mzuriCh ETH Library

Antenna subtraction for the
production of heavy particles at
hadron colliders

Journal Article

Author(s):
Abelof, Gabriel; Gehrmann-De Ridder, Aude

Publication date:
2011-04

Permanent link:
https://doi.org/10.3929/ethz-b-000037782

Rights / license:
Creative Commons Attribution 4.0 International

Originally published in:
Journal of High Energy Physics 2011(4), https://doi.org/10.1007/JHEP04(2011)063

This page was generated automatically upon download from the ETH Zurich Research Collection.
For more information, please consult the Terms of use.



https://doi.org/10.3929/ethz-b-000037782
http://creativecommons.org/licenses/by/4.0/
https://doi.org/10.1007/JHEP04(2011)063
https://www.research-collection.ethz.ch
https://www.research-collection.ethz.ch/terms-of-use

PUBLISHED FOR SISSA BY €) SPRINGER

RECEIVED: February 21, 2011
REVISED: March 29, 2011
ACCEPTED: April 4, 2011

PUBLISHED: April 13, 2011

Antenna subtraction for the production of heavy
particles at hadron colliders

G. Abelof and A. Gehrmann-De Ridder

Institute for Theoretical Physics, ETH,
Honggerberg, CH-8093 Zurich, Switzerland

E-mail: abelof@itp.phys.ethz.ch, gehra@phys.ethz.ch

ABSTRACT: The antenna subtraction method developed originally for the computation of
higher order corrections to jet observables from a colourless initial state is extended for
hadron collider processes involving a pair of massive particles and jets in the final state
at the next-to-leading order (NLO) level. Due to the presence of coloured initial states,
the subtraction terms need to be divided into three categories (final-final, initial-final and
initial-initial). In this paper, we outline their construction and derive the necessary ingredi-
ents: phase space factorisation, antenna functions and also integrated antennae, including
the effects of massive final states in all of those building parts. As a first application,
we explicitly construct the colour-ordered real radiation and the corresponding antenna
subtraction terms required at NLO for the production of a top quark pair and for the
production of a top quark pair in association with a hard jet. The latter constitutes an
essential ingredient for the computation of the hadronic production of a top-antitop pair
at NNLO.

KeEYwoRrDS: Jets, NLO Computations, Hadronic Colliders, QCD

ARX1v EPRINT: 1102.2443

© SISSA 2011 doi:10.1007/JHEP04(2011)063


mailto:abelof@itp.phys.ethz.ch
mailto:gehra@phys.ethz.ch
http://arxiv.org/abs/1102.2443
http://dx.doi.org/10.1007/JHEP04(2011)063

Contents
1 Introduction

2 Antenna subtraction with massive final states
2.1 Real radiation contributions to heavy quark pair production in association
with jets
2.2 Subtraction terms for final-final configurations
2.3 Subtraction terms for initial-final configurations
2.3.1 Phase space factorisation and mappings
2.4 Subtraction terms for initial-initial configurations

3 Massive antenna functions

3.1 General features of antenna functions
3.1.1 Flavour-violating antennae

3.2 Massive NLO final-final antenna functions
3.2.1 Quark-Antiquark antennae
3.2.2  Quark-Gluon antennae
3.2.3 Flavour violating antennae

3.3 Massive NLO initial-final antenna functions
3.3.1 Quark-Antiquark antennae
3.3.2  Quark-gluon antennae
3.3.3 Flavour violating antennae

4 Singular limits of the massive antennae

4.1 Single unresolved massless factors

4.2 Single unresolved massive factors
4.2.1 Quasi-collinear limit in final-final and initial-final configurations
4.2.2 Factorisation in the quasi-collinear limits

4.3 Singular limits of the massive antenna functions
4.3.1 Final-final antenna functions
4.3.2 Initial-final antenna functions

5 Integrated massive antenna functions
5.1 Properties of the integrated massive antennae
5.1.1 Infrared singularity structure
5.2 Integrated massive final-final antennae
5.3 Integrated massive initial-final antennae
5.3.1 Phase space parametrisations for initial-final configurations
5.3.2 Integrated forms of the initial-final massive antennae

0
6 Check of Ag;QQ

10
10
12

13
13
15
16
16
16
18
18
19
19
21

22
22
23
23
24
25
25
26

27
27
28
30
33
34
35

41



7 Application to top quark pair production at LHC 42

7.1 tt production at LHC 43
7.1.1 Processes derived from 0 — QQqqg 44

7.1.2  Partonic process gg — QQg 46

7.1.3 Consistency check 47

7.2 tt + jet production at LHC 49
7.2.1 Interference terms 50

7.2.2  Processes derived from 0 — QQqqq'q 53

7.2.3 Processes derived from 0 — QQqgGgg 59

7.2.4 Partonic process gg — QQgg 67

8 Conclusions 72

1 Introduction

At LHC, physics beyond the Standard Model will almost inevitably manifest itself by the
creation of massive particles which decay instantaneously into multiparticle final states.
Searches for supersymmetric particles often involve final states with four or more jets. Top
quarks [1, 2] are measured through their decay into a bottom quark and a subsequently
decaying W-boson, yielding up to six-jet final states for top quark pair production. Mean-
ingful searches for these signals require not only a very good anticipation of the expected
signal, but also of all standard model backgrounds yielding identical final state signatures.
Since leading-order calculations are affected by large uncertainties in their normalisation
and their kinematical dependence, it appears almost mandatory to include NLO correc-
tions. For a long time, these corrections were available only for at most three final state
particles. Up to recently, the principle obstacle to NLO calculations of final states with
higher multiplicities were the one-loop virtual corrections to multi-parton scattering ampli-
tudes. Application of standard quantum field theory methods to those produced extremely
large and numerically unstable expressions. In the recent past, several new algorithms have
emerged to circumvent these numerical instabilities [3-8]. The recently released packages
CutTools [9], BlackHat [10], Golem [11], Rocket [12] and Samurai [13] provide automated
implementations of these new methods. They were already applied to in a number of
pioneering calculations [14-25].

With a mass m; = 173 £ 1.3 GeV, the top quark is the heaviest particle produced
at colliders and due to its very large mass it decays before it hadronises. By studying its
properties in detail, it is hoped to elucidate the origin of particle masses and the mechanism
of electroweak symmetry breaking. Since its discovery at the Fermilab Tevatron, a number
of its properties (mass, couplings) have been determined to an accuracy of ten to twenty
per cent. With the large number of top quark pairs expected to be produced at the LHC,
the study of its properties will become precision physics. This large production rate will



allow precise measurements of their properties and their production cross sections with an
expected experimental accuracy of five per cent.

Current theoretical predictions for the top quark pair production cross section include
NLO corrections [24-27] and next-to-leading-logarithmic resummation (NLL) [28-30].
More recently even the NNLL resummation effects have been completed in [31]. These
predictions lead to a theoretical uncertainty of the order of ten per cent. The same precision
is available for single top quark production [32], top-pair-plus-jets production [23, 33, 34]
and for top-pair-plus-bottom-pair production [21, 22].

The top quark appears as virtual particle in hadron collider processes and due to the
small ratio between the top quark width and its mass, it is possible to factor the cross
section of processes involving top quarks into the product of the production cross section
for on-shell top quarks and the top quark decay width. Most of the calculations mentioned
above are performed for on-shell top quark pair production. Only most recently, the decay
of the top quark has been included in NLO calculations [24, 25, 35] leading to a similar
theoretical accuracy.

Even for on-shell top quark pair production, a full fixed order calculation of the total
top-antitop rate at NNLO, required to match the experimental accuracy, is missing. NNLO
calculations involving massive quarks require the same ingredients as their massless coun-
terparts. Three classes of contributions enter: double real, mixed real-virtual and two-loop
type virtual contributions. However, the quark mass introduces one additional scale into
the calculation. Especially the two-loop virtual corrections become therefore more involved
than in the massless case. On the other hand, the treatment of the real radiation n + 2
parton processes is expected to be easier, since the heavy quark mass acts as an extra
infrared regulator, thus eliminating part of the singularity structure.

Recent progresses has been accomplished concerning the two-loop contributions. Part
of these two-loop virtual corrections are built with products of one-loop virtual amplitudes.
Those corrections have been computed in [37-39]. Concerning the two-loop virtual correc-
tions build with product of two-loop and tree-level amplitudes, the situation is different.
The two-loop virtual corrections for the processes qg — tt and gg — tt are not fully avail-
able at present. A purely numerical evaluation of the quark-initiated process [40] could be
partly confirmed by analytical results [41-43], which were most recently extended also to
the gluon-induced subprocess.

Real radiation corrections involving heavy quarks have up to now been investigated
only at NLO. Most recently a semi-numerical scheme to evaluate the double real radiation
corrections at NNLO has been introduced and applied to top quark pair production [44—46].

In this paper, towards calculating the double real contributions to top-antitop pro-
duction in hadronic collisions at NNLO, we extend the antenna subtraction formalism to
be applicable to the production of massive heavy quark pairs in the presence of coloured
initial states and present results for the real and subtraction contributions for ¢ and tt
+jet production at NLO.



Generally, for hard scattering observables, the inclusive cross section with two incoming
hadrons Hy, Hy can be written as

dé; d
Z/ <1 52 fa/1 (&1) foy2(&2) dGap (1 H1, §2Ha) (1.1)

where £ and & are the momentum fractions of the partons of species a and b in both incom-
ing hadrons, f being the corresponding parton distribution functions and da,;,(§1 Hy, &2 H2)
is the parton-level scattering cross section for incoming partons a and b.

The partonic cross section d,, has a perturbative expansion in the strong coupling o
such that theoretical predictions for a hadronic process at a given order in «; are obtained
when all partonic channels contributing to that order to the partonic cross section are
summed and convoluted with the appropriate parton distribution functions as in eq. (1.1).

In general, beyond the leading order, each partonic channel contains both ultraviolet
and infrared (soft and collinear) divergences. The ultraviolet poles are removed by renor-
malisation in each channel. Collinear poles originating from the radiation of initial state
partons are cancelled by mass factorisation counterterms and absorbed in the parton distri-
bution functions. The remaining soft and collinear poles cancel among each other when all
partonic contributions are summed over [47, 48]. As these observables depend in a non triv-
ial manner on the experimental criteria needed to define them, they can only be calculated
numerically. The computation of hadronic observables including higher order corrections
therefore requires a systematic procedure to cancel infrared singularities among different
partonic channels before any numerical computation of the observable can be performed.

For the task of next-to-leading order (NLO) calculations [49, 50], the infrared diver-
gencies present in real radiation contributions can be systematically extracted by process-
independent procedures, called subtraction methods.

More specifically, let us consider the hadronic production of m-jets at NLO. A theoret-
ical prediction for this observable is obtained by summing the following massless partonic
contributions: At LO, the tree-level contribution contains m partons in the final state
which build m jets.

At NLO, the differential cross section for the production of m-jets, donr,0 may sym-
bolically be written as,

donro = / dofo Jm Y +/ (d&KLo + d&%go) Jim (1.2)
d®p41 do,,

where [ Ay corresponds to the integration over the N parton phase space. The cross
section is built with the real radiation cross section contribution dé¥ which has (m + 1)
massless partons in the final state, the one-loop cross section d6¥ and the mass factorisation
counterterm daNLO which have both m partons in the final state. A jet algorithm is applied
separately on each of these contributions to ensure that out of n partons, m jets are built
in the final state. Symbolically this recombination procedure is denoted by J,g,? ),

The purpose of any subtraction method is to provide a subtraction term d&ﬁ}Lo which
has the same singular behaviour as the real radiation squared matrix element and is suffi-

ciently simple to be integrated analytically over a factorised form of the (m+1)-phase space.



Using a subtraction method, the NLO partonic cross section given in eq. (1.2) may
then be written as,

dénro = / (dofo — doRpo) Ji
dq)m«kl

- / < / déRy0 + doYro + d&%ﬁ()) Jm), (1.3)
d®,, \J1

With this, the first integral is finite and can be integrated numerically in four dimen-
sions. The integrated form of the subtraction term has the same number of final-state
partons as the virtual contributions and the mass factorisation counterterms. It can there-
fore be combined with those thereby canceling analytically the explicit infrared divergences.
The second integral in eq. (1.3) is therefore finite as well.

The actual form of the subtraction term d&fmo depends on the subtraction formalism
used. The approximations of the matrix-element in the unresolved limits being non unique,
several successful subtraction formulations have been proposed in the literature [51-55].
The dipole formalism of Catani and Seymour [51] and the FKS [52] of Frixione, Kunszt
and Signer have been implemented in an automated way in [56-61]. In its original formu-
lation, the formalism of Catani-Seymour [51] deals with massless partons in final and/or
initial state at NLO.

An alternative subtraction formalism is given by the the antenna subtraction method

This formalism [62-64] was originally derived for processes involving only (massless)
final state partons in ete™ collisions. It has been applied in the computation of NNLO
corrections to three-jet production in electron-positron annihilation [65-68] and related
event shapes [69-73], which were subsequently used in precision determinations of the
strong coupling constant [74-78].

For processes with initial-state partons and massless final states, the antenna subtrac-
tion formalism has been so far fully worked out only to NLO in [62, 63, 79]. It has been
extended to NNLO for processes involving one initial state parton relevant for electron-
proton scattering in [80] while an extension of the formalism to include two initial state
hadrons at NNLO is under construction [81, 82].

Subtraction formalisms which deal with massive final state particles have been so far
only developed up to the NLO level [83-86]. The kinematics is more involved due to the
finite value of the parton masses. QCD radiation from massive particles can lead to soft
divergencies but cannot lead to strict collinear divergencies, since the mass is acting as an
infrared regulator. In a calculation of observables involving massive final state fermions,
logarithmic terms of the form In(Q?/M?), where M is the parton mass and @, the typ-
ical scale of the hard scattering process can be generated. In kinematical configurations
where Q > M, these logarithmically enhanced contributions can become large and can
spoil the numerical convergence of the calculation. The cross section calculation of ¢t at
LHC is an example where such enhanced logarithmic terms arise. These terms are related
to a process-independent behaviour of the matrix elements; its singular behaviour in the
massless limit (M — 0). This singular behaviour is related to the quasi-collinear [83] limit

of the matrix element. In the presence of massive particles, the factorisation properties of



matrix element and phase space in collinear and soft limits need to be generalised to take
the mass effects into account.

The dipole formalism of Catani and Seymour [51] and the FKS formalism [52] have
been extended to deal with massive particles in [83] for colourless and for coloured initial
states up to the NLO. The subtraction terms constructed within this formalism account
for the quasi-collinear limits of the matrix-element squared.

The antenna subtraction method has so far only been extended to deal with the produc-
tion of massive fermions from a colourless initial state in [86]. It is the purpose of this paper
to present an extension of this method to include radiation off final state massive fermions
produced in hadronic processes. In this paper we aim to derive all necessary ingredients,
massive antennae, phase space factorisation and finally integrated massive antennae for
this extension. As a first application, we construct the subtraction terms d&fILO required

for the hadronic production of a top quark pair in association with no or one hadronic jet.

These two processes, pp — tt and pp — tt +jet have been calculated in [28, 33] using
the dipole subtraction method [83]. Our aim here is however not to redo this calculation
using another subtraction scheme. Instead, we construct here the subtraction terms for
tt +jet production in a colour-ordered form which is essential for the computation of top
quark pair production without any jets at NNLO within the framework of the antenna
formalism. Those subtraction terms can be used to capture all single unresolved radiation
from the double real radiation contribution for the ¢t pair production at NNLO.

The plan of this paper is as follows. In section 2 we outline the construction of the
subtraction terms for the hadronic production of a heavy quark pair in association with
(m — 2)-jets at NLO. We present the form of the subtraction terms in all kinematical con-
figurations with particular emphasis on the changes caused by the presence of massive final
state particles in the expressions of the subtraction terms compared to those expressions
in the massless case. Section 3 contains a list of all massive antenna functions required. In
section 4 we tabulate all non-vanishing single unresolved limits of those massive antennae
while in section 5 results for the integrated antennae are given. Section 6 presents a check
on one of the integrated antenna. In section 7, for all partonic process involved, we present
the colour ordered real contributions and their subtraction terms required to evaluate the
hadronic production cross section of a tt pair and of ¢t pair and a jet at NLO. Finally
section 8 contains our conclusions.

2 Antenna subtraction with massive final states

In this section, we present the general formalism necessary to evaluate the hadronic pro-
duction of a pair of heavy quarks QQ in association with (m —2) jets at the next-to-leading
order (NLO) in perturbative QCD.



2.1 Real radiation contributions to heavy quark pair production in association
with jets

The leading order (LO) m-parton contribution to the hadronic production of a pair of
heavy quarks QQ in association with (m — 2) jets may be written as,

da—LO(plap2) :N Z dq)m(kQ?kQakla .. '>km72;p17p2)

m—2

X Sriz ‘Mm(kQ, kQ, /{?1, ey km_g;pl,pg)‘Q J&m)(kQ, kQ, /{:1, ey km_g). (2.1)
The momenta p; and po are the momenta of the initial state partons, the massive partons
Q and @ have momenta kg and kg, while the momenta of the remaining (m — 2) massless
final state partons are labelled ky . .. k2. Sy _o is a symmetry factor for identical massless
partons in the final state. J&m)(k:Q, kg, k1, ... kpm—2) is the jet function. It ensures that out
of (m — 2) massless partons and a pair of heavy quarks @ and @ present in the final
state at parton level, an observable with a pair of heavy quark jets in association with
(m — 2) jets is built. At this order each massless or massive parton forms a jet on its
own. The normalization factor N includes all QCD-independent factors as well as the
dependence on the renormalised QCD coupling constant a,. Y., denotes the sum over
all configurations with (m — 2) massless partons. d®,, is the phase space for an m-parton
final state containing (m — 2) massless and two massive partons with total four-momentum
pi +ph. In d = 4 — 2€ space-time dimensions, this phase space takes the form:

dd*le dd—le

AD,, (ko ko ke - s kno: P, pa) =
(kQ, kg, Fn 21, P2) 2Eq(2m)d-1 2B (2m)d-1

dd*l kl ddilkﬁm,Q

2 d6d ke —fm — k —k‘mi 99
OBy 2m)it T 2B 2wyt BT O p2=ho =k =k ). (2.2)

In eq. (2.1) | M,,|? denotes a colour-ordered tree-level m-parton matrix element squared for
m partons out of which two are massive. These terms only account for the leading colour
contributions to the squared matrix elements. On the other hand, colour subleading contri-
butions are, in general, given by the interference between two colour-ordered n-parton am-
plitudes. However, to keep the notation simpler we denote these interference contributions
also as | M, |2. Related to these interference terms, it is here worth noting the following: As
soon as more than five coloured partons are present in a given partonic process, the subtrac-
tion of infrared singularities present in interference terms is more involved than for colour
ordered squared matrix elements. This particular issue will be treated in section 7.2.1.

At, NLO the real radiation partonic contribution to the production of the heavy quark
pair production in association with (m — 2) jets involves (m + 1)-final state partons with
two of them being massive. It may be written as,

d6NLo(p1p2) =N > d®yi(kq, kg, K, s kmo1;p1,p2)
m+1

1
X IS . ‘Mm+1(kQ,/€Q,/€1, [ ,km_l, ;pl,pg)‘Q Jr(nerl)(kQ,/{:Q,kl, ey km—l)- (2.3)
m—+



The jet function ,S,Lerl) ensures that out of (m — 1)-massless partons and a QQ pair, an

observable with a pair of heavy quark jets in addition to (m — 2) jets, are built. In other
words, an m-jet observable is formed.

In this contribution, when the real matrix element squared |M,,1|? is integrated over
the phase space, it develops singularities when one parton in the final state is unresolved.
In the presence of massive partons in the final state, a parton is called unresolved, either
when it becomes soft or collinear to another massless parton or when it is quasi-collinear
to a massive parton. In this latter case, it leads to finite logarithmic terms involving the
mass of the massive parton. The notion of quasi-collinear limit will be explicitly presented
in section 4. To extract the unresolved behaviours of the real matrix element, subtraction
terms which take both the massless and massive effects need to be considered.

At the next-to-leading order, the subtraction terms derived in the antenna formal-
ism [62-64, 79] are constructed solely with tree-level three-parton antenna functions. Those
functions encapsulate all singular limits due to the emission of one unresolved parton be-
tween two colour-connected hard partons, called radiators.

Depending where the two radiators are located, in the initial or in the final state, we
distinguish three types of configurations: final-final, initial-final and initial-initial. In any

of those configurations, the radiated parton is always in the final state.

The subtraction terms in a given configuration are constructed from products of the
corresponding antenna functions with reduced matrix elements. Those can be integrated
over a phase space which is factorised into an antenna phase space (involving all unresolved
partons and the two radiators) multiplied by a reduced phase space, where the momenta of
radiators and unresolved radiation are replaced by two redefined momenta. These redefined
momenta can be in the initial or in the final state depending on where the corresponding
radiator momenta are and are defined by appropriate mappings. The full subtraction
term is then obtained by summing over all antennae required in one configuration and by
summing over all configurations needed for the problem under consideration.

The antenna subtraction terms do not provide a strictly local subtraction of collinear
singularities in the case of a gluon splitting to two gluons or to a quark-antiquark pair. In
these, the antenna subtraction term accounts for the singular behavior only after integration
over the azimuthal angle of the two parton system with respect to the collinear direction.
As a consequence, the numerical integration of the difference of matrix element and antenna
subtraction term is potentially unstable. By an appropriate partitioning of the final state
phase space [65, 87], this azimuthal integration variable can be separated off for each
limit. Once this variable is separated, the angular terms can be averaged out by a smooth
one-dimensional integration, or by combining different phase space points.

The massless and massive three parton final-final antenna functions, besides being
fundamental entities of the antenna subtraction formalism developed for colourless ini-
tial states and for massless partons in [64] or for massive partons in [86] have another
fundamental role. Those can be used as basic ingredients in parton showers. The event
generator VINCIA uses these antenna functions as evolution kernels. In its present formula-
tion [88, 89], VINCIA describes the evolution of timelike showers based on the massless [64]



and the massive [86] antenna functions. A study concerning the importance of quark mass
effects is currently ongoing. The results presented in this paper concerning the massive
initial-final antennae will become relevant for initial-state parton showers for observables
with massive final states.

For the NLO corrections to QQ + jets production in hadronic collisions, we will need
all three types of subtraction terms and therefore all three types of antenna functions. Since
one massive radiator is always in the final state, the subtraction terms will involve final-
final and initial-final massive antennae but no initial-initial antennae with massive particles.
Antennae involving only massless partons though, will be needed in all three configurations.
Those have been derived and integrated in [64, 79, 82]. All required massive antenna
functions will be presented in section 3 and their integrated forms will be given in section 5.

In the following, we shall present the general form of the subtraction terms needed
in each of the three configurations (final-final, initial-final and initial-initial) to account
for single unresolved radiation in processes involving a heavy quark pair in association
with jets in the final state. We will in particular focus on the changes introduced in the
subtraction terms due to the presence of massive final state particles compared to those

when only massless partons are involved [64, 79, 82].

2.2 Subtraction terms for final-final configurations

In the final-final configuration, the subtraction term related to the real contributions to the
partonic process yielding a heavy quark pair in association with (m—2) jets given in eq. (2.3)
has to take into account the presence of an unresolved parton j of momentum £; emitted
between two hard final-state radiators i and k£ of momenta k; and kj respectively. It reads,

1

d&gééf) - N Z dq)m-i-l(kh ey kia k]7 kky km—l—l;phpQ)S .

m+1
XZ X0 MRy, K Kk g p1, p2) |

J

XJ&m)(kh...,K],KK,...,km+1). (24)

This subtraction term involves the phase space for the production of m+ 1 partons,d®,,,+1,

the massive final-final three-parton antenna function X?, . the reduced m-parton ampli-

ijk>
tude squared |M,,|* and the jet function J,(,Z”). The jet function J&m) ensures that out
of (m — 2) massless partons and a pair of massive partons, (m — 2) jets and a QQ jet
pair is build. The jet function and the reduced m-parton amplitude do not depend on the
individual momenta k;, k; and kj, but will only depend on the redefined momenta k; and
kg which are linear combinations of the original momenta k;, k;, ky.

Two cases are implicitly considered here. Either i and k£ are massive hard final state
radiators in which case the redefined partons I and K are massive or, 7 is massless and k is
massive and the redefined partons I and K are massless and massive respectively. In this
case, one of the parton momenta k, with a # 7,k is massive in order to obtain a reduced

matrix element with two massive final state partons.



Eq. (2.4) holds strictly fot the subtraction of singularities of colour ordered matrix ele-
ments squared. Furthermore, as mentioned before, also interferences between partial ampli-
tudes with different colour orderings appear in the subleading colour pieces. It will be seen
in section 7.2.1 that the subtraction of infrared singularities appearing in these interferences
needs a special treatment. However, to keep equations as brief and clear as possible, we
still write our subtraction terms in the final-final configuration symbolically as in eq. (2.4).

Most of the massive final-final three-parton antenna functions X?jk needed to evaluate
the NLO corrections to Q@ + jets production have been derived in [86]. Those will be
listed in section 3. Solely, the new flavour-violating massive antennae, which are related to
flavour violating vertices, will be explicitly derived in that section.

The phase space d®,,,4+1 can be factorised as follows,

d(I)m-l—l(kla ey kiakjakka ey km-i—l;plapQ) -
=d®(k1,. ., K1, Kiey o oo kg1 p1,p2) - d®x (ki by ks Kr + Kie) - (2.5)

d®,, is the d-dimensional phase space for m outgoing particles with momenta ki, ..., kn41
with two of those momenta being massive, d®x,,, is the NLO final-final antenna phase
space. It is proportional to a massive three-particle phase space relevant to a 1 — 3
decay [86]. Depending whether the two radiators are of equal masses or whether one of
them is massless, different parametrisations of this antenna phase space are obtained. The
parametrisations necessary to integrate the final-final massive antenna functions will be
given in section 5.

Appropriate final-final phase space mappings are furthermore required to define the
final-state momenta k; and kx in the relevant kinematical configurations. Those are how-
ever not unique. A possible mapping can be found in [83]. As in the massless case, the
mapping given in [83] is not symmetric under the exchange of i and k. A possible symmetric
version for a massive final-final definition of the mapped momenta will be given elsewhere.

For the analytic integration, we can use the phase space factorisation formula given in
eq. (2.5) to rewrite each of the subtraction terms in eq. (2.4) in the form

|Mm(k:15aKIaKKa>km+17p17p2)|2 Jr(nm)dq)m /d(I)XUkXZ(‘]]k‘ (26)

The integrated massive final-final antennae, normalised appropriately are defined by
analogy to the massless case by

1
X (sijr) = (o) /dq)Xiijink (2.7)
with, the normalisation factor
C 4y "
= € ) 2.
()= (4m)° (28)

The integration is performed analytically in d-dimensions such that the integrated subtrac-
tion terms can be combined with the one-loop m-parton contribution.



2.3 Subtraction terms for initial-final configurations

In the initial-final configuration, the subtraction term related to the real contributions given
in eq. (2.3) has to take into account the presence of an unresolved parton j of momentum k;,
(which can be massive), emitted between a massless initial state radiator i of momentum
p; and a massive final state radiator k of momentum kj and mass my. It is given by,

S, (1 1
do NLg N qu)erl kﬁl,---,kj,kk,--«,kmﬂ;]?i,m)s (2.9)

m—+1 m+1
Z Ok Mkt Kk K i p2) 2 TS (k- Ky Ko

This subtraction term involves the phase space for the production of (m + 1) par-

tons, d®,,,1, the massive three parton initial-final antenna function denoted by X9, the

i,jk?
reduced m-parton amplitude squared |M,,|? and the jet function JT% ). The reduced m-
parton matrix element squared |M,,|?> does not contain any explicit dependence on the
original final state momenta k; and ki, but only depends on them through the redefined
momentum Kg. The same holds for the jet function J,E,Lm). The three parton massive
antenna functions XZ ik
the final state partons m; and my. These will be presented in section 3.

depend only on the momenta p;, k; and ki and on the masses of

In this configuration, the initial state radiator i is always massless while the final state
radiator k is always massive. The unresolved parton j can be either massless or massive
such that two situations are covered in eq. (2.9). In case it is massless, one of the partons
with k, where a # j,k has to be taken massive in order to build an event with a pair of
massive partons in addition to (m — 2) jets. Depending whether the unresolved parton
is massless or massive, different phase space parametrisations will be needed. Those will
be presented in section 5 when the massive initial-final antennae are integrated over the
unresolved phase space.

As it was mentioned for the final-final case, the subtraction terms as presented in
eq. (2.9) are strictly valid for the subtraction of infrared singularities of colour ordered
matrix elements squared. Interferences of different partial amplitudes which also generate
infrared singularities need a special treatment which we shall present in section 7.2.1. To
keep our equations as brief and clear as possible, we still write our subtraction terms in
the initial-final configuration symbolically as in eq. (2.9).

2.3.1 Phase space factorisation and mappings

For the subtraction term to be integrated and then added to the virtual contributions and
mass factorisation counterterms, we need the phase space to factorise adequately. As the
presence of massive final states lead to differences in this factorisation with respect to the
massless case considered in [79] we derive this phase space factorisation explicitly below.
We start from the 2 — (m + 1)-particle phase space with a priori two massive final
state particles of momenta k; and kj, and the remaining (m — 1) particles staying massless.
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The momenta of the initial state partons are named p; and ps.

A1 (ks - - kimg1; pisp2) = (2m)7 6 <Pi +tpa— ) kl) [Tk, (2.10)
z I

where the phase space measure for massless and massive partons are respectively given
by: [dki] = d% 6+ (k?) / (2m)""" for I # j,k and [dk] = d%k 6% (k} —m?) / (2m)*" for
Il =7, k. We insert

1= /ddq 5(q + pi — kj — k), (2.11)
and, to take into account the masses of the final state particles j and k we insert
2 2
+m dz;
= @ mi / Z /[dKK](Qﬂ)d 5(q +p1 — Kx) (2.12)
2w T;
with ) ,
Q> =—¢ r= @ TR and  pr=;p;. (2.13)
2pi - q

We find that the original phase space for (m+ 1) partons given in eq. (2.10) can be written
as the product of an m-parton (d®,, ) and a two-to-two particle phase space (d®3) as
follows,

d(I)m-l—l(kla ceey km+1;pi7p2) — d(bm(kla o 7KK7 e 7km+1; xipi7p2)
2 2
+m
Q K)d@z(/ﬂp kx; pis q)

2 x;

% ( dxz

(2.14)
Replacing this phase space in the subtraction term given in eq. (2.9) we can explicitly
carry out the integration of the antenna functions over the two-to-two particle phase space
and get the integrated expression for the subtraction term to be added to the virtual
contributions and the mass factorisation counterterms. For this purpose it is convenient
to define the integrated massive initial-final antenna as,

1 (Q2 + m2K)
X o = do X; 5 2.1
i,,jk C(E) / 2 o 4,5k ( 5)

where C'(e) is given in eq. (2.8) and the initial-final massive antenna phase space denoted

by d®yx, ,, is given by,

(Q* +mi)

dox, , = d®. - . (2.16)
Due to the presence of massive particles, the phase space mapping for initial-final

configurations derived in the massless case in [79] needs to be generalized as well: In a

process of the form p; + ¢ — k; + ki, with (¢> < 0) , to find a mapping from the original

momenta p; in the initial state, k; and kj in the final state, to the redefined momenta

pr and Kk that ensures phase space factorisation, the following conditions need to be

fulfilled: The remapped final state momentum K x must be on-shell, and momentum must

be conserved. This implies,

pi—kij—kkzxipi—KK :p[—KK (217)
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for the phase space to factorise as in eq. (2.14).
In addition, concerning the single unresolved behaviour of the remapped momenta, the
following requirements have to be satisfied:

TiDi — Di Krg — ki when j becomes soft (2.18)
TiPi — Di K — kj + kg when j becomes collinear or quasi-collinear with k
xip; — pi — kj Kg — kg when j becomes collinear or quasi-collinear with 7.

It can be seen that when parton j becomes soft, collinear or quasi-collinear to parton k we

have x; — 1, while for the case in which partons i and j are collinear or quasi-collinear,

r; — 1 — z, with z being the fraction of the initial state momentum p; carried by the

unresolved momentum j. The notion of quasi-collinear limit can be viewed as an extension

of the collinear limit when at least one of the partons becoming collinear to another is

massive. Its explicit definition in this initial-final configuration will be given in section 4.
All these conditions given above are interpolated by,

K = kj+ ki — (1 —z;)pi
gy = S TSk = Sk (2.19)
Sij + Sik

With this choice, the mass relation for momenta before and after mapping reads,
mi = mj + m?. (2.20)

Note also that in eq. (2.19), sqp stand for 2p, - pp. as everywhere in this paper. In terms of
those, massless [79] and massive definitions of x; are the same. The massless phase space
factorisation and mappings given in [79] can be recovered by setting the masses of the final
state particles to zero.

2.4 Subtraction terms for initial-initial configurations

Additional divergent contributions may finally also occur in the real matrix element squared
given in eq. (2.3) when a massless final state parton becomes unresolved with respect to
two initial state partons. In this case, the subtraction terms are constructed exclusively
with massless three parton initial-initial antennae. In those, the initial state partons are
the hard radiators and this situation was studied in detail in [79].

The subtraction term associated to an unresolved massless parton j and two hard
initial state radiators ¢ and k& with momenta p; and p; in the partonic process p; + pp —
kj + kg + kg + (m — 2) partons takes the form

1
dogit) = N APk kg ki, ki, ke pepr) g
m-+1 m
X Z X, M mlkg, kg, k1, ki1 ki1 ks 2ipi, epk) |
><J,(n Vg ko R, kit kst ey oo kinet). (2.21)
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This subtraction term involves the phase space for the production of (m + 1) partons,
d®,, 11, the massless three parton initial-initial antenna function denoted by Xiok, I the

reduced m-parton amplitude squared |M,,|> and the jet function J&m). As mentioned for
the final-final and initial-final cases, the subtraction terms as presented in eq. (2.21) are
strictly valid for the subtraction of infrared singularities of colour ordered matrix elements
squared only. Interferences of different partial amplitudes need a special treatment which
we shall present in section 7.2.1. However, to keep our equations as brief and clear as pos-
sible, we still write our subtraction terms in the initial-initial configuration symbolically as
in eq. (2.21).

All momenta (massless and massive) in the arguments of the reduced matrix elements
|M,,|? and the jet function J&m) have to be redefined. They are denoted with tildes in
eq. (2.21). The two hard radiators are simply rescaled by factors z; and xj respectively.
The other momenta present in the reduced matrix element squared are boosted by a Lorentz
transformation onto the new set of momenta {k;, [ # j} as described for massless partons
in [79]. We have checked that the same boost [51] required to redefine the momenta of
the massless partons can be used to redefine the momenta of the massive partons. Conse-
quently, the presence of massive partons in the final state does not influence the way the
phase space factorises and how the mapping is defined so that the massless factorisation [79]
can be used in this context.

The phase space d®,,,1 factorises into the convolution of a massive m-particle phase
space involving only redefined momenta and a massless initial-initial antenna phase space
related to the phase space of the unresolved parton j, as in the massless case.

All required initial-initial massless antennae X9 . needed for the construction of the

1 ik,j
subtraction terms for ¢¢ production in association with jets have been derived and inte-

grated in [79, 82].

3 Massive antenna functions

In this section, we aim to list all massive antenna functions which are needed to con-
struct the subtraction terms for the hadronic production of a heavy quark pair and for the
production of a heavy quark pair in association with one additional jet at NLO.

3.1 General features of antenna functions

In section 2, we saw that the subtraction terms defined in the three configurations (final-
final, initial-final and initial-initial) are built with products of the corresponding antenna
functions (denoted by X) with reduced matrix element squared. At this order (NLO),
only tree level three-particle antenna functions are required. Those describe all unresolved
(soft, collinear and quasi-collinear) radiation emitted between a pair of colour-ordered hard
partons, the radiators. Originally, in [64], the antenna functions were derived for massless
final-final configurations. Those are defined by the pair of hard partons they collapse to
in the unresolved limits and in all cases, the antenna functions are derived from physical
matrix elements. Generally, the quark-antiquark antenna functions are obtained from

,13,



v — qq + (partons), the quark-gluon antenna functions from y — g + (partons) [90] and
the gluon-gluon antenna functions from H — (partons) [91].

The three parton final-final antenna functions were obtained by normalising the colour-
ordered three-parton tree level matrix elements squared to the matrix element squared for
the basic two-parton process, omitting all couplings and colour factors. As such the tree-
level three parton massless or massive final-final antenna functions are scalars in colour
space, have mass dimension (—2) and are defined by [64, 86] as,

MY, |2
X = Siinrx 0 (3.1)
N IR MO |2

S denotes the symmetry factor associated to the antenna, which accounts both for potential
identical particle symmetries and for the presence of more than one antenna in the basic
two-parton process. It is chosen such that the antenna function reproduces the unresolved
limits of a matrix element with identified particles.

At NLO the existing three parton tree level massless final-final XZQJ. . antennae are:

e Quark-antiquark: the only antenna functions of this kind at NLO are the A-Type
antennae, and they are obtained from the ratio |[M(y* — ¢gg)|?/|IM(v* — qq)|>.
Since the quark and the antiquark are of the same flavour, in the following these

antennae will be referred as flavour conserving A-Type antennae.

e Quark-gluon: there are two different antenna functions of this kind: D-Type and
E-Type. The D-Type antennae are obtained from the ratio |[M(x — ggg)|?/|IM (X —
G9)|?, while the E-Type are computed from |[M(x — Gqq)>/|IM(x — Gg)|? [90].

e Gluon-gluon: there are also two different antennae of this kind: F-Type and G-Type.
The F-Type antenna functions are obtained from |M(H — ggg)|*/|M(H — gg)|?,
while the G-Type are calculated from the ratio [M(H — gqq)|?/|M(H — gg)|? [91].

The initial-final antennae and the initial-initial antennae denoted respectively by XS ik
and Xlok, ; are in principle defined by crossing one or two massless partons from the final
to the initial state in the final-final antennae X%k. However, this crossing may not be
unambiguous for initial-final configurations [79].

All these types of antenna functions are needed for the construction of the subtraction
terms for heavy quark pair production except the G-Type antennae. Those antennae are
required in all three (final-final, initial-final or initial-initial) configurations and in their
massless or massive versions. In the latter case, the final state quark (¢q) or gluino (g)
is taken massive. Note that if both of those partons are present in the final state, the
corresponding massive antenna is obtained by taking only the gluino g to be massive. The
antenna obtained taking both of these partons massive is not required for the construction
of the subtraction terms for heavy quark pair production +jets at NLO, considered here.

In addition to these flavour conserving antennae, we will also need flavour violating
massive quark-antiquark A-Type antennae in both final-final and initial-final configura-

tions. Those involve flavour violating vertices and will be defined below.
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In all these antennae denoted by Xj;; in the final-final configuration and crossings of
those, the labels 7, j, k can either stand for massless or massive partons. The particle with
label j always denotes the unresolved parton. The massive antennae will depend on the
invariants s;;, si and s (with sup = 2pgpp throughout this paper) and on the masses of
the final states heavy partons.

In the following, when presenting the expressions of the required massive antennae we
will use a clear labeling of those antennae. We shall specify which partons in them are
taken massless, those will be indexed with ¢, or taken massive and then indexed with Q).

For conciseness, the O(e) in the expression of the unintegrated antennae will be omitted.

3.1.1 Flavour-violating antennae

For the construction of the subtraction terms for ¢¢ +jet production at NLO, we encounter
two types of flavour violating antennae. Both are A-Type quark-antiquark antennae and
are labelled: AggQ and AggQ. In those, ¢ represents a massless quark and @ and Q rep-
resent a massive quark or antiquark of different flavour than the massless quark g. Note
that for symmetry reasons of the A-Type antenna, the role of ¢ and @Q in AggQ or of ¢ and
Q in A(q)gQ are interchangeable resulting in the same two flavour-violating antennae. We
encounter these two types of flavour violating antennae in final-final and initial-final config-
urations. In the latter case, a massless quark is always in the initial state and plays the role
of the initial state radiator. It is worth noting that the limits covered by flavour violating
antennae with a gluon in the initial state can be covered by flavour conserving initial-final
antennae, such that these gluon initiated flavour violating antennae are not required here.

The massive final-final flavour violating antennae have their massless counterparts
given by Aggy and Agyy where ¢’ and ¢’ are massless quarks or antiquarks of different
flavour than ¢. These massless counterparts have been used as essential ingredients for
the construction of the subtraction terms required for the computation of eTe™ — 3 jets
at NNLO [65]. Those massless A-Type flavour violating antennae have exactly the same
properties and singular structure as a massless flavour-conserving A-Type quark-antiquark

antenna given by A% _ [64]. Those have also the same unintegrated form as this antenna.

In the massive gg;e, the final-final flavour violating A-Type antennae AggQ and ASQQ’
having one massive particle in the final state, have the same properties and singular struc-
ture as a massive flavour-conserving A-Type antenna of the form AOQQQ where the massive
quark @ or the massive antiquark @ (by symmetry arguments) present in this flavour
conserving antenna is taken massless.

By construction, within the antenna formalism, in the unresolved (collinear, soft or
quasi-collinear) limits, the three parton antennae yield massless or massive universal un-
resolved factors given either by splitting functions or eikonal factors in their massless or
massive forms. The spin properties of the final states are determinant to obtain these
unresolved factors. Consequently, all flavour-violating antennae (massless or massive) can
be generated by processes resulting from the decay of a charged W-boson into massless or
massive final state fermions. When the particle in the final state is a (massless or massive)
antiquark such that the flavour violating antenna contains a quark and an antiquark of
different flavours, those final states can be Dirac fermions. When the particles in the an-
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tennae are two quarks of different flavours, those final states can be produced in extended
versions of the Standard Model [92, 93] and will involve Dirac and Majorana fermions.

3.2 Massive NLO final-final antenna functions

For the construction of the subtraction terms relevant for heavy quark pair production
at hadron colliders at NLO, we will need three-parton massive final-final flavour conserv-
ing and flavour violating A-Type antennae and flavour conserving quark-gluon antenna
functions. All flavour-conserving massive final-final antennae required have been derived
in [86]. They are given below for completeness. The flavour violating massive final-final
antennae are new.

The generic process considered to define the massive three-parton final-final antenna
Xiojk is given by ¢ — k; +k; + ki, where ¢ is the virtuality of the colourless initial state, with
¢> > 0. In the following, the center of mass energy of the decaying particle E.,, will be used
instead of ¢ with ¢ = E2,, The final state radiator partons i and k are either both massive or
only one of them is such. Parton j defines always the unresolved massless final state parton.

0

The massive three-parton final-final antenna X ik will depend on on the invariants s;;,

1,
sjr and s;;, on the masses m; and my, of the final state partons ¢ and k and on Egm.

3.2.1 Quark-Antiquark antennae

The flavour conserving quark-antiquark massive antenna function denoted by AOQgQ has a
massive quark @ and a massive antiquark Q as radiators and reads,

1 252 2s 2s S S
Ag(lQa3ga2Q): >4< 12 + 12+ 12+ 23_|_ 13

4< C2m+2m2Q 513523 513 523 513 523
+m2Q< 8s12  2s12  2s12 233 2 2 2513) (3.2)

sigs03  Sf3  shy  sfs  s13 s; sh

8 8
+mé<—2 - 2>>—|—O(e).
S23 513

This function is normalised to the two-particle process v* — @QQ, whose matrix element
squared (omitting couplings) is given by

AY(1g,25) =4[1—e) B2, +2mp)] . (3.3)

3.2.2 Quark-Gluon antennae

For the subtraction terms required for the production of heavy particles in addition to jets,
only massive quark-gluon antennae with one massive radiator in the final state are needed.

The quark-gluon massive antennae with either two gluons or a massless quark-
antiquark pair in the final state are normalised by the two-particle matrix element squared
relevant for the process X — gg, with the gluino g being massive with mass mg and the
gluon g being massless. This two-particle matrix element squared omitting couplings reads,

X9(1g,2y) = 4(1—€) (B2, —md)?, (3.4)
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where X can stand for the F or D-Type antennae here.
The quark-gluon massive antenna E%q,q, with a pair of massless quarks ¢'¢’ and a

massive radiator quark @) in the final state reads,

1

0
E3(1Q,3qy,47) = A(E2, —m}
cm

2 2
4 s13+ s14 + °13 + 14 _ 2Ecme + O (E) . (35)
)2 S34 834

The quark-gluon massive antenna D% 99 with two gluons and a massive radiator () in

the final state reads,

1 452, 452, 42 253
13 14 4 13 4 13

DY(1g,34,44) = 419 9
310,39, 49) 4(Egm_ng)2 << I 514 " 513 534 514534

6513814 482 253 3813834 3514834 82 82
- + M T 6yt + 4oy
534 534 513834 S14 513 513 S14
252 4s 4s 252 6s 45138
2 1 13 14 14 34 13534
—mi, (6+ T S e (3.6)
S14 S14 513 S13 513 S14

+6834 4 4814834 28?;’4 28?;’4 28?;’4 >

2 2 2
S14 S13 S13 S14 513514

2s 2s
+2Ecmmg — Ecmm‘?’Q o o > + O (e).
513514 513514

This tree-level antenna function Dg (1g,34,44) contains two antennae, corresponding
to the following configurations: gluon (3,) radiated between the massive quark and gluon
(44) and also the configuration where gluon (4,) is radiated between the quark and gluon
(34). The separation between these two configurations is not free from ambiguity, since
the collinear limit of the two gluons has to be split between the two configurations. We
consider the following decomposition

Dg(1Q73974g) - dg(1Q73g74g) + dg(lQa4ga 39) (3-7)

where the sub-antenna denoted by dg is given by

1
(Ec2m - m2Q)2
o |:9813 4+ 9514 + 6534 n 48%4 n

dg(lQ,?’g,‘lg) =

452 253 3513S 35145 53
14 14 13514 14534 4
2 513 834 513534 534 513 513

252 4s 6s 6s 45148 252 52
14 14+ 34+ 14+ 14534 34, S ) (3.8)

2
_mQ <3 + 82 + S S S 82 82 5138
13 13 13 13 13 13 13514

s
+Eemmg — (Eem — mQ)m% Sl S O(e)
513514

Both of these sub-antennae will be needed individually to construct the subtraction
term for ¢t +jet at NLO. Those will not need to be integrated separately though.
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3.2.3 Flavour violating antennae

In addition to the massive flavour-conserving final-final antennae given above, for the con-
struction of the subtraction terms for ¢t +jet production at NLO, we also need two types
of massive flavour violating final-final antennae. We will require an antenna involving as
radiators: one massive quark () and one massless antiquark g , denoted by AOQ G and one
antenna with a massive quark ) and a massless quark g denoted by AOQ 95 The expressions
of these two antennae are related by the exchange of a massless quark versus an antiquark
in the final state. Therefore, we here present only one of those namely A% gq- 1t is given by,

1 2812 2812 28%2 S13 5923
A%(10,34,2;) =
310,39, 29) (E3m+mé) [813 * 5923 * 513523 * 593 * 513
2s 2s 2
—-m ( A )} +0(e) (3.9)
S13 S13 513

This antenna function is normalised with the following two-parton matrix element
squared:
AY(1g,29) =4(1 —¢) [EL, + mB) - (3.10)

It is worth noting that the expression of this final-final flavour violating antenna AOQ g given
in eq. (3.9) differs significantly from the flavour conserving antenna AOQgQ given above in
eq. (3.2) as expected.

3.3 Massive NLO initial-final antenna functions

To construct our subtraction terms for heavy quark pair production in association with
jets at NLO, we will also need massive initial-final antennae of different types. Flavour-
conserving and flavour-violating massive quark-antiquark A-Type antennae and flavour
conserving massive quark-gluon antennae are required.

In principle, the massive initial-final massive antennae can be obtained from the
corresponding expressions for the massive final-final antennae given above by appropriately
crossing one massless parton from the final to the initial state. By this crossing procedure,
the presence of an overall uneven number of fermions crossed to define the initial-final
antenna leads to an overall minus sign in the definition of the antennae. Furthermore, this
crossing procedure is not non ambiguous for the quark-gluon D-Type antennae initiated
by a gluon.

In general, the initial-final antennae Xj; j; are normalised to the reduced two-parton
matrix element squared \M%KP to which the three-parton matrix element squared
\Mg jk\Q tends in the limits. For the D-Type antennae initiated by a gluon, depending
which limit is considered, the reduced two-parton matrix element to which the three-parton
matrix element collapses to, can be different. In particular, the nature of the initial state
parton in the three and two-parton matrix elements squared needed as ratio to define the
antennae may change.

The generic process necessary to define the massive initial-final three parton antenna
ngk is given by g + p; — kj + ki with ¢> < 0 and ¢> = —Q?. In this process, p; is
the momentum of the initial state radiator ¢ whereas k; and kj are the momenta of the
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unresolved parton j and the final state radiator k respectively. Depending on the situation
considered, the one massive parton present in the final state can either be the unresolved
parton or the final state radiator.

In any case, the initial-final antennae X; j, will depend on the invariants s;;, s;j; and
sik, on the masses m; and my, of the final state partons j and k and on Q2.

3.3.1 Quark-Antiquark antennae

By crossing a gluon to the initial state in the expression of the final-final massive quark-

antiquark antenna A%QQ one obtains the initial-final massive quark-antiquark antenna
AS'QQ' In it, the gluon plays the role of the initial state radiator, the final state radi-

ator is a massive quark or an antiquark (by symmetry arguments). The unresolved parton
is correspondingly either a massive antiquark or a quark which can become quasi-collinear
to the initial state gluon. This antenna is given by,

1 282 2812 2812 S13 5923
AY3,:10,25) = — <_ 2 + _ S8 _
3(30i10:20) [Q% —2mp) \ si3s03  s13 s23 Sa3 S13

8s 2s 2s 2s 2s 2 2
—m%( 12 aS12 212+ 213+ 223+ 4 > (3.11)

2
$13523 573 523 523 S13 S13 823

8 8
—m <— — >> + O(e).
@ 3%3 3%3 (€

This function has been normalised to the two-particle matrix element related to the
process v*Q — Q. It corresponds to the matrix element in which the process v*g — QQ
reduces to in all its limits. Omitting couplings, this normalisation factor is given by

AY(19;2¢) =4[(1 - €)Q* —2mp)] . (3.12)

Note that the resulting antenna has an overall minus sign made explicit in eq. (3.11)
due to the uneven number of fermions crossed to define it.

3.3.2 Quark-gluon antennae

As in the massless case, the quark-gluon final-final massive antennae are separated into
two categories depending if the final state radiator gluon splits into a quark-antiquark
pair (E-Type) or into two gluons (D-Type). These initial-final massive antennae depend
furthermore on the mass m, of the decaying neutralino with momentum ¢q. Following our
definition of @2, it is given by m, = V-Q2

A) E-Type antennae.
Only one case of E-Type initial-final massive antenna functions is required:
E9(44:34,1¢) which has a massless initial state radiator 4,, a massive final state
radiator denoted by 1g and an unresolved parton which is the final state quark 3, of
the same flavour as the initial state quark 4,. This antenna accounts for the massless
initial state collinear behaviour and is given by,

1

E5(44:34, 1) = — 2
(%)

82 82
<_514‘|‘513— s;i - S;‘ —2QOX> +0(e). (3.13)
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It is normalised to a gluon initiated process, namely yg — Q. The corresponding
two-particle matrix element squared omitting couplings reads,

E9(2510) =4 (1 —€) (Q%+m3)”. (3.14)

As a consequence of the crossing procedure, the antenna defined in eq. (3.13) has an
overall minus sign made explicit in that expression.

D-Type antennae.

The massive final-final D-Type antenna denoted by DY(1¢,34,4,) has only one mas-
sive final state particle, the quark denoted by 1. The massive initial-final D-Type
antenna is in principle obtained by crossing one of the two gluons in this function to
the inital state. However, since the initial state gluon can split either into a quark-
antiquark pair or into two gluons, two possible reduced matrix elements can serve
as normalization for this antenna. A simple crossing of a gluon from the final-final
quark-gluon antenna is not sufficient to define it unambiguously. This ambiguity
requires the decomposition of the gluon-initiated D-type antenna function into sub-
antennae according to the reduced matrix elements it factorises to in the different
limits. According to the limit considered, those reduced matrix elements are related
to the process x+g — @ or to the process Y+ — g. These two different reduced ma-
trix elements define the two different limiting behaviours in which the antenna needs
to be decomposed. The decomposition can be achieved by separating the terms in
the crossed function according to their contributions to a given limiting behaviour.
For those terms which give contributions to more than one limiting behaviour, par-
tial fractioning is applied. The antenna corresponding to a reduced matrix element
initiated by a quark will be denoted by ngQg and the antenna corresponding to a
reduced matrix element initiated by a gluon by Dg; 90"

For Dg.Qg, the final state hard radiator is a gluon and the parton becoming unresolved
is a massive quark () which can become quasi-collinear to the initial state gluon. This
antenna is given by,

1
Dg(4g§ 1Q,3g) = -
(¢02)
452 253 35138 52
<_ 13 13 + 13934 °34

S14 <Q2 + 513 + m2Q) S14 S14 S14

2 <28%3 _ 4813 + 6834 _ 4813834 2834 _ 28§4 )

—m
@\ 52, s su s2, s?,  S13S14
534 534
+ Qmé - Qm%mx ) + O(e). (3.15)
513514 513514

This antenna is normalised to the matrix element associated to the process YQ — g
with a massive quark in the initial state. Omitting couplings it reads,

DY(10;24) =4 (1 —¢) (Q* +m})”. (3.16)
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As this D-Type antenna is initiated by a gluon but normalised by a quark-initiated
process, it has an overall minus sign made explicit in eq. (3.15).

For Dg 90 the final state hard radiator is a massive quark and the parton becoming
unresolved is a gluon which can become soft, collinear to the initial state gluon or
quasi-collinear to the final-state massive quark. This three-parton antenna reads,

1
Dg(4g;3ga o) = 2 9\2
<Q —l—mQ)
<9813 — 9514 — 6534 + 48%4 . 43%3 B 48%4 n 334
513 S34 S34 513
25?3 n 25?4 n 6513514 n 3514534
(Q2 + s13+ sz) s34 513534 S34 $13
252 4s 6s Asi48 92
2 14 14 34 14534 2,
_mQ<6+82_8 s + 2 +2>
13 13 13 813 52,
+2QOX> +ote). (3.17)

This function is normalised to the matrix element associated to the gluon-initiated
process Yg — ) with the corresponding two-particle matrix element squared omitting
couplings reading,
0 2 22
Dy(14;24) =4(1—¢€) (Q°+mp)". (3.18)

Being initiated and normalised by a gluon, this antenna has no overall minus sign.

3.3.3 Flavour violating antennae

Finally, as for the final-final case, in addition to the flavour conserving antennae given

above, for the construction of the subtraction terms for QQ +jets production at NLO, we

also need two types of massive flavour violating initial-final antennae. Those are such that

in both cases a massless quark is playing the role of the initial state radiator; the final state

radiators can either be a massive quark or a massive antiquark. The expressions of these

two antennae are related by the exchange of a massive quark versus a massive antiquark

in the final state such that only one expression is given below. The unintegrated form of

the antenna having a massive quark and a gluon in the final state given by A27 90 185

1 282 2819 2819 513 593
AY(2,:34,10) = 12 -
3( qr 29> Q) QQ _ mé |:313323 + S13 S923 * 593 + S13

2 2 2
—m3 ( 12 s >] +O(e). (3.19)
513 513 513

This antenna function is normalised with the following two-parton matrix element

squared:

A8(2451) = 4(1 - ) [Q> — m}) (3.20)

and has therefore no overall minus sign.
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4 Singular limits of the massive antennae

The factorisation properties of tree-level QCD squared matrix elements for massless partons
are well known [94]. An (m + 1)-parton squared amplitude factorises into a product of a
reduced m-parton squared matrix element and a soft eikonal factor in the soft limit, or an
Altarelli-Parisi splitting function in the collinear case. If massive partons are involved the
factorisation still takes place but the collinear and soft behaviour have to be generalised
to take the mass effects into account. Those generalised limits will be described both in
final-final and initial-final configurations below.

In the following, we shall here first recall all unresolved factors (massless and massive)
in the final-final and initial-final configurations before tabulating the limits of all antenna
functions encountered in section 3.

4.1 Single unresolved massless factors

When only massless partons are involved, when a gluon j emitted between two massless
hard radiators 7 and k£ becomes soft, the squared matrix element factorises and the eikonal
factor that factorises off the squared matrix element is

282‘]€

Sijk = (4.1)

Sijsjk

When two massless partons become collinear, the matrix element factorises yielding
specific Altarelli-Parisi splitting functions corresponding to a particular parton-parton split-
ting. Those functions depend on z, the fractional momentum carried by the unresolved
parton. Depending whether the unresolved parton is collinear to an initial or to a final
state parton, the definition of z will be different. For two final state particles ¢ and j of
momenta p; and p; becoming collinear, we have, in the limit,

pi — 2pij,  pj — (L= 2)pij, Sk — 28k Sjk — (L — 2)sijk (4.2)
whereas for a final state particle j of momentum p; becoming collinear with an initial state
parton ¢ of momentum p; we have

Sijk ZSijk

pj — 2pi,  Ppij — (1 —2)pi, Sik = Sjk

The splitting functions denoted by Pij_,(ij)(z) corresponding to the collinear limit of

(4.3)

two final state partons i and j are given in [95] by,

1+ (1—2)? —e2?

Pyg-q(2) = . (4.4)
2+(1-2)2-¢

Pog—a(z) = l—e (4.5)

Pyyc(z) =2 1iz+1;Z+z(1—z) . (4.6)

When the collinearity arises between an initial ¢ and a final state parton j, the splitting
functions denoted by P;;.(;;)(2) are given in [95] by,

22 —€(1 - 2)?
Pyg—q(z) = ! Z _ e)(l(l— 2)2) 1 i 21 i EquHQ(l —z) (4.7)
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1+ (1—2)%—e2? 1

PQ.‘]‘*Q(Z) = Z(l _ Z) = 1— ZPQ.‘J"Q(Z) (48)
22 —2)%2 —¢ —€
Paea)=" TU T p ) (1.9
— 2+ 22)2
Proec) =" T = L Peta), (.10

The additional factors (1—e¢) and 1/(1—¢) account for the different number of polarizations
of quark and gluons in the cases in which the particle entering the hard processes changes
its type.

In all splitting functions defined above, the label ¢ can stand for a massless quark or
an antiquark since charge conjugation implies that Fyy.q = F;,_.5 and Fyge @ = Py -
The labels () and G in those denote the parent parton of the two collinear partons, which
is massless.

4.2 Single unresolved massive factors

When the final state partons are massive, the emission of extra radiation from those can
still lead to soft divergences, but not to collinear singularities since the mass of the final
state parton regulates those. The relation between matrix element squared and the splitting
functions needs to be extended from massless to massive. Similar factorisation formulae for
matrix elements as in the massless case hold provided the collinear limit is generalized [83]
to the quasi-collinear limit.

4.2.1 Quasi-collinear limit in final-final and initial-final configurations

In the final-final configuration, two final state massive partons can become quasi-collinear
to each other resulting in a parent parton which is massive. The limit when a massive
parton (ij) of momentum p(ij) and mass m;; decays quasi-collinearly into two massive
partons ¢ and j of masses m; and m; is defined by,

=l Pl — (1= 2)pl,) (4.11)
Pla) = Mlig) (4.12)
with the constraints
Pi* Djy Miy My, My — 0, (4.13)
at fixed ratios
miomy M

: , . (4.14)
pi-pj’ pi-pj’ PP

The difference obtained between taking the quasi-collinear limit between two final state
particles or taking this limit when one initial and one final state particles are involved is
closely related to the difference obtained in these two situations for the massless collinear
limit. When a massive parton of momentum p; becomes quasi-collinear to an initial state
massless parton p; we have,

pj — zpi,  Paj) — (L= 2)pi, (4.15)
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with the constraints,

Pi - Pjy My, mj) — 0, (4.16)
at fixed ratios )
2
M M (4.17)
Pi-Dj Pi-Dj

Only the fractional momentum z carried by the unresolved parton needs to be defined
accordingly in both final-final and initial-final situations. For the quasi-collinear limits,
it is defined exactly as for the collinear limits. For the final-final case, z is defined as in
eq. (4.2) whereas in the initial-final case it is defined by eq. (4.15).

The key difference between the massless collinear limit and the quasi-collinear limit is
given by the constraint that the on-shell masses squared of the final state partons have to

be kept of the same order as the invariant s;; = 2p; - p;, with the latter becoming small.

4.2.2 Factorisation in the quasi-collinear limits

In these quasi-collinear limits (final-final or initial-final), the (m+1)-parton matrix element
squared factorises into a reduced m-parton matrix element and unresolved massive factors.
These single unresolved massive factors are generalizations of the massless unresolved
factors defined above.

The generalized soft eikonal factor S;;,(m;, my) for a massless gluon j emitted between
two massive partons 7 and k depends on the invariants s;,, = 2p; - p,, built with the partons
i, 7 and k but also on the masses m; and my, of partons i and k. It is given by [83, 86]

25k 2ml2 2mi

Siik(mg;,my) = - - 4.18
nmim) = = (4.18)
The massive splitting functions will depend on z, the fractional momentum carried by

the unresolved parton j and on the masses m; and m; of the partons i and j becoming

quasi-collinear. All the mass dependence can be parametrized by p ;) given by,

2 2
m; +mj

. 4.19
it -, e

H(ij) = (

The massive splitting functions denoted by P;;_;)(z, ,u?j) for a massive parton (ij)
which splits into partons ¢ and j, both being in the final state, have been given in the
appendix of [84] and in [86]. Those read,

1+ (1—2)%—e2?

Pog—a(z, uﬁg) = - - 2#29 (4.20)
Pyc(z 12y = =+ _12126_ “r ng, (4.21)

where L o2
ugg =, @ and ng = ? (4.22)

ag qq
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Naturally, the gluon-gluon splitting function Pyy_.g(2) is left unchanged. The splitting
function Pyg_.q(z, ng) given in eq. (4.21) and related to the quasi-collinear limit of two
massive partons does not correspond to a limiting behaviour of the antenna functions
required here and given in section 3. It is given here for completeness.

So far we have treated all generalisations of soft and collinear massless factors needed
to treat final-final configurations involving massive partons. For the initial-final situations,
since all the initial state partons are taken massless the only initial-final splitting function
that changes when we allow massive partons in the final state is Pyg—c(z, ,ugg) given by,

22+(1-2)2-

€
L + 22, (4.23)

2
qu’HG(Z’ :U’qg) =
The definition of the momentum fraction z present in this formula will be the same as in
the massless case given by eq. (4.3).

4.3 Singular limits of the massive antenna functions

In this subsection we list all the non-vanishing soft, collinear and quasi-collinear limits of the
massive final-final and initial-final antenna functions given in section 3. The limits of the
massless antennae also needed to construct the subtraction terms for QQ+ jet production
can be found in [64, 79, 82].

4.3.1 Final-final antenna functions

The limits of the massive flavour conserving quark-antiquark and quark-gluon antenna
functions have been derived in [86]. We give them here for completeness. The limits of the
flavour violating antennae are new.

0
QuQ ¢

The singular limits of the massive quark-antiquark antenna A
0 3g*>0
A3(1Q,3¢,2g) — Siz2(mq, mq),
0 3glllg 1 2
A3(19:39:2) = | Pag—q (2 tgy): (4.24)
3120 1

Ag(1Q7 3q, 2@) - S92 Pyg—q(2, uﬁg)-

The only non-vanishing singular limit of the quark-gluon E-Type antenna E% oq 1s the
collinear massless limit of the massless quark-antiquark pair,
3q/ ”4(7’ 1

EY(1g,34,44) —5 s Pic(2), (4.25)

while for the D-type D% 99 and d-type dOQ g ANtennac we have,

3g—0

DY(1g,34.44) ~—— Si3a(mq,0)
4A —0

DY(1g,34.4g) ~— Suz(mgq,0)
ig*»()

d3(1q,ig,jg) — Siij(mgq,0)
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Jjg—0
—

d5(1q, ig, jg)
15113
DY(1g,3,49)

1g114g
—_—

Dg(lQa 3ga 49)

1g1lig
—

d3(1¢ ig, Jo)

1gllig
—

dg(lQaigajg)
3¢ |14
DY(1g,34,4y) —

3gll4g
-

dg(lQa3ga4g)

3gll4g
—

d3(1Q, 4. 39)

1
qu_@(z, Mgg)

1
S14
1

S14

PQ!J"Q(Z’ Mgg)
P, (z 2 )
q9—Q\ %5 Hgg

0

1

P99—>G(Z)

(ngﬂc(z)

534
1

534
1

534

(ngﬂc(z) -

(4.26)

12_ZZ (- z)>

20-2) _ 4 —z)> .

For the massive A-Type flavour violating antenna A% gg We have

Ag(lQa 397 2@)

Ag(lQa 397 2@)

Ag(lQa 397 2@)

3g—0

1QlBg 1
-

513
2qll3g 1
—

523

— Si32(mq,0)
Pyg—q(z, Mgg)

qu—>Q(Z)-

(4.27)

(4.28)

(4.29)

Again, for symmetry reasons the role of ) and ¢ are interchangeable in these formulae.

4.3.2 Initial-final antenna functions

For the quark-antiquark initial-final massive antenna A

present. Those are:

Ag(?’g; 1Q7 2@)

Ag(3g; 1Qa 2@)

1Qlg 1
—_—

2Ql%g 1
—

For the E-Type antenna Eg.qQ, the only non-vanishing singular limit is,

E??(4q§3q,1Q)

3qll4qg 1
—

534

(g] 00 only quasi-collinear limits are
P‘I@—G(Zﬁ /1'(219) (430)
513
3quc(2,u§g) (4.31)
Prgal2). (4.32)

The limits of the two quark-gluon D-Type antennae initiated by a gluon D, g, and

D, 4q are given by:

Dg(4g§ 1Q73g)

1glldg 1
—

2
4 P‘I@—G(Zﬁ :u'Qg)7

(4.33)

which has only a quasi-collinear limit when the unresolved quark 1g is collinear to the

initial-state gluon. The limits of D§(4,;3,, 1¢) with an unresolved gluon are

Dj(493 34, 10)

1Ql3g 1
—_—
513

,26,

qu"Q(’Z? :U’gg)
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3gll4g 1

DY (44;34,10) — 534P99“G(Z) (4.35)
DY(4,:3,,10) 2= S 4
3(4g53¢,1g) — S134(mq,0). (4.36)

Finally, the initial-final flavour violating antenna A27 90 has its limits given by,

1gl3g 1

Ag(Qq;3971Q) - 813qu—>Q(Zaugg) (437)
0 2ql13g 1

A3(245 3¢, 1) — 823quHQ(z) (4.38)
0 3g—0

A3(2433¢,1Q) — Si32(mq,0). (4.39)

5 Integrated massive antenna functions

To combine the antenna subtraction terms with the virtual corrections and the mass
factorization counterterms in a given kinematical configuration, the antenna functions have
to be integrated over the appropriate factorised antenna phase space. After integration,
the implicit soft and collinear singularities present in the antenna functions turn into
explicit poles in the dimensional regularization parameter ¢, and the remaining phase
space corresponds to the same n-particle kinematics as the virtual contributions or the
mass factorisation counterterms. In this section, we derive the integrated forms of the
massive antenna functions defined in section 3. Only full antennae, denoted by capital
letters X;;, (or crossing of those), need to be integrated, while partial antennae denoted
T;j) sum up to Xj;;x prior to integration.

5.1 Properties of the integrated massive antennae

The results will be presented in two forms, in expanded and unexpanded forms in the
dimensional regularization parameter . The unexpanded forms of the integrated antennae
are functions of a few master integrals obtained after standard reduction techniques [96—
100] have been applied. The masters will be given here analytically to all orders in e.
Additionally, the integrated antennae will be presented after an e-expansion has been
performed on these all-order results up to finite order in €. In this expanded form, the
poles in € become explicit and can be related to process independent infrared singularity
operators and splitting kernels.

Final-final integrated antennae have their pole part entirely related to colour ordered
massive infrared singularity operators Ii(jl), which will be defined below. For initial-final
antennae, those infrared operators are not sufficient to capture all singularities present in
the integrated antennae. Additional pole terms can arise due to the presence of massless
intial-final parton-parton collinear singularities which cancel against the mass factorisation
counterterms. These pole terms are proportional to universal and process-independent

©
ij
As a check on our results for the expanded forms of the integrated antennae we

splitting kernels p;.” (). Those are defined for example in [79] and will be given below.

consider the following: At NLO, a particular antenna can be regarded as the sum of two
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particular dipoles in the dipole formalism of [51, 83]. The two radiators present in an
given antenna play then both the role of emitter and spectator in the corresponding two
dipoles. Up to terms which do not give rise to singularities when integrated over the phase
space, the sum of these two dipoles and the antenna are the same (up to coupling factors).
The pole parts of a given integrated antenna and those of the corresponding integrated
dipoles can therefore be related. For each of the integrated antenna we will specify how
this comparison is performed.

5.1.1 Infrared singularity structure

Owing to the universal factorisation properties of QCD amplitudes in infrared singular
limits, it is possible to describe the infrared pole structure of virtual loop corrections and,
consequently, also of integrated subtraction terms, by the product of infrared singularity
operators with tree level amplitudes. These infrared singularity operators are a priori
tensors in colour space. In a colour ordered framework, they decompose into different
colour-ordered infrared singularity operators. In massless QCD, there is solid evidence to
assume that the infrared singularity operators consist only of combinations of two-particle
correlations [101-104] at all orders in perturbation theory. Explicit forms of the massless
operators are known to three-loop order [105]. In massive QCD, only the one-loop infrared
singularity operator is made up entirely of two-parton correlations [84], while multi-particle
correlations can contribute at higher loop order [106, 107]. The explicit form of the massive
infrared singularity operators is known to two loops [106, 107] and was used to predict the
pole structure of the two-loop matrix elements for qg — tt and gg — tt.

We are concerned only with the infrared singularity structure at NLO in the present
study. Consequently, the integrated massive antenna functions will contain a pole
structure in terms of the massive one-loop infrared singularity operators. Containing
only two-parton correlations irrespective of the particle masses involved, these can be
expressed straightforwardly in a colour-ordered form. We introduce the mass-dependent
colour-ordered NLO real radiation singularity operator

IS)(G, Sij, M4, My, )\,u2) , (5.1)
which describes the unresolved real radiation between partons ¢ and j. It is a function
of the invariant mass of the parton pair, of the masses of the partons and of a product
of kinematical parameters A\p?, which determines the logarithmic pole coefficient. In this
form, ;2 is dependent only on the mass combination of the radiator partons, while A takes
account of the nature of the kinematically allowed endpoint in the different kinematical
configurations. A = 1 for all final-final antenna functions and for initial-final antenna
functions with equal masses, while A = x% with

Q2

= i (5.2)

Lo

for initial-final antenna functions with one massless and one massive radiator.
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In their most general form those infrared operators have their functional dependence
given by,

1 1 1
Ié%(e, SanmQamQuu2)? I(Q;(E’ SanmQamQa)‘M2) and Iég;,F(EaSijaman’:U?)'

The third operator describes contributions arising from the splitting of a gluon into a
quark-antiquark pair which are proportional to the number of light quark flavours Ng.

The massive infrared operators which have a non-trivial mass dependence, required in
both final-final and intial-final configurations are,

(1) i L—yr\ _
IQQ (e,sQQ,mQ,mQ,)\l +\/r> =

() )

I(l) €,5Q4,MmQ,0, A mQQ =
Qg 5Qg + m2Q

eEPYE

N1 —e)

e [sgetmp (1 LTy, Amp,
2I'(1 —¢) SZQQ 2¢2 2e \ 6 2¢ 5Qg + m2Q
m2 c€VE 8Qq + M ‘7
o) 0, Q - 7@ 5.3
Qg.F (6’ Qg MQ: $Qqg + m2Q 2I'(1 —¢) SQQQ 6e )’ (53)
with
4m22
r=1-— 5 - (5.4)
SQq +2mq

The antiquark-gluon operators are obtained by charge conjugation:

1 1
I;G;(e’ $9Q:MQ, 0, i) = I(Q;(G, 590, MQ, 0, \u?),

1 1
I;C%,F(E’ ng,mQ,O,/ﬂ) = I;&F(e, ng,mQ,O,,uQ) .

In addition to these infrared operators which have their massless counterparts defined
in [64], we also have an infrared operator associated with the flavour-violating antennae
Aggq and Aggq defined in section 3. As those antennae have the same unintegrated form

(1)

both of them are related to one infrared operator denoted by Iq & where Q can stand

for a massive quark or antiquark. As the quark-gluon operator I(Ql;, this operator has
a mass-dependent logarithmic term proportional to Au? with A\ = CC% in the initial-final
configuration. It is given by,

) m2
1 Q
I'2 e s 5,mp,0,A = (5.5)
) Q’ Q™ 5 2
qQ( a qu—i-mQ)
eYE S ~+m2~ ¢ 1 1 5 1 )\m2~
:_2r61 “o {22+2 <2>+21n e [
(1—¢) 5ol € € € S40 T MG
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5.2 Integrated massive final-final antennae

The integrated massive final-final flavour conserving antennae have been derived as function
of a few master integrals in [86]. In this section, all final-final integrated antennae will be
presented in expanded form such that their pole part can be related to the colour-ordered

)

massive flavour-violating antenna and give its expanded and unexpanded forms.

massive singularity operators IS defined above. Before we shall derive the integrated

In general, the integrated final-final antennae denoted by AXjj; are given as the
integration over the final-final antenna phase space d®y, , of the unintegrated final-final
antennae X,j; as given in eq. (2.7). Those will depend on the masses of the final state
particles and on E2 .

We start by giving the NLO massive final-final antenna phase space d® x,,, necessary to
evaluate these integrated final-final antennae. In the most general case, where the involved
partons i, j, k have three different masses m;, m; and my, the massive antenna phase space

d¢g?;;,;mj7mk) is given by [85, 86],

(m'ymﬂmk)
/dq’xﬁk " (sigs ks i) =

2rd/2-1 1 8—d
d ((E2 —m? —m%)? - 4m%m%<) 2

2 2 2 2
/dsij dsjk ds; O(Egy —m; — my — My — Sij — Sjk — Sik)

d—4
[4 As(pi, pjspe)] 2 0(As(pispj, Pr))-
The masses my and mg appearing in this equation are combinations of the masses m;, m;
and my. The function Asz(ps,p;,pr) is the Gram determinant for massive particles of
momenta p;, pj, pr given in terms of invariants s;; = 2p; - p; and masses m;, m;, my, by,
1 2.2 2.2 2.2 2,2 2
A3(pi,pj,pr) = 4 (Sijsiksjk — My S — M — M5sy, + 4m; mjmk) . (5.7)
To be able to evaluate the integrated flavour-violating massive final-final antennae we
need to consider the case where only one particle in the final state is massive while the
other two are taken massless. We consider, m; = m; = 0 and mj = mg, in which case
the masses of the remapped momenta p; and px have their masses given by m; = m; = 0,
my = my. We use the following parametrisation of the final-final massive antenna phase
707m)
ij

space with one massive parton d@g? . given by,

©00m)  (Am) 2 o \l—e, oo
Xijk I(1—e) (Ecm) (uo)

1 1
/ dun (1 —u)t72(1 - uou)He/ dvv™ (1 —v)™°, (5.8)
0 0

with
2
mq

E2.)’

cm

uO:1—
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su(l —u)v

2
Sij = Ecnug (1 . UQU) )
sie = E2 ug(1 — u). (5.9)

Integrating the flavour violating antenna A3(1g,3,,2;) given in eq. (3.9) over this

phase space d@g?;?;m) we obtain,

872 (41) e
AS(1g,34,25) =
3(1Q, 34, 2g) 2E§mu%(1—uo)62(1—26)

X {E2m [12(1 — ug)? — 2¢(29 — 5dug + 24ud) + €*(98 — 176ug + 73uf)
+€3(—68 + 120ug — 47u2) + 26 (8 — 12ug + 3ul)] 1170 (5.10)
+3(1 — €) [4(1 — ug) + 2¢(—T7 + 6ug) + €2(14 — 1lug) + 2¢>(—2 + up)] Igovw}.

(0,0,m) (0,0,m)

In this expression, the master integrals required are I} and I, were derived in [86].
The master integral I%O’O’m) corresponding to the integrated 1 — 3 phase space measure
with one massive final state is given by,
0,0, 0,0,
[00m / do o (5.11)
e 9-9em—dt9e —or L(2—=26)(1 —¢)
= (E2)! ug Zeg—dt2e  —2+ (4 — 40) oF) (1 —€,2 —2¢,4 —4e;up)
while Iéo’o’m) is given by,
107 = [ @00 (s (512
—€, 3—2co— € _— eP(Q - QE)F(l - 6)
= (Egm)Q ug 22 5+27T o F(4—4€) 2F1 (1—6,2—26,5—46;U0) ’

Expanding the integrated flavour-violating A-Type antenna AOng given in eq. (5.10)
in powers of € up to finite order, we obtain

2 2
1 mg 1 19  bm
A%gé(lQ’?’g’Qq) = _QI(Q) (67 5Qgq, MQ, 0, ) - [

a mg) + 5Qqq -2 4712
1 5 2 1 2 2 . 2
T <(1 22 4> In(e®) +  0*(p*) + Liz(1 = p%) | + O(e),  (5.13)
where ,
2 Mg
pe= : (5.14)
Egn

All other integrated flavour conserving final-final antennae given in terms of masters
in [86] can be written in terms of the real infrared singularity operators IZ(JI.) defined above
up to finite order as follows,

0 o1 i 1—yr
./43(1Q,3g,2@) = —QIQQ <e, 5QeQ>MQ: Qs | N \/r>
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1 1 — n r— r) tanh = (/7
+8W{r_3[ 401n(2)(r — 3)(1 + ) tanh ! (v/)
+2¢/1(=39 + 17r — 161n(2)(r — 3))

+(=33 + 10 = +161n(2)(r — 3)(1 + 7)) In G i é)

—16(r — 3) tanh~1(1 — 2r) <—2\/7" +(147)h (i J_“ é:)) (5.15)

+10(r = 3)(1 +7) (In* (1 + v/r) —In* (1 — /1)) ]
+4(1 +7) [5Li2 <1 +2\/T> — 5Ly (1 —2W> + 3Lis(r) — 12Lis (/)

+21n (1;7”) <1—|—ln <;*§:>>H+O(e),

2
0 (1) mQ
53 (1Q7 3q/’ 46/) = _4IQg,F (67 SQq/q/, mQ, 07 m2 + SQ . )
Q q4q

1
— 6+ 3 — 14p2 + 14p* — 3p° — 1402 + 14p* — 3p° — 64°
6(1 — p2)?

—21% (=3 — 3 + 1) ln(,uQ)] + O(e), (5.16)

2
0 — 4@ mQ 1
D3(1q,34,4g) = _4IQg (6’ 5QggsMQ, 0y o ) + 12(1 — p2)3

x| —2(1 — p2)(4(—14 + 7%) — 3 + p2(126 — 872) + 93 + p* (=74 + 472))
—2(=3 +33p% + 6> — 51p* + 17u8) In(p?) + 3(1 — p)3(—=2 — 4p — p® + %) In?(1?)

+12(1 — p)* (=2 — 4p — p® + p3)Lig(1 — ;ﬁ)} + O(e), (5.17)

with r and p defined as in eq. (5.4) and eq. (5.14) respectively.
Let us notice that the last term present in the expansion of AQgQ arises through the
expansion at finite order of

AEVOLItag

with E2, = SQg0 t 2m2Q. This term arises since we have chosen to factor

_ 2\ T
(sQQ + 2mQ>
2
500

as unexpanded overall factor whereas the integrated antenna A5 is naturally

9 +2e
QmQ

o2
Ecm

(1)
QQ

: _ 2
proportional to [ngQ + QmQ}

in I
. We have chosen to define the Igé2 operator such, in
m

ij

order to have similar overall factors in all I..’-type operators.
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From these results on the expanded integrated final-final antennae, we see that the
pole parts of all of those can be captured solely with poles present in the massive colour-

(1

orderered Ii; operators defined above.

Finally, for all integrated final-final antennae, we have compared the pure pole parts of
those with the pure pole parts of the corresponding sums of the integrated dipoles presented
in [85]. Setting couplings and colour factors to one we found full agreement.

More explicitly, the poles of A, 5 can be compared with the poles of two dipoles having
both two massive final states, a spectator Q and an emitter (). The poles of £gyq can be
compared with those of two dipoles with a massless final state emitter ¢ and a massive final-
state spectator ) while the poles of Dy have to be compared with the sum of two dipoles

where the massive quark and the gluon in the final state can both be emitter or spectator.

5.3 Integrated massive initial-final antennae

In order to obtain the integrated massive initial-final antennae &j j,, the massive unin-
tegrated initial-final antennae X j; defined in section 3 need to be integrated over the
initial-final massive antenna phase space d®x, ;, as given in eq. (2.16). As a result, the
integrated antennae will all depend on Q? = —¢?, on «, the momentum fraction carried by
the initial state parton p;, and on the masses of the final states present in a given antenna.
As we saw in section 2, the momentum fraction = depends on the number of massive par-
ticles present in the final state in a given antenna. For two massive final states j and k of
masses m; and my, x is given by,

B Q2+m§+mz
2pi-q

Generally, the pole parts of the integrated massive initial-final antennae are related to

X

the massive Ii(jl) operators defined above and to the z-dependent colour ordered splitting

©
ij
ties and are given by [79],

P (@) =

pgg)(x) =1-2z+ 2z,

kernels p;:’(z) . The splitting kernels describe the initial-final massless collinear singulari-

2
pé%)(x) = -2+,

11 2
pg;)(x) = (1 —z) 4+ 2Dy(x) + . — 44 2z — 227,

0 1
P (@) = — 4001~ a), (5.18)
with the distributions " (1 )
n —x
Dn(x):< 1— > .
+

In the following, we shall specify the phase space parametrisations for the initial-final
antenna phase space d®y, ,, needed to integrate the different antenna types before giving
the results for the integrated initial-final massive antennae in unexpanded and expanded
forms.
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5.3.1 Phase space parametrisations for initial-final configurations

In the most general case, the massive two-to-two phase space d®5 to which the initial-final

antenna phase space d®x; ;, defined in eq. (2.16) is proportional to, is related to the process

q + p; — p;j + pr, with p; and p;, the momenta of the final state partons with masses m;

and my. It can be written as

€ 1—2e

gy oy B (B = = ) ] a1 )
(5.19)

where y runs from 0 to 1. In this parametrisation the invariants take the following form

dgo(my;, my) =

2 2 2
Q7 +mj +mg

2Pi-Pj = 20 E?
cm
2
X <E02m + m? —mi — (2y — 1)\/<Ec2m —m3 — mi) - 4m§mi> (5.20)
Q* + m? +m2
2pi - pr =

20E2
2
X <E2m —mj +mi+ (2y — 1)\/<Egm —m? — m§> - 4m§m2> , (5.21)
and the partonic center of mass energy reads

Q%l—x)—l—m?—{—m%

x

(5.22)

Eem = \/(p+Q)2 = \/
In this case also x is defined as,
@

2pi-q

x

In our application to tf +jet production, we are only interested in the cases where
mj = my = mq or in the case where m; # 0 and m; = 0. For the first case, the

parametrisation given above simplifies to

(4m) ey i

dpa(meg,mqg) = [(Egm — 2m2Q)2 — 4mé} : dyy “(1—y)"¢ (5.23)

2'(1 —¢) ™
while the invariants read
Q% + 2m2 2
Wi pi = g ClE2 —(2y—1) <E2m - 2m2Q> — dm} (5.24)
Q% + 2m2 2
Wim =g ClE2 4+ (2y—1) <E2m - 2m2Q> —dm} |, (5.25)
and the center of mass energy is
Q?%(1 — x) + 2m? Q*+2m¢
B = \/ - Q with x = @ (5.26)
x 2p;.q
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In the case in which mj; = 0 and m; = m¢ the phase space reduces to

(Am)t oo 2 \1—2€ —e —e
d¢2(mQ’ 0) = 2F(1 _ 6) Ecm (Ecm - mQ) dy Yy (1 - y) ) (527)
the invariants are
cm
Wiope = oy (B —mp)] (5.29)
€ cm
and the center of mass energy is
Q2(1 — 2) + m?2 Q? + m2
Eom = \/ (1 =2) +mg with z = 9 (5.30)
x 2pi - q

5.3.2 Integrated forms of the initial-final massive antennae

The integrated forms of the antennae can be obtained using reduction techniques, using
the extension of the integration by parts method [96, 97] in [98, 99] to reduce the phase
space integrals to master integrals. In this task, we express all the invariants in the antenna
functions as massive propagators and write the three on-shell conditions p? = m?2 (a = j, k)
as cut propagators. Since the invariants s,; appearing in the antennae are not all inde-
pendent from each other, the integrated antennae are written as a one-loop diagrams with
on-shell conditions and not as two-loop diagrams as in the final-final case. The reduction to
master integrals is therefore easier. It was done using the Laporta algorithm [100] with two
independent implementations: the Mathematica package FIRE [108], and an in-house im-
plementation in FORM [109]. For all integrated initial-final antennae required and defined
in section 3, we find four master integrals. Those can be evaluated analytically in terms of
gamma functions and hypergeometric functions. The all order expressions as well as the
expanded expressions of all initial-final massive antenna functions will be presented below.

A) Quark-Antiquark antennae.
The integrated form of the massive three-parton initial-final quark antiquark antenna
given by A, o5 is obtained by integrating its unintegrated form A, 5 defined in
eq. (3.11) over the initial-final massive antenna phase d®y, , given in eq. (2.16)
using the parametrisation of the two-to-two parton phase space d®2(mg,mq) given
in eq. (5.23). It depends on the virtuality of the incoming boson Q?, the masses of

2 2
the final states both being mg and on x given by x = Q ;;le@. It reads,
2(4m)l-cerE
0 . ) —

“43(357’ 1g, 2@) - Q2 + 2m2Q

2m2,(2 — ¢) Q%x

Q
X< [—1— 22(1 -2 1- I
{ [ Q*(1—e) —2m} +2a(l ~ 2) Q2 + 2m, 2(mq,mQ)
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1| 42—¢e)?m}
:c[ Q2 —i—2m2Q(2—e—|—2x26)

Q*(1 —¢) —2my,

+(1 — 2z 4 22%)(1 — €)(Q* + 2m22)] I3(mg,mq, 513)}. (5.31)

I (mg,mg) is the integrated phase space measure with two massive final states. It

is given by
F(l ) € 4m2 . 1—226
— € T
(5.32)
while the remaining master integral reads
1
L(mq,mq,si;) = [ dP2(mq.mq)
ij
r(1 - ‘
= (4m)~! o 2 § 2 2 ’ 2
['(2 = 2¢) \ Q% +2mg, Q*(1 — x) + 2mg,
,U1726 2
Fil1,1—¢€2—2¢ 5.33
X1+02 1<7 €, 671+?}> ( )
where,
2\ 2 2
dmy, \ 2 dmzx 2
Q Q
v=1[1-— =11- . 5.34
() = (o ) o
The integrated form of the gluon-initiated quark-antiquark massive antenna Ag_ 00

is finite, since it has only quasi-collinear limits. Expanding the all order result given
in eq. (5.31) in powers of € up to finite order, we find

0 . )
A310:20) = (g2 4 a2 (02— 2md)

x{ [Q(1 = 22 + 22%) + 4m{HQ* + m(4 + 8z — 82%)] In G :L Z) (5.35)

+o [QY(1 — 2z + 22%) + 4m@Q*(1 — ) + m(4 — 8x)] } + O(e).

B) Quark-Gluon antennae.

As only one massive parton is present in the final state, the fractional momentum

Q2+m2
2p__qQ. For the
3

initial-final antenna phase space d®x;, ;, over which the antennae are integrated, we

x carried by the initial state momentum p; is defined as x =

use the parametrisation of the two-by-two parton phase space d®3(mg,0) given in
eq. (5.27). After reduction, we found that two master integrals are needed.
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The master integral I5(mg, 0) corresponds to the integrated phase space in eq. (5.27)
and reads,

€ 1—2e¢
1 (1 —¢) x méx
Ir(mg,0) = (4m)<* 1- :
< 20 (2 — 2¢) \ Q*(1 — x) +m) Q2(1 —z) +m}
(5.36)
while the remaining integral is given by

1
Ig(mQ,O,SZ’k) = /d@z(mQ,O)s‘k
7

B 1—e T'(1—e) x x ‘
x ulT%,Fy (1,1 —€,2 — 2¢6;u)

with u being given by

2
me

u=1-— .
2 2
Q*(1 — ) +mj

B.1) E-Type antennae.
The integrated form of Eg 00 18 only proportional to the integrated phase space
measure I>(mg,0) and reads,

(4m)t=cecre
53?(4113 3¢, 1Q) =

(@2 +m3)
21—2)+m2)(14+(1—2x)2 €T
x{2QOX(Q a0 g (ix>c22<12z>}12<m@,0>

(5.38)
Its e expansion is given by,

YE

e —¢ 1

—|—2lm (222 + 2% [-2+2In(1 — z) — In(z) — In(1 — zoz)]  (5.39)

Q*(—1+ 3z —22%) + mQQ(l +x) + 2mgm, (1 — x)
2(Q*(1 —x) +mp))

+ot0)

with z being given in eq. (5.2), and where we have kept the natural phase
space factor for initial-final quark-gluon integrated antennae,

e 2 27—¢€

m

P - e (@ +mal
unexpanded. Since this antenna has only one massless initial-final collinear
limit, the pole part in its integrated form is only related to the z-dependent
splitting kernel p((lg) (z). This expression can be directly compared with the
expression obtained in [85] for the integrated dipole involving a massless initial

emitter ¢ and a massive final-state spectator ) and full agreement is found.
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B.2) D-Type antennae.
The integrated form of the gluon-initiated initial-final antenna Dg Qg which is
such that the reduced matrix element is induced by a quark and which has a

massive quark @ as unresolved parton, is
4rr)l—ceVE 1

DO(4y:10,3,) =
W03 = (g2 y ) (- a1 - o)

1
X{%Q2+W%XQ%1—ww+mz>
X [QG(l — x)? [—3+ 6z — 422 + 42° 4 2¢(1 — 4z + 62% — 62%)

+€*(1 + 2z — 827 + 827)]
—Q"'my(1 — x) [9 — 25z + 322® — 162° + 4o — 2¢(3 — 14z + 302
—2472% + 62%) — €2(3 + 5z — 242* + 322° — 82%)]
+Q*me [—9+322— 572> +382% — 8z +€(6— 322+ 822 — 762° +24a")
+6%(3 + 4z — 2527 + 382% — 162%)]
+mg [—3 4 10z — 192% + 42° + 2¢(1 — 52 + 122° — 62°)
+62(1 + 2z — 72% + 827)] (5.40)
+2¢(1 — €)Q*mgmy (=1 — x + 22%)
—4Q*mymyx [—z(1 — z) + e(1 — €)(1 + = — 2°)]

+2m%mxx 22 —e(1+2) + (1 + z)] }Ig(mQ, 0)

— (1 = )?Q*=(1 — 3z + 42% — 22%)

+2Q%mg [1—da+4a® —22° +e(—2+Tr—62° +22° )+ € (1 - 204 22%)
—i—mé [1—7z+ 4o — 203 4 (=2 + 8z — 42*) + (1 —x + 2x3)]

—2¢(1 — €)Q*mgmyx +2(1 — e+ 62)m3QmXx} I3(mq,0, Szk)}

Its expansion up to finite order in € reads,
1
(@2 +m3)? (1 - =)
{ (Q*+mg)(1 —2)
(Q2(1==z)+mp)?x
+322% — 162° + 42) + Q*m (9 + 32z — 572” + 382° — 8a)

Dg(4g; Lo, 39) = 4

[Qfs(l —x)%(—3+62—42°+423) —Q4mé(1 —x)(9—252

+m%(73 + 102 — 1922 + 423) + 4Q2m%mxz2(1 —x) + 4m“22m><$2

mix
Q
—21n <Q2(1—x)+m2Q> {Q‘l(l:E)(l2:E+2;p2)2Q2m2Q(1+4:E4z2+2z3)
—mé(—l + T — 42 + 23) + Qm%mxx} } + O(e) (5.41)
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This integrated antenna is finite since its unintegrated form has only
quasi-collinear limits.
Finally, the integrated form of the initial-final massive D-Type quark-gluon
antenna D279Q which is initiated by a gluon, which has a reduced matrix
element induced by a gluon and where the final state gluon is the unresolved

parton, is given by,

4 )t=cern
2
y { Q*(1 — €)? + 2mgmye(l —€) + mé(?) — 4e — €2)
(1-)[@2(1 — ) +mp)]
4(1 - 20)[Q*(1 — 2) + mB) (1 - +2?)?
B ex(l —2)%(Q% + m%)
2
(1 -1 —2)*(Q%+mp)
+Q*(1 — 2)[=5 + 3z + €(8 — 62) — (1 — z)]

(
D5(49; 39, 1Q) =

+ 2mgmy (1 — e+ €*)(1 — z)? (5.42)

—|—m2Q[—9 + 162 — 922 + 2¢(4 — Tz + 42%) + (1 — x)Q]] }IQ(mQ, 0)
The € expansion of this integrated antenna reads

2

1 m 1

Dg(4g, 397 1Q) - —21&23 <67 Q27mQ7 07'%% Q2 +Qm2 ) 5(1 - 1’) - 26]95]09) (.%')
Q

2

_2 + (1 m >5(1 — ) = Do(z) + 2D1 ()

12
1
+4(Q2(1 ) m2)? [Q‘l(l —x) = 2Q°mg(1 — x)(2 — 9z) — 5mg(1 — 3x)
+4Q*momy (1 — ) + 4m%mx(1 - x)} (5.43)
+2 (—2 + :1c +x— x2> In(l —z)+ (;5(1 —x)+ 1 i . Do(m)> In(1 — z)

+_ (1 —x) (167 In(23) 4 In(23) In(1 — ) + ; In?(z3) + ; In?(1 — x0)>

—x + x2)? 22(02 4+ m?2
_ 1:6(1 jx) ) n(z) + In(1 — zoz)] — ;pg%) (z)In ( O(QQZ‘ )> +O(e),

1
2
(

where xg is given in eq. (5.2).
From this expansion it can be seen that all the pole parts are contained in the
infrared singularity operator

2
1 [ ¢ Q2 mo, 0, z2 "o
Qg ) 9 Qa 9 OQQ—i—mé
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as well as in the splitting kernel pgz,) (z). A factor x% appears explicitly in the

(1)

mass-dependent logarithmic term in the infrared operator IQ1 .
in order to capture all poles parts proportional to (1 — =) of the integrated

It is necessary

antenna, DY(44;3,,10).

Furthermore, we can compare this expanded result for Dg 90 with the corre-
sponding integrated dipoles in [85]. The pole parts of our expression given in
eq. (5.43) corresponds to the pole part of the sum of two dipoles which have
either a massless initial spectator and a massive final-state emitter or a massless
initial state emitter and a massive final state spectator. Full agreement is found

providing us with a strong check on our result for DS 90"

C) Flavour violating antennae.
In addition to the flavour conserving integrated inital-final antennae, we also
need to consider the integration over the massive initial-final antenna phase
space of the unintegrated initial-final flavour-violating antenna A(q); gq- The phase
space parametrisation of the initial-final antenna phase required here is the same
parametrisation as the one used for integrating the initial-final quark-gluon anten-
nae. One uses the parametrisation of the two-to-two particle phase space given by
d®y(mq,0) in eq. (5.27). The integrated flavour violating antenna Ag;gQ can be
written in term of the phase space measure I(mg,0) only. In term of this master

integral, its integrated form reads,

B (477)1_565719
2¢(Q% +mg)(Q*(1 — ) + mg))(1 — x)?

x {Q*(1 — 2)? [2(1 + 2%) — (7 — 87 + 62%) + €*(1 — 22)?] (5.44)
—|—2m2QQ2(1 —z) [2(1+ 2% — €(7— 9z + 62%) + (1 — 3z + 2x2)]
+m¢ [2(1+ 2?) — (7 — 10z + 72°) + (1 — x)?] } I(mg, 0)

Ag(2q; 39’ 1Q) =

Expanding in powers of € we obtain

2
1 m 1
A(243 10, 3,) = —2L <e, Q% mq. 0,15 +ng2> 61— ) = piy) (@)

B (1 — z) — Do() + 2Dy (z) — © — e
2 12 T) PO W79 T 402(1 — zox)?
1

+4(1 —20)(1 — zox
+i5(1 —2) (5In(a2) + 2In(22) In(1 — 20) + In%(22) + In?(1 — xp))

1

1
) + <25(1 —x)+ . - Do(ac)> In(l —xz9)  (5.45)

22
—(I+z)ln(1 —2) — 6(1 tx ) [In(z) — In(1 — zox)]
22(02 + m2
@ (V€T o,
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All the pole pieces are contained in the following infrared singularity operator

(1) 2 2 m2Q
| 0
aQ Q% mg, ’QUOQQ—i-mz2

and the splitting kernel p((lg) (z). As for the integrated gluon-initiated quark-gluon
antenna Dg 9 factor :Ug appears in the mass-dependent logarithmic term in the
1)

infrared operator Iq o It is necessary in order to capture all poles parts proportional

to §(1 — ) of the integrated flavour violating antenna, A3(2,; 34, 19).

In summary, in this subsection 5.3 we have shown that all integrated massive initial-
final antennae have their pole parts related either to massive infrared operators or to
splitting kernels or both.

0
6 Check of Ag;QQ

A strong check can be performed on the integrated quark-antiquark antenna ‘AS;QQ by
comparing its expression given in eq. (5.31) and known results from the literature on the
leading order heavy-quark coefficient functions.

To compare our results with « induced deep inelastic scattering we consider the con-
traction of the hadronic tensor W#" with the metric tensor —g,,,. This corresponds to the

trace of the hadronic tensor, which in terms of the structure functions F5 and Fy, is given by,

d—1
2

d—2

—Wh =~ )

Fr (2,Q%) + Fo (2,Q%) , (6.1)

where the structure functions can be expanded in powers of the strong coupling constant.

To zeroth order in «a; these structure functions are given by the simple parton model

result
0 0 0
F = F) =0, F =6(1-2), F) =0, (6.2)
We find that the correct normalisation of W} to be checked against the antenna .»42. 00 is
as in the massless case [80] given by
2 d—1
_ [ — _
d—2W“ Fa d—2fL' (6.3)
such that the following relation should hold
0 2 2 L—=el ) 9y _ 3= 2¢ (1) 2
‘AQ;QQ . [Q (1—¢)~ QmQ] -7 9 Fag (z,Q%) — 9 _ 26fL7g(x7Q ) (6.4)

with .7-"2(2 and F g; being the leading order heavy quark coefficient functions.
The factor on the left-hand side of this equation which multiplies the integrated antenna
corresponds to the massive two-parton antenna Ag.q serving to normalise the three parton

antenna and given in eq. (3.12).
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The coefficient functions are given up to finite order in € in [110] with a different choice

of variable . © = xp = QQp.Qq is used instead of our expression for x given in eq. (5.26) by
2+2mZ Lo =
_ @ QP_ZLQ, which includes the masses mg of the final states @ and Q.

We used this second definition of z in our expression of the integrated antenna A 5q
since this definition of x is required in order to guarantee phase space factorisation in
our subtraction formalism. Adapting the results given in [110] to this mass-dependent
definition of x, the heavy quark coefficient functions read,

fz(lg (2,Q%) = - Q2 +22m22)2 {v [Q*(1 — 8z + 82%) — 4Q*mQ(—1 + 3z + 2?)
+me(4+ 8z)] + [Q*(1 — 22 + 22°) + 4Q*m (1 — 327) (6.5)
+m*(4 + 8z — 827)] log (i _T_ Z) } + O(e)
8Q? 1—
.7:2;(33, Q*) = (Q2+Qz;%)2 {v [Q*(1 — ) +2m3)] + 2mgwlog (1 N Z) }+O(e). (6.6)

To the finite order in €, one can show that

Lo, 3 -0
_2f2,g + 4fL,g

1

1—
+ [Q4(1 — 2z + 22?) + 4Q2mé + mé(ll + 8z — 83:2)] log (1 n Z) },

with the variable v defined as in eq. (5.34) since the redefinition of = in [110] does not
affect the definition of v. The expression given in eq. (6.7) coincides with the O(€?) term of
our expanded form for A, 5 after we undo the normalisation of this antenna function by
multiplying it by [Q? — Qmé]. The relation given by eq. (6.4) is therefore herewith proven
at O(e°) giving us a strong check on the integrated antenna Ag.0q itself.

7 Application to top quark pair production at LHC

In this section we shall give the colour-ordered real emission contributions for all partonic
processes contributing to ¢ and tt + jet production at the LHC present at NLO. Together
with these, we shall present their corresponding antenna subtraction terms which capture
all single unresolved (soft, collinear and quasi-collinear) radiation of the real matrix-element
squared for each partonic process involved.

The results presented here for the real contributions and subtraction terms for the
process pp — tt +1 jet at NLO are essential ingredients for the computation of the dou-
ble real contributions and their subtraction terms to the production of ¢t at NNLO. Our
subtraction terms enable to capture all single unresolved radiation present in those double
real contributions. Furthermore, concerning the colour decomposition of the real matrix
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element squared for ¢t +1 jet production at NLO, in the limit where the heavy quarks
present in the final state are taken massless, the colour decomposition provided here corre-
sponds to the colour decomposition of the real matrix elements to the processes involving
a massless quark-antiquark pair for two jet production at NNLO.

For all partonic processes involved, starting from well-known amplitudes given in [28—
30, 33, 34], the colour decomposition of the real matrix elements squared is presented and
where possible, checked against results in the literature. Wherever possible, decoupling
identities are used to reduce the size of the colour ordered decomposition of the real matrix-
element squared and in some cases to eliminate the interference terms in those.

The colour ordered subtraction terms are explicitly constructed as sums of terms in-
volving the product of antenna functions with reduced matrix element squared and jet
functions, as explained in section 2.

Concerning the notation of the matrix elements appearing in the real contributions,
those matrix elements denoted by M represent colour-ordered amplitudes in which the
coupling constants and colour factors have been omitted. Furthermore, to explicitly visu-
alize the colour connection between particles in these colour ordered amplitudes, a double
semicolon is used in the labeling of the partons contributing to a given matrix elements.
This double semi colon serves to separate strings of colour connected partons. Partons
within a pair of double semicolons are colour-connected.

Since in the antenna framework a parton can only be unresolved with respect to its
colour-connected neighbours, this notation helps to identify the unresolved limits present
in a given colour ordered amplitude and therefore helps to construct the corresponding
subtraction terms. Notationwise, we also denote gluons which are photon-like and only
couple to quark lines, with the index ~ instead of g, to manifestly separate leading from
subleading contributions. In amplitudes where all gluons are photon-like no semicolons are
used, since the concept of colour connection in not meaningful in those configurations.

Concerning the notation in the subtraction terms themselves, the reduced matrix-
element squared present in those are also to be taken without coupling constants and
coupling factors. In those matrix elements, the crossed momenta are denoted with a hat,
the remapped final-state momenta are denoted with tildes and the remapped momenta of
initial state hard radiators are denoted by a bar and a hat.!

7.1 tt production at LHC

Following the general factorisation formula given in eq. (1.1) for hadronic collision pro-
cesses, the real NLO contributions to the production of a massive quark-antiquark pair in
a hadronic collision can be written as

_ [d&dée

R
=1l g

{ 3 [fq@l)fq(sz)d&qqmg e o(E)doy, 00y (T)

q

€000, 0] + €00, a, |

!This notation for the remapped initial state momenta was already used in [82].
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fi(&;) denotes the parton distribution function of parton 4, which carries a fraction &;
of one of the incoming hadron momenta and dé are the partonic cross sections. These
process-dependent partonic cross sections dé are, in turn given by

A 3

do’qqiﬂQQg = d(b?)(kQakQ7kg;pQ7pQ)‘M¢JOQ—>QQg‘2J2( )(kQakéakQ)v (72)
A 3

do’ngQQq = d(b?)(kQakQ7kq;pQ7p9)‘Mqog—>QQq‘2J2( )(kQakéakq)v (73)
~ 3

d6,, 004 = dq)?)(kQakQ,kg;pgl,pg2)|M§gHQQg|2J2( )(k‘Q,kQ,k‘g), (7.4)

where the momenta labels in the matrix elements are omitted for the sake of conciseness.
Each of these process-dependent partonic cross sections involves a massive two-to-three
parton phase space, d®3, the corresponding matrix element squared |M°|? and the appro-
priate jet function J23 related to the selection criteria of 2-jet events. Out of three partons,
from which two are a Q and ) , an event with two jets having each a heavy quark Q or
a heavy anti-quark @ in them is formed. In the corresponding subtraction terms, the jet
functions will all be of the type J2(2) and will only depend on the hard final-state momenta
appearing in the reduced matrix-element squared.

In order to obtain the subtraction terms, the colour decomposition of the real matrix
elements present in the partonic cross sections given above in egs. (7.2), (7.3), (7.4) has to
be performed. However, since colour ordering does not distinguish between initial and final
state partons, it is sufficient to consider the colour decomposition for the two unphysical
processes 0 — QQqgg and 0 — QQggg, and obtain the matrix elements needed for tf
production from two initial state partons by appropriate crossings. We shall follow this

strategy in the following.

7.1.1 Processes derived from 0 — QQqdyg
At amplitude level, the colour decomposition for this unphysical process 0 — QQqqg is

Mg (19,25, 34:43.59) = 9° V2| (T )4 i46is,isM2(1Q, 5, 4751 25, 3¢)
+(Ta5)i3,i26i1,i4Mg(1Qa4@; ; 2Q,5g’3Q) (75)
1
_N (T%)il,izéis,mMg(lQ’ 59’ 2Q; ; 3qa 4@)

Cc

1
_N (Tas)i37i45’i1,i2Mg(1Q7 2Q7 ) 3‘1’ 59’ 4@) ’
C

Squaring, and using the photon decoupling identities stating that

Mg(lQ’ 2Q,3q,4q, 5“/) = Mg(lQ, 59,463 ; 2Qa3q) + Mg(lQa4q§ ; 2Qa 5ga 3q)
= M3(1q,5¢,20; 34 47) + M3(19, 25 3¢, 5y, 47) (7.6)

gives
|ME?(1Q’ QQ’3Qa4Qa 59)|2 = 96(N02 - 1)

x | Ne (IM3(10, 54, 475325, 39)1> + M3 (1, 43520, 59, 3) %)

— 44 —



1
+N (’Mg(1Q7 597 2@; ; 3‘174@)‘2 + ‘Mg(lQa 2@; ; 3117 59745)’2 (77)

Cc

_2|Mg(1Qa 2Q, 3(]’ 45’ 5"/)|2)

where in MY(1g, 20, 34,47,5) the parton with momentum label 5 is a U(1) photon-like
gluon that only couples to the quark lines.
Upon the crossing of 3, and 4; to the initial state, an expression for the squared matrix

element \M 0 in terms of colour-ordered amplitudes is obtained by replacing 3, and

—QQg [*1
45 by 3 and 4 in the expression given in eq. (7.7).

This, together with the phase space and the jet function as given in eq. (7.2) leads to
the corresponding real emission differential cross section due to this partonic process in a
colour ordered way.

Analogously, the crossing of 45 and 5, in eq. (7.7) together with the phase space and the
jet function in eq. (7.3) gives the colour ordered real emission corrections to the production
of a top-antitop pair from the partonic process ¢g — @QQq. The corresponding subtraction
terms for these two crossings are given below.

After the crossing of 3, and 44 in eq. (7.7), we find that the subtraction term for the

partonic process ¢§ — QQg is
62 oa, = 9°(NZ = 1)d®3(kiq, kag, ksg; Pags P3q)
><{NC[Aguq;1Q,5g>w2<<f5>@2Q,3q,ﬁq>PJ§”< 750 k2)
+A3(3512.5,) M8 Lg. (B, 3 )5 b )|
-y, [ 480105 20 M) <2~5>@,3q,4q>|2J§2><kﬁ, b 09)
Y40, 35550 M3 0. 2. 3PS v )| .

Only A-Type quark-antiquark antennae are required in all three configurations. In the
intial-final configuration, both flavour conserving and flavour violating massive antennae
are needed.

If 4; and 54 are crossed instead, the subtraction term for gg — QQq will be constructed
with massive flavour-conserving quark-antiquark A-Type and quark-gluon E-Type anten-
nae in both final-final and initial-final configurations in addition to massless initial-initial

A-type antennae. It reads,
do ng—>QQq =g (N - 1)d¢3(k1Q7 k2Q7 k3Q7p4qap59)
~ 2 A~ o ~ A 2
{4805, 10.2) (1M2<<12>Q,5Q73q,4q>12 + MG (210,340 ) 5k )
+A9(44, 543 3¢) | MS (10, 20, 3¢, 5) P 157 (1, o)

~ ~ 2 ~ Eay A 2
4843, 1Q>(|M2<<13>Q,5g,4g,2Q>|2 + |M2<<13>Q,4g,5g,2Q>|2>J§ (ki ha)
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1 P AL 5
+2E§<4q;3q,2Q)(|M2<1Q,5g,4g,(23>Q)|2+|M2(1Q,4g,5g,(23)Q>|2 Jy )(kl,kég)]

1 1 ~ = ~ 2o ~ ~ 2
= | 4305510 2) (|M3(200. B3y, A + [M3(Ba ()34, 40 ) 57 b )
+A4(44 593 3 MS (1, 2, 4, 50) PIS7 (R, o)

1 . )

+ o B3 (44334. 10)IMI((13)g, 4y, 51, 20) T3 (kg k) (7.9)
1 L ,

5 B339 20) ML, .50, (BB ()|

7.1.2 Partonic process gg — QQg
The colour decomposition for the unphysical process 0 — QQggyg is

Mg(19,2G,34,49,59) = (9V2)* > (TUTT*)E M3(1q, iy, Jg, kg, 2g)-  (7.10)
(i7]7k)eP(37475)

Squaring and crossing gluons 4, and 5, to the initial state gives
|ME?(1Q’ QQ’ 39’ Zlg’ 59)|2 = QG(NCQ - 1)

X{ Z [Nf (|M(5)(1Q,3g,%g,jg,2é)|2 + |Mg(1Qa%g’3g’jg’2Q)|2
(i,3)€P(4,5)
+|Mg(1Q’%gajga3g’2Q)|2>
— (IM8(10, 34,9 3y 20) P + M3 (1, g, 39, s 20)I2

+HMS (1, 4, Jg. 34, 2@)!2> ] (7.11)
N2 11 0 PO
- < CNQ > |M5(1Q,3g,4g,5g,2Q)|2}.
(&
We have used the following photon decoupling identity,

Mg(lQaig7jg7kV72Q) = (712)
Mg(lQa ig,jg, kga 2@) + Mg(lQ, ig, k:g,jg, 2@) + Mg(lQa kga ig’jga 2@)

where gluon k is a U(1) boson decoupled from the other gluons, and

0 o
M;5(1q.3g,44,5g,25) = Z Mg(lQangjgvkgaQQ)7 (7.13)
(4.4,k)€P(3,4,5)

where all gluons are photon-like.

The colour decomposition of the matrix element squared with two gluons in the initial
state given by eq. (7.11) is obtained as follows: After squaring the amplitude for the process
0 — QQggg and expanding the sum of permutations concerning the three final state gluons,
the crossing of two gluons 4, and 5, is performed. As the final state gluon labelled 3, is
fixed, the terms are then regrouped and a sum over the permutations for the two initial
state gluons 4, and 54 only is performed.
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Only colour ordered squared matrix elements are involved in eq. (7.11) for which unre-
solved radiation can be captured by a single antenna function. Massive flavour-conserving
quark-antiquark A-Type antennae, massive quark-gluon D-type antennae together with
massless initial-initial gluon-gluon F-Type antennae are required.

The subtraction term reads,

6> 00, = 9° (N2 = 1)d®3(k1Q, koo, kagi Pag, Psg)
X{ Z [ [2140(1971Q7QQ)(‘M4((12)Qv3ga3971Q)‘ +’M4(2Q7 97197(12)(2)’
(i,5)€P(4,5)
HMS(12)q, Jgr 3¢iQ) 2 + IM(ig. Jg. 35(12)0)[2) 52 (kg ks)
+D8(ig3 3¢, 1) M3 ((13)q. g: Jg 20) P57 (k.
+D8(ig; 34, 2) MY (1Q, Gy ig, (23)0) P57 (1, kg

FF (igy Gg 3¢) MY (10, gy Jigs 200) IS (B1, o)

k2)
5)

—A5(14, 34, 20)IMI((13)q, ig, g, (23)0) P57 (g, bizs) (7.14)

— o Aligi 10, 20) (M2 35,3y, i) P +IMSigr 35, . (2)0)?
HM(12)q, Jgr 3¢1Q) 2 + Mg, Jgr 35(12)0)
HMS((12)Q, 34 s 1) + M (i, 34 s (12)0) %) IS (kg k3)

—DY(ig3 39, 10)IMI((13)q. iy, v, 20)1 I8 (kg h2)

—D3<zg;3g,2@>w°<1Q Gy, (23)Q) P (e bigg)

2N2 A3(197 1Q7 2Q)(‘MO((12)Q7 377«777 ZQ)’

HMS (g, 34, 4y, (12)0)[2) IS ’<k12,k3>]

NZ4+1Y\ o 02\ 4 & (5% 2 7(2)
e A3(1Q,3¢,20) M3 ((13)@, 4y, 54, (23)0) " 3™ (kg kgg) ¢

7.1.3 Consistency check

We have performed a powerful check on all subtraction terms required for ¢t production
given above. For each of those subtraction terms, which is a sum of terms multiplied by
colour factors proportional to N., we have verified that it gives the correct non-colour
ordered collinear or/and quasi-collinear behaviour. We have checked this feature for all
collinear and quasi-collinear limits present in all subtraction terms presented above. We
have verified that each subtraction term obey

“ P,
a6s b 2 ¢ Sb(z) x |MP |2 x dd,, J), (7.15)
ab

where C' = Ca, CF, TR is the corresponding Casimir, MY, is the non-colour ordered reduced
matrix element and P, (z) stands for a massless or massive spitting function governing the
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particular collinear or quasi-collinear limit as defined in section 4.

Let us now check all collinear and quasi-collinear limits of the subtraction term
~S -
daggﬂQQg R K
and quasi-collinear limits: 1¢||34,34]|44 and 1¢g]|4,.

given in eq. (7.14) in this way. This subtraction term has the following collinear

The following relation between the non-colour ordered and colour ordered amplitudes
squared for the process gg — QQ is needed. It reads,

Ao N2 -1 L.
M0, 20. i) =t (Vo 1) 82 (108000, 20
C

+!M2(1Q73g73g72c3)!2> - \Mi(lQﬁw}w?Q)!Q} (7.16)

When the final-state quasi-collinear limit 1|3, is taken in the subtraction term given
in eq. (7.14), we obtain

2
.S 1oll3g 4 NCQ -1 qu@(ﬁﬂﬁg)
do A =
99—QQg N, S13

x [Nz(wz«l 1 3)0,4,50.20) + IMU(1+ 3>Q,sg,ag,zQ>r2)

—|IMJ((1+3)q,4,,5,, 2@)’2] d®a(k(143)0; k2Q;P4g,p5g)J2(2)(/€1+3, ko) (7.17)

FPeg—q (2, /‘gg)
513

xd®o(k(143)qQ: ka0 Pag, Psg) IS (k1va, ko),

292 Cr ’Mz?((l"‘?’)Q?zQ’Zlg’Sg)‘z

where we have used eq. (7.16) with the momentum of the massive final state quark 1g
being given by (ki + k3). In the limit 1g||3,4, the contributing terms in eq. (7.14) are
proportional to the antenna Ag(lQ, 3, 2@) multiplied by a reduced colour-ordered matrix
elements squared involving the remapped momenta k(1~3) and k:(2~3) In the 1|34 limit, those
remapped momenta k(1~3) and k:(2~3) are respectively given by (ki + k3) and ko.

Similarly, in the same subtraction term given in eq. (7.14) we can see that in the
34||4, limit we obtain

465 341l ¢ NZ =1 Pygei(2)

—QQg — 9
99—QQyg N2 S34

x [NE (|M2<1Q, (T73)0,50.20) + IM(1g1 50, (T3),, 2Q>|2>
— M1, (A= 3),.5,,20) 2 [ d®a(kig, kagi Da_s)gs P3g) s> (k1 ko) (7.18)
Pyg—a(z, Mgg)
534
xd®y(k1q, sz;p(4—3)g7p5g)J2(2) (K1, ka).

— 204 |M{(1g,25, (4= 3)g,54)?

We have used eq. (7.16) with incoming momenta (ps — k3) and ps. In the 344, limit,
the contributing terms in eq. (7.14) are proportional either to D3(44;34,1¢g) or to
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F9(44,54;3,). In the first case, the remapped momenta (13) and 4 present in the reduced
matrix elements multiplying by D9(44;3,,1¢) are given by ki and (ps — k3) respectively.
In the second case, the remapped momenta 1and 5 present in the reduced matrix-element
squared multiplying F¥(4,,54;3,), are given by (ps — k3) and ps respectively.

Finally, for the 1|4, limit, we see that

N 2 2
A _ 1oll4g 6 N2 -1 quHG(Z,,U,qg)
d0gg—qag — 9 < CNC

x [NE <|M2<<4 1), 59:3:20) 2+ IMUAE D)0 35150, 2Q>|2)

S14

—_— A 2
—|M3((4 - 1)Q,3%5%2Q)|2:| APs(kag, kg Pa—ryq: Psg) s (Ko, kis) — (7.19)

P‘]@—G(Zv Mgg)
514
% AP (Ko, kags Da—1)0: P3g) s (k2. k3).

=¢*Cr IMP((4=1)5,20:34,54)”

Again, the relation between the full matrix element squared and the partial amplitudes
given by eq. (7.16) has been used. in this case the final state quark denoted by 1¢ and the
gluon denoted by 4, have been crossed to the initial state.

Since colour decomposition does not distinguish between initial and final state coloured
particles, this crossings can be safely done with the relation still being true. The terms
in eq. (7.14) that contribute to this limit are those involving A3(44; 10, 2p) and the cor-
responding remapped momenta appearing in the reduced squared amplitude multiplying
this antenna become k:(fé) — ko and p; — (pg — kq).

These same verifications have been performed on all collinear and quasi-collinear
limits of all subtraction terms listed in this section providing us with strong consistency
check on our results for the subtraction terms required to compute the cross section for
pp — tt at NLO.

7.2 tt+ jet production at LHC

The real emission correction to the production of a massive quark-antiquark pair in asso-
ciation with a jet in a hadronic collision is given by,

r_ [ d&dé

do = SERS

{ Z [fq(fl)f(i(&)d&qq—»cg()gg + fq(fl)fg(&)d&qg—@(?qg

q
+fq(£1)fg(£2)d5¢jg—>QQ¢jg + fq(&)fq(&)dﬁqq—@()qq

+fq(€1) (€2)d8 4y 004q + fa(€1) f2(€2)d6 35— 0044] (7.20)

+ Z [fq (él)fq (52)d5qqfﬂQQq/q/ + fq (gl)fq’ (52)d6qq/ﬂQQqq/
a#q

+fq(5q)fq/ (52)d5'qq'HQQqq' + fq(gl)fq’ (52)d6qq/ﬂQQqq/]

+f9(&1) fo(&2) (dﬁgg—@@gg + d&gg—@@qci) }’
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with the partonic cross sections given by

dG4-.Q0gg = d(b4(kQ’kQ’k917k927pq7pq” qq—»QQgg’2Jf§4)(kQ’k@kgl?kw) (7.21)
d%45-.QGe = d(I)4(kQ7kQ7kg,kQ7pqapg)’ qg_,Qqu]2 (kQ,k:Q,k:q,k ) (7.22)
d044—qaey = dPalkq kg, ke ky ,quq)\quHQQq o[PS (kg kg kg ki) (7.23)
A6y —Qaeq = APalkq, kg, kg, kq'i pgs Py )M, qq '—~QQqq’ ‘ (kQa kg, kg ky) (7.24)
6490099 = APa(kq: kg, kgys kgss Dgss Pgs) | M, gHQQgg| (k?Q,kQ,k‘gl,k‘ ) (7.25)
4049 -.Qaaq = APa(kq, kg, kqs kg; Pgr» Pgs)| ggHQQqq| Js (k’Qa ko: ke kg).  (7.26)

The jet functions appearing in the partonic cross section are all of the type J§4) and
correspond to the selection criteria of 3-jet events. Out of four partons, from which two are
a QQ pair, an event with three jets is build. From these 3-jets, one jet is made of massless
partons and two other jets have each a heavy quark @Q or a heavy antiquark @ in them. In

the corresponding subtraction terms, the jet functions are of the type Jég)

and those depend
only on the hard final-state momenta appearing in the reduced matrix-element squared.

In order to obtain the colour decomposition of the matrix element squared for the
partonic processes defined above and given in eq. (7.26), we will follow the same strategy
as for tt production. We will use the colour decomposition of unphysical processes and
then consider appropriate crossings. For tt +1 jet production the unphysical processes to
be considered are 0 — QQqqq'q’, 0 — QQqggg and 0 — QQgggg.

However, the presence of one additional parton in the final state introduces a few
difficulties. In the first place, the number of partial amplitudes as well as the number of
unresolved limits to subtract increases. Also, identical quark flavour contributions must be
considered. But most importantly, in the contributions related to the partonic processes
derived from 0 — QQqggg and 0 — QQgggg, the colour decomposition of the partonic
amplitudes squared leads to interferences between partial amplitudes with different colour
orderings that cannot be removed using any decoupling identities. Those require subtrac-
tion in an uncommon way in the antenna formalism, which we shall explain below.

7.2.1 Interference terms

The subtraction of infrared singularities in a colour ordered squared amplitude is easy
within the antenna formalism: a suitable antenna function multiplied by a reduced squared
matrix element with its momenta properly remapped accomplishes the task. However, this
is not the case for interferences between partial amplitudes with different coulour orderings.
Those interference terms which are most generally of the form

MgH_l(...,a,s,b,...)M%H(...,c,s,d,...)T

with gluon s colour connected to partons a and b in one amplitude and colour-connected
to partons ¢ and d in the other amplitude, lead to soft singularities when integrated over
the phase space. Those singular behaviours cannot be straightforwardly subtracted with
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just one suitable antenna function multiplied by a reduced squared matrix element with
remapped momenta.

In order to understand how to subtract the soft singularities in these interferences
terms, we appeal to the factorisation properties of colour ordered matrix elements at the
amplitude level. Quite generally, when a gluon s with helicity A becomes soft between
partons a and b, the colour ordered amplitude factorises [112, 113] as

ks—0
MO (e yaysn,by ) 2 ex(Ds) - [Ja(ps) — Jp(ps)) MO(... a,b,. ), (7.27)
where € (ps) is the polarisation vector of the soft gluon, and J4 (ps) is the soft gluon current,
given by
o
ey = P (7.28)
\/2 Pa " Ps

Eq. (7.27) holds in d dimensions and is absolutely general: it does not depend on the
identity of partons a and b (they can be either gluons, massive quarks or massless quarks)
nor on their helicities. Therefore, summing over the helicities of the soft gluon, we find
that the interference of two partial amplitudes with different colour orderings factorises in
the soft limit, ks — 0, as

Z MO (yay sy, by JMO (e s, d, )T
A==+

b (Z eg‘(ps)es(ps)) Ja(ps) = Jo(0)ulJe(ps) = Ja(po)ls (7.29)

A==+
XMup(o.yayb, . I Mup(...ed,. . )T

Since colour ordered amplitudes are gauge invariant, we can replace

3 p)e” s (ps) — —g (7.30)
A==+

and thus obtain the following limit for the interference term:
MO (a8, MO (e sy d, )T (7.31)
ks ( fad 4 Sbe _ Sac _ Sud ) MO( . anb  IMO( . ed, . )

SasSds SbhsScs SasScs SbsSds

In this soft limit, we see that the interference term given by
MEL_H(...,a,s,b,...)M%+1(...,c,s,d,...)T

factorises into a difference of four (half) eikonal factors times the interference of the reduced
(i.e where the soft gluon is absent) interference term given by

MO ab, . OMO( e d, )T
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Each of these half eikonal factors can be reproduced by a single antenna function. The
soft singularities of an interference term like M%_H(. ..,a,8,b, .. .)MQLH(. .. ¢ s,d,...) for
the case where a, b, ¢ and d are all different can therefore be subtracted with

1 ~ ~
2X§(a, s, d)/\/lg,l(. ..,as,bs,.. .)M?L,l(. ..,C5,ds,.. )
1 ~ ~
+2X§(b, 8,0 )M o(...,a@s,bs,.. )M 4(...,c5,ds,...)T (7.32)

1 ~ ~
- 2X§(a, s, )M 5(...,as,bs,.. )M 5(... ¢s,ds,...)!

1 ~ ~
— X80 s MG (. s, b, JMG (o G ds, It

In this equation, each of the antenna functions denoted as Xg can be either final-final,
initial-final or initial-initial, depending on whether the partons a, b, ¢ and d are in the ini-
tial or final state, and they can be either massive or massless depending on whether the hard
radiators are massive or massless. The absence of mass terms in eq. (7.31) is respected by
eq. (7.32) even when one of the hard radiators (and therefore all the antenna functions in-
volving that parton) is massive: In the soft limit, although a massive antenna yields a mas-
sive soft eikonal factor including explicitly mass terms, as seen in section 4, in the combina-
tion of massive antennae required in eq. (7.32) those mass terms cancel amongst each other.

In eq. (7.32), the different labels on the reduced matrix elements denoted by MSB
do not mean that the matrix elements themselves are different, but that the momentum
mapping is, in principle, different for each term. The remapping in each case is done in
accordance with the type of antenna function involved.

A very important feature about this way of treating the interference terms is that not
only soft singularities are subtracted with eq. (7.32), as it was originally intended, but
also no “extra” collinear singularities are introduced by this subtraction term itself. The
collinear limits of gluon s collinear with partons a, b, ¢ and d are correctly dealt with.
Indeed, if @ and b are different from ¢ and d, the interference term does not contain any
collinear singularities. It has square-root singularities that do not give rise to € poles upon
integration. In this case, the subtraction terms in eq. (7.32) do not contain any collinear
singularities either: all the collinear limits introduced by the first two terms, are subtracted
by the last two. And, in the case where two partons are equal in eq. (7.29), for example,
when a and ¢ are the same, the interference term develops a collinear singularity when a||s.
In the limit where s becomes soft, setting ¢ = a in eq. (7.29) gives

MO (a8, by MO (L ays,d )T (7.33)
2
’f£9< Sad  Sab - Shd ”;a> MO anh, . MO e d, . )
SasSds SasSbhs SbsSds Sas

The corresponding subtraction terms are

1 - -
2X§(a,s,d)/\/l0 (... ,dfs,bs,...)M%ﬂ. ..,as,ds,.. )

n,l1

1 . o
+2X??(a, s, b)M?L,Q(. ..,as,bs,.. ')M%g(- ..,as,ds,...)! (7.34)
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1 ~ ~
—2X§(b, s, )M 5(...,ds,bs,... )M 5(... as,ds,...)T,

from where it can be seen that these combination of subtraction terms also subtracts the
al|s (quasi)-collinear limit, in addition to the soft s limit.

Taking this construction of the subtraction terms required for the interference terms of
massive amplitudes into account, let us now present our results for the real contributions
and their corresponding subtraction terms for all partonic processes involved in tt+jet
production at NLO. We start with processes involving only quarks and derived from
0 — QQqqq'q, which is the easiest case since only colour-ordered matrix-element squared
are involved.

7.2.2 Processes derived from 0 — QQqqq'q

We choose to separate the colour decompositions of the real contributions related to pro-
cesses derived from 0 — QQqgq'q with and without identical quarks explicitly.

The colour decomposition for the unphysical partonic process 0 — QQqgq'q in the
non-indentical flavour case (¢ # ¢') is given by,

Mg (1,26, 3¢, 4q: 54/ 6q) = 6" [01,40i,16 015,12 M8 (10, 4g3 3¢ 65 5+ 26)
+0i1 6 O 05 is M3 (1, 6753 3¢, 2073 5y 49)

1
N

1
N Oi igOis ia 05 in MG (10, 675 3¢, 443 1597, 29)  (7.35)
C

5i1,i45i37i25i5,i6Mg(1Q7 465 ) 3q7 2Q; ) 5Q' ) 6(7)

1
N 5i1,i25i37i65i5,i4M8(1Q7 262; ;3¢5 635 5‘1’74(?)
(&
1
+ 5@'1,i25i3,i46i5,i5M8(1Q, QQ; $3¢,4453 5q', 6@’)

N
Squaring, and using the fact that the partial amplitudes satisfy
Mg(lQ’ 2(2; 311’ 41?; 511” 66’)
= Mg(1q: 445334, 6453 5¢,29) + Mg(1q, 64753 3¢, 255 5¢'+ 4g) (7.36)
1
= 9 (Mg(lQa 445334 2(2; 5S¢/ 66’) + Mg(lQa 6q553q,44: 0¢' 2@) + Mg(lQa 2(:2; 73¢,6q5 547, 41?))
gives
0 2 8 A2
‘M6(1Q72Q73Q74é7 5q/76q/)‘ =g°(N; —1)
0 2 0 2
{Nc<’M6(1Qa4q§§3q76q’§§5q’72Q)’ + [Mi(1q, 645334, 253 5¢', 4) | >

1
+ <|M8(1Q,4q; 134,205 5¢,64)° + IMB(10, 675 3¢,455 1 54, 2) I (7.37)
C

+MG(19, 255334, 673 5¢, 4g)|” — 3IMG(19, 205 3 34, 4435 5q’76q’)’2> }

which represents the colour decomposition for squared amplitude of the unphysical process
0 — QQqqq' ¢ (with ¢ and ¢’ of different flavour). It has no interference terms. Depending
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on which partons are crossed in eq. (7.37) a sum over final state quark flavours might need
to be performed. When a quark-antiquark pair of the same flavour is crossed to the initial
state resulting in the the colour ordered squared amplitude for the process q§ — QQq'q,
the result must be multiplied® by (Np — 1).

The identical flavour case is obtained taking the difference of two colour-ordered non-
identical cases. At the amplitude level, we use the following relation

Mg (1,20, 3¢: 44, 5q: 63) = Mg (10,25, 3444, 5/, 64) — Mg (1q, 25,34, 64,54, 47), (7.38)

which, upon squaring, gives the colour decomposition of the matrix-element squared for
the identical flavour case,

|Mg(1Qa2Qa3Qa4Qa5%6Q)|2 = QS(NCZ - 1)
X{NC<IM8(1Q,4q; 1345675354, 20)° + IMB(1q, 6551 3¢, 4431 5, 25)|°

+MR(1g, 6435342515 5¢+ 4) 1> + IMG (10, 4755 3¢5 203 : By 6q)!2>

+2Re(MY(1¢, q,,3q,2Q,,5q,6 )M (1g, q,,3q,2Q,,5q,6/)T)
+2R6(Mg(1Qv 4g3334,6q5 5 5q )./\/18(1 4g5334, 673394 )T)
+2Re(M§(1q, 64:334, 20 5 /)M8(1 6235 3¢, 2035 5¢,47)")
+2R6(Mg(1 67; 53¢, 47'335¢', 20 )Mg(l 67334, 4433 5¢' Q)T)
—2Re(ME(1q, 20334, 6451 5, 47 )ME(10. 205 3q. 44 1 5y, 67)7) (7.39)

1
+ v <|M8(1Qa4q;;3qa2Q§ ; 5qu6qf)l2 + |MB(1q, 643534, 205 : By 4|
C

+|Mg(1Q,6q/§§3q,4q§ ; 5q 52Q)|2 + |MO(1Q’ q’ ;;3qa6q; ; 5q a2Q)|2
+’M8(1Q72Q;;3Q76(1’H )‘2+’M0(1Q72Q773q74q”5 6g )’
—3\M8(1Q,2Q;;3q,4q;;5q'76¢)\2 - 3!/\48(1@,2@;;3q,6q;;5qf,4qf)\2>
1 0
_Nc2 <6R6(M (1Q’2Qn3qa6qn q’> )Mﬁ(lQa2Qaa3qa4qaa5q a6q )T)
—2Re(MO(10, 205 5 34, 645 Bgr Ag ) MO(10, 205 5 30, 673 3 By 4g) )

—2Re(MG(1q, 25334, 4751 5 6)ME(1g. 2051 34, 4gs 5 5qf76q/)T)> }

The interference terms present in eq. (7.39) lead only to finite contributions when
integrated over the phase space. Indeed, they lead to square root singularities which do
not need subtraction.

Furthermore, apart from those interference terms, the identical-quark flavour contribu-
tions involve all six colour-ordered matrix element squared appearing in the non-identical
flavour case plus additional ones. In all cases, identical or non-identical quark and in all

2Note that the result needs to be multiplied by (Ng — 1) and not N since we are explicitly separating
the identical flavour contributions from the non-identical ones.
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crossings required, the only singular behaviours which have to be captured by the anten-
nae in the subtraction terms are final-final and initial-final collinear singularities between
identical-flavour massless quark-(anti)quarks. Due to the presence of a massive radiator
in the final state, only one antenna, the quark-gluon massive antenna Eg is required in
final-final and initial-final configurations.

After the crossing of 3, and 44 to the initial state, in the non-identical matrix element
squared for the process 0 — QQqqq'q given in eq. (7.37) we obtain the colour ordered
matrix element squared for ¢ — QQq'q’. Its subtraction term is,

8 ( AT2
_9 (NS —1)(Np —1)
qu—>QQq q ‘ 9 d(I)4(k1Q7 kQQa k5q/7 qu’§P3q,p4q)

e [E810.5,60) (M2l i 35, (500, 20)P
HMS((T5) g (56)g, dgi  3g: 29)12) 57 g, bz, )
+E(2g. 5, 657) (IM3(10, 4453 35, (50),, (35)g)
HMS(1q, (56), 4435 3g, (25)Q) 2) J57 (i, Ksg, Kieg)
+ o [B800.50,60) (IMS((15)0. 261335, (56),. 1) P
4,)? (7.40)
6)1)12) J5") (ks ez b

do

~

HME((T5)q: (56)g: 25 32
—2|M2((15)q, 29, 3¢, 44, (56 =)
+E8(2g,5,67) (IMB (1, (25) i3 3. (56)g, 4y)

"HM (1Q (5 6)97(25)Q”3q74 )‘2
g 5 4 = 3
2 M3(1g, (25), 35, dgs (56),)2) 57 (k. ks, o) }
If, instead, 45 and 65 are crossed in eq. (7.37), we obtain the squared matrix element

for the process q¢' — QQqq’. The corresponding subtraction term reads

BN -1

[

o qaer = g )dq)‘l(le?k2Q7k3q7k5q’§p4q7p6q’)
Ve [B814330,10) (W) 351 2
+ME((18)q g, B335, 29) ) 87 g b )
B8 (44334, 20) (IM3(1q, 6 q,,sq,z‘l (23)q)P

+|M5(1Q?49’6q77 qa 2?) Jég k‘l,kj

73 ks)

\_/

+ B (65,1 )(1/\40((15)@, d43334,64,25) 2

+IMB((15)q k2, k)

157

s 443334, 29) ) IS (kg
+EY (643 5¢,20) ( 01, 44333464, (25)g)



- g 3
HIMS (10, By, dg3 34, (5)g) ) 57 (k. kg )|
1 0 0/(19 1 /2
+ B30 30,10) (IMB((13)q, 20335 4. 6y (7.41)
I ME((T3)a: g, 203 51,6 )
~ ~ 2 3
~2M3((13)q: 2,5, b+ 1)) J57 (kg
+ B9 (44334, 20) (wga@ (B)qi35¢ Iy 6
+|Mg(1Q’1g (23)(2” )|
1 3)
~2{M3(1g, (23)g. 51, b, 42 ) I3 (ki g k)

k2yk5)

+Eg(6q’5 5¢51q) <’M(5)((15)Qa2@53(176972111)‘2
HM(T5)o. By 265335, 40)
=2 MS((T3)q 2,30, 4q, 6,)) 57 (ks o, )
+E8(6435+20) (M2 (1, (25) g5 34,69, 4y) P
—HMg(lQ? 697 (25)Q7 ; 3Q7 4 )‘
HMS (1, (25)g: 34: dg, 6,)12) 57 n, s )| }

For the identical flavour-case, the same two crossings, 3, and 4; on one hand and the
crossing of 45 and 65 on the other hand need to be considered. As the real matrix-element
in the identical quark case are given by those in the non-identical quark case plus
additional terms, similarly the subtraction terms for the identical-quark case are obtained
by adding to the subtraction terms valid for the non-identical case additional subtraction
terms related to the new colour ordered matrix-element squared appearing only in the
identical-flavour case only and given in eq. (7.39).

If 3, and 45 are crossed in the identical flavour squared matrix element given in

eq. (7.39), the squared matrix element for ¢¢ — QQqq is obtained in a colour ordered
way. The subtraction term for this process is,

gB(NZ -

do—quQQqq 9 1)d‘1>4(k1Q,k52Q,]€5q,k‘6q;P3q,P4q)
| Ve [E810.50,09) (M) 3.
HME((T5)q: (56)g: 443333, 20)1”) 5 (kg ko ki)
(2. 54, 64) (|M2<1Q,4q;;3q, (565, (25))
HME (L, (56), dgi3 33, (25) )1 ) J5¥ (hr, s, )
+E§ (4435, 10) (|M°<<15>Q,6q,, A, 29)P

33
3)
+‘Mg((15) 74976677 (j >J?E k157k27k6)
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L
N,

[

B9 (44354, 20) (IM3(10, 63533, 44. (35) )
M (1g. g, 673334 (25)g) ) 57 (k. ks, k)

+E9(34: 62 1) (IMB((16)q, 443354, 39, 20)
+HIM((16)q, 39, 4g5 3 54. 20) )J(3)(k16,k2,k:5)

+E9(35: 67, 20) (IM3(10, 445354, 34, (36))
+MB(Lg: 351 dgi 54, (26)g)[2) 5 (kg )

B3 (19,54, 67) (IM3((15); 203+ 34, (365, 4,)
HME((15)q, (56)g: 203 3q, 4g)?
~2 MS((5)q: 2, 33, dg, (56),)7) 57 (kg b )
+E9(2g.54:67) (1M1, (25) i35, (56), 4y
HME (1, (56),, (25)35 33, 4y
—2M(1q, (25)Q,3q,4q,(56) )2)

—

B (k1 ks, kg)

w

+EY(44:54,10) (IM 25; 34, 4y, 64)|
+‘MO((15)Q=4Q=2Q7v?’q=66)’2
—2MY((15)q, 25, 34,64 2) T (ks ko, k)
+E5(44; 54, 2) <|Mg(1Qa(2~5) ;;3
+HM2(1g, 44, (25) 33 34,
~2|M3(1g, (25)4. 34,6 21 | ) T (k. gz )
+E9(34: 62 1) (IMB((16)q, 253 543, 1)
HIMI((16)q. 34, 263 3 5g dg)
—2IMY((16)0, 25, 5g» g, 31| )J§3 (ke
+E9(35:67,20) (IM3(1a; ()55
+HMB(1q, 3y, (26)g3 354, 4)

167 k?, k5)
3g,4g)?
°

~2M3(1q, (26)g, 5444, 34)2) I3, ks )| }

(7.42)

The squared matrix element for gg — QQqgq in terms of colour ordered partial ampli-

tudes is obtained by crossing 44 and 647 in eq. (7.39). In this case, the subtraction term reads

do

B(NZ -1

C

)
om0 = 5 APk, kag, ag, ksgi Pag: Pq)

Ve [B810330010) (M) 6451y, 200
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TS (kg ko, ks

4 (23)0)I
T (ky, ks, bs)

+HMB((13)q, 4g, 643354, 2)
)

+E3(4q73Q’2 <|M5(1Q? qn5 )

\/ ;J;b \/

HM3(1g, 4y, 645354, (23)0)I°
+ B8 (44354, 1) (|M°<<15>Q,6q,,3 15,20)
‘ )J?Eg (k157k27k3)
1, (25)0)P
HMS (10, Ay, 635330, (5) )12 ) S5 (v, K, )
) (IMS((5)q 443334, 69, 29)
HME((T5)g: By, i34, 20) ) 47 (ki bz, )
+E5(6,3 30, 10) (|ME(T3)e, q;;5q,6972@>\2
HME((T3): By, 43350, 20) ) 87 (i bz, )
+E5(64350:20) (IM8 (10443334, 6, (25))

6y
+!M0(1 69, 40113 (25) )2) IS (R, ke, Kes)
5\1Q» Vgy %qy 5 9q> 1 257 3

4,6

o

+IMB((15) @, 4y, 643 534, 20)
+E3(4Q75Q72 )<’M0(1Q7 Q773

+E3 (6117 5117 1Q

1
v B30 1) (IMB((1B)e,

C

25 5q,ig,8q)\2 (7.43)
+|MO((13)Qa4g’2QH5q’8 )|2
—2|M3((13)q, 20, 5, 64 4,)[?
+E8(4430,20) (IM8(10, ()3
+IMS(1g. 4g, (23354, 69
~2{M3(1g, (23), 54, 6442 ) I3 (k1 g k)
B344350, 1) (IMB((15)q, 23534, 4y, 6,)
+HMSE((15)q, 4y, 205534, 64
—2|ML((15)q), 25, 34, 64> 4| )
3,

157k27k3)

+ B344350, 20) (M3 (1, (25) 3534, 4y, B)I
Mg, 4y, (25)g:

3,
—2|M3(1g. (25)g, 3¢, Bq, Z
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+E9(64350:10) (IMS((15)@: 203534, 65, 4,)
HMB((15)g, 65 23 : 3. 4)I°
2| M3(15)0: 234+ 40, 6,7 ) J57 (kg ko k)
+E8(64350:2) (IM3(1, (25) 3534, 65, 4,)
+M3(10, 6y, (25)g33 34, 4g)
~2M3(1g, (25)g: 30,4, 6,)12) I3 (ki g, k)
+B3(64334: 1) (|IM((13)q, 23554, 6542
+’M(5)((13)Q76972Q3§5q74q)‘2
~2M3((13)q: 2. 504,817 ) I3 (kg ko Ks)
+E5(64330:20) (IM8 (10 (23)3 554,65, 4,)
+|M(5)(1Q’ég’(23)@;;5(1’11(1”2

L
HME(10. (23)g 50,44, 6)12) 57 (1, g )| }

7.2.3 Processes derived from 0 — QQqqgg
The colour decomposition for the unphysical process 0 — QQqggg is

Mg(le 2@7 3q, 44,5y, 69)

= 294 Z {5i3,i2(TaiTaj)ihMMg(leigvj974q;;3‘17262)
(i,5)€P(5,6)

H(T)i1,ia (T ) i1 M5 (10 ig, 453 34, g 2)

+0iy,is (THTY)is i, MG (19, 443 5 34 g, Jg» 20) (7.44)
1 o ..
N O ia (T*T% )i17i2M8(1Q’ LgyJgs 2@; 5 3qs 4(])
c
1 ) v . .
_N (Tal)imé (Taj)i37i4M8(1Q7 lg, 2@5 ; 3q7]g7 4(1)
c
1 o .
- N 6i1,i2 (TQZTGJ )i37i4Mg(1Q’ 2Qa ; 3q, 19y Jg> 4q)}a
c

and the partial amplitudes satisfy
Mg(lQ’ QQ’ 3(]’ 45’ 5"/’ 6"/)

= Y (ME(q.ig g 455134 29) + ME(1q.ig. 441334, g 20)
(1,3)€P(5,6)
+MQ(1g, 455334, 19, Jg» 20)) (7.45)
= D (Mg kg lg 205134, 4q) + MO(1q. kg, 20530, lg. 47)
(k,1)EP(5,6)
+M(1g, 26:13q: kgylg:47)) -
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Squaring, and using the identity eq. (7.45) to rearrange the result, we obtain

PN -1)

’Mg(1Q72Q73Q745759769)’2: N2
c

xz{

(4,7)€P(5,6)

(V2 - 1) [Nf (|M8<1Q,z'g,jg,4q; 30:20) % + M2 (Lgrig. Agi 3 30s 3 20)

+|M8(1Q,4q;;3q,¢g,jg,2Q>|2>
+MG(Lg,dg, Jgr 205 3¢:4) I + [IMR(1Q. ig: 205 3¢ Jg» 4g) I

—HMg(lQaQQ;;3Q7igaj974q)’2:| + ’M8(1Q72Q73Q74671’Y7j’y)‘2
2 0 .. 0 .
+Nc 2Re(M6(1Q7Zg7jga4q;;3q72Q)M6(1Q74q;;3(17197]972(?)1-)

+2Re(M (1Qaigajga4é§33qa2Q)Mg(1Qa q§§3qajgaiga2Q) )
+RG(M 1Q71974Q773Q73972Q)M0(1Q 3974(177 Q71972Q)T)
1Q Zg’Jg’4q773q’2Q)M0(1Q Jgalga qaa3qa2Q) )
—Re(M 1Qv4qvv3q729u7972Q)Mg(1Q7 3> ngngaQQ)T)
N
)
1Qa4qaa qalga]ga Q f
T
.I.
T

:
)
f

1g,ig,20553 0> Jg: 4 (7.46)

)

( 7)
( )
( 7)
(1Q71972QH a0 Jg»4q)
(o, Jg> 2433 3¢ 19,4 7)
( 7)
( )
( 7)
7)

( )
( 23)
( )
(1. 1g, Jgs 4g3 3 3q Q)
(1@, ig, 4433 34: Jg Q)
(1@, 19 4g3 5 3¢+ Jg» 2 )
( ) 19, Jg:2G73 3¢, 19,4
( ) 1Qa2QH 4> g, Jg: 4
( ) 1Q72QH q>1g,Jg: 4
)

1Q74q7 ) qaZga]ga Q

)
)
)
)
)
1Q:1g; Jgs qvv3qa2Q f

)

0
6
(
(
(
0
6
0
6
0
6
0
6
0
6
0
6
0
6
0
6
0
6

)

0 0
—2Re(Mg(1q, ig, 4453 34 Jg 25 Mﬁ(lQaQQH 0> Jg>tgs 4 T)}

1Q74q7 ) qaZga]g

(1o, Jg:2G313q, 19,4 )T)
(10, Jgr 19,2035 3¢, 4g)")
(1Qa2Qw 0 Jgr g4 )T)
8(1Q’2Q” arigs Jgr4g)")

7)
MG (1,2 DNt
6\1Q> Q77 q7]g72g7

1Q, 1952435345 Jg> 47) 6
10,4, Jgs 23 3 3q- 4g) MY
10,2433 3q> 19 Jg 4q) 6
(1Qs g5 Jgs 2033 3¢, 4g

DO M/~ ~

M

~—

+2Re(M

DO

(1Q=ig7jg7 2@7 ; 3Q74(j

Besides colour-ordered amplitudes squared this expression includes interference terms
between amplitudes with different colour orderings which require subtraction.
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After appropriate crossings, for each of the colour-ordered matrix-element squared ap-
pearing on the right hand side of this equation, an antenna capturing the single unresolved
radiation is determined. For the soft radiation behaviour present in the interference terms,
the subtraction terms are constructed with the difference of four antennae as explained
in section 7.2.1. For the subtraction terms, we will need all types of massive final-final
and initial final antennae defined in section 3 in addition to massless antennae in all three
(final-final, initial-final and initial-initial) configurations which were defined in [64, 79, 82].

By crossing 3, and 4; in eq. (7.46) to the initial state, the matrix element for the process
qq — QQgg is obtained. From the unresolved limits of this squared matrix element we
obtain the following subtraction term,

ds5

%44—QQgg —

(N2 - 1>d(1)4(k1Q5 k2Qa k5ga k69ap3q;p4q) Z {
(i,5)€(5,6)

25) 12 T8 (kg ko, kig)

N2 | AS(4g5 1q. ig)IM((10) g, 4gs : 34 o
+AY(35: 201 19) | M (101 dg A3 3q, (20) )25 (kK Ky
+d5(1g, g, 5o)IME((T0) g, (17)g Aqi 34, 2) P8 (ki g o)
+d3(20,1,39)IMS (Lo, 443334, (17)g, (20)0) 257 (kv sy, By
+dS (493 Jgr1g) ME (L, (7)g: A3 30, 20) P IS (kr, ez, ke
+d§(3g319, o) IMB (1, A3 35, (17, 20)1P I3 (Rt e, o)

+48(1q, i, 2) (IME((T)as (20)g3: 3 4y A0)

A .4 5 g 3
10)0 g A5 30, (20)0)") ) 87 (ki g )

g((fi)Qajgazlq;;3672Q)Mg((1~i)Qa 2Qa73 4 ) )
—2Re(MS((10)Q, Jg: dg3  34: 20)MB((T1) @ 4gs 3q,jg, )1)) 52 (s o, )

5( )
s P SRS R S . 3
—2Re(MS (1o, 4qi: 35,5y (B0))ME (101 3y A4 35(20))) ) I8 (kv g, )
—AS(33:2g,4g) (IM?,(lQ, 443334, Jg» (20)0)[* + IME(1Q, g, 493 5 3
g(lejgazl ’73 (Z)Q)Mg(le(Z)Q;;gévjwiqﬂ)

. : f . f P ~ 3
+2Re(M3(1q. jg, 4ot 33, (B0) ) MS (Lo Jis (B)g3:33,40)) ) IE) (ke ki k)
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+A45(3¢, 443 7g) (IMg(IQJg, 201137 4g)?
+2Re(Mg(IQ, Zq, ; §q,jg, QQ)Mg(iQ,]g, Zq; ; §q, QQ)T)
—2Re(M2(1q,44:5 34, Jg 20) M3 (101 g 2073 34, 4g)")
~2Re(MB(1q, Jpr d4i3 34, 20) M3 (10, Jgs 23534, 49)) ) J57 G B, )

3201 g1g) (IM3(10s (17> ()33 3,402
0
5

10, (1)), (21) 5 34, 4g) )J<3)(k1,k k)

247 Mg

+
IS8
w
—
Q
~
Q
<
Q
~—
N
ao
—
—_
Q
[\
O
LI
Q|
—~
~
<
~—
Q
=
Q

+N2 4810114 20) (2MS(([0)qs (3, 3, dgs )P — IMS(T0)s ()3 B3 s )2
~IMY(([0)qdgs (20)g53 35 40)12) TS gy, gy )
+ 435,44 9) (2MS (10, 20,34, 4, 32) 2 — IMB(10 2333531 40

i,
M1 g 25334 44)] )J§3><1%1,122,i%->

+AY (443 10, 79)2Re(M(11) 0, 265 : 34, Jg» 4g) MA((T1) @ ,Jg,2@;;374>*>J§‘°’><kh,k2,k->
+AO(3Q72Q329)2R6(M0( ( ) 3Ijajgazlq)M5(1Q jga(2Z)Q773 )T)Jég)(klakgzak )
—AY(34: 10, ig)2Re(ME((11)q, 263 5 3, Jgs A)ME((T) Qs Jg» 263 3 3, 4g) )Y (g Ko, )

7A2<4q;2@z‘g>2Re<M2<1Q,<2i>@;;3q,jg,iqw (101 o+ (20) g3 334, >>J<3><k1,km,k>]}

Q.’»
Q|

S .

=1
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When 4, and 6, are crossed to the initial state in eq. (7.46), the squared matrix element

for gqg — QQqg in terms of colour ordered subamplitudes is obtained. The subtraction term
in this case reads,

d&fgﬂQqu = 98(N02 - 1)d®4(k1Q7 k2@? ksq, k5g§p4q7P69)
{NC2 [Ag(3Q75g72Q)|Mg(1Q76972111;;(:9;5)(17(%)Q)F‘]ég)(khkgyk )
+A3 (445 10, 59) [ MS((15) @, 4g3 3 34, 64, 2) P TSV (kg ko, ks)
1 —~ . 2 = % 2
+y A3(65310,2¢) (IM3((12)0, 54,443 534, 60)I + IMS((12)0, 4as 334,50, 60)
HMS (B, 50, dai 30, (2) ) + M3 (Bas i 534, 50, (12) ) ) 5 (i, K, k)
+A3(4q,64;34) (IM2 (10,445 64,54,25)1> + M2 (10, 59, 4g; 3 64, 20) 12 ) IS (B, ko, fis )
3\*g5 Vg5 2q 5\1Q5%q,397,9g,4Q 5(1Q,9g,4%q;;0q, Q 3 1,2, R5
+D5(643 59, 10)|MS((15)q, 69, 43 3 34, 20) P ISV (ks ka2, ks)
D563 54,26)|ME(1q, 4¢3 534, 64, (25)5) P ISY (k1, kg, ks)
+D5(64; 59,3q>|M2<1q,4q;;(§5>q,6g,2@>|2J§3><k1,k2,kgg>
+D5(4q, 645 55)| M (10, 6, 4g:: 30, 26) 2 J5Y) (e, ko, Kes)
1
+ o B3 (44334, 10) (IM3((13)a, 5, 64, g,

_|_

Q)' +|M5((13)Q75974g76972Q)|
+|-/\/15((13)Q7497597697262” +|~/Vl5(( )Q76975971972Q)|
+|M5((13)Q76974975072Q)| +|M5(( )Q71g76g75972(§)|2> J3E3)(ki‘é7k27k5)

+ Eg(4q§ 3(17263) (|Mg(1Q75976g7‘197 (53{)@”2 + |Mg(1Q7 597‘1976577 (%)Q)F

+HMB(10, 64,54, 44, (23)0)[* + M3 (1, 4y, 5y, 6y, (23)0)

HM3(10,65, 45,5, (2)g) > + M3, g, 64,54, (23)g) ) J5¥ (ka, ki, ) |
+A45(1,54,2q) (IMS((15)Q, (25) 43 534, 64, 4y)
+2Re(MI((15
—2Re(MS((15 (25)

—2Re(M3((T5 Jo: (35)q3 34 B0, 4)") ) I8V Ui ks, k)
+43(10,54,34) (236(/\45((15)@7%; 5 (35)4,64,20)MS((15)@, 64,2433 (35)4, 44) )

( Q,2Q,,<35>q,69, D)

(

Q76g7 q3 5 (35)117 2Q) )) J§O)(kﬁ7k27 kfﬁ)

\_/\_/

—A3(34,54,24) (IM8(10, 443 (35)q, 64, (25)
+|M5(1Q76g7 Q7a(35)Q7(25)Q)|2

@\
Z

+2Re(M3(1q, 64,445 ; (35)q, (25)5)M2(1q, (25)6; ; (35)4, 64, 4g)T)

+2Re(M3(1q, B, da3; (33)a, (25)0) MB(10, 65, (25) 35 (35)0, 4a)") ) JE¥ (R, ki, k)
—~A5(44510,59) (IME((15), b5, 443534, 20

HIML((15)q, 4q;3 34,64, 20)

+2Re(MS((15)q, 441534, B4, 20) M ((15) @, 2655 34, 64, 40) )

+2Re(M2((15)q, q,,3q,6g,2Q)MS((ﬁ)Q,ég,2Q;;3q,iq)f))J§3>(kf5,k2,k3)



+48(442,55) (2Re(MB(1q, 4435334, 65, (35) ) M3 (10, (25) g3 34, B9, 44) )
+2Re(M3(1q, 65, 45; 534, (25) ) M5 (1@, B, (25)g3534,40)')
~2Re(MS(1q, 4453 34,65, (25)q) ME(10, 65,4433 34, (25)g)") ) 5 (ki kg, k)
+48(44334,54) (M8 (10, B9, 203 (35)a, 40P
+2Re(MS(1q,4q;; (35)q, 64, 26) MS(
~2Re(M3(1q, q,,<33>Q76972@>M§<1@769,2@;;<§5>q,iq>*>
~2Re(M5(1q. 6, 453 (35)q, 20) MS(

1 — 2 N — N ~
+, A3(64: 10, 2) (IM((12)0. 605334, 50, 1) + IMI((2), 59, B3 34, 44)

+HMS(6q, (12)g3 5 34, 59 4g)|” + M8 (B, 59, (12) 03334, 4q)
_|Mg((12)Q7 q)u3q75q76Q)| _|M5(( )Q75¢7721C17731176Q)|
—|M3(Bg, dqi3 34,59, (12)Q)[* — IMB(Bg, 59 443134, (12)g)
~2MS((12)q, 60,3444, 5,)I = 2AME B, (12)g 34, 40, 5,) 7 ) IS g, s )

+A3 4q76g)3q (lMS 1@75972Q776q7 )l +|M (1Q72Q)16Q75g7 )|2

_|M5(1Q75g74q”_q'§ )l _|M5(1Q7 11)16Q75g72Q)|

_2|M (1Q72Q76mi )l )JS(k17k27k5)
+Dg(69;5g71Q) (lMg((E)Q76g72Q§;311721Q)|2

11)13Q76g7 f

15 Q72Q)1BII769

)
)Q76g72Q773q
15)@76972Q773q7
15)

4,)")
i,)")
)"
a)')

15)0: 2453 34, 65, 40)1) ) J§° (s, ko, bs)

S
w
~
D
Q@
Ut
<Q
o
Q
N
—_
uo
—~
—
=}
(@213
<
—
[\9
cn
\_/
03
IS
_Q
T

0

5

0

5

0

5

0

5
+2Re(MS(1q, 64, 4033 (35)4, 26)MS (10, 65, 263 (35)4,4q) )
72R6(Mg(1¢b Zlq; 5 (gg)m 697 2Q_)Mg(1Q7 2Q_7 5 (é\g)m 697 ZLQ)T)
_QRe(Mg(1Q74qS 5 (ég)qv 65]7 QQ)Mg(1Q7 697 2@% ) (35)Q7‘1q)T)
72R6(M(5)(1¢Z7 697 4q§ 5 (3\5)% 2Q_)Mg(1Q7 2Qa ’ (35)¢I7 697 4¢Z)T)) J1§3) (kly k?: k35)

+D3(44,64355) (1M3 (10, 2333465, 44)

+2Re(MS (1, 443534, 69, 20)MS (10,64, 2035 34, 44)")
_QRe(Mg(iQ7ZII; ) grp 61}7 QQ)Mg(IQv QQ) 5 g(u 6g71q)T)
*2RG(M(5)(1Q: 697 Zlq: 5 gqv QQ)Mg(iQ: QQ? 3 gq: 697 Zlq)Jr)
72R6(M(5)(1Q7 69721117 ? Siﬁ QQ_)Mg(iQ7 697 éQ_7 5 SQ721¢Z)T)) J:g )(kh k27 k3)
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1 PO —~ N ~
_2Eg(4q§3q71Q) (l (( )Q75¢776974”/72Q)|2+|Mg((13)Q76975074%2Q)|2
+|Mg((1 )Q75971 )| + |M5((13)Q74975¢776’Y72Q)|
+|'/\/1(5)((13)Q76972197 772Q| + |M5((13)Q74976975W72Q| ) (k13:k27k5)

1 . P
—, B8(44:34,2) (M8 (10,5, 65,41, (33)) +|M2(1Q,6g,5g,4w(23)@)|2

+HMS (1,54, 44,65, (23)0)* + [M3(10, 49,59, 65, (23)0)I

HME (10,85, 34,55, (2B) Q)" + M3 (10,4, 64,55, (28) ) ) 8 (ki g, )
+ vz [48010.50,20) (Mo <%)@73q74q767>|2

M3 (15)q, (25)gi53as B, 4a) > = IME(T5)q, B9, (25) g3 34> 40) ) 5 (s, g, )
+A5(34, 59, 20)2Re(MS(1q, (25)q1; (35)q, 6y, 4g) M3 (1q, by, (25) g5 (35), 4 ))J“)(kh@ym
—Ag(l ,9g, Q)QRG(Mg((15)Q72Q77(35)11769 21) g(( )Q76972Q51( 5)gs 4 )) (kﬁvk%k:’fs)
+A5(44; 10, 54)2Re(MS((15) @) 265 5 34, 69, 4 )M2((15) 0, 64, 205 3 34, 4q) ) ISP (g, Kz, k)
—A5(44; 20, 5)2Re(MS (10, (25) 03 5 3¢, 69, 4) MS (10, b4, (25) 03 5 30, 4q) ) ISP (i, gz, ea)
+48(44:34,5) (AM3 (10,2, (35)ay 44,6,

M8 (10, B9, 203 (35)0, 4a)” = IMB (10, 235 (35)a, B, 4a) ) J5¥ (kb Kgs)
T A% 10,20) (2MS((T2)a,Ba, 34, 44,5 + 2MS (65 (2)g, 34, dg, 52)1°
—IM3((12)q: 54, 605334, 4¢)[* = IM3(Bg, 54, (12)g:3 34, 4o)
~IM3((1D)q. 60538455, 40)° — (M3 (B (12)05334: 55, 40)° ) I3 (kg b ko)
+4(44,6,33,) (2AM3 (10, 2, B4, 44,5,
M8 (10,55, 203584, 10) — 1M (10, 203164, 50, 40)I* ) J5¥ (s, Kz, )
3 B3 (44330, 1) MO((TB) 0, 2, Ao, 51, 60) P (g, B, )

1 — o ~
+ 81330, 20) M8 (L, (B)q. Ty 5. 8IS o, ks )| |

Finally, when gluons 5, and 6, are crossed to the initial state in eq. (7.46), the squared
matrix element for gg — QQqq is obtained. This partonic process only contains collinear
and quasi-collinear limits but no soft limits as no gluons are present in the final state. Using
the decoupling identities given in egs. (7.6), (7.12), (7.13), the reduced matrix elements mul-
tiplying each antenna function can be rewritten in a fairly compact form with no interfer-
ence terms left. After doing this simplification the subtraction term for this process reads,

daggHQQqq = 98 NF(N - 1)d¢4(k31Qa k/’2Qa ksq, k4q7p5g’p6g)
x{ > [
(i,)€P(5,6)
NZ BAg(z‘g; 10:20) (IM3((12)q, 453 34, s i) + IMS (i, 453 34, s (12)g)
HME((12)q.Jgr 44330, 1) + Mg Joas s 30s (12)g)2) 8 (ki ks, k)

1 . = an > eyl S
+2Ag(lg? 3¢, 47) (|Mg(1Qa ig;; (34)g Jgs 2@)|2 + |Mg(1Qa (34)g3 g, Jg» 2Q)|2
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M0, Jo i3 (33)5 20) + [ME(10. s (B3, 20) %) 57, ey )
4, B(00,30,40) (IMY(T)a g, Jo, (B1)y 2017 + M)y iy (3D, 5y 26
+ME((TB)q (BD)gs iy Jas 2017 ) J5¥ (kg ko hgy)
40,30, 40) (1M1, Jo, (1), BB)Q)? + M3 (1, iy, (B, Gy (@)
HMY(10. (BD)g:ig. g (23)Q) ) I3 (kb b

1 . % — ~
+2Ag(lg71Qa2Q) (|M ((12>Q7’LQ,’3Q7]97 >|2+ |MO(ZQ7(12)Qa,3Qajga4q)|2
Q>

HMY(12) ag,ZQ,,qu )2 + Mg Jas (12) 3534, 4g)

—IMS(12)q, 453334, Jg» 1) — IMS(ig, 4g3:34: Jo (12)0) (7.47)
*|MO((12>Q jga g5 quQ)|2 |MO(ZQ ]9411”311,(12)@”
~2AM(12)qsiq: 30,44 2) I — 21M8(ig, (12)g, 30, 43 12)2) J5” Ve, s, Ka)

1, L
+2Ag(lg;3qv47> (|M (1Qﬂ2Q’?(34)Qﬂjgﬂzq | + |M (1Q72Q,;th ;(34>tj)|2
2 IM2(1g, (B4)gi3ig, Jg» 20)
2 — IM2(1q. Jg, (34)gi 1igs 260)
2 =2 M3 (10,2, ig, (B0 o)1) J57 kv, ko, ogy)

)
Mg, Jgr 2055 (B1)g.1g) 2 + IM2(1g. Jgr 203 g, (34)g)
—|MS(1g, ig:; (B4)g: Jg 20) (1g i

20)
)

2
|2
_|M (1Q jgalqw(éz |2
—2|M(1q,2g, (34)q,iq.J
1 -~ Pt -~ T
_2E§(1Qa 311’41?) (lMg((l?))Qa tg,Jg> (34)'w 2Q)|2 + |Mg((13)Qa g, (34)QJW 2Q)|2
HME((B)g, (3,51 s 20) %) 5 (kg b Kigy)
1
_2E§(2Q’ 311’4 (lM (1Qa 'Lgajga (34)7’ (23) |2 + |MO(1Q5 g, (34)9’37’ (23) )l
HMS(Lq, (35,5, (23)g) 1) 5 (ki i, i)
|:Ag(lga 1Qa 2@) (|Mg((i§)Q7€Q, ; 3‘1759745”2 + |Mg(EQ7 (Té>@a ; 3qajga 4q)|2
+|Mg((12)Qa.§ga;Q7 5 311) 4§)|2 + |Mg(;Q,_§g, (12)Q7 ; 311a4¢?)|2
= = ~ = = A 3
72|Mg((12)Q7’LQ7BQ74(75j7)|2 - 2|Mg(7’éa (12>Q73Qa4¢77]7)| ) JSE )(k125 k37k4)
+Ag(lg7 311a4q) (lMg(lQa 2@7 ; (34)11’395511)'2 + |M(5J(1Q, 2@7 ;E(j,jg, (34)§)|2
+|Mg(1Qa.§ga 2Qa ) (3\1)%;(1”2 + |Mg(1ijgv 2Qa ;giﬂ (3\‘1)6”2
~ Lo < ~ A 3
~2MY(1q, 2, (3)g, ig: 1) * = 2M3(10, 2, ig, (30)g, )2 ) I§¥ (v, K, )|

N2—1
AN?

1
N2

(E8(10: 30, 40)IMS((13)qs (B1)s, i, s 225 (g, K, i)
+E0(2Q53qa4 |M (1Q (34)wl’ya.7w(23 )| JS)(klﬂkQS’k ))]}

For all three crossings considered, we have performed the consistency check explained in
section 7.1.3. We have checked that in all collinear or quasi-collinear limits contained in
these subtraction terms, the sum of the terms contributing to a given limit collapses to
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the appropriate colour factor multiplying a given massless or massive splitting function,
corresponding to the given collinear splitting, times the appropriate non-colour ordered
matrix-element squared.

7.2.4 Partonic process gg — QQgg
The colour decomposition for the unphysical process 0 — QQgggyg is
M{(19,2q, 34, 44,54, 64) = 4g* S (@ETETETNY;, i, M(i G k1), (7.48)
(Z7]7k7l)eP(3747576)

where we used M(i,j,k,1) = Mg(lQ,ig,jg,kg,lg,QQ) for simplification of the formulae.
Squaring gives

8 2
g (Nc - 1)
’Mg(1Q72Q73ga49759769)’2 = N3
N2
x > [NfIM(i,J’, kD[P = NEM, g, ks DI + 7 MG gss b D

(4,5,k,1)eP(3,4,5,6)
—NfRe<(M(j,z',z,k) + MG, 1,0, k) + M3, 1, k,4)
+M(k,i,1,5) + Mk, j,1,3) + M(l,i,k,j) (7.49)
+M(l, 7,0, k) + M1, k, 5,1)) x M(i, j, k,l)T>

N —3N2-1), - .
(e e )|M(z,g,k,1)|2ﬂ,

where when the gluon labelled with [, when the gluons labelled with [ and with k£ or when
all four gluons decouple we have respectively,

M(i, g, ks 51) = M8(1Q7ig7jg7ky7lv=2Q) (7.50)
= M(i,j, k1) + M, 4,1 k) + M, 1,4, k) + M(L,4, ], k)
M(i, g3k, 1) = Mg(lQ’iQ’jg’ Ky by, 2@)
= M(i, j, k, 1) + M(i, 3,1, k) + M, k, j,1) + M(i,1, j, k) (7.51)
+M(i, k1, 5) + M, 1k, §) + M(kyi, 5,0 + M4, 4, k)
+M(k,i,l,5) + M(li k) + M(k, L, ) + MLk, i, )
M(3,4,5,6) = M(1q,3,44,5,,6,,25) (7.52)

=Y Mgkl 2)
(4,4,k,1)EP(3,4,5,6)

This colour-ordered decomposition for the squared amplitude for gg — QQgg has also been
derived in [112]. Our result is in complete agreement with it.
Crossing gluons 5, and 6, in eq. (7.49) gives the squared matrix element for

99 — QQgyg reading,
B(NZ-1)
N3

[

‘Mg(1Q72Q73974g759769)‘2 =
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x{ > [Nf <|M(z’,j, kD + (MG, ke, 5, D) + (M, ke, 1 )12
(4,7)€P(3,4),(k,l)eP(5,6)
+ Mk, i, i) + Mk, i1, 5)12 4 |IM(E, Z,i,j)|2>
(1M D MG i D + MG )P
MG s D + M550 + MG )P
—N? [Re<(M(j,i,i, k) + MG, 1i k) + MG, E, 6 + Mk, 4,1, 5)
+ Mk, g, 1,0) + MUk, §) + M Gyi k) + M1k, 5,4)) x M(i,j,l%,i)T>
+Re<(/\/l(l%,z‘,f,j) + Mk, 1,0, 5) + M(k,1,§,i) + M(5,i,1, k)
F MG ey 10) + M1, 3 k) + MUk, §) + M Gy k) < MLk, 4, Z)T>
+Re<(/\/l(f<:,z',j, D)+ Mk, j, i, 1)+ Mk, j,1,i) + M(,i, 5, k)
F MLk, 4 0) + M(Gyi, 1 k) + MGk, 1) + MG, 1k, 6)) x M(i,/%,f,j)T>
+Re<(M(i,/%,i,j) MG )+ MG R) + MG R )
MGy, k) + MUk, §,0) + Mk, 5) + M G0, k) x M(l%,i,j,i)*)
+Re<(M(z',/%,j, )+ M, j, k1) + M(i, 5,1, k) + M(1, k, 5, 1)
FM(Lyd, g, k) A+ MG, kL d) + MG,k D) + M3, E)) x M(l%,z',i,j)f>
+Re<(M(Z, kyj,1) + ML, 5, ki) + M(1, 4,3, k) + M(i, k, §,1)
+ M1, g k) + MG, kD) + M5, 1 ki) + MG, 1L E)) x M(l%,i,z',j)T>]
FNE |y |MG s D MG s D + MG 3, +

1 o
MU T )]

4 2 B A
(N 34NC 1)|M(i,j,k,l)|2ﬂ, (7.53)

The expression above is obtained as follows. We start by expanding the sum over permuta-
tions for all four gluons present in the final state in the colour decomposition for the unphys-
ical process 0 — QQgggg , given in eq. (7.49). Then, gluons 54 and 6, are crossed to the
initial state. Finally, the terms are recombined in a double sum over permutations for the
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two initial state and the two final state gluons. The corresponding subtraction term reads,

dUgg_,QQgg GP(NZ = 1)dQ4(k10, kog, ksgs kags Dsgs Peg)

X

o\

(4,5)eP(3,4),(k l)eP(5,6){
N2 448005 10.20) (WAS((R)guig o s + 1M i By ()P
+|Mg(( )Qalg’ 9:Jg> )|2+|M (lQalg’kgana(ﬁ)Q)P
HME((12)q. kg g i 1) 2+ 1M (U R g gs (12)0)1) I3 (kg b, k)
+d8<1g,z’g,jg>|M5<<u>Q (i1)gs kg Iy, 20) P T3 (ki o, )
+d3(2g, g, G| MS (g g, g, (17)g: (20) )P ISV (ki K, i)
+DY(lg3ig, 1) (\Mg((u)Q,lg,jg,kg,QQ)\Z
HME((T0)arly Fgr g 20) ) P57 (kg b, k)
+D3 (U39, 2) (M3 (101 dgs iy g (20))
‘HM (1Qa gngvlga(il) )‘ )J?Eg)(klvkzwk)
+ 13y, dg) (IME (s (i) 1 g,2Q>|2+|M5<1Q, lys (07)g: kg 20)I
(3)

+‘M (1Q7 97(23)97 g )’ +’M (1Q7 g 97 Z] g72Q > k17k27 Z])

N|> N|>

. ~ T S~ ~ ~ & & = 3 =
"‘F??(kwlg;zg) (‘Mg(lekaleg?zQ)‘Q + ‘Mg(lejgvkgvlgaQQ)‘Q) J?E )(klak%kj)}

[A?)(l@,zg,zQ) IMY((10)q, dgs gy Lg» (20)0) P — (1/2)IME((10)q, 3y by, Iy, (20) )]
HMO(Li) g, kg: dgs Ly, (20)0) > + IME((T0) g, Ky, g dgn (20)g)
+Re(MS((14)q, dg» kg g, (20) g ) ME (1)@, dg: lg» g» (20))T)
+RG(M(5)((M)Q’ ]%ng? Ag7 (QNZ)Q)M(;((TZ)@ ig7jg7 ]%ga (51) ’)T)
+Re(MS((10)q, kg, Iy, dg (20)0) M((11)q, Iy, kg, g (20))T)
+2Re(MO((11)q, dg» kg, b, (20) ) MB((11)q, kg, dg: g, (20))T)
+2Re(MI((11)Q, g, kg, by, (20) ) MB((T1) @ lg: kg» dg» (20)g)T)
+2Re(MS((T0)q: iy g» y (20) ) ME((T) s g Iy g (30)g)1) ) 5 (i i, )

1 ~
+ Ag(l971Q72Q) (’M ((12)Q719u797k97lQ)‘ + ‘MO(ZQaZgajgak 7(12)6?)‘2

HME((12)q, ig. kg dgr 1)1 + Mg g Fg. g (12)0)
+HME((12)q, g,zg,JgJ >|2+|M0<? g,zg,yg,um )2
HME((12)q gy g by 1Q)1? + Mg g, G, by, (12)0)
HME((12)q gy g G 1Q)1? + Mg g, kg 4y (12)0)
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HME((12), kg igs - 10) P + IMSgs g s (12)0) 2
—(1/2)IMS(12)q iy, i s )
~(1/2IME (L), iy, s oy (2)g) ) J57 (g i k)

+D3(lg5 19, 1Q) (‘Mg((h)Qalgajgj%?@w +[Ms ((11)69’19’]{9"7“/’2@)’2
+2Re(MS((T7)q, dg» g ig» 20) ME(T0)g g g, 1y 2)T)
+2Re(MY((17)q, ]gj kg, 2Q)Mg((1~Z)Qakgjg,jgﬂQ)T)
+2Re(ME((T0) g Jgs gy by 26) ME((T0) @ kigs Ly g 26))
—2Re(Mg((1Z)Q Jgj 7/;7 QQ)Mg((TZ)Qvig=k9=j9=2Q)T)
—2Re(M((11)qs o kg Iy 26)ME((T0) g, Ly, kg, g 26)T)
—2Re(ME((15)q: Iy dgs ks 20) M) g, kg, g 20)1)
—2Re(M((17)qs s kgs lgs 20) ME((T7) s kgs o lgs 26)1)
—2Re(ME((10)q. Iy, dgs by 20) ME((T8) g g g I 2)1)
—2Re(M((11)q. Iy jg» kig: 20) M((T0)q. kg, lg. g 2 >*>)| J3 (k- kk)
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For this subtraction term, we have also checked that in all its collinear and quasi-
collinear limits, it reduces to the product of a Casimir factor multiplied by a splitting
function corresponding to the given limit and the appropriate non-colour ordered matrix-
element squared as explained in section 7.4.1, providing us with a powerful check on the
correctness of our result.

8 Conclusions

We have presented the extension of the antenna formalism required for the calculation of
hadronic processes involving massive final states in association with jets at the NLO level.
The construction of massive subtraction terms with all its mass-dependent ingredients is
presented in all required configurations (final-final, initial-final, initial-initial). The un-
known massive antenna functions are derived, their limiting behaviour is presented and
those are finally integrated over a factorised form of the massive phase space. Besides
the massive extension of the flavour-conserving antennae, new massive flavour-violating
antennae were derived in unintegrated and integrated forms. One of the integrated mas-
sive initial-final antenna, A .5, can be directly related to the well-known heavy quark
coefficient function. A special section is dedicated to this comparison and full agreement
is found. In section 5, when all antennae are integrated over the appropriate factorised
massive phase space, we showed that we can capture all poles of the massive integrated

1)
ij
type operators or well-known splitting kernels p(ij)(x) associated to initial-final massless

)

antennae in universal factors. Those poles are related either to massive colour ordered I

collinear singularities. The colour-ordered massive Il(j1 -type operators are here presented
for the first time. As a first application of our massive extension of the antenna formal-
ism, we constructed the colour ordered real contributions and subtraction terms for the
production of a top quark pair and for the production of a top quark pair and a jet at
NLO. In the second case, the presence of interference terms in the colour decomposition
of the real matrix element squared renders the construction of the subtraction terms more
involved. The treatment of those terms is explained in detail in the paper in section 7.2.1.
All colour-ordered subtraction terms constructed have been checked in all soft, collinear
and quasi-collinear limits of the real matrix element squared. Furthermore, for each sub-
traction term, it has been verified that in all collinear and/or quasi-collinear limits present
in it, the sum of all terms contributing to a given limit add up to reproduce the product
of the required splitting function with the corresponding Casimir factor multiplied with
the non colour-ordered matrix element squared. This check is explicitly derived for the
subtraction term related to the process gg — QQg contributing to the process pp — tt at
NLO. This verification provides us with an extremely powerful test on the correctness of
our results for the subtraction terms for ¢t and ¢¢ +1 jet production at NLO.
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The results presented in this paper represent a substantial step towards the calculation
of the NNLO corrections to top quark pair production within the antenna subtraction
formalism. The decomposition of the real matrix elements into colour-ordered amplitudes
squared and the identification of the different leading and subleading colour structures,
including the treatment of interference terms, described in section 7.2.1, will allow the
application of the NNLO antenna subtraction method to compute the double real radiation
contributions to pp — tt at NNLO. The NLO antenna subtraction terms for pp — tt
+jet, provided in this paper, are already part of the NNLO corrections to tf production
at hadron colliders.
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