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Abstract

The present work is concerned with the analysis of the Discontinuous Galerkin
Finite Element Method (DGFEM) for linear

e diffusion problems,
e elasticity problems,
e Stokes problems.

The corresponding domains are assumed to be possibly non-convex polygons
in two space dimensions. As it is well-known from the regularity theory of linear
second order elliptic partial differential equations, the solutions of such problems
may exhibit singularities in the corners of the polygons as well as in the points
where the boundary conditions change (Dirichlet/Neumann). In order to describe
this singular behaviour of solutions in a mathematical way, the theory of the so-
called weighted Sobolev spaces is applied and extended to the class of problems
under consideration.

In contrast to standard (conforming) finite element methods, the analysis of
the DGFEM is, due to the occurrence of singularities, accompanied by some ad-
ditional technical difficulties. In this thesis, these problems are treated with the
aid of some newly developed tools. Furthermore, it is explained, how singularities
can be resolved numerically by an appropriate choice of the finite element meshes
and of the elemental polynomial degrees.

More precisely, for diffusion and elasticity problems it is proved that, in spite
of the exact solutions being singular, the use of so-called graded meshes leads
to optimal algebraic convergence rates for the h version of the DGFEM (fixed
polynomial degree). In addition, the hp DGFEM for diffusion and Stokes prob-
lems achieves exponential convergence rates if geometric mesh refinement and
judicious polynomial degree distribution strategies are applied.

Finally, it should be mentioned that the low-order h DGFEM for elasticity
problems is found to be free of volume locking. This means that, in contrast
to conforming finite element formulations in the primal variables, the DGFEM
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is completely robust with respect to nearly incompressible materials, without re-
sorting to mixed formulations. This remarkable advantage of the DGFEM is a
particularity which is very welcome in many practical applications.



Kurzfassung

In der vorliegenden Arbeit wird die Diskontinuierliche-Galerkin-Finit-Element-
Methode (DGFEM) fir lineare

o Diffusionsprobleme,
e Elastizitatsprobleme,
e Stokesprobleme

untersucht.

Die entsprechenden Gebiete sind allgemeine Polygone in zwei Ortsdimensio-
nen. Wohlbekannte Aussagen der Regularitétstheorie fiir lineare elliptische par-
tielle Differentialgleichungen zweiter Ordnung implizieren, dass die Losungen
solcher Probleme Singularitdten in den Ecken der Polygone, wie auch in den
Punkten mit wechselnden Randbedingungen (Dirichlet/Neumann) aufweisen kon-
nen. Eine Moglichkeit, dieses singuldre Verhalten von Ldsungen mathematisch
beschreiben zu konnen, ist die Theorie der sogenannten gewichteten Sobolevréu-
me, die in dieser Arbeit hinzugezogen und fir die vorliegende Problemklasse er-
weitert wird.

Das Auftreten von Singularitdten in den Losungen fuhrt bei der Analysis der
DGFEM zu zusétzlichen technischen Schwierigkeiten, die bei konformen Finit-
Element-Methoden nicht entstehen. Diese Probleme kdnnen mit Hilfe von neuen
Aussagen, die in dieser Arbeit entwickelt werden, behandelt werden. Ferner ist es
mdoglich, Singularitaten durch eine geeignete Wahl der Gitter und der elementwei-
sen Polynomgrade optimal aufzul@sen.

Genauer wird hier bewiesen, dass die h-Version der DGFEM (fester Poly-
nomgrad) fir Diffusions- und Elastizitdtsprobleme auf sogenannten graduierten
Gittern algebraisch optimal konvergiert, auch wenn die exakten Ldsungen sin-
guldr sind. Ferner fihren geometrische Gitterverfeinerungen und spezielle Po-
lynomgradverteilungen zu exponentiellen Konvergenzraten der hp-DGFEM fiir
Diffusions- und Stokesprobleme.

Schlussendlich sollte erwéhnt werden, dass die h-DGFEM niedriger Ordnung
fur Elastizitatsprobleme vom Effekt des ,Volume Locking“ nicht betroffen ist.

\Y



Vi Kurzfassung

Dies bedeutet, dass die DGFEM - im Gegensatz zu konformen Finit-Element-
Formulierungen in priméren Variablen — vollig robust beziiglich (fast) inkompres-
siblen Materialen ist. Dieser bemerkenswerte Vorteil der DGFEM ist in vielen
praktischen Anwendungen sehr gefragt.



Contents

Dank
Abstract
Kurzfassung

1 Preliminaries
1.1 Polygonal DOMAINS . . . . o v v vt
1.2 Weighted SobolevSpaces . . . .. ... ... ... ........
1.3 Meshes and Trace Operators for the DGFEM . .. ........
1.3.1 Finite Element Meshes . . . . . . . ...
1.3.2 AveragesandJumps . . . .. ... L
1.3.3  Elements Near SingularPoints . . . . ... ... ... ..

2 The DGFEM for Diffusion Problems
2.1 TheDiffusionProblem . . . . .. .. ... ...
2.2 Regularit\ﬁ ..............................
2.3 Discontinuous Galerkin Discretization . . . . . . .. .. .....
2.3.1 Finite Element SPaces . . ...
2.3.2  Variational Formulation . . ... .............
2.3.3 Coercivity, Continuity, Existence and Uniqueness . . . . .
24 Stability . . . ...
2.5 Convergence of the hDGFEM . . . . . .. .. ...
2.5.1 h DGFEM Approximations on Polygons . . . . . ... .
2.5.2 Optimal Convergence of the h DGFEM on Polygons\ C
253 Numerical Results . . . . . . .. .
2.6 Convergence of the hp DGFEM . . . . . . .. .o ..
2.6.1 Geometric MeSNes . . . . . . oo
2.6.2 hp DG Approximations . . . .. ... ..........

vii



viii Contents

2.6.3 Exponential Convergence of the hp DGFEM . . ..... 40
2.64 Numerical Results . . . . . . .. .o i 41

3 Locking-Free h DGFEM for Elasticity Problems 45
3.1 Problem Formulation . . . . . .. .. 45
3.2 Reqularity . . . . .. 45
3.2.1 Regularity of Generalized Stokes Problems . . ... ... 46
3.2.2 Regularity of Linear Elasticity Problems . . . . ... ... 47

3.3 The Discontinuous Galerkin Method . . . . . .. .. .. ..... 48
3.3.1  Finite ElementSpaces . . . . . . ..o 48
3.3.2  \ariational Formulation . . . .. ... ... .. .. ... 48
3.3.3  Basic Properties . . .. . ... ... .. ... ... ... 49

3.4 Ermor Analysis . . . . .o 51
3.4.1 Interpolants\ ......................... 51
342 Stability . . .. 52
3.43 Optimal Convergence of the DGFEM . . . . . . .. ... 57

35 Numerical ReSUIS . . . . o o oo 60
3.5.1 L-shapedDomain. . . . . ... ... .. .. .. ..... 60
352 UNItSQUATE . « o o v oo e e 64

4 Mixed hp DGFEM for Stokes Problems 69
4.1 Problem Formulation . . . . . ... ... 69
42 RequIarity . . . . . 69
4.3 Discontinuous Galerkin Discretization . . . . . . .. ....... 70
431 MixedDGFEM . . . . oo 70
4.3.2 Well-posedness . . . ... ... .. ... ... ... 71
4.3.3 BasiCError EStimates . . . . . . . .o 72

4.4  Error Analysis . . . . .. 73
441 TheResidual . ... ... ... 73
4.42 Eror ESmAates . . . . . . oo 75

45 Exponential Rates of Convergence . . . . ... ... ....... 77
Apoendi% 81
A1 Inverse Inequalities . . . . . . . . 81
A2 Auxiliary Results in Weighted Sobolev Spaces . . . . . . ... .. 81
A2.1 Integration by Parts Formulas . . . . . ... ....... 82
A22 Tracelnequalities . . . . . . . .. o 83
A2.3 COMPACINESS . . . o o o oo 83
A.2.4 Poincaré Inequalities . . . . ... ... .......... 85

List of Symbols 89




Contents iX

Bibliography 93

\Curriculum Vitae\ 101




Contents




| ntroduction

In this thesis, the discontinuous Galerkin finite element method (DGFEM) for
several elliptic problems in polygons is analyzed. It is subdivided into three parts:

e The DGFEM for Diffusion Problems (Chapter(2).
e Locking-Free h DGFEM for Elasticity Problems (Chapter|3).
e Mixed hp DGFEM for Stokes Problems (Chapter (4).

Additionally, Chapter [1 presents a general setting for the analysis in this work.
Finally, a few auxiliary results are collected in the appendix.

The DGFEM for Diffusion Problems. The discontinuous Galerkin FEM (DG-
FEM) was introduced in [49] for neutron transport problems. A numerical anal-
ysis for this case has been given in [42]. Later, DGFEM have been generalized
to first order hyperbolic systems and to general convection-diffusion problems as
one type of high order finite volume schemes; see e.g. [24, 25] and the recent sur-
vey [23]. Furthermore, an error analysis of the DGFEM has become available in
[27, 38, 39, 45, 50, 67], for example. In addition, some implementational aspects
are presented in [28].

It is noteworthy that discontinuous Galerkin approaches are extremely flexi-
ble with respect to mesh-design and the choice of boundary conditions—meshes
with hanging nodes, elements of various types and shapes, local spaces of dif-
ferent orders, and even inhomogeneous boundary conditions can be easily dealt
with. Therefore, since the eighties, the problem of treating second order ellip-
tic, and especially diffusion problems, within the DGFEM context has attracted
considerable interest. Today, it is well-known that there are several possibilities
to formulate discontinuous Galerkin schemes for this class of problems: either
resorting to an interior penalty method [1, 2, 3, 54, 64], or omitting stabilization
completely, [43, 51]. An alternative approach is the use of local discontinuous
Galerkin methods [16, 17, 44]. In all these works, error estimates of h- or of
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2 Introduction

p-type under strong regularity assumptions are given. For example, explicit esti-
mates in h and p, which are based on global H¥ regularity of the solutions, for
pure diffusion problems were recently obtained in [36, 37, 43].

In polygons, however, singularities in the corners and in the points of changing
boundary conditions (Dirichlet/Neumann) may arise. Hence, the solutions of the
corresponding problems are typically only in HK(€2) for small k > 1, [5,6]. A
possible approach to describe such singular behaviour mathematically is given by
the theory of the so-called weighted Sobolev spaces which were originally stud-
ied in [4, 5, 6, 31, 32, 33] for elasticity and potential problems. Furthermore,
in order to resolve the singularities numerically with the DGFEM, some appro-
priate mesh refinement and polynomial degree distribution strategies have to be
applied. Moreover, the reduced regularity imposes several technical difficulties
and requires a careful treatment of the elements and the numerical fluxes near the
singular vertices of the domain. In this thesis, it is shown that these problems may
be overcome by applying some new trace theorems for functions with singulari-
ties.

The aim of Chapter [2 is to prove that optimal algebraic convergence rates
for the h DGFEM (Theorem 2.5.7), and exponential convergence rates for the
hp DGFEM (Theorem 2.6.6) for diffusion problems in convex as well as non-
convex polygons (with mixed boundary conditions) may be achieved, even if the
exact solutions are singular. To do so, so-called graded meshes for the h DGFEM
and meshes which are geometrically refined towards the singularities for the hp
DGFEM are used. In addition, for the hp DGFEM, the elemental polynomial
degrees are chosen to be linearly increasing away from the singularities; see, e.g.
[58] for the standard (conforming) hp FEM and [66] for the hp DGFEM.

Locking-Free h DGFEM for Elasticity Problems. In mechanical engineering,
partial differential equations are often solved by low-order finite element methods.
In many applications, the convergence of these schemes may strongly depend on
various problem parameters. Unfortunately, this can result in non-robustness of
the convergence, i.e. the asymptotic convergence regime of the method is reached
only at such high numbers of degrees of freedom that the scheme is practically not
feasible. In computational mechanics, this non-robustness of the FEM is termed
locking.

There exist different kinds of locking: Shear locking typically appears if the
corresponding domains are very thin and plate and shell theories, which include
shear deformation, are used. In addition, in shell theories and their finite ele-
ment models, there arises membrane locking which is caused by the interaction
between bending and membrane energies. Finally, problems dealing with nearly
incompressible materials are often accompanied by the so-called volume locking;
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this type of locking is very typical for elasticity problems and will be studied in
this thesis.

In order to overcome locking, a wide variety of alternative approaches have
been suggested. For example, low-order mixed FEM, where an extra variable
for the divergence term is introduced, yield adequate numerical results; cf. [18].
These methods are closely related to under-integration schemes. A further possi-
bility is the use of non-conforming methods, where the global continuity of the
numerical solutions is not anymore enforced; see [41], for example.

In 1983, M. Vogelius proved absence of volume locking for the p-version of
the FEM on smooth domains [63]. Moreover, in 1992, I. BabuSka, M. Suri [8]
showed that, on polygonal domains, the h FEM is locking-free on regular triangu-
lar elements with p > 4. In addition, they proved that, for conforming methods,
locking cannot be avoided on quadrilateral meshes for any p > 1. Recently,
P. Hansbo and M. G. Larson [35] suggested the use of a DGFEM. Assuming at
least H2 regularity, they showed that the h-version of the DGFEM does not lock
forall p > 1.

Following the classical approach [53, 64], Chapter 3 is devoted to the analysis
of the DGFEM for linear elasticity problems in polygons (see also [65]). Based
on a recent regularity result [34] it will be proved that, even if the exact solutions
of the elasticity problems are singular (i.e. not H2 anymore), the h-version of the
DGFEM is locking-free. Additionally, the use of graded meshes leads to optimal
algebraic convergence rates for the DGFEM (independent of the compressibility
of the material) as in the diffusion case.

Mixed hp DGFEM for Stokes Problems. In recent years, several mixed DG-
FEM have been proposed for the discretization of incompressible fluid flow prob-
lems, see [9, 20, 21, 30, 35, 40, 62], for example. Some of the main motivations
that lead to the above methods are the following: First of all, the discontinuous
nature of the finite element spaces makes it possible to easily treat convective
terms by suitable upwind fluxes, similarly to the original discontinuous Galerkin
discretizations of (non-linear) hyperbolic equations (see [19, 22, 26] and the refer-
ences therein). Thus, mixed DG methods provide robust and high-order accurate
approximations particularly in transport-dominated regimes; see, e.g., [20, 30, 40]
for mixed DGFEM for the Navier-Stokes and Oseen equations. Moreover, mixed
DG methods are considerably flexible in the choice of velocity-pressure combi-
nations, without extensive stabilization techniques. In the discontinuous Galerkin
context, for example, no extra stabilization is required to use optimal mixed-order
elements where the approximation degree for the pressure is of one order lower
than that of the velocity; see [35, 62] for details.

The recent work in [56] presented a unifying framework for the analysis of
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mixed hp DGFEM for pure Stokes flow. For @ ,—@ 1 elements, the dependence
of the discrete inf-sup constant on the polynomial degree p was shown to be of
order @ (1/p), for two- and three-dimensional domains. In three dimensions, this
is exactly the same bound as that of [60] for conforming mixed hp FEM, however
with an optimal gap of one order in the finite element spaces for the velocity and
the pressure. The results in [56] then ensure (slightly suboptimal) error bounds
for the p-version of the DGFEM where convergence is obtained by increasing the
polynomial approximation order on a fixed (quasi-uniform) mesh. However, these
bounds give algebraic rates of convergence and are restricted to piecewise smooth
solutions; an assumption that is unrealistic in polygons, due to the presence of
singularities. For conforming mixed methods, similar p-version results can be
found in, e.g., [10, 11, 12, 59, 60] and the references therein.

In this work, the hp-approaches of [56] are extended to mixed hp DGFEM
for Stokes flow in non-smooth polygonal domains where the exact solutions are
piecewise analytic, however, exhibit singularities at the corners; cf. [57]. As in the
elasticity case, the regularity of the exact solutions are described using the recent
result from [34]. To prove exponential convergence for the mixed hp DGFEM,
several ingredients from the analysis of conforming mixed hp FEM for Stokes
flow on geometric meshes are used; see, e.g., [55, 58, 59]. Furthermore, com-
bined with the techniques from Section [2.6, the setting [56] makes it possible to
derive the exponential convergence result. Exemplarily, only the interior penalty
DGFEM is considered here, however, the results hold true verbatim for all the DG
methods studied in [56].



Chapter 1

Preliminaries

The aim of this preparatory part is to establish a functional setting for the analysis
of the discontinuous Galerkin finite element methods (DGFEM) in the ensuing
chapters. Moreover, a few definitions from the theory of standard (conforming)
finite element methods will be recalled.

1.1 Polygonal Domains

Let @ c R? be a bounded, polygonal domain. Suppose that its boundary I' = 92
is composed of a Dirichlet part I'p with 0 < fFD ds < oo and of a Neumann part

Iy with0 < [ ds < oo (cf. Figure 1.1):
T=TpUT\.

The corner vertices and the points of changing boundary conditions (Dirichlet/
Neumann) of 2 are called *singular points’. They are collected in the set

SP(Q,Tp, TN) = (A :i=12...,M}.

Moreover, let ng be the unit outward vector on 92.

1.2 Weighted Sobolev Spaces

The regularity of the elliptic problems considered in this work will be measured in
terms of certain suitably chosen function spaces. To define them, to each singular
point Aj € SP(R,T'p,I'n) aweight B € [0,1),1 =1,2,..., M, is associated.
These numbers are stored in a weight vector B = (B1, ..., fm). Moreover, the

5
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Figure 1.1: Polygon in R? with Dirichlet and Neumann boundary conditions.

shorthand notation C1 < B < Coisused to mean C1 < B < Co for all i
1,2,..., M. Additionally, for any number k € R, let

BE+k=(B1xk,...,Bu=xk).
Furthermore, by

M
op0) =[]0, r)=Ix— Al
i=1

a weight functionon €2 is introduced.

Sobolev norms

Then, for any integers m > | > 0, the weighted Sobolev spaces H/;”"(Q)
are defined as the completion of the space C>°(2) with respect to the weighted

2 _ 2 2

m

2 2

lulfime = D 11D“UI®psklEzg)-
|a|=k

| =0.
=0
Here,

m

2 _ o 2
U ) = Zk DU Pg k1112
la|=
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and

glely
a — —
D u = axflxlaxgz = ux‘flxgz

with @ = (a1, @2) € N2and |o| = a1 + ao.
For non-integerss = m+6, 0 < 6 < 1, the weighted Sobolev spaces HE" ()
are given by the K-method of interpolation:

Hg" (@) = (HZ (@), HE"™ M (@),
Moreover, for a weight vector § = (B1,...8m) and | € N, the countably
normed space 3;(9) consists of all functions u for which u € Hg‘" (2) for all
m > | and

lID“ul®p kil 2 < CA* Pk =Dl el =k=11+1,... (L)

for some constants C > 0, d > 1 independent of k. It may be proved that, for any
UeBy(Q),m=land0 <6 <1,

”U”Hfr}n+9.l(g) <Cd™?'rm+6—1+1),

where I'(s) = [~ tSte~ dt is the Gamma function satisfying k! = I"(k + 1) for
all k € Np.
Finally, letTj, i = 1, 2, ..., M denote the edges of €2, and let

MC{L2 ..., M}

be an index set. Then, for
y = U Tj cr

JEM
the spaces Hl;"_l/z"_l/z(y) and 313_1/ %(y) are the trace spaces of HE‘"(Q) and
B(RQ), and
||g||H;1—1/2.|—1/2(y) = Glhr/llcg ||G||Hl;n.|(g).
GeHE“*'(Q)

Remark 1.2.1 For a function space X (D), where D is a polygonal domain in R?,
andd € N, d > 0, let X(D)% and X (D)%*9 be the spaces of vector, respectively
tensor fields whose components belong to X (D). Without further specification,
these spaces are equipped with the usual product norms (which are simply denoted
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by || - lIx(py). Furthermore, for v, w € X(D) and o, 7 € X (D)9*9 define the
following scalar products:

d d
v-w:Zviwi, O'ZT:ZO’ijTij,
i=1 ij=1

and the norms

lv| = /v -0, lo| = /o ;0.
Remark 1.2.2

a) If u € HE"™(Q), m > 0, (respectively u € B5(%)) then u € H™(Qo)
(respectively u € C*(Qp)) for all domains Q¢ C 2 with

P §Z§o VP € SP(Q,I'p, I'n).
b) Although HZ?(Q) ¢ H2(), B3(2) ¢ H2(<Q), it was proved in [7] that
BL(Q) C HF?(Q) € COQ).

¢) Foru e HE’Z(Q), there holds Vu e H;,L’l(Q)Z.

1.3 Meshesand Trace Operatorsfor the DGFEM

1.3.1 Finite Element Meshes
Consider a partition (FE mesHﬂ) T of Q into open elements K:
7 = {Ki}i, UK=2a
KeT
Henceforth, the K € 7 are assumed to be images of the reference quadrilateral
Q=(-117? (1.2)

or of the reference triangle

T={X9):-1<y<-K%e(-11) (1.3)

under affi ne maps Fg, i.e. for all K € 7 there exists a constant matrix Ax €
R2%2 and a constant vector bk € R? such that with

Fk(X) = AxX + bk (1.4)

LExcept for Chapter (3] the FE meshes may be irregular, i.e. hanging nodes are permitted for
the DGFEM.
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there holds
K = Fx(K), (1.5)

where
K=Q or K=T. (1.6)

With each element K € 7 a polynomial degree (approximation order) px > 1
is associated. These numbers are stored in a polynomial degree distribution vector

p={pk: KeT}
whose maximum entry is denoted by | p|. Additionally, for each K € 7, introduce
hk = diam(K)

and
pk = sup{diam(B) : B isa ball contained in K}.

Furthermore, let
h={hk: KeT}.

Finally, the so-called mesh width of 7 is given by

hs = sup hg. 1.7)
KeT

Throughout this work, all FE meshes are assumed to be shape regular and of
bounded variation:

Definition 1.3.1 Let § = {7 }in be a family of FE meshes. Then,

a) G is shaperegular if there exists a constant x> 0 independent of i such that
foralli e N

K e _ -1 (1.8)

b) 4 is of bounded variation if there exists a constant « > 0 independent of i
such that for alli e N
h K -1

Kk < <Kk -, (1.9)
hK/

whenever K and K’ share a common edge.
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1.3.2 Averages and Jumps

Assume that there exists an index set £ C N such that the elements in the subdi-
vision 7 are numbered in a certain way:

T ={Kijlies-

Furthermore, denote by & the set of element edges associated with the mesh 7.
Since hanging nodes are permitted for the DGFEM, & will be understood to con-
sist of the smallest edges in 7. Additionally, let I';; be the union of all edges
e € & not lying on 0%,

and
En={eec&:eCTlinl.

Moreover, define
Lint.o = lint U U e

ecé:
ECFD

and
Einp={e€&:eCTinpl,

and for every K € 7 set
Ek ={ee&:ecCoaK}.

Obviously, for each e € &in, there exist two indices i and j with i < j such that
Ki and K share the interface e:

e = 0K N0K;.

Thus, the following mapping is well-defined:

Gint © G —> N2
Gint, 1(€)=i
¢ (wim,z(a:j)'

If e € & is a boundary edge, i.e. e C I', there is a unique element K; € 7 such
that
e=0K;NT.

Hence, the above definition may be extended as follows:

or: {e€e&:ecCcl'} — N
e > or(e) =i.
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Figure 1.2: Numbering-dependent normal vectorsin fi nite element meshes.

On e € &in, let ve be the normal vector which points from K, e t0 Kg,); for
boundary edges e C T, set ve = ng (cf. Figure(1.2).
Since the DGFEM is based on functions in

HLNQ, 7) = {v e L) : vik e WH(K), K € T} ¢ %),

the discontinuities over element boundaries have to be controlled in a certain way.
Consider therefore u € HY(Q, 7), v € HYL(Q, 7)2 W e HIL(Q, 7)%%2
Then, for e € & and X € e, introduce the following averagesat x € e,

1 1 1
(u) = E(u++u_), (v) = E(v++v_), (W) = §(W++W_),
and the (hnumbering-dependent) jumpsat x € e,

[ul = (U* —u)ve, [l =@ " —v7) - v

] =@ —v7) @ ve, [W] = (WF —W7)ve.
Here, v ® ve is the matrix whose i j-th component is vj ve j, and v, v~ denote the
traces of v onto e taken from within the interior of the elements K, ) and K, ),

respectively (analogous for v* and W*). For e c T, define (u) = u, (v) = v,
(W) =W, aswell as [u] = ung, [v] = v - ng, [v] = v ® ng, and [W] = Wnq.

1.3.3 Elements Near Singular Points

In order to account for the singular behaviour of solutions near the singular points
of the polygon €2, the following sets have to be defined:

Ko={KeT:PeKforsomeP e SP(Q,I'p,'n)} (1.10)
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and
0Ko=1{eec&: PeceforsomeP € SP(Q,I'p, I'n)}.

Let K € Ko. Henceforth, it will always be assumed that the finite element meshes
are fine enough, i.e. that exactly one singular point belongs to K. This vertex
is denoted by Ak and the corresponding weight by Bk. Moreover, the spaces
Hﬂ (K) are glven as in Section 1.2, however, equipped with the weight function

Gpy (X) = fK Tk = [X — Akl
The ensuing results are essential for the error analysis of the DGFEM.

Lemma 1.3.2 Let K be an element in Kg. Then, there holds:

a) Hy (K) ¢ LY(K) and
1—
Ul < Chic ™ lull oo,

forallu e HEI;O(K);

b) foru e HE&O(K), v € L°°(K) the integral fK uv dx is well-defined and

/UUdX
K

c) forallu e Hﬂll;l(K) the trace u|sx belongs to L1(3K) and satisfies

< Chy ﬁKuanoo(K)nuuHoo

(K)’

1-Bk
IullLzaky < C(lIullzky + ik |U|Hﬂl|'<l(K))'

All the constants C > 0 are independent of hx and of pk.

Proof: Letu e HEI;O(K). Then,

-B B B
e = Iz 1P Uz, = 1z 1l ygoge

and since ||r P« L2y < Chf{ﬁK, a) is proved. The second assertion follows
then straightforwardly from Hoélder’s inequality. For the proof of c), let u €
Hz:'(K). Applying the standard trace theorem and using a scaling argument,
yields
-1
lull 1ok < C (i Iullizgey + 1VUllLa))-
Furthermore, since
il s < Cllullz
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and Vu € HE&O(K)Z, the desired trace estimate follows similarly with the bound

1—
19Ul = Chic™ Iulyaa e,

and the proof is complete. a

Remark 1.3.3 The trace of a function u € H;kl(K) on an edge e of an element
K is usually not in L2(e). To see this, consider the following example:

ux) = |x|"2on K = (0,1)%, e={(x,0): x € (0, 1)}.

Obviously, u € Hz*(K), rq = |x|P%, forall Bk € (1/2, 1), butule & L2(e).

Lemmal.34 Letu e Hﬂl’l(sz) for a weight vector 0 < B < 1. Then, for an
interior edge e € &, there holds [u] = 0 a.e. one.

Proof: Remark [1.2.2/a) implies that u € H(Qq) for all domains Q¢ C € with
P & Qo VP € SP(Q,T'p,I'n). Hence, [u] = 0 on all edges e € &jnt not
including a singular point (cf. [48], Proposition 3.2.1).

Consider then the case where, for e € &, there exists a singular point P €
SP(Q2,I'p, I'y) with P € 8. Assume that e is parameterized by € = Xx(t),t €
[0, 1], with x(0) = P. As above, it follows that [u] = 0 away from P, and
therefore

1
/ [ullix@®)[dt =0

forall ¢ > 0. Since e is a straight line, |X| is constant. Thus,

1
/ [[u]]dt = 0.

By Lemmal1.3.2 ¢), [u] € L(e). Therefore, Lebesgue’s dominated convergence

theorem implies
1
/ [[u]]dt = 0.
0

This finishes the proof. O
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Chapter 2
The DGFEM for Diffusion Problems

2.1 TheDiffusion Problem

Let @ c R? be a bounded, polygonal domain as introduced in Section[1.1. Con-
sider the following diffusion problem

—V.-(AVU)4+cu=f inQ
u=gp onlp (2.1)
(AVU) -ng =gNn onTy.

Here,

2 0O\ EX
A={Aj} 1 € C@GT (2.2)

is the (symmetric) diffusivity,
ce C®(Q)withc(x) >0 VxeQ (2.3)

represents the reaction coefficientand f € H~1() is an external source. In addi-
tion, gp € H72(I'p) and gy € H~72(I"y) are prescribed Dirichlet and Neumann
boundary conditions.

Henceforth, (2.1) is assumed to be strongly elliptic on €, i.e. there exist two
constants @, a > 0 such that for all x € Q there holds

algl> < ETAXE <alg)? (2.4)
forall &£ € R2.

2.2 Regularity

In [5, 6] the following regularity result was proved for the diffusion problem (2.1)-

(2.4):

15
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Theorem 2.2.1 (Regularity) Let Q be a polygon in R2 and m > 0 an integer.
Then, there exists a weight vector S, With 0 < B.in < 1 depending on the
diffusivity A and on the opening angles of €2 at the vertices A;j € SP (2, I'p, I'n),
I =1,2,..., M, such that for weight vectors 8 with 8, < B < 1 and for

fe H;,"’O(Q), b € H’;n+3/2’3/2(FD), gn € Hl;n+1/z,1/2(FN)’ 2.5)

the diffusion problem (2.1)—(2.4) has a unique solution u € HE”Z’Z(Q).
Moreover, for piecewise analytic data

feBJ(Q). 0pe B (Tp). On € By (TN (2.6)

the solution of (2.1)-(2.4) belongs to 35(9).

2.3 Discontinuous Galerkin Discretization

2.3.1 Finite Element Spaces

In order to define an appropriate class of finite element spaces for the DGFEM,
polynomial spaces have to be introduced. To do so, let p € N be arbitrary and
denote by K either a quadrilateral or a triangle. Then,

Po(K) = {u = 3 cixixb iy eR (k. x0) € K}
O<i,j=p
I+]=<p

is the space of polynomials of total degreeat most p on K, and

[
Ap(K) = {u :O<izj:<pcijx'1x2 1 Gj €R, (X1,X2) € K}

is the space of polynomials of degree at most p in each variableon K,
With these definitions, the (discontinuous) finite element spaces that will be
used for the DGFEM are given by
Vh = {ueL%Q): ulk € Vp,K €T}, (2.7)

where 7 is a FE mesh on , and Vp, = Pp (K) or Vp, = @ (K), K € 7.
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2.3.2 Variational Formulation

There is a wide variety of discontinuous Galerkin formulations for elliptic (and
especially diffusion) problems. Most of them are closely related to each other
(see [3, 46], for example). Following the approaches of Arnold [1], Riviére [52],
Riviéere, Wheeler, Girault [54], Suili, Schwab, Houston [61] and Wheeler [64], the
symmetric (SIPG) and non-symmetric (NIPG) interior penalty Galerkin method
will be considered here. For convenience, the non-symmetric formulation will be
denoted by "+’ and the symmetric formulation by *—’, respectively.

Definition 2.3.1 (DGFEM) Define two bilinear forms B/ and B, by

Bff(u,v) = Z/K(Vv-(AVU)-i—CUU)dX

KeT
~ Y [ UAVU)-[v] F [u]- (AVu))ds
e

ecéint,D

+ Y [ dfu]-[v]ds,

e
ecé&int,D

and two corresponding linear functionals Lﬁf by

Lﬁc(v) = Z/Kfvdx+ gnvds

KeT In
+ ((AVv) - ng)gp ds + dgpuvds.
I'p I'p
Here, d € L°°(&int,p) Is the so-called discontinuity stabilization function which
is given by
p2
d=ow—, 2.8
o (28)

where w € R, w > 0 is a constant to be specified later and, for e € &jnt p,

Ple = { max { pK‘/’int,l(e)’ pKwim,g(a}’ € € &int,

pK Q) e C FD?
-WF( ) (2.9)
h|e = min {hKWint,l(e)’ hKWint,Z(e)}’ e e 8int,
hKWr(e)’ e C I'p.
Then, the DGFEM for the diffusion problem (2.1)—(2.4) reads as follows:
Find ui € Vj such that
By (Up . v) = Ly (v) (2.10)

forall v € Vj.
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Proposition 2.3.2 (Consistency) Let 2 be a polygonand S, < B < 1aweight

vector. Then, for f ¢ HSO(Q), Up € Hﬂ/2 (p), gy € Hﬁ/2 72(ry), the
bilinear forms and the linear functionals in Definition 2.3.1 are well-defined and,
moreover, the DGFEM (2.10) is consistent:

BE(u,v) —LF(v) =0  VveVh (2.12)
Here, u is the exact solution of the diffusion problem (2.1)-(2.4).

Proof: Due to Lemma 1.3.2, all terms in Deflnltlon 2.3.1 are well-defined. Fur-
thermore, Theoremlmplles thatu € HB 2(Q). Thus, by Remark[1.2.2 b), u

is continuous on 2. Consequently,
[ulle=0 VYeeé&m and  [ulle=9gphe Ve € &mp \ Eint.
In addition, using that, forall e € & \ &,
[v]=vng and ve=ng and (AVv)= AV,
reduces the left hand-side of (2.11) to

Z/ (Vv (AVU) +cuv) dx — ) /fvdx
KeT

KeTl (2.12)
— Z AVu [vlds — [ gnvds

r
ec&int,D N

Since AVu e Hy*(2)2, the integrals in the first sum of (2.12) may be integrated
by parts (Lemma A.2.1). Thisyields

Bf(u,v) — L) = Z/ v(AVU) - ngds — [ gnvds

KeT I'n

- ) AVu - [v]ds,

ecé&int,D

where n is the unit outward vector on 0K, K € 7. Moreover, using that

Z/ v(AVU) - Nk ds
KeT K
Z/ [v(AVU)]ds

ecé
= Y [[v] (AVu)ds
ecéint,D €
+ Z y[AVulds + [ gnvds

ecéint In
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implies that
By, v)— L*¥w) = ) /(v) [AVu]ds.
ecéint €
Finally, applying Lemma1.3.4 completes the proof. a

The following ’energy’ norm will be associated with the DGFEM:

lull2 = Bi (u, u)

= > (IWAVUlIo, + IVEUIE2 ) + D VAUl -

KeT ec8int.D

Remark 2.3.3 From Proposition A.2.13 it directly follows that

Il = C( D IVAVUIZ 4 + D IVAUlIZ)  (213)

KeT ecéint.p

for a constant C > 0 which is independent of h and of p. Therefore, || - || is a
normon Vj even ifc = 0.

2.3.3 Coercivity, Continuity, Existence and Unigueness

In this section, some basic properties of the DGFEM defined above will be ex-
plored. To do so, the ensuing auxiliary result is required.

Lemma 2.3.4 Letu € V}, for agiven polynomial degree distribution pand a finite
element mesh 7. Furthermore, let d be the discontinuity stabilization function
from Definition[2.3.1 with @ > 0, w € R. Then, there holds

1 2
3 Hﬁ (AVU) ‘ g < Caro”” 3 IVAVU|Z, - (2.14)

ec8int.p KeT

Here, A is the diffusivity from (2.2) and Cg# > 0 is a constant independent of
u, pandof h.
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Proof: The left-hand side of (2.14) is bounded as follows:

> [l

ec8int,D L2@
1 2
= ¢ Y |5 avun]|
ec8int,D ﬂ L2®
1 2 1 2
= oI (| ogver)eg o5
- {eé:( Ja 2@ Ja L2<E>>
int
1 2
vy ‘ 215
+; \/a u L2(e)} ( )
eCFD

[A

1 2
cY ¥ |5
2
KeT e<éinp: \/a L5®
ecoK

< Co ') piPhe Y IVUlZ2g.

KeT ecéint,D:
ecoK

The polynomial trace inequality (A.1) implies that
2 Pk 2
“VU “ LZ(E) =< CW“VU ” LZ(K)

forall e € k, K € 7. Therefore,

2 H%W“))i%fcw‘lz||Vu||fz(K) o1

ec&int,D KeT eE@intkD3
ecd

From (1.9) it follows that the second sum on the right-hand side is bounded for all
K € 7. Finally, referring to (2.4) completes the proof. O

Continuity of B

Proposition 2.3.5 For > 0and d as in (2.8), the bilinear forms B; are contin-
uous with respect to the || - ||h-norm, i.e.

IBE(U, v)| < max{2, 14 Cairo 2} |Ullnllvlln

for all u, v € Vy. Here, Cgis is the constant from Lemma[2.3.4!
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Proof: Letu, v € V. Then, Holder’s inequality implies

Bw. vl = Y [ (VAVUIVAYY 4 Ieull vl dx

KeT

+ > [ UIIH(AVY) |+ [ (AVW) [I[v]]) ds

ecé&int,D €
+ > [ WA s
e€&int,D €
< Y (IVAVUll L2, VAV L2y + VUl 26y VeVl Lz
KeT
1
+ Vd[u —= (AV
;u llze | 75 AV | 4
1
+ — (AVuU vd
;H 75 AV [ IVl
+ Y IVdlulll g IVA[]L2ge)-
ecé&int,D

Furthermore,

B, 0l = { 3 (IVAVUIZ ) + IVl )

KeT

1 : 2 17
i ee%n;D (H ﬁ AV L2(e) * 2||\/a[U]“L2(E)) }
. { Z (||\/KVUI|EZ(K) + ||\/EU||EZ(K))
KeT
1 2 2\
! ee%n;,D (H ﬁ AVY) L2(e) * 2l|ﬂ[v]|| L2(6)> } .

Using (2.14) yields

By ol = (D (@ + Caio ™ IVAVUIZ, ) + IVEulZz )

KeT

2 \7?
+2 3 VAWl )

ecint,D
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(3 (@ Caom™DIVATIZ o, + IVE0I22)

KeT

2 Y2
+2 3 VAl )

ec8int,D

< max{2, 1 + Cgitf 2} |ullnllv]ln.

Coercivity of B

From the definition of the || - ||n-norm it is already clear that Bpf is coercive (with
respect to the || - [|n-norm) with coercivity constant 1. The coercivity of B, will
be proved in the following

Proposition 2.3.6 Let w > Cgis, Wwhere Cgifr is the constant from Lemma[2.3.4,
and d as in (2.8). Then, for all u € Vj, the ensuing estimate holds true:

By (U, u) > (1 — 4/Cairw~ D [lulf.

Proof: The definitions of B, and || - || imply

Byw.u) = [ulf—2 ) AVu - [u]ds
ecé&int,D
> IIUIIh—,/ /—I (AVu) [2ds
C.
_ /At /d|[u]|2ds
@ ecé&int,D €
Inserting (2.14) yields
_ Caiff
By(u.u) > Julf— /== D IVAVUIE,
KeT
C.
—y/ = d|[u] 2 ds
@ ec&int,D €
> (1 - +/Cairw b lull?.
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Existence and Uniqueness

Theorem 2.3.7 Let (2.5) be satisfied for (at least) m = 0. Furthermore, letw > 0
in the ’+’-formulation and @ > Cgif in the ’—’-formulation of the DGFEM, where
Ciff is the constant from Lemma 2.3.4. Then, under the assumptions (2.2)—(2.4),
and with d as in (2.8), the DGFEM (2.10) have unique solutions ui € Vj.

Proof: The Cauchy-Schwarz inequality and the broken Poincaré estimate (2.13)
imply the continuity of the linear functionals L;]'E with respect to the || - ||n-norm
(see also [44, Proposition 3.2]). Moreover, due to the continuity and the coercivity
of the bilinear forms Bﬁf, the Lax-Milgram Lemma is applicable and the proof is
complete. O

2.4 Stability

Let mpu € Vi be an arbitrary interpolant of the exact solution u of the diffusion
problem (2.1)—(2.4). Furthermore, let uhi be the solutions of the DGFEM (2.10).
Then, the finite element errors ehi are decomposed in the following way:

& =U—Uf =u—7mpu+7pu — Ui . (2.16)
+

As the ensuing Proposition[2.4.1shows, £ may be bounded by 7.

Proposition 2.4.1 (Stability) Let w be as in Theorem2.3.7/and u € HE’Z(Q) for
a weight vector 0 < B < 1. Additionally, assume that » = 0 in all element
vertices of 7. Then, the a-priori estimate

IEX]12 < CCE|pl2(w + w 1) (E1 + E2 + E3)

holds true, where

Er= ) Inlfux,

KeT

E2 = Z h%( |77||2_|2(K)
KeT\ Ko

_ 2(1-Bk) |, 2

Es= Z hk |n|H§'2(K)’

KeXo K
and _
cE _ 1 for the "+’-formulation
~ 1 1= +/Cgffw=L)~2for the '—’-formulation °

C > 0isa constant independent of u, w, p and of h.
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Proof: The consistency of the DGFEM (2.10) (Proposition2.3.2) implies
By (6%, 5%) = By (U — Uy — 1. §%) = =B (n, §),
and hence, due to the coercivity of the bilinear forms BT, it holds that
IE=13 < VCEIBY (1, ). (2.17)
The right-hand side of (2.17) is bounded as follows:

IBE(, e5) <1 +1la+ b+ 111,

where
=) (IVAVllL20) IVAVEF | L2y + IIVEnIl L2k IIVEE L2k ))
KeT
a= > [1ava s,
ecé&int,D €
b= 3" [ it (ave®)ds.
ecé&int,D €
=% /d|[n]||[si]|ds.
ecé&int,D €
Clearly,
I+ 111
1/2
= (30 IWAVAIZ g, + IVEnIZ20) + D Iz )
Keg e€&int,p
1/2
(X0 VAVER IR ) + IVEER 1224, + D IVAIEFTI22,))
Keg ecé&int,D
< Clet ( 2 NI )1/2
<CIEFIN( D I, + Y VAl

KeT ecéint.p

1/2
<ClgtIn(Ex+ Y. IVAinliZ) -

ecé&int,D
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Furthermore, by Holder’s inequality and LemmalA.1.1] it follows that

a=C Y gl [ 1Vl ds
e

€€ &int,D

< Cow V2 Z ||~/a[§i]|||_2(e)/(|vﬁ|> ds
e

e€&int,D

co™{ 3 WA} { 3 ([ovinas)}”

e<8int,d e<&int.o
12
1
< Co g (3 1aVaD i)
ec&int,D
and

> UV 2 = © (D0 (V7 11 + 19071210

ecéint,.p ectint

+ 3 1Vl

ecé:
ecl'p

<CY . D> Vil

KeT ecék N&int,bD

Referring to Remark/1.2.2/and applying Lemma|1.3.2 ¢) results in

SO Vil (X IValw + Y hEIVAIZ

KeT ec&kNéint,D KeT KeT\ Ko
2—2Bk
+ g h \Y% )
I 77” ll(K)
KeKo

<C(E1+ E2+ E3).

lla < Cw 7?||E%||n\/E1 + E2 + Ea.

An estimate for I b is obtained by using Lemma 2.3.4:

Hence,

1
[I'1b] < (eegm:w ||\/a[77]||2|_2(e)) Z(ee >~ H = < i> ‘ Lz(e))
< Cw_l/z( Z ||\/a[77]||fz(e)) (Z ||x/KV§iIIE2(K)>1/2
ec&int,p KeT

—Y2) &% 2 2
< Co gt (Y IVAmIIZa)

ec&int,D



26 Chapter 2. The DGFEM for Diffusion Problems

Summing up all the bounds above leads to
1By 1. 6%)] = ClleIn{o (B2 + Ea)

Fato (Bt Y IWanIZ) )

ec&int,D
It remains to estimate the last sum in the above inequality.

> IVAIIEae <€ D (IWdnTIF2e + VAN 11 2)

ec8int,D ecint

+ > IVdnlEze

eeé:
ecl'p

<C Y. > IVdnlfe

KeT ec&kN&int,b
1
2
< Colpl Z Z Hﬁ’?‘
KeT eeékNéint.p

The trace inequalities from Lemmal/A.2.4/and the bounded variation property (1.9)
imply that

2
L2(e)

SRS =
_,7‘ )
KeT ec&kNéint,D \/ﬁ L5
2 2 2-28 2
sc( Y Mg+ X hE P,
K eT\ Ko K eXo K
< C(Ez+ E3).

Therefore,

IBiE(n,€%)| < ClplV @ + w/E1 + Ez + E3llEE||n.

Finally, inserting this estimate into (2.17) and dividing both sides by ||£*||n com-
pletes the proof. a

Corollary 2.4.2 Let the assumptions of Proposition|2.4.1/be satisfied. Then, there
holds

£2
lu —uplis

2 2 2 2(1-Bk) . 2
< CIOP( X Il + D2 Mkl + Do 0k Inlay ).
KeT KeT\ KXo K eXo K

(2.18)
where the constant C > 0 is independent of u, p and of h.
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Proof: Since, by (2.16),

+
lu—uglin < linlin + 1A,

the assertion follows directly from Proposition 2.4.1 a

2.5 Convergenceof theh DGFEM

In the following section the h-version of the DGFEM, i.e. the DGFEM with fixed
polynomial degree p > 0, p € N on all elements, will be analyzed. It is well-
known that, if u € HPTL(2), where u denotes the exact solution of (2.1)—(2.4),
then the standard (conforming) finite element method (and also the DGFEM) con-
verges at an optimal algebraic rate, i.e.

lu —uplln < CN7P2

where N = dim(Vy) with p = {p, p, ..., p} is the number of degrees of freedom
and 7 is a uniform mesh on 2. Typically, this result is not anymore attainable if
the assumption u € HP+t1(Q) is weakened, i.e. u € Hﬂp“’z(sz) with g > 0.

Although the convergence rate remains algebraic in this case, the optimal order
O(N~"2) is usually reduced to @ (N ~*?) with « < p. This effect is especially
pronounced at higher orders of approximation.

The aim of this section is to prove that the optimal convergence rate may be
preserved even if the exact solution is singular, i.e. u ¢ HP*1(Q). The main idea
is to replace the uniform meshes by so-called ’graded meshes’ which are able to
resolve the singularities without the need of additional degrees of freedom.

2.5.1 h DGFEM Approximations on Polygons

By Corollary 2.4.2, the DG-error |ju — up|ln may be bounded by |n|n, Where
n = u — mpu, for an arbitrary interpolant 7 pu with u = mpu in the element
vertices of 7. Therefore, h DGFEM approximations of functions in HBpH’Z(Q)
are of a main interest.

As mentioned above, graded meshes will be introduced (cf. [7]).

Graded Meshes on 2

Definition 2.5.1 Let y be a weight vector as defined in Section 1.2 and &,, the
corresponding weight function on 2. Then, a mesh 7,, on  is called a graded
mesh with grading vector y if there exists a constant L > 0 such that the following
properties are satisfied:
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i) if K € 7, \ Ko then

L=y, @, (X) <hk < Lhg, ®,(x) VX €K;

i) if K € Ko then

L™*hy, sup @, (x) < hk < Lhg, sup @, (x).

xeK xeK

Here, hy, is the mesh width of 7, cf. (1.7).

Interpolants for the h DGFEM

The following results are required for the convergence analysis of the h DGFEM.
The first statement shows, how HZ" functions may be approximated on elements
abutting at a singular point. The second result is a well-known approximation
statement on functions in HP*L,

Lemma 2.5.2 Let K be atriangle (or quadrilateral) with the vertices A1, A2, A3
(and Ayz). Further, letu e Hﬁz}; (K) with @4, (X) = |x — A1]f%, 0 < Bk < L.
Then, the linear (bilinear) interpolant of u in the vertices of K, denoted by I,Qu,
satisfies

1—
lu—1Rullyrky < Chy ﬁK|u|H§,Kz(K), (2.19)
0
lu— IKu”Hg;(z(K) = C|U|Hﬂ2|'<2(K)' (220)
Proof: See [58, Lemma 4.16 and Lemma 4.25]. O

Remark 2.5.3 The above Lemma[2.5.2 holds also true for Bx = 0, i.e. U €
H2(K). In this case, (2.19) and (2.20) simplify to

Iu—1Rulljiky < Chklulpz),

0
lu—Ilgullpeky = Clulyzk)-

Lemma 2.5.4 Let p > 1 be a fixed polynomial degree. Furthermore, let K be a
triangle (or quadrilateral) and u € HPTL(K). Then, there exists an interpolant
Iku e Pp(K) of u with Ixu = u in the vertices of K such that

1—
u— Ikulpumk) < ChR™ Mulypin,),  0=m=<p+1,

with a constant C > 0 independent of u and of hi.
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Optimal h Approximations on

Proposition 2.5.5 Letu € HEH’Z(Q) for aweightvector0 < g <landp >0
be a fixed polynomial degree. Further, let 7, with yo < y < 1, where

1-h ifg >0
yoi = p A0 1w, 2.21)
0 ifgi =0

be a graded mesh as in Definition 2.5.1. Moreover, the finite element spaces Vh
from Section 2.3.1 are specified by the following choice of the degree vector

p={pk =p: KeT)} (2.22)
and of the polynomial spaces Vp,

P1(K) if K € 7, isatriangle,
forp=1: V1= { . . .
Q1(K) ifK e 7, isaquadrilateral, (2.23)
forp>1: Vp= Pp(K)orVp=@QpK).

Then, there exists an interpolant ITpu € Vy of u with IT,u = u in all element
vertices of 7, such that there holds the following estimate

2 21,12 2(1— 2 _
Yo g+ Do hkinlhzg, + Do M iz, < CNTP
KeT, K 7\ Ko K eXo #K

where n = u — ITpu and C > 0 is a constant independent of h and of N =
dim(Vp).

In order to show this result, the ensuing lemma has to be proved:

Lemma 2.5.6 Let 7, be a graded mesh as in Definition|2.5.1/and p be the poly-
nomial degree vector from (2.22). Then,

N = dim(Vn) < Cp?hz?,
where C > 0 is a constant independent of p and of h.

Proof: Obviously, there holds
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In addition, the shape regularity (1.8) implies that

hZ 50/ dx.
K
Hence,
N < cp?( Y h;2/dx+21.
(KeTy\JCo K KXo )

From the definition of the graded meshes it follows

cpti?( 30 [ osFaxend, 30 1)

KeT,\XKo KeXo

< szhj;yz(/gq);yzdx—l—h% KZK 1)
€0

N

A

By definition, the components of y are strictly smaller than 1, and thus the integral
above is well-defined. Furthermore, since the number of elements in Ky is finite
(due to the shape regularity of 7,,), > " c 5, 1 is bounded, and hence, the proof is
complete. O

Proof: (Proposition 2.5.5) Consider first the case, where g > 0 for all i =
1,2,..., M. Define an interpolant ITyu on 7, as follows:

ifp=1: Tulxk =I1%u, VKeT,

1I2u if K € Ko,

fp>1: Mpulk :{lKU if K e\ Xo.

Here, 1$ and Ik are the interpolants from Lemma[2.5.2 and Lemma2.5.4, respec-
tively. Obviously, ITpu € Vh. Then,

2 2(1- ) 2
> (IMpu = ullfg, +h |Hp“‘“'H§f(K>)

KeKo
+ Y (ITpu = Ul + & ITpu — ulZz )
KeT\Xo
201 | | 2 2p, 12
5C< > hic IUTzzg) + > hid |“|HP+1(K>>
KeXo K KeT\Xo
21— 20-pK) | 12
SC( 7(y P D (suprie)re T2z,
K e Xo xeK Bk
+h®P »" /rﬁpyK|Dp+1u|2dx). (2.24)
K

KeT\Xo
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Forall K € Kg there holds rk (X) < hgk, VX € K. Hence,

hk < Chg, sup ri® < Chg hif,

xeK
and therefore 1
hg < Chl "
Thus,
T VOK P _q
sup rﬁgK < ChVK < Chi K < Ch(~ K < Ch(j{;ﬂK

xeK

Inserting these bounds into (2.24) results in

2(1-Bk)
> (IMpu — Ul + i P pu — uf? zz(K))

KeXo
+ Z (||Hpu_“|||241(K)+h2K|HpU_u||242(|<))
KeT\Xo
2p r2(p—(1=B)) | p P+1 )
< Ch2 (Z |“|H§2(K>+ 3 / IDP+yu 2 dx

KeT\ Ko
2p p+1,,2
= Chy, ( Z |u|Hﬁ (K) /QCI>ﬁ+p_1|D ul dX)

< Ch§f|U|Hp+1,2(Q)-
Finally, according to the previous Lemma 2.5.6
h?? <CN-P,
If By = 0 forsomei € {1, 2,..., M}, the Proposition may be proved in a very

similar way.
O

2.5.2 Optimal Convergence of the h DGFEM on Polygons

Inserting the interpolant from Proposition 2.5.5 into the error estimate (2.18)
yields the following convergence result for the h DGFEM:

Theorem 2.5.7 Let Q c R?be apolygonal domainand p € N, p > 1. Moreover,
let the exact solution u of (2.1)—(2.4) be in H;J’l’Z(Q) for a weight vector 0 <
B < 1. Then, for  as in Theorem 2.3.7, the solutions ui of the DGFEM (2.10)
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on a graded mesh 7, with 1 > y = y, where y is defined as in (2.21), satisfy
the following optimal algebraic error estimate:

lu—uplln < CN™P2 (2.25)
h

Here, p={p, p,..., p} and C > 0 is a constant independent of h and of N =
dim(Vp).

Remark 2.5.8 Since £§(Q) C Hﬁp‘Ll’z(Q), the above theorem holds also true
foru € B5(Q).

2.5.3 Numerical Results
Model Problems

The theory above will now be illustrated and confirmed with some numerical ex-
periments. Consider therefore the following two model problems on the unit tri-
angle (cf. Figure[2.1):

e Problem 1. The Laplace equation withabsolute term

—Au+u="Ff inQ. (P1)

e Problem 2. The Laplace equation without any absolute term

—Au=0 inQ. (P2)

Here, using polar coordinates, the right-hand side f in (P1) is set to be
f = J/rsin(¢/2),

and the boundary conditions for both problems (P1) and (P2) are chosen as fol-
lows:
u=./rsin(¢/2) onaxQ.
A few calculations show that the exact solution of the above problems
and (P2) is, in both cases, given by

U = /T sin(¢/2),

and belongs to ﬁsg(sz) forall B = (81,0, 0), B1 > Y.
Therefore, Theorem|2.5.7/implies that, for p > 1 and grading vectors
1-p1

y=vB)=(1- ,0,0), (2.26)
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Az =(0,1)

X
A1 3(9 A2 =(1,0)

Figure 2.1: Boundary conditions on the computational domain.

the use of graded meshes 7, (cf. Definition[2.5.1) leads the DGFEM (2.10) for
the model problems and to converge optimally as long as 81 > 1/2in
(2.26).

In order to clarify the dependence of the h DGFEM’s convergence regime on
the regularity of the exact solution (i.e. on the choice of the weight vectors for
the corresponding weighted Sobolev spaces), the gradings of the meshes in the
following considerations are always expressed in terms of g1 (and of p).

Variation in 1

Referring to the explanations above, the h DGFEM for and (P2) is not ex-
pected to achieve optimal algebraic convergence rates on 7, y = y(B1) (cf.
(2.26)), if B1 < 1/2. Indeed, as the results in Tables [2.1-2.3 and Figures [2.2—
2.5/show, the algebraic convergence rates of the h DGFEM strongly depend on
the choice of 81 and clearly deteriorate as 81 — 0. Even in the borderline case
B1 = 1/2, a small loss of optimality is visible. However, in contrast to these
findings, the choice g1 = 0.6 > 1/2 leads the h DGFEM to show the desired con-
vergence regime, and hence, the numerical experiments seem to correlate with the
theory.

In these examples, the L2 errors are found to converge twice as fast as the H?
errors (for sufficiently large B1); see also [3] for details.

Variation in p

Figures 2.6 and [2.7 show the performance of the ”+”- and of the ”—"-version
(NIPG and SIPG) of the h DGFEM for different choices of p. As before, the
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‘ B1=00 p1 =025 B1 =05 pB1=06
H1error 0.25 0.32 0.44 0.48
L2 error 0.73 0.93 1.00 1.00

Table 2.1: Algebraic convergence rates of the "+"-version of the h DGFEM (NIPG) with p = 1
for the mode! problem (PI).

‘ B1=00 p1 =025 B1 =05 pB1=06
H1error 0.25 0.32 0.44 0.48
L2 error 0.73 0.91 0.99 0.99

Table 2.2: Algebraic convergence rates of the "+"-version of the h DGFEM (NIPG) with p = 1
for the model problem (P2).

‘ B1=00 p1=025 B1 =05 pB1=06
H1error 0.25 0.32 0.43 0.47
L2 error 0.73 0.92 0.99 0.99

Table 2.3; Algebraic convergence rates of the "—"-version of the h DGFEM (SIPG) with p = 1
for the model problems and (P2) (results are similar for both problems).

~ B,=00

;
10" 10°
number of degrees of freedom

1
number of degrees of freedom

Figure 2.2: Performance of the NIPG for the model problem (PI).
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(rel. L2 error)?
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S 5,500
., B=025

10°

number of degrees of freedom

Figure 2.3: Performance of the SIPG for the model problem (P1).

(rel. L2 error)?
5
T

2

number of degrees of freedom

Figure 2.4: Performance of the NIPG for the model problem (P2).
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Figure 2.5: Performance of the SIPG for the model problem (P2).
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10 10°
number of degrees of freedom number of degrees of freedom

Figure 2.6: Performance of the NIPG and the SIPG with 81 = 0.6 for the model problem (PI).

results for g1 = 0.5 are slightly worse compared with those which were obtained
using graded meshes with 81 = 0.6. However, the expected convergence rates are
acceptably achieved in both cases.

A detailed list of the algebraic convergence rates for the model problem
is given in Tables|2.4/and 2.5. The corresponding numbers for the model problem
(P1) are almost alike.

|lp=1 p=2 p=3 |lp=1 p=2 p=3
NIPG | 0.44 0.91 1.38 NIPG | 0.48 0.96 1.43
SIPG | 0.43 0.90 1.38 SIPG | 0.47 0.96 1.44
Table 2.4: Algebraic convergence rates of the  Table 2.5: Algebraic convergence rates of the
H error of the h DGFEM with H error of the h DGFEM with
B1 = 0.5 for the model problem B1 = 0.6 for the model problem
(P2). (P2).

2.6 Convergenceof the hp DGFEM

In this section it is proved that a judicious combination of mesh refinement and
decrease of the polynomial degrees towards the singular points of the polygon
(i.e., corner vertices and vertices of changing boundary condition type) leads the
DGFEM to converge at an exponential rate.

Again, Corollary2.4.2 implies that the errors |Ju — uhi||h of the DGFEM
may be estimated by the interpolation error n = u — 7 pu, where Tpu € Vh is an
arbitrary interpolant of the exact solution u. Thus, hp approximations of u in Vj,
have to be developed.
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10° 10°
number of degrees of freedom number of degrees of freedom

Figure 2.7: Performance of the NIPG and the SIPG with 81 = 0.6 for the model problem (P2).

In order to resolve singular solution behaviour near singularities, geometric
meshes, i.e. meshes that are geometrically refined towards the singular points of
 will be introduced. Here, the main idea is to keep the ratio

element diameter

distance to the singularity

bounded as it is shown in Figures/2.8/and

2.6.1 Geometric Meshes

First of all, basic geometric meshes on the unit square $ = (0, 1)2 with refinement
towards the origin @ = (0, 0) will be defined.

Definition 2.6.1 Letn € Ny and o € (0,1). On Q, the basic geometric mesh
An,s With n 41 layers and grading factor o is constructed recursively as follows:
Ifn =0, Ag, = {€2}. Given A, forn > 0, Any1, is generated by subdividing
the square K with @ = (0,0) e K into four smaller rectangles by dividing its
sidesinao : (1 — o) ratio.

An example of a basic geometric mesh is shown in Figure|2.8. The elements are
denoted by {Kjj} as indicated there. Moreover, the elements Kyj, Kj and Ks;j
are said to constitute layer j, for j > 2. K3 is the element at the origin.

Remark 2.6.2 For simplicity, all elements in this section are supposed to be
quadrilaterals. However, the following results (and especially the exponential con-
vergence result, Theorem 2.6.6) may be extended to meshes consisting of trian-
gles. Clearly, the geometric refinement property of the meshes has to be preserved.
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y
1
Kaa K4
Kas3 K13
K24
Ka2 [ Ka2
K23
K1 | K22
o 1 X

Figure 2.8: The basic geometric mesh Ap , withn = 3ando = 0.5.

Definition 2.6.3 A geometric mesh 7, » in a polygon €2 is obtained by mapping
the basic geometric meshes A, , from Definition[2.6.1 affinely from 2 to a vicinity
of each convex corner of 2. At vertices of changing boundary condition type two,
and at reentrant corners three suitably scaled copies of Ap , are required. The
remaining part of 2 is meshed with a fixed affine, quasi-uniform partition.

Figure 2.9 shows an example of local geometric mesh refinement in a polygon.

Definition 2.6.4 A polynomial degree distribution vector p on a geometric mesh
Tn.o Is called linear with slope i > 0 if the elemental polynomial degrees are
layer-wise constant in the geometric patches and given by pj = max{1, |uj]}
inlayer j, j = 1,2,...,n 4+ 1. In the interior of the domain 2 the elemental
polynomial degrees are set constant to max{1, [u(n + 1)]}.

2.6.2 hp DG Approximations

Proposition 2.6.5 Let @ ¢ R2 be a polygonand u € £,§(sz) for a weight vector
0 < B < 1. Then, there exists ¢ € V, and o = oo, B) > 0 such that for linear
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H i

I'p

e In

' il -1
Q

o &7

Figure 2.9: Example of geometric mesh refi nement towards singular pointsin polygon.

polynomial degree distribution vectors p with slope i > o there holds

S (Pl — 1220, + U — 171k

KeT,o

2 0 12 2-2BK 1y 412 —b¥N
Y0 MRl + D0 Nk T = Blee, < Ce
KeT,o\Ko KeXo

with constants C, b > 0 independent of N = dim(Vy). Furthermore, u = ¢ in all
element vertices of 7, .

Proof: The proof consists of two steps.

Step 1: Consider first the case where @ = (0, 1)2 and Tho = Ane IS the
basic geometric mesh from Definition2.6.1. Then, by Lemmal2.5.2, there exists
$11 € @Q1(K11) with u = ¢11 in the vertices of K13 such that

—2 2 2 22Ky, 2
K1;|_||u - ¢11”L2(K11) +u— ¢11|H1(K11) + hKll lu— ¢11|H§|'<2 (K1)
11

S Co’zn(l_ﬂKll) |u |2 2.2

H,gKll(Kll)
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Furthermore, from [58, Lemma 4.48] it follows that, for Kjj € 7 \ Ko, there are
¢ij € Qpy;, with u = ¢jj in the vertices of Kj; such that

=2 2 .12 2
hKij ||U - d)l] |||—2(Kij) + |U - (plj |H1(Kij) + hKi

2(n+2—1i)(1—Bk.. I(pK Sij I 1) P 23]
I 2
< CO' ( J)( Kl]) J . :l (2) ”U” qj‘r3,2
| (pKij +Sij — ) H

12
U= d)”lHZ(Kij)

(Kij)

foranyl <i <3,2<j<n+1landsje[1, Pk;; 1. Here, p = max{1, -o)/o}.
Summing up, yields

D (I = Iz, + U= k)

KEAn.g
2-2
+ Z hi lu _¢||2—|2(K) + Z hi < —<I5||2_|z.z(K)
KeAn s\ Ko KeXo Bk
(2.27)
< Co™ k) ()2,
Hp, (K1)
11
3 n+1 N .
== C(pk;; +sij —1)\2 Hﬂéij “(Kij)

In [58, Section 4.5.3] it has been shown that there exist sjj, 1 <i <3,2 < j <
n+1and uo > 0 such that, for linear polynomial degree distribution vectors as in
Definition 2.6.4 with slope = > o, the right-hand side of (2.27) is exponentially
small with respect to N. More precisely, there holds:

S (0PI = plZa, + U — 61 ,)

KEAn.g

210 412 2-2BKk 11 412 —bIN
+ Y hRIU=6Zp, + Y hic ¥l ¢|H§f(K)5Ce :
KeAn,s\Ko KeXo

Step 2: Let now T, , be a geometric mesh on an arbitrary polygon €2, as in
Definition 2.6.3. Since 7, is obtained by mapping affinely up to three basic
geometric mesh patches Ap , to a neighbourhood of each corner, it is possible to
construct an interpolant ¢ as in Step 1, using a generalization of the result there
to affinely mapped meshes. This may be established straightforwardly; see, e.g.,
[31, 32, 58] and the references therein. a

2.6.3 Exponential Convergence of the hp DGFEM

Combining the estimates from Corollary 2.4.2 and Proposition|2.6.5/leads to the
main result of this section.
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Theorem 2.6.6 Let @ ¢ R? be a polygonal domain. Moreover, assume that the
exact solution u of (2.1)—(2.4) belongs to £§(Q) for a weight vector 0 < B8 < 1.
Then, for n € Ng and o € (0, 1), there exists uo = uo(o, B) > 0 such that
for linear degree distribution vectors p with slope 4 > 1o and w as in Theorem
the solutions u;= of the DGFEM (2.10) on a geometric mesh 7, , satisfy the
following error estimate

3
u—ud|, < Cce YN,
h

Here, C, b > 0 are independent of N = dim(Vp).

2.6.4 Numerical Results

The following numerical results are again based on the two model problems (P1)
and (P2) from Section [2.5.3. However, here, the hp-version of the DGFEM is
considered.

The computational domain is chosen to be an ’L-shaped’ polygon with a reen-
trant corner at the origin @ (cf. Figure[2.10). Furthermore, the right-hand side f
in is given by

f =r¥sin(2/3¢),
where (r, ¢) denote polar coordinates in R2. Moreover, the boundary conditions
are set to be (cf. Figure [2.10):

u=0 onIp

and

—2/3r=¥3sin(¢/3) on Ty,
2/3r—3cos(¢/3)  on Ty,
2/3r—#sin(¢/3)  onTn,
2/3r " cos(¢/3)  onTy,
Then, for both problems (P1) and (P2), the exact solution is

u = r73sin(2/3¢),

and belongs to B5(<) for all B = (81,0,0,0,0, 0) with 81 > V/3.

In order to obtain exponential convergence rates for the model problems
and (P2), a geometric mesh with refinement towards the origin @ (cf. Figure(2.11)
has to be used for the hp DGFEM. The polynomial degree distribution vector is
chosen as in(2.6.4, with slope & = 1.

Figures 2.12 and 2.13 show the performance of the hp DGFEM (NIPG and
SIPG) for both problems and (P2). The asymptotic exponential convergence
rates are clearly visible, and, in addition, they seem to be achieved already for a
moderate number of degrees of freedom.

VUu:-ng =
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y

Ayg=(-1,1) I'n, Az=(1,1)
[ ]

Q FN]_

FN3 A]_ = (9
@ @ X
o Az=(L,0)

I'ng

[ @

Figure 2.10: Boundary conditions on the computational domain.

Figure 2.11: Geometric mesh refi nement toward the origin ©.
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Figure 2.12: Performance of the hp NIPG for the model problems and (P2).
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Figure 2.13: Performance of the hp SIPG for the model problems (P1) and (P2).
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Chapter 3

L ocking-Freeh DGFEM for
Elasticity Problems

3.1 Problem Formulation

Let Q@ c R? be a polygon as in Section[1.1. Then, the linear elasticity problem

reads as follows:
—V.ouw="f inQ
u=gp onlp (3.1)
o(U)-ng=g9gy only.

Here, u = (u1, up) is the displacement and o = {aij}ﬁjzl is the stress tensor for
homogeneous isotropic material given by

o(U) =2ue(u) + AV -ulpo,

where €(u) = {eij(U)}?;_; with

1
€ij(U) = 5 (BxUj + 0 Ui) (3.2)
is the symmetric gradient of u. Furthermore, n and A are the so-called Lam’e

coeffi cients satisfying
0 < min{u, u + A}.

3.2 Regularity

The functional setting in this chapter is again based on the theory of weighted
Sobolev spaces (cf. Section1.2).

45
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3.2.1 Regularity of Generalized Stokes Problems

In order to obtain a regularity result for the elasticity problem (3.1), the following
generalized Stokes problem in the polygon 2 is considered:

—V.ou,p="Ff IinQ

—V.-u=h IinQ
u=gp onlp
o(u,p)-ng=g9gy onln.

(3.3)

Here, u is the velocity field, p a Lagrange multiplier corresponding to the (hy-
drostatic) pressure in the incompressible limit and o (u, p) the hydrostatic stress
tensor of u defined by

o (U, p) = —plaxa +2ve(u),

where e(u) is given as in (3.2) and v > 0 is the (kinematic) viscosity. If 'y = 0,
the following compatibility condition has to be fulfilled:

/hdx+/ gp - Neds =0 (3.4)
Q Q2

In [34] the following regularity result was proved:

Theorem 3.2.1 Let @ c R? be a polygonal domain and m > 0. In addition, if
I'n = ¢, let (3.4) be satisfied. Then, there exists a weight vector 0 < Bin < 1
depending on the opening angles of 2 at the vertices Aj € SP(Q2,I'p, 'n), | =
1,2,..., M (cf. Section[1.2), such that for weight vectors g with Bin < 8 < 1
and for f e HM(@2 h e HIMN(@), gp € HE %2 (p)2 and gy <
H/;T“Ll/z’l/z(r‘,\l)2 the generalized Stokes problem admits a unique solution

(u, p) € HE"JFZ’Z(Q)2 X Hl;““’l(sz) and the a priori estimate

lull H/;n+2,2(9) + | pll Hg‘*l’l(gz)

+ ||gD||H/;n+3/2.3/2 (FN))

+ 121
(T'p) ||gN||H/;n+ /2,172

holds true. ,
Moreover, if f € 8(2)2, h € B3(Q), gp € B, (I'p)? gy € B4 (I'n)?,
then (u, p) £§(Q)2 X Jsg(sz).
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3.2.2 Regularity of Linear Elasticity Problems

A regularity result for linear elasticity problems in polygons has already been de-
veloped in [33, Theorem 5.2]. However, referring to the previous Theorem|3.2.1,
a more specific statement, which clarifies the regularity of the linear elasticity
problem in dependence on the Lamé coefficient A, can be proved.

Theorem 3.2.2 Let @ c R? be a polygon and m > 0. Then, there exists a
weight vector 0 < B,i,; < 1 depending on the opening angles of €2 at the vertices
Ai € SP(Q,T'p,I'n), 1 = 1,2,..., M, such that for weight vectors g8 with
Brin = B < 1and for

feHPf@?  gp e H o) gy e BT HIN% @36)

the linear elasticity problem (3.1) has a unique solution u € H£”+2’2(Q)2. In
addition, there exists a constant C > 0 independent of A such that the ensuing
estimate holds true:

” U” HEHZ’Z(Q) + |)‘| “v : U” HEHl’l(Q)

)
(3.7)

= C (” f ” HE"LO(Q) + ” gD” H/;n+3/2.3/2(1.,D)

+ lgnl Y242
B

Proof: As already mentioned above, the unique solution ugag Of the linear elas-
ticity problem (3.1) belongs to HI‘E,“*Z’Z(Q)2 ([33, Theorem 5.2]). Therefore, the
choice

h=—V-Uga € Hg‘“’l(Q)
leads to the following solution (u, p) of the generalized Stokes problem (3.3):
P =—AV - Udat
and
U = Ugast.
Hence, using (3.5) implies that
1Ullymiz2 gy + IMIV - Ullymiss g,

+ ||gD||H/;n+3/2.3/2 (FN)).

+ o1
(Tp) ”gN”H/;n-s- /2,1/2
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Thus, if [A| < 2C, it follows that

[[ul| H},"*Z’Z(Q) + AV - u||H};n+1,1(Q)
=< C”U”H;;Hz,z(m

= C (” f ” Hfr}n,O(Q) + ” gD” Hm+3/2,3/2
B

+ [lanll HEq+1/2.1/2(FN))

(I'p)

for a constant C independent of 1| € (0, 2C). In the last step, Theorem 5.2 in
[33] was applied.
Alternatively, if |A| > 2C, the term C||V - u|| HIH Q) in the right-hand side

of (3.8) may obviously be absorbed into the left-hand side. O

3.3 TheDiscontinuous Galerkin Method

3.3.1 Finite Element Spaces

In contrast to the previous Chapter 2, the finite element meshes considered here are
assumed to be regular and to consist of triangles only. Furthermore, the ensuing
analysis is restricted to the case of piecewise (discontinuous) linear functions, i.e.
the finite element spaces are given by

Vi ={uel?)?: ulk € P1(K)2 K e T}, (3.9)

where
P1(K) ={u(x,y)=ax+by+c: a,b,ceR}

is the space of all linear functions on the element K, K € 7.

3.3.2 Variational Formulation

The non-symmetric interior penalty discontinuous Galerkin finite element method
(NIPG) for the linear elasticity problem (3.1) is introduced.

Definition 3.3.1 (DGFEM) Find up € V, such that

Bn(un, v) = Ln(v) (3.10)
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for all v € Vy, where the bilinear form By, is given by

Bh(U, v) = Z/Ko(u):e(v)dx

KeT

_ Z /((a(u)) t[v] —[u]: {o(v)))ds

. L5 B e |
ecé&int,D

1

ecéint,D

and the corresponding linear functional Ly, is defined by

Lh(v):Z/Kf-vdX—l— . gy - vds
N

KeT

1
+/ (G(v)'nQ)'ngS+MZ —/gD-vdS.
I'p |e| e

eeé:
ecl'p

Here, |e| denotes the length of e € €.

The following norm is associated with the DGFEM:
lully=>_ ||€(U)||2|_2(K)+$ > |%'/Mzds, (3.11)
KeT & ocin b e
where

Maast = 2Min{u, ;1 + A}.

Remark 3.3.2 For all u € Vy, there holds that ("« 7 |u||241(K))1/2 < Cllullp,
where C > 0 is a constant independent of u and of h. A corresponding result may

be found in [13], where a discrete Korn inequality was proved.

3.3.3 Basic Properties

Proposition 3.3.3 (Consistency) If, for a weight vector 0 < 8 < 1, the exact
solution u of the linear elasticity problem (3.1) belongs to HE’Z(Q)Z, then the
DGFEM (3.10) is consistent:

Bh(u, v) = L(v) Yv € V. (3.12)

Proof: Using the integration by parts formula from Lemma the proof is
very similar as in the diffusion case (Proposition 2.3.2). a
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Proposition 3.3.4 (Coercivity) The bilinear form By, is coercive on V. More
precisely,
Bh(U, U) > Maasllullf

forallu € V.
Proof: For K € 7, let

1
€o(u) = €(u) — EV -Uloxo.

Then, there holds that
/ o(U) : e(u)dx
K

:Z/L/ e(u):e(u)dX-l—k/ |V-u|2dx
K K
1 1
=2M/K (eo(u)+§v-u12x2) : (eo(u)+§v-ulzxz) dx
+k/ IV - u2dx
K
zzu/ (eo(u):eo(u)+}|V-u|2) dx+)\/ IV - ul?dx
K 2 K

:Zu/ eo(u):eo(u)dx+(u+A)/ |V - ul?dx.
K K
Moreover, since

1 1
/Ke(u) ce(u)dx :/K (eo(u) + EV . ulzxz) : (eo(u) + EV . ulzxz) dx

1
=/ (eo(u) Ceo(U) + =|V - u|2> dx,
< 2
it follows that

/o(u):e(u)dx > mdast/ e€(U) : e(u)dx.
K K

Thus,
Bh(u,u)zmdastZ/e(u):e(u)dx-l-u > |e|_1/M:Mds
KeT K ec8int,b e
> Maast|Ullf-

The above result immediately implies:

Theorem 3.3.5 Let (3.6) hold for (at least) m = 0. Then, the DGFEM (3.10) has
a uniqgue solution up € V.
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3.4 Error Analysis

3.4.1 Interpolants

Proposition 3.4.1 Let K € 7 be a triangle with vertices Ay, Az, As. Then, for
each Bk € [0, 1) and for ®g, (X) = rﬁK = |x — A1|P, there exists an interpolant

7k 1 HEA(K)2 — P1(K)?
such that the following properties are satisfied:

a) /(u—nKu)ds:O, Ve € ék;
e

b) /(u—nKu)-neds:O, Ve € &k;
e

C) / V-(Uu—-—nagu)ydx =0.
K
Here, for e € &k, ne denotes the unit outward vector of K on e.

Proof: Foru € Hﬂz}’f(K)2 the interpolant mx u € P1(K)? is uniquely defined by

_ 1

Tk U(Xe) = —/uds, Ve € &k,
lel Je

where Xe denotes the midpoint of e € &x. Then, a) and b) follow directly from

this definition. c) results from b) and from Green’s formula:

/V-(u—nKu)dx: (U—7mKUu)-nygg ds =0.
K IK

O

Proposition 3.4.2 Foru € Hgf(K)Z, K € 7, the interpolant 7k u from Propo-
sition|3.4.1 satisfies the following estimates:

U = 7Ull 2oy +hiclu = kUl < Chic ™ Julyezg,  (313)
|U—7TKU|H§;<2(K) < |U|H§|’<2(K> (3.14)

and
IV =Wz, = Chic™ IV - Ul (3.15)
VU= Tk Wlyaag, = 1V Ul (3.16)

C > 0is a constant independent of hx and of u.
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Proof: Set U = u — x u. Then, since mxu € P1(K)2, there holds:
|U|H§|’(2(K) = |u|H§|'<2(K) and |V Ungl’(l(K) =|V. u|Hﬂl|'<l(K)'

Thus, applying Proposition/A.2.12 to U and Corollary/A.2.11 to V - U, completes
the proof. O

3.4.2  Stability

In a polygon 2 consider a finite element mesh 7 satisfying the conditions from
Section 1.3.1. Moreover, let 8 = (B1, ..., Bm) be a weight vector and ®g the
corresponding weight function as described in Section[1.2. Then, on V, define
the interpolant

My : HEA ()2 — Vi

by
[ly|ku=mgu, VK eT,

where x, K € 7 is the interpolant from Proposition 3.4.1.

Then, the DG-error e, = U — up, Where u is the exact solution of the lin-
ear elasticity problem (3.1) and up, is the solution of the DGFEM (3.10), can be
represented as follows:

en=UuU—Ilsu+TIIyu — up. (3.17)
N—_—— T
=)1 —

Remark 3.4.3 Since HZ?(2)2 ¢ €%()? (cf. Remark 1.2.2), u e HZ%()?

implies that
/mds =0
e

for all edges e € &int.

Proposition 3.4.5 shows that ||&||, is bounded by |»|ln. Therefore, the error
en = U—up of the DGFEM may be controlled by » only (as in the diffusion case).
In order to prove this, consider the following Lemma which will be useful for the
error analysis of the DGFEM.
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Lemma3.4.4 Letu € H 2()2. Then,

WY lemMfzqe + D Y o +12 > el Imlifze

KeT KeJ eeék ecéint,.b
eséint, D

< c{k?( 3 (@I, + ) + D0 hkInfeg

KeT KeT\ Ko

2-2
B Wz, ) + 22 (2019wl

KeXo KeT
2-2Bk
+ D MRIV g+ Y MV ’7|H/31K1(K)>}

KeT\ Ko KeXo
where n = u — I+ u.

Proof: Obviously,

> llemlZzq, < C D i,

KeT KeT

Furthermore, Lemma/1.3.2 ¢) and Remark(1.2.2 a) imply that

>, ||a(n>||fl(e)

KeJ eeég
ecéint, D
=C(12X Y lemIPig +22>0 D IV i)
KeJ eeék KeT eeék
ec8int. D es€int,D
2-2
<Cu®( D IValZep, + D Mkl + Y hy Pl zz(K))
KeT KeT\ Ko KeXo
+ ORIV g+ DRIV alg
KeT KeT\ Ko
2-2
+ Z h ﬂK|V "'Hll(K))
KeXo PK

Additionally, by the standard trace theorem (cf. [58, Theorem A.11], for example),
there holds

Sl tmltae <C D > lel M mlifee

eegint'D KEJ eegngu]t'D

<C > (lel2Imizq, + 1Valfak,)

ec8int,D
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<C Y (MEImlZ2, + Va2

ecé&int,D

Proposition 3.4.5 (Stability) Let the exact solution u of the linear elasticity prob-
lem (3.1) be in HE’Z(Q)Z for a weight vector 0 < B < 1. Then, there holds the
following stability estimate for the DGFEM (3.10)

IENI2 < CCLa(2(EY + EY + EY) + A%(E} + EX + Ed))

with
—2
EX =D (MCImlau, + i) E1= D IV mlfay,
KeT KeT
K eT\ KXo KeT\ KXo
2-2 2 2.2 2
By = ) hic ﬁKMlHZ’Z(K) E5= ) hi ﬁK|v'”|Hl,l(K),
KeXo N KeXo BK

where 5 and & are defined in (3.17), and where

2min{u, A
Cu,x=max{l,\/ Intje. i+ }}
o’

is bounded independently of » and i as . — oo. Moreover, C > 0 is a constant
independent of 1, A and of h.

Proof: Due to the consistency of the DGFEM (cf. Proposition|3.3.3), it holds that
Bn(§,§) = Bn(e—1n,§) = —Bn(». §).
Therefore, by Proposition(3.3.4,

Maasl|€]12 < —Bn(n, £). (3.18)
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Furthermore, using that V - & and o (£¢) are element-wise constant leads to
Brn.§) = 3 [ on: e(e)ox
Ker /K
- [domy:ig- s @nds
e

€€ &int,D

+uy |e|—1/m:@ds
e

ec8int,D

:2MZ/}<e(n):e(§)dX+)»ZV-S/KVﬂde

KeT KeT

= > ([tom)stgds @@ [ imcs)

ecint,D

+u Yy |e|—1/m:@ds.
e

ec8int,D

Applying Proposition 3.4.1 and Remark|(3.4.3 results in

Bh(n,S)=2uZAe<n>:e(£)dx— > /(a(n)):[s_]ds

e

KeT ec8int,D
+u Y |e|_1/m:[§_]ds
ec&int,p €
=1 —-114+11

By Holder’s inequality, there holds that

1= |ou Z/Kdm:e(s)dx\

Ke7

2 2 \Y? 2 \¥?
= (42 eIz, ) (D0 le®Za,)

Ker KeT

A bound for || is obtained as follows:

1< > [ o) lIE]lds

e
e€&int,D

< Y =@l () llLie

e€&int,D

<CY > lElelemlie.

KeT eeékNéint.p
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Furthermore, LemmalA.1.1 implies that
HE=C > > lel lEl 2@ llo Ml e

KeT ecékNéint.p

=c(¥X ¥ |e|—1||[§]||ﬁ2(e))l/2

KeT eck N&int,.b

(X lemit)”

KeT eeékNéint.p

_ Meast / M 1 2 Y2
=C = (o 2o el IE )

e€&int,D

(X lemit)”

KeT eeékNéint.p

Mg ast _ 2
DERYE = D DR e (11

e€&int,D

n - ”
(@ > lel g2z )

ec&int,D

Finally,

Summing up and using (3.18) yields
1
IEI7 < ——1Bn(n. &)
Mejast

1
< —— 1+ 1HH (0
Melast

<Cmax {1, [T gl - (17 3 leitag,

KeT
1/2
2 2 -1 2
3D el +u D e i )
KeT ec&k NEint.D ec&int,D

Applying Lemma 3.4.4 completes the proof immediately. O
A direct consequence of the above statement is the ensuing

Corollary 3.4.6 Let the assumptions of Proposition be satisfied. Moreover,
let E/and E}, i = 1, 2, 3, be defined as before. Then, the following a priori error
estimate holds true

lu — unllf < CCa(W?(EY + ES + EX) + 2%(E} + E5 + E3)).
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Here, u is the exact solution of (3.1), up, is the solution of the DGFEM (3.10) and
éu,x = max{ 2, n T mgag. Crnlks
where C,, ; is the constant from Proposition 3.4.5.

Remark 3.4.7 Obviously, the constant C,, ; from the above Corollary(3.4.6 loses
its dependence on A if A is sufficiently large, i.e.:

Ino(w) : Cux <Cu VYA > Ao,
where C,, is a constant independent of 1.
Proof : From the error splitting (3.17) it follows that

lellf < CAimliy + 1£17)
SC(ZHG(T?)”ZLz(K)—Fé > |e|—1/|m|2ds+||s||ﬁ)
e

KeT ec8int,bD

- -1,-1
<C maX{,LL 2, 17 1me|85t} (C”é‘”EZ(K)

+ 12> e Ezq, + 12 Y |e|—1/|m|2ds).
e

KeT ecéint,.p

Thus, using Lemma3.4.4 and inserting the stability bound from Proposition 3.4.5
completes the proof. O

3.4.3 Optimal Convergence of the DGFEM

The mesh refinement strategies from Section 2.5/ (graded meshes), which lead to
optimal algebraic convergence rates for the DGFEM for diffusion problems, are
also applicable to the DGFEM presented in this chapter. More precisely, it will
be proved here that for u € HZ’Z(Q)Z, where u denotes the exact solution of the
linear elasticity problem (3.1), the following error bound may be obtained:

lu— uplln < CN~72 (3.19)

In addition, the convergence is robust, i.e. the constant C in (3.19) is independent
of the Lamé coefficient A as A — oo. This is typically not true for conform-
ing finite element methods whose convergence regime usually deteriorates sub-
stantially for nearly incompressible materials (cf. Section 3.5 and the numerical
experiments there).
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Theorem 3.4.8 (Robust Optimal Convergence) Let the exact solution u of (3.1)
belong to H§’2(Q)2 for a weight vector 0 < B < 1. Moreover, let 7, with
1 > y > B be a graded mesh as introduced in Definition 2.5.1/(for p = 1). Then,
for the solution uy, of the h DGFEM (3.10), there holds the following optimal
algebraic error estimate:

lu — Upllh < CCL N~V

Here, N = dim(Vy), GIM is the constant from Corollary 3.4.6/ (independent of A
asA — oo)and C > 0isaconstant independent of N and of the Lamé coefficients

wand A.

Proof: Let Iy, be the global interpolant from Section 3.4.2, i.e.

7|k =7k, KeT,

where 7k is the interpolant from Proposition Referring to Corollary 3.4.6
yields the following error bound for the DGFEM:

2
lu — unll
~ 2 -2 2 2
= CCM,)\.{M ( Z (hK lu _7TKU|||_2(K) + [u _7TKU|H1(K))
KeT),
2 2 2-2Bk 2
+ Z hi lU — 7k Ul{z ) + Z hk |u—nKu|H§,2(K)>
K &7\ Ko KeXo :
+22( 31V = mwliZ,
KeTy
+ ) hRIV- U= Wi,
K ey \ Ko
2-2
+ 30 IV - )
KeKo Pk

Moreover, inserting the estimates from Proposition 3.4.2|results in

2
U — unll;

~ X 5 2-28K |12
§CC,M{M ( Z hiclulta) + Z nk K|u|H,§'2(K))
KeTy\Ko KeXo K

2 2 2 2-28k 2
+)\ ( Z hK|V'u|Hl(K)+ Z hK |V.U|H;’1(K)>}
K &7\ Ko K eXo :
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=CCui( Y MR (kAR + 22V - Ulng)
K &7\ Ko

2-2
30 M (10 AV U ).
KeXo K

Furthermore, from the definition of the graded meshes (Definition|2.5.1) it follows
that

(3.20)

lu — unllj
<CC,M( 3 / r2% (u2|D2ul? + 22 DYV - u)[2) dx
K eT,\ Ko
22ﬁ YK\2—2BK (2.2 2
30 N (sup ) (w0 s + 221 ”|H;K1<K)))
KeKo

Forall K € Kqthere holds rk (X) < hk VX € K. Hence,
hk < Chg, sup ri® < Chg hi,
xeK

and therefore .

hg < Chl K,
This implies that
YK BK
sup ¢ < Chi < Chy " < Chy .
xeK
Thus,
lu— unllf
§CC~:,Mh2 Z / r2 (2| D2u)? + A2 DYV - w)|?) dx
KeT,\Ko
2
T Z H |U|H§K2(K)+)‘ V- ulHﬁlKl(K)))
KeKo
§C6,Mh2 Z /cpz(u |D?u|? + A2 DX(V - u)|?) dx
KeTy\ Ko
2
£ (B0, + 0 Ul )
KeKo K

<0G, ([ @huiD?up+32DM - wi?) dx

+ Z 12luf? 22 +A2|V U| 11 ))

(K)
KeKo ﬂK
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S h2 (12112 2 2
= CCM,)\hTy (,bL |U|H§K2(Q) +A |V . ulH;-Kl(Q))
Finally, by Lemma2.5.6, i.e.
hy, <CN v,
and with the aid of Theorem the proof is complete. O

Remark 3.4.9 On uniform meshes 7, it holds:

h h L VK € T,
Jy K m y-.
Therefore, (3.20) directly implies that, even if y = 0, the DGFEM still converges

independently of . and A. However, due to the occurrence of the term hf{zﬁK,

the rate of convergence is not anymore optimal for 8 > 0.

Remark 3.4.10 The DGFEM above is closely related to non-conforming meth-
ods of Crouzeix-Raviart type. In 1992, S. C. Brenner, L. Sung [14] already
showed that these schemes are locking-free even for p = 1. However, their results
are based on the assumption that the displacements are H2 regular, and therefore,
the case of non-convex polygons is in general not covered by that work. Neverthe-
less, applying the regularity results and the mesh refinement strategies presented
in this chapter (Theorem 3.2.2, Theorem [3.4.8), it can be proved that the conver-
gence statements in [14] are extensible to the case where the exact solutions of the
elasticity problems exhibit corner singularities.

3.5 Numerical Results

The aim of this section is to confirm the theoretical results with some numerical
examples. More precisely, it will be shown that, even if the exact solutions of
the corresponding problems are singular, the convergence rate of the DGFEM on
graded meshes remains of order @ (N ~2), as expected. Moreover, the robustness
of the method against volume locking will be illustrated.

3.5.1 L-shaped Domain
Model Problem

Let 2 be the polygonal domain with vertices

A1=(0,0,A2=(-1,-1),A3=(1,-1), As=(1,1), As = (—1,1).
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Figure 3.1: Polygonal domain €2.

Note, that the origin @ = (0, 0) is a reentrant corner of 2 (cf. Figure[3.1). Then,
consider the following model problem

—V.ou) = 0 in

U = gp on I'p=0Q. (3.21)

Here, gp := ulry, Where u is the exact solution of (3.21) given by its polar
coordinates

ur(r,0) :%r“(—(a + 1)cos((a + 1)) + (C2 — (x¢ + 1))Cqcos((a — 1)6)),
Ug(r, 9) :%r“((a + 1) sin((x +1)0) + (C2 + o — 1)Cysin((a — 1)0)).

Above, o & 0.544484 is the solution of the equation
a Sin(2w) + sinwa) =0
with w = 37/4, and
_ _ Ccos((er + 1)a))’ C,— 200 + Zpd).
cos((ax — Dw) A+
Robust Optimal Convergence Rates on Graded Meshes

A few calculations show that the exact solution u of the model problem (3.21) is
in HZ(2)2 with B = (£1,0,0,0,0) forall 1 > f; > 1 — a ~ 0.455516. Thus,
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Figure3.2: Graded mesh with refine- Figure3.3: Uniform mesh (i.e. graded mesh
ment  towards the  origin with y = (0,0, 0, 0, 0)).
(7 = (1/25 07 05 07 0))

in order to obtain the optimal convergence rate, a graded mesh with refinement
towards the origin must be used for the numerical simulations.
The first picture of Figure|3.4 shows the errors of the DGFEM for

A € {1, 100, 500, 1000, 5000} (u = 1)

in the energy norm

1
2 2 -1 2
Ul = 3 ez + e 2 el [ uif s

KeT ec8int,D

on a graded mesh with grading vector y = (1/2,0, 0, 0, 0) (cf. Figure 3.2). Ob-
viously, the convergence rate of the DGFEM is already almost optimal for ap-
proximately 5000 degrees of freedom (~ 800 elements). Moreover, the expected
robustness of the DGFEM with respect to the Lamé coefficient A is clearly visible
(the lines for A > 100 almost coincide).

In the second picture of Figure 3.4 the energy error of the DGFEM on a uni-
form mesh (i.e. y = (0,0,0,0,0)) is presented. Although the DGFEM still
converges robustly, the optimal convergence rate is not anymore achieved (cf. Re-
mark 3.4.9) and the use of graded meshes is justified.

In addition, the L2 errors for the computations above are shown in Figure
3.5/ Again, the performance of the DGFEM on a uniform mesh is notably worse.
However, the convergence rate of the L2 error seems to be twice as high as of the
energy error.

Volume Locking

Figure [3.6/shows that the standard (i.e. conforming) finite element method does
not converge independently of A. Although the asymptotic rate of convergence is
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DGFEM on graded mesh
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Figure 3.4: Performance of the DGFEM on the L -shaped domain with y = (1/2, 0, 0, 0, 0) (graded

mesh) and with y = 0 (uniform mesh).
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Figure 3.5: Performance of the DGFEM on the L -shaped domain with y = (1/2, 0, 0, 0, 0) (graded

mesh) and with y = 0 (uniform mesh).
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Standard FEM on graded mesh Standard FEM on graded mesh
T T

bsolute L? error
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Figure 3.6: Performance of the conforming FEM on the L -shaped domainwithy = (1/2,0, 0, 0, 0)
(graded mesh).

optimal on graded meshes, the onset of the errors’ decay is remarkably retarded
for . — oo. This non-robustness of the convergence rate with respect to A is
widely known as *volume locking” which, in contrast to the DGFEM, seems to be
unavoidable for low-order standard h FEM in the primal variables.

3.5.2 Unit Square

Consider the following problem on € = (0, 1)2:

—V-.-ou) =0 in Q
o (3.22)
u = ( D ) on I'p=9Q

with 2 i
1 _J1-4x=Y2)7 if(x,y) €(0,1) x {1},
9o" (. y) = { 0 else.

Due to Theorem [3.2.2, the exact solution of this problem belongs to H?(2)2.
Therefore, referring to the numerical analysis above, no mesh refinement is re-
quired for the DGFEM to converge optimally. The computational (uniform) mesh
is shown in Figure 3.7. Additionally, the results for different choices of A are pre-
sented (Figures|3.8-3.11). In contrast to the DGFEM, the standard FEM shows
clear evidence of locking.
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Figure 3.7: Computational mesh.
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Figure 3.8: Standard FEM / DGFEM for A = 100.
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Figure 3.10: Standard FEM / DGFEM for A = 1000.
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Chapter 4

Mixed hp DGFEM for Stokes
Problems

4.1 Problem Formulation

Let @ c RR? be a polygonal domain with I'p = I' = 32 (cf. Section[1.1). The
Stokes problem is to find a velocity field u and a pressure p such that

—Au+Vp="Ff inQ
V.u=0 inQ 4.1)
u=g ona.

Here, the right-hand side f € H~1(Q)? is an exterior body force, and g €
HY2(52)2 a prescribed Dirichlet datum satisfying the compatibility condition

g-ngds =0. (4.2)
082

Due to the continuous inf-sup condition, the Stokes system (4.1) has a unique
solution (u, p) in H}(22)? x L3() (see, e.g., [15, 29] for details). Here,

L3(Q) = {u e L2(Q) : / udx = o}.
Q

4.2 Regularity
A regularity result for (4.1), follows directly from Theorem 3.2.1.

Theorem 4.2.1 Let Q c R? be a polygonal domain. Then, there exists a weight
vector 0 < B,in < 1 depending on the opening angles at the vertices A; €
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SP(Q,Ip,I'n), i =1,2,..., M (cf. Section[1.2), such that for weight vectors g
with Bin < B < 1 and for

fesl(@2  geB0Q)° (4.3)
the Stokes problem (4.1) has a unique solution

(U, p) € BF(Q)? x BF(Q). (4.4)

4.3 Discontinuous Galerkin Discretization

In this section, a mixed discontinuous Galerkin finite element method for the
Stokes problem is introduced, and, using the recent results in [56], the well-
posedness of the scheme is recalled.

4.3.1 Mixed DGFEM

Given a mesh 7 and a degree vector p = {pk}, pk > 1, K € 7, the Stokes
problem is approximated by finite element functions (un, pn) € Vh x Qn, where

Vih={veLl?()?: vk € @p(K)? K e T},
Qnh=1{d e L3 : qlk € @pc—1(K), KeT}.

Here, @ (K) denotes the space of all polynomials of degree at most p > 0 in
each variable on K. In addition, for further reference, the following space is
introduced:

Qnh=1{q e L) :qlk € @Qp-1(K), K e T}.

Definition 4.3.1 (Mixed DGFEM) Find (up, pn) € Vh x Qp such that

An(Un,v)  + Bnh(v,pn) = Fn(v)

4.5

—Bn(un, 9) = Gh(@) (4.5)

for all (v,q) € Vi x Qn. The forms An and By, are discontinuous Galerkin
forms that discretize the Laplace operator and the incompressibility constraint,
respectively, with corresponding right-hand sides F,, and Gp. These forms are
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given by
An(u, v) = Z/ vu : Vvdx—/(Vv [u]l 4 (Vu) : [v]) ds
KeT
/d[u [v]ds,
Bh(v,q) = — /qv vdx+/( )y [v]ds, (4.6)
KeT

Fh(v):/ f-vdx—/(g@n):Vvds—i-/dg-vds,
Q € r

Gh(Q)=—/qg'nd3-
r

Here, d € L°°(&) is the discontinuity stabilization function from (2.8) with w > 0.

Remark 4.3.2 Lemma/1.3.2 implies that the forms Ap and By, are well-defined
when inserting the exact solution (u, p) satisfying (4.4). Similarly, F, and G, are
well-defined due to (4.3).

Remark 4.3.3 The form Ap corresponds to the symmetric interior penalty dis-
cretization (SIPG) of the Laplace operator; see [3] and [56], where the presen-
tation and analysis of several different DG methods were unified for diffusion
problems and the Stokes system, respectively.

The results presented in this chapter hold true verbatim for all the mixed dis-
continuous Galerkin methods investigated in [56].

4.3.2 Well-posedness

Well-posedness of the discrete system (4.5) was established in [56]. Indeed, by
introducing the space V (h) = Vi + H1(2)2, endowed with the broken norm

2
2 2 p 2
vl = E IIVvIILz(K)-i-/g FIMI ds, veV(h),

KeT
the forms Ay and By are continuous on Vi, and Qp, that is
|Ah(v, w)| < Cllv|nllwllh, Vv, w € Vi
|Bn(v, @)| < CllvllnllallL2(q). Vv € Vh, Yq € Qn,

with continuity constants C > 0 independent of h and p. Furthermore, there
exists a parameter wmin > 0 independent of h and p such that for any @ > wmin
there is a coercivity constant C > 0 independent of h and p with

An(v,v) > C|v|2, Vv e Vp.
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Henceforth, assume that w > wpin.
Finally, for px > 2, the following discrete inf-sup condition for the finite

element spaces V and Qp holds true:
Bh(v,
in _ 5@ gt
0£4€Qh oxvevy, 1VIINIA L2

with a constant C > 0 that is independent of h and p.
The above properties of the forms Ay and By, imply the well-posedness of the

system (4.5).

4.3.3 Basic Error Estimates

The following abstract error bounds were obtained in [56, Sect. 3 and 4]. Let
(u, p) be the exact solution of the Stokes system and (up, pn) the discontinuous
Galerkin approximation (4.5). Then there holds

lu — unlln
|Rh(U, p; v)|
<C |nf u—w h+|nf I + sup ———
I inf Ju—w] P —dllieg + sup = =)
4.7)
as well as
P — PnllL2@)
IRn(U, p; v)]
= Clpl( inf 1P —AllLag) + inf lIu—wlin+ sup === ),
P ( P L) veVp ”v”h )
(4.8)

where the constants C > 0 are independent of h and p. In the above estimates
(4.7) and (4.8), the term Ry (u, p; v) is a residual term which results from the
nonconformity of the DG method. It will be defined and investigated next. To do
so, consider the auxiliary space

Thi= {1 e LAQ)P?: 1|k € @p (K)P*?, K e T ).

Moreover, introduce the lifting operators £ : V(h) — Xy, as well as M :
V (h) — Qn given by

/ L) : rdx_/ [v] : (T) ds, Yt € Xy,
/ M(v)qu—/[v] Vg € Qn.

The residual can be expressed as follows:
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Lemma4.3.4 Let f € Bg(Q)Z. For all test functions v € V, there holds

Rh(u,p;v):Z/K(Vu—pl):Vvdx—Z/KVU:QE(v)dx

Ke7 KeT

+/ pM(v)dx—/ f.vdx.
Q Q

4.4 Error Analysis

This section is dedicated to an error analysis of the DGFEM valid for piecewise
analytic solutions.

4.4.1 The Residual

For smooth solutions, the residual expression in Lemma 4.3.4 has been shown to
be optimally convergent in [56]. For solutions satisfying the regularity assumption
(4.4) a more careful investigation is required.

Lemma 4.4.1 Assume and (4.4). Let P : L%(Q)*>?2 — Th and P :
L3(2) — Qp denote the L2-projections onto Xy, and Qp, respectively. Then,
there holds

Rh(u, p; v)=/8 (Vu— P(Vu)) :mdS—/8 (p—P(p))[v]ds

forall v € Vp.

Proof : First note that, by definition of the lifting operators,

Z/ Vu: L) dx = Z/ P(Vu):£(v)dx:/ (P(VW) : [v]ds
K —JK &

KeT Ke7

and
/DM(v)dX=/ P(D)M(v)dX=/ (P(p)) [v]ds.
Q Q &

Furthermore, integrating by parts (cf. Lemma |/A.2.3) the expression in Lemma
4.3.4 over each element K € 7 results in

Rn(u, p; v)
:/(—Au—i—Vp— f)-vdx—i—Z/ (Vu—pl): (v®nk)ds
Q = Jok

KeT

—/8(P(Vu)>:[v]ds+/8(P(p)) [v]ds.
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Note that all the integrals above are well-defined thanks to Lemmal1.3.2, (4.3) and
(4.4). Elementary manipulations then show that

3y (Vu—pl): (»®ng)ds
oK

KeT

= [Vu—pl]-(v)ds+/(Vu—pl):mds.

&int &

Application of Lemma/|1.3.4 implies

Z/ (Vu—pl):(v@nK)ds:/ (Vu):mds—/ (p) [v]ds.
—~ JoK & &

KeT

Combining the above results and observing that —Au 4+ Vp = f in Hg’O(Q)Z,
yields the assertion. B O

R may be bounded in the following way:

Lemma 4.4.2 Assume (4.3) and (4.4). For v € Vy, the following estimate is
satisfied,

IRh(U, p; v)| < Cllvlln(lu —wlln + 1P — dllL2(e)
+‘/ (Vu—Vw):Mds—/ (p —q) [v]ds|,
& &
forany (w,q) € Vi x Qn.

Proof: Let (w,q) € Vh x Qp be arbitrary. From the result in Lemma 4.4.1
and since the L2-projections reproduce polynomials in X1, and Qp, respectively,
it follows that

Rh(u, p;v) = / (Vu—Vw — P(Vu — Vw)) : [v]ds
&

- [p-a-PE-anmis.
&
The term T with the L2-projections may be bounded by

Tl = \/@<P<Vu—Vw>>:mds—/€<P<p—q>>[v]ds\

[A

h h 1/2
Clivln Y | (—Eu P(Vu = V)22, + —5 IP(P — q>||ﬁz(aK))
Keg FK Pk

Cllvlln(IP(Vu = Vw) | 2y + IP(P — Dl 20)
Clivlln(lu— win+ 1P — all L2q))-

A IA
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Here, the Cauchy-Schwarz inequality, the definition of h and of p, the fact that
I[v]|2 < |[v]|% the discrete trace inequality Lemma A.1.2/and the stability of the

L 2-projections were used. The triangle inequality completes the proof. O

4.4.2 Error Estimates

To obtain the ensuing result, the bounds (4.7) and (4.8) have to be combined with
the estimates in Lemma|4.4.2,

Theorem 4.4.3 Let the exact solution (u, p) of the Stokes system satisfy (4.4).
In addition, let (un, pn) be the discontinuous Galerkin approximation (4.5) with
pk > 2, forall K € 7. Then, for any (w, q) € Vi x Qp, there holds

Iu = Unlln + 1P — PnllL2) < CIpI® (E1+ E2+ Es),

where

2 2 -2 2 ~2
Ef = ) (lu = wlFa g, +hcllu = wiiae, + 1P = Tll2)

Keg
2 2 2 ~12
EF = ) hR(lu—wlfz, + 1P~ Tlf)-

K eT\ Ko

2(1-Bk) 2 ~ 2
E2 = h u— — )
s = 2 M e 1P =Bl
0

The constant C > 0 is independent of h and of p.

Proof: Let w € Vi, § € Qn be arbitrary. Setq =G — & [ Gdx € Qn. Then,
the bounds from (4.7), (4.8) and Lemmal/4.4.2 yield

[u—=Unlln + 1P = PnllL2g)

|[En(U —w, p—q; v)|
< CIp?(lu—wln+1Ip—allL2q + Sup :
( LT v]ln )

(4.9)

with Ey, given by

Eh(u—w,p—q;v):/

(Vu—Vuw) : [v]ds —/ (p—q)[v]ds.
€ 3

In the following, the right-hand side of (4.9) is estimated in terms of {E; }i3:1.
First, using the mesh properties (1.8), (1.9), and the standard trace inequality

lolZ20k, < C (N TolEz, + K lolfng,). Yo € HY(K),
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yields
p?
lu—wlf=> lu- lel(K)+/ [u — w]*ds
KeT

=Clpl (Z U= whig +C > hidlu _“’“fz(aK)) 410
KeT KeT (4.10)

<CIpP Y (llu—wlfay, + Iu—wifsy, )
KeTg

< CIplEZ.

Next, since [, pdx = [, qdx =0, it follows

Ip=alize = [p—a 1217 [ (p—Dax

L2()
<P —Tlizg + IQI‘l/Z/Q Ip— @l dx (4.12)
<2[lp —TllL2)

< 2E1.
Moreover,
Enu—w p—qiol = Y [((Vu— V)1l +1(p—a) (sl ds
ecé
< > [((Vu=Vw)[+|(p—a)Dlw]lds
ece V€
< ZII U]||L°°(e)/(| (Vu—Vw)|+[(p—q)])ds.
ecé
Applying the inverse inequality from LemmalA.1.1lyields
Il = NI o < inieTuu VP12 < 5"1‘*_'“[1)]”&(6)

Therefore, using the shape regularity of the mesh it follows that
|En(Uu—w, p—Qq; v)|

p
=¢ ZHﬁ L2e) /<l (Vu—Vw)|+[{p—a)hds
ecé
2 1/2 "
=C (/g %IMIZdS) ( Z IVu— Vw||f1(aK) +llp— Q||2|_1(3K)>

KeT

1/2
< Clolin (32 1V0 = Vw1 = alPay,)

KeT
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In addition, the third assertion in Lemma|1.3.2 implies that

|[En(U —w, p —q; v)
[vlln

<C(( Y (u=whge, + 1P —aliZe, )

KeT
KeT\Xo
1/2
2-2fk 2 2
30 (U= ol F 1Pl ))
KeXo K K

Finally, applying (4.11) and using the fact V(q — @) = O results in

|[En(U —w, p —q; v)]

vl
gc(Ef + 3 hE(u—wlizg + 10— Gl )
K eT\ Ko
2-2p 2 ~2 Y2
T2 M (U= whiae 1P - qmgg(m))
KeXog
<C(E1+ E2+ Eg),
(4.12)
for all v € V. Combining (4.10)—(4.12) with (4.9) completes the proof. O

4.5 Exponential Rates of Convergence

The aim of this section is to show that the error estimates in Theorem 4.4.3 are
exponentially convergent on geometric meshes.

Theorem 4.5.1 Assume that the exact solution (u, p) of the Stokes equations sat-
isfies with Bmin < B < 1. Let (up, pn) € Vh x Qn be the hp DGFEM
approximation (4.5) on geometric meshes 7y, (cf. Definition 2.6.3). Then there
exists uo = wo(o, B) > 0 such that for linear polynomial degree vectors p with
slope u > o (cf. Definition2.6.4) there holds the error estimate

3
lu—Unlln + 1P — Prll 2 < Ce YN

with constants C, b > 0 independent of N = dim(V ) ~ dim(Qp).



78 Chapter 4. Mixed hp DGFEM for Stokes Problems

Proof: The proof consists of two steps.

Step 1: Consider first the case where © = (0, 1)2 and Tho = Ane IS the
basic geometric mesh from Definition[2.6.1. From [55, Proposition 27] and [32]
or Lemmal2.5.2| there exist 11 € Qo(K11) and wq1 € @1(K11)? such that

o2 2-2p 512 2n(1- 2
1P — Gaall L2(K11) + hK11 Hlp - q11|H/:3L1 (K1) < Co™™ IBKM)| PIY 11
11

Hg, (K1)
and
—2 0 2 _ 2 2=2Bkyy | 2
hallu —walifzge ) + U — w0k, U w11|H2.2 Keo)
K11
2n(1-pky,)
<Co 1 |u .
| |H§K2 (K1)

Moreover, for Kjj € Kin there are qjj @y, -1(Kij) and wij € (,‘2|[,K”_(Kij)2
such that

lp— Q|J|||_2(K)+h|<”|p q'l|H1(K,)

<Co 2+2-)(A-P;; )F(kK” ) +1)( ) | ”2 431

and
-2 2 12
hKn”“_“"J”B(Ku)H” “"J|H1(K )+hKu|“ Wij b2k

2n42-)(a-p) I Kii; —Sij +1)

<Co (—) ull? s,
- Tk +sij —D\2 ” ”HgKli*j”(Ki,-)

foranyl <i <3,2<j=<n+1landsj €[, kg;]. Here, 0 = max(l, A-0)/s).
This was proved, e.g., in [55, Sect. 5.2] in all details. Referring to Theorem 4.4.3
implies that

lu=unlf + 1P = PrliZzq, < CoPar) (Wit (u, p)

3 n+l
22—t ﬂKij) ij 1] (g) JlIJSJ+ .S+ y )
+§JZ=26 T (ki +sij — 1) \2 Pkij P

(4.13)

where

W, p) = ulmz, + 10130
Bk H/;“K (K) Hg (K)

In [5, 31] or [58, Sect. 4.5.3] it was shown that there exist sjj, 1 < i < 3,2 <
j <n+1and o > 0such that, for linear polynomial degree distributions as in
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Definition 2.6.4/with slope 1« > o, the right-hand side of (4.13) is exponentially
small with respect to N. More precisely, there holds:

) —bIN
lu—Unlln + 1P — pnll 25y < Ce .

Step 2: A generalization of the above result to arbitrary polygon domains €2 is
obtained as described in the proof of Proposition|2.6.5. a
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Appendix

A.1l Inverselnequalities

LemmaA.1l.l Let | = (a,b) be a bounded interval and h = b —a. Then, for
everyu € Pp(l) = {ux) =P paix' : @ e R,i=1,2..., p}itholds that
8\ Ya
luli=ay <2(7) " P lulliag) 1=q < oo
A proof of this result may be found in [47].

Lemma A.1.2 Let K € 7 be an element in a finite element mesh 7, i.e. there
exists an affine mapping Fx with K = Fx (K), where K is either the reference
triangle or the reference square (cf. Section|1.3.1). Furthermore, letu € 2p, (K),
pk > 1. Then, there exists a constant C > 0 independent of u, px and and of hk
such that the trace inequality

Pk
lull 2 < C—=|lull_2 (A1)
L2(3K) \/W L<(K)

holds true.

Proof: The statement follows directly from [58, Theorem 4.76] and a standard
scaling argument. a

A.2 Auxiliary Resultsin Weighted Sobolev Spaces

Without further specifications, all elements in the present Section are denoted by
K and are assumed to be triangles with vertices A1, Ay, A3 satisfying the prop-
erties from Section 1.3.1. Additionally, suppose that the weight function from
Section[1.2 is given by

Pp(x) =[x — A)P =P,

with 8 € [0, 1).
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A.2.1 Integration by Parts Formulas

In the following, nk denotes the unit outward vector on dK. Exemplarily, the
proof of the first lemma will be given in full details. The other statements may
then be proved in a completely similar way.

LemmaA.2.1 Letu e Hé’l(K)2 and v € CL(K). Then, the following integra-
tion by parts formula holds true

/vV-udx: (u-nK)vds—/u-Vvdx.
K IK K

Proof : First of all, note that all the integrals above are well-defined due to Lemma
1.3.2 and the fact that V - u € HJ*°(K). Furthermore, since €>(K) is dense in

Hz(K), there exists a sequence {Un}nen € € (K)2 with up — u in HZ *(K)2.
Clearly,

/ vV -updx = (un-nK)vds—/ Up - Vodx
K oK K
for all n € N. Lemmal1.3.2/implies that

/ vV - (U—updx
K

< CllvllLec )yl V - (U — Un)“Hg.o(K)
< Cllvllumqollu = Unll g
and

< [IVullzikyllu — Unll 2k

‘/(u—un)-Vvdx
K

Furthermore, again with Lemma|(1.3.2,

=< [IVullL 2 llu — Un||H/23L1(K)-

(U—Up) - Nuds < |[v]lLek)llU — Unll 1K)
K

< CllvllLegak)llu — UnllHﬁl,l(K)-
Passing to the limits finishes the proof. a
LemmaA.2.2 Letu € Hﬁl’l(K)2 and v € C1(K)2. Then, there holds

/a(u):e(v)dx: (a(u)-nK)-vdS—/(V-a(u))-vdx,
K aK K

where € and ¢ are the tensor fields from Section(3.1.
LemmaA.2.3 Lett € Hﬁl’l(K)2X2 and v € C1(K)2. Then, it holds that

/(V-r)-vdx:/ r:(v®n|<)ds—/ 7 :Vvdx.
K IK K
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A.2.2 Trace Inequalities
The following two Lemmas hold true for triangles as well as for quadrilaterals.
Lemma A.2.4 Lete € &k be an edge of K. Then, there holds:

i) ifu € H2(K) and u = 0 at the vertices of K, then the trace ule € H1(e)
and
U316 < Chi Uiz, (A2)

IUllf2e < ChR UL ); (A3)

i) ifue Hﬂz’z(K), 0 < B < 1,and u = 0 at the vertices of K, then

1-28

2 2
U = O lulfz (A4)
2 3-28, 2
||U|||_2(e) < Chk |u|H§*2(K)’ (A.5)
if € does not contain the vertex Aj.
Proof: The proof of this lemma may be found in [58, Lemma 4.55]. a

A.2.3 Compactness
Proposition A.2.5 The embedding Hg’l(K) c L?(K) is compact.

In order to prove this Proposition, the following two lemmas are required.

Lemma A.2.6 Letu e Hﬂl’l(K). Then, there exists a constant C = C(B) > 0
such that

282, 2 2
/K X[ utdx < CllUl 22
Proof: The proof follows directly from [58, Lemma 4.18]. a

Lemma A.2.7 Letu e Hﬂl’l(K). Then, rfu e H1(K).

Proof : Set v = rfu. Then,

X
Dlv =8 (y)rﬁ‘zu +rfD,
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and thus
IDY? < C(r??~2u? 4+ r? D).

With the aid of LemmalA.2.6]| this results in

”U”aqK)::”rﬂU”EqK)+‘”D1U”EqK)EEC”U”ié%KY

|

Remark A.2.8 In general, u € HY(K) does not imply r—Pu ¢ Hé’l(K). A
counter-example is given b%/ u(x) = 1. However, it may be proved easily that for
allu e HY(K), rPu e Hﬁ;rls(K) forall e € (0,1 — B).

Proof: (Proposition/A.2.5) The case B = 0 is already covered by Rellich’s Theo-
rem. Therefore, suppose that g > 0.

Let {uj}{Z, be a bounded sequence in Hg’l(K). Then, due to the previous
LemmalA.2.7, {rfu i }Til is a bounded sequence in H1(K). Since H1(K) is com-
pactly embedded in LY(K) for all t € [1, 00), there exists 7 € LY(K) and a
convergent subsequence {rfuj};- such that

_ j/—o0
IrPuj — Ly — O.
Now, putting T = r A% implies that

1Tl L2y = IF POl L2k

—28=-2,Y2
= Ir 29 /3

—28Y2 —2,1Y2
=< I 2100 19212 o,

_ 1 _ 1
< e 500 195 1 5
= C”v”LZS/(K)’

where
IYs+1lYs =1 and B <sB <1

Thus, T € L2(K). In the same way it follows that

j/—o0

luj =Tl 2y < ClIrPujr =l 25, — O

Hence, {uj-}j converges in L2(K). O
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A.2.4 Poincaré Inequalities

Theorem A.2.9 Let
A HyY(K) — R

be a continuous, linear operator with
ker A N {u = constant} = {0}. (A.6)
Then, the inequality
Iull2ky = C(|U|H131,1(K) + |Aul) (A7)
holds true.
Proof: (By contradiction) If (A.7) was false, there would exist a sequence

{uj)s2y € Hyt(K)

such that
IUjllL2ky =1 Vi,
and .
j—o0
|Uj|H;.1(K)—I—|AUj| — 0. (A.8)

Due to the previous Proposition|/A.2.5, there exists a subsequence {uj/}j and U €
L2(K) such that
_ '~
lujr — Tl o) —> 0.
By (A.8) it follows that {u;} is a Cauchy sequence in Hz*(K) and hence {rfu;}
is Cauchy in H(K):

Irf @y —u) gk < Cllujr — uk/||Hﬁl,1(K) (cf. Lemma/A.2.7).

Therefore, there exists 7 € H1(K) with

j/—00

||rﬂUj/ — v”Hl(K) — 0.
Thus, T = r —#7. Moreover, for all ¢ € (0, 1 — B), there holds

R — Bt D P Py — )12
Uy =0 o, = PR uj = )l

< ClIrP* P rfup — vl + 1 PIDY Uy 0D IEa

< Clr*=Hrfupy — vl + rf DY Puy — 0)IIE 2k,

<C (/ r#=2rfu; — 52dx + | DY(rPu; —U)||f2(K)).
K
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Applying LemmalA.2.6]yields

R < T
luj U|H1,1

- 1By _ (2
L (k) < C(|Ir"uj U||H€l’l(K)+ D™ (r"uj U)|||_2(K))

j/—o0

=112
< ClIrfuj = vllf, — 0.

Hence,
j/—o0

|U|Hé’+lg(K) <|u-— uj/|H;’+1£(K) + C|Uj/|Hﬂ1,1(K) — 0,
and therefore, U is constant on K. Furthermore,
|AU| < [AUj/| + [AU —Uj)|
< CQAU+ T = Upll ) =0,
and thus, by (A.6), U = 0 on K, in contrast to
10l 2y = jJLmOO lujllLziky = 1.

|

Corollary A.2.10 (1% Poincaré Inequality) Lete € &k be an edge of K. Then,
there holds that

Hu —% eu ds)

< Ch}{ﬁ|u|Hﬁl,1( (A.9)

LZ(K) K)

forallu e Hﬂl’l(K).

Proof: Foru € Hﬂl’l(K), let

Au:/uds.
e

Then, by Lemma[1.32, 4 : Hz*(K) — R is continuous, and inserting u —
é feu ds into (A.7) completes the proof. O

Corollary A.2.11 (2" Poincaré Inequality) For all u € H;’l(K) and for all
K c K with fK dx > 0 the following inequality holds true:

Hu—i udx‘ (A.10)

IKT /K

1-8
L2k) = Chic “Ulypae):
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Proof: Set

1
AU :=T/ udx.
K| JK

AUl < [lullLyky = CllullLzk) = CIIUIIH;A(K

Then,
X
Hence, 4 : H;’l(K) — R is continuous and, inserting u — ﬁ fk“ udx into (A.7)

finishes the proof immediately. O

Proposition A.2.12 Let u € HZ?(K)2 Then, there exists a constant C > 0
independent of u and of hk such that

2
2 2
iz, = € (0 + 3 | [uas])
ecék e

8
holds true.
Proof: The proof is very similar to the proof of [58, Lemma 4.16]. a

Proposition A.2.13 Let 7 be a finite element mesh on a polygon 2 (with I'p C
082, frD ds > 0) as in Section and un € Vh, where Vj is a finite element
space as in (2.7). Then, there holds the following inequality

lunliZzgy = C (D0 IVUnIZz00, + - IVIUnlIZz ).

KeT ec8int,p

where C > 0 is a constant independent of h and of p, and d is the discontinuity
stabilization function from (2.8).

Remark A.2.14 The above Proposition is a generalization of [1, Lemma 2.1],
where a broken Poincaré inequality on convex polygons was proved.

Proof: (Proposition A.2.13) Due to Theorem [5, Theorem 2.1], there exists w €
HE’Z(Q), where B depends on the opening angles at the vertices of €2, such that

—Aw=uUp INQ
w=0 onlp
Vw-ng=0 only,

and
lwllyzzq) < Cllunllz). (A11)
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Therefore,

2
Itz == 3 [ unswdx

KeT
:Z/Vw-Vuhdx—Z/ (Vw - N )up ds
KeT K KeT K
:Z/Vw-Vuhdx— Z /Vw-[uh]ds.
KeT K ecéint.p e

Applying Lemma/1.3.2 ¢c) and Lemma/A.1.1 results in

||uh||25c(2||Vuh||Lz<K)||Vw||Lz(K>+ > ||[uh]||Loo<e>/|Vw|ds)
e

KeT ec8int,D

= (3 IVunll o IVl zk,

KeT

£ WAl Vel )

KeT ecéint. pNéK

= (3 IVunll o IVl zk,

KeT
Y Mwllzzg, o IVl
KeT K ec&int, DNEK
1/2
2 2
= Cllwll 220 (D IVURIZ2g, + Do IVaLUnIZ2(e))

KeT ec&int,D

Using (A.11) and dividing both sides by [|unl| 2o, completes the proof. O
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