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ABSTRACT: We discuss the description of generic excited states in the quantum deformed
AdSs x S® mirror thermodynamic Bethe ansatz and derive the associated Y-system. This
Y-system shows an interesting new feature; it depends explicitly on the excited state under
consideration. Similarly, it also depends on twisted boundary conditions. We construct the
asymptotic solution of these TBA and Y-system equations by deriving the twisted transfer
matrix for the quantum deformed Hubbard model and finding the deformed mirror bound
state dressing phase. This asymptotic construction is insensitive to the precise nature of
the deformation, and thereby provides a nontrivial check of the interesting new features
which arise precisely at roots of unity.
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1 Introduction

In this paper we continue our investigation of the thermodynamic Bethe ansatz (TBA)
equations based on the quantum deformed AdSs x S® superstring S-matrix started in [1].
This story builds on the remarkably successful application of integrability to the AdS/CFT
correspondence [2], relating the free AdS; x S® superstring to maximally supersymmetric
Yang-Mills (SYM) theory in the planar limit [3, 4]. In this setting, the spectrum of scaling
dimensions of gauge invariant operators in SYM is equal to the spectrum of the AdSs x S°
superstring — an integrable quantum field theory in finite volume.

The finite size ground state energy of the AdSs x S® superstring can be determined
from the thermodynamics of its mirror model [5, 6], resulting in a set of ground state
TBA equations [7-9] based on the string hypothesis of [10].! These equations imply the
corresponding Y-system [14] combined with intricate analytic properties studied in [15-18].
Excited states can be described through a type of analytic continuation of the ground
state TBA equations [19-24], explicitly done for various states in [9, 25-29]. The testing
ground for these ideas has been the Konishi state, where the TBA approach [30, 31] agrees
with Liischer’s perturbative treatment [32-35] and with the dual field theory up to five
loops [36-38]. The TBA and Liischer based results were recently extended to six and seven
loop order respectively [39, 40], awaiting gauge theory verification.

The TBA approach has also been successfully applied to the cusp anomalous dimension
in the context of Wilson loops [41, 42|, and there have been interesting developments in
describing the TBA through a finite set of non-linear integral equations [43, 44],% see
also [45, 46]. In a specific limit, these last two topics merged nicely in [47]. More generic
boundary conditions also appear to be within reach of the AdSs x S® TBA [48].

In our previous work, we derived ground state TBA equations based on the quantum
deformed psu(2]2)®? invariant S-matrix [49-51] when the deformation parameter ¢ is a
root of unity, more precisely ¢ = ¢/™/* with k an integer greater than two. This S-matrix
is conjectured [50-53] to interpolate between the S-matrix of the light-cone gauge fixed
AdSs x S® superstring at ¢ = 1 and the S-matrix of the Pohlmeyer reduced AdSs x S°
superstring [54]% in a relativistic limit where the coupling g is taken to infinity. Because
of the special nature of the deformation the TBA equations for this interpolating theory
only contain a finite number of Y-functions with an interesting structure between them, as
summarized schematically in figure 1. We will discuss the actual equations in some detail
in later sections.

We would like to extend these TBA equations to excited states in similar spirit to
what we just described for the undeformed model. In the present paper we provide the
necessary means to do so in the form of an asymptotic solution. This asymptotic solution
is a solution of the excited state TBA equations in the limit where the momentum carrying
Yo functions are small. Once found by for example the contour deformation trick [24], these

'For recent reviews in the present context see e.g. [11, 12].

?In fact, the approach of [43] was used to compute the six-loop Konishi result of [39].

3Recently the Pohlmeyer reduction procedure was also worked out for a string moving only in AdSs,
which can be a more natural ‘vacuum’ depending on the physical context [55].



Figure 1. The structure of the deformed TBA and Y-system. The green, teal (with ) and blue
dots indicate what we call Yy, Y, and Yij,, functions respectively; their coupling is nearest
neighbour apart from the indicated coupling near the corner. The two wings of this diagram
represent the two copies of the deformed Hubbard model that are coupled via the momentum
carrying Yo-functions (purple) of the mirror theory. Note that Y7 couples to Y_, but no Yy couples
to Y, in a local fashion. The lime-green bubbles signify the special state and twist dependent
relation between Yj(y)w and Yy _1|(v)w entering the Y-system.

excited state TBA equations hold also outside this limit. Apart from the finite number of
Y-functions and deformed integration kernels entering in the equations, this story mirrors
the undeformed one perfectly up to this point. However, the fact that we have only finitely
many Y-functions — a ‘boundary’ — introduces an important difference.

In the undeformed case, we can derive a set of so-called Y-system relations between
the Y-functions which appear to be of the same form for any excited state; they are
universal [13], see [14] in the present context. Similarly, the undeformed Y-system is
universal for all twisted boundary conditions in the string theory [56-60]. For our deformed
model on the other hand, the Y-system is no longer universal in either sense. Near the
boundaries of figure 1 the Y-system appears to pick up a mild dependence on (the excitation
numbers of) the state under consideration as well as the twisted boundary conditions. For
twisted boundary conditions this can already be observed for the XXZ spin chain [61],
however we have not encountered this state dependence before. As this effect appears to
depend crucially on the combination of the deformation with the fact that we have a nested
system, perhaps this is not too surprising.

As we will discuss in detail right after the introduction, this dependence comes about
in two ways for either cause. Firstly the inverse relation between Yy (), and Yi_1j)w
is not preserved by chemical potentials associated to twisted boundary conditions. This
is because the 0|(v)w and k — 1|(v)w strings have wildly different charges rather than
the opposite ones which would be required to preserve the inverse relation. Secondly,
while twisted boundary conditions result in chemical potentials that are annihilated by the



discrete Laplace operator used to derive the Y-system, near the boundary we necessarily
apply a slightly different operator which leaves a chemical potential dependence. Next,
the state dependence comes in firstly because the driving terms for Yp(,), and Yi_1j)w
naturally do not preserve their inverse relation; while resulting in kernels with opposite
signs, their S-matrices are in fact anti-inverse rather than inverse. Furthermore, while the
kernels are annihilated by the boundary operator we apply to obtain the Y-system, this
only implies that the driving terms should be annihilated up to a constant term. This
constant term turns out to be another minus sign in the game. These special relations
between Yj(y) and Yj_ij(y) are emphasized by the lime-green bubbles in figure 1. This
interesting dependence is of course reproduced by our asymptotic solution.

The main results of this paper are the explicit derivation of the excited state Y-system
and the independent derivation of its asymptotic solution, which showcases the highly
involved structure of this interesting model while at the same time providing a nontrivial
check of our string hypothesis. In addition to this we discuss the relativistic limit of
our TBA equations, where they reduce to the TBA equations based on the conjectured
S-matrix for the Pohlmeyer reduced theory. Of course in this limit the TBA equations
simplify considerably. Most notably, the Y-functions become meromorphic functions on
the u-plane and all nontrivial kernels including the dressing phase disappear completely
from the simplified TBA equations.*

We have also carefully derived an explicit expression for the ¢-deformed mirror bound
state dressing phase, and proved that it satisfies properties completely analogous to the
undeformed case. Along the way we also show that the ¢-deformed transfer matrix used to
construct the asymptotic solution can be obtained via fusion in the generating functional
approach, and discuss the twisted ground state solution of the deformed model which takes
a form very similar to the undeformed theory.

This paper is organized as follows. In the next section we discuss the dependence
of the Y-system on twists and excitation numbers, give a practical set of simplified TBA
equations and the Y-system where these features have been explicitly taken into account,
and discuss the mapping of the Y-system to the T-system in detail. Then in section 3 we
derive the transfer matrix for the ¢-deformed theory with twists, which is used in section 4
to construct the asymptotic solution of the TBA equations and Y-system. We then discuss
the relativistic limit of our TBA equations in section 5, and finish up with a discussion of
our results and outlook in section 6. Various background material and technical details
are presented in appendices; in particular we give a complete derivation of the deformed
mirror bound state dressing phase in appendix D.

2 The Y-system for excited states and twists

Typically the Y-system associated to a set of TBA equations is universal in the sense that
it is the same for all excited states and independent of chemical potentials associated to
symmetries of the theory. This is not true for the present theory, a fact which is intimately

4The information contained in the kernels is of course still contained implicitly in the asymptotics of the
Y-functions.



related to having a finite number of TBA equations.® Let us begin by showing the effect of
considering an excited state at the level of the canonical TBA equations, on the simplified
TBA equations and associated Y-system. We will work this out explicitly for the simple

case of w-strings.

2.1 Excited states in the deformed mirror TBA

The canonical ground state TBA equations for w strings are given by [1]

1
- =5

Y2
w Y_S‘)

where r = £ is a label referring to the two copies of su(2|2), and we have not eliminated
the Y-function corresponding to negative parity strings yet. Hence, it is important to note
that the indices M and N are general and run over the length one to k — 1 positive parity
strings, and the length one negative parity string. Denoting the negative parity length
one string as type 0 we note that the S-matrices the above kernels are derived from have
the properties®

Sh180 = 1, gMR=1gMO _ 1 (2.2)

-1
This immediately implies v = (Y(r) ) for the ground state. For excited states

Olw — k—1|w
however, we should be more careful.

In general, the TBA equations for an excited state are the same as those for the ground
state, up to a set of driving terms [21, 22]. These driving terms depend on the state under
consideration and are different for each particle type’s TBA equation. Let us for simplicity
assume that we have a state with K, roots of 1 — Y_ that enter the TBA equations and
no further roots. Considering the above form of the TBA equations, this would result in

driving term contributions of the form
Ky
Zlog sM <'r§r) —u— é) , (2.3)
i=1

in the equation for log A(/;‘)w(u) Because of the first relation in eq. (2.2), this results in
a relative sign between the driving terms for log Yy, and log Yy, exactly in line with
their Y-functions being inverse, as for the ground state. However, due to the minus sign in

the first of egs. (2.2) we also get an extra factor of Kyim.” This means that while

YO(QY]X)IW =1 foreven K, (2.4)

"While atypical, chemical potentials (magnetic fields) already appear in the Y-system of the XXZ spin
chain at roots of unity [61].

6The explicit definition and properties of the kernels and S-matrices can be found in [1].

TOf course the reader can argue that an S-matrix-like driving term log S(u,v) based on a kernel K is
defined up functions of v only. This ambiguity should then be fixed by comparison to an asymptotic solution
for the Y-functions. We do not have a direct asymptotic form for Yp).,, making this impossible. However, let
us firstly note that the chosen driving terms are the completely natural choice. Moreover, as we will discuss
below the resulting equations are compatible with the available asymptotic form for the other Y-functions,
while other potential forms of the driving terms are not. Hence there is no true ambiguity.



we have

YoV, = =1 forodd K, . (2.5)

Now let us come back to our original assumption. If we were to consider additional roots
of Yy or 1 —Y,, clearly K, above should be replaced by the total number of all these
roots, taking relative signs between driving terms into account. Furthermore, due to the
plus sign in the second relation in eq. (2.2) additional roots of 1 + Y, do not further
affect this relation.

Next, these driving terms also play a direct and important role in the simplified TBA
equations and Y-system for Yi 1w Conventionally, the TBA equations can be rewrit-
ten in simplified form by noting identities between various kernels. As convolutions with
convoluted kernels turn into convolutions with the standard kernel s, the driving terms
in the simplified TBA equations turn into log S terms, where S is the standard S-matrix
associated to s

1 d
log S'. (2.6)

§=——

27t du
Not surprisingly, when acting with s~! to obtain the Y-system these driving terms are an-
nihilated.® Up to potential subtleties with branch cuts, these identities between nontrivial

1

S-matrices and the subsequent annihilation of the remainder by s~ can be summarized

by the statement that these S-matrices satisfy the discrete Laplace equation

SMAL (4, ) SM=1(u, v) -

(2.7)

which holds for any of the relevant S-matrices in what follows. Since we have a boundary
however, the identities we use there are equivalent to getting a final contribution of

k—1 . k—1 o
10g5 (u,v+1i/g9)S" (u,v —i/g)

1 — 110 Sk
3 S5—2(u, ) 5 log S" (u, v) (2.8)

in the simplified TBA equation for Y;_;},,. Of course S*(u,v) is typically constant such
that its associated kernel vanishes. However, with the auxiliary problem being 2k periodic,
S* is not quite one, but rather minus one. This means that the simplified TBA equation
for Y3y, gets an extra factor of K, im/2. Repeating the above analysis for the canonical
TBA equations for vw strings,

1— 1
)
log Y,7),,, = log <1 + y<1>> * Ky +log -———

N|vw

~

Ky —log (1+Yg)x K&M | (2.9)

it is easy to see that the relation between Yp,,, and Yj_1},,, should be sensitive to both
the roots associated to Y4 and those to associated to Yy, as S;%OS%“1 = —1 as well. Let
us denote the number additional roots due to Yy by Ky.,.

At this point we might wonder whether the number of these roots effectively follows
a pattern. To understand and motivate this, we should realize that physically speaking

8571 is defined below in eq. (2.14).



the difference between the driving terms for the 0|(v)w and k — 1|(v)w string comes about
because of their different charges; they feel the presence of the excited state differently.
This hints that the number of roots could be directly related to the charge of the state, in
particular to their excitation numbers.

To continue along this track, let us start by considering generic states in the exten-
sively studied sl(2) sector of the undeformed theory. Based on various studies of the TBA
equations for excited states in this theory [9, 25, 26, 62], it seems reasonable to assume
that here the number of relevant roots is restricted to those of 1 4 Yy corresponding to
the fundamental excitations in the string theory. This would mean that K,, = KT and
K, = 0 in this sector. Next, if we consider states with nonzero K (ITI,) with real momenta
such as those studied in [27] the natural generalization of this statement is that K, = K!
and K, = K (ITI,).Q At the level of the number of roots this simple picture is not quite true
anymore for for example an orbifolded magnon [57] or states with complex momenta in
the su(2) sector [28]. However, we should note that the relation between the Y-functions
only depends on whether K,, and K, + K,, are even or odd, and that in this sense
any currently investigated state matches the described pattern. Assuming this picture
not to change qualitatively in our deformed model, we then have the natural conjecture
that in general

KH
YO|ka71\w = (_1) ),

(2.10)
KI KH
Y’O|vak71|vw = (_1) e :

We might wonder whether or not the excitation number K (Ig should make an appear-

ance. To understand let us first look at the simple case of w strings again. In essence
there the above story tells us that the ‘length of the spin chain’ associated to a particular
particle type (nested level) determines the appearance of the minus sign. However, then
we would immediately expect a minus sign for vw strings depending on whether K! is
even or odd, apparently contradicting the above. The reason for the appearance of K (Ii) in
this picture is that in deriving the ’canonical’ TBA equations for vw strings the canonical
TBA equations for w strings were used to exchange the presence of infinitely many Yy,
functions for the presence of Y3 [1, 10]. If this had not been done, the direct dependence
would be on KT only, where the dependence on K g would come in when eliminating the
Y0 functions from the simplified TBA or Y-system. From this point of view the presence
of w roots (nonzero K (Ig) cannot result in any potential minus signs because there is no
deeper nested level.

While the precise form of the general relations (2.10) is a conjecture, it is completely
natural to expect simple relations of this type by the physical picture that they are caused
by the difference in charges of the respective string solutions. Of course, this conjecture
is also supported by the asymptotic Y-system we will discuss in section 4. Finally, state
dependence is clearly present by the above discussion, regardless of the precise form.

%0ur excitation numbers refer to the sl(2) grading.
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Figure 2. Quasi-periodic boundary conditions give a defect operator in the mirror theory. The

quasi-periodic boundary condition denoted by the black discontinuity on the circle of the original
theory (blue), turns into a discontinuity in the mirror time evolution (red), which is equivalent to
insertion of a defect operator D in the partition function.

2.2 Boundary effects for boundary conditions in the mirror trick

As it turns out, the Y-system for our mirror model also depends explicitly on boundary
conditions in the original model, which manifest themselves as chemical potentials in the
TBA equations [5, 63]. Normally such chemical potentials drop out of the Y-system; here
their effect does not completely cancel near the boundary of the Y-system.

Incorporating nontrivial boundary conditions in the original model corresponds to
insertion of a defect operator in the path integral for the mirror model, as illustrated
in figure 2. This operator results in the appearance of chemical potentials on the right
hand side of the canonical TBA equations, worked out carefully in the present context
in [59, 60], see also [58]. However, as the negative parity string has charge one in appropriate
units compared to the charge kK — 1 of the length & — 1 string, their chemical potentials
are not quite opposite but rather sum to %k units of chemical potential. This means the
presence of a chemical potential results in a further modified relation between Yy)(,),, and
Yk—1|(v)w7 namely

11 I
Yoi(oywYe1(wpw = (1) @K Jehe, (2.11)

Moreover, when deriving the simplified TBA equation for Y}, _1|(,),, we are left with a chem-
ical potential contribution just as we were left with an S-matrix as in eq. (2.8). This results
in a total factor of —%(k,u + iﬂK(Ii)(—FKI)) in the simplified TBA equation for Y;_y()w-
Intuitively these boundary chemical potentials as well as the minus signs discussed
above come about because while the 0|(v)w and k — 1|(v)w strings scatter inversely in
the thermodynamic limit (as if they were each others anti-particles), they do not have

opposite charges.



2.3 The simplified TBA equations and Y-system

The above discussion makes it clear that the simplified TBA equations and Y-system pick
up an explicit dependence on the chemical potential and (the excitation numbers of) the
state under consideration, in addition to conventional driving terms that generically still
enter the simplified TBA equations for excited states. Part of this dependence comes
about through the boundary associated with having finitely many TBA equations, while
the other part comes in explicitly by eliminating Yjj(,),, from the TBA equations. We could
choose not to eliminate Yj(,),, from the TBA equations, but since this would not remove
the dependence on excitation numbers and chemical potential completely in any case, and
we would have to keep extra careful track of the origin of driving terms, it seems best to
eliminate Yp(,),- This way the TBA equations can be treated as in the undeformed case,
with an asymptotic solution for the remaining Y-functions and the contour deformation
trick applying directly and straightforwardly. The only modification is that we additionally
have the manifest dependence on the excitation numbers and chemical potential. Let us
note again that this dependence does derive properly from the contour deformation trick
and the full set of canonical TBA equations as discussed above; it is simply easier to
manifest it before continuing.

With this in mind we can write down the simplified TBA equations for excited states
with nonzero chemical potentials, up to standard log S terms following from the analytic
properties of the independent Y-functions.'® The full mirror model has two sets of auxiliary
equations labeled by an index r = +. Suppressing the index, for one copy these are given by

=Y,
IOg Yk‘—2|vw = log (1 + Yk—?)\vw)(l + Yk—l\uw)(l + eXUka—va) * S — log (]_ + Yk:—l) * S,
log Yi—1jvw = log (1 + Yi_ojy) %5 — log (1 + Y3) x s — X5,

*S

log YM|vw = log (1+YM+1\Uw>(1+YM71\vw) * s —log (1 + YM+1) * 8+ 5M,1 log

I
log Y = log (1 + Yari1jw) (1 + Yar—1w) * s + dar,1 log 1% (2.12)
-y
log Yi 2w = 10g (1 4+ Yi_310) (1 + Yi1je) (1 + €X' Yi_1p) % 5,
longfl\w = log (1 + Yk72\w) * 8§ = XTw )
1+Yy, 1+Y,
log Vi = — 1y —log (14 Yo) x K@Y + log — " i 1p + log — K21 g,
g Y+ My g ( Q) + g 11y-L M g 1+Yk—1|w k—1

M|w

where

0 = kpll) iK'+ KJL)

1|vw

Xg) = ku(r) + in(Ii) .

1w
The chemical potentials we consider derive from twisted boundary conditions in the original

model. As in the undeformed model [60] they are naturally parametrized in terms of the
twists «, and (3, as summarized in table 1.

OFor Y4 we still write the canonical TBA equations, in principle they can be brought to so-called hybrid
form [25] but we will not pursue this here.



A iy
M]w 2%MB,
M|vw 2iM o,

y i(ar — Br)

Q | Qo +a-)

Table 1. Chemical potentials corresponding to twists for the particle content of the deformed
mirror TBA.

The momentum carrying Yy functions couple two sets of the above equations through

*s+logH( m)*sA;s,

Yor1Yo-
log Yo = log Qr1-Q-1 * s+ log H <1 + 1) * 8, (2.13)

logY; = log

Y _ ()
logYy = log *5 + log H ( (r) > (1 + > xS
+ —1|vw Yk—1|vw

Note that in the equation for Y} just above we might expect a chemical potential term
because g is not in the kernel of dgi — 2s0gir—1. However, the resulting factor of 2u
is exactly cancelled by the chemical potentials for a (+) and a (=) 1ljvw string, cf. ta-
ble 1, whose canonical TBA equations are used to obtain the simplified equation for Y}
as discussed in appendix E of [1]. The Y-system can be immediately read off from these
equations by applying s~! to them,'' where

fost(u) = lim[f(u+i/g —i€) + f(u—i/g+ie)]. (2.14)

Explicitly the Y-system is given by

w strings.
—1\ OuB—[ul)

1-vy!
YT Y = (1+Ysy,) (‘) (2.15)

1lw™ 1|lw |w —1

lw 1] 1-Y,;

YM|wY]\7[\ =1+ Yy 1)1+ Yariapw) (2.16)
th2|ka—2\w = (1 + Yk73|w)(1 + kal\w)(l + eXkawa) ’ (2‘17)
th1|ka_—1\w =e X (1+ Y} gu)- (2.18)

HEor Y4 the story is more subtle. Y_ has a Y-system equation obtained via TBA identities, while Y
has no local Y-system equation.

~10 -



vw strings.

1+ }/’2| 1—-Y_ O(up—|ul)
+ - vw
Yl\vw}/ﬂvw 1 +Y, <1 _ Y+> (219)
14+ Yar 1) (1 4+ Yirstion)
+ _ . ( M—1|vw M+1|vw
YM\UwYMh)w - 14+ Yy ’ (220)
y+ Y- o (1 + Yk—S\vw)(l + Yk—l\vw)(l + eXUka—lh)w) 291
k—2jvw” k—2jvw 14+ Y ) ( : )
L+Yy g
+ - j— —Xvw vw
T T I (2.22)
y strings.

1+ Y'1|vw 1
YIY© = : 2.23
- 1+ Y1|w 1+ ( )

Q particles.
1
Yy (1 % ”)
1Y21 —r=£ 1+Y27 , for |u| < up. (2.24)
1

o 11 (1 + 0 )

YQ YQ B r==% Q—1|vw (2 25)
YonYor  (I+Ye1)(1+Yon)' '
1 —Xvw
b 11 <1+ o ) <1+ 7;(” >

Yk Yk _r=% k—1lvw k—1lvw . (226)

Y2, 1+Ye

The above equations have an explicit dependence on x that cannot be removed by
simply redefining the Y-functions. However, let us note that by the redefinition

_X(v)w
Victjwyw =€ 2 Ve (2.27)

the above equations do become manifestly symmetric in x, and in particular in the twist.
Since we would expect the spectrum to be symmetric in the twist, this is only natural.

2.4 T-system

It is useful to express the Y-functions in terms of so-called T-functions. In the undeformed
case the Y-system equations then become equivalent to a set of Hirota equations for these
T-functions. Here we will study what happens in the quantum deformed model.

As in the undeformed case we relate our Y-system to the T-system by making the
following identifications [14, 19, 20, 25, 64—66]

T, T, T T Th1Thv —
Yz\(j\[@)u _ 1+ (M+2)41,+M 7 Y]\(/[ih);w _ tM4241 M,il’ Yy = M,14M,—1 (2.28)
To v+ Lo+ (m+1) Trhr+1,0T M 41,42 Trr1,0Tm-1,0
To 1T To+1T
Y+(j:) _ _DaaThas y@® _ _TomTosr (2.29)
T +2T1 43 Ty 0T +2

- 11 -
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Figure 3. The T-hook lattice for T-functions satisfying the Hirota equations. There is a T-
function T, s indicated by a gray dot at any lattice site (s,a). The bigger coloured dots cover
underlying gray dots and signify the Y-functions constructed out of nearest neighbour T-functions;
the stars denote the special Y-functions which have no direct construction in terms of standard
T-functions. By eliminating the special Y-functions, the consistency of the Y-system near the
boundary is equivalent to a set of non-standard additional relations between the T-functions in
each respective yellow bubble. These relations allow us to consider a truncation of the in principle
infinite lattice of T-functions satisfying the Hirota equations.

In the undeformed limit, the Y-system equations are equivalent to the Hirota equations

T, Ty =Tot1,Tu—1,5 + Tast1Ta,s-1. (2.30)

a,sta,s

plus the boundary conditions that Ty, s vanishes if both a and |s| are greater than two. These
boundary conditions mean that the T-functions lie on a so-called fat hook, as illustrated in
figure 3. Away from M = k — 1,k — 2 this identification and equivalence also immediately
work for our g-deformed model. However, at the boundary where a, s = k, k+1 we obviously
find special relations. In principle we can eliminate the T-functions that do not satisfy the
standard Hirota equations to obtain a set of standard T-functions that solve the Hirota
equations,'? plus a set of complicated additional relations signifying the closure of Y-system
at M = k—1,k—2. This point of view is illustrated in figure 3, where these extra relations
are schematically indicated by the yellow shading, simultaneously marking the boundary
of our T-system. Note that these relations are not between nearest neighbours only, as the
Hirota equations are.

Before eliminating the ‘non-Hirota’ T-functions, the Y-system is equivalent to the bulk
Hirota equations plus additional equations for T 4 (x11), Tk+1,+1, and Ti11 0. Firstly, it is

12Gince we have only a finite number of T-functions by construction, here we mean that they solve the
Hirota equations in the ‘forward’ sense, going outward from the origin of the lattice.
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easy to see that the Y-system equations for w strings for M = k — 2 and M =k — 1 give

+) T} T
T Ty = (ToxTok + Tip—1T1pr1) |1+ e L e FASY (2.31)
o T ’ ’ To,k 1o
Tfk+1Tfk+1 =e X To k112 gyt (2.32)

Note the dependence on the chemical potential, and that the first factor on the left hand
side of the first equation is of the usual Hirota form. Similarly, the last two equations for
vw-strings are

) Tp—11Tk+11
b
TkoTk2

N - e
T;+1,1Tk+1,1 =e X Thi1,0Tky1,2- (2.34)

T Ty = (TioThz + Tho11Thpr1) |1 4 eXov (2.33)
Of course there are similar equations for the (—) wing. In addition, the equation for Y}, gives

2
T+ - - T Tk+1 —1Tx—20
k+1,0" k+1, 0~ Tk 9 Tk 5 Tk 0 :

(2.35)

These equations together with the bulk Hirota equations define our T-functions on a finite
— and again truly fat — hook, as illustrated in figure 4. Restricted to the auxiliary problem
the functional relations satisfied by the T-functions only involve the conventional nearest
neighbours. The equation for T}, necessarily involves non nearest neighbour terms
however, and as Tj11, already enters in a regular Hirota equation it does not appear to
make much sense to attempt to change this by introducing further auxiliary T-functions.
The parametrization of Y-functions in terms of T-functions is left invariant under

g[a+8}

Tas N g[a s] [ a+s] [—a S]T(l87 (236)

where the g; are arbitrary functions, presenting a gauge transformation on the T-functions.
Because the Y-system is invariant, the T-system is invariant under these transformations as
well. This in particular includes the special equations (2.31)—(2.35) as can also be verified
by direct substitution.

Asymptotically the ‘Hirota type’ T-functions coincide with the transfer matrix based
on the psu,(2]2)®? invariant S-matrix. It should be clear however that Ty 4 (ky1y, Th+1,+1
require some care; we will see this explicitly below. Let us now derive the transfer matrix
and then discuss how it provides us with the asymptotic solution to the T-system.

3 Transfer matrix and fusion

In this section we derive the (twisted) bound state transfer matrix from first principles.
We will also show that it can be obtained by a fusion procedure. We will work on the
u-plane (additive parameter). In this presentation the parameters z* describing a M-

particle bound state can be conveniently defined via 2+ = z <u + %) More generally, let
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(0,0)

Figure 4. The finite T-hook lattice for T-functions. Also here there is a T-function Ty, ; indicated
by a gray dot at any lattice site (s,a). The gray triangles indicate the ‘non-Hirota type’ T-functions.
By keeping these T-functions the nontrivial boundary consistency conditions are equivalent to the
set of relatively simple nearest neighbour equations (2.31)—(2.34). These relations are indicated
by the wavy lines, while straight lines indicate the standard Hirota relations. Equation (2.35) for
Tk+1,0 remains non nearest neighbour, involving the T-functions in the yellow bubbles.

us introduce the notation zl% = z (u + %), then these parameters satisfy

He) el (D)

24in2 ™
g= L2k (3.2)

14 g%sin® T

where

The derivation presented here will be very similar to the ones presented in [60, 67] and we
will mainly restrict ourselves to highlighting the differences.

3.1 Algebraic Bethe Ansatz

General procedure. Let us first briefly outline the general procedure. We consider K'
fundamental particles with rapidities wi,...,ug1. To these particles we add an auxiliary
a-particle bound state with rapidity w. This system is described by the following tensor
product space

/

Vi=Vo(u) @ Vi(u1) @ ... Vir(ugr), (3.3)

Vp
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where V; is the fundamental representation with rapidity u;. We divide the states into
an auxiliary piece V, and a physical piece V},. The monodromy matrix is then defined
as follows

{u%} HSaz u Uz (34)

This operator manifestly depends on the representation of the auxiliary particle.

The monodromy matrix is a matrix in the auxiliary space V,(u) with matrix entries
being operators acting on Vp. Taking a basis |es) (see (A.15)) for V,(u) and a basis |fa)
for Vp, the action of the monodromy matrix 7 = 7,(u, {u;}) on the total space V can be
written as

T(ler) ® [ fa)) Z Plern) @ |f). (3.5)

The matrix entries of the monodromy matrix can then accordingly be denoted as

Tler)=> T{les), (3.6)
J

while the action of the matrix elements T’ [J as operators on Vp can easily be read off to be

T/ fa) Z '\ ). (3.7)

The operators TIJ satisfy non-trivial commutation relations among themselves. Consider
two different auxiliary spaces Vg(ug), Vy(up). The Yang-Baxter equation for the S-matrix
implies that

Sab(um ub) 7;(ua, {UZ})%(UM {ul}) 7;)(’U/b, {ul}) (uav {UZ}) ab(Um ub)? (38)

where Sgp(uq, up) is the S-matrix describing the scattering between the two auxiliary par-

ticles. By explicitly working out these relations, we can find the commutation relations

between the different matrix elements of the monodromy matrix. These fundamental com-

mutation relations (3.8) constitute the cornerstone of the Algebraic Bethe Ansatz [68].
The transfer matrix is subsequently defined as

ta(u, {ui}) = straTa(u, {ui}) = (=177, (3.9)

and it can be viewed as an operator acting on the physical space Vp. By virtue of the
Yang-Baxter equation it defines an infinite set of commuting quantities

[ta(ua), to(ws)] = 0, (3.10)

making the integrability of the model explicit. Our goal is to find the eigenvalues of the
transfer matrix by means of the algebraic Bethe Ansatz.
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Twists. Since the coproduct of the Cartan generators H; is unaffected by quantum trans-
formations, the group-like element G = exp(iaH;+ifHs3) gives a symmetry of the S-matrix
in the sense that

[Go @ Gy, Sap] = 0. (3.11)
We can then introduce a family of twisted transfer matrices
taG(u, {u;i}) = stra GoTa(u, {u;}). (3.12)

As a consequence of (3.11), the twisted transfer matrix preserves the integrability property
[tS (uq), tS (up)] = 0. Such a twisted transfer matrix describes an integrable model with
quasi-periodic boundary conditions [69].

3.2 Transfer matrix on the vacuum

The algebraic Bethe ansatz basically consists of two ingredients. One defines a vacuum state
and a set of creation operators that are elements of the monodromy matrix. Eigenstates of
the transfer matrix are then build by acting with the creation operators on the vacuum. Like
always, the transfer matrix respects the two su,(2) symmetries of the symmetry algebra of
the S-matrix. In particular, the transfer matrix commutes with the Cartan generators H; 3
and consequently, the eigenspaces of the transfer matrix are labelled by the quantum labels
K K corresponding to the eigenvalues of H 1,3- Explicitly, for a state in V), of the form!?

KI
®\mi,ni,ki,li>, (313)
=1
we have
KI
T — Zmz—l—nl—l—%z, KIH Zmz + k;. (314)
=1

These numbers once again count the total number of fermions (K H) and the total number
of fermions of a specific species (K').
In our case, we define the vacuum to be the highest weight state corresponding to the
quantum numbers K = KM =0
KI

10) = @)10,0,0,1). (3.15)

i=1
From the explicit form of the monodromy matrix (3.4) it is then straightforwardly seen
that this is an eigenstate of the transfer matrix, with corresponding eigenvalue written in
terms of S—matrix entries

4 a-1 zaa 2m—1)

1 1
wcaH 00 ’LL uz zaaH 110 u u; _§ :2 : — H@mO’Yuul +

+ ¥ Z iaa—2m) gem0ia (o 4y ) 092 (1, ug) L e K (u, wger). (3.16)
a;=1,3m=1

13See appendix A.1 for details and notation regarding the fundamental representation.
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A KH A KIH
T} 1 1
| 1 0
| 2 1

Table 2. The quantum numbers of the creation operators.

The last term can be mapped to a 2 x 2 matrix eigenvalue problem just like in the unde-
formed case [67] involving the eigenvalues

+ _ T . _ (pla—2m]\El sinh LZ (u —u; + W)
)\:t - x-‘r Z_ x:‘ (x[a—Zm]):tl g ;gl - (317)
vt —x; xf —(z ) sinh%(u—ui_f_(agf)z)

From the explicit S-matrix entries listed in appendix B.1 it is then straightforward to arrive
at the following the eigenvalue of the transfer matrix on the vacuum

K! o — g L gt a—1 K! K!
__ ioa —iaa a e i ta(a—2m)
tag =€ e [[ L8143 e [Tr+]I - (3.18)
i=1 izt i m=1 i=1 i=1
a-l K' om-% .+ _ +sinhZ? (u —u; + 7(a_2m_1)i>
_ (ew +e iﬁ) Z giola—2m=1) H q 2T —X; 2k g
m=0 i=1 ﬂ at — T;  ginh % (u — U; + %)

In the ¢ — 1 limit it immediately reduces to the result from [60]. The untwisted transfer
matrix simply follows from setting «, 8 = 0.

3.3 Creation operators

General states are constructed with the help of creation operators. Consider a monodromy
matrix where the auxiliary space is in the fundamental representation. Let us denote the
basis vectors as |e;), with ¢ = 1,2,3,4. Then we define the following creation operators;
two fermionic Ty, T} and one bosonic Ty operator. They have a clear interpretation. By
acting with 7! on the vacuum state you create an excitation of type a. More precisely, the
creation operators increase the quantum numbers of the state as listed in table 2.

Notice that any state with quantum numbers K1, K can be constructed by apply-
ing these generators. Moreover, we see that both 747} and Ty have the same quantum
numbers, which indicates that they will mix. This has its origin in the presence of the
scattering process that mixes bosons and fermions. In other words, a generic state will
be a linear combination of all the operators that create the same quantum numbers. Of
course, this can only be an eigenstate for specific values of the relative coefficients.

The last crucial ingredient that is needed are the commutation relations. By computing
the commutation relation between two creation operators, a nested structure is revealed.
The fermionic creation operators can be commuted via an su(2) invariant S-matrix, r, in
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the following way

- +
—_= — T T + 3.19
zf — x5 UaVh ap(tn —u2) T (u2)T (1) (3.19)

cap (zf —ay) (23 —x3) UiVi
qces 1—zfzy Y172

T (u1)Tp(ug) = —

(T (u2) T (ur) — Ty (ur) T} (u2)),

where o, = 3,4 and we take €34 = 1. The non-zero components of r(u) are rgg =i

=1 and

gru gru

34 _ 43 sinh 4% 34 ek sin 43 e” 2 sin ¢

T43 = T34 N 34 = y Ty3 = N
sinhg—;r (u — &> sinhg—z (u — %) sinhg—z (u — &>

(3.20)

and it is simply the S-matrix of an inhomogeneous XXZ spin chain. As such it is unitary
and satisfies the Yang-Baxter equation.

The relevant parts of the other commutation relations that deal with the diagonal
components of the monodromy matrix, and hence are important for the transfer matrix,
are listed in appendix B.2.

3.4 Full transfer matrix

In [67] the eigenvalues of the transfer matrix were computed quite generally in terms of
elements of the S-matrix in (3.42). Indeed, it applies here as well, but the auxiliary problem
is now described by (3.20) rather than the XXX spin chain. Let us introduce a short-hand
notation for the different types of functions that appear

K! a:(u+%)—a:7f K! +i)

KA .
QA = sinh7Tg<u—u(.A)—|—Bi>, Rt = —_—,
B 7,1;11 2k ¢ g A }_Il q%\/xﬂ; }_Il i\/

( 1)

(In (I11)

where u; "’ = v; and u; ’ = w;. We then arrive at
11
n K - a  pt - a—1 e n
ta1 — laa Qa Hq% Yi — T g } : Ra72mBa72m + a72mBa72m
@t + - St - 2iam OHII 2iam ()II
Ra Ba — =T z m=0 © Qo m=1 € Qu—2m
a—1 - 111
- 2 : a— ZmBa 2m 6i’8 Qa—2m+1 +e —if3 Qa 2m—3 (3 22)
eia (2m+1) QIH 11 11 ’ :
m=0 a—2m—1 a—2m a—2m—2

while the auxiliary parameters ., and w,, satisfy the auxiliary Bethe equations

P sinh 24 L
eia=p) H\fym } H - iZE ; , (3.23)
smh sinh 24 —w; — =&
e H SlIlh ; sinh 72:2& : ; ' (3.24)
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where . .
yj+;j+€+g

1

According to formalism of the analytic Bethe Ansatz these follow from the pole structure

U = — (3.25)

of the transfer matrix. The main Bethe equations pick up a a twist factor €' as in [60].

3.5 Generating functional

There is an alternative way to derive the transfer matrix in higher representations from the
fundamental one. This method goes under the name of generating functional [66, 70-72].
Up to an overall normalization, we can write the fundamental transfer matrix as a sum
of four terms
+ p— NIl - 11 HITT
RT,BZ,Qq 5R1 QIH _ip B QT Q7

t1q = e e —¢ —e 7_15 + ity —ts —tg. (3.26

Consider the shift operator D which is defined via Df(u) = f(u — é)D, then we can
introduce the generating functional W

1 1
W=———[1-DtyD|[1—Dt3D] ———. 3.27
=Dt D 1Dl DI 0D (3:27)

The above defined functional W then generates the different transfer matrices by expanding

in the shift operator D according to

W =Y D%.D" W™ =YD D", (3.28)

The fundamental transfer matrix agrees by construction. It is then straightforward, but
tedious, to match the transfer matrix term by term.

Let us also spell out the transfer matrix ¢1 5, which can be computed via the inverse
generating functional according to (3.28). This transfer matrix will prove to be useful in
defining some Y-functions later. The transfer matrix is generically defined up to normal-
ization, so let us adapt a convenient one for this purpose by setting

t3 — €, (3.29)

Then it is straightforward to work out W~ explicitly

111 s 2 I 111 s _iB(2m—1) 111 111
b Ol [N ePmOR,, QB e, QO
Ls = eiﬁsQII III QIII RT 111 QIII QIII :
=S |m=0 —1%9s—2m+1 S m=1 s—2m—1%s—-2m+1%s+1
+ - e2iBm III 111 - s—1 iB(2m+1 111
R B A Q s—1 6 ) 1—s
R; B+ 111 III il + E: 1 111 ’
—8 m=1 ¥s5—2m—1%¥s—2m+1"%¢s+1 —s m=0 s—2m—1"%s—2m+1

where we used that RT BY, = Ry B; . A different, related procedure is that of dualizing
the transfer matrix. Details are provided in appendix C where we compare 1 s to the
dualized version of ¢ 1.
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4 Asymptotic solution

Now that we have derived the twisted transfer matrix, we can construct a solution for
the Y-system when Yy — Yc‘j ~ (0. The Y-system in this limit is called the asymptotic
Y-system, as it arises for example when J is large and the asymptotic Bethe Ansatz should
describe the problem exactly. In this section all Y-functions will be understood in the
asymptotic limit and to avoid cluttered notation, we will simply identify all Y-functions
with their asymptotic limit and drop the superscript o.

4.1 Asymptotic Y-system

Let us first summarize the asymptotic Y-system equations for the different types of strings.
As before, we only label the left and right copies of su,(2|2) explicitly in the equations for
Q-particles.

w strings. The equations for w strings do not contain the Yy functions so their form is
simply unaffected

|1y Pl
YY1 = (14 Yapu) <1—Y_1> (4.1)
+
Yﬂy‘wyj\gm = (1 +Yapw) A+ Yaipw) , M=2,... k=3, (4.2)
thg‘wykimw = (1 + Yi—3uw) (1 + Yao1jw) (1 + Y3 1jw) , (4.3)
Yl:r—l\ka:Hw =e (14 Yi_ow) - (4.4)

vw strings. By dropping the Y terms we get a similar set of equations for vw-strings

Vi = 1+ 0 (1) (15

ow Y 1fvw 2ow) | Ty,
YtowYazpow = (1 + Yariajow) (1 + Yar1jow) (4.6)
Y ow Yo g = (1 Ve gjpw) (14 Yi 1) (1 + €Yy 1) (4.7)
thl\vakil|vw =e (14 Vo) - (4.8)

Apart from the first equation they are exactly of the same form as those for w strings.

y strings. For y particles there is only one local equation. Asymptotically it reduces to

14,
yry- = -l (4.9)
1 +}/1\w

Q particles. The Y-system for ()-particles involves ratios of Yg functions. These survive
in the asymptotic limit, resulting in the following set of equations. For @ = 1 we have

Yy, 1
1= 11— — f : 4.1
E H( y_m)’ e Y
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Then for Q@ = 2,...,k — 1 we find

Y Y, 1
Q°Q
= % 1+——1, (4.11)
Yo+1¥o le_!t YCgT;)va
while at the boundary Q = k
_ (r)
v.hy, 1 ~Xv
k__k :H 1+ —— 1+67 . (4.12)
Y2 Y(T) Y(T)
k—1 r=%+ k—1|vw k—1lvw

4.2 Solution via transfer matrices

In the asymptotic regime we can find a solution of the Y-system in terms of transfer
matrices. The T-system indicates how this is done. We started out with a model with
two copies of su,(2|2) symmetry. These copies form the left and right wing of the fat-hook
and this structure should be manifest asymptotically. Hence, we are able to express the
T-functions in the left and right hook in terms of the su,(2|2) transfer matrices that were
derived in the previous section. Of course, the left and right copies can in general have
different twists a4, G+.

The T-functions are defined up to gauge transformations (2.36), which we can use to
set Tp s = 1. Then, for a < k we make the following identification

Ta,il — Ta,lta,1| Ta,O — 1, (413)

a=at,B=F+"

where 7,1 is simply a normalization of the transfer matrix such that

KI
5 () = e’ [ Sy (w,uw) = Yo, (4.14)
i=1
where the u; are the asymptotic rapidities of the excitations under consideration,
1. - —
53(2) = (S9N 7H ()2, (4.15)

and Y9!+ is the improved mirror bound state dressing phase with its second leg continued
to the ‘string’ line; see appendix D for an explicit expression for and a discussion of the
properties of ¥. The reason for this factor is that the transfer matrix (3.22) is constructed
from the canonically normalized S-matrix; the Sy 2) part of T¢ simply reintroduces the

correct dressing for the S-matrix. Secondly we would like to point out that e~ £q satisfies
the discrete Laplace equation, so it is basically a gauge transformation. We see that this
factor implies

Yo ~ e 740, (4.16)

which makes explicit that Yy is small for large JJ. Moreover, we now find that the asymp-
totic Bethe equations are equivalent to

Yie(u) = -1, (4.17)

as in the undeformed model.

— 21 —



Bazhanov-Reshetikhin formula. In section 3 we have explicitly constructed the trans-
fer matrix t, 1 for short representations corresponding to a Young diagram with a rows and
one column. However, (2.28) also contains T-functions with different indices. There is a
well-known determinant formula that provides a formal solution of the Hirota equation in
terms of t, 1 as

tas(u) = det topm-ni(u+i(s+1—m—n)/g). (4.18)

1<m,n<s

Equivalently, we could also use t1 s to generate all required transfer matrices.!?

Asymptotic solution. It is now straightforward to derive the solution of the asymptotic
Y-system in terms of transfer matrices. We get the following identification for M < k — 1
and @ =1,...,k

t t tart
to1 to 3to 1

V. =2 v, = 2821 (4.19)
t1,2 t32t1,2

As always, the auxiliary space uses the mirror parameterization, while the physical particles
use the ‘string’ variables.

However, this standard construction clearly cannot hold at M = k — 1 since we know
that T 1 and Tj41,1 satisfy a special set of equations. To correctly take the contributions

of these functions into account, let us set'®
t1k—1 tp—1,1
kal\w =7 ’ Yk71|vw =z (420)
th,l tkfl,l
where
111 + s+l ig(2m—1)HII 111 III
tN _ 1—s 7eiaRa § : € ( )Q Q —S + (4 21)
1,s _eiBsQII R III III III :
—s @ =s+1 s—2m—1%s—2m+1%s+1
+ - 21 m III II1 S B(2m+1 IIT
R B g Qs 2m —s%¥s—1 Z )Qs 2m=1—s
+ 11 111 111 + III 111 ’
R B—a m=s Qs— 2m— 1Q3—2m+1Qs+l B—a m=s s—2m—le—2m+1
and
11
n K _ a+1 a — +
i ia(3a+2) Q H %yl -z ﬂ 2 : Ra 2m a—2m + Z a72mBa72m
al = R+B q Yi — xt V - e2ioam QI e2iam QH
a =1 ? m=a+1 a—2m m=a a—2m
a — IIT
o 2 : a— QmBa 2m eiﬁ Qa72m+1 + e—zﬁ Qa 2m—3 (4 22)
eta(2m+1) QIII II 11 ’ :
m=a a—2m—1 a—2m a—2m—2

14We remind the reader that ¢ s in eq. (3.30) is derived with a differently normalization from ¢, in
eq. (3.22). The Bazhanov-Reshetikhin formula allows us to express ¢1 s in terms of ¢,,1 and doing so we

find agreement with (3.30) up to this normalization factor.
5Tn (4.20) t1 is given by (3.30).
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Both terms contain only four terms and as such appear to be some special case of the
fundamental transfer matrix. They are obtained by extending the sums that appear in the
general expressions (3.22) and (3.30).

From the explicit expressions for the transfer matrix, it is straightforward to check
that (4.19) and (4.20) indeed provide a solution to the asymptotic Y-system. Let us
highlight two reasons why this is quite non-trivial.

First, the function Yj_1)(,), @ priori satisfies two different equations which relate t to
t, and it is not obvious that both equations are compatible. Their compatibility crucially
depends on the fact that ¢¥ = —1.

The second non-trivial consistency check lies in the equation for Yz. From the asymp-
totic equation for Yi_; we can immediately deduce that Y is in fact given by the bulk
expression at () = k, while it satisfies an equation of a different type itself. The fact that
equation (4.12) is satisfied nonetheless relies crucially on the factor T¢q. Indeed, since Tq
satsifies the discrete Laplace equation

TgTé =To+1To-1, (4.23)

we see that in the r.h.s. of (4.12) the dependence of T¢ does not drop out. Following the
arguments in appendix E of [1] we can derive the following identity

1 1 2
T+T_ K k+1] -1- Ty
k 10 r Ty
Tt = = oo e | (121
k-1 L o zlk-1gF

This non-trivial factor makes (4.12) hold.

4.3 The twisted ground state solution

As shown in [1], the ground state TBA equations of the deformed model have almost the

same solution as the undeformed model [73]; only the boundary Y-functions are different.

Interestingly enough it turns out that this feature persists for the twisted ground state.
In the asymptotic limit, the constant bulk Y-system for the auxiliary problem is

given by
1+ Y1|vw
Y=Y —, 4.25
- 1+ }/1|w ( )
YJ\24|w = (14 Y1)+ Yariiw) (4.26)
Y]2\4|1)w = (]‘ + YM*l\vw)(l + YM+1\vw) s (427)

where potential M = 0 terms on the right hand side are zero. The general solution to these
recurrence relations for the bulk Yy, and Yy, is given by

YM|w = [M]eib [M + 2]61'17 , (4.28)
YM\Uw = [M]eia [M + Q]eia ) (4.29)



where a and b are undetermined complex numbers for the moment, and [z], = (¢* —

q %) /(g —q'). Of course, we have yet to take into account the nontrivial boundary of the
Y-system. These boundary equations read

([k = 2] [k]en)? = (1 + [k — e[k — 1) (1 + Vi 1) (L + €*0Y; ), (4.30)
Y2 = €0 (14 [k — 2] [k]en) (4.31)

with a similar equation for Yj_q),,. These equations do not have a unique solution for
arbitrary fi1)(,), and b(a). However, insisting that these equations satisfy the canonical
TBA equations we immediately find that a and b are precisely a and S respectively as in
table 1, and we get

Yk—1|w = e_ikﬁ[k - 1]ei5 ’ (432)
Vi tjow = € "k — 1] gia - (4.33)

With this solution we know Yy by the Y-system equation above and can then find the
Yo functions by their canonical TBA equations. The resulting Y functions are formally
identical to the Yy functions of the undeformed twisted ground state and are given by

Yo = (2] oy — [2)00) (2o — [2]5)[Ql oy [Q) o ™50, (4.34)

As the entire solution except the boundary w and vw Y-functions formally coincides with
the undeformed twisted ground state solution [59, 60], this solution of the deformed TBA
equations smoothly turns into the twisted ground state solution of the undeformed model
in the simplest way possible. Computing the ground state energy for these solutions at
leading order in g gives complicated expressions; instead of giving them we have plotted
the energies for some generic parameter values in figure 5. The energy converges to the
undeformed result as 1%2 at large k. Explicitly

72 —
Bk, J) = B(J) - % <E(J) - 4({]21)E(J - 1)> +0 (;) L (35)

where E(J) is the ground state energy of the undeformed twisted model [60].

5 The relativistic limit

Keeping k fixed and taking ¢ — oo in an appropriate fashion, we obtain a set of TBA
equations based on the conjectured S-matrix of the Pohlmeyer reduced superstring, a semi-
symmetric space sine-Gordon (ssssG) theory. The appropriate limit to take is to rescale

our rapidities u — %

and take g — oo keeping 4 fixed. In what follows by conventional
abuse of notation we drop the tilde. In this limit the full S-matrix and consequently all
S-matrices entering the Bethe-Yang equations become of difference form as appropriate for
a relativistic theory.

At the level of the simplified TBA equations this relativistic limit is implemented

in a very simple fashion. In the interpolating theory have the following three types of
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Figure 5. The ground state energy of the twisted deformed theory. The plot shows the energy

as a function of k, for J = 2,3,4 with arbitrarily chosen twists a4 = %7 a_ = %7 By = %, and
B- = —12—0. The energies at k = 1 and k = 2 are the continuation of our results valid for k > 2.
convolutions
[e.e]
f*s(u,v) = / dt f(u,t)s(t —v), (5.1)
ru
fHs(u,v) = / dt f(u,t)s(t —v), (5.2)
—up
—up o)
f*s(u,v) = / dt f(u,t)s(t —v) + / dt f(u,t)s(t —v). (5.3)
—0o0 Up,
where
9
— ___ 5.4
s(u) 4 cosh 45+’ (54)
and
k 1 2k
up = s log 11_2 = ﬂ—garcsinh(g sin %) . (5.5)

Rescaling the rapidities and taking the infinite coupling limit the points & g u; go to positive
and negative infinity respectively, and consequently the limit can be summarized as

fxs— fxs, (5.6)
frs— fxs, (5.7)
f¥xs—0,

where on the right hand side we of course have the properly rescaled kernel

1
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As a quick example of this simple consideration, let us consider the mirror energy satisfying
the following identity

Enr(K + 1)y = 60E%s. (5.10)

This implies that in the relativistic limit we should have
E1—Exs=0, (5.11)

where in this limit 0
~ U sin L2

lim g& (ﬂ) — 2cosh 1o 22k

gggo geQ g cos 2k sin 7

(5.12)

Since f:’Q is a meromorphic function on the whole u-plane in this limit, the identity above
nicely follows from
EF+E=6. (5.13)

In this limit the discontinuities of the Y-functions following from the TBA equations
have disappeared completely. The dressing phase in particular only enters in defining
the asymptotics of the Y-functions but does not enter in the TBA equations explicitly
anymore. This is because before taking the relativistic limit the dressing phase enters
the simplified TBA equations with a * convolution, as we have carefully proven for the
deformed dressing phase in appendix D, which goes to zero in the relativistic limit. The
only ‘coupling constant’ left in the game is the level k, and as in the interpolating theory its
effect comes in through the boundaries on the Y-system itself rather than the discontinuity
relations the Y-system is supplemented with. It should not be surprising that the kernels
in the simplified TBA equations do not depend explicitly on the coupling constant; this
is a common feature of relativistic models. The information on the value of the coupling
constant comes in through the kernels of the canonical TBA equations which do depend
on it, which in turn define the asymptotics of the Y-functions.

There is one special case however, which is Y. Before taking the limit, Y| can be
obtained as the analytic continuation of Y_ through its cut along the real line. Now in
the relativistic limit this cut disappears and Y, is a completely independent function that
truly does not have a Y-system. It can be expressed in terms of Y_ and Y as

Yy (u) = Y (u)es (1Y) <Koy () (5.14)

where in the relativistic limit

_ 14 log sinh 7 (u — iQ) cosh 7 (u +iQ) ‘
2midu~ sinh i (u + Q) cosh i (u — iQ)

Kqy(u) (5.15)
In general the relation between Y, and Y_ will have state dependent driving terms because
of the convolution involving Yg. Applying 571 to the equation for Y does not appear to
give more insight.

Apart from this subtlety, the Y-system becomes a finite set of algebraic relations
between meromorphic functions on the u-plane. Of course, also in this limit the Y-system
depends on the state and twist in the manner described above.
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To obtain the tranfer matrix in the relativistic limit we rescale the

Transfer matrix.
Because of this, the factors QU and Q! are basically unchanged

rapidities u — u/g, . . ..

KA
QA — H sinh %(u — uEA) + Bi) = Q4. (5.16)
i=1
Similarly, let us introduce the following functions for the KT roots
KI KI
ok :Hsinh%(u—ui—l—Bi), oL :HCOSh@(u—uH—Bi). (5.17)
i=1 i=1
Then, we find that, after discarding the overall factor Hl 1 q y%:i+ , the transfer
matrix (3.22) reduces to
-1 ~
to1= Zeza a—2m) a 2m+1 Qa 2m—1 QH + azeia(a—Qm) Q£72m71 Q{l,Qerl Qg
a,l — =
Q}”ﬂ Qa*1 Qa 2m m=1 Q}Hrl Qéfl Qa 2m
(5.18)

a—1 I I 11 HIII 1T HIII
ia(a—2m—1) QanmfIQaf2mfl i Q Qa 2m—+1 —iB Qa Qafgm,Q ]

= e
1 1 11 1I
Qa—l—l Qa—l Qa 2m Qa 2m—1 Qa—Qm—Z Qa—Zm—l

m=0

Analogously, we derive the following expression for (3.30) in the relativistic limit

B(2 1) 11T 11T
" Qs 2mQ—1—st—1

HI S 24 II 111 S
f, = Q e2ifm Qs—QmQ—l—s - za S+1 Z +
S H 111 111 IH 111 111
lﬁSQ—S m=0 Qs—?m—1QS—2m+1 s 1 =1 s 2m—1Qs—2m+1 Qs—i—l
(5.19)
s—1 i s—1 ;4
Qs+1 Q—s ) e2ifm QII QIII QIII i Q—s L ezﬁ(?m-ﬁ-l) QII QIII
111 111 111 111 111 )
Q Qs+1 Q—s+1 m=0 stmelgszerl

I
Qs—l Q_S_H m=1 Q572m71 s—2m+1

For completeness, let us also give the special functions ¢ used in the asymptotic solution

I 3 Il 3
{a 1 — glaa Q—a—l?—a—i’) %g + eia(a+2) Q—a—l?—a—i-l QI};I (5'20)
QI—HQI Q- a—2 Q<11+1Q(Iz—1 Q—a
(a+1) Q— 1Q—a 1 e i3 QHQHa-l-l + e—iﬁ QgQH}z—Q
Q}H—l Qa 1 QHULQI—ICL—I QI—I —ZQI—Ia—l
111 111 111 111
lﬁs QS-‘:—I Q—s 1 Q Q—s—i—l B eiaeiﬁ(s-i-l Qs+1 Q—s QQ Q—s+1+ (521)
i oL, QoM T,
11T

Ls = T
Qs 1Q—S+1 Q 1Qs+1

111 111 HIII
B(s+2) Qs+IQ—s 1 Q—s 2Q—s+ Qs— Q—s—}—l i« zﬁ(erl Q—s 1 Q—s+1

Qs 1Q—s+1 QI_ISQI%, QH QHI Q—S—H QH

Note that the transfer matrices are of purely trigonometric form.
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6 Concluding remarks

In this paper we discussed the effects of excited states on the quantum deformed AdSs x S°
mirror TBA equations. Doing so, we uncovered an interesting feature whereby the Y-
system depends on (the excitation numbers of) the state under consideration, albeit in a
mild way. This feature depends crucially on the root of unity deformation and the fact that
we have a nested system, and to our knowledge has not been observed before. Similarly our
TBA equations and Y-system depend explicitly on twisted boundary conditions, but this
dependence is not unlike that in the XXZ spin chain, replacing twists by a magnetic field.

In the asymptotic limit these interesting results can be verified through our asymptotic
solution given in terms of the transfer matrix of the g-deformed Hubbard chain and the ¢-
deformed mirror bound state dressing phase, both of which we have explicitly constructed.
This asymptotic solution also allows us to construct excited state TBA equations. It would
be interesting to see to what extent the deformation can qualitatively affect the analytic
properties of the Y-functions for an excited state in addition to the new effects which remain
at the level of the Y-system as discussed above. As we saw in this paper for example, the
ground state Y-functions of the twisted deformed model are nearly identical to those of the
undeformed twisted model.

Our equations reduce to a particularly simple form in the relativistic limit, where they
are conjectured to describe the Pohlmeyer reduced superstring theory. As these equations
still have a coupling constant dependence in the form of k, this limit is nontrivial and would
be interesting to study in its own right. At this point however, it would be instructive to
first understand the relation between the g-deformed S-matrix and the (perturbative) S-
matrix of the Pohlmeyer reduced superstring in more detail. Interestingly, there might be
various subtleties in the relation between these S-matrices to which the resulting Bethe
and subsequent TBA equations would be (rather) insensitive.

From the point of view of finite size integrability it would also be interesting to consider
the case where the deformation parameter ¢ is taken to be real, where the theory shows
some interesting features already mentioned in our previous paper. From the point of view
of condensed matter physics, both types of deformations are interesting deformations of
the Hubbard and related models. We can address the thermodynamics of these models in
the spirit of e.g. [74] with minor modifications of our equations.
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A Representations and S-matrix

The asymptotic solution of the Y-system will be formulated in terms of transfer matrices
which partly take value in bound state representations. In this section we will set some
notation and discuss these representations together with the corresponding S-matrix.

A.1 Bound state representations

The quantum deformed S-matrix respects the quantum affine centrally extended psu,(2(2)
algebra. This algebra is generated by four sets of Chevalley generators E;, F;, K;(= ¢"?)
and two sets of central elements Uy, Vi, (k = 2, 4) with Uy, being responsible for the braiding
of the coproduct. The generators 1 and 3 form two quantum deformed su(2) algebras.

The symmetric matrix DA and the normalization matrix D associated to the Cartan
matrix A are

2 -1 0 -1
-1 0 1 O

DA = D = diag(1,—-1,—-1,—-1). Al
01 e | ding(1,~1,~1,-1) (A1)
-1 0 1 O

The algebra is then defined by the following non-trivial commutation relations,

Kl’Ej = qDAijEjKi, KlF] = q_DAiijKi,
(By, Fy}y = —ga YKy — U KSY),  {By, By} = ga™ (Ky — UsUy P K1Y,
K; - K;' S
[Ej,Fj}:Djj s [EZ',F]'}:O, Z?é], 1+ 756 (AQ)

q—q!
These are supplemented by Serre relations (j = 1,3, k = 2,4)
[Ej, [Ej, Bl (q=2+q )E;ExE; =0, [E1, Bs]=EyEy = EyEy={E, Ey} = 0,
[, [Fy, Fil] = (¢=2+ ¢ ) FFpFy = 0, [Fy, F|=FF = FyFy={F>, Fi} = 0. (A.3)
The central elements are related to the quartic Serre relations (for k = 2, 4),

{[E1, Ex), [Es, Ex]} — (¢ — 2+ ¢ V) ExE1E3Ey, = grow(1 — VEUR),

{[F1, Fl, [F3, B} = (a = 2+ ¢ PR3 Fy = grog ' (Vi2 = U%). (A4
In total, this algebra has three central charges,
C, = K1 K3 K3,
Cy = {[E2, E1, (B, B3} — (4 =2+ ¢ ') B2 B B3 B,
Cy = {[F, F1], [P, F3]} — (¢ — 2+ ¢ ) R F1 F3 P, (A.5)

Finally, the central elements V}, are defined by the relation K, 'K N 2K3_ - V,f.

Hopf algebra. The coproduct of the group-like elements X € {1,K; Uy, Vi} (j =
1,2,3,4 and k = 2,4) is defined in the usual way, A(X) = X ® X. The remaining
Chevalley generators have a coproduct that is braided by the central elements Uy,

A(Ej) = Ej @1+ KU U @ By, A(F) = Fj© K;+ Uy U " @ F;. (A.6)
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Representation. Following [75] will use the g-oscillator representation to describe the
bound state representations (short symmetric represenatations). The bound-state repre-
sentation is defined on vectors

m,m, k, 1) = ()™ (a})"(a])* (ad)! 0), (A7)

where the indices 1, 2 denote bosonic and 3, 4 — fermionic oscillators. The total number
of excitations k + 1+ m +n = M is the bound-state number and the dimension of the
representation is dim =4M . This representation constrains the central elements via U :=
Uy =U; ! and V := Vo = V! and describes an excitation with quasi-momentum p related
to the deformation parameter as U? = eP.

The explicit action of the triples corresponding to the bosonic and fermionic sl,(2) in
this representation are given by

Hym,n, k1) = (L — k)|m,n, k1), Hs|m,n,k,l) = (n —m)|lm,n, k1),
Eilm,n, k,l) = [klqg|m,n, k— 1,1+ 1), Eslm,n, k1) =|m+1,n—1k1),
Film,n, k1) =[l]g|m,n,k+1,1—1), Fslm,n, k1) =|m—1,n+1,k1). (A.8)

The supercharges act on basis states as

H2|man7k7l> = - {C_ k_l—i_n/L_n} \m,n,k:,l>,

2
Eslm,n, k1) = a (=1)"[l]qg|m,n+1,k,1—-1) +b|m—1,nk+1,1),
Fym,n, k1) =c [klgim+1,nk—1,1)+d (-1)" |m,n —1,k,1 + 1). (A.9)

Here [n], = (¢" —q¢™")/(¢— ¢ ') denotes the g-number and C is the g-factor of the central
element V = ¢© and represents the energy of the state.
The explicit parametrization of the representation labels in terms of the conventional

g [ g az” —a”
Mq Mgy 2=
M
_ 9 igq* d= -9 9927 % (A.10)
an at +§)’ (M]g igy Sxt+1

The central elements in this parametrization read as

+

x* variables is

U2ZLM$i+5:qM$+5fU +1 o L&tal wale +E gy
gM z— + & x— Ext +17 gM Ex— +1 x-axt + €
while the shortening condition becomes
1 1 1 1 1
— (2T 4+ = )=z +— - A.12
g (x +x++§+§) q (a: +x_+f+€), (A.12)

here £ = —ig(q — ¢~ ') and §° = ¢*/(1 — ¢*(¢ — ¢~ 1)?).
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The action of the affine charges Hy, F4, Fy is defined exactly the same as the regular
supercharges, but is subject to the following substitutions C' — —C' and (a,b,c,d) —
(a,b,¢,d). The affine labels @, b, ¢, d are acquired from (A.10) by replacing

1 10y
_ + ~
V-V T= 2 g, T a— adl. (A.13)
Let us introduce the multiplicative spectral (evaluation) parameter u and a multiplicative
parameter u of the algebra

1-UV? g

To keep the the expressions in the remainder of the paper manageable, we introduce the
following short-hand notation for the basis vectors of the representation

lex) = 10,0, M — k, k), les ) = (0,1, M — k —1,k),
|e4,k> = ‘17O7M_k7_17k>7 ’634,k’> = |1a17M_k_1ak_1> (A15)

and we suppress the total bound state number M.

A.2 S-matrix

We consider the bound state S-matrix which is an intertwining matrix of the tensor space
spanned by the vectors

[ma, 1, k1, 1) @ [ma, na, ka2, l). (A.16)

Here 0 < mq,nq1,me,ne < 1 and ki,l1,ko,lo > 0 denote the numbers of fermionic and
bosonic excitations respectively with the bound state number M; being the total number
of excitations M; = m; + n; + k; + [;. The S-matrix is required to be invariant under the

coproducts of the affine algebra,

~

SA(J) = AP(J)S, for any Je Q. (A.17)

The invariance under the bosonic symmetries AH;, and A H3 requires the total number of
fermions and the total number of fermions of one type'®

Ny =mq +ma+ny +ng + 2l + 2I,
Nfg =mq+mg+11+ s (A.18)

to be conserved. This conservation divides the space (A.16) into invariant subspaces de-
noted LILIIT in [75]. The explicit expressions for the coefficients are given in [75]. In this
paper we will restrict to the case where My = 1 and we have for completeness included the
S-matrix elements that are needed in our derivations in appendix B.1

16Note that a bosonic excitation is interpreted as a combined excitation of two fermions of different type.
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B Algebraic Bethe Ansatz

In this appendix we give various details concerning the algebraic Bethe Ansatz preformed

in section 3.

B.1 Elements of the S-matrix

In order to derive the transfer matrix we need the following elements of the S-matrix
where the first leg is an M-particle bound state and the second leg is in a fundamental

representation. The S-matrix that scatters subspace I is

- _ o+
M-1x, —x, U1Vh
%m,o _ qT 1 2

m

xf — x; UV,
For subspace II we have
m—1  + + M—2m

@m()l_q 2531 q up — qug
.
m UaVo zf — 25 ¢Muy — quy

gm0l _ m M — m]qVHC;_xz_

q
2 v lg V2w -y

g/mOZ q N Typay —wy farya
+ — ——
(Ml maf —xy | 2725

+

T, — X x
gm ,0;2 q% 1+ g 1
Ty — Xy | Ty
mo1 __ q"a (] —ay)(zg —x5)(a] —ag)zy
4 N
" T2/ [M]q (xfx; - U@’T — x5 )Ty
3IM—1 _ _
m,04 _ mly my2q z Tap — x; 951+5“2
il [M], o afzy —laf —ay \ ayay

m04 vl —afzy oy —af [af
Dp = 4° oy F o\

meo Lo gm [1 _ M [mlg (z) —a

Finally

o _ MM —mlgwg —xy M 4f
m;l [M], zf — x; 1 —afr] o
fépm,o;l _ 1 (:El — wl ) ( l‘;)l‘f g
;3 [M], ( — x5 )(1— mf:z:;)xl ’71
2 —xiay) g mly () — o) (e ay —

(B.1)

(B.2)

(B.3)

(B.4)

(B.9)
(B.10)
(B.11)

)| (a2

meos q" [( 1 —73)

(xf —23)(1 — i x}) [M]g (a] — x3) (27 ) a3

- — + .= + ..+

Gem06 _ MELT) — Ty 1—alzy 2]y
mi6  — 4 e | A
Ty — Ty Ty Ly | Tq Ty
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v - - [
1y (M —mlgay —x5 1 —xiz, |z

m;6 q . [M]q xi" —xy 1— xrm; Ty ( )
1 — _ _ _
mot _ ¢"2 o (pp —ag) (el —a))(ay —ay)af [xy (B.15)
6 S 1 5 '
" VIMIgmyz (@) —23)(1—afzy) @y | 2
M _ _
gmos_ 47 " i — 3 zy (B.16)
m;1 /[M]q Y1 (g;i" — x5 )(1— xf:ﬁ}') o
3M _ _
m,0i6 _ 4 ° Mmlg ey — 2y 1o a ﬁ (B.17)
m;3 [M]q « xf —xy 1— l‘;rl'; Ty ' '

B.2 Commutation relations

Here we list the needed commutation relations. Greek indices run over the fermionic indices
3,4. The diagonal elements T II depend on the spectral parameter z and the representation
is described by the parameters 2+ without indices. The creation operator depends on the
spectral parameter A and we further denote 27 (\) = y and v = g\

TITL(N) = | ¢2 T NT + . (B.18)

oy — 2~ a:+-qau—v
TOTI(N) = ¢ o\ u_qang(A)Tng... (B.19)

34, ay — T ] gtu—v 34,
(T + Ty ) Ta(N) = | a2 y—a Vo | g quT;(/\)(TnT + Tyg) +--- (B.20)

el — 1 + Ay —
Tﬂ,mTl()\) — qiy x i qgu—v

B’m «

¥0 ;1 M—2m—1 1 B,m
y—axt Vx| ¢ ™mu— qmvrﬁa(q u, A)T5 (N Ty

(B.21)

where the dots stand for additional terms that do not affect the eigenvalue but should vanish
upon solving the auxiliary Bethe equations. The auxiliary S-matrix r is given by (3.20).

B.3 Auxiliary Bethe Ansatz

Consider a general gl(1)? invariant S-matrix

ri(z,y) 0 0 0
7’((17 y) _ 0 TQ(xvy) 7’5(.56,?]) 0 (B 22)
’ 0 TG(xvy) T3($,y) 0 ’ ‘
0 0 0 ra(x,y)

satisfying the Yang-Baxter equation and unitarity (i.e. ri2(z1,z2)ro1(z2, 1) = 1). Fol-
lowing the algebraic Bethe ansatz approach we introduce the monodromy (M), transfer
matrix (7') and vacuum state (|0)) on a chain with L sites

A B L1
M = (C D> T=trM=A+D, 0) =) <0> (B.23)

i=1
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The action of of the different elements of the monodromy matrix on the vacuum are read-
ily computed

q)|0) = r1(q,p:)|0), q)|0) = r3(q,p;)|0), C10) = 0. (B.24)

i=1 =1

=
=

And the operators from the monodromy matrix are found to satisfy the following commu-
tation relations

A@)B) = D B AG) - D BwA), (8.25)
1w, y) o @) oo

D(@)B() = 5D D)) - P D) By, (8.26)

B B() = " B0 Bla). (B.27)

For a state with K excitations we make the ansatz
B(A1) ... B(\k)|0). (B.28)

Then putting all the ingredients together we find the following eigenvalue for the trans-

fer matrix
L Ko L K
Ly 1( 4(
Aglp. %) =[] 10, p2) H O + 1 7s(a.p: H ~F (B.29)
i=1 i=1 wd) 4 i=1
supplemented with the Bethe equations
L
A )\ )\ 7 )\17)\ A 7)\i
1:77"5( k> 0)7r3(q, Ak 1] 1 (Mes i) 7 71 (N Ae)r3( Ak )7 (B.30)
73(Ak; ) (@A) 5 73 pi) 23Xy A)ra(Aes Ad)

where we point out that the l.h.s. is actually constant due to unitarity.

C Dualization

There is a way to relate the transfer matrices and Bethe equations in different gradings
that goes under the name of dualization. They are related to each other by a change in
variables and quantum numbers. Here we will apply a duality transformation to the y
roots, giving transfer matrix in the su(2) and s((2) gradings.

The transfer matrix in the sl(2) is given by (3.22). Let us introduce the polynomial of
degree K'+ 2K in terms of the multiplicative evaluation parameter

KIII

KL

y
qr H\/fﬂquz—v Pi(y) —
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where v = % By construction the polynomial P has K roots corresponding

to the roots of the auxiliary Bethe equations (3.23). Factorizing P then yields

KH KH
P(y) = CH(?J — Yi) H(y = i), (C.2)
i=1 i=1

where §; are the dual roots and there are K™ of them. As a consequence we find the
following identity

KH

yi—a  P(a) 7 —b
L= =%e Us— (€5

Dualizing means to write the transfer matrix and Bethe egautions in terms of § and K.

For conciseness we will present he deriavtion in terms of the multiplicative parameters.

Auxiliary Bethe equations. Let us now dualize the Bethe equations. Since g is a root
of P it satisfies the same auxiliary Bethe equations (3.23)

KI + KIH

L gk —w; Wi — GV
1= l e (C.4)
an Vagy —x; \ of 1;[ Wi = Vg
Next, we continue by looking at the dualization of (3.24). Introducing two auxiliary pa-
rameters w™
+ .1 1 | 1
W = —— 1 = —q 1 ) (05)
¢ &= £~
and using (C.3) then allows us to write
KU KII _ 1 ) + (L) K1 5
— o T gk - —v )
=1 Wk i 1 (y; —wy) (?Jz - é) " Pw, )P (é) =1 $Vk T Vi
From the definition of P it is straightforward to prove
+ 1 KT 2
Plwg)P <w1f> _ KK 11 (Wi - q2Wk) )
_ 1 ' W, — Wi, :
P(wp)P <wi> S\ Pwi
resulting in the following dualized version of (3.24)
f{II ~ KIII 2
_1:HWk—qVi 4" W — W (C.8)
LW — Vi o WE — Wi

where we used that KM = KT — KT 4+ 2K From this we see that the dualized auxiliary
equations can be simply obtained from (3.23) and (3.24) by replacing y <+ § and K'' «» K
respectively.
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Transfer matrix. After discarding the overall scalar factor and rearranging some terms
in the transfer matrix, we find

KH

P(er) RiraB:a qau — Vi P (%)
tag = — + Rl C.9
a,l PQ($+> R;—B; 11:11: u— ani P1 (x%) ( )
9 11 111
— “Zl P(zle m])P( [a=2m] ) Hq iy, lK_[ q“u — v; Ii—[ ug® 2t —
R+ = Pralo2m) Py (ke ) o 4T 0t g g ugt R wig

We can write this in a more convenient form in terms of the dual quantum numbers by
using the following properties of P

H ¢* P — qu; Py(ale=2m]) py (ﬁ) K < ¢lu — w; )2 0
i=1 q u—qu; P1($+)P1 (1‘%) 1 q“_2m+1u — W; ’ )
11 11
KH R 1 PP () KH (S (C.11)
P q*—"m™u — g"mv; qm(KI—i-?KIII_f{II) P(x[“*Qm])P (m[a_lm]) Pl qu—v;
leading finally to
11 111
i _ PO B0 | P@) | PG KHu—q KH ¢ —wi) ("= w)
“Z B Pa) | B R (L) Mg i e g g
_y a—1 KU KT
+ P(35) P(z7) S ¢ — q"V 11 (¢“Tu—wi)(¢* Tu—wy)
Pi() Po(em) 2=l qru—v L (g — g ) (¢ — g Twy)
(C.12)

This is the dualized transfer matrix.

Relating Ea,l to t1,s. Let usintroduce the polynomial P, which is the complex conjugate
of P

H‘”ﬁ Iﬁly(w - H‘”\r I (%) =P - B (€13

q2 i=1 i=1

By similar arguments it can be shown that 77 5 can be written as

]3(95+ p( 1 KII 0 v KIIIu_ S+1W. 0 — a5
ts =~ 3 . x[ Hq I S T (C.14)
P2($+) P (; UV PuU—gWi ¢TI — W
— 1 KH KIII _
P(5) Pa™) Sz: ¢ "u— gy H (u— ¢ 'wi)(u—¢*'wy)
Pi(z=) Po(a?) o=y wmatvi gy (@7 g (T = g wg)

It is now trivial to see that t; s maps into ¢, (after changing k <» s — k) under complex
conjugation (i.e. map (z*,q) — (zF,1/¢)) up to an overall normalization.
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D The dressing phase

D.1 The dressing phase for fundamental particles of the ’string’ theory

The crossing equation that follows from the ¢-deformed R-matrix has a solution which is
a natural deformation of the AdS5 x S° dressing phase [76-78]. This solution, which we
will denote &, was found in [50, 51]. The dressing phase in our conventions, o, is related

to o as
P(x1)

Pla)
Both ¢ and & solve the AdS5 x S® crossing equation [79] in the limit ¢ — 1. The dressing

o2 (x1,m0) = 62 (xy,mp) L "2 072 10 = 52(p ) (D.1)

ayaf ol +Eay &

phase & is conventionally written in the form

z’9(z1, +

G(21,21) = €0 = expii (x(2f,23) — x(z7,23) — x(=],25) + x(21,23)),  (D.2)

where when both particles are in the string region, the y functions are given by

o) =if  gh— i’fw L dw T (1+ $0) —utw)) (D.3)

=1 2712 = S w2220 (12 B () — u(w)

Here I'; is the g-analogue of the I' function, which satisfies

Tpe(l+z) = 11__qq2 T2 (). (D.4)

Under analytic continuation to other regions of the rapidity torus the expression for the x
function changes. The above double integral is commonly denoted ®

(w1, ) = ij dz 1 %w 1 dw log L (1 + %(“(2) - u(w))) D5)

2=1 2T 2 — T1 Jjy|=1 W — T2 27L L2 ( - %(U(Z) - u(w)))

and is equal to the y function in the string region. The ® function has a discontinuity on
the edge of the string region (|z*| = 1), and to properly define the y function beyond it
we will need further terms, which leads us to introduce the ¥ function
ig
d 1 i (1 + 7(U1 - u(z)))
U(zy,29) = 174 = log — : . (D.6)
A= 2m 2 =32 T (1 S - u(2))

With these definitions we are ready to give the expression for the dressing phase in the
currently relevant regions of the torus, defined as

Ro: |z >1, Ry:|zt|<1,|z7|>1, Ro:|zt| <1, ]z7| < 1. (D.7)

Ra,p denotes regions on the product of two rapidity tori in the obvious fashion. We will be
most interested in the (bound state) dressing phase on the real line of the mirror theory,
which lies in region R1 1. For completeness let us first briefly repeat the explicit proof that
o satisfies the crossing equation, given in [50, 51]. In order to do so, we need to analytically
continue the dressing phase to region Ro .
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Continuing ® through |27 | =1 to |z]| < 1 gives
) = W(x],25), (D.8)
(D.9)

D.2 Proof of crossing
=®(af,13)

)

The dressing phase in R o
Rio: X(mf,xf
- o+ - o+
x(zy,2y) =®(z7,23).
The dressing phase in Ra. With || < 1 we have
1 +
4o+ oo+ T
Roo: x(@i,23) =®(z],23) — ¥(27,25) + - log —7, (D.10)
i T, — T,
X(xl_vxét) _(I)(xl_vxét) _\Il@?l_?xét) (D-ll)
Identities I. In order to prove the crossing relation between Rz and Rg o we will need
some identities. First of all we have
(I)(wl,.%'g) +<I>(1/x1,x2) :Q(O,xg), (D.12)
U(zy,x2) + V(x1,1/29) =V(21,0). (D.13)
Secondly we need
U(1/zy,zy) (1/xf,;c2+) + U1 2 ay) V(1 ay,ay) =
_ 1 _1_ £
OO et - AP
- log I — +ilog
i 1— 11— 1+ -5
Ty Ty Ty To 5
zp— Loy L
o ! (D.14)
zo+ &

\Ij(l/xl_axQ) (1/:Ui~_,332) = —ilog To
whose derivation plays an important role in the fusion of the mirror dressing phase below

This identity follows from the identity
as well, so let us discuss it in some detail. To prove this identity, we begin by combining
(D.15)

u(2)))

)

)

the two integrals
U(1/zy,x) = U(1/2],22) =
—if dz 1 (it Gy —u(=) Tp(l = 9 -
el=1 2mi 2 = @2 T T (1= (uy —u(2))) T (1 + 4 (uf — u(2)))
Next we use the defining property of the I'y function given in eq. (D.4) to find
dz 1 1 — gioluy —u(2) 1 — ZQ(U(Z)—ul )
1 1/zF = el 1
(/x17w2) (/x17x2) Z£:127TZZ_[E20 1_q 1_q
1 1
dx 1 1iegl S +&+¢
:if £ 10g< = Zifi;)(u Y (D.16)
|z‘:127TZZ—IL’2 1 o 3 Z+;+§+E
dx 1 B ot (z —x7) (z—i) (z —27) (z—%
(z7 +€) (21 €+1) Z(Z + 5) (Z + 2
in the second integral on the left hand side

=7 —
fz:l 21 2 — x9

7 These identities follow by changing variables from z to z
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where we note that the log(1—¢?) terms do not contribute to the integral as the integration
contour can be shrunk to nothing. After integrating by parts'® we find

U(1/2],29) — V(1/2],20) =

f log( ) 1+ 1 n 1 n 1 n 1 1 1
-1 —log(z —x9) [—— — -
|2=1 27 & 2 z  z—af 2] z—{# z— L 2+¢ z+%
1
1 1
o — —F T2 — =
=—ilo i S D.17
PRI (D.17)

by summing the poles within the unit circle. Here we used the fact that |$1i| > 1. Had it
been different, the respective x would have to be replaced by 1/z in the above expression.
Note that ¥ is invariant under inversion of its first argument since u(x) = u(1/z), so that
the above also directly applies to W(zy,x2) — ¥ (2], 29).

In the construction of the mirror bound state dressing phase we will need a further
identity,'? namely

2 —
= +0) = —£ » - +_ " 1
\I’(l/l‘l ,0) - \If(l/xl ,O) —zlogm +210gl‘1 Tq :pf +§m (D18)
_£2 . )
=ilog % +ilogzyz] —ilog q_lg(ul_l/g)(l —&%.

(1-¢?)
which follows by carefully integrating (D.16), noting that now the constant log terms in
the integral cannot be dropped. In the limit ¢ — 1, get the undeformed result

2
U(1/27,0) —¥(1/x],0) = iloggz +ilogzyz] (D.19)

since for ¢ — 1, £ — 0 while ﬁ — %,

Crossing. Putting the above together we can directly prove crossing between Ro o and
R2,0. This firstly makes use of the identity

O(z1,z2) + D(1 /21, 22) = P(0,29), (D.20)
valid for |z;| # 1. Using this we find that
A =0(21,22) + 0(21 + wa, 22) (D.21)
is given by

AG =(1 /a7, 2f) — (1 /af, 2f) + V(1 /2], 25) — (1 /a7, 25)

1 - _ -‘rT—JZ‘Q_
+ologil 2 n - (D.22)
? o T2 T T

8Note again that |z2| > 1.
19Tn these derivations we will not be very careful about factors of i — the typical ambiguity in defining
%log(—l)2 — as they do not affect log 0.
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Then we use the identity

V(1 /oy, ay) = O /2, 25) + (1 /2, 25) — O (1 /2], 25) =

__1 _ 1 £
—log N ) 7 +ilog ! .
7 — — S

1-— 1-— 1 — 1 T 1 + i
| =T 1 = 2 ¥
A == log zll% zll% + - log 3311 xi al — +ilog L
ol ==1- == - T Ty Ty T Xy .
Ty Ty Ty Ty 1 Tq
1 Ty +& ]
=-1lo 2 h(x,x . D.23
- log [x; - (1, 22) (D.23)
In other words
- . Ty +§
(x1,29)0(1/x1,22) = i h(z1,z2) . (D.24)
Ty +§&
If we now rewrite this in terms of o we get?®
1z
o(x1,x9)0(1/x1,22) = gx—ih(m,mg), (D.25)
2

which is of course precisely the crossing equation ¢ is supposed to solve.

D.3 The improved bound state dressing phase of the mirror theory

We would like to construct the dressing phase for bound states of the mirror theory. In
order to do so we take the approach taken in [80] in the undeformed case, and take the
constituents of the mirror bound state such that only the first particle lies in region R,
i.e. [ | > 1 but |z]| < 1, while all other particles lie in region Ry with |z*| > 1 [32]. In
order to sum up all contributions to the bound state dressing phase of the mirror theory,
in addition to the above we need the dressing phase in R 1.

The dressing phase in Rq,;. Continuing the x functions to the region with |xf| <1,
lz7| > 1, |25 | < 1 |z5| > 1 means we have to add additional terms to the expressions in
region Rq o, corresponding to crossing ’$2+| = 1. This means the two ® functions give extra
W contributions, but also the already present ¥ function gives an additional contribution.

1
Ly
a7 46 7 T _

Ty
ol +e T+
1

2ONote that the dispersion implies

<
m"‘
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The full x functions are then given by

Rll : X(.Z‘T,.%';_) :‘I’(fﬂfﬁg)*‘q’(x;aiﬁ) —\Il(;[;ii"x;')

)

(D.26)

The bound state dressing phase I. As already indicated, the constituents of a mirror
bound state can be taken to lie in the regions R1 1, R1,0, Ro,1, and Rg,0. By antisymmetry
of the dressing factor the above sections provide the appropriate dressing factors for the
constituents, which can then be fused. At this point we would like to introduce the improved

dressing phase X

J——
Y(x1,x2) Ea(xl,mg)l_# (D.27)
oy
JRE—
: +’ +y_ + ; Tl T,
:eZ(X(Z’l zy )—x(z] 372) X(371 \Ty )X (T, )) P(xl)/P(xQ) 111 )
Ty Ty

where P is defined in (D.1). The chosen representative constituents for a Q-particle bound

are parametrized as

1 i
i (u) = ——mMm——, :E{ru:a:3<u—|— Q—2j—i—2>. D.29
W)= 07 fw) ( ) (D.29)
We then denote the final mirror theory bound state parameters as

Summing up all contributions for the Q-particle bound state - Q’-particle bound state
improved mirror dressing phase using the appropriate form of the x functions in each

region, we directly find

—%logETQQYy1ﬁn)==¢(yf7yi)—-¢(y+ vy ) — ®(yr, ) + Py, vy )
Uy ys) + Y(ysu) — Y(ys . up)

> )+
Lo El 59 yi + ?—92 - 1;))]3(?/1)@/2]3(?/2)@/2

—1log yl
Lo (14 (o + 5 —vf = )
l—yw_Qll—mz,Q41—yé,
. ] J2
—zlogl_ e Hl— = H - S (D.31)
yryg J=1 zrys k=1 Y1 %



where we emphasize that
il <1, lyrl>1, [yl <1, |yp|>1. (D.32)

This result has an apparent dependence on the bound state constituents. To manifestly
remove this dependence we need a few more identities.

Identities I1I. Firstly we have

1 — — 1
Yy =Yy =Y T s
— - . Y Yy T T
V(i yy) — Wy, yy) =ilog Z—"A ——= e (D.33)
Yy Yy +§ j=1 Yy Yy +§
- \@ + Q-1 2
1 1
Yy +§ Ya Y1 Yo j=1 T; Yy

which follows by applying the defining property of I'; @ times in the deriva-
tion (D.14), (D.16), (D.17) and using the fact that |y | < 1 while [y12| > 1. With both y
and yy referring to particles in region R this also immediately implies

Q' + Q-1 2
- - Y1 Ya 1 1
U(ysyr) — Uy ,y)—zlog< > <—_)<— __> - ——
2 2 yr +¢ Y Y1 Y2 ]‘:[ Z; Y

7j=1

Then we also have the bound-state analogue of (D.18) for a particle in region R4

—i—zlog H —inogqﬂg(u_é)(l —&%.

2
U(y,,0) — \Il(yf,()) :inog(lil

By applying the basic property (D.13) we can reexpress terms of the type ¥(y;,vy5 ) and
apply the above type of identities to find

_ 1 1 -
Uy ys) = V(yy,y3) =0 (y1 y+> - v <y+ y+> + U(y,0) — ¥(y;,0)
2 2

—iQlog(eys + 1)(1— @)P(1 — &g (") ¢
Q-1
— ilog(y; —y1)<y2 —1+> [ —w)

Y

j=1
=iQlog(Eys + 1)(1 — ¢*)?*(1 — & ?)g _Zg( ;) +
1\ & 2
—ilog(yy —y; (?Jz —1+> ];[ ( ]y2> (D.34)

0-1 ' y | s
g [ (€ —g (7))
j=1
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Similarly we find?!

1\ 97! 1\’
—ilog(yf —vy) (yf - +> 1—— (D.35)
vy ) T35y

Q-1 . N A iV 2
-1 _ 5)2 <q—29(v+(Q —21)5) _ q—Zg(quQg)) .

—ilog H (€
j=1

Putting the above identities together with (D.33) we have

_ T
=Wyl y) + 0 ye) + W u) — Yy yp) —ilog H mill | e
xj_y;' k= Y1 2
1 _ _
= 5 (Y5 w) P y) + s u) — Uiy, u)
1 _ o _ _ _
+ ) (=P (yr,99) + 9y, ) +P(ya,90) — Plyy,41))
. N » Li
H;Q_ll <q—29(u+(Q—2J)g) —q ZQ(?H'Q g)) /(1 N q2) . y+ .
+ilog : N : ; —§log—1_—2+
H‘?:’II (q—29<v+(Q —2.7)5) o q—zg(u—l—Qg)) /(1 _ q2) yl y2
-/ . 71' — + . » 71 _ +
U1 Ya
oy
@-Q log(€2 —1). (D.36)

+z2

Then we can use the defining property of the I'; function to find

[T ( min(@-2g) _ q_ig(u+Q;)> /=) (1= ) - u)
HJQ:_ll <q—ig(u+(Q—2j);> _ q—ig(v-&-Q'é)) /(1 . qz) qu (1 + %(u(yf) — u(y;))

N— [ N—

27" (@ 205) 1o (@ - (o) - uls}))

Jj=1

et @20g) T (Q+ $ ) - ()
_ gia(@ 1 qig(QﬂquQ (&~ $uleD) - uts)) . (D.37)
Ty (Q+ % (uly!) — u(v)))

2Here the parameters x; of course refer to bound state number @’ and center v.
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The bound state dressing phase II. By using the above identities, the improved
dressing phase given in eq. (D.31) can be written as

—ilog X9 (y1,y0) = (v, y3) — ©(u1 . ¥5 ) — @(yr,ys) + P(y1 .y (D.38)
1 _ _ _
- 5 (\Ij(yi_?y;) + \Il(yl 71’-/3) - \Il(yf_va ) - \Ij(yl » Yo ))
1 - - o
+ 5 (U w0 + Ulya ) = W wr) = Ulyaur))

| iQ Fq2 (Ql - %(U(yi) - u(y;))) 1- ﬁ \/ﬁ
—ilog — : _ i\ T
19T, (Q+ B(ulyf) — ulyf))) 1= oy Vi v3
n ilog @@ 9(Q+Q =) (u—v)
2

This version of the improved mirror bound state dressing phase manifests its proper fusion,
as any apparent dependence on the bound state constituents has been removed.

To see that the improved dressing phase is unitary it is important to realize that
the logI';2 combinations entering in ®, ¥ and explicitly in the formula above, are not
real. Rather their imaginary parts cancel precisely against the manifestly imaginary terms
in the above prescription. One way to show this is to realize that the above expression is
independent of the constituent particles, and so should agree with the improved bound state
dressing phase obtained by fusing over a manifestly mirror theory conjugation symmetric
bound state configuration. The latter expression can be easily proven to be unitary by
using the crossing equation and the generalized unitarity of the dressing phase about the
string line. We have also verified unitarity of the above expression explicitly numerically.
The further relevant analytic properties of the dressing phase are covered in the section
below. Note that this expression for the dressing phase manifestly reduces to the improved
mirror dressing phase of the undeformed theory.

D.4 Action of the discrete Laplace operator

The mirror-mirror bound state dressing phase is a holomorphic function in the intersection
of the region R; 1 and the mirror region, which in particular contains the mirror line. This
follows by the discontinuity relations for the W functions in their first argument, which
we discuss below. Holomophicity and fusion mean that the dressing phase is immediately
' = (Og41,p + dgr—1,p) for
P > 1, since we are far from any branch cut ambiguities of the arguments of the dressing

annihilated by the discrete Laplace operator Ag p = dgr ps~
phase. For P =1 this is no longer the case; acting with the operator
AQ/J(’U) = 5Q/71871(U) - (5@/72 , (DSQ)

only annihilates the mirror-mirror bound state dressing phase for v € (—up, up).?? This is
the reason the Y-system for Y7 only exists on this interval of the real mirror line. Because we

*2The significance of the interval (—up, usp) lies in the fact that @, (u) covers the unit circle precisely as
u runs over this interval.
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do not encounter any branch cuts of the arguments of the dressing phase for v € (—up, up),
annihilation within this interval still follows immediately by holomorphicity.

To show that the dressing phase is holomorphic in the intersection of Ri; and the
mirror region, in addition to the formulae already derived we will need the discontinuity of
the W function W(x1,x9) in its first argument. The relevant discontinuity is at u1 = u+2i/g
with u € (—up,up). To find it we proceed as in the undeformed case [80] and integrate by
parts to write the ¥ function as

U(z1, ) z—gjli 42 (s — mg)fli: (qu <1+i2£](u1—u(z))> g (1—2‘7(@“ —u(z))>> ,

where ), is the ¢g-digamma function, the logarithmic derivative of the I'; function. From
the defining relation of the I'; function it is easy to see that the ¢-digamma function
still has simple poles at the negative integers with residue negative one. This makes the
discontinuities immediately clear as two poles®® hit the integration contour when u; =
u + 2i/g. The corresponding discontinuity is then simply

lim ¥ (e‘xy, x2) — V(e “x1,22) = —ilog w , (D.40)
e—0 Tm(u) Z2

following from the two pole contributions just inside and just outside the unit circle®
respectively. Analogous formulae apply for discontinuities at u; = u + 2ni/g, exactly as in
the undeformed case [80]. For example for the discontinuity through u; = v — 2i/g we get
T (u) — x2

1 ’
Tm(u) L2

lim U(e‘xy, xo) — V(e “z1,22) = ilog (D.41)

e—0
where the different sign arises because the poles cross the integration contour in the opposite
direction. This shows that the cuts of combinations like W(yy,y;) + ¥(y; , y;") precisely
cancel in the intersection of R;; and the mirror region, making the dressing phase a
holomorphic function there as mentioned above.

With this identity we can also directly compute the action of Agr1(v) on Y99 (u,v)
almost identically to the undeformed case [81], and show explicitly that it indeed vanishes
when v € (—up, up). Acting on the ® functions, noting that the ¥ function is precisely its
discontinuity when its second argument crosses the unit circle (cf. eq. (D.5)), we get

(@i 3 ) =Py, u2 ) =Py, u3)+2(y1 53 ) Agra (V) =V (zm(v), y7 ) =V (zm(v), 47 -

For the first line of the ¥ functions in (D.38) we get

1

=5 (W) + 0y v3) = R y) — Py, 1,) Aga(v) = (D.43)

= —% log ¢~9(@=2(=) g 4 ilogi?

ZRecall that u(z) = u(1/2).
“Effectively giving ., and 1 /Tm respectively.
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which simply follows from the integral representation for ¥ of eq. (D.6) when its second
argument crosses the unit circle. A effectively acts on the first argument of the second line
of ¥ functions, giving

1 _ _ _
§ (\Ij(yg_vyr) + \I’(yQ ayi’_) - ‘ll(y;7y1 ) - \Ij(yQ 7y1 )) AQ’,l(U) =

iyl —zn(v) 1 T 5w
2yl — 5o Y1 —om(v)

(D.44)

= U(2m(v),y1) = Y(@m(v),u7) —

where we used the discontinuity of the ¥ function we just computed, given by eq. (D.40).
This can be partly rewritten as

. + _ y_ — # y+ _ # — .
_t log y1+ xml(v) i zm(v) ilog 1_7"3”3(”) yil_‘_ + v log q_QSQ(u, v), (D.45)
2 Y~ o Y1 T (v) B~ VN 2

which follows from the general identity

1— 1

L= @M,y (D.46)
J

1
1—ﬁ
i

where particles ¢ and j have bound state numbers ) and M respectively. Finally the last

terms give
Q /_ig +\ _ + -1 —
9T (@' - ) —uwi)) 1= 2= [, A _
—ilog Qf 89 (0 (0 ) 1— L\ ot Q)=
iQT,2 (Q + 3 (ulyr) — wly; ))> vrvg V2
F2<Q—Q(U—U)> y+_# _
B($+3w-v) W omm Y
and . ;
7 ' / v A
5 log g9 9 RTQ =D A o, (v) = 3 log Qg o@D 0) (D.48)

respectively. Adding everything up we get zero as promised. In summary, this means
29 A1 (u,0) =0, for v e (—up,up) . (D.49)

When v is outside this interval the result of applying A is nonzero. In the undeformed case
the resulting kernel can be cast in a simple form [81], we will not pursue a simple version
of the resulting deformed kernel here.
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