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Abstract

The objective of this thesis is the analysis and eventually the control of two different
types of populations of systems: populations of rational agents and populations of bi-
ological systems. The main challenge for both types of populations lies in their large
scale, which makes traditional single-system modeling and control methods computa-
tionally intractable and architecturally unfeasible. To overcome these difficulties, we
exploit global control signals that affect the whole population and are designed based on
aggregate information only.

More in detail, in the first part of the thesis we consider the problem of coordinat-
ing multi-user systems. The main challenge for this type of populations is that most
of today’s multi-user networks are large scale, with lack of access to local information
and consist of users with diverse requirements. Consequently, traditional distributed
optimization methods, that focus on a unique control objective and typically assume
that the users are cooperative, cannot be applied. On the other hand, a new distributed
control paradigm, where the infrastructure is kept simple and the agents make their
decisions independently (“selfishly”) is emerging. This new framework motivates the
interaction of control with game theory: control actions must in fact include economic
notions related to markets and incentives. In the first part of the thesis, we propose
a framework to implement this new paradigm in a scalable way by exploiting the ag-
gregative nature of many multi-user systems of practical interest, as demand-response
markets or social and traffic networks, to name just a few. Specifically, we derive control
schemes, either decentralized or distributed, that can be used to coordinate very large
populations of agents to a Nash equilibrium, that is, to a stable configuration where no
agent has incentive to unilaterally change its strategy.

In the second part of the thesis we focus on populations of biological systems. Specif-
ically, we consider populations of cells whose internal state is determined by a series of
stochastic reactions whose rate can be influenced by an external control signal, applied
to the whole population. The most prominent examples are gene expression reaction
networks, which are responsible for the fundamental operations of any living organism,
and whose rate can be influenced by means of light or concentration signals. In contrast
to the previous part of the thesis, biochemical reaction networks are natural systems
(instead of technological ones) and therefore are usually unknown and affected by high
levels of noise. Our main concern is the analysis and modeling of such systems. Recent
technological advancements have enabled researchers to observe populations with thou-



sands of cells and have accurate recordings of the internal state of large samples over
time. These samples can be used to derive accurate statistics not only of the average
state of the cells in the population but also of higher order moments (as for example the
variance). As first result we propose a systematic procedure to infer a model of the un-
known population by exploiting the available external control signals and the population
measurements just described. Secondly, we use the identified model to study the range
of behaviors that such controlled stochastic biochemical reaction networks can exhibit
under different choices of the available control input. These are in fact the first two
fundamental steps needed to understand these systems and consequently be able to use
them, either as part of synthetic circuits or integrated in live organisms, for example for
drug synthesis or targeted medicine. Our theoretical results are validated with in-vivo
experiments on a light-inducible gene expression system.
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Sommario

Questa tesi si occupa di tematiche riguardanti ’analisi e il controllo di due differenti tipi
di popolazioni di sistemi: popolazioni di agenti razionali e popolazioni di sistemi biologici.
In entrambi i casi le popolazioni considerate sono composte da un numero molto elevato
di sistemi, pertanto tradizionali tecniche di controllo, basate su modelli specifici per ogni
singolo sistema, non sono né computazionalmente né tecnologicamente implementabili.
Per superare queste difficolta, nella tesi viene suggerito 'utilizzo di un unico segnale di
controllo che influenza l'intera popolazione ed e basato solo su informazioni aggregate.

Pit nel dettaglio, la prima parte della tesi considera il coordinamento di sistemi multi-
agente. Tali popolazioni sono solitamente caratterizzate da un elevato numero di agenti
con obbiettivi differenti e da una limitata disponibilita di informazioni locali, che sono
per la maggior parte private. Pertanto tradizionali metodi di ottimizzazione distribuita,
nei quali viene considerato un solo obbiettivo e gli agenti sono tipicamente cooperativi,
non possono essere utilizzati per il controllo di tali popolazioni. In contrapposizione
sta emergendo un nuovo paradigma di controllo distribuito, nato dall’interazione tra la
teoria dei giochi e del controllo, secondo il quale 'azione di controllo deve essere es-
ercitata tramite incentivi e prezzi a cui i singoli agenti reagiscono indipendentemente
(egoisticamente). La prima parte della tesi suggerisce come implementare questo nuovo
paradigma, per grandi popolazioni, sfruttando la natura aggregativa della maggior parte
dei sistemi multi-agente di interesse. Alcuni esempi di applicazione sono gestione della
domanda in mercati energetici, controllo di reti di interazione sociale o direzione del
traffico stradale. Nello specifico, il contributo di questa tesi e lo sviluppo di schemi di
controllo, decentralizzato o distribuito, che possono essere utilizzati per coordinare gli
agenti verso un equilibrio di Nash, ovvero verso una configurazione stabile di strate-
gie, nella quale nessun agente e incentivato a modificare il suo comportamento dato il
comportamento del resto della popolazione.

La seconda parte della tesi considera popolazioni di cellule il cui stato e determinato
da una serie di reazioni chimiche stocastiche. Nello specifico, particolare attenzione e
riservata a reti di reazioni la cui frequenza dipende da un segnale di controllo esterno, co-
mune a tutta la popolazione. Come principale esempio il lettore puo considerare le reti di
espressione genica: queste reti sono alla base del funzionamento di ogni cellula e possono
essere influenzate tramite stimoli luminosi o chimici. Contrariamente alla prima parte
della tesi, i sistemi di reazioni biochimiche sono sistemi naturali (invece che tecnologici)
le cui dinamiche sono perlopiu sconosciute e solitamente affette da rumore. Il principale
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obbiettivo per tali popolazioni e pertanto ’analisi e I'identificazione di modelli matem-
atici, che possono essere usati per descrivere tali sistemi. Grazie a recenti avanzamenti
tecnologici ¢ possibile osservare popolazioni composte da migliaia di cellule e ottenere di
conseguenza statistiche accurate non solo del comportamento medio della popolazione,
ma anche di momenti di ordine superiore (come ad esempio la varianza). Il primo ob-
biettivo di questa parte della tesi e proporre una procedura per l'identificazione e la
calibrazione sistematica di modelli matematici di reti biochimiche, sfruttando i segnali
di controllo a disposizione e le misure di popolazione sopra descritte. 11 secondo obbiet-
tivo e quello di utilizzare i modelli identificati per analizzare i possibili comportamenti
della popolazione in risposta a diversi stimoli esterni. Questi sono infatti i primi due
passi necessari per la comprensione delle reti biochimiche controllate e quindi per il loro
utilizzo, sia come parte di circuiti sintetici sia integrati in organismi viventi, per esempio
per la sintesi di nuovi farmaci o nello sviluppo di cure personalizzate. I risultati teorici
di questa tesi sono affiancati da risultati sperimentali relativi ad una rete di espressione
genica sintetica implementata in cellule di lievito.
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CHAPTER ]. .

Overview

The last decade has witnessed a shift in research interest from the analysis of single
systems, usually described in great detail, to the study of large populations of inter-
connected systems. This change of perspective is motivated by the emergence of a vast
range of applications where complex behaviors can only be explained as the aggregate
emergent behavior of a collection of many simple systems. Within this thesis we focus
on two types of such populations.

In the first part of the thesis, we consider populations of rational agents satisfying
two fundamental assumptions. Firstly, we suppose that the agents are egoistic in the
sense that their objective is to select, among a set of feasible strategies, the one that
maximizes their profit. Secondly, we assume that the agents have a collective influence
on each other, so that the well being of an agent (and consequently its best strategy)
depends on an aggregate of the strategies of the rest of the population (e.g., the average).

In the second part of the thesis, we consider populations of biological systems. In this
case, we assume that the individual systems are cells whose internal state is governed
by the same network of stochastic reactions. Each cell can therefore be seen as an
independent realization of a common, usually unknown, stochastic process.

The main challenge in the analysis of both types of populations is their size, which
could be of the order of thousands of systems making traditional single-system ap-
proaches unfeasible. Our objective is thus to provide a mathematical framework that
can be used to concisely and tractably describe and eventually control these large popu-
lations of systems. The fundamental assumption that we make, to guarantee scalability
of the proposed methods, is that we cannot design personalized control signals for each
system in the population. Instead, we rely on global control signals, that are designed
based on aggregate information only and affect the whole population. These global sig-
nals could be common incentives broadcast by a central operator, in the case of rational
agents, or external signals applied to the environment, in the case of biological systems.
In the case of population of rational agents we additionally investigate distributed con-
trol algorithms that require only local communications among the agents over a sparse
network.



1.1 Outline and contributions

In the following we report a general overview of the material presented in the thesis.
We refer to Chapter 2 and Chapter 6 for a detailed introduction, literature review and
outline specific to populations of rational agents and biological systems, respectively.

1.1.1 Part I: populations of rational agents

To describe populations of rational agents satisfying the two assumptions mentioned
above, we use the setting of aggregative games which we introduce in Chapter 2. Specif-
ically, we focus on two classes of aggregative games that appear often in applications:
average aggregative games in which the cost function of each agent depends on the av-
erage of the strategies of the whole population and network aggregative games in which
the cost function of each agent depends on a convex combination of the strategies of its
neighbors in a given network. Our main objective, for both types of games, is to propose
scalable algorithms that the agents can use to update their strategies, in response to
the strategies of the rest of the population, and that guarantee convergence to a Nash
equilibrium (see Definition 2.1). We refer to this task as the coordination problem. In
Chapter 3 we review the mathematical tools needed to derive our theoretical results. All
the statements contained therein are known except for the technical result detailed in
Theorem 3.3.12. The main contributions of the first part of the thesis are in Chapter 4
and 5:

1. In Chapter 4, we suggest different types of algorithms (both decentralized and
distributed) that solve the coordination problem for populations of myopic agents,
that is, agents that update their strategies by solving the profit-maximization prob-
lem at every step. To the best of our knowledge these are the only algorithms avail-
able in the literature to coordinate populations of myopic agents playing aggrega-
tive games, with multidimensional and heterogeneously constrained strategies.

2. In Chapter 5, we review different types of algorithms that have been proposed
in the literature to solve the coordination problem for populations of boundedly
rational agents, that is, agents that update their strategies by taking a gradient step
of the profit-maximization problem instead of computing the maximizer. We then
propose an extension of these algorithms that can be used to solve the coordination
problem for populations of boundedly rational agents in the presence of coupling
constraints (i.e. for generalized Nash problems as in Definition 5.2).
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1.1.2 Part II: populations of biological systems

In the second part of the thesis we focus on populations of identical stochastic biochem-
ical reaction networks. In this case, the population behavior can be described by using
the so-called chemical master equation (CME). This is an infinite dimensional ordinary
differential equation that describes the evolution of the probability that any cell in the
population is in a given state over time. Solving the CME is in general very difficult.
Consequently, we review in Chapter 6 two approaches that have been proposed in the lit-
erature to approximate it: the finite state projection method and the moments equations.
The main contributions of the second part of the thesis are as follows:

1. In Chapter 8, we characterize the range of possible behaviors of stochastic biochem-
ical reaction networks when the rate of (some of) the reactions can be controlled
by an external signal. To this end, we propose to apply the tools of reachability
analysis, typical of control theory, to the system of moments equations approximat-
ing the CME. From a theoretical perspective, we extend the hyperplane method,
originally introduced in [GK91] for linear systems, to switched affine systems. We
also extend the finite state projection algorithm proposed in [MKO06] to the case of
controlled reaction networks.

2. In Chapter 7, we review some results on parameter inference and experiment de-
sign and we combine them to propose an iterative characterization procedure to
systematically identify biochemical reaction networks from population data. In
Chapter 9 we demonstrate the utility of the proposed procedure by applying it to
an in vivo light inducible circuit implemented in yeast. To the best of our knowl-
edge this is the first study where parameter inference and experiment design have
been systematically applied to characterize a stochastic biochemical network from
population data.

1.2 Publications

The research of this thesis is interdisciplinary and was performed in close collaboration
with other theorists and experimentalists. In the following, we provide a list of publica-
tions, underlying the results of this work. The symbol * denotes equal contribution.

1.2.1 Part I: populations of rational agents

The decentralized coordination algorithm for myopic agents proposed in Section 4.2 and
its application to plug-in electric vehicles were developed in collaboration with M. Colom-
bino, S. Grammatico and J. Lygeros and were published in:

3



— F. Parise, M. Colombino, S. Grammatico and J. Lygeros. “Mean field constrained
charging policy for large populations of plug-in electric vehicles”, in Proceedings
of the IEEE Conference on Decision and Control (CDC), Los Angeles, CA, USA,
Dec 2014, pp. 5101-5106. [PCGL14]

— F. Parise, S. Grammatico and J. Lygeros. “On constrained mean field control for
large populations of heterogeneous agents: Decentralized convergence to Nash equi-
libria”, in Proceedings of the European Control Conference (ECC), Linz, Austria,
Jun 2015, pp. 3316-3321. [PGCL15]

— S. Grammatico®, F. Parise*, M. Colombino* and J. Lygeros. “Decentralized con-
vergence to Nash equilibria in constrained deterministic mean field control”. IEEE
Transaction on Automatic Control, accepted as full paper, to appear Nov. 2016.
Arxiv: http://arxiv.org/abs/1410.4421. [GPCL16]

The distributed coordination algorithms for myopic agents proposed in Section 4.3 and
4.4 and their applications to opinion dynamics and hierarchical demand response were
developed in collaboration with S. Grammatico, B. Gentile and J. Lygeros and were
published in:

— F. Parise, S. Grammatico, B. Gentile and J. Lygeros. “Network aggregative games
and distributed mean field control via consensus theory”.
Arxiv: http://arxiv.org/abs/1506.07719. [PGGLI15b]

— F. Parise, B. Gentile, S. Grammatico and J. Lygeros. “Network aggregative games:
Distributed convergence to Nash equilibria”, in Proceedings of the IEEE Confer-
ence on Decision and Control (CDC), Osaka, Japan, Dec 2015, pp. 2295-2300.
[PGGL15a]

The decentralized coordination algorithm for boundedly rational agents with coupling
constraints proposed in Section 5.3 was developed in collaboration with B. Gentile, D.
Paccagnan, M. Kamgarpour and J. Lygeros and was published in:

— D. Paccagnan®, B. Gentile*, F. Parise*, M. Kamgarpour and J. Lygeros. “Dis-
tributed computation of generalized Nash equilibria in aggregative games with

coupling constraints”. Accepted to IEEE Conference on Decision and Control
(CDC), Las Vegas, CA, USA, Dec 2016. [PPGT16]

— B. Gentile*, F. Parise*, D. Paccagnan®, M. Kamgarpour and J. Lygeros. “Nash
and Wardrop equilibria in aggregative games with coupling constraints”. ArXiv:
https://arxiv.org/abs/1702.08789. [GPPT17]
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1.2.2 Part II: populations of biological systems

The methods presented in Chapter 8 were developed in collaboration with M.E. Valcher
and J. Lygeros and were published in a series of papers:

— F. Parise, M.E. Valcher and J. Lygeros. “On the reachable set of the controlled
gene expression system”, in Proceedings of the IEEE Conference on Decision and

Control (CDC), Los Angeles, CA, USA, Dec 2014, pp. 4597-4604. [PVL14]

— F. Parise, M.E. Valcher and J. Lygeros. “On the use of hyperplane methods to
compute the reachable set of controlled stochastic biochemical reaction networks”,
in Proceedings of the IEEE Conference on Decision and Control (CDC), Osaka,
Japan, Dec 2015, pp. 1259-1264. [PVL15]

— F. Parise, M.E. Valcher and J. Lygeros. “Reachability analysis for switched affine
autonomous systems and its application to controlled stochastic biochemical reac-
tion networks”. Accepted to IEEE Conference on Decision and Control (CDC),
Las Vegas, CA, USA, Dec 2016. [PVL16]

The characterization procedure proposed in Chapter 7 and the experimental results
described in Chapter 9 were carried out in collaboration with J. Ruess, A. Milias-Argeitis,
M. Khammash and J. Lygeros and were published in:

— J. Ruess*, F. Parise*, A. Milias-Argeitis, M. Khammash and J. Lygeros. “Iterative
experiment design guides the characterization of a light-inducible gene expression
circuit”. Proceedings of the National Academy of Sciences of the USA (PNAS),
vol. 112, no. 26, pp. 8148-8153, 2015. [RPMA™15]

1.2.3 Other publications

The following articles were published by the author during her doctoral studies but are
not featured in this dissertation.

Further developments and applications of the presented methods

— S. Grammatico, B. Gentile, F. Parise and J. Lygeros. “A mean field control ap-
proach for demand side management of large populations of thermostatically con-
trolled loads”, in Proceedings of the European Control Conference (ECC), Linz,
Austria, Jun 2015, pp. 3548-3553. [GGPL15]

— S. Grammatico, F. Parise and J. Lygeros. “Constrained linear quadratic deter-
ministic mean field control: Decentralized convergence to Nash equilibria in large
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populations of heterogeneous agents”, in Proceedings of the IEEE Conference on
Decision and Control (CDC), Osaka, Japan, Dec 2015, pp. 4412-4417. [GPL15]

— L. Moller, B. Gentile, F. Parise, S. Grammatico and J. Lygeros. “Constrained
deterministic leader-follower mean field control”, in Proceedings of the American
Control Conference (ACC), Boston, MA, USA, Jul 2016. [MGP*16]

Identification of biological and ecological systems

— F. Parise, J. Lygeros and J. Ruess. “Bayesian inference for stochastic individual-
based models of ecological systems: A pest control simulation study”. Frontiers in
Environmental Science, vol. 3, no. 42, 2015. [PLR15]

— F. Parise, J. Ruess and J. Lygeros. “Grey-box techniques for the identification
of a controlled gene expression model”, in Proceedings of the Furopean Control
Conference (ECC), Strasbourg, France, Jun 2014, pp. 1498-1503. [PRL14]

Identification of a model for the tide in Venice

— F. Parise and G. Picci. “System identification for tide prediction in the Vene-
tian lagoon”, in Proceedings of the European Control Conference (ECC), Zurich,
Switzerland, Jul 2013, pp. 2994-2999. [PP13]

— F. Parise and G. Picci. “Identification of high tide models in the Venetian lagoon:
Variable selection and G-LASSO”, in Proceedings of the IFAC World Congress,
Cape Town, South Africa, Aug 2014, pp. 10385-10390. [PP14]



Part 1

Populations of rational agents:
Aggregative games






CHAPTER 2 .

Introduction

In the first part of the thesis we focus on populations of rational agents that are egoistic,
profit maximizing and have a collective influence on each other. Some examples of
applications are as follows.

— FEnergy markets: as a result of the introduction of renewable and distributed power
generation, energy supply is becoming more and more unpredictable. To compen-
sate for such uncertainty and to guarantee the required balance between energy
demand and production, it has been suggested to regulate the energy consumption
by shifting the demand of flexible loads (demand response) or by adjusting the
price of the energy based on the instantaneous energy demand (dynamic pricing).
Such real-time coupling of supply and demand requires the development of new
control architectures that are able to coordinate the energy needs of large pop-

ulations of consumers, by means of a distributed and hierarchical infrastructure
[MCH13, CLLV14, BB14, KMC12].

— FEconomics: as exemplified by the recent financial crisis, the fit net of inter-
linkages that connects major and minor financial institutions makes the current
economy highly complex and to a large extent unpredictable. Local intercon-
nections among the agents allow shocks to propagate and amplify, potentially
affecting the whole economic system. As stated in a number of investigations
[AGO0, FPR0O0, AOTS15], the study of distributed models that can describe, and
eventually predict, these highly complex phenomena is of paramount importance
for the safe regulation of the economic system. The use of game theoretical mod-
els to describe competitive behavior in economics has a long standing tradition,
starting from the renowned Cournot model.

— Opinion dynamics: with the establishment of social media as a major commu-
nication channel, the study of opinion formation in social networks is becoming
more and more relevant for interpreting crowd behavior and social trends. Since
the seminal work of De Groot [DeG74], many researchers have derived models
that can explain how phenomena as consensus, polarization or fragmentation can
emerge when people are repeatedly updating their opinions by communicating one
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with each other [HK02]. These models can be used to study the effect of ru-
mors [AO11, For05], advertisement [MJB14] or innovation diffusion mechanisms
[AOY11], and can have substantial repercussions on strategies for product market-
ing, political campaigning or online advertising pricing.

— Traffic: interactions among agents may arise from the use of a common resource
or infrastructure. The classical example is a road transportation network in which
the travel time of each agent, from its origin to destination, depends on the number
of players that are on the road at the same time. These type of models can be
mathematically described by congestion games [Ros73]. While the learning dynam-
ics and equilibria properties of these systems have been characterized, the control
problem of how to intervene on the system in order to reduce the price of anarchy
(e.g. tragedy of the commons) is still a challenging question [Rou05, JT04].

— Medicine: It is well known that cells influence one with each other, both via short
and long range interactions [WB05]. Modeling and possibly controlling these net-
works of interactions could have a huge effect on the way traditional medicine is
understood. In [DPK™15], for example, it is shown how the quorum sensing mecha-
nism, used by cells to sense the population density, can be employed to detect liver
cancer at very early stages. In a much larger scale, models of human interaction
networks can also be used to study the spread of diseases, thus opening the possibil-
ities for the design of more efficient prevention and vaccination campaigns [NPP16].

Even though quite disparate, all the applications previously described have two main
features in common:

- Property 1: they involve very large populations of agents that have a collective
influence one on each other and are egoistic in the sense that each agent aims at
achieving a desired objective, regardless of the interest of the other agents (e.g.,
minimize its energy bill, select the best opinion, maximize the profit or the cell
growth, reduce infection or travel time, etc.).

- Property 2: the state of each agent depends on the aggregate effect of the state of
the other players, rather than on one-to-one interactions. For example, in energy
markets the price is determined by the overall energy consumption, in traffic the
congestion level depends on the total number of cars and in economics the well-
being of a firm depends on the overall state of the interacting firms.

The main objective of the first part of the thesis is to present a framework that can
be used to describe and eventually control these types of systems. Specifically, we aim at
exploiting the aggregative nature of these applications to derive coordination algorithms
that are distributed and scalable, allowing for the analysis and control of very large
populations.
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2.1 The aggregative game framework

The standard setting to describe populations of agents that, as detailed in Property 1,
influence each other and are profit-maximizing is the one of non-cooperative game theory.
Among the vast class of non-cooperative games, according to Property 2, we focus on
games played by a population of N € N agents, that satisfy the following fundamental
assumption.

Aggregative game: each player i € Z[1, N| is not subject to one-to-one interac-
tions, but is influenced only by an aggregate o’ of the other players strategies (i.e.,
the aggregate strategies of a possibly agent-dependent subset of the population).

Mathematically, an aggregative game is a game G in which each agent aims at selecting
a strategy/action x* € R" that belongs to the set of admissible strategies X* C R" and
minimizes a given cost function Ji(-,-) : R"™ x R" — R, according to the following
optimization problem

rl (7" :=arg min  J'(2', 0" (1))

G= wieRn , Vi=1,...,N, (2.1)
st. e X"
where x := [21;...; 2] € RV is the vector composed by the strategies of the whole

population and z7* = [z1;.. ;2" L 2N € RVDT s the vector of all the
strategies except for z'. The key feature of aggregative games is that the cost of each
player is a function of 2 arguments, J*(s1, s3), where s; is always the strategy of player
i, 51 = ', and s, is a, possibly agent-specific, function of the strategies of the whole
population s, = ¢(x), which could depend on z' as well. In generic games, on the
other hand, the cost function of player ¢ is a function of N arguments, that we denote
as Ji(z',...,2N) or for brevity J¢(z?,z~%), with slight abuse of notation'. Note that a
strategy is an n-dimensional vector with real entries, that is 2 € R"™. The best strategy
that a player ¢ can play, when the strategies of the other players are fixed to 27, is called
in game theory the best response (BR) and is here denoted by z{ (z~*). Note that in
aggregative games, the best response depends on the strategies 7% of the other players
only via the aggregate quantity o’(x). For example, in dynamic pricing, the electricity

N

cost is proportional to the overall energy demand, so that o(x) = >°.", 2/ =: o(z) for

IThe notation J(z?, %) : R” x RN =" 1 R should not be confused with J%(z7, s5) : R” x R" = R,
in fact 7% € RV=D7 while s, € R™. In the thesis, the symbol .J is used to denote the cost function of
a generic game, while J is reserved for aggregative games, that is for games with the structure given in
(2.1). We finally stress the fact that the cost function of player ¢ is thus obtained as the composition of
the function J(s, s2) : R™ x R" — R with s; = 2' € R” and s = o'(z) : RV — R™.
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all i € Z[1,N]. In the following, we refer to the mapping o?(-) : R — R" as the
aggregator function.

A set of strategies in which each agent is playing the best response to the strategies
of the other players is called a Nash equilibrium and has the fundamental property that
no agent can benefit from unilaterally changing its strategy.

Definition 2.1 (Nash equilibrium (NE)). Given N cost functions {J* : R"xR" — R}¥ 1
N aggregator functions {o" : R¥N™ — R"}N | and ¢ > 0, a set of strategies {T' € X’}izl
is an e-Nash equilibrium for (2.1) if, for all i € Z[1, N], it holds

J(z',0'(%)) < min J' (8, 0'([Z};.. ;2% 2N])) + e

zeXl
If the above inequality holds for € = 0 then {z' € X’}f;l is a Nash equilibrium.

Under mild assumptions on the constraint sets, cost and aggregator functions, it is
possible to show that the aggregative game (2.1) admits at least a Nash equilibrium.

Proposition 2.1.1 (Existence of a Nash equilibrium). Assume that for each agent
i € Z[1,N] the constraint set X' is conver and compact and the cost function z*
Ji(x*, 0% (x)) is convex and continuously differentiable in x' for each x~*. Assume that
fi(z) =V J'(z', 0" (x)) is continuous in x. Then the aggregative game in (2.1) admits

at least one Nash equilibrium.

Proof. This is a sub case of the more general Proposition 5.1.2. We report here a
proof for completeness. Let us start with an equivalent characterization of the Nash
equilibria. A set of strategies {7}, is a Nash equilibrium if and only if, for each
i € Z[1,N], ' € argmingicy: J' (2%, o([z%;.. ;2% ...;Z"])). Since for each i € Z[1, N]
and for each 7% the function z* — J¥(z*,0%(z)) is convex, by the minimum principle
[SPFP10, Eq. (5) and (15)] we can equivalently state that {Z'}, is a Nash equilibrium
if and only if ' = My (z' — f(z)) for each i € Z[1, N] or, in compact form, if and
only if z = lly1, wa~(T — f(Z)), where IIy(-) denotes the projection operator onto ).
The projection operator onto a convex and compact set is continuous. Therefore the
function x — Iy1, xnv(z — f(x)) is a composition of continuous functions and it is
itself continuous. Moreover, it takes value in the convex and compact set X! x ... x XV,
Consequently, by [Sma74, Theorem 4.1.5(b)] (see also Section 3.2.1) it admits at least
a fixed point z which is then a Nash equilibrium. O]

In the rest of the thesis we focus on the two following types of aggregative games.

2.1.1 Average aggregative games (AAG)

In an average aggregative game G) each agent has the same aggregator function,

(AA
which coincides Wlth the average ( the sum) of the strategies of the population. Math-
o

ematically, o'(z) = + Zi:l x (x). Examples of average aggregative games arise for
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instance in demand-response applications, where the agents are coupled via the cost of
electricity or in traffic applications, where the travel time depends on the total amount
of cars driving on a given street.

2.1.2 Network aggregative games (NAG)

Network aggregative games (NAGs) are an extension of average aggregative games to
games in which the agents interact through a network (Fig. 2.1). Contrary to AAGs, in
NAGs each agent has a different aggregator function that is obtained as an agent specific
convex combination of the players strategies, o'(x) := Zjvzl P,;z? where Zjvzl P; =1
The agent-specific coefficient P;; € [0,1] denotes the relevance of the strategy of agent
j to agent i, P;; = 0 implying no influence. The matrix P € R¥*N whose components
are the weights P;;, is known in graph theory as the weighted adjacency matrix of the
network. The set of agents N = {j € Z[1,N] | P;; # 0} is the set of neighbors of
agent ¢. Without loss of generality we assume that the weights are normalized so that

N
Zj:l Py =1

Figure 2.1: Scheme of a network aggregative game.

The framework of NAGs can be used to model for example opinion dynamics, eco-
nomics or resource allocation problems.

2.2 Problem statement

One of the main challenges in aggregative games, and games in general, is to characterize
and eventually control the evolution of the players strategies when the game is repeated
iteratively, that is, when the agents are allowed to iteratively modify their strategies in
response to the current population state. Algorithm 1 illustrates the general algorithmic
structure that we consider in the thesis: at each iteration k£ the agents synchronously
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update their belief sz) on the aggregate state aék), by either communicating with their
neighbors or with a central operator, and consequently update their strategy xzk 1)

Algorithm 1: Coordination Scheme in Aggregative Games

Initialization: Set £ = 0. Each agent 7 has initial state xéo).

Iterate:
Communication

Each agent receives an aggregate information, aék), on the state of the population
either by communicating with the neighbors or with a central operator;

Estimation

Based on the received information each agent produces a local estimate
2y = Pw) <al®, sz_1)> of the aggregate state o' (z));

Strategy update

Each agent updates its strategy: xékﬂ) =T (a:ék), zék)) :

A fundamental property of Algorithm 1 is that the strategy updates are executed
locally by each agent, based only on the most recent information received from the
neighbors or from the central operator. This is a mandatory requirement for all the ap-
plications described above: for privacy reasons agents may not be willing to share their
local constraints with a central coordinator, for security reasons distributed algorithms
are more reliable than centralized solutions and finally, for computational reasons, they
are preferable in applications involving very large populations.

The scheme summarized in Algorithm 1 can be interpreted in two different ways.
The iterations & could be repetitions of the game over time?. For example, in opinion
dynamics the agents change their opinion over time by communicating more than once
with their friends or, in traffic applications, agents learn their best route from home to
work by repeating the coordination game day after day. On the other hand, in tech-
nological applications these iterations could be implemented before the game begins to
coordinate the agents to a set of strategies of interest. The game is then played once
and every agent plays only the strategy obtained at convergence of the algorithm. For
example, in demand response, Algorithm 1 could be implemented remotely to coordinate
the charging schedule of a fleet of electric vehicles for the following day.

2This concept should not be confused with the game theoretical concept of repeated games. Here, in
fact, the objective of each agent is to find a Nash equilibrium of the single stage game given in (2.1). In
other words, we assume that the agents do not take into account the impact of their current actions on
the future actions of other players.
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In both cases, our objective is to solve the following coordination problem.

Coordination problem: Given the game primitives and given the information
structure, select the estimates and strategies update laws (®() and I'(y)) such that
the set of strategies {x’(k)}fil converges to a Nash equilibrium.

2.2.1 Myopic versus boundedly rational agents

According to the set of admissible strategies update laws I'(;) we distinguish two classes
of coordination problems.

— Case of myopic agents: in many games the type of strategy update law used
by the agents is fixed a priori (i.e. cannot be decided by the system operator).
Consequently, the only degree of freedom that can be exploited to solve the coordi-
nation problem is the design of the estimate update law. To model such cases, we
consider a scenario in which the agents are myopic and they select as next strategy,
at every step of Algorithm 1, the one that minimizes their cost, given their current
estimate of the state of the population. This type of agent behaviour is referred to
as “best response” and has been hypothesized to be descriptive of the real agent
behaviour in many studies® [GM91, Mat92, HCW98]. Mathematically, the best
response corresponds to the strategy update law

T{jy1) = arg II}él/{/ll J' (@' o' (zxy)). (2.2)
Note that to evaluate (2.2) the agents need to know the real aggregate state o (z)).
Since such requirement is unrealistic in large population games, we assume instead
that the agents use the alternative strategy update law

Ty = arg min (o, 2fy)), (2.3)

3As mentioned in the previous section Algorithm 1 can be interpreted in two different ways. In the
first case the iterations k are repetitions of the game over time: in this case the assumption of myopic
agents is natural in the sense that agents have an incentive to best respond at every step, since their
action at each step is actually implemented. In the second case, on the other hand, the iterations k
are implemented before the game begins to coordinate the agents strategies. In this case there is less
incentive for an agent to play the best response at each iteration, as the only action that is actually
implemented is the one reached at convergence. Nonetheless, best response behaviour could be induced
if the algorithm is stopped by the central operator after a random number of iterations. In other words,
if the agents do not know when the iterations will stop (and hence when is that the strategy that
they report will actually be implemented) then they have an incentive in correctly reporting their best
response at every step.
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which we refer to as the optimal response mapping (see also Section 4.1). Note
that in (2.3) the agents evaluate their cost function using as second argument an
estimate sz) € R™ instead of the real aggregate state o’ (), as this is in general
unknown. The design of good estimate update laws is the focus of Chapter 4. In
the case with central operator, we are going to impose that such estimates are the
same for every agent, so that zék) = 2z € R" for all i € Z[1, N]. Consequently, the
signal z() can be seen as an incentive broadcast by the central operator and the
proposed coordination scheme can be thought of as an incentive design scheme.

Case of boundedly rational agents: For the purpose of solving the coordination
problem, fixing the update law to the optimal response given in (2.3) is quite
restrictive. Moreover, in applications where the agents have limited computation
capabilities, solving an optimization problem at each algorithmic step may not
be feasible. Consequently, in Chapter 5, we relax this constraint and consider
coordination problems where the choice of the strategy update law is normative
instead of descriptive (i.e., the strategy update law is not decided by the agents but
by a central coordinator). We note that nonetheless, the global objective of the
central operator is still only that of ensuring convergence to a Nash equilibrium.
In other words, the central operator is a benevolent controller that does not seek
its own interests nor some social interest (e.g., the central operator could be a
regulator in an economic market)?. In the following, we consider gradient steps
updates of the type

Ty o= Wi () — Vi ' (25, 2(1))- (2.4)

These update laws usually depend on a parameter a4 (i.e. the step length) which
may need to be centrally coordinated and in general result in a suboptimal choice
for the updated strategy azz(k +1)- For this reason we refer to agents using these
update laws as boundedly rational. It is important to underline that, even though
during the iterations of the algorithm the updates may be suboptimal, due to the
imposed suboptimal update law, we devise schemes that guarantee convergence
to a Nash equilibrium. Therefore, even though the agents do not have the au-
thority of selecting their updates they are still guaranteed to reach at convergence
the strategy that minimizes their cost function, given the strategies of the other
players®. Consequently, for applications where only the strategy at convergence is
implemented (as in demand response schemes), both the myopic and boundedly

4We refer to Section 10.1.2 for a discussion on the case when the central operator seeks a social

optimum instead.

5Note that the setting of boundedly rational agents is different from the one of cooperative agents.
While in both case the central operator can design the update laws of the agents, in the latter the
objective of the central operator is to steer the agents to a configuration that minimizes a social cost
function instead of steering the agents to a Nash equilibrium. This means that in the cooperative setup
the performance at convergence could be arbitrarily unfavorable for a single agent. This is not the
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rational schemes can be applied. For the case of bounded rationality, a number of
different gradient schemes guaranteeing convergence to Nash equilibria in AAGs,
either using a central operator or local communications, have been proposed in the
literature [CLLV14, KNS12, PKL16, KNS16]. In Chapter 5 we focus on a gener-
alization of these methods to aggregative games with global constraints coupling
the strategies of the agents.

A scheme of the contributions of Part I of the thesis is given in the following table.

Game Communication | Myopic agents | Boundedly rational agents with
structure structure (Chapter 4) | coupling constraints (Chapter 5)

AAG central operator Sec. 4.2 Sec. 5.3

NAG distributed Sec. 4.3 (Sec. 10.1.1)

AAG distributed Sec. 4.4 (Sec. 10.1.1)

Table 2.1: Scheme of the contributions in Part I. An extension of the decentralized
algorithm proposed in Section 5.3, for AAGs with coupling constraints, to distributed
NAGs and AAGs is suggested in the concluding Section 10.1.1.

2.3 Related work

Before delving in the technical details of Chapter 4 and 5, we discuss in this section
some connections of the class of aggregative games considered in this thesis with other
games typically found in the literature. To this end, we start by summarizing the most
important features of the framework considered in this thesis.

1. large populations: we are interested in algorithms that are computationally efficient
for very large populations;

2. aggregative nature: the cost function of each agents depends on the strategy of the
other players via the aggregator function, which could be agent-dependent;

3. multidimensional and constrained strategies: the strategy of each player is a mul-
tidimensional vector that must satisfy some local constraints;

4. distributed solutions: we are interested in algorithms that can be implemented
distributedly, so that local constraints and cost functions remain private.

case here, where the agents are always guaranteed to converge to a strategy that minimizes their cost
function, given the strategies of the other players. Part of the reasons motivating our work is that such
type of guarantees might make the agents more willing to participate (i.e. allow the central operator
to design their strategy update law) in coordination schemes with guaranteed convergence to a Nash
equilibrium instead of a social optimum.
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Aggregative games

Aggregative games were originally proposed in the economic literature [Jen10, Kuk04]
to model games in which each agent has the same aggregator function. In this com-
munity, particular attention has been devoted to the study of the simultaneous best
response dynamics, which are the learning dynamics of a population of myopic agents
that select at each iteration the best strategy (i.e. the BR) given the current population
state. Mathematically, {,,) = argmingicyi J'(z",0([x{y; .- 52" ... ;2(y])). Results
have been derived mainly for the case of scalar strategies or scalar valued aggregator
functions ¢ : RM" — R, under suitable monotonicity assumptions [Jen10, CH12].
Average aggregative games, on the other hand, have recently attracted attention in the
control community, mainly motivated by demand-response coordination problems. Lim-
ited to the case of boundedly rational agents, distributed algorithms have been suggested
in [CLLV14, KNS12] and more recently in [PKL16, KNS16].

Network games

The main difference between the standard literature on network games [Gall0] and
NAGs is that, in the latter, the interaction among the players is not one-to-one but
has an aggregative structure. In this respect, the models that are most related to the
work proposed here are described in [JZ14]. Therein, results are derived for a scalar
version of the model presented in Section 4.3. Differently from the standard literature
on network games, we focus on games where the strategies are multidimensional (so
that in most cases it is not possible to apply the ordering arguments in [JZ14]) and
constrained (specific types of constraint sets are considered in [BK15]).

Population games

Population games [San10] describe games played among a finite number of populations,
each containing an infinite number of homogeneous players, with discrete action sets.
Here, on the other hand, we focus on a single population with a large but finite number
of players that have continuous strategies sets.

Mean field games

AAGs have some features in common with the class of mean field games. The latter are
stochastic dynamic games where the cost of each agent depends either on the average
[HCMO7] or on the whole distribution of the strategies in the population [LL0O7, BFY13].
Differently from our setup, in mean field games it is typically assumed that the agents
are homogeneous [LL.07] or that they have access to the parameter distribution of the
population [HCMO7, BP13] (in [KC10] the authors suggest a method to estimate this dis-
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tribution from neighboring data). Moreover, the strategy set is typically unconstrained.
Results are derived in the limit of infinite number of players by exploiting the so-called
mean field approximation. We note that results on mean field games cannot be applied
in our setting as we consider deterministic games with heterogeneous players that do
not have access to the parameter distribution of the population and whose strategies are
constrained by private convex sets.

Monotone games

Under some technical assumptions, certain classes of aggregative games can be seen as a
specific case of monotone games, which are games whose Nash equilibria can be described
as the solutions of a monotone variational inequality [FP03]. The literature on monotone
games is vast, see e.g., [BT97, Pav07, FK07, SPFP10, ZF16]. Most of the algorithms
proposed for monotone games however use variants of the gradient update law given in
(2.4) and are therefore suited only for populations of boundedly rational agents.

Distributed optimization and potential games

Most of the algorithms used in this thesis, as well as in the previously cited references,
are algorithms that are well known in the fields of fixed point iterations, distributed
optimization or variational inequality problems [BT97, FP03, Ber07, BC10]. In this the-
sis, however, they are used to distributedly coordinate the agents to a Nash equilibrium
(which can be seen as a “minimum” of N coupled optimization problems) instead of co-
ordinating them to a minimum of a single cost function (as typically done in distributed
optimization). This difference vanishes in the case of potential games [MS96].

Definition 2.2 (Potential game). Consider a game G, composed by N agents with
generic cost function J'(z',x") € C' and strategy ' € X' C R™. The game G, is
termed potential if there exists a potential function S(z) : R¥™ — R, S(x) € C!, such
that for alli € Z[1,N], x=* € X~ and 2%, y* € X' it holds

J( e =Ty a7 = S([ah .. a2 M) =S ([t eyt )
or, equivalently, for all i € Z[1,N] and x=* € X!

Vi (z 27" = V,:59(x).

An immediate consequence of this definition is in fact that

zi (77 := argmin J*(z*, 27") = argmin S(),

therefore, for each agent, minimizing the cost function is equivalent to minimizing the
global potential function S(z). Consequently, each global minimizer of S(x) is a Nash
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equilibrium [MAS09, Section II.A]. For these games, standard distributed optimization
tools can be used to find a global minimizer of S(x) and thus a Nash equilibrium.
For example, one can show that the sequential BR dynamics, which are the dynamics
obtained when every agent sequentially updates its strategy as its BR to the strategies
of the other players, converge under mild assumptions.

Sequential best response dynamics

x%kﬂ) = argmriléi)l(li ji(x%kH),...,mé;il),a:i,xé:)l,...,xé\,i)) Vi€ Z[1,N] (2.5)

Intuitively, the sequential BR dynamics converge, in the case of potential games,
because each step leads to a decrease in the potential function S(x) towards its global
minimum, which is a Nash equilibrium. To see this, one can note that each step can be
rewritten as ;) = arg mingicxi S(T(, ), - - ,xl(;}rl), ', :cl('z)l, . ,x%). More formally,
one way to prove this statement is by noticing that, in the case of potential games, the
sequential best response dynamics coincide with the nonlinear Gauss-Seidel algorithm
to minimize S(z) over Xy 1= X! x ... x XN see for example [BT97, Chapter 3, Eq.

(3.13)]. The conclusion then follows from [BT97, Chapter 3, Proposition 3.9].

Proposition 2.3.1 (Convergence of the sequential best response dynamics). Suppose
that S(z) : RYN™ — R is C' and convex and that the sets X* are non-empty, compact
and convez for all i € Z[1, N|. Furthermore suppose that for each i € Z[1, N], the cost
function Ji(z', 27 : R — R is strictly convex in x' for each = € X~'. For any
initial condition x ) let x() be the sequence generated by the sequential best response
dynamics. Then every limit point of xu minimizes S(x) over Xixn and is therefore a
Nash equilibrium of the potential game G,. If additionally S(x) is strictly convex then
Ty converges to the unique minimizer of S(x).

We note that the sequential BR dynamics do not comply with the structure of Al-
gorithm 1, since the agents are required to update their strategies one at the time in a
sequential order. For large population games one would prefer a scheme where all the
agents update their strategies simultaneously (which in the case of potential games is
equivalent to the nonlinear Jacobi algorithm minimizing S(x), see [BT97, Chapter 3, Eq.

(3.12)]).

Simultaneous best response dynamics

:):ék+1> = argwr}éi/% ji(x%k), e ,xé;)l,xi,m@)l, e ,x%) Vi€ Z[1,N] (2.6)
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Unfortunately, the potential game structure is not sufficient to guarantee convergence
of the simultaneous best response. The main reason is that, while each step of the se-
quential best response is guaranteed to decrease the value of the potential function S(z),
the same is not true for a step of the simultaneous best response dynamics. Conver-
gence of the latter has been proven in [BT97, Chapter 3, Proposition 3.10], under the
assumption that there exists v > 0 such that the mapping R(z) = =z — yVS(z) is a
block contraction (see Definition 5.1). This result can be generalized to games that are
not potential under a similar block contraction condition (see [BT97, Section 3.5.6] and
Section 5.1.1). The main contribution of the first part of the thesis is to propose alter-
native decentralized and distributed schemes that guarantee convergence to an almost
Nash equilibrium, by using simultaneous updates, for generic aggregative games (i.e.,
not necessarily potential) and for mappings that are not necessarily block-contractions.

A detailed review on potential games is given in [Sanl0, DHZ06]. We finally note
that the important class of congestion games is a subclass of potential games [MS96].
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Mathematical Preliminaries

In this chapter we present mathematical tools and results that are used in Chapter 4
and Chapter 5. Throughout the thesis we assume to work in a finite dimensional Hilbert
space Hg, defined by the scalar product (x,y)s := xSy, with S = ST = 0. Most of
the definitions and propositions can be extended to more general spaces, see for example
[Ber07] or [Chi09]. All the sets are considered to be non-empty.

3.1 Regularity properties

In the next definition we summarize some regularity properties for single valued opera-
tors.

Definition 3.1 (Monotonicity properties [FP03, Definition 2.3.1]). Consider the Hilbert
space Hg defined by the matriz S = ST € R™", S = 0. A mapping f : R" — R" is

1. Strongly monotone (SMON) in Hg if 3 € > 0 such that
(f(@) = fW) S(x—y) > ellz—ylls, Vo,yeR"
2. Monotone (MON) in Hg if
(f(@) = f(y)' S(z—y) >0, Va,yeRY
3. Anti-monotone (AMON) in Hg if —f(-) is MON in Hsg. O

Note that in the more general Banach spaces the terminology (strongly) accretive is
used instead of (strongly) monotone (e.g. [Ber07, Definition 1.14]). Here we always use
the latter since we work in Hilbert spaces. Intuitively, the concepts of MON and SMON
operators generalize the concepts of non-decreasing and increasing functions from R to
R™.

Definition 3.2 (Regularity properties). Consider the Hilbert space Hg defined by the
matriz S = ST € R™", S = 0. A mapping f : R* — R" is
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1. Lipschitz [Ber07, Definition 1.6] in Hg if 3 L > 0 such that
1F(z) = FW)lls < Lllx =yllg, Vr,y € RY
2. a Contraction (CON) [Ber07, Definition 1.6] in Hg if 3 6 € [0,1) such that
1f(z) = fWlls <dllz—yllg, Vr,yeR
3. Non-expansive (NEX) [BC10, Definition 4.1 (ii)] in Hg if
1 () = FWlls < llz —wllg, Yo,y eRY
4. Firmly non-expansive (FNE) [BC10, Definition 4.1 (1)] in Hgs if
1) = F@< e = ylls = 1F @)= F@) = (@=ls, Yo,y R™

5. Strongly pseudo contractive (SPC) [Ber07, Definition 1.13(a)] in Hg if Id — [ is
SMON 1in Hg, that is,

(x =y = f@)+f) S—y) zele—yl§, VaoyeR"

NEX
| spc -——- R I .
| , CON 1| FNE
og|—x! -2 1 2 I x | ||
I | 2 1 2 | :
I N S B

Figure 3.1: Relation among regularity properties and simple scalar examples. We note
that FNE4+SPC implies CON and that the concept of SPC mapping, as given in Def-
inition 3.2, is different from the one of pseudo contraction defined in [BT97, Section
3.1]. For example f(z) = —2x is SPC but is not a pseudo contraction and the pseudo
contraction given in [BT97, Figure 3.1.1 (b)] is not SPC.

Note that the regularity properties of a mapping are strictly related to the consid-
ered Hilbert space. Therefore, the choice of a proper Hilbert space (i.e., norm) is critical.
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Figure 3.1 illustrates the relations among the properties given in Definition 3.2. Con-
tractiveness is a powerful property, frequently used in the game theoretical literature,
however it usually leads to quite restrictive assumptions on the game primitives. This is
the reason why, in the following, we consider different generalizations of this property.
The simplest generalization is the class of NEX mappings. Among NEX mappings of
particular interest is the class of FNE mappings, that includes for example the met-
ric projection onto a closed convex set Iy : R* — X C R™ [BC10, Proposition 4.8].
Intuitively, FNE mappings are mappings that are NEX along certain directions and
CON along others. A second different generalization of CON mappings is that of SPC
mappings, which (contrary to NEX and hence CON and FNE mappings) are not neces-
sarily continuous. SPC mappings are interesting because computing their fixed points
is equivalent to computing the zeros of a SMON mapping (since z = f(z) if and only if
x— f(z) =0and Z — f is SMON by definition) and many results have been derived in
the literature for the latter problem.

In the technical proofs we make use of the following equivalent characterizations of
FNE and MON mappings.

Lemma 3.1.1 ([BC10, Proposition 4.2]). A mapping f : R" — R™ is FNE in Hg if and
only if |f(z) = FW)§ < (2 =)' S(f(2) = f(v), Va,y R O

Lemma 3.1.2 ([GPCL16, Lemma 1]). If f : R* — R™ is MON and g : R™ — R" is
SMON in Hg, then f+ g is SMON in Hg. O

Lemma 3.1.3. Consider a mapping f(y) : RmT2 — R™ where y = [%], 2 € R™, z €
R™. The mapping f is Lipschitz if and only if there exists L > 0 such that ||f(y1) —
fW)llr,, < L|zy — 22ll1,, + 21 — 22ll5,,) for all y1,yo € R™F72.

m —

Proof. Given the equivalence of norms in finite spaces, a mapping f is Lipschitz if and
only if it is Lipschitz in the Euclidean norm. We therefore prove the statement for S = I,
without loss of generality. If f is Lipschitz, then there exists L > 0 such that for all
Y1,y € RMHm2:

1 (1) = Fy2) |l < Ll = wall = L/ Il — w2l + 121 = 22l < L(lles — w2l + |21 — 22)-

If there exists L > 0 such that ||f(y1) — f(y2)|| < L(||z1 — 22| + ||21 — 22||) then

1/ (1) = Fly)ll < L(llyn = well + llyr = w2ll) < 2L[ys — w2l|-
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Regularity of affine mappings

We next present necessary and sufficient conditions to characterize the regularity prop-
erties in Definitions 3.1 and 3.2 in the case of affine mappings.

Lemma 3.1.4 (Regularity of affine mappings). Given an affine mapping f : R" —
R™ defined as f(x) := Az + b, for some A € R™™ and b € R", the following statements
hold:

fis NEX (CON) inHs < ATSA-S<(x)0 <<= |Alls<1 (£9)

fis FNE inHg <= 2ATSA<ATS+SA

fis (S)MON inHs <= ATS+SA%=(-)0

Proof. This is a classical result. The proof, which would be identical in the case of
linear mappings, is reported for completeness. The mapping f is a CON in Hg if and
only if there exists 6 € [0,1) such that ||[Ar — As|ls < §|jr — s||ls Vr,s < ||A(r —
s)lls < olr = slls Vr,s & [|Azl|ls < dllz]ls Vo < |Alls < 6 < [[Az[§ < 0?||z[l§ Vo &
2T ATSAz < %27 Sz Vo & 2T (ATSA - Sz < (02— 1)z"Sz & 2" (ATSA - S)x < 0.
The equivalence for NEX can be proven in a similar fashion, by setting 6 = 1. The
mapping f is FNE in Hy if and only if | A(z — y)||s < |z — yllg— Az — y) — (= = )[I5
for all z,y € R". Equivalently, we get (z — y)T ATSA(z—y) < (z — y)T S(x—y) —
(z—y) (A=D"S(A=1T)(x—y)forallz,y € R, thatis ATSA < S—(A-1)TS(A-
IN)=S—ATSA+ATS +SA - S < 24ATSA x ATS + SA. The mapping f is SMON
in Hg if and only if there exists ¢ > 0 such that (z —y)TATS(z —y) > ellz —y||z =
ez —y)"S(z —y) for all z,y € R, that is equivalent to 3 (ATS + SA) = €S. Since
S = 0, the latter matrix inequality is equivalent to (ATS +S5 A) > 0. An analogous proof
with € = 0 shows that the mapping f is MON in Hg if and only if ATS +SA=0. O

3.2 Fixed points

In Chapter 4 we illustrate how the coordination problem for large populations of myopic
agents can be solved by finding the fixed point of a suitable mapping. In the following,
we denote a generic fixed point by the symbol z for consistency with the notation used
in Chapter 4.

Definition 3.3 (Fixed point). A point z € R™ is a fized point for the mapping f : R" —
R"™ if 7 = f(Z). =

Fixed point problems are ubiquitous in mathematics and engineering and conse-
quently conditions guaranteeing their existence, uniqueness and algorithms to compute
them have been extensively investigated. In the interest of space we report here only the
results that are needed in Chapter 4 . We refer to [Ber07, Chi09, BC10, BT97, Sma74],
for a more comprehensive survey of fixed point theory.
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3.2.1 Existence and uniqueness

The main existence result that we use is a generalization of Brouwer fixed point theorem
as reported in the next lemma.

Lemma 3.2.1 (Schauder [SmaT74]). Consider a continuous mapping f : X — Y, where
X CR" is convex and Y C X is compact. Then [ admits a fized point zZ = f(Z). 0

This result can be refined if the mapping f(-) possesses one of the regularity properties
presented in Definition 3.2. Specifically, if one assume that the mapping is a CON then
it is possible to prove existence and uniqueness without any assumption on the domain
and codomain.

Lemma 3.2.2 (Banach theorem [Ber(07, Theorem 2.1]). Consider a mapping f : R™ —
R™. If f is a CON then it admits a unique fized point Z = f(Zz). O

Unlike CON mappings, NEX mappings may have more than one fixed point (e.g.
the identity mapping f(xz) = x is NEX but not a CON and has infinitely many fixed
points). The same is true also for the subclass of FNE mappings (e.g. the projection
operator onto a convex and compact set is FNE [BC10, Proposition 4.8] but not a CON
and has infinitely many fixed points). On the other hand, SPC mappings maintain the
uniqueness property.

Lemma 3.2.3 (Chidume 1987). Consider a mapping f : X — X, where X C R" is
compact and convex. If f is SPC then it admits at most a unique fized point z = f(Z).
If f is continuous and SPC then it admits a unique fized point z = f(Z).

Proof. This is a classical result, reported for completeness. Suppose by contradiction
that there are two fixed points z; = f(21), 2o = f(Z2). Then by definition of SPC, there
exists € > 0 such that

—_

120 — 2l < —(21 = f(21) — 22 + f(22) ' S(21 — 22)

= ™

= (B -2 —Z%H+%)S(2—-5)=0.

[

Hence z; = z,. Existence of a fixed point under the continuity assumption follows from
Lemma 3.2.1. ]

3.2.2 Fixed point iterations

Finding the fixed point of a mapping f is in general a very difficult task. However, if
the mapping f has one of the regularity properties given in Definition 3.2, one can use
known fixed point algorithms that aim at iteratively constructing a sequence {zx)}3;
such that zg) — Z = f(2).
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Picard-Banach iteration

The simplest fixed point iteration is the Picard—Banach iteration

a1y = f (209) =2 @77 (20 f (2m)) (3.1)

which is obtained by simply applying the operator f(-) iteratively to an initial point 2,
so that
xy = fe0), 20 = f(fz), - 2w = fk(z(o)),

where f* denotes the &' functional power of the mapping f(-), which is recursively de-
fined as f¥ := fo f* 1 f! = f. Even though quite simple, the Picard-Banach iteration
is at the core of many of the algorithms suggested in game theory to coordinate the
agents strategies to a Nash equilibrium [MCH13, HCMO07]. Not surprisingly, the suffi-
cient conditions needed to guarantee its convergence are however quite restrictive. We
summarize them in the next two lemmas.

Lemma 3.2.4 ( [Ber07, Theorem 2.1] ). If the mapping f : R" — R" is a CON then the
Picard-Banach iteration (3.1) converges from any initial point zy € R" to the unique
fized point z = f(z) with geometric rate, that is ||z — z|| < 6% z@) — z||. d

Lemma 3.2.5 ( [GR84, Theorem 15.1)). If the mapping f : X — X, with X C R"
closed and convex, is FNE then the Picard-Banach iteration (3.1) converges from any
initial point z0) € X to a fived point of f, if such a point exists. O

One of the main objective of Chapter 4 is to suggest the use of alternative, slightly
more complex, fixed point iterations, whose convergence can be guaranteed under weaker
conditions. We report them in the following.

Krasnoselskij iteration

According to the previous lemma the Picard-Banach iteration converges if f is a CON
or if it is FNE. Those results cannot be generalized to the case of NEX mappings; for

example, z — f(z) := —z is NEX, but not a CON, and the Picard-Banach iteration
21y = (z(k)) = —2) oscillates indefinitely between 2y and —z). In this case one
can use the Krasnoselskij iteration

2y = (L= Nz + A (209) = @5 (2w, f (209)) (32)

that selects as next vector z(41) the convex combination of the previous vector z(;) and
f(2k)), according to a fixed parameter A € (0,1), thus introducing a memory.

Lemma 3.2.6 ( [Ber07, Theorem 3.2]). If a mapping f : X — X is NEX, with X C R"
compact and convez, then the Krasnoselskij iteration (3.2) where A € (0,1), converges,
for any initial condition 2y € X, to a fized point of f. O
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Note that CON and FNE mappings are special cases of NEX mappings, hence the
previous lemma guarantees convergence also for these cases. Finally, the Krasnoselskij
iteration is also guaranteed to converge in the case of SPC mappings, if these are Lipschitz
and the parameter \ is sufficiently small.

Lemma 3.2.7 ([Ber07, Theorem 3.6]). If a mapping f : X — X with X C R" compact
and convex is Lipschitz in Hg with constant L and SPC in the same space Hg with
constant €, then the Krasnoselskij iteration (3.2) where A € A := (0,a) and

B 2¢
L2 —1+42¢

converges, for any initial condition zoy € X, to the unique fized point Z = f(2). More-
over, ||za) — z|| < ¢"||20) — 2|, with

= (1 =22+ (AL)2+2X(1 = A)(1 —e).

Proof. This proof follows the lines of [Ber(07, Theorem 3.6] and is here reported, for
convenience, using the notation of this thesis. Consider the auxiliary mapping g(z) =
(1 =Xz + Af(x). We are going to show that, under the given assumptions, g is a CON
in X with rate § = ¢ € [0,1). The conclusion then follows from Lemma 3.2.4.

lg(z) — g(m)ll%

(1= N2l = yl§ +N2[f (@) = FIE + 201 = N (f(2) - f(y)"S(z —y)
(1= 22|z = yl§ + N L2z = yll$ + 2201 = N1 — ¢)llz — yl§

<
<[ =22+ XL%+ 201 = N (1 = e — yll§ = ¢’ll= - y]5-

Note that the quantity ¢ is well defined since (1—X)?+A2L24+2X(1—\)(1—¢) is the sum of
three non-negative terms (one can assume € < 1 without loss of generality). To guarantee
that g(x) is a CON we need to impose ¢ < 1. However, ¢*> = \?(L? —1+2¢) — 2 e +1 <
1o AML2—1+2) -2 <0& A\ <a. O

Note that in order to select a value of A that guarantees convergence one needs to
know the Lipschitz constant L of f. If this is not known one can resort to a iteration
varying parameter, as discussed next.

Mann iteration

The most general fixed point iteration that we consider is the Mann iteration

2een) = (1= aw)zg + onf (20) = O (200, f (20)) (3:3)

which is a Krasnoselskij iteration where the fixed parameter A is substituted by a
sequence of parameters (ay);, such that oy € (0,1) V& > 0, limy_,c oy = 0 and

D ko Ok = 00.
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Lemma 3.2.8 ([Ber07, Theorem 4.11} ). If a mapping f : X — X is Lipschitz and SPC
with X C R™ compact and convez, then the Mann iteration in (3.3) converges, for any
initial condition 2y € X, to the unique fived point of f. O

Lemma 3.2.9 ([Ber07, Fact 4.9, p.112] ). If a mapping f : X — X is NEX with X C R"
compact and convez, then the Mann iteration in (3.3) converges, for any initial condition
20y € X, to a fized point of f. O

To summarize, if we consider a Lipschitz mapping f : X — X with X compact and
convex the following pairs of regularity conditions and fixed point iterations guarantee
convergence to a fixed point zZ = f(2).

Picard-Banach Krasnoselskij Mann
1. CON v v v
2. NEX v v
3. FNE v v v
4. SPC v v

* with A € A as defined in Lemma 3.2.7.

Table 3.1: Conditions on regularity properties and iterations that ensure convergence to
a fixed point.

3.3 Variational inequalities

In Chapter 5 we illustrate how Nash equilibria can be equivalently characterized in
terms of solutions to a suitable variational inequality. We then exploit this knowledge
to suggest decentralized and distributed algorithms to solve the coordination problem
in the case of boundedly rational agents. To this end, we use some known results on
existence, uniqueness and convergence to solutions of variational inequalities, that we
briefly recap in this section. We refer the reader to [FP03, BT97] for a comprehensive
review. We note that in this section, as well as in Chapter 5, we assume to work in the
finite dimensional Hilbert space H;, instead of a generic space Hg.

Definition 3.4 (Variational inequality (VI)). Consider a set X C R"™ and an operator
f: R* = R™. The variational inequality problem VI(X, f) is the problem of finding a
vector T € X that solves

f@ " (r—7)>0 Vreli.
The set of vectors that solve the VI(X, f) is denoted by SOL(X, f). O
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Connection with convex optimization

Variational inequalities are a generalization of convex optimization problems. In fact,
let

T € argmin  J(z) (3.4)
rER?
st. xeX.

By using the minimum principle [FP03, Section 1.3.1], one can show the following state-
ment.

Proposition 3.3.1. (Minimum principle) Consider the optimization problem in (3.4)
and assume that J : R® — R is C' on an open superset of the closed and convex set
X CR". Then any local minimizer T of (3.4) must satisfy

V. J(z) (x—Z)>0 VreA. (3.5)

If, additionally, the function J(-) is convex then T is a global minimum of (3.4) if and
only if it satisfies (3.5). a

Intuitively, this result says that a point £ € X is a minimum of J if by taking any
feasible step (i.e., a step that leads inside the set X') the objective function can only
increase (because the gradient of J has a positive component in that direction). See

Figure 3.2.
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Figure 3.2: Illustration of the minimum principle, the set X is in blue and the dotted
lines are the contour plot of J(x). A) The point Z is a minimizer of J in X" because
V. J(Z)"(x — Z) > 0 for all x € X or equivalently the angle between x — z and V,.J(7)
is less than 90°. B) The point Z is not a minimizer of J in X because there exists z € X
such that the angle between x — z and V,J(Z) is more than 90°.

The following conclusion is then immediate.
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Corollary 3.3.2 (Equivalence of VI and convex optimization). Consider the optimiza-
tion problem in (3.4), assume that J : R" — R is C' and convexr and that X is closed
and convex, then

T € argmin J(x) & T € SOL(X, V. J).

TeX

g

In other terms, the previous corollary says that whenever the operator f of the
VI(X, f) is the gradient of a convex function J, then the set SOL(X, f) can be found
by applying standard optimization tools to the problem argmin ., J(x). A necessary
and sufficient condition for the existence of a function J such that f(z) = V,J(x) is
V.f(x) =V, f(z)" for all z, as in that case V, f(x) would be the Hessian of J(z) [FP03,
Theorem 1.3.1]. A necessary and sufficient condition for such a J to be convex is that
the operator f(x) = V,J(z) is MON. If the operator f is additionally SMON, then J is
strongly convex. This implies that the minimizer of (3.4), and consequently the solution
of VI(X, f), is unique. In Section 3.3.1 we show that SMON implies uniqueness of the
solution of a VI, even when f is not a gradient operator.

Connection with fixed point theory

Another interesting characterization of the solution of a variational inequality is in terms
of fixed points, see Figure 3.3.

A
X X
r.q %)@
f(m)la‘: = [z - /(2)]
"z f(@)

Figure 3.3: Ilustration of VI and fixed point equivalence. A) The point € SOL(X, f)
because f(z)"(x — Z) > 0 for all z € X or, equivalently, the angle between x — Z and
f(z) is less than 90° for all x € X. Equivalently z = Ily[Z — f(z)]. B) The point
T & SOL(X, f) because there exists © € X such that the angle between = — z and f(%)
is more than 90°. Equivalently, = # [Ix[z — f(Z)].

Many algorithms for solving VIs are indeed fixed point algorithms, similar to those
described in Section 3.2.2.
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Proposition 3.3.3. (Fixed point equivalence) Suppose that X C R" is closed and con-
ver. Then, for any f : R" — R"”

z € SOL(X, f) & z=1x(z - f(2)).

Proof. This is a classical result. See for example [FP03, Proposition 1.5.8] or [BT97,
Chapter 3, Proposition 5.1]. ]

Karush-Kuhn-Tucker (KKT) conditions

Consider again the optimization problem (3.4) and assume that the set X can be
parametrized as follows

X ={z€R"|h(z) =0, g(z) <0}, (3.6)

for suitable C! functions h : R* — R! and g : R* — R™. To derive the following
statements we need to assume that the set X" is regular enough. In the literature, a large
number of conditions that ensure regularity of a constraint set have been derived under
the name of constraint qualification (CQ) conditions. In the following, we use one of the
most general, which is known as Abadies CQ [FP03, Section 1.3.1]. Since verifying this
property can be tedious, we report in the next lemma some sufficient conditions that
ensure its validity.

Lemma 3.3.4. (Constraint qualification [FP03, Section 3.2]) Let X be given by (3.6),
where the functions h : R* — R, g : R® — R™ are C!, and z € X. Let 1(Z) :=
{i € Z[1,m] | g:(z) = 0} be the set of active inequality constraints at T and define the
following CQ)s.

1. [ACQ: Abadie CQ| The tangent cone of X at T, which is defined as

T(z; X) = {v eR" | lim XL =4, Ha, € XV, = 7, 7 €RGID, — 0}

V—00 Ty

is equal to the linearization cone of X at T, which is defined as
L(7;X) :={veR"|v'V,h;(T) =0, Vj € Z[1,]], v'V,0:(T) <0, Vi € [(Z)}.
Mathematically, T (Z; X) = L(Z; X).

2. [MFCQ: Mangasarian and Fromovitz CQ] The gradients {V.h;(z),j € Z[1,l]}
are linearly independent and there exists d € R™ such that d"V,g;(z) < 0 for all
i € 1(z), d"V,hi(z) =0 for all j € Z[1,1].

3. [LICQ: Linear independence CQ| The gradients {V,h;(z),j € Z[1,1|}U{V,0:(Z),i €
I(z)}, are linearly independent.
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4. [SLCQ: Slater CQ] The functions hj(x) for all j € Z[1,1] are affine and g;(x)
for all i € Z[1,m] are convex. The gradients {V h;(x),j € Z[1,1]} are linearly
independent and there exists a point x5 € X such that h(x®) = 0 and g(z°) < 0.

Then

LICQ(z) = MFCQ(z) = ACQ(x)
SLCQ = MFCQ(z) forallze X

|

Remark 3.1. Note that while ACQ(z), MFCQ(z), LICQ(z) are local properties that
need to be checked at the (usually a priori unknown) optimal point T, SLCQ is a global
property that can be easily checked. This is the property that we use in Chapter 5. [

Proposition 3.3.5. (Karush-Kuhn-Tucker conditions (KKT) for optimization prob-
lems) Let X be given by (3.6). Assume that the functions h : R® — R, g : R — R™
and J : R® — R are C' and that Abadies CQ holds at a point ¥ € X. Then T solves
(3.5) if and only if there exist i € R', X € R™ such that

Vo (2) + 3oy Vel () + 30 AiVagi(@) = 0 (3.7)
h(z) =0, g(z) <0, A>0
ALg(7)

Let A(Z) be the set of vector pairs (fi, \) satisfying (3.7). If MFCQ(Z) holds then A(Z)
is compact and if LICQ(Z) holds then A(Z) is a singleton.

Proof. See [FP03, Section 1.3.1] and [Wacl3]. O

As we noted before, (3.5) is a special case of VI. It turns out that the previous
proposition can be extended to any VI, under the assumption that the set X is convex.

Proposition 3.3.6. (KKT for VIis [FP03, Proposition 1.3.4 and 3.2.1]) Let X be given
by (3.6), where the functions h : R™ — R! and g : R® — R™ are C1. Let f be a mapping
from X into R™. The following two statements hold.

1. Let ¥ €SOL(X, f). If ACQ(Z) holds, then there exist vectors ji € R\, A € R™ such

that
F@) + 3 15 Vahy (@) + 0 AiVagi(7) =0 (3.8)
h(z) =0, g(z) <0, A >0
AL g(z)
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2. Conversely, if each function h; is affine, each function g; is convex and if (Z, fi, \)
satisfies (3.8), then T € SOL(X, f).

3. Let f be continuous, T €SOL(X, f) and A(Z) be the set of vector pairs (fi, )
satisfying (3.8). If MFCQ(Z) holds then A(Z) is non-empty and bounded and if
LICQ(Z) holds then A(Z) is a singleton. O

3.3.1 Existence and uniqueness

We report in the following a main result on existence and uniqueness of the solution to
VI(X, f), [FP03, Corollary 2.2.5, Theorem 2.3.3].

Proposition 3.3.7 (Existence and uniqueness). Consider the VI(X, f). The following
statements hold.

1. If X is compact and convex and f is continuous then SOL(X, f) is non-empty and
compact.

2. If X is closed and convex and f is continuous and SMON then the VI(X, f) has a
unique solution. O

3.3.2 Iterative algorithms

Finding a solution to a VI is equivalent to finding a fixed point of a n-dimensional
mapping, which is in general a very difficult task. However, if the mapping f has one of
the regularity properties given in Definition 3.1, then one can use known algorithms that
aim at iteratively constructing a sequence {x )}, such that z) — z € SOL(X, f). In
the following we review the ones that are used in the thesis.

SMON operator

The simplest case is when the operator f is SMON and Lipschitz and the set X is closed
and convex. According to Proposition 3.3.7, in this case, the VI(X, f) has a unique
solution that can be found using the following projection algorithm, with a sufficiently
small step size a > 0.

Projection algorithm

Z(ern) = Ma () — af (z))) (3.9)

Proposition 3.3.8. (Projection algorithm: SMON [FP03, Theorem 12.1.2]) Assume
that X C R" is closed and convex and that f is SMON with constant € and Lipschitz
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with constant L. For any a < %, Algorithm (3.9) converges for any initial condition
T) € X to the unique solution T of VI(X, f). Moreover, let g := \/1+ (aL)? — 2ae,
then ||z — 7| < ¢*[|lz) — |- O

Convergence of the projection algorithm can be proven also under a slightly different
condition (i.e., the co-coercitivity property) and for time-varying step sizes (i.e., using
oy, instead of « in (3.9)).

Definition 3.5. A mapping f : R" — R" is called co-coercive (COC) in Hg if there
exists ¢ > 0 such that (x —y)' S (f(x) — f(y)) > c|f(x) = FW)|%, Yz, y € R™. O

Note that if a mapping f is COC with constant ¢ > 1 then it is FNE (by Lemma 3.1.1).
Moreover, COC implies MON but not necessarily SMON (e.g., take f(z) = z).

Proposition 3.3.9. (Projection algorithm: COC [FP03, Theorem 12.1.8]) Assume that
X C R" s closed and convex and that f : X — R"™ is COC on X with constant c.
Suppose that SOL(X, f) is non-empty. Consider a sequence {ay € R}, such that,

0 <inf oy, <supay < 2c

then the algorithm
Tirr1) = Hx(zgy — arf(ow))

produces a sequence T converging to a solution of the VI(X, f). U

MON operator

If the operator is MON but not SMON, then the projection algorithm is not guaranteed
to converge [FP03, Example 12.1.3]. One can however, use the slightly more complex
extragradient algorithm.

Extragradient algorithm

i’(k) = H;\g(x(k) - Oéf(l‘(k))) (310)
() = W () — af(Ty))

Proposition 3.3.10. (Extragradient algorithm [FP03, Theorem 12.1.11]) Assume that
X C R"™ is closed and convexr and that f is MON and Lipschitz with constant L. Sup-
pose that SOL(X, f) is non-empty. If a < % then the sequence x ) generated by Algo-
rithm (3.10) converges to a solution of the VI(X, f). O
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The main disadvantage of the extragradient algorithm is that it requires two gradient
computations and two projections at every step, thus slowing the overall performance.
A large number of alternative algorithms have been suggested in the literature to solve,
either exactly or approximately, a VI with MON operators. We refer the reader to [FP03,
Chapter 12]. In the next subsection we propose a new approach that can potentially
speed up convergence under additional assumptions on the problem structure (in line
with the requirements of Chapter 5).

MON operator: a special case

In Chapter 5 we will consider games where, additionally to the local constraint sets
X' C R", there is also a constraint C := {z = [2';...;2"] | Az < b} C R coupling
together the strategies of all the players, where A € R™*N" b € R™. We show in Chapter
5 that the coordination problem, in this case, can be solved by finding the solution of
a variational inequality of the form VI(),¢) where J := X x RZ,, X is a convex and
compact set and the operator ¢ : RV — RN+ ig defined as follows

ty) =115 = [t (3.11)

for a suitable operator f : RV — R, The additional variable \ € RZ, can be thought
of as a dual variable associated to the coupling constraints.

In this section we propose a new algorithm to find a solution g := [§] of the VI(Y, t),
under the assumption that the operator f is SMON and affine. We briefly note that,
under these assumptions, the operator ¢ in (3.11) is MON and Lipschitz. Consequently, a
solution y € SOL(Y, 1), if it exists, can be found by applying the extragradient algorithm
presented in (3.10). Our objective is to propose an alternative approach that, contrary
to the extragradient, requires only one projection operation for each step. To this end,
we start by introducing a class of algorithms, parametrized by a matrix D > 0 not
necessarily symmetric, that has been proposed in the literature to solve a generic VI(), t),
as illustrated in (3.12).

Asymmetric projection algorithm for a generic D > 0

Yer1) = SOL(V, t5),  th(y) = t(yw) + D(y — yr)) (3.12)

Intuitively, an APA aims at solving the original VI(),t) by solving at every step
a different affine VI that depends on the previous vector yg) and on the matrix D.
Therefore APAs are a special class of linearized algorithms for VIs [BT97, Section 3.5.4].
Note that, since D = 0, the affine operator t% is SMON and continuous, therefore if )
is convex and closed the solution of VI(Y, %) exists and is unique (Proposition 3.3.7),
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thus guaranteeing that the update step in (3.12) is well-defined. Each choice of matrix
D > 0 leads to a different APA. The simplest one is obtained by selecting D = é[ . In
this case in fact, if ) is closed and convex, one can see that the corresponding APA
coincides with the projection algorithm given in (3.9) since, by the minimum principle,
_ k _ : I + 1 T _

7 =SOL(),t") e 5= arg nin (%y Y+ [tlyw)) — ay(k)] y) <y = ylym—at(yw)]-
Unfortunately, the choice D = é[ does not guarantee convergence in the case that we
are considering here because the operator t as defined in (3.11) is neither SMON nor
COC (to see this set y; = [X.] and yo = [X] with 2; = 23). For APAs with a generic
matrix D a sufficient condition for convergence has been derived in [FP03, Proposition
12.5.2] and is reported in the next lemma.

Lemma 3.3.11. Consider the VI(Y,t) with Y convex and closed and t continuous.
Suppose that SOL(Y,t) is non-empty. Fiz a matriz D = 0, set Dy = (D + D")/2 and
denote by D2 the principal square root of the symmetric positive definite matriz D 1.
If the operator

gy) = DDV 2y) — DIVA(D — D,) D2y

s

is COC with modulus greater than 1/2 then Algorithm (3.12) converges to a solution of
VI(Y,T).

The convergence rate of the APAs has been studied in [FP03, Chapter 12]. In the
following, we consider the specific APA obtained by selecting

1 1 T
_[Nn 0 _INn —A
D=|" Dy=|7 3.13
BV R v (3:19)

which, as proven in the next theorem, results in the following algorithm which alternates
updates in the primal (z) and dual (A) variables and depends on a step size parameter
7> 0.

Asymmetric projection algorithm

T = Ua[rgy — 7 (f(2w) + A Aw)] (3.14)
A1) = Hre Ay = 7(0 — 242 01) + Az )]

We note that the proposed scheme differs from the projection algorithm, which is
not guaranteed to converge for MON operators, since the A-update depends not only
on Az but also on Azgyq). Our main result is to prove that if ¢ has the structure
given in (3.11) and f(z) := Fz + f is affine and SMON, then the sufficient condition of
Lemma 3.3.11 is met for D as in (3.13), even if F' # F'T.
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We briefly note that convergence for the symmetric case ' = F'T has been already
proven in the literature [FP03, Proposition 12.5.3 (b)]. Even if seemingly mild, the
missing assumption F # FT implies that there exists no cost function J(x) such that
f(z) = V,J(z). Consequently, the considered VI(),t) cannot be solved using convex
optimization tools. On the contrary, we show in the next theorem that the condition
F+ FT = 0 is sufficient to guarantee convergence of Algorithm (3.14) for this new class
of affine VlIs.

Theorem 3.3.12. Consider the VI(Y,t), where t(y) is defined as in (3.11) and suppose
that SOL(Y, t) is non-empty. Suppose that there exists a function g : RVN™ — R™s g € C!
such that X = {x € RN™ | g(x) < 0}, that X satisfies the Slater CQ condition and that
the operator f is affine (i.e., f(x) = Fx+ f, F € RN"Nn f ¢ RN") and SMON. Let

T (k)

Yy = [,\(k)} be the state of Algorithm (3.14) at iteration k and set

—1
o2 (F) oo <RF T \/FDQF; 4||A_TAH> |

Umin(Fs) ’

Rp (=

where Fy := (F + F")/2. Then the sequence Yy converges, for any initial condition, to
gy €SOL(Y,t).

Proof. We divide the proof into two parts: (i) we prove that Algorithm (3.14) is a
particular case of APAs, applied to the VI(Y,t); (ii) we prove that Algorithm (3.14)
satisfies the sufficient convergence condition for APAs. Throughout the proof we use
that for any matrix B, 0,,.:(B) = ||B|| and if B = BT = 0 then 0,4:(B) = Az (B)
and G,,42(B)I = B = 0pin(B)I. Moreover, we define B, := (B + B")/2.

(i) We are going to show that Algorithm (3.14) coincides with the APA defined by the
matrix D given in (3.13). Note that, from the Schur complement, D > 0 < D, >
0 1T —7ATA - 0. The assumption on 7 implies 2/7 > kp + /K% + 4[|ATA|| >

VK% + 4]|AT A|| therefore 4/72 > 4| AT A|| and
AT A| < 1. (3.15)

Therefore, since ATA =0, 11 —7ATA = 1(1 — 72|ATA||)I > 0 and thus D > 0. Let
us characterize the set RY; = {A € R™ | h(A) := —A < 0}. By the Slater CQ condition
and by Proposition 3.3.6 the unique solution of VI(),t%) coincides with the solution
[, A, g1, 2] of the KKT system

th(y) + Vyg(z)pn + Vyh(A) g = 0 (3.16)
1241 Z 07 g(l’) S Oa H1 J_g(l‘)
p >0, h(A) <0, o L h(N).
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The equality in (3.16) can be rewritten as
F(m — x(k)) + F:E(k) + f + AT)\(k) + Vzg(x)ul} _ {0}
%(/\ — )\(k:)) +b—2Ar + Ax(k) + V}Jl()\)/ig 0]
Therefore (3.16) holds iff both K and K5, defined as

1 -
K, :{ —(@ = w) + Fogy + f+ A Ay + Vag(z)p =0
p1 >0, g(z) <0, p1 L g(z)
1
Ky = ;()\ — )\(k)) +b—2Ax + Am(k) + VAh(A)MZ =0
p2 >0, h(X) <0, pg L h(N)
hold. These are the KKT systems of two optimization problems, respectively (see Propo-

sition 3.3.5). More in detail, K; does not depend on [\, o] and [z, p;] solves K if and
only if

1 ~
T = arg Hg/{’l {§||x||2 - l‘&)l‘ + T(FZL’(k) + f + AT)\(k))TI}

For every value of z (and hence for the one determined by K), [\, ps] solves Ks if and
only if A\ solves the optimization problem

1
A\ = arg /\renﬂég {§H)\H2 — )\(Tk))\ +7(b—2Ax + Aac(k))T)\}

>0

= Herno [)\(k) - T(b —2Ax + Al’(@)].

Summing up, Y1) := [ii’;i; ] , which is by definition the unique solution of (3.16), can

be explicitly characterized as

Tt = Heex vy — T(Fog + f+ AT A@w)]

Aerr) = ez [Ag) +7(0 = 242 (e41) + Az )]
which coincide with the update steps of Algorithm (3.14).
(ii) As illustrated in the previous point, Algorithm (3.14) is the specific APA associated
with the choice of D given in (3.13). According to Lemma 3.3.11, any APA converges if
the mapping g(y) = DQI/Q(T— D+ DS)DS_1/2y—|— DY = Gy+ g is COC with modulus
greater than 1/2. We are now going to show that this sufficient condition is met for
the specific operator ¢(y) and matrix D that we are considering. For simplicity let us
rename L := D; /. Note that G = L [£9] L. We are going to show that, under the given
condition on 7, g(y) is COC with modulus 1 or equivalently v' G,v —v'GTGv > 0, V.
Note that

VG —v'GTGuv=v"L ([% 0] — [FOT 8] L*[% 8]) Lo

=T ([
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where w := Lv and [L?];; denotes the block in position (1, 1) of the matrix L?. Since L
is invertible, the statement is proven if F, — F'" [L2]11F > 0. To this end, let us compute
[L?)11 = [D;]11. From the the formula for the inverse of a block matrix applied to D,
we get

(L% = 7(I — T2AT AL (3.17)
Since 72AT A is symmetric positive semidefinite, A\, (72ATA) = 72||ATA| < 1 (by
(3.15)) and the matrix is convergent. Consequently, the Neumann series >, ,(72AT A)*
converges to (I —72AT A)~!. Substituting in (3.17) yields [L?]11 = 7> _pey(T2ATA)* = 0
and

HEZJnll < 7 2pZo (P21 ATAD® =

T _
1-72||AT A

where we used the fact that the geometric series converges since 72[|ATA|| < 1 (by
(315)) Finally, F>0=F, = FST = 0 and [LQ]H = [L2]1r1 0= FT[LQ]HF =
(FT[L*11F)" = 0. Therefore

F, — FT[LY1F = (0min(Fy) — Omaz(F T [L 11 F))I
(Omin(Fs) = [[FIP(I[L]12 1)1

= (Omin(Fs) = Omas(F)*[L2]11])I

T
= O S — .
= Omin(Fy) (1 Rp T 72||ATAH> I-0

In the last line we used 1 — kpi—zrzrzy > 0, this is in fact equivalent (by (3.15)) to

Y 1Y

2 T
1_72||AT14|| —kpT >0 & }2 — HATAH _ %KF S0 < % S st I{F2+4HA Al

by assumption.

, which is true

O
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CHAPTER 4 .

Myopic agents

In this chapter we derive algorithms to coordinate the strategies of a population of
myopic agents to a Nash equilibrium of different types of aggregative games

zi (7" ;= argmin J'(z", 0 (x))
g = wERm Vi=1,...,N. (4.1)
st. e X’

Specifically, in Section 4.2 we propose a decentralized algorithm that can be used to steer
a population of agents to a Nash equilibrium of an AAG by means of an reference signal z,
that is broadcast by a central operator. In Section, 4.3 we adapt the proposed algorithm
to the case of NAGs. To this end, we assume that the agents, instead of reacting to a
global reference z, react to a local estimate z° of the neighbors aggregate state which
they update by network communications. Finally, in Section 4.4 we illustrate how the
setting developed for NAGs can be used to coordinate the agents in AAGs distributedly,
that is, by using local communications instead of relying on the presence of a central
operator (thus complementing the results of Section 4.2). All the proofs are given in the
Appendix (Section 4.5).

All the algorithms suggested in this chapter are derived under the fundamental as-
sumption that the agents are myopic. This notion is formalized in Section 4.1; however,
it intuitively corresponds to the assumption that, at every iteration of the coordination
algorithm, each agent selects as next strategy the one that minimizes its cost function,
given the current reference z or its current estimate z’. This assumption is motivated
by those applications where the agents are fully noncooperative and/or the algorithmic
iterations correspond to repetitions of the game over time (e.g. in opinion dynamics).
The assumption of myopic agents significantly complicates the coordination problem,
since it limits the class of allowed update rules. In Chapter 5 we show how different
algorithms, based on gradient steps, can be used when this assumption is relaxed to
bounded rationality.

The results of this chapter have been published in [PCGL14, PGCL15, GPCLI6,
PGGL15a, PGGL15b]
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4.1 Assumptions on the agents and optimal responses

Motivated by large-scale applications and privacy issues, we assume throughout this
chapter that the agents do not have access to the individual strategies of the other
agents, but can instead compute their optimal response to a fixed signal z* € R™, that is

r'*(2") := argmin J'(2', 2") (4.2)
xR
st. 2l € A

Note that this mapping differs from the best response mapping, given in (4.1), since the
second argument in the cost function Ji(,-) is not the aggregate state o(z) (that might
be unknown and in general could depend on z*), but is a fixed exogenous vector z* (that
does not depend on the optimization variable x%). Specifically, in Section 4.2 we assume
that 2* = z for all « € Z[1, N] where Z is a reference broadcast by a central operator to
the whole population, while in Section 4.3 and 4.4 we assume that 2* is different for each
agent and represents a local estimate of the neighbors aggregate state.

Since the difference between optimal response and best response, as well as the rela-
tion between J'(z*, 0" (z)) and J'(z*, 2*) is of fundamental importance for the subsequent
results, we present here a clarifying example.

1

Example 4.1. Consider a game with N = 3 players, with strategies x', 2> and 3, and

whose cost functions are

J' (2t ol (z)) = [0 (x)]Tz! = [(2! +$2)/2~]Tx1 =: jl(xl,aiz,zt?’) = JYzt 27,
JA (22, 0% (x)) = [0?(2)]"2? = [T 2? =: TP (2t 27, 2®) = J2(2?, 272),
S (2%, 0% (2) = [0%(x)] Ta® = [(2" + 2° + x3)/3}Tx3 = J(at, 2% 2?) = (a3, 173),

where we used o*(x) = “”1;“—“"2, o%(z) .=z and o3(x) := % as aggregator functions.
We firstly note that the cost functions depend on the other players strategies only via the
aggregate quantities o, therefore this is an aggregative game. More in detail, it is a
network aggregative game relative to the matriz

1/2 1/2 0
P=| 1 0 0
1/3 1/3 1/3

For simplicity we assume that there are no constraints, so that x', 2%, 23 € R". The best
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response for the three players, given the strategies of the others are

rp(z7h) = arg min J (2t ot (2)) = arg min JHat 7l = arg min (=" + xz)/2]Tx1
T T T

2} (27?) := arg min J* (2%, 0%(z)) = arg min J*(2?,27?%) = arg m%n[xl]Tmz
zp (7?) = arg min J3(2?,0%(2)) = arg min J3 (2%, 27°) = arg min [(z" 4+ 2% + x‘q’)/S}T z®.

(4.3)
Note that, since the best responses depend on the strategies of the other players the three
optimization problems in (4.3) are coupled. A joint solution is, by definition, a Nash
equilibrium. On the other hand, consider three reference vectors z', 22, 2%, that are fized

and independent on x', 22, x>. The optimal responses are

2t () = arg min JH (' 2 = arg min (2] "2t
2 (2%) = arg min J*(2?,2%) = arg min [2%] " 2? (4.4)
?*(2%) = arg min J3(2?,2%) = arg min (23] T3,

The most important thing to notice is that the three optimization problems in (4.4) are
decoupled. In other words, each agent i can compute its optimal response by knowing only
2t. Moreover, our definition of optimal response is based on the definition of aggregative
games (i.e., it is not possible to express the optimal responses in terms of the cost function
J because therein the aggregative structure is not made explicit). The main objective of
this chapter is to propose algorithms that can be used to distributedly construct three
vectors z',z%, 2% € R™ such that the joint solution of (4.4), in response to these vectors,
15 a Nash equilibrium of the original game. 0

In the rest of the chapter we make the following regularity assumptions on the cost
functions, the constraint sets and the optimal responses, according to Definition 3.2.

Assumption 4.1.1 (Convexity of the cost function and constraints). (a) Each agent
i € Z[1, N] is subject to personalized convexr and compact constraints X' C R™. There
exists a convex and compact set X such that X' C X for all i € Z[1,N]. (b) The cost
functions {J* (2%, 2%) : X' x X — R}, are uniformly Lipschitz with constant Ly.
Assumption 4.1.2 (Regularity of the optimal responses 1). (a) The mappings {x™}¥,
in (4.2) are single valued and (b) uniformly Lipschitz with constant Ly.

Assumption 4.1.3 (Regularity of the optimal responses 2). There exists a matriz S =
ST e R, S = 0, such that at least one of the following statements holds:

(a) ='* is a contraction in Hg for all i € Z[1, N];

(b) x'* is non-expansive in Hg for all i € Z[1, N|;
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(c) x'* is firmly non-expansive in Hg for all i € Z[1, N];
(d) x** is anti-monotone in Hg for all i € Z[1, N].

In the following analysis we provide asymptotic guarantees in terms of the population
size N. To this end, we need to define how the game in (4.1) scales when the population
grows and we need to guarantee that, even though the population increases, the basic
properties of each agent remain well defined. Mathematically, we do so by assuming that
the set X and the Lipschitz constants Lj, Ly, as defined in Assumptions 4.1.1 and 4.1.2,
are uniformly bounded over N.

Assumption 4.1.4 (Asymptotic properties). Consider a sequence of games G(N), of
increasing population size N. (a) Denote by X(N) the set X as defined in Assump-
tion 4.1.1 to stress its dependence on the population size N. There exists a conver and
compact set X C R™ such that X(N) C X for all population sizes N. (b) Denote by
Ly(N) and L,(N) the Lipschitz constants L; and L, defined in Assumptions 4.1.1 and
4.1.2 for a population of size N. There exist Ly, Ly > 0 such that L;(N) < Ly and
L.(N) < L, for all population sizes N.

4.1.1 The quadratic case

A very important class of aggregative games is the one where the agents have a quadratic
cost function

Ji(x' ") = g’ Q' +2 (Cz' + ci)T z' (4.5)
where 27,28 € R", Q = Q" >~ 0, ¢; > 0, C € R™" and ¢ € R*. This type of cost
function has been used for example in [HCMO07, HCM12, BP13, GTL13, GPCLI16]. In
this case, the optimal response can be explicitly characterized as follows.

Lemma 4.1.1 (Optimal response for quadratic cost). The unconstrained optimizer of

the problem (4.2) with cost (4.5) is
(") := argmin J' (2", ") = — (qu)_1 (Czi + Ci) : (4.6)

zieRn

the (constrained) optimizer in (4.2) reads as
% (2") = argmin J' (2", 2') = Hf\%i(i'“(zi)), (4.7)
TiEX?

where 115, (y) := argmin,y ||y — x||s denotes the projection on the set X in the Hilbert
space Hg. Il

The next lemma provides sufficient conditions for Assumptions 4.1.1, 4.1.2, 4.1.3 and
4.1.4 to hold when the cost functions are as in (4.5) and the agents have convex and
compact local constraint sets X?. For simplicity, let

M= | %% O], ez, N, (4.8)
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Lemma 4.1.2 (Sufficient conditions for the convex quadratic case). Under Assump-
tion 4.1.1(a) the cost function in (4.5) satisfies Assumption 4.1.1(b) and the mappings
x*(2%) with cost defined as in (4.5) satisfy Assumption 4.1.2. Moreover, the following
statements hold.

1. M; = 0 Vi = Assumption 4.1.8.(a) holds with S =Q
2. M; =0 Vi = Assumption 4.1.3.(b) holds with S =Q
8. —qQ<C=C"=<0Vi = Assumption 4.1.3.(c) holds with S = —C
4. C=0"%0 = Assumption 4.1.3.(d) holds with S =C

Under Assumption 4.1.1(a) and Assumption 4.1.4.(a) if there exist q,q > 0 such that ¢ <
¢; < q for all population sizes N and for all agentsi € Z[1, N|, then Assumption 4.1.4.(b)
holds. O

Remark 4.1. We note that if C = C7 (e.g., as in the cases 3. and 4. of the previous
lemma) then the AAG with cost function as in (4.5) is a potential game, according to
Definition 2.2, with potential function

a
S(x):=a' ({ ] ®Q+%(1Nﬂ;\—/+IN)®C)CL’+2[CI;...;CN]T.Z‘.
an

Consequently, if Assumption 4.1.1(a) holds, ¢;QQ + %C’ = 0 for alli € Z[1,N] and S(x)
is convex, then the sequential BR dynamics in (2.5) are guaranteed to converge by Propo-
sition 2.3.1. The same does not hold in general for the simultaneous BR dynamics in
(2.6) (a quite restrictive sufficient condition is derived in Section 5.1.2). In the following
section we exploit the aggregative structure of the game to suggest an alternative scheme,
which uses again simultaneous updates, but is guaranteed to converge under different
sufficient conditions.

4.2 Average aggregative games: schemes with cen-
tral operator

We start by considering the case of average aggregative games, that is, games where the
aggregator function is the same for all the players and coincides with the population
average, o'(z) = () = + Zf:l xJ for all + € Z[1, N].! For each agent i € Z[1, N] the
best response to the other agents strategies =" is therefore given by

' ' arg min J' (2%, 5(x arg min  J¢ (xi, Loyt LS .xj>
,:L'%Dr(aj_l) — zteR™ | ( | ( >> _ gziER” N N Z];ﬁl (49)
st. a2'e A st. z'e X

!The theory presented in this section can be generalized to the weighted average &(x) :=
% Z;\le alad, Z;\Ll a’ = N, under the assumption that the influence of each agent on the weighted
average becomes negligible when the population size increases, [GPCL16].
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The concept of Nash equilibrium can be specialized for AAGs as follows.

Definition 4.1 (Average aggregative (AA) Nash equilibrium). Given N cost functions
{J: R" x R* — R}, a set of strategies {z' € X' C R"}Y, is an AA e-Nash
equilibrium, with € > 0, if for all i € Z[1, N]

T (#,5(z)) = J (f Ly :zﬂ‘) < min J' (x L (x + 3N, JE])) e (4.10)

It is an AA Nash equilibrium if (4.10) holds with € = 0. O

4.2.1 Structural assumptions and communication requirements

According to the discussion in Section 4.1, we assume that the agents do not know the
strategies of the other players and therefore cannot compute their best responses as
given in (4.9). On the other hand, we assume that they react optimally to a common
reference z that is broadcast by a central operator (e.g., a price signal in the case of
demand-response). In other words the agents update their strategies by using the optimal
response mapping in (4.2) with z* = z for all 4 € Z[1, N]. The main objective of the
section is to derive schemes that can be used by the central operator to iteratively design
the signal z to be broadcast so that the set of optimal responses {z?*(2)}¥, is an AA

Nash equilibrium.

broadcast strategies’ update gather
[ ] [ ]
) [t]

_ﬂ..

\Z/

; N |- % x| —>
LR
tr e
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==
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Figure 4.1: Coordination algorithm with central operator

Figure 4.1 illustrates the communication set up. Specifically, we assume that the
agents and the central operator can iteratively communicate in a gather-and-broadcast
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fashion, so that at every iteration k the central operator broadcasts a tentative reference
signal z() to the population, the agents update their strategies accordingly and the
aggregate of the optimal responses A(z)) == ~ SN, @™*(2) is gathered by the central
operator. This information can then be used by the central operator to design the next
reference z(,41). Note that according to this scheme, at every iteration, the agents select
as next strategy the one that minimizes their cost given the current reference z(), thus
complying with the myopic assumption.

Algorithm 2: AAG: Picard-Banach (decentralized)
Initialization: Set k <— 0. The central operator sets and broadcasts zy € R".

Iterate until convergence:
Local: strategy update

Tty < 2 (2w)) = arg ILHH JH ', 2 )
‘/Lxle 1

Central: average and reference update and broadcast

N i
Alz)) < % >im1 L (k+1)
Z(k+1) < A(Z(k))

The simplest possible scheme consistent with our structural assumptions is illustrated
in Algorithm 2: at every iteration the central operator broadcasts as new reference 2(;11)
the average A(zp)) = ~ SV 2"*(2(r)) =: G(k41) that he has previously received from
the population. We note that Algorithm 2 is similar in spirit to the simultaneous best re-
sponse dynamics except for the fact that the agents update their strategies by taking the
optimal response to the current reference z() = o), considered as a fixed external signal,
instead of the best response to the current average ;). Consequently, in Algorithm 2
the agents do not take into account their contribution in the average when optimiz-
ing. This difference becomes negligible for large populations (see also Theorem 4.2.1).
Conditions guarantying the convergence of Algorithm 2 to an AA Nash equilibrium are
derived in Section 4.2.3 where a more general class of coordination algorithms, including
Algorithm 2 as a special case, is proposed. To this end, we start by introducing the
concept of aggregation mapping.

4.2.2 The aggregation mapping

We formalize the average population behavior obtained when all the agents react op-
timally to a reference z by defining the aggregation mapping A : R" — (% Zfil X Z>
C X CR" as
A(z) =% Zf\il % (2). (4.11)
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Since the objective of our coordination problem is to find an AA Nash equilibrium
for large population size, in the next theorem we exploit the Nash certainty equivalence
principle or mean field approximation idea [HCMO07, Section IV.A] to prove that when N
is large the optimal responses to any fixed point of the aggregation mapping are an almost
Nash equilibrium. The cornerstone to this result is the fact that the contribution of an
individual strategy x’ to the average population behavior &(z) becomes negligible when
N — oo. Therefore, if z = A(Z) = & Zjvzl 27*(Z), then the optimal response z'*(z)
is a good approximation of the best response zi (z7"*(2)) of agent i to the strategies
{@7*(2)},z of the other players.

Theorem 4.2.1 (AAG Nash equilibrium). Suppose Assumptions 4.1.1, 4.1.2(a) and
4.1.4 hold. For all € > 0, there exists N. € N such that, for all N > N, if Z is a fixed
point of A in (4.11), that is, Z = & 32 27* (%), then the set {z'* (2)}Y,, with 27* as
in (4.2), is an AA e-Nash equilibrium. O

Remark 4.2. It follows from the proof of Theorem 4.2.1, given in the Appendix, that
the set {x™* (2)}X, is an AA enx-Nash equilibrium with ey = O (1/N). O

4.2.3 A class of decentralized coordination schemes

According to Theorem 4.2.1 the optimal responses to any fixed point of the aggregation
mapping A in (4.11) are an almost AA Nash equilibrium, for large population sizes.
Consequently, if the central operator designs and broadcasts references z(;) that asymp-
totically converge to a fixed point, that is zg) — Z = A(Z), then the agents strategies
converge to the desired configuration. Let us consider again Algorithm 2. By using the
concept of aggregation mapping, a single iteration of this algorithm can be rewritten as

Zk+1) = Alzw)),

which is the Picard-Banach iteration relative to the aggregation mapping .A. From the
theory revised in Section 3.2.2 it is then clear that a sufficient condition for Algorithm 2
to converge to a fixed point is that the mapping A is either a CON or FNE. Motivated
by this observation, we investigate the regularity properties of the aggregation mapping.

Proposition 4.2.2 (Regularity of the aggregation mapping). Suppose that assump-
tions 4.1.1(a) and 4.1.2 hold. For all i € Z[1,N], let z'* be defined as in (4.2). The
mapping A in (4.11) is Lipschitz continuous, has a fized point, and is

CON inHs under assumption 4.1.3.(a)
NEX inHs under assumption 4.1.3.(b)
FNE inHs under assumption 4.1.3.(c)
SPC  inHs under assumption 4.1.3.(d) O
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An immediate consequence of the previous proposition is that under Assumption
4.1.3.(a) or 4.1.3.(c), Algorithm 2 converges. This proposition however shows that, even
if these assumptions are violated, different regularity conditions of A can be guaranteed
under different sufficient conditions. Leveraging on this fact and on the fixed point
iterations described in Section 3.2.2 we propose an extension of Algorithm 2.

Algorithm 3: AAG: fixed point iterations (decentralized)
Initialization: Set k <— 0. The central operator sets the mappings ¢, and

broadcasts z) € R".
Iteration:
Local: strategy update

xék+1) — xi*(z(k)) = arigerfvljn J(z", 2(k))

Central: average and reference update and broadcast

N i
A(2(r)) < 3 2oim1 T(pp)

Z(k+1) Py (Z(k)v A(Z(k)))

The main difference between Algorithm 2 and the proposed extension, detailed in
Algorithm 3, is that, in the latter, we allow the central operator to design the new signal
Z(k41) by means of a (possibly iteration dependent) mapping @y (-, -) : R x R™ — R™ that
depends not only on the received aggregate A(z()) but also on the previous signal z ),
thus introducing a memory in the coordination scheme. A single iteration of Algorithm 3
results in

21y = P (2, Alzwy)) -

We show in the next theorem that by choosing the mapping ®; appropriately, based
on the theory of fixed point iterations, it is possible to guarantee convergence under
less restrictive assumptions than those of Algorithm 2. Specifically, besides the already
mentioned Picard—Banach iteration

" P (2, Alzwy)) = Alzw), (4.12)

for which Algorithm 3 coincides with Algorithm 2, we suggest the use of the Krasnoselskij
iteration

(I)K(Z(k;), .A(Z(k))) = (1 - /\)Z(k) + /\A(Z(k)) (413)
with A € (0,1), and the step-dependent Mann iteration

O3 (20, Al2ry)) = (1 — )z + arA(z), (4.14)
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where the sequence (oy);—, is such that oy € (0,1) V& > 0, limy o = 0 and
Y ope ap =00 (e.g., oy, = 1/k), as described in Section 3.2.2.

Theorem 4.2.3 (Decentralized convergence to a fixed point). Under Assumptions 4.1.1(a)
and 4.1.2, the following iterations and conditions guarantee global convergence of Algo-
rithm 3 to a fized point of A in (4.11), where '* is as in (4.2) for all i € Z[1, N|:

Picard-Banach (4.12)  Krasnoselskij (4.13)  Mann (4.14)
1. Assumption 4.1.3.(a) v v v
2. Assumption 4.1.5.(b) v v
3. Assumption 4.1.3.(c) v v v
4. Assumption 4.1.5.(d) v v
*with A < H%’ where L is the Lipschitz constant of A in Hg.
The fized point is unique in cases 1. and 4. Il

Remark 4.3 (Rate of Convergence). We emphasize that each mapping presented in
Theorem 4.2.3 has its specific range of applicability. This allows us to select one or more
fixed point iterations based on the specific reqularity property at hand. Which mapping
provides the best convergence performance is in general problem dependent [Ber07, Chap-
ter 9]. We note however that under Assumption 4.1.3.(a), using ®*5, and Assumption
4.1.3.(d), using ®X, Algorithm 3 exhibits geometric convergence (see Lemma 3.2.4 and
3.2.7). O

An important feature of Theorem 4.2.3 is that decentralized convergence is guaran-
teed under conditions that are independent of the individual constraints {X*}¥,. There-
fore, our results and methods apply naturally to populations of heterogeneous agents.

Connection with other decentralized convergence results in aggregative games

Decentralized convergence to Nash equilibria in terms of fixed point iterations has been
previously studied in the literature of aggregative game theory; mostly to show conver-
gence of the sequential BR dynamics in (2.5) [Kuk04, Cournot path] [Jen10, Theorem 2],
under the assumption that the BR mappings of the players are non-increasing [Jenl0,
Assumption 1], besides being continuous and compact valued. In large-scale games,
however, simultaneous responses as in Algorithms 2 and 3 are computationally more
convenient with respect to sequential ones. Within the literature of aggregative games,
the Mann iteration in (4.24) has been proposed in [DHZ06, Remark 2] for the simulta-
neous BRs of the agents. See [Hei06] for an application to distributed power allocation
and scheduling in congested distributed networks. The aggregative game setup in these
papers considers the strategy of the players to be a 1-dimensional variable taking val-
ues in a compact interval of the real numbers. Convergence is then guaranteed if the
BR mappings of the players are continuous, compact and non-increasing [DHZ06, con-
ditions (i)—(iii), p. 81]. It actually follows from the proof of Proposition 4.2.2 that
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Assumption 4.1.3.(d) implies that the aggregation mapping is anti-monotone, which is
the n-dimensional generalization of the non-increasing property used in [DHZ06], for the
case of large populations.

4.2.4 An application of AAGs: PEV coordination

As an application of AAGs, we investigate the problem of coordinating the charging
of a large population of plug-in electric vehicles (PEVs), introduced in [MCHI13] and
extended to the constrained case in [GTL13, PCGL14]. For each agent/PEV i € Z[1, N],
we consider the discrete-time linear dynamics s}, = s} + b'uj, where ¢t € N, s} € [0,1] is
the state of charge, u} is the charging control input and b > 0 represents the charging
efficiency. The objective of each PEV i is to select a charging profile u® := [uf, ..., uk_|]T
that acquires a charge amount 4" € [0, 1], within a finite charging horizon [0,T],T € N,
and that minimizes the price that the agent has to pay for the electricity. Note that
s = sh 40" 31 ul, therefore the requirement sf —s) = 7' is equivalent to the charging
constraint Y, ' ul = 1jul = Z_z =: ~'. Moreover, we consider a dynamic pricing scheme,
where the price of the electricity depends on the overall demand, namely the inflexible
demand D € R% (i.e., the demand coming from the non-PEVs) plus the aggregate PEV
demand N& € RZ;. In line with the (almost-affine) price function in [MCH13, PCGL14],
we consider the affine price function p(a;) := 2a (6 + d;), where a is a positive constant
and d; := % denotes the average inflexible demand? in the time interval t. A typical
profile of average inflexible demand is illustrated in Figure 4.2 A). To sum up, each agent
aims at minimizing the total electricity cost according to the following AAG

- = (T i
min  p(a(u)) ' u
g w POV (1.15)
st 0<u <U 15u =,
where p(5) := [p(Go),...,p(Gr_1)]" is the vector of prices over the interval [0, 7] and

U’ € RL, is a vector of desired upper bounds on the charging inputs.® .

According to the previous theory, we assume that the agents do not have access to the
charging profile of the other PEVs (so that they cannot compute the actual price p(a))
but react to a reference z = [zp,...,27_1] € RT, broadcast by the central operator?,
and set their electricity profile ui%(z) € R” for the whole interval [0, 7] by solving the

*We refer to [MCH13] for a discussion on why the average quantities &;(u¢) = + Zjvzl u} and d; = Do
are used instead of the total quantities Zf;l ui and D;. We briefly note here that such assumption
is justifiable if the grid infrastructure (e.g., the number of production plants) scales with the PEV
population size N.

3More general convex constraints could be considered (e.g., to model multiple charging intervals,
charging rates, vehicle-to-grid operations). We keep the same setting of [MCH13, PCGL14] for simplicity.

4The central operator can, without loss of generality, broadcast the price p(z) instead of 2.
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following optimization problem

() arg min p(z)Tu? arg min 2a(z + d) " u’
v s.t. 0 S (0 S UZ7 I]-Tul = %Y, s.t. 0 S u S Uly ]].TUZ =%-

(4.16)
The optimal response in (4.16) is the optimizer of a linear program, hence it can be set
valued and thus violate Assumption 4.1.2. Following [MCH13, PCGL14], we therefore
consider a quadratic relaxation of (4.16) and we define as optimal charging control u’*
for each PEV i € Z[1, N], given the reference z, the solution of

u*(2) = arg min 6 ||uf — z||* + 2a(z + d) T
uteRT

. . , (4.17)
st. 0<ut <UL 1Ljut =,

where 0 > 0 should be chosen small to approximate the original linear cost. We refer
to [PCGL14, Section V] for numerical evidence of the beneficial effect of choosing a small
d > 0 for the perturbed cost in (4.17). We here report a theoretical result on the relation
among the Nash equilibria of the game in (4.15) and the relaxed game whose optimal
responses are as in (4.17)

Gy e { Inin 6 flu’ — o()|* +2a(o(uw) +d) v (4.18)

st 0<u <UY 1ju =

Lemma 4.2.4 (Convergence of Nash equilibria for small §). For any § < a, the game G
in (4.15) and its quadratic relazation Gs in (4.18), have a unique Nash equilibrium which
we denote by urp and ug, respectively. Moreover, s — upp, as d — 0, and for any e > 0
there exists 6 > 0 such that, for any § < 6, Us is an e-Nash equilibrium for the original
game (4.16).

We assume that the central operator (e.g., the grid operator) aims at designing a
reference z € R” such that the set of optimal responses {u'*(z)} is a Nash equilibrium of
the game Gs in (4.18). In view of Theorem 4.2.1, a solution to such coordination problem
can be found by selecting as reference a fixed point of the mapping

A(z) = 5 il u*(2)

N
=1

a given price p(z). According to Theorem 4.2.3, such a fixed point can be found by

which represents the average among the optimal charging control inputs {u*(z) for

applying Algorithm 3. Note that in the PEV case this algorithm can be implemented as
follows. At each iteration k:

1. the grid operator broadcasts a tentative price p(zwx));

2. the PEVs solve (4.17) and compute what would be their optimal charging profile
if the price was indeed p(z());
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3. the aggregate charging profile is send back to the grid operator which utilizes it to
update and broadcast a new tentative price p(zg1))-

It is important to stress that these algorithmic iterations take place before the charg-
ing interval [0,7] begins. Consequently, the charging profiles u'*(z()) are never im-
plemented®. Once the algorithm reaches convergence, the grid operator sets the actual
price to p(z) and the agents implement u*(Z). Since the cost function in (4.18) can
be rewritten up to constant terms as the quadratic cost function in (4.5) with @ = I,
C=(a—0)I,c =ad, q =24 forall i €Z[1, N], we can establish conditions on § under
which a specific fixed point iteration, that in this context represents a price update law,
converges to an AA ey-Nash solution for the constrained charging control problem.

Corollary 4.2.5 (Decentralized PEV coordination). The following iterations and condi-
tions guarantee global convergence to an en-Nash equilibrium of (4.18) with ey = O().

N
Picard-Banach (4.12)  Krasnoselskij (4.13)  Mann (4.14)
1. §>a/2 v v v
2. §>a/2 v v
3. a>0>0 e v
*with A < l—i—%’ where L is the Lipschitz constant of A in Hg. O

The use of the Picard—Banach iteration was firstly suggested in [MCH13], where
the authors prove convergence of Algorithm 2 for 6 > a/2. For small values of 9, it was
however shown both in [MCH13] and [PCGL14] that the Picard-Banach iteration causes
permanent price oscillations. The previous corollary proves that, on the other hand, the
Mann iteration converges for any value of § > 0, as empirically observed in [PCGL14],
thus allowing one to approximate the original problem (4.15) to any desired precision.

Using the same numerical values as in [MCH13], Figure 4.2 shows that by using the
Mann iteration, the central operator can successfully coordinate the PEV population
to an AA ey-Nash equilibrium, even for 6 < a/2. Actually it appears from Figure 4.2
A) that the aggregate of the charging strategies at the obtained Nash equilibrium is
valley-filling, that is, there exists v > 0 such that for each time ¢, % ;\/Zl u{*(,?) +d; =
max{d;,v}. Such aggregate behavior is desirable in practice since it has no demand
peaks [MCH13, Section I] and can be shown to be welfare-optimal for the original game
G, in the case when there are no charging upper bounds [MCH13, Lemma 3.1]. Figure 4.2
B) shows some charging trajectories of the AA ey-Nash equilibrium {ui*(Z)}i]\il obtained
with the Mann iteration. Figure 4.2 A) and B) illustrate the strategies at the Nash
equilibrium, that is, the strategies obtained at convergence of Algorithm 3. Figure 4.2
C), on the other hand, is related to the iterations of the algorithm. Specifically, it shows
that by using the Picard-Banach iteration to update the price Algorithm 3 would oscillate

5We note here that since the charging profiles v’ *(2(x)) at iteration k are not implemented, the agents
have actually no incentive in using the optimal response as strategies update rule, but could instead
cheat and send back to the central
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Figure 4.2: Charging setting
without upper bounds (§ = 107%).

A) The green line represents the
sum of the average non-PEV de-
mand d added to the aggre-
gate charging profile (u*(z)) cor-
responding to the AA ey-Nash
equilibrium {u'*(2)}¥,, obtained
with Algorithm 3 using the Mann
iteration. The obtained profile ap-

pears to be valley-filling.

B) Individual strategies at the
en-Nash equilibrium {u'*(2)}Y,.
The area between the maximum
and minimum charging strategies
is shown in transparent green.
The thin lines are some charging
strategies sampled from the AA
en-Nash equilibrium; the thick
line is the average of all the charg-
ing strategies.

C) Distance between the reference
zx, obtained by applying Algo-
rithm 3 with the Picard-Banach
iteration (red) or the Mann itera-
tion (blue), as price update map-
pings, and the reference z ob-
tained at convergence of the al-
gorithm with the Mann iteration.
Note that the Picard-Banach it-
eration oscillates indefinitely.
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indefinitely, while by using the Mann it reaches convergence. We refer to [PCGL14] for
further discussions and numerical simulations.

4.3 Network aggregative games: distributed schemes

In this section we consider a generalization of the NAG setup introduced in Section 2.1.2
that allows for multiple rounds of communications. We briefly note here that commu-
nicating v times over a graph with associated adjacency matrix P is mathematically
equivalent to communicating once over a graph with associated adjacency matrix P”. In

fact, if the agents have initial state = := [z';...; 2], after one round of communications

the vector of neighbors aggregate states is o1 := [0};...;0)] = P, after two rounds it is
09 := Poy = P2z and in general the vector of neighbors aggregate states after v rounds
of communications is o, := P”x. Practically, however, communicating v times over the
network P is more convenient then communicating once over P” since in the latter case
the agents would need to exchange information with a larger subset of the population
(actually all the agents up to v hops away in the graph P). In the following we denote
by [Pli; = Py the element in position (i,7) of the matrix P and by P}, := [P"];; the
element in position (7, ) of the matrix P”.

To extended the NAG setup to multiple rounds of communications, we assume that
each agent ¢ aims at minimizing a cost function J*(z%,¢%) that depends on its own
strategy ' and on the aggregate quantity o’ (z) := Z;VZI Pya’ which is obtained by
communicating and averaging the strategies of its neighbors N* := {j # i | P; > 0}
a number v of times, a priori fixed. In the following, we reserve special attention to
the cases: v = 1 (typical of standard NAGs) and (ii) ¥ — oo (used in the next section
to approximate AAGs). Formally, each agent ¢ € Z[1, N] aims at computing its best
response to the neighbors’ aggregate state o,

2} (z7) := argmin J* (2*, 0} (2)) (4.19)

zleX?
= argmin .J! <xi, Plxt + Zj\;z PZmJ) :
TieX?
The definition of Nash equilibrium can be specialized to NAGs, with v communications,
as follows.

Definition 4.2 (Network aggregative (NA) Nash equilibrium with » communications).
Given N cost functions {J*: R" x R® — R}Y, | a weighted adjacency matriz P € RV*N
a fized number of communications v € N and e > 0, a set of strategies {T* € Xi}iNzl is a
NA e-Nash equilibrium for (4.19) if, for all i € Z[1, N|, it holds

(@ oif@) = F(o', S0 Py ) <min I (a8, Phat + Y, Pya )+ e

rteX’

If the above inequality holds for e = 0 then {fl}N L 15 an NA Nash equilibrium.

1=
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4.3.1 Structural assumptions and communication requirements
We assume that the communication network satisfies the following assumption.

Assumption 4.3.1 (Graph property for NAGs). For the a priori fired number v € N
of communications and the given population size N, the weighted adjacency matriz P €
RN*N s row stochastic and satisfies P = 0 for all i € Z[1, N].

Assumption 4.3.1 is equivalent to the absence of cycles of length v in the graph
associated with P. In the typical case of single-communication NAGs, that is if v = 1,
Assumption 4.3.1 is equivalent to the absence of self-loops. Note that, according to this
assumption, z} (x7") = 2'*(c’(z)), since o’ (z) does not depend on z'.

4.3.2 The extended aggregation mapping (v fixed)

Consider a game with an a priori fixed number v of communications. Let z := [21; 2N }
€ R be a vector of (possibly different) references for each agent and define the mapping
xRV 5 Xy as

x*(z) == [2'*(z");. 2V (ZY)] e RV, (4.20)

whose components are the optimal responses z'*(2%) of each agent i to the signal 2’, as
defined in (4.2). The mapping «* in (4.20) can be used to define an extended aggregation
mapping A, that, given a vector z, returns the updated neighbors aggregate states, after

one optimization and v communication steps. Formally, A, : RN — (P* @ I,,)X1xn C
RN is defined as

A, (z) = = : =(P"®I,)x*(z) = P,x*(z). (4.21)

SN, P jad *(27)

[ Al(2) ] Zé\]:1 Plljjmj*(zj)
AY (2)

Note that, with respect to the aggregation mapping A(z) defined for AAGs in Section 4.2,
the mapping A, (z) takes values in RM" instead of R™. In fact, in NAGs we have N local
references {2} | instead of one reference z which is the same for all players. The next
theorem shows that, nonetheless, the fixed points of the extended aggregation mapping
A, can be used to find a Nash equilibrium of the NAG game with v communications,
for any population size N.

Theorem 4.3.1 (NAG Nash equilibria). Under Assumptions 4.1.1(a) and 4.1.2 the
mapping A, in (4.21) admits at least one fized point 2 = A, (2Z). If also Assumption 4.5.1
holds and z is a fived point of A,, then the set of strategies {x'* (Zi)}iNzl, with ©** as
in (4.2) for all i € Z[1, N], is an NA Nash equilibrium for (4.19). O
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Note that Theorem 4.3.1 implicitly ensures the existence of at least one Nash equi-
librium for all NAGs satisfying Assumptions 4.1.1, 4.3.1 and 4.1.2 (consistently with
Proposition 2.1.1). If one relaxes Assumption 4.3.1 to P = O(5;) for all ¢ € Z[1, N],
then it is possible to show that the optimal responses to a fixed point are an £y-Nash
equilibrium, with ¢ = O(%), following the same procedure as in Theorem 4.2.1.

4.3.3 A class of distributed coordination schemes

Similarly to what was done in Section 4.2 for AAGs, we suggest here a class of update
rules, summarized in Algorithm 4, that aims at reaching an NA Nash equilibrium by find-
ing a fixed point of the extended aggregation mapping (thus exploiting Theorem 4.3.1).
The main difference between Algorithm 3 and Algorithm 4 is that the former requires the
presence of a central operator, that broadcasts the common reference z(;) to the whole
population, while in the latter coordination is achieved in a totally distributed fashion,
see Figure 4.3. Specifically, we assume that at the beginning of step k each agent i has a
local reference vector sz), which could for example be its local estimate of the neighbors
aggregate state, and

1. COmmunicates V1 times to compute a local a priori aggregate

2. computes the optimal response x(kH) to 51,1 o(Zw);

3. communicates v times to ‘compute a local a posteriori aggregate

AZ//17V2( ) Zj IPVQ (]C-f—l)

4. updates the local reference z* by ﬁlterlng the a posteriori aggregate A,jl vy (Z())
with the previous local reference z through a mapping ¥ : R” x R” — R".

Note that the two subscripts 14, v, in A’ refer to the number of communications exe-
cuted before (14) and after (v5) the optimization step 2. Performing communications
both before and after optimizing allows us to guarantee convergence under more general
conditions than those typically assumed in the literature (see Theorem 4.3.2 in the next
subsection).

Algorithm 4 describes a class of learning dynamics, parameterized by 14,5 and by
the mapping ®,. The simplest dynamics is obtained by setting (v1,15) = (0,7) and by
using as mapping the Picard—Banach iteration, yielding the update

2k = 7 (200, Avi s (20)) = Avis (209) - (4.22)

Under these settings and under Assumption 4.3.1, Algorithm 4 coincides with the si-
multaneous best response dynamics in (2.6) for the NAG in (4.19). As mentioned in
Section 2.3, these are the learning dynamics that are obtained when, at every iteration,
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Algorithm 4: NAG: fixed point iterations (distributed)

Initialization. Set k < 0, choose an initial reference zfl) € R” for every agent 1,
the mappings {®x},;; and vy, s € Zxg, such that vy + v = v.

Iterate until convergence. Each agent ¢:
1) Communicates v; times
8570 — zék)
for s=0 to s=v;—1 do
A N ,
Eirr10 ¢ 2jm1 Pij€ly
end
2) Computes its optimal strategy with respect to 5};170
ajékﬂ) — ' 11;1,0) := arg min Ji(:vi,giho)
TrEX?
3) Communicates vy times
Ao Tlhy1)
for s=0 to s=1vy—1 do
. N :
A st < Zj:l Py Al s
end

4) Updates the reference

Zék+1) — @, (sz),AfA’VQ)

k+—k—+1
communication strategies’ update communication
(11 times) (v2 times)
£ &0 Talrel ) B3 (E0) AL, L
. :
—1 —1
53 0 5 o x 3x/c3 x 1'5*(55 0) A3 w
1/ 21 e T (Ey]’ ) [ 1 V1,0 A
e/ N # R SR | Srva R "
‘m Evo ‘ -~ xz?(&i,o) ‘ w\ A, ‘ -7
(] / \ 5,31,11 w xm7*(5‘3\.0) @/ \ AZMV?
T 551,0w \ €10 S s o8 X 2°%(£2 /n\ TAfflm \ A, s
° X'y (E0) ' (€,,0) ®
R |
T {kaﬂ) = ‘I’k(ZZk)»Af/l,yz)}i:I <

references update

Figure 4.3: Coordination algorithm with local communications only
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all the players synchronously compute their BRs to the current strategies of the neigh-
bors. Conditions under which the BR dynamics are guaranteed to converge are derived
in Theorem 4.3.2 and Lemma 5.1.3. To ensure convergence under weaker assumptions,
we consider again the use of more general fixed point iterations as the Krasnoselskij

iteration

(I)K(Z(k), AVIJ/Q (Z(k))) = (1 — )\)Z(k) + )\A,,LVQ (Z(k)> (4.23)
with A € (0,1), and the step-dependent Mann iteration

@%(Z(k), AVl,Vz (Z(k))) = (1 - ak)z(k) + OékAlll,Vz (z(k))7 (424>
where the sequence (ay)p., is such that oy € (0,1) Vb > 0, limyoc o, = 0 and

Yoo ap = oo (e.g., ap = 1/k), see Section 3.2.2. Note that each agent can compute
the i component of these mappings knowing only the i component of its arguments,
therefore the update of z () can be performed distributedly (as in point 4 of Algorithm 4).

Global convergence of Algorithm 4

The following result provides conditions on the cost functions and on the network struc-
ture under which the sequence of vectors used to compute the optimal responses,

([551,0<Z(k))3 ceed 55,0(2(19))]);11, (4.25)

in Algorithm 4 converges, as k tends to infinity, to a fixed point of the extended aggre-
gation mapping A, in (4.21). As a consequence, {xzk)}f\il converges to the desired Nash
equilibrium configuration, according to Theorem 4.3.1.

Theorem 4.3.2 (Distributed convergence to a fixed point). Under Assumptions 4.1.1(a)
and 4.1.2, the following iterations and conditions guarantee that the sequence in (4.25)
converges, for any initial condition zo € RN™, to a fized point of A, in (4.21)

reqularity — network — (v1,1v5) | ®FF in (4.22) &K in (4.23) @M in (4.24)
1. A4.1.3.(a) ||P|<1  (0,v) v v v
2. A4.13.() |P|<1  (0,v) v v
3. A4.1.3.(c) P=P" (v/2,v/2) v v v
b AL13.(d) P=PT (v/2,0/2) v v
= with A < H% where L is the Lipschitz constant of A%é mn Hg.
The mapping A, has a unique fixed point in case 1. O

We note that the condition ||P|| < 1 is satisfied by any double stochastic matrix
(thanks to Holder’s inequality). In particular, it is therefore satisfied if the network is
symmetric (i.e., P = PT).

Remark 4.4 (Rate of Convergence). Under A.4.1.3.(a), using ®" 2, and A.4.1.5.(d),
using X, Algorithm 4 exhibits geometric convergence (see Lemma 3.2.4 and 3.2.7). O
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4.3.4 An application of NAGs: multidimensional opinion dy-

namics

We consider here the problem of modeling how ideas, innovations or behaviors spread
in a social network [Lor07, MS10, BHT10, MB12, PPTF15]. Opinion dynamics have
been formulated as games in the literature in [GS14] and [EB15]. Here we generalize
these models to the case of constrained opinion sets. Specifically, we assume that each
agent i € Z[1, N| has a vector ' € [0,1]" of opinions regarding n € N topics. Each
component z’ € [0,1] represents the opinion of agent i about topic s € Z[1,n|, where
0 represents an extremely negative and 1 an extremely positive opinion. We denote by
xz('o) € [0,1]" the initial opinion of agent ¢ and by #° > 0 its stubborness regarding its
initial opinion. To describe the opinion dynamics, we consider a synchronous repetitive
game where at every iteration k each agent ¢ communicates once (v = 1) with its
neighbors N := {j € Z[1,N] | P; > 0} and updates its opinion according to the
optimization problem

N
wl (x_z) 1= arg min E (Pyjllz" — 27||*)+ 0;||2" — xéo)HQ
rreX? )
JFi

st. 2t e X (4.26)

The cost function in (4.27) comprises two terms: the first one models the influence of
the neighbors to the new opinion of agent i, the second one models the “stubbornness”
of agent ¢ about its initial opinion. Additional constraints on the agents’ opinions across
the n topics, as for example the fact that the opinions regarding two topics should not
differ more than a given threshold, or hard constraints on single topics can be encoded
via the constraint set X’ C [0,1]". The agents are assumed to be heterogeneous in the
sense that the stubbornness parameter 6; > 0, the constraint set X* and the weights
{Pij};\;i may be different for every agent. We refer to agents for which 6; = 0 and
X' =10,1]" as followers and to all the remaining ones as stubborn. We note that (4.27)
can be equivalently reformulated as

2, (277) := argmin  ||2’[|* — 2 (Zj\;z Pij:v3> o'+ 02" — w2
TrEX

st. o' e X
thus it is a network aggregative game with v = 1. Furthermore, since P;; = 0, Assump-
tion 4.3.1 is met and x} (z7%) = z'* (o} (x)).
In the absence of constraints, the solution to (4.27) for each topic decouples, hence

one can consider n = 1 without loss of generality, and the BR can be computed explicitly,
leading to the simultaneous BR dynamics

)

i R -y 1 J 0;
Tlerry = Toe(T) = 1557 2ogi D%y T 158 %0)0
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which is a particular case of the standard Friedkin and Johnsen model [FJ99], with
parameters A := diag (ﬁ, ey ﬁ) and W := P. For the case in which there is at
least one stubborn agent it is possible to show, with the same argument used in [GS14],
that the simultaneous BR dynamics converge to a Nash equilibrium of the game in (4.27).
If on the other hand, all the agents are followers, one recovers the standard DeGroot
model [DeG74], whose convergence properties have been exhaustively investigated using
consensus theory. In this case, the Nash equilibria coincide with the right eigenvectors
of the matrix P corresponding to the eigenvalue A = 1. Theorems 4.3.1 and 4.3.2 allow
us to extend the analysis to the multi-dimentional case with stubborn agents and generic
convex constraints.

Corollary 4.3.3 (Distributed opinion dynamics). Suppose that Assumption 4.1.1(a)
holds. The following iterations and conditions guarantee convergence of Algorithm 4,
from any initial configuration, to a Nash equilibrium for (4.27).

cost (Vi) network (v1,14) ‘ OP B in (4.22) K in (4.23)
I 650 JPj<i (0,1 7 7
Pl <1 (0,1) v

o

0

In words, if 6; > 0 for all i € Z[1, N] and ||P|| < 1, the simultaneous BR dynamics
(i.e., Algorithm 4 for (v1,15) = (0,1) by using ®"B) converge to the unique Nash
equilibrium. If some followers are present in the population, then a Nash equilibrium
can be reached using an update rule with memory (i.e., Algorithm 4 for (vy,1v5) = (0, 1)
by using ®X). We also note that in the first case (i.e. when 6; > 0 for all ¢ € Z[1, N]),
the rate of convergence can be explicitly characterised. In fact, as noted in Remark 4.4,
the simultaneous BR dynamics converge with a geometric rate that depends on the
contraction constant of the extended aggregation mapping. It is easy to see from the
proof of Corollary 4.3.3 that such constant is § := m < 1. In other words
|z — Z|l2 < 6%||2(0) — Z||2, where Z is the unique Nash equilibrium. Let us define the

time of convergence as T'(¢) := min{7 | Iz ~lle €, Yk > 7, Vx(q) € X}. Then we get

llz(0)—Zllo

[z — Zlloo |z — 2|2

< Nn

—— < — 12 < Nno® (4.27)
120y — Z|loo |z0) — 7|2

hence H <eif N ndk < € or equivalently if & > log(e)_lﬁgg(( 6)) log(m)  Consequently,

T(e) < ogto)- I?Ogg((]g)) o8 " If § is uniformly upper bounded on N (i.e. is 6; are uniformily
lower bounded), then the convergence time increases at most with rate O(log(N)). We

note that the upper bound derived with this approach does not depend on the network
topology (as long as ||P|| < 1). The investigation of tighter upper bounds that ex-
ploit specific network properties (e.g. the essential spectral radius that appears in the
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Figure 4.4:  Average number of iterations (solid line) and 90% confidence intervals

as functions of the population size N for the three different network topologies (top).
The plot on the left refers to a population where only stubborn agents are present and
update their opinion using the BR scheme (®FB), while the plot on the right refers
to a population composed by half stubborn and half follower agents, using the scheme
with memory (®¥). In each case, 50 different networks and populations were simulated
with initial opinions chosen according to a uniform distribution in [0, 1]2. The stopping
criterion is [|Zk) — Z(k-1)[|c <107°.

convergence rate of opinion dynamics without stubborn agents [OT09]) is left as future
work.

To numerically investigate the performance of the two schemes we consider a case
study where each agent i has n = 2 opinions 2’ = [xil,até]T, regarding two different
topics, taking values in X% := {[z1, 23] | [l1 — 2] < 0.3} and is either a follower
or stubborn with 6; = 1. Figure 4.4 reports the number of iterations required to reach
convergence as a function of the population size N for two different compositions of
the population and three different network topologies. These simulations show that the
convergence speed depends only mildly on the population size in the case when all the
agents are stubborn, as expected, but also in the mixed population case, suggesting that
our approach is scalable.
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4.4 Average aggregative games: distributed schemes

AAGs can be seen as NAGs over a complete network, so that, o’ (z) = 5(z) = + Zjvzl 2l €
R"™ for all i. Consequently, Algorithm 4 can readily be applied, with P = %]1 ~1} and
v = 1, to distributedly steer the population to a Nash equilibrium of the AAG.% The
drawback is that, to this end, each agent needs to communicate with all the other agents
in the population, which is not feasible in large-population games. If there is a central
operator, that can compute and broadcast the average, then one can apply the coordi-
nation algorithm already suggested in Section 4.2. Unfortunately, solutions relaying on
a central operator may not always be implementable.

The main result of this section is to show how Algorithm 4 can additionally be
used to coordinate the agents strategies to an almost Nash equilibrium in large-scale
AAGs distributedly, that is by means of local communications over a sparse network
P # +1y1}, by performing a large enough number v of communications in between
two strategies updates.

4.4.1 Structural assumptions and communication requirements

To apply Algorithm 4 to AAGs we need to ensure that lim,_,o 0% (z) = 6(z) = + Zjvzl x.
In other words, the network P should be such that, by iteratively communicating, the
agents asymptotically reach consensus on the population average. To this aim we intro-
duce the following assumption.

Assumption 4.4.1 (Asymptotic average consensus). For all population sizes N, the
weighted adjacency matriz P, which is here denoted by P(N) to stress its dependence
on the population size N, satisfies lim,_,oo PY(N) = ~1x1}. Equivalently, P(N) is

- N
primitive and doubly stochastic [OSAFMO07].

4.4.2 The extended aggregation mapping (v — o)

We start by analyzing the relation between the extended aggregation mapping A,
in (4.21), obtained via v communications over the local network P, and the extended
aggregation mapping A : RV" — (X 1y1} ® I,,) Xixn,

A(z) = (5 Inly ® L) 2*(2) = T x*(2), (4.28)

that arises from a complete network in AAGs.

5Note that rigorously speaking AAGs do not satisfy Assumption 4.3.1, however one can consider the
equivalent cost functions J(z*,07"(x)) = Ji(z',0(x)), where 0% (x) = % >°,_; #7 and then study the

regularity properties of the game with costs Jt and matrix P = %(]l N]lj—'\—, —In).

65



Lemma 4.4.1 (Convergence of aggregation mappings). Under Assumptions 4.1.1 and
4.1.2, the mappings A in (4.28) and A, in (4.21), for all v € N, are continuous and
have at least one fixed point. If additionally Assumption 4.4.1 holds, then

lim, o0 SUP,cpnn || AL (2) — A(2)]] = 0. O

This lemma allows us to prove that the optimal responses to the fixed point of A4,
in (4.21), which can be computed distributedly via Algorithm 4, are an almost Nash
equilibrium for the AAG.

Theorem 4.4.2 (AAG Nash equilibria). Suppose that Assumptions 4.1.1, 4.1.2, 4.1.4
and 4.4.1 hold. For all e > 0 there exists N such that: for all N > N, there exists v > 0
such that, for allv > v, if Z is a fized point of A, in (4.21), then the set {z"* (Ei)}ij\il,
with * as in (4.2), is an e-Nash equilibrium for the AAG in (4.9). O

We note that, contrary to the case of NAGs, where the fixed points of A, lead, under
Assumption 4.3.1, to a Nash equilibrium for finite v and finite /N, in the case of AAGs
a Nash equilibrium is recovered only asymptotically. This is due to the fact that: i)
the agents are required to “almost reach consensus” on the population average (i.e., a
number v large enough of consensus steps should be performed) and ii) the population
average depends on the strategy of agent ¢ with contribution proportional to 1/N (hence,
to be negligible, NV should be large enough). However, for any desired ¢ > 0, the proof of
Theorem 4.4.2 allows one to derive lower bounds on N and v ensuring that {z7* (1)} | is
an e-Nash equilibrium. We note that the minimum number of required communications
v can be computed in a distributed fashion [PGGL15b, Appendix C|. For symmetric net-
works this dependence can be further specified in terms of the spectral properties of P.

Assumption 4.4.2 (Spectral properties). For all population sizes N the weighted ad-
jacency matric P = P(N) is symmetric. Moreover, there exists p € [0,1) such that

UN = HlaX)\eA(p(N))\{l}{’)\‘} S 1% fOT' all N.

Corollary 4.4.3 (e-convergence rate). Suppose that Assumptions 4.1.1, 4.1.2, }.1./,
4.4.1 and 4.4.2 hold. If z is a fized point of A, in (4.21), then the set of strategies
{x* (Zi)}iNzl, with x'* as in (4.2) for all i € Z[1, N], is an e-Nash equilibrium for (4.9),
with & = O(% + VNu»). O

In other words, Assumption 4.4.2 allows us to derive an upper bound on ¢ that is
composed by two terms: one that decreases linearly in N, as for the solution with central
coordinator (Section 4.2), and one that, for any fixed N, decreases exponentially fast
with the number of communication steps v. Assumption 4.4.2 is satisfied, e.g., by the
degree-normalized adjacency matrices of any family of d-regular undirected e-expander
graphs [HLWO06, Definition 2.2 and Example 2.2]. In fact uy <1 — % =: u [HLWO06,
Theorem 2.4], [Sin92, Theorem 2].

66



4.4.3 An application of AAGs: hierarchical demand-response

Consider a population of N loads whose electricity consumption u' = [u!, ..., u%] € RT
over the horizon 7 = Z[0,T — 1] is scheduled according to the demand-response scheme

u'*(7) := arg min Z (pi | — 4 gt p(&t)u,i) (4.29)

] T
u'€R teT

st st =d'si+yu, VteT
[s"(u');u'] € (8" x B)NR,

where st = si(u’) is the state of the load at time ¢ (e.g., its temperature in case of heat-
ing ventilation air conditioning systems [MHS14] and thermostatically controlled loads
[GGPL15] or its state of charge in case of plug-in electric vehicles [MCH13, PCGL14]),
s € R is the given initial state, a’,7" € R\{0} are parameters modeling the dynamics
and the efficiency of load ¢, o; = % Zfil u! € R is the population average energy demand
at time ¢, ¢ := [00;...;07_1] € RT and 4" € RT is the preferred schedule of agent i.
The energy consumption u’ and state vector s(u’) are constrained by the personalized
sets BY € RT and S' C R”, respectively, and by the joint constraint set R? C R?T.
The first term in the cost function of (4.29) models the curtailment cost that each agent
encounters for deviating from its nominal energy schedule 4}, according to the Taguchi
loss function [TCWO04], p; > 0 being a constant weighting parameter. The second term
models the demand-response mechanism: the energy price varies according to a price
function p(g;) that is assumed to be an affine increasing function of the total energy
demand as in [MHS14, Equation (15)] and Section 4.2.4,

p(G¢) == Aay +po, A>0. (4.30)
Approaches to find a Nash equilibrium iteratively via a central coordinator have been
proposed in [MCH13, PCGL14, GPCL16, MHS14]. Here we note that (4.29) can be
rewritten as the AAG in (4.9) with 2 = v’ and cost function as in (4.5) with ¢; = p;,
Q = Ir,C = 3Ir, c = & — 04'. Note that, since s'(u’) is an affine function of the input
u’, the constraint [s'(u'); u'] € (8 x BY) N'R' can be rewritten as a unique constraint on
the input, v’ € U, that is convex and compact if B?, S?, R’ are convex and compact.

Corollary 4.4.4 (Distributed demand-response). Suppose that Assumptions 4.1.1, 4.1.4
and 4.4.1 hold, and let p(a;) be as in (4.30). The following iterations and conditions
guarantee convergence of the strategies in Algorithm 4, from any initial point, to an
e(Nw)-Nash equilibrium for (4.29) with e(n,) = O(||[P* — x 11|l + 7).

N
cost (Vi) network  (v1,1s) ‘ OB in (4.22) O in (4.23) ®M in (4.24)
I p>AN2 Pl<1 (0,0) v v v
2 p2N2 |PI<1 (0v) v v
3. P=P" (v/2,v/2) e v
= with A < H% where L is the Lipschitz constant of A%é in Hs. O
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The model given in (4.29) can be used for example to describe demand-response
methods for heating ventilation air conditioning (HVAC) systems in smart buildings,
as suggested in [MHS14], by selecting p; = 62, where 6 > 0 is the cost coefficient of
the Taguchi loss function and v; > 0 specifies the thermal characteristic of the HVAC
system. In [MHS14, Theorems 1, 2] it is shown that, for N > 3, if 4* = ~v > 0 for all 1,
U = ul ] CRY withulul . € RT and A < ]25)73, then the Nash equilibrium is
unique and can be computed using a control algorithm involving a central coordinator.
Corollary 4.4.4 proves that, Algorithm 4, on the other hand, can be used to find an
e-Nash equilibrium in a distributed fashion, under arbitrary convex constraints u’ € U*
and for all values of \.

1.5 T
—— central operator
= hier. (V=2)
hier. (v=10)
=+ hier. (VvV=50)
1tk
)
(0]
(®))
o
[0
>
<
0.5

1 1
0 50 100 150 200

Population size (N)

Figure 4.5:  Comparison between the approach with central operator and the distributed
hierarchical approach with M = 5 and v = 2,10,50. The matrix Pp; is the adjacency

matrix corresponding to a symmetric ring, so that [Pyl;; = % ifj=di+1lorj=14i-1
and [Pys];; = 0 otherwise, with the convention N +1 = —1 = 1. The plot shows the av-
erage cost improvement ey = maX;e(1 . N} Jt — J*, where J' = J (ﬁl,%zyzl ﬂj> and

Jir o= min,ic yi J ( i, % (uz + Zj\;z _j)> that an agent can achieve by unilateral devia-
tions from the set of strategies {u’ } *, obtained at convergence of the algorithm. We set
A = 2 and 042 = 0.1 for all i. We consider an horizon of T = 24 hrs and we assume
a baseline energy consumption o as illustrated in [MCH13, Figure 1]. We set the base-
line energy price to py := Aog. The average is computed over 10 different populations
With prescheduled energy consumption 4 uniformly sampled in [0, 1]T and constraint set

={ueRL >0 | Zt R ZtT 1 ﬂf;,ut =0if t ¢ [Thare- Thgl Y, with TZ ¢ uniformly sampled
in {1 T}, T! , uniformly sampled in {T%,,, +1,7}. To guarantee convergence, we use ®M and
v1 = vy = %. The stopping criterion is | A, (A, 0(2(x))) — Av,0(Z@)) oo < 1072
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As a particular case of network we consider a hierarchical communication structure
that models the fact that groups of buildings are managed by the same company. For
simplicity, let us assume that there are M companies and each one manages B buildings,
for a total of N = M B buildings. At every communication step the managers compute
the aggregate power demand of their buildings, then communicate among each other

RM*M and finally broadcast the price signal to their buildings.

using a network P, €
It is easy to prove that the corresponding network P = Py, ® %]1 g1} satisfies Assump-
tion 4.4.1, ||[P||2 < 1 and P = PT if and only if Py; does. In Figure 4.5 we report the
values of € obtained at convergence using Algorithm 4 with the mapping ®™ and differ-
ent number of communications, and we compare it with the performance of the centrally
coordinated control scheme described in Section 4.2, Algorithm 3. We empirically verify

that € decreases when v increases, as guaranteed by Theorem 4.4.2.

We conclude this section by noting that the model given in (4.29) can be also used,
by setting p; sufficiently small, to compute the optimal charging strategy for large popu-
lations of plug-in electrical vehicles (Section 4.2.4). Under the same conditions of Corol-
lary 4.4.4 (point 3.), Algorithm 4 allows one to recover an e-Nash equilibrium using a
symmetric network P instead of the central coordinator.

4.5 Appendix

4.5.1 Proofs of the results stated in Section 4.1

Proof of Lemma 4.1.1 (Optimal response for quadratic cost)

The closed-form expression of the (unique) unconstrained optimizer 2**(z) directly fol-

lows from the equation 0 = 2 J'(z', 2') = 2¢;Qz’ + 2(C2' 4+ ¢'). Then the following

equalities hold:

z — :%’*(Z)Hz

HQ, ~i* _ :
2i(27(2)) arg min

= arg min [11+ (4Q) ™ (€ +¢)]T Q- [¢ + (aQ) ™ (0 + )]
= arg Hll)I(l xiTQxi + qu_lxﬁ (C’zi + ci) = arg Hll)r(l xiTquxi +2 (C’zi + c’A)T '’
rreX” rreX”

Proof of Lemma 4.1.2 (Sufficient conditions for the convex quadratic case)

The cost function J(2¢, 2) is C! and is defined in the compact set X? x X, therefore it
is Lipschitz. One can prove that Ly < 2(q]||Q||D + ||C||D + ||c||) < 2(max;{q;}|Q|D +
IC|ID + ||e||) =: Lj, where D := max,c¢ ||x||. Hence Assumption 4.1.1(b) holds. The
mapping 2°* in (4.6) is a single valued affine mapping. Consequently, it is Lipschitz
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operator 119, has Lipschitz constant 1 in Ho [BCL0, Proposition 4.8], therefore the
compositions z*(-) = 1%, (#/*(+)) in (4.7) are uniformly Lipschitz with constant L, and
Assumption 4.1.2 holds.

with constant L. = %HQ*ICHQ < mHQ*ICHQ =: L, in Hg. The projection

Statement 1. and 2. It follows from Lemma 3.1.4 that the unconstrained optimizer
#* in (4.6) is a CON in Hg if and only if (—(:Q)'C) Q(—(¢:Q)™'C) —Q < 0 or
equivalently O (¢;Q) 'C — ¢:@Q < 0. By Shur complement this is equivalent to M; = 0.
The proof that Z* in (4.6) is NEX in H, if and only if M; = 0 is analogous. Since I1%,
is FNE [BC10, Proposition 4.8] and hence NEX in H it follows that the composition
pi*() = 9, (&7%(-)) is a CON in H if 27 is a CON in Hg, NEX in H if 47 is NEX
in HQ.

Statement 3. and 4. The projection operator 119, is FNE in Ho and z'*(1) =
T1%,(#7*(-)) therefore, by Lemma 3.1.1, for all v,w we have

0 < [l2™(v) — 2™ (w)[§ < (@™ (v) — 2" (w)) Q" (v) — &"*(w))
= —(2"(v) = 2" () Q(@:Q) ' C(v — w)

And consequently

0 < fla™*(v) — 2**(w) !

no < — (@7 () =2 (w) C(v—w) (4.31)

2
qi

IfC=C"and 0 < —C =< ¢Q, then ||z°*(v) — xi*(w)||2_c < ||lz**(v) — 2™ (w)
all v,w € R". Therefore, it follows from (4.31) that

0 for

a7 (v) — 2™ (w)[|* o < (#7*(0) — 27 (w)) " (~C) (v —w)

for all v,w € R™, which is equivalent to ** being FNE in H_c by Lemma 3.1.1.
On the other hand, from (4.31) we get

0 < (2" (w) — xi*(v))T

C(v—w)

for all v,w, which for C = CT = 0 is equivalent to —z*(-) being MON in H¢ by
Definition 3.2.

Finally, note that if ¢ < ¢; < g for all population size N and for all agents i € Z[1, N],
then Ly(N) = 2(maxi{q:}|Q[ID + [|C|[D + [lell) < 2(ql|QID + [|C|D + ||ell) = Ly and
L (N) = m Q'Cllq < 1Q7'Cllq =: Ly, where D = max,ex [|z]|. Therefore,

Assumption 4.1.4.(b) holds.

|
70



4.5.2 Proofs of the results stated in Section 4.2

Proof of Theorem 4.2.1 (AAG Nash equilibrium)

By Assumptions 4.1.1 and 4.1.4 there exist a Lipschitz constant Ly > 0, such that for all
population size N and all i € Z[1, N|, |J"(v, z1) — J'(w, 22)| < Ly (v — w|| + ||z1 — 22]|)
for all v,w € X, 21,2, € X (see Lemma 3.1.3). Let us also define D := max,cx ||z,
where X is as defined in Assumption 4.1.4.

We now consider an arbitrary fixed point z = + Zjvzl *(z) = & Zjvzl 7’ of the
aggregation mapping A in (4.11). We show that an arbitrary agent i can improve its
cost only by an amount ¢ = ey = O (1/N) if we fix the strategies {2/ = 27%(2)} ] of
all other agents. By definition of optimal response, since z' := 2'*(Z), we have

Ji(z' 2) < J{(a', z) forall 2’ € A"

By substituting the equivalence z = + Ejvzl 7/ we get that, for all 2 € X,

JHE, & N ) < (et & S a)
= i@, (@' + T a) + [T, Y o ®) =T e )|
< T, R @+ N 1) + Ll T, 7 - A (a +zm |
= Ji(at, & (@ + X 39) + Rt — 2t < T, R @+ X 27) + 2R

Since this holds for all i € Z[1, N], the set {#'}}¥, is an ey-Nash equilibrium with
EN = 2LJD Finally, for all £ > 0 there exists N, := QLJ D such that the cost of any agent
1 at a ﬁxed point Z is e-close to its optimal cost, for all population sizes N > N.. [ |

Proof of Proposition 4.2.2 (Regularity of the aggregation mapping)

The mapping A in (4.11) is a convex combination of the mappings {z**}¥ , that are
uniformly Lipschitz by Assumption 4.1.2, therefore A is Lipschitz continuous as well.
Moreover, A is compact valued on the convex set % sz\il X, thus it has at least one fixed
point by Lemma 3.2.1. The first three statements follow from the fact that the convex
combination of CON/NEX/FNE mappings is CON/NEX/FNE itself. For the fourth
statement, note that the convex combination of MON mappings is MON. Therefore
~A(z) = L 37 —27*(2) is MON. By Lemma 3.1.2, we then get that Id — A is SMON
and consequently A is SPC by Definition 3.2 with € = 1. [ |

Proof of Theorem 4.2.3 (Decentralized convergence to a fixed point)

Remember that an iteration of the algorithm is described by z(41) = @k(z(k), A(z(k))).
From Proposition 4.2.2, if Assumption 4.1.3.(a) holds, then A in (4.11) is a CON and if
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Assumption 4.1.3.(c) holds, then A is FNE. In both cases by Lemma 3.2.4 and 3.2.5, the
Picard—Banach iteration converges to a fixed point of A, which is unique if A is a CON.
For the other two fixed point iterations, we need to consider A in (4.11) as a mapping
from a compact convex set to itself. This can be assumed without loss of generality (that
is, up to discarding the initial condition z()) since A takes values in % Zfil X which
is a linear transformation of the compact convex sets {X?}Y, as hence compact and
convex as well [Roc70, Section 3, Theorem 3.1].

If Assumption 4.1.3.(a) or 4.1.3.(b) or 4.1.3.(c) holds then A is NEX from Proposi-
tion 4.2.2 (see also Figure 3.1). If Assumption 4.1.3.(d) holds then A is SPC and Lip-
schitz. In both cases, the Krasnoselskij iteration converges to a fixed point of A by
Lemma 3.2.6 and 3.2.7 and the Mann iteration converges by Lemma 3.2.9 and 3.2.8. B

Proof of Lemma 4.2.4 (Convergence of Nash equilibria for small §)

To prove this lemma we use an equivalent characterization of Nash equilibria in terms of
variational inequalities as discussed in the following Section 5.1 and Proposition 5.1.1.
Specifically, us is a Nash equilibrium if and only if it solves VI(Uix v, f5), where Uiy n =
U' x ... xUN U= {u e RT |0 <ol < U 1Jut =~} fs(u) = Fyu+ f,

d
Fs = % [(a+ N6 —68)In+(a—3+3/N)INLY]| @1, f=2a H ,
d
and upp is a Nash equilibrium if and only if it solves the VI(U;« v, f), where f(u) = Fu-+ f
with F' := Fjs_q. For ¢ < a, one can show that both F' and Fj are positive definite
matrices. Therefore, by Lemma 3.1.4, the operators f(u) and fs(u) are SMON (i.e.,
Fs,F > 0) and the VIs above have a unique solution (Proposition 3.3.7), proving the
uniqueness of the Nash equilibria. The convergence result follows from [Mos69, Theorem
A (b)] leveraging on the fact that the two VIs are defined over the same convex and
compact set Uy« v, the mappings fs(u) are monotone, continuous and uniformly bounded
in Uiy for 6 € [0,a) and the operator fs(u) — f(u) uniformly on Uyxn as 6 — 0. The
fact that us is a e-Nash equilibrium for the original game (4.15) for § < ¢ follows from

Jup (s, u5") < Js(ug, uy") < Js(u' u;') < Jup(u',ug') + 6D, Vu' €U’

where D := max{||u’ — z||? | v' €U’z € %Z;.V:luj,i € Z[1, N]} by imposing 6 < <. B

Proof of Corollary 4.2.5 (Decentralized PEV coordination)

Assumptions 4.1.1, 4.1.2, 4.1.4 are met by the problem definition and Lemma 4.1.2. We
consider the matrix inequality (4.8) in Lemma 4.1.2 with @ = I, ¢; = 6 and C' = (a—0)]I,
d,a > 0 and note that M; = M for all i € Z[1, N]. The condition

o ol (6—a)l
M = [(67a)1 51 ] =0,
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is equivalent, by Schur complement [BV04, Section A.5.5], to § — (§ — a)d~*(§ — a) >
0< 62— (0—a)? >0« 0 > a/2. This implies that if § > a/2 then Assumption 4.1.3.(a)
is satisfied in H;. We now consider the case of 6 = a/2. The sufficient condition of
Lemma 4.1.2 for Assumption 4.1.3.(b), is that ¢ [/, /] =% [, '] ® I >= 0, which is
satisfied because a > 0 and [_11 _11} ® I has non-negative eigenvalues. We finally consider
the case § € (0, a/2). From the sufficient condition in Lemma 4.1.2, we get that x'* is
SPC in Ha—s)r if 6 € (0, a) and consequently Assumption 4.1.3.(d) is met. The result

then follows from Theorem 4.2.1 and 4.2.3. [ |

4.5.3 Proofs of the results stated in Section 4.3

Proof of Theorem 4.3.1 (NAG Nash equilibria)

Since, by Assumption 4.1.2, z°*(z%) in (4.2) is a continuous mapping in 2%, the mapping
x*(z) in (4.20) is continuous in z. Consequently, the mapping A, (z) = P,x*(z) is con-
tinuous. By Assumption 4.1.1(a), the set P, X1« is compact and convex. Therefore, by
Lemma 3.2.1 the mapping A, admits at least one fixed point. Consider now an arbitrary
fixed point z = [21; e ;ZN] € RM" of the aggregation mapping A, in (4.21), that is
Z = Zjvzl Pya?*(%7). According to Definition 4.2, the set of strategies {Z* := x’*(él)}i\il
is a Nash equilibrium if no agent 4, given the strategies {7’ }j\;z of all the other agents,
can improve its cost, that is ' = arg min iy J* <xi, Pla' + Zﬁél Py > . By definition
of fixed point and using the fact that P = 0, for all ¢
T'= 2'*(z") = argmin J' (2", z') =arg min J* (2", Z;V:lPijij)
zieXi zleXt
=arg minmiGXi Jz(xlv lez/xz + Zj\;z PZSZ'])

Proof of Theorem 4.3.2 (Distributed convergence to a fixed point)

We start with some preliminary results.

Lemma 4.5.1. (Regularity of the extended optimizer) Let x* be the extended mapping
in (4.20). If A. 4.1.3.(a)/ A. 4.1.3.(b)/ A. 4.1.3.(c)/ A. 4.1.5.(d) holds, then the map-
ping x* is a CON/NEX/FNE/AMON in H,ss, respectively.

Proof.  a) For all i € Z[1, N], by A. 4.1.3.(a) the mapping z** is a CON in Hg, with
some rate 0; € [0,1). Therefore, for any 7, s € RN" we have ||&*(r) —x*(s)[]7, o5 =
T ) = (51 5 N) =2 (5M)] s
= [lat*(r) =2t (HIE+. .+ (V) =2V (V)G < Sllrt—st g+ AR Y -
sM1% < maxezp Ny 07 |7 — s[|7, gg- Note that it holds § := max;ezp, vy 6; < 1 since
N is finite.
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b) As in the previous point, with §; = 1 for all i.

c) If A. 4.1.3.(c) holds then, the mappings z'* are FNE in Hg. Therefore, by
Lemma 3.1.1, for all ,s € RY" we have ||z*(r) — 2*(s)||7, 55 = Zf\; |xt*(r?) —
T H(sE < L (7 = ) TS (@ (1) — () = (r = 8) T (Iy @ S)(2*(r) — 27 (s)).
d) If A. 4.1.3.(d) holds, the mappings —z'* are MON in Hg. Therefore, for any
r,s € RV we have
(—2*(r) +a*(s)) (Iy @ §) (r = s) = XX, (= (') + 2™(s7) S (' —5) > 0,
O

Lemma 4.5.2. Consider P € RN v e N and P, = P ®1I,,. For any S € R"*" S -
0,let S:=Ixy®S. If |P]| <1, then |P,|ls < 1.

Proof. The condition ||P|| < 1 implies ||P”|| < ||P||” < 1. By Lemma 3.1.4 this implies
(P”TP" - IN) < 0. Moreover, by Lemma 3.1.4, |[P,||ls <1 & P,'SP,-S<0 &
(PreolL) (In®S)(PPelL)-Ix®@S<0s (PTaIl)(IveS)(PPel,)—Ix®
S<x0& (PPTINP'RIISL)—Iv®S<0& (PP'TP)RS-Iy®S <0e
(P”TP” — ]N) ® S < 0. Since S = 0 and (P”TP” — IN) < 0, by the properties of the
Kronecker product we conclude that (P”TP” -1 N) ® S < 0. Finally, by the previous
equivalence, we have || P,|ls < 1. O

Note that a single iteration of Algorithm 4 updates the signal z() = [z(lk); o z(]\,g)}
according to the mapping

Avyn(2) = Pu, @ (P, 2) (4.32)

and Ay, = A,. The following proposition characterizes the regularity properties of
A, ., for different choices of vy, vs.

Proposition 4.5.3. (Regularity of the update mapping) The following statements hold.
1. If A. 4.1.3.(a) holds and ||P|| < 1, then the mapping Ay, = A, in (4.21) is a
CON in H1N®s,'

2. f A. 4.1.3.(b) holds and || P|| <1, then the mapping Ao, = A, in (4.21) is NEX
m H[N®s,'

8. If A. 4.1.8.(c) holds, v € 2N and P = P, then the mapping Ay v oin (4.32) is
FNE in H1N®s;

4. If A. 4.1.3.(d) holds, v € 2N and P = P", then the mapping Ay v in (4.32) is SPC
m HIN®S- 0]

Proof. Let § :=Iy® S.
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1. By Lemma 4.5.1, * is a CON and, by Lemmas 3.1.4 and 4.5.2, P, is NEX. Hence
the mapping A, = P,x*, composition of a CON mapping and a NEX one, is a
CON in Hs.

2. Analogous to the proof of point 1, with &* NE.

3. By Lemma 4.5.1, * is FNE in Hg. Since P is by construction a row-stochastic
matrix and P = PT, P is a doubly stochastic matrix. Consequently ||P||; =
|Plloc = 1. From Hélder’s inequality, we have || P|| < /||P|1 - || P|loc = 1. There-
fore, from Lemma 4.5.2, | Px||s < 1. Moreover, P = PT implies Py = 'P%T and
P:S=(P:@1,)Ix®S)=(P:®5)=(Iy®S)(P2®I,) = SPy. Therefore
for any r,s € RV, we have

A 2 (r) — A ()% = [Py (@ (P (1) — Py (2" (Ps(s)))lI5 (4.33)
<|Pull3 2 (P (r)) — & (P (s))l|% < & (P (1) — a* (P (s))lI3
< (Pur—Pus) S (x"(Py(r)) — " (Px(s)))

=(r— ) 'P S( (Py(r)) —z* ’Pz(s)))
(- 5)" 5Py (@ (Ps(r)

where the third inequality derives from a* being FNE. The inequality in (4.33)
implies that Ay »(-) is FNE in Hs, by Lemma 3.1.1.

4. From Lemma 4.5.1, —x*(-) is MON in Hs. Moreover P = PT implies that
’PgTS = 8P. Therefore for any r,s € RN,
(—As s (r) + As o(s)) S (r—s)
(w*(PZ(T))) + 73ﬂ(w*(Pg(S))))T«'S (r—s)
"Pg("“)) s)
P

which implies that —Ay » is MON. By Lemma 3.1.2, (Z — Ay ») is SMON (e = 1)
and thus Ay » is SPC in Hs.

We are now ready to prove Theorem 4.3.2. We start by noting that, since the sets
X" are convex and compact for every i € Z[1, N|, the mapping A, ,, : P, Xixn —
P.,Xixn is defined from a compact and convex set to itself.

For simplicity let a) = [5$170(z(k)); . gﬁ7o(z(k))]

75



Proof of statement 1 and 2 of Theorem 4.3.2

From Proposition 4.5.3, under the assumption of statement 1 (or statement 2), Ay, (-) =
A, () is a CON (or NEX) in H;ygs. Therefore, by using the suggested mappings z)
converges to a fixed point of the mapping \A,, see Table 3.1. The proof is immediate
upon noticing that, since v; = 0, a@) := Py, 2(x) = 2x). Moreover, a CON mapping has

a unique fixed point.
Proof of statement 3 and 4 of Theorem 4.53.2

From Proposition 4.5.3, under the assumption of statement 3, the mapping z@)
A%,%(z(k)) is FNE. Therefore, by using the suggested mappings, z() converges to a
fixed point z of the mapping A%%. Under the assumption of statement 4, on the other
hand, 2y — Ay v (z)) is SPC with € = 1 and Lipschitz with constant L (immediate
consequence of Assumption 4.1.2). Consequently, it has a unique fixed point by Lemma
3.2.3. Convergence to such point can be guaranteed by using ®}! (Lemma 3.2.8) or, if the
Lipschitz constant L of Ay v is known, by using ®X with \ € (0, H%), see Lemma 3.2.7.
Finally, in both cases, a) := P,z hence, for v1 = %, ag,) converges to a := Prz,
which is a fixed point of the mapping A, since z = Ay »(z) = z = Prx*(Py(2)) =
P:z="P,x*(P:(2)) = a="P,x*(a) = a=Al(a) [ |

Proof of Corollary 4.3.3 (Distributed opinion dynamics)

The cost function in (4.27) can be rewritten, up to constant terms that do not depend
on ', as J'(x',0") := (14+6;)|2"]|* = 2(0" + 0izy)) "', for o = 37, Pyja’. Consequently,
the game in (4.27) is an NAG game with v = 1, quadratic cost with ¢; :== (1 +6;),Q =
I,,C = —I,, ¢ = —Hixéo) and constraint set X?. Since o' does not depend on z¢,
P;; = 0 for every 7 and Assumption 4.3.1 is satisfied. It follows from Lemma 4.1.2 that
Assumption 4.1.2 holds. For every agent i € Z[1, N]|, the following equivalence holds

M; = [?8 q_g} = {(”ﬂ') (ngi)} ® I,,, hence the eigenvalues of M; are 6; and 2+ 6;, both
with multiplicity n and if 6; > 0 then M; > 0 and Assumption 4.1.3.(a) holds; if 6; > 0
then M; = 0 and Assumption 4.1.3.(b) holds. Consequently, by Theorem 4.3.2 the given
conditions guarantee convergence of Algorithm 4 to a fixed point z of the aggregation
mapping A;. Finally, Theorem 4.3.1 guarantees that the set of strategies {x’*(iz)}fvzl is

a Nash equilibrium. |
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4.5.4 Proofs of the results stated in Section 4.4

Proof of Lemma 4.4.1 (Convergence of aggregation mappings)

The fact that A(z) = Zx*(z) admits at least one fixed point can be proven as done
for A,(z) = P,x*(z) in the proof of Theorem 4.3.1. Let Dy := maxgexy,,  |||; then

for any z € R, ||A,(2) — A(z)|| = [P.2*(2) — Zz*(2)[| < [P, — Z[lz*(2)]] <
|P, — Z||Dn. Hence sup,cgpnn || A (2) — A(2)|| < ||P, — Z||Dy. By Assumption 4.4.1,
lim, o0 [|[PY — 5 In14|| = 0 which implies that lim,_, [P, — Z|| = lim,_ || (P”

SIn1Y) ® I, || = 0, therefore lim, o0 Sup,cpnn || A, (2) — A(2)| = 0. |

Proof of Theorem 4.4.2 (AAG Nash equilibria)

We follow a similar argument as in Theorem 4.2.1. Given Assumption 4.1.4 for all N
and all i € Z[1, N], the mappings J® are uniformly Lipschitz with constant Ly > 0.
For any (N,v) € N, consider an arbitrary fixed point z = [z';...;2"] € RV of the
aggregation mapping A4, in (4.21), that is z* = Zjvzl Pyal*(27) and let T := 2'*(2"), for
all i € Z[1, N|, D := max,cy ||z||. By definition of optimal response we have

JU(z', 2 < J'(a',Z") forall 2" € X"
Using the equivalence z' = Zjvzl Pyl we get
Ji@ S Pyal) < Ji(af, 3O Pyad) for all € AT (4.34)
Let us compute the cost of strategy Z' in the average aggregative game

Ji(ji *~ ]‘\[_1 jj) =J ji7

N P+ [T £ Y a0) - g, S Prad)]

> =1 B

Z;V:HDZ ])"‘LJHNZ R Z] 1 xJH
B Y PrE) + Ly Y [ — Pyl
SN PYad) + LDl P — £ 181K |

S Pyal) 4+ LyD||PY — £1n1 ]|

¥ @)+ 2LsD||P” — L1x1] ]|

(¢ + 300 ) + 2Ly D(| PY = F1nLy e + 3),

where the 4" inequality follows from (4.34) and the last one can be proven as in The-
orem 4.2.1. Consequently, if we define K := 2LJD an arbitrary agent ¢ can improve
its cost at most by an amount ey, := K(||P” — +1n1y|le + =) if all other strategies
{77 := :L“j*(fj)};\;i are fixed. Therefore, the set of strategies {xl}fil is an ey ,-Nash equi-
librium for the AAG in (4.9). K is a constant that does not depend on N, P or v and
for any fixed N we have ||P* — +1nx1}]|c — 0 as v — oo. Hence, for all € > 0 and for
any fixed N > N := %, there ex1sts v such that for all v > v, we have ey, < ¢ . [ |
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Proof of Corollary 4.4.3 (s-convergence rate)

By the proof of Theorem 4.4.2 the set of strategies {:L‘Z*(?)}Z]\;l is an ey,-Nash equilib-
rium for the game in (4.9), with ex, = K(% + [[P* — +1y1}]l~). By the properties of
the matrix norm [|[P” — £ In11[leo < VN||P” — LIn11 ]2 = VNOwax(PY — S1515) =
\/Nmax/\eA(PL%le) I\ = VNu% < vV Np¥, where we used the fact that the matrix
PY — +1n1y is symmetric and, since P is symmetric, primitive and doubly stochastic,
1 is a simple eigenvalue and it holds A(P” — +1x51%) = ((A(P))*\{1}) U {0}. Hence
gN,IJSK(%—i_\/NMV)‘ |

Proof of Corollary 4.4.4 (Distributed demand-response)
Given Athe cost function in (4.29) with p(a;) := Ad; + po, it holds M; = [‘fg ;g} =
[ f A _5] ® Ir, hence the eigenvalues of M; are p; + % and p; — %, both with multiplicity

2 Pi

T. Tt follows from Lemma 4.1.2 that Assumption 4.1.2 holds and that if p; — % > 0, then
M; + 0 and Assumption 4.1.3.(a) holds while if p; —3 > 0 then M; 3= 0 and Assumption
4.1.3.(b) holds. Moreover, C' = 317 > 0 and therefore Assumption 4.1.3.(c) always
holds. Consequently, by Theorem 4.3.2 the given conditions guarantee convergence of
Algorithm 4 to a fixed point z of the aggregation mapping .A,. The conclusion follows
from Theorem 4.4.2. |
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Boundedly rational agents

In this chapter we address the coordination problem for populations of boundedly rational
agents, that is, for agents that do not have the computational capabilities to solve an
optimization problem as the one in (4.2)!. In Section 5.1 we present an equivalent
characterization of Nash equilibria in terms of variational inequalities and we briefly
review some decentralized and distributed algorithms that have been suggested in the
literature relying on this equivalence. In Section 5.2 we introduce a more general class of
games by assuming that the agents strategies are not only constrained by the local sets
X%, but must also satisfy a global coupling constraint C := {x = [21;...;2"] | Ax < b}.
We then review the concept of generalized Nash equilibrium and its connection with
variational inequalities. Using this relation, we propose in Section 5.3 a decentralized
algorithm to steer a population of boundedly rational agents to a generalized Nash
equilibrium of an AAG by means of a central operator. A distributed version of this
algorithm, that can be used for NAGs and AAGs with boundedly rational agents and
global coupling constraints, is suggested in the concluding section 10.1.1. All the proofs
are given in the Appendix (Section 5.4).

Part of the results of this chapter have been published in [PPG™16].

5.1 Relation among Nash equilibria and variational
inequalities

Consider a generic game G (i.e., not necessarily aggregative)

zi (7% == argmin  J'(z', 27"
G = wieRt Vi=1,...,N, (5.1)
st. e X"

Tt is important to stress that the distinction between myopic and boundedly rational agents is a
distinction between the computational capabilities of the agents and not a distinction among games.
The games that we consider in this chapter are the same games as defined in Chapter 4. The difference
is in the algorithms suggested to reach the Nash equilibrium which, in the case of bounded rationality,
cannot require the computation of the optimal response (4.2) as part of the strategies update step.
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satisfying the following assumption.

Assumption 5.1.1 (Convexity of cost functions and constraints). The cost functions
Ji(z', 7% are convexr and C' in x* for fized x=°. The local constraint sets X' are compact
and convex Vi € Z[1, N|.

The set of Nash equilibria of the game G can be equivalently characterized in terms of
a variational inequality (see Section 3.3) that has as operator a vector whose i-th block
component is the gradient of the cost function jl(xz, 27" of player i with respect to its
own strategy !, that is,

f(@) = [Va Yzt a™h); . Vo IV (2N, 27N, (5.2)

Proposition 5.1.1 (Nash equilibria and VIs). Suppose Assumption 5.1.1 holds. A set
of strategies {xT* € X'} | is a Nash equilibrium of the game in (5.1) if and only if

T= ['flv s aiN] < SOL(XIXNaf)a
where Xixn = X' x ... x XN and f(z) is as in (5.2).

Proof. This is a classical result, we report the proof for completeness [FP03], [BT97,
Section 3.5.1]. A set of strategies {7 € X*}¥, is a Nash equilibrium if and only if it
solves the N coupled optimization problems in (5.1). By Assumption 5.1.1, these are
convex optimization problems and the sets X are convex and closed, therefore, by the
minimum principle (Proposition 3.3.1), this requirement is equivalent to

7' € SOL(XY, Vi Ji(-,27%) forall i€ Z[1,N]
& V(@ 7)) (2" —5)>0 forall 2°e X and i€ Z[1,N]
& SN VLuJi(Ez) (@ - 7)) = f(@) (x—%) >0 forall z€ Xn
< T € SOL(Xi«n, f).

A graphical illustration for NV = 2 is given in Figure 5.1. O]

The results on existence and uniqueness of the solution for VIs, summarized in Sec-
tion 3.3.1, can be readily apply to show the existence and uniqueness of Nash equilibria.

Proposition 5.1.2 (Nash equilibria: existence and uniqueness). Suppose that Assump-
tion 5.1.1 holds. If the function f(x) defined in (5.2) is continuous the Nash game in
(5.1) has at least one Nash equilibrium. If the operator f is additionally SMON then the
Nash equilibrium is unique.

Proof. Under Assumption 5.1.1 X« is convex and compact and f is continuous. The
results follow from Proposition 5.1.1 and Proposition 3.3.7. O]

Note that this result subsumes the one in Proposition 2.1.1.
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5.1.1 Decentralized and distributed algorithms

The equivalence in Proposition 5.1.1 can be readily employed, in the case of agents with
bounded rationality, to suggest coordination schemes that aim at finding a Nash equi-
librium by using one of the algorithms for the solution of VIs presented in Section 3.3.2.
For example, if the operator f is SMON one can use the projection scheme

L(k+1) = HXIXN(x(k) - Oéf(l’(k))), (53)

where o > 0, z) = [x%k);...;x%] and f is as in (5.2). Exploiting the cartesian
structure of the set Xjy = X! x---x XN and the properties of the projection operator,
it is immediate to see that the update rule (5.3) can be distributed among the agents,
resulting in

Tlopry = Wi (2 — aVyiJ (wlyy, 25))  for all i € Z[1, N]. (5.4)

Alternatively, one could aim at solving the VI(X;x, f) by using a nonlinear algorithm,
as the ones described in [BT97, Section 3.5.6]. Specifically, in the context of games,
the nonlinear Gauss-Seidel algorithm and the nonlinear Jacobi algorithm for VIs [BT97,
Section 3.5.6] coincide with the sequential and simultaneous BR dynamics given in (2.5)
and (2.6), respectively (as introduced in Section 2.3). Conditions guaranteeing their
convergence have been derived in [BT97] by using the concept of block contraction.

Definition 5.1. (Block-maximum norm and block contraction [BT97, Section 3.1.2])
Given a vector x := [z1;...; 2] € RY™ with block components ' € X' C R™ we define
the block-mazximum norm

lellp == max_ [,

where ||-|| is the Euclidean norm in R™. A mapping f : RN™ — RN is a block contraction
if it is a CON under the above introduced block-maximum norm.

Lemma 5.1.3 (Convergence of sequential and simultaneous BR dynamics [BT97]). Con-
sider the game G in (5.1) and suppose that Assumption 5.1.1 holds. Suppose that there
exists a > 0 such that the mapping R(x) = x — a.f () is a block contraction, where f is
as in (5.2). Then the game G has a unique Nash equilibrium and for any initial condition
x () both the sequential and simultaneous BR dynamics converge to it, geometrically.

A sketch of the proof is given in the Appendix. We briefly comment here on the reason
why the mapping R(z) = x—af(x) appears in the previous lemma. We start by noticing
that the projection algorithm in (5.3) can be rewritten as 1) = Hu,, , (R(zw))-
Consequently, if R(-) is a CON, the composition ITy, , (R(:)) is also a CON and algorithm
(5.3) is a Picard-Bannach iteration applied to a CON mapping, which converges by
Lemma 3.2.4%2. What Lemma 5.1.3 states is that if R(-) is a CON in the block-maximum

ZNote that a sufficient condition for the existence of o > 0 such that R(-) is a CON is that f is
SMON, consistently with our previous statement.
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norm (instead of the Euclidean norm) then not only the projection algorithm converges,
but also the sequential and simultaneous BR dynamics.

5.1.2 Average aggregative games

In order to locally implement gradient steps as the one in (5.4), each agent needs to be
able to evaluate the gradient of its cost function. This is in general not a trivial task
since the gradient depends in general on the strategies of the whole population. In the
case of AAGs, however, the gradient depends only on the local strategy of player i, x’@,

and on the average of the population o) = % Zjvzl x{k). In fact

Vil (2", 5(x)) = [V, J (51, 52) Vi + Vi, J (51, 52) Va7 (2)] izt s0=5(x) (5-D)
1

= szjl(‘ﬂ«, SQ) |52:5(1,) +N

Vi, J' (2", 82) |82:5(x)7

where we applied the chain rule to the composite function Ji(z?,5(z)). Consequently,
decentralized gradient schemes relying on the presence of a central operator that com-
putes and broadcasts the average at every step, [CLLV14, PKL16], as well as dis-
tributed schemes where the agents try to recover the average by local communications
[KNS12, KNS16] have been suggested in the literature, relying on the assumption that
the operator f(x) is SMON (so that the projection algorithm converges). In the rest of
the chapter we present an extension of these works to the case when the strategies of
the agents do not only need to satisfy the local constraints X¢, but also a constraint C
that couples the agents strategies, so that it is not possible to distribute the projection
operation in (5.3) as done in (5.4). Before doing so, we briefly comment on the relation
between the VI algorithms discussed in this subsection and the fixed point algorithms of
Section 4.2, for the case of AAGs with quadratic cost functions.

A AGs with quadratic cost functions

The fundamental difference between the VI algorithms suggested in [CLLV14, PKLI16,
KNS12, KNS16] and the fixed point algorithms proposed in Section 4.2 lies in the strate-
gies update step. Specifically, in the VI algorithms the agents update their strategies
by taking a gradient step, while in the schemes of Section 4.2 they select the strategy
that minimizes their cost, given the current reference. Therefore, for some applications
(e.g., if the agents have limited computation capability) only the former class of algo-
rithms can be applied while for others (e.g., if the agents are myopic and/or the game is
repeated over time, as in opinion dynamics) only the latter is appropriate. Nonetheless,
for some applications (e.g., the PEV charging coordination game described in Section
4.2.4) both schemes are feasible. One can then choose which algorithm to use based on
its conditions for convergence, as derived in Lemma 4.1.2 and in the following Lemma
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5.3.1. We briefly compare these conditions in Table 5.1, where also the sequential and
simultaneous BR dynamics are considered as candidate algorithms.

Sufficient conditions for the convergence of the BR dynamics are derived in Proposi-
tion 2.3.1, for potential games, and in the following lemma.

Lemma 5.1.4 (Sufficient conditions for block contraction in the quadratic case). Sup-
pose that Assumption 5.1.1 holds, the cost functions are as in (4.5) and that there exists
B € (0,1) such that Bomin(qiQ) > Omax(C) for all i € Z[1, N] and all population sizes N .
Then for any N > % there exists a > 0 such that the mapping R(x) =z — af(x) is a
block contraction, where f is as in (5.2).

Sufficient conditions Fixed point Variational Sequential | Simultaneous
for all ¢ € Z[1, N] approach approach BR dynamics | BR dynamics
(under Assumption 5.1.1) (Section 4.2) | (e.g. [PKL16]) | (Section 2.3) | (Section 2.3)

q >0 M; =0 v (N = o0)

M; =0 v
—Q=2C=CT" =<0 v v (N = o0)
C=C"+=0 v v v
BOumin(3:Q) > Tmax(C), B < 1 N> £ N> £
g >0 C+CT =0 v

Table 5.1: Sufficient conditions for the convergence of the fixed point algorithms de-
scribed in Section 4.2, the VI algorithm described for example in [PKL16] and the
sequential and simultaneous BR dynamics, for games with quadratic cost. Note that
in the case of simultaneous BR dynamics with “(N — 00)” we mean that Algorithm 2
converges under the given condition and it coincides with the simultaneous BR dynamics
when N — oco. Moreover, for the sequential BR dynamics we use the fact that C' = CT
implies that the game is potential (see Remark 4.1).

5.2 Generalized Nash equilibria

In the rest of the chapter we consider an extension of the game in (5.1), where the
strategies of the agents are constrained not only by the local sets X%, but also by a
coupling affine constraint

ooV € RV Ar < b} ¢ RV, (5.6)
with A € R™N" b € R™. These constraints could model, for example, the fact that
each agent has a feasible range for its usage level (X'?) and, at the same time, the overall

usage level cannot exceed a global capacity constraint (C). For example, in the PEV
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application the grid operator might want to impose an upper limit on the total energy
that can be provided to the population at each time t. We define

Q=X,xvNC and Q'(z7") = {a'€ X"| Ax < b}, (5.7)

i

the set of global and local admissible strategies for player i, given ™", respectively.

To sum up, each agent aims at minimizing its cost function according to the game

min Ji(2%,27%)
G = zreRr o Vi € Z[1, N]. (5.8)
st. 2t e Q(x™)
Note that the main difference between this game and the game in (5.1) is the fact that,
in (5.8), the feasible set depends on the strategies of the other players. The definition of
Nash equilibrium can be generalized for the game in (5.8) as follows.

Definition 5.2 (Generalized Nash equilibrium (GNE)). A set of strategies {T°}Y, is
called a generalized Nash equilibrium of the game G in (5.8) if 7 .= [z%;...; 7] € Q and
Vi € Z[1, N]

Jiz', 7 < Ji(2 7, Va' e QY(z7Y).

In the following, we denote the set of GNEs of the game G in (5.8) as GNE(G). As
for Nash equilibria also generalized Nash equilibria can be characterized in terms of Vls.

Proposition 5.2.1. (Generalized Nash equilibria and Vs [FK07, Theorem 5]): Suppose
Assumption 5.1.1 holds. Let z € RN". Then z € SOL(Q, f) = = € GNE(G), where f
and Q are as in (5.2) and (5.7), respectively, and G is as in (5.8). O

Note that, in the generalized case, one can only show that the solutions of the VI are
GNEs, but not the vice versa. An intuition of why the proof of Proposition 5.1.1 cannot
be adapted to the generalized case is given in Figure 5.1.

The specific GNEs that are obtained as solution of the associated VI are called
variational GNEs. For some specific games, one can show that the variational GNEs
have some additional properties with respect to generic GNEs (as for example minimizing
a suitably defined welfare cost). In general, however, the main advantage of variational
GNEs is that, being the solution of a VI, they are easier to compute.

The results on existence and uniqueness of the solutions for VIs, summarized in
Section 3.3.1, can be readily applied to show existence and uniqueness of variational

GNEs.

Proposition 5.2.2 (Variational GNE: existence & uniqueness). Suppose that Assump-
tion 5.1.1 holds. If the operator f in (5.2) is continuous then the generalized Nash game
in (5.8) has at least one generalized Nash equilibrium. If the operator f is additionally
SMON then the variational GNE is unique.
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Q
0< (.2

Figure 5.1: Let fi(z) := V,:.J!(z%, 7). A) Tllustration of the proof of Proposition 5.1.1.
If 7 is an NE, by the minimum principle, f1(z)(z! — z') > 0 for all ' € X, that is,
for all x belonging to the blue area. Similarly, f?(Z)(x* — z?) > 0 in the green area.
Therefore 37| f(Z)(z' — Z) > 0 in the intersection, which coincides with X;,o and
z solves VI(X)x2, f). B) Illustration of the proof of Proposition 5.2.1. If Z is a GNE,
by the minimum principle, f1(z)(z! — z') > 0 for all ! € Q'(z?), that is, in the blue
area, and f?(7)(z? — z%) > 0 in the green area. Clearly this is not sufficient to conclude
that 327 | f(z)(z* — ') > 0 for all z € Q. The fact that a solution of the VI is an NE
in case A (or a GNE in case B) can be proven as follows: if 327 | fi(7)(z! — 7%) > 0
for all x € Xjyo (resp. = € Q), by setting 22 = 7% we get f1(z)(z! — z') > 0 for all
' € Xt (2! € Q'(7?)) and by setting 2! = 7! we get f?(z)(2* — %) > 0 for all 22 € X?
(2 € Q2(a).

In the case of generalized Nash equilibrium problems the VI algorithms presented
in Section 3.3.2 cannot be readily apply to guarantee convergence to the variational
GNE as they all rely on projections onto the set Q that, contrary to the case discussed
in Section 5.1, cannot be easily decomposed into the cartesian product of local sets.
Similarly to what is done in distributed optimization, one can however use a primal-dual
approach that associates to each coupling constraint a dual variable (multiplier) A and
then solve a VI in the augmented space [z;A]. We review this approach in the next
subsection.

5.2.1 Primal-dual reformulation

Consider the VI(Q, f) and assume that Q satisfies the following constraint qualification.

Assumption 5.2.1 (Slater). There exists g : RN* — R™s g € C!, such that Xixy =
{z € RN" | g(z) < 0}. The sets Xyxn := X1 x ... x XN and Q := X1, xyNC, as defined in
(5.7), satisfy the Slater’s constraint qualification condition, as defined in Lemma 3.5.4.
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By using the KKT conditions for VIs (Proposition 3.3.6) one can immediately show
the following result.

Proposition 5.2.3 (Augmented VI). Suppose that Assumptions 5.1.1 and 5.2.1 hold.
A point & € RN" solves VI(Q, f), with f and Q as in (5.2) and (5.7), if and only if there
evists X € R™ such that [T; \] is a solution of the VI(Y,t), with Y := X n X RZy and

f(z) + ATA} . (5.9)

tx,\): =
@ni= |10
Proof. From the KKT conditions for VI(Q, f) we have that

T € SOL(Q, f) & IN G >0 st g>0, g(z) <0, gL g(x) (5.10)
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(53] € SOLWY, e (5.10)
;A € SOL(Y,t) < 3Ja,n>0 st < (5.10).
fz0, g(x) <0, i L g(z)
AZ0, 720 AL7
where the last equality follows from —(Az — b) = 7. O

Corollary 5.2.4. Let VI(Q, f) and VI(Y,t) be defined as in Proposition 5.2.5. The
SOL(Q, f) is non-empty if and only if VI(Y,t) is non-empty.

The main advantage of this reformulation is that the set ) can now be decomposed in
the cartesian product of the local sets X* and the positive orthant RZ;. We also note that
solving the VI in (5.9) is equivalent (thanks to Assumption 5.1.1 and Proposition 5.1.1)
to the following augmented game with N + 1 players, but no coupling constraints.

ml{{} J(@ 2™ + AT ([A]ax’) Vi€ Z[1, N
xle 2

min  — (Az —b)" A i=N+1

AERT,

gext: (511)

where [A](.;) is the block of columns in the matrix A relative to player i, that is A =
(Al - [Alew)]-

Proposition 5.2.5 (Augmented game). Suppose Assumption 5.1.1 holds. Then [T; \] €
RN™ x R™ s a Nash equilibrium of the game Geyy if and only if [T; \] is a solution of the
VI(Y,t) defined in (5.9). O
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A summary of the relations presented in this section is given in Figure 5.2.

Proposition 5.2.3 [f; /\] < bOL(y’ t)

Strategies space [z] Extended space [x; )]
T~ —
S 5 _ 4 A s.t.
£ ¢ 7 € GNE(G) e
O = [T,/\] € NE(gext)
'ﬂ‘ Proposition 5.2.1 Proposition 5.2.4 ﬁ
R ;
5 = - a 3 A st
g = zr € SOL(Q, f) <>
= g
- =

Figure 5.2: Relations between games and VIs, under Assumptions 5.1.1 and 5.2.1

In the rest of the chapter we are going to illustrate how these characterizations can
be exploited to solve the coordination problem, in the case of boundedly rational agents,
under the following regularity assumption.

Assumption 5.2.2 (Monotonicity). The operator f : R¥™ — RN" qs defined in (5.2) is
MON and Lipschitz with constant L.

An immediate consequence of this assumption is that the operator ¢(x, \), as defined
in (5.9), is MON and Lipschitz as well.

Lemma 5.2.6 (Regularity of the extended operator). Under Assumption 5.2.2, the
operator t(x, \), as defined in (5.9), is MON and Lipschitz with constant Ly + L4, where

Ly is the Lipschitz constant of f(z) and La == || [ %, A" ]]I. O

The main contribution of Section 5.3 is to show that the schemes for MON variational
inequalities, illustrated in Section 3.3.2, can be implemented in a decentralized fashion
in the case of AAGs to solve VI(), ).

5.3 Average aggregative games: schemes with cen-
tral operator

Consider the average aggregative game in (4.9) with the addition of the coupling con-
straint C as defined in (5.6):

min J'(z',5())
sreRn o Vi € Z[1, N], (5.12)
st. x'e Q(x)
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where ¢(z) = + Z;V L2? and Q'(x7") is as in (5.7). Propositions 5.2.1 and 5.2.3 guar-
antee that any solution of the VI(X1.n x RZy,t), with ¢ as in (5.9), is a GNE of the
game in (5.12). Thanks to Assumption 5.2.2 and Lemma 5.2.6, the operator ¢ of such a
VI is MON. Consequently, one can recover one of its solutions, and thus a generalized
Nash equilibrium, by applying the iterative schemes of Section 3.3.2. We show in the
next subsections how these schemes can be implemented in a decentralized fashion.

To this end, we assume the presence of a central operator that, at every iteration,
computes the population average, updates the multiplier, and then broadcasts these two
quantities to the agents, see Figure 5.3. Each agent, in turn, locally computes its gradient
(which in the case of AAGs depends only on its strategy and on the average received by
the central operator, as shown in (5.5))

fi(x', 6(x)) == V' (2", a(x)) = VyJ' (2, ")

zt=5(x)

2i=5(x _vz“]Z z) ‘
@ty (', 2")

and consequently updates its strategy by taking a gradient step of the extended cost
function in (5.11).

broadcast strategies’ update gather
[ ] @ [ ]
T k), Ack) ﬁ t]
- T
N . 7
.l (| ¢ 7N

R
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-
=
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incentive update

N

Figure 5.3: Coordination algorithm with central operator and dual variables.

5.3.1 A decentralized scheme: quadratic case
In the case of quadratic cost functions

Ji(2' 2 = (2")T Q2" + 2 (C2' + ci)T r’ (5.13)
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where 21 € R", QP = Q' =0, C € R™" ¢ ¢ R" and 2 = o(x), the operator f in (5.2)
is affine and can be explicitly characterized as follows

Cl

N] '

Q! cT
(s )
QN CT

This structure can be exploited to derive sufficient conditions, depending only on the

c ... C 1

T

1
N

1
+ —

2
N +

N

c .. C

matrices Q' and C, that guarantee Assumption 5.2.2.

Lemma 5.3.1 (Sufficient conditions for the quadratic case). Suppose that the cost func-
tions are as in (5.13), then the operator f is Lipschitz. Moreover, if Q; = 0 for all
i € Z[1,N] and C + C7 =0 then f is MON. If additionally C + C" = 0 and/or Q; = 0
for alli € Z[1, N|, then f is SMON.

Proof. Immediate consequence of the fact that f(z) is affine and of Lemma 3.1.4. O

Since the operator f is affine, it is immediate to see that the operator ¢ in (5.9) is
affine as well. Therefore the asymmetric projection algorithm described in (3.14) can be
applied to solve the VI(X1,x x RZy, 1), leading to Algorithm 5.

Proposition 5.3.2 (Convergence of Algorithm 5). Suppose that Assumptions 5.1.1,
5.2.1 and 5.2.2 hold. Moreover, assume that the cost functions J'(z',a(z)) are as in
(5.13). Let T be chosen according to Theorem 3.3.12. Then, for every initial condition
[Z(0y; Ay, Algorithm 5 is guaranteed to converge to a generalized Nash equilibrium of the
game in (5.12). O

5.3.2 A decentralized scheme: general case

Algorithm 5 works in the case of games with quadratic cost. Similarly, one can show
that, for a generic operator f satisfying Assumption 5.2.2; the extragradient algorithm
in (3.10) is guaranteed to converge and can again be implemented in a decentralized
fashion. The only difference is that two rounds of communications among agents and
central operator, as well as two primal-dual updates, are needed at every algorithmic
step, see Algorithm 6.

Proposition 5.3.3 (Convergence of Algorithm 6). Suppose that Assumptions 5.1.1,

5.2.1 and 5.2.2 hold. Let 7 < ﬁ, where L is as defined in Lemma 5.2.6. Then, for

every initial condition [x); \o)], Algorithm 6 is guaranteed to converge to a generalized
Nash equilibrium of the game in (5.12). OJ
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Algorithm 5: AAG: Asymmetric projection algorithm (decentralized)

Initialization: Set k < 0. Each agent 1 has initial state ac’@, the central operator sets
and broadcasts Ay € RYy,00) = ¥ ZZ 1 x y and 7 > 0.

Iterate:
Local: strategy update

Ty Lailelyy = 7 (F1@l, 70) + AL Aew )
Central: multiplier and average update and broadcast

A1) = T [Agy = 7(b = 242 011) + Az r))]

_ 1N i
(k1) < N 2oimt k1)

Algorithm 6: AAG: Extragradient algorithm (decentralized)

Initialization: Set k + 0. Each agent 1 has initial state x’@, the central operator sets
and broadcasts Ay € RYy,50) = ¥ ZZ 1 x y and 7 > 0.

Iterate:

Local 1: strategy update
#py — Maslolyy = 7 (£ (@l 00) + AL Aw))]
Central 1: multiplier and average update and broadcast
S\(k) — HR;O [)‘(k) — T(b — A:L’(k))]
~ N ~;
Gk) € N it T (k)
Local 2: strategy update
(k+1) «— HXZ[ -7 (fl( () k) + A(T;,i)j\(k)>]
Central 2: multiplier and average update and broadcast
)‘(k-‘rl) — HR?O [)‘(k) — T(b — A.i‘(k))]

_ 1N i
O(k+1) < N Doim1 L (k+1)
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5.4 Appendix

5.4.1 Proofs of the results stated in Section 5.1

Proof of Lemma 5.1.3 (Convergence of sequential and simultaneous BR dy-
namics [BT97])

This proof combines known results [BT97] and is reported here for completeness. Firstly,
since Xy is a cartesian product and the projection operator is NEX in the Euclidian
norm [BT97, Chapter 3, Proposition 3.2 (c)] the projection operator Iy, ,(-) is NEX in
the block-maximum norm

MLy, () = Ty, ()| 5 = max [T (2") = ae(y') ]| < max[|2* — || = [lz =y 5.

By assumption R(x) is a block contraction. Consequently, the operator O(z) := Iy, , (z—
af(z)) = Iy, (R(z)) is a block contraction. The operator O(x) describes one step

of the projection algorithm, which is a linearized algorithm for solving the VI(X;xn, f)

with scaling matrices A(z) = I/a. Consequently, by [BT97, Chapter 3, Proposition

5.12], VI(Xi«n, f) has a unique solution and for any initial condition x() both the se-

quential and simultaneous BR dynamics (i.e., the nonlinear Gauss-Seidel and Jacobi

algorithms) converge to it, geometrically. The conclusion then follows from Proposition

5.1.1.

Proof of Lemma 5.1.4 (Sufficient conditions for block contraction in the
quadratic case)

To prove this result we use the sufficient conditions given in [BT97, Chapter 3, Propo-
sition 1.12] with G; = I, for all i € Z[1, N]. Note that in the quadratic case f;(z) =

2Dz + 2C > 20+ 2¢', where we defined D; := (¢:Q + CJg\[CT), and D; = 0 by As-

sumption 5.1.1. Then

Ifi(z) = fi)ll < 20IDillll2* — y'll + FICN 32, 127 — ¢ |
< 2(| D]l + FFHCINz = w5 < Aillz — ylls,
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with Ay := 2 (max;—1,_n{[|Di]|} + %2 Cl) > 0. Moreover,

(fiz) = fily) T (@ — y') = 2Ds(a" — y') + 2O X, (07 — 7)) T (2" — ')
= 22" —¢") " Dia’ —y) + % 22,2 =) T CT (2" — o)

> 20min(Di)]|2" =y [I* = R0max(C)|2" — 57| 32,0 127 — o]

> 20min(D3)[|2* = y'[|* = 255 0max (C) 2 — I

;
> 2 [ain (0:2) — Omax( S5 127 = 41 = 22 10 () o —

i

> 2 [minict,..x {0 0min(Q) = max( S550)] o = 41 = 255 010 (C) 2 — w13

= Aofla’ — y'|I* = Asllz — g3,
where we use Cauchy-Schwarz in the first inequality. Let us define o := f3 % and note
that o < 1 since N > % By assumption oy, (¢;Q) > %amaX(C’) for all i € Z[1, N],
therefore

=1,...,

4 = 20, (0) < a (minicr,. v {0 omin(Q) — T (SE0)) < £

and A3 < AQ.

5.4.2 Proofs of the results stated in Section 5.2

Proof of Proposition 5.2.5 (Augmented game)

Let oVt =\, Ji(zi, 27 = Ji(a%,27") + (@) T ([A].9a") for all i € Z[1, N] and
jN+1(9cN+1, ~NFDY = (A2t ... ;2] — b) TV FL The statement can be proven as in
Proposition 5.1.1, for the game with N + 1 players and cost J, upon noticing that the
minimum principle holds when the constraint set is closed and convex but not necessarily
bounded. Therefore the constraint set XN := RZ, is admissible.

Proof of Lemma 5.2.6 (Regularity of the extended operator)

The operator (z, A) is the sum of the two operators [§] — [/ ] and [§] — [ 9, AT 5]+
[2]. The former operator is MON and Lipschitz by assumption. The latter is MON and
Lipschitz with constant L4 because it is affine (see Lemma 3.1.4). Consequently, ¢(z, \)
is MON and Lipschitz as well.
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5.4.3 Proofs of the results stated in Section 5.3

Proof of Proposition 5.3.2 (Convergence of Algorithm 5)

Algorithm 5 can be rewritten in condensed form as

 [Eeen ] | My lee =7 (F@w)+AT A )]
Yk+1) = [A(Hl)} - |:HRTO[A(1€)T(b2Am(k+1>+Ax(k))]
which coincides with one step of the asymmetric projection algorithm given in (3.14) for
the VI(X1xny xRZy, ) =VI(Y,t). Note that SOL(X, f) is non-empty because &’ is convex
and compact and f is continuous. Therefore, by Corollary 5.2.4, SOL(), t) is non-empty
as well. Theorem 3.3.12 then guarantees convergence of Algorithm 5 to a solution [Z; )]
of VI(X1xn x RZy,t). Consequently, by Proposition 5.2.3,  solves VI(Q, f) and is a
variational GNE for the generalized AAG by Proposition 5.2.1.

Proof of Proposition 5.3.3 (Convergence of Algorithm 6)

Algorithm 6 coincides with the extragradient algorithm for the VI(&y, x xRy, ) =VI(), ).
Note that SOL(X, f) is non-empty because X is convex and compact and f is continuous.
Therefore, by Corollary 5.2.4, SOL(), t) is non-empty as well. Consequently, Proposition
3.3.10 guarantees convergence of Algorithm 6 to a solution [Z; A] of VI(X|xn X RZy,1).
Consequently, by Proposition 5.2.3, Z solves VI(Q, f) and is a variational GNE for the
generalized AAG by Proposition 5.2.1.
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Part 11

Populations of biological systems:
Controlled stochastic biochemical
reaction networks
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Introduction

In this second part of the thesis we move our attention from populations of rational
agents to populations of systems whose behavior can be described using a chemical
reaction network. In full generality, a reaction network is a system comprising different
“species” that interact by means of a series of “reactions” whose effect is to change the
number of copies per species present in the system. Some example of applications are as
follows.

— Biochemical networks: biochemical networks describe the evolution of chemical
species inside a cell [Willl]. A classical example, which we use as benchmark for
the subsequent theory, is the gene expression process in which two species, the
mRNA and the corresponding protein, interact by means of four reactions. The
mRNA count is increased by transcription events (in which DNA is copied into
mRNA, usually at a constant rate), the protein count is increased by translation
events (in which the protein is synthesized from the mRNA copies, at a rate that
is proportional to the mRNA counts) and, finally, both species are degraded by
the cell, either actively or because of cell division events.

— Pharmacokinetic networks: pharmacokinetic models are used to study the absorp-
tion, distribution and elimination of drugs in the body. Traditionally, pharma-
cokinetic models aim at describing how a drug under investigation propagates in
different compartments (e.g. heart, lungs, liver, brain, etc.) [Jac96]. Such com-
partmental models can be casted in the framework of reaction networks by associ-
ating a species to each compartment and by modeling the fluxes among different
compartments as reaction events.

— Epidemiological networks: epidemiological networks study the spread of an infec-
tion through a population [AM92, NPP16]. Numerous publications can be found
in this context both in a deterministic and stochastic setting. To illustrate the
connection with reaction networks we consider the standard SIR model [MAT79].
Therein, the population is divided in three classes (i.e. species): susceptible (S),
infected (I) and resistant (R). Because of mutual interactions individuals that are
susceptible can become infected and infected people can recover and thus become
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resistant. These events can be model as reactions that happen with a rate depen-
dent on the amount of infected people and on the infection virulence, respectively.

— FEcological networks: ecological networks aim at studying the interaction among
different organisms living in an ecosystem. The most common model is the Lotka-
Volterra model where two species, a predator and a prey, compete for survival. Also
in this case the amount of predators and preys in the ecosystem can be modeled
as the result of a series of reactions modeling birth and death events.

Even though many of the results developed in the following can be applied to any
of the contexts described above, [GJ13, PLR15], in the rest of the thesis we focus on
biochemical reaction networks. Consequently, we refer to the systems as cells and to
their internal components as species.

Biochemical reaction networks have been traditionally studied using a determinis-
tic approach according to which the amount of species (or their concentration) inside a
single cell can be described as the solution of a deterministic ordinary differential equa-
tion. This approach leads to models that are computationally very efficient and has
been successfully applied in many different contexts. Recent technological developments
have however allowed researchers to simultaneously observe the amount of species in-
side thousands of cells of the same population and have shown that, even if each cell
starts with the same initial configuration and is exposed to the same environment, the
amount of species inside different cells of the same population can vary significantly
[SS08]. These observations suggest that deterministic approaches may not always be a
valid choice. This statement is particularly relevant for biochemical networks involv-
ing species present in low copy numbers, as for example the mRNA in gene expression
systems. In this case, in fact, even small fluctuations may become predominant in influ-
encing the cell behavior. Popular examples of such phenomena are stochastic switching
systems, as the Enterobacteria phage A [ARMO98]. For these systems it has been observed
that cells of the same population can undertake, with a certain probability, either one of
two very different fates, leading to a phenomenon known as population portioning. It has
been hypothesized that population partitioning is an evolutionary mechanism adopted
by cells to survive in uncertain and mutating environments (so that part of the popula-
tion is always in the condition to survive) or to achieve division of labor (so that cells
can perform mutually exclusive task and increase the benefit of the overall population).

The pioneering work of N.G. van Kampen and D.T. Gillespie provides the fundamen-
tal analytical and computational methods for incorporating stochasticity in the analysis
of biochemical reaction networks [VK07, Gil07]. Their basic observation is that each
reaction inside a cell can take place only if the necessary reactants come sufficiently close
and this is a stochastic event, governed by the laws of statistical mechanics. Conse-
quently, reaction events are stochastic and the amount of species inside each cell of a
given population should be seen as a different realization of a (Markovian) stochastic

98



process. In the rest of the thesis we use the master equation describing the probabil-
ity evolution of this process and its moments (e.g., the average amount of species, its
variance etc.) to concisely describe and control the population behavior.

A fundamental assumption that we make is that the rate at which (some of the)
reactions happen inside each cell can be influenced by means of an external control
signal, which is applied globally to the whole population. Such a signal could for example
be a light pulse, as done in [MASSO"11, OHL"14], or a concentration signal, as in
[UMD™12, MDBDBI1]. It is important to stress that, contrary to the first part of
the thesis, we assume here that the cells do not interact one with the others, but are
actually independent realizations of the same (controlled) stochastic process. Moreover,
we assume that we can observe the cells behavior by means of population measurements,
that is, measurements of the average amount of species (and possibly of the variance or
higher order moments) in a sample of the population at different time instants.

Our first objective is to propose a systematic procedure to characterize these systems
(i.e., to construct a model of the underlying stochastic process) from population mea-
surements by “optimally” perturbing the system with the available external signal. We
then use the identified model to investigate the range of behaviors that the population
can exhibit under different choices of the external input and to design external inputs
that control the population to a desired state.

6.1 The stochastic biochemical reaction network frame-
work
A biochemical reaction network is a system comprising S molecular species 71, ..., Zg

that interact through R reactions. A typical reaction r € {1,2,..., R} can be expressed
as

21+ .. v Zs — vLZi+ ...+ veZs, (6.1)
where v,,... v, € Nand v/, ..., Vg, € Nare the coeflicients that determine how many

molecules for each species are needed for the reaction to happen and how many are
produced as a consequence. The net effect of each reaction can therefore be summarized
with a vector v, € N¥, whose components are v/ —v/, for s = 1,..., S, which is called the
stoichiometric vector. In the following we say that a reaction is of order k if it involves
k reactants (i.e., .7 v/ = k). A standard assumption in the analysis of biochemical
reaction networks is as follows.

Assumption 6.1.1. The system is well-stirred, in thermal equilibrium and with constant
volume.

It was proven by Gillespie [Gil92] that, under Assumption 6.1.1, each reaction r is a
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stochastic event that happens, in the infinitesimal interval [t, ¢ + dt] with probability
(0, z)dt :== 0, - h.(z) - dt, (6.2)

where z = [21, ..., z5]" denotes the amount of molecules per species that are present in
the system at time ¢, h,(2) = II5_ (
ways one can select the required amount of reactants from the available molecules z and

) is a function that counts in how many different

6, € R>q is a (usually unknown) parameter depending on binding affinities, temperature,
volume, etc. In the following we refer to the time-varying quantity a,(f,,z) as the
propensity of reaction r and to the constant parameter 6, as the reaction rate. The
formula for the propensity derived by Gillespie in [Gil92] and given in (6.2) is known as
mass action and is based on the laws of statistical mechanics. In the following, we use
the short-hand notation

Or
W21+ ... +vgZs ——— V.Z1+... .+ Zs,

to denote a reaction that follows the mass action kinetics with rate parameter 6,. When
modeling complex system, it might be useful to simplify a reaction network by lump-
ing together several reactions or by abstracting some external influencing factor. This
operation usually leads to a condensed reaction of the form given in (6.1), but with a
propensity that does not follow the laws of mass action kinetics. For example, enzyme
reactions are usually modeled using Michaelis-Menten kinetics [Willl, Section 7.3]. If
propensities different from mass action are allowed we use the extended notation

v, 2+ .. 62 or(6r.2)

v 2y + .+ ve 2.

Let Z(t) = [Z1(t), ..., Zs(t)] " be the vector describing the number of molecules present
in the network for each species at time ¢, that is, the state of the network at time ¢. As
a consequence of the fact that reactions are stochastic, Z(t) is a stochastic process.
Moreover, since the propensity of each reaction depends only on the current state of
the system, the process Z(t) is Markovian. In the following, we always use the upper
case to denote a process and the lower case to denote its realizations. For example,
z = [21,..., z5] " denotes a particular realization of the state Z(t) of the stochastic system
at time t. Let p(t, z) = P[Z(t) = z| be the probability that the realization of the process
Z at time t is z. It is proven in [Gil92] that

R R

p(z,t+dt) = p(z,t)(1 — Z a, (0., z)dt) + Zp(z — Uy, )0y (0, 2 — v )dt H-o(dt).
r=1 r=1
ter‘I; 1 te;r; 2

The previous formula can be easily understood once we note that the probability of being
in state z at time ¢+ dt is given by the sum of the probabilities of two mutually exclusive
events: either the system was already in state z at time ¢ and no reaction happened in
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the interval [¢,t+dt] (term 1) or the system was not in z and the right reaction happened
(term 2). Finally, the term o(dt) is due to the fact that in the previous discussion we did
not consider the case that more than one reaction could happen in the interval [t,t + dt].
By rearranging the terms and taking the limit as dt — 0 one arrives at what is known
as the chemical master equation (CME)

Plzt) =Y [p(z = ve ) (O, 2 — ) — plz, ) (6,, 2)] . (6.3)

r=1

Note that typical biochemical reaction networks involve many different species, whose
counts can theoretically grow unbounded. Consequently, z € N¥ and the CME in (6.3) is
a system of infinitely many coupled ordinary differential equations that cannot be solved
in a straightforward way, even for very simple systems. A large number of different meth-
ods, both analytical and computational, have been proposed in the literature to either
solve or approximate the CME . We refer to [Willl, GJ13, Ruel4] for a comprehensive
review. In the following we limit our discussion to the two approximate methods that
are going to be used in the thesis. To better illustrate these methods we consider as
running example the following renowned model of gene expression.

Example 6.1 (Gene expression reaction network). Consider a biochemical network con-
sisting of two species, the mRNA (M ) and the corresponding protein (P), and the fol-
lowing reactions

@ ai(kr,z) M M a3 (kp,z) M X p
M az(yr,2) @ P a4(vp,z) (Z)

where k., k, are the mRNA and protein production rate and v,,7, are the mRNA and
protein degradation rate, respectively. Then Z(t) = [M(t),P(t)]", z = [m,p]", 0 =

(ks Yoy kpy Y] T and the stoichiometric matriz is
( ] 1 -1 0 0
V=V, o, V3, 1y] = .
1,72, V3, V4 0 0 1 -1

The empty set notation is used whenever a certain species is produced or degrades without
inwvolving the other species. The CME for this system is

S T ) e ) R A R A (DR
o e S e D IR A M A DR ES A P!

In the case of mass action kinetics the propensities «.,.(0,.,z) can be further specified as

ar(kr,z) = ko oa(y,2) =% m, as(ky, 2) =ky-m, ou(yp,2) =7 p. (6.5)
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6.1.1 Solving the CME: finite state projection

Let us introduce an ordering {2/}52, of the possible state realizations z € N°. For the
system in Example 6.1, we could for instance use the mapping

mRNA counts (m)

Figure 6.1: State space for the gene expression system of Example 6.1.

Setting! P;(t) := p(27,t), the CME in (6.3) can be rewritten as an infinite dimensional
linear system,

P(t) = FP(t), (6.6)

where P(t) € [0, 1] and the matrix F' € R>**> can be derived from the reaction network
and its propensities. Specifically, the element [F]; ; is the propensity of transitioning from
state 27 to state z° (because a reaction with stoichiometric vector v, = 27 — 2% happens)
and —[F);; is the propensity of leaving state z* (because any of the R reactions happens).
Consequently, system (6.6) can be thought of as a Markov chain with countably many
states 2/ € N and constant transition matrix F. Note that, by construction, all the
off-diagonal components of F' are nonnegative and thus F' is, by definition, a Metzler
matrix. The full derivation can be found in [MKO6].

The main idea of the finite state projection (FSP) technique [MKO06] is that the
probability of visiting most of the states of the Markov chain (6.6) is practically negligible.
Therefore, system (6.6) can be approximated by removing these states and keeping track
only of the probability evolution for the remaining ones, that take index in a suitable

INot to be confused with the symbol used to denote the amount of protein in Example 6.1.
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set J. For example in gene expression, even though mathematically the mRNA could
grow unboundedly, it is very unlikely to observe states with more that tens of copies. To
formalize this concept let us first define the reduced order system

Py(t) = [F],; Ps(t),  Ps(0) = P;(0), (6.7)
where P;(0) is the subvector of P(0) corresponding to the indices in J, and [F]; denotes
the sub matrix of I’ obtained by selecting only the rows and columns with indices in J.
From now on, we denote by P(T) and P;(T) the solutions at time T of system (6.6) and
system (6.7), respectively. The dependence on the initial conditions P(0) and P;(0) is
omitted to keep the notation compact. Intuitively, the truncated system (6.7) is a good
approximation of the original system (6.6) if most of the probability mass lies in J. This
intuition can be formalized as follows.

Assumption 6.1.2. For a given finite set of state indices J, an initial condition P;(0),
a given tolerance € > 0 and a finite instant T > 0, it holds

1TPy(T)>1—¢.
O

Under Assumption 6.1.2, it is possible to show that, up to time 7', the evolution of the
reduced Markov chain P;(t) is a good approximation of the original, infinite dimension,
Markov chain P(t).

Proposition 6.1.1 (Finite State Projection [MKO06)). If Assumption 6.1.2 holds, then

Pi(T) = Py(T), YjeJ and |Py(T)=PsyD)h<e.

The FSP approach is a quite efficient approach for small-size biochemical reaction
networks, however it suffers from two fundamental drawbacks.

1. Since in the original Markov chain there are transitions from states that are in the
set J to states that have been discarded, asymptotically P;(t) — 0. Therefore,
Assumption 6.1.2 will not be satisfied for large 7" and the FSP method cannot be
used to analyze the asymptotic behavior of the system;

2. For a given final time 7" the number of states that need to be tracked (i.e., the
size of the set J) in order to guarantee Assumption 6.1.2 grows exponentially in
the number of species S. Therefore, the FSP method becomes computationally
intractable for large biochemical networks.

Extensions and modifications of the FSP approach that partially address these issues
are discussed for example in [RMASL11], where a Kalman filter approach is suggested,
or in [MKO07, HMWO09], where a time-varying set J(t), for t € [0, T}, is proposed.
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6.1.2 Solving the CME: moment equations

In the previous section we have seen that, for large biochemical networks, it is usually
impossible to solve the CME and consequently, it is not possible to characterize the
full evolution of the probability distribution. In many practical applications however,
the evolution of some low-order moments of the stochastic process Z(t) is informative
enough to characterize the system. In [ZRKT12], for example, the authors suggest a
method to infer the value of the rate parameter ¢ using only mean and variance data.
Equations describing the time evolution of the uncentered moments of Z(t) can be eas-
ily computed from the CME, in the case of mass-action kinetics, by multiplying both
sides of (6.3) by (products of) the components of z and summing over all z € N¥ [Ruel4].

Example 6.1 (cont.) For the gene expression system of Example 6.1, the evolution
of the mean of the mRNA, E[M (t)], can be computed as follows

= 33 (31 - 5 (7]

m=0 p=0 m=0 p=0

wog |:_m(k'r + vom + kpm + v,p) p ([T]ﬂ ,t) + k.mp ([mp— 1} ,t)

m=

tremim+ Lp ([m; 1] ’t> Fhymp ([pnj 1] ’t) e ([pTJ t)]

[7mk7’ - %"mQ - kpmz — Ypmp + kr(m + 1) + 7r(m — l)m + kpm2 + 'Ypmp] P <[T;] ,t)

ol
NE

s
3
Il
=]

3
I
=]
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M8

[k — y-m] p ([ﬂ ,t) =k, — 1w E[M],

0

3
Il

Op

where we used the CME expression derived in (6.4) with propensities given by the mass
action kinetics in (6.5). O

In general, the resulting system of moment equations can be written as

Too(t) = Ano(0)Too (1), (6.8)
where T, (t) contains all the uncentered moments of the probability distribution P[Z(¢)]
and A, € R*°** is an infinite dimensional matrix whose elements depend on the rate pa-

rameters vector 6 := [0y;...;0g|. From (6.8) it is possible to derive a (usually nonlinear)
system describing the evolution of the centered moments ()

i'oo(t) = foo<97xoo<t))v (69)

see for example [LKK09]. Note that the solution of either (6.8) or (6.9) completely
describes the stochastic process Z(t). It is therefore not surprising that, as for the CME,
these systems are generally very difficult, if not impossible, to solve. Luckly, in most
cases the evolution of some low-order moments is sufficiently informative to characterize
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the system. Let x<(t) be the vector of desired centered moments up to order [. Note
that from (6.9) it is possible to extract the time derivative of the moments of interest,
but this will in general depend also on the higher order moments z~,(t), that is

t<(t) = g(0,z<(t), 21(1))- (6.10)

An explicit formula for ¢ is given in [LKKO09] as a function of the propensities and
their derivatives. This formula significantly simplifies under the assumption of affine
propensity functions, as illustrated in the next proposition for the first two moments

(1=2).

Assumption 6.1.3. For each reaction v = 1,..., R the propensity o, (0., z) is an affine
function of z.

Proposition 6.1.2 ([LKKO09]). Consider the CME given in (6.3) and suppose that As-
sumption 6.1.3 holds. Let x;(t) = E[Z;(t)], z<1(t) = [x1(t);...;25(t)] and x;;(t) =
E{(Z:(t) — 2:(6))(Z3(t) — 25(t))]. Then, for all i, j € Z[1, 5],

T

> [Wir - 0 (0, 7<1)] (6.11)

R S
2 : 2 : 0 r 07"’ 0 r 07"’

_ []/w ( « x<1)le)+ Vi + § (a(a—zfgl)le)_F VipVjy - aT(0T7 'TS1>]
r=1 =1

=1

where we omitted the time dependence for simplicity.

The most important feature of the equations in (6.11) is that the evolution of mean
and variance are closed, in the sense that they do not depend on higher order moments,?
that is

i<i(t) = f(0,2(1)). (6.12)

Therefore computing the evolution of the low order moments reduces to solving a system
of finitely many non-linear first order differential equations. We note that, in the case
of mass action kinetics, Assumption 6.1.3 is satisfied if the network contains reactions
up to first order (i.e, reactions with at most one reagent). In fact if a reaction is of zero
order its propensity is constant (i.e., a,.(6,, z) = 6,) and if a reaction is of order one then
its propensity is linear (i.e., a,(0,, z) = 0,z;,, for some i, € Z[1, S]). Assumption 6.1.3 is
violated, on the other hand, for mass action reactions of order greater then one. For ex-
ample, for order two the propensity becomes «..(6,, z) = 0,z z;,, for some i,, j, € Z[1, 5]
which is quadratic and thus non-affine. If the propensities are not affine approximate
methods to solve (6.10) by substituting the unknown high order moments z-;(¢) with a
non-linear function of the low order ones, that is, by imposing z;(¢) = h(x<(t)) have

2Note that this statement is true also for [ > 2. In general, under Assumption 6.1.3 the evolution of
the moments x<;, at any order !, does not depend on z-,;.
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been suggested in the literature, under the name of moment closure techniques, resulting
in the approximate dynamics

r<(t) = g(0, 2 (t), M(z<(t)) = f0,2<(t)).

Unfortunately, in this case there are no theoretical guarantees or known bounds on the
approximation error. Consequently, we do not delve more into this topic and we refer
the interested reader to [Hes08].

Example 6.1 (cont.) Under the assumption of mass-action kinetics, the propensity
functions of the gene expression model of Example 6.1 are affine, as shown in (6.5).
Therefore, if the state of system (6.12) is ordered as x<s := [Ty, Tp, Tp2, Tarp, :Upz]T,
then £<9 = Ax<o + b, where

[~y 0 0 0 0 k,
k, =y, 0 0 0 0
A= 0 =2 0 0|, b= |k (6.13)
0 0 kp _('77‘ + Vp) 0 0
Lk o 0 2ky —27%p 10

Note that, since the mRNA production follows a birth and death process, M(t) has a
Poisson distribution and consequently xpr = xpp2. Faploiting this information the 5-
dimensional system in (6.13) can be reduced to the equivalent 4-dimensional system & =
A,z +b,, with matrices

-y 0 0 0 k,
k, — 0 0 0
Ar = b P ) br =
kp 0 —(+1) O 0
kEp v 2k, -2 0
and state x = [xpr, Tp, Typ, azpz]T. In the following we will use both these systems

interchangeably.

6.2 Problem statement: controlled biochemical net-
works and population measurements
In the following we are interested in characterizing and possibly controlling the behavior

of a population of identical cells, each containing a copy of the biochemical network of
interest. To this end, we make two standing assumptions.
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Population measurements: We can observe the system behavior by performing
experiments in which at H € N predetermined measurement times {t, }}_, we:

1. collect a random sample of the population consisting of N € N cells ?;

2. measure the amount of one or more species in each cell of the sample, thus
constructing the dataset V(t5,) := {vi(tn) }¥y;

3. discard the sample.

This is the typical process for example in flow-cytometry experiments, where one or
more species of interest are tagged with fluorescence labels that are then measured via
lasers and fluorescence detectors. With this measurement procedure the number N of
cells measured at every sampling time is typically very large. Moreover, since cells are
discarded, the recordings {y;(t;)}Y, at different measurements times are statistically
independent.

Controlled reactions: We can intervene on the population by means of M € N
external signals, denoted by o,,(t) € £,, C Rso,m € {1,..., M}, which are applied
to the whole population. Each external signal o, acts on the system by modifying
the propensity of a specific reaction r,, in a multiplicative fashion, that is, it modifies
its propensity from «.,, (6, ,2(t)) into a,. (0., ,2(t)) - om(t).

Examples of controlled stochastic biochemical reaction networks satisfying this as-
sumption are described for example in [MASSOT11, RPMA™15, OHL"14, UMDT"12,
MDBDBI11]. Note that the CME in case of controlled reaction results in

M

p(z,t) = Z (2 — v, ) (0, 2 — 1) — p(2, ) (0r, 2)] 00 () +

r=1
R

+ Z p(z — v, ) (0, 2 — 1) — p(2,t)a, (0, 2)],

r=M+1

(6.14)

where we assumed, without loss of generality, that the reactions have been ordered so
that r,, = m, for each m € Z[1, M]. In Section 8.3 and 8.4 we show how the solution
methods described in Sections 6.1.1 and 6.1.2 for autonomous reaction networks can be
adapted to approximate the CME of controlled reaction networks. For example, following
the same steps as in Section 6.1.2, one can derive an equation describing the evolution

3For simplicity we assume that the number of cells sampled at each measurement time is the same.
All the results can trivially be generalized to different sample sizes N (¢,).
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of the low-order moments of (6.14) as a function of the applied external signal, resulting
in the controlled system

i<(t) = f(0,2«(t),0(t)). (6.15)

To sum up, in the second part of the thesis, we analyze the behavior of a population
of cells that we can influence through some external signals and that we can track via
high-throughput population measurements. The experimental apparatus is thus defined
by the available external signals and the species that can be measured. For a fixed
experimental apparatus, an experiment e is completely specified by the applied input
and by the measurements times, so that e = {o(t),¢1,...,ty}. The class of all possible
experiments is denoted by £. The objective of the second part of the thesis is to

1. select the best sequence of experiments e; € £, ¢ = 1,...,1 to be performed
to “optimally” infer the rate parameters 6 of a given reaction network from the
available population measurements (Chapter 7);

2. once a model and its parameters have been identified, use the model to either pre-
dict the population behavior for an unseen experiment (Chapter 7) or characterize
the whole range of behavior that the population can exhibit under different choices
of the external signals (Chapter 8);

3. control the population behavior by designing a suitable external signal (Chapter
9).

To demonstrate the validity of our theoretical results we report in Chapter 9 an in vivo
case study in which the proposed techniques are used to characterize and control a light
inducible gene expression circuit implemented in yeast.
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I

A systematic parameter inference procedure
from population data

Systems biology rests on the idea that biological complexity can be better unraveled
through the interplay of modeling and experimentation. The success of this approach
however depends critically on the informativeness of the chosen experiments, which is
usually unknown a priori. In this chapter, we propose a systematic scheme, based on it-
erations of optimal experiment design, population experiments and Bayesian parameter
inference, to guide the discovery process in the case of stochastic biochemical reaction
networks. Specifically, in Sections 7.1,7.2,7.3 we review known results on parameter in-
ference, posterior predictive distributions and experiment design. We then combine these
results to propose in Section 7.4 a sequential characterization procedure for controlled
stochastic biochemical reaction networks from population data. The results of Section
7.4 have been published in [RPMAT15].

7.1 Parameter inference

Consider a controlled stochastic biochemical reaction network, as described in Sec-
tion 6.2, consisting of R reactions with unknown rates § = [0y,...,0g]. Moreover,
suppose that a specific experiment e € £ has been performed and that the data Y° =
{V¢(tn) }EL| has been recorded. The main objective of parameter inference is to use this
data to infer the value of the unknown parameter vector . Let us denote by p(z,t | 6, ¢)
the solution of the controlled CME in (6.14), to make explicit its dependence on the
performed experiment e and on the specific parameter vector 6 used to solve it. The
maximum likelihood estimator is by definition the parameter vector # that maximizes
the probability of observing the recorded outcome )¢, that is,

ML) = arg max L(Y°|0) = arg meaxIP’(ye | 6).

The function L(Y* | 0) is the likelihood of observing the outcome Y conditioned on the
parameters choice . With the notation introduced above and recalling that, according
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to our assumption, the measurements in )¢ are independent one obtains
éML(ye) = arg mGaX{Hthlnij\il p(yi(tn),tn | 0,€)}.

The main drawback of the maximum likelihood approach is that, to solve the previous
optimization problem, one needs to solve the CME in (6.14) for each possible value of the
parameter 6. As discussed in Section 6.1 this is an impossible task even for very simple
biochemical reaction networks. To overcome this issue, we review in the next section an
alternative, approximate approach, that uses the moment equations.

7.1.1 The likelihood of sample moments

While solving the CME (6.14) is in general a very difficult task, computing its low
order moments is a viable alternative for many systems of practical interest. In fact,
as illustrated in Section 6.1.2, under Assumption 6.1.3 or by using a suitable moment
closure technique [Hes08], this problem is equivalent to solving the ordinary differential
equation in (6.15). In the following, we denote by x(¢ | 6, e) the solution of (6.15) to
emphasize its dependence on the experiment e and parameter #. The main idea of the
moment approach is to use the dataset V¢ = {V°(¢,) }H_, to construct an estimate of the
low-order moments at each measurement time ¢, and then select the parameter vector
that maximizes the likelihood of observing those moments instead of the likelihood of
observing each single realization. Let us assume for simplicity that only one species s
is measured, so that y;(¢;) € N is the amount of species s in the i-th cell of the sample
taken at time ¢;'. Then the estimators for mean and variance of Z,(t;) are

N

() = 3 D)

~e RS e ~e 2

) = 3y S0 00) — (),
In the following we refer to i5(ty), 1% (tn) as the sample moments. Let the set D¢ =
{R<(tn), i (ty) 12, be the sample moments dataset. Note that since Y is a collection of
random realizations, also the estimators i$(t,) and fi%;(t5) are random variables. Since
they are obtained as sum of the independent random variables y¢ () when the sample
size N tends to infinity, thanks to the central limit theorem, the distribution of fS(ty)
and 1% (1) tends to a normal distribution, whose mean and variance can be computed

from the moments z(t | 0, e) of the Z process from which the samples y¢(t;) were taken.

IThe following results can be generalized to an arbitrary number of measured species.
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Specifically,

~e :&g(th> e e

i 1= | B |~ N ) e (7.)
e xs(tn |0, e) e 1 ze(ty|0,e) e (th]0,e)

o ze(ty|0e) |7 TN | aa(th]0,e) ma(ty]0,e) — N=2 (w2 (th 0, e))?

where zi(t, | 0,¢e) denotes the i-th central moment of Z4(t) (that is, the relative com-
ponent in z(t; | 0,¢e)). Exploiting the fact that for large sample size N the moments
are normally distributed, it is possible to compute an explicit formula for the likelihood
of a parameter vector, given the estimated moments D¢, that leads to the maximum
likelihood estimator from sample moments

OME (D) = arg max L(D° | 0) = arg mGaXHhH:lp(ﬂfh | 6,¢) (7.2)

1 1 ~e e e - n~e e

= argmax ¢ T ——=—=—==exp ( = (15, — p5,10) " 25,07 (f15, — 15,0)

0 / 2
2m ‘Ef |0’

h
The advantage of performing inference from sample moments instead of realization is
that, to solve (7.2), one has to compute the solution of the system of low-order moments
given in (6.15) instead of the full CME (6.14), thus making the inference task compu-
tationally tractable. Clearly, this computational advantage comes at the expenses of
discarding all the information contained in the higher order moments. Nonetheless, in
many practical cases the information contained in the low order moments is still sufficient
to accurately identify the unknown parameters (i.e. 0% (D¢) = gME(Ye)) [RL13].

7.1.2 Bayesian parameter inference

The maximum likelihood estimator in formula (7.2) allows one to select the parameter
vector that best explains the sample moments dataset D¢. In biological application,
however, scientists have additional information on the reaction rates, coming for exam-
ple from previous literature studies, and are interested in ranges of plausible parameters
rather than in single parameter vectors. These aspects can be incorporated in the in-
ference procedure by using a Bayesian approach, which aims at computing a probability
distribution over the parameter space instead of a point estimator. In the Bayesian
framework, any additional information on the parameters is encoded in a prior parame-
ter distribution p(f) which is then modified, according to the Bayes formula, to account
for the measured data, leading to the posterior parameter distribution

L(D*|6)p(0)
p(De)

where L (D¢ | 0) is as in (7.2) and p (D¢) = [ L (D¢ | ) p(f)df. We note that in general it

is not possible to compute an analytic expression for the posterior distribution. However,
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particle approximations of such a distribution can be obtained using sampling methods
as, for example, the Metropolis—Hastings algorithm or more complex sequential Monte
Carlo algorithms if the parameter space is high dimensional [DMDJ06, MA13]. If a point
estimate 6 of the model parameters is also desired, the maximum a posteriori (MAP)
estimate

OMAP (D) = arg maxp (6 | D°), (7.4)

that is, the maximizer of the posterior distribution, can be extracted from the particle
approximation. Note that, if the prior parameter distribution p(6) is uniformly dis-
tributed, then OMAP(De) coincides with AMU(D¢). Finally, since the data collected in
different experiments is statistically independent, it is straightforward to extend (7.2),
(7.3), (7.4) to a dataset containing multiple experiments, D = {D°}¥

24, by using as
likelihood

E
L(D|6)=]]L (D" |06).
e=1

The parameter posterior distribution, computed using the Bayesian inference ap-
proach, allows one to quantify the available information on the parameter vector 6. A
posterior parameter distribution which is very peaked around a single value suggests that
the MAP estimator is a “reliable” parameter estimate. On the other hand, multinomial
or flat posterior distributions can be an index of either one of two scenarios: i) the data
that has been used in the Bayesian inference approach was not informative enough or
ii) the model is practically unidentifiable, which means that there are multiple param-
eter vectors that lead to the same observed behavior. To distinguish among these two
cases, and more in general to determine how well new experiments can be predicted by
the inferred model, one can compute the posterior predictive distribution of the sample
moments for one or more validation experiments.

7.2 Posterior predictive distributions of sample mo-
ments

The most straightforward approach to predict the response of the population in a new
validation experiment? v € £, given the data D recorded in previous experiments, is to
solve the corresponding moment equations with the point estimate éMAP(D) as parame-
ters vector. Even though this is a valid approach, it does not allow one to quantify how
certain this prediction actually is. Consider, for instance, a case where the parameter

2Note that we use the symbol v € £ instead of the generic e € £ to denote a validation experiment.
Our aim is to stress the fact that the posterior predictive distributions are computed before the experi-
ment is performed to predict its outcome, based on the dataset D recorded in some previous experiments
(i.e., not in v). Such predictions can be used to validate the model based on the difference between the
predicted outcome and the actual data DY, which is measured a posteriori.
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posterior distribution is very flat so that its density function is only marginally larger at
the MAP estimate than at other parameter values. In such a case predictions computed
with parameters other than the MAP estimate would be almost equally likely outcomes
of the new experiment, even though they could be significantly different. To overcome
this issue one should validate the model by using the complete posterior predictive dis-
tribution instead of predictions computed with point estimates only. This distribution
describes how likely different measurements, in our case sample mean and variance /iy,
are for a new validation experiment v, given all the previously measured data D. The
posterior predictive distribution can be computed from the parameter posterior distri-
bution p(@|D) according to

ey | D,v) = / p(! | 6, 0)p(8| D)do

where p(- | 0,v) is the distribution of i} given the selected experiment v and that 6 are
the model parameters, as in (7.2). The distribution pP4(-, | D, v), can be approximately

computed by replacing the integral over 6 with a sum over samples {6, } drawn from

q=1
the posterior distribution p(f | D). Since for each € the sample moments distribution
p(- | 0,v) is approximately a two-variate gaussian distribution® we obtain a gaussian

mixture approximation of the posterior predictive distribution at time t as

ppred( | D, v) XQ: (Ut\e ’ t|9q>v

where 1), and ¥, are as in (7.1).

7.3 Experiment design for parameter inference

For the inference process described in Section 7.1 to be successful, it is of paramount
importance to design and perform experiments that yield the information required to
identify the model parameters. To this end, optimal experiment design techniques for
biochemical stochastic networks have been recently developed [RMAL13, ZNUK12].

7.3.1 The Fisher information

The first thing that is required for the design of optimal experiments is a way of quanti-
fying the information that an experiment can provide about the unknown parameter 6.
One way of quantifying this information is through the computation of the Fisher infor-
mation matrix [KCRS11]. The entries of the Fisher information matrix, 1(6,e) € RE*E,

3Due to the finite sampling noise as described in Section 7.1.1.

113



are given by

[1(0,¢)],, =E Ké’% log L(D* | 9)) (a% log L(D* | 9))} , (7.5)

where L(D¢ | 0) is the likelihood of the data D¢, recorded in experiment e, given that
0 are the model parameters as in (7.2), and the expectation is taken with respect to
all possible realizations of the data D¢. If one uses as data the sample moments of
the measured species Z,, the Fisher information matrix can be approximated, for N

large, using only the first four moments of the probability distribution, according to the
formulas derived in [RMALI13]:

I(0,e) = i[fh(G) where (7.6)

oz 2 o ox 2 o
63;5 ¢ 815 th s2,tp Ts,tp, 54ty Ls,tp,
oty OTsity T2 g, —ih — hogp T2y, — — —Chgp
[I : ((9)} =N 20, 00, s%th "0y, 90, 5%th s%th " 90, 20, 5%t
th kil x (xg24,)? (x — (2524, )?) — g2y, (T4, )?
s2.tp, 52ty sty 52ty 2.ty s3.ty

where x4, = x4 (ty | 0,e) is the i-th centered moment of the distribution P[Z,(t;,) = 2 |
0, e]. To evaluate this formula, in addition to the moments themselves, partial derivatives
of means and variances with respect to € have to be computed from the model. These
can be obtained by solving the population moment equations (6.12) with any solver
for ordinary differential equations which also returns parameter sensitivities, such as

CVODES of the SUNDIALS toolbox [HBGT05].

7.3.2 Designing an optimal experiment

The expectation in (7.5) is taken with respect to all possible realizations of the data.
Accordingly, the Fisher information matrix does not depend on any measurement and
can be used to evaluate the utility of different experiments before they are performed.
This means that one can search among all possible experiments for the one which can be
expected to provide the most information about the model parameters. In other words,
one can aim at solving the optimization problem

e’ = arg max {det I(0,¢)}, (7.7)
ec

where 1(0, e) is the Fisher information matrix defined in (7.6) and & is the set of all pos-
sible experiments. The determinant det 1(6, e) in (7.7) provides one way of summarizing
the information of an experiment in a scalar quantity that can be maximized. This is
known as D-optimality. There exist many other optimality criteria, we refer the reader
to [Ruel4] for a detailed discussion.

It is important to underline that the Fisher information matrix depends on the values
of the parameters # which are to be estimated. These parameters are obviously unknown
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(otherwise performing an experiment for their identification would not be necessary).
One way to overcome this problem is described in the next section.

7.4 Sequential experiment design for parameter in-

ference

In the previous section we have described how, given an experiment, one can identify
the “best” parameter vector € and how, given a parameter vector, one can design an
“optimal” experiment. Sequential experiment design aims at combining these two pro-
cesses to infer the parameter vector with as less experiments as possible. Specifically,
in sequential experiment design the parameters 6 are replaced by their best currently
available estimates é, so that a new experiment is designed using 0 for the computation
of the Fisher information matrix. The data collected in this experiment can then be used
to improve the quality of the estimates and another experiment can be designed with the
updated parameter estimates. In general, there is no guarantee that evaluating 1(6,¢)
at estimated values 6 will result in the design of informative experiments. Simulation
studies [HWT13a], however, have shown that sequential experiment design often leads
to good results, especially if many different experiments are needed to identify the model
parameters. By making use of the inference and experiment design methods reviewed
in Section 7.1 and 7.3, we propose here a sequential experiment design procedure for
controlled stochastic biochemical reaction networks from population data.

The proposed approach, illustrated in Figure 7.1 is an iterative procedure where at
every step k:

1. A new experiment e, optimally complementing the previously performed experi-
ments {e;}*~, is designed based on the MAP estimate ;_;. Mathematically,

€}, = arg max { det I (ék,l, {e; ooty {e}) }

2. The experiment e, is performed and the sample moments dataset D is computed
from the recorded measurements ).

3. The posterior parameter distribution is updated, by using Bayes formula,

L(D% | 0)p (6| {D}i))
p(Dex) ’

p (9 | {D* f:l) =
and the new MAP estimate is computed
ék({Dei i) = arg maxp (9 | {D~ ?:1) :
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The procedure stops when either the posterior parameter distribution is sufficiently
peaked or the posterior predictive distributions for some validation experiments (dif-
ferent from {e;}%_,) are sufficiently tight. To initialize the sequential procedure one can
set p (0| {D%}2_,) to be the prior distribution p(d) and fy = arg maxy p(0), if the prior
is not flat, or a value taken from the literature, otherwise.

Experiment design ex €E
(Section 7.1)

v

Perform experiment

External signal and
measurements time

MAP Moments of
estimate measured species

0 ({D"}i) pes

Parameter inference
(Section 7.3)

A

Parameter posterior ek
distributionlp(m{p i-1)

Posterior predictive distribution
(Section 7.2)

Figure 7.1: Sequential experiment design for parameter inference.

An important aspect to underline is that, for the design of the next experiment, the
joint Fisher information matrix of the already performed experiments and the yet to be
determined experiment has to be computed. If only the Fisher information matrix of the
new experiment alone would be used for the design, it would be likely that an experiment
which is similar to the first one would be designed (since the only difference to the design
of the first experiment would be that the Fisher information matrix is evaluated at
updated parameter values). If; on the other hand, the joint information is used, one can
expect that an experiment that adds new information and in some sense complements the
already performed experiments is designed at every step [HWT13b]. We also note that
only the MAP estimate is used in the experiment design step instead of the full parameter
posterior distribution. This is a suboptimal choice which is however mandatory for
computational reasons. Selecting the best experiment according to the full parameter
distribution would indeed require the computation, for each candidate experiment, of the
expected Fisher information matrix over the parameter distribution. This task cannot
be solved analytically but could be solved approximately by replacing the integral over ¢
@ _ ., drawn from the posterior distribution p(@|{D%}*_))

with a sum over samples {0,, }~ _;,
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and then selecting as next experiment

Q

€1 = ATgIMAX { det I (6,,,{e;}_; U{e}) }
qr=1

This would however increase the computation time by a multiplicative factor Q).

The usefulness of sequential experiment design is verified in Chapter 9, where the
proposed approach is applied to the in vivo characterization of a light inducible gene
expression system.
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Reachability analysis

A fundamental question in the study of stochastic controlled biochemical reaction net-
works is to what extent is noise an intrinsic property of the system and consequently
what are the fundamental limits in noise suppression [LVP10]. In this chapter we tackle
this question by rephrasing it in terms of moments of the underlying stochastic process.
Specifically, we aim at investigating what values of mean and variance (or higher order
moments) of the species present in the network are obtainable by perturbing the system
with the available external signal. To this end, we adapt the hyperplane method, origi-
nally proposed in [GK91], to compute inner and outer approximations of the reachable
set of the system describing the moments evolution. A remarkable feature of this ap-
proach is that it allows one to easily compute projections of the reachable set for pairs
of moments of interest, without first requiring the computation of the full reachable set,
thus making our method scalable.

The results of this chapter have been published in [PVL14, PVL15, PVLI6].

8.1 Problem formulation

One of the most impressive results achieved by synthetic biology in the last decade is the
synthesis and introduction of the externally controllable modules described in Section 6.2
in pre-existing biochemical reaction networks, allowing researchers to influence and pos-
sibly control the behavior of a cell in vivo. A fundamental prerequisite for the successful
application of these modules, however, is understanding what range of behaviors they
can exhibit under different choices of the external signal. For deterministic systems, this
refers to the problem of computing the set of states that can be reached by the system
trajectories starting from a known initial configuration [BDJPGO08, CF03]. As discussed
in Chapter 6, however, biochemical reaction networks are inherently stochastic and, for
any fixed control input, many different evolutions may arise with different likelihood.
Therefore, the analysis of these systems has to be formulated in a probabilistic setting.
One may be interested, for example, in computing the probability of entering a prespec-
ified subset of the state space, given a fixed initial condition or an initial probability
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distribution [BHHK03, AKLP10, ESPP 06, MKOG].

Here we analyze controlled stochastic biochemical reaction networks by posing a
related but different question: instead of focusing on the behavior of the different real-
izations we are interested in characterizing how the external input influences the mean,
variance (and possibly higher order moments) of the stochastic process. This approach
is motivated for example by biotechnology applications, where one would like to control
the average production of the cells in large populations, instead of each cell individually.
More on the theoretical side, this different perspective can be useful to investigate fun-
damental questions on noise suppression in biochemical reaction networks [LVP10]. In
[PVL14], for example, a similar approach is employed to study a simple gene expression
network and to derive bounds on the variability of protein levels that can be observed in
a population of identical cells. Finally, information regarding the species’” moments can
be useful to derive computationally efficient algorithms to simulate the behavior of the
full Markov chain distribution.

Note that while the trajectories of the system are stochastic the evolution of the
moments of the process is deterministic, as detailed in Section 6.1.2. Consequently, for
the class of networks described in Chapter 6, the above question can be rephrased as
a standard reachability problem in the moments space. Many different methods have
been proposed in the literature to compute the reachable set of a deterministic system,
among which level set methods [MT05], ellipsoidal methods [KV97] and sensitivity based
methods [DMO07]. Biochemical networks typically have an high-dimensional state space,
therefore the choice of a method that scales well with the system size is essential. Here,
we opted for the hyperplane method introduced in [GK91] for linear systems. The
reason is that, in biological applications, researchers are often interested in analyzing the
behavior of only a few chemical species of the possibly many involved in the network.
Consequently, one is typically interested in the projection of the reachable set (which is
a high-dimensional object) on some low-dimensional space of interest. The hyperplane
method stands out in this respect, since it allows one to compute directly the projection
of interest, without requiring the computation of the full high-dimensional reachable set
first. Finally, intersections of hyperplanes are very easy to handle and to visualize.

The chapter is organized as follows. In Section 8.2 we present the main theoretical
results on reachability analysis. Specifically, in Section 8.2.2 we review the hyperplane
method for linear systems with bounded input, while in Section 8.2.3 we extend it to
switched affine systems. In Section 8.3 we apply these theoretical results to biochemical
networks satisfying Assumption 6.1.3. Under this assumption the system describing the
moment evolution is, in fact, closed and linear with bounded input (Section 8.3.1) or
switched affine (Section 8.3.2). In Section 8.4, we consider generic reaction networks for
which the system of moment equations is not necessarily closed. Since moment closure
methods would lead to nonlinearities, the theoretical results of Section 8.2 cannot be
applied. To obviate to this problem we derive in Section 8.4.2 an extension of the FSP
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method for controlled biochemical networks and we show that the reduced Markov chain
is switched affine. We then apply the results of Section 8.2.3 to this new system. Figure
8.1 provides a summary of the main contributions of this chapter. All the proofs are
given in the Appendix.

1‘9&011 6.4 3 CME

pem ey T
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% Jasin A 8.4.1
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Figure 8.1: Contributions of Chapter 8.

8.2 Reachability tools

8.2.1 The reachable set

Consider the n-dimensional nonlinear controlled system

#(t) = f(a(t),o(t)) t>0. (8.1)

In the following we assume that, for every initial condition z(0) € R™ and every input
function o(-) belonging to the set of admissible control laws S, the solution of (8.1),
denoted by z(t;2(0),0(+)), is well defined and unique at every time ¢ > 0. We also
assume that the admissible laws o € § are uniformly bounded.

Remark 8.1. The above assumptions are satisfied, for example, by a controlled linear
system with bounded input, as discussed in Section 8.2.2, or by an autonomous switched
affine system that can switch at most K times within a finite set of I possible modes
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Y= {c',...,5'} at preassigned switching instants 0 =ty < ... < tgy =T, that is
Sk ={o()|ot) =" €%, VtE€ [tp,tr),Vk=0,... K},
as discussed in Section 8.2.3.
The reachable set of system (8.1) at time 7" is defined as follows.

Definition 8.1 (Reachable set at time 7). The reachable set Ry(xg) from xo at time
T > 0, for the system (8.1) with admissible control set S, is defined as the set of all
states © € R™ that are reachable at time T from x(0) = o, using an admissible control
law:

Rr(xg) :={z e R" |z = x(T;z0,0(-)), 30 €S }.
U

As motivated in the previous section, biologists are usually interested in charac-
terizing the behavior of only a few species of the many involved in the network. In
mathematical terms, this means that one is interested in the projection of the reachable
set on a plane of interest. For example one may be interested in the relation between the
mean behavior of two species or between mean and variance of a single species. For any
p,q € {1,...,n},p # ¢, the projection of the reachable set Rr(zo) in the (z,, z,)-plane

1S
T

RE(a0) = {y € R |y = [opz) " = |2 |0, 3z € Rlao)},
where e,, e, are canonical vectors with entry 1 in position p, g, respectively. This defi-
nition can be generalized to any pair of linear combinations C1x and Chx of the state
components, where C7, Cy € R", by identifying the linear combinations Cx and Chx as
the system output, and then investigating the set of all values that the output of the
system can reach. Specifically, given a matrix C' := [g;] € R¥" with C; being the jth
row of matrix C, we define the output of system (8.1) as

mwzoﬂwzrh”qeRQ (8.2)

(
CQZE (t)
and the output reachable set as follows.

Definition 8.2 (Output reachable set at time T'). The output reachable set RS (z)
from zy at time T > 0, for system (8.1) with admissible control set S and output given
in (8.2), is defined as the set of all output values y := Cx € R? that are obtainable at
time T from x(0) = xo, using an admissible control law. That is,

RG(20) = {y eR? | y = Cxz, I 2 € Rop(zo)}.
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Computing the (output) reachable set for nonlinear systems is in general a very
difficult task. In the next section we revise a method to approximate this set in the case
of controlled linear systems with bounded input, which we then extend in Section 8.2.3
to the case of switched affine autonomous systems.

8.2.2 The hyperplane method for linear systems with bounded
input

Consider a time-invariant linear system

t(t) = Az(t) + Bo(t), (8.3)
where z(t) € R", A € R™", B € R™™ and o(t) = [01(t);.. .;on(t)] € =% x ... X
Yom. If 3 = R™ that is, if the control input is unbounded the following classical result

of control theory allows one to explicitly characterize the reachable set, as reported for
example in [Son98, Lemma 3.2.2].

Proposition 8.2.1. Consider the linear system in (8.3) and assume that ¥ = R™. Then,
for any T > 0, we get

Rr(wg) = ¢ g+ Im(R), R:=[B,AB,A’B,...,A""'B].

Consequently, Rr(xo) = R"™ if and only if the pair (A, B) is reachable, that is, if
rank(R) = n. O

According to the previous proposition if the control input is unbounded the reachable
set Rr is an affine subspace and Rr(0) is independent on the final time 7. This result
does not hold anymore if the input is bounded, that is, if ¥ C R™. Nonetheless, by
assuming sufficient structure of ¥ it is possible to prove that the reachable set has the
following properties [Son98, Lib11].

1. If 0 € X, then for any 7' > T > 0, it holds R7(0) C R4 (0).
2. If the constraint set ¥ is convex, the reachable set Ry (x¢) is convex, for any 7" > 0.

Since biological signals are non-negative and bounded, we assume in the following that
Y, = [0,5,], so that X satisfies both the conditions above and according to the first
statement, the longer the horizon T' is the more states can be reached. The limiting set,
that is, the set of states that can be reached in any arbitrarily long but finite time, is
the infinite-time reachable set.

Definition 8.3 (Infinite-time reachable set). The infinite-time reachable set R(xy), for
system (8.3) with control constraint set 3, is defined as the set of all states x € R™ that
are reachable from z(0) = xo, using an admissible control law. That is

R(zo) :={x € R" |z € Rr(zo), 3T >0}.
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The main idea of the hyperplane method, introduced in [GK91], is to construct an
outer approximation of the reachable set R as the intersection of a family of half-spaces
defined by hyperplanes that are tangent to the boundary of R, see Figure 8.2. For any
given direction ¢ € R", let us define two supporting hyperplanes that are tangent to
OR 7, one from above H-(c) := {x € R" | ¢'x = v%(c)} and one from below H5.(c) :=
{x € R" | c"z = v5(c)}. The two values v$(c),v5(c) € R can be computed by solving
the following optimization problems

afy . T b . - T
vp(c) == mer%?();o)c xz, and vp(c):= xE%lTl%co)c x, (8.4)

for simplicity we omit the dependence of v4(c), v (c) on the initial condition xq. By refor-

mulating these problems as finite time optimal control problems and using the Maximum
Principle [Lib11], one can explicitly compute two control laws o®*(t) and o®*(t) that lead
the state (0) = zy to two points (T’ zg, 0%*) =: 2%*(c) and z(T’; 2, 0*) =: z5*(c)

satisfying
7" (c) € H}(c) N Ry (o), xgl*(c) € Hy.(c) N Ry (o), (8.5)

respectively. In other words, the two hyperplanes H%(c), H5(c) are tangent to Ry (zo) in
22 (c), 227 (c). Note that these points are unique if the set Ry (o) is strictly convex.

Proposition 8.2.2 (Tangent hyperplanes [GK91)). Given system (8.3), with control

constraint sets 3, := [0,5,] C Rsq, define the following admissible control laws, expressed
component-wise for any r =1,...,m,
(5, if ¢ eAT-Dp, > 0
ol (t): =<0 if cleATDp, <0
(0< oy <o, if  cTeTp, =0
p
0 if  cTeMTDh, >0
ob*(t): =<5, if  cetT0p, <0
0 < ot <&, if cleATDh, =0,

where b, denotes the " column of B. Then

ve(c) =cleTay+ >0 | 5, fOT [cTeA(T_t)bT}+ dt (8.6)
vh(c) =cexy — S 5, fOT [cTeAT0p, ] dt. (8.7)
Suppose additionaly that the pair (A, b,) is reachable, that is rank [b,, Ab,, ..., A"71b,] =
n, for all v =1,...,m. Then there are no singular arcs, that is, there exists no interval

(71,72, with 0 < 7y < 7 < T such that ¢"eAT b, =0 for all t € [11,73]. Consequently,

the laws o%*(t), c>*(t) are completely specified and the two intercepts can be obtained as
277 (c) = ey + fOT AT Bo*(1)dt  and xgl*(c) = ATy + fOT eAT=D) Bob*(t)dL.
(8.8)

O
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Using Proposition 8.2.2 it is possible to construct approximations both of the finite-
time reachable set Ry (zo) and of the infinite-time reachable set from the origin R(0).
In fact, let us define the half-spaces

He(c) = {z eR" | cTz <vi(c)}, Hi(c)={zeR"|c'z>v5(c)}, (8.9

where v4(c),vh(c) are defined as in (8.6) and (8.7). By construction, the reachable set
Rr(xg) is contained in both half-spaces and therefore in their intersection. Moreover,
since %% (c), 2% (¢) € Ry(xo) and Ry(xo) is convex, conv(z4*(c), 257 (c)) C Ry(zo). In
the following proposition we generalize these intuitions to a set of different directions

C:={c,...,cP}, as illustrated in Figure 8.2 for D = 2.

Figure 8.2: Illustration of the hyperplane method. The reachable set Rr(xg) is in blue.
The lined region is the outer approximation, the region in between the dotted lines is
the inner approximation.

Proposition 8.2.3 (The hyperplane method [GK91]). Given system (8.3), a fized time
T > 0, an integer number D > 1, and a set of D directions C := {c',... cP}, define the
half-spaces H%(c?), H5(¢?) as in (8.9), for alld=1,...,D.

1. The following two sets are an outer and inner approrimation of the reachable set
Rr(xo) at time T,

R (w0) = N () N HE(C) ) R (o) 1= conv (UR {af* (e, 2 ()} )

where 237 (c%), 2% (c?) are as defined immediately before (8.5).

125



2. Suppose that xy = 0, A is Hurwitz stable and diagonalizable. Let {up}}_, and
{a} }yn_, be n linearly independent right and left eigenvectors of A corresponding to
the eigenvalues {\, }Y_,, respectively, and satisfying 4} up, =1 for allh =1,... n.
For everyd=1,2,...,D, set

D= 0 - | >
er(@): = 2| 8 D oy | 20,

h=1
T .
where dy, . (c?) := ¢ upt) b, € C, and set

H () = {z € R™ | Al < vh(ch) +er(ch)},

H () :={z € R"™ | > vo.(ch) — ep(ch)},

where are v4(c?),v%(c?) are as in (8.4). Then R°“(0) := N {HY(c?) N Hb(c?)}
and R"™(0) := R(0) are an outer and inner approzimation of R(0), respectively.

3. Set A := max{Re(\)| A € A(A)} <0, ¢ :=max{6, | r=1,...,m} and | :=
maxg—1,.p{|lc? [u1, .., unlllco - |[@1,- - . @] Tbylloc}. Then

r=1,...
er(c)<lnma -5, Vd=1,...,D. (8.10)

0

In words, the hyperplane method allows one to construct inner and outer approxi-
mations of the reachable set as intersections of the half-spaces described by the set of
directions C := {c!,...,cP}. The higher the dimension n of the state space, the higher
would in general be the number of directions D required to obtain a good characteri-
zation of the reachable set. In [GK91, Figure 4] an iterative algorithm that adds one
direction at a time, given the current estimate of the reachable set, is proposed. If, on
the other hand, one is interested in the output reachable set only, then inner and outer
approximations of the set RS can be easily computed, via the hyperplane method, by
selecting only hyperplanes that are perpendicular to the plane of interest, as detailed in
the following corollary.

Corollary 8.2.4 (Projection on a two dimensional subspace). Consider system (8.3)
with output (8.2). Choose D wvalues v4 € R, set ¢ := C) —v,C] € R™ and

He"(va) = {y € R | yo < vayr + 03}, Hy' () == {y € R? | g2 = 7y + vp(c)},
where v4(c?), v5.(c?) are as in (8.6) and (8.7). Moreover, let
25 () = Cxir (), 250(vq) = CabX(eh),
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where z%*(c?), 25 (c?) are defined as in (8.5). The sets

R () = N LG () N HE ()} R o) = comv (U £ (), 257 ()} )

are an outer and inner approzimation of the output reachable set RS (xo) at time T,
respectively. ([l

The previous results have been derived under the assumption that the inputs are
bounded in the compact and convex sets X,., r = 1,...,m. In the following proposition
we show that the derived approximations are valid also if the control inputs take values
in a subset X¢ of X, of finite cardinality, as long as 0 and &, are among the possible
choices.

Proposition 8.2.5 (Finite cardinality constraint set). Consider system (8.3) and sup-
pose that the control constraint sets have finite cardinality, that is, for any r there exists
2 < K, < 400 such that ¢ := {0 =0} <02 < ... <0F =5,} CRsg. Then R (x)
and R¥ (o) are outer and inner approximation of Ry(xg), respectively, R°“*(0) is an
outer approzimation of R(0) and R$" (x¢) and RS™(x0) are outer and inner approzi-
mation of RS (), respectively. O

8.2.3 The hyperplane method for switched affine systems

In this section, we propose an extension of the hyperplane method reviewed in the
previous section to the case of a switched affine system of the form

I(t) = Ag(t)x(t) + bg(t), (8.11)
where the switching sequence o(+) satisfies the following assumption.

Assumption 8.2.1. The input sequence o(t) can switch at most K times within a finite
set of I possible modes ¥ := {a',...,6'} at preassigned switching instants 0 = t, <
o <Tgga :T, that 18, o€ Sk

Sk :={o(-)|ot)=c% €% Vte[tptr1), YVk=0,...,K} (8.12)

Under this assumption we show that an outer approximation of the desired output
reachable set can be obtained by solving a collection of mixed integer linear programs
(MILPs). The main advantage of the proposed approach is that the number of MILPs
to be solved does not scale with the system dimension but with the dimension of the
output reachable set, which is considerably smaller. To this end, we rewrite the two

127



optimization problems in (8.4) as finite time optimal control problems, namely as:

vy(c) = max c'x(T) (8.13)
s.t. [B(Zf) = Ag(t)fb(t) + bg(t) YVt € [0, T]
z(0) = xg
vo.(c) = migl c'x(T) (8.14)
oc
st 2(t) =

z(0) = xo.

The main advantage of this reformulation is that the solution of finite time optimal
control problems for switched systems has been already addressed in the literature (see
e.g. [SCGB0O6, BCV15]). We consider the case when the total number K and time
{t1,...,tx} of the switchings is fixed and known, that is, when the input set is Sk as
defined in (8.12). It is important to remark that, in this case, the reachable set consists
of a finite number of points that can be computed by solving the moment equations for
each possible input sequence. Since the cardinality of the set Sk grows exponentially
with K, this approach is however computationally infeasible even for small systems.
Following the same procedure as in [SCGB06, Section IV.A], we show that, on the other
hand, the hyperplane constants defined in (8.13) and (8.14) can be computed by solving
an MILP. Let us consider the maximization problem in (8.13) and define x) = z(;),
AF = eAsitteri=te) and bF = [fo(t’““*t’“) e/ti7dr]bss for every k and i € 1,..., 1. Then for

the switched affine system in (8.11) we get
ve(c) ;= max ¢ Tgy (8.15)

s.t. Xy = zzlkak + l_ofk k=0,....K
o € R assigned.

We introduce the binary variables v¥ € {0,1} defined so that, for each i € {1,... 1}
and k € {0,..., K}, 4% = 1 if and only if the value of o(¢) in the time interval [tg, t311)
is 7*, namely the system is in mode i. Moreover, we introduce a copy of the state vector
ML — (AFz) + bF)~F. Problem (8.15) can then

%

for each possible mode of the system: z
be rewritten as

vp(c) == m%}i’“ g (8.16)
T2 Vg
st 2 = (Afz + ODAF, v, (8.17)

ST k=1, k=0,...,K,
xk:Zlezf, k=1,...,K+1,

xo € R assigned.
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The constraint in (8.17) can be equivalently replaced by

A< (A + ) + B(1—qF), M > —Byk
AT > (A +07) - B(1—~f), 27T < BAf,

where B € R, is an upper bound on the absolute value of state vector, that is, B >
maxy{|xg|} component-wise (see the big-M method in [BM99, Eq. (5b)]). With this
substitution Problem (8.16) becomes an MILP. Similar reasonings can be applied to the
minimization problem (8.14). We note that finding an a priori upper bound B on |z(t;)],
forall k € {0,..., K +1} and all 0 € Sk, is not trivial in general. We will however show
in Sections 8.3 and 8.4 how to solve this problem for controlled biochemical reaction
networks. The desired outer approximation of the reachable set can then be computed
as in Section 8.2.2. Note that in the case of switched affine systems it is not possible to
recover an inner approximation, since there is no guarantee in general that the reachable
set would be convex. The outer approximation can, on the other hand, be derived exactly
as done in [GK91] for linear systems.

Proposition 8.2.6 (The hyperplane method for switched affined systems). Given system
(8.11), a fired time T > 0 and a set of D > 1 directions C := {c!,...,cP}, define the
half-spaces

Hi(e) = {z € R | o < o ()},

Hi () = {x € R" | > vh (e},
ord = 1,...,D, where v&(c?),v%(c?) are defined as in (8.13) and (8.14). The set
J T T

Ry (wg) == NP {HE(c?) N HE (D)} is an outer approzimation of the reachable set
RT(Z'Q). O

Similarly, an outer approximation of the output reachable set can be easily computed

with the hyperplane method by selecting as set of directions C the set of vectors ¢? :=

Cy —44C] €R™ d=1,2,...,D, for arbitrary choices of the real parameter ~g.

Corollary 8.2.7. Consider system (8.11) with output (8.2). Choose D values v4 € R,
set ¢t :=C) — 74O € R™ and

HE(va) = {y € R? | yo < yapn + vi(ch)},
H?b(%l) = {y € R? | yy > vayr + vh(ch)},

where v3(c), vh(c?) are computed as in (8.13) and (8.14). The set RS (xo)

N2 AHS (7)) VHS (7q)} is an outer approzimation of the output reachable set RS (x).
U
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8.3 Reachable set of networks with affine propensi-
ties

To apply the previous theoretical results to controlled biochemical reaction networks let
us consider the controlled CME given in (6.14) and reported here for convenience.

p(z,t) = p(z — vp, t) (0, 2 — ) — p(2, ) (0, 2)] 0, (L) + (6.14)

ﬁ
Il
H

p(z — vp, t)a (0, 2 — vp) — p(2,8) (6, 2)] -

M=

r=M+1

Following the same steps as in Proposition 6.1.2, in the case of affine propensities it is
possible to derive an explicit characterization of the moment equations for mean and
variance in the presence of controlled reactions.

Proposition 8.3.1. Consider the controlled CME given in (6.14) and assume that the
propensity functions {a,.(0,, 2) Y| are affine functions of the state z (Assumption 6.1.3).
Let 7i(t) = EIZ(0)], var(t) = [01(8); . 505(1)] and 5(t) = B{(Z(t) — i(0))(Z5(2) —
z(t))]. Then, for alli,j € Z[1, 5],

M R
T; = Z[Vir 'ar(emxgl)] oy + Z [Vir 'ar(ery-rgl)]
r=1 r=M+1
M s s
. Oa( GT,:U ooy (0,,x
Tij = Z [ Vip Z < <1) l) + Vjp + Z < (82’ <1)$il) + VirVjy - Oér(erax<1)] g
=1 =1 =1 !
R S
0 r 91”7 0 T 91”7
+ 3 e Z M%l Tt S Oar0r2<1) \ \ 4 vy - (0, 3<1)
0z 0z
r=M+1 =1 =1
where we omitted the time dependence for simplicity. U

Corollary 8.3.2. Let x<3(t) be a vector whose components are the moments of Z(t) up
to second order. Then

T<o(t) = Aot (t))T<2(t) + BOyero(t) + b (8.18)

where O,e0(t) is a vector comprising all the external signals influencing a reaction with
constant propensity, that is, a,.(0,,z) = 6, and o4(t) is a vector comprising the external
signals influencing a reaction with linear propensity in z, that is, o,.(0,,z) = 0, - V;Tz. O

Remark 8.2. We note that the affine term b in (8.18) is present if and only if there
are uncontrolled zero order reactions. One could however include this term in the input
matrix by introducing an artificial control signal that is always equal to one, so that

Fea(t) = A(0nst () w<a(t) + [B, 8] [ @] .
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8.3.1 Linear moment equations

According to Corollary 8.3.2 if only reactions with constant propensities are controlled
then the system of moment equations is linear with bounded input!. Therefore the
theoretical results of Section 8.2.2 can be applied. For mass-action kinetics, this case
corresponds to the situation when only zero-order reactions are controlled. To illustrate
this scenario we consider again the gene expression model of Example 6.1.

Gene expression case study: one external signal

Consider the gene expression model of Example 6.1 and assume that an external con-
trol signal influencing the first reaction, that is the mRNA production, is available
[MASSO*11, RPMA*15, OHL" 14, UMD™ 12, MDBDBI11]. The corresponding biochem-
ical network is thus

@ kT'U(t) M M Yr @
M L Myp P 2y oy

where o(t) € Rxg is the external control signal, while the parameters k,, k,, v, 7, > 0
are the mRNA and protein production and degradation rates. Let the mean and the
covariance of the two species be

[xl(t)

i) (t)

M(t)
P(t)

M(t)
P(t)

AR £y

[xl(t) 5 (t)

T3 (t) T4 (t)

Note that we impose E [M ()] =V [M(t)] = x1(t) since the mRNA follows a birth-death
process, as explained in Example 6.1. The moments evolution over time is given by

z(t) = Ax(t) + Bo(t), (8.19)
- 0 0 0 k,
k, 0 —(v+7) 0 |’ 0
ky Yp 2k, -2 0

We note that, since the rate parameters are always positive, the matrix A in (8.19) is
by construction Hurwitz stable. Moreover, apart from singular cases in the parame-
ters space, the diagonal elements of A are distinct, leading to a diagonalizable matrix.
Therefore, the assumptions of Proposition 8.2.3 are satisfied and one can use the results
in Section 8.2.2 to study the reachable set of system (8.19). Note that the signal o(t)
is a switching sequence taking values in the set ¥? = {0,1} if the control input is of

1See Remark 8.2 if uncontrolled zero order reactions are present in the network.
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the ON-OFF type [MASSO"11, RPMAT15, OHL"14, MDBDBI11] and in the interval
¥.¢ = [0,1] if the control input is continuous [UMD™12]. Proposition 8.2.5 guarantees
the validity of the following results both for ¢ and X¢.

For this biochemical network it is of particular interest to characterize what combi-
nations of the protein mean and variance are achievable, that is, the output reachable
set obtained by selecting as output matrix

010 0
C'_{0001}’

for o = 0. The problem of computing an outer approximation of this set was studied
in [PVL14] using ad hoc methods. In Figure 8.3 we compare the outer approximation
obtained therein (magenta line) with the inner (red) and outer (blue) approximations
that we obtained using the hyperplane method. For this case study we used the param-
eters identified in [MASSOT11] and we set a final horizon of 7" = 10* minutes, which,
according to formula (8.10), leads to ep(c?) < 5.7-1072, hence for all practical purposes
RF(0) = R°“(0). This figure clearly shows that the outer approximation computed
using the hyperplane method is more accurate than the one previously obtained in the
literature. Moreover, since inner and outer approximations practically coincide, this
method allows one to effectively recover the reachable set.
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Figure 8.3: Comparison of the inner (red) and outer (blue) approximations of the reach-
able set for the protein mean and variance, according to model (8.19), computed using
the hyperplane method and the outer approximation computed according to [PVL14]
(magenta). The axis are normalized with respect to the maximum reachable value of

protein mean and variance, respectively.
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8.3.2 Switched affine moment equations

If the control inputs affect also reactions with affine propensities and if these inputs
satisfy Assumption 8.2.1 then the moment equations in (8.18) of Corollary 8.3.2 can
be equivalently rewritten as the autonomous switched system given in (8.11) and the
theoretical tools described in Section 8.2.3 can be applied. Note that Assumption 8.2.1
is equivalent in biological applications to the assumption that the number of switchings
and their timing during a given experiment is fixed a priori. This assumption can be
motivated by the fact that changes in the external stimulus are costly and/or stressful
for the cells. Moreover, it is trivially satisfied if the stimulus can only be changed
simultaneously with some fixed events, such as culture dilution or measurements.

Gene expression case study: two external signals and fluorescent protein

We consider again the gene expression system of Example 6.1, but we now assume that

1. both mRNA production and degradation can be controlled, so that the vector of

propensities is a(z) = [k, - 01(t), - m-oa(t), ky-m, v, -p]" and o(t) := [28},

2. the protein P can mature into a fluorescent protein F' according to the additional
maturation and degradation reactions

as (kf 72)
=

P F, poo2d g

where a5 (kf,2) =k -p, ag(yp, 2) ==, - f and ky > 0 is the maturation rate.
The degradation rate of the fluorescent protein F' is assumed to be the same as
that of the non-mature protein P;

3. the fluorescence intensity I(t) of each cell can be measured by flow-cytometry and
is proportional to the amount of fluorescence proteins, that is, I(t) = rF(t) for a
fixed scaling parameter r > 0.

The system describing the evolution of mean and variances of this augmented network

i(t) = Al e(t) + b, (8.20)

[—y,00(t) 0 0 0 0 0 0 0 ]
ky —(yp+ks) O 0 0 0 0 0
0 v —ky 0 0 0 0 0
W R 0 0 —(voa(t) + 7+ ky) 0 0 0 0
(t) 0 0 0 Yp —(yroa(t) + ky) 0 0 0
kp (wp+ks) 0 2kyp 0 —2(7p + ky) 0 0
0 Y 0 0 kyp Tp —(2ks +p) O

L0 Yo ki 0 0 0 2y, —2ky]

V= [keoi(t) 0 0 0 0 0 0 0],
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is 8-dimensional, with state vector
v = [E[M],E[P], E[F], V[M,P|, V]M,F], V[P], V[P,F}, V[F]]",

and it depends on the parameter vector 6 = [k, Yy, kp, Vp, kf, 7] (for more details see
[RMAL13, SI pg. 16]). These parameters can be identified from real data using the
method described in Chapter 7, see also Chapter 9. For our case study we use the MAP
estimate identified in [PVL15], that are, in min™"

k= 0.0236 ~, = 0.0503 k, = 178.398
kp=0.0212 ~,=0.0121 r ' = 646.86 (8.21)

and we set
0
2

0 0
cl =
0 0 r

r 0000
00 00O ’ (822)
to compute the mean and variance reachable set for the fluorescence intensity.

Our aim is to compare the reachable set of the gene expression system when both
mRNA production and degradation are controlled (as in [BK12]), with the correspond-
ing set for the case when only the mRNA production can be controlled (as studied in
the previous section and in [PVL15]). To this end, we use the hyperplane method as

described in Section 8.2.3 with possible modes &* := ‘?1] belonging to
92

{2 L))
{0 [2])

respectively. Note that we set the minimum input for the mRNA degradation to 0.5 > 0
to avoid unboundedness. We set 2(0) = 0 as initial state. With these choices of inputs
it is intuitive that the highest possible state is reached when mRNA production is at
its maximum and mRNA degradation is at its minimum. Therefore, in the MILPs we
can use the bounds B = z (T;0,0(t) =[] Vt) for the case of two inputs and B =
z(T;0,0(t) = [1] Vt), for the case of one input. We set 7" = 300 min and we assume
that switches can occur every 20 min, so that K = 15. Figure 8.4 shows the output
reachable set for the case of two inputs. The black crosses are obtained simulating the
output of the system for 5000 randomly constructed input sequences. The simulation
time for computing the outer approximation with the hyperplane method was 5.6 hrs.
Computing the exact reachable set by simulating all the possible switching sequences,
assuming that one simulation takes 10~* sec and neglecting the time needed to enumerate
all the possible sequences, would take 29.8 hrs. Figure 8.5 shows the comparison of the
output reachable set obtained for the cases of one and two inputs.
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Figure 8.4: Outer approximation of the output reachable set of system (8.20), with
output as in (8.22) and parameters as in (8.21), when the set of possible modes is 3%
The red lines are the hyperplanes tangent from above, the blue the ones from below.
The two green dots represent the outputs when o (t) = [1,0.5]" Vt and o(t) = [1,1]T V¢,
respectively. The black crosses represent the output for arbitrary sequences with o(t) €
ZQin.
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Figure 8.5: Output reachable set of system (8.20), with output as in (8.22) and param-
eters as in (8.21). The blue line is the outer approximation obtained for o(t) € 3%™ (see
also Fig. 8.4), the red line the one for o(t) € X',
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8.4 Reachable set of networks with generic reactions

If the network contains reactions of order higher than one or if the reactions do not
follow the laws of mass action kinetics, then the propensities might be non-affine. In such
cases, the arguments illustrated in the previous section cannot be applied. To overcome
this problem we first approximate the infinite dimentional controlled CME (6.14) with
a finite dimensional system, similarly to what done for uncontrolled reactions in the
FSP method described in Section 6.1.1. Then we show how this system can be used to
construct an outer approximation of the desired projected reachable set. For this method
it is actually easier to work with the uncentered moments {E[Z¥()]}22, instead of the
centered moments {E[(Z,(t) — E[Z,(t)])*]}22,. Consequently, we present our results in
the former case. Nonetheless, we note that, given the bijective relation between the two
sets of moments, the reachable set of the centered moments can be directly recovered
from the reachable set of the uncentered moments. For example, if one is interested in
mean and variance the formula V[Z,(t)] = E[(Z,(t) — E[Z,(t)])?] = E[Z2(t)] — E[Z,(t)]?

can be used.

8.4.1 An equivalent formulation of the controlled CME

Let us introduce an ordering {27 }32, of the possible state realizations z € N% as done in
Section 6.1.1. Following the same steps as in [MKO06] and setting? P;(t) := p(27,t), the
CME in (6.14) can be rewritten as an infinite dimensional linear autonomous switched
system that has I = |X| modes,

P(t) = F,uP(1), (8.23)

where P(t) € [0,1]> and, for each value o(t) = ¢° € &, Fi € R®** is a Metzler matrix.
Note that system (8.23) can be thought of as a Markov chain with countably many states
2/ € N¥ and time-varying transition matrix F, ) or as an infinite dimentional switched
affine autonomous system. From system (8.23) one can compute the evolution of the
statistical (uncentered) moments of Z(t), as a linear function of P(t). For instance if

27 denotes the amount of species Z, in the state 2/, then the mean can be obtained as
C - P(t), where

Cr =z, 22, .. ] (8.24)
and the second moment can be obtained as C? - P(t), where
CYi=[(z0)% (22 ... (8.25)

Therefore the original problem can be restated as: Find the output reachable set of
the infinite dimensional linear autonomous switched system (8.23), with output y(¢) =

cy
[ % } P(t).
2Not to be confused with the symbol used to denote the amount of protein.
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Example 6.1 (cont.) With the ordering introduced in Section 6.1.1, the moments
of mRNA and protein for the gene expression system can be computed as the output of
(8.23) by setting

Cii=[010210 32 |,
Ciyy=[0104109 4 ],
Cg=[00101201 ],
Chb=[00101401 ].

8.4.2 The FSP reduction technique for the controlled CME

As in the FSP method for autonomous CME we can try to approximate the behavior of
the infinite Markov chain in (8.23) by constructing a reduced Markov chain that keeps
track of the probability of visiting only the states in a suitable set J. Let us define the
reduced order system

Py(t) = [Fon] , Ps(t), Ps(0) = P;(0), (8.26)

where P;(0) is the subvector of P(0) corresponding to the indices in J, and [F]; denotes
the sub matrix of F' obtained selecting only the rows and columns with indices in J. From
now on, we denote by P(T;o) and P;(T; o) the solutions at time T of system (8.23) and
system (8.26) when input o is applied. The dependence on the initial conditions P(0)
and P;(0) is omitted to keep the notation compact. As in the uncontrolled case, the
truncated system (8.26) is a good approximation of the original system (8.23) if most
of the probability mass lies in J. However in the controlled case we need to guarantee
that this happens for all possible input sequences. This intuition can be formalized as
follows.

Assumption 8.4.1. For a given finite set of state indices J, an initial condition P;(0),
a given tolerance € > 0 and a finite instant T > 0, it holds

1"Py(T;0)>1—¢, Vo(-)€S.

Note that Assumption 8.4.1 holds if and only if
e < mi Tp(T-
l—¢e< min 1 Py(T;0)
s.t. Pj(t;O'): [Fa(t)]

137



Therefore, for S = Sy this problem is equivalent to an MILP and Assumption 8.4.1 can
be checked using the method illustrated in Section 8.2.3, with ¢ = 1 and B = 1.

Under Assumption 8.4.1, the following relation between the solutions of (8.23) and
(8.26) holds.

Proposition 8.4.1 (FSP for switched CME). If Assumption 8.4.1 holds, then for every
mput sequence o € Sk, it holds

Pj(T;a)ZP(T o), VjelJ
|Py(T;0) — Py(T;0)|: <e.

8.4.3 Relation between projected reachable sets

Let C7(j) and C?(j) be the j-th components of the vectors C and C?, respectively, as
defined in (8.24) and (8.25). For a given species of interest s, we denote by

ey O () - By(

> jes Bt o)
2jes Ci0) - Pilt
ZjeJ Pi(t; o)

t;0)

n(to) =E[Z@) | Z(t) € J,o()] =

)0-)

yolt; o) :=E[Z2(t) | Z(t) € J,o()] =

(8.27)

the mean and second order moment of Z(t) conditioned on the fact that Z(t) is in J and
the input o is applied. The aim of this section is to obtain an outer approximation of
the output reachable set of the infinite system (8.23) with the nonlinear output (8.27),
by using computations involving only the finite dimensional system (8.26). To this end,
we define the two entries of the linear output of the finite dimensional system as

= ZCm - Pi(t;0) =: C1Py(t;0)

jeJ

= ZC” - Pi(t;0) =: CyPy(t; 0). (8.28)

jeJ

Proposition 8.4.2. Suppose Assumption 8.4.1 holds. Let RS (xo) and RE(xo) be the
output reachable sets at time T of systems (8.23) and (8.26), with output (8.27) and
(8.28), respectively. For given ~,v%,v° € R, consider the half-spaces

H = {g e R [go <y +0"}, H = {g €R* |2 > 51 + 0},
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and assume that RS (z0) € HENHP. Set M, = max;c;(C™(5)), My := max,e;(CY(5)),

)y ify>0 _Jo ify>0
=1, <0’ M- = .
() = T (B Myt M), 80) = T (- M), (5.29)

H ={y eR? |y <y + 0" +0°()}, H ={y eR® |y >y + 0" —0"(7)},
with € as in Assumption 8.4.1. Then RS (xo) C H* N H. O

Corollary 8.4.3 (The hyperplane method for system (8.23)). Suppose Assumption 8.4.1
holds. Let RS (o) be the output reachable set at time T > 0 of system (8.23) with output
(8.27). Choose D walues 74 € R and set ¢ := (Cy)T — 44(C1)T € R*, with C1,Cy as in
(8.28). Set

HSU(va) == {y € R? | o < vawn + 0%4(c?) + 6°(va) },
HE'(a) = {y € R | yo > qay1 + 0%(c?) — 8°(va)},

where v%(c?), 05(c?) are computed as in (8.13), using the finite dimension system (8.26),
and §%(7q), 0°(va) are computed as in (8.29). Then the set

Rg,out<x0) - ngI {/H(TJ’Q(W) N Hgvb(fyd)}

is an outer approzimation of RS (xo).

Proof. This is a direct consequence of Corollary 8.2.4 and Proposition 8.4.2. [

8.5 Appendix

8.5.1 Proofs of the results stated in Section 8.2

Proof of Proposition 8.2.2

The proof follows the same lines as [GK91, Lemma 2.1 and Theorem 2.1], where the
same reachability problem is studied when the constraint sets are subsets of R instead of
R>¢ and symmetric, that is X, := [—7,, 6,]. We notice that if (A, b,) is reachable for any
r € Z[1, R] then there are no singular arcs [Lib11, Section 4.4.2], therefore the control
laws 0%*(t) and o%*(t) are bang-bang with finitely many discontinuities. Consequently,
formula (8.8) allows one to explicitly compute z%*(c) and 27 (c).
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Proof of Proposition 8.2.3

This proof follows the lines of Theorem 2.2 in [GK91]. Ry(z9) € R (xo) comes from
the fact that, by definition of v%(c?) and v4(c?), for any direction ¢, Ry(xg) € H%(c?)
and Ry (zo) C Hb(c?). Viceversa, each element in X := UP_ {z%*(c¢?), 25 (¢))} belongs
to Rr(xo), which is a convex set. Therefore, RY (o) = conv(X) C Ry(xo).

To approximate the infinite-time reachable set from the origin, consider an instant T>T
and define (T, T, ¢) = vg.(c) — vg(c) and (T, T,c) = U%(C) —v5.(c), so that the values
v;/b(c) at time 7' > T can be computed by adding ¥/*(T, T’ c) to the values v2/’(c) at
time T. Note that Ry(0) C R4;(0) implies e*(T,T,¢) > 0 and (T, T, ¢) < 0 (see also
[GK91, Lemma 2.2]). Moreover,

(T, T,c) = 3™, 5, OT‘T [CTeA(T—t)br} dt <™ 5, OT “TeTeAT=0p |dt =: (T, T),
_l’_

—eNT T ) = 5y [T [JeA(T—%,} it <Y 5 [TT T AT, |dt = (T, 7).
From [GK91, Theorem 2.2 | we get e(T,T) < er(c). Therefore, for any T > T, vg(c) =
vi(c) + (T, T,c) < vi(c) + ep(c) and vh(c) = vi(c) + (T, T,c) > vh(c) — er(e).
Consequently, for any d = 1,...,D, R4#(0) C ’H‘%(cd) = {z € R" | oy < v%(cd)} C
H(c?), R(0) € HE(c) = {x € R™ | 'y > i (c?)} € HP(c?). Since these equations
hold for any 7> T and H*(c*) and H®(c?) do not depend on T, we get R(0) C H*(c?)
and R(0) C HO(c¢?) for all d = 1,..., D, which yields R(0) C R°“(0). Finally R%(0) C
Rr(0) € R(0). O

Proof of Corollary 8.2.4

For the given set of v4s the results are direct consequences of Proposition 8.2.3 with the
c’s defined as in the statement.

Proof of Proposition 8.2.5

The proof follows from the fact that the finite-time reachable set Ry (x¢), obtained using
¥, and the finite-time reachable set R4 (zp), obtained using ¢, coincide. To prove this,
let R4 (z0) be the finite-time reachable set obtained using X% := {0,5,} for any r, that
is, the set of vertices of ¥. Since ¥ is a convex polyhedron, by [Sus83, Theorem 8.1.2],
System (8.3) with input set ¥ has the bang-bang with bound of number of switching
(BBNS) property. Consider now an arbitrary point z € Ry (zg). By definition there
exists an admissible control law in ¥ that steers zy to . Consequently, by the BBNS
property there exists a bang-bang control law in X% that achieves the same result with a
finite number of discontinuities. Thus z € R% (). Since this is true for any 7 € Ry (z),
we get Ry(xo) € R%(x0). From the fact that ¥ C %4 C 3 we get Ry (xo) € R%P(xg) C
R&(x0) C Rr(xo), which concludes the proof.
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Proof of Proposition 8.2.6 and Corollary 8.2.7

As done in Proposition 8.2.3 and Corollary 8.2.4. Note that the only difference among
the hyperplane method for linear and switched affine systems is the method used to solve
the optimization problems in (8.4) efficiently.

8.5.2 Proofs of the results stated in Section 8.4

Proof of Proposition 8.4.1

This result has been proven in [MKO06] for linear systems. We extend it here to the case
of switched systems with K switchings. Note that for any ¢° € X, F; := Fj has non-
negative off diagonal elements. Hence, using the same argument as in [MK06, Theorem
2.1] it can be shown that for any index set J, and any 7 > 0

[exp(FiT)]J > eXp([E]JT> > Oa Vi € 17"'71'
Consider an arbitrary input sequence o(-) € Sk. We have

Py(T;0) = [I_gexp(Fy, (tke1 — t)) - P(0)]y > TG g[exp(Fi (tkn — 1))y - P (0)
> T gexp([Fi] s (then — t)) - Py (0) = Py(T; 0). (8.30)

Moreover, from 1 = Y%, P,(T;0) > Y ., Pi(T;0) = 1TP;(T;0) and Assump-
tion 8.4.1, we get

1"Py(T;0)>1—e>1"Py(T;0) —e¢. (8.31)

Combining (8.30) and (8.31) yields 0 < 1T Py(T;0) — 17 Py(T;0) < ¢, thus ||Py(T;0) —
Py(T;0)|r <e.

Proof of Proposition 8.4.2

Let us first focus on the conditional mean. Choose a sequence o(-) € S. For simplicity
we will omit the dependence on (7% 0) in P; P ,y and y. By taking into account the
following conditions: (1) C™(j) > 0 for all j € J; (2) P; > P; for all j € J, due to
Proposition 8.4.1, and (3) Zje] P; <1, we get y1 > ;. Consequently, at time ¢t =T we
have
_ _ e  CI (i m 2 5e O3 (9)-P; m(:\ . P

!yl—yl\:yl—m:iT ZyeJC ()P S%_ngcs (J) -

= (1 + é) ZjeJ Cm( ) P Z]eJ O;n( )

=122 5es O 0) - B+ 2256, €8 0) - (B Pj)

<My (75 ey B+ Sges (= )

<My (7= + |Pr— Pyll) < My (5 +¢) < Mi=,
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where we used ), ; P; > Zjejpj > 1—¢ (due to Assumption 8.4.1), and P; > P;, || P;—
Pj|li < e (following from Proposition 8.4.1). Summing up, 7, < 1 < 7 + Ml%a.
Similarly, it can be proven that 75 < yo < 75+ MQ%. The previous relations imply that
if v >0 and (71, %) € H?,

Yo < o+ Mo <yl + 0% 4+ Mo < yyy + 0 + MaPs = yyn + 0% + 6°(9)

while for (71, 72) € H® we have

Yo > Yo = YY1 + 0 > yyy + 00 — Y My =y + 00 — 8°(7).
On the other hand, when v < 0 and (¥, %2) € H® then
Yo < o+ Mo <l + 0% + Mo < gy + 0% + (Ma — yMy) £25 = yyr + 0% + 6°(7),
while for (1, %2) € H® we have

Y2 > B2 = i+ 0" >y + 07— 0°(7).

Therefore for every sequence ¢ it holds

W(T;0) + 0" = 8°(7) < ya(T50) < vy (T50) + 0%+ 6°(v)

and consequently [y, (T;0);y2(T;0)]" € H* N HE.
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.

From theory to practice: a light-inducible
gene expression circuit

Methods for parameter inference (see Section 7.1) and optimal experiment design (see
Section 7.3) for stochastic models have been developed and applied to a number of bio-
logical systems. However, a systematic characterization procedure as the one described
in Section 7.4 , that exploits the information gained from each performed experiment,
has not been fully developed or experimentally validated yet. In this chapter, we pro-
vide the first study in which a noisy biochemical reaction network is characterized, and
ultimately also controlled, through iterations of optimally designed flow-cytometry ex-
periments and Bayesian inference. Specifically, we consider a gene expression circuit that
has been engineered in yeast so that the expression of the gene can be induced and inhib-
ited by exposure of the cells to red and far-red light [SSHTQ02, MASSO™*11]. We use the
sequential experiment design procedure proposed in Chapter 7 to ensure that the light-
induction pattern yielding the most informative output is iteratively administered to the
cells and that the most informative measurement times are chosen, until the outcome
of future experiments can be predicted with low uncertainty. Ultimately, we obtain a
stochastic model that is capable of predicting the response of the entire cell population to
arbitrary light-induction patterns with high precision. We then use the obtained model
to study the fundamental limits on noise suppression for the protein production, using
the techniques discussed in Chapter 8. This allows us to in silico plan light-induction
patterns that regulate statistics of the protein distribution to desired profiles. Our ex-
perimental results show that different reference profiles can be successfully tracked over
long time horizons. In contrast to previous studies, the use of a stochastic model allows
us not only to regulate population averages as done in [MASSO™11, OHL" 14, OT14] or
individual cells as in [UMD™12], but also the variability across the population.

The results of this chapter have been published in [RPMA™15]. Earlier results in this
direction were also reported in [Ruel4].
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9.1 The system

We consider the engineered gene expression circuit presented in [MASSO™11]. The main
component of this system is a light-responsive phytochrome/phytochrome-interaction-
factor (Phy /PIF) module [SSHTQ02] that can be used to drive the expression of a yellow
fluorescent protein (YFP) reporter by shining red and far-red light on a population of
yeast cells. We model this system with the biochemical reaction network illustrated in
Figure 9.1, that consists of the following reactions:

Reaction 1: 0 kM—U(t)> M

Reaction 2: M C—M> 0

Reaction 3: M :—P> M+ P (9.1)
F

Reaction 4: P — F

Reaction 5: p = )

Reaction 6: F — 0.

This reaction network is similar to the one used in [MASSO™11] but contains a crucial
difference in the way the external signal o(t) (i.e. the light input) is incorporated. Here,
we assume that the mRNA production rate is multiplied by a signal o(t) = o(t; L) of
the form

o—dr(t—tc)

o(t; L) :Um,

where L is the applied light-pattern. When a red pulse is applied, t. is set to the current
time and U is set to one, so that mRNA transcription takes place with maximum rate.
The unknown parameters d, and h capture the natural decay of the signal after a red
pulse due to dark reversion [MASSOT11]. When a far-red pulse is applied U is set to
zero, so that transcription is arrested until a new red pulse is applied. See [RPMA™15,
SI Section S.2.1.1] for a detailed derivation.

Finally, we assume that the fluorescent intensity I(¢) of a sample of the population
can be measured via flow-cytometry. Analogously to what done in Section 8.3.2 we
assume that the fluorescence intensity I(¢) is proportional to the amount of fluorescent
proteins F'(t) via a deterministic and unknown scaling parameter r. In other words, we
assume [ (t) = rF(t).
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Figure 9.1: Stochastic modeling of the light-inducible gene expression circuit. The bind-
ing and unbinding of PhyB-PIF3 (left panel), caused by the light pulses, is modeled by
multiplying the mRNA production rate by the signal o(¢; L) (upper right panel). When
the signal is active, mRNA M is produced with a rate ky;-o(t; L). To capture cell-to-cell
variability in the light responsive module we assume that kj,; varies between different
cells according to a gamma distribution P, with unknown mean M}, and variance
Vin,- When mRNA is present, protein P is produced with rate kp and then becomes
fluorescent with rate kp. All the species degrade: the mRNA (M) with rate ¢y, and the
dark (P) and fluorescent (F') protein with rate cp = cp, as detailed in the bottom part
of the figure. We assume that each fluorescent protein molecule emits an unknown but
deterministic amount r of fluorescence. The fluorescence distribution in the cell popula-
tion is recorded over time using flow cytometry (lower right panel). In total, the model
(bottom part of the figure) comprises 3 species, 6 reactions, and 9 unknown parameters
0 = [My,, Vi,, kp kr car cp d. hr]".
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9.2 The CME for heterogeneous populations

To capture variability in the light-responsive module we model the mRNA production
rate ky; as a random variable that is distributed according to a gamma distribution!
Py,, with unknown mean Mj,, and variance Vj,, (see [RMALI3]). This assumption
means that we allow the parameter k), to vary among cells, but not in time. Under our
assumption, the time evolution of the amount of molecules in an individual cell can be
described by a continuous time Markov chain conditioned on the value of k;; in that
cell. Consequently, we obtain a conditional controlled CME

&p(z, tlkar) = — p(2, tlkar) o (01, 2)o(t; L) + p(z — v, tlkar)aa (01, 2 — v1)o(t; L)
6 ) 6 )
— Zp(z,ﬂkM)ar(Qr, z) + Zp(z — Up, tlkar)ag (0, 2 — 1),
r=2 r=2

where p(z,t|kys) is the probability that z molecules are present at time t conditional
on the value of the parameter kj; in the cell, v, € Z3, r = 1,...,6 are the stoichio-
metric transition vectors of the 6 chemical reactions in (9.1) and 6, are the reaction
rates 0 := [ky kp kr car cp cp]'. By integrating (9.2) over all possible values of ky,
with respect to the probability measure F;,, and simultaneously multiplying by different
polynomials in z and summing over all possible values of z, similarly to what done in
Section 6.1.2, we can derive a system of population moment equations from (9.2) (see
[ZRKT12]) that depends on those rate parameters that are fixed for all cells in the pop-
ulation and on the moments of the distribution Fj,,. Since we assumed that Fj,, is
an unknown gamma distribution parametrized by its mean and variance, we obtain a
system of population moment equations, that depends on a new population parameter
vector 0P = [My,, Vi, kp kr ey cp d, h]T2, of the form

B(t ]| 0P ) = A(BP, o(t;0°, L)) (t | O, ) + B, o(t; 07, L.)), (9.2)

where L, is the light-induction pattern applied in experiment e and z(t | 0P, ) is a vector
which comprises moments up to a desired order (in our case four) of the joint distribution
of Z(t) and the parameter kj; in experiment e assuming the vector of parameters 6P.
Note that Corollary 8.3.2 does not directly apply here because we assumed that k,; is
a stochastic parameter. Nonetheless, the moment equation system (9.2) turns out to be
closed and with a switched affine structure similar to system (8.18). Hence, its solution

!The gamma distribution is a generalization of the exponential distribution and can be used to
approximate a wide variety of shapes.

2Note that 6 contains a fixed reaction rate kp;, while 6P contains the first two moments of the
distribution of kj; across the population, since we assumed it to be heterogeneous. Consequently, one
may think of @ as the parameter vector characterizing a single cell of the population (which is different
from cell to cell if these are heterogenous) and AP as the unique parameter vector characterizing the
whole population.
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can be computed numerically using standard solvers for ordinary differential equations.
Finally, the moments of the measured fluorescence intensity I(¢) can be easily derived
from the moments of F(t), since zyi(t | 6,€) = rizpi(t | 6°,¢), where § = [7] is the
final vector of parameters to be identified, that are, the population parameters as in 6P
and the deterministic parameter r denoting the fluorescence intensity emitted by a single
fluorescent protein, as explained in Section 8.3.2.

9.3 Systematic parameter inference procedure

To optimally identify the model parameters we use the iterative characterization proce-
dure described in Section 7.4 and illustrated for the light inducible gene expression circuit
in Figure 9.2A. Specifically, we designed a first optimal experiment (Figure 9.2B), based
on an initial estimate of the parameters 6° taken from the literature (Table 9.1). We
then administered the resulting light-induction pattern to the cells, using a custom-built
LED-based light delivery system, and measured by flow cytometry the resulting fluores-
cence intensity at the optimal measurement times. Subsequently, the data was processed
and used in the inference algorithm to determine the parameter posterior distribution.
Figure 9.2B shows that the model output computed using the corresponding maximum a
posteriori (MAP) estimates 0" agrees well with the means and variances of the measured
fluorescence distributions. This, however, does not guarantee that the MAP estimates
can be used to predict the outcome of new experiments. Indeed, the parameter posterior
distribution (Figure 9.3 top row) is flat in some dimensions, indicating that some of the
parameters are practically unidentifiable from the data measured in the first experiment
only. Based on these considerations, we concluded that one experiment is not sufficient
to characterize the system. Consequently, we designed a second experiment that, accord-
ing to the Fisher information matrix computed with the MAP estimates él, optimally
complements the already performed one. The resulting light-induction pattern and mea-
surement times are shown in Figure 9.2C. After performing the second experiment, we
again used Bayesian moment-based inference to update the parameter posterior distribu-
tion. The resulting distribution shows (Figure 9.3 bottom row) that additional certainty
about the model parameters was gained from the second experiment.

Table 9.1: Initial estimates 6° of the model parameters and MAP estimates obtained
from the first optimal experiment 0! and from both optimal experiments 62

M kp krp VP d, h M, Vi rt
6° | 0.03 0.22 0.0419 | 0.0066 | 0.0155 0.5 0.9 0.27 1073
6' | 0.0124 | 3159.9 | 0.0022 | 0.0465 | 0.2677 | 1.34-1071° | 0.1185 | 0.0045 | 2583.1
6% | 0.0322 | 731.1953 | 0.0300 | 0.0114 | 0.2741 | 1.74- 10719 | 0.1484 | 0.0080 | 17171
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Figure 9.2: Optimal characterization of the light-inducible gene expression circuit. (A) II-
lustration of the iterative experiment design scheme. (B) Applied light-induction pattern
(red and black bars) and measured means and variances in the first optimal experiment
(black dots). The blue line is the model output with the MAP estimates 0" obtained from
the data of this experiment. (C) Applied light-induction pattern and measured means
and variances in the second optimal experiment. The blue line is the model output with
the MAP estimates 62 obtained from the data of the two optimal experiments.
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Figure 9.3: Comparison of the posterior distributions computed from the data collected
in the first optimal experiment O1 (top row) and from both the optimal experiments
0102 (bottom row). The different panels show some of the two dimensional marginals of
the full posterior distribution of the parameters 6. The color is an index of the likelihood
of each particle: blue for the particles with lower likelihood and red for the particles with
higher likelihood.

To determine whether the residual prediction uncertainty is sufficiently small to ter-
minate the iterative procedure, we used the obtained model to predict the outcome of
a 10-hour experiment, with a randomly chosen light pattern. In particular, to quantify
how the uncertainty in the posterior distribution of the model parameters influences the
prediction of future experiments, we computed the posterior predictive distribution (as
in Section 7.2). Figure 9.4A shows the 98% confidence region, for both the fluorescence
mean and variance, computed from the obtained posterior predictive distributions. We
judged these confidence regions to be sufficiently tight to terminate the iterative proce-
dure.

To validate the obtained model we performed the experiment of Figure 9.4A and
verified that the means and variances of the fluorescence distributions, measured every
30 minutes, lie within or very close to the precomputed confidence regions. We fur-
ther validated the model by comparing the entire predicted fluorescence distribution to
the measured one at different times (Figure 9.4B); the model predictions were obtained
by simulating the system using Gillespie’s stochastic simulation algorithm [Gil76] with
the MAP estimates 65. The results agree very well with the experimentally measured
distributions, indicating that the model is capable of predicting entire population distri-
butions, even though only sample means and variances were used in the identification.

149



Fluorescence (A.U.)

Fluorescence (A.U.)

A
% 8_ 1 1 T T T ]
(0]
=
®
o~
)
NS
o
o
=]
w o101 [ HEANENE NN NN S L1 | M |
0 100 200 300 400 500 600
Time (min)
q') 1 1 T T T
o
C
8 20t i
©
>/\
i
GC)<1O-
o
(2]
o
o
E 01 1 1 1 1 1
L 0 100 200 300 400 500 600
Time (min)
B x 107 x 1072 x 1072
8 t=3h 8 t=6h 8 t=9h
> > >
=6 =6 =6
Ke) e} o)
Sa S4 S
o e o
o 2 o 2 o 2
0 0 0 . .
0 4 8 12 16 0 4 8 12 16 0 4 8 12 16

Fluorescence (A.U.)

Figure 9.4: Validation of the identified model. (A) Measured and predicted mean (top)
and variance (bottom) of the fluorescence distribution in a validation experiment. Model
predictions are visualized in terms of the means (solid line) and 98% confidence regions
(shaded region) of the posterior predictive distributions. (B) The measured fluorescence
distributions (black) agree very well with simulated distributions (blue) obtained with
the MAP estimates 62.

150



9.4 Comparison with random and experience-based

experiments

Random experiments

The results of the previous section show that our iterative characterization procedure
leads to a predictive model after only two experiments. To demonstrate that optimal ex-
periment design is indeed necessary to obtain this result, we performed two experiments
of the same duration and with the same number of measurements (equally spaced) as the
optimal experiments but with randomly chosen light-induction patterns ([RPMA 15, SI
Section S.7.1]). The parameter posterior distribution, computed from the resulting data,
shows that the random experiments convey much less information than the optimal ones,
leading to large residual uncertainty about the parameter values ([RPMA ™15, SI Figure

S.8]).
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Figure 9.5: Comparison of the posterior predictive distributions computed using the
parameter posterior distribution obtained from the two optimally designed (blue), the
two best experience-based (green) and two random (magenta) experiments, for a second
validation experiment. Model predictions are visualized in terms of the means (solid line)
and 98% confidence regions (shaded region) of the posterior predictive distributions. The
light sequence was chosen to produce damped oscillations of the mean fluorescence. The
means and variances of the measured fluorescence distributions are shown with black
dots.
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Figure 9.5 shows that the model identified from the two random experiments cannot
adequately predict the outcome of a validation experiment, that is, the large uncer-
tainty remaining in the parameter posterior distribution propagates to the predictive
distributions of the fluorescence mean and variance. Adding a third random experiment
improves the situation only marginally ([RPMA™ 15, SI Figures S.8 and S.9]). According
to our experience, a large number of random experiments would be required to obtain
an accurate model of this system.

Experience-based experiments

Because the light-inducible gene expression circuit is a relatively simple system, it is
also reasonable to design experiments based on intuition/experience only. It is obviously
a subjective matter which experiments should be termed intuitively good for the char-
acterization of this system. We decided that the most objective choice was to use the
experiments performed for the identification of this system in [MASSO™11]. Hence, we
chose three of the experiments shown in [MASSO™11, Figure 1] (one from each panel),
applied the corresponding light-induction patterns to the cell population, and measured
the fluorescence for 5 hours every 30min, as done for the random experiments. The
posterior distribution computed from the resulting data ([RPMAT15, SI Figure S.11])
and the corresponding model predictions ([RPMAT15, ST Figure S.12]) show that any
combination of only two experience-based experiments leads on average to worse results
than the two optimal experiments.

Table 9.2 gives a summarizing comparison of how well a number of different exper-
iments are predicted by the models obtained from the optimal, the random and two
different pairs of experience-based experiments. From this table it can be seen that the
performance of the experience-based approach depends strongly on the particular choice
of the pair of experiments. Furthermore, the model identified from the two optimal

Optimal  Best experience-based ~ Worst experience-based = Random

Figure 9.4 —28.8* —123.0 —335.0 —206.2
Figure 9.5 —69.6 30.6* 20.2 —115.9
Figure 9.6A —44.7* —125.1 —356.5 —225.6
Figure 9.6B  —174.4* —210.0 —342.3 —310.7
Figure 9.6C  —67.7* —135.9 —315.1 —261.4
Figure 9.6D  —67.1* —71.2 —131.5 —143.6

Table 9.2: Comparison of optimal, random and experience-based experiments. For each
performed experiment the log of the mean likelihood of the measured data, according to
the different parameters posterior distributions, is computed. The best model, that is
the one with highest expected likelihood, is labeled with a star.
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experiments outperforms the one identified from the best pair of experience-based ex-
periments in 5 cases out of 6. We conclude that, for this system, experimental effort can
be saved if optimal experiment design is used.

9.5 Regulating gene expression

Our final model of the gene expression circuit appears to be sufficiently accurate to
predict moments of the fluorescence distribution for any light-induction pattern. Con-
sequently, we can use it to regulate statistics of the amount of fluorescent protein in the
population.
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Figure 9.6: Regulation of population statistics. In all panels the light blue line is the
reference time course and the black dots are the measured data. The red and black
bars show the applied light pattern, which was a priori designed to make statistics of
the population follow the desired reference (in light blue). (A) As a consequence of
the applied light pattern, the mean of the fluorescence distribution follows the desired
piecewise constant reference. (B) The mean of the fluorescence distribution follows a
ramp. (C) The variance of the fluorescence distribution follows a piecewise constant
reference. (D) The coefficient of variation of the fluorescence distribution is regulated to
a constant value.
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To illustrate this point, we used the MAP estimates 62, identified from the two
optimal experiments, to compute two light-induction patterns that, when applied to the
population, make the mean of the fluorescence distribution (seeing as an output) follow
two different reference profiles. Figure 9.6A and Figure 9.6B show that a very good
tracking of the reference is achieved in both experiments.

Given that our stochastic model can be used to predict higher order statistics of the
fluorescence distribution, we can also choose reference time courses for other popula-
tion statistics. Figure 9.6C and 9.6D show two experiments in which references for the
variance and the coefficient of variation of the fluorescence distribution are tracked. For
the model under consideration we found that, with the red and far-red light as the only
control inputs, it is practically impossible to independently regulate the mean and the
variance of the fluorescence distribution. This observation motivates us to study the
reachable set of fluorescent protein mean and variance.

9.6 Reachability analysis

To investigate the reachability properties of the light inducible gene expression system we
assume that the external input sequence o(t) takes value in ¥ = {0,1}. In other words,
for the purpose of this section, we disregard the dark reversion process (i.e., the natural
decay of the signal after a red pulse is applied, as described in Section 9.1). Under this
assumption the system of population moment equations given in (9.2) becomes a switched
affine system (with I = 2), allowing us to apply the theory developed in Section 8.2.3.
For our investigation we use as parameter the final MAP estimator 02. Note that this

choice results in a 60% Coeflicient of Variation (CV) for kys (i.e., Virr _ 0.6).

Erpr

Figure 9.7A shows that the predicted outer approximation of the reachable set is

in agreement with the measured data. An interesting aspect to notice is that, most of
the measured data lies in the bottom left region of the estimated reachable set. This
phenomenum can be explained by noticing that:

1. in the performed experiments the input signal o(¢) is at the zero value (OFF)
for most of the time. This means that the gene expression system is only mildly
induced, thus leading to low protein production levels (low mean). For the system
under investigation, input sequences that are mostly ON could not be applied since
continuous red light administration would damage the cells.

2. the outer approximation of the reachable set obtained with the method of Sec-
tion 8.3 is by construction convex. On the other hand, the reachable set of a
switched system does not need to be. The fact that the hyperplanes approximat-
ing the reachable set from above (red lines) are all tangent at either one of the
two extremes is a strong evidence that for this model the reachable set is actually
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not convex. We therefore conclude that the outer approximation is not tight, in
line with the experimental results suggesting that mean and variance cannot be
controlled independently.

In Figure 9.7B, we investigate how the reachable set changes if we change the level
of heterogeneity in the population, that is if we assume that the mean FEj,, is fixed
and we consider different values for Vj,,. As to be expected, this additional source of
stochasticity results in a shift of the reachable set towards regions with higher variance.
Moreover, while for CV=0% we know that the reachable set is convex, the higher the
CV is the less tight the outer approximation becomes.
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Figure 9.7: Reachable set of the light inducible gene expression model using as output
the fluorescence intensity mean and variance. A) Comparison of the real data with the
outer approximation of the reachable set obtained using the hyperplane method and 0?2 as
parameter vector. The data are those collected in the designed (blue), random (magenta),
intuitive (green), validating (black) and control (cyan) experiments. B) Comparison of
the output reachable set when the parameters are as in éQ, except for V4, which is chosen
in order to obtain different levels of heterogeneity (as defined in Section 9.2).
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o 101

Conclusions and possible extensions

10.1 Part I: populations of rational agents

In the first part of the thesis we have presented a framework to describe populations
of rational agents that are profit maximizing and whose cost functions depend in an
aggregative way on the strategies of the other players. Specifically, we have focused on
AAGs (in which the cost of each player depends on the average of the strategies of the
rest of the population) and on NAGs (in which each player has a different aggregator
function that is a convex combination of the strategies of its neighbors). In both cases,
motivated by real applications, we have considered the case of heterogeneous agents with
multidimensional strategies and personalized constraint sets. To guarantee scalability
and privacy, we have devised control solutions that rely only on global signals or local
communications, while keeping the decision making process and the knowledge of the
cost functions and constraint sets local.

We have discussed under which conditions dynamics that are traditionally investi-
gated in the economic literature, as the simultaneous and sequential BR dynamics, are
guaranteed to converge to a Nash equilibrium. We have then proposed other types of
dynamics, which can be seen as an extension of the simultaneous BR dynamics in the
case of large populations, and derived different conditions that guarantee convergence for
AAGs (both using a central operator or local communications) and for NAGs (by local
communications). These schemes are suitable for myopic agents that at every iterative
step select the strategy that minimizes their cost function.

We have then reviewed known gradient schemes for populations of boundedly rational
agents, that is agents for which the central operator can also design the strategy update
law, ana we have extended these algorithms to generalized Nash problems, where the
agents need to satisfy an additional constraint C coupling their strategies.

10.1.1 Direct extensions

Some immediate extensions of the previous results have been omitted in the interest of
space and are briefly reported here.
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NAGs with coupling constraints: a distributed scheme

Consider the network aggregative game with v communications given in (4.19) with the
addition of a set of coupling constraints in the neighbors aggregate states

C,:={r e RVN"| A%’ (z) <V Vi€ Z[l,N]} = {x € R"" | A,x <b,},

where A* € R™>*" p' € R™ for all i € Z[1, N], A, := diag(A',..., AN) - P, and b, =
[bY; ... ;bY], resulting in

min  J'(z%, 0" (x))
vieRr S Vi € Z[1, N], (10.1)
st. x'e 9 (x7)
where o (x) = Zjvzl Pial, Q, = X,y NCy and Qp(z7") == {a' € &' | Ayjx < b,}.
Exactly as in Section 5.3, one can use the iterative schemes illustrated in Section 3.3.2
to solve the associated VI(Xixny x RY,t), with ¢ defined as in (5.9) using
fulx) = (Vo' (2", 0, (2) i
instead of f(x), and hence find a variational GNE of the game in (10.1). We note that,
in this case, the operator f,(x) can be evaluated locally, without the need of a central
operator, since each agent can compute its component by knowing only its strategy and
the neighbors aggregate state. Moreover, each agent can update locally the dual variable
A" € R™ associated with the coupling constraint on its neighbors aggregate state (i.e,

Aol (x) <b'). These two features allows one to implement the schemes of Section 3.3.2
in a totally distributed fashion in the case of NAGs, provided that P = PT.

A AGs with coupling constraints: a distributed scheme

The algorithm suggested in the previous section for NAGs can also be used to guarantee
distributed convergence to almost generalized Nash equilibria in AAGs. The details
are omitted in the interest of space. The main idea, however, is to follow the same
procedure as in Section 4.4 and allow a sufficient number of communications in between
two strategies update, over a sparse network P satisfying Assumption 4.4.1. Under
suitable regularity conditions on the cost functions and on the constraints, one can in fact
use [Mos69, Theorem A (b)] to show that the solution of the VI(Q,, f,) associated with
the NAG with v communications converges to the solution of the VI(Q, f) associated
with the AAG. Consequently, one can use the scheme for NAGs to approximate the Nash
equilibrium of an AAG with arbitrary precision, by selecting v large enough.

10.1.2 Further research directions

The use of distributed algorithms to coordinate a population of agents to configurations
that have a meaningful interpretation in terms of game theory (e.g. to Nash equilibria)
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is a relatively new field. We conclude this chapter by highlighting possible extensions to
the presented framework that may be of interest as future work.

Social optimality

Throughout this thesis our objective was to coordinate the strategies of the agents to a
Nash equilibrium, which is a a configuration of strategies that is fair in the sense that
no agent can improve its cost by unilateral deviations. We did not investigate what
are the properties of the obtained equilibrium. Specifically, concepts as social global
optimality, efficiency and price of anarchy [TX14, HCM12] were not considered in this
thesis. The easiest case to analyze is that of games with SMON integrable operator
flx) = [VaJl (@t 27 . Vo JV (2N 27N)]. That is, games for which there exists a
strongly convex function S(z) : R¥® — R such that V,S(z) = f(z). In this case one
can show that any Nash equilibrium obtained with the gradient schemes described in
Chapter 5 is a minimizer of S(x), which can therefore be thought of as a welfare function
[PPGT16]. In general however there is no guarantee that the Nash equilibrium would
be socially optimal. Note that, in the case of boundedly rational agents, the central
operator could directly design the strategies update laws to guarantee convergence to
the minimum of the social function by using standard distributed optimization tools.
This would however give no guarantees at all on the performace of the single agents. In
other words, it might be that the performace of a single agent is greatly sacrificed for
the good of the rest of the population. Consequently, in the literature there are schemes
that guarantee convergence to socially optimal solutions that might not be fair and
schemes that guarantee convergence to fair solutions that might not be socially optimal.
I believe that one of the most challenging future direction for this field is overcoming this
dicotomy. For example, in the case of games with multiple equilibria, a first step could
be the development of algorithms that steer the agents to the Nash equilibrium that
minimizes an arbitrarily chosen social function or that minimizes the price of anarchy.
Similarly, the problem of how to modify the original game by mechanism or utility design
(i.e., by using incentives, tolls, etc.) so that the Nash equilibria of the new game have a
desired social property is an interesting field of research [MS14, LM13, JT05].

Cheating

An important assumption of our work is that the agents communicate truthfully with
the central operator or with their neighbors. Note that the latter do not need to be
spatial neighbors. A neighborhood could be defined as the set of players that an agent
trust and with whom he is willing to communicate truthfully. Moreover, in technical
applications (as e.g. demand response schemes) one may envision these communications
to be performed by an automatic device. Nonetheless, a future research direction is the
analysis of the robustness of our schemes when part of the agents are allowed to cheat.
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In this sense, the algorithms presented in Chapter 4 for myopic agents are less prone to
the risk of cheating since, at every step, each agent selects the strategy that minimizes its
cost. Consequently, any cheating behavior would be suboptimal at the single algorithmic
step, but might still be beneficial in the long run.

Stochasticity

In this thesis we considered games that are deterministic. However, many of the appli-
cations described in Chapter 2 are characterized by uncertainty and noise. In the case of
demand response applications, for example, both the demand and production profiles are
affected by noise coming, for example, from the uncertainties in the weather forecasts.
Moreover, the number of players could fluctuate during the game, adding additional
sources of variability. These aspects could be taken into account by using a stochastic
version of the games presented in this thesis where, for example, the aggregator function
depends on a random variable. One could then examine games where each agent tries to
minimize its expected cost. The easiest way to tackle this problem is to follow the same
lines as in Section 5.1, using however schemes to solve stochastic VIs (as e.g. the ones
described in [KNS13, YNSI16a]) and extend the results of [YNS16b] for standard Nash
games to generalized Nash games, as done in Section 5.2 for the deterministic case.

Asynchronicity

Our technical results are derived for agents that update their strategies synchronously
and over a fixed network. As future work, we believe it would be interesting to study
whether similar convergence results can be achieved via asynchronous updates and time-
varying or random communications [BT97, FZ08, ZC10]. This was done for example for
AAGs with boundedly rational agents in [KNS16], by using gossip-based communication
schemes. For AAGs with myopic agents and or coupling constraints, known results
from consensus theory could be applied to guarantee that the convergence requirement
o’ 0 0 (see Assumption 4.4.1 and Section 4.4) is achieved asynchronously. Even
more interesting would be the development of algorithms where both communications
and strategies updates are performed asynchronously. Once again one could rely on
asynchronous distributed algorithms for convex optimization or solution of VIs to
tackle this task [BT97]. Finally, it would be interesting to study the performance of
the proposed schemes in the presence of communication noise or delays, as for example
done in [ZF16] in the case of monotone games.

Other types of equilibria

In this work we focused on the notion of Nash equilibrium as it encodes the concept of
“fairness” and “stability” in the sense that no agent has interest in unilateral deviations.

162



Nonetheless, other types of equilibria have been studied in game theory and, depending
on the application, may offer valid alternatives. In the case of average aggregative games,
for example, an important class is that of Wardrop equilibria (also known as competitive
equilibria in the economic literature). Loosely speaking a Wardrop equilibrium is a set
of strategies {7/ }jvzl where no agent has incentive in changing its own strategy if we fix
the average to + Zjvzl 77, that is, if for all agent 7 € Z[1, N] it holds

T £ a) < Jiat, £ 0 w), Vale X

The main difference between Nash and Wardrop is thus that in the latter the agent is not
allowed to change its contribution to the average, but only the first argument of J*(-, ).
Wardrop equilibria were originally defined in traffic applications, where the population is
very large and consequently the contribution of a single agent to the average is negligible.
One can actually show that, under mild assumptions, any Wardrop equilibrium is an
env—Nash equilibrium with ey — 0 as N — oco. This is the fundamental property at the
core of the proof of Theorem 4.2.1. Other types of equilibria that one may consider are
Stackelberg equilibria (where the agents are divided into minor and major player that
select their actions sequentially [BO99, NCMH12, MGP"16]) or correlated equilibria.

10.2 Part II: populations of biological systems

In the second part of the thesis we have presented a framework to describe populations
of stochastic biochemical reaction networks. The fundamental feature that we exploited
to characterize these systems is that every cell in the population can be considered as
an independent realization of an underlying stochastic process. Recent technological
advancements have allowed researchers to measure thousands of such cells at the same
time, thus providing large samples from which reliable estimates of the moments of such
a stochastic process can be computed.

Based on such moments estimates, we have proposed a sequential approach, com-
posed by experiment design, flow cytometry experiments and parameter inference, to
systematically infer the unknown parameters of controlled stochastic biochemical reac-
tion networks. We have then proposed a framework, based on reachability theory, to
analyze the behavior of such control networks and answer fundamental questions on
noise suppression, for example in gene expression circuits.

10.2.1 Direct extensions

A direct extension of the presented theory is briefly discussed in this section.
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Sequential experiment design for model selection

The main objective of Chapter 7 was to suggest an iterative procedure to identify the
unknown parameters of a given model of the stochastic biochemical reaction network of
interest. More in general one might be interested in using the measured data to dis-
criminate among a finite number of different models m = 1,..., M, all with unknown
parameters. In this case the sequential procedure described in Section 7.4 can be ex-
tended as shown in Figure 10.1.

Experiment design ep € &

for model selection Perform experiment
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External signal and
measurements time

Parameter posterior Moments of

distribution for each model measured species
ik M

{p(O{D“}i21) bon=s Dex
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<
N
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(Bayes factors)

Figure 10.1: Sequential experiment design for model selection.

Note that all the steps in Figure 10.1 are the same as in Section 7.4 except for the
experiment design procedure which, in this case, should aim at selecting the experiment
that allows to better discriminate among the M models. To this end, one can select the
experiment e € £ that maximizes the “distance” among the M posterior predictive dis-
tributions of the sampled mean and variance for experiment e, computed by using the m
different models and the corresponding parameter posterior distributions obtained from
previous experiments. Note that, in general, computing the distance among probability
distributions is not a trivial task. However, as detailed in Section 7.2, the posterior pre-
dictive distributions of the sample moments can be approximated by Gaussian mixtures.
One can then develop a computationally efficient experiment design procedure by using
ad hoc definitions of distance for Gaussian mixtures. We finally note that the parameter
posterior distributions can also be used to compute the Bayes factors among each pair
of models, which can be used as test to terminate the iterative procedure.
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10.2.2 Further research directions

Automatization and robustness to different environment conditions

Dynamic control of gene expression can have far-reaching implications for biotechno-
logical applications and biological discovery. Nonetheless, it is at a very preliminary
research-oriented implementation stage. The experiments described in Chapter 9, for
example, were performed manually and required the constant presence of human su-
pervision to take measurements, provide the correct pulses and, in general, guarantee a
strictly regulated environment with constant temperature, density, etc. The interplay
of experiment design, data collection and data inference was also performed in a cus-
tom made fashion. It is clear that to make the process of controlling gene expression
technological appealing all these steps need to be automated and the proposed methods
should be made robust to changes in the environment. A first step in this direction has
been taken in [MARAT16], where an automated scheme to implement the control task
described in Section 9.5 is suggested, based on a simple deterministic model. It would
be of interest to devise a scheme where stochastic model calibration and re-identification
of the parameters in case of environmental changes are included.

Internal vs external control

In this thesis we have focused on populations of stochastic biochemical reaction networks
that can be controlled by using external signals, applied to the whole population. A
different line of research has focused, on the other hand, on the design and integration
of feedback loops inside the biochemical reaction network at the single cell level [BK12,
BZK16, ZSRK16]. An important future direction is the comparison between these two
approaches and possibly their integration.

Parameter inference and model selection in evolutionary games

We have briefly mentioned in Chapter 6 that, even though we focused on biochemical
reaction networks, the tools developed in this thesis could be of interest also for other
types of reaction networks. One important example is that of evolutionary games. Evo-
lutionary game theory studies the learning process of a population of rational agents
that can choose among a finite set of different strategies [Smi82, Sanl0]. The basic
assumptions are that (i) the strategy chosen by an agent results in a different payoff
(i.e., reward) depending on the strategies chosen by the rest of the population and (ii)
the agents iteratively change their strategies, in an attempt to maximize their payoffs.
This “learning” process can be modeled by means of reactions that change the amount
of players selecting a given strategy (i.e. the species) with a rate that depends on the
payoff (i.e. the higher the payoff of the new strategy the oftener the reaction takes
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place). Traditional learning dynamics rules, as best response, logit, replicator dynamics,
etc. can be casted in this framework by choosing suitable reactions rates. The inference
and model selection tools previously described could then be applied to identify and
discriminate among these different rules based on population observations (e.g, surveys)
and changing incentives (e.g., modifications of the payoff matrices).
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