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Abstract A utility maximization problem in an illiquid market is studied. The finan-
cial market is assumed to have temporary price impact with finite resilience. After
the formulation of this problem as a Markovian stochastic optimal control problem
a dynamic programming approach is used for its analysis. In particular, the dynamic
programming principle is proved and the value function is shown to be the unique
discontinuous viscosity solution. This characterization is utilized to obtain numerical
results for the optimal strategy and the loss due to illiquidity.

Keywords Liquidity risk - Price impact - Weak dynamic programming - Hamilton—
Jacobi-Bellman equation - Viscosity solution - Comparison theorem

1 Introduction

This paper studies the classical Merton problem of utility maximization in a financial
market with price impact. We chose to study the problem of optimal investment in
finite horizon. In the frictionless market, this problem is to maximize the expected
utility from terminal wealth
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Fu(s+ [ as,)]

over all admissible trading strategies z with a given utility function U (Merton 1969,
1971).

The random variable y + fOT 7,d Sy, s the gains process and in an illiquid market it
has to be modelled by taking this friction into consideration. As in our previous paper
in discrete time (Soner and Vukelja 2013), we adopt the approach developed in Roch
and Soner (2013). This model is an extension of the one introduced by Cetin et al.
(2004) and it allows for resilience. Indeed, we assume that a purchase of z number of
shares moves the ask price a; to a; +2m, z for some impact process m;. This stochastic
process m; is related to the depth of the limit order book and a brief discussion is given
in the next section. Hence, when buying z number of shares the total amount paid is
a;z 4+ m,z%, where the quadratic part is due to illiquidity. In addition to the immediate
quadratic cost, the impacted price does not relax back to the original price with infinite
speed as it is the case in Cetin et al. (2004). We refer to the survey of Gokay et al.
(2011) and the references therein for more information.

We continue by describing the state dynamics. In the classical Merton problem, the
only state variables needed are the wealth process and stock price. In fact, one may
even not use the stock if its dynamics is homogenous. In our model, to describe the
evolution of the state one also needs the wealth like process Y; and the stock price
S;. However, we also require to trace the portfolio position z; and a proxy /; for the
impact made on the price. In the next section, we give the precise definitions.

For these state processes, we use the dynamics derived in Roch and Soner (2013).
The starting point of their derivation is a constant dept limit order book. Let an adapted
process 1/2m;, to be this constant dept. Then, a direct calculation shows that a purchase
or sale of Az amount of stock causes a trading cost of m;(Az)? and price impact of
2m;(Az). Another key ingredient of this model is an exponential relaxation of the
price impact. This is modelled through a resilience parameter (or a process) of «;.
These observations led (Roch and Soner 2013) to postulate the following dynamics (a
brief discussion is also given in the next section),

dS, = uS,du +0oS8,dw,
dl, = —«ulydu +2m,dz,
dYy = z,(dS, — kylydu) — 22dm,,

where the process z is assumed to be of finite variation and is the control.

Since the market impact is random, it is not a priori clear that the problem is free
from manipulation. Following Roch and Soner (2013), in Lemma 2.1 we show that
under reasonable conditions on the coefficients (e.g., for sufficiently large resilience)
the liquidity risk is non-negative in the mean.

In this paper, we specialize to the case when S; has the classical Black—Scholes
dynamics, « is constant and m, = M S; for some constant M > 0. Then, a simplifica-
tion is possible by introducing

Ny \= lt —_ 2MS;Z[.
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This allows us to describe the problem using only three state variables S, 1; and Y;.
This reduction in the number of state variables makes the numerical computations
possible. Moreover, after this reduction one can also allow for larger class of controls
by allowing the process z to be the control without any regularity, such as bounded
variation, assumptions.

We also introduce the optimal stochastic control problem in Sect. 2. Although a
no-arbitrage result is proved, it is not a priori clear that the value function is finite.
We achieve this by first constructing a smooth supersolution to the corresponding
dynamic programming equation. Then, a classical verification argument shows that
this supersolution is an upper bound for the value function. This is the content of
Corollary 2.1. We subsequently prove in Theorem 2.1 the weak dynamic programming
principle using a covering argument. This in turn shows that the value function is a
viscosity solution of the associated dynamic programming equation. These results are
proved in Theorems 2.2 and 2.3.

It is well documented in the viscosity literature that the comparison result is key
to use the dynamic programming equation in the analysis of the control problem. In
particular, it would essentially imply that any monotone scheme, such as the one we
employ, converges due to the seminal paper of Barles and Souganidis (1991) and the
limiting function is the value function of the control problem. Hence, it is very desirable
to have an appropriate comparison result for the corresponding dynamic programming
equation. However, the classical comparison results always imply the continuity of
the value function. Since we do not know whether that is true for the control problem
under investigation, the standard statement and proof had to be changed. Indeed, in
Theorem 2.4, we prove anew comparison result that allows for discontinuous solutions.
We believe that this is a novel feature of our result and might be useful in other contexts
in which the solution is not continuous. These more relaxed comparison results, also
allow us to prove the convergence of the numerical schemes in a relaxed sense. Namely,
the convergence is pointwise at the points of continuity of the value function v(¢, x).
At other points the possible limiting values of the numerical scheme are contained in
the interval [v, (7, x), v*(z, x)]. These results are similar to the convergence results for
conservation law equations in which the solutions are possibly discontinuous and at
the point of discontinuity, pointwise convergence can not be expected.

This paper is organized as follows. The stochastic optimization problem is defined
in Sect. 2. In the same section the dynamic programming equation is derived and the
smooth supersolution is constructed. There we also prove the weak dynamic program-
ming principle and the comparison theorem. In Sect. 3 we give some numerical results
for the optimal trading strategy and the value function. “Appendix” provides the proof
of the classical supersolution.

2 Expected utility from terminal wealth
In this section, we state the dynamics derived in Roch and Soner (2013) and for their
derivation, we refer the reader to that paper or to our previous article (Soner and Vukelja

2013). In particular, as in Roch and Soner (2013) we assume that there is no bid-ask
spread. Then, there are four state variables (S;, I;, Y7, z;). S; is the un-impacted stock
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price and /; is the price impact which can be both positive or negative and it decays
exponentially to zero when there is no more trading. The variable z; is the number of
shares in the portfolio and the wealth like process Y; is the post liquidation value of
the portfolio. It essential that Y; is not the marked to market value.

We continue with the technical description. Let Q2 = C([0, T'], R) be the canonical
space. Then, we denote by (2, F, P) a complete probability space, where P is the
Wiener measure and F = (F;);¢[0,7] is the augmentation of the filtration generated by
the Brownian motion (W;),>¢. The financial market consists of a risky and a risk-free
asset. The risk-free asset is taken to be a numeraire and for simplicity we assume that
the spot rate of interest is zero.

Given a state space 0 = Ry x R x Ry x R, where Ry = (0, 00), we
denote for a fixed time horizon T € (0, co) the time-augmented state space by
[0, T] x O. For each (t,x) € [0,T] x Oandt € [0, T'], and a real valued, adapted,
bounded variation process « of [z, T], we consider an F-adapted dynamical system
X (@) = (S/(w), l;(w), Y;(w), z:(®)) and describe the continuous time dynamics of
X ¢ (w) through the following stochastic differential equations, for u € (¢, T'],

dS, = uSudu + o S,dW, (1)
dl, = —«l,du + 2m,day, 2)
dY, = 2,(dS, — kl,du) — z2dm, 3)
dz, = day,

where k, u, o > 0and m, is a continuous F-adapted process and x := (s,1, y, z) € 1)
is the initial data at time 7. The process « is the control and we now assume that it is
simply adapted with some technical conditions specified below. The parameters  and
o are classical, k is the resilience and the process m,, is related to the illiquidity of the
stock. We will specialize to the case m,, = M S, with some constant M in then next sub-
section. This specification will allow us to reduce the dimension of the problem to three.

The difference in the liquidation value obtained in a frictionless market y+ fot Zud Sy
and our current liquidity risk setup Y; is given by

¢ t
L, =/ KkzZyl,du +/ zﬁdmu.
0 0

The process L; is the liquidity cost associated to the depth ﬁ and the resilience « of
the limit order book (LOB). This leads to

t
Y[=y+/ ZudSu—L[.
0

The following result provides the structure of the liquidity cost.

Lemma 2.1 Let n; = I; —2m;z; and assume no = 0. I[f m; is a non-negative constant,
2

then Ly > O for allt > 0 P-a.s. In general, if ®; := % with Ay = e ¥ isa

supermartingale, then E[L;] > 0 forallt > 0. Furthermore, L, has the representation
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2 2 t
1
L= o -/ 2A;2d0,.
dm,  4mog 4 Jy

The proof can be found in Roch and Soner (2013) Theorem 4.1.

Remark 2.1 1If k is a non-negative constant and m; = M S; with M > 0, then ®; is a
supermartingale under P (resp. under the equivalent martingale measure Q) if only if

ol —pu ( 02)
K > resp. k > —- .

2

Proposition 2.1 Let Q be the equivalent martingale measure, « > 0 be a constant.
Suppose that no = 0, yo = 0. If ©; is a Q-supermartingale of class (DL), Y > 0 and
Yy > —a Q-a.s. foralls € [0, T), then Yy > 0 P-a.s. forall s € [0, T].

Proof Since ©, is a Q-supermartingale, there exists by the Doob-Meyer decomposi-
tion theorem a Q-martingale M, and a decreasing predictable process A; with Ag = 0
such that ®; = M; 4+ A;. Furthermore, by Lemma 2.1,

t n2 1 t
Y,:/ zudSu——’—i——/ 2A;2dO,.
0 4 Jo

4mt

Since A; is decreasing we arrive at

”zz Ly ! L[y
Yl+4_n1t_1/oluAu dAu=y+/OZudSM+Z/() luAu dMuz—Ol (4)

The right-hand side of the Eq. (4) is a Q-local martingale, thus the left-hand side is a
Q-local martingale too. But since it is bounded from below it is a Q-supermartingale.
Therefore, also Y; is a Q-supermartingale and

0< E[Y7|F]<Ys,, Q-as.Vsecl[0,T].

Since Q is equivalent to P, we deduce that Yy > 0 P-a.s. forall s € [0, T]. O

Remark 2.2 By the above result (assuming that « is sufficiently large), Y, is a Q-
super-martingale, which implies Eg[Y7] < Yy, if 7o = 0. Then, this supermartingale
property of Y; implies that there cannot be a process Y so that Q(Yr > Yp) = I and
QYT > Yp) > 0. Since Q and P are equivalent measures, this implies that there is
no arbitrage.

If, however, ng # 0, it is possible to create “local arbitrage”, in the sense that the
resulting value function is larger than the Merton value function. This is illustrated
in Sect. 3 by some numerical computations. However, it is not possible to scale this
“local-arbitrage” by increasing the portfolio position z. Indeed, larger values of z
would imply larger / values, negating the advantage one has due to non-zero ng. This
is consistent with the liquidity premium derived by Cetin et al. (2010) and Gokay and
Soner (2012).
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290 H. M. Soner, M. Vukelja

2.1 The value function
In what follows, we always assume that
my = MS;,

for a constant M > 0 and k¥ > ”2_”. The assumption on « implies that ®; is a
supermartingale, see Remark 2.1. Following the results of Soner and Vukelja (2013)

we introduce a new adapted state variable n; = [; — 2M S;z;. By (2) we arrive at

dn = (—kny —2M (k + W)z, S;)dt —2Moz, 5, d Wy, 5

whereas (3) becomes
dYy, = (—/cn,zt — 2MKZ,251 + nze S (1 — Mz,))dt +0z:85( — Mz))dW;. (6)

This reduces the state space to three state variables S;, n; and Y; which evolve in time
through (1), (5) and (6). In this setup the control variable is z; and not ;. The control
variable z; is valued in R. We define O := Ry x R x Ry, where Ry = (0, 00)
and set O7 := [0, T) x O. Then, we will denote the time-augmented state space by
[0, T] x O. We use the notation X, (w) := (S;(w), n;(w), Y;(w)) and write

dX; = b(S;, ne, z0)dt + 0 (S, 2)d Wy, @)
where
WS
b(Si, e, 21) = —kny —2M (k + 1)z S; s
—kneze — 2MK S 4+ pnze S (1 — Mzy)
US[
o (S, 21) = —2Moz;S;

0z:8(1 — Mz;)

with initial data x = (s, 7, y) € O. Notice that the measurable functions b : R x
RxR— Rando : Ry x R — R do not depend on Y;. Next, we introduce the set
of admissible strategies. Let

C: Ry - R4

be a Lipschitz continuous function and non-decreasing in y. In the following
{X1"*}uepr.7) denotes the unique solution of (7) where X/ = x. Then, the set
of admissible strategies A©)(z, x) is the collection of all adapted processes z on

[¢, T'] satistying,
(i) lzul < C (Yy™") and ¥, > 0 P-as.Vu € [t, T]
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i) E[U (v;) ] < oo

The first constraint above is a technical one. The main reason behind it is to obtain a
well defined Hamiltonian in the dynamic programming equation. Although bounding
the portfolio position is reasonable, one should allow this bound to grow with the
growing portfolio value as we have done above.

The above set of stochastic differential equations have a strong solution. Indeed, for
bounded S;, the functions b and o are Lipschitz continuous. Moreover, S; is an uncon-
trolled process which is explicitly known. Hence, by a straightforward localization
argument we can construct global strong solutions.

Notice that

X"*% has continuous paths,

and that the set of admissible strategies A©) (t, x) is not empty for (¢, x) € [0, T]x O.
Furthermore, if (¢,,, x,) — (¢, x) then

sup d (X% X]©%) — 0 in probability and P-a.s.,
ref0.71]

where X% = x forr <t and d(-, -) is the Euclidean metric. Note that we implicitly
assume z € A (1,, x,).
Next, we define the value function. We use the standard CRRA utility function,

z, p<1l,p#0,
Uy) = 3)
log(y), p=0.
Then, the value function of interest is
v(t,x)= sup E[U(Yp")]= sup J(t. x,2). )

7€ AO (t,x) 7€ A (t,x)

Note, that v may depend on the upper bound function C(-). We suppress this depen-
dence in our notation.

2.2 Dynamic programming equation

We introduce now the Hamilton—Jacobi-Bellman equation associated to our optimal
stochastic control problem (9). We denote by Sz the set of symmetric 3 x 3 matrices
and by A’ the transpose of matrix A. For all ¢ € R?, N € S; the Hamiltonian related
to (9) is given by

1
H(x,q,N)= sup {b(s, n,2)qg + <tr(o (s, 2)o’ (s, z)N)}.
Z1=C(y) 2
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292 H. M. Soner, M. Vukelja

Observe that H depends on C(-) and again we suppress this in our notation. Note that
the general theory of viscosity applies for nonlinear partial differential equations on
an open domain. The corresponding dynamic programming equation is

—du(t,x) — H (x, Dyv(t, x), D2v(r, x)) =0, (t.x)eOr (10)
with the final condition
(T, x) =U(y)

and a state space constraint at y = 0 as defined in Soner (1986). Namely, if for a
smooth function ¢ the difference v — ¢ has a maximum at some point (#g, 59, 70, Y0)
with yg = 0, then ¢ is a sub solution of the equation at this point. Notice that even if v
is smooth, since the maximum may be attained at a boundary point, the y-derivatives
of v and ¢ may not agree at this point. Still the sub solution property persists and this
is a boundary condition. We refer the reader to Fleming and Soner (2006) for a more
detailed discussion.

2.2.1 A supersolution

Let p be the exponent in the utility function U defined in (8). Then, consider the
function ¢ : [0, T] x O — R,

f(t)%(ﬂy+"s—2)p, p<1,p#£0,
Gt x) = i (11)
log (ﬂy + UT) +c(T —1), p=0,

where (1) = e?T=D; ¢ and B are positive constants that will be chosen later. Note
that ¢ depends on the power p. In the proof of Theorem 2.4 below, we will write ¢(?)
instead of ¢ only in order to indicate the exponent. For now we suppress this in our
notation.

Lemma 2.2 Let ¢ (t, x) be as in (11). For all B and c sufficiently large, ¢ is a super-
solution of

—3,(t,x) — H (x, D o (1, %), D§¢(t,x)) >0, (tx)eOr.

- p
Proof Let p <1, p #0and set ¢(s, n, y) = %(,By + ”S—z) . We need to show that

1(¢) == —&¢+ inf {—L¢} >0,
[z|=C(y)
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where

Lid = b(s, 1, )V + %tr (a(s, Do (s, z)’D§¢)
1
= sy + 507 By — (en +2M(k + p)25) §y + (—an — 2Mucsz?
+pzs(1 — Mz)) by — 2M (025)2(1 — MZ)y — 2M (0'5) 25y

1
+ (05)%z(1 — Mz)psy + Z(Masz)zcﬁm7 + z(asz)z(l — Mz)2¢yy.

It is sufficient to show that for a constant o depending on 8 and p

B 772 p
L' <« (,By + —) . (12)
K
Indeed, if (12) holds, then

(@) =cpp+[() inf (~L})} = cpp —apd = po(c —a).

Then for all ¢ > «, the function ¢ is a supersolution. The inequality (12) follows
from a straightforward but tedious calculation given in “Appendix”. The case p = 0
is proved analogously. O

Applying the operator £ to the above supersolution ¢ we obtain an upper bound
for the value function.

Corollary 2.1 Let B and c be as in Lemma 2.2 and

ecp(T—t)%(ﬂy_'_ns_z)p lfp<1’p#0’
¢, x) =
log(,By—F"Tz)ﬂLC(T—f) ifp=0.

Then, for every (t,x) € [0,T] x O,z € A(C)(t,x) and stopping time t € [t, T],
¢ (v, XL5%) is integrable and

E[¢ (v. Xt59)] < ¢, x). (13)
In particular,
v(t,x) <¢(t,x), VY (,x)€l0,T]xO.

Proof Assume p < 1, p # 0. Let T be an F-stopping time. 1t6’s rule applied to
¢ (¢, X;) and Lemma 2.2 yield

@ Springer



294 H. M. Soner, M. Vukelja

¢, x) = d(z, Xo) —/ (0 (u, Xu) + L5 (u, X)) du
t
+ 6/ (2M¢nZuSu = ¢ySuzu(l — Mzy) — ¢sSu) dw,
1

> $(z. X0) + a/ (2MbyzuSu — by Suza(l — Mzy) — $55,) dW.
t

Let Hy := 0 (2M¢yzy Sy — Py Suzu(1—Mz,) — ¢, S,) and ¢, be a sequence converging
to infinity. Define a stopping time 7, := inf{u > t : |H,| > c,} A T such that
7, /' t. Then, the stochastic integral ff” H,dW, is a martingale. Let z € A© (1, x)
and set x* := (s,n,y + €), where ¢ > 0. Thus, for all z € A©) (¢, x) we have
th,xg,z — Y.t,x,z + ¢ and

St,s
Xt x0T DR

Y't,x,z + &

1S,
Let al’l,é‘ = %(ﬂ(yrt;lx,z +8) + (nmt

niy2
Sz

P
) , then

(i) "¢ > L2 poass,

- n,e 1 1,X,7 @ "H2\P
(i1) o — > B! +ée)+ B P-a.s.asn — oo.

Thus, by Fatou we arrive at

2\ P
1,5,1,2
. . _ 1 (nTn )
¢)(t, xé‘) > lgglo%fE eC[?(‘En t); IB (Y;x,z + 8) + St,s
Tn

2\ P
1,8,1,2
1 (771' )
>E|ePT— | BV te) +
p St

o)

We prove (13) by letting ¢ — 0. The final statement follows by taking T = T and
observing that U(Y}’X’Z) < ¢(T, X%X’Z). The case p = 0 can be proved analogously
by using

instead. O
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The above supersolution allows us to construct admissible controls z € A1, x).
Indeed, consider an adapted process 7 : [0, 0c0) x Q — [—1, 1] and the SDE

dX, =b(S,, ny, 1,C(Y,))du 4+ o(S,, 1,C(Y,)dW,, ue @ T] (14)
Define forall N ¢ N

t™ =inf{uelr,T]: Y"" =N, P-as.}, (15)

where we set tV) = T, if {u elt,T]: Y,ﬁ’x’” =N P—a.s.} = ). We also introduce

0 :=0""" =inf{u€t,T]: Y)°" =0 P-as.}, (16)

where again %" = T, if the above set is empty. It is clear that the SDE (14) has a
strong solution on [0, M) A 0]. Indeed, set

C(y), 0 N,
S S

and
bNM (s, m):=b (s, n, nC(N)(y)) , oM m)i=0 (s, JTC(N)(y)) .
The SDE
dX, = b™N(Sy, nu, m)du + o™ (S, m)dW,
has a strong solution xMon [0, TN A 0], since 56NV (), o V) (1) satisfy the Lipschitz
condition. Tt is clear that X. = X™ on [0, M) A 6], where X. denotes the solution

of (14). We argue below that T™) A 6 converges to T A 6 showing that X. is a strong
solution of (14) on [0, T A 6].

Lemma 2.3 Let t™) be as in (15) and 6 as in (16). Then,

lim P(‘L'(N)/\9=T/\9)=l.

N—o0

Proof Fix (t, x) € [0, T]x O and let ¢ be the upper bound with the parameter p’ = %
Set X, := X.;“%, where z,, := m,C(Y,). Then by Corollary 2.1

E [¢ (r“V) A6, X,(N)w)] < é(t, x).
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296 H. M. Soner, M. Vukelja

Furthermore, note that p’ = % implies ¢ > 0. Then for all (¢, x) € [0, T] x O there
exists a positive constant ¢ so that

VNP (T(N) < 9) <E [(f) (‘L'(N), Xr(m) X{T(N><9}]
<E [¢(T(N), Xt<N>)X{f<N><9}] + E [¢ 0, X6) xip<rvy]

=F [¢ (‘E(N) N6, XT(N)/\Q):I

<o, x).

Observe that,

{r(N)ZG}:{r(N)ZT/\G}Q{I(N)AOZT/\Q}:{t(N)/\GzT/\Q},

where the last equality follows from ™) < T P-as.. Thus,

N—o00

lim P(rWMe:T/\e)z lim P(r“‘”zTAe)
N—o0

—1— lim P(‘E(N)<TA9)=1.

N—o00

Corollary 2.2 There exists a strong solution of the SDE
dXy = b (Sy, nu, 1 C(Yy)) du + o (Sy, 7, C(Yy,)) dW,,

on [0, T AO].

Proof The SDE (14) has a strong solution on [0, @) A 9] for all N € N. Thus, it
also has a strong solution on [0, lim y— ™) A9]. Since T™) is increasing, Tt Af
converges to some T* P-a.s. By Lemma 2.3 we know that ™) A 6 converges to T A6
in probability, which implies that t* = T A 6, P-a.s. Thus, the SDE (14) has a strong
solution on [0, T A 6]. O

Finally, for any € > 0 small, we set 6¢ to be the exit from (e, 0o) instead of (0, co)
and set

. 7. C(Yy), onu € [t,6°],
2y =
“ 0, onu € [0¢, T].

The above control z¢€ € A€ (z, x).
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2.2.2 Weak dynamic programming principle

A key tool for the analysis of stochastic control problems is the dynamic programming
principle which holds a.s. for any stopping time t € [¢, T)

“v(t,x) = sup E [v (‘L’, th,x,z)] ”
zeA;

The proof of the statement above requires that v is measurable. However, when the
value function v is known to have some regularity, then the measurability arguments are
not needed and the proof can be simplified. For more details on that we refer to Fleming
and Soner (2006). As an alternate approach (Bouchard and Touzi 2011) introduced a
weak version of the dynamic programming principle (WDPP). This weaker statement
avoids the measurable selection argument and can be used when the value function
has no a priori regularity. The WDPP for generalized state constraints was studied by
Bouchard and Nutz (2012). They first show the WDPP for expectation constraints and
apply the results to state constraints. In the following we will prove the WDPP for
our optimal stochastic control problem directly. We denote by 7 the collection of all
[F-stopping times with values in [z, T].

Theorem 2.1 Let (t,x) € [0, T] x O and Tt € T be a stopping time.

(1) Lety : [0, T1xO — Rbeameasurable function suchthatv < ¢ andinf ¢ > —00
forall (t,x) € [0,T] x O. Then,

v(t,x) < sup  E[e (v, XM, (17)
72e AO) (1,x)

(ii) Let ¢ : [0,T] x O — R be a continuous function such that v > ¢. Then,
10 (1’, Xé'x'z)+ is integrable for every z € A (¢, x) and

v(t,x) > sup E[e (7, X009)]. (18)
7€ A©) (1,x)

Proof (i) Fix (t,x) € [0,T] x O and let T € 7. We start by defining a map
T:QxQ— Qby,

I(a), w/)s = ((U Rz w/)s = {U)x, s < T(a))v

Wr(w) F 0 — @, §=T().

In view of the properties of the Wiener measure, the measure defined on the Borel
subsets A of 2 by,

P(A):=PxP((0.o)e2xQ:T(wo)e€A)
is again a Wiener measure. We fix w € € and define for a given control z €
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A© (#, x) a new control
zy (a)/) =z, (a)@r a)’), Vo' € Qandu > 1.

Then,

X5 ()2
E [U (Y;’(w) o) (@):2 )] / U r xbe (a)/)) P(do)
Q

U (Y7 (0 ®; o)) P(do).

b\

In particular

wr> E [U (Y;(‘”)’X'r’&;i‘(w%zw)}

is Fr-measurable. Moreover, for any F;-measurable bounded function £,
h(w®: o) =h), Yo,oeQ.

Hence, for any integrable function g and & as above, by Fubini’s theorem and the
property of the measure P defined above, we obtain,

/ h(w) [/ g (0 ®; o) P(dw')} P(dw)
Q Q

= / h(w®: @)g(w®: &) Pdo) Pldw)
QxQ

= /S2 h(@)g (@) P(dd)
= Elhg].

Using the above with

’Xt,X,Z , w
g(w):=E |:U (Y;(w) Chais )]

we arrive at

Elhg]l = / h(w) [ /Q U (a)/)) P(da/)i| P(dw)
/h(a)) [/ U(Y" (0 ®r o ))P(a/)]P(dw)
Q

= E[hg].
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Hence,

E[U(Y;"%) | F:] (@) = E [U (Y;(w)’xf’@ﬁ(“’)’zw)} =J (t(0), X; (@), 27) .

We also note that z* belongs to A©) (1(w), Xt’x’z(a))). Therefore,

T(w)

E[U (Y7"%) 1] (@) = J (t(@), Xy ¥ (@), 2%)
< v (t(w), X" (w))
< ¢ (t(@), Xt (w)), P -as.

Since ¢ is bounded from below, taking the expectation on both sides reveals

v(t,x) = sup  J(t,x,2) < sup  E[e(r, Xt
€A (1.x) e A (1,x)

(i) By assumption ¢ < v. Notice that Corollary 2.1 implies ¢ < ¢. Furthermore,
by Corollary 2.1 ¢ (t, X'*%) is integrable. Thus, ¢(z, X.*%)T is integrable too.

Next, we prove the second statement. Fix ¢ > 0 and choose for all (¢, x) €
[0, T] x O an admissible strategy z(z, x) € A©) (t, x) such that

T, %, 2(t, %)) > v(t, x) — %

Note that v > ¢ implies
£
J(t, x,z(t,x)) = @, x) — > (19)
Choose 0 < §(t, x)=:8p < y continuous, such that

lp(t. x) — (1, %)| < % (20)

where X = (s, n, y + 8¢). For a given point (¢/, x") and any process
7 eA:={m,:[0,00)x Q2— [—1,1], F-adapted},

by Corollary 2.2 there exists a strong solution X on [¢t', T A 0] of
dXy = b(Su, nu, Ty C(Yu))du + o (Sy, 7, C (Yu))d Wy

with initial data X, = x’. Set

o™ (¢ x's ) = m,C (Y:*x/’”) . Q1)
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Then, it is clear that X. = X" ~"<" . Also forz € AC) (¢, x), 7, := 24/ C (Yo%)
is in the admissible class A. So in the following we will only use the notations

7 (t, x) = z.(t,x)/C (YfmZ(t,x)) ,

and 77" = z.
For a given 8y > 0 define a new control 7% (¢, x’; ) by

T, u < 0% (t/,x’;n),
mlo (¢, x'sm) =
0, u=0%(tx"sm),

where 0% (', x’; ) = inf {u e[, T]: Y7 = 80}. Also define,
80 (4 80 [+ ! x! ”50 (¢ i)
z0 (t,x;rr) =m0 (t,x;n)C(Y,j’x’Z ) (22)

rr 80 .

Note that z2° (¢, x'; ) trivially satisfies the upper bound C(Y, "% (.x ’”)).
ror 800 .

Since by construction, ¥/ ™% ) > 505 0 for all (¢, x') € [0, T] x O, we

conclude that zg‘) (¢, x'; ) is in A (¢, x”). We claim that for any 7 € A,

ol 80 (4 ! 3 .
iming ST 2yl s, (23)

Indeed, let z(¢', x’; ) be as in (21). Then,

.. t'xz(t x"; ;
liminf y! " 20m _ yraztam o op g (24)
@ x)—(tx) " !
u'—u
' x'z(t' x5 ) 80 (4 /-
Yt’,x’,z‘so(t’,x’;n) . u ) u < 9 0([ 7-x ] T[)a
! =
8o, u> 0%, x5 ),

and

liminf 6% (t’, x'; r{) > 0% (¢, x;7m), P-as. (25)
', x")—(t,x)

VAV 1o
Since Y, " FEAEm S 5 0 by considering the two cases u > 0%(t, x; )
and its opposite, (24) and (25) imply (23). We now use the lower bound
VAR AN
U(Y}’x 20X ’”)) > U (8g) and Fatou’s Lemma to conclude that

J (t,x,z‘s"(t,x; n)) < liminf J (t’, x/, 7% (t/,x’; n))
(', x")—(t,x)
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Thus, for fixed (7, x) € [0, T]x O themap (', x') — J (', x", 220, x'; 7 (¢, x))
is lower semicontinuous and

Oy = {(t’,x’) €0, T1xO: |p(t',x) — o, x)| < %,

J(' &' 220 X (1, ) >0 (1, x, 20, X))}
(26)
is a family of open sets. Note that it is not clear if (r,x) € O ), since

200, X' w1, x)) may not be equal to z(z, x). But we will show that (¢, x) with
X =(s,n,y+8p)isin O y). Indeed,

YL — ) 4 yle20 oy y e 1, T,

Thus, Y% > sy forallu € [t, T] P-a.s., so the exit time 6% (¢, ¥; z(¢, x)) =
T. This implies 7% (¢, X; 7w (t, x)) = 7 (¢, x) and

Y},i,z‘so(t,i;ﬂ(t,)c)) - Y;,x,z(z,w_

After noting that J is increasing in y, we arrive at
J (5,200, %70 (t, %)) > (1, x, 21, %))

In view of (20) this implies that X := (s, 7,y + 80) € O(,x). Recall that 59 =
8(t, x) is chosen so that it is continuous and §o < y. These facts imply that the
family of open sets in (26) forms an open cover of [0, 7] x O. Indeed, for fixed
t, s, n the mapping y — f(y) :=y + 8o =y + &(¢, x) is continuous with

lim f(y)=0= f(y) = lim f(y) = oo.
y—0 y—>0o0
Therefore, for any given y > 0 there is y so that f(y) = y. Then,

(t’i) = (ta s, n, y) = (tv s, n, f(y)) € O(Z,S,I],y) = O(l,x)'

Thus, there exists a sequence (f,,, x,) € [0, T]x OsuchthatU, O, »,) = [0, T]x
O. Set

C1:= 0@ .x1)s Cnt1 = Ottyiyvas )\ Vit Ot

Then, for all (¢, x) € [0, T] x O there exists an integer i (f, x) = min{n | (¢, x) €
Oip.x,)} such that (¢, x) € Cj( x). Note that i(z, x) is by construction measur-
able. Fix (t,x) € [0,T] x © and z € A© (s, x). Let X, := X, be the
corresponding controlled process. Then, (7 (w), Xi’(xa;)z (w)) € [0,T] x O. Fur-
thermore, set i (w) := i(t(w), X (w)). Since the C;’s are disjoint and countably
many, it follows that
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(@, X5 @) e Ui €y Paas,

T(w)
We define

T

S(ti () sXi(w))
w . i(w):Xi(w)
u = Tu (

T(w), X055 (@); 7 (i), Xi()) -

Then, consider the process

Tu(@) = 24 (@) /CYy ™ (), u < T(w),

[0

2, u>t(w).

7T, (1, x)(w) := [
Finally, set

Zu(t, x) 1= 7, (1, x)C (Y;’xﬁ) .

It follows

v(t,x) = J(t,x,2(t,x)) = E[E[U (Y}'“) |\ F]]

2 -

(:) E [J (T, X?x,z’ Z(S(tt(ﬂ))’xt(a))) (T, Xr’ ﬂ(ti(w)7 xl(a)))))]
(26)

> E[J (i) Xiw)» 2(i(w)s Xi@)]
(19) 3

> Elo(tiw): Xiw)] — 3

L Elp (r. x19)] .

The proof is completed by the arbitrariness of ¢ > 0 and z € A€ (1, x). O

2.3 Viscosity solutions

The goal of this section is to use the notion of viscosity solutions in order to weaken
the smoothness condition on the value function. We will show that the value function
is a viscosity solution of the associated Hamilton—Jacobi—-Bellman equation. Recall
that Or = [0, T) x O. Since the value function may be discontinuous, we introduce

v¥(t,x) = limsup v(’,x") and wv.(fr,x) = liminf v(¢,x").
(¢ x")— (t,x) (t' . x") = (t,x)
',x") e Op ('.x") e Or

We note that the value function is bounded from below by U (y). This follows imme-
diately by taking z = 0. Together with Corollary 2.1 the value function is locally
bounded by

Uy =v(t,x) =¢(t,x), Y(,x)€l0,T]xO.
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Theorem 2.2 The value function v is a viscosity supersolution on Ot of
—8v—H ( D.v, Dﬁv) > 0.

Proof Let (7, %) € Or and ¢ € C'2(Or) be a test function such that
0= (vs — @), %) < (vx —@)(t,x), V(t,x)€Or,(1,%) # (t,x).
Assume for contradiction
—3p(i, %) = H(X, Dxp(i, %), Dip(7, %)) <0
and define @ by
P(t,x) = p(t,0) — (1 =D + |x = 3[*).

Since H is continuous and (3¢, Dy, D2¢)(f, X) = (3,9, Dyg, D>)(f, X) there
existsa € Rand r > 0, with 7 + r < T such that

—8,@([,.}6)—,6“(5', U’Dxa(taxL D)zca(tv-x)) < 0, V(tv-x) € Br(t_a -i)7 (27)

where B, (t,x) C Or7 is a ball of radius r and center (7, X). Observe that there is a
& > 0 such that

@(t,x) =9t x)+28, V(t,x) € Or\B,(t,%). (28)
Let (¢,, x»), be a sequence in B, (7, X) such that
(tn, X)) — (1, %) and v(t,, x,) — vs(1, X),

when n goes to infinity. Furthermore let z = a be a constant control and X" the

solution of (7). Define the stopping time 7, by 7, = inf{s > 1, : (s, Xy ¢
B,(t,%)} and note that 7, < T, since t + r < T. Applying Ito’s formula to
@(s, X" we arrive by (27) at

@t ) = E [a (T, XIn500) — /rﬂ (a,a 4 Lo ( D.3, Dfa)) (s, Xlm3n-a) ds]
tn
= E[@ (m, x3,)].
For n large enough we have
U(tn, Xp) < @(tn, Xp) + 8
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which leads by inequality (28) to
i) < E[p (10, Xiy™0)] 45 < E [ (1, X )] = .

Since v > ¢ the above contradicts (18). O

Next, we show that the value function v is a viscosity subsolution of the associated
dynamic programming equation. We introduce the set

O, =Ry xR x [0, 00)
and prove the subsolution property by a contraposition argument.
Theorem 2.3 The value function v is a viscosity subsolution on [0, T) x O, of
—bv—H ( D.v, va) <o.

In particular, it is also a constrained viscosity subsolution at y = 0.

Proof Let (1, %) € [0,T) x Oy and ¢ € C12([0, T) x Oy) be a test function such
that

0=(*—@)7, %) > @ —)t,x), Yt x)el0,T)x Oy, (1 %) # (x).
Assume on the contrary that
o0, %) — H (x D.o(. %), D20, i)) >0
and set
P, x) = p(t,x) + (1 =D +|x — &[*).

By the continuity of H and since (3,9, Dyg, D2¢)(f, X) = (8,9, Dx@, D29) (i, X)
there exists r > O such thatf +r < T and

— 89t x)— H (x, D.%(t. x), D*3(t, x)) >0,
Y (t.x) € BT, ¥) N ([0.T) x Oy). (29)

Note that for some § > 0
o, x) = @(t,x)+28, V(t,x) €[0,T) x O)\B.(, %).
By the definition of v* there exists a sequence (t,,, x,,) € B, (7, X) such that

(tn,xn) - (t_v-i') and v(tnaxn) - U*(t_,.i'),
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as n goes to infinity. Thus, for n large enough

V(tn, Xn) = @(tn, Xp) — 8. (30)
For an arbitrary z € A(C)(t,,,x,,) define a stopping time 6, := inf{s > ¢, :
(s, X% ¢ B.(f,%)}. Note that 6, < T, since  + r < T. Applying Itd’s for-

I, Xn,2

mula to ¢(s, Xy ) and by (29) we arrive at

On
@(ty, xp) = E [@ (0,,, X;:’x”’z) —/ (8,7 + L7 (Xpn?) du)]
lll
> E [a (en, Xg;’x"’z)] _

Note that (6,, X;"*"%) ¢ B, (7, X), hence

O(tn, xn) > E [go (Qn, X;,:’,x,,,z)] +25

which by (30) leads to
V(ty, Xp) > E I:(p (Qn’ Xg:"xn,z)il s

for every z € A©) (1, x,,). Since ¢ > v, the above contradicts (17). O

2.4 Comparison

In this section we prove the comparison principle. We write ¢7) instead of only ¢
to indicate the exponent p. Notice that U(y) < v(t,x) < ¢P) (¢, x) for all (¢, x) €
[0, T] x O and for p < p’ < 1 we have ¢P)(-) < ¢(1’/)(~). Let @ > 1 be a constant
and w : [0, oo] — [0, oo] be such that w(0+) = 0. Following Crandall et al. (1992)
the Hamiltonian needs to satisfy

Hx,a(x —x),N) — H(x,a(x — x), 1\_/) < w(x|x — )E|2 + |x — x|),

forall x, ¥ € O, N and N € Sz, when
(3O N 0 Iy —I3
w(6) = (6 5) = (5 0)
where I3 is the 3 x 3 identity matrix. This immediately implies

tr(c (s, 2)0’ (s, 2)N) — tr(c (5, 2)0’ (5, 2)N) < 3alo (s, 2) — o (3, 2)|%, 31)

where o (s, z)’ is the transpose of matrix o (s, ).
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Lemma 2.4 Let B, be an open ball with radius v, « > 1 and q = _ot(x —X) =
a((s—5),(n—n), (y—y)) € B, suchthat y < y. Furthermore, let N, N € 53 satisfy
(31). Then, there is a constant ¢} > 0 such that

H(x,q,N)— H(%,q,N) < clalx — i
Proof Let B, be an open ball with radius r. Define for all x € B,

my = sup C(y).

xeB,

Then, for all x,x € B, with y > y we have by the monotonicity of the function C
and by (31)

_ 1 _
H(x,q,N)—H(x,q,N) = sup [b(s,n,Z)q+*fr(0(S,Z)G/(S,Z)N)]
l21<C(y) 2

—  sup ‘b(&, 7,2)q + ltr(o(E, 20’ (5, z)N)]
21=C(5) 2
< sup {|b(s,n,2) —b(s,n,2)llql
[z]=C(y)
+ %tr(o(s, 2)o’(s, Z)N) — %tr(a(i, 7)o’ (3, Z)N)]

< sup {Ib(s,n,2) —bG, 71, 2)lg| + 3alo (s, 2) — o (5, 2)|*}

lzl<m

< K5 =92 + (n — 2lq] + 3a k(s - 5)?
< KaQs =52 4+20 - 4+ (v — 9 +3ak (s — 5)*

<clalx — %%,
where K, is the Lipschitz constant and ¢ a sufficiently large constant. O

Theorem 2.4 Let ¢ > 0. Furthermore, let u (resp. v) be an upper semicontinuous
viscosity subsolution (resp. lower semicontinuous viscosity supersolution) of (10)
satisfying

U(y) Su(t,x),v(t,x) < ¢, x), V(t,x)e[0,T]xO.
Assume u(T, x) < v(T,s,n,y + 2¢&) on Oy. Then, forall ¢ > 0,

u(t,x) <v(t,s,n,y+28, onl0,T)x0O,.

Proof 1. Let u be a viscosity subsolution on [0, T') x O, and v a viscosity superso-
lution on [0, 7) x O of (10) and i(t, x) = e*u(t, x) resp. v(t, x) = e v(t, x),
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where A > 0. Then direct calculation shows that & (resp. v) is a viscosity subso-
lution (resp. supersolution) of

—oyw +Aw — H (~, D,w, D%w) =0.

2. Lete, 8 € (0, 1]and p be the exponent in the utility function. Then, fix p’ € (0, 1)
so that p < p’. The function

W1, x) = (u - g¢<l’/>) (t,x) — 8 (21og(s + 1) — log s + ¢(T — 1))

is a viscosity subsolution to (10). Indeed, let ¢ be in Ch2([0,T) x O,) and
(7, %) € [0, T) x O, be such that (u®® — ) (7, ¥) = max(u®® — ¢). Furthermore,
define

o7 (t,x) = (g + ") (1, x) + At 5),

where A°(t, s) = §(2log(s + 1) — logs + ¢(T — t)). Then, since u is a viscosity
subsolution of (10) and (u — gos"s) has a maximum at (7, X) we see that

—0,9" (7, %) — H (%, Dap™ (0, 5. D™ @, D)) <0 (32)
Note that
H (%, D, (e¢) 0. %) + A°G5)) . D (997G ) + A°G.9))

= H (%D, (077G 9) . D2 (070, 9))) + 8K, (33)

~ 232
where K = (/Ls(% — %) — ”2“ ((§+21)2 — %2)) For ¢ > K and by Lemma 2.2,

equations (32), (33) and the fact that — sup{L%¢} — sup{L*¥} < —sup{L%¢ +
L%y} we arrive at

— dp(i, %) — H(F, Dxp(, %), Di(7, %))

- (—8,(/)8’5 + sa,(/;@/)) (7, %)—6c—H (x D.o(i, %), D20, x))
—H (x D (e P (7, %) + AC(F, §)), D2(e¢P) (7, %) + A, 5)))
+H (x Dy(e¢P) (7, %) + A7, §)), D2(edP) (7, %) + A(F, 5)))

< (—8,(,08’5 + sa,¢<1’/>) 7.5)—8c—H (x D, (7, 7). D2¢™ G, )E))
v H (x D (¢ )7, %) + A7, §)), D2(e¢P) (7, %) + A, 5)))

<H (x Dy (6P (7, %) + AP, 5)), D2(ep P (7, F) + A°(F, 5)))
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—H (x D.e¢ ) (7, %), D2 P (G, )2))
+ H (& Dweg (i, %), D2ed” ), )z))
+ &0, (7, %) — 8¢
<H (x Dy (6P (7, %) + AP, 5)), D2(e¢ ") (7, ¥) + A°(F, 5)))
—H (x Dye¢ ) (7, %), D2ep ™) (7, ;z)) —sc
—8(K —¢) <0.

3. Lete, 2,86 € (0,1] and fix p’ € (0, 1) such that p < p’. Recall, that p is the
exponent in the utility function. Set x@® .= (s, n, y + 2¢&) and notice that

U(y) < u(t,x),v(t, x) < ¢P(t,x)
implies
—v (t,x(%)) < —U(y+28) < —U (28) < oo.

Observe that, for p’ € (0, 1) such that p < p’, there exists a positive constant
c(g, p, p') satisfying

e (t,x) — e P (t,x) < c(e, p, p)), Y (t,x)€[0,T] x O.

The function u®°(r, x) — v (¢, x*)) is upper semicontinuous and in view of

lim  sup ubS(t, x) —v (t, x(zg))
[x|=00 s¢[0,7]

< lim sup c(e, p,p)—U28)

T =00 g0, 7]

— 6Qlog(s + 1) —logs +c(T — 1)) = —00
attains a maximum (7, ¥) € Op. Set

max u®? (1, x) — v (t, x(z"})) =:m.
Or

If m < 0, then for all (¢, x) € 5T we have
u(t,x) —v (t, x(ZE)) = lgmoug’a(t, xX)—v (t, x(ZE)) <0
£,8—
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and we can conclude. Next, assume on the contrary

max utSt, x) —v (t, x(zg)) =m>0 (34)
Or

and consider the following cases:
() if 7 =T, thenu(f, %) < v (7, 2(25)) contradicts (34),
(i) if § = 0, then u®° (7, ¥) — v (7, ¥**)) = —oo which contradicts m < oo,
(iii) y = Ois possible, but by assumption u is a viscosity subsolutionon [0, T') x O,..
Thus, the maximizer (7, X) is in [0, ) x O,.
4. Lete,g,8 € (0, 1], > 1 and define the region

C(E) ={(t,x), %) (t,x) [0, T1x O, (7,5,7,y —&) €[0,T] x O}.
If (¢, x), (f, X) € C(8), then y > & and
—v(t,x) < =U((y) < -U(®).
Consider the upper semicontinuous function
YEES (1 T x B) = utd (1, x) — v(T, F) — %5(;, 7,x, %)
B, 7,x,%) = (|t — P41 =52+ — A+ |y—5)+2§|2).
In view of

lim sup we’g"s""(t, £,x,%X) =—00
x| 1¥=00 4 7er0,7]

we claim that 1£-%¢ attains a maximum at (fu, 7y, Xo, X ) With (fo, Xo), (fa, Xo) €
C (&) so that

max we’é“s’“(t, £, x,X) = :mg.
(t,x),(,%)eC(&)

More precisely, we assume without loss of generality that m, > 0 and for all
£,8,8 € (0,1] and o > 1 there exists «* := af(e, &, 6, p, p’) such that for all
a > a* the maximizer (fy, Xo), (fo, Xo) € [0, T] x Ry x R x [&, 00). Indeed,
(1) For any (¢, x), (f, ) € C(8)

YEESe(t 7 x, %) < c(e, p, p)) —UE) —8Q2log(s + 1) — logs + (T — 1)).

Hence, there exists 51 := s1(g, 8,8, p, p') and s, = s2(g,E, 6, p, p') such
that 0 < 51 < sp < oo and

YoEdY (1 7 x, %) <0,
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if s ¢ [2s51, 152].
(ii) Again for any (¢, x), (7, ) € C(8)

YoEO (e, 1, x, %) < cle, p. p) —UE) — %E(r, f.x,%).
Hence, the maximum of gﬁg’é 8. is achieved in the region
— 2 , _
¢(t7 tv-x’x) < & (C(S’ P, D ) - U(S)) .

Suppose that

«_ (e pp) = ven

o>
2s%

Then,
a(t,t_,x,i)<g(c(s,p,p’)—U(é)) = ¢(t.1,x,%) <s7/4

In view of the definition of E we conclude that |s — 5| < s1/2. Since, 51 < s7,
using step i), we can restrict s, § in [sy, s»] provided that & > o*.
(iii) For any (¢, x), (f, X) € C(¢) and s, 5 € [s1, 53]

1//8’5’8’01(1‘, lr’ x,%) < ¢(p)(t7 x) — s¢(p/)(t, x) —U(e).

Hence, there exists ¢ := cy(g, &, p, p’) < oo so thatif [p| > ¢ or y > ¢y,
then 1//8’g 8@ — (), Therefore, we can restrict the maximization of ws'm*"‘ to
|n] < c1 and y < c1. Notice that y, = 0 and y, > € is possible.

Next, we claim that

. o — - _ .
lim —¢ (t(x’ los Xas Xa) =0 and lim my =m.
a—00 2 o—00

Indeed, since ¢ is positive, m, is decreasing when « increases. Furthermore,

m

R iy Y30 T 7
g > u® (s Xa) — V(g Xo) — Z¢(taa Tas Xy Xar)

o — - _
=mq + Z‘p(ta, T, Xy Xa)-

Thus, 0 < %‘5(@, Tu, Xor X)) < 2(m% — myg). Since mg iS a non-increasing
function of « and since it is bounded from below by zero, it has a limit as o
tends to zero. Hence, the difference Mg — Mgy CONVErges zero as approaches to
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zero. This in turn implies %a(ta, u, Xa, Xo) — 0. Assume now «,, — oo and
(ta,ﬂ ta,ﬂ xa,,a XO(") — (t*, t*, x*, i*) Then,

o (fa,,, Toys Xay s )Ean) -0

which by continuity leads to ¢(¢*, 7%, x*, ¥*) = 0. This implies ty,, %y, —
1%, Says Sy, = S Nays Ny, = 1%, Yo, = ¥ and yo, — y* + 2¢. Note that since
y* > 0, we obtain y,, > &. Therefore, y,, is an interior point. Next, we prove

limy—s o0 My = M. Setx,gé) = (Say» Ny » Yar, +28) and x*(8) = (s* n*, y*+28).

Notice that

Mg, > Sup w‘g’é"s""" (t, t, X, x(%)) =m

which implies m < m,, . Moreover, since u®® — v is upper semicontinuous we
see that
£,6 z =
m < My, < u”(lo, Xa,) = V(la,» Xa, )
and

m < limsupmg, < uSd(t*, x*) — v (t_*, X*(zs)) < m.
oy —> 00

5. Since (fy, ty, X, Xo)o CONvVerges to (t*, t*, x*, x*(%)) with (7%, x*) € [0, T) x
O,,foralla su_fﬁciently large (14, xo) € [0, T)x Oy and (4, Xo) € Or.Moreover,
since (fy, Xo, ly, X, Xg) is a maximum of u®® — ¢, — v, by freezing the variables
(t, X, Xo), we conclude that (4, x4) is a maximum of

o— _
(1,2) = w00, %) = S, o X, Ko)
and (fy, Xy) is a local minimum of

(7. 5) —> v(E. 5) + %E(ta, . xg. ).

Set %5::(])0[. Following Crandall et al. (1992) by Ishii’s lemma for all ¢ > O there
exist M, N € Sz such that

(at(ba(toz’ las Xa, Xa)y Dx@o (tas o, Xas Xa)s M) € 752’+u8’6(ta7 Xa)

(= 06 tas Tas ¥ Fa), = Diallas T e Fa)s N) € P20, 5a)

and

M 0 - - - _
( 0 _N) = Dy 2o T X Fa) + D5 sba(fars T X )
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1

5 we arrive at

I3 0 M 0 I3 —13
_3“(013)5(0—N)53“(—13 13)'

Choosing ¢ =

Note that
17(0 (Sas 2)0 (Sq» 2)' M — 0 (3, 2)0 (5, 2)/ N) < 3|0 (4, 2) — 0 (5, 2)|°

The viscosity subsolution property of %% resp. viscosity supersolution property
of v in terms of superjets and subjets lead to

—a(ty — fy) + 20 (ty, X)) — H (Xg, @(xg — Xgr), M) < 0
—a(ty — ty) + Av(ty, Xo) — H(Xy, a(xq — Xg), N) > 0.

Set po = a((sq — Sa), Mo — Na)s (Vo — Ya + 28)). Subtracting the above two
inequalities and by Lemma 2.4 we arrive at

AU (1o, Xg) — V(i %a))
S H(xou pa, M) - H(ia, pO{v N)

= sup H(b(sota Nas 2) — b8, Nas 2)) Pa
[z|<C(yo+28)

+ %tr(a (Sars 2)0 (ot 2)' M — 0 (Sa, D)0 (5 2)N)

<cla [lsa — Sal® + na — ﬁa|2]

< C;kaa(tou Xas t_ot, Xo) = 0,

when & — oo. This contradicts (34). Thus u®3(f, X) — v (7, %) < 0. We
conclude the proof by noting

u(t,x)—v (f, i(zg)) = lim u®%(F, %) —v (f, )?(25)) <0.
£,6—0
O

Remark 2.3 Lete > 0. The condition u(T, x) < v(T, s, n, y +2¢) is natural. Indeed,
since the utility function U is non-decreasing in y, u(7,x) < U(y) and U(y) <
v(T, x) imply

u(T,x) <U() <U(y+28) <v(T,s,n,y+28).
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2.5 Uniqueness: almost!

If the upper and lower semicontinuous envelopes of the value function at final time 7
coincide with U (y), then the comparison principle immediately implies that the value
function is essentially the unique discontinuous viscosity solution of (10). By this we
mean that any the upper semi-continuous envelope of any other solution agrees with
the semi-continuous envelope of the value function.

For a function k(¢, s, , y) that is non-decreasing in the y-variable, we define

ht,s, n,y):=limh(t,s,n,y+¢€).
€l0

Corollary 2.3 Let u and v be viscosity solutions of (10) that are non-decreasing in
the y-variable. We assume further that they satisfy,

1) U@y) <u(t,x),v(t,x) <¢(t,x) forall (t,x) €[0,T] x O,
(i) u*(T,x) =v*(T,x) =U(y) forall x € O,.

Then u*(t, x) = v*(¢, x) and ufk+)(t, Xx) = vi+)(t, x) forall (t,x) € [0,T) x Oy.

Proof Observe that u*™) = u*. From U(y) < u(t,x),v(t,x) on [0, T] x O it
immediately follows that v, (T, x), u(T, x) > U(y). Assumption (ii) implies

wHT, x) =U(y) Uy +8) < v (T, x9),
where x® = (s, n, y+¢€). Thus, Theorem 2.4 implies
v x) <ulP e x) <ut D@ x) = ute,x) <o x) < vt x)

for all (¢, x) € [0, T) x O,. Hence, v*(t, x) = u*(1, x) and ul” (1, x) = v{P (1, x)
forall (t,x) € [0, T) x O. m|

Theorem 2.4 together with the Lemma below implies that the value function is a
unique discontinuous viscosity solution of the Hamilton—Jacobi-Bellman equation,
in the sense that all non-decreasing solutions have the same upper semi-continuous
envelope.

Lemma 2.5 Let v be the value function. Then,
v (T, x) =v*(T,x) = U(y)

forall x € O.

Proof For any (t,x) € [0,T] x O, v(t,x) > U(y). Thus, ve(T,x) > U(y). Let
(t,x) €[0,T1x O,z € A9, x),

J.x, ) = E[U ()] = E[U (Y7") X -]+ E[U (Y75) X <n) ]
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where N € Nand 1Y) = ‘L’t(’];/’)z is defined by
™ = inf(u € (1, T): ¢, X[ = N, Pas) A T.
1. On the set {u < t™}
D (u, X;5) <N, Vue [z, z“")].
This implies that there is a constant ¢ > 0 so that
Yisi <Nt Yueln ™)
and
lzul = C (Y,;’X’Z) <C(ciN?), Vue [t, ‘L'(N):I i

Furthermore, there is a constant ¢ > 0 so that

2
t,5,1,2
(i)

I < czNz, Yue [t, T(N)].
Su

Set
bu =b (SL’S, ﬂ;’s’r]’z, Zu) , Oy = U(S;!Sv ZM)-

The above estimates and the definition of b and ¢ imply that there is a constant
c3(N), depending only on N and not on ¢, x, z so that

bul < c3(N) (14 5°) . loul < e3(N) (1+5,7).

Therefore, there exists another constant c4(N) so that

E [|Y}’“ — y|2] < 2E[(/ZT budu)z] +2E[(/IT auqu)z]

sam (1+2) [T -2+ T-n]. 69
2. By Corollary 2.1 and by the definition of 7™,
V) (4) () yrorz
NP[T <T]=E|¢ (r ’Xr(’\”) Xz <T)
1
o) o5
<4, x).
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Therefore,

¢ (1, x)

Plt™ < T] < ,
N

which implies limy_, oo P[t™ <T]1=0.
3. By concavity of U and by (35) we arrive at

E[UX ) Xew=r)]
<SE[UM+U' G (Y7 = y)Xpw—r]
=UPIN =TI+ U ME[(Y7™" = ¥) xz—p)]

1

=UPEN =TI+ UME |11 =3P | PIr® = 13

1

=UG) —UMIPEN < T+ U GE 1Yy = 3P| Pe™ =113

< UG) + U0 esW) (1 + (T =12+ (T =) P[z™ =77,

Hence, for every N,

im sup E [U (Y’“x"z) Xo ] <U®y).  (36)
(t/’x/)—)(T,x) ZG.A(C)(I,,X/) T {T[/’)(/,Z:T}

4. Let p’ € (0,1) and p < p’, where p is the exponent in the utility function U.

Holder’s inequality with ¢ = p,pr and Corollary 2.1 reveal

E [U (Y}’X)Z) X{T(N)<T}] <E [¢(p) (T» thx,z) X{r<N)<T}]
ya 1
<c(p. ) E[o") (1.X59)|" P < T]"
1
<c(p.p) 0?07 (3P 0N)7,

where ¢(p, p’) is a positive constant. Hence,

’ot 1
lim sup sup E [U (Y}’x ’Z) X <T}} <c(T.x, p, pY(N"Ha,
(t’,)ﬂ)—)(T,)C) ZGA(C)(t/,X/) 1/.,\'/.2

(37)

where ¢(T, x, p, p') is a positive constant.
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5. We combine (36), (37) and let N — o0 to arrive at

v*(T,x) = limsup sup J({,x',z2) <U®©).
(' x")—>(T,x) ze AO(t',x")

3 Numerical results

In this section we provide numerical results that were also given in the earlier paper of
the authors (Soner and Vukelja 2013). In that paper the discrete-time approximation
of problem (9) is used to compute the optimal strategy z and the value function w.
However, the convergence of the scheme is not discussed there. Here, w is the value
function of the discrete-time approximation. In the discrete-time approximation the
control z is always bounded. Thus, the condition |z,| < C Y forallu € [1, T P-
a.s. is not needed. For admissibility we only need Y ** > 0. Moreover, in discrete time
we always work on a bounded domain and therefore the condition holds for sufficiently
large functions C. More details are provided in the thesis of the second author (Vukelja
2014). In particular, the convergence of this algorithm is studied in Vukelja (2014) as
well. Since the approximating scheme is the dynamic programming equation of the
discretized optimal control problem, this numerical scheme is monotone. Hence, one
can employ the classical (Barles and Souganidis 1991) result, proving the convergence
of the value functions at the points of discontinuity. Since the value function is possibly
discontinuous, one does not expect to design a numerical scheme that converges at all
points. Moreover, the possible discontinuity points are expected to be small and most
likely at the boundary.

Here we give a brief discussion of this result and for further details we refer to
Vukelja (2014).

Let v” be the solution of the discretized problem where i > 0 is the discretization
parameter. Following the Barles and Souganidis procedure, we define the relaxed
limits,

7(x) = limsup v", u(x):= liminf v".
x'—x,h|0 X' =x, 0

By standard techniques, one can show that & is a viscosity sub-solution and u is a
viscosity super-solution of the Eq. (10). Let v be the value function for the continuous
time problem. We now apply the comparison result Theorem 2.4 as in Corollary 2.3
(and Lemma 2.5) to conclude :

e Since u is an upper semi-continuous sub-solution, v, is a super-solution of (10),
* *
(U*) = )
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—k=1

—k=5

—k=9
k=13

50 100 150 200 250

(b)

Fig. 1 Optimal trading strategy z*. a At time step 1, b at different time steps k

e Since v* is a sub-solution, u is a lower semi-continuous super-solution of (10),
Vst <
e The above inequalities imply that
= ()" =v* = W".

Furthermore, Soner and Vukelja (2013) show that in this setting the dynamic pro-
gramming principle (DPP) holds true. Thus, we can develop an efficient algorithm
to compute the optimal strategy z* and the value function w backwards in time.
The optimal stochastic control problem (9) has three state variables; however, the
homotheticity property of the CRRA utility function reduces the problem to two state
variables . = g and Y. = § For more details on the dynamics of ¥ and Y and
the (DPP) we refer to Soner and Vukelja (2013). Clearly, the optimal trading strategy
depends on the initial data v/, y and the time step k, i.e., z*(k, ¥, y).

Weset p = 0.25,0 =03, 0 =0.04,k =5 N =40,T =2 and M = 0.01.
The optimal trading strategy z* is plotted in Fig. 1. Figure 1a shows that the optimal
strategy grows almost linearly in ¥ and it seems that it changes less in y. This comes
from the fact, that the state variable Y = g = é —2Mz depends on the strategy z. If we
fix [ /s, for instance set/ /s = 0 and plug in the computed optimal strategy z*(k, ¥, ¥),
then v = —2Mz*(k, ¥, y). Furthermore, for fixed (k, ¥) we can find the fixed point
¥ such that v = —2Mz*(k, ¥, ¥). Let ¢* be that fixed point. Then, define

=k YT D).
We plot z* in Fig. 1b. It shows that z* is increasing in y.
In Fig. 2 we plot the graph of the corresponding value function at time step 39,

Fig. 2a resp. at time step 1, Fig. 2b. We see that local arbitrage is possible, i.e., the
value function w is for some values of v larger than the Merton value function v™
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Fig. 2 Value function w at different time steps. a At time step 39, b at time step 1

Table 1 Difference of w and

o M =0.01 M =0.05 M =0.09
—0.0057 —0.0157 —0.0242
—0.0056 —0.0169 —0.0243
—0.0059 —0.0176 —0.0247
—0.0067 —0.0184 —0.0254
—0.0075 —0.0193 —0.0259
—0.0083 —0.0200 —0.0264
—0.0091 —0.0208 —0.0269
—0.0099 —0.0216 —0.0273
—0.0107 —0.0224 —0.0278
—0.0114 —0.0231 —0.0283
—0.0120 —0.0238 —0.0288

with no friction. When initial liquidity premium exists in the observed stock price,
then it is intuitively expected that the investor may and does use this to achieve a
value larger than the Merton one. Figure 2 also shows that the value function is not
concave. In Table 1 we compute the difference of the value function in the liquidity
risk setup w and Merton’s value function v" for different values of M when ¢ = 0. It
shows that w < v™. For a proof of this statement we refer to Soner and Vukelja (2013).
Furthermore, as expected, when the depth parameter M increases the difference w —v™
decreases.

Appendix

In this appendix we provide details on the proof of Lemma 2.2. We only prove the
lemma when p < 1, p # 0. The case p = 0 is proved analogously. For this, set

2
£ := By + L and note that = < £. Let ¢, ¢,61,62 € Rand ¢ > 0 be given
constants. Direct computations reveal
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2 .2 2
2 cin 2 crn < ‘1
- 25) = — A <L 38
(c1nz + c2z7s) (2\/62_S+ Czsz) +462 . _462%' (38)
2
(Zr))2 = zzn—s < Ezzs
S
2 2
n Lin™N2 55 1., 5
nz(s)§4(s)+zn §4§ + z°s5& (39)
21— M 1— M2)? 1—M VL ()
Pl = M2) = ersa(l = M) = (e125(1 = M) = 2) "+ (5
1
< (e152(1 = M2))* + —&° (40)
481
2 2 £z%s
sn22(1 — Mz) < (eazs(l — M2))> + = (41)
482
2
EP 1 Buzs(1 — Mz) < P %(ezs(1 — M2))* + (’z—’:) EP. (42)

~ p
Set ¢(s,n,y) = %(ﬂy + ”Tz) . Equations (38)—(42) reveal

2
Li¢ =¢gPT] ((—2/< — M)% — (4M(k + ) + Br)nz — 2M/<,312S)

2 2
—1 2ep—1(1 2.2 o“(1—=p), ,»
+ 67 upzs(l = Mo+ o260 (U am2s) - TP ((
+ (4Mn2)? + B(zs(1 — Mz))z)

+4Ma?EP Iz + 02 (1 — p)EP?

2
X (— 4Mzn% + ,Bzr;z(l —Mz)+ 4Mﬁnszz(1 - Mz))

2
< (— 26 — 1 —i—az)%ép_l — ((4M + By +4M (1 — o2))nzEP™!
+ &P uBzs(1 — Mz) — @Mk — 4(Mo)?)Z2seP ™!
_ Boi(l—p)
2
+4MBo>(1 — p)EP sz (1 — M2) + Bo* (1 — p)&P *n’z(1 — Mz)
< ( — 2%k —u+ 02)+.§1’ — ((4M + B)ic +4M(u — o*))nzEP™!
+ &7 pupas(l — Mz) — @Mk — 4(Ma)*)z?sEP™!

_ po*(l—p)
2

+AMo*(1 — p)éf’”(f—@z +2s¢)

2
(Bzs(1 — Mz)2%EP~2 — AMo2(1 — p)é”_zzn%

(Bzs(1 — Mz))?gP2

'7_2)2
R
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2 -2 2 1 2
+ Bo?(1 = pg" (13201 = M2) + )
2
AMBo2(1 — p)eP2 L= M2 4 58
+ 4B = e (zs(l = M + % 5)
<GP —cinzEP N — er?sEP T 4 £ uBzs (1 — M2)
— (zs(1 — Mz))zé”*zsz,

Setting
2
1 —
c=(=2k—p+o)t+Mc*1-p)+ M
dey
c1 = (4M + B +4M(u — 0?)
Mo?(1 —
¢y = 2Mif — 4(Ma)? — 4Ma2(1 — p) — sz)
€
B +
e =021 = pp(5 - ef —ame3)
Sete; =1 ande% = léBM It follows that ¢ > 0if 8 > 4and ¢; > 0if B >

?@M 201 -p)H8MA=p) gine (42) we arrive at
K

L <a + é”+(’3u) £ = at?.
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