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ABSTRACT: We study the asymptotic volume dependence of the heavy-heavy-light three-
point functions in the A/ = 4 Super-Yang-Mills theory using the hexagon bootstrap ap-
proach, where the volume is the length of the heavy operator. We extend the analysis of
our previous short letter [1] to the general case where the heavy operators can be in any
rank one sector and the light operator being a generic non-BPS operator. We prove the
conjecture of Bajnok, Janik and Wereszczynski [2] up to leading finite size corrections.
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1 Introduction

Form factor bootstrap program [3] is a powerful method to obtain non-perturbative results
of correlation functions in integrable systems. The A = 4 Super-Yang-Mills theory in
the large N, limit is a new kind of integrable system with very rich structure. In recent
years, there has been many solid progress in the computation of three-point functions in
the planar ' = 4 SYM theory, both at weak and strong coupling [4-32]. In order to tackle
this problem at finite coupling, it is desirable to relate the three-point functions to form
factors and apply the bootstrap methodology.



There are at least three proposals in this direction so far. Klose and McLaughlin
proposed a set of bootstrap axioms for the worldsheet form factors [33]. This is a direct
generalization of the form factor bootstrap program in 2d integrable field theories. How-
ever, due to the non-relativistic nature of the light-cone gauge fixed string theory and the
complicated spectrum of the theory, it is highly challenging to solve the bootstrap axioms.
Also, relating the worldsheet form factors to three-point functions is a non-trivial problem.

Inspired by the structure of lightcone string field theory, which has been used to calcu-
late three-point functions in the BMN regime, Bajnok and Janik proposed a set of axioms
for the so-called generalized Neumann coefficient [34]. This object can be defined for any
integrable field theories and is obtained by taking a special decompactification limit of the
structure constant. In contrary to the usual form factors in integrable field theories, the
generalized Neumann coefficient corresponds to form factors of non-local operators. This
fact modifies the form factor bootstrap axioms by some extra phase factors. Again the set
of axioms is quite challenging to solve, but some progress has been made recently in [35]. At
weak coupling, similar ideas have led to the proposal of the spin vertex formalism [36-38].

Very recently, Basso, Komatsu and Vieira [39] proposed a different method called the
hexagon bootstrap program. In this method, one cut the three-point function, which is
represented by a pair of pants, into two more fundamental objects called the hexagons
or the hexagon form factors. The authors of [39] proposed a set of bootstrap axioms for
the hexagon form factor which can be solved explicitly. Gluing back the two hexagons
by taking into account the mirror excitations, one obtains the structure constant. This
method has been verified by many non-trivial checks [39-41].

Apart form these proposals, there is yet another way of relating form factors to a special
type of three-point functions called the heavy-heavy-light (HHL) three-point function. Here
heavy (light) means the quantum number of the operator is large (small). This type of
three-point function is first investigated in the dual string theory in [42, 43]. It can be seen
as a kind of “perturbation” of classical string solutions with light supergravity modes. If
we regard the two heavy operators as incoming and outgoing states and the light operator
as some operator sandwiched between these states, then the HHL three-point function can
be seen as a diagonal form factor or the mean value of the light operator in the state
corresponding to the heavy operator. This idea is made more concrete in [2].

The form factor bootstrap method gives us non-perturbative result in infinite volume.
In the context of three-point function, the “volume” is the length of the operator and
should be finite. It is therefore an important question to take into account the volume
corrections. There are in general two type of volume corrections. The first type is called
asymptotic volume correction, which takes the form of polynomials of 1/L. It originates
from imposing the periodic boundary condition which changes the quantization condition of
the excitations. The second type is called wrapping corrections or finite volume corrections,
which is due to the propagation of virtual particles and takes an exponential form e 7
where F is the energy of the virtue particle and L is the length that it propagates. While
the asymptotic volume corrections can be taken into account in a systematic manner, it is
notoriously hard to take into account the wrapping corrections.

Based on previous studies in the 2d integrable field theories [45], Bajnok, Janik and
Wereszczyski proposed a conjecture concerning the asymptotic volume dependence of the



HHL structure constant at any coupling. This conjecture was checked at strong coupling
by the same authors for several examples and at weak coupling in [44] in the su(2) sector.
Using the hexagon form factor approach, the BJW conjecture is also checked at finite
coupling in the su(2) sector for the light operator being the BMN vacuum [1]. In this
paper, we generalize the result of [1] and show that the BJW conjecture is valid for non-
BPS light operator. We prove the conjecture for all the rank one sectors, namely su(2),
5[(2) and su(1|1) sectors. As in [1], due to the fact that it is not yet clear how to take into
account all the mirror excitations, we restrict our proof to only the physical excitations.

The rest of the paper is organized as follows. In section 2, we describe the set-up of
the problem. In section 3, we present a method to check the validity of BJW conjecture
directly for few excitations. When the rapidities of two excitations on the two physical
edges coincide, they will decouple and the hexagon form factor is proportional to the one
without these two excitations. In section 4, we study this decoupling limit in detail. We
call the relation of the hexagons before and after decoupling the factorization properties.
In section 5, we prove the BJW conjecture up to mirror excitations. In section 6, we give
some comments on the infinite volume form factors which appear in the BJW conjecture.
We conclude in section 7 and discuss future directions to explore. Some complementary
details are presented in the appendices.

2 The set-up

In this section, we give the set-up of our problem. For HHL three-point functions, the two
heavy operators @1 and O are conjugate to each other. They can be chosen in any of the
three rank one sectors, namely the su(2), sl(2) and su(1]1) sectors. The excitations in these
three sectors are scalars, (covariant) derivatives and fermions, respectively. We denote a
generic excitation by x and its conjugate by y. There are 8 pairs of excitations:

X | Py | Py | Dy | Dag | Wi | oy | Uy | Uy
X | Poy | Poi | Dy | Dy | Woi | Yy | Yoy | Yy

The polarizations of the excitations of the two heavy operators are chosen such that Oy : x
and Oy : ¥ so that by performing 2v transformations of the excitations on O to the
edge of Op the two sets of excitations are conjugated to each other. Let us denote the
length and the number of excitations of the heavy operators by L and N. The two heavy
operators take the following form

O =Te ZE NN 4o Oy =Te ZE VN (2.1)

We denote the two sets of rapidities of x and x by u = {u1,--- ,uy} and v ={vy,--- ,on}
respectively. The length of the third operator is denoted by 2ly, where lp < L. In the
previous paper [1], the light operator is taken to be the BPS operator Tr Z%o with Z =
Z+Z+Y —Y. In the current paper, we will consider general non-BPS operators and put
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Figure 1. The arrangement of excitations on the two hexagons.

excitations on the BMN vacuum. The set of excitations of the light operator is denoted by!

Xpa(W) = {4, (W) Xy 4, (w2), - Xy 4, (wn)}. (2.2)

where X AL A, denotes a generic excitation. According to the hexagon approach [39], the
asymptotic structure constant with three non-BPS operators is given by the following sum-
over-partition formula

Crs = > ()PPl (a, a)wr,, (8, B)win, (6, 6) x H(als|8) H(BIS|a)  (2.3)
aUa=u
BUB=v
SUd=w
The arrangement of excitations is depicted in figure 1.

For our set-up, we have L1 = Ly = L, Ly = 2l and
lis =L — lo, l23 = lo, l31 = lo. (2.4)

For later convenience, we denote | = L—Iy. The explicit form of the splitting factor depends
on the ordering of the excitations. However, the normalized structure constant (2.8) does
not depend on the ordering. We choose the same ordering as in [1], namely the rapidities
u are reverse ordered. We use the Bethe Ansatz Equations (BAE) for the first splitting
factor wy,, (o, @) and write

w_i(a,a) = H_ (e—”p%) 11 S(Ui,uj)> (2.5)

1>7

The second splitting factor wy,, (3, 3) can be written as

wi(B.B) =[] (e“”@ﬂ 11 S(vj,m) (2.6)

v € vi€B
1>)

'If there are more than one type of excitations, we need to use the nested Bethe ansatz and take proper
linear combinations of the excitations in order the third operator to have well-defined scaling dimension.
In that case, what we consider is one of the terms in the linear combination. We show that the BJW
conjecture holds for each term and thus holds for the whole operator.



We do not need the explicit form of the third splitting factor? and we simply denoted
by wi,(d,9). The un-normalized HHL structure constant is defined as the diagonal limit
of C733

CuuL = \}lgh Cio3 (2.7)
The quantity we want to study is the following normalized HHL structure constant

1 1
Cuur = CHHL- 2.8
TTY, ay(us) Px,n (W) 28)

The normalization constant a,(u) is defined

ay(u) = (=12 P () (2.9)

where f and f is the fermionic number of the un-dotted and dotted indices of the ex-
citations, p(u) is the measure introduced in [39] and n, is a simple number which will
be defined in section 4. In (2.8), py n(u) is the asymptotic Gaudin determinant of the
su(2), sl(2) and su(1|1) sector for y being scalars, derivatives and fermions, respectively.
The asymptotic Gaudin determinant is proportional to the norm of the Bethe state and is
given by

0 .
px.N (1) = det = —Pxks Pi = p(up)L — iy log Sy (ug, up). (2.10)
ok OUj £k

where S, (u, v) is the S-matrix in the corresponding subsectors. When we consider a subset
a C u, we can define two quantities related to pn(u). We define pfa|(a) as the Gaudin
determinant with respect to the rapidities u; € a and p§ (a) as the diagonal minor of the
Gaudin determinant py(u) with respect to u; € a. While pfa|(a) depends only on the
rapidities in the set «, p% (o) depends on all the rapidities u. We will prove that

ChnL = —— Z Flaf ()9 a(@) (2.11)

pX’ aUa u

where F| | () is some well-defined quantity in infinite volume, which we shall call the
infinite volume form factor. A theorem in [45] states that (2.11) has another equivalent
expansion in terms of p§; ()

Gl = —— > Ff (@) (@) (212)
pr aUa u

where FV¢

lal

given in [45]. The fact that we have two expansions reveals the ambiguity of the diagonal

(o) is different from Flw‘s( «) in general, but they are related by the relations

form factor in the infinite volume. Nevertheless, the finite volume form factor Cypr, is
unambiguously defined.

2If there are more than one type of excitations for the light operator, the splitting factor can be a matrix
instead of a scalar function.



Figure 2. Two possible crossing transformations. The left diagram corresponds to a —2v trans-
formation and the right diagram corresponds to a 4+ transformation.

Finally we comment on the mirror excitations. In order to obtain the complete result
of the structure constant, we need to take into account all the mirror excitations on the
three mirror edges, as is shown in figure 1. The mirror excitations on the opposite edge to
the edge of the light operator corresponds to the physical wrapping corrections, which are

—EL

of order e and can be neglected safely since we are considering the large L limit. The

mirror excitations on the edges that are adjacent to the edge of the light operator leads

—El Since I is finite, we

to the so-called bridge wrapping corrections, which is of order e
should take into account all the mirror excitations on the adjacent mirror edges. However,
in the hexagon approach, when two mirror excitations on the two adjacent edges coincide,
there is a double pole in the integrand and so far it is not yet clear how to deal with
this divergence. Due to this restriction, we will not consider any mirror excitations in this
paper and leave this question for future investigations. We stress here that our proof in

this paper is only up to mirror excitations.

3 A direct check of BJW conjecture

In this section, we describe a method to check the BJW conjecture (2.11) explicitly for
a few magnons. For simplicity, we consider the case where the excitations for the heavy
operators are the transverse scalars ®,;, ®,5 and the light operator being the BPS operator
O3 = Tr Z?0. We will check the BJW conjecture explicitly for N = 1 and N = 2. The
method can be readily applied to more general cases.

3.1 Diagonal limit and kinematical poles

In order to calculate the hexagon form factors, one needs to use mirror/crossing transfor-
mations to move all the excitations on the same edge. In our current example, we choose
to move all the excitations on the edge which corresponds to ;. There are two possible
transformations, as is shown in figure 2. The two crossing transformations lead to the same
final result, as is should be. However, the intermediate steps are rather different. In the
diagonal limit where u; — v;, there is a kinematical pole in the hexagon form factor. The
hexagon form factor can be written as the product of a scalar or dynamical part and a
matrix part. If we perform the —2~ transformation, the kinematical pole appears in the



matrix part while if we perform the 4+ transformation, the kinematical pole appears in
the dynamical part. Since the dynamical part is a simple product of the scalar functions
h(u,v), it is much easier to keep track of the kinematical poles. At the same time, when
performing crossing transformations, there will be some phase factors which originate from
changing between the string frame and the spin chain frame. In the 4~ transformation,
this phase factor is usually simpler. For the current case, it is simply 1. Therefore, we will
proceed our calculation by performing 4+ transformations for excitations of Os.
The general hexagon form factor in our example takes the form

H(u|v) = phase,, H(v;u) (3.1)

where phase,, = 1 is the phase factor alluded before. Here and after, the hexagon with
excitations on different edges is denoted as H(u|w|v) while the one with excitations on the
same edge is denoted by H(u; w;v). The latter is called the fundamental hexagon and can
be written as a product of the dynamical part and matrix part?

H(v?,u) = HY(v?7, u)H™* (v 1) (3.2)

where

HY (v u) = (3.3)

Here we have introduced the short-hand notation

F<(v,v) = HF(vi,vj), F~(u,u) = HF(ui,uj), F(u,v) = HF(ui,’uj) (3.4)
(2]

1<j 1>]

for any function F(u,v) and have used the property h(v*’,u) = 1/h(u,v). The scalar
function h(u,v) can be written as

Uu—v = ~ —1/x x3)?
h(u,v) = ————h(u,v), h(u,v) = (1= Lo ap) L (3.5)

u—v—1 (1—1/z7z5)(1 —1/z{z3) 012

where 27 = 2(u%i/2) and x5 = 2(v+i/2) are the Zhukowsky variables satisfying z+1/z =
u/g and o1 is the square root of BES dressing phase [50]. The scalar function h(u,wu) is
related to the measure p(u) as

p(u) = = . (3.6)

It it clear that in the diagonal limit v — u, there is a kinematical pole in the function

h(ul,v) - (1 T u 1 v) h(iv) (37)

3In general there is also a phase factor (—1)f taking into account the proper grading. For scalar excita-

tions, this phase factor is simply 1.



as expected. We can thus write the dynamical part as

: (3.8)

HI (v11 ) = <1 o ) h<(V;L\(/l)ll’1‘>’)(11, u)

u—Vv

where the kinematical poles in the diagonal limit are all in the first factor of (3.8).

The matrix part of the hexagon is given in terms of Beisert’s S-matrix elements [49]
with the dressing phase setting to 1. Under 4 transformation, the Zhukowsky variables
=

are invariant x*(u?") = 2% (u) and hence the S-matrix elements and the matrix part of

the hexagon form factor are also invariant
H™ (v u) = H™ (v, u). (3.9)

3.2 N =1 case

We first consider the simplest case, u = {u1} and v = {v;}. There are two terms in the
sum-over-partition formula

Cha3(ursv) = t1 + t2 (3.10)
where
; mat
b = <1+ ! ) ™ (w, 01) (3.11)
Uy — v h(Ul, Ul)
: mat
by — <1 __ ¢ ) H™ o w) | —itpn)—p(en)
Uy — v h(ul, ’Ul)

In the diagonal limit, we can take v; = u; — ¢ and ¢ — 0. The sum t; + t2 can be
rearranged as

where
Ty H(uy, v1) N fI(vhm) « e~ ip(u1)=p(w1)l (3.13)
h(v1,u1) h(u,v1)
T, = }}(Ulavl) B IEI(Ulvul) « e~ ip(u1)=p(v1))l
h(vi,u1)  h(ui,vr)

Here and later in this section, we omit the upper index of H™# to simplify the notation.
The next step is to expand each term Ty and T; in terms € and keep only the leading term.
The diagonal limit of the finite volume form factor is well defined, so we should have

TO = TO,O + €T071 + - (314)
Ti=eTi1+eTio+

Namely, the e expansion of T; starts at order O(e) and Ty = 0. This fact can be seen
easily since T1|,_, = 0 automatically. This is special for the one magnon case. We will see



in the next subsection that for more magnons, the fact that the diagonal form factors are
well-defined is ensured by the factorization properties of the hexagon. The un-normalized
structure constant reads

Cunr(w1) = Too + T11 = —p(ur) (p1(wa) + F(u1)), (3.15)
where
p1(u) =Lp'(u), (3.16)
(0 1) —3 (1,0) w. U Z.B(()’l)(uau) B iﬁ(l’o)(u’u) B () —
Fy(u) = (u,u) — iHY (u, u) + ) R lop'(u) — 2

We see indeed that the volume dependence is encoded in the function p;(w). The infinite
volume form factor for one magnon is given by F;(u). Here the upper indices (1,0) and
(0,1) denote partial derivatives. For example,

HO) (u, u) = %H(v, w| . (3.17)

v=Uu

We confirm that the normalized structure constant for one excitation indeed takes the form

C uy) = u1) + FY (u 3.18
HaL(u1) PN (p1(w1) + F7(w1)) (3.18)
3.3 N = 2 case
For two magnon case, there are 6 terms
6
CIQ.??(Ul,UQ;Ul,UQ) = Zti. (3.19)
where
) h h
o = <1+ i > (1+ i > (u2,u1)h(vi, v2) (U2,U1~701,1}2) (3.20)
up — v1 uy — vy ) h(vi,ug)h(va, u1) h(vy,ur)h(ve, ug)
ty = (1 + 4 > <1 _ i > I:I(ul,vl) I:I 027U2) % e*i(P(U2)*p(v2))l
uyp —v1 U2 — V2 h(vl,ul) h(UQ, ’Ug)
H

(ul,vg) H(’Ul,UQ) _-( ( )_
te — e i(p(uz p(vl))ZSv,v
3 h(’Ug,ul) h(’LLQ,’Ul) ( ! 2)
H(UQ ’Ul) H(’Ug ul) —i( _
t, — ’ ’ x e 1 P(u)=p(2))l Gy, 4
47 h(vr,u) hlur,va) (v2,)
. (1 o ) <1 n i > IjI(uz,Uz) I:I(Ulaul)
uyp —v1 U2 — V2 h(vg, UQ) h(ul, ’01)
x ¢~ {Pm) =PG4y 1) S (v, v2) (3.21)
B ( i ) < i ) h(ug, ur)h(vy,v2) H(vi, vz, ug, u)
tg=1(1— 1-—
up — vy 2 —va ) h(ur,v2)h(ug,v1) h(uy, vi)h(ug,vs)

(p(U1)+P(u2) —p(v1)—p(v2)) (3.22)



In the diagonal limit, we take vy = ux — € and arrange the sum as

,L'2

6 .
i

> ti=To+-T1+ 5 Ts. (3.23)

; € €

=1
Then we perform the e expansion for each term, Ty = > 7 Tp,e”, k = 0,1,2. We
should have Ty g = T2 = To1 = 0 in order the diagonal limit to be well-defined. The
un-normalized diagonal structure constant is given by

Cunr(u1,u2) = Top + T1,1 + Tao. (3.24)

As alluded before, the disappearance of Ty, (n < k) is guaranteed by the factorization
property of the hexagon form factors. For example,

1
Top == =
h(ul, ul)h(UQ, Ug)

[H(u1,ug,u2, ur) + H(ug, ur, ur, ug) — 2H(u1, w1 )H(ug, u2)]
(3.25)

which does not vanish automatically. However, notice that there are coinciding rapidities
in the matrix part of the hexagon, they can be written in terms of hexagons with less
excitations. In fact, we will derive in the next section that

H(ul, U2, U2, ul) = H(ul, Uz, U2, ul) = H(ul, ul)H(Ug, ’LLQ). (326)

Taking into account (3.26), we have indeed Ty = 0. Similarly, T; does not vanish
automatically, but will vanish if we take into account (3.26) as well as the relations of the
following type

hOD (ug,ur) RO (ug,ug) SO (ug, ug)

HE000) (4 g, ug, up) =HEO (ug, ug) +

h(uz,ul) B h(ug,ul) S(ul,uQ)
(3.27)
Here H(1:0:0,0) (u1,ug, ug, ur) stands for
0
H(l’o’o’o)(ul,uQ,uQ,ul) = %H(v,u%ul,ug) (3.28)
v=u1

The relation (3.27) comes from taking the derivatives with respect to v of the following
factorization relation

H(v, ug, uz, u1) = S(vuz)S(ug,ur)H(v, u1) (3.29)

The mechanism works also for more magnons. By using the factorization properties and
the corresponding derivatives, the terms T}, with n < k& will vanish. Taking into account
the normalization, we find that the normalized symmetric structure constant takes the
following form

1

———— [pa(u1, u2) + pi(u1) Iy (u2) + pi (u2) Y (u1) + F5 (u1, uz)]
p2(u1,uz)

(3.30)

Chunr(u1,ug) =

~10 -



where F7(u) is derived in (3.16) and Fy(uj, u2) a rather complicated function in terms of
the momenta p(u), su(2) scattering matrix S(u,v), the scalar factor h(u,v), the matrix
part of the hexagon for 2 and 4 excitations H(uy,v1), H(ui, u2,v1,v2) and their derivatives.
The explicit form of F3(u1,us2) can be found in appendix A.

3.4 Generalization to N magnons

The generalization to N magnon case is now straightforward. In the diagonal limit, vy =
u — € with € — 0, we can organize the result as

N

i
> 7T (3.31)
k=0
Then we expand each Ty in terms of €
o0
Tp=) Tine" (3.32)
n=0

The un-normalized symmetric structure constant is given by
N
Cunr(u) = Z T k- (3.33)
k=1

In order to check (2.11) for N magnons, we need to know the expression of all the infinite
volume form factors Ff(uy,--- ,u,) with n < N in terms of p(u), h(u,v),S(u,v) and H.
Then by subtracting the volume dependence from the finite volume form factor of N
magnons, we obtain the infinite volume form factor of N magnons F3 (u1,--- ,un).

We can check the structure (2.11) for a few excitations. The expression for the infinite
volume form factors become complicated very quickly. Although a general proof is very
hard to achieve following this method, we can give an argument for (2.11) based on our
calculation.

In our previous calculations for one and two excitations, we do not specify the explicit
form of p(u), h(u,v),S(u,v) and H. The calculation is exactly the same whether we take
the leading order expressions or the all-loop expressions. The only differences are the
explicit form of p* and infinite volume form factors F'°. As far as the structure (2.11) is
concerned, they are equivalent. If we can find a “representation” of the quantities p(u),
h(u,v), S(u,v) and H such that the structure (2.11) holds, then the BJW conjecture should
hold in general. In our case, such a “representation” indeed exists, where we take all the
quantities p,h, S, H at the leading order. In [44], we have shown that (2.11) holds for
any magnons at the leading order using the solution of the quantum inverse scattering
problem and the Slavnov determinant formula. Based on this argument and the explicit
calculations of the first few magnons, we already see that the structure (2.11) should hold
at finite coupling.* The rigorous proof will be given in section 5.

4Again up to mirror excitations.
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Figure 3. The two different transformations: (a) the —4~ transformation; (b) the 2~ transforma-
tion.

4 Factorization property

In this section, we derive the factorization property of the hexagon form factor. These
properties are used in the previous section to insure the diagonal form factors to be well-
defined and will be used in the next section to prove the BJW conjecture. The main
result is

H22 (u, w, 1) = (—1)f ny H2? (u) (4.1)

where the polarizations of the excitations are (x(u), Xy, 4, (u1), -+, Xy, 4, (un), X(u)),
with Xy 4 (0) = X, 4, (u1) - X, 4, (un) being arbitrary. The phase factor (1) takes
into account the proper grading and is given in (4.5) and (4.6) and n, is a simple number
define in (4.14) and calculated in appendix D.

To prove the factorization properties, we compute the following hexagon form factor

Hy, = (8]x(u)Xp 4 ()X (2))[0). (4.2)

in the limit v — u. We compute the hexagon by performing crossing transformations for x.
We can choose either a 2y transformation or a —4~ transformation, as is shown in figure 3.
By comparing the expressions for two different crossing transformations, we obtain the
factorization properties. The two mirror transformations should lead to the same result

Hy, = phase%‘,y Hy oy = phase{47 Hy —4y (4.3)

where phase%c77 phase® 4 are the phase factors coming from the crossing transformations
and H, 2, H, _4 are the corresponding fundamental hexagons. From (4.3), we have

X
phase%Y

X X527+
_4»7

Hy 4y = (4.4)

phase

The fundamental hexagons can be written as a product of the dynamical part, the matrix
part and the phase factor which takes into account the grading. Let us denote the ratio of
the two phase factors by (—1)f, namely

f= f2'y - f*47 (4-5)

- 12 —



where

foy = (fx + fofa+ fefy (4.6)

foay = ffa + fatfee + IxSier
Here the symbol f and f denote the fermionic number for the corresponding excitation of
the undotted and dotted indices and fa = 37 | fa,, f A =D f 4, Let us notice that for

the 8 pairs of excitations x, ¥, we always have fx + j}( = 0 (mod 2). Therefore o, = f}( Ix
(mod 2). For the Lh.s. of (4.4),

1 h(u,u)
dyn _ ’ mat _ mat
B = o o) o = HZA (u,u,0). (4.7)

In the limit v — u, there is a kinematical pole in the dynamical part while the matrix part

is regular
Res HY,, =ip(w), (4.8)
gl_I}qlt H;l,a_tll7 = H?’a_tlw(u, u, u).
For the r.h.s. of (4.4),
Hi?l;v = h(v*",u)h(u,u), HYS = H?%g(UQV,u, u). (4.9)

In the decoupling limit v — wu, the dynamical part is regular while the matrix part has a
pole. The residue of the matrix part can be worked out by using the same argument as
in [39]

lim HY2 = h(u®, u)h(u, u) (4.10)

vou 02T
Hmat(u)
h(u?Y,u)h(u,u)

icy P

t mat (2
Res HY'S. = ResH v u) -
VU X2y VU X’Q’Y( ’ )

Here ¢, = 1,0,% for scalars, derivatives and fermions. P is the total momentum of the
excitations X, 4 (u)

N

P=> pu) (4.11)

i=1

The derivation of (4.10) can be found in appendix B. The ratio of the phase factors phase%‘7
and phaseX 4y 18 computed in appendix C and reads

hase) ,
DI i) = (), (4.12)
phaseZ,

Combining (4.5), (4.8), (4.10) and (4.12), we have

HYY (u,u,u) = (1) HPS, (w) - 1y (4.13)
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where

i 11,:{_?2 HDS! (0?7, u)
Ny = . (4.14)
) e

is a simple number and is computed in appendix D. We list n, for the 8 pairs of excitations
in the following table

X | P1i | P15 | Dys | Dyy | Wiz | Yoy | Wy | Uy

ny | 1 -1 1 -1 1 -1 ] -1 1

For our purpose, we are concerned with the following type of factorization property
H™ (y, w; w; v, u) = (—1)Tn, H (u; w; v) (4.15)

where {u,u} and {v,u} are rapidities of the excitations of type x and y??, respectively.
The polarizations of w can be arbitrary. If the coinciding rapidities are not on the leftmost
and rightmost, we can use the following relation to move the excitations

h . .
H™ (e g, g, - k%) ZSX(ui,Uj)hEZJA’ZZ‘; e O P T RS 0. (4.16)
iy Uj
H™A (e oo g i) =S ) _h(ujvui)Hmat e e .
(*7*7 , Uiy Ujy )_ X(u“uﬂ)h(U‘ U) (*7*7 , Uj, Ug, )
iy Uj

Equation (4.15) and (4.16) together give the factorization property.

5 Proof of BJW conjecture

In this section, we prove the BJW conjecture up to mirror excitations. We first prove a
recursion relation for the un-normalized HHL structure constant and then prove the BJW
conjecture based on the recursion relation. This is a generalization of the proof presented
in [1].

5.1 The recursion relation

As we can see from the examples, the explicit L-dependence comes from taking derivatives

of the phase factor &(v;) = ¢P(vi) . This implies that the polynomial dependence of I

always enters through the combination z; = Ip/(u;). It proves to be useful to consider the

z;-dependence of the structure constant. Let us first introduce some notations. We denote
000

the expression in the sum-over-partition formula (2.3) by C3% (u|v) = C753. The diagonal
limit of this quantity is denoted by

it (u) = &EI{ICEVN(U\V)- (5.1)

Note that the sum-over-partition formula gives the structure constant in the large but finite
volume, therefore the diagonal limit is unambiguously defined and does not depend on the
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way we take the diagonal limit. We can take v; = u; — ¢; and then take ¢; — 0 one by
one, or equivalently we can take ¢; = € and take ¢ — 0, they give the same result. This
is different from the diagonal limit in infinite volume where the result is divergent and
depends on how one takes the diagonal limit. Another useful quantity in the diagonal limit
is given by

FR(u) = lim (G V) e (5.2)

In terms of words, we first put the phase factor e?(vi) — ¢iP(ui) and then take the diagonal
limit. As we discussed before, the explicit I[-dependence originates from derivatives of the
factor £(v;). Replacing these factors by &(u;) before taking the diagonal limit eliminates
the I-dependence. Therefore F)/(u) does not depend on [ and is a well defined quantity in
the infinite volume. In both (5.1) and (5.2), after taking the diagonal limit, we impose the
BAE to replace the phase factors e ~#P(ui) by eilor(ui) together with products of S-matrices.
The dependence of Cjjjy; (u) on zj, is linear and is given by the following relation
a W O

T%CIVJVHL(U) = ayk Ot (\ we), k=1,-- N, (5.3)

where the set u '\ ux means the rapidity wuy is deleted from the original set and

ayk = ay(ug) = (=) () (5.4)

The index “mod” stands for the following replacement

2 = 2% = 2 + o(ug, ug), o(u,v) = —i;u log S(u,v). (5.5)

We first prove the recursion relation for zn. The quantity zy comes from taking

derivatives of the factor e®(*N)! therefore we must have vy € f in order to have such a

factor. On the other hand, we also need to have uy € @ because otherwise uy and vy

are on different hexagons and there is no kinematical pole and hence not necessary to take

derivatives. Consider a generic such term in the sum-over-partition formula (2.3) denoted
by t({un} Ua, BU {vx},d). The splitting factors satisfy

w_l(og7 {uN} U O?)wl(ﬁ, ? U {UN};)WZO (5a 5) _ efilp(uN)ﬂ'lp(vN) (5 6)
w_i(a, @)wy(B, B)wiy (8, 6) '

The hexagon form factor that we are interested in takes the following form

H(B,vn|d|uy, &) = phase,,, - H(BY, vy; 0% uy, &) (5.7)

We want to study the relation between this hexagon form factor and the one without wuy
and vy

H(B]d|a) = phasey, CH(BY;6%7; @) (5.8)

One can prove that phase,, = phase) in the limit vy — uy. The fundamental hexagon
form factor is the product of a phase factor (—1)f, the dynamical part and the matrix part.
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Let us denote the ratio of the phase factors of the hexagons H(B‘”,v?\;’;gh;u]v,@) and
H(5*;6%;a) by (—1)?T. The dynamical parts of the fundamental hexagons satisfy

den(/gélfyvv?\;y;SQ’y;uN)&) _ h(/BvUN) h(UN,@) h(gQFY’uN) . 1 (5 9)
Hdn(547;627; @) h(un, B) h(a,vn) h(6%,on)  h(un,vN) '

The splitting factor and the dynamical part are universal in the sense that they do not
depend on the polarizations of excitations. For the matrix part of the hexagon, we apply

the factorization property

™ (34, 003 0% uw, )
Hmat (347 627; )

= (1) S, B )8, lux, 0) T 0

where n, = £1 depending on the polarizations. One can show straightforwardly that
(_1)Af+f = (_1)f>zfx. (5.11)
Combining (5.6), (5.9) and (5.10) and summing over the partitions, we obtain

0 . W w,mod
G i Gl ey = e G (@ un v\ ew). (5:12)

where again the index “mod” stands for the replacement rule (5.5). After taking v; — u;

for the rest of the rapidities, we obtain

8 W W,Imo
5, <Gl (u) = ay v i (u \ u). (5.13)
N

Finally let us notice that the structure constant is symmetric with respect to the rapidities,
hence (5.3) is valid for any k.

5.2 Proof of BJW conjecture

Now we are ready to prove to the BJW conjecture up to finite size corrections. For a given
partition u = a U @, let us define

N
(@) = [T ax(us) oy, (@) (5.14)
k=1

where i ,(@) indicates the fact that it is defined with respect to the length [ = L — Io.
We further define a quantity

W = 3 F(@)Ky(a). (5.15)

aUa=u

As a first step, we want to show

Wi (u) = Crip, (). (5.16)
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Noticing that

0 od

T%pﬁv’l(u) = P?\’frﬁu(u \ ug) (5.17)

with the modification rule given in (5.5), we can deduce the z;, dependence of WY/

W) = e W ). (518)
We can prove (5.16) by induction. The case n = 1 can be verified by explicit computation.
Assume that (5.16) holds for n < N — 1, we need to prove that it is also true for n = N.
From (5.3) and (5.18) we find that the z; dependence of the two quantities are the same.
It remains to show that the terms independent of z; is also the same. Putting z; — 0, all
pfau(d) = 0 and hence

Wy (0)],,—o = FN (u). (5.19)

On the other hand, form the definition of F}3(u) (5.2), we first put () to /P(4) and
then take the diagonal limit, which prevents the appearance of z; and thus

CIYIVHL(U)‘zi:O = Fy(u). (5.20)
This proves (5.16) and we have
N
CluL(w) = [T ax(un) D F¥(@)pfay(@). (5.21)
k=1 aUa=u

Finally we go from length [ to length L, this can be done by the following relation

PR (W = Y Pl (@) plag, (@), (5.22)

alUa=u

Taking I = L and ls = —Ip, we have

N
CluL(w) = [T ax(un) D FN (@)pfy (@) (5.23)
k=1 aUa=u
where
Fvt(@)= " F5(8)ofg 4 (B)- (5.24)
BUB=«

Taking into account the normalizations, the normalized structure constant indeed takes
the form predicted by BJW conjecture (2.8).
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6 Infinite volume form factors

The normalized structure constant takes the same form as diagonal form factors in finite
volume. For the later case, the coeflicients in front of p® and p¢ are identified with the
diagonal form factor in infinite volume. Keeping this analogy in mind, we also call our
coefficient F]Z"s(a) or F]Z"C(a) as the infinite volume form factor. From the definition of
these coefficients (5.20) and (5.24), we can calculate them in terms of p(u), S(u,v), h(u,v),
H™at and their derivatives. The explicit expression becomes cumbersome very quickly.

For the moment, we do not have a good understanding of the structure of the infinite
volume form factors. This is an interesting question to explore in the near future. One
possible direction is to formulate a set of bootstrap axioms directly for the diagonal form
factors and solve these axioms.

In the case where the light operator is BMN vacuum and the heavy operators are in
the su(2) sector, we can expand F° at weak coupling and compare with the known results
in [44] where a perfect match is found. At tree level, the infinite volume form factor F<(©)

for lp = 1 is conjectured to take the following form

FRO () = o700y o y + permutations (6.1)

where ¢(® = ¢(0 (w;), 901('?) = SO(O)(ui?uj) and

i
1

O(y) = ——
o (w) u? +1/47

Oy, 0) = —2
o (u,v) (

o (6.2)

Interestingly, it is checked in [1] that at one loop the form (6.1) still holds® with the
following corrections
1 8g2u?
(1 () = g
o' (u) u2+1/4+(u2+1/4)3’ (6.3)
2 n 492 (u? — v?)
(u—v)2+1 (u2+1/4)(v2+1/4)((u—v)2+1)

oM (u,v) =

It is possible that the structure still holds at higher loop orders® with proper modifications
of o(u) and ¢(u, v). This may give us some hints about the general structure of the diagonal
form factors in the infinite volume and lead to more efficient ways of calculating them.

7 Conclusions and discussions

In this paper, we prove the conjecture of Bajok, Janik and Wereszczyski concerning the
asymptotic volume dependence of the heavy-heavy-light structure constant at all loops in
the planar A" = 4 SYM theory up to mirror excitations. The proof is given for all the rank
one sectors with generic non-BPS light operators.

In order to complete the proof, we need to take into account the bridge wrapping
corrections. Once the double pole problem of the hexagon form factor approach is resolved

5We checked up to 4 excitations.
5This requires to take into account also the bridge wrapping corrections.
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properly, we can try to use the similar method to complete the proof. Most probably, the
bridge wrapping corrections will not modify the asymptotic volume dependence but will
correct the infinite volume form factors.

Another kind of mirror excitations give rise to physical wrapping corrections of the
form e FL. For the diagonal form factor, there are conjectures of the finite volume form
factor with both asymptotic volume corrections and wrapping corrections taken into ac-
count [46-48]. It will be very interesting to incorporate the wrapping corrections for the
HHL structure constant within the hexagon approach and compare with the proposals of
finite volume diagonal form factors in the literature.

The explicit results we have obtained so far are restricted to the su(2) case and the light
operator being BMN vaccum. In order to gain a general understanding of HHL structure
constant, it is useful to explore other configurations. One of the most interesting case is the
light operator being the dilaton. In this case, the HHL structure constant is known to be
related to the derivative of the scaling dimension of the heavy operator with respect to the
coupling constant g? [43]. This allows us to make contact with the results of the spectral
problem. In addition, since the relation is valid for any coupling, it may shed some light
on taking into account bridge wrapping corrections.

It will also be interesting to perform the strong coupling expansion and compare the
results with the string theory calculation in the literature [2, 42, 43]. In this direction,
one particularly interesting example is taking the giant magnon solution for the heavy
operators and dilaton for the light operator.

Finally, the BJW conjecture only concerns the rank one sectors, namely there is only
one type of excitation for the heavy operators. This is also the case that has been studied
in 2d integrable field theories. A natural direction of further investigation is to study the
HHL structure constant in higher rank sectors and find out the form of asymptotic volume
corrections. For the operators in higher rank sectors, one needs to apply the nested Bethe
ansatz and there will be richer structures to explore.
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A Explicit expression for F3(uq, uz)

The explicit expression for the infinite volume form factor with 2 excitations is given by

2p(ur) p(u2)
h(uz, u1)h(ut, uz) cos(p(uy) — p(uz))lo (A.1)

+ HOD (g, w1 ) HOD (g, uz) + HEO (ug, ug )JHEO (ug, ug)

F5(u1,uz) = FY(u1) Fy(uz) +
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+ QH(O’U (ul, ul)H(O’l) (ul, UQ) 2H(1’0) (UQ, UQ)H(LO) (ul, ul)

H(ul,ug) H(ul,uQ)
+ 2h(0’1)(u1,uQ)h(1’0)(u1,uQ) _ 2h(1’1)(U1,UQ) 5(1’1)(U1,’u,2)
h(ul,u2)2 h(ul,uQ) S(ul,ug)

— HOOED (ug, ur, un, ug) — HEOD (ug, g, ug, un).

B Singlet state and factorization

In this appendix, we derive (4.10) in the main text. Let us first take x(u) = ®,j(u) and
Y(v) = ®p5(v) as an example. The matrix part of the hexagon form factor Hoy (0?7, u, )
is computed by

™ (0, u,0) = (@1 61 0161S]67 (v)0 ()™ - o) (B.1)
Let us focus on the part
8|6 (™)t (w)p™t - - pl) (B.2)

We need to scatter all the excitations with each other. The scattering can be organized as
follows, we first scatter the first two excitations in the decoupling limit v — u. The result
is divergent due to the kinematical pole and the residue is proportional to Beisert’s singlet
state [49] up to a Z~ maker

Res S1o|} (v2") 63 (u)) o< |2 112). (B.3)

Then we scatter the singlet with rest of the excitations, which is trivial up to a scalar factor

n n
1
S1 k|27 1199 - ) = ZmpM . g B.4
H 17k‘ 12¢ ¢ > H h(u27,uk)h(u, uk) | ¢ ¢ 12> ( )
k=1 k=1
Finally we scatter the rest of the rapidities, they contribute to H;%‘jy(u) It is clear that
Hmat(u)

2 mat 2
Res H™2 (0?7 u,u) o< Res H v u) -
VU X’27( » ) v—u X:QV( ’ )

R Wh(u, u) (B-5)

The analysis is similar for other polarizations.

The Z makers usually leads to some global phase factors, which needs to be taken with
some care. In order to find these factors, we notice that when forming the singlet state,
there is a difference of Z~ maker between bosonic and fermionic excitations

Si2|@ih) ~ |27 1a1),  SizlYfh) ~|112) (B.6)

also there is a ZT marker difference between the bosonic and fermionic excitations in the
singlet state

« CC+ a @
i) = =2 (25 1) cal 26108 + <ol (5.7
1

—90 —



For x, x being scalars, one scatters the first two bosonic excitations ¢* and form a singlet
with Z~ marker, then move the singlet to the rightmost, finally contract the singlet with
the scalar excitations of the right sector where we need to take into account the Z marker.
We need to move the ZT marker to the leftmost in order to pull it out. The ZT and Z~
markers cancel each other. However, when moving the Z markers to the leftmost, we
pick up the phase factor e’ by the rule of moving makers.

For x, x being derivatives, one scatters the fermionic excitations ¥ and form a singlet.
Then move the singlet to the rightmost and finally contract the singlet with fermionic
excitations of the right sector. No markers are involved in the process, hence the phase
factor is 1.

For x,x being fermions, there are two types of process. The first corresponds to
scattering the scalar excitations and contract the singlet with fermionic excitations in the
right sector. This involves a Z~— maker on the left and no ZT maker. Pulling it out, we get
a phase factor e2?. The second case corresponds to scattering the fermionic excitations and
contract the singlet with bosonic excitations. This involves a Z marker on the rightmost
and no Z~ markers. Moving the Z7T marker to the leftmost picks up a phase et pulling
it out gives another phase e~27. In total the phase factor is ez”. To summarize, the phase
factors for the three kind of excitations are given by

[NIES

d: €l D: 1, U exl (B.8)

Combining (B.7) and (B.8), we obtain (4.10) in the main text.

C The ratio of phase factors
In this appendix, we calculate the ratio of phase factors in (4.12) of the main text.

C.1 Scalars

For scalar excitations, we can take y = ®,; and ¥ = ®,, and consider the following hexagon
form factor

Ho = (b|®yj (u) Xy 4 (0))|Py3(v))]0) (C.1)
The phase factor contains three parts
e Phases come from changing from spin chain frame to string frame before crossing;
e Phases come from crossing transformation of ®,5(v);
e Phases come from changing from string frame to spin chain frame after crossing.

The first part is the same for both 2y and —4+ transformations. The second part is —1
for 2+ transformation and 1 for —4+ transformation. In order to find the ratio of the two
phase factors, it is enough to consider only the third part. Let us remind here that the

- 21 —



transformation rules between spin chain frame and string frame for the derivatives, scalars
and fermions are given by’ [39)

Dstring = Dspina (I)string = \/Z‘I)spin\/iy \I/string = Zl/4qjspinzl/4' (02)
The 2~ transformation:

(0] @45 (0™7) @y (u) X 4 (1))]0)]0)string
= Fa (§|VZ B3 (v*) Z®,; (u)VZZ" X s 4 (10))]0)|0)spin (C.3)
Here F4 is the phase factor coming from moving all the Z-markers of X', 4 (u) to the left.
Since we allow any kind of excitations, n does not have to be equal to N and not even have

to be an integer. We can then move all the Z-markers to the leftmost and then pull them
out using the rule

(B|Z™y) = 2" (ble), = =e P/ (C.4)

where p is the total momentum of the state |1)). The result is given by

(B3 (V)@ (1) X 4 (10))]0)[0)string = (B]P3 (™) @y (1) Xp 4 (W)]0)]O)spin  (C-5)
x e3(n=Dp=5 (P2 —5 (4P |

The —4~ transformation:

<h|‘I)11(U)XAA(U)‘I’2Q(”74V)> |0)|0)string
=Fy <[]|\/Z(I)li(u)\/ZZnXAA(u)\/Zq)QQ(U_4V)\/Z> |0> |0>Spin~ (06)

where F'4 is the same phase factor as in (C.3). By moving and pulling out the Z-markers,
we obtain

(010, (0) X 5 ()50 )]0)]0) s = (B[ (1) g ()5 (0 ) 0) O (C.7)
w es (=g (n+pa—gnP p

From (C.5) and (C.7) and taking into account the relative minus sign from crossing trans-

formation, it is clear that
PUASeyy _ _pmimi, (C.8)

phase_,,

C.2 Derivatives

For derivatives, we take x = Ds3, X = D,; and consider the following configuration

Hp = (§Dy3(u)Xp 4 (0))[Dy3(0))[0). (C.9)

Again we only consider the third step of changing back from string frame to spin chain
frame since we are considering the ratios.

"We thank S. Komatsu for informing us the transformation rule for the fermions.
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2~ transformation:

(01D (v*7) Dys (u) X 4 (0))]0)]0)string = (B D43 (v*7) Dys(u) Xp 4 ())[0)[0)spin ~ (C.10)

« i P1—p2)n—75(p1—p2+P)n Fy

—4~ transformation:

(B]Dy3(u) X o (WD 43 (0™ ))[0)|0)string = (BIDs3(u) X 4 (W)Dy3(v™))[0)|0)spin (C.11)

x ¢Pn=3(P1+p2+P)n

Comparing (C.10) and (C.11), we conclude that for the derivatives

phaseD

=1 (C.12)

phase” 4y
C.3 Fermions

For fermions, we take y = ¥ 5 and Y = ¥,5 and consider the following configuration
Hy = (h[W3(u) Xy 4 (w)[W5(v))]0). (C.13)
2~ transformation:

(BIWo3 (v*7)Wy5(u) Xy 4 (W))]0)]0)string = (B Wy (V™) 15(u) Xy 4 (1))]0)0)spin (C.14)
> eﬁpl—%m-ﬁ-i(m—p2)n—%(P1—p2+P)(n+1) Fy.

—4~ transformation:

(D1 15(w) Xp o (W) W45 (0))]0)[0)string = (B]W3(1) Xp 4 (W)W 45(0*7))]0)|0)spin (C.15)
w 1 (PLHp2)+ipint 5 (P1+P) =5 (p1+p2+P)(n+1) B

Comparing the two results, we obtain

phase‘I’

2 — _em3tP) (C.16)

phase747
D Computation of n,

In this appendix, we compute n, for different polarizations.

o X =Py, x =Py
1

H (077, 0) = — 2 (AW, u) + B, w) (0.1)
. mat (, 2v _ E 27y — ip
qu?qujl HP* (077, u) = S{_ej B(v*7,u) = ePu(u).

Therefore n, = 1.
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HI (077, 0) = -

iResHY (07, 0) =

Therefore n, = —1.

X = Pg3, X = Pyy
H;(nat (UZW,u) =
Res Y (07.1) =

therefore n, =1

X =P34, X = Py
H;lat(v%,u) =

iRes HY™ (17, u) =

therefore n, = —1.

X =V, X = ¥y,

H;wt (1)2’7 ) u) -

Res I (077, ) =

S(AE0) = B, w)

" Res B(w?,u) = —ePpu(u).

VU

~ 5(DEPu) + B, )

— "Res E(w*,u) = p(u)

v—U

- %(D(vgw,u) — E(v¥,u))

" Res E(w*,u) = —u(u)

2v—u

— 1(}@277 u)ez @) =p)

! Res C(v*,u) = p(u) e3P

vV—U

therefore n, = 1. The rest three fermionic excitations also gives n, = £1.

The result is summarized in the following table

X ‘I)n ‘1312 D33 D34 \1’13 ‘1123 lI'14 \1’24
X @22 ‘1)21 D44 D43 ‘1’42 ‘1’41 ‘1’32 ‘1’31
Ny 1 —1 1 -1 1 —1 -1 1

(D.2)

(D.3)

(D.4)

(D.5)
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