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A sharp Trudinger - Moser type inequality
for unbounded domains in R?

Bernhard Ruf

Abstract

The classical Trudinger-Moser inequality says that for functions with Dirichlet norm
smaller or equal to 1 in the Sobolev space H}(Q) (with @ C R? a bounded domain), the
integral fQ A 4y s uniformly bounded by a constant depending only on €. If the volume
|2] becomes unbounded then this bound tends to infinity, and hence the Trudinger-Moser
inequality is not available for such domains (and in particular for R?).

In this paper we show that if the Dirichlet norm is replaced by the standard Sobolev norm,
then the supremum of fQ 4™ dz over all such functions is uniformly bounded, independently
of the domain 2. Furthermore, a sharp upper bound for the limits of Sobolev normalized
concentrating sequences is proved for Q) = Bpg, the ball or radius R, and for 2 = R2. Finally,
the explicit construction of optimal concentrating sequences allows to prove that the above
supremum is attained on balls B C R? and on R2.

1 Introduction

Let Q C RY denote a bounded domain. The Sobolev imbedding theorem states that H} () C
LP(Q), for 1 < p < 2* = 22 or equivalently, using the Dirichlet norm [[u|[p = ([, \Vu|?dz)/?
on H}(Q),
sup /\u|pd:n<—|—oo, for 1<p<2*,
lulp<1 /8
while this supremum is infinite for p > 2*. The maximal growth |u|?" is called “critical” Sobolev
growth. In the case N = 2, every polynomial growth is admitted, but one knows by easy
examples that H}(Q) ¢ L>°(Q). Hence, one is led to look for a function g(s) : R — RT with
mazimal grwoth such that
sup /g(u)dx < +o0.
[ullp<1/Q
It was shown by Pohozhaev [12], Trudinger [14] and Moser [11] that the maximal growth is
of exponential type. More precisely, the Trudinger-Moser inequality states that for Q C R?
bounded
(1.1) sup /(eo‘“2 —1)dr =¢(2) < +oo for a <4rm,
Q

lullp<1
The inequality is optimal: for any growth e’ with o > 47 the corresponding supremum is
+00.

The supremum (1.1) becomes infinite for domains ©Q with [Q2] = oo, and therefore the
Trudinger-Moser inequality is not available for unbounded domains. Related inequalities for



unbounded domains have been proposed by Cao [5] and Tanaka [2], however they assume a
growth e with a < 4m, i.e. with subcritical growth.

In this paper we show that replacing the Dirichlet norm ||ullp = ([ |[Vu|?dz) /2 by the
standard Sobolev norm on HE(€2), namely

1/2
1/2
(1.2) lulls = (lul? + l[ul22)"* = </Q(IWI2 + IUIz)dw>

yields a bound independent of ). More precisely, we prove

Theorem 1.1 There exists a constant d > 0 such that for any domain Q C R?

(1.3) sup /(647”‘2 —1)dx <d
Q

lulls<1

The inequality is sharp: for any growth e with o > 4r the supremum s +00.

In an interesting paper, L. Carleson and A. Chang [6] proved that the supremum in (1.1)
is attained if = B;(0), the unit ball in R2. This result was extended to arbitrary bounded
domains in R? by M. Flucher [9]. In their proof, Carleson and Chang used a ”concentration-
compactness” argument. They consider ”normalized concentrating sequences”, i.e. normalized
(in the Dirichlet norm) sequences which converge weakly to 0 and (being radial) blow up at the
origin. They showed that for any such sequence {u,,} one has

(1.4) lim (e — 1)dz < e | By|

Hence, one may say that e|Bj| is the highest possible ”concentration” or "non-compactness”
level (see also P.L. Lions [10], and H. Brezis - L. Nirenberg [3] for the related situation for
Sobolev embeddings). Carleson and Chang went on to show that

(1.5) sup / (64”“2 —1)dz > e |By]
B

flull p<1

and hence, since no concentration can happen at a level above e |By|, they concluded that the
supremum in (1.1) is attained.

Let us call the maximal limit in (1.4) the Carleson-Chang limit, in symbol: cc-lim. In [7] an
explicit normalized concentrating sequence {y,} with

(1.6) lim (64“%21 —1)dz = cc—lim (647”*% —1)dzx = e | By|

n—o0 Jp, lunllp<t Jp,

was constructed.

In this paper we analyze the corresponding Carleson-Chang limit for concentrating sequences
which are normalized in the Sobolev norm. We will show



Theorem 1.2
1. Let Q C R? be a bounded domain, and let R > 0 such that || = |Br|. Then

(1.7) HCC]hgll elmun _ 1)dz < 7 l~DR) |
Un||SS [}

where
D(R) =2Ky(R)[2RK (R) —1/Is(R)] > 0, with lim D(R)=0.

R—+o00

Here, I(x) and Ki(x) denote the k — th modified Bessel functions of the first and second kind,
i.e. the solutions of the equation

—2?u" (z) — zu' (z) + (2® + k?)u(z) =0, k=0,1,2, ...

2. Let Q C R? be an arbitrary domain. Then

(1.8) ce—lim [ (¢4 _ 1)dz < e .
lunlls<1 Jo -

3. The bound in (1.7) is sharp for Q = Br(0), and the bound in (1.8) is sharp for Q = R2.

It is remarkable that for Q = B;(0) with Dirichlet normalization and for Q = R? with
Sobolev normalization the corresponding Carleson-Chang limits coincide, that is

cc—lim (647"“31 _ 1)d1‘ — cc—lim 647"“31 — 1)dx =eT.

lunllp<1 J B, lunlls<1 JR2

In the final result of the paper we prove

Theorem 1.3 For any ball 2 = Br(0) and for Q = R? holds

(1.9) sup /(64”“2 —1)dz > 'PH
lulls<1/Q

This implies in particular that the supremum (1.9) is attained in the cases of @ = Bgr(0) and
QO =R2.

2 A uniform bound

In this section we prove Theorem 1.1. We begin with

Proposition 2.1 Let Q C R? denote a domain in R%, and let H}(Q) denote the standard
Sobolev space equipped with the norm

fulls = [ (9 + oo v

Then there erists a constant d (independent of Q1) such that

(2.1) sup /(64”“2 —1)de <d .
Q

flulls<1



Proof. It is clear that

(2.2) sup /(64’”2 —1)dz < sup / (64’”‘2 — 1)dzx
Q R2

lulls<1 flulls<1

since any function u € H{(Q) can be extended by zero outside of {2, obtaining a function in
(HY(R?), || - |ls). Hence, it is sufficient to show that

(2.3) sup / (e47r“2 —1)dx <d
R2

[[ulls <1

We use symmetrization (see e.g. J. Moser [11]) by defining the radially symmetric function u*
as follows:

for every p >0 let m({z € R? ; u*(z) > p}) = m({z € R?*; u(z) > p}) .

Then u* is a non-increasing function in |z|. By construction

/(64WU*2_1)dg;:/ (e4ﬂ‘u|2—1)daz and / |u*|2dm:/ |uf*dz
R2 R2 R?2 R?

and it is known that
/ v < / Vul2dz .
R2 R2

It is therefore sufficient to prove (2.3) for radially symmetric functions u(x) = u(|x|).
Thus, we may assume that u in (2.3) is radially symmetric and non-increasing. We divide
the integral (2.3) into two parts, with 79 > 0 to be chosen:

(2.4) /RQ(e‘“f“2 —1) = /|x|<m(€4MQ — 1+ /lpm(e‘“”‘2 —1)

We write the second integral as

e}

am® 1y _ (4m)*[uf**
(25) /|z|27'0 (e 1) B Z /|m|27~0 k!

k=1

We estimate the single terms by the following "radial lemma” (see Berestycki - Lions, [4], Lemma
AIV):

1 1
(2.6) lu(r)| < ﬁHuHLQ; , forallr >0,
Hence we obtain for k > 2:
k—1
2 [ 1 1 [ullZa
2.7 2k < 2k / — rdr = —— 2 L .
(27) S s s o [ = g e (TS
This yields
00 k—1
2 1 (4ul?e
@ 1) < drfuls + anlul Y (g
(2.8) /|:c|>7’o L L g k! 7"%
< C(TO) )

since ||ul|z2 < 1.



To estimate the first integral in (2.4), let

{ u(r) — u(ro) ,0<r<nrg

Then, by (2.6)
u?(r) = v%(r) + 2v(r)u(re) + u?(ro)

(2.9) < v2(r)+1)2(7“)%7%\|u|!%2 +1+%T(2)HUH%2

< 02(r) [1+ Ly lull2:] + d(ro)
hence

1/2
zmosmm(1+;€mﬁﬂ T 2(rp) = w(r) + d"2(ro)

By assumption

/ |Vv|*dz :/ \Vul2de < 1 — [Jul|3.
0 Br,
and hence , 1 .
fB'rO IVw|*de = fBro IVo(l + 717(2)||u||L2) / |
— 1 2 9

< (14 o flul22) (1 = fluf2.)

2
7o

= 1+ Ll — [l — lulld, <1

provided that r3 > 1. Since by (2.9) u*(r) < w?(r) +d we get

2 2
/ (e4ﬂ'u o l)dac < e47rd/ 647ru) dx
|z|<ro B

70

The result follows by the Trudinger-Moser inequality, since w € H}(B,,) with ||w|/?, =
— 2
= me |[Vw|*dx < 1.
|

In the next proposition we show that the result is optimal (as in the Dirichlet-norm case),
namely that the supremum in (2.1) becomes infinite if the exponent 47 is replaced by a number
a > 4m.

Proposition 2.2 Suppose that o > 4n. Then, for any domain £ C R?

(2.11) sup /(eo‘”2 —1)dzx = 400 .
Julls<1 /0

Proof.



We may suppose that 0 € €2, and that for some p > 0 the ball B,(0) C 2. We use a modified
”Moser-sequence”, see [11], defined in B,(0) and continued by zero in Q\ B,(0), and with
Sobolev-norm <1 :

2

1 l((l)fg(i/)‘fv/g(l - 4lf)gn)1/2 ) % g |.T| S P
(2.12) M () = —— 2
V2T | logm)l2(1— (22 0<|a| < p/n

4logn

One checks that Hmanql(Q) < 1, for n large. Hence one has
0

sup /(eo‘“2 —1)dz > lim (eo‘m’21 — 1)dz
Q

flulls<1 n—oo /B,
pln )
(2.13) > 27r/ (eglogn[l—p /(4logn)] _ 1) rdr
0
p/n

— 400, as N — 00

ap? 2
—or(nr e 5 —1 r
2

0

3 Critical growth and concentration

Numerous studies in recent years have shown the close connection of critical growth with con-
centration phenomena, see e.g. the pioneering work of H. Brezis - L. Nirenberg [3].

As pointed out in the introduction, it is of particular interest to study the “highest level of
noncompactness” for the functional fQ(e‘l”% — 1)dz, under the restriction ||u||s < 1. In view of
this, we make the following definition:

Definition 3.1 A sequence {u,} C H}(Q) is a Sobolev-normalized concentrating sequence (for
short, SNC-sequence), if

a) |lunlls =1
b) u, — 0, weakly in H} ()
c) 3 xy€Q such that Yp >0 : fQ\Bp(xo)(\Vun\Q + |un)?)dx — 0

Next, we define the Carleson-Chang limit as the maximal limit of SNS-sequences:

Definition 3.2 Let
Y= {{un} C H)(Q) | {un} is a SNC-sequence}

and define the Carleson-Chang limit as

cc—lim (64’”‘% — 1)dz := suplim sup/ (64”“31 —1)dzx .
lunlls<1 Jo ¥ n—oo JQ

The following “concentration-compactness alternative” by P.L. Lions (restated in our nota-
tion) is relevant for our purposes:

Proposition (P.L. Lions, [10], Theorem 1.6). Let {u,} C H}(Q) satisfy |[un|s < 1; we may
assume that u, — u. Then either



{un} is a SNC-sequence
or
fQ(e‘l’rui — 1)dx — fQ(e‘“r“2 — 1)dx; this holds in particular if u # 0.

Then one has

Proposition 3.3 Suppose that

S:= sup /((34”“2 —1)dz >  cc—lim (64”“% —1)dz .
lulls<1JQ lunlls<1  Jo

Then the supremum S is attained.

Proof. Let {y,} denote a maximizing sequence for S, and assume that S is not attained.
We may assume that y, — y. By the alternative of P.L. Lions we get y = 0, and {y,} is a
SNC-sequence. Hence

S = lim (64’””721 —1)dz < cc—lim (6471-”3‘ —1)dx < S
n—oo Ja lunlls<1 Jo

Contradiction! [

4 Upper bound for the Carleson-Chang limit

In this section we prove an explicit upper bound for the Carleson-Chang limit. In particular, we
prove the estimates (1.7) and (1.8) of Theorem 1.2. In section 7 we will show that the bound in
(1.7) is sharp for Q = Bpg, with any radius R > 0, and the bound in (1.8) is sharp for Q = R2.

Proof.
1. Using symmetrization as in section 2, we see that it is sufficient to prove (1.7) for radial
functions in Br(0). Following J. Moser [11] we perform the change of variables

(4.1) r=eY? | and setting wy,(t) = (47) 2y, (r) |

we transform the radial integrals on [0, R] into integrals on the half-line [-2log R, +00). We will
write throughout the paper: ap = —2log R, with ap = —o0 if R = +00. One checks that

R d ')
/ V() Pde = 27 / L yar)Prdr = / (1) 2dt
Bgr o dr ar

and
oo

R
(4.2) / (64”?’%(“3) —1)dz = 27T/ (64”1‘/5(’”) — 1)rdr = 7T/ (ew%(t) —1)e tdt
Br

0 QR
and similarly
R 1 o)
(4.3) / [y (2)|?dz = 27r/ |y (r) |Prdr = / lwy, (t)|2etdt .
Br 0 4 aR
The SNC-sequences in this new setting are characterized by:

[ee)
1 _
8) [lwnll2 ::/ (P + Jlal?e )t =1, wn(am) =0
o

R

b) w, — 0, weakly in H'([ag, +00))



A
1
c) / (Jwl,|* + len|26_t)dt — 0 for any fixed A > 0,
(0%

R

and the estimate (1.7) (which we seek to prove) becomes

(4.4) |TC_H1H£1 ﬂ/oo(ewi(t) — e tat < rel=D(R)
Wn || S> aR

for SNC-sequences {w,} C H'([ag, +00)).

Let now denote {w;,} a maximizing SNC-sequence for the Carleson-Chang limit (1.7). We
may assume that the sequence {w,} satisfies

(4.5) lim 7T/ (ew% — e~ tdt > 2me PH)

n—oo
R

since otherwise the theorem is proved. Note that we may assume that w,(t) is an increasing
function on [ag, +00). Fix Ar > 1 such that

(4.6) t—2logt—D(R)>1,Vt>Agr.
Claim 1: There exists a number ny such that

wp(t) <1, Vt<Ar,Vn>m
Indeed, for 0 < R < 400 we can estimate

Agr 1/2
untt) < (an+ 210887 ([ i)

R

(4.7)
=: (Ar +2logR)"/2 6, , for t < Ag,

with §, — 0 as n — 0, by ¢).

For R = +o0 and 0 < t < A we estimate

t t
wy(t) = w,(0) +/ w'(t)dt < wy(0) + tl/Q(/ |wh,| %)Y 2dt
0 0
The second term goes to zero, as above. For the estimate of w,(0) we use the following Radial
Lemma (see W. Strauss, [13]), valid for radial functions v(r) in H!(R?) and for r > 1:

1

43P0 < [P+ bP)ods

We transform this inequality (as before) by the change of variables r = e %2 and w(t) =

(47)Y2v(r) and get, for t <0 :

o—t/2
(1.8) @ et <] [ (W OP + GluoPe

Hence, we get for w,(0), using the concentration property of wy,

0
1
w2 (0) < 2/ (Jw' () + Z]w(t)|2eft)dt =02 =0, as n— o0 .



Thus the claim is proved.

By claim 1 we conclude that for n sufficiently large (0 < R < 400)
w2(t) <1< Ag —2log Ar — D(R) , ag <t < Ap .
Let now a,, > Ar denote the first ¢ > Ar with
(4.9) w2 (an) = a, — 2loga, — D(R) .
Such an a,, exists (for n sufficiently large), since otherwise

w2(t) <t—2logt—D(R) ,Vt>Ar>1, as n— oo,

[ AR [
7_[_/ (ew% . 1)677& < 71_/ (ew% _ 1)671‘, —|—7T/ et7210gt7D(R)7t
o

R aRr AR

and thus

The second term on the right is bounded by e ) and in the following claim 2 we prove that

the first term goes to 0, for n — oo, and thus we have a contradiction to assumption (4.5).

AR
Claim 2: 7r/ (ew% — et —=0asn — .
aR

This is immediate for 0 < R < 400, since then this term can be estimated, using (4.7), by
m(R* — e*AR)(e‘S’QL(ARJraR) —1)—0 as n— o0 .

If R = 400 we write

0 9 AR 5
/ (e¥n —1)e~'dt —|—/ (e¥n —1)e tdt
0

—0o0

The second term is now estimated as before, while for the first term we use a series expansion:

0 0 2k
/ (e“’%—l)e_tdt:/ Z'w”g” e tdt

0 - 0 1 - 0y (1)2F
:/ lw, (t)|%e tdt—l—/_ §|wn(t)|4e tdt—l—kZ/ ’]i!”e tat
o =3 —0o0

—00

The first term goes to zero by concentration, the second term can be estimated by Sobolev (by
returning to the variable r and back to t)

0 0 1 2
/ wpe'dt < c ( / (Jwp,|? + 4Iwn26‘t>dt>
—00 —00

and hence also goes to zero by concentration. For the third term, observe that by (4.8) we get
fort <0

1 2 t/2 2
ngce/ o

5
2

< -
o) <3 i 0 "

n

Hence we can estimate the series as

X 0 ok o0 0
Z/ i aikek Y2e~tdt < chazk/ et2dt < ¢ 052,
k=37~ k=3 —00

9



and thus claim 2 is proved.

Thus we have proved the existence of a number a,, > Apr as claimed in (4.9).
We now prove, for 0 < R < 400

Qn
i) 71/ (ew% — e tdt — 0, as n — oo.
(0%

R

n—oo

i)  lim / (e —1)e~'dt < me! PR

Proof of i): Note that the argument above shows that a, — +o00 as n — oo, since for an
arbitrarily large number Ap there exists ng(Ag) such that a,, > Ag for n > ng. By (4.9) we

have A
7'('/ (ew% —1)etdt < / (ew’21 — e tat + 7r/ e~ 21ogt=D(R) gy

R [e%:3 A
Let € > 0: for the second term we get We_D(R)(% - i) < €/2, for A sufficiently large, and then
the first term becomes < €/2, for n > ny(A, €), proceeding as in Claim 2.
Proof of ii): We apply the following basic estimate which was proved in [6] (we cite it here in
the form given in [7], Proposition 2.2):

Lemma (Carleson-Chang): For a >0 and 6 > 0 given, suppose that [°|w'(t)[*dt < 6. Then

o w2—t 1 K . 2 J
< — 2 4.
/a e dt_el_(se ,  with K w(a)(1+1_6) a

We apply this Lemma to our sequence {w,}, with a = a, given in (4.9), and § = §,, =
fao:(\w;|2+% |wy|2e~t)dt. Furthermore, in the following section 5, (5.1) and section 6, Proposition
6.4, it is shown that:

Fora >0 and b > 0 given, let

a

1
Sup = {u € H'(an,a), ular) =0, [ (WP + Glue)de =1}

QR

Then the supremum
sup{[|ull3% : u € Sap}

1s attained by a function y, with

Iyl = (@) = ba — D(R)) + O(%)

Thus, choosing a = a, and b =b,, = 1 — 9, we get for w, € Sq,, »,

w?(an) < an — andy — D(R) 4+ O(6,) + O(i) ,

Gnp,
which implies together with (4.9)

< 2log ay, log a,

(4.10) S

+ O(

an a2

)

10



Thus we have for K = K, in the Lemma of Carleson and Chang
On

K, =w2(a,)(1+ 1o,

) —an

log a,

< ( — andn — D(R) + O >> (146, 4+ O(82) — a

an
(4.11)
log a,,

= —D(R) — 6,D(R) + O(—"") + a,,0(82)

Qn

_ _p(R) + oles )

an

Hence we obtain by the Lemma of Carleson and Chang for any maximizing SNC-sequence {w,, }

o0
lim ﬂ'/ (ew% —1)etdt < lim 7we
n—oo an n—oo — 571
thus ii) is proved.
With i) and ii) we now easily complete the proof of the first statement of Theorem 1.2

2. It is clear that for 2y C 2; the corresponding cc-limits are increasing. Thus, it is sufficient
to prove 2) for 2 = R?; this corresponds to setting R = 400, which was included in the proof
of 1).

|

5 An auxiliary variational problem

In this section we consider the following variational problem: Determine

(5.1) sup {|[ull%, | u € Sap}
where . )
Sup = {u € H'(am,a) |u(an) = o,/ (\U'Q + JZMQe_t) dt=b> o}
QR

Note that S, C L*>®(ar,a), with compact embedding, and hence it is easily seen that the
supremum in (5.1) is attained: let y, € S, such that

(5:2) Iyall3e = sup {llull3 | u € Sap} -

In order to determine the value of (5.2) we need to identify the maximizing function y, € Sq.
The natural way to do this consists in deriving the Euler-Lagrange equation associated to (5.1),
but we encounter the difficulty that the functional y — |[|y||% is not differentiable. However,
this functional is convex, and hence its subdifferential exists. We briefly recall this notion, and
then derive the Euler-Lagrange equation for (5.1). For the proofs of some of the results we refer
to [8].

Definition 5.1 Let E be a Banach space, and ¢ : E — R continuous and convex. Then we
denote by 0y (u) C E’ the subdifferential of ¥ in v € E, given by

pu € OP(u) & Pu+v) = P(u) 2 (pu,v) , Yo € E;

here (-,-) denotes the dual pairing between E and E'. An element p, € 0v(u) is called a
subgradient of ¢ at u.

11



In [8], Lemma 2.2, it is proved that

Lemma: If ¢ satisfies in addition

(5.3) Y(x) >0, Ve e E, and Y(tz) =t*)(z) , Yt >0,
then
{ (1, u) = 2¢(u)
pE Op(u) =
() < (uyu) , Vo e ={z e E¢(x) <(u)} .

Furthermore, by an easy variation of [8], Lemma 2.3 and Corollary 2.4, one has:

Lemma 5.2 Suppose that v : E — R satisfies (5.3), and ¢ € C*(E,R) satisfies (¢ (z),z) = 2¢(x),
Ve e E. If y € E is such that

Ply)=  sup  P(u),

{u€eE, ¢(u)=b}

then

b
'(u) € ——0(u
o) € Josovi)
Proof. The Euler-Lagrange equation
(5.4) ¢ (u) € X\0yY(u) for some A >0

is obtained as in [8], Lemma 2.3 and Corollary 2.4. The value

b

 Y(u)

is found by testing (5.4) with wu:

20 = 2¢(u) = (¢'(w), u) = A, u) = A2¢(u) .

We now apply Lemma 5.2 to our situation, and obtain
Theorem 5.3 Let E = {v € H'(ar,a);v(ar) =0}, and consider
d(u) = [lull5% : BE— R
and
“ ! 2 1 2 —x
0w = [ (W@ + flula)fe o
ar 4
Suppose that y € E satisfies
P(y) =sup{y(u) [u e E, ¢(u) = b} ;
then y satisfies (weakly) the equation

1 b

(5.5) —y" () + s

Lty , where p, € 0Y(y) C E

12



6 The auxiliary Euler-Lagrange equation

It remains to determine the subgradient s, in equation (5.5). Again following [8], Lemma 2.6,
2.7 and 2.8 we find:

Proposition 6.1 Let K, = {x € [ag,al; |y(z) = ||y|loc}. Then
i) supp py C Ky
it) Ky ={a}

iii) pty = ||Y|loca, the Dirac delta-function concentrated in the point a.

Thus, equation (5.5) becomes

'+ lyet = b5, ap<t<a
(6.1)

ylar) = 0

From this one now concludes easily that equation (5.5) is equivalent to solving the equation

—w" + jwe ™t = 0
. <
(6.2) { wlag) = 0 ,ap<t<a,
with the condition that u )
(63) | @F + JlwtPe i =b:
aR

the last condition is obtained by multiplying equation (6.1) by y and integrating.
We now determine the explicit solution of equation (6.2).

Theorem 6.2 The solution of equation (6.2) is given by
e for 0 < R < 4o00:

_ 2y Bo(R) - iy
(6.4) w(t) —7<Kg(e /2) - IOO(R) Io(e /2)> =: v 2(t)
o for R = +o0:
(6.5) w(t) = yKo(e™/?)

with unique coefficients v = y(R, a,b) € RT.

Here Ii(x) and Ki(z) are the k — th modified Bessel functions of first and second kind, i.e. the
solutions of the equation

—2?u(x) — zu' (z) + (2 + k)u(z) =0, k=1,2,...
Proof. By inspection. |

It is crucial to dermine with precision the value of the coefficient v = v(R, a,b) of w(t). This
requires some lengthy calculations.

We begin by recalling the following relations for the modified Bessel functions (see e.g. [1],
9.6.27,28):

d

%KO(ZL‘) = —Ki(x), i(x Ki(z)) = —z Ko(z),

(6.6) %Ig(m) ~ L), 2

13



and the following integral relations
b b
Jo | Eo(r)Prdr = [5r2(K§(r) — Kf(r))],

JP KA () Prdr = [Lr2(K3 (r) — Ko(r)Ka(r))]"

b

a

(6.7) 2 Lo (r)Prdr = [3r2(13(r) — I3 (r))]
SN @) Prdr = [Sr2(13(r) — Io(r) ()]

S K (r) = To(r)Ko(r)rdr = [To(r) K (r)r],
see [1]; for the last relation use integration by parts and (6.6).

Using these relations we will prove:

Theorem 6.3
1) Condition (6.3) yields for the coefficient v = v(R,a,b) in (6.4)

p=1l 1= om)] o).

for a large, with

C(R) = 1R (K3(R) - Ko(R)Ka(R) + K3(R)(1 - )
(6.8)

+ 2RKo(R)K1(R) — 252

and C(400) =0.
2) The solution w(t), ar <t < a, of equation (6.2) is given by
e for 0 < R < 4o0:

1/2
69 ww=2y2 (1-2omroid)) " (Kot - Ko )
e for R = +o0: »
(6.10) w(t) = 2\/3 (1 + o(a12)> Ko(e™?)

Proof. Recall the definition of w(t) given in (6.4). We begin by evaluating the expression

“ / 1 -z
Wi 1= [ (W @P + flu(@) e )do

R

Using the explicit form of w(t) in (6.4), the change of variable 7 = ¢~%/2, and the relations (6.6),
we get

14



W2(a) = 4/aR { Ky(e ") ]OO(R Io(e™™?)| + |Ko(e™*/?) - Io(R) Io(e™"/?) }6 da
R 2 2
-1 . {‘—Kl(r) - I;O((I%)Il(r) | Kor) - I;O(g)lo(r) }rdr
1 (R KZ(R) KZ(R)
=5 [ {mor B eR o + S o
+ 220((;) (K1 (r)I1(r) — Kg(r)Io(r))} rdr
(6.11)
Using the relations (6.7) we get
R 2 R
! { 5~ sokae)| St~ none)|
R 2 R
+ Brz(Kg(r) - K%(T))] o + Il(é)((}f)) BTQ(I(?(T) - 112(7"))] o
(6.12) n 2[20(@ To(r) K (r)r]? /2}
2 R
-1 { 57 (1500~ Kt atr) + PR - hne))) |

Evaluating at the boundaries we obtain

LR? (KB(R) — Ko(R)Ka(R) + K3(R)(1 — (1)) + 2RKo(R) K1 (R)

e { K (e701?) — Ko(e /) Ka(e™/?)
(6.13)

2
+ BRI () = (e /) Ip(e™/?) ] }

_9e—a/2 [I(()O((Ig)) Io(efa/Z)Kl (67(1/2)

For the terms with argument e~%2, a large, we now use the following behavior of the Bessel
functions for z > 0 small, see [1],9.6.7-9: :

Ky(xz) ~ —logz Ki(x) ~ % Ko(x) ~ %

(6.14) 1 "
Ip(x) ~ 1 Ii(z) ~ 52 I(z) ~ g

15



We get
LR2 (K3(R) — Ko(R)Ka(R) + K3(R)(1 — £33 ) + 2RE0(R) K (R)

—Je{ (~log(e™/%))? — (~log(e™/)) 2

K3 (R —a —a
+ o )[1—%6 ]} —2e /21;0((5))67}1/2

= 1R (K3(R) — Ko(R)Ka(R) + K3(R)(1 — £248)) + 2RKo(R) K (R)

=

—af(a a9, a 5 —a Ko(R
—3¢7{(5)% — §2¢* + 2(R) [1-ge )]}_2100((3))

N

= 1R (K3(R) - Ko(R)Kx(R) + K3(R)(1 - 124)) + 2RKo(R) K (R)

=1la+C(R)+O(a?e™?) ,
with C'(R) as in (6.8). Conditions (6.3) and (6.4) yield now

(6.16) b=~*W?(a) = ~* <ia +C(R) + O(aZea))
We rewrite (6.16) as
(6.17) 72% (1 + éC’(R) + O(aea)> =b
a
which yields for v = 7(a, b)
b 4 1

1 242 12 -

(6.18) =12 1= 2em)| + o)

This proves 1). Assertion 2) follows now from (6.4). Formula (6.10) follows from (6.9), noting
that C'(+00) =0 and Ky(+00)/Iy(+00) = 0. [ |

With this information we can now calculate the value ||wl||2, = w?(a):

Proposition 6.4 Let w(t) denote the solution of (6.2), (6.3) and hence of (5.1). Then
1
lwlS% = w*(@) =b [a— D(R)] +O(-) -
Proof. By (6.4) we have, using (6.14)

2
w?(a) =42 (Ko(e—a/Q) _ Ili)o((]%)fo(e—aﬂ))

o1 — 4% [ - 0m)+0(H)] (Kole ) - ()
6.19
=48 [0 - o] (3 - 540) + o)

b [a—ac(r) - 5B + o)

16



Set

_ Ko(R)
(6.20) D(R) = 4C(R) + 4 IOO(R) :
then (6.19) becomes
(6.21) w?(a) =b [a — D(R)] + O(%)

7 Construction of optimal concentrating sequences

In this section we show that the upper bounds for the Carleson-Chang limit

(7.1) cc—lim elmu® 1)dx < rel-D(R)

Y
llunlls<1 Jo

given in Theorem 1.2 are sharp for Q = Bg and Q = R?. We do this by constructing explicit
optimal SNC-sequences {w,} for (7.1) for which the Carleson-Chang limit is equal to the bound
on the right.

The construction of this sequence follows closely the proof of the upper bound for the
Carleson-Chang limit, section 4, in combination with information on the optimal sequence for
the corresponding Dirichlet-norm problem, see [7].

We begin by defining the sequence {w,(t)} on [agr,n]: in Theorem 6.3, set a = n and
b=1-— 21"%. Then, for 0 < R < 400, let wy,(t) be given by (6.9) or (6.10), respectively. Thus,
wy(t) satisfies equation (6.2) with a = n, and condition (6.3) with b =1 — 210%. Furthermore,
we have by Proposition 6.4

1
(7.2) wi(n) = sup{||wn|]gO | wy, € Sp} =n—2logn — D(R) + O(ﬁ) ,

where S, = {u € H'(ag,n) | u(ag) =0, f;R(]u’P + HuPe Hdt =1 — 210%} We remark that
formula (7.2) constitutes a (late) motivation for the choice of a, in (4.9).

It remains to define {w,(t)} in [n,+00). Here we can follow [7] where an optimal Dirichlet
normalized concentrating sequence was constructed by analyzing carefully the proof of Carleson-
Chang [6].

The complete definition of the optimal SNC-sequence {wy,(t)} is:

Definition 7.1 Let w,(t) be given by:

wp(t) ,  given by (6.9) or (6.10), respectively, ar <t<n

with ¢ =n and b:l_%%
wp(n) + L lo 1+ A4, t>n
" wn(n) & A, + e—(t—n) =
where A,, € RT is such that
o 1
(7.4) / (fwr, ()] + Z|wn(t)|2e_t)dt =1.
aR
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We show that A,, € RT can be chosen as in Definition 7.1, i.e. satisfying (7.4), with the
estimate

Lemma 7.2

1 1

(7.5) Ap = e O(H)
Proof. First note that by condition (6.3)

" 1 21
(7.6) / (ot 2 + Lwn[2etydt = 1 — 2187

an 4 n
Thus, we look for a constant A, such that
o 1 21

(7.7) / (P + 7 lwn 2e™)dt = =27

n 4 n

Assume that A,, > -&, then one has

= 3n2»

1+ A, 1
i )) < log(1+ —) < log(1 + 3n?)

log(An + e—(t-—n An

and then by (7.3) and using that w,(n) = n + O(logn) (by Proposition 6.4)

wy(t) < wp(n) + log(143n?) <2n, fort>n, n large ,

wp(n)

and hence -
/ lw,|?e~tdt < 4ne™"
n

Therefore, condition (7.7) becomes
& 21
(7.8) / w2 = 2 4 Om2e™)

One proves as in [7] that this yields

We now give an asymptotic lower bound for 7 fsz (ew% —1)e~tdt, as n — oo:

Theorem 7.3 Let {wy,} denote the sequence (7.3), and let D(R) be given by (6.20). Then

0 1 1
w/ (e — 1)t > eme PR (1 + 2D(R) Ofl”)+0(a) .

R
Proof.
a) First note that
(7.9) 77/ (ew% —De tdt >0, forall n
aR
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b) Consider now
o0 2 o 2
7r/ (e“n —1)e ! = 77/ e’nt +O0e™) .
n n
Performing the change of variables s =t — n, setting

1 A, +1
0
wp(n) & Ap+es

vp(s) =

and using that by Proposition 6.4

wi(n) = (1-

n

2logn 1
5~ D(R)] +O(>)
=n—D(R) —2logn + 2logn

1
D -
(R)+0()
we obtain

77/0O exp ([wn(n) + v (s))? — s — n)ds

R

> /OO exp (w2(n) + 2wy (n)vy(s) — s —n) ds

R

> 77/ exp <n —2logn — D(R) + 2D(R)

R

logn 1 A, +1

A, +1
_— = 2D
g s+ 2D(R)

logn

+0(-))

1
n n

(7.10) = 77/ exp(—2logn — D(R) + 2log
0

_ 1 [/ 1+A 2 logn 1
_ D(R) n s -
= me o /0 < . €_S> e *ds (14 2D(R) - —i—O(n))

fD(R) i1+An (1+2D(R)logn+0( ))

1
= Te -
n? A, n n

logn

= ene PB®) (14 2D(R) )—1—0(%) , as m— 00 .

Joining (7.9) and (7.10) we get

o 1 1
71'/ (€ —1)etdt > eme PB (1 +2D(R)E™) 4 0(2)
an n n

and hence the theorem is proved.
We conclude this section by proving some properties of the function D(R):
Lemma 7.4 Let D(R) given by (6.20). Then

Ko(R)

(7.11) D(R) = 4R Ky(R)K1(R) — 2 WA

Furthermore, D(R) > 0, for all R € R™, and
D(R) ~ —2logR, as R—0

and -
D(R) ~ Ee_QR , as R— 400 .
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Proof. The explicit form of D(R) is

D(R) =4C(R) + 4553

= R? (K3(R) — Ko(R)K>(R) + K3(R)(1 — 20} + 8RIo(R) K1 (R) — 45500

Using the relations (see [1], 9.6.26)

Ko(w) — Ko(x) = %Kl (x) and Io(z) — D(z) = %Il (@)

we get

(7.12) D(R) = 6RKo(R)K1(R) + (2RKo(R)L,(R) — 4) II(()O((]%) |
which simplifies, using (see [1], 9.6.15)

(7.13) Ki(z)Io(x) + Ko(z)I1(x) = %

to (7.11).
We prove that D(R) > 0, for all R > 0: by (7.11) we get, using again (7.13)

D(R) = 21;00((];) [RI(R)Io(R) — 1+ R, (R)Io(R)]
= 211{00((]%) [RK1(R)Io(R) — 1+ 1 — RKo(R)I1(R)] > 0 ,

since K1 (z) > Ko(z) and Io(x) > I;(x), for all z > 0.

Next, using the behavior of the Bessel functions (6.14), for R > 0 small, we have

D(R) ~ —4logR —2(—1logR) = —2log R, for R >0 small.

For the behavior of D(R) at +o00 we use the asymptotic behavior of the Bessel functions at
+00, see [1], 9.7.1-2:

Il(x) ~ 1 617(1 o 41'271)

2mx 8

s - 2 —
Ki(x) ~ \/ﬁe 1+ 42831: 1)

(7.14)

Hence, we obtain by (7.11)

T 1 T 3
D(R) ~ 4R A — eR(1—|—>
(B) 27rR6 ( 8R> 2TR 8R
T -1 1 1
1 —2—— e Bl1+—=)VorRe (1 - = +0(=
(7.15) me ( +8R> TR e < S + (R2)>
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8 The Supremum is attained

In this section we show that the supremum

sup /(647”‘2 —1)dz
Q

llulls<1
is attained for any ball Q = Br(0), as well as for 2 = R2,
By Proposition 3.3 it suffices to prove

Theorem 8.1 Let 0 < R < +00. Then

2 . oo,
sup 7r/ (" —1)etdt >  cc—lim 7r/ (e“n —1)e tdt
« R

lulls<1 o Junlls<1

Proof. This follows immediately by Theorem 7.3: Choose an element of the maximizing
sequence {wy, }, with n sufficiently large. Then

o] 9 oo 2 . o0 2
sup 7r/ (e —1)e ' > 7T/ (e¥n —1)et > re!~PU) = cc—lim / (e“n — 1)dx .
@ [} aR

lulls=1 R R lunlls<1
This completes the proof of Theorem 1.3.
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