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ABSTRACT: We show how the Hopf algebra structure of multiple polylogarithms can be
used to simplify complicated expressions for multi-loop amplitudes in perturbative quantum
field theory and we argue that, unlike the recently popularized symbol-based approach,
the coproduct incorporates information about the ¢ values. We illustrate our approach
by rewriting the two-loop helicity amplitudes for a Higgs boson plus three gluons in a
simplified and compact form involving only classical polylogarithms.
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1 Introduction

Higher-order quantum corrections to physical observables in perturbative quantum field
theory require the evaluation of so-called Feynman integrals, which arise from the integra-
tion over the momenta of (unobserved) quanta exchanged in a physical process. For this
reason, analytical results for Feynman integrals are not only interesting in their own right
but are also of phenomenological relevance in order to make precise predictions for current
and future collider experiments.

In many cases Feynman integrals can be expressed in terms of classical polylogarithms
and Nielsen polylogarithms [1]. In the late nineties it was realized however that for certain
multi-loop integrals new classes of transcendental functions arise that can no longer be ex-
pressed in terms of the classical polylogarithm functions, e.g., [2-36]. It was soon realized
that many of the new functions appearing in computations at higher loop orders are in fact
special cases of a more general class of functions going under the name of multiple poly-
logarithms in the mathematical literature [37, 38]. While multiple polylogarithms do not
account for all the classes of functions that can appear in Feynman integral computations
(in some cases elliptic functions were encountered, see e.g., ref. [39]), they are assumed to
cover large classes of phenomenologically interesting Feynman integrals.

Just like their classical analogues, not all multiple polylogarithms are independent, but
they satisfy (complicated) relations among themselves. These functional equations make
it possible to express a given combination of polylogarithms in a multitude of ways with
increasing complexity. Thus, while simple and compact analytical results for Feynman
integrals are highly desirable, the simplicity of the result might be hidden behind a swath
of functional equations. Therefore, a systematic approach and an organizing principle
to deal with the functional equations governing the combinatorial structure of (multiple)
polylogarithms is a valuable tool to study Feynman integrals at higher loop orders.

In physics a first step in this direction was made in ref. [40] with the simplification
of the six-point remainder function in N' = 4 Super Yang-Mills computed in ref. [41, 42].
The main tool used to achieve this simplification were the so-called symbols [58], which
provide a way to map the combinatorics of functional equations among iterated integrals
to the combinatorics of a certain tensor algebra. Since their introduction, symbols have
seen many applications in physics [44-53]. In particular, by now the symbols of all two-
loop MHV remainder functions [54] and of the two-loop six-point NMHV amplitude [55]
are completely known, while at three loops the symbols of the remainder functions for the
hexagon in general kinematics [56] and for the octagon in special kinematics [46] are known
up to some free parameters that could not be fixed from general considerations. However,
only in the latter octagon case an integrated form of the symbol is also known. Indeed,
while the computation of the symbol of a transcendental function is a straightforward and
algorithmic procedure, the inverse problem (sometimes called integration of a symbol) of
finding in an algorithmic way a function that matches a given symbol is currently still open,
despite the fact that advances have been made in how to determine a class of functions
that can reproduce a given symbol [57]. One of the problems one encounters during the
integration procedure is that the symbol map is non injective. In particular, all terms
proportional to (multiple) ¢ value or powers of m are mapped to zero by the symbol.



The aim of this paper is to present an alternative to, or rather an extension of, the
naive symbol approach used in physics so far. The cornerstone of our approach is the
coproduct on multiple polylogarithms introduced by Goncharov in ref. [58], augmented by
some ideas introduced in a recent paper by Brown [59]. The coproduct has the advantage
that it does not lose as much information as the symbol, while still reproducing the latter in
a specific limit. In particular, (multiple) ¢ values are not mapped to zero by the coproduct,
thus providing valuable additional information about the function, information that could
not be provided by the symbol alone. While we fall short of a full proof of some of our
claims, we present accumulating evidence that our approach works in practice by applying
it to several non-trivial cases. In particular, we consider the two-loop helicity amplitudes
for a Higgs boson plus three gluons computed in refs. [60, 61], where the results have been
expressed as a complicated combination of two-dimensional harmonic polylogarithms. We
show that the results of refs. [60, 61] can be rewritten in a compact form that only involves
classical polylogarithms with simple rational functions as arguments. This result confirms
and extends a similar observation made in ref. [53], where it was shown that the symbol of
the weight-four leading-color contribution of the two-loop helicity amplitudes for a Higgs
boson plus three gluons matches the symbol of the form factor of three gluons computed
in planar N/ = 4 Super Yang-Mills.

The outline of the paper is as follows: In sections 2 and 3 we provide a short review of
our main actors, multiple polylogarithms and symbols. In section 4 we give a pedestrian
introduction to some concepts of modern algebra that are put into action in section 5
where we show how the Hopf algebra of ref. [58] can be used to simplify complicated
expressions involving multiple polylogarithms. This new technique is illustrated on some
simple examples in section 6, while in section 7 we apply our tool to rewrite the helicity
amplitudes for a Higgs boson plus three gluons computed in refs. [60, 61] in a simplified
form. In section 8 we draw our conclusions. The appendices contain some technical results
omitted throughout the main text.

2 Multiple polylogarithms

Analytical results for Feynman integrals are very often expressed in terms of logarithms
and (classical) polylogarithms,

= dt Zdt
Inz= / — and Li,(2) = / — Li,_1(¢), (2.1)
1t o t
with Lij(z) = —In(1 — 2z). While these functions are sufficient to describe large classes of

Feynman integrals, it is known that especially multi-loop multi-scale integrals can give rise
to new classes of functions. Among these new classes of functions are the so-called multiple
polylogarithms, a multi-variable extension of eq. (2.1) defined recursively via the iterated
integral [37, 38]

o dt
G(ay,...,an;2) = G(ag,y...,an;t), (2.2)
0 t— al
with G(z) = 1 and where a;,z € C (they can be either constants or variables in the

following). In the special case where all the a;’s are zero, we define, using the obvious



vector notation @, = (a,...,a),

" 1
G(0p;2) = ] In" z. (2.3)

The number n of elements a;, counted with multiplicities, is called the weight of the multiple
polylogarithm.

Iterated integrals form a shuffle algebra [62], which allows one to express the product
of two multiple polylogarithms of weight n; and ns as a linear combination with integer
coeflicients of multiple polylogarithms of weight ni + no,

G(aty ... an,52) G(Any+1y -+ Qnytng; 2) = Z G(ax(1)s -+ Qo(ni4no) 2)s (2.4)

oc€X(n1,n2)

where Y (n1,n2) denotes the set of all shuffles of n; + ng elements, i.e., the subset of the
symmetric group Sy, 4+n, defined by

Y(ni,m2) = {0 € Spyim,| 0 (1) <...< 0o Yny) and o7 (ni 4+ 1) <...< o Yng +n9)}.

(2.5)

Whenever they converge, multiple polylogarithms can equally well be represented as
multiple nested sums (e.g., for |z;| < 1) [37]

[e's) np—1 ng—1
) l’rfl 1‘7212 .. :EZk :L'Zk k 2 wﬂfl
lely---vmk(x17"'7xk) = E , PN RN = E : T § : E : e
1 2 k - k — — 1
np<ng<---<ng nE=1 ng_1=1 ni=1
(2.6)

Note that we are using Goncharov’s original summation convention [37]; other authors
define Liy,, .. m,(21,...,2;) using the reverse summation convention instead, i.e. ny >

- > ng. The G and Li functions define in fact the same class of functions and are
related by

1 1
Lip, oy (z1,...,2) = (=1D)*G( 0,...,0,—,...,0,...,0,—— ) . 2.7
s eeevn) = (104G 000 —). e
mg—1 mi1—1

It is possible to find closed expressions for special classes of multiple polylogarithms
in terms of classical polylogarithm functions, e.g., for a # 0 we have

G(0:2) = — " 2, Glaniz) = (1-2),
. e B n: a (2.8)
G(On—17a§ Z) = —Li, (*> ) G(Omamz) - (_1> Sﬂ,P (a) )

where S, , denotes the Nielsen polylogarithm [1].

All the notations so far follow the conventions used in physics. Some of the formulas
used later on however take a nicer form in a different notation commonly used in the
mathematical literature,

Gntl ¢
t—anp

I(ao;al,...,an;an+1):/ I(ap;aq,...,an—1;t). (2.9)
a

0



The notations (2.2) and (2.9) are related by (note the reversal of the arguments)
G(an,...,a15an4+1) = I(0;a1,...,an;an41) - (2.10)

The iterated integrals defined in eq. (2.9) are slightly more general than the ones usually
defined by physicists, as they allow to freely choose the base point of the integration. It is
nevertheless easy to convert every integral with a generic base point ag into a combination
of iterated integrals with base point 0. An example will clarify this. First, it is easy to see
that at weight one we have

I(ap;a1;a2) = 1(0;a1;a2) — I1(0;a1; a0) = G(ai;az) — G(ay;ao) - (2.11)

Starting from weight two the relation is more complicated because of the nestedness of the
integration, e.g.,

a3 dt a3 dt
I(ap; a1, az; az) 2/ ; I(ap; ay;t) 2/ [1(0;a1;t) — 1(0;a1; ao)]
ao — a9 ao t— as

= 1(0;a1,a2;a3) — 1(0; a1, az; ag) — I(0;a1;a0)[1(0; az; ag) — 1(0; ag; ap)]

= G(GQ, ai; a3) — G(ag, ai; ao) — G(al; ag)[G(ag; a3) — G(ag; a())] .
(2.12)
In the rest of the paper we mostly use the ‘I’ notation used in the mathematical literature,
as it makes most of the formulas much simpler, keeping in mind that we can easily recover
the ‘G’ notation via the above procedure.

Just like their classical analogues, multiple polylogarithms satisfy a large number of
functional equations among themselves. When expressing a Feynman integral in terms of
multiple polylogarithms, we can therefore arrive at a complicated combination of multi-
ple polylogarithms, which, if the corresponding functional equations were known, could
potentially be reduced to a much simpler expression. While these functional equations
are unknown in general, they can often be circumvented in practice by using the so-called
symbol, which we will review in the next section.

3 Symbols

In this section we give a short review of symbols [43]. Symbols were first introduced in
physics in ref. [40] where they were used to simplify the six-point remainder function in
N = 4 Super Yang-Mills computed in ref. [41, 42]. The main idea is to map a (complicated)
combination of multiple polylogarithms to a certain tensor algebra over the group of ra-
tional functions (the tensors being called symbols) such that, at least conjecturally, all the
functional equations among the polylogarithms are mapped to simple algebraic identities
in the tensor algebra. Currently, two different definitions of symbols are in use in physics,

1. In ref. [40] the symbol of a transcendental function F,(z1, ..., x,) of weight w in the
variables x1, ..., x, was defined recursively by considering the total differential of the
function F,. More precisely, if the total differential of F;, can be written in the form

dFy =Y Fuw1dnR;, (3.1)

7



where Fj ,,—1 are transcendental functions of weight w — 1 and the R; are rational
functions in the variables x1, ..., x,, then the symbol of F,, can be computed recur-
sively in the weight by

S(Fu)=> S(Fuw-1)®R;. (3.2)

Multiple polylogarithms indeed satisfy a differential equation of the type (3.1) [63],

n

dI(ap;al,...,an;any1) = Zl(ao; A1y vyQjyeeey Oy Qpr) dIn <ai+1_ai> , (3.3)

a;—1 — a;
i—1 i—1 i

where the hat indicates that the corresponding element is omitted. We emphasize
though that eq. (3.3) is strictly speaking only valid if all the a; are generic, i.e., non
zero and mutually different. In the non-generic case the differential equation (3.3)
can take a different form [63].

2. In ref. [57] an alternative definition of a symbol was given. It was shown that the
symbol of a multiple polylogarithm can be obtained by summing over certain dissec-
tions of a rooted and decorated polygon associated to a multiple polylogarithm [64],
and the combinatorics of these dissections reproduces precisely the symbol obtained

from the recursive procedure of ref. [40].

Both definitions have their advantages and disadvantages. While the recursive definition
has the obvious advantage that it is not necessarily restricted to multiple polylogarithms
but extends to any class of (transcendental) functions defined through iterated integrals and
satisfying a differential equation of the type (3.1), the second definition maps the combina-
torics of the symbol to the combinatorics of rooted decorated polygons, a correspondence
currently only established in the case of polylogarithms. On the other hand, the approach
based on polygons is algebraic in nature, and does not make any difference between con-
stants and variables. As an example, the differential equation approach would assign a zero
symbol to In2 (as dIn2 = 0) while S(In2) = 2 from the polygon approach. As otherwise
both definitions are equivalent and give the same answer for multiple polylogarithms, we
will in the following not distinguish them any further.

The symbol map S fulfills various properties. First, S is linear and maps a product
of multiple polylogarithms to the shuffle product of their tensors (more precisely, S is an
algebra homomorphism, see section 4). Next, each factor in the symbol is additive with
respect to multiplication,

L ®@ ). =040 +..0b® ... (3.4)

This implies in particular that
L.®1®... =0, (3.5)

and more generally if p,, denotes an n-th root of unity,

e ®pp®...=0. (3.6)



From eq. (3.4) and eq. (3.5) it is clear that each factor in the tensor product ‘behaves
as a logarithm’.

The first and the last entry of the symbol of a function carry some special information.
Let us consider a transcendental function Fy,(z1,...,x,) whose symbol takes the form

S(Fw(xl, ey .’L'n)) = Z Ciq,... iw Wiy R...xQ Wiy (37)

7:17-'~7iw

where ¢;,, . ;, are (rational) numbers and w;, are rational functions in the x;. The symbol

w

of the derivative of F, is given by

0 0
S (axka(ml, . ,:Un)> = Z Ciyoriy Wiy @ .. QWi <8xk lnwiw> . (3.8)

(ST 2%

In other words, a derivative only acts on the last entry of the symbol.

The first entry of a symbol encodes in a similar way the information about the mon-
odromies (discontinuities) of the function F,,. More precisely, if M, —, is the operator
that computes the monodromy of F, around x; = a, then

S May=aFu(z1, .. 2n)) = Y (Me—alnw,) ciy, iy wiy @ ... O w,, | (3.9)

1550w

Note that the action of the monodromy operator is trivial on the left-hand side, because
it only acts on ordinary logarithms,

2mi, if w;, has a zero for z; = a,

My = Inw;, = { (3.10)

0, otherwise.

We prefer nevertheless to write eq. (3.9) in this apparently more complicated form in order
to exhibit the duality to eq. (3.8).

So far we have only dealt with the problem of how to compute the symbol of a func-
tion. Indeed, using any of the two definitions we can compute the symbol of any linear
combination of products of multiple polylogarithms. Once the symbol has been obtained,
the identities (3.4) and (3.5) allow us to simplify the symbol, which is equivalent to ap-
plying functional equations to the original expression. We then have to face the problem,
however, of finding a (simpler) function with the same symbol. While there are rules how
to compute the symbol of any given combination of polylogarithms, the inverse step of
integrating the symbol to a function (i.e., of finding a function with the same symbol) is in
general much more difficult. In ref. [57] a prescription was given that allows one to make
an educated guess for the class of functions that can give rise to a given symbol. Once
such a class of functions has been determined, one can write down a linear combination
(with some free coefficients) of these functions and equate their symbols, obtaining in this
way a linear system for the coefficients. However, even after this step there is a remaining
ambiguity because the symbol map is not injective. As an example, we have

S(im) =0 and S(¢,) =0. (3.11)



As § maps products of functions to shuffle products of tensors, eq. (3.11) implies that
all terms proportional to ¢ values and / or iw will be mapped to zero by S. As a con-
sequence, even if we succeed in finding a simpler function with the same symbol as our
original function, we are unable to fix the terms proportional to, e.g., ¢ values based on
the symbol alone.

The aim of this paper is to introduce a framework similar in spirit to the symbol, but
where terms proportional to ¢ values and im are not mapped to zero. Such a framework
should of course retain all the good features of the symbol and reduce to the definition
of a symbol in a suitable limit. In the rest of this paper we argue that such a framework
is provided by the Hopf algebra of multiple polylogarithms introduced by Goncharov in
ref. [58], augmented by some ideas inspired by a recent paper by Brown [59].

4 Algebras, coalgebras and Hopf algebras

The aim of this section is to provide a (pedagogical) review of the algebraic notions used
throughout the rest of the paper. The content of this section is standard textbook material
in mathematics. We nevertheless include it here because, at least to our knowledge, most of
these concepts have only been rarely used in the context of Feynman integral computations.
We emphasize that we do not aim at providing a rigorous mathematical exposition of the
different topics, but rather content ourselves to provide a pedestrian introduction, and
we refer to the dedicated mathematical literature for further details. In particular, we
will proceed by analogy with similar mathematical concepts that are of everyday use in
physics. Furthermore, we will not be concerned about technical details, such as for example
the differences between rings and modules on the one hand, and vector spaces and fields
on the other hand. As a consequence, we will use the different notions interchangeably in
the following.

4.1 Algebras: first definition

We start by reviewing some basic notions about algebras. An algebra over a field K (=R
or C in general) is a K-vector space A together with a map

m:Ax A — A
(4.1)
(a,b) — m(a,b)=a-b
that is associative
a-(b-c)=(a-b)-c, (4.2)
and has a unit ¢,
ca=a-c=a. (4.3)

Furthermore, the multiplication is compatible with the vector space structure,
i.e., distributive,

a-(b+c¢c)=a-b+a-c and (a+b)-c=a-c+b-c, (4.4)



and associative with respect to scalars,
a-(kb)=~k(a-b) and k(fa)=(kl)-a. (4.5)

where k,¢ € K are scalars. Let us highlight at this stage some features that will be
useful later on. First, the distributivity (4.4) implies that the multiplication m is in fact
a bilinear map from A x A to A. Second, as a consequence of the compatibility with the
scalar multiplication, eq. (4.5), we will assume from now on that the field of scalars K is
part of the algebra itself, i.e., K can be embedded into .A. Under this assumption it is easy
to see that we can identify the unit element € in eq. (4.3) with the unit element 1 € K.
While this definition of an algebra is presumably familiar to most physicists, it is not
well suited to understand the link to coalgebras and Hopf algebras. For this reason, we
will now reformulate the above definition in terms of tensor products of vector spaces.

4.2 Tensor products of vector spaces

As the concept of tensor product used in the following is different from the definition
commonly used in physics, let us review the mathematical definition of a tensor product.

Consider three vector spaces U, V and W. A standard textbook result then states
that there is a unique vector space, called the tensor product U ® V of U and V, and a
unique bilinear map 7 : U X V — U ® V such that for every bilinear map 8 : U xV — W
there is a unique linear map p such that

B=npr, (4.6)

where 1 7 denotes the composition of ; and 7. The bilinear map 7 simply assigns to two
vectors a and b their tensor product, i.e., 7(a,b) = a®b. In other words, we can reformulate
eq. (4.6) in an equivalent, but more accessible, form: for every bilinear map  there is a
unique linear map p such that

B(a,b) = pla®D). (4.7)

According to eq. (4.7) it is always possible to break the bilinearity of 5 up into the bilinearity
of the tensor product and the linearity of u. As an example, we have

B(ka+£b,c) =p((ka+0b)®c)=pk(a®c)+L(b®c))

(4.8)
=kpla®c) +lub®c)=kpB(a,c)+LL(b,c).

Before applying this result to the definition of algebras, let us take the opportunity to
introduce a diagrammatic tool useful to describe algebraic structures. If we represent each
map between vector spaces by an arrow, e.g.,

UxV-5UeV, UxV-w, vev-Sw, (4.9)



then the relation (4.6) between 7, 8 and p is conveniently described by the following
commutative diagram,

.
UxV UV
4.10
> 1 (4.10)
1174

The word ‘commutative’ refers in this context to the fact that we can take any path through
the diagram from U x V to W and we always arrive at the same result. This is precisely
the content of eq. (4.6).

4.3 Algebras: second definition

We have seen that the distributivity of the multiplication m implies that m is in fact a
bilinear map from A x A to A. Thus, following our considerations on tensor products,
there is a unique linear map p: A® A — A such that

a-b=m(a,b) =pla®Db). (4.11)

The associativity of the tensor product can then be summarized by the following property
of the linear map u,

p(id @ p) = p(p ®id). (4.12)
Indeed, acting with x(id ® i) on a ® b ® c gives'
pAd @ p)(a®@b®@c) =pla@ ubec)) =pla® (b-c)) =a-(b-c), (4.13)
while acting with pu(u ® id) gives
pp@id)(a®@b®c) = plula®@b) @c) = p((a-b)@c) = (a-b)-c. (4.14)

In order to make the transition to coalgebras easier, it is useful to rephrase eq. (4.12) in
terms of commutative diagrams. It is easy to check that eq. (4.12) is equivalent to the
commutativity of the diagram

id® p

Ao A0 A - Ao A
1 ®id 1 (4.15)
Ao A K A

The existence of a unit element can also be recast into this new language. Indeed, we
previously assumed that the field of scalars is embedded into the algebra. This implies
the existence of a map € : K — A that assigns to each scalar k and element e(k) € A.

'For two functions f and g we define (f ® g)(a ® b) = f(a) ® g(b).

,10,



Compatibility with the scalar multiplication forces us to require that € be linear and that,
for any vector a, multiplication with the scalar k or the vector €(k) gives the same result,

e(k)-a=ka and €(k)-e(l) =e(k¥l). (4.16)

In terms of commutative diagrams eq. (4.16) is equivalently expressed as

K® A
e®id ’ (4.17)
A® A K 2 A

where s denotes the scalar multiplication of a vector and a scalar, s(k,a) = ka. Note that
the embedding €, together with eq. (4.16), implies the existence of the unit £ = €(1) in the
usual sense, because

cl)-a=la=a. (4.18)

For this reason, the map ¢ is usually referred to as the unit of the algebra.

Another recurrent theme in the study of algebraic structures is the study of the
structure-preserving maps (the so-called homomorphisms). If A and B are algebras, then
a homomorphism from A to B is a linear map ¢ that preserves the multiplication,

¢(a-b) = d(a) - H(b). (4.19)

At this stage we can identify the multiple polylogarithms as an algebra: the multipli-
cation is given by the shuffle product, while the scalars are given by (rational) numbers.
In addition, the shuffle product preserves the weight (the product of two polylogarithms
of weight n; and ng gives a linear combination of polylogarithms of weight n; + ng). This
feature is formalized by the notion of a graded algebra, i.e., an algebra that is a direct sum
as a vector space,

A=EP A, (4.20)
n=0
such that the multiplication preserves the grading,
Am ° An C Am+n . (4.21)

An element of A, is said to be of weight or grade n. The multiple polylogarithm algebra is
thus graded by the weight. In the following we always assume that the weight 0 part of a
graded algebra coincides with the field of scalars, Ay = K. Note that this is in agreement
with our naive expectation in the case of multiple polylogarithms: the weight 0 part of
the algebra consists of all objects of transcendental weight 0, e.g., rational numbers or
rational functions.

To summarize, we arrive at the following conclusion: an algebra A is a vector space
equipped with a linear map p: A® A — A and an algebra homomorphism e : K — A such
that p satisfies the associativity condition expressed through eq. (4.12) or, equivalently,

— 11 —



through the commutative diagram (4.15). The multiple polylogarithms, equipped with the
shuffle product, then form an algebra graded by the weight.

So far we have only formalized the algebraic structure of multiple polylogarithms in an
unusual way. In section 5 we will see that multiple polylogarithms carry another structure,
a so-called Hopf algebra structure, which is the topic of the rest of this section.

4.4 Coalgebras as the duals of algebras

In this section we introduce coalgebras and coproducts, one of the main topics in the rest
of this paper. We refrain from giving a mathematically precise axiomatic definition of
a coalgebra, and we rather proceed by analogy with similar concepts of everyday use in
physics: vector spaces and hermitian conjugates of linear maps.

Let us start by reviewing some textbook material on the duals of vector spaces. Con-
sider two vector spaces V and W and denote their duals,? i.e., the vector spaces of all
linear forms on V and W, by V* and W*. Let A be a linear map from V to W. It is
well-known that A induces a linear map between the duals, the hermitian conjugate Af, in
the opposite direction,

;
V-4 W oand w2 v (4.22)
Eq. (4.22) provides us with a diagrammatic rule to derive the commutative diagram describ-

ing some algebraic structure when replacing all the vector spaces by their duals. Indeed,

when dualizing, we

1. replace each vector space by its dual,
2. replace each linear map by its dual (= hermitian conjugate),

3. reverse all the arrows in the diagram.

If we upgrade V' to an algebra, then it comes equipped with two linear maps, the multipli-
cation p and the unit €, so we can consider their ‘hermitian conjugates’, i.e., the structures
induced on the dual space V* by the multiplication and the unit.

A coalgebra is defined as the dual of an algebra, i.e., if A is an algebra with multipli-
cation p: A® A — A and unit € : K — A, its dual C = A* is equipped with linear maps
A =puf:C = C®C (the comultiplication) and n = €' : C — K (the counit). The properties
of the algebra operations (associativity and unit) will also be reflected in the coalgebra
C. Using the diagrammatic rule given in eq. (4.22), we can easily obtain the commuta-
tive diagrams that describe the duals to the associativity (4.15) and the unit (4.17) (the
coassociativity and the counit),

id® A

CRCRC < C®C K®C
. . s/
A®id A N ®id
A A
C®RC -« C C®C -«

C
(4.23)

2In quantum mechanics, the elements of V are called ‘ket’s, while the elements of V* are called ‘bra’s

— 12 —



The coassociativity can also be written in equations as
(id® A)A = (A®id)A. (4.24)

As the coassociativity will be extensively used in the remainder of this paper, let us elabo-
rate on it for a while. While the multiplication p corresponds to the operation of ‘multiply-
ing together’ and the associativity expresses the fact that it is immaterial in which order
we multiply three or more elements together, the comultiplication A morally corresponds
to the operation of ‘decomposing’, and the coassociativity asserts that the order in which
this operation is iterated is irrelevant. To be more concrete, take an element a € C, and
consider its coproduct, schematically written as

o)=Y a"@al” (4.25)

(4)

for some a;”/ € C. By acting with A on a, we have decomposed it into (a combination
of) two pieces. We can iterate this process, and decompose eq. (4.25) further into (a
combination of ) three pieces. At this stage, we have the choice to decompose either
(1) (2)

a; ’ ora;”’,

Za 1) o a (1 2) and A(a§2)) = Za(il) ® a(?JQ) (4.26)
J

In the first case we arrive at

(A®idA@) =Y o o @d?, (4.27)
1,
while in the second case we arrive at
(id®A)A@) =Y ol @ a2V @ ol . (4.28)
2%
While egs. (4.27) and (4.28) are in general different, coassociativity asserts that the two
expressions must be equal
. 1,1 1,2 2 1 2,1 2,2 .
AeidA@ =Y a @d P 0 =Y oV @3V @ a2 = (ido A)A(a). (4.29)
i,j )
As a consequence, there is an essentially unique way to iterate the coproduct,

A®id

S HOH N HeoHen 29 (4.30)

4.5 Bialgebras and Hopf algebras

We are now only one step away from defining a Hopf algebra. First, a bialgebra is an
algebra that is at the same time a coalgebra, i.e., a vector space equipped with both a
multiplication g and a comultiplication A.?> We emphasize that in this setting ¢ and A

#We will from now always tacitly assume that all (co)multiplications are (co)associative.
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are independent and in general not hermitian conjugate to each other. Furthermore, we
require the multiplication and the comultiplication to be compatible with each other, i.e.,
the coproduct of a product equals the product of the coproducts (in other words, A is an
algebra homomorphism),

Ala-b) = Aa) - A(b), (4.31)

where the multiplication in the right-hand side is taken in each factor of the tensor prod-
uct separately,
(al & ag) . (bl X bg) = (al . bl) ® (CLQ . bg) . (4.32)

A Hopf algebra H is a bialgebra equipped with an additional structure, the so-called
antipode S : H — H satisfying the properties

S(a-b) =S()-S(a) and p(id® S)A = u(S®id)A =0. (4.33)

As in the rest of this paper we do not make explicit use of the antipode, we do not elaborate
on it any further.

Let us conclude this section by introducing some notations that will be useful in sub-
sequent sections. Consider a Hopf algebra H with coproduct A, and assume that H is
graded (as will be the case for the multiple polylogarithms),

o0
H=EHn. (4.34)
n=0
If the coproduct respects the weight, we can decompose the action of the coproduct ac-
cording to
Ho = P Hy @ Hy. (4.35)
ptq=n

We can then write the action of A on H,, as

A= D" Ay, (4.36)
ptg=n

where A, , is the part of the coproduct that takes values in ‘H, ® H,. In a similar way we
define A, , ., as the component of the iterated coproduct that takes values in H, ® H, ®
... ® H,. Finally, it is sometimes useful to define the reduced coproduct A’ via

Ala) =1®a+a®1+A(a). (4.37)

An element a € H such that A’(a) = 0 is called a primitive element of H.

5 The multiple polylogarithm Hopf algebra

In this section we apply the algebraic concepts of the previous section to multiple polylog-
arithms. As a result, we obtain a framework that contains the symbol in a certain limit,
but is more general and incorporates, in particular, the ¢ values.
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As a starting point, let us denote by H the algebra formed by the multiple polylog-
arithms equipped with the shuffle product. We already know that H is graded by the
weight of the polylogarithms. In ref. [58] Goncharov showed that H can be equipped with
a coproduct which turns it into a Hopf algebra. The coproduct on multiple polylogarithms
is given by [5§]

A(I(ag;at, ..., an; any1))
k
= E I(ag; @iyy - - - Q5 Any1) @ Hf(az'p;az‘pﬂa---,aipﬂ—l;aipﬂ)
0=i1<i2<..<ip<igp41=n p=0

(5.1)
The fact that eq. (5.1) defines a genuine coproduct, i.e., that A is coassociative, eq. (4.24),
and an algebra homomorphism, eq. (4.31), is a non-trivial statement. In addition, eq. (5.1)
preserves the weight, i.e., the sum of the weights in each term is equal to n. We stress
that eq. (5.1) is strictly speaking only valid when all the a;’s are generic, i.e., non zero and
mutually different. The definition of the coproduct in the non-generic case involves several
technical steps that do not add anything new to the discussion in the main text of the
paper, and we refer to appendix A or to refs. [58, 63] for the definition of the coproduct in
the non-generic case. Let us quote here only the explicit formulas for the coproducts for
the ordinary logarithm and the classical polylogarithm,

A(lnz) =1®@nz+hz®1,

n-l 0k 5 5.2
A(Liy(z)) =1® Liy(2) + Lip(z) @ 1 + ZLin_k(z) ® 1 o (5:2)
k=1 ’

Eq. (5.2) is enough to compute the coproduct of any expression made out of ordinary
logarithms and classical polylogarithms only. Indeed, we can use eq. (4.31) to obtain

for example,

A(lnzlny) = A(lnz) A(lny) =[1@hz+hz®1][1®Iny +Iny ® 1]

5.3
=1®@(nzhy)+hez@hy+hy®@hes+ (nzlny)@1. (5:3)

Furthermore, it is easy to prove the following result,

A(ln" 2) = zn: (Z) Inf 2 @In" 2. (5.4)

k=0

The coproduct can be used to simplify expressions involving polylogarithms in the
same way as the symbol. Indeed, suppose that we have two expression Fj,, and G, of
weight w that are equal (modulo functional equations). Then it is clear that also their
coproducts must be equal,

A(Fw) = A(Gw) > (5'5)

and also
A(F,) = A(Gy) . (5.6)
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It is important to note that eq. (5.6) only involves polylogarithms of weight v’ < w. As
a consequence, it is enough to know the functional equations of lower weight in order to
check the equality. These functional equations of lower weight might themselves still be
complicated or unknown, so we have apparently not gained anything. In such a scenario
we can iterate the procedure by applying the coproduct again to one of the factors in
the tensor product, and the coassociativity of the coproduct ensures that this iteration is
unique. In this way we obtain a whole tower of expressions, which at each stage involve
only transcendental functions of lower weight,

Fy =Gy — A(Fy) = A(Gy) = (id @ A)A(F,) = (id @ A)A(Gy) — ... (5.7)

As an example, in the case of a function of weight four, we obtain the following identities,

Fi =Gy
Az 1(Fy) = Az (Fy) Ao o (Fy) = A2 2(Gy) A 3(Fy) = A1 3(Gy)
Ao 1 1(Fy) = Ag11(Ga) A1 21(Fy) = A121(Ga) Ay 12(Fy) = A1 12(Ga)

Avga1(Fy) =A11,1,1(Ga)

It Rkl Pt it

In the extreme case where we go down to Ay . 1, we have decomposed a weight w poly-
logarithm into a tensor of rank w made out of polylogarithms of weight one, i.e., ordinary
logarithms, for which all the functional equations are known. It can be shown that in this
way we obtain precisely the symbol of the function (up to some technical detail that will
be discussed later). In other words, the symbol is nothing but the maximal iteration of the
coproduct. Besides providing a precise definition of the symbol, this approach also shows
why the symbol alone is insufficient to determine the function completely. Indeed, requiring
two expressions to have the same symbol is equivalent to require that they give the same
result when acted upon with Ay ;. While this approach has the obvious advantage that it
reduces the problem to the sole application of functional equations for ordinary logarithms,
it does in general not imply the equality of the other components of the coproduct. The
information on the terms that are missed by the symbol is nevertheless contained in these
other components (at least to some extent). To see how this works, and to see how the
¢ values that were missed by the symbol arise in the other components, we first need to
overcome some technical obstacles that we will discuss now.
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5.1 The multiple ¢ value Hopf algebra

In the previous section we argued that the coproduct provides a more general ‘calculus’
that contains the symbol in some limit and that cures most of the unwanted features of
the symbol. However, a consistent ‘extended symbol calculus’ should be compatible with
specializations of the arguments.

Multiple ¢ values are, by definition, the values of the multiple polylogarithms (in the
series representation) with all arguments equal to unity. It is easy to check that they form
in fact a sub-Hopf algebra Z of the multiple polylogarithm Hopf algebra H. From eq. (5.2)
one immediately sees that the coproduct of ¢ values of depth one is given by,

Al¢) =ALi(1)=106G+ o1, (5.8)

i.e., ¢ value of depth one are primitive elements in Z, and thus in H.
At this point we have to face a subtle problem for the even ( values. We know that
the even ¢ values are not independent, but they are all proportional to powers of (o, e.g.,

2
(s = 543. (5.9)

Thus,

2 2 2
A(G) = gA(@)Q = 5[1 R+l = 5[1 REG+EO1+200 6, (5.10)
and so there is a contradiction with eq. (5.8), unless ‘(2 = 0, i.e., unless we work modulo (o,
A(G2) =0. (5.11)

As a consequence, we lose all information on the terms proportional to 72 in the co-
product. Hence, if this was the case we would not have gained anything over the naive
symbol approach.

In ref. [59] Brown argues that instead of defining the coproduct of (s to be zero, it is
consistent to define

AlGe) =@ @1, (5.12)

and more generally
A(Con) =Cn ® 1. (5.13)

This definition obviously solves the problem we had before, because

A(G) = %A(Q)Q = %[Cz ®1)? = %cg @1=(ol. (5.14)

Even though eq. (5.12) was introduced in ref. [59] in the context of multiple ¢ values,

we argue that it equally well holds in more general situations. Moreover, we conjecture
that eq. (5.12) can be extended to

Alm)=m®1. (5.15)
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This definition is obviously consistent with eq. (5.12). In addition, it allows to extend the
coproduct to include the i¢m terms in a consistent way. A word of caution is however in
order: due to the monodromy of the logarithm, we should define 2: 7 ® x = 0, Vz, and thus
also 472 ® x = 0. In practice though, we observed that we never have to worry about the
monodromy of the logarithm in physical applications. Indeed, in a physical computation
the Riemann sheets of the logarithms are fixed, e.g., by assigning a small imaginary part
to x, such that
In(x +ide) = In |z| + dim O(—x) . (5.16)
The definition (5.15) changes the coproduct from being a map
AH—->HOH, (5.17)

to a map
A:H—>HOHT, (5.18)

where H” is the quotient of H by the (two-sided) ideal* generated by 7. The iterated
coproduct then takes the form

W2 HeH 2 yenrour 249 (5.19)

Loosely speaking, this means that we drop all powers of 7 in all factors of the coproduct,
except for the first one.

We are now able to state our main conjecture. We conjecture that using the coproduct
together with the definition (5.15) we obtain an extension of the symbol calculus that takes
into account the ¢ values as well. More precisely, if we have a function F,, of weight w and
if we can find a (simpler) function G, such that

A'(F,) = A(Gy), (5.20)
then
Fuo=Gu+ Y ¢ Pui, (5.21)

where the sum runs over all primitive elements of weight w of H for some (rational) coeffi-
cients ¢;. We see from eq. (5.21) that the reduced coproduct does still not entirely fix the
function. A similar observation was made in ref. [59] in the case of multiple ¢ values. In
practice, the primitive elements turn out to be constants of a given weight, e.g.,

1. powers of m,
2. (¢ values of depth one, (,,

3. Clausen values at the roots of unity,

Cl,, (?3) = %, Li, (e““f/N ) : (5.22)

where R,, denotes the real part for n even and the imaginary part for n odd.

“We recall that an ideal 7 in a commutative algebra A is an additive subgroup such that Va € A and
Vr € Z, we have a -r € .
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Even though the function is not entirely fixed, we believe that this approach constitutes
an important improvement over the pure symbol approach. Indeed, while a pure symbol
approach misses for example all functions multiplied by multiple ¢ values, only very few
constants are left undetermined by the coproduct. The undetermined constants can easily
be fixed by, e.g., comparing to numerical values at a few points, requiring the function to
have the right limits, etc. While we fall short of a full proof of our conjecture, we have
checked the consistency of our ‘extended symbol calculus’ by applying it to hundreds of
functional equations among multiple polylogarithms. A selection of results will be shown
as an illustration in sections 6 and 7.

Let us conclude this section by discussing how differential and monodromy operators
act on the coproduct, i.e., how to generalize the relations (3.8) and (3.9) to our framework.

0 , 0

A (Mg,—aFy) = (Mg —q ®id) A(F,)

We conjecture that

(5.23)

i.e., differential operators only act in the last component of the coproduct, while mon-
odromy operators only act in the first component. Note that the same statement is true
for the iterated coproduct. While we fall short of a full proof of eq. (5.23), we were able
to check our claim in the special case where F,, is a multiple polylogarithm with generic
arguments. The proofs of these special cases are presented in appendix B.

5.2 Relationship between the coproduct and the symbol

In this section we briefly discuss the relationship between the coproduct and the symbol.
While it is possible to proof in general that the combinatorics of the maximal iteration
of the coproduct on multiple polylogarithms matches precisely the combinatorics of the
maximal dissections of the rooted and decorated polygon associated to a polylogarithm [65],
we do not present a firm proof in this paper, but merely state the observation that this
correspondence holds in the all cases we have considered. We only motivate the relationship
by analyzing how the coproduct behaves under differentiation. If F,, is a transcendental
function of weight w, then without loss of generality we can write its iterated coproduct in
the form

Ay a1 (Fy) = Z A 1(Fiw—1)®InR;. (5.24)
i
If we now act with (id ® d) on this expression, we obtain, using eq. (5.23),

Ay 1(dFy) = Z Ay 1(Fiw—1)®dnR;, (5.25)

i.e., we obtain an expression which is dual to the differential equation (3.1) defining the
symbol. We emphasize that we claim in no way that this provides a proof of the fact that
the maximal iteration contains the symbol, but we hope that it provides a feeling to the
reader why this relationship is true. Note however that the symbol is not exactly equal to
A1,..1. Indeed, the symbol does not contain any information about terms proportional to
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im, whereas these terms are incorporated into Ay through eq. (5.15). In other words, the
correct relationship between the symbol and the maximal iteration of the coproduct reads

S=A; ;modm. (5.26)

Even though we did not provide a proof of eq. (5.26), we can show that it is consistent
with our general knowledge about symbols:

1. the fact that each entry in a symbol is additive like a logarithm, eq. (3.4), is a
consequence of the fact that each factor in the tensor product on the left-hand side
of eq. (5.26) is a logarithm.

2. the derivative identity in eq. (5.23) reduces to eq. (3.8) if we restrict ourselves to the
maximal iteration of the coproduct. This is obvious from eq. (5.25).

3. similarly, the monodromy identity in eq. (5.23) reduces to the corresponding identity
for the symbol, eq. (3.9).

6 Examples

In this section we present some simple examples of how the coproduct can be used to
simplify expressions involving multiple polylogarithms. The examples in this section do
not provide any new results, but they are simple enough so that all the steps can be carried
out by hand. They are therefore rather meant to illustrate how to use the coproduct in
practise to perform computations.

6.1 Inversion relations

We start by considering inversion relations for classical polylogarithms. Throughout this
section we assume that x is a real positive variable to which we assign a small positive
imaginary part.

We proceed in a bootstrap and build up the inversion relations by a recursion in the
weight. For the classical polylogarithm of weight 1, the inversion relation is easy to obtain,

Liy <1> - (1 - 1) — (- 2) +In(—2) = —In(1 —2) £ Inz —ir.  (6.1)

€T T

In order to obtain the inversion relation for weight 2, we act with A;; on Liy(1/x) and
insert the inversion relation for Li;(1/x),

1 1 1
x x x
=In(l—-2z)®nzr—hr®hz+ir®Inz (6.2)

1
= ALl |:— LIQ(.’E) - 5111213 +ZTF1HQT:| .
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Following our conjecture, we conclude that the arguments on the left and right-hand sides
are equal modulo primitive elements of weight two. We thus make the ansatz,

1 1
Liy <$) = ~Lis(z) — g I’z +inlne +cx®, (6.3)

for some rational number c. Specializing to = 1, we immediately obtain ¢ = 1/3, which
is indeed the correct inversion relation for Lis. We emphasize at this stage the importance
of the definition (5.15).

Moving on to weight 3, we act with A; ;1 on Liz(1/x) and obtain

1 1 1 1
A [Li:s ()] =—1In <1 — > ® In (> ® In <>
x x x x
=—In(l-2z)@hz@hrz+hrehrzhr—ir®@nz®lnx

1 .
=Aq11 [Li3(x) + 6 In® 2 — % In? :c] )

(6.4)

eq. (6.4) is not yet the correct inversion relation for Liz. After subtracting the terms we

have found in eq. (6.4), we look at the image of the difference under Ay or Aj 2. As an

example, we obtain

. 1 . 1. 4 1T . o
AN [ng (x) — <L13(;1:) + 6 In”z — ?ln x>}

1 1 1 1 1 )
:—an (1_1’) ® In? <x> +§ln(1—x)®ln29:—§lnx®ln2az+%®ln2x (6.5)
=0.

We see that acting with Ay 2 does not provide any new information. This is not surprising,
as the missing terms are of the form 7?Inx, and A 2(7?Inz) = 0. Indeed, acting with
As 1 and using the inversion relation for Liz, we obtain new non-trivial information,

et . 1 i
Ag [ng <x> - (ng(:p) + 6ln3x - ?1112 :L‘>:|
. (1 1 . 1.5 .
=Lig(—|®In|( = —L12($)®lnx—§ln r@nzr+i(rlnzr)@Inz
x x

1.5 . 2
=— —Lig(x)—iln x—l—zwlnaj—l—? ®Inz

(6.6)
1
—Liz(:c)®ln:r—51n2m®lnx+i(7rlnm)®lnx
1
:—§7T2®lnx
2
:A2’1<—3h’lx>.
Thus,
. (1 . 1.3 1T, 72 . 3
Lig | — :ng(:c)—f—éln 95—5111 x—glnx—i—a@—l—ﬂm . (6.7)
x
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Specializing to x = 1 gives a = 8 = 0, which is indeed the correct inversion relation for
Lis. Proceeding in exactly the same way, we can now derive the inversion relations for all
the classical polylogarithms.

6.2 Special values in ¢z = 1/2

As a second example we consider the special values of some harmonic polylogarithms when
the argument is equal to 1/2. In many cases these values are expressible through ¢ values,
In 2 and Li,, (%), for n > 4. It is however impossible to obtain these relations using symbols
alone, because

1 (=1)”
S [H (al,...,an;2>} =(-1)P2®...02=S8 [ln”2] , (6.8)

n!

where a; € {0,1} and p is equal to the number of a;’s equal to zero. As a consequence, a
pure symbol approach only provides trivial and misleading information, because we always
obtain a symbol corresponding to powers of In2. In the following we show that using the
coproduct approach we can do better and entirely fix the values in z = 1/2, up to primitive
elements of a given weight n (in the present case we only need to consider ().

We again proceed in a bootstrap and start from weight 2. We obtain

A171 |:Li2 <;>] = —1In (1 — ;) X In (;) =—In2 &® In2 = —% A171(1n2 2) . (69)

Thus,

1 1
Lis <2> =5 In?2 + cr?, (6.10)

for some rational number ¢ that cannot be fixed from the coproduct. Hence, at this stage
we need to resort to numerics,

2

1 1
Lig <2> + 3 In? 2 = 0.82246703342411321824 . .. = % . (6.11)

It appears at this stage that we have not gained anything over the pure symbol approach.
In fact, in this case the coproduct only becomes more powerful than the pure symbol
approach starting from weight three. Acting with A; 1 on Lis (%) yields

1
ANER [Lig <2>} =n2®h2®n2=A7A11

1
G In® 2] : (6.12)

Next, we can look at the (1,2) and (2,1) components of the coproduct,

1 1
Lia (=) = ZIn?2| =
13<2> 5 n ] 0,

1\ 1 1 1
Lis <2> — In® 2] — —Li, () ®n2 - 0?2 @ In2 (6.13)

A1

Aoy 5

1
= —ET(‘Q ®In2 = A2,1

2
—W—ln2
12
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Thus, we obtain

i (1) = Lo~ ot (3 + Bir® (6.14)
i3 5 —611 12n a3 . .

5 is obviously zero, because Lis (%) is real. Furthermore, from numerics we obtain

1 1 2 7
Lis <2> - [6 In32 — % In 2] = 1.0517997902646449997 . .. = 3 (3. (6.15)

We could now be tempted to apply the same procedure to Liy (%) and express it in
the form

1
Liy (2> = In*24 a2+ 53 In2 4 cx . (6.16)

However, no such formula is currently known, and it is commonly believed that, starting
from n = 4, Li, (%) defines a genuinely new transcendental number. If our ‘extended
symbol calculus’ is consistent, it should lead us to the same conclusion, i.e., that an ansatz
of the form (6.16) is excluded. To see why this is indeed the case, we start from eq. (5.2)

A’ [Lin G) ] = S (—k1!)k Lin_p, <;) ®In*2. (6.17)

k=1

and we write

(]

We see that the second factor in the reduced coproduct only involves powers of In2. An
ansatz made out of combinations of powers of In2 and ( values however inevitably leads
to terms in the coproduct that have a ¢ value in the second factor, e.g.,

A(GnIn*2) = A(Gn) AN 2) = Gpo* 24+ nF 2@ ¢ + ... . (6.18)

The only way to make the terms having a ¢ value in the second factor vanish is to assume
that m is even, because eq. (5.15) implies

A(r™Inf2) =am @2+ ... . (6.19)

Thus, we conclude that any ansatz made out of products of powers of In2 and ( values
can only involve even ( values. This is indeed what happens for Lis (%) where the only
possibility for a product of the form ¢, In*2 is 721In2. Starting from weight four this is
excluded, because eq. (6.17) involves a term

1
Lis <2> @In" 32 = gcg @324 ... (6.20)

We therefore arrive at the conclusion that starting from weight four, Li, (%) can no longer
be expressed through ( values and powers of In2 alone, in agreement with the common
belief. We stress the role played in this argument by the special treatment of (3, eq. (5.12).

So far we have only considered examples of classical polylogarithms. Let us therefore
conclude this section by discussing a less trivial example of weight five, where the full
superiority of the coproduct approach over the pure symbol approach is revealed. Consider
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to this effect the harmonic polylogarithm H (O 1,0,0,1; 2) We can make an ansatz for

this number in the form

T =C1 Li5 <;) + 2 Li4 (;) In2+ C3 1115 2
(6.21)
+eam? 324 c5G n? 2+ g In2 4+ ¢ (3 + s Gy -
Our goal is to find rational numbers ¢; such that H (0 1,0,0,1; %) = T. A pure symbol
approach is obviously totally inadequate for this: not only would it be unable to constrain
the coefficients multiplying the ¢ values, but it could also not distinguish between the first
three terms in the ansatz, thus only providing a single relation between the coefficients ¢y,
co and c3. As we will see in the following, the coproduct approach allows us to fix all the
coefficients, except for the coefficient of (5 (which is a primitive element).
We start by computing the maximal iteration of the coproduct,

Aiga1 (T) =(=c1 +5c2 —120c3 — 1) In2@ 2@ Mm2®m2®n2, (6.22)
where we introduced the shorthand

_ 1
T:H<0,1,0,0,1;2) ~T. (6.23)

Equating the right-hand side to zero, we obtain a relation between c;, co and cs,
Cc1 = 562 - 12003 —1. (624)

We note that this relation is precisely the information we could extract from a pure symbol
approach. We can however now go on and compute the components of the coproduct
that involve precisely one factor of weight w > 1. Inserting the solution (6.24) into the
expression for T, we obtain

A1112(T) =A1121 (T) = A1211 (T) =0,

It it ]

_ ¢ (6.25)
N1 (T) = <62 — 10¢3 — 6C4> ?®h2®n2®1n2,
and so 5
C2
=57 503 6.26
a=2-2 (6:26)
Next we investigate the components of the (iterated) coproduct in H ® H ® H,
Aip2(T) =Ao12(T) =As01 (T) =0, (6.27)
and .
AVRE ( ) = <4 — 205) In2®In2® (s,
— 7 7
Az (T) = (;2 — 2¢5 — 8) hm2®G®In2, (6.28)
— 2162
ACER] (T) = i 4+ 105¢3 — 2¢5 | 3 ®In2®1n2,
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and so we can solve for co, c3 and cs,

11 7
c2 =3 and c3= 120 and c¢5 = 3" (6.29)

For the (3,2) and (2,3) components of the coproduct we obtain

_ — 7
Ag,g (T) =0 and A273 (T) = — <C7 + 48) 2 ® (3, (630)
and so ¢y = —%. Similarly the (4,1) and (1,4) components yield
_ — 1
A14(T) =0 and Ay, (T) = <288 - c6> ™ ®In2, (6.31)
and so ¢g = ﬁ. Finally we arrive at
Y o (2 (D) e s
H (0,1,0,0,1, 2) =3 Lij <2> + 3 In2Liy <2) + 120 In” 2 727‘(‘ In” 2

(6.32)

7 1 7
G224+ —ath2—- —7? .
+863 n +2887T n 487r (3+cg (s

As expected, the coproduct allowed us to fix all the coefficients except for cg. Using
numerics, we arrive at

1 81
H (0, 1,0,0,1; 2) —T = —cg (5 —1.3123616901033275... = —cg (5 — 61 G, (6.33)
and thus cg = —%.

7 Amplitudes for H + 3 gluons

In this section we apply the coproduct to a physical problem, namely the two-loop helicity
amplitudes for a Higgs boson plus three gluons in the large top mass limit. In this limit the
coupling of a Higgs boson to gluons is described by an effective operator of dimension five,

Legg = —2 HGY, G (7.1)
The two-loop corrections to the helicity amplitudes for a Higgs boson plus three gluons were
computed in refs. [60, 61], where it was expressed as a complicated combination of two-
dimensional harmonic polylogarithms. In ref. [53] it was shown that, after subtracting the
square of the one-loop amplitude, the symbol of the leading color maximally transcendental
part of the two-loop helicity amplitudes is equal to the symbol of the two-loop form factor
of three gluons in planar N' = 4 Super Yang-Mills. The latter can be expressed in a very
compact form involving only classical polylogarithms up to weight four [53]. This suggests
that the two-loop corrections to the helicity amplitudes for a Higgs boson plus three gluons
can be written in a much simpler form without any multiple polylogarithms. However, as
the symbol does not fix terms proportional to ¢ values, the symbol alone is insufficient to
determine such a simplified form in an easy way. In the following we apply our coproduct
approach to rewrite the results of refs. [60, 61] in a compact form, obtaining in this way
compact analytical expressions for all helicity amplitudes for a Higgs boson plus three
gluons, for both the decay (H — ggg) and the scattering (g9 — Hg) regions.
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7.1 The decay region

We start by investigating the decay region, i.e., the two-loop corrections to the helicity
amplitudes for H — ggg. The kinematics is described by three dimensionless ratios,

512 523 531
T = 2 Ty = 2 xr3 = 2 (72)
my my my

where mp denotes the mass of the Higgs boson and s;; = 2p;p;, with p; the momenta of the
external gluons. These kinematic variables are not independent, but they are constraint by

O<z; <1 and 1 +a0+23=1. (7.3)

As a consequence, the amplitude is effectively a function of only two of the three dimension-
less ratios. Correspondingly, the result of ref. [61] is expressed in terms of two-dimensional
harmonic polylogarithms in x5 and x3. There are two independent helicity configurations
for the decay,

H—gTgtgt and H = gtgTg . (7.4)

In the following we will analyze each configuration separately.

Let us start by analyzing the helicity amplitude where all the final state gluons have
a positive helicity. Bose symmetry then implies that the amplitude must be symmetric
under a permutation of the external gluons, or, equivalently, it must be totally symmetric
in the kinematic variables z;, i = 1,2,3. The (finite part of the) one-loop correction to the
decay can be written as

N, 11 1
Oz(l) = NCAS) + <GC — E Nf) B((ll) + E(Nc — Nf)(xl X9 + xox3 + X3 xl), (7.5)
with
T 1 3
AL == Inzy Inxe +Inzo Inzg +Inxg Inxy) — Liso(1 — z;),
W =T -3 la-a), o

B = In(x) 29 23) — 3mi.

Following ref. [61], we decompose the (finite part of the) two-loop correction into contribu-
tions with different color structures, and we furthermore subtract the square of the finite
part of the one-loop amplitude, eq. (7.5),

17 012w  Nj— _ _
o® = Z[aW]" 4 NZAY + ZLDY + NN, ED + NFFS. (7.7)

The coefficients of the different color structures were computed in ref. [61] where they were
expressed as a combination of two-dimensional harmonic polylogarithms in xo and x3. In

order to simplify these expressions, we start by computing the symbol of eq. (7.7). It turns
out that all the entries in the symbol are drawn from the set

{xl,xg,xg,l—xl,l—:cg,l—xg}. (78)

The weight four part of the symbol satisfies

5[ (afthignes) | =0 (7.9)
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1 1—m 1—1/xy
T 1— a9 1—1/x9
3 1— a3 1—1/z3
—x1/x9 xo/(1 —x3) x1/(1 —x3)
—x9/x3 x3/(1 —x1) xo/(1 —x1)
—x3/x1 x1/(1 — x2) x3/(1 — x2)
—wixg/xs | w3/[(1 —21)(1 —22)] | wiae/[(1 — 21)(1 — x2)]
—wawz/w1 | 21/[(1 — 22)(1 — a3)] | waws/[(1 — x2)(1 — a3)]
—wgw1/wy | w2/[(1 —w3)(1 —a1)] | wgw1/[(1 — x3)(1 — 21)]

Table 1. Arguments of classical polylogarithms that can give rise to a symbol with entries drawn
from the set in eq. (7.8) under the constraint (7.3). Each line shows half an orbit of the S5 action,
the second half being obtained by inversion. All these functions are less than unity in the region
defined by eq. (7.3).

where §(a@b®c®d) = (a Ab) A (cA\d), and the wedge denotes the antisymmetric tensor
product, a Ab=a®b—b® a. It follows then from a conjecture in ref. [66] that a(?) can
be expressed in terms of classical polylogarithms only. Similar conclusions were already
drawn in ref. [53].

Next, we have to determine the arguments of the polylogarithms that can lead to
a symbol with entries drawn from the set (7.8) under the constraint (7.3). Using the
prescription given in ref. [57], we find 54 rational functions grouping into 9 orbits of the
symmetric group S3 whose action on rational functions f(x1, 2, 23) is generated by®

f—=1—f and f—1/f. (7.10)

The rational functions are summarized in table 1. It is important to note that not all 54
solutions are independent, and in particular we can express half of them in terms of the
others by using the inversion relation for the classical polylogarithms,

Li, <}> (D) Lin(f) + .. (7.11)
It is then easy to see that it is always possible to choose 27 solutions such that all polylog-
arithms are real in the region defined by eq. (7.3).

Next step we write down a combination of (classical) polylogarithms in the arguments
shown in table 1. Equating the symbol of a(?) and our ansatz provides a linear system for
the coefficients. In the following we only discuss the weight four part of Z((f). All other
contributions are similar. In agreement with ref. [53], we find

§ (A e ) = 8 (RE) 7.12)

o, weight 4

SWe stress that this Ss symmetry is not identical to the Sz describing the Bose symmetry.
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where Rgf) is the N = 4 form factor remainder function of ref. [53],

=g () e () o ()] o -2)
[ZLIQ (1 - w)

2 1
~3 Inz; Inze Inzs In (zx023) + —ln4(:):1:c2x3)

2 16

1 5 5 5 2374

g(lnml Inzy +Inz Inzg + Inzg Inxy) (ln 1 +1In“ a9 +1n a:3) TR
(7.13)

where A, (z) denotes Kummer’s function,

" o] e DR
/d T = (n —1).k220k!1n |2| Lip_x(2) . (7.14)

This result was already obtained in ref. [53]. However, eq. (7.12) only holds at the level of

the symbol, and it would thus be premature to conclude that the weight four part of Zf)

(2)

is equal (at the level of the function) to R4™. Indeed, acting with Ag; 1, we obtain

_ 1 2
B [ A g 4 = RE| = =2 72 @ A1 [AD | = Aga| - T Agﬂ . (7.15)
Continuing this way, we can easily determine the coefficient of (3,
_ 2 1 [ 1
Az [A((XZ,)weight 4 R§2) + % AS)] =7 G@BY =Ag;| - 1 € B&I)} ‘ (7.16)

Finally, we determine the coefficient of 7 by evaluating the function at a single point in
phase space,

a4

2880
If we want to apply the same procedure to the remaining contributions to eq. (7.7), we have

2
A RO+ % AD 4 = gg B = —0.03382260105347 .. (7.17)

to face the fact that the coefficient of the polylogarithmic functions are no longer exclusively
rational numbers, but they are now rational functions® of the kinematic variables z;. We
treat these rational functions as scalars with respect to the coproduct,

A[R(z;) P(x;)] = R(x;) A[P(z;)], where R(x;) is a rational function. (7.18)

In practice, this means that we consider separately terms in a(? with different rational
coefficients. Note that some of these coefficients are not independent, a problem that
can easily be overcome by partial fractioning in the case of rational functions. Putting
everything together, we arrive at the following expressions for the different color structures
contributing to the two-loop amplitude a®,

2 4

@ _ @ T oy Loooay 0w
A% = AW 2 o T
o« =Ry g Ao’ — 1B’ — 5550

11 113 T3 12
s () o () o (52) -2 (1- )

5In more general cases, even algebraic functions might appear.
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1

A2 () () (2)

3 €2
1 7o
+ 3 In(zy 29 x3) A&l) + 3 z; [Lisg (1 — ;) Inz;] + 1 Inzy Inzs Inxs
1=
In ( ) D 2] ( ) 34" +im A + 21
—In° (z12973) — —7° In(z12273) — = i —_— = n° x;
6 12223 16 12223 3 i
1 Py(zi, 251, Ti41) .
- Lio(1 — 2
b z [ g i~
Polx;, xi_ ; 121
+ 2(%7%217 it1) Inz;_1 Inxi + —— In? wz]
x; 4
P3(1‘1,1‘2,£1?3) 2 121 11 185
W — ﬁm In(zz0m2) + %m (122 + o3 + T321) + ﬂm
3
1 Py(xi, w1, 7i41)
- lnz: — —
™ - T nx; ™ (xlxg + 319 + wll‘g)
247 1321
108 (1'1.%'2 + x319 + $1$3) + m , (7.19)
—(2) s 1 67 P5(.T]1,x2,$3> 2
D¥ - _ moz or | 5(71, 72, 23)
o G Tglamtamntan) gt = e
1 Ps(zi, zi—1,x . Pr(x;,x; 1,201
ﬁ Z |: ! ix H_l) ng(l - 1’Z) + ( . ;21 (a ) Inz; 1 Inzi
i=1 z +1 i
P . - .
8(3317 X 171'1—&-1) In z; (720)
2T 1Ti41
_ S 1
Ef) = — 228 ) A(l) — Eln (x12923) (Inxy Inxe + Inzq Inxs + Inxzg Inxs)
Pig(x1,29,23) 7 5 29
TILI2T8) Ly Inag Inzg — 72l =
137 + 1 nz1 Ina Inzs 487T n (r1rexs3) — 24@3
11 Pry(x1,m2,23) o
il | S UL, 22,237
g T In(@ieaws) + oo e g
. 1
+ Z [ng x;) — L13( x;) + 8L12(1 —x;) Inz; + B In(1 — ;) In? z;
1 Po(x;, xi1,x; .
+ = ln(flegmg) LiQ(l - :L‘Z) + 9( : 2Z 12 Z+1) L12(1 — :UZ)
6 3677,
Pio(x;, x5, x5
+ 1o 136150121 i+1) Inx; 1 Inz;y
11 Plz(ﬂfi Ti 1,Tit1)
T n2 ’ ’ In .
* 36 Tt 216$i_1xi+1 Bt
( + + ) — 1, (7.21)
— —im (122 + T3T2 + 11T —1 .
36 T\T1T2 322 173 18 T,
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) 3 .
F) =— 8 In(zyxox3) — aa” + T ;ln T — 1 In(z1x023) + T3
T 5%
+ E (.7311'2 + xox3 + 1’31‘1) + 52 ((Elxg + x370 + 3313:3)
1 T1T9X 3 Inx
2 14243 7
— E (:1711'2 + X379 + 1'1173) — 18 Z - , (722)

i=1
where P;(z,y,z) = P;(x, z,y) are homogeneous polynomials in three variables,

Pi(z,y,z) =302% (y* + 2*) — 134y%2? (22 + v + 2%) — 19929222 (y + 2)

+ 7hxyz (xy2 + 22 4+ + z3) — 268y°%23,
Py(xz,y,2) = — 13423 (y + 2) — 672> (x2 + 92 + z2) — 652%yz + Thayz(y + 2) + 303222,
Py(z,y,z) = — 20 (w4y4 + ot + y4z4) — 27622y 2% (zy + 22 + y2)

— B0y (282 + 2822 + 2%y + 2228 + 132 + )

— 115x2y222 (a:2 + y2 + zQ) ,

Py(z,y, z) = 602> (y2 + 22) + 922yz — T8xyz(y + 2) — 256y° 22 — 117yz (y2 + 22) ,
Ps(z,y,z) =atyt + 22" +ytet = 2myz (2Py? + 272 + 2%yt 4+ 272 B2 P
Ps(x,y,2) = —x [:E (y4 + z4) — 2xyz (y2 + z2) — 29z (y3 + 23)] ,

Pr(x,y,2) =yz(2zy + 222 — yz),

Py(x,y,2) = —x [2:1: (y2 + 22) — bxyz — dyz(y + z)] ,

Py(z,y,2) = — 332° (y4 + 24) + 209222 (x2 +y? + 22) — 221222 (y + 2)

— 42xyz (xy2 + 22+ + 23) + 40y323
Pio(z,y, z) =203 (y + z) + 102> (:c2 +2+ 22) — 222%yz — 42zyz(y + 2) — 33y 22,
Pii(x,y,2) =44 (x4y4 + a2t + y4z4) + 410232 22 (zy + x2 + y2)

+ 562y2 (x3y2 B ayB a2 B y2z3)

+1772%y%2% (27 + y° + 27) |
Piy(z,y,2) = — 19822 (y2 + 22) + 3522y + 142zyz(y + 2) + 490y%22 + 206y2 (y2 + 22) ,
Pis(z,y,2) = — 1781 (z* + y* + 2%) — 8224 (2®y + 2%z + 2y® + 22° + 2 + y2¥)

— 12874 (x2y2 + 2222 + y2z2) — 26848zyz .

(7.23)

Note that P3, P5, P11 and P;3 are totally symmetric. The expressions for the two-loop
corrections to o?) in eqs. (7.19)(7.22) only involve classical polylogarithms with a rather
simple dependence on the kinematic invariants. In particular, the functional dependence
is such that all the polylogarithms are real in the region (7.3). Furthermore, the S3 Bose
symmetry of the amplitude is completely manifest in our expressions.

We can of course apply exactly the same procedure to the second helicity configuration,
H — gtgtg~. Bose symmetry implies that this amplitude must be symmetric under an
exchange of the two positive-helicity gluons, or, equivalently, under an exchange of xo
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and x3. The one-loop corrections are given by

BV = NAD (J\Gf _ ENf) BY + 6(N Nf)$2f3 (7.24)
with
A(Bl) _ A&l) and Bél) — Bc(xl)‘ (7.25)
For the two-loop corrections we write
50 = 3[p0] + 2D + SDD NN ED - D, (o)

Repeating the same steps as for the first helicity conﬁguration, we arrive at

2 1 wd 11 .

—(2
AP —rP - T AW - 16 BY — oo+ i AV + i

6 2880 6 96
11 11 1 11 11
+ ?Lig(l —x)+ FLiS (1 — x) — @ﬂ Inx; — 5 In(xoxg)Lis(1 — 1)
11 11 11 11
~ 3 Iz + — 51 In? 21 In(zgx3) + 21 In? 29 In(z123) + o1 In? 23 In(zo21)
+ 5 InzyInzsInzg + W@
Q3(x1, 22, 73) _ Q3(w1,23,72) .
6—x§)L13(1 — .Z'Q) + G—le))ng(l - 1'3)
1 1
. Q4($g ?’x?’)Lig <1 B ) . Q4(331,3;;3,$2)L <1 B >
xy T2 6z x3
1
+ i | (11 @l Qs aam)
12 xy xy
1
+ L — | (11— Q4($1,?3,$2) Inas + Q5(901,?9)C3,902) In 2y
12 xy Ty
B Q4($1,$§,$3) %y Q4($1,I§,$3) 1% s 1 Q6($1,$23, 23) 2 In 2y
36x7 3617 2887
Qe(x1,73,72) o Qo(w1,2,23) _ .
-7~ 1 =" Liy(1 —
dssad " mast g g Lix(l-a)
Qs(w1,22,73) _ . Qs(w1,23,22) _ .
—————"Lis(1 — ————— =" Liy(1 —
* 36$‘11x§ i v2) + 3690‘1155% i2( 73)
67
-3 (InziInze + Inzolnzsg +Inzglnx) + i (1n2 T+ In2 To + In? :L‘3)
5 2 5 2 5
LI o 902;- z3) In 2y + z3( 963;- z2) | + Quo(z1, 22, 23) 5
12 T3 x5 144x1:v21‘3
121
_ 332$i [31:6% + 8x1 (w2 + x3) — 30zexs] Inxy Inxg — ——imIn(z1z023)
1227 72
55527 + 22x0w3 . Qa(x1, w2, 23) 1
5 i 5 nz
7227 T2x{w273
Q1(w1, 2, 903) nzy 4 Q1(w1, 23, 72) I
24x3x3(1 — xz)Q 2413 w9 (1 — x3)2 K
N 74523 — 19821 (w2 + x3) + 674z013 4(1 + 21) w373 (7.27)
21627 3(1—x2)(1 —a3)  T722] '
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— 2w3xy — 2x5wy + $3L

Qa5 (71, 22, T3
(17‘T1)+ (422)2
12x2x3 T2x T35

fggf

(=)’ 22Q24(21, 72, 23) | . (1—9) — (1—23)* 23Q24 (w1, 73, 32)
12:5%3:% 2 2 12x‘11x§
-2 -2
_ s T2 (1'2 . 373) In 2y + T3 (.263 ; xg) Inzs| + 6322(1'171'27553)
12 x5 x5 48x7(1 — x2)(1 — x3)
xoxs (622 4+ dxoxy + dx3x) + 3T0 29 — 2x3 —
_ 23( 1 214 3T1 23)lnx21n:r3+(x2 3?3)(963 3?2)
1227 24x9x3

i 2Qa3(21, 22, 23) | 23Q2s(21, 23, 22)
4 24(1 — x9)2a3xs 2 24(1 — x3)2x3xo

Lis (1—x3)

Inx

Inzs. (7.28)

1 1 1

ST ONR I N _71 ] ——1 1

I 3 + 13 n° xr 5 n° x n(:L‘gzL'g) 1o n- xa D($1$3)
2

1 1 1
D) In? 25 In(zy22) + 3 Inz; Inazg Inzg + 1L Inz; + 8 In(zozs)Lis (1 — 1)

Qa(x1, x2,3) 3 Qa26(x1, 23, 72) 3 1 1 2.
- = ] + —1 — —Lig (1 —Lisz (1
361’2{’ n° o 36:L'1 3 3 13 3 i3 ( 1)

Q15($1,$2,$3)1

L.
+EL12(1_962) [3 nry+ ————5——

Q16($1,l‘2,1‘3 In ]
nws
Ty

1
Li
+12 12

(3z1 + 2x) (32% + 223) 1oz + (3x1 + 2x3) (3x1 + 223)
14423 ? 14423

) 1
J Qulaneszg) (1 - ) J @l T, 7o)y (1 - >

6$1 ) 61’1 T3

3 nryg+ —5———

(1 —xz3) [Wl Q15($1,$3,x2 :|
1

72 lnzg

T1,T2,T . T1,23,T
+Q13( L 22 3)L13(1—x2)+Q13( 1,23, T2)

6y 6
11 11
+ WCS ~ 36 (]n ] + In? T + In? 1‘3) + Eiﬂ' In(z12223)
B i] 33;[;% + 42%31‘2 — 10%% Inzy + _10x% + 423;’%2 T 33:6% Inxg
36 a3 2

n Q20(9€1,112‘12,$3) In 2y In s — Q18($1,2!E22, z3)
367 36513
Quo(w1, 22, 73) . Quo(21, 3, 22)
W1\, B2, B3) gy w191, 23, %2)
* 36z}x3 I (1 —w2) + 36222
Q21(z1,22,23) o Q2 (21,32, 73) Iz,

* 288$1$2$3 L 216$%$2I3

Qi (z1, 22, x3) Q11 (21,3, 22) 14222 + 13xo73 .
3 3 To + 3 3 Inxg — 3 )
21627 (1 — x2)” 23 216x)x9 (1 — x3) 367

x3r3 13521 — T48z9x3 B 13 (x1+ 1) 1115

3623 21622 12(1 —x9) (1 —x3) 432

Lig (1 — xg)

Liy (1 — 1)

Lig (1 — .%'3)

(7.29)
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=@ 2 2
Fj ——Tln(ﬂj‘ll‘gl'g —|——Zl T 144

B 5(17% + l’%) + 13.733:132 - 10(%2 + 1:3)

|
522 n
n 5(z3 + 23) + 1lzgws — 10(z2 + 73) + 52,71_
18x%
o3 5
21621 (20:6’1 3:62303) ~ 51 In(ziz023), (7.30)

where the Q;(x,y, z) are homogeneous polynomials,

Qi(z,y,2) = — 392°2 + 202y + 4821yz — 782422 + 3023 22 — 20a3y2? — 392323
— 42y 2% — 8022y + T8xy? 23 — 12zyzt + 60y%2?

Qo (x,y, 2) = 602> (y +z ) + 922y — 229222,

Qs(x,y, z) =333 + 1222y + 12222 + 3z + 3222 + 23 + 2 23,

Qu(z,y, 2) =332> + 1222y + 3zy® + 2%,

Qs(r,y,2) = — (x + 2) (11:U +xz+ 22 ) \

Qo(z,y,2) = — 9923 — 482y — 1229 — 8y,

Qr(x,y, 2) = — 5612 — 9622y — 96222 — 24xy® — 24x2% — 16 ¢° — 1623,
Qs(x,y, z) =302y + 7oatyz — 1342422 + 62%y2% — 623 2% 4 622y%22 — 932223

— 6222% — 24wy?2% — 24xyz*t + 90 y22*
Qo(x,y, z) =30y* + 7532 — 134y 2% + T5y23 + 302*
Quo(z,y, 2) = — 20xty? — 502132 — 11524222 — 502ty 23 — 202 2% — 4239322
—4aPy228 — APyt 2?4 62028 2B — da?yP
+16xy 23 4+ 16xy> 2 —60y 2
Qu1(z,y, 2) =2062°2 — 198z%y? — 234xtyz 4+ 4122122 — 297 23y% 2 + 7223y 2>
+ 2062323 — 126229222 + 34222y2> — 855 xy?2® + 36xyz* — 594y%2*

Qua(z,y,2) = — 198x2y* + 3522yz — 1982222 + 78y>2>

Qus(z,y,2) = — 6% — 322y — 32%2 — 3wy® — 3wz — 2> — 227 |

Qui(z,y,2) = — 62° — 32y — 3wy® — 20°

Qus(z,y, 2) =42” + 32y + 3wy® + 2°,

Qi6(7,y,2) = (v + 2) (227 + z2 + 227) |

Qur(z,y, z) =272 + 122%y 4+ 12222 4 1229% + 1222% + 8y + 8 23

Qus(z,y, 2) =33y" + 42932 — 205222 + 42y2° 4 3324,

Quo(z,y,2) = — 3321y — 422%yz + 202122 — 623y22 + 6 2323 — 622222 4 4822y

+ 62221 4+ 122122 + 122y 2% — 99y22*

Qa0(z,y, 2) =102t + 4822y 2 + 122922 + 12zy2% — 99y%22 |

Qo1 (z,y, 2) = 44xty* + 562192 + 177954,742,22 + 562ty 2% 4 442tz + 8231322 + 8239228
+ 8:62 422 64$2y 23 + 8x2 24 16:Uy4z3 — 16xy32 + 132y 2
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Qa(r,y,2) = 67zt + 6523y + 65232 — 22%y% + 272%yz — 2 2222 — 262y%2 — 26xy2>
— 12222,
Qa3(z,y, 2) =22y — 4ztz + 303y + 122322 + 1822y 2% + 242223 + 17xy2? + 8zt
+ 6yz*,
Qoa(z,y, 2) =2y — 2022 — 2xyz + da2? + 3y2?,
Qos(z,y, 2) = xty* — 2ety32 — 20%y23 + a2t + 62%y3 2% + 4wy 23 + dayB2t 4 3yt 2t
(7.31)

As expected, the results involve only classical polylogarithms with arguments such that all
functions are real in the region (7.3). Furthermore, the Z, Bose symmetry is completely
manifest. However, due to the reduced symmetry with respect to the first helicity configu-
ration, the expressions are not as compact as in the previous case. It is worth noting that
the weight four contribution is identical for both helicity configurations.

7.2 Analytic continuation to the scattering region

The expressions presented in the previous section are only valid in the decay region (7.3). In
the rest of this section we show how to perform the analytic continuation to the scattering
region. We have to distinguish the following cases,

g+g+ g_ 1 >0 and z9,z3 <0,
gtgt — Hyg (7.32)
gtg” — Hg" 2o >0 and x1,23 <0.
In all cases the kinematic invariants are subject to the constraint
1 +x9+a3=1, (7.33)

which simply expresses s+t +u = m%{ In the following we only discuss the analytic con-
tinuation in the case where all gluons have a positive helicity, all other cases being similar.
In the decay region all invariants are positive and have a small positive imaginary
part. The analytic continuation to the scattering region is then performed according to

the prescription
S93 — |s23] ™ and s13 — |s13] el (7.34)

while all other invariants remain unchanged. This implies the following prescription for
the dimensionless ratios,

21— 21 and a9 — Toe'™ and xg — Tse'™, (7.35)

where we defined z; = |z;| = —x;.
Using these prescriptions, the Kummer functions are analytically continued

according to

1

) _1\n—k
An <—ze“”f) S (n—1)! O (1]3' M |2| + i67]¥ Lin_y (—2) - (7.36)

S
I

i
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In addition, we need to analytically continue classical polylogarithms of the form
Li, (1 - ze“’f) ., 2>0 and §==+1. (7.37)

While the corresponding formulas could be obtained by the help of, e.g., the MATHEMATICA
package HPL [32], we show how the analytic continuation formulas can be derived from
the coproduct. Similar to the case of the inversion relations discussed in section 6, we
proceed recursively in the weight. At weight one, we immediately obtain

Li; (1 — zei‘S”) =—In (z em”) =—Ilnz—idm. (7.38)

At weight 2, we act with the coproduct, and drop all the 7 terms in all the factors of the
coproduct except the first one,

Aq |:Li2 (1 — zeidﬂ) } =Lip (1 - zeih) ® In (1 — zew”)
=—lnz®In(l+2) —ir®In(l+ 2) (7.39)
=A1; { —Lig(—2) —Inzln(l +2) —imIn(1 + z)] .

Thus, we obtain
Liy (1 -z ei‘;”) = —Lig(—2) —Inzln(1 + 2) —irIn(l+ 2) + cn?, (7.40)

for some rational number c. Specializing to z = 0 (where we are insensitive to the phase),

D=

we immediately obtain ¢ =
At weight 3, we first act with Ay 1,

Aiin [Lig (1 — zei‘h)} =L <1 — zei‘h) ® In (1 — zew”) ® In (1 - zei‘S”)
=—nzh(l+z2z)@n(l+2)—idr®@n(l+2z)®@In(l+ 2)

1 1 ]
= Ay, |Lis (1_1_2) ~ 35 In?(1+ 2) — %5% In?(1 + 2)
(7.41)
In order to determine the terms proportional to 72, we compute
Aoy |Lis (1 — zei‘sw) — | Lis LI 11113(1 +2z)— E‘(57rlr12(1 + 2)
’ 1+2 6 2
(7.42)
1, 2
=37 ®@In(l+2)=Ag; ?ln(l + 2)
Thus,
Li (1 - zei5“> i [ —— ) = S P14 2) — Lor (14 2) + 7T—2111(1+z)+c4 (7.43)
’ ~ P \1+z) 6 2 3 s

Specializing to z = 0, we obtain ¢ = 0.
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Using this technique we can recursively derive all the analytic continuation formulas

for functions of the type (7.37). In particular, at weight 4 we obtain

4 1 1 107 2 7l
Li (1— “5“>:—L' ) (14 -2 w3 T 2 T (744
ig ze N s 24n(+z) 5 n(+z)+6 n(+z)+45 (7.44)
These formulas are enough to perform the analytic continuation from the decay region
to the scattering region. We checked numerically that our results agree (after analytic
continuation) with the results in the scattering region presented in ref. [61] for all the
helicity configurations.

8 Conclusion

While recent advances seem to indicate that, at least in the context of the A" = 4 Super
Yang-Mills theory, scattering amplitudes are simpler than expected, it is a known fact
that the analytical evaluation of multi-loop Feynman integrals can lead to very lengthy
and complicated expressions involving new classes of transcendental functions only poorly
studied in the literature. A systematic approach to study these new functions and their
functional equations is therefore highly desirable, not only from the formal standpoint, but
also in perspective of phenomenological applications. A first step in this direction has been
made in ref. [40] with the introduction of the so-called symbol map that allows to map the
combinatorics of transcendental functions defined by iterated integrals to the combinatorics
in a certain tensor algebra.

In this paper we have proposed a novel approach to deal with complicated expressions
that can arise from a special class of Feynman integral computations, namely those that
can be evaluated in terms of multiple polylogarithms. The cornerstone of this approach is
the coproduct on multiple polylogarithms introduced by Goncharov in ref. [58], augmented
by some ideas from a recent paper by Brown [59]. The main feature is that, unlike the
symbol, the coproduct allows to incorporate ¢ values into the calculus, thus retaining more
information about the function. We have demonstrated the virtue of this novel approach
by rewriting the two-loop helicity amplitudes for a Higgs boson plus three gluons originally
computed in ref. [60, 61] in a compact analytical form, revealing, at least to our knowledge,
for the first time an unexpected simplicity for a two-loop multi-scale amplitude in QCD.
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A The multiple polylogarithm coproduct

A.1 The coproduct in the generic case

Before discussing how to define the coproduct of a multiple polylogarithm with non-generic
arguments, let us first review a diagrammatic interpretation of the coproduct introduced
in refs. [58, 63].
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Consider a multiple polylogarithm of the form I(ag;a1,...,an;an+1). We associate to
it a diagram where we arrange the arguments of the multiple polylogarithm on a semi-circle.

For example, for n = 3 we have

a2 as

ag as (A1)

The different terms in the coproduct in eq. (5.1) then correspond to connecting points
via a polygon (including the empty polygon) in all possible ways. The points lying on the
polygon provide the arguments for polylogarithm in the first factor in a given term in the
coproduct, while the remaining points determine the entry of the second factor. Here we
illustrate this construction only on the example of I(ag; a1, as,as,as;as), and we refer to
refs. [58, 63] for further details. In this case the polygons together with the terms in the

coproduct they correspond to are

a9 as

1

S
>@
Ny

aop as
1 ® I(ag; a1, az,as, as; as)

ap as
I(ag; aq;as) @ I(ag; a1, a2, as; as)

1

P Q
S
)
IS
w
Q
W~

ap as
I(ag; a1, a3;a5) @ [I(a1; az; az)l(as; as; as)]

1

S
S
¥
IS
w
S
&

ag as
I(CL(); ai; (15) X I(al; az,as, a4; (15)

1

Q
=)
)
IS
w
Q
=~

ap as
I(aop; a3;as) ® [I(ao; a1, az; az)l(as; as; as)]

1

S
Q
)
Q
w
IS
W~

ago as
I(ap; a1,a2;a5) ® I(az; a3, as; as)

a2 as
al/ a4
ag as
I(ag; ay, a4; a5) &® I(al; az, as; a4)
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ago as

I(ao; az,as;as) ® [I(ag; ar;a2)l(as; as; as)]

aop as
I(ag; a1, az,as;a5) @ I(az; az; ay)

1

p e
S
Do
S
w
‘ £

aop as
I(ag; az, a3, as; as) @ I(ag; ay; az)

1

S
Q
)
Q
w
IS
i

ao as

I(ap; az, aq;a5) @ [I(ag; ar; a2)l(az; as; aq)]

1

S
S
N
IS
w
S
=~

aop as
I(ag; a1,a2,a3;a5) ® I(as; as; as)

1

S
Q
)
Q
w
IS
N

ao as
I(ag; a1, a3,a4;a5) @ I(ay; az; az)

1

e
S
[N}
S
w
‘ N

ag as
I(ag; a1, a2,as3,a4;a5) @ 1

A.2 The coproduct in the non-generic case

As already mentioned, the formula for the coproduct, eq. (5.1), is only valid in the generic
case where all the arguments are mutually different. Indeed, in the non-generic case
divergences can arise in individual terms in the coproduct. A multiple polylogarithm
I(ap;a1,...,an;ant1) is in general divergent if either a3 = ag or a, = a,41. In this case
the poles in the integrand coincide with the endpoints of the integration path. As an
example of how these divergences can arise inside the coproduct, consider the multiple
polylogarithm I(ag;ai,ag,as;as), which is convergent whenever ag # a; and as # as.
Eq. (5.1), however, contains a term

a2

ao a3
I(ap; a1, az; a3) @ I(ay; az;az),
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and the second factor, I(a;ag;as), is divergent.

In refs. [58, 63] the coproduct in the non-generic case is defined by replacing in the
right-hand side of eq. (5.1) every multiple polylogarithm by its regularized value. In the
following we only give a practical rule of how to obtain a regularized value (there is more
than one way to perform the regularization), and we refer to refs. [58, 63] for more details.

As the divergences of a multiple polylogarithm are end-point divergences, we can easily
regularize them by slightly moving the end points of the integration path. In practice we
usually deal with integration paths that are straight lines, and in this case the regularization
can simply be achieved by the replacement

Hagos i -+ {100 T et
This regularization procedure has two obvious features:
1. If I(ap;ai, . ..,an; ant1) is convergent, then
gi_r)%f(ao(l +e)sar, ... an;ant1(1 —¢)) =1I(ap;ai,...,an; ant1) - (A.3)

2. The regularization (A.2) preserves shuffle identities.
As a consequence, we can use shuffle identities to extract all the divergences of the multiple
polylogarithms, e.g.,
I(ap(1 +¢);a1,a2,a2;a2(1 —¢€)) = I(ap(l + €); az, az;as(l —€))I(ao(l +€);ar;a2(l —¢))
— I(ap(1 +€);a9,a1,a2;a2(1 —€)) — I(ag(1 + €);az, az, ar; az(1l — €))
= I(ap(1 4+ €);a2,az;a2(1 —€))I(ap(l + €);ar;a2(1l —¢))
—I(ap(1+¢€);a2,a1;a2(1 —€))I(ap(l +¢€); az; az2(l —€))

+ I(ap(1 + €); az,a2; a1 (1 — €))

1
=3 IHQEI(CL(); ay;az) —Ine I(ap; az, a; a2) + I(ap; ag, as, ai; ag) .

(A.4)
In this way all the divergences are regularized, and the shuflie identities allow us to write the
regularized integrals as a polynomials in Ine. The regularized value f(ao; A1,y p;Gpyl)
of the multiple polylogarithm I(ag; a1, ..., an;ant1) is defined as the constant term of this
polynomial. As an example, from eq. (A.4) we obtain

~

I(ap; a1, a2, az; a2) = I(ao; az, az, ar; az) . (A.5)

The coproduct in the non-generic case is then obtained by replacing all multiple polyloga-
rithms in the right-hand side of eq. (5.1) by their regularized values,

A(I(ao; a1, ..., 0n; an+1))

k
= E I(ao; aiyy -y Q3,5 ant1) ® H I(ai,; @iyt oo Qi —15 Gy )
0:7;1<Z'2<...<7:k <ik+1:n p:0

(A.6)
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B Proofs of the derivative and monodromy identities

B.1 Proof of the derivative identity

In this section we sketch the proof of the derivative identity (5.23) in a particular case,
namely

0

8anJrl

<id ® 5 9 ) A(I(ap;aiy ..., an;an41)) = A ( I(ag;ay, ... an; an+1)> ,  (B.1)
an+1

where we assume all arguments of the multiple polylogarithm generic.

Let us compute the action of the differential operator in the left-hand side of eq. (B.1).
It is obvious that we do only get a non-zero contribution from those terms in the coproduct
where the second factor depends on a,41. If all the arguments are generic, it is easy to see
that this is the case precisely for those terms in eq. (5.1) where the polygon inscribed into
the semi-circle (see appendix A) does not contain a,. As an example, for n = 3, the term

a2

ag Qg4
I(agp; a1, as;a4) ® I(ay; a;as),

vanishes under the action of the differential operator (id & %), whereas the term

ap Qg
I(ap;a1;a4) @ I(ar;az,as;a4),

gives a non-zero contribution, namely

a4 — as

ao Qa4
I(ag;ar;a4) ® I(a1;ag;a4),

It is clear that in this way we produce precisely all the polygons inscribed into the semi-
1
Ap4+1—0n "
These terms are in one-to-one correspondence with the terms in the coproduct of

circle with the point a,, (a3 in the example above) removed, multiplied by
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I(ap;aq,...,an—1;an+1). Thus, we obtain

1

. 0
<1d ® 3an+1) A(I(ag;a,...,an;ane1)) = m A (I(ag;a1,...,an-1;0n+1))

Gn41 — An

1
=A < I(ag;ay, . .. 7an—1§an+1)>

0
= A (aan+1 I(“O% a/lv AR 7a'n; an—i—l)) 9

(B.3)
which finishes the proof.

B.2 Proof of the monodromy identity

In this section we sketch the proof of the monodromy identity (5.23) in a particular
case, namely

(Man+1=ai ® id) A(I(ag;ai, ... an;an41)) = A (/\/lanH:aiI(ao; A1y .., Ap; anﬂ)) ,
(B.4)
where all arguments of the multiple polylogarithm are assumed generic.

We again start by evaluating the action of the monodromy operator in the left-hand
side of eq. (B.4). It is clear that only those terms in the coproduct where the first factor
depends on a; contribute a non-zero answer. For generic arguments this implies that the
polygon associated to this term must contain a;. As an example, for n = 3 and ¢ = 2,
the term

a2

ap Qay
I(ap;a1,as;aq) @ I(ay;az;a3),

vanishes under the action of the monodromy operator (Ma,,,—q, ® id), whereas the term

a2

ag Qa4
I(ap; a1, az; a4) @ I(ag; as;as) ,

contributes non-trivially to the left-hand side of eq. (B.4). In ref. [63] a formula for the
monodromy of a multiple polylogarithm was given,

Ma, 1= l(a0iar, ... an;ang1) = 2miI(ag; ar, . .. ai—150;) I(ai; aip1s - .- 5 Gni Gngt) -
(B.5)
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Applying this formula to the left-hand side of eq. (B.4) implies that the monodromy oper-
ator ‘splits’ all the polygons that give a non-vanishing contribution at the point a;. In the
example n = 3, ¢ = 2 considered above we obtain the splitting

az

ao a4
2miI(ag;ar;az) - 1] ® [1-1(ag;as;aq)],

Summing over the split polygons is equivalent to summing over all pairs of polygons con-
tributing to the coproduct of the two multiple polylogarithms in the right-hand side of
eq. (B.5). Thus, we obtain

(Man+1=ai ® id)A(I(ao;al, ey piApt1))
=2mi®1)A(I(ag;a1,...,a;-1;0;)) A(I(ai;ait1,. .., an;ant1))

=A (./\/lanH:aiI(ao; 1y ..y Gy an+1)) ,
(B.6)

which finishes the proof.
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