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ABSTRACT. The mild It6 formula proposed in Theorem 1 in [Da Prato, G.,
Jentzen, A., & Rockner, M., A mild Ito formula for SPDESs, arXiv:1009.3526
(2012), To appear in the Trans. Amer. Math. Soc.] has turned out to be a useful
instrument to study solutions and numerical approximations of stochastic par-
tial differential equations (SPDEs) which are formulated as stochastic evolution
equations (SEEs) on Hilbert spaces. In this article we generalize this mild Ité
formula so that it is applicable to stopping times instead of deterministic time
points and so that it is applicable to solutions and numerical approximations
of SPDEs which are formulated as SEEs on UMD (unconditional martingale
differences) Banach spaces. These generalizations are especially useful for prov-
ing essentially sharp weak convergence rates for numerical approximations of
SPDEs such as stochastic heat equations with nonlinear diffusion coefficients.

1. Introduction. The standard It6 formula for finite dimensional It6 processes has
been generalized in the literature to infinite dimensions so that it is applicable to
1t6 processes with values in infinite dimensional Hilbert or Banach spaces; see The-
orem 2.4 in BrzeZniak, Van Neerven, Veraar & Weiss [5]. This infinite dimensional
generalization of the standard It6 formula is, however, typically not applicable to a
solution (or a numerical approximation) of a stochastic partial differential equation
(SPDE) as solutions of SPDEs are often only solutions in the mild or weak sense,
which are not It6 processes on the considered state space of the SPDE. To overcome
this lack of regularity of solutions of SPDESs, Da Prato et al. proposed in Theorem 1
in [8] (see also [14, Section 5]) an alternative formula which Da Prato et al. refer to
as a mild It6 formula. The mild It6 formula in Theorem 1 in [8] is (even in finite di-
mensions) different to the standard It formula but it applies to the class of Hilbert
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space valued mild It6 processes which is a rather general class of Hilbert space valued
stochastic processes that includes standard It6 processes as well as mild solutions
and numerical approximations of semilinear SPDEs as special cases. In this work we
generalize the mild It6 formula so that (4) it is applicable to stopping times instead of
deterministic time points (see Theorem 3.5 below) and so that (i) it is applicable to
mild It6 processes which take values in UMD (unconditional martingale differences)
Banach spaces with type 2; see Definition 3.1 in Subsection 3.2, see Theorem 3.5 in
Subsection 3.4, and see Corollary 3 in Subsection 3.4 below. These generalizations
of the mild It6 formula are especially useful for proving essentially sharp weak con-
vergence rates for numerical approximations of SPDEs. In particular, Hefter et al.
[13] employ the mild It6 formula in UMD Banach spaces established in this arti-
cle to prove essentially sharp weak convergence rates for time-discrete exponential
Euler approximations (cf., e.g., Lord & Rougemont [18, Section 3], Celledoni et al.
[6, Section 2], Cohen & Gauckler [7, Section 2.2], Lord & Tambue [19, Section 2.3],
and Wang [26, Section 1]) of a suitable class of semilinear SPDEs such as nonlinear
stochastic heat equations as well as Cahn-Hilliard-Cook type equations. Semilinear
SPDEs are a key ingredient in a number of models from economics and the natural
sciences. They appear, for example, in models from neurobiology for the approx-
imative description of the propagation of electrical impulses along nerve cells (cf.,
e.g., (1.1) in Sauer & Stannat [25]), in models from financial engineering for the
approximative pricing of financial derivatives (cf., e.g., Theorem 2.5 in Harms et
al. [12] and (1.2) in Filipovi¢ et al. [11]), in models from fluid mechanics for the
approximative description of velocity fields in fully developed turbulent flows (cf.,
e.g., (7) in Birnir [2] and (1.5) in Birnir [3]), in models from quantum field theory
for describing the temporal dynamics associated to Euclidean quantum field the-
ories (cf., e.g., (1.1) in Mourrat & Weber [20]), and in models from chemistry for
the approximative description of the temporal evolution of the concentration of an
undesired chemical contaminant in the groundwater system (e.g., in a water basin,
the groundwater system, or a river; cf., e.g., (1.1) in Kouritzin & Long [17] and
also (2.2) in Kallianpur & Xiong [16]). In Section 2 below we also briefly review a
few well-known results for Nemytskii and multiplication operators in Banach spaces
(see Proposition 1, Proposition 2, and Corollary 1 in Section 2 below) which provide
natural examples for the possibly nonlinear test function appearing in the mild It6
formula in Corollary 3 in Subsection 3.4 below.

1.1. Notation. Throughout this article the following notation is frequently used.
Let N={1,2,3,...} be the set of natural numbers. Let Ny = NU {0} be the union
of {0} and the set of natural numbers. For all sets A and B let M(A, B) be the set
of all functions from A to B. For all measurable spaces (21, F1) and (2, F2) let
M(F1, F2) be the set of all F; / Fa-measurable functions. For all separable R-Hilbert
spaces (H,(-,") 7, ||l z) and (H, (., Yo llllg) let S(H, H) be the sigma algebra on
L(H,H) given by S(H,H) = op 5 7)(Uyeq Yaecpun {A € L(H, H): Av € A})
(see, e.g., [9, Section 1.2]). For every separable R-Hilbert space (U, (-, -)v, ||-||;) and
every R-Banach space (V. ||-[|y,) let (v(U,V), ][l ) be the R-Banach space of
all y-radonifying operators from U to V' (cf., e.g, Van Neerven et al. [23, Section 3])
For every d € N and every A € B(R?) let A4: B(A) — [0, <] be the Lebesgue-Borel
measure on A. For every set X let #x € Ng U {oco} be the number of elements
of X. For every measure space ({2, F,v), every measurable space (5,S), every set
R, and every function f: Q — R let [f],.s be the set given by [fl,s = {g €
M(F,8): (FAe F:v(A)=0and {we Q: f(w) #g(w)} C A)}.
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2. Stochastic partial differential equations in Banach spaces. In this sec-
tion we recall a few well-known results for SPDEs on UMD Banach spaces. In
particular, Proposition 1 below provides natural examples for the possibly nonlin-
ear test function appearing in the mild It6 formula in Corollary 3 in Subsection 3.4
below.

2.1. Preliminary results. The following lemma and its proof can, e.g., be found
in Van Neerven [21] (cf. [21, Theorem 6.2] and [21, Definition 3.7]).

Lemma 2.1 (An ideal property for y-radonifying operators). Consider the notation
in Subsection 1.1, let (U, (-,")v, |I|l;) and (U, (-, )u,|-|l,,) be R-Hilbert spaces, let
WV -ly) and (V,]-|ly,) be R-Banach spaces, and let A € L(V,V), B € ~(U,V),
C e L(U,U). Then it holds that ABC € v(U,V) and

IABCly@,v) < 1ALy 1Bl 1€ La,w)- (1)
The next result is an elementary extension of Brzezniak et al. [5, Lemma 2.3].

Lemma 2.2. Consider the notation in Subsection 1.1, let (U,(-,")v,|ll;) be a
separable R-Hilbert space, let (V,|-||,) and (V,||-|l,,) be R-Banach spaces, and let
B e LA (V,V) be a bounded bilinear operator from 'V x V to V. Then
(i) it holds for all A1, A2 € v(U,V) and all orthonormal sets U C U of U that
there exists a unique v € V such that

v— 3 B(Aru, Azu)

ueJ

=0, (2)
v

inf  sup
ICU, rcycu,
#1<0 4 ;<00
(i1) it holds for all A1, As € v(U,V) and all orthonormal bases Uy,Us C U of U
that

> B(Avu, Agu) = Y B(Aru, Ayu), (3)

uelU; u€Us
(#3) it holds for all A1, As € v(U,V) and all orthonormal sets U C U of U that

Z 5(141% Azu)

uelU

< Bz vl Al llAzllyw, vy, (4)
\Z

and
(iv) it holds for all orthonormal sets U C U of U that

(7(U, V) x (U, V) 2 (A1, Az) = 3 B(Aru, Asu) € V) € L ((U,V),V). (5)
u€elU

2.2. Convergence properties of measurable functions. Proposition 1 below

provides natural examples for the possibly nonlinear test function appearing in the

mild It6 formula in Corollary 3 in Subsection 3.4 below. Our proof of Proposition 1

employs the following elementary convergence statement for measurable functions.

Lemma 2.3. Let (2, F,v) be a finite measure space, let (E,d) and (€,5) be sepa-
rable pseudometric spaces, let p,q € (0,00), let ¢p: E — & be a continuous and glob-
ally bounded function, and let f,: Q@ — E, n € {0,1,2,...}, be F/B(E)-measurable
functions which satisfy limsup,, . [o, |d(fn, fo)|? dv =0. Then

limSUP/Q|5(¢0fm¢Ofo)|qu= 0. (6)

n— 00
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2.3. Regular test functions.

Proposition 1. Consider the notation in Subsection 1.1, let k,l,d,n € N, p €
[1,00), ¢ € (np,00), let O € B(RY) be a bounded set, let f: RE — Rl be an n-
times continuously differentiable function with globally bounded derivatives, and let
F: Li(\o;RF) — LP(Ao;RY) be the function which satisfies for all v € LI(\o; RF)
that
F([vlxo,8)) = {f(0(2))}eeolro,sm) = [f © V]ro,5m)- (7)
Then
(i) it holds that F is m-times continuously Fréchet differentiable with globally
bounded derivatives,

(ii) it holds for all m € {1,2,...,n}, v,uy,...,um € LI(A\o; R¥) that

FU ([0]xo 50) ([Ut]ro, B8R - - - [Um]ro BEr))

= [{f"™ (@) (ur(2), .., um () }oco]ro BRY):
(i) it holds for allm € {1,2,...,n}, r € [mp, 00) that

(8)

sup sup
vELI(Ao;RF) uy,...,um € Lmaxima} (A\o;RF)\{0}

IFM™ () (u1, ..., )| e (roiR1) ]
U || e (v mEY - - | Ul Lr (0 RE
]l Lr (rosrr) 1Umll L7 (rosmE) (9)

1_m

< | 50 170t oy | P (O < o
r€RF

(iv) it holds for all m € {1,2,...,n}, 7,8 € (p,00), v,w € L4t (\p; RF) with
Lo <L that

sup
UL yeeey Uy €LM2x{5: 0} (Ao RR)\ {0}

H(F(M)(U) - F(m) (w))(ulv s 7um)HL1’(>\(’)§Rl)
[ ]

Ls(Ao;RF) "+ - " [|2m | L (Ao;R*)

(m) () — f(m) . m
<! sup £ (@) = F () Lom e rry e ()52 |o — ] 1 (rp iy,
R
TF#Y
(10)
and
(v) it holds for all m € {1,2,...,n}, r € [(m + 1)p,00), v,w € L™*{ra}(\,; RF)
that
sup [(F™ (v) — FO™ (w)) (ug, - . ., i) | Lo (ro1)
UL yeeey Uiy € LMax{Ta} (Ao ;RF)\ {0} ||U1HLT(>\(9;]R’“) et ”uTI’L”LT(Ao;R’“)
(m) () — f(m) m S
< | s MO IO ueimrat | o o) o = wl e
z,y€R”, ||.’13 - y”Rk
TFy
(11)

Proof of Proposition 1. Throughout this proof we assume w.l.o.g. that Aga(O) > 0.
We claim that for all m € {1,2,...,n} it holds

(a) that F' is m-times Fréchet differentiable and
(b) that for all v,ug,...,u, € LI(Ao;R¥) it holds that

FU ([0]xo 50) ([Utlro, B8R - - - [Um]ro, BEr))
= [{f"™ (w(@)) (w1 (2), . .., um () }zeo)ro, BE1)-
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We now prove item (a) and item (b) by induction on m € {1,2,...,n}. For the base
case m = 1 we note that Minkowski’s integral inequality and Hélder’s inequality
show that for all v, h € LI(\o;R¥), £ € (0,00) it holds that

[fo(u+h)—fov—(f ov)hlrirem)

1
= /0 ILf" o (v+rh) — f ovlhll cr(remey dr (13)

1
< / Ifo(v+rh)—f'o UHLP(H%)(AO;L(Rk,Rl)) dr Hh”LP(HE)(AO;Rk)-
0

Next observe that Lemma 2.3 (with (Q,F,v) = (O,B(0),\0), E = R¥, & =
LRERY, p=p(l+e),q=p1+1Ye), d=f,fo=v, f; =v+rh; forr e
[0,1], j € N, v € LY(A0;R¥), (hy)jen € {(uj)jen C LPIFI) (No; RF): limsup,_,
1wl zrarer (roirry = 0}, € € (0,00) in the notation of Lemma 2.3), the fact that
sup, e [|f'(@)]| L(rr,rt) < 00, and the fact that f’ is continuous ensure that for all
r€[0,1], v € LI N\o;RF), € € (0,00), (hj)jen € LPIH)(\o; RF) with limsup,_, o,
||hj||£p(1+s)()\o;Rk) = 0 it holds that

hjniilip If" o (v+rhj)—fo UHLP<1+1/€>()\O;L(]Rk,]Rl)) =0. (14)
This, the fact that sup,cgr || f'(2)||L(rs r1)y < 00, and Lebesgue’s theorem of dom-
inated convergence prove that for all v € LI(Ao;R¥), ¢ € (0,00), (hj)jen C
ﬁp(1+5)()\(9;Rk) with lim supj_)oo ||th£p(1+s)()\o;Rk) = 0 it holds that

1
hm sup </ ||f/ ¢} (’U =+ T'hj) — f/ (¢] U|‘£P(1+1/E>(Xo;L(Rk,Rl)) d7‘> = O (15)
j—o0 0

This together with Holder’s inequality and (13) implies that for all v € £I(\p; R¥),
e € (0,9/p— 1), (hy)jen C LPITE) (Ao; R¥) with limsup; o 1Al zoa+o (rgumry = 0
and Vj € N: ||h;[| zpa+e) (rpsmr) > 0 it holds that
[fo(v+hy)—fov—(f0 U)hj”LP(Ao;]Rl))

171l zra+o) (roirH)

lim sup (
Jj—o0

1 (16)
< lim sup </ 1f o (v+7hs) = [ o]l coaver (reLwr v dr) =0
0

Jj—o00
Holder’s inequality hence shows that for all v € LI(\o;R¥), ¢ € (0,9/p — 1),
(hj)jen C Cp(1+€)()\o;Rk) with 1imsupj_>oo ||hj||£q()\o;Rk) = 0 and Vj € N:
||hj||£q()\o;Rk) > 0 it holds that
<||f o(v+hj)— fouv—(f ov)hj”[lp(/\o;RI)) 0

151l 2a(rosrr)

lim sup
j—o0

(17)

This demonstrates that F is Fréchet differentiable and that for all v, h € £9(\o; RF)
it holds that

F'([v]xo,8@)[Mro,Brre) = L' (0(2)h(2)}rcolro, B (18)
This proves item (a) and item (b) in the base case m = 1. For the induction step
NN[O,n—1 2>m = m+1 € {1,2,...,n} assume that there exists a natural

number m € NN [0,n — 1] such that item (a) and item (b) hold for m = m. Next
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observe that Minkowski’s integral inequality and Holder’s inequality show that for
all v, h,up ..., um € LI(Ao; RF), € € (0, m — 1) it holds that

H[(f(m) © (U + h)) - (f(m) © v)](ul’ s 7um) - (f(m+1) © ’U)(h’ulv s 7um)Hﬁp()\o;Rl)

1
< Y o (wrh) = fOTY 0 v](houny )| v (rosmr) dF
0

1
Sh/ £ 0 (0 4 7h) = Y 0 0| ppasise (rgspomt v (e iy 4
0

: ||h|\gp<1+s)(1+m)(>\o;Rk) H ||Uing(He)(Hm)(AmRk)-
i=1

(19)
Moreover, note that Lemma 2.3 (with (Q, F,v) = (O,B(0), o), E = R, & =
L(erl)(RkaRl)v b= p(1+€)(1+m)7 q= p(1+1/5)7 ¢ = f(m+l)’ fO =, fj = U+rhj
for r €[0,1], j € N, v € LI No; RF), (h;)jen € {(uy)jen C LPAFIA+FM ()5 RF):
lmsup;_, o |l coa+e)a+m) (g mey = 0}, € € (0,00) in the notation of Lemma 2.3),
the fact that sup,cps ||f(m+1)(x)HL(mﬁ»l)(Rk’Rl) < 0o, and the fact that f(m*1 is
continuous ensure that for all r € [0,1], v € LI(Ao;R¥), € € (0,00), (h;)jen C
£rIFe)AEm) () o RF) with limsup; o, || zoa+e)a4m) (rmry = 0 it holds that

lim sup 170" o (v + rhj) — Fmo v||LP(1+1/€)(/\o;L(M+1)(Rk,Rl)) =0 (20)
Jj—o00
This, the fact that sup,cps ||f(7n+1)($)||L(m+1)(Rk,R1) < 00, and Lebesgue’s theorem

of dominated convergence prove that for all v € LI(Ao; RF), & € (0,00), (h;)jen
£rIFeAEm) (X6 RF) with imsup; o, [|hj]| zoa+e)a4m) (rmry = 0 it holds that

1
mnwp(/|UmﬁnO@+T@)—ﬂmH)“ﬂbmwmumuwmth»m):0'

J—0o0 0
(21)

The fact that Ve € ((),m — 1): LPAFIA+M) (N RF) C L(\o; R¥) and (19)
hence imply that for all v € £/(Ao:RY), € € (0, ;g — 1), and all (hy)jen C
L£rA+e)(4m) () 5 RF) with limsup;_, o [1hjll goa+era+m (rorry = 0 and Vj € N:
||hj||£P(1+E)(1+m)(AO;Rk) > 0 it holds that

lim sup sup (
j—ro0 U1, um €L (Ao;RP),
HZ'Ll Hui”[/p(1+5)(1+m)(/\o;Rk)>0
(™ o (0+hy)) = (£ 0v)] (uosum) = (F "D 0v) (R ur s um) | 2o (r o 1
13l 2oy tm) (x g ey TTmn (il Loty 14m) (4 o i8)

1
< limsup (/ Hf(erl) o(v+ Thj) - f(m+1) © UHm(Hl/a)(Ao;L<m+1)(Rk,R‘)) dr>
0

Jj—o0
=0.
(22)

Holder’s inequality therefore shows that for all v € LI(Ao;R¥) and all (h;)jen C
LI(Ao; R¥) with limsup;_, o 1]l zaroirey = 0 and Vj € N: ||l cargmry > 0 it
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holds that
lim sup sup (
IO uy o um €LY (AosRY),

TI7 il 2o oty >0

[ [(f(m>°(v+hj))*(f(m)ov)](mwwum)*(f(m“)Ov)(hj’m,wum)nguo;ml)

[ ng(/\o;mk) [T s HL‘I(/\@;R’“)

) —0. (23)

The induction hypothesis hence implies that F(™) is Fréchet differentiable and that
for all v, h,uq, ..., Uy € LI(\o;RF) it holds that

F U (W] m@s) (Mo, 50 [Wt]re BRE) - - -+ [Um]ro, BE))
= [{f D (0(2) (A(x), 1 (2), - . . um () }rco]ro,BerE)-

This establishes item (a) and item (b) in the case m + 1. Induction thus completes
the proof of item (a) and item (b).

In the next step we observe that Holder’s inequality ensures that for all m €
{1,2,...,n}, v,w € LIAo;R¥), r;5 € (p,00), u1,...,um € L3(Ao;RF) with L +
M < L it holds that

(24)

H[f(m) oV — f(m) © w}(ulv s 7um)||£p(>\o;Rl)
1_1_m m m 1 (25)
< Pga(O)E 7= F 00 oy — ) 0 W[ £r (AL (RE RYY) H llwill 25 (rosrr)-

i=1

This implies that for all m € {1,2,...,n}, v,w € LI(\o;R¥), r,s € (p,oc0) with
142 <1t holds that

T

sup
U1, um €L° (Ao;RY),
Hzll HuiHLS(AO;Rk)>O

lutllzsrosmry « - umll 2o (roirr)

<|[f(m) ov— [ owl(us,... 7um)”£”(>\o;Rl)>
(26)

1 m

< Pra(O))F 7 E ) fM 00 — £0) 0 ]| 21y o o 8 1) -
Lemma 2.3 (with (Q,F,v) = (0,B(0), o), E = R*, £ = LM(RF R}, p = ¢,
qg=r,¢=f" f; =wv; forr € (0,00), j € Ny in the notation of Lemma 2.3) and
the fact that sup,cpx ||f(n)(x)||L(n)(Rk)Rl) < 00 hence show that for all (v;);en, C

/il()\o;Rk), 7, s € (p,00) with limsup;_, . [|v;]l za(rorre) = 0 and £+ 2 < % it holds
that

lim sup sup ||[f(n) © vj - f(n) © UO](ulv e 7un)||£P()\@;Rl)
I g, un €L7(NoiRY), ||U1H£S(Ao;Rk) Tt ||unH£5(/\o;Rk)
H?;l ”’“‘i||£s()\o;]Rk>>0 (27)

< Pra(O)r [limsup £ 0w — f) o ugl L"(AO;L(7L)(R’€,RZ)):| =0.

j—o0
This establishes that F(™) is continuous. Combining this with item (a) and item (b)
proves item (i) and item (ii). Next note that Holder’s inequality shows that for all
m e {17 2,... ,n}7 re [mp7 OO), (S £q<>\O;Rk)7 ULy e oo Um € EmaX{T7Q}()\O;Rk) it
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holds that
H(f(m) © v)(ulv s 7um)||/$”(>\o§Rl)
m 1w (28)
< | 500 17 @l | o (O T e roey
r€R? i=1
This and item (ii) imply that for all m € {1,2,...,n}, r € [mp, c0) it holds that
IF) () (- ) | e (o i0)
sup su
vELI(A0;RF) uy,...,up € Lmax{ra} (Ao ;R*)\ {0} ||U1HLT(>\O;]R’€) el ”um”LT(/\@;]R’“)
1_m
< [ su]é)k ||f(m) (x)||L<m>(Rk_Rz)} [)\Rd(@)][i" "l < .
T€

(29)

This proves item (iii). In the next step we observe that (26) assures that for all
m e {1,2,...,n}, r,s € (p,00), v,w € L2} (\p: RF) with % + 2 < zl) it holds
that

sup
U, um €L° (Ao;R"),
| Hui”[,S()\o;Rk)>0

(II(f(’") ov— f™ ow)(uy, ... 7um)||£p(>\o;Rl)>

[ |

L5(Ao;RF) " - [l | £5 (Ao ;R*)

Hf(m) (z) — f(m) (Q)HL(”L>(R’°,RZ)
< sup

—_— 12 =yl
7Y

s (077775

v — w||£7‘()\o;Rk).

(30)

This and item (ii) establish that for all m € {1,2,...,n}, r;s € (p,), v,w €
Lmaxtrat(\o; R¥) with 1 + 2 < L it holds that

IFC™) (0) (o) = F ™ (w) (urseostn) | oty

su
p k ”“1HLS(>\ .Rk)'-“'HumHLs()\ RKY
UL ooyt €LMNL5:0) (A5 RF)\ {0} o o;

< | sup £ (@) = F ()l Lo @k o)

z,y€R”, ||.’E - y”Rk
TAY

Pga (0574

[V — wllLr(rorr)-

(31)

This proves item (iv). Item (v) is an immediate consequence of item (iv). The proof
of Proposition 1 is thus completed. 0

2.4. Regular diffusion coefficients. The following result is essentially contained
in [4, Remark 6.1(c)].

Lemma 2.4. Consider the notation in Subsection 1.1, let p € [2,00), r €
(1/4, o0), let (H, (, '>H7 ”HH) = (L2(>‘(0»1);R)7 (-, '>L2(>\(0,1)§R)’ ||'||L2(>\(0,1)§R))7 and let
A: D(A) € H — H be the Laplacian with Dirichlet boundary conditions on H.
Then

(i) it holds for all v € H that (—A)™"v € LP(X(0,1); R),
(ii) it holds that (H > v — (—=A)™"v € LP(X,1); R)) € v(H, LP(A,1); R)), and



ON THE MILD ITO FORMULA IN BANACH SPACES 2225
(#ii) it holds that

HH SV — (*A)*TU S LP(A(O,l);R)||7(H7LP(A(O=1);R))

‘ |p 2/ l/p o0 1 1/2 (32)
< LL =" /2 dx] [ T} < 0.
|: R Var ngl nt

Proof of Lemma 2.4. Throughout this proof let (Q, F,P) be a probability space,
let v,: @ — R, n € N, be independent standard normal random variables, let
fn:(0,1) = R, n € N, satisfy for all n € N, z € (0,1) that f,,(z) = v2sin(nmz), let
(pn)nen C R satisfy for all n € N that p,, = 7?n?, and let e,, € H, n € N, satisfy for
all n € N that e,, = [fn]A(o,l),B(JR)- Note that item (i) is an immediate consequence
from the Sobolev embedding theorem. It thus remains to prove item (ii) and (iii).
For this observe that Jensen’s inequality ensures that for every finite set N'C N it

holds that
2 2
E ZN'Yn(*A)iren ] E[ ZN'Vn(pn)iren ]
ne LP(X0,1);R) ne LP(X0,1)5R)
‘ 9 (33)
< (E Z ’Yn(l’n)iren >
neN LP(X0,1);R)
This implies that for every finite set A/ C NNV it holds that
2

EU 3 An(—A) e, ]
neN LP(X(0,1)iR)
r 1 p 2/p

< /E|: > Ynlpn) " fulz) :|dx:|
LJO neN
rpl 29 /2 2/p

- e[| £ o || Bl oo en
LJO neN
r pl p/2 2/p

[ (S0 710@r) Elmpr)a
LJO neN
r 1 p/2 2/;D

[ (e 10@r) da] Il
LJO neN

The Minkowski inequality hence shows that for every finite set N’ C N it holds that

|

< ||71||i«p(P;R)( 2N<pn>2rfn||zm)).
ne

2

> (=A)"en
neN

> (pn) 7| ful?
N

ne

] < ||71||2£p(]p;R)

LP(A0,1):R) LP/2(P;R) (35)

This proves that for every finite set N’ C N it holds that

Z 'Yn(_A)_Ten

o0 1/2
<lleen| % (o) Tl |
neN

n=min(N)

L2(P;LP (A (0,1);R))
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fe'e) 1/2 o0 1/2
< lmllze@r) [2 > (Pn)%} = ||71LP(IP;R);/3[ > n“}
n=min(N\) n=min(N\)

00 1/2 . ) p - Vs
< ”71”0”(11";11@)[ > n_4r] = [f]R \‘}Lzl?e_w /2 dx] [ 3 n—4r] < .

n=min(N\) n=min(N\)
(36)
This, the Sobolev embedding theorem, and, e.g, [21, Theorem 3.20] complete the
proof of Lemma 2.4. O

Lemma 2.5. Consider the notation in Subsection 1.1, let d € N, p € (2,00), 8 €
(=00, =55, let (H, (- )m |-llg) = (Lz(A(O,l)d;R)’<"'>L2(>\(011>d;R)’H'HL?()\(Oyl)d;R)))
let A: D(A) C H — H be the Laplacian with Dirichlet boundary conditions on H,
and let (Hy, (-, ") g, |'Ilz.), 7 € R, be a family of interpolation spaces associated to
—A. Then
(i) there exists a unique bounded linear operator B € L(LP(X(gqy4; R), L(H, Hp))
which satisfies for all v € L™ax{p4} (Ao, R), u e L4()\(0’1)d;R) that

(Bo)Ju=v-u (37)

and
(i) it holds that

”wHL’A’p/(pr) (A iR)
B . < sup GRS I 38
IBIl e (A g 1ya i), L(H.Hp)) werr o) Tlla_, (38)
Proof of Lemma 2.5. Throughout this proof let
M L2 () g )03 R) — L(L*(A(g1ya; R), H) (39)

be the function which satisfies for all v € Lmax{p’4}()\(0,1)d;R), u € L*(N,1)a;R)
that M (v)u = v-u. Observe that for all v € L™>{P4} (Ao, na:R), u € LY (A, 1ya; R)
it holds that

w,(—A)? (vu
I @)l = [0 - ullgy = (-4 (u-v)lls = sup [“ﬁ‘%”'}
weH\{0}

(=) w,v-u)n| ]
I(=A)=P(=A)Pwlla |

(40)

= sup [
weH\{0}

This and the Holder inequality demonstrates that for all v € Lmax{r:4} (Ao,ny4; R),
u € L*(X(o,1)2; R) it holds that

(M @)u||lg, =  sup [WMM]
p —A)-P
wert D oy LTEA P wll
lwll iyare—1/m i wlvlleo, amllule
(0,1)d"®) (0,1)d}
= e A Pulla (41)
weH_5\{0}
[ Wi/ s o }II | o
= sup -5 > V|| Lea R ullg.
7U€H75\{O} H( A) wHH ( (0,1)d )

Combining this and the Sobolev embedding theorem with the fact that
(—28)-0=-28>4=d[} - [5 - 1]] = d[} - =l (42)
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proves that for all v € Lmax{p’4}(>\(0,1)d; R) it holds that
(M (v))ullmg
L UP T Talm
u€LA (A g 1ya iR\ {0}
(43)

<

|: Hw”L2p/(p—2)(x<0,1)d;[{)

sup — - llvllLe(x :R)-
w5\ [0} T(=A)Puwlla ] ?(Ao,1yaiR)

<o

This implies that there exists a unique function M: Lmax{p’4}()\(071)d;R) — L(H,
Hpg) which satisfies for all v € Lmax{p.4} (Ao, nya:R), u € L* (X9 1)a; R) that

(M(©))u = (M(©))(u) = v-u (44)
and
HwHLZD/(P*?)(/\ 1ydR)
M) L) < sup H(—A)*ﬁw(\loiz)d 1012203 g oy < 00 (45)

weH_p\{0}

This, in turn, assures that there exists a unique bounded linear operator

B e L(LP(Ao,1); R), L(H, Hp)) (46)
which satisfies for all v € Lma"{f’*‘*}()\(m)d; R) that
B(v) = M(v) (47)
and
”’LUHLZ;D/(;J*Z)()\ ) 4iR)
IBIlL(zr (A1), L Hg)) < we;ilf\{o} l A Pwl o < 0. (48)
Combining (44), (47), and (48) completes the proof of Lemma 2.5. O

Lemma 2.6. Let Ao,1): B((0,1)) — [0, 00] be the Lebesgue-Borel measure on (0,1),
let p € [2,00), € €[0,00), B € (—o0, —1/a—¢), let

(H, (s ) = (L2 o,05R)s )22 s [l e g, m))s (49)

tet (V. 1) = (L2 o,y B -l a1 s let At D(A) € H — H be the Lapla-
cian with Dirichlet boundary conditions on H, let (Hy, (-, )m,, [I'lg.), 7 € R, be
a family of interpolation spaces associated to —A, let A: D(A) CV — V be the
Laplacian with Dirichlet boundary conditions on 'V, and let (V,, |-y, ), 7 € R, be a
family of interpolation spaces associated to —A. Then

(1) there exists a unique continuous function v: H_. — Vi which satisfies for all

v eV that v(v) = v,

(i) it holds that v € y(H_¢,Vg), and
(i) it holds that
P 2 Y1 o /2
||LH»7(H,E,V/1) < [/R %e—w /2 dm} [ 21 n4(ﬂ+s)] < 00. (50)
n=

Proof of Lemma 2.6. Throughout this proof let ¢ € L(H_., H) be the unique
bounded linear operator which satisfies for all v € H that

p(v) = (=4)"v (51)
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and let ¢ € L(V,Vg) be the unique bounded linear operator which satisfies for all
v € V_g that

¢(v) = (—A) " v. (52)
Observe that Lemma 2.4 and the assumption that 8+ & < —1/4 prove

(a) that Vo € H: (—A)PTv eV,
(b) that (H > v (—A)PTv € V) € y(H,V), and
(c) that

1/2 50 /2
HH 5o (7A)5+Ev c V”»y(H,U) < [/ %e*ﬂ/z dx] { Z n4(3+6)} < 00.
R n=1

(53)
Note that item (a) assures that there exist functions ®: H — V and v: H_. — V3
which satisfy for all v € H that

®(v) = (—A)7 (54)
and
t=¢odop. (55)
Observe that item (b) and item (c) establish that ® € v(H, V') and
S R S R
P < /764 de} [ n 5] < 0. 56
Il < | [ 55 P (50

Combining this, the fact that ¢ € L(H_., H), and the fact that ¢ € L(V, V) with
Lemma 2.1 ensures that ¢ € v(H_., V) and

lellyczr_. vy < Bl oevvan 1@l vy el L.
/2 /2 (57)

Jo%e) 1
zP a2
=|<I>||V<H,v><[ | e /de] [Zn‘“ﬁ“’] < o0
R n=1

Next note that the fact that Vv € V,t € [0,00): et4v = v, e.g., [10, item (ii)
of Theorem 1.10 in Chapter II] and, e.g., [10, Definition 5.25 in Chapter 11| ensure
that for all v € V' it holds that

(—A)Py = (=A) . (58)
Hence, we obtain for all v € V' that
((v) = $(2(p(v))) = ¢((—A) (= A4) ") = ¢((—A4) )
= Bl(=A)*0) = (AP (A = .
This and (57) complete the proof of Lemma 2.6. O

(59)

The following result, Proposition 2, is closely related to some arguments given
in the proof of Theorem 10.2 in Van Neerven et al. [22].

Proposition 2. Consider the notation in Subsection 1.1, let n € N, § €
(o0, =Y/4), p € (max{ 51ty 2n}, 00), let

(Ha <'> '>H7 HHH) = (LQ()‘(OJ);R)? <'7 '>L2()‘(0,1)§R)7 H'||L2()\(0,1);R))7 (60)
let (V,|-l) = (LP(M0,1); R), ||-||L,,()\(011);R)), let b: R — R be an n-times continu-
ously differentiable function with globally bounded derivatives, let A: D(A) C H —

H be the Laplacian with Dirichlet boundary conditions on H, let (Hy, (-, ) m,., ||l 7. ),
r € R, be a family of interpolation spaces associated to —A, let A: D(A) CV =V
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be the Laplacian with Dirichlet boundary conditions on V', and let (V;, |||y, ), r € R,
be a family of interpolation spaces associated to —A. Then
(i) there exists a unique continuous function B: V — ’y(LQ()\(O,l);R),Vg) which
satisfies for all u,v € L* (X0 1);R) that

B([tl 01, 5) [0l 0y 56 = [(00@) - v@)bacon] s, sy 61

(ii) it holds that B is n-times continuously Fréchet differentiable with globally
bounded derivatives,
(i) it holds for all § € (% max{m, 2n},1) that

+ fj 4B+ @r0) < o, (62)
=1

sup
wGH'rL/(2p§>\{O}

(iv) it holds for all k € {1,...,n}, 6 € (% max{mﬂn}, 1) that

[ HwHL2P5/(p5—2‘n,)()\(Oyl):]R)

Hw”Hn/(gp(g)

o Y2

1/p
z|P  _a? n
sup IB® ()| Lo vy (1,15 < [/R lf% e dx} L 115t /(21"”)}

=1

10l 205/ ps_2m) + .
‘ [ sup T, ww] {Suplb“”(x)] <oo, (63)

w n i
w€H7l/(2p5)\{0} el /(2ps) rxER

and
(v) it holds for all k € {1,...,n}, § € (%max{mjn},l), r € [nfiié,oo)
that

sup
vweLm re} (g 1) R),
v#W

|z]? 2 Yr oo /2
Jz|P —a?/s 4(B+7/(2p 64
< { e dm] [Hz( /2 5>>} (64)

{ ”wHszé/(p(s_zn)()\(O 1>:R>] 16 (x) — bF) (y)]
. su : sup .
wE€Hn,(2p5)\{0} HwHH"/<2p5)

lv — w||Lr(,\(0,1>;R)

1B9)(w) - B<k><w>||m><v,7<mv5»]

z,y€ER, |z —yl
TF#Y
Proof of Proposition 2. Throughout this proof let § € (%max{mﬂn}, 1)
and let ¢: V — L*/" (X0,1); R) be the function which satisfies for all v € LP((g,1);
R) that

¢([U]A<o,1),B(R)) = [{b(v(x))}ze(o,l)])\(o,l),B(]R) = [bo ,U])\(O,l)vB(R)' (65)
Note that item (i) of Proposition 1 (with k=1,l=1,d=1,n=n,p= %‘5, q=p,
O =(0,1), f =b, F = v in the notation of item (i) of Proposition 1) establishes
that ¢: V. — L/ "(A0,1); R) is n-times continuously Fréchet differentiable with
globally bounded derivatives. Moreover, observe that item (iii) of Proposition 1
(withk=1,1l=1,d=1,n=np=2¢g=p, O=(0,1), f=b, F=1¢, m=k,

n

r =pfor k € {1,...,n} in the notation of item (iii) of Proposition 1) proves that
for all k € {1,...,n} it holds that

(k) X (k)
18)161‘13 ||¢ (U)||L(k)(V,Lp{s/"(A“)J);R)) < 22% ‘b (1‘)| < Q. (66)

In addition, we apply item (iv) of Proposition 1 (with k =1,1=1,d =1, n =n,
p:%‘;,q:p,(9:(071),f:b,sz,m:k,r:r,s:p,v:v,w:wfor
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v,w € L™>rPH (A1) R), r € [nf—%, 00), k € {1,...,n} in the notation of item (iv)

of Proposition 1) to obtain that for all k € {1,...,n}, r € [nf—ié, 00) it holds that

l“/’(k) (v) — w(k)(w)”L(’C)(V7Lpd/n(,\(0,1);]R))]

sup
v,we L™ MPY (X 1)iR), v — wHLT(,\(O,l);R)
v#W
llw(k)(v) T CRS] IR mﬂﬂ
= sup sup -
v,weLmaxi;T;})(A(oyl);R), 21‘;&-{% [0 = wllzr (o) - lvallv - flokllv
(k) — pk)
< [ PP =80
z,y€R, |.’IJ - y|
TF£Y
(67)
Moreover, note that for all ¢ € [p,00), v € L9(X\(g,1); R) it holds that
1 1 1 q
/ b(o(a))|" dz = / b(0) +/ Y (ro(@)o(z) dr| do
0 0 0
1 q
< [ (mor+ @) d
€
0 y (68)

< g0t / 1 (|b<o>q Hlo(a)l7sup b'(yw) de

1
=941 (|b(0)q -+ sup \b’(y)|q/ lv(x)]? dZE> < 0.
yeR 0
This proves that for all ¢ € [p,00), v € LI(X(g,1); R) it holds that
¥(v) € LY (A0,1); R). (69)

In the next step we observe that Lemma 2.5 (withd =1, p = %5, 8= _2L;;6’ A=A
in the notation of Lemma 2.5) assures that there exists a unique

M € L(L""" (Ao,1)5 R), L(H, H-s/(ay)) (70)
which satisfies for all v € Lma*{*/m4} (X o 1):R), u € L*(A(g,1); R) that
(Mv)u=v-u (71)
and
1wl 208/(ps5—2n .
M (L7375 1) i) L H -y ps))) 'UJGHn?EI:J)\{O} L ‘Iu/)(lan/(Ql:;(OJVR) < oo.
(72)

Moreover, we note that Holder’s inequality shows that for all u,v € L?P (Ao,1);R)
it holds that
(Mv)ueV. (73)
Furthermore, we observe that Lemma 2.6 (with p = p, € = %, B =05 A=A,
A = A in the notation of Lemma 2.6) and the fact that
B+ apmy = 1B+ @y < —d (74)
yield that there exists a unique

L€ Y(H _n/i2p8), V) (75)
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which satisfies for all v € V that
t(v) =v (76)

and

Yrr oo 1/2
|z —<?/ 4(B4+n/(2p
el (Er sy Vi) < UR Norde 2dm] [l;z (Btr/c2 ﬂ <oo. (77)

In addition, note that (65), (69), (71), (73), and (76) demonstrate that for all
u,v € [,21’()\(0’1);]1%) it holds that

(M ([0]x 00 8@ D Ur ) 5@) = [{b0() - w@)}econ] s, w78
Next observe that Lemma 2.1, (70), (72), (75), and (77) establish that
(a) forallv e Lp‘;/"()\(o,l);]R) it holds that ¢ o [M(v)] = «M(v) € v(H, Vp) and
”’/M(U)”'y(H,Vg) < ||L||7(H_n/(2p5),vﬁ)”M(U)HL(HvH—n/(Qpé)) <0 (79)

and
(b) that
(L"" (M o,1):R) 3w 1M (w) € v(H,V3)) € L(L"/"(\0,1): R),¥(H, V5)). (80)

Combining this with the fact that ¢: V — L”‘s/"()\(o,l);R) is n-times continuously
Fréchet differentiable with globally bounded derivatives and the chain rule for dif-
ferentiation implies that there exists a unique function

B e CP(VA(H, V7)) (1)
which satisfies for all v € V, u € H that
B(w)u = (M (¥(v))u). (82)

This and (78) prove items (i) and (ii). Next observe that (72) and (77) establish
item (iii). It thus remains to prove items (iv) and (v). For this note that (80), the
fact that ¢: V — L*/ "(A0,1); R) is n-times continuously Fréchet differentiable with
globally bounded derivatives, and the chain rule for differentiation assure that for
all ke {1,...,n}, v,u1,...,ux €V, u € H it holds that

B® (v)(vy, ..., 00) (1) = M ® () (v1, ..., v))u. (83)
Therefore, we obtain that for all k € {1,...,n}, v € V it holds that

||B(k)(v)(vlv s 7vk)||’Y(H Vs)
1BS @) 00 = sw -
L) (V,y(H,Vp)) v EVA {0} lorllv - llokllv

Ly MEYOE, )
vy ol ol

||1/J(k) (’U)(’Uh o ,’l}k) HLP‘S/”()\(OJ);R)
(\o,1)iR),¥(H,V5)) Sup

<Ml o ppe
Lo 1se o €EVA{O} vallv - llokllv

k
< ||LM”L(LP%(A(O,I);R),V(H,VB))||¢( )(U)HL(k)(V,L”‘S/"(A(O’l);R))'
(84)
This and (66) ensure that for all k € {1,...,n} it holds that

6up 1B 0wy < 1M 150 ) |02 O (85)
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Combining this with (79), (72), and (77) shows that for all k € {1,...,n} it holds
that

sup HB(k)(U)||L<k>(v,7(H,v5))
veV

k
< 1l V500 20,08y 338 D

z€R
7 2 g [ 2 paanvansn] (86)
< 2L =" de} { l "/ (2p8) }
|: R vam =1
”w”L2P5/<p672n)(>\ R)
L e sup ) (o) | < o
’LUEHn/(Qp(;)\{O} /(2p%) rzeR

This proves item (iv). Next note that (83) demonstrates that for all k € {1,...,n},
r € [, 00), v,w € L™ P (N 1);R), vy, ..., v € V' \ {0} it holds that

I(B® (v) = B® (@) (01, - ., 00) |arv

loallv - llvellv
M ([ (v) = oW (w)] (v, -, vi)) | (a1,v)
N forllv - loxllv
1® (0) = 9 @) (01,0 | g iy
< HLM”L(LP‘S/"(/\(O,D;R),fy(H,Vg)) [l - onlly

k k
< HLMHL(LPJ/n(,\(O’l);R)W(H,Vﬁ))||¢( )(U) - w( )(w)HL(k)(v,L”‘*/n(A(o)l);R))‘
(87)

This, (67), and (79) assure that for all k € {1,...,n}, r € [nf—ig, 00) it holds that

sup ||B(k)(1’) —B® (w)”L(’C)(V,'y(H,Vg))
v,we L™ PY (N (o 1)iR), ”U - w”LT()\(o,l);R)
vFW

< ||LM||L(LP5/n

w ®@) 60 ()
o)y (HVa) | S |z — ]

T#y

o™ (@) — b (y)]
<
= ”LHV(HJ/@M%VB)||MHL(L”5/”(/\(0,1>;R),L(H,H—"/(zpa))) L%EI?R |z — | .
T#Y

(83)

Combining (88) with (77) and (72) establishes item (v). The proof of Proposition 2
is thus completed. O

Corollary 1. Consider the notation in Subsection 1.1, letn € N, 8 € (—oo0, —1/4),
p € (max{zs,2n + D}oo), (Vi) = (LR, [l m)s let
b: R — R be an n-times continuously differentiable function with globally Lipschitz
continuous and globally bounded derivatives, let A: D(A) CV — V be the Laplacian
with Dirichlet boundary conditions on V, and let (V;, |||y, ), v € R, be a family of
interpolation spaces associated to —A. Then
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(i) there exists a unique continuous function B: V — ~y(L*(A,1);R), V3) which
satisfies for all v,u € EQP()\(OJ);R) that

B([0]x0.1).8)) [, 80) = [{b(v()) - U(m)}xe(o,l)h(o’wg(m (89)

and
(i) it holds that B is n-times continuously Fréchet differentiable with globally Lip-
schitz continuous and globally bounded derivatives.

Proof of Corollary 1. First, note that for all k € {1,2,...,n} it holds that

» ax{ iy 20} = 5 max{ gaiay 2}

90
:#_’_l)max{W%,Q(n+l)}<ﬁ<l (90)

and .
npi(k?th)l) = (n+11))7k = T S P (91)
Items (i), (ii), (iii), and (v) of Proposition 2 (with n =n, 8 =8, p = p, b = b,
A=A k=n,6= ﬁ, r = p in the notation of Proposition 2) therefore establish
items (i) and (ii). The proof of Corollary 1 is thus completed. O

3. Mild stochastic calculus in Banach spaces. In this section we generalize
the machinery in [14, Section 5] from separable Hilbert spaces to separable UMD
Banach spaces with type 2. Throughout this section we frequently employ the well-
known fact that for all separable R-Banach spaces (V1, |||ly,) and (Vz,||[|y,) with
V1 C V5 continuously it holds that

B(Vi) ={B € P(V1): (3A € B(V2): B=ANV)} C B(V2) (92)
(cf., e.g., [1, Lemma 2.2] and [24, Theorem 2.4 in Chapter V]).

3.1. Setting. Throughout this section we frequently assume the following set-
ting. Consider the notation in Subsection 1.1, let ¢y € [0,00), T € (tg,0),
L= {(tl,tg) € [to, T)?: t1 < tg}, let (Q2, F,P) be a probability space with a normal
filtration F = (F¢)iet,,7), let (Wi),epy, 77 be an Idy-cylindrical (Q2, F, P, F)-Wiener
process, let (Va ”HV)a (V7 ””V)v (Vv H||\7)7 and (V, ””V) be separable UMD R-
Banach spaces with type 2 which satisfy V C V C 1% continuously and densely,
let (U, (-,-)y»|I-lly) be a separable R-Hilbert space, let U C U be an orthonor-
mal basis of U, and for every separable R-Banach space (E, ||-|| ), every convex
set A C R, and all X € M(B(A) ® F,B(E)), a,b € M(F,B(A)) with a < b
and P( [V [|X,||pds < o0) = 1 let [* X ds € L°(P;E) be given by [’ X, ds =

b
L) ]l{fj X5 du<oo}Xs ds]IP,B(E)'
3.2. Mild It6 processes.

Definition 3.1 (Mild It6 process). Consider the notation in Subsection 1.1, let
V0 -e)s (Vo l-lly), and (V7 l|l-Ily;) be separable UMD R-Banach spaces with type
2 which satisfy V' C V C V continuously and densely, let (U, (v Illy) be a
separable R-Hilbert space, let ¢ty € [0,00), T € (to,00), let (Q, F,P) be a probability
space with a normal filtration F = (Fi)ef,,7), and let (Wy),epp, ) be an Idy-
cylindrical (2, F,P,F)-Wiener process. Then we say that X is a mild It6 process
on (Q,F,P,F, W, (V. IIlv)s (Vs [I-lly)s (V, |-ly-)) with evolution family S, mild drift
Y, and mild diffusion Z (we say that X is a mild It6 process with evolution family
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S, mild drift Y, and mild diffusion Z, we say that X is a mild Itd process) if and
only if it holds
(i) that X € M([to,T] x ©,V) is an F/B(V)-predictable stochastic process,

(ii) that Y € M([to, T] x Q,V) is an F/B(V)-predictable stochastic process,

(iii) that Z € M([to,T] x Q,~(U,V)) is an F/B(y(U,V))-predictable stochastic
process,

(iv) that S € M({(t1,t2) € [to, T)?: t1 < t2}, L(V,V)) is a B({(t1,t2) € [to, T]*:
t1 <ta})/ S(V, V)-measurable function which satisfies for all t1,to, t3 € [to, T
with t; < to < t3 that Stz,tg,stl,tg = Stl,tg,a

(v) that ¥Vt € (to, T): P(f, [|SesYally + 15,625 12 .57y ds < 00) = 1, and

(vi) that for all t € (to, T it holds that

t t
[XthP’,B(V) = |:St0,tXt0 +/ ]].{ftt St Yu\|vdu<oo}SS7t}/S d5:| +/ Ss,tZs dWs
to 0 P,B(V) to

(93)
Lemma 3.2 (Regularization of mild It6 processes). Assume the setting in Subsec-
tion 3.1 and let X: [to,T] x Q@ = V be a mild Ité6 process with evolution family
S: /= L(V,V), mild drift Y: [to,T] x Q@ — V, and mild diffusion Z: [to, T] x
Q — (U, V) Then there exists an up to indistinguishability unique stochastic
process X : [to, T] x Q — V' with continuous sample paths which satisfies Vt €
[to,T)Z P(Xt = St,TXt) =1.
Proof of Lemma 3.2. The assumption that X is a mild It6 process, in particular,
ensures that P(ﬂf 1S5, 7Yy + ||Ss,TZs||3(U7(/) ds < o0) = 1. This implies that

there exists a stochastic process X : [to, 7] x Q — V with continuous sample paths
which satisfies for all ¢ € [tg,T] that

t t
[Xt]IP,B(V) - [StU7T XtO]]P’,B(V) + / SS,T )/é dS + / SS,T ZS dWs (94)
to to

Next observe that Definition 3.1 ensures for all ¢ € (t9,T") that

t t
[Sto.7 Xtolp.5(v) +/ SsrYsds +/ Ss1 Zs AW
to to
t

t
= SiT ([Sto,t th]]P’B(f/) + [ SsyYsds+ [ SsiZs dWs) = Si,1 [Xt]]P”B(\V/)-

t t

0 0 (95)
Combining this and (94) shows that for all ¢ € [y, T') it holds that

[Xt]IP,B(V) = [St,TXt]P,B(V)- (96)
Moreover, observe that for all stochastic processes A, B: [0,T] x  — V with con-
tinuous sample paths which satisfy Vt € [tg,T): ]P’(At = Bt) = 1 it holds that
P(Vt € [to,T]: Ay = B;) = 1. Combining this with (96) completes the proof of
Lemma 3.2. O

Lemma 3.3 (Regularization of mild It6 processes). Assume the setting in Subsec-
tion 3.1, let X: [to, T) X Q =V be a mild Ito process with evolution family S: £ —
LV, V), mild drift Y : [to, T) xQ — V, and mild diffusion Z: [to, T] xQ — (U, V),
and let X: [to, T] x Q — V be a stochastic process with continuous sample paths
which satisfies V't € [to,T): ]P’(X't = St,TXt) =1. Then
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(i) it holds that X is F/B(V)-predictable,

(i) it holds that P(Xp = Xr) =1,
(iii) it holds that P(f,. ||SerYally + [1SerZs|2 . ds < 00) =1, and
(iv) it holds that

t t
Vi€ [to, T]: [Xilo sy = [Sior XtO}RB(V)Jr/ SS7Tsts+/ Sy.0 Zs dW,. (97)
to to

Proof of Lemma 3.3. The assumption that X has continuous sample paths, the
fact that X is F/B(V)-adapted, and the fact that Vt € [to,T): P(X; = S0 X¢) = 1
establish item (i). Moreover, note that the assumption that X is a mild It6 process
proves item (iii). In addition, observe that the assumption that V¢ € [to,T): IP(X} =
St’TXt) = 1 implies that for all ¢ € [tg, T) it holds that

t t
[Xt]JP’,B(V) = [St»TXthP’,B(V) = [Sto,T Xto]]P’,B(V) +/ Ss,T sz ds +/ Ss,T Zs dW‘S

to to
B (98)
Combining this with the assumption that X has continuous sample paths shows
items (iv) and (ii). The proof of Lemma 3.3 is thus completed. O

3.3. Standard It6 formula. Theorem 3.4 is an elementary modification of The-
orem 2.4 in Brzezniak et al. [5] (cf. Lemma 2.2 in Subsection 2.1 above).

Theorem 3.4. Assume the setting in Subsection 3.1, let p = (p(t,2))iefty, 1),2ev €
CY2([to, T] x V,V), &€ € M(Fy,,B(V)), let Z: [to,T] x & — (U, V) be an
F/B(y(U,V))-predictable stochastic process which satisfies ]P’(ft:g ||ZtH3(U7V) dt <
o00) =1, let Y: [to, T] x @ = V be an F/B(V)-predictable stochastic process which
satisfies ]P’(ftfHY}Hv dt < o00) =1, and let X: [to,T] x @ — V be an F/B(V)-
predictable stochastic process which satisfies for all t € [to, T| that

t t
[(Xilp.B0v) = [Elp,B(Vv) +/ Y, ds +/ Zs dWs. (99)
to to

Then
oo T

(i) it holds that P(f, 1(Z¢)(s, Xs)|lvds < 00) =1,
(ii) it holds that IE”(ftf 1(Z0) (s, Xs)Ys|lvds < 00) =1,

L T
(iii) it holds that P(f,_ 1(Z¢)(s, ) Zs|I3 1y ds < 00) = 1,

1w) 1t holds jor all w € (), s € |{g, that there exists a unique v € V such that

) it holds f ll Q T| that th ) ) 1% h th

X
X

inf sup |jlv— > (aa—;cp)(s, Xs(w)(Zs(w)u, Zs(w)u)|| =0, (100)
ICU, rcycu, ueJ Vv
#1<00 41, <00
(v) it holds that
T 2
P / S (Z50)(s, Xo)(Zou, Zsu)|| ds < oo | =1, (101)
to u€elU 4

and
(vi) it holds for all t; € [to, T that

ot X1,) — o(to, Xoo)]osv) = / (29)(5.X) + (29)(s, X)Y] ds (102)

to
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t1

t1
+1 t ZU(QB—;w)(s,XS)(ZSu,ZSu)dS—i—/t (L 0)(s, X;) Zy AW
0 u€ 0

3.4. Mild It6 formula for stopping times.

Theorem 3.5 (Mild It6 formula). Assume the setting in Subsection 3.1, let
X: [to,T] x Q — V be a mild Ité process with evolution family S: £ — L(V,V),
mild drift Y: [to,T] x Q — V, and mild diffusion Z: [to,T] x Q@ — ~(U, V), let
X: [to, T] x Q — V be a stochastic process with continuous sample paths which
satisfies Vt € [to,T): P(Xy = SirXi) = 1 (see Lemma 3.2), let v € [to,T),
¢ = (o(t, %)) iepr1, vev € CY2([r, T) x V,V), and let T: Q — [r, T] be an F-stopping
time. Then

(i) it holds that P(f [|(2¢)(s, Ss,rXs)Ss1Ys|lv ds < 00) = 1,
oy T
(i) it holds that P( ||(8%<p)(8,SS,TXS)SS’TZ5||3(U7V) ds < 00) =1,
(iii) it holds that P([" |(2)(s,Ss1Xs)|lvds < 00) = 1,
(

O T, 92
(iv) it holds that P( [ |(Z5¢)(s, Ssr X)L (v v) ”S&TZS”i(U,V) ds < 00) =1,
(v) it holds for all w € Q, s € [r,T| that there exists a unique v € V such that

inf  sup |jv— > (88—;90)(5, Ss1Xs(W))(Ss, 1 Zs(w)u, Ss 1 Zs(w)u)|| =0,
ICU, rcycu, ueJ v
#r<00 & ;00
(103)
(vi) it holds that
T 2
}P’(/ > (%g@)(s,S’SVTXS)(SsﬁTZSu,SsyTZSu) ds < oo) =1, (104)
r uwel \%

and
(vii) it holds that

[o(r, X)le.8ov) = [e(r, Srr Xe)]p.80v) +/ (Z0)(s,S57Xs) Ss.1 Zs AW,

+/ [(5:0) (5, 85,0 Xs) + (£5¢) (5,57 Xs) S5, Ys] ds (105)

T

+ 11 S () (s, SerXe) (S Zsu, S 1 Zsu) ds.
r u€el
Proof of Theorem 3.5. Throughout this proof let ¢y o: [r, T)xV — V, g1 [r, T] x
V — L(V,V),and @g2: [r,T]xV — L®(V,V) be the functions which satisfy for all
t € [r,T), x,v1,v2 € V that o1 o(t,2) = (%gp)(t,m), wo,1(t,x) v = (a—‘zﬁap)(t,w) vy,
and @ 2(t, z)(vy,v2) = (aa—;go) (t,z)(v1,v2). Note that Lemma 3.3 ensures that X is
an F/B(V)-adapted stochastic process with continuous sample paths which satisfies
for all ¢t € [to, T that
t t
(Xile s = [Sor XuJesor + [ SeVodst [ SnZeaws. (100)

to to

Moreover, the assumption that ¢ € CY2([r,T] x V,V), the assumption that
X: [to,T] x @ — V has continuous sample paths, and the fact that Vit €
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t .
[to, T: ]P’(ft0 196, Y5y + ”SS’tZS”'Qy(U,W ds < o0) =1 imply that

T
P(/ 0,1 (5, Xo)Ss 7Yl + [l0,1 (8, X)Ss 7 Zs |20y ds < OO) =1 (107)
and

T
P(/ lero(s, Xo)llv + llvo,2(s, Xo)ll g v o) 1850 Zs 15 1 5y ds < 00) =1
.

(108)
Combining this with, e.g., Lemma 3.1 in [15] proves items (i)—(iv). Then note that
Lemma 3.3 and Theorem 3.4 show

(a) that for all w € Q, s € [r, T| there exists a unique v € V such that

inf sup |jv-— Z ©0,2(8, Xs(W))(Ss7Zs(W)u, Ss 7 Zs(w)u)|| =0,  (109)
ICU, jccu, ; Vv
#1<00 4 <oo heJ
(b) that
T —
P(/ Z @0,2(8;Xs)(‘ss,TZsuySs,TZsu) ds < OO) - 17 (110)
r uelU v
and
(c) that

[o(m, X7)lp.s0v) = [0(r, Xr)lp B(V) +/ ©1,0(8, Xs) + 0,1(5, Xs)Ss, 7Y ds
. ;' (111)
+/ ©0.1(8, Xs)Ss.7Zs AW + %/ Z ©0,2(8, Xs) (Ss,7Zsu, Ss 7 Zsu) ds.
T T UGU
Combining this with, e.g., Lemma 3.1 in [15], the fact that Vt € [to, T): P(X, =
St Xt) = 1, and the fact that V¢ € [to, T]: P(ZueU @072(57X3)(SS,TZSu, SsrZsu
= weu 0,2(8, S5 7Xs)(Ss, 1 Zsu, Ss 7 Zsu)) = 1 demonstrates that item (v) holds,
that item (vi) holds, and that for all ¢ € [r, T] it holds that

t
lo(t, Xo)le.s0vy = [2(1, Srr Xr)lp,B0V) +/ ©0,1(8, Ss,7Xs) Ss.1 Zs AW

t
+ / ©1,0(8,957Xs) + ¢0,1(8,95,7Xs) Ss,7 Vs ds (112)
t
+ % / Z @0)2(8, stTXs) (SS’TZSU, SS,TZSU) ds.
" wel
This implies item (vii). The proof of Theorem 3.5 is thus completed. O

Definition 3.6 (Extended mild Kolmogorov operators). Assume the setting in
Subsection 3.1, let S: £ — L(V,V) be a B(£)/S(V, V)-measurable function which
satisfies for all t1,t0,t3 € [to,T] with t1 < ta < t3 that Sy, 1,5t .4, = Sty.14, and
let (t1,t2) € £. Then we denote by L7, C2(V,V) = C(V x V x 4(U,V),V) the
function which satisfies for all p € C?(V,V), 2 €V, y € V,ze (U, V) that
(ﬁi,tz‘%’) (@,9,2) = ¢'(S.4. ) St Y + 3 Z @ (St 12 ) (Sty 4221, Sty 1, 20).

uelU
(113)
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The next corollary of Theorem 3.5 specialises Theorem 3.5 to the case where
r = to and where the test function (¢(t, 2)) ety 77, vev € CY2([ty, T)xV,V) depends
on x € V only.

Corollary 2. Assume the setting in Subsection 3.1, let X : [to, T|xQ — V be a mild
It6 process with evolution family S: £ — L(V, V), mild drift Y : [to, T]xQ — V, and
mild diffusion Z: [to, T]xQ — y(U, V), let X : [to, T|xQ — V be a stochastic process
with continuous sample paths which satisfies Vt € [to, T): ]P’(Xt = St,TXt) =1 (see
Lemma 3.2), let p € C2(V,V), and let T: Q — [to, T] be an F-stopping time. Then

(i) it holds that P( [, (L5 1) (Xs, Y, Zo)||y ds < 00) = 1,

L T

(ii) it holds that P([, [l¢'(Ss,0Xs)Ss,mZs|2 1y ds < 00) =1, and
(iii) it holds that

(P lrs) = (oS Xi e + [ (E57)(X, Ve, Z2) ds

to
+ / @/(SS,TXS) Ss,T Zs dWs
to
The next result, Corollary 3, specializes Corollary 2 to the case where Vw €
Q: 7(w) =T. Corollary 3 is an immediate consequence of Corollary 2, Lemma 3.2,
and Lemma 3.3.
Corollary 3. Assume the setting in Subsection 3.1, let X : [to, T|xQ — V be a mild
It6 process with evolution family S: / — L(V, V), mild drift Y : [to,T] x Q — V,
and mild diffusion Z: [to, T] x Q — ~(U, V), and let ¢ € C*(V,V). Then
(i) it holds that P( [, (L5 1) (Xs, s, Zo)||y ds < 00) =1,
o T
(ii) it holds that P( [, ||§0/KSSJ’XS)SS7TZS||,2Y(U7V) ds < o00) =1,
(#i) it holds that P(Xr € V) =1, and
(iv) it holds that

(114)

T
[(p(XT]]‘{XTEV})]P’B(V) = [W(Sto,TXto)]]P’,B(V) +/ (‘C:;S,T(p) (XS, Ys, ZS) ds
t
° (115)

T
+ / Qol(SS,TXS)SS,T Zs dWs

to

3.5. Mild Dynkin-type formula. Under suitable additional assumptions (see
Corollary 4 below), the stochastic integral in item (iii) of Corollary 2 is integrable
and centered. This is the subject of the following result.

Corollary 4 (Mild Dynkin-type formula). Assume the setting in Subsection 3.1,
let X: [to, T) x Q2 — V be a mild Ité process with evolution family S: £ — L(V, V),
mild drift Y: [to,T] x Q — V, and mild diffusion Z: [to, T] x Q@ — ~(U, V), let
X: [to, T] x Q — V be a stochastic process with continuous sample paths which
satisfies Vt € [to,T): P(X; = Sy rX;) = 1 (see Lemma 3.2), let p € C*(V,V), and
let 7: Q — [to, T| be an F-stopping time which satisfies that

min{ | [o(S1 10 le.s + [ (£5r0) (X Ve, 20 85| | BN |

+E|

T 1/2
tf HQOI(SS,TXS) SS,T ZSH?}/(U,V) dS' :| < 00.
0
(116)
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Then
(i) it holds that

E[l0(X:) Iv] +E[H[so<sto,TXto>h»,B<w +tZ<ciTw><XS7Ys,ZS>dsHV] <00 (117)

and
(i) it holds that

E[o(X)] = E[lp(Sty 0 X0 )leson + [ (L3ro) (X Ve Z) s (118)

Proof of Corollary 4. First, note that item (iii) of Corollary 2 proves that

[e(X)le.80v) = [@(Sto,7X10)]p,500)

T T 119
+/ (EiT@)(XS,YS,ZS)ds+/ ¢ (Ss.7Xs) Ser Zs AW (119)

to to

min{t,7}

Moreover, the fact that j;o O (Ss,1Xs)Ss,1Zs dWs, t € [to,T), is a local
F-martingale, the assumption that E[| ftz ||<p’(SS,TXS)SS,TZSH,Qy(U’V) ds|'/?] < oo,
and, e.g., the Burkholder-Davis-Gundy type inequality in Van Neerven et al. [23,

Theorem 4.7] ensure that

min{¢,7}
/ (PI(SS,TXS)SS,TZS dWsa te [t(lv T]7 (120)

to

is an F-martingale. This, the fact that
min{ E[[[¢(Sto,mXe)Je80v) + [5, (£570) (Xs, Y, Zo) dsllv ], E[[lo(Xo)[[v] } < oo,

(121)
and (119) prove that item (i) holds and that
Elp(X,)] = E[[SO(Sto,TXto)]P,B(V) +/ (L5 79)(Xs, Yy, Z,) ds|. (122)
to
The proof of Corollary 4 is thus completed. O

3.6. Weak estimates for terminal values of mild It6 processes.

Proposition 3. Assume the setting in Subsection 3.1, let X : [to,T] x Q =V be a
mild Ité process with evolution family S: / — L(V, V), mild drift Y : [to, T] x Q —
V, and mild diffusion Z: [to, T] x Q — (U, V), let ¢ € C*(V,V), and assume that

F-stopping time
HV' 7: Q= [to, T }
(123)

{Hga([sto,T Xioleseiry + JoSsr Ysds+ [) Sor Zs dW)

s uniformly P-integrable. Then

(i) it holds that P(X1 € V) =1,

(i) it holds that E[HSQ(XT]]'{XTEV})HV + (St 7 X4, |lv] < 00, and
(iii) it holds that

[E[o(Xr1x,erp]lly < [Ele(ShrXew)] ], JrfE[H(‘Cf,TSD)(XSa}/;>ZS)||V] ds.
(124)
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Proof of Proposition 3. Throughout this proof let 7,,: Q — [to,T], n € N, be the
functions which satisfy for all n € N that

t
= inf({T} U {t € [t T): [ 116/ (So.rXs) Soir Zol2 ) ds > n}> (125)
to

and let X: [to, T] x Q — V be a stochastic process with continuous sample paths
which satisfies

Vi€ [to,T): P(Xy = SirXy) =1 (126)
(cf. Lemma 3.2). Note that item (iii) of Corollary 3 establishes item (i ) Moreover,
observe that the assumption that the set {Hap [Sto. 7 Xiolp B T ft 517 Ysds +
fto o1 Zs dWy)|lv: F-stopping time 7: Q — [to, T]} is uniformly P-integrable pro-
ves item (ii). Next note that item (ii) of Corollary 2 shows that

T
IP’(/ ¢’ (Ss.7Xs) Ssr ZS||,2Y(U1V) ds < oo) =1. (127)
to
This establishes that
IP( lim 7, = T) =1 (128)
n—oo

Note that assumption (123) and Lemma 3.3 ensure that the set {||o(X, )||v: n € N}
is uniformly P-integrable. Equation (125) hence shows that for all n € N it holds
that

E[nso(XTn)nth[ / ||sa'<ss,TXs>ss,TZs>||3(U,v>ds}<oo- (129)

The fact that for all n € N it holds that 7, is an F-stopping time thus allows us to
apply Corollary 4 to obtain that for all n € N it holds that

E[p(X,,)] =E [[so(stomxto)]ﬂm,s(w - LS o) (Ko Ve Z0) ds]

(130)
= Elo(St7X10)] +E[ [ ey z) as ]

to
The triangle inequality hence proves that
thUpHE[ Tn ]HV H]E[ Sto,TXto)]”V+ftj(;]E[”(EiT‘P)(XSaYSaZS)”V] ds.
(131)
This together with (128), item (ii) of Lemma 3.3, and the uniform P-integrability of

{lle(X,)|[v: n € N} assures (124). The proof of Proposition 3 is thus
completed. O

Proposition 4 (Test functions with at most polynomial growth). Assume the set-
ting in Subsection 3.1, let X: [to,T] X Q@ — V be a mild Ité process with evolu-
tion family S: £ — L(V,V), mild drift Y: [to,T] x Q@ — V, and mild diffusion
Z: [to, T] x Q = (U, V), and let p € [0,00), ¢ € C*(V,V) satisfy
sup [[lo()[[v(1+ [l2]f,) 7] < o0 (132)
eV
and

gl

Then
(i) it holds that P(X1 € V) =1,

/2 T p
el gy s +||sto,TXto||g+\tf||SS,T1@||Vds\]<oo. (133)
0
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(i) it holds that E[”‘P(XTH{XTEV})”V + le(Ste, 7 X1,)|lv] < o0, and
(iii) it holds that

||E[ XTIL{XTGV} H|v HE[ Sto TXto H|v + fE[”( T‘P)(stYSaZs)”V]d&
(134)

Proof of Proposition /. Throughout this proof let X: [to,T] x @ — V be a sto-
chastic process with continuous sample paths which satisfies Vt € [tg, T): P(Xt =
SirXi) =1 (cf. Lemma 3.2) and let Z: [to,T] x Q — V be a stochastic process
with continuous sample paths which satisfies for all ¢ € [to, T'] that

t
[Zt]]P’,B(V) = SS,TZS dWs (135)
to

Observe that Lemma 3.3 implies that for all ¢ € [tg, T] it holds P-a.s. that

le(Xlly < [sup le@ly 4y,

<3plsp le(@)lly

eV (1 + || H;D)

T P
(1+||Sto,TXtO||e+\ | I8l ds +||zt||e>.
to
(136)

Moreover, e.g., the Burkholder-Davis-Gundy type inequality in Van Neerven et al.
[23, Theorem 4.7] shows that there exists a real number C € [1, 00) such that
E[ sup Zt||1€/] <CE

p/2
Ssr Zs . 137
s | / R (137)

Combining (136) and (137) yields that there exists a real number C € [1,00) such
that

E[ Sup]lw(Xt)Ilv} <C<1+]E[|StoTXto V]

. p/2 (138)
‘/ ||SsTY|\Vds +E ‘/t 1857 Zs |12 7.7, ds :
Assumption (133) hence ensures that
E| s le(Xllv] <. (139)
te[to,T]
Lemma 3.3 therefore proves that
t
E|: sup (P<St0,TXt0 +/ SS,T}/S]].{IT ISpzYy ||y dr<oo} d8+Zt> :| < Q. (140)
te(to,T) to to T %
Combining this with Proposition 3 completes the proof of Proposition 4. O

REFERENCES

[1] A. Andersson, A. Jentzen and R. Kurniawan, Existence, uniqueness, and regularity for sto-
chastic evolution equations with irregular initial values, arXiv:1512.06899 (2016), 35 pages.
Revision requested from J. Math. Anal. Appl.


http://arxiv.org/pdf/1512.06899

2242
(2]
3]

[4]

[5]

[6

7]

[9)

(10]

(11]
(12]

(13]

(14]

(15]

[16]
(17]
(18]

(19]

20]

21]

(22]

23]

SONJA COX, ARNULF JENTZEN, RYAN KURNIAWAN AND PRIMOZ PUSNIK

B. Birnir, The Kolmogorov-Obukhov statistical theory of turbulence, J. Nonlinear Sci., 23
(2013), 657-688.

B. Birnir, The Kolmogorov-Obukhov Theory of Turbulence, SpringerBriefs in Mathematics.
Springer, New York, 2013. A mathematical theory of turbulence.

Z. Brzezniak and Y. Li, Asymptotic compactness and absorbing sets for 2D stochastic Navier-
Stokes equations on some unbounded domains, Trans. Amer. Math. Soc., 358 (2006), 5587—
5629.

Z. Brzezniak, J. M. A. M. v. Neerven, M. C. Veraar and L. Weis, It6’s formula in UMD
Banach spaces and regularity of solutions of the Zakai equation, J. Differential Equations,
245 (2008), 30-58.

E. Celledoni, D. Cohen and B. Owren, Symmetric exponential integrators with an application
to the cubic Schrédinger equation, Found. Comput. Math., 8 (2008), 303-317.

D. Cohen and L. Gauckler, One-stage exponential integrators for nonlinear Schrédinger equa-
tions over long times, BIT, 52 (2012), 877-903.

G. Da Prato, A. Jentzen and M. Rockner, A mild Ito formula for SPDEs, arXiv:1009.3526
(2012), 39 pages. To appear in Trans. Amer. Math. Soc.

G. Da Prato and J. Zabczyk, Stochastic Equations in Infinite Dimensions, vol. 44 of Ency-
clopedia of Mathematics and its Applications, Cambridge University Press, Cambridge, 1992.
K.-J. Engel and R. Nagel, One-parameter Semigroups for Linear Evolution Equations, vol. 194
of Graduate Texts in Mathematics, Springer-Verlag, New York, 2000. With contributions by
S. Brendle, M. Campiti, T. Hahn, G. Metafune, G. Nickel, D. Pallara, C. Perazzoli, A. Rhandi,
S. Romanelli and R. Schnaubelt.

D. Filipovi¢, S. Tappe and J. Teichmann, Term structure models driven by Wiener processes
and Poisson measures: existence and positivity, SIAM J. Financial Math., 1 (2010), 523-554.
P. Harms, D. Stefanovits, J. Teichmann and M. Wiithrich, Consistent recalibration of yield
curve models, arXiv:1502.02926v1 (2015), 40 pages. To appear in Math. Finance.

M. Hefter, A. Jentzen and R. Kurniawan, Weak convergence rates for numerical approxima-
tions of stochastic partial differential equations with nonlinear diffusion coefficients in UMD
Banach spaces, arXiv:1612.03209 (2016), 51 pages.

A. Jentzen and R. Kurniawan, Weak convergence rates for Euler-type approximations of semi-
linear stochastic evolution equations with nonlinear diffusion coefficients, arXiv:1501.03539
(2015), 51 pages.

A. Jentzen and P. Pusnik, Exponential moments for numerical approximations of stochastic
partial differential equations, arXiv:1609.07031 (2016), 44 pages. Revision requested from
Stoch. Partial Differ. Equ. Anal. Comput.

G. Kallianpur and J. Xiong, Stochastic models of environmental pollution, Adv. in Appl.
Probab., 26 (1994), 377-403.

M. A. Kouritzin and H. Long, Convergence of Markov chain approximations to stochastic
reaction-diffusion equations, Ann. Appl. Probab., 12 (2002), 1039-1070.

G. J. Lord and J. Rougemont, A numerical scheme for stochastic PDEs with Gevrey regularity,
IMA J. Numer. Anal., 24 (2004), 587-604.

G. J. Lord and A. Tambue, Stochastic exponential integrators for the finite element dis-
cretization of SPDEs for multiplicative and additive noise, IMA J. Numer. Anal., 33 (2013),
515-543.

J.-C. Mourrat and H. Weber, Convergence of the two-dimensional dynamic Ising-Kac model
to ®3, Comm. Pure Appl. Math., 70 (2017), 717-812.

J. v. Neerven, y-radonifying operators—a survey, In The AMSI-ANU Workshop on Spectral
Theory and Harmonic Analysis, vol. 44 of Proc. Centre Math. Appl. Austral. Nat. Univ.
Austral. Nat. Univ., Canberra, 2010, 1-61.

J. v. Neerven, M. Veraar and L. Weis, Stochastic evolution equations in UMD Banach spaces,
J. Funct. Anal., 255 (2008), 940-993.

J. v. Neerven, M. Veraar and L. Weis, Stochastic integration in Banach spaces - a survey,
Progress in Probability, 68 (2015), 297-332.


http://www.ams.org/mathscinet-getitem?mr=MR3079672&return=pdf
http://dx.doi.org/10.1007/s00332-012-9164-z
http://www.ams.org/mathscinet-getitem?mr=MR3014539&return=pdf
http://dx.doi.org/10.1007/978-1-4614-6262-0
http://www.ams.org/mathscinet-getitem?mr=MR2238928&return=pdf
http://dx.doi.org/10.1090/S0002-9947-06-03923-7
http://dx.doi.org/10.1090/S0002-9947-06-03923-7
http://www.ams.org/mathscinet-getitem?mr=MR2422709&return=pdf
http://dx.doi.org/10.1016/j.jde.2008.03.026
http://dx.doi.org/10.1016/j.jde.2008.03.026
http://www.ams.org/mathscinet-getitem?mr=MR2413146&return=pdf
http://dx.doi.org/10.1007/s10208-007-9016-7
http://dx.doi.org/10.1007/s10208-007-9016-7
http://www.ams.org/mathscinet-getitem?mr=MR2995211&return=pdf
http://dx.doi.org/10.1007/s10543-012-0385-1
http://dx.doi.org/10.1007/s10543-012-0385-1
http://arxiv.org/pdf/1009.3526
http://www.ams.org/mathscinet-getitem?mr=MR1207136&return=pdf
http://dx.doi.org/10.1017/CBO9780511666223
http://www.ams.org/mathscinet-getitem?mr=MR1721989&return=pdf
http://www.ams.org/mathscinet-getitem?mr=MR2669403&return=pdf
http://dx.doi.org/10.1137/090758593
http://dx.doi.org/10.1137/090758593
http://arxiv.org/pdf/1502.02926v1
http://arxiv.org/pdf/1612.03209
http://arxiv.org/pdf/1501.03539
http://arxiv.org/pdf/1609.07031
http://www.ams.org/mathscinet-getitem?mr=MR1272718&return=pdf
http://dx.doi.org/10.2307/1427442
http://www.ams.org/mathscinet-getitem?mr=MR1925451&return=pdf
http://dx.doi.org/10.1214/aoap/1031863180
http://dx.doi.org/10.1214/aoap/1031863180
http://www.ams.org/mathscinet-getitem?mr=MR2094572&return=pdf
http://dx.doi.org/10.1093/imanum/24.4.587
http://www.ams.org/mathscinet-getitem?mr=MR3047942&return=pdf
http://dx.doi.org/10.1093/imanum/drr059
http://dx.doi.org/10.1093/imanum/drr059
http://www.ams.org/mathscinet-getitem?mr=MR3628883&return=pdf
http://dx.doi.org/10.1002/cpa.21655
http://dx.doi.org/10.1002/cpa.21655
http://www.ams.org/mathscinet-getitem?mr=MR2655391&return=pdf
http://www.ams.org/mathscinet-getitem?mr=MR2433958&return=pdf
http://dx.doi.org/10.1016/j.jfa.2008.03.015
http://www.ams.org/mathscinet-getitem?mr=MR3558130&return=pdf
http://dx.doi.org/10.1007/978-3-0348-0909-2_11

ON THE MILD ITO FORMULA IN BANACH SPACES 2243

[24] K. R. Parthasarathy, Probability Measures on Metric Spaces, Probability and Mathematical
Statistics, No. 3. Academic Press, Inc., New York-London, 1967.

[25] M. Sauer and W. Stannat, Lattice approximation for stochastic reaction diffusion equations
with one-sided Lipschitz condition, Math. Comp., 84 (2015), 743-766.

[26] X. Wang, An exponential integrator scheme for time discretization of nonlinear stochastic
wave equation, J. Sci. Comput., 64 (2015), 234-263.

Received December 2016; revised July 2017.

E-mail address: s.g.cox@uva.nl

E-mail address: arnulf.jentzen@sam.math.ethz.ch
E-mail address: ryan.kurniawan@sam.math.ethz.ch
E-mail address: primoz.pusnik@sam.math.ethz.ch


http://www.ams.org/mathscinet-getitem?mr=MR0226684&return=pdf
http://www.ams.org/mathscinet-getitem?mr=MR3290962&return=pdf
http://dx.doi.org/10.1090/S0025-5718-2014-02873-1
http://dx.doi.org/10.1090/S0025-5718-2014-02873-1
http://www.ams.org/mathscinet-getitem?mr=MR3353942&return=pdf
http://dx.doi.org/10.1007/s10915-014-9931-0
http://dx.doi.org/10.1007/s10915-014-9931-0
mailto:s.g.cox@uva.nl
mailto:arnulf.jentzen@sam.math.ethz.ch
mailto:ryan.kurniawan@sam.math.ethz.ch
mailto:primoz.pusnik@sam.math.ethz.ch

