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ABSTRACT: We argue that the natural functions for describing the multi-Regge limit of
six-gluon scattering in planar N = 4 super Yang-Mills theory are the single-valued har-
monic polylogarithmic functions introduced by Brown. These functions depend on a single
complex variable and its conjugate, (w,w*). Using these functions, and formulas due to
Fadin, Lipatov and Prygarin, we determine the six-gluon MHV remainder function in the
leading-logarithmic approximation (LLA) in this limit through ten loops, and the next-to-
LLA (NLLA) terms through nine loops. In separate work, we have determined the symbol
of the four-loop remainder function for general kinematics, up to 113 constants. Taking
its multi-Regge limit and matching to our four-loop LLA and NLLA results, we fix all but
one of the constants that survive in this limit. The multi-Regge limit factorizes in the vari-
ables (v,n) which are related to (w,w*) by a Fourier-Mellin transform. We can transform
the single-valued harmonic polylogarithms to functions of (v, n) that incorporate harmonic
sums, systematically through transcendental weight six. Combining this information with
the four-loop results, we determine the eigenvalues of the BFKL kernel in the adjoint repre-
sentation to NNLLA accuracy, and the MHV product of impact factors to N>LLA accuracy,
up to constants representing beyond-the-symbol terms and the one symbol-level constant.
Remarkably, only derivatives of the polygamma function enter these results. Finally, the
LLA approximation to the six-gluon NMHV amplitude is evaluated through ten loops.
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1 Introduction

Enormous progress has taken place recently in unraveling the properties of relativistic
scattering amplitudes in four-dimensional gauge theories and gravity. Perhaps the most
intriguing developments have been in maximally supersymmetric N” = 4 Yang-Mills theory,
in the planar limit of a large number of colors. Many lines of evidence suggest that it should
be possible to solve for the scattering amplitudes in this theory to all orders in perturbation
theory. There are also semi-classical results based on the AdS/CFT duality to match to

at strong coupling [1]. The scattering amplitudes in the planar theory can be expressed
o

in terms of a set of dual (or region) variables x!', which are related to the usual external
momentum four-vectors ki by k; = x; — 2;41. Remarkably, the planar N' = 4 super-
Yang-Mills amplitudes are governed by a dual conformal symmetry acting on the x; [1-7].
This symmetry can be extended to a dual superconformal symmetry [8], which acts on
supermultiplets of amplitudes that are packaged together by using an N = 4 on-shell
superfield and associated Grassmann coordinates [9-12].

Due to infrared divergences, amplitudes are not invariant under dual conformal trans-
formations. Rather, there is an anomaly, which was first understood in terms of polygonal
Wilson loops rather than amplitudes [7]. (For such Wilson loops the anomaly is ultraviolet
in nature.) A solution to the anomalous Ward identity for maximally-helicity violating

(MHV) amplitudes is to write them in terms of the BDS ansatz [13],
ANV gBDS xR, (L.1)

where R, is the so-called remainder function [14, 15], which is fully dual-conformally
invariant.

For the four- and five-gluon scattering amplitudes, the only dual-conformally invariant
functions are constants, and because of this fact the BDS ansatz is exact and the remainder
function vanishes to all loop orders, Ry = R5 = 0. For six-gluon amplitudes, dual conformal
invariance restricts the functional dependence to have the form Rg(u1,ug,us), where the

2

u; are the unique invariant cross ratios constructed from distances z7; in the dual space:

2 .2 2.2 2.2
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The need for a nonzero remainder function R, for Wilson loops was first indicated by
the strong-coupling behavior of polygonal loops corresponding to amplitudes with a large
number of gluons n [6]. At the six-point level, investigation of the multi-Regge limits of
2 — 4 gluon scattering amplitudes led to the conclusion that Rg must be nonvanishing at
two loops [16]. Numerical evidence was found soon thereafter for a nonvanishing two-loop
coeflicient Rg) for generic nonsingular kinematics [14], in agreement with the numerical
values found simultaneously for the corresponding hexagonal Wilson loop [15].

Based on the Wilson line representation [15], and using dual conformal invariance
to take a quasi-multi-Regge limit and simplify the integrals, an analytic result for RéZ)
was derived [17, 18] in terms of Goncharov’s multiple polylogarithms [19]. Making use of



properties of the symbol [20-24] associated with iterated integrals, the analytic result for
Réz) was then simplified to just a few lines of classical polylogarithms [23].

A powerful constraint on the structure of the remainder function at higher loop order
is provided by the operator product expansion (OPE) for polygonal Wilson loops [25—
27]. At three loops, this constraint, together with symmetries, collinear vanishing, and an
assumption about the final entry of the symbol, can be used to determine the symbol of Ré?’)
up to just two constant parameters [28]. Another powerful technique for determining the
remainder function is to exploit an infinite-dimensional Yangian invariance [29, 30] which
includes the dual superconformal generators. These symmetries are anomalous at the loop
level (or alternatively one can say that the algebra has to be deformed) [31]. However, the
symmetries imply a first order linear differential equation for the ¢-loop n-point amplitude,
and the anomaly dictates the inhomogenous term in the differential equation, in terms of
an integral over an (¢ — 1)-loop (n + 1)-point amplitude [32, 33]. Using this differential
equation, a number of interesting results were obtained in ref. [33]. In particular, the result
for the symbol of Ré?’) found in ref. [28] was recovered and the two previously-undetermined
constants were fixed.

In principle, the method of refs. [32, 33] works to arbitrary loop order. However, it re-
quires knowing lower-loop amplitudes with an increasing number of external legs, for which
the number of kinematical variables (the dual conformal cross ratios) steadily increases.

Although the symbol of the two-loop remainder function Rg)

is known for arbitrary n [34],
the same is not true of the three-loop seven-point remainder function, which would feed
into the four-loop six-point remainder function — one of the subjects of this paper.

In this article, we focus on features of the six-point kinematics that allow us to push
directly to higher loop orders for this amplitude, without having to solve for amplitudes
with more legs. In fact, most of our paper is concerned with a special limit of the kinematics
in which we can make even more progress: multi-Regge kinematics (MRK), a limit which
has already received considerable attention in the context of A/ = 4 super-Yang-Mills
theory [16, 28, 35—43]. In the MRK limit of 2 — 4 gluon scattering, the four outgoing
gluons are widely-spaced in rapidity. In other words, two of the four gluons are emitted
far forward, with almost the same energies and directions of the two incoming gluons.
The other two outgoing gluons are also well-separated from each other, and have smaller
energies than the two far-forward gluons.

The MHV amplitude possesses a unique limit of this type. For definiteness, we will take
legs 3 and 6 to be incoming, legs 1 and 2 to be the far-forward outgoing gluons, and legs
4 and 5 to be the other two outgoing gluons. Neglecting power-suppressed terms, helicity
must be conserved along the high-energy lines. In the usual all-outgoing convention for
labeling helicities, the helicity configuration can be taken to be (++—++—). For generic
2 — 4 scattering in four dimensions there are eight kinematic variables. Dual conformal
invariance reduces the eight variables down to just the three dual conformal cross ratios
u;. Taking the multi-Regge limit essentially reduces the amplitude to a function of just
two variables, w and w*, which turn out to be the complex conjugates of each other.

We will argue that the function space relevant for this limit has been completely
characterized by Brown [44]. We call the functions single-valued harmonic polylogarithms



(SVHPLs). They are built from the analytic functions of a single complex variable that are
known as harmonic polylogarithms (HPLs) in the physics literature [46]. These functions
have branch cuts at w = 0 and w = —1. However, bilinear combinations of HPLs in w and
in w* can be constructed [44] to cancel the branch cuts, so that the resulting functions are
single-valued in the (w,w*) plane. The single-valued property matches perfectly a physical
constraint on the remainder function in the multi-Regge limit. SVHPLs, like HPLs, are
equipped with an integer transcendental weight. The required weight increases with the
loop order. However, at any given weight there is only a finite-dimensional vector space of
available functions. Thus, once we have identified the proper function space, the problem of
solving for the remainder function in MRK reduces simply to determining a set of rational
numbers, namely the coefficients multiplying the allowed SVHPLs at a given weight.

In order to further appreciate the simplicity of the multi-Regge limit, we recall that
for generic six-point kinematics there are nine possible choices for the entries in the symbol
for the remainder function Rg(u1,u2,us) [23, 28]:

{Ul,u2,u3,1—Ulal—u271—u37y1ay2>?/3}7 (13)
where
U; — 24

- 1.4
Y= T (1.4)

-1 + A
oy = +U1+12LQ+U3 ’ (1.5)
A = (1 — Uy —uUy — U3)2 — 4U1UQU3 . (1.6)

The first entry of the symbol is actually restricted to the set {1, ug,us} due to the location
of the amplitude’s branch cuts [27]; the integrability of the symbol restricts the second
entry to the set {u;, 1 —u;} [27, 28]; and a “final-entry condition” [28, 34] implies that
there are only six, not nine, possibilities for the last entry. However, the remaining entries
are unrestricted. The large number of possible entries, and the fact that the y; variables
are defined in terms of square-root functions of the cross ratios (although the wu; can be
written as rational functions of the y; [28]), complicates the task of identifying the proper
function space for this problem.

So in this paper we will solve a simpler problem. The MRK limit consists of taking one
of the u;, say u1, to unity, and letting the other two cross ratios vanish at the same rate that
up — 1: ug = (1 —uq) and ug ~ y(1 — uy) for two fixed variables x and y. To reach the
Minkowski version of the MRK limit, which is relevant for 2 — 4 scattering, it is necessary
to analytically continue u; from the Euclidean region according to u; — e~2™|uy|, before
taking this limit [16]. Although the square-root variables y2 and y3 remain nontrivial in the
MRK limit, all of the square roots can be rationalized by a clever choice of variables [38].
We define w and w* by

1 ww* (1.7)
T = , = . .
QArwltw) T 01wdrw)
Then the MRK limit of the other variables is
. 1+ w® - 1+ ww*
uy , Y1 : V2= 2= Ys — U3 Wl + ) (1.8)



Neglecting terms that vanish like powers of (1 — u;), we expand the remainder function
in the multi-Regge limit in terms of coefficients multiplying powers of the large logarithm
log(1 — uy) at each loop order, following the conventions of ref. [28],

oo £—1
Rg(u1,ug,us)|Mrg = 27 Z Zaﬁ log" (1 — ) [gff)(w,w*) + 2mi h%)(w,w*)} , (1.9)
=2 n=0

where the coupling constant for planar N’ = 4 super-Yang-Mills theory is a = g?N,/(87?).

The remainder function Rg is a transcendental function with weight 2¢ at loop order

£. Therefore the coefficient functions gg) and hg) have weight 2 —n — 1 and 20 —n — 2

respectively. As a consequence of egs. (1.7) and (1.8), their symbols have only four possible
entries,

{w, 1 +w,w*, 1 +w*}. (1.10)

Furthermore, w and w* are independent complex variables. Hence the problem of deter-
mining the coefficient functions factorizes into that of determining functions of w whose
symbol entries are drawn from {w,1 + w} — a special class of HPLs — and the complex
conjugate functions of w*.

On the other hand, not every combination of HPLs in w and HPLs in w* will appear.
When the symbol is expressed in terms of the original variables {z,v, 92,73}, the first
entry must be either x or y, reflecting the branch-cut behavior and first-entry condition
for general kinematics. Also, the full function must be a single-valued function of x and
y, or equivalently a single-valued function of w and w*. These conditions imply that the
coefficient functions belong to the class of SVHPLs defined by Brown [44].

The MRK limit (1.9) is organized hierarchically into the leading-logarithmic approxi-
mation (LLA) with n = ¢—1, the next-to-leading-logarithmic approximation (NLLA) with
n = £—2, and in general the N*LL terms with n = £—k—1. Just as the problem of DGLAP
evolution in z space is diagonalized by transforming to the space of Mellin moments N,
the MRK limit can be diagonalized by performing a Fourier-Mellin transform from (w,w*)
to a new space labeled by (v,n). In fact, Fadin, Lipatov and Prygarin [38, 40] have given
an all-loop-order formula for Rg in the multi-Regge limit, in terms of two functions of
(v,n): The eigenvalue w(v,n) of the BFKL kernel in the adjoint representation, and the
(regularized) MHV impact factor ®reg(v,n). Each function can be expanded in a, and
each successive order in a corresponds to increasing k by one in the N*LLA. It is possible
that the assumption that was made in refs. [38, 40], of single Reggeon exchange through
NLL, breaks down beyond that order, due to Reggeon-number changing interactions or
other possible effects [45]. In this paper we will assume that it holds through N3LL (for
the impact factor); the three quantities we extract beyond NLL could be affected if this
assumption is wrong.

The leading term in the impact factor is just one, while the leading BFKL eigenvalue
E, ,, was found in ref. [35]. The NLL term in the impact factor was found in ref. [38], and
the NLL contribution to the BFKL eigenvalue in ref. [40].

With this information it is possible to compute the LLA functions géﬁ)l, NLLA func-

tions gé{)Q and héé)Q, and even the real part at NNLLA, héé)?). All one needs to do is perform



the inverse Fourier-Mellin transform back to the (w,w™*) variables. At the three-loop level,
this was carried out at LLA for 953) and hg?’) in ref. [38], and at NLLA for g§3) and hg3)
in ref. [40]. Here we will use the SVHPL basis to make this step very simple. The inverse
transform contains an explicit sum over n, and an integral over v which can be evaluated
via residues in terms of a sum over a second integer m. For low loop orders we can per-
form the double sum analytically using harmonic sums [47-52]. For high loop orders, it
is more efficient to simply truncate the double sum. In the (w,w*) plane this truncation
corresponds to truncating the power series expansion in |w| around the origin. We know
the answer is a linear combination of a finite number of SVHPLs with rational-number
coefficients. In order to determine the coefficients, we simply compute the power series
expansion of the generic linear combination of SVHPLs and match it against the truncated
double sum over m and n. We can now perform the inverse Fourier-Mellin transform, in
principle to all orders, and in practice through weight 10, corresponding to 10 loops for
LLA and 9 loops for NLLA.

Furthermore, we can bring in additional information at fixed loop order, in order to
obtain more terms in the expansion of the BFKL eigenvalue and the MHV impact factor.

In ref. [40], the NLLA results for ggg) and h[()g) confirmed a previous prediction [28] based

on an analysis of the multi-Regge limit of the symbol for Rgg). In this limit, the two free
symbol parameters mentioned above dropped out. The symbol could be integrated back up
into a function, but a few more “beyond-the-symbol” constants entered at this stage. One
of the constants was fixed in ref. [40] using the NLLA information. As noted in ref. [40],
the result from ref. [28] for g(()g) can be used to determine the NNLLA term in the impact
factor. In this paper, we will use our knowledge of the space of functions of (w,w*) (the
SVHPLSs) to build up a dictionary of the functions of (v,n) (special types of harmonic
sums) that are the Fourier-Mellin transforms of the SVHPLs. From this dictionary and
géS) we will determine the NNLLA term in the impact factor.

We can go further if we know the four-loop remainder function Rgl) . In separate
work [53], we have heavily constrained the symbol of Rgl) (u1,u2,us) for generic kinematics,
using exactly the same constraints used in ref. [28]: integrability of the symbol, branch-cut
behavior, symmetries, the final-entry condition, vanishing of collinear limits, and the OPE
constraints (which at four loops are a constraint on the triple discontinuity). Although there
are millions of possible terms before applying these constraints, afterwards the symbol
contains just 113 free constants (112 if we apply the overall normalization for the OPE
constraints). Next we construct the multi-Regge limit of this symbol, and apply all the

information we have about this limit:
e Vanishing of the super-LLA terms g7(l4) and th*) forn =4,5,6,7;
e LLA and NLLA predictions for g,(fl) and hff) for n = 2, 3;

e the NNLLA real part h§4), which is also predicted by the NLLA formula;

e a consistency condition between 954) and h(()4).

Remarkably, these conditions determine all but one of the symbol-level parameters in the
MRK limit. (The one remaining free parameter seems highly likely to vanish, given the



complicated way it enters various formulae, but we have not yet proven that to be the
case.)

We then extract the remaining four-loop coefficient functions, g§4), h(()4) and g(()4), intro-
ducing some additional beyond-the-symbol parameters at this stage. We use this informa-
tion to determine the NNLLA BFKL eigenvalue and the N3LLA MHYV impact factor, up to
these parameters. Although our general dictionary of functions of (v,n) contains various
multiple harmonic sums, we find that the key functions entering the multi-Regge limit can
all be expressed just in terms of certain rational combinations of v and n, together with
the polygamma functions 1, ¥’ ", etc. (derivatives of the logarithm of the T' function)
with arguments 1 4 iv + |n|/2.

As a byproduct, we find that the SVHPLs also describe the multi-Regge limit of the
one remaining helicity configuration for six-gluon scattering in N/ = 4 super-Yang-Mills
theory, namely the next-to-MHV (NMHYV) configuration with three negative and three
positive gluon helicities. It was shown recently [43] that in LLA the NMHV and MHV
remainder functions are related by a simple integro-differential operator. This operator
has a natural action in terms of the SVHPLs, allowing us to easily extend the NMHV LLA
results of ref. [43] from three loops to 10 loops.

This article is organized as follows. In section 2 we review the structure of the six-point
MHYV remainder function in the multi-Regge limit. Section 3 reviews Brown’s construction
of single-valued harmonic polylogarithms. In section 4 we exploit the SVHPL basis to
determine the functions gg) and h,(f ) at LLA through 10 loops and at NLLA through 9
loops. Section 5 determines the NMHV remainder function at LLA through 10 loops.
In section 6 we describe our construction of the functions of (v,n) that are the Fourier-
Mellin transforms of the SVHPLs. Section 7 applies this knowledge, plus information from
the four-loop remainder function [53], in order to determine the NNLLA MHV impact
factor and BFKL eigenvalue, and the N°LLA MHYV impact factor, in terms of a handful of
(mostly) beyond-the-symbol constants. In section 8 we report our conclusions and discuss
directions for future research.

We include two appendices. Appendix A collects expressions for the SVHPLs (after
diagonalizing the action of a Zy X Zy symmetry), in terms of HPLs through weight 5. It also
gives expressions before diagonalizing one of the two Zs factors. Appendix B gives a basis
for the function space in (v,n) through weight 5, together with the Fourier-Mellin map
to the SVHPLs. In addition, for the lengthier formulae, we provide separate computer-
readable text files as ancillary material. In particular, we include files (in Mathematica
format) that contain the expressions for the SVHPLs in terms of ordinary HPLs up to
weight six, decomposed into an eigenbasis of the Zo X Zo symmetry, as well as the analytic
results up to weight ten for the imaginary parts of the MHV remainder function at LLA
and NLLA and for the NMHV remainder function at LLA. Furthermore, we include the
expressions for the NNLL BFKL eigenvalue and impact factor and the N3LL impact factor
in terms of the building blocks in the variables (v, n) constructed in section 6, as well as a
dictionary between these building blocks and the SVHPLs up to weight five.



2 The six-point remainder function in the multi-Regge limit

The principal aim of this paper is to study the six-point MHV amplitude in N/ = 4 super
Yang-Mills theory in multi-Regge kinematics. This limit is defined by the hierarchy of
scales,

512 > 8345, 5456 > 534, 545, 556 > 523, 561, 5234 - (2.1)

In this limit the cross ratios (1.2) behave as
1—wuy, ug, ug ~0, (2.2)

together with the constraint that the following ratios are held fixed,

_ U2 U _
T =g T O(1) and y = T— O0(1). (2.3)

In the following it will be convenient [38] to parametrize the dependence on z and y by a

single complex variable w,

1 . ww*
QIrw)(l+w) YT Mro)+u)

x (2.4)
Any function of the three cross ratios can then develop large logarithms log(1 — u1) in the
multi-Regge limit, and we can write generically,

F(uy,ug,us) = Zlogi(l —uq) fi(w,w*) +O(1 —uy). (2.5)

Let us make at this point an important observation which will be a recurrent theme in the
rest of the paper: If F'(u1,ug, us) represents a physical quantity like a scattering amplitude,
then F' should only have cuts in physical channels, corresponding to branch cuts starting
at points where one of the cross ratios vanishes. Rotation around the origin in the complex

e?™w, e~ ?™w*), does not correspond to crossing any branch cut.

w plane, i.e. (w,w*) — (
As a consequence, the functions f;(w,w*) should not change under this operation. More
generally, the functions f;(w,w*) must be single-valued in the complex w plane.

Let us start by reviewing the multi-Regge limit of the MHV remainder function
R(ui,ug,u3) = Re(uy,uz,us) introduced in eq. (1.1). It can be shown that, while in
the Euclidean region the remainder function vanishes in the multi-Regge limit, there is a
Mandelstam cut such that we obtain a non-zero contribution in MRK after performing the
analytic continuation [16]

up — e 2 uy . (2.6)

After this analytic continuation, the six-point remainder function can be expanded into
the form given in eq. (1.9), which we repeat here for convenience,

oo (-1
R|MRK = 27i Z Zae log"(1 — uy) [gff) (w, w*) + 2mi h{9 (w, w*)} . (2.7)
(=2 n=0

The functions gg) (w,w*) and S (w,w*) will in the following be referred to as the coeffi-

cient functions for the logarithmic expansion in the MRK limit. The imaginary part gg)



is associated with a single discontinuity, and the real part h%) with a double discontinuity,

although both functions also include information from higher discontinuities, albeit with
accompanying explicit factors of 2.

The coefficient functions are single-valued pure transcendental functions in the complex
variable w, of weight 2¢ —n —1 for gg) and weight 2¢ —n — 2 for h% ), They are left invariant
by a Zo X Zo symmetry acting via complex conjugation and inversion,

w < w' and (w,w*) < (1/w,1/w"). (2.8)

The complex conjugation symmetry arises because the MHV remainder function has a
parity symmetry, or invariance under A — —A, which inverts ¢ and g3 in eq. (1.8).
The inversion symmetry is a consequence of the fact that the six-point remainder function
is a totally symmetric function of the three cross ratios wy, ue and ug. In particular,
exchanging 7o <> 73 is the product of conjugation and inversion. The inversion symmetry
is sometimes referred to as target-projectile symmetry [37]. Finally, the vanishing of the

(0)

six-point remainder function in the collinear limit implies the vanishing of gy, (w, w*) and
$f ) (w,w*) in the limit where (w,w*) — 0. Clearly the functions gg) and h% ) are already

highly constrained on general grounds.
In ref. [38, 40] an all-loop integral formula for the six-point amplitude in MRK was

presented, !

6R+i7r5|MRK —
o0 n o prtoo w(v,n)
.a w2 dv 2% 1
COS TWep + 1 = —1"(—) / ——— |w|* PRree(v,n <— > .
wig 300 ()" [ ol et (-~ s
(2.9)
The first term is the Regge pole contribution, with

1 us 1

Wap = = i (a) log — = = v (a) log|w|?, (2.10)
8 u9 8

and v (a) is the cusp anomalous dimension, known to all orders in perturbation theory [54],

vi(a) = Z'y%)aé =4da—4Ga®+22¢ad® - (B2 +4¢)at+---. (2.11)
(=1

The second term in eq. (2.9) arises from a Regge cut and is fully determined to all orders by
the BFKL eigenvalue w(v,n) and the (regularized) impact factor ®reg(v, 7). The function
0 appearing in the exponent on the left-hand side is the contribution from a Mandelstam
cut present in the BDS ansatz, and is given to all loop orders by

5= < c(a) Tog (ay) = § 7re(a) log I (2.12)

I There is a difference in conventions regarding the definition of the remainder function. What we call
R is called log(R) in refs. [38, 40]. Apart from the zeroth order term, the first place this makes a difference
is at four loops, in the real part.



In addition, we have

1 1 N 2
- |1+ w] (2.13)
Vuzuz 1l—up  |w
The BFKL eigenvalue and the impact factor can be expanded perturbatively,
w(v,n) = —a (El,n +aEY +a?E?) 4+ O(a3)) ,
’ ' (2.14)

PRreg(v,n) =1+a @ggg(y, n) 4 a? @ggg(y, n) + a3 @S’gg(u, n) 4+ O(at).

The BFKL eigenvalue is known to the first two orders in perturbation theory [35, 40],

Ey,nz—;ﬂ‘fn2+¢<l+ +”>+w( z’u+‘g‘>—2¢(1), (2.15)
4
E() = —i [W (1 +iv+ ’g) + " (1 — v+ ‘Z') (2.16)
- 2”2@ <1+w+ ‘) w’<1—iu+’n’>>]
v+ I 2

D U Gty

Sl

where 1(z) = - 4 1og I'(z) is the digamma function, and ¢)(1) = —vg is the Euler-Mascheroni

)

constant. The NLL contribution to the impact factor is given by [37]

(1) 1 5, 3 n?
i S R L——
Reg( ) 9 v ] (1/2 T %2)2 C2

(2.17)

The BFKL eigenvalues and impact factor in egs. (2.15), (2.16) and (2.17) are enough to
compute the six-point remainder function in the Regge limit in the leading and next-to-
leading logarithmic approximations (LLA and NLLA). Indeed, we can interpret the integral
in eq. (2.9) as a contour integral in the complex v plane and close the contour at infinity. By
summing up the residues we then obtain the analytic expression of the remainder function
in the LLA and NLLA in MRK. This procedure will be discussed in greater detail in
section 4. Some comments are in order about the integral in eq. (2.9):

1. The contribution coming from n = 0 seems ill-defined, as the integral in eq. (2.9)
diverges. After closing the contour at infinity, our prescription is to take only half of
the residue at v = n = 0 into account.

2. We need to specify the Riemann sheet of the exponential factor in the right-hand
side of eq. (2.9). We find that the replacement

1 (v,n) imw(om) 1 w(v,n)
(o) e () (2.18)

gives the correct result.
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The i7 factor in the right-hand side of eq. (2.18) generates the real parts h in eq. (2.7).

It is easy to see that the gg) and hg ) functions are not independent, but they are related.

For example, at LLA and NLLA we have,

hy_)l(w,w*) =0,
-1 I @ (-1 11+ w|4
G o _t=1 © o (1) ( ) oo L 1
1o (w,w") 5 2 (w,w”) + 16 K Ji—2 (w, w”) log w2 (2.19)
13 ) ek
-5 gl(gf)lgeg:kf)l ) £>2,
k=2

where fyg) = 4 from eq. (2.11). (Note that the sum over k in the formula for héé)Q would not
have been present if we had used the convention for R in refs. [38, 40].) Similar relations
can be derived beyond NLLA, i.e. for n < £ — 2.

So far we have only considered 2 — 4 scattering. In ref. [39] it was shown that if
the remainder function is analytically continued to the region corresponding to 3 — 3
scattering, then it takes a particularly simple form. The analytic continuation from 2 — 4
to 3 — 3 scattering can be obtained easily by performing the replacement

log(1 —u1) — log(u; — 1) —im (2.20)

in eq. (2.9). After analytic continuation the real part of the remainder function only gets
contributions from the Regge pole and is given by [39]

Re <eR3”3_”5) = COS TWgp - (2.21)

It is manifest from eq. (2.9) that eq. (2.21) is automatically satisfied if the relations among
the coefficient functions derivable by tracking the im from eq. (2.18) (e.g. eq. (2.19)) are
satisfied in 2 — 4 kinematics.

So far we have only reviewed some general properties of the six-point remainder func-
tion in MRK, but we have not yet given explicit analytic expressions for the coefficient
functions. The two-loop contributions to eq. (2.9) in LLA and NLLA were computed
in refs. [37, 38], while the three-loop contributions up to the NNLLA were found in
refs. [28, 37]. In all cases the results have been expressed as combinations of classical
polylogarithms in the complex variable w and its complex conjugate w*, with potential
branching points at w = 0 and w = —1. As discussed at the beginning of this section, all
the branch cuts in the complex w plane must cancel, i.e., the function must be single-valued
in w. The class of functions satisfying these constraints has been studied in full generality
in the mathematical literature, as will be reviewed in the next section.

3 Harmonic polylogarithms and their single-valued analogues

3.1 Review of harmonic polylogarithms

In this section we give a short review of the classical and harmonic polylogarithms, one of
the main themes in the rest of this paper. The simplest possible polylogarithmic functions

— 11 —



are the so-called classical polylogarithms, defined inside the unit circle by a convergent

power series,

e k
Lim(z)zz%, 2| < 1. (3.1)
k=1

They can be continued to the cut plane C\[1,00) by an iterated integral representation,

Lip(2) = /0 dz' Ll’”;}(zl) : (3.2)

For m = 1, the polylogarithm reduces to the ordinary logarithm, Li;(z) = —log(1 — z), a
fact that dictates the location of the branch cut for all m (along the real axis for z > 1).
It also determines the discontinuity across the cut,

m—1

log z

Aliy,(z) = 2mi DIk

(3.3)

It is possible to define more general classes of polylogarithmic functions by allowing
for different kernels inside the iterated integral in eq. (3.2). The harmonic polylogarithms
(HPLs) [46] are a special class of generalized polylogarithms whose properties and con-
struction we review in the remainder of this section. To begin, let w be a word formed
from the letters xg and x1, and let e be the empty word. Then, for each w, define a function
H,,(z) which obeys the differential equations,

0 Hy,(z) 0 H,(2)
7Hx w . d 7H:c w = ) 4
S Ha(z) = =2 and Ha(z) = (3.9)
subject to the following conditions,
1 .
H.(z) =1, Hyn(2) = ] log" z, and llg(l) Hyzan(2) = 0. (3.5)

There is a unique family of solutions to these equations, and it defines the HPLs. Note that

we use the term “HPL” in a restricted sense?

— we only consider poles in the differential
equations (3.4) at z =0 and z = 1. (In our MRK application, we will let z = —w, so that
the poles are at w =0 and w = —1.)

The weight of an HPL is the length of the word w, and its depth is the number of
x1’s.> HPLs of depth one are simply the classical polylogarithms, H,,(z) = Li,(z). Like

the classical polylogarithms, the HPLs can be written as iterated integrals,

z H !/ z H. /
Hyow(2) :/0 dz' wl) and Hyw :/0 dz' 110_('2) (3.7)

Z,

2In the mathematical literature, these functions are sometimes referred to as multiple polylogarithms in
one variable.

3For ease of notation, we will often impose the replacement {zo — 0,21 — 1} in subscripts. In some
cases, we will use the collapsed notation where a subscript m denotes m — 1 zeroes followed by a single 1.
For example, if w = xozox12021,

Hy(2) = Haguowrwowr (2) = Ho,1,0,1(2) = Hz2(2) - (3.6)

In the collapsed notation, the weight is the sum of the indices, and the depth is the number of nonzero
indices.
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Weight Lyndon words Dimension
1 0,1 2
2 01 1
3 001, 011 2
4 0001, 0011, 0111 3
5 00001, 00011, 00101, 00111, 01011, 01111 6

Table 1. All Lyndon words Lyndon(xg,z1) through weight five

The structure of the underlying iterated integrals endows the HPLs with an important
property: they form a shuffle algebra. The shuffle relations can be written,

Hyy(2) Hup(2) = ) Hu(2), (3.8)

wew Mwg

where wiIlTws is the set of mergers of the sequences w; and wy that preserve their relative
ordering. Equation (3.8) may be used to express all HPLs of a given weight in terms of a
relatively small set of basis functions and products of lower-weight HPLs. One convenient
such basis [55] of irreducible functions is the Lyndon basis, defined by {H,(z) : w €
Lyndon(zg,x1)}. The Lyndon words Lyndon(xg, z;) are those words w such that for every
decomposition into two words w = wwv, the left word is lexicographically smaller than the
right, u < v. Table 1 gives the first few examples of Lyndon words.

All HPLs are real whenever the argument z is less than 1, and so, in particular, the
HPLs are analytic in a neighborhood of z = 0. The Taylor expansion around z = 0 is
particularly simple and involves only a special class of harmonic numbers [46, 49] (hence
the name harmonic polylogarithm),

> l
z
Hong oo (2) = Y i Zingecam (= 1), mi >0, (3.9)
=1

where Z,, . m,(n) denote the so-called Euler-Zagier sums [47, 48], defined recursively by

"1 "1
Ty (n) = o And Zoy i (n) = > o Zmami (=1 (3.10)
=1 =1

Note that the indexing of the weight vectors mq,...,my in egs. (3.9) and (3.10) is in the
collapsed notation.

Another important property of HPLs is that they are closed under certain transfor-
mations of the arguments [46]. In particular, using the integral representation (3.7), it is
easy to show that the set of all HPLs is closed under the following transformations,

21—z, zm—1/z, z2—1/1-2), z—1-1/z, zw—z/(z—1). (3.11)

If we add to these mappings the identity map z — z, we can identify the transformations in
eq. (3.11) as forming a representation of the symmetric group S3. In other words, the vector
space spanned by all HPLs is endowed with a natural action of the symmetric group Ss.
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Finally, it is evident from the iterated integral representation (3.7) that HPLs can
have branch cuts starting at z = 0 and/or z = 1, i.e., HPLs define in general multi-valued
functions on the complex plane. In the next section we will define analogues of HPLs
without any branch cuts, thus obtaining a single-valued version of the HPLs.

3.2 Single-valued harmonic polylogarithms

Before reviewing the definition of single-valued harmonic polylogarithms in general, let us
first review the special case of single-valued classical polylogarithms. The knowledge of the
discontinuities of the classical polylogarithms, eq. (3.3), can be leveraged to construct a
sequence of real analytic functions on the punctured plane C\{0, 1}. The idea is to consider
linear combinations of (products of) classical polylogarithms and ordinary logarithms such
that all the branch cuts cancel. Although the space of single-valued functions is unique,
the choice of basis is not unique, and there have been several versions proposed in the
literature. As an illustration, consider the functions of Zagier [56],

" (—log |z])mk og™ |z
Dm<z>=mm{2(§j'_,2)!mk<z>+l - } (3.12)

2 m!
k=1

where R, denotes the imaginary part for m even and the real part for m odd. The
discontinuity of the function inside the curly brackets is given by

—1 M,

—log]z\ )" klog z i m—1
27rzz =] = 27r(m — )i (argz)™ . (3.13)

Since eq. (3.13) is real for even m and pure imaginary for odd m, D,,(z) is indeed single-
valued. For the special case m = 2, we reproduce the famous Bloch-Wigner diloga-
rithm [57],

Dy(z) = Im{Lis(2)} + arg(1l — 2) log |2] . (3.14)

Just as there have been numerous proposals in the literature for single-valued versions
of the classical polylogarithms, there are many potential choices of bases for single-valued
HPLs. On the other hand, if we choose to demand some reasonable properties, it turns
out that a unique set of functions emerges. Following ref. [44], we require the single-valued
HPLs to be built entirely from holomorphic and anti-holomorphic HPLs. Specifically, they
should be a linear combination of terms of the form H,, (2)Hy,(Z), where w; and wy are
words in xg and x; or the empty word e. The single-valued classical polylogarithms obey
an analogous property, and it can be understood as the condition that the single-valued
functions are the proper extensions of the original functions. The remaining requirements
are simply the analogues of the conditions used to construct the ordinary HPLs.

Define a function £,,(z), which is a linear combination of functions H,, (z)Hy, (z) and
which obeys the differential equations

, (3.15)
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subject to the conditions,
1. e .
Le(z)=1, Lon(2) = o log™ |z| and ;g% Loyan(2) =0. (3.16)

In ref. [44] Brown showed that there is a unique family of solutions to these equations that
is single-valued in the complex z plane, and it defines the single-valued HPLs (SVHPLs).
The functions L,(z) are linearly independent and span the space. That is to say, every
single-valued linear combination of functions of the form H,, (2)Hy,(Z) can be written in
terms of the £, (z). In ref. [44] an algorithm was presented that allows for the explicit
construction of all SVHPLs as linear combinations of (products of) ordinary HPLs. We
present a short review of this algorithm in section 3.3.

The SVHPLs of ref. [44] share all the nice features of their multi-valued analogues.
First, like the ordinary HPLs, they obey shuffle relations,

Loy (2) Luy(2) = Y Lu(2), (3.17)

wew MLwg

where again wIllws represents the shuffles of wy and ws. As a consequence, we may again
choose to solve eq. (3.17) in terms of a Lyndon basis. It follows that if we want the full list
of all SVHPLs of a given weight, it is enough to know the corresponding Lyndon basis up
to that weight.

Furthermore, the space of SVHPLs is also closed under the S3 action defined by
eq. (3.11). Indeed, if we extend the action to the complex conjugate variable Z, then
the closure of the space of all ordinary HPLs implies the closure of the space spanned by
all products of the form H,, (2)Hy,(Z), and, in particular, the closure of the subspace of
SVHPLs. For the SVHPLs, it is possible to enlarge the symmetry group to Zs x S, where
the Zy subgroup acts by complex conjugation, z < Z.

It turns out that the functions £, (z) can generically be decomposed as

Lo(z) = (Hw(z) - (—1)\w\Hw(z)) + [products of lower weight] (3.18)

where |w| denotes the weight. As such, it is convenient to consider the even and odd
projections, i.e., the decomposition into eigenfunctions of the Zs action,

Lu(z) = = (L’w(z) (1) Ew(z)) and  Ly(z) = - (Ew(z) + (—1)|wlzw(z)) .

(3.19)
The basis defined by £,,(z) was already complete, and yet here we have doubled the number
of potential basis functions. Therefore L, (z) and L,(z) must be related to one another.
Writing Ly, (2) = Ry (Lw(2)), We see that it has the same parity as Zagier’s single-valued
versions of the classical polylogarithms given in eq. (3.12). Therefore we might expect the
L,,(z) to form a complete basis on their own. Indeed this turns out to be the case, and the
L,(2) can be expressed as products of the functions Ly (2),

L,(z) = [products of lower weight L,,(2)]. (3.20)
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Hence we will not consider the functions L,,(z) any further and will concentrate solely on
the functions L (z).

The functions L, (z) do not automatically form simple representations of the S5 sym-
metry. For the current application, we will mostly be concerned with the Zo C S5 subgroup
generated by inversions z <+ 1/z. The functions L,,(z) can easily be decomposed into eigen-
functions of this Zo, and, furthermore, these eigenfunctions form a basis for the space of
all SVHPLs. The latter follows from the observation that,

1
Ly(z) — (=1)wiHde (;) = [products of lower weight], (3.21)

where |w| is the weight and d,, is the depth of the word w. We will denote these eigen-

functions of Zo X Zs by,
1 1
L) =5 [Lw(z) + L, ()} : (3.22)
z
and present most of our results in terms of this convenient basis. For low weights, ap-
pendix A gives explicit representations of these basis functions in terms of HPLs. The
expressions through weight six can be found in the ancillary files.

We have seen in the previous section that in the multi-Regge limit the six-point ampli-
tude is described to all loop orders by single-valued functions of a single complex variable
w satisfying certain reality and inversion properties. It turns out that the SVHPLs we just
defined are particularly well-suited to describe these multi-Regge limits. This description

will be the topic of the rest of this paper.

3.3 Explicit construction

The explicit construction of the functions £, (z) is somewhat involved so we take a brief
detour to describe the details. Let X* be the set of words in the alphabet {z¢, 21}, along
with the empty word e. Define the Drinfel’d associator Z(x¢,z1) as the generating series,

Z(wo,m1) = Y ((w)w, (3.23)
weX*
where ((w) = Hy,(1) for w # x1 and ((x1) = 0. The {(w) are regularized by the shuffle
algebra. Using the collapsed notation for w, these ((w) are the familiar multiple zeta
values.
Next, define an alphabet {yo,y1} (and a set of words Y*) and a map ~ : Y* — Y* as
the operation that reverses words. The alphabet {yo,y1} is related to the alphabet {xq, z1}
by the following relations:

Yo = To
~ - 0 . (3.24)

Z(yo, y ) Z(yo, ) = Z(xo, 1) w1Z(20,21).
The inversion operator is to be understood as a formal series expansion in the weight |w|.
Solving eq. (3.24) iteratively in the weight yields a series expansion for y;. The first few

terms are,

y1 = o1 — (3 (2xoxor121 — 40212071 + 220212171 + 421 T0T1 T (3.25)
—6z1x0T101 — 20121 T0%0 + 6171201 — 2X12121X0) + - - -
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Letting ¢ : Y* — X* be the map that renames y to x, i.e. ¢(yo) = xo and ¢(y1) = x1,
define the generating functions

Lx(z) = > Hu(z)w,  Ly(2) = Y Hyw)(2)w. (3.26)

weX* weyY*

In the following, we use a condensed notation for the HPL arguments, in order to improve
the readability of explicit formulas:

Hy, = Hy(z) and H, = Hy,(2). (3.27)
Then we can write

Lx(z) =1+ H()w() + Hl.’L'l
+ Hopxozro + Ho1vor1 + Hypx120 + Hi 17171 (3.28)
+ Hop,0r0r0r0 + Hop, 1707071 + Ho 10007120 + Ho 11707171 '

+ Hippox1z070 + Hip17120071 + H11 00171200 + H11 120170121 + .00,

and

Ly(z) =1+ Hoyo + Hiy
+ Fo,oyoyo + Fo,l?hyo + Hl,OyOyl + H1,1y1y1
+ Ho 0904090 + Hoo19y190%0 + Ho,1,09041%0 + Ho,1,119140
+ Hi 00909091 + Hi01y190y1 + Higovoyy + Hiiyiyiyr + -
=1+ Hoxg+ Him1

+ Hooxoxo + Hopx1w0 + H10v071 + H117171

(3.29)

+ Ho0rororo + Hop1x12070 + Ho 1 0x0T170 + Ho 117012170

+ Hipoxoror: + Hip1x1w0r1 + Hi0v00121 + H11012101 + .00

In the last step of eq. (3.29) we used yo = xg and y; = x1. Note that the latter only holds
through weight three, as is clear from eq. (3.25). Finally, we are able to construct the
SVHPLs as a generating series,

L(z) = Lx(2)Ly(2) = Y Lu(z)w. (3.30)

weX*

Indeed, taking the product of eq. (3.28) with eq. (3.29) and keeping terms through weight
three, we obtain,

Y Lu(z)w = 1+ Lo(z)xo+ L1(2) 21
weX*
+ Loo(2) voxo + Lo1(2) xox1 + L1,0(2) v120 + L1,1(2) 2121
+ Lo,0,0(2) zoxoxo + Lo,0,1(2) Toror1 + Lo,1,0(2) ox12o + Lo,1,1(2) Toz121

+ ﬁl,o,o(z) T1ToTo + £170’1(Z) Tr1Tox1 + £1,170(Z) r1T1T0 + £1,1,1(Z) r1r1T1 + ...,
(3.31)
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where the SVHPL’s of weight one are,
,C()(Z) = Hj —|—H0, El(z) = H —i—ﬁl, (3.32)

the SVHPL’s of weight two are,

Loo(z) = Hoo+ Hop+ HoHy,
Lo1(z) = Hoa +E1,0+H0£17 (3.33)
L10(2) = Hio+ Ho1+ HiHo,
L11(2) = Hia+Hi1+ HiHy,
and the SVHPL’s of weight three are,
Lo,0,0(z) = Hooo+ Hopo+ HooHo+ HoHoyp,
Lo0,1(z) = Hoo1+ Hio0+ HooH1+ HoHp,
Lo10(z) = Hoio+ Hopo+ Ho1Ho+ HoHoa,
Loi1(z) = Hoaa+ ?1,1,0 + H0,1§1 + Ho?m , (3.30)
L100(2) = Hi00+ Hoo1+HioHo+ HiHop,
L101(2) = Hyop+Hio1+HiogH1+ HHp,
L110(z) = Hi10+ Ho11+ Hi1Ho+ HiHoa,
L111(2) = Higa+ Hyga+ Hi Hy+ HiHy .

The y alphabet differs from the x alphabet starting at weight four. Referring to eq. (3.25),
we expect the difference to generate factors of (3. To illustrate this effect, we list here the
subset of weight-four SVHPLs with explicit ¢ terms:

Lo011(2) = Hooa1+ Hi100+ HooaHi + HoHy10+ HooH11 —2¢3 Hy
Lo101(2) = Hop01+ Hip10+ HopoH1+ HoHi1+ Ho1Hio+ 4¢3 Hy,
Lo111(2) = Hoaa1+Hip10+ HoiaHy + HoHy 11+ HonHig —2¢3 Hy
Lip10(2) = Hip10+ i[},l,o,l + H1,0,1§0 + H1§0,1,0 + H1,0§0,1 — 4¢3 §1 ' (3.35)
L101,1(2) = Hioa1+ Hip01 + HioaHy + HiHy 10+ HioHp +6¢ Hy,
L1100(z) = Hi100+ Hop11+ Hi10Ho+ HiHooa1+ HiiHop +2¢3 Hy
L1101(2) = Hipon+Hiopn +HioH1+ HiHio1+HiHig—6(GHy,
L1110(2) = Hiap0+Hopa1+HiiaHo+ HiHoia+ HiiHop +2¢ Hy .

Finally, we remark that the generating series £(z) provides a convenient way to represent
the differential equations (3.15). Together with the y alphabet, it also allows us to write
down the differential equations in Z,

1—2 z 1-z

D= (B )ee ad pre - (L) e

These equations will be particularly useful in section 5 when we study the multi-Regge
limit of the ratio function of the six-point NMHV amplitude.
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4 The six-point remainder function in LLA and NLLA

In section 2, we showed that in MRK the remainder function is fully determined by the
coefficient functions gff) (w,w*) and ho (w,w*) in the logarithmic expansion of its real and
imaginary part in eq. (2.7). We further argued that these functions are single-valued in
the complex w plane, and suggested that they can be computed explicitly by interpreting
the v-integral in eq. (2.9) as a contour integral and summing the residues. In this section,
we describe how knowledge about the space of SVHPLs can be used to facilitate this
calculation. In particular, we present results for LLA through ten loops and for NLLA
through nine loops.

The main integral we consider is eq. (2.9), which we reproduce here for clarity, rewriting

the last factor to take into account egs. (2.13) and (2.18),

Rtins - w\s [T dv 2%
e Rk = CO8 Twap + i 5 > (e (J) / 27 [w]™ Preg(v, n)
1

n=-—00 o0

1 2
X exp [—w(u,n) <log(1 —up) +im+ 5 log |1|—1:‘w]4>] .(4.1)

The integrand depends on the BFKL eigenvalue and impact factor, which are known
through order a? and are given in eqgs. (2.15), (2.16) and (2.17). These functions can
be written as rational functions of v and n, and polygamma functions (¢ and its deriva-
tives) with arguments 1 + iv + |n|/2. Recalling that the polygamma functions have poles
at the non-positive integers, it is easy to see that all poles are found in the complex v plane
at values v = —i(m + @), m € N, n € Z. When the integral is performed by summing
residues, the result will be of the form,

Z A W W (4.2)
m,n

Because residues of the polygamma functions are rational numbers, and because polygamma
functions evaluate to Euler-Zagier sums for positive integers, the coefficients a,, , are com-
binations of

1. rational functions in m and n,
2. Euler-Zagier sums of the form Zz(m), Z#n) and Zzm + n),
3. log |w|, arising from taking residues at multiple poles.

Identifying (z,2) = (—w, —w*), and comparing the double sum (4.2) to the formal series
expansion of the HPLs around z = 0, eq. (3.9), we conclude that the double sums will
evaluate to linear combinations of terms of the form H,, (—w)H,,(—w*). Moreover, as
discussed above, this combination should be single-valued. Therefore, based on the discus-
sion in section 3, we expect gg) (w,w*) and h,(f) (w,w*) to belong to the space spanned by
the SVHPLs.

Furthermore, we know that g,(f) (w,w*) and ho (w,w*) are invariant under the action

of the Zy x Zg transformations of eq. (2.8). In terms of SVHPLs, this symmetry is just an
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(abelian) subgroup of the larger Zgs x S3 symmetry, where the Zs is complex conjugation
and the S3 action is given in eq. (3.11). As such, we do not expect an arbitrary linear
combination of SVHPLs, but only those that are eigenfunctions with eigenvalue (+,+) of
the Zy X Zo symmetry.

Putting everything together, and taking into account that scattering amplitudes in
N =4 SYM are expected to have uniform transcendentality, we are led to conjecture that,
to all loop orders, gg) (w, w*) and hg ) (w, w*) should be expressible as a linear combination
of SVHPLs in (z, z) = (—w, —w*) of uniform transcendental weight, with eigenvalue (+, +)
under the Zg x Zg symmetry. Inspecting eq. (2.7), the weight should be 2/ —n — 1 for gff)
and 20 — n — 2 for hg) . Our conjecture allows us to predict a priori the set of functions
that can appear at a given loop order, and in practice this set turns out to be rather small.
Knowledge of this set of functions can be used to facilitate the evaluation of eq. (4.1). We

outline two strategies to achieve this:

1. Evaluate the double sum (4.2) with the summation algorithms of ref. [58]. The result
is a complicated expression involving multiple polylogarithms which can be matched
to a combination of SVHPLs and zeta values by means of the symbol [20-24] and
coproduct [59-61].

2. The double sum (4.2) should be equal to the formal series expansion of some linear
combination of SVHPLs and zeta values. The unknown coefficients of this combina-
tion can be fixed by matching the two expressions term by term.

To see how this works, we calculate the two-loop remainder function in MRK. Expanding
eq. (4.1) to two loops, we find,

1 1
+a? []og(l — ) = I[Eyq) + (@Lf + S T[@h (v,n)] + T I[E,,m])

_ 1 1 1
+27i <32 [Ly]? < L) - ngI[l] + 8I[Ey,n]>] } ;
(4.3)
where we have introduced the notation,
e =2 3 o (2)F [ S e Fw) (14)
) - T = w* oo 1/2 + %2 3 . .

Explicit expressions for the functions L: for low weights are provided in appendix A.
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Equation (4.3) is consistent only if the term of order a vanishes. Indeed this is the case,

0 n +o0o d )
0] =% 3 (" (;”)2/_ VQ:’if w]

:hghﬂ2+2§:(_w) +2§:(_2) (4.5)
n=1 n=1

= log |w|? — 2log |1 4 w|?
=2L].

As previously mentioned, we only take half of the residue at v =n = 0.

Moving on to the terms of order a?, we refer to eq. (2.7) and extract from eq. (4.3) the

expressions for the coefficient functions,

o1
92 (w,w*) = = T[E,,,]

4
1 1 1
gwumw):§@LT+ZI@$QunH+ZLfﬂEwJ (4.6)
2 X [ 1 1
W2 (w,0%) = 5 (L5 + g [T = 5 L T+ S TIE).

()

Note that hg ) = = 0, in accordance with the general expectation that h;’; = 0. Proceeding

onwards, we have to calculate Z[E, ],

[e.9]

1 w5 [T dv ; |n|
fral =1 3 0 ()" [ e
- - 4

o0 4

+w<w+“>+w( +'Z')}

1

m? m? m
m=
— + *1M *M+n
n=1m=1
(4.7)
The single sum in the first line immediately evaluates to polylogarithms,
o [P ()™ A+ (wt)” 2 (—w)™ + (—w")™
d g2 -2 - + [log |w|? + 2Z1(m))]
m m m
m=1
2m o \m ok \m 4.8
—Z{ Ul g ul? + 223 - 1) S R )

= log |w|* [H1(—w) + H1(—w*)] + 2Ho 1 (|w|*) + 2Hy,1(—w) + 2Hy 1 (—w*) .
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Next we transform the double sum into a nested sum by shifting the summation variables
by n =N —m,

where the last step follows from a stuffle identity among multiple polylogarithms [62].
Putting everything together, we obtain

I[E,,m] = log |’UJ|2 [Hl(—w) + Hl(—w*)] + 2H171(—U)) + 2H171(—w*) + 2H1(—w) Hl(—w*)

1, _
= (L - FlLs .
(4.10)
Referring to egs. (4.5) and (4.6), we can now write down the results,
) * Lo 1 —12
g w,w == - —|\L ’
O w,wt) = TP - = [L5) o

For higher weights the nested double sums can be more complicated, but they are
always of a form that can be performed using the algorithms of ref. [58]. These algorithms
will in general produce complicated multiple polylogarithms that, unlike in eq. (4.9), cannot
in general be reduced to HPLs by the simple application of stuffle identities. In this case we
can use symbols [22-24] and the coproduct on multiple polylogarithms [59-61] to perform
this reduction.

The above strategy becomes computationally taxing for high weights. For this reason,

we also employ an alternative strategy, based on matching series expansions, which is

computationally simpler. We demonstrate this method in the computation of 962), for

which the only missing ingredient in eq. (4.6) is Z [@ggg(y, n)], where @ge)g(y, n) is defined
in eq. (2.17). To proceed, we write the v-integral as a sum of residues, and truncate the

resulting double sum to some finite order,

) 1 n (W5 [T dv iv 5 n
I[cbr,ieg(z/,n)]—; _Z (=1) (E) /_ ol {_@_S(VQZ)2
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1
— G togluf = (og ) o = (1+ loguf ) [ul'+ ..

1 1
+(w+w*) [2(2—1— (4 —2log \w[2+§ log? ]w\2) + <1+2 log \w[2> lw|?+. . ]

1 1 1
+ (w? 4 w*?) [—Cg — (2 +3 log? \w|2) + (—1 ~3 log |w|2> lw|® + .. }

+....

Here we show on separate lines the contributions to the sum from n = 0, n = +1, and
n = +2. Next, we construct an ansatz of SVHPLs whose series expansion we attempt
to match to the above expression. We expect the result to be a weight-three SVHPL
with parity (+,+) under conjugation and inversion. Including zeta values, there are five
functions satisfying these criteria, and we can write the ansatz as,

T[®R), (v, n)] = e1 L + 2 [Ly 2L + e3 [LTIP + caGo LT + 53 (4.13)

Using the series expansions of the constituent HPLs (3.9), it is straightforward to produce
the series expansion of this ansatz,

c c C 1
I[(I)S(zg(y, n)] = (é + 52 + §3) log? |w|* + 504@ log |w|? + ¢5 ¢3 + 3¢5 (log [w]?) [w]* + ...
1 3
+ (w4w*) [—@64—1— (—01+201 log ]w|2> + <_c41 —co — Zg) log? ]w\2+. . }
+ ...
(4.14)

We have only listed the terms necessary to fix the undetermined constants. In practice
we generate many more terms than necessary to cross-check the result. Consistency of
egs. (4.12) and (4.14) requires,

3 1

C1 , €2 4 C3 3’ C4 y G5 0 ) ( 5)
which gives,
1 3. 1
T[@foy (v )] = —4 L] + { [LoPPLY - S LI 26 L] . (4.16)
Finally, putting everything together in eq. (4.6),
2 ‘ 1 3 1.
o (w,w*) = —Li + g (L] + gl LT (4.17)

This completes the two-loop calculation, and we find agreement with [37, 38]. Moving on
to three loops, we can proceed in exactly the same way, and we reproduce the LLA [38]
and NLLA results [28, 40| for the imaginary parts of the coefficient functions,

(3) w1 1 3
95 (w,w*) = —gL;,”Fﬁ [L{]
3 « 1 5 5 1, _ 5 . _
gV (w.w') = Ly Lyy = SLT LY + oL+ elLo P (LT - 2 lLe] (418)
2 2
e Tz Le ot

— 23 —



(The result for g§3) agrees with that in ref. [28] once the constants are fixed to ¢ = 0 and
v = —=9/2 [40].) The real parts are given by,

hgg)(w,w*) =0,

3 ) 1 1, (4.19)
WP (w,0%) = —5 18 — S LT+ S P LY
in agreement with ref. [38]. Using the fact that
1 jw?
Lf=-1 4.20
L9 1+ w/*’ (4.20)

it is easy to check that h§3) (w, w*) satisfies eq. (2.19) for ¢ = 3.

It is straightforward to extend these methods to higher loops. We have produced re-
sults for all functions with weight less than or equal to 10, which is equivalent to 10 loops
in the LLA, and 9 loops in the NLLA. Using the C++ symbolic computation framework
GiNaC [63], which allows for the efficient numerical evaluation of HPLs to high preci-
sion [64], we can evaluate these functions numerically. Figures 1 and 2 show the functions
plotted on the line segment for which w = w* and 0 < w < 1. Here we also show the
analytical results through six loops. We provide a separate computer-readable text file,
compatible with the Mathematica package HPL [65, 66], which contains all the expressions
through weight 10.

Up to six loops, we find,

) oo Loy ey 7o — L LL— 4.91
5 1
—ELTL:—; - gLfC?n
o (w,w*) = 2 (Lo P 4P + — L (L) — = L (Lo + = (L5126 (4.22)
’ 64 0 128 0 32 73 0 g 0
1 3 72 1 13
22 S - - Lo L 2t
8[1]C3+80[1} 24[1] 16 o 121 1+16 5
3 1 5
"‘g L§1,1 + 1 L;rz,l 16 LTI + E L
(5) *\ i Li 2 L+ 3 17 +rr—14 _ 5 L+ L i 4.25
1 43 1
S — — LT L Ly, LT L+ L — LT
12 LI G+ 240 LEP = gq To Laa B+ ggg B+ g L + 3 L
—ﬂ LT [L{P,
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Leading Logarithmic Approximation
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Figure 1. Imaginary parts géz_)l of the MHV remainder function in MRK and LLA through 10
loops, on the line segment with w = w* running from 0 to 1. The functions have been rescaled by
powers of 4 so that they are all roughly the same size.

95" (w,w") = —ﬁ (L3 ] [Lo P+ 5 LRI -1 L+ g lLe" [ PenG (429
b P - TP - e 1 [LaF’ aaq I 14 [T
478 LE LG s (L1 o (L5 4 (L - o L L2 ([P
e L3 (LT — oo (24P m%m - E[Lﬂ g AP+ o Ly L
274L7L27’11+ 1o o Fan 16L Lsat 24L Loyt 196L Lil’lvl
+22L+L++57L2L+L+—£L1+L;11+3ZL+C5—|— L+C3 3(:3,
o w,0*) = s (L3P LG~ o (L3P [P e (257 [ET4 2y 1gT* [Lﬂ (4.25)
bom Ly L = o L L (L + oo I [T Go g (L5
~ 5 5l = oo g L [0 — o L3 (L = o5 [ET G+ o [E4T°
+% 31 - 92690L Lo+ 214L Lapi= 72658 Lo Lar = 1§8L Ls.
71—16L5L5,111+%L;L++%L+L;M+ S L s I G
b I G+ = &
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Next—to—Leading Logarithmic Approximation
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Figure 2. Imaginary parts 922_)2 of the MHV remainder function in MRK and NLLA through 9
loops.

6 N 5 _ _ 1 _ 1 _ 101 _
03" (w,w") = o LT L P L P g (Lo P LT P g Lo P G gms I3 (Lo P[LYT (4.26)
89 59 85 52
L—2 +12 L—2L+5 L_4L+3—7L_2L+3
"‘1536[0} (L] <3+45760[0] (L] +18432[0] (L] 576[0] (L]
317 . 43 7T o 8br®
b Lo — =2 LHLe]e— 27 4L
9916 2111 [Lo] 768 5 [Lo]° + 291184 1 (Lo ] 55206 1 (Lo ]
65 .o . %P o1 . .1 .
— L L ——0L L — |L
+9216 3 [Lo] +2304 3 [Lo] 198 291 Lo ] +768[ NNE
17 52 1 3 205
77[/—2 77L_2 77L+L— 277L—L— L+3 7L+L+2
192[ 0] §5 144[ O} CB 24 1 [ 2,1] 64 0 2,1[ 1] +768 5 [ 1]
17 52 1 1 7
576 L3 [Lf]* a1 L [LT]? - = Ly, LI + o1 Liaq LT - % (L) ¢s
65 52 1 2 7
7L+2 7L+2 7L+777L+5 7L+Lr+2
+128[1]<5+72[1}<3+504[1] 288[1] +192 1 [L3]
5 o 11 1 5 o
192 Ly Ly LT + 192 Ly L, Léf@ % Ly Ly, Lf - 768 Ly Ly, Ly
13 S5t 23 21
334 Ly Ly, L + T4 Ly Ly, L + 331 Ly Ly, L - 61 Ly Ly, Gs
3 21572 29 19 1
— Ly Ly L ———LF - — LT Li¢G——LFTG+—L+
gt Praaa I gpp be T gy M B G T qgp G g B
51, 3 ., 21 ., 52 . 7 .  bx2 .

“TR e T3 Liio— 61 a2 g s T g Lssi— oY Lyos
13 1 3
"'z L3t1,171,1 + B} L;1,271,1 + B} L;2,1,1,1 .
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We present only the imaginary parts, as the real parts are determined by eq. (2.19).
However, as a cross-check of our result, we computed the hg ) explicitly and checked that
eq. (2.19) is satisfied. Furthermore, we checked that in the collinear limit w — 0 our
results agree with the all-loop prediction for the six-point MHV amplitude in the double-
leading-logarithmic (DLL) and next-to-double-leading-logarithmic (NDLL) approximations

of ref. [67],

LA = i g (w + w*) [1 — 1 (2\/(1 log |w|log(1 — u1)>] )

I (2+/alog |w|log(1 — uy)
Re (eRNDLLA) =1+ 7T26L3/2(’1U + w*) v/log |w| ( )
log(1 — uy)

— m2a? (w 4 w*) log |w| Iy (2\/alog |w|log(1 — ul)) ,

(4.27)

where Iy(z) and I;(z) denote modified Bessel functions.

Let us conclude this section with an observation: All the results for the six-point
remainder function that we computed only involve ordinary ¢ values of depth one (¢ for
some k), despite the fact that multiple ¢ values are expected to appear starting from weight
eight. In addition, the LLA results only involve odd ¢ values — even ( values never appear.

5 The six-point NMHV amplitude in MRK

So far we have only discussed the multi-Regge limit of the six-point amplitude in an MHV
helicity configuration. In this section we extend the discussion to the second independent
helicity configuration for six points, the NMHV configuration. We will see that the SVHPLs
provide the natural function space for describing this case as well.

The NMHV case was recently analyzed in the LLA [43]. It was shown that the two-
loop expression agrees with the limit of the analytic formula for the NMHV amplitude for
general kinematics [68], and the three-loop result was also obtained. Here we will extend
these results to 10 loops.

Due to helicity conservation along the high-energy line, the only difference between
the MHV and NMHYV configurations is a flip in helicity of one of the lower energy external
gluons (labeled by 4 and 5). Instead of the MHV helicity configuration (++—++—), we
consider (++——+—). The tree amplitudes for MHV and NMHV become identical in
MRK [43]. In this limit, we can define the NMHV remainder function Rxypy in the same
way as in the MHV case (1.1),

A6NMHV’MRK = A6BDS X exp(RNMHV) . (51)

Recall the LLA version? of eq. (2.9):

4 n
Rify =i5 > (-

it o (I 3) (v +3)

+oo Jy wivtn/2 w*iufn/Q

[(1—up)®Bror —1] . (5.2)

“The distinction between R and exp(R) is irrelevant at LLA, because the LLA has one fewer logarithm
than the loop order, so the square of an LL term has two fewer logarithms and is NLL.
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At LLA, the effect of changing the impact factor for emitting gluon 4 with positive helicity
to the one for a negative-helicity emission is simply to perform the replacement

1 1

L 5.3
—iv + 5 i+ 5 (5:3)
in eq. (5.2), obtaining [43]
. 00 400 iv+n/2 , xiv—n/2
LLA 1a n dvw w [ W E
~ Y 1 1- v 1], 4
RNy 5 Z (—1) /_oo (i + 5)? (1 —u1) (5.4)
n=-—00

The NMHYV ratio function is normally defined in terms of the ratio of NMHV to MHV

superamplitudes A,
ANMHY

Avnv

Pnuvniv = (5.5)

However, in MRK, because the tree amplitudes become identical, it suffices to consider the
ordinary ratio, which in LLA becomes

LLA Aty LLA
Prviny = ALLA T xp(Rixiiy — Ryiy) - (5.6)
MHV

Thus eq. (5.4), together with eq. (5.2), is sufficient to generate both the remainder function
and the ratio function in LLA.

Comparing eq. (5.4) to eq. (2.9), we see that in MRK the MHV and NMHYV remainder
functions are related by

w* 0
LLA LLA
Ry = /dw ow* Rymv - (5.7)
It is convenient to write this equation slightly differently. First, define a sequence of single-
valued functions f()(w,w*) in analogy with eq. (2.7)°

*

1
II\}IK/?HV = 271 Za log 1 —uy) [1 0 f(l)(w,w*> + o

Then eq. (5.7) can be used to relate fO(w,w*) to gl(l_)l(w,w*),

/dw
w

In section 4 we computed the MHV remainder function in the LLA in the multi-Regge

o) oLy w1 1
oo g w) = (O + (L) (59)

limit up to ten loops. Using these results and eq. (5.9), we can immediately obtain NMHV
expressions through ten loops as well. Indeed, g() (w,w*) is a sum of SVHPLs, so the
differentiation ag* can be performed with the aid of eq. (3.36). The result is again a sum
of SVHPLs with rational coefficients 1/(1 + w*) and w*/(1 4+ w™*). As such, the differential
equations (3.36) also uniquely determine the result of the w-integral as a sum of SVHPLs,

up to an undetermined function F'(w*). This function can be at most a constant in order

Ref. [43] defines a similar set of functions, f;, which are related to ours by fa = —if@), fs = %fm, etc.
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to preserve the single-valuedness condition. It turns out that to respect the vanishing of
the remainder function in the collinear limit, F'(w*) must actually be zero.

To see how this works, consider the two loop case. From eq. (4.11),

N 1
g7 (w.w) = 7 [L{T?

1

_ 1 1 1
16 [Lo]? = 5['1,1 + 150,1 + 151,0- (5.10)

Recalling that (w,w*) = (—z, —Z), first use the second eq. (3.36) to take the w* derivative,

which clips off the last index in the SVHPL, with a different prefactor depending on whether
it is a ‘0’ or a ‘1’ (and with corrections due to the y alphabet at higher weights):

« 0 (@ o1 w* 1 w* 1
w 8w*gl (w,w )— 92 <1+w*)£1 4 <1+w*>£0+4£1
w* 1 1 1 1
—1+w*P4&‘4E4+1+w*L£4-

Next, use the first eq. (3.36) to perform the w-integration. In practice, this amounts to

(5.11)

prepending a ‘0’ to the weight vector of each SVHPL,

w* 0 (2 w* 1 1 1 1
dw - - Lot — - -
/ Y o T 1w [ g Lo 45070] T e [450’1]

= Pt 4 ﬂ”?l) o
1+ w* ’ 1+ w* w’ w*/’
where
FO(w,w*) = %LO,l
= (Lt Lol (5.13)
= —% (log [w|*log(1 + w*) — Lis(—w) + Lia(—w*)) .

This result agrees with the one presented in ref. [43]. Furthermore, we can check that the
inversion property implicit in eq. (5.12) is satisfied,

1 1 1 1 . 1 . 1
f(z)(a, E) = [—log lw|? log (1 + w*> — Liy <_w> + Lig <_w*>]
1

1
i [2 log? |w|? — log |w|*log(1 + w*) 4 Lis(—w) — Lig(—w*)] (5.14)

1 1
=—Lop1——-Loo-
4 R0 R00
Moving on to three loops, we start with the MHV LLA term,

(3) _ Loy L s
g5 (w,w*) = —ng T [L7]
1 1 1 1 1 1 1
= E»CO,OJ + gﬁo,l,o + 150,1,1 + TGEl’O’O + 151,0,1 + Zﬁm,o + §£1,1,1 .

(5.15)
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As before, we can take derivatives and integrate using eq. (3.36),

/ w* 0 (3 w* [ 1 3 1 }

dw* g = - Eooo—*ﬁom—*ﬁom—*ﬁon
* 1 * 1 1

ow + w 6 8 6 (5.16)

1 1
L —E L
+1+w* [8 001+16 010+ 011],

and we find,

1 1
FO(w,w*) = 8£001+ 5010+75011
1
=-L Ly L Lo L —L L
421+812+602+3201
1 1
sl 3 log? |w|* log(1 + w*) + log(—w)(log2(1 +w*) —log?(1 + w))
1
+2¢log |1 + w|* + log]w|2<L12( w) — Lig(—U}*))

— 2log |1 + w|? Lig(—w) — 2 Liz(1 + w) — 2Liz(1 + w*) + 4 (3 } :
(5.17)

The last form agrees with the one given in ref. [43], up to the sign of the second term,
which we find must be +1 for the function to be single-valued.

Continuing on to higher loops, we find,

1 1 1 1 1 1 1
f(4)(w7’u}*):7§L1<3+7L211 8L31+32L2 7L4+*L1L21**L1L3 (518)
1 3 2 3 3 2 72
- Ly + — L2132
gg Lo f1t 96LL2 92L°L3+256L L 1og M0
1
+T6LOL1L2’
1 1 1 1
f(s)(w7W*):_*LQCS_*L()L1C3+*L2111 L221+ L41+ L (519)
9 8 32 48
2
LIS S-S
+8L1L211+ 6L0L211 6L1L31+3 Ly L5 — o1 Ll 96 oLa2
1
3 2 2 3 3
L2} L3L I2L
96L AT 9 Lol = 256L0L4 384 t g 02 1536 03
+iL3L2+LL4L ’ LoLsi+-—LoL L —LLL
7680 18432 L7 g MO 160121 48 OB
3
LoLiL L2L1Ls— =L
+64 0 2+768 ofale—obaii,
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1 1 1 1 1

1
(6) = -L - L L L2 L Li+— L2 5.20
F(w, w”) 7 LT g 3,1,1,1—|-12 3217 55 1+48 51+288 +384 ( )
+LL7iL +1L +1LL 1LL +1LL
768 6 768 4,2 32 4,1,1 8 1 421,11 — 6 143,1,1 6 24211
1
+*L1L32+*2L3L2,1 L2L31+ L0L211 L L21+*6L1C3
1
L2L2 - Lo L L L3L LEL} + L
T 128 192 0L T 190 1CE’+192 5 256 0 33118
1 1 1
——LoL3g— — Lo L —  LoL?— ——L2L,+ Lo L
512 02 768 0 4‘1+960 01 2560 0 7680 055
1
- L34 Ly L Lo C: L L Li13
18432 +73728 1+96 2’14“‘+384 ! 5+2048
5 7 7 11 11
LoL3+ — L1 L S — g Ly L
096 ot T gy Pt T gg Mok T 1asp 1 1536 24
1, 5 1
+7184320 oLa— 9216L oL21+ 6L0L1L211 24L1L2§3
1
——Loly L —L L’ L ——LL L——LLL
32 011 31-&-32 oLy Loy — e bolon by = o baLs Lo
1 1 3
LI L LoL3 Lo+ — Lo Ly L3 — L2L, L
+96 0F1 52 g 0 2+384 01 256 01521
3 5 5
LA L LoL?¢5 — Lol L
=T 1G3 — o6 Lo 1¢3 768 Lo (3 — 1536 oL1 Ly
—iLQL L —I—QL L3+ —— L3, L
2048 ~O T3 T 768 0 37 18432 O

The remaining expressions through 10 loops can be found in computer-readable format in

a separate file attached to this article.

6 Single-valued HPLs and Fourier-Mellin transforms

6.1 The multi-Regge limit in (v,n) space

So far we have only used the machinery of SVHPLs in order to obtain compact analytic
expressions for the six-point MHV amplitude in the LL and NLL approximation. However,
this was only possible because we knew a priori the BFKL eigenvalues and the impact
factor to the desired order in perturbation theory. Going beyond NLLA requires higher-
order corrections to the BFKL eigenvalues and the impact factor which, by the same logic,
can be computed if the corresponding amplitude is known. In other words, if we are
given the functions gg) (w,w*) up to some loop order, we can use them to extract the
corresponding impact factors and BFKL eigenvalues by transforming the expression from
(w,w*) space back to (v,n) space. The impact factors and BFKL eigenvalues obtained in
this way can then be used to compute the six-point amplitude to any loop order for a given

logarithmic accuracy.
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In ref. [28] the three-loop six point amplitude was computed up to next-to-next-to-
leading logarithmic accuracy (NNLLA),

3 27 3 1 15 e 1 o
9(() )(w,w ) = §L+ 4L:~J{1,1 D) ;[Lf]Q—ﬁLg [Lo]z—gLfLmL
3 19 3
LoPIL P+ o L [Lo ] +5 (LT . Lf
+ 55 (Lo ]+384 L1+ 2P G - 2 g o e
2 2 1 1
L+ < - // L+_7L+3_7L72L+
- g P - 3= T {1 - GlutP - JiseP o

) (6.1)
Hag {[Lf]?—i[La]Z} -t {ILiP- IR+ g LA

(3) o 3 _ PR S TRy SR
hy” (w, w*) 16L+L++16L21L 32[L1+] ~ 55 [Lo] (L]
5
D it
1536 (Lol + 5 1 &

where d, dy and 4" are some undetermined rational numbers. (To obtain eq. (6.1) from
ref. [28] one also needs the value for another constant, v/ = —9/2, or equivalently 7" = 0,
which was obtained in ref. [40] using the MRK limit at NLLA.)

These functions can be used to extract the NNLLA correction to the impact factor.’
Indeed, the NNLL impact factor has already been expressed [40] as an integral over the
complex w plane,

n n? d>w . Coiy_g [W* 5
(I)g(zg(y7n) = (*1) <V2 + 4> /ﬂp(w,w ) |w| 2 2 <> , (62)

w

where the kernel p(w,w*) is related to the three-loop amplitude in MRK,

1+ w? 14 w|?
plw,w*) =2 [g(()g) (w, w*) + log |Tw1’0| ggg) (w,w*) + <log2 |Twz‘u] + 7T2> gés)(w, w*)]

1o L << lo 2|1+w|2—11<>

|w] |w]
(6.3)
However, no analytic expression for @ge)g(y, n) is yet known. Indeed, an explicit evaluation
of the integral (6.2) would require a detailed study of the integrand’s branch structure, a
task which, if feasible in this case, does not seem particularly amenable to generalization.
Here we propose an alternative to evaluating the integral explicitly. The basic idea
is to write down an ansatz for the function in (v,n) space, and then perform the inverse
transform to fix the unknown coefficients. The inverse transform is easly performed using
the methods outlined in section 4, so we are left only with the task of writing down a
suitable ansatz. To be precise, consider the inverse Fourier-Mellin transform defined in
eq. (4.4). Our goal is to find a set of linearly independent functions {F;} defined in (v, n)

space such that their transforms {Z[F;]}:

SIn principle we should expect the amplitude to NNLLA to depend on both the NNLL impact factor
and BFKL eigenvalue. The NNLL BFKL eigenvalue however only enters at four loops, see section 7.2.
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1. are combinations of HPLs of uniform weight,

2. are single-valued in the complex w plane,

3. have a definite parity under Zy x Zy transformations in (w,w*) space,
4. span the whole space of SVHPLs.

Through weight six, we find empirically that this problem has a unique solution, the con-
struction of which we present in the remainder of this section. In particular, we will be led
to extend the action of the Zs X Zo symmetry and the notion of uniform transcendentality
to (v,n) space.

6.2 Symmetries in (v,n) space

Let us start by analyzing the Zs x Zg symmetry in (v,n) space. It is easy to see from
eq. (4.4) that

6.4
TF(v,n)] (1,1> — T (v, —n)](w, w*) . (64)

In other words, the Zg x Zg of conjugation and inversion acts on the (v,n) space via [n <>
—n] and [v <> —v, n <> —n], respectively. Hence, in order that the functions in (w,w*)
space have definite parity under conjugation and inversion, F(v,n) should have definite
parity under n <+ —n and v <> —v. Our experience shows that the n- and v-symmetries
manifest themselves differently: the v-symmetry appears as an explicit symmetrization
or anti-symmetrization, whereas the n-symmetry requires the introduction of an overall
factor of sgn(n). For example, suppose the target function in (w,w*) space is odd under
conjugation, and even under inversion. This implies that the function in (v,n) space must
be odd under n <+ —n and odd under v <+ —v. Such a function will decompose as follows,

F(v,n) = % sgu(n) [f (v, [n]) = f(=v, In[)] (6.5)

for some suitable function f. See table 2 for the typical decomposition in all four cases.
Furthermore, in the cases we have studied so far, the constituents f(v, |n|) can always be
expressed as sums of products of single-variable functions with arguments +iv + |n|/2,

Fwn) =Y "¢ [ fiw(Griv + n]/2), (6.6)
k

J

where ¢; are constants, 0, € {+1,—1}, and the f;(2) are single-variable functions that we
now describe.

6.3 General construction

The functional form of F;(v,n) can be further restricted by demanding that the inte-
gral (4.4) evaluate to a combination of HPLs. To see how, consider closing the v-contour
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(w+ w*,w < 1/w) | (v —v,n < —n) F(v,n)
(+:+) [+, +] 1/2 [f(v,In]) + f(=v,[n|)]
(+-) [, +] 1/2 [f (v, |n]) = f(=v,n])]
(—=+) [ -] 1/2 sgn(n) [f (v, |n]) — f(=v,|n|)]
(=) [+, -] 1/2 sgn(n) [f (v, |n]) + f(=v, |n])]

Table 2. Decomposition of functions in (v, n) space into eigenfunctions of the Zs x Zs action. Note
the use of brackets rather than parentheses to denote the parity under (v,n) transformations.

in the lower half plane and summing residues at poles with Im(v) < 0. A necessary
condition for the result to yield HPLs is that the residues evaluate exclusively to ratio-
nal functions and generalized harmonic numbers, e.g., the Euler-Zagier sums defined in
eq. (3.10). This condition will clearly be satisfied if the f;;(z) are purely rational functions
of z. Less obviously, it is also satisfied by polygamma functions. Indeed, the polygamma
functions evaluate to ordinary (depth one) harmonic numbers at integer values,

Y(14n)=—yp+Z1(n) and oW (1+n) = (=) K Qo1 — Zia(n)),  (6.7)

where (1) = ¢/, () = " etc. Referring to eq. (3.9), we see that all HPLs through
weight three can be constructed using ordinary harmonic numbers.”

We therefore expect the f;i(z) to be rational functions or polygamma functions
through weight three. Starting at weight four, however, ordinary harmonic numbers are
insufficient to cover all possible HPLs. Indeed, at weight four, the HPL

Hizi()=Y_ % —1) (6.8)
k=1

requires a depth-two sum,® Zs 1 (k—1). A meromorphic function that generates Zs 1 (k—1)
was presented in ref. [51]. It can be written as a Mellin transform,

FA(N) = M [(%) ](N), Nec, (6.9)
+
where the Mellin transform M is defined by
1
M{(f() )N = [ de @ =1) fGo). (6.10)

If N is a positive integer, then Fj(NN) evaluates to harmonic numbers of depth two,

F4(N> :ZQ’l(N)—‘ng(N)—CQZl(N), N e N. (611)

"Harmonic numbers of depth greater than one do appear at weight three; however, after applying the
stuffle algebra relations for Euler-Zagier sums, they all can be rewritten in terms of ordinary harmonic
numbers of depth one, namely Z11(k — 1) = 1 Z1(k — 1)® — 1 Za(k — 1).

® Another depth-two sum appears in Hy1,2(z) = Y 5o, Ik Z1 2(k—1) but the two are related by a stuffle
identity, Zo1(k — 1)+ Z12(k — 1) = Zo(k — 1) Z1(k — 1) — Z3(k — 1).
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Going to higher weight, new harmonic sums will be necessary to construct the full space of
HPLs, and, correspondingly, new meromorphic functions will be necessary to give rise to
those sums. The analysis of refs. [50-52] uncovers precisely the functions we need.” They
are summarized in appendix B. Through weight five, three new functions are necessary:
F4, Fﬁa and F7.

There is one final special case that deserves attention. Unlike the other SVHPLs, the
pure logarithmic functions [L; |* diverge as |w| — 0. These functions have special behavior
in (v,n) space as well, requiring a Kronecker delta function:

> w\s [T v - L
T[6n0/ (iv)"] :% 3 (-1 (@7> / 261 - |w|2w(f,,’)0k _ [(ioil)'. (6.12)
—o0 UV e !

Altogether, we find that the following functions of z = +iv+|n|/2 are sufficient to construct
all the remaining SVHPLs through weight five:

a2 € {11 0014 2,04 2014 20,0704, P, Fua0) Fr2) ) - (619

However, as we will see, not all combinations of elements in the list (6.13) lead to functions
of (w,w*) that are both single-valued and of definite transcendental weight. Instead we
will construct a smaller set of building blocks that do have this property.

6.4 Examples

Let us see how to use the elements in the list (6.13) to construct SVHPLs. The simplest
case is f(v,|n|) = 1. Referring to table 2, only two of the four sectors yield non-zero choices
for F. One of these, F = sgn(n), produces something proportional to H; — Hy, which is
not single-valued. This leaves F = 1, which should produce a function in the (4, +) sector.
Closing the v-contour in the lower half plane, and summing up the residues at v = —i|n|/2,
we obtain the integral of eq. (4.5),

I[1] =2L7, (6.14)

indeed a function in the (4, +) sector. Including the special case L; from eq. (6.12), this
completes the analysis at weight one.

The next simplest element is 1/z, yielding f(v, |n|) = 1/(iv + |n|/2). It generates two
single-valued functions, one in the (4, —) sector and one in the (—, —) sector (using the
(w,w*) labeling in the first column of table 2). Symmetrizing as indicated in table 2, the
two functions in (v, n) space are F = —V and F = N/2, with the useful shorthands

S 1 i
o2 z’u—l—@ —iu+@ 1/2+#7 (6.15)
1 1 n '
N =sgn(n) il + | = e
iV + 5 —iV + 5 1/2 + 4

9 Actually, in refs. [50-52] a more general class of functions is defined. It involves generic HPLs that are
singular at x = —1 as well as at z = 0 and 1. As we never encounter these HPLs in our present context,
we do not discuss these functions any further.
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The transforms of these functions yield two of the four SVHPLs of weight two.

IIN] =4L; . (6.16)

A third weight-two function is the pure logarithmic function [Lg ]2, a special case already
considered. To find the fourth weight-two function, we turn to the next element in the
list (6.13), (1 + z). On its own, it does not generate any single-valued functions; how-
ever, a particular linear combination of {1,1/z,9(1+ z)} indeed produces such a function.
Specifically, f(v,|n|) = 2¢(1 +iv +|n|/2) + 2yg — 1/(iv 4 |n|/2) generates the last weight-
two SVHPL, which transforms in the (+, +) sector. The function in (v, n) space is actually

the leading-order BFKL eigenvalue, £, ,,,

. n . n sgn(n)N
f:w<1+2y+‘2‘>—|—w<1—w—i—|2|>—|—2'yE—g(Q):E,,,n, (6.17)
and its transform is the last SVHPL of weight two,
1, _
I[Byn] = [L1 = 7 [Lo]- (6.18)

The next element in the list (6.13) is ¢'(1 4 z). Like ¥ (1 + 2), ¢/(1 + z) does not by
itself generate any single-valued functions; however, there is a particular linear combination
that does, and it is given by f(v, |n|) = 2¢/(1 +iv + |n|/2) + 1/(iv + |n|/2)?. Notice that,
for the first time, the product in eq. (6.6) extends over more than one term (in this case,
fin = fi2 =1/(iv+|n|/2), but in general the f;; will be different). The function in (v, n)
space is,

F=q <1 +iv + |712|> — (1 — v+ Z‘) —sgn(n)NV = D,E,,, , (6.19)

where D, = —i0, = —i0/0v. The main observation is that the basis in eq. (6.13) can be
modified to consistently generate single-valued functions: 1/z is replaced by V and N, v
is replaced by E, ,,, and *) is replaced by D’V“El,m.

Furthermore, as mentioned previously, the basis at weight four requires a new func-
tion Fy(z) that is outside the class of polygamma functions. Like the polygamma func-
tions, Fy(z) does not by itself generate a single-valued function; it too requires additional
terms. We denote the resulting basis element by Fj. It is related to the function Fj(z) in
eq. (6.9) by,

. 1 1 1
Fy = sgn(n) 4 Fy (iu + M) + F4< vt @) — “D?E,, — ~N?E,, — -V2E,,,
2 9 ) Ty vivn T gl Ben T b B
X X ' (6.20)
a - DuEun Eun_4 Nqz — o )
+5 (V- +V)DoBun + 0B, 43}+ {QW +2<2}
where
) o
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weight | (v <> —v,n <> —n) weight | (v <> —v,n <> —n)
1 0 [+, +] E,n| 1 [+, +]
D, | 1 [~ + Fy| 3 [+, -]
1% 1 [—, +] Foo | 4 [— -]
N 1 [+, -] Fy 4 [—, +]

Table 3. Properties of the building blocks for the basis in (v, n) space.

Appendix B contains further details about the functions in (v, n) space, including the basis
through weight five and expressions for the building blocks Fg, and F7 generated by the
functions Fge(z) and F7(z).

Finally, we describe a heuristic method for assembling the basis in (v,n) space. The
idea is to start with the building blocks,

{17N7MEV,H7F47FGG7F7}7 (622)

and piece them together with multiplication and v-differentiation. These two operations
do not always produce independent functions. For example,

1
D,N=2NV and D,V = ZN2 + V2. (6.23)

The building blocks have definite parity under v <+ —v and n <> —n which helps determine
which combinations appear in which sector. Additionally, we observe that they can be
assigned a transcendental weight, which further assists in the classification. The weight in
(w,w*) space is found by calculating the total weight of the constituent building blocks in
(v,n) space, and then adding one (to account for the increase in weight due to the integral
transform itself). The relevant properties of the basic building blocks are summarized in
table 3.

As an example, let us consider the function ND,E, ,. Referring to table 3, the tran-
scendental weight is 1+ 1+ 1 = 3 in (v,n) space, or 3+ 1 = 4 in (w,w*) space. Under
[v <> —v,n <> —n|, N has parity [+, —], D, has parity [—, +], and E,, has parity [+, +],
so ND,E,, , has parity [—, —]. We therefore expect this function to transform into a weight
four function of (w, w*), with parity (—, +) under (w <> w*,w <> 1/w) (see table 2). Indeed
this turns out to be the case. A complete basis through weight four is presented in table 4.

7 Applications in (v,n) space: the BFKL eigenvalues and impact factor

7.1 The impact factor at NNLLA

In this section we report results for g§4) and 964) and discuss how to transform these

functions to (v,n) space using the basis constructed in the previous section. We then give
@ 3B .nd E@

Reg’ * Reg’ v,n-

Before discussing the case of the higher-order corrections to the BFKL eigenvalue and

our results for the new data for the MRK logarithmic expansion: ®

the impact factor, let us review how the known results for £, ,,, El(,lr)L and @ge)g fit into
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weight | Zo X Zs (w, w*) basis (v,n) basis dimension

(+,+) LT 1 1

1 (+,-) Ly 00 1
(= +) - - 0
(= —) - - 0
(+,+) [Li)?, [Lo)? n,0/(iv), Evn 2

s ) Ly LY 4 !
(= +) — - 0
(-, —) Ly N 1
(+,+) (LI, [Lo LY, Ly V2 N? E, 3

5 L) LT, Lo [L7 %, Ly, On,0/ ()%, V Eyn, Dy By 3
(—,+) Ly Ly VN 1
(—,—) LTL; NE,, 1
(+.4) (Lo 1%, [LT]% [Lo PILY P On0/ ()%, B} s N°Eyn, 6

[L3]%, Lo Loy, L Ly V2E, . VDyEy,, DB,

4 | () | Lo [LyP [LoPLY, Lo Ly, L Ly, | V3, N?V, VE] ,, EynDy By 4
(—+) LyL{Ly, L, NVE,,, ND,E,,,
(=) | [LolPLy, [LIPLy, Ly, Loy N3, NV2 NEZ,, Fi 4

Table 4. Basis of SVHPLs in (w,w*) and (v,n) space through weight four. Note that at each
weight we can also add the product of zeta values with lower-weight entries.

the framework for (v,n) space that we have developed in the previous section. First, we
have already seen in section 6 that the LL. BFKL eigenvalue is one of our basis elements of

weight one in (v,n) space (see table 3). Next, we know that the first time the NLL impact
factor @ggg appears is in the NLLA of the two-loop amplitude, g(()Q) (w,w*), which is a pure
single-valued function of weight three. Following our analysis from the previous section, it
(1)
Reg
with the correct symmetries. Indeed, we can easily recast eq. (2.17) in terms of the basis

should then be possible to express @ as a pure function of weight two in (v,n) space

elements shown in table 3,

(v,n) = g 32l Ca. (7.1)

o) 23
27 TR

Reg

Similarly, the NLL BFKL eigenvalue can be written as a linear combination of weight three
of the basis elements in table 3,

1 1
B{l) =~ DiBun+ 5V DyEyn — G By = 363 (7.2)

This completes the data for the MRK logarithmic expansion that can be extracted through
two loops.
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Now we proceed to three loops. By expanding eq. (4.1) to order a®, we obtain the
following relation for the NNLLA correction to the impact factor, @ge)g(y, n),

[0 ()| =468 (w,w) {[L112 + 72} - 490 (w,w*) L + 4687 (w, )
(7.3)
Li{—45[Lg* + 120 [LT]* + 227°} .

7T2

_42(2) *L+
g, (w, w") 1+180

This expression is exactly 2 p(w, w*), where p was given in eq. (6.3) and in ref. [40]. (The
factor of two just has to do with our normalization of the Fourier-Mellin transform.)

To invert eq. (7.3) and obtain @ggg(y, n), we begin by observing that the right-hand
side is a pure function of weight five in (w, w*) space. Moreover, it is an eigenfunction with
eigenvalue (+,+) under the Zo X Zy symmetry. Following the analysis of section 6, and
using the results at the end of appendix B, we are led to make the following ansatz,

O (v,n) = a1 EL, +aa N°E2, + as N + 0y VZE2,, + a5 N*V? + o V!
+az Ezz,n VDVEV,n+a8 [DVEV,n]2+a9 El/,n DEEu,n"i'alO F4 N (74)
+ay C2E37n+a12 (N +a13 Vi +a1s GEyp+ais (3 [6n0/ (V)] +a16 (s -
The «; are rational numbers that can be determined by computing the integral transform to

(w, w*) space of eq. (7.4) (see appendix B) and then matching the result to the right-hand
side of eq. (7.3). We find

@) ol 24 1 g B o, 1 5 4
(I)Reg(y7 n) - 5 [(I)Reg(y7 n)i| - E£7’I’)L EVJZ + g [DVEVJI] + 16 EI/,’I’L - 5 C3 EV,” + 674 N
5 52 2 1774 2
SN2y N2y di(3Ey ,—dy— [12E% +N? 7.5
16 64 1V 360 ThGsEun 26[ ot N7 (75)
n T 2 1 2
~|E:2 —-N
+’y 6 |: v,n 4 :|

Here di, do and ~" are the (not yet determined) rational numbers that appear in eq. (6.1).
(2)
Reg

(see eq. (B.52)). That is, @ggg(y, n) can be written purely in terms of ¢ functions (and

We emphasize that the expression for @y (v,n) does not involve the basis element N Fy

their derivatives).
To determine the six-point remainder function in MRK to all loop orders in the NNLL

approximation, we must apply some additional information beyond @ggg(z/, n). In particu-

lar, at four loops and higher, the second-order correction to the BFKL eigenvalue, EZ(,?T)L, is
necessary. In the next section, we will show how to use information from the symbol of the
four-loop remainder function to determine El(,2,)L We will also derive the next correction to

the impact factor, @Se)g(u, n), which enters the N3LL approximation.

7.2 The four-loop remainder function in the multi-Regge limit

In order to compute the next term in the perturbative expansion of the BFKL eigenvalue
and the impact factor, we need the analytic expressions for the four-loop six-point remain-
der function in the multi-Regge limit. In an independent work, the symbol of the four-loop
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six-point remainder function has been heavily constrained [53]. In ref. [53] the symbol of

Ré4) is written in the form
113

S(RWY) = Zal - (7.6)

where «; are undetermined rational numbers. The S; denote integrable tensors of weight
eight satisfying the first- and final-entry conditions mentioned in the introduction, such that:

1. All entries in the symbol are drawn from the set {u;, 1 — u;, y;}i=1,2,3, where the y;’s
are defined in eq. (1.4).

2. The symbol is integrable.

3. The tensor is totally symmetric in uy, ue, usz. Note that under a permutation u; —
Uq(i), 0 € S3, the y; variables transform as y; — 1/y4(;)

4. The tensor is invariant under the transformation y; — 1/y;.
5. The tensor vanishes in all simple collinear limits.

6. The tensor is in agreement with the prediction coming from the collinear OPE of
ref. [25]. We implement this condition on the leading singularity exactly as was done
at three loops [28].

In section 4, we presented analytic expressions for the four-loop remainder function in the
LLA and NLLA of MRK. We can use these results to obtain further constraints on the free
coefficients «; appearing in eq. (7.6). In order to achieve this, we first have to understand
how to write the symbol (7.6) in MRK. In the following we give very brief account of this
procedure.

To begin, recall that the remainder function is non-zero in MRK only after performing
the analytic continuation (2.6), u; — e~ |uy|. The function can then be expanded as in
eq. (2.7),

3

R((;4)|MRK = 2mi Z log" (1 — uyq) {gq(f) (w, w*) + 2mwi h (w,w*)} . (7.7)
n=0

The symbols of the imaginary and real parts can be extracted by taking single and double
discontinuities,

2mi E S[log (I —w) ()( )} = S<AU1R6 )’MRK
n=0
113

= —2mi Zaz u (i) IMRK
(7.8)
3
(2702 DS [log"(1 = w) AP (w,w?) | = S(AL R

n=0
113

= (—2m) Zaz Si)|MRK
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where the discontinuity operator A acts on symbols via,

g ®...Q0an, if a1 = uy,
Aul(a1®a2®...®an):{ 2 . " othle .S; (7.9)
, rwise.
1 .
(a3 ®...®ay), if a1 = a9 = uq,
Ail(a1®a2®‘.'®an):{2( 3 0 g ;ther2ise 1 (7.10)
, wise.

As indicated in eq. (7.8), we need to evaluate the symbols S; in MRK, which we do by
taking the multi-Regge limit of each entry of the symbol. This can be achieved by replacing
ug and ug by the variables z and y, defined in eq. (2.3) (which we then write in terms of
w and w* using eq. (2.4)), while the y;’s are replaced by their limits in MRK [28],

1+w* w*(1+ w)
) Ys = ——— -
1+w w(l 4 w*)

y1 — 1, Y2 — (7.11)
Finally, we drop all terms in A* (Si), k = 1,2, that have an entry corresponding to w1, y1,
1 — ug or 1 — ug, since these quantities approach unity in MRK. In the end, the resulting
tensors have entries drawn from the set {1 — uy, w, w*,1 +w,1 4+ w*}. The 1 — uy entries
come from factors of log(1 — ;) and can be shuffled out, so that we can write eq. (7.8) as,

3 113 7
Y S[log"(1 - uy)]mS [gg‘) (w, w*))} = 33 ;S flog"(1 — w)] mGi
n=0 i=1 n=0
3 113 6 (7'12)
ZS [log"(1 — uy)] S [hg)(w,w*))} = Z Z a; S [log" (1 — w)| mH;
n=0 i=1 n=0

for some suitable tensors G;,, of weight (7 —n) and H;,, of weight (6 —n). The sums on
the right-hand side of eq. (7.12) turn out to extend past n = 3. Because the sums on the
left-hand side do not, we immediately obtain homogeneous constraints on the «a; for the
cases n = 4,5,6,7. Furthermore, since the quantities on the left-hand side of eq. (7.12)
are known for n = 3 and n = 2, we can use this information to further constrain the «;.
Finally, there is a consistency condition which relates the real and imaginary parts,

m (w,w?) = g5 (w,w) + 5 087 (wow?) L = 5 07 (w,w”) LF = g7 (w,w%) 57 (w0, 07),

2
h(()4)(waw ) - 5954)(71)771} )+7r2g{(34)(w7w )_7r29§3)(waw )LT - ig(()g)(waw )Lii_
2 2 2 2
7T 2 % s 2 * ™ _ 7T _
g on (ww) L 4 T 00 (o) L+ o (Lo 1L = o (g 1
3 _ 5 3 1. ,
g™ Lo l” = ggm L1 = oo (L) = 5 g6 (w, ™).

(7.13)

In total, these constraints allow us to fix all of the coefficients «; that survive in the

multi-Regge limit, except for a single parameter which we will refer to as ag.

The results of the above analysis are expressions for the symbols of the functions g§4)

and g(()4). We would like to use this information to calculate new terms in the perturbative
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expansions of the BFKL eigenvalue w(v,n) and the MHV impact factor ®reg(v,n). For
this purpose, we actually need the functions g( ) and g(()4), and not just their symbols.
Thankfully, using our knowledge of the space of SVHPLs, it is easy to integrate these sym-
bols. We can constrain the beyond-the-symbol ambiguities by demanding that the function
vanish in the collinear limit (w,w*) — 0, and that it be invariant under conjugation and

inversion of the w variables. Putting everything together, we find the following expressions

(4) (4)

for g; 7 and g,

73

(4) * 3 2 +14 +12
o) =355 42 (251 —32 L5 (L + g (LGP (L) 4w (L1 7]

11 1. 17
o Lo L5 - 4L+L+[Lo} s LG - ST L} L7

—16
96 6 30720[0] 8[21] 48
1 1
207+ o7t 2o+ Al ST Sl S
+12[L e +480[L 1° +32[L] 4L4 L, +4L2 L2,1,1+4L0 Ly
3

3 _ 19 5 1 1
_EL Lyiiqa+—7 ) L;LT+1L;FL§1,1+§L1+L;2,1_§L1+C5+§C§

417

LGP+ o 151 [+ 2

48
871 709

+ 7+ A Sl ST SR PRy S 714
L} LE [ + Tros (L1 — = L Loy (L1 = SR LT (LT (7.14)

+ == L L — 15T [Ly )P [L)? — 256 [Ly,]* + 1593 [L]% 3

1027

+ a0{2 (L2 [Lo TP+ Ly [

9823

+681[L3]> — 1606 Ly Ly +512L; Ly, — 3371 Ly Ly,
— 1730 Ly Ly, —299 Ly Loy 4, +2127 L Ly, + 744 LT LT,

+ 5489 LT 5 + 256 g‘;} +ay 7° ggg)(w, w*) + a7 g§4) (w,w™)

+ag 72 (g% (w, w*)]? + as 7 B (w, w*) + a5 72 h§D (w, w*)

+agm 9% )(UMU*) +a7 (3 962)(w,w*) +ag (3 9;3)(10,10*).

4 ) _ _ 1. _ 21 _ 7 -
96" (w.w") = S LT (L3 (Lo = 5 (Lo 1P (LT - o L (Lo P ILTT + g (Lo ) [LTT°
9 vy T N 129 w1007
T390 (Lo )? [L7] 192 Loy LT [Lg P + L [Lo]” + 16030 LT [L5]°
5 3 7

_*L+[La]4 32L§11[L0] 16L2+21[L0} [L(;] G
7 7

+ 20 4ot o+
16L0L21[L]+16L L3 - < I [L]+8

+E[L+] C3+E[L+] iLZLng_lﬁLz Ly L3, + L2 Loy, LY
_ o 1 _ 3 125
+1L L41L —gL L21L+—ZL0 Lyyqa LY +§L1+C3 ?LJF
1 L3 1 3 . .
+§L 12“‘ L421+4L331 2L2,1,2,1,1 2L2,2,1,11+ C7+5L5,1,1

L, [Lﬂ2 (7.15)
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1
__§%§§L§TL5F[LTF—%22§[LaF[LTP %§%ZLL5P[LTP

= Tor L B Il S G 15

P2 s ina) + 220 ng g - 22 1 g, 1P
+-%§§J%TLTP"§2§L§[LTP-%%B[LEV[LTP%-HH1L§[L5F

+2130 L3, [Ly]? — 2623 [Lg 1* (s + 992 LT [Lo,]* + 63 L3, [L]°

— 288 L, [L]% + 2396 [L{]* (3 + 1830 L{ [L3]* — 1612 L Ly Ly

+1344 Ly Ly L3, —520 Ly Ly, LY + 11839 Ly Ly, LY

+4330 Ly Lyy L +3780 Ly Ly L3 + 562 Ly Ly, Lf

+ 3556 Ly (3 + 2256 L7 — 164778 L}, | — 33216 L}, , — 89088 L, ,
— 33912 L5, — 12048 L3, — 17820 L3, 1, — 2928 L3 1 5,

— 8784 L§, 1, — 23796 @} + by G Ly PLT + by G [Ly 1PLT o8 (w, w*)

+ b3 o gy (w, w") g7 (w, w7) + ba G g7 (w, w) g1 (w, ") + bs o YV (w, w")
b6 Co B (w,w*) + by o g (w, w*) + b Ga g5 (w, w*) + by G2 97 (w, w*)
+b10C3 hé“’ (w,w™) + b11 (3 hég) (w,w*) +bi2 (3 [9%2) (w, w*)]?

+ b13 (3 9;(),4)(10, w*) +b14 (3 9%3) (w,w") + bis Ca 953) (w, w™) + bis G4 9(()2) (w,w")
+b17 (3 (2 gf) (w, w*) + big (5 952) (w,w").

In these expressions, a; for ¢ = 0,...,8, and b; for j = 1,...,18, denote undetermined
rational numbers. The one symbol-level parameter, ag, enters both g§4) and 984). We
observe that ag enters these formulae in a complicated way, and that there is no nonzero
value of ag that simplifies the associated large rational numbers. We therefore suspect
that ag = 0, although we currently have no proof. The remaining parameters account
for beyond-the-symbol ambiguities. We will see in the next section that one of these

parameters, by, is not independent of the others.

7.3 Analytic results for the NNLL correction to the BFKL eigenvalue and the
N3LL correction to the impact factor

Having at our disposal analytic expressions for the four-loop remainder function at NNLLA
and N3LLA, we use these results to extract the BFKL eigenvalue and the impact factors
to the same accuracy in perturbation theory. We proceed as in section 7.1, i.e., we use our
knowledge of the space of SVHPLs and the corresponding functions in (v, n) space to find
a function whose inverse Fourier-Mellin transform reproduces the four-loop results we have
derived.
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Let us start with the computation of the BFKL eigenvalue at NNLLA. Expanding
eq. (4.1) to order a*, we can extract the following relation,

T[BR)] =12 {[L12 + 72} o (w, ") = 8 L of (w, w) + 44{" (w, w")

— 8L 72 g% (w, w*) + 272 g!P (w, w*) [LT)? (7.16)
I[Eﬂ)q)ggg( >]_I[qu>ggg< )].

The right-hand side of eq. (7.16) is completely known, up to some rational numbers mostly
parametrizing our ignorance of beyond-the-symbol terms in the three- and four-loop coef-
ficient functions at NNLLA. It can be written exclusively in terms of SVHPLs of weight
six with eigenvalue (4, +) under Zg X Zg transformations. The results of section 6 then
allow us to write down an ansatz for the NNLLA correction to the BFKL eigenvalue, sim-
ilar to the ansatz (7.4) we made for the NNLLA correction to the impact factor, but at
higher weight. More precisely, we assume that we can write El(,%% = >, o; P, where o
denote rational numbers and P; runs through all possible monomials of weight five with
the correct symmetry properties that we can construct out of the building blocks given in
eq. (6.22), i.e

P e {Egyn,CQVDVEZ,,n,EV,nNF4,(5,...} . (7.17)

The rational coefficients a; can then be fixed by inserting our ansatz into eq. (7.16) and
performing the inverse Fourier-Mellin transform to (w,w*) space. We find that there is a
unique solution for the «;, and the result for the NNLLA correction to the BFKL eigenvalue
then takes the form,

v,n

3 3 1
E®) = -EY) ¢§gg(y n) — E,,nq)%gg( n)+ = < D.E,, E2, + 33 N?D2E,,, + 3 V2DXE,,

- %VDEEMJr I D4E,,n+ D 2Byn — %DVEZ,,HVEB,”— 1561) E,,N*V
—fD,,EWLV—FSEV,n [DVEV,n]%r%N?E?’ 641 m<3+1 52 B,
11298E,,nN4+15—6E1,nN2V2 317; E,,nNQ—i—ZE,,nVQ 35N2C +3 Ly
11 2
C3+10C5+a055+ZGZC2531+(16C452+ZGZC351“
- o (7.18)

where the quantities &3, &, and & ; capture the beyond-the-symbol ambiguities in 954),

and & corresponds to the one symbol-level ambiguity. They are given by,
124 1210 3 31 151

E = — 3 N?D2’E,,, = V2D2E,, — 35VD3 T D!E,, — — D,E,,N*V
% N2 ES 1;10 vegs, 321 By N 101903 N2t 13260 V2 G (7.19)

—62D}Eyn E2, + 70Dy E,, V Ey,, — 760 DyE,y, V2 + 248 Ey , [Dy Ey ]
+T431 L, (3 — 97 By N? V2 4+ 16072 G5,
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&30
E33

&34

3

=~ Bun N? =D Eyn+5E), +6E,, V= 2E,, 7 +8(3, (7.20)

= E},, (7.21)
3

= Bun N?-3D,E,,V +3E}, +12(3, (7.22)

1 9 3 3 25

= -3 D2E,, + 1 D,E,,V — i EynN? - 5 By, V? - o (3—2E3,, (7.23)
3 3

_ g Ey,n N2 o 5 Ein ; (724)

=90FE,,, (7.25)

1

=E2, — 1 NZ, (7.26)
1

=3 E}, . (7.27)

We observe that the most complicated piece is £5. It would be absent if our conjecture

that ap = 0 is correct. Some further comments are in order about eq. (7.18):

1.

In ref. [40] it was argued, based on earlier work [69-72], that the BFKL eigenvalue
should vanish as (v,n) — 0 to all orders in perturbation theory, i.e., w(0,0) = 0.
While this statement depends on how one approaches the limit, the most natural
way seems to be to set the discrete variable n to 0 before taking the limit v — 0.
Indeed in this limit £, ,, and E,(,IT)L vanish. However, we find that El(,QT)L does not vanish
in this limit, but rather it approaches a constant,
lim B2 = —1x2¢y (7.28)
v—0 ¥,0 2
We stress that the limit is independent of any of the undetermined constants that
parameterize the beyond-the-symbol terms in the three- and four-loop coefficients.

(2)

While we have confidence in our result for Ej, given our assumptions (such as the

)

vanishing of gr(f) and hy,’ as w — 0), we have so far no explanation for this observation.

While the (v,n)-space basis constructed in section 6 involves the new functions Fy,
Fg, and F7, we find that El(,?% is free of these functions and can be expressed entirely
in terms of ¢ functions and rational functions of v and n. Moreover, the 1 functions
arise only in the form of the LLA BFKL eigenvalue and its derivative with respect to
v. We are therefore led to conjecture that, to all loop orders, the BFKL eigenvalue
and the impact factor can be expressed as linear combinations of uniform weight
of monomials that are even in both v and n and are constructed exclusively out of
multiple ¢ values'® and the quantities N, V, E, , and D, defined in section 6.

We now move on and and extract the impact factor at N®LLA from the four-loop

amplitude at the same logarithmic accuracy. Equation (4.1) at order a* yields the following

0Note that we can not exclude the appearance of multiple ¢ values at higher weights, as multiple ¢ values

are reducible to ordinary ¢ values until weight eight.
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relation for the impact factor at N3LLA,

T [@Sgg(y, n)} =4 {[Lf]?’ + 3L1+ 7r2} g§4)(w,w*) +4 {[LTP + 7r2} g§4)(w,w*)

— 41);r g§4) (w,w*) + 49(()4) (w,w*) + 8 2 gég) (w, w™) [Li”]2
2

3 * ™ 2 *

— 4Lf7r2g§ )(w,w ) — 2 12 {[Lf]?’ — 3L1+} g% )(w,w )

4 4 6

2 " T _ T 73
2 g? (w,w') LT 4+ 5 L (Lo = 5 (L] = 50 L —2L1 &
(7.29)

In order to determine @g’gg(y, n), we proceed in the same way as we did for E,@l, le., we

write down an ansatz for @Dg)e)g(y, n) that has the correct transcendentality and symmetry
properties and fix the free coefficients by requiring the inverse Fourier-Mellin transform of
the ansatz to match the right-hand side of eq. (7.29). Building upon our conjecture that the
impact factor can be expressed purely in terms of ¢ functions and rational functions of v
and n, we construct a restricted ansatz!'! that is a linear combination just of monomials of
¢ valuesand N, V, D, and E, ,,. Just like in the case of E,(,QT)L, we find that there is a unique
solution for the coefficients in the ansatz, thus giving further support to our conjecture.
Furthermore, we are forced along the way to fix one of the beyond-the-symbol parameters

N (@)
ppearing in g,

15 3 3 9 1 1 3 1 1 3 3
b= ——a1— — as— — = byt —by——bs—— bg+~ br+— bg+— . (7.30
! g Mg gt gttty gl g bt bty bst s (7:30)
The final result for the impact factor at N3LLA then takes the form,
o® _ LW e (2) o _Ligep g
g vm) = = [0, )| = B2 By — @), (i) B2, — 52 [D2E,] (7.31)
1 1 1 3
+ 3 DvEunV D2E, ., — 57 DvBun DiEMﬁg D}E,nE}, — 25 Bvn N?DZE,,
3772 1 1 3
~“og Bun D2E,, — o D2E, ., (3 — 1 DBV E}, + 16 DvBvn Bun N2V
1172 9 1 3
+ T DuEu,n Eu,n V + Z DVEV,n V C3 + T6 [DVEV,n]2 Ein - 674 N2 [DVEV,TL]2
1 372 37 5
-3 V2 [D,,E,,,n]Q + 39 [DZ,E,,mP + 256 N* Egn + 39 N?V? EEn
2372 2172 161 7 72 7t
R N? Egn BT V? Egn + 12 Egn (3 + s Eg,n + EY Eﬁ,n T El%n
7 1372 45 41 52 3
— E,, N?(¢y — E ——— NSO NtyZ Nt S NZyt
g B VG m 5 Eun G = g 128 * 519 16

1YWe have constructed the full basis of functions in (v,n) space through weight six and the explicit map
to (w,w™) functions of weight seven. It is therefore not necessary for us to restrict our ansatz in this way.
It is, however, sufficient, and computationally simpler to do so.
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52 5 3117
oM N2y N2 T y2i2e2_ E 2 10E
EETT R +5 24 5 V 56 T 3 T3V G 10BN G
8
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64 N? E4 + aog Pe + Z a; (2 Paai + a6 (4 Pa2 + Z a; (3 Pa 3.
=1 =7

9 14 16
+ ) biGaPoai+ Y biCsPosi+ Y biCaPooi+birCals P+ bis (s Porg
i=2 i=10 i=15

where P; ; .. parametrize the beyond-the-symbol terms in the four-loop coefficient functions,

and Pg parameterizes the one symbol-level ambiguity,

Ps

Paan

Paa2

Pa,4,3

Pasa

Paas

)

Pa,3,7

Pa3g

105

2
7

152
3 E,.N*D2E,,—

10455

2690 595

B, .W?D2E,,+—" 3 E,,.VD3E, ,(7.32)
2655

—~[D2E, . )*— ==

24
_EEV TLD;fEV/I’L - D2 I/nC?: + 89N2[D El/ n] V2[D EV n}
11063N4E2 317N2V2E2 197N2E4 56135 v2E4 61;93

L 18777 111 345
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+16D3EV,TLE§W — 420D, E,nVE},, + 1Dy EynEynN*V — 760D, E, 1 Ey, VP

—22606D, E,,, V(3 — 34[Dy B, n)°E2, + 1140V EZ | + 15231E; (3 + 6548E,,,,(s

EV nNQCS

+46992 (2,
5 3 33 183
3 Bon D2E,, — 5 DvBun BunV + = [D,Eyn)* — 2 N*EZ, (7.33)
129 5 3 171 w2
—?Vinn - zEé,,ﬂL o8 ‘4 3—2N2V2+ ZN2 +m2E2, —68E,, (s,
~1¢ Bvn DuBun+ { DuBupn Bun V + 24 [DyE, ] — a1V B (7.34)
33 1 7 19
VEEL, —7E4 - — N*+ = N?V?2_12E
16 47" 256 64 v G
3 9 3 2 12 2 12 3 4 9 4
E,,nD Eyn+ Dy Eyn)? -5N Em—iv Epn =1 Eun— g N (7.35)
9
+3 N?V? 4+ 6D,E,, EynV —48E,, (3,
49 27 45 117
EynD?E,,, — —~D,E,n,E,,V — — [D,E,, n] N*EZ, (7.36)
3 8 ’ 32 128
L3 69
2 2 4 4 2 2
E} E 09y 2y
32 v nt g Bun 5 Buntat 512 128 v
3 3 105
T E,, DQE,,n = 5 DvBun Bun V = 16 [DVEl,n] o N*EZ, (7.37)
63 5 5 34 3 4 69 ooy
E} Ej,+-—N N 18E,
T16 Y Fon T g Bun T 55 ga VYT I8 B G,
45
—ZN —45E2,, (7.38)
1 1 4
6D2El,n—§E3 —7g3—E,,nV2 (7.39)
——D2El,n+ D,E,,V — E3 —EEV,LN2—1EZ,”V2—§C3 (7.40)
24 4 g " 2" 6 >

— 47 —



Poas

)y

Poag

3 3 21

— 48 —

N2 E}, + o N*+ N2 V24+3E,, D2E,, +12D,E,, E,,V (7.41)
+3 [DLE,,)> +9V? Eﬁn ,
7 7 9 33
E,nD:E,, — — D,E,, E, D,E, 2E? .
o192 " 16 n Brn V= 64 [ Lt 256 N"Eyn (742)
19 5 37 9 1
V2 < E4 1/ N4 2 2
o1 +24 ""+ 12 Bvn & 1002 w6V
5 3 9
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D2, (,1) = 3 By DBy — 2 DyByul + § N B, 4+ 2 V2 B, (7.46)
w2 1 5 7 w2 w2 1174
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~ 35 B D2E, ., + - 2 ) vEyn BV — [DVE,,n] + o8 N*EZ, (7.47)
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24
3 1 1 25
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Again, the undetermined function at symbol level, Pg, is the most complicated term, but
it would be absent if ag = 0.

Finally, we remark that the v — 0 behavior of o)

Reg (V> ) 18 nonvanishing, and even

singular for £ = 2 and 3. Taking the limit after setting n = 0, as in the case of El(,Q,)L, we

find that the constant term is given in terms of the cusp anomalous dimension,

(2)

lim &) (1,0) ~ % + oY), (7.58)
2 (3)

lim &, (,0) ~ 4”7 + % + O, (7.59)

lim o A 2

lim Reg (¥, 0) ~ 5.2 + 4 + O(v). (7.60)

This fact is presumably related to the appearance of yx (a) in the factors wyp and 6, which
carry logarithmic dependence on |w| as w — 0. It may play a role in understanding the
failure of E% to vanish as v — 0 in eq. (7.28).

8 Conclusions and Outlook

In this article we exposed the structure of the multi-Regge limit of six-gluon scattering
in planar N' = 4 super-Yang-Mills theory in terms of the single-valued harmonic polylog-
arithms introduced by Brown. Given the finite basis of such functions, it is extremely
simple to determine any quantity that is defined by a power series expansion around the
origin of the (w,w*) plane. Two examples which we could evaluate with no ambiguity
are the LL and NLL terms in the multi-Regge limit of the MHV amplitude. We could
carry this exercise out through transcendental weight 10, and we presented the analytic
formulae explicitly through six loops in section 4. The NMHV amplitudes also fit into the
same mathematical framework, as we saw in section 5: An integro-differential operator
that generates the NMHV LLA terms from the MHV LLA ones [43] has a very natural
action on the SVHPLSs, making it simple to generate NMHV LLA results to high order as
well. A clear avenue for future investigation utilizing the SVHPLSs is the NMHV six-point
amplitude at next-to-leading-logarithm and beyond.

A second thrust of this article was to understand the Fourier-Mellin transform from
(w,w*) to (v,n) variables. In practice, we constructed this map in the reverse direction: We
built an ansatz out of various elements: harmonic sums and specific rational combinations
of v and n. We then implemented the inverse Fourier-Mellin transform as a truncated
sum, or power series around the origin of the (w,w*) plane, and matched to the basis of
SVHPLs. We thereby identified specific combinations of the elements as building blocks
from which to generate the full set of SVHPL Fourier-Mellin transforms. We have executed
this procedure completely through weight six in the (v, n) space, corresponding to weight
seven in the (w,w*) space. In generalizing the procedure to yet higher weight, we expect
the procedure to be much the same. Beginning with a linear combination of weight (p — 2)
HPLs in a single variable x, perform a Mellin transformation to produce weight (p — 1)
harmonic sums such as v, Fy, Fg,, etc. For suitable combinations of these elements, the
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inverse Fourier-Mellin transform will generate weight p SVHPLs in the complex conjugate
pair (w,w*). The step of determining which combinations of elements correspond to the
SVHPLs was carried out empirically in this paper. It would be interesting to investigate
further the mathematical properties of these building blocks.

Using our understanding of the Fourier-Mellin transform, we could explicitly evaluate
the NNLL MHYV impact factor <I>ggg(1/, n) which derives from a knowledge of the three-loop
remainder function in the MRK limit [28, 40]. We then went on to four loops, using a
computation of the four-loop symbol [53] in conjunction with additional constraints from
the multi-Regge limit to determine the MRK symbol up to one free parameter ag (which
we suspect is zero). We matched this symbol to the symbols of the SVHPLs in order to
determine the complete four-loop remainder function in MRK, up to a number of beyond-
the-symbol constants. This data, in particular g§4) and 964), then led to the NNLL BFKL
eigenvalue El(,QT)L and N?LL impact factor @g’e)g(y, n). These quantities also contain the
various beyond-the-symbol constants. Clearly the higher-loop NNLL MRK terms can be
determined just as we did at LL and NLL, using the master formula (2.9) and the SVHPL
basis. However, it would also be worthwhile to understand what constraint can fix ag,
and the host of beyond-the-symbol constants, since they will afflict all of these terms. This
task may require backing away somewhat from the multi-Regge limit, or utilizing coproduct
information in some way.

We also remind the reader that we found that the NNLL BFKL eigenvalue El(,ZT)L does
not vanish as v — 0, taking the limit after setting n = 0. This behavior is in contrast to
what happens in the LL and NLL case. It also goes against the expectations in ref. [40],
and thus calls for further study.

Although the structure of QCD amplitudes in the multi-Regge limit is more compli-
cated than those of planar A/ = 4 super-Yang-Mills theory, one can still hope that the
understanding of the Fourier-Mellin (v, n) space that we have developed here may prove
useful in the QCD context.

Finally, we remark that the SVHPLs are very likely to be applicable to another cur-
rent problem in AV = 4 super-Yang-Mills theory, namely the determination of correlation
functions for four off-shell operators. Conformal invariance implies that these quantities
depend on two separate cross ratios. The natural arguments of the polylogarithms that
appear at low loop order, after a change of variables from the original cross ratios, are
again a complex pair (w,w*) (or (z,Z)). The same single-valued conditions apply here as
well. For example, the one-loop off-shell box integral that enters the correlation function
is proportional to L; (2, 2)/(z — Z). We expect that the SVHPL framework will allow great
progress to be made in this arena, just as it has to the study of the multi-Regge limit.
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A Single-valued harmonic polylogarithms

A.1 Expression of the L* functions in terms of ordinary HPLs

In this appendix we present the expressions for the Zs X Zs eigenfunctions Li(z) defined in
eq. (3.19) as linear combinations of ordinary HPLs of the form H,, (z) Hy,(Z) up to weight
5. All expressions up to weight 6 are attached as ancillary files in computer-readable
format. We give results only for the Lyndon words, as all other cases can be reduced to
the latter. In the following, we use the condensed notation (3.27) for the HPL arguments
z and Z to improve the readability of the formulas.

A.2 Lyndon words of weight 1

Ly = Ho+ Ho = log|2|?, (A.1)
— 1 1— 1
Lf = H1+H1+§H0+5H0:—log\l—z\2+§log|z]2 (A.2)
A.3 Lyndon words of weight 2
1 _ . . _
LQ_ = 4[—2H170+2H170+2H0H1 —2H0H1+2H2—2H2]
(A.3)

= Lin(2) ~ Lin(2) + 3 Tog|2[*(log(1 — 2) ~log(1 — 2)) .

A.4 Lyndon words of weight 3

1 _ _ _ _ _ .
L;’— = 4leoHO’O+2H0H170+2H0H0,0—|—2H0H170+2H1H070+2H1H0’0 (A4)

+2 Ho o0 +2Hi00+2Hoo0+2H100+2Hs+2H;

1
= Lia(2) + Lia() — 5 log |+I?| Liz() + Lig(z)}
1 1
1 log? |z|*log |1 — z|*> + 3 log? |2|2,
S| o - -
Ly =7 [HOHLO + HoHi0+ HiHopo+ HiHop+2HoHoo+2HoHin (A.5)

+2HoHoo+2HoH11+ Hio0+2Hoo0+2Hao+2Ho1 +2Hi1p
+Hiy00+2Hoo0+2Hao+2Ho1+2H110+2HoHa+2Hg Hs

+2H1H2+2H1H2+H3+H3—4C3]

1 1
= —Lisg(1 - 2) ~ Lia(1 - 2) - [Lig(z) + Lig(z)} + 1 log 2P [Lig(z) + Lig(z)]
1 1 1
5 log[1 - 2 [Liz(z) n Lig(z)} — Slog? |22 log [1 - 2 + — log? 2"

1
1 logg[log2(l —z)— log2(1 —Z)]+ ¢ log |1 — z|2 + (3,
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A.5 Lyndon words of weight 4

1 - - - - - -
L3, = 1 !HO Hoo+ HoHi00— HoHyo— HoHi00— HiHooo+ HiHopp (A.6)

Lyqs

A

Ly

+Hoo Hy + Hoo H1,0— HooHs — Hoo Hio+2HoH110—2HoHiq0
+2HooH11 —2HooHi1 + Hso— Hapo— Hi000+2Hs1 —2Hi100
+H00+ Hi1000— Hso—2Hs1+2H1100— HoHs+ HoHs —2H, Hs

+2HHs+4H {3+ Hy—4H (3 — Hy

)

1 _ _ _ _ _
1 [2 HoHi00—2HoHy00—2H Hopo+2H1Hoyoo+2HooHio (A.7)

—2HooH10—2H1000+2H1000+2Hs— 2H4] ;

1 - . - - - -
=1 !HO Hioo+HoHi2+HoHi10—HoHi00—HoHi2— HoHip (A.8)

—Hy Hoppo — Hy Hao+ Hy Hooo+ Hy Hao+ Hoo Hio+ Hoo Hi
—HooHio—HooHia+HyHio— HoHio+2HoHi11—2HoHi11
—2H1Hy1+2H 1 Hy1 +2HyHy1y —2HyHyg + H3 1 + Hopp

—Hi 000 — Hi20— Hi100+2Ho1,1 —2Hi110+ Hip00+ Hip0+ Hii00

IR ]

—Hsy1—Hoo—2Ho11+2Hi110— Hi Hs+ Hi Hs +2Hy (3 + Hy

_2F1 (3 - H4] )

.6 Lyndon words of weight 5

1 _ _ _ _ _
1 lQ HyHo0,00+2HoHq,0,00+2HoHoyo,00+2HoHi000+2H Hopo,0 (A.9)

+2H1 Ho,000+2HooHo00+2HooH100+2HooHooo+2HooHioo
+2 Hi,0Ho,0,0 +2H1,0Hoo0+2Ho0,000+2H1,0000+2H0,00,00 +2H1,0000

+2 Hs + 2 Hs

)
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+ —
L3,1,1 -

+ _
L2,2,1 =

1 _ _ _ _ _
1 Hs+ Hs+ Hyo+ Hyo+ Hyg+Hy1+H3zo+ Hso+ H3i0+ Hs 10 (A.10)

+H>0.00+ H2000 + H21,00 + Ha1.00+ H1,0000+ H1.0000+ Hi1,200
+H1200+ Hi1.1.000+ Hi1.1.000+2Ho0.0000+2Ho0000+2Hs00+2Hs00
+2H311+2Hs11+2H11100+2H11100+4C¢+HoHy+ HoHsz 1+ HoHaop
+Ho Hs 1,0+ Ho H1,000+ HoHi20+ HoHi1,00+ HoHs+ HoHs1 + HoHapp
+Ho Hz1,0+ Ho Hi000+ HoHi 20+ HoHi100+ Hi Hoooo+ Hi Hy+ Hy H3 g
+H1 Hop,0,0 + H1 Hy + Hy H3 0 + Hoo Ha,0 + Hoo Hap + Hoo Hi,0,0 + Hoo Hi
+HooH110+ HooHao+ HooHa1+ HooHio0+ HooHio+ HooHiio

+Hjy Hoo,0+ HyHs + Hy Hop0+ Ha Hs + Hy o Hoo0 + Hio Hs + Hi o Hooo
+H10Hs+ Hi1 Hooo+ Hi1Hooo+2HoHoo00+2HoHso+2HoHi11,0
+2Ho Ho000+2HoHso+2HoHi110+2H1 Hs1+2H1 Hs 1 +2HooHooo
+2HooHs+2HooHi11+2HooHooo+2HooHs +2HooHi11—2Ha(3
—2H5(3—2H10(—2H10C+2H11Hs +2H11Hs —4H, 1 (3 —4H;11(3

—2HoH,(3—2HoHi (5,

1 _ _ _ _
1 Hs +Hs+Hyq +Hyg +Hoz+ Hoz+ Hio0,00+ Hi1,0000+ Hizpo (A.11)

+H130+ H11,000+ H11000+2Ho0000+2Ho0000+2Hi0+2Hap
+2Hs000+2H2000+2H220+2H220+2H221+2Ha21+2H1120
+2H1120—6¢+ HoHu000+ HoHy 3+ HoHu100+ HoHip00+ HoHys
+Ho Hi 1,00+ Hi Hoo00+ Hi Hy+ Hi Ha 0,0+ H1 Hoo00+ Hi1 Hy+ Hi Happ
+Ho,0 H1,0,0 + Hoo H1,1,0 + Hoo Hi,00 + Hoo Hi10+ HaHi 00+ H2Hip
+H10Hooo0+ HioHao+ HioHooo+ HioHeo+ Hi1Hooo+ Hi1Hooo

+2 Hy FO,O,O,O +2HyHy+2H,y F270’0 + 2 Hy ﬁgg + 2 Hy FLLQ +2H, Hy 0,00
+2HoHy+2HoHo00+2HoHoo+2HoHi12+2H Hop+2Hy Ho o

+2 Ho o0 Ho,00+2HooHao+2HooHooo+2HooHao+2HsHooo+2HsHayp
+2Hy Hy1,0+2Ho(3+2HoHooo+2HoHog+2HoHip0+2Ho (3

+2Hy 1 Hyp+2H1 3 Hyg—4Hoo(3—4HooC(s+4Hi0(3+4H10Cs

+8H11C(3+8H11(—4HoHo(s+4HoH (3 +4HoHi (3,
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L4,1 =

Ly, =

)

L2,1,1,1

1 _ _ _ _ _ _
1 HoHs00+ HoH1,0,00+ HoHz00+ HoHio00+ Hi Hoooo+ HiHooo0 (A12)

+Ho o Ha0+ HooH1,00+ Hoo Hao+ HooHi00+ HeHooo+ Ha Hopop
+H10Hoo0+ Hi0Hooo+2HoHooo0+2HoHi100+2HoHooo00
+2HoH1100+2HooHoo00+2HooH110+2HooHooo+2HooHii0
+2Hy 1 Hoo0+2H11 Hooo—4Hoo(s—4Hi0C+ Hao+ Hapo,0

+H1 0,000 +2Ho,0000+2Hs1+2Hi1000—4Ho0C —4H10(+ Hap
+H000+ H1,0000+2H00000+2Hs1+2H11000—4HoHoCs

—4HyH,(3—4HoH {3+ HyHy+ HoHy+2H Hy+2H Hy+ Hs + Hs — 4G5 |,

1 _ _ _ _ _
1 HyHq0,00+ HoHi,0,0,0+ Hi Hopo0+ Hi1Hoo00+ HooHi0,0 (A.13)

+Ho Hy00+ Hi,0Hooo+ Hi0Hopoo+2HoHooo0+2HoHso+2HoHigp
+2Ho Ho,00+2HoHso+2HoHi20+2H1 Hso+2H1 Hso+2HooHoopo
+2HooHs+2HooHi2+2HooHooo+2HooHs +2HooHi2+2H0Hs
+2H10Hs+8Ho0(3+8H1,0( + Hi0000+2Ho0000+2Hs00+2Hsz
+2Hi 200 +8Ho,0C+8H1,0¢3+ Hi0000+2Ho0000+2Hs00+2Hss

+2H1200+8HoHoCs+8HoH1(3+8HoH,(3+ Hs+ Hs +16(5|

1 . . - _ .
=1 Hs+Hs+Hyq +Hyy +Hzo+ Hzo+ Hz 1+ Hsq1+ Haz+ Hajg (A.14)

+H21+ Hoo1+ Ha12+Ha12+ Hi0000+ Hi0000+ Hiz0+ Hizo
+Hi200+ Hi200+ Hi210+Hi1210+ Hi11000+Hi1.000+ Hi120+Hi120
+H11100+H111.00+2H00000+2H00000+2Hs0+2Hs0+2Hs00
+2H300+2Hs1,0+2H3z10+2H000+2H2000+2H220+2H220

+2Hs 1,00 +2H21,00+2H2110+2Ho110+2Ho111+2Ho111+2H1i1110

Lty

+2H11110—4C + HoH1000+ HoH13+ HoH120+ HoHi21+ HoHi 100
+HoH112+ HoH1110+HoHi000+HoHi3+HoHi20+HoHi21

+Hy Hyq10,0+ H, Hyii2+ Hy Hyq1,0+H Fo,o,o,o + Hy Hy+ Hy Fs,o + H, F3,1
+Hy Ho 00+ Hy Hao+ Hy Ha10+ Hi Hooo00+ Hi Hy+ Hy Hy o+ H1 Hz 1

+Hy Hs o+ Hi Hoo+ Hy Hoq o+ HooHi00+ HooHi2+ HooHi10
+HooH111+ HooHio0+ HooHi2+ HooHi10+HooHii1+ HaHiop
+HyHy 2+ HyHy10+HyHioo+ HoHio+HoHiao+ HioHopo+ HioHs
+HyoHao+ HioH21+ HioHooo+ HioHs+ HioHzo+ HioHz1+ HigHooo
+Hy1Hs+ Hi1Hao+ Hi1 Hooo+Hi1Hs+ Hy1Hoog+2HoHopoo+2HoHy
+2HoHs0+2HoHs 1 +2HoHooo+2HoHoo+2HoHa10+2HoHaqa
+2HoHy 111 +2HoHooo0+2HoHy+2HoHso+2HoHs 1 +2HoHaop
+2HoHyo +2HoHo10+2HoHo11 +2HoHi111+2H 1 Hop1 +2Hi Hoq s
+2Ho0 Ho00+2HooHs+2HooHao+2HooHe1+2HooHooo+2HooHs
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+2Ho,0 Ha0+2HooHa1+2Hy Hooo+2Hy Hs +2Hy Hog+2Ha Ho g
+2HyH111+2HoHopo+2HoHy+2Hy Hog+2Ho Hoy +2Ho Hy 1

+2Hy1Hoy —2H11(3+2H 1 Hoy —2H1 1 (3 -

A.7 Expression of Brown’s SVHPLs in terms of the L* functions

In this appendix we present the expression of Brown’s SVHPLs corresponding to Lyndon
words in terms of the Zy x Zs eigenfunctions LE(z).

Lo = Ly,
1
L1:L1+—§LO,

Lo =1L, ,
1
L3:L;_E[La]37
L271:_1L1 [Ly ] +§L3 + Ly + G,
Ly =1L,
| _
Lsy = —7 L [Lo>+ Ly + L,
| 1 _
Lyig = 4 Ly Ly LT + 9 L3+,1 + L2,1,1 )
1
L5:L;—%[L5]5,
1 4 —14 1 + 12 ]. 12 3 + _
L4,1:@L1 [Lo ] _ZL:; (Lo ] +§[Lo] C3+§L5 + Ly +G, (A.15)
1 _ 1 _ 7 _ _
L372:_ELT[LO]ZL"'gL;[Lo]Q_iL;_[L0}2C3+L3,2_4<57
L3,171:E[L0] [LN —1L2,1[L0] +%[Lo] _ZLO LIFL§F+§L0 LTCS
+Lo+ L300,
3 4o 1 13 .. 3 _ 1
L2,271:—E[L0] [L{] +§L2,1 [Lo] —%[Lo] +ZL0 Lngr_iLo LT ¢
7 _ 1 __
_§L4,1_§L3,2+L;2,17
L ML S NSV VRSN S S Lo
L271,171:@{L0] (L] _@Iq [Lg ] +T6L3 (L] _g[Lo] 63_1‘[’0 Ly, Ly
1 1 1 _
_ZL;+§L§L,1,1+§C5+L2,171,1a
L¢ = Lg ,
1 1 _
L571:_1L4 [Lo]g"‘@Lz [Lo]* +2 Lg +L;1,
3 1 11
Liz = 7Ly (Lo = 5 Lo (Lo )" = 5 Lg + Lis,
1 _ 1 _ 1 1 3 _
Lyig = 16 Ly LT [Ly]P - ELSJ{J [Ly]? - 1 Ly Ly L + 5 Ly Ly G3+ 5 L;r,l + Ly,
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Lo = 136L Lf [Ly P +;L [L5]2+ZLZL6LT ;L Ly G~ 7 Lgy+Lsy s
L3y = —ZL;L(;L; - gL;ngg +L3,,+3LF, +LY,,
Loans = 1o Ly (Lo P LT+ § L (L ? — 105 L (Lo 1" — ¢ Lana (Lo — 3 Lo L Iy
—Lg +Lyyy+Liraas
Losan =~ g LGP (11 = 5 17 (5T + 5 L (L1 + 5 gy LT+ Ly
JFiinLTL;,r - ELEL;F@ + §L7L+L+ - 1L:)T,l,z - 5LZ,1,1 L§2 1t Lz ,2,1,10
Lyi111 = —132L Li[Ly P + 1*16L:43r [L 12+ 48L Ly [LTP + éLZLELT - ZLQ_LEC?,

byt

_ZLELQ_,MLT_ Lgrl"‘ L3111+L21111 (A.16)

B Analytic continuation of harmonic sums

In this section we review the analytic continuation of multiple harmonic sums and the
structural relations between them, as presented by Bliimlein [51]. Multiple harmonic sums
are defined by,

nf

g ol sgn(a))®  sgn(a,)k B1
o) = 2 > - 2 , (B.1)

|ax] |an|
k1=1ko=1 n=1 k kn

where the aj are positive or negative integers, and N is a positive integer. For the cases in
which we are interested, they are similar to the Euler-Zagier sums (3.10), except that the
summation range differs slightly. They are related to Mellin transforms of real functions
or distributions f(x),

Sur. / 0z 2N fo o = Mlfar.. an(@)](V). (B.2)

Typically f(z) are HPLs weighted by factors of 1/(1 + z). To avoid singularities at = = 1,
it is often useful to consider the +-distribution,

M{(f(2))4](N) = / dr (¥ — 1) f(x). (B.3)

The weight |w| of the harmonic sum is given by |w| = >"}_; |ax|. The number of harmonic
sums of weight w is equal to 2 - 3wI=1 but not all of them are independent. For example,
they obey shuffle relations [73]. It is natural to ask whether these are the only relations
they satisfy. In fact, it is known that in the special case N — oo, in which the sums
reduce to multiple zeta values, many new relations emerge [62, 74-76]. In ref. [51], an
analytic continuation of the harmonic sums was considered. It is defined by the integral
representation, eq. (B.2), where N is allowed to take complex values. This allows for two
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new operations — differentiation and evaluation at fractional arguments — which generate
new structural relations among the harmonic sums.

In the present work, harmonic sums with negative indices do not appear, so we will
assume that a; > 0. This assumption provides a considerable simplification. The derivative
relations allow for the extraction of logarithmic factors,

dl

Millog! ()£ (2))(N) = —

M[f (@)](N), (B.4)
which explains why the derivatives of the building blocks in section 6 generate SVHPLs. In
ref. [51], all available relations are imposed, and the following are the irreducible functions
through weight five:

weight 1
SIN) = $(N +1) + 75 = M [<$11>+] () (B.5)
weight 3
) =M |(F2) ) (B.9)
weight 4
Fau() = | (2242 | )
Fo(N) =M KS;Q—(? >+J . (B.7)
weight 5
Fy(N) =M (I;l“_(ﬁ)u (V)
Fii(N) =M _<22(?)J (N) .
Fi3(N) =M _(;j?)+ (V)
Fo() = | (2249) | )

There are no irreducible basis functions of weight two. These functions are meromorphic
with poles at the negative integers. To use these functions in the integral transform (4.4),
we need the expansions near the poles. Actually, we only need the expansions around zero,
since the expansions around any integer can be obtained from them using the recursion
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relations of ref. [51],

n!

P (1 +2) = () + (-1)"
51<Z>]

Fi(z) = Fy(z 1)~ » [42 -

Fr(2) = Fr(z — 1) + % - 21 [S3(2) + S2(2)] (B.9)
Fy(z2) = F9(2—1)+9—<—+%—i51()

Fii(2) = Fn(z—l)—l—%—%—i—%[sl( ) + Sa2(2)]

Fis(z) = Fis(z — 1) + % - 42% - 22%2&(2) + 252;(2) + % [ST(2) + Sa(2)]

Fir() = Fre(z = 1)+ & = 3 [53(2) +351(2)2(2) +285(2)]

The expansions around zero can be obtained from the integral representations. We find
that, for § — 0, the expansions can all be expressed simply in terms of multiple zeta values,

oo

S1(6) = — Z(—5)"Cn+17

n=1
00

Fy(6) = Z(—5)”Cn+1,2 )

n=1
)

F6a(5) = Z(_é)ngn+1,3 )

n=1
[eS)

Fr(8) = =) (=0)"Cnt1.21 5
n=1 (B.10)

oo

Fy(6) = — Z(—é)"cn+1,4,

n=1
00

Fi1(0) = — Z(—5)"Cn+1,3,1,

n=1
00

Fi3(0) = — Z(—5)n (2¢n+122 +4Cnt131) 5

n=1
00

Fi7(9) = - Z(—5)nCn+1,2,1,1 .

n=1

These single-variable functions can be assembled to form two-variable functions of v and
n, such that their inverse Fourier-Mellin transforms produce sums of SVHPLs. This con-
struction is not unique, because other building blocks could be added. We choose to define
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the two-variable functions as,

. 1 1 1
Fy =sgn(n) {F4 (iu - |’2L|> + F4( — v+ |"2|) - ZD,%E,,,L - §N2Em - §V2Em

# 5 (0 + VDB + B — a0 |+ 8 { gve- 4 30

~ . n . n 1 3 1
sy =sgn(n) {Fﬁa (w + ‘2‘) - F6a< vt ‘2‘) — 5D Bun = SNV, = SVPE,,
1 1
+ 4('¢+V)Dz2/E1/,n+<2DuEu,n+C3¢}+N {16 (N2+12V2) ¢+C2V} y
- ) In| . |n| 1~ 1. - 1 5 1 1
F7 :F7 (ZV+2 —F7 —ZV—F? - §F6a+§VF4— g(w_) - ZT/J;+§€2 D,/E,/’n
1o 1, 1, 1 1,
+ §F4 + T6N El/,n + ZV El/,n - ZVDVEV,TL + gDVEV:n - CS w_ + 5V<3
1 1 3 1 1 1
N = E2 R 3_7 N2— - 72_7/ =
(B.11)
where
¢_5w<1+iu+|n2|> —¢<1—i1/—|-’n2’>,
(B.12)

i i

W, = (1+i1/+2) + <1i1/+2> .
B.1 The basis in (v,n) space in terms of single-valued HPLs

In this appendix we present the analytic expressions for the basis of Zy x Zo eigenfunctions
in (v,n) space in terms of single-valued HPLs in (w,w*) space up to weight five. The
Za x Zg acts on (w,w*) space via conjugation and inversion, while it acts on (v,n) space
via [n <> —n] and [v <> —v,n <> —n|. The eigenvalue under Zg x Zsy in (w,w*) space will
be referred to as parity.

Basis of weight 1 with parity (+,+):

Z[] =2LT. (B.13)
Basis of weight 1 with parity (+, —):

T [don]) = Lyg - (B.14)

Basis of weight 2 with parity (+,4):

(Lo 12, (B.15)

Tldon /()] = 5151 (B.16)
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Basis of weight 2 with parity (+, —):
IVl =-Ly L. (B.17)

Basis of weight 2 with parity (—, —):
I[N] =41L; . (B.18)

Basis of weight 3 with parity (+,+):
2

T[Ey.] = SILP - L, (B.19)

I[N* =12Lf —2L{ [Ly)?, (B.20)
1 _

[V = 3 Ly Ly )2 - LT . (B.21)

Basis of weight 3 with parity (+, —):

IV E,,) = % [Ly]P—2L3, (B.22)
I[D,E,,) = —% [Lo]P — Ly LT +4 L5, (B.23)
[/ ()?] = ¢ LT (B.24)

Basis of weight 3 with parity (—,+):
I[NV]=-L; Lj . (B.25)

Basis of weight 3 with parity (—, —):
IINE,,] =2L; L. (B.26)

Basis of weight 4 with parity (+,+):

1 1 7 1 3
3 —12 —12 2 —14 4 =
T [Eun] =5 [Ly]” + 5 [Lo )P L] + % [Lo " + 5 [Lf]* - §L0 Ly, (B.27)
5
—§L1+L3+—3L1+<3,
1. _ S
I[N?E,,| = 5 Lo J*+2[Ly> —2Ly Ly, +2L{ Lj — 4L G, (B.28)
1, o 1. 1.y 3 _ 1
I[V?Eys] = —5[L3)2 = 7 [LoPILT] — 5 [Lo)t + 5 Lo Lyy + 5 LT LY (B.29)
2 4 12 2 )
- Li‘r €3 )
3. 1.~ _ S
TV DvEu] = (Lo PP + T6Lo "+ [Ly)? = 2Lg Lyy — 2LT L3 +4L{ G, (B.30)
1. 1. _ _
I|[DE,,] = —5 Lo ?LT]? — 51 Lo [ —2[Ly)* +4L7 Ly —8Lf (3,  (B.31)
: 1.
T [6o./(iv)*] = 21 Lot (B.32)
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Basis of weight 4 with parity (+, —):

I[VE;,] = éLT [Lo]? + éLa [Li1P - Ly G — 2Ly, LY (B.33)
I[N?*V] = %Lf [Ly)? —2Ly LT, (B.34)
IV = %La L — %Lf L3, (B.35)
Z[EynD,E,,) = —é L Ly~ %La LT+ %La Li + Ly G3+2Ly, L ,(B.36)

Basis of weight 4 with parity (—,+):

ZINVE,,) = —-2L3,, (B.37)
ZINDyE,n) =8L3 —2Ly Ly LY . (B.38)

Basis of weight 4 with parity (—, —):

1

T[A] = - L3 LGP+ Ly [L{P +4L; —6 L5, (B.39)
1
TINE,] = 5Ly (L =6Ly +8Ly, (B.40)
I[N*] =40L; — 6Ly [Ly]*, (B.41)
1
I[NV?] = 5L Ly —2Lj . (B.42)
Basis of weight 5 with parity (+,4):
T(E) = Srg) - L 4 2+ L P i (B.A3)
v,n 96 4 3 0 5 1 4 0 1 0 3 N
- 4L§_[L } - [L+]2C3 - 4L0_L2_1LT + 12L3 1,1 + 815,2,17
1 _
I[NE},] = g[Lo]Q[LT] 24L+[L J*+ 4L [Ly)? + 3L [Ly]* — 8[Lg ¢ (B.44)
—25LF — 24L%, | — 1617, ),
I[NY] = %LT[L 4 —20L5 [Ly]? + 140LF (B.45)
1 13 1 ~
I[VE},] = —E[LO]Q[LTP 96L+[L "+ 4L+[L 12~ ELJ—LT[LQ]Q (B.46)
+ 2[L6]2<3 + 1OL3,1,1 + 4L2,2,1 — 4G5,
I[N*V?] = —éLf[L*]‘* + LI [Ly)? = 5L, (B.47)
5 3
IV = %LT[LO] ZL*[L )2 +4L (B.48)
7 3 a3 7
I|VE,.D,E,,] = §L1+[L0]4 — ZL?T[LOP - 2[ o G+ 3 LI+ L[L; > + Ly Ly, LT (B.49)

— 12L;:L1 - 4L;2,1 + 6Cs,
3. 1 _
Z([DyEal?] = SILPILTP — 5L [Lo)' — 2L (1312 + 2L (L5 + 215 1P (B.50)

—ALF (L2 + 8[LT)?¢s — 8Ly Ly, L — 9LF +48L3 | + 1617, , — 24(s,
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I [EynDyEym] = %LT[LO‘]“ —[Lo PILTP = LY [Lg )* + 4L [LY]? = 8[L{ ]G (B.51)
+4Ly Ly, LT +2LF —24L%, | —8L3,, +12(;,
I[NR) = Il — LL s + Lls P~ LHLs ) — Lo Lg, i (B.52)
+15LF + 120, | +8L7, ;.

Basis of weight 5 with parity (+, —):

- 5 o 11 1 59 . _
7z [F7} =3 Ly [Ly]? — 13 (Lo P ILF? + 1 Loy [Lg 12+ 3340 (Lo ) (B.53)
5 3 - T _ _
g Lo (L1 5 Lo LY L = 5 Ly = Loy [L{] = 8L L{ G
—10L; + 7Ly 14,
3 Lo o 3 2, 3 2 L s
I\VE,,] = §Lo [Ly]” + 16 [Lo |7 [LT]7 + ZL2,1 [Lo]” — 192 [Lo] (B.54)
1 9 _ 9 _ _ _
- Z Lo LT L; + 5 Lo LTL G — §L3,2 - 6L4,1 —12 L2,1,1,1 )
TINV Byl = 2 [LPILT]2 — — [L5]° + Ly, [Lo)2 + Lo Lt L B.55
[ V] = 4[0][1] 48[0]+2,1[0]+013 (B.55)
—2Ly LT (3 —8Ly, —2L3,,
3. 3 . 23 . 3 __
I[V® Bun) = 16 Lo P 1L = Loy (Lo P+ g Lo = Ly LY LY (B.56)
3 3
+§L5L1+c3+§L;2+4L;1,
1. T 1. 1
T[E}n DuBun) = —5 Ly Ly = 57 Lo P [L{T = 2 1o — 5 Lo [L)* (B.57)
+Ly Ly L3 —2Lg L G3+4L +3L55+8Ly, 14,
3. I R o
I[N?D,E,,| = 5 Lo P + o1 (Lo ]?—2Ly [Ly]? — 4Ly, [Ly]? (B.58)
—8 Ly LY L +16 Ly LT (3+48 Ly, + 12 Ly, ,
15 3. _ R
I[V?DyBa] = 5 Ly Ly = S 1L PILET = 455 Lo + Loy (Lo (B.59)
+2Ly L Ly —4 Ly Ly (3—12L;, —5L3,,
1
I[VDE,,| = T [Ly]P —2Lg [Ly)? —2Ly L LY + 4Ly Li (s +24 L, (B.60)
+12L3,,
1, T T _ _
z [DgEv,n} 9 (Lo ]3 [LNQ + 40 (Lo ]5 +6Lg [Ly ]2 —A8 Ly, —24Ly,, (B.61)
. I
Z [Son/(iv)*] = 50 [Ly]°. (B.62)
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Basis of weight 5 with parity (—,+):
1

T|foa| = 5 L3 (L5 = L7 Lg + Ly Ly, — Lf L, (B.63)
z {V F4] - Zng (Lo ]” = §L2 Lo [L7) - ZL4 Ly =Ly Ly, (B.64)
+3Lg Ly, + LY L3,
| I 3 _ S
I[NVE,,] = T [Lo]? + 5 L2 Lo (LT + TLa Lo —2Lg Ly, (B.6Y)
- 2Ly L3,
3
I[N*V] = 1L Ly —5L5 Ly (B.66)
S S
I[NV = 1L Lo — g Lo [Ly]?, (B.67)
S
I[N Eyp DuEyp] = =57 Ly (Lol + 5 Ly Ly — Ly Ly [L{P+ 4L L, . (B.68)
Basis of weight 5 with parity (—, —):
5 o 15 1 _
I[NE;,] = 3 L2 L [Ly)? - - La L{ - 5 Lo Ly — Ly [L{]P (B.69)

+12L5, L,

1
I[E,,N? = ) L [LgP +2Ly L +6L; Lf —16Ly (s —4Ly Li,,  (B.70)

1 1 1
LB NV = =2 Ly Lf (Lo + 5 Ly L — 5 Ly Ly + Lo L, (B.71)
3
IINVD,E,,] = 7Ly Li[Lg)? —3Ly L + Ly LT +4Ly (3—2Lg L3, (B.72)
I[NDJE,,| = —Ly LT [Ly]*+12L; L{ —4Ly; L} —16 L; (3, (B.73)

. 1 e 2 1 1 1
7 [Ey,n F4} = 3L LT [Ly)? + 3 L2 (L] + 5 L LT+ 5 L2 L - 5 Lo LY, (B.74)
—2L5 (3 —4Ly, LT .
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