

[p:(X), P} (X)]

is the interval of all prices for X which do not yield a useful deal.

Staum [Sta04] proves fundamental theorems of asset pricing for good deal bounds.
In particular, he gives in his Theorem 6.1 an equivalent condition for the weak no-
arbitrage condition (2.6.16). This theorem and its proof can easily be adapted to our
framework; we simply state the result without giving a proof.

Theorem 2.6.19. Let —C, C L°° be a pre-acceptance set at time t containing 0 such

that &, Cr (0) = 0. Let ®; be an MCUF at time t with acceptance set #; such that
®,(0) > 0. Then

pi(X) < —®; % (=X) forall X e L® and &' (0) = ess sup ®;(G) =0
GeC;

if and only if

(G’t—A,)r‘\{XeL"o ‘P[CD,_G‘(X)>0] >0}:(Zi.
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2.7 Examples

2.7.1 Time-consistency and normalization

This example illustrates several points we have discussed in this chapter. For the
exponential utility function U(x) = —e ™" we define by

@, (X) := UH(E[U(X)|F]) = —log E[¢7¥|F;] for X e L 2.7.1)

the corresponding F;-conditional exponential certainty equivalent; see Example 2.3.3.
Then ® = (®;)o<s<r is a DMCUF, each &, is clearly continuous from below, and
the concave conjugate functional of ®; is

ZQ
o (Q) =—Eg [log Z—g ‘ ﬂ] =: —f£(QIP), (27.2)

i.e., minus the ¥;-conditional relative entropy of Q with respect to P. This is shown in
Section 4 of [DS05]; see also Example 4.33 in [FS04]. The DMCUF & = ($)o<s<T
is clearly normalized and time-consistent due to the explicit expression (2.7.1); hence
& is strongly time-consistent. Moreover, each &, is well-representable since Lemma
2.3.14 and (2.7.1) imply I) of Theorem 2.3.16. In fact, from Jensen’s inequality we
obtain E[U(X)|¥;] < U(E[X|F: ], hence E[X|F;] = ©,(X) = Oforall X € A; and
therefore infxc 4, E[X] > 0 > —oo. From Theorem 2.3.16 and (2.7.2), we thus have

&, (X) = egi}?gf{EQ[Xlﬂ] + f£(Q1P)}.

Consider next a financial market as in Section 2.6. Choose # = L, . (8) so that we

have no constraints, define C; by (2.6.29) and d= (&)I)OStET by (2.6.22) so that <’f>, is
by Theorem 2.6.8 the market MCUF induced by C;. Moreover, & is also normalized,
well-representable and strongly time-consistent by Theorem 2.6.8. Define

OP(X) :=ess sup®; (X + G) fort €[0,T]and X € L™®
GeG

and assume that
O™ (0) = ess sup P (G) € L. (2.7.3)
Ge,
We give below a sufficient condition on § to ensure (2.7.3). Due to (2.7.2) and Theo-
rem 2.6.13, we have

OP(X) = &0(=C)(X) = ®,0%(X)
= essinf {Eg[X|F:]1+ f(QIP)} (2.7.4)
QeM?(S)

and by Theorem 2.4.3, ®°P' is then again a strongly time-consistent DMCUF.
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Now impose on the financial market the assumptions that P ¢ M¢(S) (so S is
not a local P-martingale) and that inf ge ae(sy f5 (Q1P) < 00, so that there exists an
equivalent local martingale measure for § with finite relative entropy with respect to
P. Then it is well known that the minimal entropy martingale measure

Q° 1= argmin{ f§ (Q|P) | Q € M*(5)}
exists in M€(S) and is unique, and we have
f5(QfIP) >0 (2.7.5)
because P is not in M?(S). But (2.7.5) implies by (2.7.4) that

OO = inf F(QIP) = f5(0°1P) > 0,

and therefore ®°P' is not normalized. Hence this example illustrates that
— a DMCUF may be strongly time-consistent without being normalized.

— the convolution of two normalized DMCUFs may fail to be normalized.

To finish the example, let us briefly discuss how to guarantee the condition (2.7.3).
By the explicit expression (2.7.1) for ®;, (2.7.3) is equivalent to

ess sup E[U(G)|¥;] € L™, (2.7.6)
Gel,;

and since G = 0 is in Gy, it is enough to have an upper bound for E[U(G)|¥;]
uniformly over G € C;. Applying Fenchel’s inequality

Ux) = —e™ < sup (U(x') - x’y) +xy=ylogy—y—+uxy
x>0
: 7€ . :
with y = 74 for some Q € M(S) gives
EU(G)|F] < fH(QIP) — 1+ Eg[GIF] = f£(QIP)
because Ep[G|F;] < 0 forany G € C;, since ft HdS for H € 4, is a Q-supermar-
tingale for any Q € M¥?(S); see Lemma 2.6.15. Hence (2.7.6) holds as soon as

ess inf f(Q|P) € L.
QeME(S)

One sufficient condition for this is that there exists some Q € M°(S) satisfying the

reverse Holder inequality Ry 1oz 2(P), i.€.,

. z2 7%
/i (QIP)—EI:?Ing

t t

n|<c

for all ¢ € [0, T'] with some constant C. This ends the example.
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2.7.2 DMCUFs, indifference valuation and BSDEs

In this subsection we first recall and extend some known results about DMCUFs which
are described by backward stochastic differential equations (BSDEs for short), since
this provides us with a big class of time-consistent DMCUFs. Then we represent the
preferences of our investor by such a DMCUF & and try to express the corresponding
indifference valuation DMCUF in terms of BSDEs as well. As in Section 2.6, we
apply the convolution to ® and the market DMCUF given via the superhedging price
to obtain an equivalent description for the indifference value respectively for the DM-
CUF ®°F', To this end, we first prove that the market DMCUF can also be described
by a BSDE. Then we show that the DMCUF ®°' corresponds to a BSDE whose driver
is given by the pointwise convolution of the drivers for ® and for the market DMCUF.
This extends results of Barrieu/El Karoui [BEK04] about the convolution of dynamic
risk measures described by BSDEs.

We start by recalling a well-known existence result for solutions of BSDEs. To
this end we introduce some notation and conventions. In particular, we require a very
special structure of the filtration since the proof of the existence result relies on a
martingale representation theorem.

Remark 2.7.1. An existence proof based on fixed point arguments instead of a mar-
tingale representation theorem can be found in [EKH97]. However, the integrability
conditions there are too restrictive for our purposes. &

Let W = (W;)o<r<r be a standard d-dimensional Brownian motion on a proba-
bility space (2, ¥, P) and let F = (¥;)o<s<r be the augmented filtration generated
by W. As before, we assume that ¥ = Fr. We introduce the notation M]%(O, T; IR")
for the space of all equivalence classes of IR"-valued, F-progressively measurable
processes (¥ )o<;<r such that

T
E U ||z9,||2dt] < 00,
0

where || . || stands for the Euclidean norm. Hence two processes 9! and 92 are identi-

fied in M4(0, T; R") if
T
E U 1o} — 93||2dt] =0.
0

The drivers which appear in the BSDEs we consider are product-measurable functions
g:2x[0,T] x R x RY > IR. We often write g:(y, z) instead of g(w, t, y, ) and
usually impose some of the following properties:

Definition 2.7.2. (A) (w,t) +> g(w,t,y,z) is In M%(O, T; IR) for any y € IR,
z € IR,
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(B) g is Lipschitz in (v, z) € IR x IR?, i.c., there exists a constant C > 0 such that
dP ® dt-a.s. for all (o, 20), (y1,21) € R x R?

lgr(vo, 20) — &:(y1, z21)| < C(lyo — y1l + llzo — z1l))-

(C) dP ® dt-a.s., g satisfies g;(y,0) =0 forany y € R.
(D) g does not depend on y.

(€) gisconcavein (y, z),i.e. dP ®dt-a.s. for all (yo, z0), (¥1,21) € R X R and
a e (0,1)

gr(ayo + (1 — a)y1, @zo + (1 — @)z1) = agi(yo, 20) + (1 — @)g: (y1, 21).

(F) g is positively homogeneous in (y, z), i.e., dP ® dt-a.s. for all A > 0 and
(y,2) € R x IR?

&1Ly, Az) = Agi(y, 2).

The following result is taken from Peng [Pen97], Proposition 36.4; see also Par-
doux/Peng [PP90], Theorem 4.1.

Theorem 2.7.3. Let g satisfy () and (B) of Definition 2.7.2. For any (fixed) random
variable X € L? = L2(Q2, Fr, P) there exists a unique pair of processes (y, z) in
MZ.(0, T; R) x M%(0, T'; IR?) with y continuous, satisfying the BSDE

T T
yr=X +f gs(vs, 25)ds —/ 25 dWs, t€l0,T]. 2.7.7)
t v t

The pair (y, z) is called g-solution with terminal value X and satisfies v, € L*(%;)
for eacht. If the driver g satisfies in addition property (C), then §8[X] := yq is called
g-expectation of X and for each t € [0, T] there exists a P -a.s. unique n; € L2(F)
such that

E8[14X] = €8[14n,] forall A € F;.

Then n; = y; and we call é‘,g [X] := y; the conditional g-expectation of X under #;.

Remark 2.7.4. We can and do choose the process y in Theorem 2.7.3 continuous,
since this will allow us to draw conclusions about the behavior of y, which hold al-
most surely, simultaneously for all # € [0, T'], instead of only almost surely almost
everywhere. <

Next we recall some well-known properties of g-solutions from which we shall
deduce conditions on the driver g under which a g-solution describes a time-consistent
DMCUEF.
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Proposition 2.7.5. Let g satisfy conditions (A), (B) of Definition 2.7.2 and denote
for any X € L? by (yX, zX) the corresponding g-solution as defined in (2.7.7). Then
the following assertions hold:

a) Fi-translation invariance: If g satisfies property (D), then
th'H” = th +a; forany t € [0,T] and a; € Lz(.?ft).
b) Monotonicity: For any X' € L? such that X' > X, we have

: th/ > th forany t € [0, T].

¢) Concavity: If g satisfies property (€), then we have for any X1, X» € L? and
any B € [0, 1] that

X+(1-8)X b X
y PR 2y (- By
d) F;-regularity: Forany X1, X>» € L> and A € ¥;,
14X 1+1,cX
ytA 1 A A2

=14y + 140 372

e) Normalization: If g satisfies property (C), then

I

yo 0.
f) Positive homogeneity: If g satisfies property (¥ ), then
yt)‘X = )»y,X forany A = 0.
g) Time-consistency: Let 0 < s <t < T and X1, X2 € L2. Then
y,Xl = thZ implies that also ySX1 = yst.

Proof. For some parts of Proposition 2.7.5, proofs are available only for the special
case that g satisfies in addition to (+4) and (8B) also

(C") £:(0,0)=0.

Therefore we first show how the general case can be reduced to this situation. More
precisely, we prove that (5%, 3%) := (yX —y°, zX —z°) is the g-solution for the driver

53,2 =g+ 2+ — g, z)), tel0,T]
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and terminal value X. In fact, it is easy to see that g satisfies (), (8B) and (€’). Hence
by uniqueness, (7%, 7X) solves

—dy = (gt(yf‘ L) — &y z?)) dt — (zX =20  dw, (2.7.8)
= (gt GEX 490,25 + 29 — 2.2, z?)) dt — GX)y* dw, (2.7.9)
= 36X 5 dt — Gy dw,. (2.7.10)

Since 3% = yX — y¥ for all X € L™ and because the properties a) and d) are invariant
under the translation by —y?, we can thus assume for their proof that g satisfies (C’)
as well. After this preliminary step, the rest is easy:

a) For g satisfying (C’), this can be found in Lemma 4.2 in [BCHMPO00]; see also
Example 11 in [Pen97].

b) See Proposition 3.5 in [EKPQ97].
¢) See Proposition 3.5 in [EKPQ97].
d) If g satisfies (C’), then
1lagu(., .)=g,(14a.,14.) forallu >t and A € F;.
Hence the claim follows from 2) of the proof of Proposition 36.4 in [Pen97].
e) See Lemma 36.6 in [Pen97].
f) This is Proposition 8 in [RG06]; see also Example 10 in [Pen97].

g) This follows immediately from Proposition 2.5 in [EKPQ97] and the uniqueness
of g-solutions.

O

Remark 2.7.6. To obtain normalization in e) it suffices to have (C’) together with (A)
and (B). However, the stronger condition (C) yields in addition that the g-solution
is independent of the time horizon. In fact, let us write 8;"? r[X] instead of E;‘,g [X] to
emphasize the dependence on the time horizon T'. Then property (€) implies that

€8,[X1=¢€f,[X] fors <t <TandX € L*F),

as described. Note also that (D) implies the equivalence of (€C) and (C'). O
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Since BSDEs are typically defined on L2 spaces, it appears more natural in this
context to define (dynamic) MCUFs on L? instead of L. Thus an MCUF at time
t is a mapping from L? into L?(;) which has all the properties of Definition 2.3.1
with L replaced by L? everywhere and with its acceptance set defined as a subset
of L2. In the same way, we extend Definition 2.3.23 of time-consistency by replacing
L>™ with L2. It is easy to check that Lemma 2.3.25 remains true for DMCUFs on
L? so that we can make use here of its equivalent conditions for time-consistency. In
particular, the following result follows immediately from Proposition 2.7.5:

Corollary 2.7.7. Let g satisfy properties (), (B), (D) and (&) of Definition 2.7.2
and denote by (yX, zX) the corresponding g-solution with terminal value X € L2
Then

@, (X) :=y~, te[0,T]

defines a time-consistent DMCUF., It is normalized and therefore even strongly time-
consistent if g satisfies in addition property (C), and coherent if g also satisfies prop-

erty ().

Remark 2.7.8. i) A similar result, stated for dynamic risk measures, is given in
Proposition 19 of [RG06]. However, her definition of a dynamic risk measure
(and hence of a DMCUF) differs from ours. For the convenience of the reader,
we therefore showed here how Corollary 2.7.7 can be obtained. We also remark
that in her Section 4.1.2, Rosazza Gianin states in addition conditions under
which the converse holds true, i.e., for when a time-consistent DMCUF can be
described by some g-solution.

ii) Note that DMCUFs described by g-solutions are in particular continuous in £.
&

Now we consider an investor whose preferences can be expressed by a DMCUF
® which is described by a g-solution, and we assume that this investor can trade in
some financial market. As in Section 2.6, we want to obtain results for the indifference
valuation DMCUF by convoluting & with the market DMCUF corresponding to the
superhedging price process in the given market. To this end, we should like to express
also the market DMCUF in terms of BSDEs. However, the superhedging price process
(and hence the market DMCUF) is in general not a g-solution, but belongs to the
bigger class of (constrained) g-supersolutions which we define next:

Definition 2.7.9. Let X € L2 and let both ¥ : € x [0, 7] x R x R? — IR, and
g satisfy (A) and (B) of Definition 2.7.2. We call a triple (y, z, A) g-supersolution
with terminal value X if (y, z) is in M2(0, T; IR) x MZ(0, T; RY) with y RCLL
and A = (A;)o<:<r is an increasing F-adapted RCLL process with A9 = 0 and
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E [A%] < oo such that (y, z, A) satisfies

T T
yt=X+f gs<ys,zs)ds+(AT—A,)—f AW, tel0, T @711)
t 14

We call the triple a y-constrained g-supersolution if (y, z, A) satisfies in addition
Yi(yr,z2t) =0 dP ®dt-as.

If y satisfies
y <y forallt €[0,T] P-as.

for any -constrained g-supersolution (y’, z’, A’) with terminal value X, we call
(v, 2, A) the smallest -constrained g-supersolution with terminal value X.

Remark 2.7.10. i) Proposition 1.6 in [Pen99] implies uniqueness of the processes
z and A in a g-supersolution (y, z, A) in the following sense: If (y, z’, A’) is
also a g-supersolution with the same terminal value X € L2, then z and 7/
respectively A and A’ coincide.

it) The original terminology in [Pen99] for a ¥ -constrained g-supersolution is g-
supersolution under the constraint . We slightly change the terminology here
in order to avoid confusion. In fact, we shall consider the indifference valu-
ation for the case of unconstrained trading opportunities in the market. But
the corresponding market DMCUF will be described by a y-constrained g-
supersolution. The deeper reason for this mismatch is that the construction in
terms of -constrained g-supersolutions is somewhat artificial, as we describe
the market DMCUF as a stochastic integral with respect to a Brownian mo-
tion W and as a process adapted to the filtration generated by W. It would be
more natural to use stochastic integrals with respect to the price process S of the
traded assets and work with the filtration generated by §.

&

A fundamental result for BSDEs which we require later is the comparison theo-
rem. The version we present in Theorem 2.7.11 can be found in [Pen99], Theorem
1.3.

Theorem 2.7.11. Lety,y',B,B’, ¢’ € M%(O, T: IR) where B and B’ are RCLL pro-
cesses with By = B, E [supy<,<r |Bt|] < 00 and E [supy<,<r |B{|] < co. More-
over, let 7,7 € M%F(O, T: R%), X, X' € L? and let g be a driver which satisfies (#)
and (B). Assume that (y, z, B) solves

T T
)’t=X+f gt()’t,Zt)df'f‘(BT—Bt)—/ z; dWy, te€l0,T]
t t
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and (y', 7/, B') solves
T T
y;=x'+/ g;dt+(B’T—Bt’)—/ @) dW,, t €0, T].
1 t

If
X>X, g0, z)>g dP®dt—as. and B > B’ (ie., B— B’ isincreasing),

then we have P-a.s.
y: >y, forallr € [0,T].

If in addition P[X > X'] > O then P[y, > y[ forallt € [0, T]] > 0.

In order to define the market functional, we now need to specify the financial
market and the set of strategies we allow for trading in the present L-setting. We
retain the assumptions made at the beginning of this section with respect to the filtered
probability space and the d-dimensional Brownian motion W. Our model consists
of n < d risky assets and one riskless asset which is constantly 1 so that the price
processes of the n risky assets are already discounted. They are defined by

. , d o, . t d 1 t
S, = sjexp Z/ g;’JdWsj+f /L;ds—zif
- JO 0 . 0

with s(i) >0,i =1,...,n, where u and o are uniformly bounded progressively mea-
surable processes and such that the inverse of oo™ exists and is uniformly bounded.
Note that there exists an equivalent martingale measure for S so that there are no
arbitrage opportunities in this market.

;.12
asl’J‘ ds |,

Definition 2.7.12. An admissible portfolio is a triple (x, 7, K), where x € IR, 7 is
a progressively measurable IR"-valued process and K is an adapted RCLL increasing
process satisfying Ko = 0 and

T
E [/ Iz o > dt + K%] < o0,
0

Here, x is the initial wealth, 7/ is the amount of money invested in the i-th stock at
time ¢, and K, is the camulative consumption up to time ¢. The corresponding value
process is defined as the RCLL process V = (V;)o<:<T given by

dv, = na‘u;dt—dK;+no;dW;, (2.7.12)
Vo = =x.

An admissible portfolio (x, 7z, K) is a hedging portfolio for X € L? if Vr = X, and it
is a minimal hedging portfolio for X if its value process V satisfies

V; <V/ forallt €[0,T] P—as.
for every hedging portfolio (x’, 7, K') for X with value process V'.
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Remark 2.7.13. The definition of an admissible portfolio is here slightly different
from the one given in Section 2.5. First of all, due to a different setting, we impose
different integrability conditions. Moreover, the process H in an admissible portfolio
(x, H, K) in Section 2.5 describes the portfolio by fixing the numbers of units of each
asset held, whereas in this section the process 7 fixes the amounts invested in each of
the assets. The relation between 7 and H is thus given by ! = H/}S!. o

For simplicity we only consider the case of unconstrained hedging in the sense of
Sections 2.5 and 2.6. Thus the agent can use any admissible portfolio for hedging, and
the set of payoffs she can superhedge by trading during (¢, T'] is given by

T
C; = [/ 7y (g du+o0,dW,)—Y|Y € L2, (0, , 0) an admissible portfo]io} .
1

Remark 2.7.14. In principle, the present approach via the results on minimal g-
supersolutions can be extended to more general situations with constraints imposed on
trading, i.e., when the set C; of payoffs which can be superhedged by trading during
(¢, T'] is a subset of the above C;. This idea goes back to Bender/Kohlmann [BKO04]
who also give many examples of general constraints. For the applications here, we
need C; to be convex so that we can impose only convex constraints. &

Similarly to Section 2.6, the programme for describing the indifference valuation
p with respect to @ and the market corresponding to the family (C;) now looks as
follows:

1) Construct the market DMCUF corresponding to (C;); compare (2.6.10).
2) Describe it via BSDEs.

3) Convolute it with ® to obtain ®°P'; compare (2.6.7) and (2.6.11).

4) Describe ®°P! via BSDEs.

5) Express p via ®°P'; compare (2.6.8).

Because we work here in L2 instead of L™, the above steps become technically
slightly different. The main problem is that we cannot construct the market DMCUF
on all of L2. But fortunately, the convolution with ® can still be formed since it only
needs the values of the market DMCUF on a suitable subset of L?; this essentially
goes back to the last equality of (2.4.4) in Theorem 2.4.3. Let us explain this in more
detail.

In analogy to (2.6.10), we should want to define the market DMCUF by

&7 (X) := ess sup {m, eL2(F)| X —m, € —e,] 2.7.13)
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so that a simple reformulation would give

— @G (—X) = ess inf{m, e L*(%) | X = m; + G for some G € C’;] . (27.14)

In other words, — &, € (=X) should correspond to the superhedging price of X at
time 7. But this does not work with every X in L2. It is well-known that in contrast
to the L>-context, a hedging portfolio need not exist for every X € L? in general so
that the set on the RHS of (2.7.14) can be empty and the essential infimum is possibly
not well-defined. In particular, dbt_e’ in (2.7.13) is not an MCUF at time ¢ because it
is not defined on all of L?. We might try to save the situation by defining the essential
infimum in (2.7.14) as oo when it is taken over an empty set. But in view of the desired
interpretation as superhedging price, this is not appropriate either. In fact, there might
exist a set A € F; with P[A] > 0 and such that there exists a hedging portfolio for X
on A, i.e., for X14, and then the superhedging price of X at time ¢ should be finite on
A. Hence the definition (2.7.13) cannot be used for every X € L?; we must restrict X
to some suitable subset of L2,

Now the reason why we consider the functional &, € is that we want to convo-
lute it with the DMCUF @ which expresses the agent’s preferences. Fortunately, this
operation does not need the values of CD,_G’ on all of L2; this can be seen from (2.4.4)
which is easily extended from the L®- to the present L?-context. In more detail,
(2.4.4) suggests that we should have

OP(X) = “@,00; “(X)" = ess sup (Cbt(X +Y)+ o, (—Y)) (2.7.15)
.

for all X e L2, where B is an arbitrary subset of L such that

82 {Y e L2 ’ ®7C (Y) from (2.7.13) is well-defind in L2 and > 0} .

In other words, 8 should contain the “acceptance set of ¢, € To prove that (2.7.15)
is indeed true with B := —Cp, we shall first show that the superhedging price at time
t for X € @p coincides with the RHS of (2.7.14), andis < 0if X € @G; C Cp; hence
d),_e’ (X) is well-defined by (2.7.13) for X € —Cp and > 0 if X € —C;. Then we
prove that

OP(X) := ess sup ©;(X + G) (2.7.16)
GeC,

coincides for every X € L2 with the RHS of (2.7.15) for B := —Cy.

The next result achieves steps 1) and 2) in the above scheme. It shows that
the superhedging price process for X € L2 can be described via a constrained g-
supersolution of a BSDE, and that this process is nonpositive at ¢ if and only if X € C;.

Moreover, the superhedging price operator is shown to coincide with —CD,'G’(— )
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from (2.7.14) or (2.7.13) on Cp. Note again that in contrast to the L case, these
results do not hold on all of C; + L?(F;) 2 @y, because not every X € L?(#;) admits
a superhedging portfolio.

Theorem 2.7.15. ) Let X € L2 be such that there exists a hedging portfolio for
X. Then the minimal hedging portfolio (X, 7, /i) for X exists, and the corre-
sponding value process V coincides with the y-component from the smallest
Y-constrained g-supersolution of the BSDE

—dy, = g"@)di+dA, —z'dW, (2.7.17)

with terminal value
yr=X

and constraint

Vi (1) i= “a — o/ (0107")

' 02 “ —0 dP®dras., (2.7.18)

where .
g;n(Z) = —Z*O't* (O'tO't*)_ My (2.7.]9)

b) For X € L2, the minimal hedging portfolio exists and has a value process 1%
which satisfies V; < 0 if and only if X belongs to Cy.

c) For any G° € Gy 2 Gy, the minimal hedging portfolio (x, 7, K ) exists, and its
value process V coincides with ( - CD,_G'(WGO))O{KT with *—CD,_G’(—* .) from
(2.7.14): For eacht € [0, T], we have T

V, = -0, % (=G (2.7.20)

Remark 2.7.16. i) We denote the driver in (2.7.17) by g™ (.) to emphasize its
connection to the market functional (respectively to — &, Cr(—. ).

i) Since o/ (ota;*‘)_1 oy is the projection onto the range of /%, the constraint
(2.7.18) simply ensures that z, is in the range of o,*. As mentioned before,
this is needed because our strategies ought to be expressed via S, not W.

&

Proof of Theorem 2.7.15.  a) We first show that (x, 7, K) is a hedging portfolio
for X with value process V if and only if (V,o*x, K) is a ¥-constrained g-
supersolution with terminal value X. To see this, note that (2.7.11) can equiva-
lently be written as

—dy, = g(yr, 1) dt +dA; — Z;Fth, yr =X
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b)

and that the constraint from v is always satisfied for z = o*n. Hence we
only have to check the integrability conditions in Definitions 2.7.9 and 2.7.12,
and show that for any yr-constrained g-supersolution (y, z, A) we can write
z = o*n for a suitable process w. However, the latter holds since z satisfies
the constraint from ¥ so that we can take 7 := (60*) oz, and the former
holds since u, o and (0'6*)~! are uniformly bounded processes. Now the as-
sertion follows if we can prove the existence of a smallest 1/-constrained g-
supersolution with terminal condition X. But this follows by Theorem 4.2 of
[Pen99] already from the existence of a yr-constrained g-supersolution with ter-

minal value X or, equivalently, from the existence of a hedging portfolio for
X.

Any X € C; is of the form X = sz ny (Mydu+0,dW,) —Y where Y € Lﬁ_
and  is a progressively measurable IR%-valued process such that

T
E U ||n,*o,||2dt] < 00.
0

Hence (0, 7', K') with K, := Oforu < T, K} := Y, n’ = 0 on [0, ] and
n’ = 7 on J¢, T] is a hedging portfolio for X so that by a) the minimal hedg-
ing portfolio for X exists. Moreover, since the value process V' of (0, 7/, K’)
satisfies V/ = 0, the value process V of the minimal hedging portfolio for X
satisfies ‘7, < 0. To finish the proof of b), it suffices to show that if for X € L2
the minimal hedging portfolio (x, 7, K) exists with value process V such that
V: <0, then X € C;. But this is easy since (2.7.12) implies that

T
X=VT=(VT—Vt)+Vt=f 7wy (fu du + 0, dW,) ~ (K1 — K; — V)
1

where K7 — K, — V; € L% sothat X € C,.

By part b), it suffices to prove (2.7.20). Also by b) the minimal hedging portfolio
(%, 7, K) for G° exists. If V denotes the corresponding value process, we can
write

T
G =V, +/ 7¥(uy du + 0, dW,) — (K1 — K)) =: V, + G,
!

where G € €,. This yields the estimate

—;7%(-G%
— ess inf{m, € Lz(}‘,)‘ G = m; + G’ for some G' € e,} 2.7.21)

~

< V.
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The converse inequality is shown by contradiction. Suppose it does not hold.
Then there exist ¢ > 0and A € ¥, with P[A] > 0 such that

—07%(=G% +e <V, onA.

By (2.7.21), we can then find m; € L%(#;) and G € G, such that G'=m,+G
and some set B C A with B € ¥; and P[B] > 0 so thaton B

mp < =, (=G +e <V, =Vie + AV, = Vi_ — AK, < Vi_. (2.7.22)
By b) the minimal hedging portfolio (x, '7?_,7(") for G € G, exists and if we
denote the corresponding value process by V, we can write

T
G=V,+ f T (s ds + o5 dWs) — K1 + K. (2.7.23)
1t

Now we fix t € (0, T') and construct a new hedging portfolio (%, 7, K) for G°
such that its value process V satisfies V, = 7m; < V, on B, which contradicts
the minimality of V. To this end we define

X = X,

7 lyo,q + (wlp + A1 g )iy 17,

K = K on]o0,1[,
Ieu = (‘7;_-1-[%;_ —mt“f-'kmu “-_Et “_th{u=T}) 13+[€u13c

fort <u <T.

We note that V,_ + K, = % + fot ¥ (us ds + o5 dWs) so that
{
V,o=%+ f #¥ (s ds + 0y dWy) — K, =7, on B (2.7.24)
0

and that by (2.7.23), we have on B from the definition of K7 that

T
t
= m+G
GO,

Hence we are only left to show that (¥, 7, K ) 1s an admissible portfollo, which
is obviously true if K is 1ncreasmg Because G € G, implies that V, < 0, this is
obvious if AK, = K, K,_ = Kt K,_ > 0 on B. However, the latter holds
true since by (2.7.24) and (2.7.22) we have AR; = —AV, = —(; — V;_) > 0
on B. This establishes the contradiction and hence completes the proof.

]



2.7. Examples 97

We now pass on to steps 3) — 5) in our scheme. So let us fix a DMCUF @ and
define for each X € L? the indifference value p;(X) at time ¢ implicitly by

ess sup ®;(x; + G) = ess sup O, (x; — p:(X) + X + G), (2.7.25)
Ge@, GEC’[

where x; € L2(F;) is the initial endowment at time . In addition, we define a func-

tional d>?pt(X) = ess sup O;(X + G) asin (2.7.16). If
GeC,

;7'(0) e L2 (%) and @T'(X) € L*(F),
then we can use the translation invariance of ®; to solve (2.7.25) for p;(X) and get
pi(X) = O(X) — @7 (0) € L*(F). (2.7.26)

This last expression is a first answer to step 5). For steps 3) and 4), we assume that ¢
is described by some g-solution and we should also like to express ®°P'(X) in terms of
BSDESs. The idea to achieve this is as follows. Thanks to Theorem 2.7.15 and (2.7.15),
we know that &;" "is “morally” the convolution of ¢, with the market MCUF d>fe‘.
Now Barrieu and El Karoui have proved in [BEK04] that the convolution of DMCUFs
which are both described by g-solutions corresponds (under some technical assump-
tions) to the g-solution whose driver is the pointwise convolution (in the sense of
Rockafellar as in (2.4.3)) at each time ¢ of the drivers for the two original g-solutions.
Since the market functional is not a g-solution but a constrained g-supersolution, we
have here a slightly different setting. Nevertheless, we can extend the result of Barrieu
and El Karoui to this more general setting by similar arguments.

Theorem 2.7.17.  a) Let the DMCUF & be described by a g-solution with a driver
g which satisfies (A), (B), (D) and (8). With g™ as in (2.7.19), define for
z € IRY
8@ = sup {g(z+0rv)+g"(—0v)}
velR"
= sup {g(z+ 0/ v) + v} (2.7.27)
veR"
andfix X e L2 If§ : Q@ x [0, T]1 x IR — IR satisfies (#) and (B), then the
g-solution (¥, 2) of

—dy = g(Z)dt —ZfdWy, yr=X

exists. If in addition there exists 7 € MIzF (0, T'; IRY) satisfying the yr-constraint
(2.7.18) and such that

8:G)=gG +7)+&"(-%Z;) dP ®dt-as., (2.7.28)
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then

@y (X) = ess sup {‘Dz(X +G% + ‘I’;@’(—GO)} = Y. (2.7.29)
G%Cy

In other words, ®°P'(X) then equals the y-component of the g-solution with
driver g and terminal value X.

b) Suppose the assumptions of a) hold and denote by (y°, z°) the g-solution with
driver g and terminal value 0. If there exists 7° € MIZF((), T; IR?) satisfying the
Y-constraint (2.7.18) and also

82" = g +2%) + g (-29),

then (pt (X )) o< <7 'S the g-expectation with driver

5:(2) =8z +2% — 8,2 (2.7.30)

and terminal value X.

Remark 2.7.18. i) Itiseasy to check that g always satisfies () and (8); the latter
holds since g and g™ are both concave and for any 8 € [0, 1], we can replace
the supremum over all v € IR” in (2.7.27) by the supremum over all elements
Bv! + (1 — B)v?, where v!,v? € IR". Moreover g can always be chosen
product-measurable on 2 x [0, 7] x IR? and such that (w, 1) glw,t,z7)isF-
progressively measurable, so that (+4) 1s reduced to an integrability condition. In
fact, we can fix a product-measurable A C Q2 x [0, T'] such that A°isad P ®dt-
nullset and z — g(w, ¢, ) is continuous on IR for all (w, t) € A. Without loss
of generality, 14 is F-adapted; otherwise replace it by A’ := A N (B x ),
where B := {t € [0,T]| E[1a(w, t)] = 1} is a Borel set. It follows from
E[fy 14(@,1)dt] = T and Fubini's theorem that f; 15(r)ds = T P-a.s. s0

that (A")€ is a d P ® dt-nullset. Adaptedness of 14 is then implied by the usual
conditions and since E[14/(w, 1)] € {0, 1} foreach ¢ € [0, T]. Now, since 14 is
product-measurable and adapted, it has a progressively measurable modification
Y = (¥Y1)o<s<7. Define

8:(2) '=1Y; sup {g:(z+ o, v) + v s}

ved”

on 2 x [0, T] x R*. Then g is product-measurable on 2 x [0, T'] x R? and in
addition (w, t) — g(w, t, z) is progressively measurable. Finally, we need to
show that

81(2) =g,(z) forallze RY dP ®drt-as.
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To this end, note that by Fubini’s theorem and since Y is a modification of 14
where A€ is a dP ® dt-nullset we have Y14 = 1 dP ® dr-a.s. Hence we can
conclude that d P ® dt-a.s.

81(2) = Y148,(z) = Y1, sup {g;(z +0;v) +v*u,} =3,(z) forallz € R,
ve "

where the second equality holds since g is continuous in z on A.

If g satisfies (+) and (B), it is by Corollary 2.7.7 the driver of a g-solution
which describes a time-consistent DMCUF. Note that the condition (2.7.28) on
7 depends on X via z. If it does not hold for all X € L2, steps 1) and 2) in
the following proof still show that § = $(X) is an upper bound for ®P'(X).
However, ¥(.) need not describe ®°P'(.) on all of L2 because the upper bound
need not be attained.

Suppose p. r = @.é,r is described by the g-expectation with driver § on all of
L2. Since # satisfies (C), we know from Remark 2.7.6 that

g8, [X1=62,[X] foralls <7 <T and X € L3(%).

Since DMCUFs defined via BSDEs are always time-consistent, one might be
tempted to conclude that the family p satisfies the recursiveness property

(R) psi(ps,7(X)) = ps7(X) foralls <t <TandX eL?

introduced in Section 2.3. But how is p_, defined? In view of the desired in-

terpretation, we should take p, ; = CD?pt - <I>°pt(0), where @ , is described by
the g-solution with driver g and time horizon ¢, and then ask if p.; coincides

with S.g’ ;- In general this is not true: Because é depends on z° which itself de-
pends on the time horizon 7', p,; will in general correspond to a g-expectation

with a driver different from g. However, if the driver g corresponding to ®°P* is
deterministic, one can show that

PI(X) = Opt r(X) — @7 (0) foralls < <Tand X € L2(F).
This implies that

ps.(X) = O (X) — B (0) = &P (X) — DT (0) = ps.7(X)

fors <t < T and X € L?(¥) so that the time-consistency of p_ 7 does imply
(R) after all. Example 2.7.19 below and the subsequent remark illustrate that p
can satisfy (R) even if g is not deterministic. It would be nice to have also an
explicit example for p described by a g-solution where ({R) does not hold.

&
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Proof of Theorem 2.7.17.  a) 1) We begin with the first equality in (2.7.29), i.e.,

2)

we show that

ess sup (X + G) = ess sup {cp,(x + G+ cb,‘@f(—c’)} . (2731
GeG, G'eCy

Since ¢; € Cp and CI>,_@’ is non-negative on —C; by part b) of Theo-
rem 2.7.15, the inequality “<” is trivial. The converse inequality fol-
lows if for any G’ € Cp, we have Cbt_e’(—G’) € L2(#F) and G =
G+ CIDI_G’ (—G’) € @y, since then F;-translation invariance of ®, implies
that ®;(X + G') + ®; % (~G’) = &,(X + G). To show that these two
properties hold, we recall from Theorem 2.7.15 that the minimal hedging
portfolio (x’, 7/, K') exists for G’ € Cp and that its value V, at time ¢
equals —®; (—G’) so that in particular &, “(—G’) € L3(¥;). Again
by Theorem 2.7.15, G € C; if and only if a hedging portfolio for G exists
with a non-positive value at time 7. But since V| = —CD,“G‘ (=G’ and
(x', ', K') is a hedging portfolio for G’, we have

T
G' = =07 (=G + [ (x])*(usds + 0, dW,) - (Ky = K.
I3

Hence

T
sz (JTS’)*(,LLsds—i-crdes)—(K'T—Kt’)
t

admits the hedging portfolio (0,7, K) with = := =n'ly 7 and
K := K'1f; r7 which has value 0 at time ¢. This proves (2.7.31).

To show the second equality in (2.7.29) we take G’ € Gy and denote by
(v, z) the g-solution for the driver g and terminal value X 4 G’. By The-
orem 2.7.15 the process (—®, Ci (—G"))o<t<7 is the y-component of the
smallest vr-constrained g-supersolution (y’, z/, A”) with ¥ from (2.7.18),
driver g™ and terminal value G’. Hence we get

—d (cp, (X +G')+ cp,"@f(mc’))
= (&) —gl'(@)) dt —dA, — (2 — 2})" dW;
= (g:Gi +2)) + gl (=z))) dt —dA, —FFdW,, (2.7.32)

with @7 (X 4+ G') + ®;°7(=G') = X and where we set 7, := z, — z} and
use that —g/"(.) = g/*(—.). Since

g}(ZI) > gt(it -+ Z;) -+ g;" (—Z;) dP ® dt-a.s. and 0 > —A/,



2.7. Examples 101

3)

the comparison result in Theorem 2.7.11 applied to the driver g;(.) with
solution (¥, Z, 0) and the integrand g, (Z; + z;) + g/ (—z;) with solution

(@ X + 6+ 0% (=61),. 2, -4
yields

5> & (X +G)+ & (=G') forallt € [0, T] P-as. (2.7.33)

Hence y is an upper bound for ®°F',

Next we construct an element G € C for which this bound is attained to
establish the second equality in (2.7.29). To this end set

. T T
G:=/ g,’"(—z,)dr+/ Zrdw,
0 0

and note that 7 by assumption satisfies the constraint ¥ from (2.7.18).
Hence 7; ;= (a,crt*)_lcrtzt, t € [0, T}, satisfies 7oy = Z; so that

v

T
0

Thus (0, 7, 0) 1s a hedging portfolio for Gandso G € Co by Theorem
2.7.15. Next we define (¥;)o<r<r as the continuous process

t t
V1= f g;"(-—Zs)ds—}-/ Z, dWs.
0 0

Again since g" (—.) = —g" (.), (¥, 2) is the unique g-solution of

w

—dy; = g/" (@) dt —zfdW;, yr=0G.

In particular, since 7 satisfies the constraint ¢ from (2.7.18), the compar-
ison result in Theorem 2.7.11 implies that the triple (y, Z, 0) is the small-
est yr-constrained g-supersolution with terminal value G and driver g™.
Thus and since G € @y, parts ¢) and a) of Theorem 2.7.15 yield that

—V = CD,_@’(—é). We know from (2.7.32) that for G’ := G we have
—d (®,(X +8) + 07 (=0)) = (81G +7) + 8" (—20) dt =7 AW,
for some 7 € MIZF (0, T; IR?). Since one can easily check that the driver

(8 (. +7Z1)+ 8" (—Z))o<s<T



102 Chapter 2. Dynamic indifference valuation

satisfies (#4) and (B) and since by assumption (2.7.28) we have
8:GZ) =g G +7) +g"(~%) dP ®dt—as.,
uniqueness of g-solutions implies that
D(X+G) + D% (=G)=9 forallsel0,T] P-as.

Hence y is not only an upper bound for ®°P*, but equal to it. This proves
(2.7.29).

b) With a) and (2.7.26), this follows from the uniqueness of g-solutions and since

—d (yzY - yto) = (& (Z;X) — & (Z9)) dt — (Z}X —Z?)* dw,
= (& (E+2) - & (@)) ar - @ aw,
i—yr = X,
where 7 := zX — z0.

O

We conclude this section with an explicit example where the DMCUF & is given
by the conditional exponential certainty equivalent with risk aversion v, i.e.,

1
®,(X) := ——log E[exp(—y X) |¥;] for X sufficiently integrable;
4

see also Examples 2.3.3 and 2.7.1. Then & is described by the g-solution with driver
8:(z) = —% lIz|I*; see, e.g., Section 3.1 in [BEK04]. Although this driver obviously
does not satisfy (8B), so that Theorem 2.7.17 cannot be applied, this is quite an illus-
trative example. In fact, the driver of the g-solution describing the indifference value
process is known here explicitly, and we can show by formal calculations that it corre-
sponds to é from (2.7.30). Moreover, this example shows that if g has a nice structure,

one can eliminate the dependence of é on z° by expressing the value process as g-
solution under an appropriate measure. Instead of successively solving two BSDEs
(one for y°, then one for y which depends on z°%), one can first do a measure change
and then solve one BSDE (for y) under the new measure. While this usually does not
reduce the difficulty of the problem, it still gives a conceptually clearer view.



2.7. Examples 103

Example 2.7.19. Let the DMCUF @ be described by the g-solution with driver given
by g/(z) := —%|z)|>. Then with 6, := 6,*(6;0;") ! u;, we have from (2.7.27)

g@ = sup {g(z+0}v)+ g (=0 v)}
velR"™
= sup {w%llz+0t*v||2+v*m]
velR™
= su {—le +cr*v||2+(a*v)*0]
- P 2 Z t t 1
velR"

By completion of the square we can rewrite the term in brackets on the RHS as

" 1
o, v— | —z2+ —b6
v

. 1
&) = r H IT, (—Z + “'Qt)
2 14

2

2

1
=20, + 5= 1I6; 1%
14

to get
2

1
— %0, + E—Henuz,
Y

where IT, (1) denotes the projection of u onto the orthogonal complement of ¢,*(IR").
Denoting by (., .) the scalar product and using the properties

lall? = 1b]1> = lla — b|* +2(a — b, b)

and (T1;(a) , I1;(b)) = (a, I1;(b)) and linearity of the projection IT,, we get
5@ = £+ -8

Y 0o 1 o, 1| "
= —z||M:{—-2—2z +—6 I { —z; + —6; ~ 26
2 Y 14

14 1
= —- LI -y (—Ht(Z), ;nz (—yz? +9t)) — %6

2 l

2
14
= -3 ITL ()11 + (z, IT; (—)/z? + 91‘)) — 776
Y
— 2 IL@IP + (2. 1 (—yzf +6,) - 6).
In particular, if the process &(f 00 dW;) for 62 := I, (—yz? + 6;) — 6, is the density
process of some equivalent martingale measure Q° € ¢, then we obtain

—dp(X) = =Ly + (z, 0%) dr - zfaw,

Y
= 73 ITL, (o)1 -z dW;O,

rrX) = X,
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where W0 := W — [00ds is a Brownian motion under Q°. This representation
has the advantage that the driver does not depend on z?; it was presented (in a more
general setting) by Rouge and El Karoui in Theorem 5.1 in [REKO00]. To see that
their results agree with ours, note that the price/value process in [REKO00] is the seller
price process whereas we consider the value process for the buyer. Moreover, our
process z° is associated to the g-solution which describes the process ®P(0) =
(—% ess infgee, Elexp(—y G)|FiDo<<r Whereas their process z0 is associated to
the g-solution which describes —®°P'(0). However, one can easily check that if
(v, z) denotes the solution for a driver g and terminal condition —X and if (¥, Z)
denotes the solution for the driver g,(y, z) := —g;(—y, —z) and terminal condition
X, then (¥, ) = (—y, —z). Therefore the driver in [REK00] should be compared with
—&:(—.) where in addition z° is replaced by —z°. The BSDE for ®°" can also be
found in Theorem 7 of [HIMOS]. For similar reasons as above, the driver there should
be compared with g(—.).

Remark 2.7.20. Although the driver 2 in the above example does not satisfy g(0) = 0
and is not deterministic, the corresponding indifference price satisfies (R); see Propo-
sition 15 in [MSO05]. It would be interesting to see an explanation for why this happens.

<&

2.7.3 Extension to a dynamic MCUF

In this example we show that an MCohUF at time O cannot always be extended to
a time-consistent normalized DMCUF; note that if there exists any time-consistent
extension, then there also exists a normalized extension. More precisely, we consider
the MCohUF

®o(X) := E[X] —a|(X — E[X])”||, forX eL®, (2.7.34)

where 0 < @ < 1is aconstant and || . ||, is the L”-norm for some 1 < p < oc. One
straightforward extension to a DMCohUF can be obtained by setting

@ (X) := E[X|F]—a (E [(X — EIX|F]D7)” Iﬂ])%, 0<t=T.

Then for each time ¢ we can specify a convex L!-closed set @, of measures represent-
ing ®; as in (2.3.8) of Theorem 2.3.16. However, we show by a counterexample that
€ 1s in general not weakly m-stable so that by Lemma 2.3.29 @ is not time-consistent.
Moreover, we also show that it is even impossible to extend ¢ to any time-consistent
DMCUEF at all. The point of this example is to illustrate that time-consistency is a
rather severe condition on a DMCUF.

The definition of & is inspired by an example given in [Fis01] by Fischer who
considers (static) coherent risk measures depending on one-sided moments. It is quite
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natural to define an MCohUF in this way, since it is just the expected value of the
payoff minus a term which punishes the downside risk.

Let us first show that at each time ¢ € [0, T'], ®;(.) can be represented as

& (X) = essinf Eg[X|F], (2.7.35)
Qeqy
where for p > 1
|42
@ =10 e€P| "= =1+a(Y - E[Y|F], ¥ 20, E[Y|F] <1
with g conjugate to p, and for p = 1
d
@, :={Q€3’“ d—IQ)=1+a(Y—E[Y|?}]), 0<Y=l }

Note that by Example 2.3.3 b), this shows in particular that ® is a DMCohUF. For
t = 0 the proof of (2.7.35) can be found in [Del00], and for general t € [0, T], it
works similarly as follows. Fix X € L* and ¢ € [0, T]. We start with the case when
p > 1 and define

_ +yp-1
s (x-EX|FDY) o
(E[((X - EX|IFDT)|F]) 7

Then E [17‘7 |#] = 1 and hence also E[Y|#;] < 1 by the conditional Jensen inequal-
ity. Denote by Z the density process of the corresponding measure Q in @, so that
7, = E [1 +a (17 _ E{f’w-',]) ‘ 3—;] for s € [0, T]. Note that 7, = 1. Since
Y — E[Y|F] = —1, Q is equivalent to P fora < 1. If a = 1, then Q need not be

absolutely continuous with respect to P. However, we shall see that €, is convex and
contains P, so that we can approximate Q in L!(P) by the sequence (Q"),eny < @F

associated to the sequence of densities Z3, := ¢+ (1 — ¢)Zr,0 < ¢ < 1; see the proof
of Lemma 2.3.29. Since Z; = 1, we have

V4
E[TTX

Z;

ft] = EIXIF1+E|Zr (X - EXIFD | 7]

= EXIF)+E[(Zr -1+ eEFIFD X - EXIFD | 7]

— EIX|F]+E|a¥ (X — E[X|F]) ‘ 53] (2.7.36)
E[(x - EXIF)*) ! (X - EIXI5) | 7]

p—1
p

= E[X|#]+a

(E[((X - EXI7:)7)" | #])

= E[X|F]+a(E[(X - EXIFDT)?] 37,])% . (2.7.37)
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Now take Q" € @; with corresponding Y’ and denote the density process of Q' by Z'.
As above we obtain

Z/
e[ 7]

7 E[X|F]1+ E [aY' (X — E[X|F]) | 7]
EIX|F1+aE[Y (X - EIX|FDT | F1]
E[X|#:]

a (E[@0] 7])7 (E[(X - EXIFDY) | 7))

EIX|F]1+a(E[(X - EIXIFDY)’ | £])”

A TA
N

by using Hélder’s inequality and the definition of ;. Replacing X by X:=-Xand
using (X E [X |F: DT = (X — E[X|F:])~ gives after changing signs that

N =

V4
E[ TX‘IFz] > E[X|F]—a(E[((X - EXIFD7) | F])? = 0,(X).

Z/
Analogously, (2.7.37) can be transformed into

7
E[ Ty

Z;

Tt] = @ (X).

This proves (2.7.35) for p > 1. If p = 1 we take Y = 1{x<£ix|%;]) and obtain as in
(2.7.36) that

Z
E T
Z,

and that for arbitrary Q' € @, with corresponding ¥’ and density Z’, we have

?}] = E[Xlﬂ]+aE[I7(X—E[Xl37z])‘?}]

= E[X|F]-aE[(X — E[X|F])~ | #]
= O/(X)

Zl
E[‘Z"T'let] < EX|F]+aE[Y (X - EIX|FD" | #]
t

< E[X|F]+aE[(X - EX|FD"| #].

The same arguments as above then again yield (2.7.35).

In a second step, we now prove that @, is convex and closed in L!. Convexity is
easy since for p > 1, the boundedness by 1 of E [(a¥ + (1 — a)Y’)?| %] follows
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from the conditional Minkowski inequality. To show closedness, we fix a sequence
(@n)new S @, which converges in L! to some Q and denote by Z7 and Zr their

respective densities and by (¥),),cv and Y the associated random variables from the
definition of @;. Since each f, := E[Y,|F] satisfies 0 < fn < 1, Lemma 3.2 of
[Sch92] ensures the existence of a sequence ( fn),,e n of convex combinations fn
conv{ fy,, fus1, ...} which converges to some f almost surely and hence also in L.
Denote for each n € IN by Z” € conv{Z", Z’H’1 ..} and Y e conv{Y,, Y,+1,...}

the convex combinations with the same weights as fn. Then
EUPn = 0al) = E[|dn=f) = (= ||+ E[ | - £]]

o L. .
_ EHE@T—U—E@T-DH+E”M fo

I

and the RHS converges to O for m,n — o0 since (2’})%1\/ converges like (Z7)nen
to Z7 in L!; this uses that 2’} € conv{Z7, Z;’“, ...}. Thus the Cauchy sequence

(Yo)nenN converges to some Y > 0in L. If p > 1, the conditional Minkowski
inequaligy implies that E [Y)/|F:] < 1 for each n € IN and hence by Fatou’s lemma
also E[Y?|F;] < 1;for p = 1, we have 0 < Y < 1, Moreover,

J)=o0
converges forn — oo inL! to

Zr :=1+a(f’—E[I7‘.‘F}])

'}1:1+a(fn—E[?n

since f}n —> Y in [.,1. SobZT 1s > 0 and the density of an element of @;. But we
already know that Z7 — Z7 in L!; hence Zr = Zr which implies that @, is closed.

Finally we provide a counterexample which shows that & is in general not a time-
consistent DMCohUF and that it is even impossible to redefine it for r € (0, T'] such
that @ becomes a time-consistent DMCUF. In fact, the counterexample shows that @
is not weakly m-stable in general, which is by Lemma 2.3.29 a necessary condition for
time-consistency if ®¢ is positively homogeneous; note that we showed in the proof
of Lemma 2.3.29 that the L!-closed convex st @ representing a DMCohUF at time 0
is unique.

Counterexample: Let Q@ = {wy, ..., ws}, F the power set of 2, T = 2, Fy =
{@! Q}! '7.71 = 0'({(01, 602}, {(U3, (04}, {st 0)6}), -?'-2 = -?"9 a=p= 13 pPi = P[{wl}]s
i=1,...,6, p1 = 100p2, ps = 100ps. Define two densities ZL. and z2 of elements
of @ by their associated random variables Y! and Y2, where E[Y?] = 2, 0<VYi <],
i=1,2,and

1
ﬂwo=ﬁa Yiw) =1, Y'ws)=1, Yl(ws) =1,
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o= —, Pen=1, Yo=1, ¥ =-—.

100’ 100
If @ is weakly m-stable, then
_ V£
Zr = Zi-%
1 Z%
14 (Y - E[Y?)
= (14 EF - EY'D) e
14 (Y2 - E[Y?
= 1+ (—1 + (1 + (E[Y'|F1] - E[YI])) I (Z[;gw,-l] _[ Ez;z]))

must be the density of some element of @p. Since

14 (Y2 - E[Y?))

7= (14 E' 71 - E1Y'D)

has E[Y] = 1 we can write

_Z“T=1+((I7+c)—E[f’+c])

1+ (E[Y2|F1] - E[Y?])

for any ¢ € IR, and this is the unique decomposition of the form “1 + (Y — E[Y])”,
where Y is a random variable, except for the constant c. Z T 1s an element of @g if and
only if there exists ¢ € IR such that 0 < ¥ + ¢ < 1. Since Y > 0 this is equivalent to

max Y(w;) — min Y(w;) < 1.
ie{1,...6} (@) ie(l,...6) (@) =

However, E[Y1|F11(wy) = E[Y?|F1]1(w}) so that

Plw) =1+ Yw)) — E [YZ] =051

and E[Y!|#)(ws) = 1 and E[Y?|F1](ws) = 137 imply that

. 1\ 1+1-4 303
Y(w5)=(1+1-5)  _

Therefore (2.7.38) is not satisfied and @ is not weakly m-stable.

2 17 '
I+pr—2 79

(2.7.38)



Chapter 3

Utility based g00d deal bounds

3.1 Introduction

In this chapter we study good deal value bounds in a dynamic setting. We model the
discounted price processes of the traded assets in an incomplete market by a multi-
dimensional semimartingale S and denote the set of equivalent local martingale mea-
sures for § by M¢(S); the latter is assumed to be non-empty. For a (possibly untraded)
discounted random payoff X, the expectation under any Q € M¢(S) is an arbitrage
free value for X and the interval of arbitrage-free values is given by

( inf Ep[X], sup EQ[X]).

QeMe(S) QeMe(S)

But this interval is usually too big to be useful in practice. On the other hand, intro-
ducing subjective criteria to single out one pricing measure can be very restrictive.
Therefore we pursue a middle course. M¢(S) contains many martingale measures
which are not reasonable for pricing because they are too “good” in some way, or,
more technically, too far away from the reference measure P in an appropriate sense.
Consider for instance the following simple example of a finite model with only one
time step and two traded assets. Their payoff structure is given in Figure 3.1 below
and we assume that the subjective measure P assigns the same probability to each of
the three states. The set of equivalent martingale measures is given by

1
ME(S) = {(261, 1 —-3q,9) ‘q € (0, 5) ]
Thus, for the payoff X = (0, 1, 0), the interval of arbitrage-free values is the whole
interval (0, 1). The values close to the boundaries of this interval are attained by prob-

ability measures which either have hardly any mass in the second state or concentrate

109
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= =1 =O t=1
1 1
s
asset 0 asset 1
Figure 3.1:

most of the mass there. Since these measures are very different from the subjective
measure P, they are not very reasonable pricing measures. To exclude such extreme
values and degenerate measures, one might for instance impose a bound on the vari-
ance of the density, i.e., allow only those measures for pricing which are contained
in

W= {Q e M(S)}% — 77, VarlZr] sA},

where A is some constant. This gives for X the value interval

inf Ep[X], sup Eo[X]
[QEJV ¢ QG% Q :|

which is (depending on the choice of A) much smaller than the no-arbitrage value
interval.

The first study of this approach is due to Cochrane and Saa-Requejo in [CSR00].
They use a performance measurement (the Sharpe ratio, to be precise) to quantify
the attractiveness of some payoff priced with respect to some Q € M4(S), and want
to exclude those measures from pricing which yield a good deal, i.e., an investment
opportunity which is too attractive in comparison with those traded in the market.
Using an inequality of Hansen/Jagannathan [HJ91], they find that a restriction on the
variance of the density of Q € M¢(S) with respect to P yields an upper bound for the
attractiveness of all payoffs priced with respect to Q. Therefore they take for pricing
only measures which are contained in W and thus do not yield good deals.

We show below that the upper bound for the Sharpe ratio in [CSRO0] is just the
maximal attainable Sharpe ratio in an extended market, where the extension depends
on the respective pricing measure. Moreover, we prove that one can obtain the same
set N of no-good-deal measures by imposing a bound on the maximal attainable
quadratic utility in the extended market. This gives rise to a more general approach
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where we replace the quadratic by other utility functions. To obtain a set of no-good-
deal measures N, i.e., of reasonable pricing measures, we then restrict the maximal
attainable utility in the extended market. Our main goal is to study the no-good-
deal values and value bounds as processes. Because their computability and dynamic
properties depend on the set &, the main difficulty is to find an appropriate and yet
workable definition for this set in a dynamic context. In a Lévy setting, we define N by
a pointwise restriction on an appropriate integrand. This allows us to apply dynamic
programming techniques. We show that this “local” restriction implies a bound on the
corresponding “global” criterion and clarify the connection between the pointwise and
the global restriction. The corresponding lower value bound is a dynamic monetary
coherent utility functional, i.e., up to sign a dynamic coherent risk measure and in
particular time-consistent. Any such functional ® is fully described by a set @ of
probability measures Q ~ P via ®,(X) = estEiGanf Eg[X|¥:]; see [Del06] or Lemma

2.3.29. Although @ has a clear economic interpretation as the set of all possible
scenarios, it is often not clear which measures one should choose. Thus a byproduct
of our approach is that it yields a very intuitive way to specify with @ := N a set of
scenarios in the context of valuation in incomplete markets.

Good deal value or price bounds have been studied in some recent papers. Simi-
larly to Cochrane/Saa-Requejo, Bjork/Slinko [BS06] use the Sharpe ratio and impose
a bound on the variance of the densities of the pricing measures. Ross [Ros05] also
works with this set of pricing measures, but obtains it in the Capital Asset Pricing
Model from a different reasoning. Cerny [Cer03] obtains good deal bounds for sev-
era] utility functions via a constraint on the indifference value in an extended market.
Bernardo/Ledoit [BLOO] use the gain-loss ratio as a measure for the attractiveness;
for a payoff X priced with respect to Q € M¥?(S), this is the ratio of the expecta-
tions (with respect to P) of the positive and the negative parts of the excess return
X — Ep[X]. Pinar/Salih [PSO5] use a similar gain-loss trade-off. Longarela [Lon01]
and Bondarenko/Longarela [BL04] suggest to take only those measures which are not
too far away from some benchmark valuation measure and propose several definitions
for the distance between valuation measures. A different type of approach is pur-
sued by éemy/Hodges [CHO2], Jaschke/Kiichler [JKO1], Staum [Sta04], Carr et al.
[CGMO1] and Cherny [Che06,05a,05b]. They start with a set of desirable payoffs,
and a good deal is a desirable claim which is available for free. This latter approach is
strongly related with monetary risk measures; see the discussion at the end of Section
2.6. Of all these works on good deal price bounds, only [CSR00], [Cer03] and [BS06]
consider also a dynamic setting; in Section 2.6 we also work in a dynamic framework,
however our results are formulated in terms of indifference valuation.

The chapter is structured as follows. In Section 3.2 we recall the original definition
of good deal bounds from [CSRO0] and explain how it can be generalized. This is
done in a static setting. Section 3.3 explains the link between good deal value bounds
and monetary risk measures. Moreover, we present in more detail the connections
between the different existing approaches on good deal bounds. But our main goal
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is to study good deal values and value bounds as processes. In order to have a nice
parametrization for the set of all equivalent local martingale measures, we choose
to work in a Lévy framework. Section 3.4 provides some auxiliary results on such
parameterizations and on Lévy processes. Section 3.5 deals with the extension of no-
good-deal valuation to a dynamic setting. The main difficulty is to find a reasonable
definition for the set of no-good-deal measures which still leads to mathematically
tractable problems. Our definition will be obtained from a pointwise restriction on
an appropriate integrand. This "local* restriction is motivated by a “global® criterion,
and we explain how the two are linked. Section 3.6 discusses the properties of the
resulting good deal values and value bounds as processes. Finally, we present two
explicit examples in Section 3.7,

3.2 Static good deal bounds

In this section we introduce some notation and the concept of good deal value bounds.
We generalize the original approach by Cochrane/Saa-Requejo [CSR00] and introduce
several criteria for good deals.

To describe a financial market, we start with a probability space (2, F, P) with
a right-continuous and complete filtration (¥;)o<;<r Where T < oo is a finite time
horizon, ¥y is trivial and ¥ = F7. There are one riskless and d risky assets with dis-
counted price processes modelled by an JR?-valued semimartingale S. In this section
we assume that § is locally bounded. We can and do choose RCLL versions for all
semimartingales. By #“ we denote the set of all probability measures Q « P and by
¢ the subset of equivalent measures. E.] denotes the expectation with respect to
P.

Forany Q € £, its density process Z = (Z;)o<t<r and density Zr are defined
with respect to P. The problem we investigate is the following. For an agent who can
dynamically trade in §, what is a reasonable value for an untraded (discounted) payoft
X contained in L>®(P) or in L? 1 (P)? Let us fix a payoff X for the moment. A first
reasonable requirement is to have absence of arbitrage. An arbitrage-free value for
X is typically given by the expectation of X under some equivalent local martingale
measure for §. We denote by M¢(S) the set of all Q € € such that §S is a local
martingale under Q and exclude arbitrage opportunities by the standing assumption

ME(S) # 0.

But for an incomplete market, M¢(S) contains infinitely many elements. Thus no-
arbitrage arguments imply only that the value of X should lie in the interval

inf Ep[X], sup Eo[X]]).
(QeM“(S) ¢ QG.ME’,(S) ¢



3.2. Static good deal bounds 113

As illustrated in the introduction, M¢(S) contains in general many martingale mea-
sures which are not reasonable for pricing because they are too “good” respectively
too far away from the reference measure P in an appropriate sense. By omitting those
measures, we define a set &' C M?(S) of no-good-deal measures and obtain the value
interval

[ ngfN EolX], SgpN EQ[X]] 3.2.1)

which is smaller than the no arbitrage interval. This is the abstract concept of good
deal bounds. To make things more concrete, one has to specify what too “good”
measures are. In the pioneering work by Cochrane and Saa-Requejo in [CSR00] this
is done as follows. If Q € ME(S) is chosen as pricing measure, the excess return of
some payoff Xel>P)isX—E Q[X ] and the corresponding Sharpe ratio is defined
as

E|% - EolX]]

\/Var [X - EQ[)'Z]].

This is a widely used performance measure. Cochrane and Saa-Requejo now argue
that Sharpe ratios observed in the market tend to be rather low. Therefore they define
good deals as excess returns with high Sharpe ratios. To obtain a mathematically
better tractable problem, they use an inequality due to Hansen/Jagannathan [HJ91].
For Q € M*(S) with density Z; € L2(P) and X € L2(P), this inequality yields

- Var[Z7]
SR(X, 0) < FZa = = JE[Z}] - 1. (3.2.2)

Thus, a bound on Var[Z7] or, equivalently, on E[Z %] implies a bound on the Sharpe
ratios of all payoffs valued by Q. Therefore, [CSR00] define the set of no-good-deal
measures by

SR(X, Q) :=

N1 —{Q M"(S)‘—_ZT, E[Z ]<A‘1}

for some constant A?; here g stands for quadratic.

A first and important question is in which sense the inequality (3.2.2) is sharp.
To discuss this, we need to clarify for which payoffs we should like to have a bound
on the Sharpe ratio. Our agent can dynamically trade in S. If we assume that also
the terminal payoff X is dynamically traded for the price E Q[X |¥:], we want the

Sharpe ratio obtainable by dynamically trading in §€ := (S (E Q[X |3'7])0<t<T) to
be restricted. We define the set of all wealth processes obtainable by trading in €
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with initial capital x € IR by
X(x, SQ) = {V = (V)o<i<r | Vi=x+ (H - SQ), for some predictable,
S<-integrable H such that V is uniformly bounded from below ]

The corresponding set of payoffs which are bounded from below and dominated by
the terminal values of these wealth processes is

C(x, 59 (3.2.3)
= {X e LO(P) \ X~ € L®(P) and X < Vy for some V € X(x, SQ)}.

This is the set of payoffs whose Sharpe ratios we want to be bounded. Since §¢
is a local Q-martingale, each V e X(x, S9) is a local Q-martingale and a Q-
supermartingale. Hence C(x, <) is contained in

C(x, Q) = {X e L1(Q) ‘ EglX]<x, X~ ¢ L°°(P)} . (324

Recall that by duality theory, in a complete market with traded assets §' modelled by a
locally bounded semimartingale and unique martingale measure Q’, we have for any
X e L*®(P)

Ep[X]<x < Xe€Cx,S).

In this sense the payoffs in C(x, Q) constitute the natural analogue of those obtainable
by dynamically trading in an extended market with unique martingale measure Q. The
following lemma shows that the RHS of (3.2.2) is the maximal Sharpe ratio obtainable
in this Q-extended market.

Lemma 3.2.1. Forx € IR and Q € P¢ with density Zr € L*>(P) we have

sup SR(X, Q)= sup SR(X, Q)= ,/E[Z%] - 1. (3.2.5)

Xe®(0,0) XeC(x,Q)
E[X]<oo E[X]<o0

Remark 3.2.2. Note that if E[X] = oo, the variance and hence the Sharpe ratio of X
is not well-defined. If E[X] < oo and Var[X] = oo, we simply set the Sharpe ratio
equal to zero. %

Proof. Note first that C(x, Q) = x+C(0, Q) and SR(x+ X, Q) = SR(X; Q). Hence
the first equality in (3.2.5) is clear and we may without loss of generality take x = 1.
Now, let X € C(1, Q) with E[X] < oo and define X:=X- E[X]sothat E[X] = 0.
The Cauchy-Schwarz inequality implies that

EL[X] = E*[ZrX] = E*[(Zr — DX] < E[(Zr - D*IE[X?]
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so that

. —EplX
SR(X, @) = SR(X, 0) = =22 < V/Eizr — 7 = B2 - 1.
vV E[X?]
This proves “<” in (3.2.5). To show equality, first assume that Z7 € L°°(P) and de-
fine X ;= 1-Zrsothat E[X]=0and X = X. Since then SR(X, Q) = ,/E[Z%] -1
and X € C(1, Q), this establishes equality in (3.2.5). If Zr ¢ L*°(P), then approxi-

mate X by
Xn'=1—-Zrliz,<n)

which is clearly in C(x, Q). Computing the Sharpe ratio SR(X,, Q) explicitly and
then using monotone convergence both for its numerator and denominator directly

gives
i = ./ 21—
nhm SR(Xn, Q) =/ E[Z7] -1

and thus completes the proof. J

Exploiting the same estimate via the extended market, one can get the same good
deal bounds via a different criterion. In fact, it can be obtained from maximizing
expected utility in the extended market for the quadratic “utility” function which is
defined for fixed a € IR by

Ui(x) := —(a —x)*>, x€R.
Proposition 3.2.3. Ler Q € P¢ with density Zr € L2(P) and x < a. Then

E[U4(X)] =101 .
XGZL&), o [U% (X) (x) EZ2]

(3.2.6)

Proof. “*<” holds by the Cauchy-Schwarz inequality since for any X € C(x, Q)

E[UY(X)]E[Z%) —E[(a — X)?1E[Z3] < — (E[Z1(a — X)])*

< —(@a—-x)’=U().

Il

If Z7 € L*(P), equality follows since X := a — ;[E’E]ZT € C(x, Q) and
T

(@ — x)?

El(a—X)*]1= :
E[Z%]

For Z7 ¢ L°°(P) approximate X by

(Z114zp <n) + Cn)
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with ¢, = E[Z%I{ZTM}] N\ 0. Then X, € C(x, Q), and combining an explicit
computation with the dominated convergence theorem yields

. ) _(a—x)z
Jim (@ = 0] = Tt

O

Proposition 3.2.3 shows that the maximal expected utility in the extended market
is separable into the utility of the initial capital x and a term depending on Q only.
Our aim is to find a set N of no-good-deal pricing measures. We want to deduce the
criterion for good deals from a restriction on the maximal quadratic utility, and we
should like it to be independent of the initial capital x. Therefore, we work with the
term depending on Q only and thus choose the value of the variance or, equivalently, of
the second moment of Zr as criterion for no-good-deal measures. Since U7(.) < 0,
the set of no-good-deal measures is then like for the restriction of the Sharpe ratio
given by

N = {Q € ME(S)

dgQ 5
T = E, E[ZT] = AQ}

for some constant AY.

Remark 3.24.  a) Both Cerny [Cer03] and Hodges [Hod98] purport to illustrate
with an example that the Sharpe ratio is not a good performance measure. In a
finite state model, they specify the excess returns of two payoffs in such a way
that except for one state, the excess returns of both payoffs are equal, but the
Sharpe ratio of the payoff with the higher excess return in the remaining state
is smaller. To describe this mathematically, suppose there are n different states.
Denote by x; and y; the respective payoffs in state i € {1,...,n}, by ¢; the
probability of state i under the pricing measure and by ¢ > 0 the difference of
the excess returns in state n. By assumption, the excess returns satisfy

n n
X1 — in%' = V1—- Z Yiqi,
i=1 i=1

n n
Xp—=1 — inq:' = Yn-1— Zyi%'s
i=1 i=1

n n
xn_zxiqi = 8+yn—2)’iqz'-
i=1 i=1
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Since ) g; = 1, multiplying the i-th equation with g; and summing up both
sides of the system of equations gives

n n n n
D oXigi— ) Xidi =€qn+ D yigi — Y Vii-
i=1] i=1 i=1 i=1

This can only be true if g, = 0, i.e., if the pricing measure Q is only abso-
lutely continuous, but not equivalent to P. Hence this animadversion against
the Sharpe ratio is not justified.

b) The quadratic “utility” function U7 is not increasing and thus not an econom-
ically reasonable utility function. Note, however, that this does not affect the
criterion derived from the restriction of the maximal attainable quadratic utility
since this criterion is based only on the term depending on the measure Q.

O

Up to now, we have examined the original approach of Cochrane and Saa-Requejo
which is based on a restriction for the Sharpe ratio. We have shown that restricting the
maximal attainable quadratic utility yields the same set of no-good-deal measures. An
obvious generalization of this approach is thus to introduce and study no-good-deal
criteria from maximizing expected utility for more general utility functions like

1

Ul(x) := ——ge_ﬂx, B > 0;
, ’;L_; x>0
.yl
UP(x) = | ;%ﬁ—y x=0 0<y#1;
-0 : x<0

vt {logx : x>0

-0 o x=<0.

We set U? and U* equal to —oo on IR _ to avoid having to distinguish between utility
functions on IR and IR and define dom(U’) := {x € R |U'(x) > —oo}. The well-
known approach to calculate maximal expected utility is to apply duality theory. We
are interested in the solution to the primal problem of maximizing expected utility
over some set of payoffs C(x), e.g., C(x) = C(x, S) from (3.2.3). That is, for U’ :
IR — IRU{—oo}andi € {e, p, £} we want to find

ut(x) = sup E[U (X)].
XeC(x)

Here we make the convention that E[U' (X)] := —oo whenever £ [ (U'(X)) | = cc.
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The convex conjugate of the concave function U’ is defined by

Vi(y) i= sup{U'(x) —xy}, y=>0 (3.2.7)
xelR
and satisfies . ‘ |
U(x) = in%{V”(y) +xy}, x € dom(U"). (3.2.8)
y>

In particular, we have

e y y =t ¢
V(y)=E(logy—1), Vp(y)rrj—);y 7, Vi) =-logy—1. (3.2.9)

If the market is complete with a unique martingale measure Q' with density Z7, the
dual formulation is . o '
v () i= "9 (y) == E[V' (Y Z7)]. (3.2.10)

Under appropriate assumptions on C(x), «' and v are conjugate so that
' (x) = inf {v' (y) + xy}.
y>0

If the market is incomplete, then the RHS in (3.2.10) involves in addition an infimum
over an (extended) set of equivalent martingale measures; see [KS99] and [SchO1]
for precise statements. We apply these duality results to the above utility functions to
obtain the maximal expected utility in the Q-extended market with payoffs C(x, Q)
from (3.2.4).

Definition 3.2.5, Fori € {e, p, £} and Q € M(S), the maximal (U', Q)-utility from
x € dom(U?) is defined as

Wlx) = sup E[UX)] (3.2.11)
XeC(x,Q)

We also introduce the set

(,‘2; = {Q € ME(S) ‘ 3x € dom(U?) such that u”2(x) < Ui(oo)] .

Remark 3.2.6. Fori € {p, £} we have U!(00) = 00, so that u"2(x) < U!(co) holds
by concavity for all x € dom(U?) if Q € @!,. Fori = e, this holds because of the
multiplicative dependence of u*< on x. <

Proposition 3.2.7. Fori € {e, p, £}, x € dom(U’) and Q € @, with density Zt, we
have _ '
u”Q(x) = inf(‘){v”Q(y) + xy} (3.2.12)
y=
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where v € (y) 1= E[Vi(yZr)] so that

utQx) = U¢(x)e ElZrlogZrl, (3.2.13)
=1

uP@(x) = UPx)E [ZTV] : (3.2.14)

ut2(x) = Ux) - E[logZ7]. (3.2.15)

Proof. (3.2.13) - (3.2.15) follow from easy calculations as soon as we prove (3.2.12).
However, it is easy to check that € := €(1, Q)NLY and D:= {Y e LL.(P)|Y = Z7}
satisfy conditions (i) — (iii) of Proposition 3.1 in [KS99] and that fori € {p, £} we can
replace in (3.2.11) C(x, Q) by x€ since U (x) = —oo for x < 0. Hence fori € {p, £}
the claim follows from Theorem 3.1 there. For i = e, it can be shown as in the proof
of Theorem 2.1 in [Sch01], approximating U¢ by a sequence of functions U;, to which
one can apply the results from the first part of this proof. 1

Proposition 3.2.7 shows that like for U¢, the maximal attainable utility for U¢, U?
and U is separable into the utility of the initial capital and a term depending on Q
only. We thus propose the following criteria for no-good-deal measures.

Definition 3.2.8. Define the f-divergences of Q € $¢ with respect to P by

fé(QIP) := E[ZrlogZr],
fPQ\pP) = E [Sign(] - y)Z;T] with0 <y # 1,
fiQIPy = E[-logZr],

and for i € {e, p, £} the corresponding subsets &' C M?(S) of no-good-deal mea-
sures by

N = {Q e ME(S) ‘ Fi(OIP) < A"] (3.2.16)

for some constants A’.

Remark 3.2.9. a) Any functional like f¢(Q|P), fP(Q|P) or fE(Q|P) of the
form E[f(Z7)] for a convex function f is called f-divergence; see [LV8T7].
It is a measure for the distance between Q and P. Therefore another interpre-
tation of the set of no-good-deal measures is that it is the set of all measures
which are close enough to P with respect to the f-divergence associated with
the utility under consideration.

b) In the definition of f7(Q|P), the term sign(1 — y) is introduced to ensure that
fin E[f(Z71)]1is convex.
&
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In order to have the set N in (3.2.16) non-empty, the smallest choice for the
bound A’ is infge e sy f1(Q|P). Since we obtained f(Q|P) via Proposition 3.2.7
from ™2, this lower bound is linked to the infimum over all (U’, Q)-utilities where
Q runs through M¢(S). The following proposition shows that this infimum has a
very intuitive meaning. It is the maximal expected utility attainable from dynamically
trading in the basis assets S only.

Proposition 3.2.10. Leti € {e, p, £}, @, # @ and x € dom(U"). Then

inf ui’Q(x)z sup E[Ui(X)].
QeM?(S) XeC(x,S)

Proof. We first show for Q € M¢(S) the equivalence

0eq, = inf"20()+xy}< Ui(oo) forall x € dom(U’). (3.2.17)
y>
If Q € @', then Remark 3.2.6 and (3.2.12) imply that for x € dom(U?)
Ui (o) > u"Q(x) = ini(’){vi’Q(y) + xy}.
y=

Now assume that Q ¢ @', and denote its density by Zr. Then relation (3.2.8) implies
that for all x € dom(U') andall y > 0

Ulloo) = u"9(x)= sup E[U(X)]

XeC(x,Q)
< E[VI(yZp)l+ sup Eg[Xly
XeC(x,0)
< E[VI(yZr)] +xy. (3.2.18)

Since v 9 (y) = E[V!(yZ7)], this proves (3.2.17). Next we claim that

sup E[U'(X)] = inf{ inf v"9(y)+xy)
Xe@(ly:c’.S) y>0{QeM"(S) Y 4
= inf inf{v"9(y) + xy}. (3.2.19)

QeMe(S) y>0

For i € {p, £} this is implied by [KS99] Theorem 2.1 (i) and Theorem 2.2 (iv). For
i = e, it follows from the first part of this proof and [SchO1] Theorem 2.1 (i), Remark
2.3 and the discussion on page 697 in [SchO1] that (L’{’](x) there can be replaced by
C(x, S); the latter uses in addition that U is bounded from above so that it suffices to
consider for the maximal attainable utility those elements of C‘Bg (x) which are bounded
from below. Finally, for Q € @ and x € dom(U"),

Ui(oo) > u"2(x) > sup [U(X)]. (3.2.20)
XeC(x,8)
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Thus @/ # , the first part of this proof, (3.2.19) and (3.2.12) imply that for
x € dom(U")

Ul(oo) > sup [U'(X)]= inf 1nf{v’Q(y)+xy}

XeC(x,5) QeMe(S) y
= inf inf{v"Q(y)+xy}= mf u‘Q x) > inf u"9(x
ot y}o{ ) +xy} = ot (x) = o s (x)
so that the claim follows from (3.2.20). 1

Remark 3. 2 11 For later reference we remark that that fori € {e, £} and i = p, i.e.,
UP(x) = 1 ,Wlth)/ € (0, 1) we have

Q=@ ={Q e M) | f(QIP) < o}

In fact, “C” holds by Proposition 3.2.7 and the definition of @ L , and for “2” note that
by (3.2.18) with y = 1 we have

ubC(x) < EIVH(Zr)] + x.
Thus from Remark 3.2.6, (3.2.9) and Definition 3.2.8 we have for Q € M*¢(S)

0¢g@ =  u"2x) =U(x) forallx € dom(U')
= E[V(Z1)] = o0
=  fUQIP)=

Similarly one can show for i = p with y > 1 that
Q= @F :={Q € M(5)| fF(QIP) < O}.
&

In Definition 3.2.8 we defined for Uf and i € {e, p, £} a set of no-good-deal mea-
sures. However, we did not say what a good deal exactly is. Consider an agent with
preferences corresponding to U’ and initial capital x € dom(U?). Suppose she gets
offered a future payoff X for the price x. For her, this is a good deal if E [U'(X)] is
bigger than the maximal utility attainable by trading with initial capital x in the basic
assets §; the latter utility is known from Propositions 3.2.10 and 3.2.7. However, we
want to define good deals independently of any initial capital. Therefore we suggest
the following

Definition 3.2.12. Leti € {e, p, £}, Q € @, and X € U edomuiy €&, @). We call
(X, Q) a good deal of level § if
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a) i = eand E [U°(X)] = $U° (Eg[X]);

b) i = p,ie, UP(x) = 2==,y € (0, 1) and E [UP(X)] = 8UP (Eq[X]),

ori =p,y > land E [UP(X)] = U (Eo[X]);
¢) i =¢and E [UY(X)] = 8 + U* (Eg[X]).

This definition deserves some comments. First of all, note that it is such that an
increase of § corresponds to good deals defined with respect to a higher utility level;
this is because U¢ and U?P with y > 1 are non-positive. Moreover, by Proposition
327,ifi € {e, p, £}, Q € (52{" and f'(Q|P) < A, then choosing Q as pricing mea-
sures excludes good deals (X, Q) of some level § for any initial capital x € dom(U?).
More precisely, if i = e, then good deals of all levels § > e are excluded; if i = ¢
of all levels § = A;ifi = pandy € (0,1), of all levels § > AY; andif i = p
and y > 1, of all levels § > (—%)V; note that in the last case any reasonable A is
negative. Of course, the question arises how Definition 3.2.12 is related to good deals
defined as excess returns with a high Sharpe ratio. An important difference is that
for the Sharpe ratio criterion we consider excess returns instead of payoffs. There-
fore the bound specifying a good deal there does not depend on Ep[X]. In addition,
for the agent, the attractiveness of a payoff does not depend on the initial capital she
has, provided there is a riskless asset in the market. In fact, suppose she has initial
capital x and the opportunity to buy a payoff X for a price p such that the Sharpe
ratio (E[X] — p)/+/Var[X — p] is higher than that in the market. Then the payoff
X — p + x can be obtained from initial capital x and has the same, attractive, Sharpe
ratio. In contrast, for a good deal defined via Definition 3.2.12, it is not clear that
adding the constant x — p to some good deal X still results in a good deal.

We might define good deals for U(x) = —(a — x)? analogously as for U¢ .
However, relation (3.2.5) holds only for x < a since U7 is decreasing for x > a.
Therefore we suggest for preferences corresponding to quadratic utility to stick to the
original definition via a high Sharpe ratio.

3.3 Monetary utility functionals

In this section we give a review of the existing literature on good deal bounds and
explain where our approach fits in. It has been noticed quite early that good deal
bounds are closely connected with risk measures. To clarify the relations between the
different types of existing approaches on good deal bounds, we recall some key results
concerning risk measures; see Section 2.3 for a more detailed discussion of the latter.
We formulate these in terms of the recently very popular monetary utility functions;
these are defined as —po( - ) for a risk measure p. In particular, this is more convenient
to explain the connection with von Neumann-Morgenstern expected utility.
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Definition 3.3.1. A monetary concave utility functional on L°(P) is a mapping & :
L*°(P) — IR satisfying

A) monotonicity: X1 < Xp implies ®(X1) < ®(X>);
B) translation invariance: ®(X + a) = ¢(X) +afora € R,
C) concavity: <I>(aX1 + (1 - a)Xz) >a®(X)+ (1 —a)P(Xy) fora € [0, 1]

The acceptance set of ® is defined as A := {X € L*(P)|P(0) = 0}. ® is a monetary
coherent utility functional if it satisfies in addition

D) positive homogeneity: ®(AX) = AP (X) for A > 0.

Remark 3.3.2. Translation invariance distinguishes monetary concave utility func-
tionals from von Neumann-Morgenstern expected utilities, most of which do not have
this property. Presuming as usual that all payoffs are already discounted, transla-
tion invariance implies that utility is measured in monetary units; see the book of
Fo6llmer/Schied [FS04] for an overview of the theory of risk measures. &

For the convenience of the reader and to keep this chapter self-contained, we recall
from Section 2.3 some important results on monetary concave utility functionals.

Proposition 3.3.3. (Proposition 4.6 of [FS04]) Let ® be a monetary concave utility
Sfunctional with acceptance set 4. Define a functional on L°°(P) by

PA(X) :=sup{m e R| X —mlg € A} = sup ((X — 4) N R).
Then ® = ®*, i.e., ® can be recovered Jfrom its acceptance set.

The following theorem gives a dual representation for monetary utility functionals
which is of great importance for mathematical calculations. In addition, this result
shows that for any non-empty set of no-good-deal measures A, the lower good deal
value bound

X inf EpfX
= jaf Folx]

as a function on L (P) is a monetary coherent utility functional; see Remark 3.3.5
below.

Theorem 3.3.4. For a functional ® : L°°(P) — IR the following are equivalent:

a) © is a monetary concave utility functional which is continuous from above, i.e.,
for any sequence (X, )nepy € L°°(P) decreasing to some X € L°°(P) we have
limy—s 00 (X5) = P(X).
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b) ® can be represented as

O(X) = {EolX] - (@)} (3.3.1)

inf
Qepa
for a mapping o® : P¢ — [—00, +00).

If ® satisfies one of these equivalent conditions and is in addition positively homoge-
neous, then it can be represented as

®(X) = inf Ep[X],
Qer

A~

where P is a subset of P4,
Proof. See Theorem 4.3 and Corollary 4.34 1n [FS04]. J

Remark 3.3.5. a) To see that the lower good deal bound has a representation as
in (3.3.1), take %(Q) := 0if Q € N and &®(Q) := —oc0 otherwise.

b) If ® has a representation as in (3.3.1) with some &, then it can also be repre-
sented with

o = inf {Eo[Y]— ®X);,

(@)= jnf {Eo[Y]— @)

i.e., «¥ can be chosen as the concave conjugate o of ®. Moreover, if there exists
Q € P€ such that a(Q) > —o0, then we can replace ¢ by £¢ in (3.3.1) if we
take a° = a.

¢) The relation between upper and lower good deal bound is given by

sup Ep[X] = — inf Ep[—X].
Qegf ol QeN ¢

&

Now consider as in Section 3.2 a financial market with the process S describing
the discounted prices of the basic assets. In the seminal work on good deal bounds
by Cochrane/Saa-Requejo [CSR00] and also in the more recent work by Bjork/Slinko
[BS06], good deals are defined as excess returns with high Sharpe ratio. Using an in-
equality from Hansen/Jagannathan [HJ91], these authors define the set N7 C M(S)
of no-good-deal measures Q by stipulating that the variance of the density d Q /d P re-
mains below some threshold. We have shown in Section 3.2 that the estimate which is
induced by the Hansen-Jagannathan inequality for the Sharpe ratio of payoffs priced
with respect to O € M¢(S) corresponds to the maximal attainable Sharpe ratio in
an extended market with payoffs from C(x, ). Ross [Ros05] also obtains an upper
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bound on the variance of the density; however, he does not argue with the Sharpe ratio,
but works with the Capital Asset Pricing Model. Without stating this link clearly and
generally, Cerny [Cer03] proposes to define no-good-deal measures from several util-
ity functions via the associated indifference price in the extended market. The same
approach is used in the early work by Bernardo/Ledoit [BLOO], but for good deals de-
fined via the gain-loss ratio. This is the ratio of the expectations, under some bench-
mark measure, of the positive and the negative parts of the excess return. Pinar/Salih
[PS05] use a similar gain-loss trade-off to define good deals. The formulation sug-
gested by Longarela [Lon01] and Bondarenko/Longarela [BL0O4] is also very similar
to those above. They define no-good-deal measures by the condition that the distance
between these measures and a benchmark valuation measure is not too big and pro-
pose several definitions for this distance. Our approach is inspired by [Cer03], and
one might say that our subjective initial ingredient is a (von Neumann-Morgenstern)
utility function.

A somewhat different line is taken by Cerny/Hodges [CHO2], Jaschke/Kiichler
[JKO017 and also by Cherny [Che05a,06]. They first define a set of desirable claims
as the (abstract) acceptance set of a monetary coherent utility functional and a good
deal as a desirable claim with zero or negative price. Their aim is to find linear pricing
functionals which price the basic assets correctly and do not yield good deals. A sim-
ilar approach is pursued by Cherny [Che05b] who allows the prices of the basic assets
to have bid-ask spreads. Instead of good deal bounds, he specifies no-good-deal bid
and ask prices in such a way that it is not possible to construct a good deal by trad-
ing. Staum [Sta04] permits in addition for acceptance sets of monetary concave utility
functionals. Carr et al. [CGMO1] define their set of desirable claims via valuation and
stress test measures. By requiring positive prices for these claims, they obtain that
the pricing functional must be a convex combination of the valuation test measures.
The common feature of this line of work is that desirability and hence good deals are
defined via a fairly abstract set only satisfying certain properties.

Although the two methods explained above look rather different at first sight,
they are actually closely related. Utility maximization also comes up in the second
approach, but with respect to monetary utility functionals instead of von Neumann-
Morgenstern expected utility. The key observation behind this is that the abstract set
used to define desirability induces by its properties in a natural way a monetary util-
ity functional; see [JKO1], [Sta04] and also the discussion at the end of Section 2.6.
More precisely, let ® be a monetary coherent utility functional with acceptance set 4.
Since this functional is defined on L.°°(P), we restrict to L°°(P) the payoffs which
can be dominated by trading in the basic assets from initial capital zero and write
CP(x, S) = C(x, S) NL*°(P). Jaschke/Kiichler [JKO1] define a good deal as an
element X € C2(0, S) such that there exists ¢ > 0 with X — elg € 4. Hence a good
deal is a payoff which can be superreplicated by trading from zero initial capital and
from which one can even subtract & monetary units and still have a payoff which is
desirable, i.e., an element of the (acceptance) set #. The lower bound 7 ** for prices of
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Xe L% (P) is then obtained as the biggest monetary amount which can be subtracted
from X so that it is not possible to turn the resulting payoff into a good deal by trading
in the basic assets. Formally, it is defined by

7*X):=sup{me R|X—mlg+X e A forsomeX € cb, $)}.

In fact, if the agent could buy the random payoff X fora pnce rr(X ) < n""(X ), then
there exist X € %0, S) and ¢ > 0 with n(X) + e < n’"“’(X) — ¢ and such that

— (X)) +e)lg+ X

is contained in the acceptance set +. Hence the agent could buy . X for n(X ), use the
superhedging strategy corresponding to X and obtain the payoff X — m(X)+ X which
is a good deal. By Proposition 3.3.3, the maximal utility (with respect to @) attainable
from the random endowment X € L (P) by trading in the basic assets is given by

sup DX+ X)

XeCb(0.5)
= sup  sup {m € R|X + X — mlg € A}
XeCb(0,5)
= sup{m € IR |X—mlg +XenA forsomeX e @b(O, S)}
= 7*X). (3.3.2)

Note that C?(x, §) = x + C€P(0, §) and that & is translation invariant. Thus an initial
capital x would show up in the above equations as an additive term. Hence the lower
good deal price bound of [JKO1] is just the term which is independent of the initial
capital x in the maximal monetary utility attainable from trading in $ with random
endowment X. The generalization from monetary coherent utility functions to mon-
etary concave utility functions then corresponds to the approach suggested by Staum
[Sta04] (if the prices of the basic assets are linear); see also the discussion at the end
of Section 2.6.

Instead of linking good deals from abstract (acceptance) sets to good deal bounds
from utility maximization as above, one can relate the former directly to our approach
here via martingale measures. The key insight behind this is that a given set of mea-
sures naturally induces a monetary utility functional, which in principle brings us back
to the situation just discussed. In more detail, let &' S M°(S) be a set of no-good-
deal measures. Assume that ., identified with the corresponding set of densities with
respect to P, is weakly relatively compact; for &7 and N € this holds by the la Vallée-
Poussin theorem in [DM75], Theorem I1.22. Moreover, let @' C £¢ be any weakly
relatively compact set such that &/ € @  and & = @' N M?(S). By Theorem 3.3.4
we can define a monetary coherent utility functional ® by

®(X) := inf Ep[X]
Qeq’
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with acceptance set 4 := {X € L®(P) | &(X) = 0}. Lemma 3.3.6 below yields that

inf Eg[X]= sup ®(X+ X).
QeN XeCb(0.5)

If the acceptance set + specifies a set of desirable claims, then (3.3.2) implies that
‘A ~ . -~
X) = inf Ep[X].
7 (X) anf, olX]

Thus the lower good deal price bound of Jaschke/Kiichler [JKO01] defined with respect
to +4 is the same then that obtained from the set of no-good-deal measures N with our
approach.

Lemma 3.3.6. Let N € M(S) be nonempty and @' € P% such that N C @' and
N = @'NME(S). Define ®(.) :=infpeq Egl.]. If @ is weakly relatively compact,
then

inf Eg[X]= sup ®X+X) forall X e L®(P).

QeN XeCh(0,5)

Proof. Denote by N and @’ the L1 (P)-closed convex hulls of & and @', identified
with the corresponding set of densities with respect to P. Note that

inf Ep[X]= inf Ep[X] for all X € L*(P) 3.3.3)
QeN QN

and that an analogous statement holds for @’. Since @' is a Hausdorff compact space
and C*(0, S) is convex, the minimax theorem in [Sim98] thus implies that

sup P(X+X) = sup  inf Eo[X + X]
XeCb(0,5) Xeeb(0,5) 0@’
= inf sup Eg[X + X]. (3.3.4)

Q€@ xe@b(0,5)

It is well known that Q € #¢ is contained in M°(S) if and only if Ep[X] < 0 for all
X € €%(0, $); see, e.g., Lemma 2.6.15. Since C?(0, S) is a cone and contains 0, we
have for Q € ¢

sup  EglX + X]=

{ Eg[X] if Q € M(S),
XeC?(0,5)

+00 otherwise.

Thus (3.3.4), N = @' N M(S), @ N M?(S) € N and (3.3.3) imply

sup (X +X)= _inf Ep[X]= inf Eg[X].
Xe@?(0,5) Q@' NME(S) QeN
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Remark 3.3.7.  a) The exact choice of @ does not matter. In particular @' = N
is always possible, provided that A is weakly relatively compact.

b) Weak relative compactness of a set @ S J“ is equivalent to a continuity prop-
erty of the corresponding monetary coherent utility functional infge@ Eg[. I
see Corollary 4.35 in [FS04].

O

3.4 Aucxiliary results on Lévy processes

As mentioned in the introduction, we are mainly interested in the good deal value
bounds as processes. To obtain results in a dynamic context, we need a nice represen-
tation of the set of all equivalent local martingale measures. Therefore we choose to
work in a Lévy framework. In this section we introduce some terminology, provide
some auxiliary results about Lévy processes, descriptions of probability measures via
Girsanov parameters and relative entropy. The proofs or references for proofs can
all be found in Esche/Schweizer [ES05]. Their main reference is the book by Ja-
cod/Shiryaev [JS87].

We first fix some notation. As before we work on a probability space (2, ¥, P)
equipped with a filtration (F;)o<:<7 satisfying the usual conditions. P denotes the
predictable o-field on 2x [0, 7] and B the Borel o -field on IR?. For a d-dimensional
semimartingale X we denote by 1% the random measure associated with its jumps and
by v” the predictable P-compensator of uX; only in this subsection we denote by X
a process and not a payoff. Moreover, we work throughout with a fixed but arbitrary
truncation function # : R? — IR4. By (B, C, v) we denote the P-characteristics of
the semimartingale X with respect to 4. We can and do always choose a version of the
form

BsfbdA, szch and v(w;dx,dt) = Ko (dx)dA; (@), (3.4.1)

where A is a real-valued, predictable, increasing and locally integrable process, b
is an IR9-valued predictable process, ¢ a predictable process with values in the set of
symmetric non-negative definite d X d-matrices, and K, ; (dx) a transition kernel from
(22 x [0, T1, P) into (R?, B¢) with K,,,({0}) = 0 and [pa(1 A ||x]|*) Ko (dx) < 1.
Let Q € % and L = (L;)o<:<r be an adapted stochastic process null at 0 with RCLL
paths. We call L a Q-Lévy process if for all s < ¢, the random variables L; — L; are
independent of ¥ under Q and have a distribution depending onlyont —s. f Q = P
we sometimes omit the mention of P. Every Lévy process is a semimartingale, and a
P-semimartingale L null at 0 is a P-Lévy process if and only if its P-characteristics
are of the form

B, =bt, C,=ct and vP(dx,dt) = K(dx)dt, (3.4.2)
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where b € IR?, ¢ is a symmetric non-negative definite d x d-matrix and K is a o-finite
measure on (IRY, B89) with K ({0}) = 0 and [a(1 A [x[|?) K (dx) < o0.

Next we recall Girsanov’s theorem to introduce the Girsanov parameters (5, Y) of
some Q € P4,

Theorem 3.4.1. ([JS87], Theorem III 3.24) Let X be a semimartingale with P-char-
acteristics (BY, CF,vP) and denote by ¢ and A the corresponding processes from
(3.4.1). For any Q € P4, there exist a P ® B-measurable function Y > 0 on
Q x [0, T1 x R and a predictable R -valued process B satisfying Q-a.s.

t ! t
[ [ 1o = hi v @, ds) + [ ecsinans+ f Brc,BedAs < o0
0 JRY 0 0
forallt € [0, T] and such that the Q-characteristics (BC, C Q vQ) of X are given by

t t
BY = B,P—}-/ csﬁsdAs+f/ ((Y(s,x)~l)h(x))vp(dx,ds),
0 0 JIRY

CtQ = Ctp’
ve(dx,dt) = Y@, x)vPdx,dn).

We call B and Y the Girsanov parameters of Q (with respect to P, relative to X).

Remark 3.4.2. Note that the Girsanov parameters are not unique. In fact, Y (w, ¢, x)
is unique only v--a.e., and for fixed ¢ and A we have A-a.e.uniqueness only for cf.
In what follows we fix a Lévy process L and express the Girsanov parameters of any
0 € P relative to L. We then identify all versions of Girsanov parameters (8, Y)
which describe the same Q. In particular, if we say that the Girsanov parameters
(B,Y) of Q are time-independent, we mean that there exists one version with this
property. <&

In order to obtain nice parametrizations for the set of probability measures, we
make the following assumption for the rest of this chapter.

The filtration (Ft)o<t<T = (?',L)Ogtg:r is the P-augmentation of the filtration
generated by a d-dimensional Lévy process L with semimartingale characteristics de-
scribed by a triplet (b, ¢, K) as in (3.4.2).

The following result expresses the density process of any Q € ¢ in terms of
its Girsanov parameters (B, Y) and the Lévy process L. As usual &(.) denotes the
stochastic exponential.

Proposition 3.4.3. (Proposition 3 in [ES05]) If Q € P°¢ has Girsanov parameters
(B, Y), the density process of Q with respect to P is given by Z2 = &(N©) with

t {
NE = f BrdLS + / f (Y(s,x)—1)(uL(dx,ds)~—K(dx)ds), (3.4.3)
0 0 JRY



130 Chapter 3. Utility based good deal bounds

fort € [0, T}, where L€ denotes the continuous local martingale part of L.
8

We can also go the other way round, i.e., start with some processes B and Y(.)
and identify them with the Girsanov parameters of some probability measure. Let us
first introduce the convex function

g(y)i=ylogy—y+1 fory € [0, 00), 3.4.4)

where we set Olog0 := 0. This function is denoted by f in [ES05]. However, in
order to preserve the variable f for the f-divergence, we use the notation g here. The
following result is a combination of Propositions 5 and 7 from [ES05].

Proposition 3.4.4. If B is a predictable process and Y > 0 a predictable function
such that

T
E [exp (fo (%B‘:cﬁs +fmdg (Y (s, x)) K(dx)) ds)] < 00,

thenY — 1 is integrable with respect to wk(dx,dt) — K(dx)dt, and Z := &(N) with
t t
N, := / E: dL§+f / ) (Y(s,x) - 1) (/LL(dx, ds) — K(dx)ds) , tel0,T],
0 0 JR

is a strictly positive P-martingale. In particular, Z is the density process of some
Q € P with Girsanov parameters (8, Y).

Let M be a fixed d x d-matrix and denote by M“ (ML) the set of all absolutely
continuous local martingale measures for ML and by M*(ML) € M%(ML) those
which are equivalent to P. The following result describes the elements of M“(ML).

Proposition 3.4.5. (Proposition 10 of [ESO5]) Let Q € £? with Girsanov parameters
(B, Y) and such that EQ[fOT fmd g(Y(s, x)) K (dx) ds] < 00. Then ML is a local Q-
martingale if and only if Q-a.s. both fOT fmd IM(xY (s, x) — h(x))|| K(dx)ds < o0
and for allt € [0, T

M (b T oy + f (xY(t, x) — h(x)) K(dx)) —0. (3.4.5)
Rd

Condition (3.4.5) is called the martingale condition for ML.

As we have illustrated in Section 3.2, for Q € £¢ with density process Z, the rel-
ative entropy f¢(Q|P) := E[Zr log Z1] can be used as a criterion for the definition
of a set of no-good-deal measures. Analogously we define the F;-relative entropy of
Q € ¢ with respect to P by

Zr | Zr
“(Q|P):=Eg | — log —
[ (@QIP) Q[Zt g~

t

3:;] . (3.4.6)
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Esche/Schweizer [ES05] give in their Lemma 12 a formula for f7(Q|P) in terms of
the Girsanov parameters of Q. This can immediately be generalized to a formula for

I (QIP).

Proposition 3.4.6. If Q € P¢ with Girsanov parameters (B,Y) and f5(Q|P) < o0,
then forallt € [0, T]

T 1 T
fE(QIP)=Eg [f E,B:C,BS ds +/ fle g (Y(s,x)) K(dx)ds 37,] . (3.4.7
t t

If it exists, we denote by Q¢(ML) that probability measure Q € M¢(ML) which
minimizes the relative entropy f¢(Q|P) = f5(Q|P) over M*(ML). Q°(ML) is
called the minimal entropy martingale measure for ML. The following is one of the
main results from Esche/Schweizer [ESO5]. It shows that Q¢ (ML) preserves the Lévy
property of L; conditions for the existence of Q¢(ML) can also be found in [ES0O5].

Theorem 3.4.7. (Theorem A of [ESO5]) If Q¢(ML) exists, and if there exists some
0 € M®(ML) such that both f¢(Q|P) < oo and L is a Q-Lévy process, then L is
also a Q¢(ML)-Lévy process. In particular, the Girsanov parameters of Q¢(ML) are
time-independent and deterministic.

3.5 Dynamic good deal bounds

Our main goal is to study the good deal value bounds as processes. Since their com-
putability and dynamic properties depend on the set of no-good-deal measures, the
main difficulty is to find an appropriate definition for this set in a dynamic context.
This is the subject of this section. The motivation for our way to proceed comes from
a restriction on the maximal attainable exponential utility, i.e., from the utility func-
tion U¢(x) = —+e % with B > 0. Results for more general utility functions can be
deduced from Cﬁapter 4 below.

For dynamic considerations it is important to have a nice parametrization for the
set of probability measures in a model which is still as general as possible. Therefore
we use the same approach as Esche and Schweizer in [ES05]. Let M be a fixed
d x d matrix and L = (L;)o<:<r a d-dimensional Lévy process with characteristics
(b, ¢, K) asin (3.4.2). The filtration (#;)o<i<T = (?}L)OS,ET is the P-augmentation
of that generated by L. We consider the set M¢(ML) of all equivalent local martingale
measures for ML because this allows for several possibilities to model the discounted
price processes of the basic assets S. For instance, the Lévy process L is a local Q-
martingale for Q € &€ if and only if S := &(L) is a local Q-martingale. One can
also model S as a process with stochastic volatility; see [ES05]. To exclude arbitrage
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opportunities we assume that
ME(ML) # @.

In analogy to the static case, we now consider for each time ¢ € [0, T] and each
Q € M?(ML) the maximal attainable utility from trading in (¢, 7] with initial capital
x; € L®°(P, F;) in the Q-extended market. More precisely, we consider the maximal
attainable utility over the set of payoffs

Ci(xs, Q) = {X e LY(Q) | EQIX|F:] < x; and X~ € LY(P)}.
Definition 3.5.1. For Q € M¢(ML) we define the maximal (U®, Q)-utility at time t
from x, € L*(P, ;) by

utC(x;) == esssup E[U(X)|F].
XeCr(x, Q)

We recall from Remark 3.2.11 the set
@°:={Q e M°ML)| f¢(QIP) < ¢ }.
By Proposition 3.4.6 we have for Q € @€ that also f(Q|P) is finite forall t € (0, T'].

Proposition 3.5.2. Forx € dom(U¢) and Q € QF with density process Z = (Z;)o<t<T
we have

- Ez O z t e
uf’Q(xt) = U°(x))e E[ 7 | g_ztl }-] — Ue(xt)e_ft (Q|P) (3.5.1)

where f(Q|P) is the F;-relative entropy introduced in (3.4.6).

Proof. The conjugate function of U¢ from (3.2.7) is V¢(y) = —2+ 2 log y for y > 0,
. . . . BB

and the duality relation from (3.2.8) implies that

U*(x) = inf Ve +xy} < VO +xy’
y>

for any y’ > 0. If we set y' := y'(w) := ZZI:— exp (—Bx: — f#(Q|P)) and take F;-
conditional expectations, we obtain for X € C;(x;, Q) that

E[U*(X)|F:] < U (x;)e F7@IP),

This proves “<" in (3.5.1). To prove equality, choose

xi= = (1og (5) - - srcaim)
EASAVZ (o '
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If X~ e L*®°(P), then we have X € C;(x;, Q), and the result follows. Otherwise let
1 Z Z Z

X, =—— (1An log?T — Bx; — E I:IA —Tlog—z

t

A, = {-Z-l <n}and
p " Z; Z ?I])

Zt -
so that X, € L®(P) and Eg[X,|¥:] = x;. Finally, the conditional monotone con-
vergence theorem for a uniformly bounded from below sequence of random variables

implies that limy— o Eg I:lAngZ)l log %”—‘ 35] — £¢(Q|P) and

Jim E[U(Xn)|F:] = ETU*(X)|F:].
This completes the proof. [

Proposition 3.5.2 suggests to use the F;-relative entropy as a measurement for the
attractiveness of any Q € M¢(ML) at time f. As in the static case t = 0, this is
an ¥;-conditional divergence and thus a measure for the distance between Q and P.
Therefore we define a set of no-good-deal measures at time ¢ by imposing an upper
bound on f(Q|P). In order to have this set non-empty, we introduce a benchmark
measure ) € M¢(ML) to obtain a lower bound for F(QIP). We take the same
benchmark measure for all ¢ € [0, T] because the z-benchmark will usually be the
measure which minimizes the F;-conditional divergence over M¢(ML) and the fol-
lowing result from Kabanov/Stricker [KS02] shows that this is achieved by the same
Q forall t.

Proposition 3.5.3. (Proposition 4.1 of [KS02]) Let there exist Q*(ML) € M°(ML)
with density process Z¢ such that for any Q € M¢(ML) with density process Z,

E[Z$ log Z$] < E[Zr log Z7].

Then also for any stopping time 0 <t < T

Y4 4 Z Z
EI:—T I Fr]gE[llog—T

log —
ze Ze Z, Z:

T

7).

Remark 3.5.4. An analogous result holds for U4, U? and U*; see [KS02] and Lemma
5.1.4 in the Appendix. <&

For dynamic considerations, the choice of the bound for the #;-conditional diver-
gences over time is very important. In principle, we should like to specify at each
time ¢ the set of no-good-deal measures N; as follows. Fix two adapted processes
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n = (n))o<t<r and 8’ = (6,)o<;< With n; > 1 and 6/ > 0, and choose a benchmark
measure Q Then define A; as the set of all O € M€ (ML) such that

fE(QIP) < m ff(QIP) +6] (352)
or equivalently
e FQIP) < _grem I QD) ith g 1= e

Let g(y) := ylogy — y + 1. If Q € &€ has Girsanov parameters (S, Y') and satisfies
f5(Q|P) < oo, then Proposition 3.4.6 implies for all 7 < T that
]

.?}] . (3.5.3)

T 1 T
f(QIP) = Eg |:/ Eﬁ:CﬁSdS-Ff fdg(Y(s,x)) K(dx)ds
t t JR

=: Ep [kae(ﬁs, Y (s, .)) ds

Despite this fairly explicit expression, calculating the good deal value bounds

inf £,[X|F;], ess sup Eo[X|F
[e(szseilf} olX|#] up Eg[X]| t]:|

QeN;

as processes for some random payoff X € L®(P) is mathematically intractable with
the above general definition of ;. Therefore we want to replace the global constraint
(3.5.2) on Q by a local restriction on the integrand k¢ (,35, Y (s, .)) in (3.5.3). It will
turn out to be very helpful that if we choose the minimal entropy measure Q¢(ML) as
benchmark measure Q, this integrand is very simple. In fact, Theorem 3.4.7 implies
that under appropriate assumptions, the Girsanov parameters (8¢, Y¢) of Q°(ML)
are time-independent and deterministic. So if we write ke .= k¢ (ﬁe, Ye(. )) for this
constant integrand, then

FEQIP) = fE(Q°|P) = (T — nk°.

Hence imposing a bound on f ¢(Q|P) is clearly equivalent to imposing a bound on
k€. Generalizing the latter to other Q still remains tractable, in contrast to (3.5.2).

The above discussion, motivated by exponential utility, leads us to the following
general problem. In order to emphasize the dependence of Q € #¢ on its Girsanov
parameters (8, Y) (with respect to L), we write QBY)

Problem: Let k be a deterministic function on IR* x IR, and f;(Q|P) = 0 an
F;-conditional divergence. For the latter, assume that for all Q®Y) contained in

o == {0~ P|£(0IP) < ),
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it has the form

. T
ft(Q(’B’Y)lp) = Eqoepn |:/ k(,Bs, Y(s, .)) ds Ft:l . (3.5.4)

For a benchmark measure Q = Q(’é’i’ ) e ("ltf and global restrictions

f(Q¥#D Py < n;f,(Q(’é*f’HP) +6! forallt €[0,T], (3.5.5)

find more tractable but economically still reasonable local restrictions on the inte-
grand k(Bs, Y (s, .)), which imply the global restrictions.

Remark 3.5.5. a) The conditional expectation in (3.5.4) could also be with re-
spect to some other measure R(f, Y) depending on the same (8, Y) as Q#Y)
and the integral [ k(B, ¥) ds could be replaced by e/ (Y245 This will actually
be required for U4, UP and U*; see Chapter 4. The same arguments as below
then still work. In order to keep notation simple and to concentrate on the main
ideas of our approach, we do not introduce R(B, Y) here.

b) Similarly, the assumption f;(Q|P) = 0 is made only for simplicity. For more
general f;(Q|P) the process n’ might have to be chosen differently.

¢) In this section we do not assume that the basic assets S are locally bounded.
Therefore it would be natural to consider instead of M¢(S) = M¢(ML) the set

Q% :={Q € P°|S is a o-martingale under Q};

see [DS98]. However, if S is uniformly bounded from below, then Q € @°
if and only if Q € M(S); this holds since by Theorem 88 in [Pro04] we
can write any o-martingale under Q as the integral with respect to some Q-
martingale and this integral is a local martingale if it is uniformly bounded from
below. Moreover, it was pointed out to us by F. Delbaen that the assumption
ME(S) # @ implies by Theorem 1.1 in [KS01] that M¢(S) is dense in @° with
respect to the total variation norm. In fact, this holds since one can replace P in
Theorem 1.1 of [KSO1] by some Q € M¢(S) so that as remarked there, the set

7 =10 €@ |48 L} is contained in M*(S) and dense in @7 Thus,

for the purpose of good deal bounds it suffices to consider M*(S).
&

To tackle the above problem, we fix a benchmark measure 0= Q(ﬁ ) e pme (ML)
and processes n = (5)o<s<r and 6 = (Os)o<s<r With n; = 1 and 6; = 0. Then we

define for each time ¢ a set of no-good-deal measures by local restrictions on the inte-
grand k(Bs, Y (s, .)). In order to obtain meaningful results we always assume that

Oca@l forallt e[0,T).
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Definition 3.5.6. The set of no-good-deal measures at time ¢t € [0, T') is defined by

ML = NLPC
[anedf@ugkwhyw.nsnwﬁb?@-D+%

dP @ dt-ae. on Q x [t, T]]. (3.5.6)

Note that O € @ implies N.L; # @ for all + € [0, T), and that the restriction
in (3.5.6) is completely analogous to the one in (3.5.5); the only difference is that
it is formulated at the level of the integrands k instead of the integrals f(Q|P), see
(3.5.4). Moreover, the value of f;(Q%Y)|P) depends on Q1) not only via the
integrand k(,Bs, Y (s, .)) but also via the Q#Y)-conditional expectation. Therefore,
even for deterministic n and 6, the local restriction in (3.5.6) does not necessarily
imply the global restriction (3.5.5). However, suppose that the benchmark measure
Q has deterministic and time-independent Girsanov parameters ( /3 Y ) (as it is the
case for the minimal entropy measure). Then it seems reasonable to choose 7 and 6
as deterministic functions as well. These two assumptions then imply that the local
restrictions induce the global restrictions.

Theorem 3.5.7. Let n = n(-) and 6 = 6(-) be deterministic functions on [0, T]
withn > 1 and 6 > 0 and let the benchmark measure Q have time-independent and
deterministic Girsanov parameters (8, Y). Suppose also that (3.5.4) holds. Then for

n'(t) = ﬁ j;T n(s)ds and 6'(t) := ftT 9(s) ds, we have
Ni?’e’Q c{Q e M* ML) | f:(QIP) < (1) f:(Q1P) + 0'("}.
Proof. This is obvious from (3.5.4), (3.5.6) and the assumptions. O

Remark 3.5.8. Why do we introduce the process 0? If 6 = 0, the upper bound for the
F:-conditional divergence of Q is proportional to the ;-conditional divergence of the
benchmark measure (. A convenient choice for Q is that measure which minimizes
the F;-conditional divergence over M¢(ML). Then ft(QIP) quantifies how far P is
away from being a local martingale measure. If P itself is already a local martingale
measure, then one should choose Q = P, and if then f;(Q|P) = E[f(d Q/dP)|.‘F,]
with f(1) = 0, we would get f,(Q|P) = (. Hence in this case, the set of no-good-
deal measures would (for a reasonable f) contain only P. If one starts with a local
martingale measure for P, one can of course argue that this is a valid pricing measure;
but it is still a matter of taste whether or not one is willing to say that it is the only
reasonable one. If one is, then 8 = 0 is a very convenient choice. However, for greater
generality we allow also for 8 # 0. <o
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Having defined N£?’9’Q, we next have to ask which dynamics the processes 7
and 6 should have. As argued above, they should be deterministic functions in order
that for a benchmark measure with time-independent and deterministic Girsanov pa-
rameters, the local restrictions imply the global ones. Given our Lévy framework and
the above desired properties of the benchmark measure, it seems convenient to let also
n and 6 or n” and 6’ be time-independent in an appropriate sense. This can be made
more precise in two ways.

A first possibility is time-independence with respect to the global restriction (3.5.5),
i.e., such that ” and 6’ are independent of ¢ in (3.5.5). However, for fixed ¢, this yields

for  and @ from Definition 3.5.6 that n, = n’ and 6; = 6" = - forall s € [t, T).

In other words, the local restriction which specifies .N;C?’Q’Q in (3.5.6) then depends
on ¢. This is very inconvenient if we want to apply dynamic programming techniques.

A much more convenient choice is time-independence with respect to the local
restrictions. One then chooses ny = nand §; = 0 forall s € [0, T], and if 6 = O,
one gets the same result as for the first possibility. This second choice allows to
apply dynamic programming techniques; moreover, the set of no-good-deal measures

NL; = NL] %€ can be chosen independent of ¢ in the following sense.

Lemma 359. Ifny, =n = 1, 6, =6 = 0 for all s € [0, T] and the Girsanov
parameters of Q are time-independent and deterministic, then for any X € L°°(P)

essinf Eg[X|F]= essinf Eg[X|F]
QenLl? € QenL)"?

Proof. Due to the Bayes rule, the ¥;-conditional expectations under Q depend only

on (NSQ)IESET with N¢ from (3.4.3). Hence restricting B and Y via k has the same
effect if it is done on [, T] or on [0, T']. O

Now assume that 1, @ and the benchmark measure Q are as in Lemma 3.5.9. Then
we can skip the mention of ¢ for the set of no-good-deal measures and set

NL = NLo = NLYC,

The next result illustrates how the local and global restrictions are linked if we im-
pose in addition that any no-good-deal measure must preserve the Lévy property of
L or, equivalently, must have time-independent and deterministic Girsanov parame-
ters. Under this condition, the global and local restrictions on the set of no-good-deal
measures are equivalent.

Proposition 3.5.10. Suppose ns = n = 1, 6; = 0 = 0 and the Girsanov parameters
of Q are time-independent and deterministic. Define

ME, ML) = {Qe M (ML)|L isa Q-Lévy process},
NLE = ML Mo, (ML)

Lévy
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and for each t € [0, T] set

NE = {Q € MY ML) | fi(QIP) < nfi(QIP)+ 0(T — 0} N M, (ML).

Lévy

Then

ess inf Eg[X|#;] = ess inf Eg[X|F;] forall X € L™®(P).
Qensl QeNt

Proof. Girsanov’s theorem and (3.4.2) imply that QB e Me(ML) preserves the
Lévy property of L, i.e., is in M[, (ML), if and only if (8, 1) is time-independent.

This implies that instead of Theorem 3.5.7, we have N.L; N ME, (ML) = NF. The
rest then goes as for Lemma 3.5.9. O

To finish this section, let us relate Theorem 3.5.7 and Proposition 3.5.10 to the ar-
ticles [CSR00], [Cer03] and [BS06] which also deal with good deal bounds obtained
from local restrictions. [CSR00] and [Cer03] work in a Brownian setting and obtain a
connection between the local and global restrictions by taking limits. [BS06] extend
that model by adding a marked point process, but they do not study the relation be-
tween the local and global restrictions. In contrast, Theorem 3.5.7 proves in a general
setting that the local implies the global restriction, and Proposition 3.5.10 provides a
precise description of a situation when the local and global restrictions coincide for
the choice of no-good-deal pricing measures. Moreover, none of the above articles
gives a justification why a constant or deterministic local restriction is reasonable, nor
in particular why it induces a non-empty set of no-good-deal measures.

3.6 Valuation processes induced by good deal bounds

In this section we discuss properties of the processes of no-good-deal values and valu-
ation bounds. As in the previous section, we work with the P-augmentation of the fil-
tration generated by a d-dimensional Lévy process L and assume that M¢(ML) # @.
Proceeding in the abstract setting motivated by the exponential good deal bounds, we
fix a deterministic function £ which describes some non-negative f-divergence, con-
stants n > 1 and 6 > 0 and a benchmark measure Q with time-independent and

deterministic Girsanov parameters (B, V). The set of no-good-deal measures is

NL = {QW’) € M°(ML) ‘ k(Bs, Y (s, ) < nk(B, P () +6

dP ® dt-a.e. on £ x [0, T]}. (3.6.1)
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Definition 3.6.1. For any X € L°°(P) we define the lower and upper good deal value
process by

{ .
X) = fEg[X|F:] fort €0, T],
m, (X) ess o[X|F:] forte€[0,T]
7 (X) = —mf(—X)=esssupEg[X|F] forte[0,T].
QeNL

In analogy to the static case, 7¢ is a dynamic monetary coherent utility functional

in the sense of the following definition; see Section 2.3 for more details.

Definition 3.6.2. Fix ¢ € [0, T]. A mapping P, : L (¥F7) — L°®(#) is a monetary
coherent utility functional at time t if it satisfies

A) monotonicity: ®;(X1) < ®;(X») for X < X»;

B) F;-translation invariance: ®,(X + a;) = ®,(X) +a, fora, € L®(F;);

C) concavity: CD,(ozXH—(l woz)Xg) >ad;(X)+(1—a)P;(X,) fore € [0, 1];
D) positive homogeneity: ®;(AX) = AP (X) forA = 0.

If each @, is a monetary coherent utility functional at time ¢ € [0, T], we call the
family & = (<I>,( . ))0 << & dynamic monetary coherent utility functional.

Lemma 3.6.3. 7¢ is a dynamic monetary coherent utility functional.

Proof. Easy to check. (]

The set NL of no-good-deal measures has the following property which is very
important for the existence of a regular version and a nice dynamic behaviour of 7 *
as well as for the application of dynamic programming techniques.

Definition 3.6.4. A set § C £ such that 8§ N ¢ # @ is called m-stable if it has the
following property: If we take Q!, Q2 € § with associated density processes z!, 72
(with respect to P), fix a stopping time 7 < T, impose that Q2 ~ P and define
2
1 41

ZT = ZTZ_g’

then Zr is the density of some element in 4.
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Remark 3.6.5.  a) Although in the Definition 2.3.27 of weak m-stability there oc-
curs an additional set A, the only difference between weak m-stability and m-
stability is that the latter is defined with respect to stopping times instead of
deterministic times; see Remark 2.3.28.

b) The set N.LL from Proposition 3.5.10 is in general not m-stable; the reason
is that the Girsanov parameters of the probability measure defined by the con-
catenation operation in Definition 3.6.4 change their value at time 7, i.e., are

time-dependent.
<&

Proposition 3.6.6.  a) The set NL from (3.6.1) is m-stable.

b) For each X & L°(P) there exists an RCLL version of 7% = (n/(X)) )< <1
again denoted by m*, such that

g .
X) = f E[X|F,
. (X) eSiﬁ’c [X|Fz]

for any stopping timet < T.

Proof. Part a) holds since M*(S) is m-stable by Proposition 5 in [Del06] and be-
cause N.L is defined by a pointwise restriction and b) holds by Lemmata 22 and 23 in
[Del06]. O

In the sequel, we choose an RCLL version for every nt(X). The following two
properties are of interest for the dynamic behaviour of any dynamic monetary coherent
utility functional and in particular for ¢,

Definition 3.6.7. Let 8§ C £¢ be non-empty and define for each stopping time 7 < T
and X € L*(P)

®,(X) :=ess inf Eg[X|F;].
Qed

® is called stopping-time-consistent if ®,(X') < ®.(X?) implies &, (X!) < @4 (X?)
for any pair of stopping times ¢ < v < T. We call ® recursive with respect to stop-
ping times if ©, (CI)T (X)) = ®,(X) for any pair of stopping timeso <7 <T.

Remark 3.6.8.  a) The difference between stopping-time-consistency here and
time-consistency as defined in Definition 2.3.23 is that we allow here for stop-
ping times instead of deterministic times. The literature usually does not distin-
guish between these two properties and refers to both as time-consistency.
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b) In economic terms, stopping-time-consistency preserves over time the ordering

induced by ®. Recursiveness means that if we want to value the time T payoff

X at time o, we can either do this directly or first value it at time 7 > o and
then value that result at time o.

&

One can show that the two properties are in fact equivalent, and that they automat-
ically hold if 4 is m-stable. If 8 = 8’ N P¢ for some set 4’ C P such that the set of
densities corresponding to §” is convex and norm closed in L (P), then they are even
equivalent to m-stability of §; see Theorem 12 in [Del06].

Proposition 3.6.9. ¢ is time-consistent and recursive with respect to stopping times.

Proof. This follows as in the proof of Theorem 12 in [Del06]. 1

We next turn to the question of nice representations for the value bound processes.
Let us assume that the basic assets § are locally bounded and that M¢(ML) = M¢(S).
For any X € L, recall that its superhedging value process is given by

(ess sup EQ[XW,)

QeMe(ML) O<t<T

At time ¢, this corresponds to the smallest amount of money which allows one to
obtain, by trading in S during (¢, T'], a payoff which dominates X. It is well known
that this process has the optional decomposition

ess sup Eg[X|F]=xo+ (¥ -95): — Ci, (3.6.2)
QeMe (ML)

where xo € IR, ¥ is predictable, S-integrable and such that ¢ - § is locally bounded
from below, and C is an increasing adapted RCLL process; see [Kra96] or [FK97].
But even if we replace C by some adapted RCLL process C of finite variation which is
not necessarily increasing, we cannot hope in general to obtain such a representation
for the upper good deal value bound process 7%, except for the special cases when
NL = M?(ML) or when X is attainable by trading in the basic assets. In fact,
suppose we could write

74 (X) = ess sup Eg[X|F;]1 = o+ (F - S); —
QeNL

For simplicity, assume that the filtration is Brownian so that any local martingale
of finite variation is constant. Since for any Q € NL the process 7%(X) is a Q-
supermartingale and 9 - S is a Q-local martingale, we see that C must be an in-
creasing process. Hence if a representation exists, it must be of the form (3.6.2).
However, by Theorem 3.1 in [FK97], an optional decomposition exists if and only if



142 Chapter 3. Utility based good deal bounds

m*(X) is a local supermartingale for all Q € M¢(ML). This is not true in general;
we can get the supermartingale property for Q € N.L, but have no information for
Q€ ME(ML)\ NL.

Another way to obtain a representation might be to add a finite number of semi-
martingales to the basic assets S such that N.L becomes the set of equivalent local
martingale measures for this enlarged family of processes. Unfortunately, this also
does not help in general. In fact, assume that the Lévy process L is continuous, so that
every strictly positive martingale is of the form & ([ * dL¢) and

NL ={0F € MEML) |k(B) < nk(B)+6 dP @dt-ae.}.

By Theorem 19 of [Del06], NL corresponds to a set of equivalent local martingale
measures if and only if for each ¢ € [0, T] and each w € €2,

[B1(@) & B | k(@) < nk() +0} ~ B

is a subspace of IR%. But this is obviously not true in general. In view of the above
negative results, it would be interesting to know whether there are other useful decom-
positions for the good deal value bound processes w* and 7¥.

We finish this section with a brief consideration concerning dynamic no-arbitrage
properties of no-good-deal value processes. Fix X € L*(P). Every 0! € NL
induces an arbitrage-free value process (E o1 [X|F; Dox<r<T for X. This is a subjective
no-good-deal value process of some agent, and so the agent might want to switch
from Q! to some other pricing measure Q% € N.L at some stopping time 7. This
raises the question when such a change of the pricing measure does not yield arbitrage
opportunities. For simplicity, assume that the basic assets § with M¢(ML) = M®(S)
are locally bounded. Then there exist no arbitrage opportunities if and only if there
exists Q € M (ML) such that

Epi[X|F:] on [0, [

P (X) :={ EglX|%] onlr,TI (3.6.3)

is a (true) Q-martingale; see [DS94] for locally bounded and [DS98] for unbounded
processes, and note that p(X), like X, is bounded. Since the filtration is generated
by a Lévy process, it is quasi-left continuous. If the stopping time 7 is predictable,
no jumps can occur for p.(X) and we can give a condition which is necessary and
sufficient for the existence of an appropriate Q € M¢(ML). For a totally inaccessible
stopping time, we have found so far only a sufficient condition.

Proposition 3.6.10. Denote by Z1, Z2 the density processes of Q1, Q* € NL from
Z‘)

(3.6.3). Define Q € NL by the density Zr := Z. Z—z and set

AT = Ep[X|F:] — Eqi[X|¥7].
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If M = A1y, 1y is a Q-martingale, then p(X) is a Q-martingale. If T is a pre-
dictable stopping time, then the following are equivalent:

a) There exists QO € M°(ML) such that p(X) is a Q-martingale.
b) p(X)isa a-martingale.

¢) Pr—(X) =p.(X).

Proof. The process p = (pt)o<r<r defined by
pr = Egi[X|Finc] + 12,11 (E 2 [X|Fi] — E[X|F:])

is a Q-martingale. Since M = p(X) — p we see that p(X) is a Q-martingale if
and only if M is. The m-stability of &£ implies that 0 € NL C M(ML). This
proves the sufficient condition. Now suppose that T is a predictable stopping time.
The filtration is quasi-left-continuous so that #; = F;_. This together with Theorem
VIL.14 of [DM82] implies that if p(X) is a martingale for some Q € M¢(ML), then c)
must hold. Moreover, if ¢) holds then p(X) is a martingale for Q € N.L. This finishes
the proof. [

3.7 Examples

In this section we study two examples. In the first we obtain a partial integro-differential
equation for the value bound via dynamic programming techniques. The second exam-
ines good deal value bounds under the additional assumption that the pricing measure
preserves the Lévy property of the process L which generates the filtration.

3.7.1 Stochastic control

In this example we derive a stochastic control problem for the good deal value process.
We fix the truncation function 2(x) := x1yxj<1) On IR?. The filtration is generated
by a d-dimensional Lévy process L = (L;)o<:<r With dynamics

dL; = adt 4+ o dB; +f X (M(dx, dt) — K(dx)dt) + / x u(dx, dt),
flxll<1 flxli>1

where B is a d-dimensional Brownian motion, K (dx)dt is the compensator of the
random measure u, « is a d-dimensional vector and o is a d X d nonnegative definite
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matrix., We introduce the notations

o111 ... O14 o’f o

and

Q
1
I
R
I

Odl ... Odd o, oy
The triplet (b, ¢, K) in (3.4.2) which describes the characteristics of L is given by
11 ... Cid c
b=a and c=o00"* = =
Cdl  ++. Cdd ch

We define S = (S;)o<:<r as the stochastic exponential of L, i.e.,

S=G . S = e,

and for a fixed d x d-matrix M we denote by M*(ML) the set of all equivalent local
martingale measures for ML, The interpretation is as follows. S describes the dis-
counted price processes of some assets. If we assume, e.g., that trading is possible

only in 5" and EZ and set

1 0 0

010 0
M=1] 0 0 0 ’

000 --- 0

then M¢(ML) = M° (E(ML)) = ME€ (El, §2) corresponds to the set of equivalent

local martingale measures for the traded assets. For a payoff X = W (S7) which is
sufficiently integrable (e.g., X € L*(P)), we want to find the solution to the follow-
ing optimal control problem which describes the upper good deal value process for X.

Problem: Find

ess sup E ey [W(ST)|F:1,
allowed (B8,Y)

where the allowed Girsanov parameters (B, Y) satisfy for all t € [0, T'] the conditions
Y(t,x) > O, (3.7.1)

T
f fd IM(xY (¢, x) — h(0))|| K@dx)dt < o0, (3.7.2)
0 R
M(b+cﬁ,+f (xY(t,x)—h(x)) K(dx)) = 0, (3.7.3)
le

1
k(B Y (2, ) = -iﬂ;‘cﬁt-i-fmdg(Y(t,x))K(dx) < 7, (3.7.4)
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and where g(y) = ylogy — y + 1 and 1 is a fixed constant.

Remark 3.7.1. Recall from Proposition 3.4.5 that the conditions (3.7.2) and (3.7.3)
ensure that Q#-Y) € M¢(ML).

In order to apply dynamic programming techniques, we make the following

Assumptions:
A) f5(Q|P) < oo for some Q € M*(ML).
B) For every allowed Q = Q) the Girsanov parameters (8, Y) are of the form
B =pB(, S;=) and Y, x)=Y({, 85—, x)
for deterministic functions 8 : IR+ xIR? — R%and Y : R, x IR? x R? > R.

Assumption B) implies that the Markov property of L is preserved under Q#¥) so
that

ess sup E g [W(S)|F] = V(1. 5)
allowed (B8,Y)

for a deterministic function V : IRy x IR® — IR. Note that B — [o*Bsds is a
QA ¥)_Brownian motion and that the compensator of the random measure x under
QBY) ig given by Y (¢, x) K (dx)dt. If V is in C1Y2(IR, IR?) and # is big enough,
then formally It6’s formula implies that V should solve the following problem:

0
— Vit s)+ sup A(ﬂ’Y)V(t,s) = 0,
ot allowed (B,Y)

V(T,s) = W(s),
Y(t,5,x) > 0,

M(b+cﬂ,+/ (xY(t,x)—h(x))K(dx)) _—
Rd

Lar (e, 5)c Bty 5) + f g(F(t,5.0)K(dx) < 7,
2 md

where A% Y) denotes the Q#Y) generator of S. Even if V solves the above partial
integro-differential equation, it remains to check that Y satisfies (3.7.2) and that V
actually yields a solution to the original stochastic control problem; see [OS05] for a
more detailed discussion and Theorem 3.1 there for a verification problem in a similar
setting.
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Remark 3.7.2. In [BS06] there is a detailed discussion of a control problem which
differs from this example only with respect to the condition k¢(B(z, 5), Y (¢, 5, .)) <
which is replaced there by

Be.9eps)+ [ (Ftsn =1 K <
R

3.7.2 Good deal bounds and preservation of the Lévy property

In this example we consider good deal value bounds under the additional condition
that the pricing measure has to preserve the Lévy property of L or, equivalently, has
deterministic time-independent Girsanov parameters. In this case one cannot apply
the methods of dynamic programming. However, the restriction to time-independent
Girsanov parameters often yields relatively simple optimization problems for the value
bounds. To illustrate this, let the filtration be generated by the 2-dimensional Lévy
process

1
L,=at+o’B,+/[ x u(dx,dt),
0 JIR?

where B = (B!, B?)* is a 2-dimensional Brownian motion, a = (a1, a2)* is a vector

. o1 0 )
in IR® and o = ( with 01,02 > O and p € [0, 1]. We denote
o2p 024/ 1 — p? )

by é(x) the Dirac measure in x € IR? and assume that the compensator of y is of the
form K (dx)dt with

K({dx) = Z}\.j S{Xj}(dx)

j=1
for fixed Ay, ..., A, > Oand xq, ..., x, € IR? such that with x; =: (x;.,x}’)* we have
x} > —1 and x;’ > —1 for j € {1, ..., n}. This means that under P the sum of jumps

[ [g2 x n(dx, dt) is the sum of n independent Poisson processes with respective jump
size x; and intensity A ;. We introduce the notation (§/, TS‘"/)* := &(L). As before, it is
the choice of the IR?*?-matrix M which decides which processes are traded assets. By
ME(ML), we again denote the set of equivalent local martingale measures for ML.
If we impose that any pricing measure Q‘A-¥) has to preserve the Lévy property of
L = (L', L?)*, the corresponding Girsanov parameters (8, Y) are fully described by
a constant vector B = (B, 82)* € IR? and by the values Y (x;) =: y; € (0, o) for
jell,...,n}

Assumption: There exists Q4¥) ¢ M¢(ML) with (8, Y) deterministic and time-
independent and with f£(Q#¥)|P) < oo.
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Let us consider the payoff X = (ST)2 and deﬁne W; == ,oB1 +v1- p232 Denoting
x = (x/, x")*, It&’s formula implies that S, = &(L?) = el where

I
L, = L,2+//2(log(x”+1)—~x”),u(dx,dt)——
o JR

! 1
= wt+ooW + f / log(x” + 1) u(dx, dt) — —022t
0 JR? 2

— __1_2 . 1— 2
= \2—3%+n pBL+1—ppf2 )}t

3
o, WP 4 f f log(x” + 1) u(dx, dn)
0 JR

and WY is the Q6Y)_Brownian motion WA = w, — (pﬂl +4/1— ,02,82) t.

Note that [ [p22log(x” + 1) u(dx, dt) is under Q#Y) the sum of n independent
Poisson processes with respective jump sizes 2log(x}’ + 1) and intensities A ;y; so
that

T
Eypy |:exp (/ / , 2log(x" + 1) u(dx, dt)) 37,]
t JR

k
(ZeZIOg(x”+l)k ( i¥i(T ‘“t)) e—xjyj(T—t))

k!

Mg I

I
I

1 .
( E (x}'+1)2>»jyj(T—t))ke’“JYJ(T”)
k=

=

= exp Z My (T = 0(2x] + ())?)
j=1

Hence (s, w) +—> exp(f(f [ 210g(x” + 1) pdx, dt) —s 351 Ajy; (2x}’ + (x}’)z))
is a Q¥ Y).martingale. Since continuous and purely discontinuous martingales are
orthogonal we thus have that
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Epr [(“5;)2‘ 3’;]
= (EZ‘/)ZEQ(,B;Y) [GXP (2(ET — Zr)) | 3’:]

= (§;/)2 exp ((20& + o5 +202(pB1 + /1 — p2B2)

+3 gy + (x;.’)2))(T — t))

j=1

X E v [exp (262(W}ﬁ’y) — W,(ﬂ’Y)) — 2022(T - t))

T
X exp (f / 210g(x" + 1D u(dx, dt)
t JR?

]

- Z)\.jyj (T — t)(2xf,-’ + (x}’)2)>
=1

= (5)%exp ((2a2 +03 +202(pp1 ++/ 1 — p2B2)
£ A + 6T =),
j=1

Since (E;’)2 > 0, calculating the upper good deal value process thus reduces to the
following optimization problem (which is independent of 7):

maximize 202 + 05 + 202 (;051 + 1= ,02,32) + 2 Ay @x] + &)
over B € IR? and y € IR", subject to

Y1, Y25 oo es¥n > 0,

n
M a+ao*ﬁ+2xjyjkj = 0,
j=1

<3

1 n
SB700" B+ Y (jlogy; —yj+Drj =
j=1

for some constant 1.

It seems unlikely that this problem can be solved explicitly, but at least one can
resort to numerical methods. For other payoffs, analogous computations could be

done.



Chapter 4

Preservation of the Lévy
property under an optimal
change of measure

4.1 Introduction

Lévy models are very popular in finance due to their tractability and their good fitting
properties. However, Lévy models typically yield incomplete markets. This raises
the question of which measure one should choose for valuation or pricing of untraded
payoffs. Very often, a measure is chosen which minimizes a particular functional over
the set M¢(S) of equivalent local martingale measures for the underlying assets S.
This choice can be motivated by a dual formulation of a primal utility maximization
problem. If P denotes the subjective measure, then the functional on M€ (S) is typi-
cally of the form Q — Ep[f(5%)] where f is a convex function on (0, cc). Then
f(Q|P) := Ep [f(%)], known as the f-divergence of () with respect to P, 1s a
measure for the distance between Q and P; see [LV87] for a textbook account. Hence
one chooses as pricing measure the martingale measure which is closest to P with
respect to some f-divergence.
In this chapter, we consider f(Q|P) corresponding to

i) = ~logz, fP(x):=z"° fors e (0,00) and fi(z):=z*; (4.1.1)

they are (strictly) convex. More precisely, we work on a probability space (2, ¥, P)
equipped with a filtration which is the P-augmentation of that generated by a d-
dimensional Lévy process L. Instead of determining the basic assets S explicitly,
we only assume that they are such that M¢(S) = M¢(ML) where M is a fixed d x d-
matrix; this allows several choices for §. Our main result then is that for a fixed

149
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f € {f*, fP, f9), the process L is still a Lévy process under the f-minimal martin-
gale measure (for ML) Q7 which minimizes f(Q|P) over M¢(ML). Put differently,
we show that the Lévy property is preserved under a change to Q7. This is a very
pleasant result. Firstly, it simplifies the determination of Q/ significantly. Secondly,
for values of payoffs calculated with respect to this measure one obtains relatively
simple formulas and often even closed-form expressions.

We obtain our main result as follows. Since the filtration is generated by the P-
Lévy process L, any probability measure Q ~ P can be fully described via two
parameters 8 and Y, called Girsanov parameters of Q with respect to L. The f-
divergence f(Q|P) is a convex functional of the Girsanov parameters of Q. Thus
one can apply Jensen’s inequality to show that f(Q|P) can be reduced by averaging
B and Y. More precisely, the new parameters obtained by averaging define a measure
Q with f(Q|P) < f(Q|P). Since we are interested in the measure Qf which min-
imizes f(Q|P) over Q € M¢(ML), we need to ensure in addition that Q is a local
martingale measure if Q is. This is not true in general, but it does hold if we take Q
from a suitable subset of M¢(ML), which is specified via an additional integrability
condition for L. We then show that this subset is dense in M¢(ML) in an appropri-
ate sense, and this allows us to prove that Q/ has time-independent and deterministic
Girsanov parameters. Because this characterizes those measures which preserve the
Lévy property of L, our main result follows.

The chapter is structured as follows. In Section 4.2, we motivate our results and
relate them to the existing literature. In Section 4.3 we fix some notation and recall
some important facts about Lévy processes and changes of measure. In particular, we
explain how equivalent measures can be described by their Girsanov parameters and
give conditions for the latter to describe a measure in M¢(ML); for convenience of
the reader and to keep this chapter self-contained, we also recall results which were
already presented in Section 3.4. Section 4.4 then contains the main results. In Sub-
section 4.4.1 we explicitly define the averaging procedure for the Girsanov parameters
and show how it reduces the f-divergence. In the following Subsection 4.4.2 we spec-
ify a dense subset of M°(ML) consisting of measures for which the averaging proce-
dure results in measures again contained in M¢(ML). This is then exploited to prove
our main result, i. e that L is a Lévy process under Q7. In Section 4.5 we restrict to
f(z) = fi(z) = z2, where f(Q|P) is basically the variance of the density dQ/d P.
There is a direct connection between Q9 and the variance-optimal signed martingale
measure. We show that if these two coincide, then one can show directly that Q¢ pre-
serves the Lévy property. This uses that in a Lévy setting the variance-optimal signed
martingale measure agrees with the minimal signed martingale measure for which an
explicit formula is known,

For better reading we omit long proofs from the main body of the chapter. They
are collected in the appendix together with some auxiliary results.
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4.2 Motivation and background

In this section we motivate the results contained in this chapter and connect them to
those of Esche and Schweizer in [ES05], abbreviated ES in the sequel. Our approach
is mainly inspired by ES.

The study of f-minimal martingale measures naturally arises in valuation in in-
complete markets. One way to specify a value for a nontraded payoff is to fix a mea-
sure Q € M?(S) and to take the Q-expectation of the payoff. A common choice for
Q is to take the martingale measure which is closest to the subjective measure P, or,
more precisely, to take the measure which minimizes the f-divergence f(Q|P) over
ME(S) for some convex function f. Typical choices are, e.g., f(z) = zP with p > 1
or f(z) = zlogz. The first choice results in minimizing the L?-norm of the density
% , the second in minimizing the relative entropy. The same pricing measures can also
be obtained from an approach based on utility maximization. In fact, each (primal)
utility maximization problem has a corresponding (dual) f-divergence minimization
problem; see [KS99] and [SchO1a] for precise results. The f-divergences introduced
in (4.1.1) are associated to the following utility functions U. The function f* cor-

responds to Uf(x) = —logx with x € (0,00), ff to UP(x) := 5+1x6+1 = %x's

with & ;= + € (0, 1) and x € (0, 0o) and, finally, f¢ to U9(x) = —(1 — x)? with
x € IR; see Chapter 3 for precise results. Loosely speaking, minimizing f(Q|P) over
Q € M?(S) is dual to maximizing expected U-utility from terminal wealth, and f is
essentially the Legendre transform of U. We remark that the superscript £ stands for
log, p for power and g for quadratic.

Instead of specifying a unique measure in M*(S) and thus a unique value for any
payoff, one can relax this approach to obtain a whole interval of possible values. For
instance, one can allow all those measures in M€(S) for pricing which do not yield
good deals. The latter are investment opportunities which are too good in an appropri-
ate sense, e.g., because they have a very high Sharpe ratio; see [CSR00] and [BS06].
Such good deals can also be defined via an upper bound on the maximal attainable
utility (in some extended market); this is done, e.g., in [Cer03] and Chapter 3 of this
thesis. In order to define a good deal one then has to calculate as benchmark the max-
imal utility attainable from trading in the basic assets, which again leads via duality
theory to the problem of finding the f-minimal martingale measure Q7. In a model
where the filtration is generated by a multi-dimensional process L which is a Lévy
process under the subjective measure P, it is then very convenient for interpretation
as well as calculation purposes if Q7 preserves the Lévy property of L; see Chapter 3
for a precise statement. This has been the original motivation for this chapter.

In Chapter 3, we exploit the result of [ESO5] that in a Lévy model, the minimal
entropy martingale measure preserves the Lévy property. It turns out that this approach
can actually be extended to the whole class of f-divergences defined with respect to
the functions in (4.1.1). In contrast to ES, we consider only equivalent local martingale
measures here to avoid complications with the definitions of f¢(Q|P) and f?(Q|P).
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We remark that for the purposes of Chapter 3, we need the f-minimal martingale
measure not only at time ¢ = 0, but also at any time ¢ between 0 and the finite time
horizon 7, i.e., we seek at time ¢ a measure ( which minimizes E p [f(ZTQ/ZtQ) | 7]
However, Lemma 5.1.4 in the appendix shows that the measure which is f-minimal
at time ¢ = 0 is also optimal at any later time ¢ < T.

4.3 Change of measure and Lévy processes

4.3.1 Notation and conventions

In this subsection we fix some notation and conventions, assumed to hold for the
whole chapter; for unexplained notation we refer to [JS87], abbreviated JS in the
sequel. We work on a filtered probability space (2, ¥, F, P) with I = (F4)o<i<r
satisfying the usual conditions under P, with a finite time horizon T < o0 and %o
trivial. A localizing sequence is a sequence of stopping times 7, < T such that
lim,— o P[t, < T] = 0. We denote by E[ .] the expectation with respect to Q. For
Q = P we often drop the mention of Q and write E[.]. For any O « P, its real-
valued density process 79 = (Z,Q)OE,ST with ZtQ = E[dQ/dP|¥F;] and its density
Z? := E[dQ/dP|¥7] are defined with respect to P. If not mentioned otherwise,
processes are assumed to be JR?-valued and if it exists, we choose a right-continuous
version. For a semimartingale X and a probability measure Q & P, we denote by u%
the random measure associated with the jumps of X and by v€ (or vX-€ if confusion
is possible) the predictable Q-compensator of wX. If p is a random measure and W
is sufficiently integrable, we denote by W * u the integral process of W with respect
to u. Moreover, we work throughout with a fixed but arbitrary truncation function
h : RY — IR?; the results do not depend on the particular choice of 2. By P we
denote the predictable o-field on  x [0, T] and by (B, C, v) the P-characteristics of
the semimartingale X with respect to k. As in Proposition I1.2.9 of JS, we can and do
always choose a version of the form

B = fbdA, C = fch, v(w; dt,dx) = dA;(w) Ky, (dx), (4.3.1)

where A is a real-valued predictable increasing locally integrable process, b an IR4-
valued predictable process, ¢ a predictable process with values in the set of all sym-
metric nonnegative definite d x d-matrices, and K, ;(dx) a transition kernel from
(2 x [0, T1, P) into (IR?, B%) with K, +(0) = 0and [pa (1 A |X[|*) Ko, (dx) < 1 for
all t < T. We denote by || . || the usual norm on R%.

We now turn to the description of absolutely continuous probability measures. As
mentioned in the introduction, any Q <« P can be described by two parameters 8 and
Y. To introduce them, we recall Girsanov’s theorem.,
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Proposition 4.3.1. (Theorem II1.3.24 of JS) Let X be a semimartingale with P-
characteristics (BY, C¥, vP) and denote by ¢, A the processes from (4.3.1). For any
probability measure Q K P, there exist a P @ B%-measurable function Y > 0 and a
predictable IR?-valued process B satisfying

T T
(Y = DA *vf+f0 llesBs dAs+/0 BicsBsdAs < o0 Q-as.

and such that the Q-characteristics (B2, ¢2, v2) of X are given by

B2 = B + [y csBs dAs + (Y — Dh) % vP,
cl=cP,
ve(dt,dx) = Y, (x) vP (dt, dx).

We call B and Y the Girsanov parameters of Q (with respect to P, relative to X ) and
write Q = Q®Y) to emphasize the dependence.

Remark 4.3.2. a) In Proposition 4.3.1 we have Y (x) > 0 dP ® dt-a.e. for K-a.e.
xifandonlyif Q ~ P.

b) Note that 8 and Y are not unique. For ¥ and 8 we identify all versions which
are vP-a.e. respectively A-a.e. equal. Thus B and Y are called, e.g., time-
independent, if there exists one such version. In addition, for fixed ¢ and A
only ¢ is A-a.e. unique. To have 8 A-a.e. unique, we can and do define g as
suggested in Remark NV in ES. When defining quantities depending on 8 and
Y directly, we always fix one version.

&

4.3.2 Lévy processes

We are concerned with models where the underlying filtration is generated by a Lévy
process. Therefore, we recall some facts about Lévy processes.

Let Q ~ P and L = (L;)o<<7 be an F-adapted stochastic process with RCLL
paths and Lo = 0. Then L is called a (Q, F)-Lévy process if forall s <t < T, the
increment L; — L is independent of ¥ under Q and has a distribution which depends
ont — s only. If there is only a process L with Ly = 0 and independent, stationary
increments under Q, we call L a Q-Lévy process, take as [ the Q-augmentation of
the filtration generated by L and denote this by FZ-€, Recall that a Lévy process is
a Feller process, so that FX*€ automatically satisfies the usual conditions under Q. If
Q = P, we even sometimes drop the mention of P, i.e., refer to L simply as a Lévy
process and write FZ. In particular, if Q = P and F = F* for quantities depending
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on P and L we often do not write this dependence explicitly; this is done, e.g., for
Girsanov parameters. We will use frequently that for Q ~ P, every (Q, F)-Lévy pro-
cess is an F-semimartingale and a (Q, IF)-martingale if and only if it is a (Q, IF)-local
martingale; see [HWY92], Theorem 11.46.

Another important fact is that Lévy processes have the weak predictable repre-
sentation property; see JS, Theorem II1.4.34, That is, if F = FZ, then every local
P-martingale (starting in zero) is the sum of an integral with respect to the continuous
martingale part L¢ and an integral with respect to the compensated jump measure.
This allows to give an explicit formula for the density process of any probability mea-
sure Q ~ P with Girsanov parameters 8 and Y. We quote this from from [ES05],
abbreviated ES in the sequel.

Proposition 4.3.3. (Proposition 3 of ES) Let L be a P-Lévy process and F = FL, If
Q & P with Girsanov parameters B, Y, the density process of Q with respect to P is
given by Z2 = §(N2) with

t
N2 :/O BXdLS + (Y — 1) % (ut —vF),.

Remark 4.3.4. We frequently use that in the setting of Proposition 4.3.3, for a func-
tionk : (—1,00) - R we have ), k(ANsQ) =k(Y — 1) =% /,LIL. O

In (4.3.1) we have introduced an integral version for the characteristics of a semi-
martingale. The main result of this chapter is based on the fact that the characteristics
of a Lévy process have a very particular structure.

Lemma 4.3.5. (Corollary 11.4.19 of IS) Let Q =~ P and L be an (Q, F)-semimartin-
gale. Then L is a (Q, F)-Lévy process if and only if there exists a version of its Q-
characteristics such that

BP(w) =b%, CPw)=c%, v@w;dt dx)=adtK2dx) (4.3.2)

where b2 € R4, ¢2 is a symmetric non-negative definite d x d-matrix, K2 is a
positive measure on IR® that integrates (||x||* A1) and satisfies K 2 ({0}) = 0. We call
(b2, ¢2, K9) the Lévy characteristics of L (with respect to Q).

Remark 4.3.6. For a P-Lévy process we drop the mention of P and denote the Lévy
characteristics by (b, ¢, K). Moreover, without further mention we always use the
notation

vF(dx, dt) = K (dx)dr.
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As an immediate consequence of Girsanov’s theorem and Lemma 4.3.5, for any
(P, I")-Lévy process L, we can characterize the set of all probability measures Q &~ P
under which L is a (Q, F)-Lévy process. We denote this set by

@:=@Q(L):={Q =~ P|L isa (Q, F)-Lévy process}.

Corollary 4.3.7. Let L be an (P, F)-Lévy process and Q =~ P with Girsanov pa-
rameters B and Y. Then L is a (Q, F)-Lévy process if and only if B and Y (x) are
dP ® dt-a.e. time-independent and deterministic for K -a.e. x € IR%.

4.3.3 Change of measure

In the previous subsections, we have described for any Q & P the corresponding Gir-
sanov parameters. Now we want to start with arbitrary predictable processes 8 and Y
and give conditions under which they define a probability measure Q = P and can
be identified as the Girsanov parameters of Q. Obviously, 8 and Y have to satisfy
some integrability conditions. In view of our aim to minimize for f € {f¢, fP, f9}
the f-divergence f(Q|P) over some set of probability measures Q ~ P, we im-
pose integrability conditions on 8 and Y which naturally arise in the computation of
f(Q|P); see Subsection 4.4.1 below. In order to formulate these conditions, we need
to introduce the following functions g on (0, o0):

gty) = —logy+y—1,
gl == y P —148(r—1) ford e (0,00),
g1 = (-1~

As shown in Lemma 5.1.2 below, each of these functions is strictly convex and non-
negative.

Remark 4.3.8. a) For f = f' withi € {£, p, g}, we refer to g' as the corre-
sponding function g. Moreover, for fP(z) = z7%, the corresponding g = g? is
defined with respect to the same § € (0, 00).

b) ES consider the relative entropy, i.e., the z log z-divergence. The correspond-
ing function g there is ylogy — (y — 1) and is (unfortunately) denoted by f.
However, in order to preserve the variable f for the f-divergence, we use the
notation g here.

&

Proposition 4.3.9. Let L be a P-Lévy process with Lévy characteristics (b, ¢, K),
F =FL, g € {g*, g”, g}, B a predictable process and Y > 0 a P @ B%-measurable
function. If

./;ed g(Ys(x)) K(dx) < const. dP ®dt-a.e., (4.3.3)
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then Y — 1 is integrable with respect to u* — v®. If in addition
BicBs < const. dP ®dt-ae., 4.3.4)

then Z := &(N) with
t
N, = f BEALE + (Y — 1) % (u* —vP), (4.3.5)
0

is a strictly positive P-martingale.
Proof. See appendix. [

Remark 4.3.10.  a) Note that [ B¥cBs ds = (N€).

b) Proposition 4.3.9 is very similar to Proposition 5 in ES. However, their integra-
bility condition on B and Y is of a weaker form. The proof then works because
there the function g considered (and denoted by f)is g°(y) := ylogy—(y—1);
g° naturally arises when minimizing the relative entropy. More precisely, for in-
tegrability conditions with respect to g¢ there exist rather general results which
imply that & (N) from Proposition 4.3.9 is a (true) P-martingale; see Theorems
II1.1 and IV.3 of [LM78]. However, this is not (yet) the case for g € {g*, g7, g%}
considered here. On the other hand, in order to obtain the main results of
this chapter, it would already be sufficient to prove Proposition 4.3.9 for time-
independent and thus deterministic 8 and Y. From this point of view, Proposi-
tion 4.3.9 is even more general than required. But the conditions imposed on
B and Y in Proposition 4.3.9 are exactly those which appear in connection with
the computation of dynamic good deal bounds. Thus the generality chosen for
Proposition 4.3.9 is exactly what is required to apply the results of this chapter
to calculate good deal bounds; see Section 3.7 for such an application.

&

The following result now allows to identify a priori given B and Y with the Gir-
sanov parameters of the measure Q defined via Z = §(N), where N is constructed
from B and Y via (4.3.5).

Proposition 4.3.11. (Proposition 7 of ES) Let L be a P-Lévy process with Lévy char-
acteristics (b, c, K) and F = FL. Let B be a predictable process, integrable with
respect to L, and Y > 0 a predictable function such that Y — 1 is integrable with
respect to w* — vP, and define N = [ BEALS + (Y — 1) % (ul —vP). If there exists
a probability measure Q ~ P with density process Z2 = Z := &(N), then g and Y
are the Girsanov parameters of Q.
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4.3.4 Martingale measures

We have seen that a probability measure Q <« P can be described via its Girsanov
parameters. In particular, we haven given conditions under which two processes 8
and Y are the Girsanov parameters of some equivalent probability measure. For a
fixed P-Lévy process L and a matrix M € IR**¢ we now look for conditions on the
Girsanov parameters of Q &~ P which ensure that ML is a local martingale under Q,
1.e, that Q is a local martingale measure for ML. We denote the set of all equivalent
local martingale measures for a semimartingale § by

ME(S) :={Q = P | S is a local martingale under Q}.

Remark 4.3.12. We consider equivalent local martingale measures for ML because
this allows for several possibilitics to model the price processes in a financial market
model; see Section 1 of ES for a detailed discussion. &

Proposition 4.3.13. Let L be a P-Lévy process with Lévy characteristics (b, ¢, K),
F = FL M ad x d-matrix and Q ~ P with Girsanov parameters $ and Y. Then
Q € M°(ML) if and only if we have both

IMx — h(Mx)|| % vE'? < 00 Q-as. (4.3.6)

and

M (b + ¢ + / (xY;(x) — h(x)) K(dx)) =0 dQ®dt-ae. 4.3.7)
Rd

Condition (4.3.7) is called the martingale condition for M L.

Proof. This is Proposition 10 of ES, except that we skip the proof of the equivalence
of (4.3.6) with the integrability condition |M(xY — h)|| = v:,ff < o0 there. Therefore
we do not require their additional assumption on the integrability of Y, o

Property (4.3.6) is an integrability condition on the big jumps of ML. As shown
below in Subsection 4.4.2, if Q¥Y) ~ P has finite f-divergence for some f €
{f¢, fP, f9}, then for the corresponding g € {g¢, g?, g9}, g(¥) has certain integra-
bility properties. In that case, condition (4.3.6) is equivalent to | M(x Y —h) || *vylf < 00
which is technically more convenient. This is a consequence of the following result.

Lemma 4.3.14. With the notation of Proposition 4.3.13 and for g € {g*, g?, g7}
IMx —h (Mx) [|#vE @ < |[M(xY —h) || %v£ +const. (g(YT(x)) + (1A ||x||2))*u§’ (dx),

IM(xY —h)[|%vE < [Mx—h(Mx) |2 +const. (g(YT(x)) + (1A ||x||2))*v;3 (dx).

Proof. See Lemma 5.1.10 d) from the appendix. Hl
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4.4 Preservation of the Lévy property by an f-minimal
change of measure

For all of Section 4.4, we fix a matrix M € IR4*¢, a P-Lévy process L with Lévy
characteristics (b, ¢, K) and assume that F = FL. For f € {f¥¢, fP, f9} we call
Q/ € M®(ML) the f-minimal martingale measure if it minimizes the f-divergence
over M¢(ML), i.e., if f(QF|P) < f(Q|P) forall Q € M¢(ML), and denote it by
Q*, Q” and QY, respectively. Note that since f is strictly convex, Q/ is unique if it
exists. The aim is to show that Q is contained in @ = @(L), i.e., that Q7 preserves
the Lévy property of L.

We proceed as follows. From Q € M¢(ML) with Girsanov parameters 8 and Y,
we define a new pair of Girsanov parameters 8 and Y by averaging 8 and Y over ¢
and w. Then we show that for 0 = Q#Y) we have f(Q|P) < f(Q|P), i.e., the
f-divergence is reduced by this averaging procedure. We refer to Q as obtained by
“averaging Q7. Since we want to minimize f(Q|P) over Q € M¢(ML), we have to
ensure that averaging preserves in addition the integrability condition (4.3.6) and the
martingale condition (4.3.7). This requires some extra care.

4.4.1 Reducing the f-divergence by averaging

Averaging 8 and Y (x) means that we consider them (for fixed x) as random variables
on 2 x [0, T'] and take their expectations. Thus, we need to find a candidate for the
measure which is used to define the expectation on € x [0, T]. This candidate will
naturally arise from the formula we derive next for the f-divergence of Q in terms
of its Girsanov parameters. We can restrict the averaging procedure to measures with
finite f-divergence, i.e., which are contained in

ol = {Q ~ P| f(ZQ) is a P-submartingale}.

Note that each f € {f¢, fP, 9} defines a different set @/ denoted by @/, @/” and
Qf’, respectively, and that Q 2 P is contained in @/ if and only if E [ f(z ? )] < 00;
see Corollary 5.1.3. In particular, for i € {£, p, g} we have for @* from Chapter 3 that

Q@ =@’ n M ML),
We state the results separately for each f € {f*, f?, f4}.

Proposition 4.4.1. Let O = QBY) ¢ @f° with density process Z = Z2 = &(N).
The canonical P-decomposition of f*(Z) = —log Z = M* + At is

MY = —N4+gt @) * (ut —vP) = —N° —log(Y) * (u* — vP),

1 ~ 5
Al = 5(NC)+g‘5(Y)>x<u“’ =: A* + A,



4.4. Preservation of the Lévy property 159

where gt(y) = —logy + y — 1, Mt is a uniformly integrable P-martingale and A*
and A* are predictable, increasing and P-integrable. Thus,

iQIP) = E| f1zp)] = ElA}) [/5sCﬁst+g(Y)*vT] (44.1)

Proof. See appendix. O

Proposition 4.4.2. Let Q = QBY) ¢ @f7 with density process Z = Z2 = &(N).
The canonical P-decomposition of fP(Z) = Z—% = MP + AP is

MP = [ZZ2dMP = [ fP(Z_)dMP

with MP := =8N +gP(¥)  (u* —=vF) = = N° 4 (¥ 0 — 1) x (ul — vP)
and AP = [Z3dAP = [ fP(Z_)dAP
with AP = M(NC)-}—gP(Y)*vP

where gf(y) = y — 14 8(y — 1). In particular, fP(Z) = G(MP)E(AP) where
& (M P) is a strictly posmve uniformly integrable P-martingale. Wzth =€ (M Pyr

the process E(AP) = A is increasing and R? -integrable and

fP(QIP) = E[f7(Z1)] = Exe| 8(AP)r |

— Egp [exp ( /O (8(5 +1) BcB: fm ) gP(Y,(x))K(dx))dt)].(4.4.2)

Proof. See appendix. O

For f9(z) = z* the results are (formally) exactly those of Proposition 4.4.2 for
8 = —2. However, to introduce the notation and because of the importance of the case
f4, we decided to state the result for 7 separately; see Section 4.5 below.

Proposition 4.4.3. Let 9 = Q) ¢ @f  with density process Z = Z2 = &(N).
With g9(y) = (y — 1)?, the canonical P-decomposition of f4(Z) = Z? = M7 + A4
is

MI = [Z2dM9=[fUZ_)dM?
with M9 = 2N+ gi¥)*(ul —vP)=2N+ (¥2 ~ 1) * (ul - vF)
and A? = [Z2dA1=[f1(Z_)dA4

with AP = (N +g4(¥) xvP.
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In particular, f1(Z) = &(M9)E(AY) where & (MY ) is a strictly positive uniformly in-
tegrable P-martingale. With % = §(M9)7 the process E(A?) = A is increasing
and R9-integrable and

fUQIPY = E[f9(Zn)] = Ere |8(A%1]

T
ERra [CXP (/0 (,3?‘6‘/% +[le gq(Yz(X))K(dX)) dt)] (4.4.3)

Proof. See appendix. il

In Subsection 4.3.3 we have associated to each function f € {f¢, f?, f4} a cor-
responding g € {g*, g7, g7}; (the proofs of) Propositions 4.4.1, 4.4.2 and 4.4.3 show
where the definitions for g*, g? and g7 come from. From now on, we associate in
addition to each f and each Q = Q'Y a probability measure R = R(f; B, Y). For
f € {f?, f4}, the corresponding R(f?; 8,Y) := RP and R(f%; B,Y) := R are
defined in Propositions 4.4.2 and 4.4.3. For f = f* we define R(f%; B, Y) := P;
this is actually independent of B, Y. The introduction of R allows us to treat the
different f-divergences simultaneously and highlights the analogy in their treatment.
The measures R € {R¢, R?, R9} or, more precisely, the product measures R ® A are
the candidate measures for the averaging procedure to reduce the f-divergence. The
next lemma provides us with some important integrability properties, with respect to
R = R(f; B, Y), of functionals depending on the Girsanov parameters 8 and Y.

Remark 4.4.4. For f(z) = zlogz as considered in ES, the candidate measure is

O @ A. This can be seen from Lemma 12 of ES. &

Lemma 4.4.5. Let f € {f% fP, f4), Q = Q¥Y) ¢ @ with correspondinge
g € {g, 87,87 and R = R(f;B.Y). The following random variables are R-
integrable:

a) Jo Brchiat,

b) [y IBilldt,

¢c) g(¥) xvE,

d) [y Yi(x)dt for K-a.e. x € R
Proof. Parts a) and c) follow from Propositions 4.4.1, 4.4.2 and 4.4.3; note that g > 0,
B*cB = 0 and ¢* > x. Finally, b) and d) can be deduced from a), ¢) and Lemma 5.1.1

¢) analogously to Lemma 12 in ES with Q-expectations and f there replaced by R-
expectations and g. O
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The following theorem shows that for f € {f¢, fP, f9}, the quantities 8 and ¥ (x)
obtained from Q = Q¥Y) e @/ via averaging with respect to R(f; B, ¥Y) ® A define
some Q0 = Q) with f(Q|P) < f(Q|P). Since B and Y are time-independent and
thus also deterministic, Q is contained in @(L) by Corollary 4.3.7, i.e., preserves the
Lévy property of L.

Theorem 4.4.6. Let f € {f¢, f7, f9}, 0 = QBY) e @7 wirth corresponding mea-
sure R = R(f; B, Y), and define B € IR? and a measurable function Y from IR? into

(0, 00) by
_ I
= Er|= dt |,
B R [T /(; Bt ]
— 1 [T
Y(x) := Epg [? f Yi(x) dt:l if this is finite (which holds K -a.e.),
0
Y(x) = 1 otherwise.

Then there exists Q ~ P with Girsanov parameters B, Y such that Q € @f N'@ and

f(QIP) < f(QIP),

with ﬁ]uality iff dP ® dt-a.e. both B = B and Y(x) = Y(x) for K-a.e. x, ie., iff
Q€.

Proof. See appendix. L]

Remark 4.4.7. The measure Q does not depend on the version of A and Y. &

4.4.2 Preservation of the martingale property

In the previous subsection we have shown how for f € {f¢, fP, f7}, the f-divergence
F(Q|P) of some QBY) ¢ @/ can be reduced by averaging the Girsanov parameters
B and Y. Since the obtained 8 and Y are time-independent, the corresponding measure
Q = 0¥V isin @(L) and hence preserves the Lévy property of L. If in addition the
original Q is in M¢(ML) we should like this to hold for Q as well; in other words, we
hope that also (4.3.6) and the martingale condition (4.3.7) are preserved under averag-
ing. Since B and Y enter (4.3.7) linearly, we naturally expect this to be true. However,
to actually prove this, we need to apply Fubini’s theorem, which requires an additional
integrability condition. This condition, which will also be used to show that (4.3.6) is
preserved under averaging, holds for all Q contained in

Ql = [Q(ﬁ.Y) c @f\ER [||M(xY—h)|| *u}’] < oo for R = R(f; B, Y)}.
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Therefore we prove that for any Q € @/ there exists a sequence (Q”’),,E N C @1{;

with lim, s+ f(Q"|P) = f(Q|P). Moreover, we show that for Q and Q obtained
from averaging Q and Q", we also have lim,,_, o f @n |P) = £(Q|P). These results
then imply that the f-minimal martingale measure Q/ preserves the Lévy property of
L and that it suffices to look for Qf in the set M¢(ML) N @/ N @. Before we show
that measures from M¢(ML) N @/ preserve the Lévy property under averaging, we
remark that

int

MEMLYN @ Na@ c @l

nt*

In fact, Lemma 4.3.14 yields
IM(xY —h) [%vE < [Mx—h(Mx)[|v5 @ +const. (g(YT ) + (1 A ||x||2))*v,’i’ (dx).

Moreover, if Q € M(ML), then the first summand on the RHS is finite by Proposi-
tion 4.3.13 and if Q € @/ so is the second by Lemma 4.4.5 c). Finally, if Q € @,
then Y is deterministic, hence so is |M(xY — h)|| * vT, and then finiteness is the same
as R-integrability.

Proposition 4.4.8. Let f € {f¢, fP, f4} and Q = Q¥Y) € M (ML) N @] . Then
O from Theorem 4.4.6 is in M¢(ML) N Q@f N'@ so that ML is a local Q-martingale.

Proof. See appendix. O

We next show that M€ (ML) N @/ is dense in ME(ML) N @7 in a suitable sense.

int

Proposition 4.4.9. Let Q € MS(ML) N Q/ for f € {f¢, fP, f9} and suppose that
MEMLYNQ na@ # (). Then there exists a sequence (Q")pen in M*(ML) N (;‘Zij;t

with
lim f(Q"|P) = f(QI|P).
n—00
Proof. See appendix. ]

In addition, the f-divergences of the corresponding averaged measures converge
as well.

Proposition 4.4.10. In the setting of Proposition 4.4.9 denote by Q and an the cor-
responding averaged measures as defined in Theorem 4.4.6. Then

1im £(@'|P) = £(@]P).

Proof. See appendix. O



4.4. Preservation of the Lévy property 163

Putting all this together we obtain our main result.

Theorem 4.4.11. Let f € {f¢, f?, f4} and suppose that M (ML) N @7 N @ # B.
If there exists Qf € ME(ML) N Q7 such that

F(Q7|P) < f(QIP) forall Q € M*(ML),

then 9 € @, ie, Lisa Lévy process under Qf .

Proof. Suppose Qf ¢ @. By Theorem 4.4.6 we can obtain from averaging Q/ some
0/ c@na’ such f@f|P) < f(Q7|P). This is not yet a contradiction, since af
need not be contained in M¢(ML). However, Proposition 4.4.9 ensures the existence
of a sequence (Q")pen < ME(ML)N @/, such that lim,,_, £(Q"|P) = £(Q'|P).

-=n

In addition, Proposition 4.4.10 implies that also the f-divergences of the measures
constructed from Q" as in Theorem 4.4.6 satisfy

lim £(Q"|P) = £(Q'|P) < f(Q7|P).
Thus there exists n € IN such that f@n|P) < f(Q/|P) and
Q' eMmMLYN@ n@

by Proposition 4.4.8. This yields a contradiction. Hence Q7 € @. O

Remark 4.4.12. We assumed in Theorem 4.4.11 the existence of the f-minimal mar-
tingale measure Q. This is a non-trivial assumption if we do not impose that ML is
locally bounded, i.e., that it has bounded jumps; see Theorem 1.1 in Bellini/Frittelli
[BFO2]. O

Theorem 4.4.11 suggests that it is enough to look for the f-minimal martingale
measure Q7 in @. The following corollary show that this is indeed true.

Corollary 4.4.13. Let f € {f%, fP, ). If there exists Q' € MEML)N @/ Nn@
such that f(Q'|P) < f(Q|P) for all Q € ME(ML) N @F N'@, then we also have
that f(Q'|P) < f(Q|P) forall Q € M¢ (ML), i.e., Q' = QF is the f-minimal
martingale measure.

Proof. Suppose there exists Q € (M(ML) N @7)\@ suchthat £ (Q|P) < f(Q'|P).
By Theorem 4.4.6 we can average Q to obtain some Q € @/ N @ such that

r(elp) < 1(Q|P) < r('|P).

As in the proof of Theorem 4.4.11 one then applies Propositions 4.4.9 and 4.4.10 to
obtain a contradiction. O
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4.5 Connections to the variance-optimal measure

In this section we relate the f7-minimal martingale measure Q7 to the variance-
optimal signed martingale measure P. An intensively studied pricing and hedging ap-
proach in incomplete markets is mean-variance hedging; see [Sch01] for an overview
and terminology not explained here. In that approach, the value of a payoff is defined
as the initial capital of the strategy which minimizes the LZ-norm of the hedging er-
ror over all self-financing L?-strategies. This value is equal to thc expectatlon of the
payoff under P, which minimizes the P-variance of the densuy (or, equivalently,
f2(Q|P)) over all signed local martingale measures Q for ML. If Pisa probability
measure equivalent to P, then it coincides with the f7-minimal martingale measure
Q7 which we have studied in the previous sections. In a Lévy setting, P is (under
some mild additional assumptions) equal to the minimal signed martingale measure
P which occurs in the local risk minimizing hedging approach. Since there is an
explicit formula for the density of P, it is then very easy to show that P = P pre-
serves the Lévy property of L. Thus in the special case when Q7 is equal to P, ie.,
if the latter is an equivalent probability measure, one can show almost directly that
Q4 = P = P preserves the Lévy property. We explain this in more detail in this
section.

Let L be a P-Lévy process with Lévy characteristics (b, c, K), F = FL and
M e IR?*4 3 fixed matrix such that ML is a special semimartingale. By Corollary
I1.2.38 and Proposition I1.2.29 of JS we have

ML, = (ML;" 4 Mx % (ub — uP),) + (Mbt + (Mx — h(Mx)) * v,”)
= (ML{ + M x (ut = ™)) + (M + f (Mx — (M) K (dx) )
md
= M; +yt =: M; + A;.

Let the local martingale M be locally square integrable (and thus square integrable)
with respect to P. Then we have

(M); = McM*t + (Mxx*M*) % vF
.

= M(c—i—/ xx*K(dx))M*t
Rd

=. ol.

We assume in addition that ML satisfies the structure condition (SC), i.e., that there
exists a d-dimensional predictable process A such that

A=fd<M>X and Kr :=fi*d<M)i <00: 4.5.1)

see Definition 1.1 in [CS96] and Subsection 12.3 in [DS06] for a related discussion.
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Since A, = yt and (M), = ot, (4.5.1) is satisfied if and only if A satisfies
Y = O’i,

i.e., if y € range(c). In particular, we then can and do choose A constant. We can
now define

N:=_fx*dM.

If 7 := S(N ) is a P-martingale, then %— = ZT defines a signed measure called the
minimal signed martingale measure for ML. By Proposition 2 of [Sch95], it is a local
martingale measure for ML in the sense that ZML is a local P-martingale. Note that
if Z > 0 (e., if —A*AM > —1), then 7 = &(N) is a local martingale and as in the
proof of Propos1t10n 4.3.9 an application of Theorem IL.5 of [LM78] yields that it is
automatically a P-martingale. In particular, it is then in M°¢(ML).

Under the above assumptions, the mean-variance tradeoff process

t
K; :=/ A*dAs=</k*dM> = Aort
0 t

is deterministic. This implies by Theorem 8 of [Sch95] that Pis equal to the variance-
optimal signed martingale measure P. If we denote the density of P by Zr, then P
is defined by the property that

E[f9(Z1)] < ELf1(Z1)]

for all P-martingales Z with Zy = 1 such that ZML is a local P-martingale; the cor-
responding measures Q with i = Z7 are called signed local martmgale measures

for ML. Hence, if Z=7> 0 so that P ¢ ME(ML), then P coincides with the
f2-minimal martingale measure Q7.

Since we have an explicit formula for P, it is very easy to check that it preserves
the Lévy property of L. Indeed, by Corollary 4.3.7 we only need to identify the
Girsanov parameters of P and show that they are time-independent and deterministic.
But

N = —A*M=-A*ML® — (*Mx) * (uF —vP)
so that by Proposition 4.3.11 the Girsanov parameters of P are
B:=—M*% and Y(x)= —A*Mx+1

which are obviously time-independent and deterministic.

In conclusion, if ML is sufficiently integrable and y € range(o), then P = P,
and if this is an equivalent probability measure, then Q9 = P, ie., the f7-minimal
martingale measure is just the minimal martingale measure and preserves the Lévy
property of L.
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Chapter 5
Appendix

In Section 5.1 we collect a number of auxiliary results for Chapter 4, and in Section
5.2 we give the proofs omitted from the main body of Chapter 4.

5.1 Auxiliary results

Lemma 5.1.1. Lett < T, k : IR — IR U {400} a convex function and Y a random
variable such that E[|k(Y)]] < oo.

a) If E[|Y|] < oo then
k(E[Y|F]) < E[k(Y)| F]. (5.1.1)

b) If k is strictly convex on dom(k) := {x € IR |k(x) < oo}, E[|Y|] < oo and
t = 0, then equality holds in (5.1.1) if and only if Y = E[Y] P-a.s.

c) If Y is bounded from below, lim,_, oc k(x) = 400 and if there exists an affine
function £(x) := mx + b with b € IR and m > 0 such that k(x) = £(x) on IR,
then E[|Y]] < o0.

Proof. Part a) is just the conditional Jensen inequality and part b) can be shown like
Lemma C.6 in [Esc04]. For c), note that since Y is bounded from below, E[Y] is well
defined (possibly +00) and it suffices to show that E[Y] < oco. Suppose E[Y] = oo.
Then

oo =L (E[Y]) = E[£(Y)] = E[k(Y)] < 00

which is a contradiction. Thus E[Y] < oc. ]

167
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Lemma 5.1.2. The following functions are all strictly convex on (0, 00):

flz) = —logz and g'(y):=—logy+y—1,
fP(z) :==2z77° and gP(y):=y"%—148(y—1) ford € (0, 00),
fi(z) :=z? and g(y) := (y — 1)°.

In addition, each g € {g*, g?, g1} is nonnegative and attains its unique minimum in
y = 1 where g(y) = 0.

Proof. Strict convexity is obvious. Hence it suffices to show that each g € {g*, g7, g9}
has its derivative zero in y = 1 where g(1) = 0. So we compute

d , 1 d 8 d
— =——+1, —gf(y)=—-—=+8 and —gi(y)=2(y—1).
o° ) y tLo8 ) o +o and 708 »M=2y-1

The following result is an immediate consequence of Lemmas 5.1.1 and 5.1.2.

Corollary 5.1.3. Let f € {f*, fP, f2) and let Z be a strictly positive martingale. If
E[f(ZT1)] < oo, then f(Z) is a submartingale.

Proof. For fP and f9 this is obvious, since they are bounded from below. For f ¢
denote by £(x) := mx + b some linear function withm < 0 and f £(x) = £(x) for all
x > (. Similarly to Lemma 5.1.1 ¢) one can then prove that E[f9(Z7)] > —o0. O

Lemma 5.1.4. Let f € {f¢, fP, f9} and let D be a set of strictly positive density
. 2

processes such that forallt < T and Z',Z* € D, also Z. := Z‘]A,EZQ—T defines an

element of D. If Z° € D satisfies E[f(Z(%)] < E[f(Z7)]forall Z € i) then also

1 (2)

Remark 5.1.5. This pasting property is in particular satisfied for the set of equivalent
local martingale measures for any semimartingale; see Proposition 5 in [Del06] and
note that we do not require there that the semimartingale 1s locally bounded. <&

t

z
5;] <E [_f (—Zl)‘ .‘F,] forall Z € D and foreacht € [0, T].
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Proof of Lemma 5.1.4. For f € {fP, f1}, this is Proposition 4.1 in [KS02], and for
£ the result can be shown analogously. Indeed, suppose there exists Z! € D such
that E[ f4(Z2}./Z)| %] < E[f4(2%/2?)|#:] and such that “<” holds with positive

probability. Define Z_ = ZOA, ZAT € D. Then
ZO
Zt

e 3—}] =E[—10g29~],

which contradicts the optimality of Z9 at time ¢ = 0. Ol

1
7 — 0 ZT
t

< E I:—long)+E |:—log

Lemma 5.1.6. For g € {g*, g”} we have

(1- ﬁ)z < const. g(y) forall y > 0.

Q'Jll-——

Proof. For gP(y) = y=® — 1+ 8(y — 1) we can take const. = . In fact deﬁne for
y > 0 the function kP (y) := £ — (1 — \/3)?. Since £kF (y) = e+ f <0
for0 < y < 1and %kp(y) > 0 for y > 1, k7 attains its unique minimum in y = 1.

Since k7 (1) = 0, this proves the claim. Analogously, for g‘Z we can take const. = 1.

Indeed, let k*(y) := g*(y) — (1 — /3)? for y > 0. Then JLk(y) = _5 + % and

the same arguments hold true. O

Lemma 5.1.7. Let g € {g*, g, g9} and fix 7 € (1,00). There exists a constant
C = C(y) » 0 such that forall c > C

(y =1D? <cg(y) forall ye (0,7l

Proof. For g9 this is trivial. We first show that for g¢ we can take C = Ct :=2y% To

see this, let k¢(y) := cgt(y) — (y — 1)? with ¢ > C*?. Then —‘Lke(y) =c (1 - %) _

2(y — 1) and for 0 < y < y we have a—gke(y) = y— -2z -yj— — 2 > 0. Thus k*
is nonnegative on (0, y] since it is a convex function there with unique minimum in

y = 1 where k(1) = 0. Analogously, we can show that for g#(y) = y = 148(y—1)
we can take C = CP +1))’5+2 In fact, let ¢ > CP? and kP(y) = cg?(y) —

(y — 1)2. Then ikp(y) =cd (1 — y8+1) 2(y — 1) and for 0 < y < y we have

kp S(5+1) yo+2 . . .. .. _
—7 (y) = CF 2> ZW — 2 > 0. Again, the unique minimum isiny =1
where k? (1) = 0. This finishes the proof. O
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Lemma 5.1.8. Let g € {g%, g?, g9). There exists C > 0 such that for all ¢ = C

y-1b<c(s0)+67)  forall y>0 andallb € [0, 1]

Proof. By Lemma 5.1.2, there exists a unique y > 1 with g(y) = 1. By C; = C1())
denote the corresponding constant from Lemma 5.1.7. We claim that we can then take

C = ! := max [%\/Cl, % %] for g¢, C = C? := max {%«/Cl, 5} for gP and
C=C1:= max{%«/c ,1} for g4. To see this, fix y > 0, ¢ > C and define

g’ (b) = c(g(y) +b*) — |y — 1|b = cb* — |y — 1|b + cg(y)

for b € IR. We claim that ¢ (b) considered as quadratic function of b is nonnegative
on [0, 1]. Because ¢ > 0, this obviously holds true if we can show that either g has
at most one zero, or all zeros occur for b > 1. The latter holds true if and only if

y U=V —12—dc2()
2c -

1, (5.1.2)

and the first if the expression under the square root is less or equal to zero. Thus we
may assume that
(y = D* —4c’g(») > 0 (5.1.3)

and show that (5.1.2) then holds. However, since ¢ > 5 Ci1,(5.1.3)and g(y) > 0O
imply that (y — 1)> > Cig(), so that by the definition of C; and of ¥ we have
y >y > land g(y) > 1. We deduce that (y — 1)* > 4cg(y) > 4c? and thus that
ly — 1} > 2c, 1.e., that |[y — 1| — 2¢ > 0. As a consequence and since [y — 1| =y — 1,
we have

(512) = (—D=2c2/(y - 12 —4c2%()
= y—1=c@@+1D. (5.1.4)

In order to prove that the last inequality holds, we consider each g € {g*, g?, g9}
separately. For g¢(x) = —logx + x — 1 and x > 0 we define

K (x) == cg )+ 1) — (x = 1).

Since ¢ > T%T the function k* is increasing on [¥, c0) because there

d 1 y—1
—mkf(x)zc(l——)—lzcy_ —1=>0.
dx x y

Thus (5.1.4) holds if k*(y) > 0. However the definition of y Y 1mp11es that we have
k¢ (y) = c(1 + 1) — ¥ + 1 and this is non-negative since ¢ > L
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For g?(y) = y™% — 1 4+ 8(y — 1) we define kP(y) := c(g?(y) + 1) — (y — 1).
Then kP (y) = 0 iff ﬁ > (y — )(1 — ¢§) and the latter holds true since the RHS 1is

non-positive because y > y > land ¢ > %

It remains to consider g4 (y) = (y —1)? for whichwe have y = 2. Nowy > y =2
implies that (y —1)> > y—1 and thus ¢(g9(y)+1) > cg?(y) = c(y —1)? = c(y = 1)
and hence (5.1.4) holds since ¢ > 1.

[

Lemma 5.1.9. For g € {g*, g?, g9} there exists C > 0 such that

(y—D>Aly—1| < Cg(y) forally = 0.

Proof. For g = g7 this is trivial and it suffices to consider g € {g¢, gP}. Lemma 5.1.7
with y = 2 implies the claim for 0 < y < 2. To see it also for y > 2, not that there
(y = 1? = |y — 1| = y — 1, and define k(y) := Cg(y) — (y — 1). Fork(y) = k*(y)
note that the tangent of log y in y = 2 yields with b := 1 — log2 > 0 the estimate
—logy = —3+b. Thusk(y) > y (§ — 1)+ C(b—1)+1 and if in addition C > 2 so
that (§ — 1) > O we have for y > 2 thatké(y) > 2(§ — 1) +C(b—-1)+1=Cb—1.
The last expression is clearly nonnegative if C is big enough. For k(y) = kP (y) note
that y > 2 implies that y*+1 > 2 so that j—ykp(y) =C$ (1 — #) -1=> C(S%w —1.
Thus for C > % kP is increasing on [2, 00). If in addition C = EP](_Z)’ then k7 (2) = 0.
This finishes the proof. 0

For the next result, we recall that & : IR — IR? is an arbitrary but fixed truncation
function, i.e., a bounded function with compact support such that 2(x) = x in a
neighbourhood of 0. The canonical choice 1s A(x) 1= x1{jx|<1}-

Lemma 5.1.10. Let g € {g*, g?, g9}, Mad xd-matrix, Y > 0 a measurable function
on R%, K a o-finite measure on IR® and 0 < ¢ < 1. Then the following estimates

hold:

8) [ Vixjze)Y () K (dx) < const. fa (87 () + (LA xD)) K (@)
b) [ s IMR()—h (M) (x) K (dx) < const. [ga (¥ (D+(1AIIx 1)) K ().

¢) [ga 1Y (x) — Dh(x)|| K (dx) < const. [pa (g(Y(x)) + 1A §|x||2)) K (dx).
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@) [ IMx = h(Mx)|[¥ () K (d)
< JIM (Y @) = h(x) | K (@x)+const. fa (Y )+ (AP K (@),

SIM (xY (x) — h(x)) | K (dx)
< [IMx — h(Mx)||Y (x) K (dx) + const. [pa (g(Y(x)) +(0A ||x||2)) K (dx).

Proof.  a) We first show that from Lemma 5.1.8 one can deduce that there exists
a constant C > 0 such that for all y > 0 we have y < C(g(y) + 1). In fact,
Lemma 5.1.8 with b = 1 yields the existence of some constant ¢ > 1 such that

y—l=ly-1=c@»+1
for all y > 0. Since g(y) > 0, we then get for C := ¢ — 1 that
y<e@@mM+H+1=<CM+D
as required. From this and since g is nonnegative, we deduce that
Ljxize) Y () < C (X (@) + Ljx|ze}) -
Since Lyjxjze) < =5 (1 A x[1%), it suffices to take const. = S.
b) Since by Lemma C.3 of [Esc04] there exists 0 < & < 1 such that
IMAE(x) — h(Mx)|| < const.1jx|>5»
this follows immediately from a).

¢) Note that [|(x)|| < const. (|lx [ 1gxy<1} + Lgx(>1})- Thus

[, 10 = Daco K@)
ma’
< const. [ (I7G) = 1ALz + 1Y) = 1) K ()
md

and the result now follows from Lemma 5.1.8 applied to each summand sepa-
rately with & = ||x |11 <1} respectively b = 1{x|>1)-

d) This follows from b) and c) as in the proof of Lemma 9 in ES.
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5.2 Omitted proofs

Proof of Proposition 4.3.9. The integrability of ¥ — 1 with respect to u” —v? follows
for g7 from Theorem I1.1.33 a) in JS and for g* and g? from Lemma 5.1.6 together
with Theorem I1.1.33 d) in JS. Thus by (4.3.4) N is a local martingale and in addition
quasi-left-continuous, so that by Theorem IL.5 in [LM78] &(N) is a martingale if

the predictable compensator of(NC),+Z ((ANS)2 A |AN|S> is bounded; (5.2.1)
5=

note that for Theorem IL.5 of [LM78] it suffices if N is a local martingale. In addition,
E(N) is strictly positive since Y > 0 implies that AN > —1 so that it only remains to
show (5.2.1). For (N€) = f BicBs dt which is already the predictable compensator of
itself, the claim is trivial by (4.3.4). The jump term can be rewritten as

3 ((ANS)Z A |AN5|) = ((Y —12AlY - 1|) _—s (5.2.2)

s<t

Since N is in particular a special semimartingale, (5.2.2) defines by Propositions
I1.1.28 and I1.2.29 a) of JS a locally integrable process. Also by Proposition II.1.28,
the latter has (¥ — 1)2 A |Y — 1| % vP as predictable P-compensator. This compen-
sator is then bounded thanks to Lemma 5.1.9 and assumption (4.3.3). This finishes the
proof. O

Proof of Proposition 4.4.1. 1t&’s formula applied to Z = Z2 = &(N) yields

1 1
—logZ; = =Ny + 5 {(N°); ~ Y (log(1 + AN;) — ANg) =: —N; + 5 (N = Dy

s<t

Recall from Proposition 4.3.3 the expression for N and note that (N€) = f BB dt

and N are locally P-integrable and, since Q € @/ z, that so is log Z. This implies that
also

~D = (=logY +Y — 1) s ul = g"(¥) x ut

is locally P-integrable. Since g* is nonnegative, Proposition I1.1.28 of JS then implies
that the predictable compensator of —D is g*(¥) * v¥. Moreover,

—(Y =D x(uE —=vP)+ (—logY + Y — D) % (ul —vP) = —log ¥ » (u* —vF)

since both sides are local martingales having the same jumps; see Definition II.1.27 in
JS. This and the formula for N from Proposition 4.3.3 yield the canonical decompo-
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sition
L P 1 c
—logZ = —N4+(=logV+Y—-Dx(u-—v )+§<N )
+(~logY + ¥ — 1) x v’
|
= =N —log(¥)* (u" —v") + S (N) + 8" (1) »v”
= M -+ At + A:E.
Since A¢ and Af are increasing and nonnegative, they are both P-integrable if and

only if A¢ = A¢ + A is. But 0 € @ so that — log Z is a P-submartingale and of
class (D) since

—Z, < —logZ, < —E[logZr|¥;] forall stopping times 7 < T.

Theorem IIL.7 of [Pro04] then implies that the process M* of the unique Doob-Meyer
decomposition above is a martingale. Then A¢ must be P-integrable since log Z is,
(4.4.1) holds trivially true, and the proof is completed. Cl

Proof of Propositions 4.4.2 and 4.4.3. We only prove Proposition 4.4.2. Setting § =
—2 and changing the notation from p to g then gives the proof for Proposition 4.4.3.
An application of Itd’s formula to Z = Z< = &(N) yields

g 1
z78 = /z;f (mstera(a; )d(NC)s)
0

+ ZZ (AN + D7P +8(AN; +1) — 1= 8).

s<t

Recall from Proposition 4.3.3 the expression for N and note that (N¢) = f B/ cp; dt

and N are locally P-integrable and, since Q € @/”, so is Z~%. Thus we have local
P-integrability also for ngt Zs__‘s ((ANS + D +S(AN; +1) —1— 6) and for

(AN + DT+ 8(AN+ 1) —1-8) = (Y2 —148@F — D) *pu”

§=<t

= gP(¥)xpul.

Since g” is nonnegative, Proposition I1.1.28 of JS then implies that the predictable
compensator of g#(Y) x u¥ is g?(Y) x vF’. Moreover,

(Y =148 —D))x(ul —vP) =8 —Dx @l —vP) = (¥° = )+ (" —v")
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since both sides are local martingales having the same jumps; see Definition II.1.27 in
JS. From this and the formula for N from Proposition 4.3.3 we obtain the canonical
decomposition

dz=% — z:’*(—adN‘-’ +d ((Y"s — 1) (uk - vp))

L 80+ l)d(Nc) +d ((Y_’S —1+8(y—D)* ”P))

_ z73 (dMP + dA‘P)
= de (MP + ALP)

= d (s(MP)S(AP)) , (5.2.3)

where the last equality holds by Yor’s formula since AP is of finite Vanatlon and
continuous so that [M?, AP] = 0. Moreover, Q € @7 implies that Z~% is a positive

submartingale and thus of class (D) since 0 < Z- S <E [Z "8‘ 3—}] for all stopping

times T < T. Since A? > 0 we have §(A?) = ¢4’ > 1 so that (5.2.3) implies
that S(M P is a local P-martingale of class (D) and thus a martingale; this uses that
8(1\711’) is positive since AMP = Y% —1 > —1 because Y > 0. Moreover, (5.2.3)
then implies the R”-integrability of €(AP) and the strict positivity of & (MP). This
completes the proof. L]

Proof of Theorem 4.4.6. Note that 8 and Y are well-defined thanks to Lemma 4.4.5
b) and d) and since Y is positive. Moreover, since ¥ is P ® B9-measurable, Y is
a measurable function on IR? and thus can be considered as a P ® B“-measurable
function on the product space Q2 x [0, T'] x R4, By Jensen’s inequality (with Lemma
5.1.1 ¢)), Fubini’s theorem and Lemma 4.4.5,

_ 1 T
f g(Y@) K(dx) = f Eg [T/ g(Ys(X))dS] K (dx)
R? R4 0

1
= -T—ER [g(Y) * v}’] < 00. (5.24)

Thus Propositions 4.3.9 and 4.3.11 yield the existence of 0 = Q1) ~ P with
Q € @by Corollary 4.3.7. We prove Theorem 4.4.6 only for f = f” and explain the
differences occurring for f € {f£, £4} briefly at the end of the proof. Since Q € @/7,
Proposition 4.4.2 yields

fP(QIP) = Ero [e*7] (5.2.5)
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where ‘%J = i 8(1\7_1; ). Both A? and _Rl’ depend on Q. In order to apply Proposition
4.4.2 also to Q, we show below that 0 € @/”. Then we get

fP@IP) = Egoigy |7 @],

where we emphasize the dependence on Q by adding it in brackets. Note that

PR 06 +1 — —
Ar@@) = O TR @) + g7 @) " (5.2.6)

is deterministic since (N°(Q)); = B ¢B and both B and Y are deterministic; hence

— AP AP
fEP(QIP) T—;eAI;(Q). But by (5.2.5) and Jensen’s inequality f7(Q|P) = "R [AT],
and so fP(QIP) < fP(Q|P)if

AL(D) < Exp [A‘f;] .

This can be done as in ES, by showing the inequality for both summands of A\‘; and
AI} (Q) separately, using Jensen’s inequality. Moreover, since all above inequalities
go back to Jensen’s inequality, we have f”(Q|P) = f(Q|P) iff all involved variables
are deterministic and time-independent, i.e., iff 8 and Y are; see Lemma 5.1.1 b).

It remains to show that O € @/, i.e., that fP(Q|P) < co. This can be shown by
an application of It6’s formula as in the proof of Proposition 4.4.2 and has not been
considered in ES. Similarly as for Proposition 4.4.2, one then obtains the canonical

decomposition and in particular that f? (Z—?) — AT Or &(MP(Q)),. The only

difference in the proof is the way one obtains that g(Y) * uL is locally P-integrable;
this cannot be done as before since we do not know if Q € @/”. However, since g is
nonnegative we obtain immediately from (5.2.4) that g(¥) v ” is locally P-integrable
and this is by Proposition II.1.28 of JS equivalent to the local P-integrability of g(¥) *

u!. Thus it only remains to show that f?(Q|P) = E [e‘a?@" &(M? @))T] is finite.

This is true since AMP(Q) > —1 implies that & (M P(Q)) is a P-supermartingale, and
since AP (Q) is deterministic and finite. This completes the proof for f = fP.

For f = f4 the proof is exactly the same, except that instead of Proposition 4.4.2
one applies Proposition 4.4.3. For f = f* one takes Proposition 4.4.1. There, the
canonical decomposition is of a simpler form so that no stochastic exponentials occur.
This simplifies the arguments slightly. In particular, for the proof that Q € @7 * it then

suffices to note that a local P-martingale which is in addition an P-Lévy process is a
(true) P-martingale; see Theorem 11.46 of [HWY92]. O

Proof of Proposition 4.4.8. In Theorem 4.4.6 we have already proved that 0=0 (B.Y)
isin @/ N @. In order to show that O € M¢(ML), we have to show that it satisfies
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(4.3.6) and (4.3.7). We exploit that since 0 e af, g)ndition (4.3.6) for Q is by
Lemmatas 4.3.14 and 4.4.5 c) equivalent to [pa |[M (xY (x) — 2(x))| K(dx) < oo.

But the latter now follows from the definition of Y, Fubini’s theorem and the fact that
Qe @7, since

int?

fm MY @) - hx) | K (@)
T
< [ Ex [1 f IM (xY, () — hGO)] ds] K (dx)
R¢ T Jo

1
= =Erx [llM(xY — )| * v’Tf’] < 0.

In particular, this allows us to apply Fubini’s theorem for M(_x Yi(x) — h(x)) in order
to obtain that the martingale condition (4.3.7) is satisfied by 8, Y. Indeed,

M (b +cB + f (xY (x) — h(x)) K(a’x))
R4

T
= L, U M <b+cﬁs +f (xY,(x) — h(x)) K(dx)) a’s] =0,
T 0 R?

where we have also used Lemma 4.4.5 b). O

Proof of Proposition 4.4.9. Let Q € ME(ML)NQ/ N@ sothat Q € @7 as pointed

nt

out before Proposition 4.4.8. Denote by 8, Y the Girsanov parameters of Q and apply
Proposition 4.3.3 to write the density process as Z¢ = &(N) with

N=fﬂ§‘dL§+(Y—1)*(uL—vP).

Analogous quantities with a superscript refer to Q. Since ML is a local Q-martingale,
IMx — h(Mx)| % vi? is finite by Proposition 4.3.13 and so is [[M(xY — h)|| % v
by Lemma 4.3.14 and Lemma 4.4.5 ¢) since Q € @/. Hence the continuous process
IM(xY —h)|| % v is even locally R-integrable for the corresponding R = R(f; B, Y)
with localizing sequence (7)< . Asin Proposition 18 in ES, for n € IN we construct
Q™ which coincides with Q until 7, and with  afterwards by setting

BY = Bsljo.z,y + Blye,. 71
Ylx) = Yoo,y + Y &®) 1y, 17

N":= [(BM*dLS + (Y" — 1) % (u* —v¥) and Z" := &(N™). We hence obtain that
Z" = Z10,¢,1 + %ZIB%T]] is a strictly positive martingale and thus the density

process of some Q" ~ P.
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Now we show that Q" € M(ML)N é‘lmt The definition of Y”, Proposition 4.3.13
and 0, 0 € @/ yield that P-a.s.

IMx — h(Mx)|| * v?n = |[Mx —hMx)|Y" % v:,{J
< [Mx — h(Mx)|| % v2 + [[Mx — R(Mx)| % vZ < 0.
Since B" and Y" satisfy the martingale condition (4.3.7) by construction, we thus by

Proposition 4.3.13 we have Q" € M¢(ML). Let R = R(f; 8,Y), R = R(f; B, 7)
and R" = R(f; B"*,Y"). Then R" = R on ¥, and Y is deterministic so that

Epo [[MGcy™ =i 507 |

< Eg|[IMGY =B %] ]+denM(x?—h)||K(dx)

< 00,

Next we use that Q and Q are in @/ to deduce from Corollary 5.1.3 that Q" Ql;
this has not been considered in ES. For f = f* this follows immediately from the
definition of Q" and since log(ab) = loga + logb. For f € {f, f9}, note that N is
a(P,Fh)- Levy process since f, Y are deterministic and time-independent. Therefore

ZT/Zz,, = frn d&(N)y is independent of Z,n and of Zr,,- Thus
E[f(2a)]E[f(21/25)] = EF @) < o0
and Q, O € @/ imply that
05 F(Q"1P) = ELfFZP = E[f ()] E[ £ (21/25,)] < .

Hence Q" € @/ and therefore Q" ¢ a’

mnt*

It remains to show that lim,,« f(Q"|P) = f(Q|P). First let f e {fP, f4}.
Then by applying Proposition 4.4.2 (for f?) respectively 4.4.3 (for f 9)to Q" and Q,

we have f (Q" | P) Egn [exp(A )] and that A = A(Q) is deterministic and given by
A, = /i]t because Q € @ has deterministic time-independent Girsanov parameters.
Hence A\’Tﬂ = Ar,, + AT — 1) is Fr,-measurable and therefore

Ernlexp(AD)] = Elexp(A)] = Ex [exp (4r, ) exp (7 = 701 ]

In addition, exp (A%) < exp (Ar)exp (T A;) where the first factor is R-integrable
since Q € @/ and the second is deterministic. Then the assertion follows by domi-
nated convergence. For f = f ¢ one uses formula (4.4.1) for the f*-divergence and
proves analogously that E[A:*] converges to E[A%]. This ends the proof. O
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Proof of Proposition 4.4.10. Since Q and @n have time-independent and determinis-
tic Girsanov parameters and since for any sequence (a,) we have lim,,_, o, e = e“ if
and only if lim,,_, », @, = a, the formulae (4.4.1) (for f £y, (4.4.2) (for f?) and (4.4.3)
(for f9) imply that it suffices to show that

lim (B")*cB" = Bcp.

n—co

lim [ ¢(V'0) K@x) = /g(?(x)) K (dx).

This can be shown with the same arguments as in the proof of Proposition 19 in ES
with f there replaced by g and by plugging in our definitions for B, B, Y andY.
This changes the Q- and Q"-expectations there to expectations under R = R(f; B, Y)
and R" = R(f; ", Y"). O
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