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Abstract Following a trend of sustained and accelerated growth, the VIX futures
and options market has become a closely followed, active and liquid market. The
standard stochastic volatility models—which focus on the modeling of instantaneous
variance—are unable to fit the entire term structure of VIX futures as well as the entire
VIX options surface. In contrast, we propose to model directly the VIX index, in a
mean-reverting local volatility-of-volatility model, which will provide a global fit to the
VIX market. We then show how to construct the local volatility-of-volatility surface by
adapting the ideas in Carr (Local variance gamma. Bloomberg Quant Research, New
York, 2008) and Andreasen and Huge (Risk Mag 76-79, 2011) to a mean-reverting
process.

Keywords VIX futures - VIX options - Volatility of volatility - Volatility derivatives
JEL Classification G12 - G13

1 Introduction

The VIX market—consisting of futures and options on The Chicago Board of Options
Exchange (CBOE) VIX index—has been growing at an astounding rate. The average

daily volume for VIX options in 2011 has almost doubled compared to 2010 and is
nearly 20 times larger than in the year of their launch, 2006. For VIX futures the growth
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Fig. 1 Daily VIX market volumes: VIX futures contracts! (left), VIX options contracts (right). Black:
252-Day moving average, Gray: 63-Day moving average. Data: CBOE

is equally impressive: average daily volume in 2011 has more than tripled compared
to 2010 and is about 100 times larger than in the year of their launch, 2004. Figure 1
shows the exponential increase in VIX futures and options volumes since their launch
until present: we plot both a 252-day moving average as well as a 63-day (i.e. one
quarter) moving average of the daily trading volume. As can be confirmed in Fig. 1,
following a sustained and accelerated growth, current average daily volumes amount
to almost 1,000,000 contracts/day,l across VIX futures and options.

Similar to the explosive growth in options markets after the seminal work of Black
and Scholes (1973), developments in quantitative finance theory played a key role in
the birth and growth of volatility markets. Although the CBOE introduced an initial
version of the VIX index as early as 1993, it was only after its redefinition in 2003,
based on the pioneering work on variance replication of Dupire (1993), Neuberger
(1994) and Carr and Madan (1998) that the volatility market started to develop and
grow significantly.

Another key driver has been the recognition of volatility, by both traders and
investors, as a separate asset class of its own. It was undoubtedly the financial cri-
sis of 2008 that has prominently brought the VIX index to the attention of all market
participants; as shown in the study of Szado (2009) volatility was the only asset class
which could have offered any diversification benefits, while all other assets were pre-
cipitously falling in lockstep.

Recognizing that traditional stochastic volatility models—such as Scott (1987)
and Heston (1993)—Ilack the required flexibility to simultaneously fit an array of
different VIX instruments, the literature has focused on developing more advanced
models to jointly fit the S&P500 and VIX options markets. We particularly remark
here the modeling framework introduced in Bergomi (2005) and then further refined in
Bergomi (2008) to account for the positive volatility of volatility skew of VIX options.
Under a similar framework, Cont and Kokholm (2011) propose dynamics for the spot
and forward variances using Levy-processes as building blocks and achieve improved

I Note: VIX futures contracts have a multiplier of 1000 while VIX options contracts have a multiplier
of 100. Therefore, futures contracts volumes are multiplied by a factor 10x, to make them comparable to
options contracts volume.
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analytical tractability. Such models are particularly useful for exotic index structures,
including cliquets and their variations—see also Eberlein and Madan (2009), whose
pricing is very sensitive to the volatility-of-volatility. Additionally, these models are
suitable for products with payoffs which depend explicitly both on the underlying
equity index and its volatility. As expected, however, the capabilities of these models
must come at the cost of rather sophisticated dynamics.

In contrast, we deliberately take a more targeted focus and consider only the VIX
market in this paper. Specifically, our goal is to find a parsimonious VIX model able
to provide a global fit to all listed VIX instruments and which can subsequently be
used to price non-listed products, including exotic VIX options such as barrier and
digital options. Our main assumption is that the VIX market is mature enough to
allow us to price and hedge general VIX derivatives relative to the listed VIX futures
and options. In formulating this assumption we rely primarily on the evolution of
trading volumes in VIX futures and options on the CBOE market, as discussed in the
beginning of this section. Additionally, we consulted with market makers at two leading
investment banks who confirmed that at present—unlike a few years ago—the VIX
market has improved significantly in terms of both depth and liquidity. Nevertheless,
we acknowledge that the evolution of the VIX market is not yet complete and will
continue to develop in the coming years; hence, our assumption is likely to find even
stronger support over time.

The key distinguishing feature of our approach is that—unlike previous literature—
we will not model either instantaneous variance or forward variances, but rather
directly the VIX index itself. Our universe of calibration and hedging instruments will
consist of all listed VIX futures and options. For the VIX dynamics, we choose a mean-
reverting local volatility of volatility model and then show how to obtain a global fit to
the VIX market. This new choice of dynamics combines two fundamental ingredients:
(1) mean reversion and (2) local volatility. Similar to the classic local volatility litera-
ture, without mean reversion—see Derman and Kani (1994), Dupire (1994), Andersen
and Brotherton-Ratcliffe (1998) and Andersen and Andreasen (2000)—we obtain the
local volatility of volatility function in terms of a surface of VIX options prices. To
obtain an arbitrage-free surface, which interpolates and extrapolates the available VIX
options quotes, we must properly account for the mean-reversion. To accomplish this
task, we show how to adapt the recent ideas in Carr (2008) and Andreasen and Huge
(2011) to a process with mean-reversion.

The rest of the paper is organized as follows. In Sect. 2, we specify the mean-
reverting local volatility-of-volatility dynamics for the VIX index and obtain its key
properties. The subsequent section discusses the conditions and the construction of
an arbitrage free surface of VIX options prices. In Sect. 4, we present the steps of the
numerical calibration of the model to market data. Finally, the last section summa-
rizes the main conclusions. All proofs not given in the main text can be found in the
“Appendix”.

2 A new VIX model: mean-reverting local volatility of volatility

As motivated in the previous section, we will specify directly the dynamics of the VIX
index in a mean reverting local volatility of volatility model, thereby combining two
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270 G. Drimus, W. Farkas

different ingredients: (1) mean reversion and (2) local volatility. Let W; be a standard
Brownian Motion defined on a filtered probability space (2, F;, F, Q) satisfying the
usual conditions. Denoting VIX; = V;, we assume the following dynamics under the
risk-neutral measure Q:

AV, =k-(O@) = V) dt + Vi - A (V;, 1) dW; (1)

where k > 0is the speed of mean-reversion, 6 (¢) > 0is adeterministic time-dependent
reversion level and the local volatility-of-volatility function A (V, ¢) is assumed suffi-
ciently regular such that the SDE (1) admits a unique non-exploding positive solution.

Our goal is to find k > 0, 6(¢) > 0 and A(V, ¢) to match the market VIX futures
and options. As will become clear in the following, for different fixed values of k > 0,
one can find 6(¢) and A(V, t) to ensure the global fit. Therefore, strictly theoretically,
there is flexibility in choosing the parameter k > 0. In practice, however, a sensible
approach could be to select the parameter k£ > 0 such that the resulting functions 6 (¢)
and A(V, r)—obtained from the calibration—are reasonably time-homogeneous.

Let us first consider the simpler problem of fitting the VIX futures term structure.
We shall take 6(¢) piecewise constant on 0 = Ty < 77 < --- < Ty and denote
6(t)=6; >0on(T;_,T;1,i =1,2,... N,where Ty, T5, ..., Ty are listed maturities
for VIX futures and options. An application of Itd’s lemma to the process e’ - V; on
the interval [0, T'] yields:

T T
&y = V0+k/e’“@(t)dt+/ektVtk(V,,t)dWl.
0 0

Assuming the last term is a martingale increment and letting FtT = E (Vr|F;) denote
the VIX futures price of maturity 7', we obtain upon taking expectations:

T
Fl =e™* . vy + ke T ./e"’e(t)dt.
0
For a piecewise constant 6(¢) and for T € (T,,—1, T,], withn = 1,2, ..., N, we have
n—1 T T
Fy=e T vo+ D 6 e . / ket dt 46, - e . / ket dr

i=1 7 T

i—1 n—1

n—1

— e Ty + 291' _ (e—k(T—T,-) _ e—k(T—TH)) 10, (1 _ e—k(T—TH)) _
i=1

In particular, if the maturity 7 is one of the listed maturities 7}, the model VIX futures
price will be:
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n
FOTIL — e—an . (VO + Zel . (esz _ ekTi—|)). (2)
i=1

Now, let us denote by FOT’"M the VIX futures of maturity 7}, as observed in the market
at time ¢ = 0. From the condition FOT" = FOT M and Eq. (2), we finally obtain 6, as

T,.M i . .
Ry kT =Wy = ST 6 - (M — i) 3
HKTn — KTu :

—e

Applying (3) in turn, forn = 1,2, ..., N, we recover the function 6 (¢) which ensures
the fit to the VIX futures term structure.

In what follows, we denote by C (K, T') the value of a call option on the VIX index,
with strike K and maturity 7. Specifically, we define

CK.T)2 e TE(Vr — K),

where r denotes the risk-free interest rate. In analogy to the classic local volatility
literature, we want to obtain a relation between the local volatility of volatility function
A(K, T) and the call options surface C (K, T)—as it applies to options on a mean-
reverting underlying, in our case, the VIX index. We arrive at the relation stated in the
proposition below.

Proposition 2.1 Under the VIX dynamics (1) and assuming suitable regularity con-
ditions, the local volatility-of-volatility function (K, T) satisfies:

K, T)+kO(T)—K)- 35K, T)+ (r+k) - C(K, T)

2
%~K2~%(K, T)

VK, T) = “4)

Proof The main steps of the proof are similar to the non-mean-reverting case (e.g.
Dupire (1994) or Andersen and Brotherton-Ratcliffe 1998). We only remark that the
linear form of the mean-reversion drift in (1) is explicitly required in order to arrive
at a formula as in (4); for completeness, we include the details in “Appendix I’. O

As remarked in the proof above, a linear mean-reversion is needed in order to obtain
the formula in (4). However, it is interesting to note that volatility dynamics with non-
linear mean-reversion have also appeared in the literature, for example the quadratic
mean-reversion of the 3/2 model in Lewis (2000) and Carr and Sun (2007). The results
here, including the construction of A(K, T') discussed in the following section, directly
depend on the choice of a linear mean-reversion.

In practice, we may find it convenient to work with log-strikes, as opposed to

absolute strikes. If we let x = log (%) denote the log-moneyness, we can define

Ax,T) = A(Vpe*, T) and similarly 5(x, T) = C(Vpe*, T); Eq. (4) can then be
rewritten as:
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272 G. Drimus, W. Farkas

9 (x, T) + k (O(T) — Voe*) - 7 - C(x, T) + (r + k) - C(x, T)

Voe*

P(x.T)= = =
Lo (5501 - 5, 1))

)

For the numerical implementation, it is important to have a representation for
A2(K, T) (or equivalently for A2(x, T)), similar to Proposition 2.1, but in terms of
Black—Scholes implied volatilities. However, due to mean-reversion, it is not possible
to directly define a Black—Scholes implied volatility for the spot VIX. To see this, we
recall the no-arbitrage bounds that must be satisfied by a call option on a non-dividend
paying underlying with initial value Vj:

(Vo _ e*rTK) <C(K,T) < V. (6)
+
However, the bounds satisfied by call options on the VIX are:

T (FOT — K)+ <CK.T)<e'TF! )

where, as defined previously, FOT = E(Vr) is the VIX futures of maturity 7. We can
now easily see that for sufficiently low strikes K and a futures prices FOT sufficiently
larger than the spot VIX value V), the lower bound in (7) would be larger than the
upper bound in (6) and hence the Black—Scholes implied volatility would not be well
defined. Instead, we shall define the Black implied volatility o (K, T') of the VIX
futures FOT:

C(K,T)= CE (FOT, K.T,o(K, T)) ®)
where CB (F, K, T, o) denotes the standard Black formula:
CE(F.K.T,0) =T FN(d) — KN(@>)]
with

2

oo oele) + o
oNT
dz:dl—(fﬁ.

Proposition 2.2 states the formula for the local volatility-of-volatility *(x,T) in
terms of Black implied volatilities. We note that this formula bears certain differences
from the classical formula in Andersen and Brotherton-Ratcliffe (1998) since, in our
case, the futures FOT further depends on the mean-reversion related terms k and 6 (z).
For the statement below we let o (x, T) = o (Vye*, T), but we drop the tilde sign for
brevity.
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Proposition 2.2 Under the assumptions of Proposition 2.1, the local volatility of
volatility A(x, T) satisfies:

k6; (N(dl) - N(dz)) + FOTn(dl)[";j;) + VT - Fro(x, T+

(x,T) =

FT 1 2d 9
Ton(dl)[a(xj)ﬁ + ((r(x,lT) - «/7) co(x, T)+
k(0; —V( )‘)ﬁ il
DR 2 (9)
2
L (Lo, )" + VT - o, T)}

where 0; = O(T) for T € (T;—1, T;] and N(-), n(-) denote the standard normal
cumulative and probability density functions, respectively.

Proof See “Appendix I”. O

Despite the rather complicated appearance of Eq. (9), it proves useful in the numer-
ical implementation—to be discussed further in the following two sections—as it is
often numerically more stable to differentiate the surface of implied volatilities than
to differentiate the surface of absolute call prices, as in the simpler formulas (4) or (5).

3 Constructing the local volatility-of-volatility surface

Applying Proposition 2.1 (or Proposition 2.2) to compute the local volatility of volatil-
ity (K, T)? requires a full surface of VIX option prices. Consider a finite and discrete
strike x maturity grid on which, for each of the listed maturities 7;, we have some
set of listed strikes KC(i), where there exist VIX options market quotes. Our goal is
to construct a VIX options surface which interpolates and extrapolates the available
market quotes to the entire grid.

Most importantly, this interpolation and extrapolation procedure must ensure that
the resulting VIX options surface is arbitrage free. Consequently, before proceeding
to the construction of the options surface, we begin by identifying the relevant no-
arbitrage conditions. Similar to the non mean-reverting case, we identify appropriate
analogues to the calendar spread and butterfly spread conditions, as they apply to VIX
options.

The rest of this section is organized as follows. The first subsection summarizes the
no-arbitrage conditions for VIX options as formulated in Lemma (3.1). In a subse-
quent subsection we present a construction algorithm for the VIX options surface by
extending ideas in Carr (2008) and Andreasen and Huge (2011) to a mean-reverting
process; this task is further broken down in two possible approaches: one which works

2 We note that the function A(-, -) is the same function as in Eq. (1) of the previous section, only the notation
of the arguments may differ depending on the context.
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274 G. Drimus, W. Farkas

directly with the spot VIX and one which works indirectly with VIX futures. The sec-
tion concludes with some remarks regarding the choice between the two construction
approaches.

3.1 No Arbitrage Conditions for VIX options

Lemma 3.1 VIX options satisfy the no-arbitrage conditions:

1. Calendar spread: for any Ty < T

T

C(K,Tp) — e 0HOM=T) [ c | g k=T _ o=k /kekfe(t)dt, Ti|>0
T
(10)
2. Butterfly spread: forany K — AK < K < K + AK
C(K—AK,T)—2-C(K,T)+C(K +AK,T) > 0. (11)
Proof See “Appendix I”. O

In particular, we note that the calendar spread condition takes on a more complicated
form due to mean-reversion, whereas the butterfly condition keeps its classical form.
The necessary no-arbitrage conditions of Lemma 3.1 can also be shown to be sufficient.
To see this, note that dividing (10) by 7, — T then letting AT = T, — 71 — 0 and,
similarly, dividing (11) by AK then letting AK — 0, we obtain:

aC 0C
ﬁ(K,T)-Fk(Q(T)—K)'ﬁ(K,T)—i-(r—i-k)'C(K,T)20 (12)
92C
W(K,T)>O (13)

where to ensure the strict inequality in (13), we make the assumption that the density
of Vr does not vanish on R . By Proposition 2.1, conditions (12), (13) ensure that
the local volatility-of-volatility function is well-defined and, in turn, this implies (up
to suitable regularity conditions) that we have well-defined dynamics in (1) consistent
with the VIX option prices.

3.2 Construction based on Carr—Andreasen—Huge with mean reversion

In constructing the arbitrage-free VIX options surface we start from the following key
result based on Carr (2008).
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Theorem 3.1 (Carr (2008)) For a function F : R x [0, T*] —> R which satisfies,
for any fixed T € (0, T*), the ordinary differential equation (ODE):

PG F.O L o e PF
= =5 K2 AK) S (KL T) (14)

where F (K, 0) is convex in K, we have:
2
P(K.T) > 0and $5(K, T) >0

where v(K) is an arbitrary non-vanishing function.

Proof See Carr (2008). For an alternative derivation, we refer to Andreasen and Huge
(2011); the latter also includes a discrete version of the result. O

Andreasen and Huge (201 1) use the result in Theorem 3.1 to develop a fast algorithm
to interpolate/extrapolate a finite set of European option prices to a full arbitrage-free
surface.

The key feature of Theorem 3.1, is that it prescribes a sequence of ordinary differ-
ential equations for F (K, T'), as opposed to a partial differential equation; note that it
contains no partial derivative in T, only a simple finite difference ratio. It resembles
closely the classical Dupire (1994) forward PDE, with the crucial difference that the
derivative in T is here automatically discretized. This important property is efficiently
exploited in Andreasen and Huge (2011) to obtain a fast and robust algorithm for the
arbitrage-free construction of an options surface.

For our purposes, we rewrite Eq. (14) as follows. For a function F : R X
[T;—1, T;] — R which satisfies, for any T € (T;_1, T;], the ordinary differential
equation (ODE) :

(1 CT=Tin o ﬁ) FK.T) = F(K.Ti) (15
3 . -V . 3K2 s = s Li—1

and for which F (K, T;_1) is convex in K, we have:
. 2
SE(K.T)>0and &L(K,T) >0 (16)

where v; (K) is an arbitrary non-vanishing function.

For further reference, we now briefly recall the key ideas in the volatility interpo-
lation algorithm of Andreasen and Huge (2011). Note that the conditions in (16) are
precisely the no-arbitrage conditions which must be satisfied by a strike x matu-
rity surface of call options—denoted here F (K, T)—on a non-dividend paying,
tradeable underlying, under zero interest rates. Start by setting the initial condition:
F(K,0) = (So — K)+. For each interval [T;_1, T;], perform steps:
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276 G. Drimus, W. Farkas

1. Long step: Search for v;(-) so as to "hit’ the discrete market quotes F M (K Jis T,)
of maturity 7;:

2
m%I)l Z (F (Kjk’ Ti) - FY (Kjk’ Tl))
" K ek
by applying ODE (15) with T = T;.
2. Short steps: Fill-in all grid maturities T € (7;_1, ;] by using the v; (-) determined
in step 1 into ODE (15).

It is important to emphasize the core idea: long-step between listed maturities 7; |
and 7; in order to find v;(-) and then short-step from 7;_; to each T € (T;_1, T;]
to fill-in the remaining maturity layers. The final result is an options surface which
satisfies the conditions (16) and is consistent with the observed market quotes.

We now proceed to develop two methods for constructing an arbitrage-free surface
of VIX option prices. Both methods start from the key ideas in Carr (2008) and
Andreasen and Huge (2011) by showing two different approaches to accommodate
mean-reverting dynamics. The first method works directly with the VIX spot, whereas
the second method works with the VIX futures. In both cases, the end aim is to compute
the local volatility-of-volatility function A(K, T'), consistent with the observed VIX
option market quotes.

3.2.1 Method I: Direct method using spot VIX

Recall that the VIX options surface must satisfy the no arbitrage conditions (12)
and (13). For each interval between listed maturities [7;_1, 7;], we would like to
obtain an ODE representation for C(K, T') similar to (15) and which automatically

ensures that conditions (12) and (13) are satisfied. To this end, we start from a function
F :R x [T;_1, T;] — R asin (15), and define

C(K,T) & e~ r+0T=T0) | (ei T (K —0;)ekT=TD), T) . (17)

Setting 7 = T;_; and taking K as 0; + (K — Gi)ek(Ti_Ti*I), we obtain the initial
condition at time 7;_1 as

F (K, Tim) = ™00 ¢ (6, 4 (K — 09 TTo0, 7,4 ).

Differentiating (17) with respect to K and 7', we also obtain:

9C o OF .
(K. T) = Tt>~§(9,-+<l<—e,->ek“ ™, T) (18)
92C 92F
o r—(T-T) . N K(T—T))
K. D) =" -m(9,+(1<—9,)e ,T) ~0 (19)
aC

ﬁ(K’ T) = e~ THR(T=T)) | [_ (r+k)-F (Qi + (K — Qi)ek(T_T"), T)
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IF
0 + (K — 6,)kT=T) T)
+8T( +( )e

oF
(K = e T (9 + (K — 0;)ekT=T) T)} (20)
Using (18) and (20), we can conclude:

8—(K T)+k(®; —K) - a—(K T+ +k-CK,T)

_ (T =Ty | 3_T (Qi (K — )k, T) - 0.

Finally, evaluating (15) at K of the form 6; + (K — 0;,)e¥T=T) and then making use
of relation (19), we have proved the following result.

Proposition 3.1 For a function C : R x [T;—1, T;] —> R which satisfies, for any
fixed T € (T;—1, T;], the ordinary differential equation (ODE) :

T —T,_ 2
[1 — (4 = TT) 0 (0 4+ (K — e T )

2
o 2KT=T) 83(2}“[(, Ty=e "+HOT=TioD) . c (QiHK — 6;)kT=Ti-n), TH)
21

where C(K, T;—1) is convex in K and v;(K) is an arbitrary non-vanishing function,
the following properties hold:

%(K,T)—i—k(@ K)- —(K Y+ +k-CK,T)>0

92C

Equation (21) provides an analogue to (15) for the case when the underlying is mean-
reverting. Using this result, we can now obtain an options surface which satisfies the
no-arbitrage conditions (12) and (13), which are the relevant no-arbitrage conditions
for VIX options.

We can now apply the same logic of the Andreasen and Huge (2011) algorithm to
Proposition 3.1, with an additional adjustment however. To see this, let us assume that
we have computed the options surface on [0, 7; 1] for a discrete strike grid {K ;} and,
hence, have also solved for v;(-) forall 1 <[ < i — 1. In particular, we have the values
of the call prices C (K s Ti_l) on our discrete strike grid {K;}.

However, note that in order to step from 7;_; to any T € (T;_1, T;] the initial
condition in Eq. (21) will require the call prices C(-, T;—1) at the discrete strikes
0 +(K; — 0;)e*T=Ti=1) (but we only have them at the strikes {K;}) . Since we have
already computed v;(-) for all 1 < I < i — 1, we can obtain these call prices by
long-stepping again from time Ty = O forwards to 7;_1, with carefully chosen initial
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278 G. Drimus, W. Farkas

conditions. Specifically, we must amend both steps 1 and 2 of the Andreasen and Huge
(2011) algorithm, as follows:

— (Initial condition) To obtain call prices C (9,- +(K; — Oi)ek(T_TH), Ti_1) long-
step between Ty, T1, T2, ..., T;—1 using Eq. (21) and the initial condition at time
Ty =0, C(KJ.,O) =Wy — KJ.)+ where

K; =601+ 0 — 0t + (03 — )™ + -+ (K — 0)etT

It can be easily verified that starting from strikes K ' as the initial condition at time
To = 0, we indeed arrive at the desired strikes at time 7;_. Since the number of listed
maturities will usually be small (currently around six maturities) and not dependent
on the size of the T'-grid, the additional computational cost will be linear (in the size
of the T-grid).

As an alternative approach to obtain the initial condition, which is also fast and
works well in practice, is to simply perform a convexity-preserving interpolation of
the discrete call prices C (K I3 T,-_l) along strikes and for the fixed maturity 7;_1. For
example, one can apply the convexity preserving spline interpolation along strikes as
described in Fengler (2009).

Finally, we remark an implementation detail regarding the functions v;(-), to be
determined for each listed maturity 7;. In Andreasen and Huge (2011), the authors
choose v;(-) as a step-function, with the number of steps equal to the number of
market quotes available for maturity 7;; this ensures that we have enough ’degrees of
freedom’ to match the given quotes. Alternatively, we found that enough flexibility
can be obtained by using simpler parametric forms for v; (). In our implementation,
we have chosen

(22)

vi(K)=c|+cy-N (m)

C4

where N (-) is the standard normal cdf. This has the advantage that it yields a smooth
and bounded v; (K) € [c1, ¢1 + ¢2]. To find the function v; (K) we now only have to
fit the parameter vector (cy, ¢z, ¢3, c4) for each maturity 7;. Of course, if additional
fitting flexibility is required, a less parsimonious specification for v; (K) would need
to be used.

3.2.2 Method II: Indirect method using rolling VIX futures

The main idea behind the next method will be to obtain the local volatility-of-volatility
surface of the VIX spot from that of the VIX futures. Specifically, over each interval
[T;—1, T;], we will compute the local volatility-of-volatility of F, tTi (the VIX futures of
maturity 7;) and then obtain A(K, T') from it; accordingly, we will term this method
the rolling-VIX futures method. On the interval [7;_1, T;] the dynamics of V; are:

th == k(@, - Vt)dt + Vt ° )\.(Vt, t)th
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from where we obtain, for ¢t € [T;_1, T;], the VIX futures F,Ti as
Fl =6, + (V, — 6;) e ¥Tim0) (23)
with dynamics
dFt = e *T=0 v, oV, Dd W, (24)
Now, we can rewrite (23) equivalently as
Vi= 6+ (F' = ;) 00
which, combined with (24), leads to the following VIX futures dynamics:

dF)" = e 0 (6, 4 (F = 0) ¢00) (6 + (K = 0,) 4070, 1) aw,

2w (FT ndw,. (25)

where we have defined as w; (F,Ti, t) the local volatility-of-volatility function of the
VIX futures F,Ti on the interval [T;_1, T;]. We now consider, for T € [T;_1, T;] :

Ci(K,T)2E (FTT" - K)+

the (undiscounted) call option on FtTi with strike K and maturity 7. Since FTTI’ =
Vr;, VIX options of maturity 7; can be viewed as options on the VIX futures F,Ti.
Specifically, using our notation, we have C; (K, T;) = ¢" Ti . C(K,T;). For options of
maturity 7;_1, the relation is

Ci(K. Ty = E(Ff_ —K)

=F (6’,' + (VTi—l — 9,') e KTi=Ti-) _ K)
+

e (VTH _ (gi (K — gi)ek(n—r,-_n))
+
— o kTi=Tim) | ot | o (gl. + (K — 6)eT=Ti-0), Ti—l) .
(26)
Since options on the VIX futures must satisfy the standard no-arbitrage conditions
(16), we can apply (15) to generate C; (K, T) for T € (T;_1, T;], starting from the

initial condition (26); note that, in order to obtain the initial condition, a procedure
similar to that presented in Method I will be necessary. We can then recover the local
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volatility of volatility function w; (K, T') of FtT" from Dupire (1994) formula

A Ci(K. T)

- .
5 K S5 Gk, T)

Wl (K, T) =

27)

Finally, from the definition of w; (K, T') in (25), we can solve for A(K, T') as

—k(T;—T
6 + (K — ;e FTi=1) KT=T)

MK, T) = <

; (91- + (K = 670D, 1)
(28)

which allows us to obtain the local volatility of volatility function A(K, T') by inter-
polating w; (K, T).

After we have obtained w; (K, T) from (27) on a discrete grid, it is important to
note that there is a certain degree of arbitrariness in performing the local volatility of
volatility interpolation (28): for example we can choose a simple linear interpolation,
or a smooth spline interpolation etc., without facing any arbitrage constraints. From
an implementation standpoint, we found that Method II will be faster than Method I,
but in terms of accuracy some precision can be lost in step (28).

Finally, before concluding this section, we address an idea which may appear a
natural variation on our Method II. Instead of rolling the VIX futures for each interval
[T;—1, T;], we could work only with the terminal VIX futures F,TN , as follows: (a)
translate all market quotes for VIX options to options on the terminal futures, (b) fit the
local volatility of volatility wy (K, T') and, finally, (c) obtain A(K, T') by interpolating
wn (K, T) similar to (28). The practical implementation runs into a domain ’shrinkage’
problem, due to mean-reversion, as illustrated below.

For clarity, let us assume 6 () = 6 (i.e. a constant) and suppose for maturity 77 we
can observe VIX options quotes at several strikes which lie in the interval [K;,, Ky]. In
terms of the terminal futures, that implies we can observe quotes on the strike interval:

I:e + (KL —0) e*k(TN*T])’ 0+ (Ky —0) e*k(TNle)jI )

Note that the size of this interval, given by (Ky — K1) e ¥IN-TD) decreases expo-

nentially with the inter-maturity distance Ty — T7. Now, let us consider a very rea-
sonable numerical example where k = 8,60 = 30%, [Kr, Kyg] = [10 %, 50 %] and
Tn — T1 = 0.5 years. The strikes where we can observe market quotes for options on
F;N will all lie in the tiny interval [19.63 %, 20.37 %]> making it numerically difficult
to calibrate the local volatility of volatility wxy (K, T), on the interval [Ty, T1]. Most
importantly, the interpolation to obtain A(K, T') becomes even more problematic.

3 Note that the shrinkage problem is not alleviated by working in log-strikes:

i 1oef Ot K2 = 0)e=*In=T1) K2\ _ _kry-1y) K
im log K (To—T log| =) =e ’ —k(Ty—T1) "
AK—0 0+ (K — 0)e *IN—T1) K 0+ (Kj —@)e kKUIn—T1)
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4 Implementation and calibration to market data

In this section, we illustrate the calibration of the local volatility of volatility model
to actual market data; the results presented here are based on Method I, as described
in the previous section. Recall that our goal is to obtain a global fit to the VIX market,
which consists of the following observables: the VIX spot, the term structure of VIX
futures and bid/offer prices for VIX call and put options, for all listed expiries. The
relevant market quotes are accessible through CBOE’s website.

The data set considered below corresponds to CBOE’s market close on Jul-05-
2011 and Sep-06-2012; we consider two different dates to allow for better comparison
between input data and calibration results. On Jul-05-2011 the VIX spot closed at
16.06 and the following six maturities were listed: Jul-20-2011, Aug-17-2011, Sep-
21-2011, Oct-19-2011, Nov-16-2011 and Dec-21-2011; on Sep-06-2012 the VIX spot
closed at 15.60 and the following six maturities were listed: Sep-19-2012, Oct-17-
2012, Nov-21-2012, Dec-19-2012, Jan-16-2013 and Feb-13-2013. For each maturity,
we have a corresponding futures quote as well as several Call and Put options quotes.
We have used the VIX futures as an approximate cutoff line between Puts and Calls,
as follows: for strikes less than or equal to the VIX futures, we selected the Put
options and for strikes larger than the VIX futures, we selected the Call options; all
options which showed a non-stale bid and offer, as of the close on Jul-05-2011 and
Sep-06-2012, have been considered. The entire data set can be found in “Appendix
1.

The calibration procedure uses mid-market prices, computed as a simple arithmetic
average of the bid and offer prices. Also, we converted put prices into call prices using
the put-call parity:

CK.T)=e"T. (FOTf - K) +P(K,T)

where FOT[ is the VIX futures quote for expiry 7;. In Figs. 3 and 4 below, the black
diamonds represent the market VIX option prices, expressed as implied volatili-
ties of volatility, across different strikes and maturities. For Jul-05-2011 we have
a total of 77 options quotes, with a range of 10-14 quotes for each maturity;
for Sep-06-2012 we have a total of 152 options quotes, with a range of 17-29
quotes for each maturity. We particularly note the steep upward sloping volatility-
of-volatility smile, which is an important distinguishing feature of volatility mar-
kets.

We first fit the piecewise constant reversion level function 6(¢) to the term
structure of VIX futures. For a reversion speed k = 8, we obtain, by using
formula (3) for the six listed maturities the following 6;, i € {1,2,...,6}:
{19.24, 19.46, 21.65, 22.18, 22.31, 22.07} on Jul-05-2011 and {17.62, 21.44, 22.38,
23.54,26.53, 26.88} on Sep-06-2012. The resulting VIX futures curves are shown in
Fig. 2; by construction, we have a perfect fit to the VIX futures term structure.

In order to compute the local volatility of volatility surface A(K, T'), we must first
perform an arbitrage free interpolation and extrapolation of the available market call
prices. For each interval [7;_, T;] with i € {1, 2, ..., 6}, we generate the call prices
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Fig.2 VIX futures term structure on Jul-05-2011 (left) and Sep-06-2012 (right). Diamond: Market quotes,
Solid gray: Model VIX futures curve

using Proposition 3.1 implemented using the algorithm of Andreasen and Huge (2011),
properly adjusted as discussed in the previous section. For the functions v;, we use our
proposed parametric form in (22); this requires to fit only four parameters per maturity
and results in a smooth and bounded v;.

Figures 3 and 4 show, for each listed maturity 7;, the implied volatility of volatility
generated by the model against the available market quotes. We remark that, despite
the very parsimonious specification for the functions v;, they offer enough flexibility
to obtain satisfactory fits, across strikes and maturities; e.g. the average error across
the 77 quotes on Jul-05-2011 has been less than 0.90 %, which compares well to
the typical size of the implied volatilities of volatility (normally ranging between
[50 %, 150 %]).

Having generated the arbitrage-free surface of option prices, the final step is the
computation of the local volatility of volatility using formula (9). From a numer-
ical standpoint, it is preferable to use this equation rather than the simpler ver-
sion in (4); especially for extreme strikes, differentiating the implied volatility of
volatility gives more stable results (than directly differentiating the absolute call
prices).

The resulting local volatility of volatility surfaces are shown in Figs. 5 and 6, for a
wide range of VIX values, from 5 to 150. In agreement with intuition, we note that the
local volatility of the VIX retains a similar shape to the implied volatility of volatility
curves of Figs. 3 and 4. In particular, the local volatility of the VIX becomes larger
when the VIX rises. During periods of market stress, when the VIX rises, the volatility
of the VIX also rises substantially.

Finally, we note that in a Matlab implementation, the entire calibration to 6 VIX
futures quotes and 77 VIX options quotes from Jul-05-2011 took approximately 45 s
on a laptop equipped with a single Intel Core i5 processor with a processor speed of
2.4 GHz; the second data set, containing 152 VIX options quotes from Sep-06-2012,
took approximately 65s.

We have now calibrated the VIX dynamics in (1) to fit the available VIX market
quotes; the model can be used to price non-listed VIX products, including exotic
derivatives such as VIX barrier options or VIX digital options.
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Fig.3 Implied volatilities of volatility on Jul-05-2011. Diamond: Market quotes, Solid gray: Model gener-
ated implied volatility of volatility curves. Maturities, in order from left to right: Jul-20-2011, Aug-17-2011,
Sep-21-2011, Oct-19-2011, Nov-16-2011 and Dec-21-2011

5 Conclusions and further research

The market in exchange-listed VIX futures and options is becoming a large and
mature market, with trading volumes following an exponential growth trend in recent
years. Recognizing this development and maturity of the market, we propose to model
directly the VIX index itself in a mean reverting local volatility of volatility model; this
approach is in contrast with previous literature including traditional stochastic volatil-
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Fig. 4 Implied volatilities of volatility on Sep-06-2012. Diamond: Market quotes, Solid gray: Model
generated implied volatility of volatility curves. Maturities, in order from left to right: Sep-19-2012, Oct-
17-2012, Nov-21-2012, Dec-19-2012, Jan-16-2013 and Feb-13-2013

ity modeling, which focuses on the ’instantaneous’ variance. We make the assumption
that the VIX market is liquid enough, so that arbitrary VIX derivatives can be priced
and hedged relative to the listed (vanilla) VIX instruments.

Assuming linear mean reversion for the VIX index, we first obtain the local volatil-
ity of volatility function in terms of the VIX options surface. Then we derive the
relevant no arbitrage conditions for VIX options and obtain an algorithm for interpo-
lating and extrapolating the available VIX options quotes to an entire arbitrage free
surface. For the latter task, we adapt the ideas in Carr (2008) and Andreasen and Huge
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Local VoV

o
o

o 0

Fig. 5 The local volatility of volatility function A(V,t) from (1) calibrated to Jul-05-2011 VIX market
data

Local VoV

Fig. 6 The local volatility of volatility function A(V, r) from (1) calibrated to Sep-06-2012 VIX market
data

(2011) to a mean reverting process. Finally, we analyze the results of the numerical
implementation, using CBOE market data.

A further extension of our approach would be to allow for more general non-linear
mean reversion in the VIX dynamics—for example quadratic mean reversion as in Carr
and Sun (2007)—a topic which we shall leave for future research. Another important
avenue for further research is an empirical investigation carried out over a sufficiently
long period of time to look at the stability of the calibration, the out-of-sample fitting
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performance as well as the hedging performance in this new modeling framework. All
of these topics promise to be of increasing relevance in the future as trading in VIX,
as well as other similar volatility indices, continues to develop.

6 Appendix I

Proof of Proposition 2.1 Denote p(V, T) the density of V7. We have
o0
C(K,T)=e"T /(v —K)-p(V,T)dV (29)
K

from where, differentiating with respect to strike K twice

o0

aC

a—K(K, T) = —e*’T/p(V, T)dV
K

82C

T K1) = e Tp(K,T).

Recall Kolmogorov’s forward equation for p(V, T), see e.g. Jeanblanc et al. (2009):

dp d 1 3% , )
LWV, T)=——|kOT)=V) - p(V,T ——— | V2 AV, T p(V,T)|.
WV T) = S [ O@) = V) p(Vo D)+ S5 [ V2. T2 p (v T |
(30)
Differentiating both sides of (29) with respect to maturity 7 and using (30)
aC 7 )
—_— - —rT —_ —_ - —_— —_ .
T = —rC+e [ /(v K) 8V[k(e(T) VY- p(V, T)]dV
K
o0
+1/(V—K).3—2[V2-A(v Y. o(V T)]dV 31)
2 V2 ’ ’
K

Denoting the two terms in the parenthesis by A, respectively B, we proceed to compute
each in turn, using integration by parts. The first term becomes

00 oo

A=—(V—-K)- [k O(T) = V) - p(V, T)] +/k(9(T) — V) p(V,T)dV
K K
= /k(e(T) — K=V =K))-p(V,T)dV
K
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:k(H(T)—K)-/p(V, T)dV—k/(V—K)-,o(V, T)dv

:erT[—k(Q(T) K)- —(K Ty — k-C(K,T)]

where we have assumed that the boundary term, on the first line, vanishes at K = +o0.
The second term becomes

_ 2 2
= (V K)- 8V[V AV, T2 p(V, T)]K
loo a 2 2 1 2 2 =
o [ [V AT pva ) [dy = VA, T p(v, T)
2 aV 2 <
K

_ g2 MK, T)*- a2c (K, T).
2 IK2

where we have assumed that the boundary terms vanish at K = +o00. Using the
expressions for A and B in (31), we obtain

oc C—k@OT)—K) Ay C+ g2 MK, T)? 92C
- A KK T2
aT K 2 IK?2

which, upon rearrangement, leads to the statement in Proposition 2.1.

Proof of Proposition 2.2 We will find it convenient to work with the undiscounted
Black function. Also, noting that, for T € [T;_1, T;], the futures price FOT can be
written as

_9+e—k<TT,.>( _9)

the definition of the Black implied volatility surface becomes
dTCx. T) 2 CB (9 t e KT=Ti) (FT’ ! ei) Vo', T, o (x, T)) .32

For easier reference, we recall below the Black greeks which will be needed in our
subsequent calculations:

actk actk acB _ Fon(d))
S7 = N(d) W—_N(dZ)W—Z—ﬁ
achk _ 92cB _ Fn(d) 9%*CcB _ Fdin(d)
9o F\/_n(dl) 9K2 — O'«/TKZ JdooK — oK

aZCB _ an(d )dldz

From (32)
aC ~ 9cB aFl acB acB b

T = =g TCp— L — c—0ox,T)
aT aF 9T ' T = do T
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~ : Flo(x, T)n(d
— o' T — e T-Ti) (FOTH_Qi) N+ 0 o(x, T)n(dr)

2T
9
+F0Tﬁn(d1)ﬁa(x, T). (33)
aC  oach acB 9
T = - Voe© + -—o(x,T)
0x K do  0x
9
=—N(d) - Voe"—i—FOTx/Tn(dl)a—a(x, 7). (34)
X
erTg_ 82CB Vex+82CB ia(x T) Voe* +£ Voe*
ax2 k2 % Th9caK ax 0Tk
2ch 2Cct 9 ] aCE 3%0
+(808K - Voe' + Py ,70()( T)) —ox, T)+—— % ax 7, T)
Fln(dy) Fldin(dy) o didy (9 2
0
- 2 — T)+FIVTn(d —o(x, T
e YT 2ot axo DR VIn@)TE s (axg(x ))
2
—N(d2)Voe* +FI VT, n(d) 50 (x, T). (35)

Using the expressions in (33), (34) and (35), we obtain for the numerator of Eq. (5)

aC

85 _ —rT
o TR = Vo) o Te +RC = [ke (M@ - N@)
+FTn(d1)(M +JT- —a(x T) + M VT ig(x T))i|
0 20T aT Voe* ax

(36)

and for the denominator of Eq. (5)

1 (9°C aC\ _ _,F 1 2d, d
5 (G- 5r) = ”[o—@c,nﬁ* (o~ ¥T) e

2
VTdidy, (9 32
= —=o@&. T T-—ox,T)| 37
oo Ty (ax“(’“ )) VT o )] (37)
Finally, combining (36) and (37), we arrive at the statement in Proposition 2.2. m|

Proof of Lemma 3.1 The butterfly spread condition (11) is immediate, as the payoff
of a butterfly is strictly positive. For the calendar spread condition (10), we consider
the VIX futures of maturity 73, given by F,T2 =E (VT2 |]-',), which is a martingale on
[0, T2]. By the conditional form of Jensen’s inequality

E ((FTTZZ - K)+ ‘fn) > (£ (Fi|7n) - K)+ > (P2 - K)+
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which in turn implies

T; T;
E(Fp - K)+ > E(Fff - K)+

Using that

T
R / ke 0(t)dt
T

T _
FT2 =Vp

where the first relation follows by applying It to the process €' V; on [T}, T»], we
obtain

i)
E(V,—K), = E e Xy, +e—”2/ke’“9(z)dz - K
T n
)3
— e*k(Tszl) . E VT] _ Kek(Tszl) _ e*kT] /kekle(t)dt

Ty +

Equivalently, this can be written as

)
e C(K,Ty) > e ¥ 27T o1 C | Kk T2=T) _ o=KTh /ke’“e(z)dt, T

T

which leads to the statement in Lemma 3.1. O

7 Appendix II: VIX futures and options quotes

We include below CBOE’s VIX futures and options quotes as of the close of trading on
Jul-05-2011, when 6 maturities were listed: Jul-20-2011, Aug-17-2011, Sep-21-2011,
Oct-19-2011, Nov-16-2011 and Dec-21-2011. The VIX spot closed at 16.06 and the
term structure of VIX futures as well as the VIX Put / Call quotes are given in the
following tables.

VIX futures term structure

Maturity 07/20/2011  08/17/2011  09/21/2011 10/19/2011 11/16/2011 12/21/2011
VIX futures  16.95 18.10 20.00 21.00 21.60 21.85
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Maturity Jul-20-2011

Strike 15 16 17 18 19 20 21 24 25 29
Bid 005 04 1 0.7 05 04 035 015 015 005
Offer 0.1 045 105 075 055 05 04 025 02 0.1
Type P P P C c ¢ C ¢ C o

Maturity Aug-17-2011

Swike 14 15 16 17 18 19 20 21 24 25 30 35 40 50
Bid 005 025 06 115 18 16 14 12 08 075 045 025 0.5 0.05
Offer 0.1 03 065 125 19 17 145 13 09 08 05 035 02 0.1
Type P P P P P C C C C C C C C C

Maturity Sep-21-2011

Swike 15 16 17 18 19 20 21 24 25 30 35 40 45 50
Bid 0.5 045 08 135 19 255 22 1.6 145 085 055 03 02 0.
Offer 025 05 09 14 2 265 24 175 155 1 065 04 025 02
Type P P P P P P C C C C C C C C

Maturity Oct-19-2011

Strike 16 17 18 19 20 21 24 25 30 35 40 50

Bid 035 07 1.1 16 215 28 2 185 1.5 075 045 0.15
Offer 045 075 12 1.7 23 29 215 195 125 08 055 025
Type P P P P P C C C C C C C

Maturity Nov-16-2011

Stike 16 17 18 19 20 21 24 25 30 35 40 45 50 70
Bid 035 06 1 145 2 265 225 205 125 075 05 03 02 005
Offer 045 075 1.1 16 215 275 245 22 14 09 06 04 03 0.1
e P P P P P P C C C C C C C C

Maturity Dec-21-2011

Swike 16 17 18 19 20 21 24 25 26 29 30 40 70
Bid 035 07 11 15 205 26 25 225 205 15 135 055 005
Offer 055 09 125 17 225 285 27 245 225 17 155 07 015
Type P P P P P P c ¢ ¢ ¢ c c cC

We include below CBOE’s VIX futures and options quotes as of the close of trading
on Sep-06-2012, when 6 maturities were listed: Sep-19-2012, Oct-17-2012, Nov-21-
2012, Dec-19-2012, Jan-16-2013 and Feb-13-2013. The VIX spot closed at 15.60 and
the term structure of VIX futures as well as the VIX Put / Call quotes are given in the
following tables.
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VIX futures term structure

Maturity 09/19/2012  10/17/2012  11/21/2012  12/19/2012  01/16/2013  02/13/2012
VIX futures  16.10 18.55 20.60 21.00 24.05 25.35
Maturity Sep-19-2012

Strike 14 15 16 17 18 19 20 21 22 23 24 25 26 27 28 29 30
Bid 005 03 075 0.6 04 03 025 02 0.15 0.15 0.1 0.1 0.1 0.1 0.05 0.05 0.05
Offer 0.1 035 09 0.7 05 04 035 025 025 02 0.2 0.15 0.15 0.15 0.1 0.1 0.1
Type P P P c ¢ccc ¢ ¢ ¢ cc c¢c c¢c ¢ c¢c c
Maturity Oct-17-2012

Strike 13 14 15 16 17 18 19 20 21 22 23 24 25 26 27 28 29
Bid 0.05 0.1 025 06 105 1.6 175 15 125 1.1 09 08 0.65 0.6 0.5 045 0.4
Offer 0.1 0.15 035 0.7 115 1.7 19 155 135 1.2 1 09 08 0.7 06 055 0.5
Type P P P P P P C C C c CcC C cC cC C C
Strike 30 325 35 375 40 425 45

Bid 035 025 0.15 0.1 0.1 0.05 0.05

Offer 04 035 03 025 02 0.15 0.15

Type C C C C C C C

Maturity Nov-21-2012

Strike 13 14 15 16 17 18 19 20 21 22 23 24 25 26 27 28 29
Bid 005 0.1 03 06 095 145 195 25 27524 21519 17 15 135 12 1.05
Offer 0.1 02 04 0.7 1.1 15521 27 29 25523 205 1.85 1.65 145 1.3 1.15
Type P P P P P P P P C C C C C C C C cC
Strike 30 325 35 375 40 425 45 475 50 55 60

Bid 095 0.7 055 04 03 02 0.15 0.1 0.05 0.05 0.05

Offer 1.05 0.85 0.65 0.5 04 0.35 03 025 02 0.15 0.1

yye C C C C€C C€C C¢c € € Cc € cC

Maturity Dec-19-2012

Strike 14 15 16 17 18 19 20 21 22 23 24 25 26 27 28 29 30
Bid 0.1 03 05509 125 1.7 225 285 33 3 27525 225 205 1.85 1.7 1.55
Offer 0.2 04 0.65 1 14 185 24 3 36 3229 26524 22 2 1.8 1.65
Type P P P P P P P P c ¢c c¢c ¢ ¢ ¢ ¢ c c
Strike 32.5 35 375 40 425 45 475 50 55 60

Bid 12 095 0.75 065 05 04 03 0.25 0.15 0.1

Offer 135 1.1 09 0.75 0.6 045 04 035 025 0.2

Tyype C C C€C C€C C€C C€C € C C ¢
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Maturity Jan-16-2013

Swike 14 15 16 17 18 19 20 21 22 23 24 25 26 27 28 29 30

Bid 005 02 035 055 0.9 125 1.65 215 27 33 39 3.6 32 295 27 245 225
Offer 0.15 025 05 07 105 14 18 23 285 34 4.1 38 35 32 29 265 245
Type P P P P P P P P P P P C CC C C C

Strike 32.5 35 37.5 40 425 45 475 50 55 60

Bid 18 145 1.15 095 0.75 06 05 04 025 0.15

Offer 2 1.6 135 1.1 085 075 06 05 04 03

Tyje C C C C C C C C C cC

Maturity Feb-13-2013

Stike 14 15 16 17 18 19 20 21 22 23 24 25 26 27 28 29 30
Bid 005 0.15 03 05 075 1.05 145 1.85 235 29 34 4 4 36 33 3.1 285
Offer 02 03 035 06 09 12 1.6 205 255 3.1 37 43 42 39 3.6 34 3.
Type P P P P P P P P P P P P C C C C C

Strike 32.5 35 375 40 425 45 475 50 55 60 65 70

Bid 235 1.9 155 125 1.05 085 0.7 0.6 04 025 0.15 0.15

Offer 255 2.1 1.75 145 12 1 085 075 055 04 03 02

Tye C C C C C C C C C C C C
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