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ABSTRACT: The antenna subtraction formalism allows to calculate QCD corrections to jet
observables. Within this formalism, the subtraction terms are constructed using antenna
functions describing all unresolved radiation between a pair of hard radiator partons. In
this paper, we focus on the subtraction terms for double real radiation contributions to
jet observables in hadron-hadron collisions evaluated at NNLO. An essential ingredient to
these subtraction terms are the four-parton antenna functions with both radiators in the
initial state. We outline the construction of the double real subtraction terms, classify all
relevant antenna functions and describe their integration over the relevant antenna phase
space. For the initial-initial antenna functions with two quark flavours, we derive the phase

space master integrals and obtain the integrated antennae.
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1 Introduction

Jet production processes constitute an important tool for precision studies due to their large
cross sections at high energy colliders. Reliable theoretical predictions for these observables
require the calculation of at least the next-to-leading order QCD corrections. For these
observables, the inclusive cross section with two incoming hadrons Hi, Hs can be written

as

do = Z/d&d& fay1(&1) fo/2(§2) dGap(§1H1, 2 Ha) (1.1)
a,b

where & and & are the momentum fractions of the partons of species a and b in the incom-
ing hadrons, f being the corresponding parton distribution functions and dé ., (&1 Hy, {2 H2)
is the parton-level scattering cross section for incoming partons a and b.

The partonic cross section d,, has a perturbative expansion in the strong coupling o,
such that theoretical predictions for a hadronic process at a given order in oy are obtained
when all partonic channels contributing to that order of the partonic cross section are
summed and convoluted with the appropriate parton distribution functions as in eq. (1.1).



In general, beyond the leading order, each partonic channel contains both ultraviolet
and infrared (soft and collinear) divergences. The ultraviolet poles are removed by renor-
malisation in each channel. Collinear poles originating from the radiation off initial state
partons are cancelled by mass factorisation counterterms and absorbed in the parton dis-
tribution functions. The remaining soft and collinear poles cancel among each other when
all partonic contributions are summed over [1, 2]. As jet observables depend in a nontriv-
ial manner on the experimental criteria used to define them, they can only be calculated
numerically. The computation of hadronic observables including higher order corrections
therefore requires a systematic procedure to cancel infrared singularities among different
partonic channels before any numerical computation of the observable can be performed.

For the task of next-to-leading order (NLO) calculations, the infrared divergences
present in real radiation contributions can be systematically extracted by process-indepen-
dent procedures, called subtraction methods. The purpose of any subtraction method at
NLO is to provide a subtraction term which has the same singular behaviour as the real
radiation squared matrix element and is sufficiently simple to be integrated analytically
over the radiation phase space which has been factorised from the (m + 1)-particle phase
space. The actual form of this subtraction term depends on the subtraction formalism used.
Several successful subtraction formalisms have been proposed in the literature [3-7]. Most
notably, the FKS [4] subtraction by Frixione, Kunszt and Signer and the dipole formalism
of Catani and Seymour [3] have been implemented in an automated way, the former in [§],
the latter in [9-14]. The major challenge for NLO calculations is the computation of one-
loop amplitudes for multiparticle processes. The evaluations of 2 — 4 processes at the
next-to-leading order represent the current frontier [15-18].

Nevertheless, for some hadronic processes, in particular 2 — 1 or 2 — 2 scattering
processes such as Drell-Yan, Higgs production, dijet production, vector-boson plus jet,
vector-boson pair production or heavy quark pair production, the accuracy of the next-to-
leading order predictions is not sufficient to match the anticipated experimental accuracy,
expected to reach the order of a few percent or better. Accurate precision studies enabling
the extraction of fundamental parameters of the theory will require that the theoretical
predictions have the same precision. Those need therefore to be evaluated up to the next-
to-next-to-leading order (NNLO) in perturbative QCD.

The calculation of observables with m jets in addition to other objects (like for example
vector bosons) at the NNLO requires three distinct contributions: the double real radiation
d&ﬁNLO with (m + 2) final state partons, the mixed real-virtual radiation d&l‘\l/’l\lmo with
(m+1) final state partons and the 2-loop contribution d&l‘\I/’l\QILO, with m final state partons.
Those build the NNLO cross section which is given by

~ ~R ~ Vi1 ~ V2
donNLO = / donnto + / doxnro + / donNLo- (1.2)
d® 420 AP d®,,

The individual contributions in the m-, (m+1)- and (m+ 2)-parton final states are all
separately infrared divergent. After renormalisation and factorisation, their sum is finite,
though. For most massless jet observables of phenomenological interest, the two-loop
matrix elements have been computed some time ago, while the one-loop matrix elements



are usually known from calculations of NLO corrections to (m + 1)-jet production [19, 20].
The one-loop and two-loop matrix-elements contain explicit infrared divergences from the
loop integration. Those cancel with divergences which are implicit in the real radiation for
(m + 1)- and (m + 2)-parton processes. These real radiation divergences become explicit
only once the phase space integration is carried out. The main issue of these calculations
is therefore to find a method to extract and cancel the infrared divergences among these
three contributions in order to finally evaluate numerically the finite remainders to obtain
the NNLO contribution to the cross section.

Like at NLO, a subtraction formalism is needed in order to extract the infrared diver-
gences from these contributions. At parton level, the general form of the cross section for
an m-particle final state at NNLO including subtraction terms is given by [21]:

N ~R ~S ~S
donnLo = / (doxnro — doRnLo) + / doRNLo
APy y2 d®rm2

LVl ~VS,1 V8,1 ~MF,1
+ / <dJNNLO - dUNNLO) + / doxNio + / doxnTo
APt AP, 41 d®.np1
V.2 . MF2
+/ doxNro + / donnro- (1.3)
dd,, d®,,

Here, d&ﬁNLO denotes the subtraction term for the (m + 2)-parton final state which
behaves like the double real radiation contribution d&f\?NLO in all singular limits. Likewise,
d&l‘\?ﬁﬁo is the one-loop virtual subtraction term coinciding with the one-loop (m + 1)-
particle contribution d&l‘\I/’I\IILO in all singular limits. The two-loop correction to the m-parton
final state is denoted by d&g’l\zmo. In addition, when there are partons in the initial state,
there are two mass factorisation contributions, d&f\\f[N?g and d&lj\\I/INIE%, for the (m + 1)- and
m-particle final states respectively. Like at the next-to-leading order level, the subtraction
terms are needed in their unintegrated as well as in their integrated forms.

There have been several approaches to build a general subtraction scheme at
NNLO [21-31]. Another subtraction scheme, the gp-subtraction formalism has been pro-
posed in [32]. It has been applied to evaluate observables related to processes with colour-
less high mass final states [32-35]. In addition, there is a completely independent ap-
proach called sector decomposition which relies on a systematic expansion of the integrals
in distributions followed by a purely numerical integration. It has been developed for
virtual [36-38] and real radiation [39-42] corrections at NNLO, and applied to several
observables already [43-46].

We will follow the NNLO antenna subtraction method which was derived in [21] for
decays of a colourless initial state into massless final state partons. This formalism has
been applied in the computation of NNLO corrections to three-jet production in electron-
positron annihilation [47-50] and related event shapes [51-55], which were subsequently
used in precision determinations of the strong coupling constant [56—60)].

For processes with initial-state partons, the antenna subtraction formalism has been
so far fully worked out only to NLO in [61]. It has been extended to NNLO for processes
involving one initial state parton relevant for electron-proton scattering in [62] while an



extension of the formalism to include two initial state hadrons at NNLO is under construc-
tion [63, 64]. An essential step towards this aim is performed in [64] where an explicit
derivation of the subtraction terms needed for the double real contributions to the six-
gluon process is presented. The general structure of the unintegrated subtraction terms
relevant for the double real contributions to any hadronic observables evaluated at NNLO
is presented there as well.

In this paper, we will focus on the integrated form of the subtraction term relevant for
double real radiation for processes involving two partons in the initial state. In the antenna
subtraction formalism, the subtraction terms are built with so-called antenna functions.
The latter describe all unresolved partonic radiation off a hard pair of colour-ordered
partons, the radiators. Depending on where the two hard radiators are located, three
cases need to be distinguished: both radiators are in the final state (final-final), only one
radiator parton is in the initial state (initial-final) or both radiator partons are in the initial
state (initial-initial). The subtraction terms and the antenna functions building them are
separated corresponding to these three cases. In the most general hadronic process (two
partons in the initial state, two or more partons in the final state), all three configurations
have to be taken into account.

As discussed in [21, 62, 64] the subtraction terms are separated according to the colour
connection of the unresolved partons. In this paper, we will specialise on the subtraction
term for the case where two unresolved (soft or collinear) partons are colour connected to
the two incoming partons. This is indeed the only case where new ingredients, namely
the four-parton initial-initial antennae are needed in unintegrated as well as in integrated
forms. On a longer term we are aiming to evaluate the whole set of integrated four-parton
initial-initial antennae, those are universal building blocks for the subtraction terms for
any hadronic process evaluated at NNLO.

In a first step towards this aim, in this paper, we have focused on the crossings of two
partons from a set of three 4-parton final-final antennae involving two quark flavours. More
precisely, the paper will be organised as follows: In section 2, we present the general formu-
lae for the subtraction terms related to double real radiation for initial-initial configurations
while the colour-connected case is treated explicitly in section 3. Section 4 establishes a list
of all non-identical initial-initial four-parton antenna functions relevant to construct the
subtraction term for the double real radiation off two initial-state partons. In section 5,
the phase space mapping appropriate for initial-initial configurations is presented.

Finally, section 6 contains our results for the integrated initial-initial antenna functions
with two quark flavours and section 7 our conclusions. Since the results are lengthy, we
show only the leading pole terms in the manuscript, and attach the complete results as a
Mathematica file.

2 Antenna subtraction for double-real radiation at NINLO in the initial-
initial configuration

Antenna subtraction has been derived explicitly for final-final and initial-final configura-
tions at NLO and NNLO in [21] and in [61, 62] respectively. For the initial-initial case, it
has been derived at NLO in [61] and is under construction at NNLO.



At NLO, the subtraction term is introduced to extract and cancel the infrared di-
vergences present in the real contributions. The general forms of the subtraction terms
required at NLO in any of the three configurations (final-final, initial-final and initial-
initial) have been given in [21, 61] and summarised in [64]. At this order, only tree-level
three-parton antenna functions involving one unresolved parton are needed to build the
subtraction terms. Those functions are usually denoted by X %k, X i07 ko X Pk’ ; in the three
configurations. Their definitions will be recalled in section 4.

At NNLO, two contributions, double real and mixed real-virtual, require the intro-
duction of a subtraction term. For final-final and initial-final configurations both types
of subtraction terms have been constructed; at this order tree-level four-particle antennae
involving two unresolved partons and one-loop three-parton antenna functions are needed
respectively. Those functions have been derived and integrated over the corresponding
factorised phase space in [21] and [62]. For initial-initial configurations, the general struc-
ture of the unintegrated subtraction terms relevant for the double real contributions to
pp — m jets is presented in [64], we will recall it in this section.

The double real radiation contribution to the m-jet cross section in pp collisions reads

- 1
dofivro = N Z d®yio(ki, ..., k‘m+2;p1,p2)5
mt2 m—+2
X[ Mumya(pr,p2; k- kma2) P T (ko ki prop) - (2.1)
In this equation, |M,12(p1,p2;k1,- .., kmi2)|? stands for the colour-ordered 2 — m + 2

matrix-element squared. The symmetry factor S,,12 accounts for identical partons in the
final state. The normalisation factor A includes all QCD-independent factors as well as
the dependence on the renormalised QCD coupling constant as. ), . o denotes the sum
over all configurations with m + 2 partons. The initial state momenta are labelled as usual
as p1 and po whereas the m+ 2 momenta in the final state are labeled ky, ..., kpio. d®mio
is the 2 — m + 2 particle phase space

dq)m+2(k1, . ,km+2;p1,p2) = [dl{)l] e [dkm+2] (27T)d(5d(p1 —|—p2 — kl — .. km—l—Z) (22)

where we have introduced the abbreviation [dki] = (d%'k;)/(2E; (27)%1). The jet func-
tion J,S,LmH)(kl, <oy kmyo;p1,p2) ensures that out of (m + 2) final state partons, an observ-
able with m jets is built. The incoming parton momenta p1, ps serve as reference directions
to define transverse momenta and rapidities of the jets.

The double real radiation contribution given in eq. (2.1) can become singular if either
one or two final state partons are unresolved (soft or collinear). Consequently, when con-
structing the corresponding subtraction term d&f]NLO in eq. (1.3), which shall correctly
subtract all those single and double unresolved singularities we must distinguish the fol-

lowing configurations according to the colour connection of the unresolved partons:
(a) One unresolved parton but the experimental observable selects only m jets.

(b) Two colour-connected unresolved partons (colour-connected).



¢) Two unresolved partons that are not colour connected but share a common radiator
T lved partons that t col ted but sh diat
(almost colour-unconnected).

(d) Two unresolved partons that are well separated from each other in the colour chain
(colour-unconnected).

(e) Large angle soft gluon radiation.

This separation among subtraction contributions according to colour connection is
valid in final-final, initial-final or initial-initial configurations and in any of those the sub-
traction formulae have a characteristic structure in terms of required antenna functions.
This antenna structure has been derived for the final-final and initial-final cases in [21, 62]
and in [64] for the initial-initial case.

In here, we focus only on the initial-initial case with the kinematical situation where
two unresolved partons are colour-connected to the two incoming partons. This is the only
case where new ingredients are needed, namely the initial-initial four-parton antenna func-
tions denoted by Xj; jx. The four-particle initial-initial antenna functions will be defined
explicitly in section 4.

3 Subtraction terms for two colour-connected unresolved partons in the
initial-initial configuration

When two unresolved partons j and k are adjacent and colour-connected to two initial-
state partons, the subtraction term related to the double real contribution d&ﬁNLO given
in eq. (2.1) reads:

S, (ii 1
dO'NNI(JZ(Z)) :N Z d(I)m'FQ(kl? HEE) km+2;plap2)sm+2
m-+2
X > (Xign — XXtk — Xk X 1) (3.1)
i gk

X MDD i3 k1s s Ris koo Ry 2) P I (R, ki kg o K2 D30 D7)
where the sum runs over all colour-adjacent pairs j, k and implies that the hard momenta
1,1 are chosen accordingly. XZ-OL ik denotes a four-particle tree-level initial-initial antenna
function defined explicitly in section 4. By construction those contain all colour connected
double unresolved limits of the 2 — m + 2 parton matrix element associated with partons
7 and k being unresolved between radiators ¢ and [.

However this antenna can also become singular in single unresolved limits associated
with j or k only where it does not coincide with limits of the matrix element. To ensure
that this subtraction term is only active in the double unresolved limits of the real matrix
elements squared we remove these single unresolved limits of the four-particle antennae.
Those limits are products of two tree-level three-particle antennae, namely products of an
initial-final antenna X, j. and an initial-initial antenna X 44 c. In these antennae we have
replaced the original hard radiators with new particles, I and L. When both radiators

are in the initial state as it is the case here, p; = z;p;, p; = xp;. The product of these
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Figure 1. Illustration of NNLO antenna factorisation representing the factorisation of both the
squared matrix elements and the (m + 2)-particle phase space when the unresolved particles j and

k are colour connected between two initial state radiators i and [.

three-particle antenna functions in d&ﬁ’ﬁ’é@ then subtracts the single unresolved limits of

the associated four-particle antenna.

The 2 — m matrix element \Mm(ﬁf,ﬁz;lgl, .. '7];i7];l7"'7];m+2)‘2 is evaluated with
new on-shell momenta which are Lorentz boosted as a result of the mapping required to
ensure factorisation of matrix element and phase space. The NNLO initial-initial mappings
have been discussed in [61] and will be recalled in this paper in section 5.

Using a factorised form for both matrix element and phase space as shown in figure 1,
one is able to obtain an integrated form of the subtraction term with m partons in the
final state which can be combined with the virtual two-loop contributions having also m
final state partons as defined in eq. (1.3).

More explicitly, the factorisation of the phase space with m + 2 final state particles

denoted by ki, ..., kmn+2, reads,

AP, o(ky, .y kg2 p1pe) = d®p(kyy .o ki kpy ooy kpo; 2101, 22p2)
X5(.%'1 — .@1) 5(1‘2 — i‘g) [dk]] [dkk] d.%'ld.%'g. (3.2)

Using this factorised form of the phase space we can rewrite the integrated (colour-
connected) subtraction term involving only the four-parton antennae in the form,

IMp|? I 4®,, / [dk;] [dky) 8(z1 — 21) 8wz — d2) XJ) jpdzrdas. (3.3)

Moreover, the integrated antennae are defined as the antenna functions integrated over
the antenna phase space as defined in eq. (3.2) including a normalisation factor to account
for powers of the QCD coupling constant by,

Xg’jk(xi,xl,g) = [C(le)]Q / [dkj] [d/{:k] €T; Ty 5(.%'1 — .i'l) 5(.%'1 — i‘l) Xiol,jk7 (3.4)

where C'(¢) is given by,
e 7

82’

These integrations are performed analytically in d dimensions to make the infrared

C(e) = (4m)¢ (3.5)

singularities explicit. The integrated initial-initial antennae are presently unknown and



the calculation of a sub-set of those involving two quark flavours is the subject of section 6
and constitutes our main result in this paper. A list of all non-identical initial-initial
four-particle antennae will be presented in section 4.

4 Initial-initial antenna functions

In this section we shall recall how the antenna functions are defined in any of the configu-
rations and how they enter in the construction of the subtraction terms. We also present
a list of all non-identical four-parton initial-initial antenna functions.

4.1 Definitions

In the antenna formalism, in any of the three configurations (final-final, initial-final or
initial-initial) the subtraction terms are constructed from products of antenna functions
with reduced matrix elements (with fewer final state partons than the original matrix
element). The integrated subtraction terms are obtained after an integration over a phase
space which is factorised into an antenna phase space (involving all unresolved partons
and the two radiators of the antenna) multiplied with a reduced phase space (where the
momenta of radiators and unresolved radiation are replaced by two redefined momenta).
These redefined momenta can be in the initial state, if the corresponding radiator momenta
were in the initial state as we saw in section 3 in eq. (3.2) for the subtraction term Uﬁﬁ’ﬁ%).

An antenna function is determined by the external states it contains and the pair of
hard partons it collapses to in the unresolved limits. In general we denote the antenna
function as X. For antennae that collapse onto a hard quark-antiquark pair, X = A for
qgq. Similarly, for a quark-gluon antenna, we have X = D for qgg and X = E for qq'q’
final states. Finally, we characterise the gluon-gluon antennae as X = F for ggg, X = G
for gqq final states.

At NLO, we only need to consider tree level three-particle antennae involving only one
unresolved parton. At NNLO we will need four-particle antennae involving two unresolved
partons and one-loop three-particle antennae.

In all cases the antenna functions are derived from physical matrix elements associated
to the decay of a colourless particle into partons: the quark-antiquark antenna functions
are derived from 7* — ¢¢ + (partons) [65], the quark-gluon antenna functions from xy —
g + (partons) [66] and the gluon-gluon antenna functions from H — (partons) [67]. The
tree-level antenna functions are obtained by normalising the three- and four-parton tree-
level colour sub-amplitudes squared to that of the basic two-parton process: The final-final

three- and four-particle antennae are respectively defined by:

0 2
— Mk, )

K (Ml
Ml

ikl IL .
’ MY 2

where S denotes the symmetry factor associated with the antenna, which accounts both
for potential identical particle symmetries and for the presence of more than one antenna



in the basic two-parton process. It is chosen such that the antenna function reproduces
the unresolved limits of a matrix element with identified particles.

The initial-final tree-level three- and four-parton antennae denoted by Xg ik and Xg ki
are in principle obtained by crossing one-parton to the initial state starting from the cor-
responding final-final antennae. However this crossing might be ambiguous as was first
noticed in [61] for the quark-gluon type antenna. Depending on the unresolved limit con-
sidered, the pair of hard partons it collapses to may be different.

The initial-initial tree-level three- and four-parton antennae denoted by X ?k,l and X z‘Ol, ik
are obtained by crossing two partons to the initial state, starting from the final-final an-
tennae. This crossing procedure, unlike in the initial-final case, is free of ambiguity as the
pair of hard partons the initial-initial antenna collapses to is always uniquely defined.

More explicitly, the three-parton initial-initial antenna function Xiok, ;s defined as

(i)
(i)

0

Xikj = Sijk 1K (4.2)

where 7 denotes that particle ¢ is crossed to the initial state. Therefore we can see that the
initial-initial antenna is connected to the final-final antenna (where all coloured particles
are outgoing) by

Xi.; = (=127 X3 (=pi, pj, —pr) (4.3)

with Ap the difference in the number of fermion crossings between the three-particle and
the two-particle subamplitude.

The tree-level four-particle initial-initial antenna X iol K 18 defined as

. 12
. MG, kD)
Xt gk = Sijki,IL s (4.4)
M. D)
and the relation to the final-final antenna is
X§ k= (=127 XD (=pi, pj, r, —1) - (4.5)

The four-particle tree-level antenna functions are not determined by the species of the
particles alone but also by the colour-connection. We distinguish leading-colour antennae,
denoted by letters without tilde, where the particles are colour-connected in the order they
are listed and subleading colour antennae, denoted by letters with tilde, where the gluons
are photon-like. This notation has been used in [21, 62] and we will further use it in this
section in the tables below.

The unresolved limits of the initial-initial antennae can be obtained from those of the
final-final antennae by crossing. The crossing of the triple-collinear splitting functions is
explained in [68]. Those limits will be reported elsewhere.



4.2 Catalogue of tree-level four-particle initial-initial antenna functions

Any two particles of a four-particle final-final antenna can be crossed to the initial state
to obtain an initial-initial antenna; therefore one final-final four-particle antenna gives
rise to six initial-initial antennae. Due to symmetries, at most four of these initial-initial
antennae are different. The independent crossings are listed below. To make the colour
connection clear, in this list we write out the arguments of the antennae explicitly, i.e
we write X§ </z\, jjc\, l) (where i denotes an incoming particle) instead of X?kdl. Some
initial-initial antennae are free of singular limits. These finite antennae are not needed
for the construction of subtraction terms, but their integrated form could be needed for
cross-checks. They are marked with *x below.

quark-antiquark antennae

A A%3.9.9.9), AY(T.9.9,9), A
A91 4(q g 9,4 ) Ag(a7g7g7/q\)7 A

BY B q 7, q) Bg(é\,qﬁq’ﬁ), BY¢.q,d.q)"
ad A@a q.

/Tg (q,9,9,q) is symmetric under the interchange of the two photon-like gluons. The
nonidentical-flavour antenna B is separately symmetric under interchange of ¢’ with ¢’

and of ¢ with q.

quark-gluon antennae

DY  DY(4.9.9,9), DY(q,9 § ) 2(4,9.9.9), DY(4.9.9,9)
EY  EY@.d.d.9), EY@.d.q.9), EY(a.q.d,9), B (a.q,d,7)
EY  EYa.d.d.9), E3@.d.d, g) E(q,4.d,9), EY(a.d,¢,9)

Due to the cyclic colour connection, DY is symmetric under interchange of the second and
fourth gluon.

gluon-gluon antennae

Fy Ff(?ﬁ,g, 9), F{ (9 g,ﬁg)

Gy GY9.4.4.9), GY3.9.9.9). G3(3.4,9.9), G%(9,3.4,9)
GY  GY9.d.4.9), GG, 9,9, 9 ) G9(9,3.4,9)

HY  HY)@q.d.d), H(@q.4.7)

FY is symmetric under cyclic interchange of its arguments. ég is symmetric under the
interchange of the two gluons as well as under the interchange of ¢ with q. HJ has three
symmetries, ¢ < ¢, ¢’ < ¢’ and the flavour renaming q < ¢, ¢ < ¢'.

,10,



5 Phase space factorisation and mappings

The construction of subtraction terms requires a mapping from the original set of momenta
onto a reduced set. The mapping interpolates between the different soft and collinear lim-
its which the subtraction term regulates. An appropriate mapping for the initial-initial
case, both for single and double unresolved configurations, has been discussed in [61]. By
requiring momentum conservation and phase space factorisation, the phase space mapping
is strongly constrained. The remapping of initial state momenta can only be a rescaling,
since any transversal component would spoil the phase space factorisation. For two unre-
solved partons j and k, a complete factorisation of the phase space into a convolution of
an m-particle phase space depending on redefined momenta only and the phase space of
the unresolved partons j and k can be achieved with a Lorentz boost. This boost maps
the momentum ¢ = p1 + p2 — kj — ki, with ¢*> > 0 and py, p2 being the momenta of the
hard emitters, into the momentum § = x1p1 + z9p2, where x1 and zo are fixed in terms
of the invariants as follows:

1
. (312_3j2_3k2 512—51]'_Slk_5j2—5k2+5jk>2
1 = )

512 S12 — S15 — S1k
1
- <812 — 815 — S1k S12 — S15 — S1k — Sj2 — Sk2 + 5jk> 2
2 — .

512 512 — Sj2 — Sk2

(5.1)

These two definitions guarantee the overall momentum conservation in the mapped mo-
menta and the correct soft and collinear behaviours. The two momentum fractions x; and
o satisfy the following limits in double unresolved configurations:

1. j and k soft: x1 — 1, 9 — 1,

2. jsoft and kp = z1p1: 1 — 1 — 21, 19 — 1,

3. kj = z1p1 and Ky = 2op2: x1 — 1 — 21, 12 — 1 — 29,
4. kj = z21p1, by = zop1: w1 — 1 — 21 — 29, w2 — 1,

and all the limits obtained from the ones above by the exchange of p; with py and of k;
with k. The construction of NNLO antenna subtraction terms also requires that all single
unresolved limits of the four-parton initial-initial antenna functions X ji, with radiators
i and [, have to be subtracted, such that the resulting subtraction term is active only in
its double unresolved limits. A systematic subtraction of these single unresolved limits
by products of two three-parton antenna functions can be performed only if the NNLO
phase space mapping turns into an NLO phase space mapping in its single unresolved
limits. A detailed discussion of the corresponding translation between these two momentum
mappings can be found in [61].

The factorisation of the (m + 2)-parton phase space into an m-parton phase space and
an antenna phase space involving the unresolved partons j and k given in eq. (3.2) can
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equivalently be written as

AP, o(ky, - kg2 p1ype) =A@ (ky, oo ki ks ooy Ko £1p1, T2p2)
X J 8(q% — w122 512) 6(2 (x2p2 — 21P1)-9) (5.2)
X [dkj] [dk‘k] dxl d$2,

where J is the Jacobian factor defined by

J = s12 (w1(s12 — s15 — S1k) + x2(S12 — 525 — Sax)) -
This phase space parametrization can also be used to give an equivalent definition of
the integrated initial-initial antennae first given in eq. (3.4). Those are given as,
1
0 0
Xil,jk(ml,xg,g) = [C(E)]2 /[dk]”d/{?k] j T1 X9 5(01) 5(02)Xil,jk7 (5.3)

where

C1 = ¢* — x1 72 512,
CQ = 2(1‘2]92 — xlpl).q . (5.4)

We shall use this definition of the integrated antennae XZ-? ; x(Z1,22,€) to compute them
in section 6.

6 Integration of the four-parton initial-initial antennae

In the first part of this section we describe how the initial-initial four-parton antennae are
integrated over the antenna phase space while in the second part of this section we restrict
ourselves to the evaluation of integrated antennae involving two quark flavours.

6.1 Calculational method

The initial-initial antenna functions have the scattering kinematics
p1+p2—kj+kp+q,
where ¢ is the momentum of the outgoing colourless particle. The momenta satisfy:

pi=p3=0, kj=ki=0, =7 =z122512.

The four-parton initial-initial antennae defined in section 4 need to be integrated over
the phase space of the unresolved partons j and k. This integration yields a result which
depends only on si2, x7 and x9. From dimensional counting, one can immediately con-
clude that the dependence on s1o is only multiplicative, according to the mass dimension
of the integral.

The initial-initial antenna phase space integrals are derived from squared matrix el-
ements and can be represented by forward scattering diagrams as illustrated in figure 2.
The two delta functions in eq. (5.2) can be represented as mass-shell conditions of fake par-
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X

Figure 2. Representation of the integral over the initial-initial antenna phase space as a two-loop

integral with some internal particles on-shell.

ticles and are shown in figure 2 as a thick solid line (representing a massive particle with
mass M? = 1z s12) and a dashed line (representing the other constraint). This allows
us to use the optical theorem to transform the initial-initial antenna phase space integrals
into cut two-loop integrals and therefore use the methods developed for multi-loop calcu-
lations [69-71]. Up to eight-propagator integrals with four cut propagators are generated
in this way. Using the reduction techniques, the calculation of the integrated antennae
can be related to the evaluation of a reduced set of master integrals. For the complete
set of non-identical initial-initial four-parton antennae tabulated in section 4, we find 32
such integrals, obtained using integration-by-part (IBP, [72, 73]) and Lorentz invariance
(LI, [74]) identities, following the Laporta algorithm [75]. A private implementation as well
as a public one [76] have been used.

For those four-parton antenna functions there are 13 different propagators, including the
four that are cut in the phase space integration (Dj, Dy, Djri2, Djri23):

Dj1 = (p1 — kj)?,
Dir = (p1 — ki)?,
Djs = (p2 — kj)* ,
Dz = (p2 — ki)*
Dji, = (kj + kx)?
D1 = (p1 — kj — ki)?,
Djro = (p2 — kj — kz)?
Djia = (p1+p2— kj)*,
Dr1a = (pr+p2 — ki)?
D; =k,
Dy, = ki,
Dik12 = (p1+p2 — kj — ki.)? — 2122512,
Dijk12s = (p3 +p1 +p2 — kj — ki)? (6.1)
where p3 = x9ps — x1p1. To perform the reduction to master integrals, we drop any

integral where D;, Dy, Djgi2, Djri23 are not in the denominator and impose momentum
conservation. The integrands of the 32 master integrals found can all be written as rational
polynomials of the denominators above.

These master integrals are calculated using either the method of differential equations
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or by a direct evaluation of the phase space integrals in terms of hypergeometric functions.
The simplest master integral is a two loop bubble with all the internal lines cut, it is
obtained from eq. (5.3) by replacing the jacobian J and the antenna XZ-OL ik with unity:

_ 12<x1,x2>=/ddqddkj e, 5% (1 + pa — q — by — k) x

5T (K2) 0% (ki) 6% (¢* — M?) 6(2 (wap2 — 21p1).q) - (6.2)
This integral can actually be expressed as a hypergeometric function:
o (Am)THET(1 )
~ %12 (2 - 20) (2 - 2)
255 (1 — m9) 725 (1 + w9) % (g + wg) 1% (6.3)
(1 — xl)(l — $2)>
(I+z1)A+22) )’

it has been checked against the master integral I][0] appearing in the calculation of the

Iy e (1—2) (1 )

o F (6,1 —6,2 - 26,

gauge-boson rapidity distribution at NNLO in [70], the notation translates as u = xo/x1,
Z =T1T9.

The set of master integrals which we denote by I;(z1,x2,¢) are functions of z1, x5 and e.
We begin by factoring out the leading behavior of the master integrals I;(z1,z2,¢) in the
limits 1 — 1 and 9 — 1, keeping the exact e-dependence:

Ii(xy,0,) = (1 — 21)™ 2 (1 — 29)"2 72 Fi(xy, 29, ). (6.4)

The integers mq, my are characteristic to each master integral. The functions F;(z1, 22, €)
are regular at x1 = 1, at 9 = 1, and at 1 = 22 = 1 and can be calculated as Laurent
series with, at most, second order poles in &.

The integrated antennae given by X (z1,x2,¢) are linear combinations of these master
integrals I;(z1,x2,¢e), with coefficients containing poles in ¢, as well as in (1 — z1) and
(1 —x2). After the masters have been inserted into the integrated antennae, those take the
form

X(xl, 9, 6) == (1 — x1)71725(1 — x2)71725 R(ml, 9, 6). (65)

where R(x1,x9,¢) is regular at the boundaries 1 = 1, 9 = 1, and at 1 = x9 = 1. The

e-expansion of the singular factors (1 — z;)~!72¢ is done in the form of distributions:
i 1 (—2e)"
N—1-2 _ e .

(1— ) =, 01— ) + Zn: 1 Dalai), (6.6)
with " (1 )
n — T

Dy (x;) = . .
= (") (6.7

To evaluate the integrated antennae, we decompose the phase space into four regions
depending on the values of 1 and zo. Those regions are given by:
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e 1 # 1, o # 1, which we refer to as the hard region

e vy =1, 29 # 1,and 1 # 1, x5 = 1, referred to as collinear regions

e x1 = 1, xo = 1, which we denote the soft region .

In the hard region (z1 # 1, x9 # 1), harmonic polylogarithms of weight two appear in the
O(£%) term of R. Therefore, the e-expansion of the master integrals in the hard region is
needed at least up to the order at which terms of transcendentality! two appear for the
first time generally.

In the collinear regions (z; = 1 or xo = 1), since the expansion in distributions (6.6)
generates additional 1/e factors, the function R is required up to O(e) where harmonic
polylogarithms of weight 3 appear. The masters evaluated in the collinear region need
therefore to be expanded at least up to the order at which terms of transcendentality 3
appear generally.

Finally, in the soft region (z1 = x2 = 1), since the expansion of the distributions (6.6)
generates additional 1/e% coefficients, the function R is required up to O(¢?) where poly-
logarithms of weight 4 appear. The masters evaluated in the soft region need therefore to
be expanded up to transcendentality 4 at least.

6.2 Integrated antennae with two quark flavours

In a first step towards the calculation of all integrated four-parton initial-initial antenna
functions for the double real radiation case, in this paper, we focus on all the crossings of two
partons from the following four-parton final-final antennae: BY(q,¢, 7, q), EY(¢,q, @, 9)
and HY(q,q,q',q') defined in [21].

We found that the reduction involving only those initial-initial antennae leads to 12
master integrals. Those without numerators are shown in figure 3. We have performed the
calculation of these integrated antennae with two choices of master integral bases differing
by four master integrals. In the first basis, the definitions of the master integrals involved

1'We define the transcendentality of a product as the sum of the transcendentalities of its factors, GHPL’s
and HPL’s have transcendentality equal to their weight, log 2 has transcendentality one, ¢(n) has transcen-
dentality n.
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in the calculation are as follows:

B = [ 1ak) k] 8(C3(C) (- 1) (6.5)
b= [ lak] @k S(C15(Ca).

= [ lak) 5(C1)3(Cy)~ Ki P )

Djas
I - / (dky] [l 5(01)5(02)(]%];2 ),
I = / (k) [ 5(01)5(02)_(21'15 3),
I — / (k] [dke] 3(C1)3(Ca) Diu,
I; = / [dk;] [dkk] 6(C1)8(C2) Djlm,
Is — / (dky] [dke] 5(C1)3(Ca) lez,
Iy = / [dk;] [dkg] 5(C1)8(Cs) Dlm,
Ly = / (dky] [dke] 5(C1)3(Ca) Djkl,
I = / (k] [dke] 3(C1)3(C) Dmle’
I = / (dky] [dke] 5(C1)3(Co) Dﬂlez,

In the other choice of basis, the masters with scalar products in the numerator
1,13, 14, I5) are replaced by alternative master integrals:
) ) ) p y g

I :/[dkj] [dkx] 6(C1)6(C2) Dyaz
Djio
Dy12
ng

5= [ k) akd (o)
(6.9)
1 = [ faky] [k 5(C1)6(C)

1 = [ laks) k] 5(C)3(Co)
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~

Figure 3. Master integrals for the phase space integration of the tree-level initial-initial BY, H$
and gff type antennae at NNLO . Thick solid and dashed lines refer to the conditions on the phase
space integral implemented as auxiliary propagators. All the internal lines are massless except for
the thick solid line. Only the integrals without numerators are shown in this picture.

The relation to the first basis is:
1 T9 ,
L = 5124—72 T o(m +x2)11
222 + 91179 + 75 — 120323 + 26(—22% — Tr129 — 23 + 102223)
8(—1+ 2¢)(x1 — z2)(z1 + x2)
—z3 + 1129 — 423 — 42323 + 87173
8(—1+ 2¢)(x1 — x2)(z1 + x2)
2 — mywo + 2203 + daiad — 62123
8(—1+ 2¢)(x1 — x2)(z1 + x2) 3

1
+512 g (z1 + xo + 4y 23) 1}

I3 = s12w2 Iy (6.10)

—S1221

x
+ 2¢

—5?1’26(_1 + z1)w1 (14 21) (=1 4 22)23 (1 + 22)(—1 + 2122)
2(—1 + 26)(.%’1 — 1‘2)(1‘1 + .%'2)
—(x1 = @2) (21 + 22)(1 + 223)
8(—1+ 2¢)(x1 — x2)(z1 + x2)
22 — 323 + 22323 — 223 + 22315
8(—1 + 26)(1‘1 — .%'2)(.%’1 + 1‘2)

/
IS
2
+57921

+2¢ Ig

1 1 1
I, = —2I§+ 21£+5122]6

T T+ X9 T
I5:—2I§—|- 9 L’l—i-slngﬁ.

Before we proceed with the details of calculating the masters, we present in ta-
ble 1 a summary of which regions contribute to the crossings of the antenna functions
BYq,q.,7,7), E{(q,d,7,9) and H)(q,G,q',7). We then present results of the required
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Antenna soft collinear xt1=1 collinear x9=1 hard

Hio no no no yes
His no no no yes
1 no yes no yes
E1a no yes no yes
Eas no no no yes
Eou no no no yes
Bio yes yes yes yes
Bis no yes no yes
Bsy no no no yes

Table 1. Summary of the regions contributing to each of the independent crossings of the three
antennae: BY, &Y, HY.

masters in each of these regions. As explained in section 4.2, not all of the six cross-
ings of a final-final antenna are different. Labelling the final-final antenna functions as
B{(1¢,3¢,47,27), EY(1q,2q',37,4g) and HY(1q,27,3¢,47), the identical crossings are
the following:

Hip = Hsy
Hi3 = Hyy = Ho3 = Hoy
B3 = B1a = Ba3 = By

E12 = E13
Eoy = B34 (6.11)
where

H12 - qu’q/q/ 5 (612)
H13 - qu/,(ﬁj/ 5 (613)
B12 — qu,q/q/ 5 (614)
Bsy Bq’q’7q(j7 (6.15)
Big = Bl oz (6.16)
n _ 170
E~112 — l?qq’@’g? (617)
Eiq = Egg,q’é’ (6.18)
E23 - Eg/q/7q/g, (619)
Eyy = Eg,gg(;/- (6.20)

As mentioned in section 4.2, Bsy is free of singular limits. It will therefore not be needed for
the construction of subtraction terms and its integrated form is free of poles in . It might
be needed for checks of the integrated antennae, however, which is why it is included here.
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6.2.1 Master integrals

In the following, we present the results for the masters in the hard, collinear and soft
regions while restricting ourselves to those which are explicitly involved in the calculation
of the integrated antennae with two quark flavours.

a) The hard region. The master integrals defined above were computed in the hard
region mainly with the differential equations technique [74, 77-82]. The only masters that
were calculated directly are Iy, Is, and I14. Since the dependence of the integrands on zy
and x4 is via the constraints, C1 and Cbq, as shown in eq. (5.4), we derive the differential
equations for each master integral by employing the following operators at the integrand
level:

9 ac, 9 0Cy
— 21
dr1 O 0C, T 81y 9C, (6.21)
9 ac, 9 9Cy 9
= . 22
Dy 910 OO, T 919 C, (6.22)

The boundary conditions required for the solution of the differential equations are either
obtained from self-consistency conditions on the integrals, or by explicit evaluation in the
collinear or soft limits. The solution of the system of differential equations yields two-
dimensional generalized harmonic polylogarithms (GHPL, [83, 84]) of up to weight two, or
products of weight one harmonic polylogarithms (HPL, [85]) of argument x; or x3. The
definition of the HPL and GHPL functions involved in the solution of the master integrals
in the hard region is recalled below:

H(l,z) = —In(1 — x)
H(0,2) =lnz
H(-1,z) = In(1 + z)

The harmonic polylogarithms of higher weight are defined recursively (we group weights

into vectors, by,...,b, = E)
H(Op,z) =  In"z (6.23)

while, if @ = (a,b) # Oy

with weight functions

=L
£(0,2) = i (6.24)
f(_lvz) - 1 j_ p

This results in the derivative formula

2 H(an,.2) = o, ) 2)
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The two-dimensional generalized harmonic polylogarithms are defined in a very similar
fashion:

G(0,y) =Iny,
G(lay) = 11’1(1 - y) )
G(-1L,y) =In(1+y),
szw:qn@+y). (6.25)
’ z
For weight w > 1 we have
G(0. e 6.26
(w=y)_w!ny7 ()
Yy R
Gl = [ wlas) GOy (6.27)
where
(a,y) ! (6.28)
a = . .
slay) =,
and we have for the derivatives
0 ., o
ayCﬂa,y)==g0Ly)G(&y)- (6.29)

As can be seen above, two-dimensional generalized harmonic polylogarithms reduce to
harmonic polylogarithms if their weights are only 0, 1, —1, with

. —H(d,z) if @ contains an odd number of 1
(@x) = (6.30)

H(d,z)  else.

In the results for the hard region below, the GHPL’s will have x; as their argument and
0, £1 and —x9 as their weights, the conversion to HPL’s has been inserted where possible.
An important check on our results in this region is to compare the soft and collinear limits
of the hard result against the ones derived in the soft and collinear regions calculated by
a direct integration of the phase space. We found agreement on all the powers of the e-
expansion in the hard region using these two different methods. The results of the masters
expanded to the needed order in € are given below. The common prefactor Nr is defined
as:

(4 7.(.)74+2€

Np = .
"7 r@e-2¢)

(6.31)
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1ooe Np (1 —mp) 2 (1 —ag) 2 "

Xk -p1 =11 = (s12) 8 (1 + 2)2

[—(xl —1)(zg — 1)2(.%'21'1 + 221 + x2)

e {1~ V(s + 20+ 22)HO,3) (w2~ 1) - ;(3:1 ~1) %
(lex% + 356% + 3x1x9 — Txg — 123:1) (xg—1)
— 2 (2323 — 23 — 22125 — 3wias — 20 — 221) G(—22,71)
+ (z1 + 1) (22 + 1) (2921 — 221 — x2)(H(=1,21) + H(—1, z2)
— H(0, 23)) + 4(1 + 72)2 log(2)}
{4 (o= 1)(@aws + 20 + 22) (H(0, ~1,22)~H(0,0,1) ~H(0, 0,22)) x

9
4(.%'1 — 1) (31‘11‘% + .%'% + X129 — 51‘2 — 81‘1) (1‘2 — 1)

1
+ 2(3:1 -1) (5x1x% + 322 + 3x120 — Tao — 1221) H(0, z1) (22 — 1)

+ (—51‘%1‘% + 3x§’ + 8x1x% + 15x%m2 4+ Tag + 121‘1) G(—x2, 1)
+ (2723 — 23 — 23123 — 32wy — 72 — 2x1) (2G(0, —z2,21)
+2G(—x9,—1,21) + 2G(—x2,0,21) — 4G(—x2, —x2, 1)

+ G(—z2,21)(2H(—1,22) — 2H(0,22))) + (z1 + 1)(x2 + 1) X

(z2 —1)° —

1 1

(lex% — 3x% — 3r1w9 — Tx9 — 123:1) <2H(—1,x1) + 2H(—1,x2)
1
_2H(0, x2)> + (—x%x% + 5 + 22123 + 625 + 3x20 + 122129
+x9 + 63:1 + 2x1) (G(l —x9,21) + H(=1,29)H(1, 21) + H(1, —1,21)
+H(1,—-1,29)) (x T — x5 — 2wx3 — 623 — 3xiry — 123129
—xy — 627 — 221) (H(0, 22)H(1, 1) + log(2)H(1, 1) + H(1,0,25)
+H(1,22)10g(2)) + (21 4 22) (—41log(2)H(0, 1) — 410g*(2)
—4H(0, 22) log(2)) + (x1 + 1)(29 + 1) (zozy — 221 — x2) X
(3G( $2,$1) + (0 xl)H(O $2) — 2H(—1, —1,$1)
—QH(— ,xo) — H(=1,0,21) + 2H(—1,0,29) — H(0, -1, 21)
+H(-1 :Ug)(log(2) H(0,21)) + H(—1,21)(—2H(—1, x2)
2

+2H(0, z2) + log(2)) + 5 >

— 2xy + ) (1123 — By — 671) log(Z)} + O ] . (6.32)
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:\\‘ o —QENF (1—.%'1)_28(1—1'2) —2

>€ij< ) (1-3¢) (v1 +22)
[+(o1 = 1) (22 = 1) + = {2108(2) (21 + 23) +2(w125 + 1) G(—22,21)
- (1‘1 - 1) (SCQ - 1) H(O,IL‘l) + (1‘1 + 1) (1‘2 + 1) (7 H(—l,:cl)
— H(=1,25) + H (0,22)) }
e {(MQH) (—2G(0, —a2, 1) — 2G(—22, —1,21) — 2G(—x2,0,21)
+ 4G(71‘2, —X2, 1'1) + G(*zg,:cl) (2 H(O,SCQ) — 2H(71,SC2) ) )
+ (acl -1) (.Z'g -1) (—H(O, —1,$2) + H(0,0,xl) + H(0,0,l‘g))
+ ($2.T1 +3x1 + 329+ 1) (G(l, —$2,.T1) + H(—l,l‘g) H(l,xl)
+ H(1,—1,21) + H(L,—1,22)) + (x1 + 1) (z2 + 1) x

(*3G(71,7$2,IL‘1)7H(O,xl)H(0,$2)+2H(71,71,$1)+2H(71,71,1‘2)
+H(—1,0,ZE1) - 2H(—1,0,ZE2) + H(O,—l,ZEl) + H(—l,.’L‘g) (2H(—1,.’L’1)
+H(0,21) —log(2)) + H(~1,21) (~2H(0, 22) —log(2)) — >

+ (—.T2$1 —3x1 — 319 — 1 (H(O $2) (1 xl) + 10g(2) H( )
+ H(1,0,z2) + H(1,22) log(2)) + (:L'l + x2) (—2log(2) H(0, 1)

)
—2log*(2) — 2H(0,z2) log(2 )} } (6.34)

@ X(*(kj 'pl)(kj "p3)) =13 = (512)1726 (1-2) N;((lggli1l2;(1x2) 8 X

[(ml — 1)(5z1 — 1)H(0, z2)x3 — 221 (21 — 22)H(0, 21)H(0, 22)23

=
&
—

—(x1—1)(bx1—x2) (22— 1)zt 21 (2 —1) (—4z§ + z1z2+2z2+z1) H(0,21)

te {f (=22 + 4zomy — 621 + 1) H(0, 21)H(0, 22)22 + (21 + 1)(521 + 1) %

(—H(=1,21)H(0, 25) — H(=1,0,21) — H(0, =1, 22))2% + (21 — 1)(5a1 — 1) x

(2H(0, 1, z2) —2H(0, 22)H(1, 29) )3 +21 (12H(0, 22) log(2) — 12H(0, 1) log(2))x3

+ z1 (21 — 22) (—2G(0, —22,0, 21) — 2G(0, —22, 21)H(0, z2)

—4G(—x2,0,21)H(0, 22) + H(0, 22) (2H(0, —1, 21) 4+ 6H(0,0, 2:1) — 4H(0, 1, 21)
572

+ 6 ) + H(O,.’L‘l) (H(O,.’L‘Q)(4H(1,.’L‘1) + 4H(1, ,CCQ)) + QH(O, —1,.’1]2)

2
—4H(O, 1, wg) + 7; ) + 2H(0, —1,0, .Tl) + QH(O, —1,0, .Tg) - QH(O, 0,0, .Tg)

+3¢(3)) 23 — (z1 — 1)(2321 — 5ao) (w2 — 1wy — 2(5xy — 22) (2129 + 1) X
G(*Z‘Q,SEl)ZL'Q =+ (1‘1 4+ 1)(5:61 — SCQ)(SCQ =+ 1)(H(71, 1'1) —+ H(*l, 1'2))1'2
+ (490290% — 627 + x3xy — 15201y — 42y + 23 + 3:1:2) H(0, z2)xo

1
—2(5z1 — x2) (w1 + x2)log(2)as +

127 7% (20z123 — 20223 + 1221235 — 323
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+10x120 + 5x?) + 21 ( 4ad + xy22 — 29 — zl) G(0, —x9,21)
+ (—4z 23 + 62723 + 122123 + 25 — 23120 — 27 ) G(—22,0,21)
— (w2 — 1) (—6a227 — 227 4 92331 + 2w02y — 23) H(0, 21
+ (—4z123 + 62723 — 123123 + 25 — 22122 — 27) G(—22, 21)H(0, 22)

+x1(x2 + 1) (—4z2 + 129 — 229 — zl) X
(_H(_la :EQ)H(Oa ZCl) - H(_la 0,.%'2) - H(Oa _15 ZCl)) + 21 (‘rQ - 1) X
(—4a3 + 2129 + 225 + x1) (—2H(0,21)H(1, 1) — 3H(0,0,21)

+ H(0,0,22) +2H(0,1,x1))} +(’)(52)}. (6.35)

’

N o (1—28) Np(1— 1) ~25(1 — a0) ~2
kiopy =1, = 2 (
@X j " P1 4 (812) 4(1.1 +1.2>2 x

7
’

(621 = 1) (2 = 1) 22 = 2(21 — 1) (w2 +2) H(0, 22) 2
=+ H(O,SC1> (2:62 H(O,SCQ) — 2(:62 — 1) (SCQZL'l — T —+ 1'2))
+¢ {12302 log(2) (x1 + 22) + 671' (83011132 2:1:2 +dxixe — 11as + 5301)

+ 225 G(0, —22,0,21) + H(—1,22) (2(z2 + 1) (z2z1 + 21 — 22) H(0,21)
—6(x1 + 1) a2(x2+1)) + G(0, —22,21) (222 H(0, z2)

—4 (:Clx% — 29+ xl) ) + G(—22,0,21) (422 H(0, z2)

—2 (2z1z§ + 2:0% — 4129 — 322 + zl) )

+ H(-1,21) (2(z1 + 1) (2 — 2) 22 H(0, 22) — 6(z1 + 1) x2(x2 + 1))
+ G(—m2,21) (1222 (122 + 1)

-2 (2:1:11132 2302 +4dxi19 — 329 + 1131) H(0, 1132))

+2(x1 4+ 1) (v2 —2) 2o H(—1,0,21) +2(z2 + 1) (z2w1 + 1 — 22) X
H(—1,0,22) +2 (22 + 1) (waw1 + 21 — 22) H(0, —1,27)

+2(x1 + 1) (22 — 2) 22 H(0, =1, 22) + 6(x2 — 1) (2221 — 21 + 22) X
H(0,0,21) — 2(xe — 1) (wax1 — 21 + 22) H(0,0, 22)

—4(x2 — 1) (x2x1 — 21 + 22) H(0,1,21) — 4(x1 — 1) 22(22 + 2) X
H(0,1,22) — 229 H(0,—1,0,21) — 222 H(0, —1,0, x2)

+ 229 H(0,0,0,22) + H(0,21) (—2H(0, -1, 22) 22 + 4 H(0, 1, 22) 22

7T2£L'2

2
+4(xe — 1) (221 — 21 + x2) H(1,21) + H(0,22) X

(—2xo(woxy — 2x1 + w2 +2) — 4w H(1,21) — dao H(1,22)))

+ H(0,22) (4(z122 + 222 + 3) 20 + 4(x1 — 1) (22 +2) H(1, 22) 22
—2H(0,—1,21) 22 — 6 H(0,0,z1) 22

—4(21‘1 — ,IQ) 10g(2) To — — 4($2 — 1) (2$2$1 — T — $2)

6
+ 22(262271 — 2621 — 2625 — 3C(3) + 26) } + 0(52)} . (6.36)

5 2
+4H (0,1, 21) 22 + 4(221 — x2) log(2) 22 — i x2)
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Il

’

: - —x —2e —x —2¢
@ x(—kj-ps) =I5 = (312)726(1 2 él(:m %—1)332) e X

[xl(@ — 1) H(0,21) — (21 — 1) 25 H(0, 22)

1
+ € { 127T2(2:U2:c1 + 5x1 — 3x9) — 221 G(0, —x2,21)

+ (2zomy — 21 + x2) G(—22,0,21) + (—2x2m1 — 1 + X2) X
G(—z2,71) H(0,22) — (z1 +1) 22 H(—1,0,2)

+z1(ze +1) H(—1,0,22) +21(z2+1) H(0,—1,21)

— (z1+1) 29 H(0,—1,22) — 3x1(xg — 1) H(0,0,21)

+ x1(ze — 1) H(0,0,29) + 2x1(xo — 1) H(0,1,27)

—2(x1 — 1) 29 H(0,1,29) + H(0,21) (221 (x2 — 1)

— 2z H(L,z1) (x2 — 1) +az1(x2+1) H(—1,29)

+ (1 — 1) 22 H(0,z2) — 2x12910g(2) )

+ H(0,22) (—2(x1 — 1) 20 — (1 + 1) H(=1,21) 2

421 — 1) H(L,2) 22 + 22125 log(2)) } +O®2) ] . (6.37)

i 1—2e) Ny (1 — 1) 25(1 — a9)2¢
@ o= (1)1 (L 2 VD (1= ) 251 =) 20
T+ X2

7
.

[ H(0,21) H(0,22) + = { G(0, 2,0, 1) + G(0, —22,21) H(0, )

+ 2 G(—xQ,O,xl) H(0,$2) + H(O,CEQ) (—H(O, —1,561) — 3H(0,0,£C1)

5 2
+2H(0,1,21) — 17; ) + H(0, 1) (H(0, 22)(—2 H(1, 21) — 2H(1, 2))
7'('2
—H(0,~1,25) + 2H(0, Lwz) = > — H(0,—1,0,21) — H(0,—1,0,22)

+ H (0,0,0,29) — 3<2(3) } + (9(52)} . (6.38)
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1

N 1—-2 Nr~(1 — —2¢ 1— —2¢e
@ = (g (2N ) ey
2

’
1

| G(—az,21) = H(=1,21) + H(0,z2) +2 {-3G(~1, 25, 21)

— G(0,—z9,21) — G(1,—22,21) — G(—x2,—1,21) — G(—22,0,27)
+2G(—x9, —x2,71) + G(—m2,21) (—H(—1,22) + H(0,22) +2)

— H(—1,22) H(1,2z1) + H(0,z2) (—H(0,2z1) + H(1,z1) — 2H(1,z2) + 2)
+2H(=1,~1,21) + H(=1,0,21) — 2H(~1,1,21)

+ H(0,—1,21) — H(0,—1,22) +2H(0,1,29) —3H(1,—1,27)

+ H(—1,21) (—2H(0,z2) +2H(1,21) +log(2) —2)
H (1,2,) log(2) — 12} + 0(52)} . (6.38)

1

1—2e)Np (1 —xq) 25(1 —x9) 28
B:Ig:(su)_l_%( &) Nr ( j:) (L—z2) ™20

[+2{G(—x2,x1) — H(-1z)

—3G(-1,—z2,21) +2G(0, —z2,21) — G(1, —22,21) — G(—22,—1,27)

— G(—x2,0,21) + 2G(—x2, —x2,21)

+ G(—z2,21) (H(0,22) — H(—1,22)) — H(—1,22) H(1,21)

+ H(0,22) H(1,21) + 2H(—1,—1,21) + H(—-1,0,21) — 2H(—1,1,21)
—2H(0,-1,21) —3H(1,—1,21) + H(—1,z1) (2H(1,z1) +log(2))

+ H(L21) log(2) + 0(5)] . (6.39)

1—2e)Np (1 — 1) 251 — xp) %€
j} = (g (2N ) )
1 2

[+ { Gmm1) — H(-1,m) ~ H(0,22) + HO, ) }
—4G(0,—z2,21) +2G(1, —z9,21) — G(—z2,—1,21) — G(—22,0,21)
+2G(—x2, —x2,71) + G(—x2,21) (H(0,z2) — H(—1,22))

+ H(0,21) (2H(1,21) — 3H(0,22)) + H(0,z2)(—2H(1,21) — 2H(1,z2))
+2H(-1,-1,29) —2H(-1,0,23) —2H(-1,1,z9) + H(0,—1,21)
—3H(0, —1,29)+ 3H(0,0, 1) +3H(0,0,20)— 2 H(0, 1, 21) +2 H(0, 1, )

— 3H(1, —1,$2) + 3H(1,0,£C2) + H(—1,$2) (3 H(O,Cﬂl) + 2H(1,$1)
2

+2H(1, 20) +log(2)) + H(1,22) log(2) +”2 +0(e)]. (6.40)
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\ 0 274 (1 =28 ) Np (1 — )25 (1 — 29)~2¢
@:1—15:(812) 2—2¢ ( ) I (xle 1) ( 2) %

7
I

=110 = (s12)

e (L= 28 Ve (1= ) 51— 9) %
T1

G(—z2,21) — H(=1,29) + H(0,22) + ¢ {—G(O, —x9,x7)

+2G(1, —z2, 1) — G(—z2,—1,21) — G(—x2,0,21) + 2G(—2x2, —22,21)
— H(0,21) H(0,z2) + G(—z2,21) (- H(-1,22) + H(0,22) +2)

+ H(0,z2) (—2H(1,21) — 2H(1,22) +2) +2H(—1,—1,27)
—2H(—1,0,25) —2H(—1,1,22) + 2H(0,1,25) — 3H(1, -1, 2,)
+3H(1,0,29) + H(—1,22) (H(0,21) +2H(1,21) + 2H(1, x2)

7'('2

+log(2) —2) + H(L,22) log(2) —

} + 0(52)} . (6.41)

[yl + L H L) 4 B (L)~ HO.00) — H(O,2)}
—2H (1,21)* 4+ 4log (2) H (1, 2,) — 2H (1, 22)? + 3G (=1, —x2, x1)
—3G(1,—z9,21) + H(0,z1) (2H (0, 22) + 2H (1,21))

+ H(0,22) BH(1,21) +2H (1,22)) — 2H(—1,—1,21) — 2H(-1, -1, z9)
— H(-1,0,21)+2H(=1,0,23) + 2H(=1,1,21) + 2H (1,1, z3)
—2H(0,—1,21) —2H(0,—1,22) +2H(0,0,21) + 2H (0,0, z2)
—2H(0,1,21) — 2H (0,1, 29) — 2H (1, —1,21) — 2H (1, -1, 25)

— H(1,0,21) + 2H(1,0,22) + 4H (1, 1,21) + 4H(1, 1, 22)

+ H(-1,z1) (—H(=1,29) + H(0,22) —2H (1,21) + 4log (2))

+ H(-1,29) (—2H (0,z1) —3H (1,21) — 2H (1, 22) + 4log (2))

32

+4H(1,29)log (2) + 4

+ O(e)] (6.42)
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@ =l = (s12) 27 <_b : > X
/: < ST I
|:10 1+ s o —bs—x190 +2 +lo bs —x19 +2
Bl s ) UB by 22 S\ b2 +2

b8—$12+2 b—|—$12—2
—1 I 1
Og(—bs—ﬂ:m +2> Og(b—mz %—2)+ 0g(1) X

o bs—x12 +2 o bs+ x19 + 2 ‘o bs—+ x19 + 2 "
S —bs—x190 +2 & —bs+x12 +2 & —bs+x12 +2
4x19 >> <—bs+x12+2>
—log(xs) — 2 lo —21lo log (1 —s
< g(x2) g<x%2 44 & —b+x10 +2 8 )
b 2 —b 2
otz )log(l—s)—2log< STt >10g(5+1)

b+ z19 +2 b+ x12 +2

bs+$12+2> ) ( b—bs )
log(s+1)—2Li
b+ 12 +2 8! ) *\b—z1y +2

b+bs . 1 . bs— x19
—2L —bs — 2L
b—.%'12—|—2> 12 <2( bs .%'12)>+ 19 < 9 >

+ 2L < ) 9Li < bs—b >+2L' < b—bs >
1 — 1 1
2 b+5612+2 P\ =b+z10 +2 \b+zpp +2

+ 2 log

+ 2 log

b+bs . —bs+x12—2> . <$12—b5>
+2Li —21i
b+$12+2> 2( b+ 1o —2 \a —b
12 . bs+x19 — 2 . bs+x19
2Li +2Li
b+3612> 2<b+x12—2> 2<3612—b>

bs J:fll; ) +0(2) |. (6.43)

— 2L12

+ 2 Liy

where

T2 =21 + 22,
_ 2
b= /7y +4,

s = \/Q?)/xl/b,
Qg = (1‘%2 +4) —4xq9.

The master 14 was calculated using differential equations and is written in terms of log-
arithms and dilogorithms of complicated arguments instead of GHPL’s and HPL’s. The
coefficients of the differential equations for I14 involve a new denominator, cubic in x1 and
quadratic in xo,

Q3 =11 (231 + 562)2 —4x9 (644)

which does not occur in the differential equations for any of the other masters presented
in this paper. Because of this denominator, /4 has this more complicated form.
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The differential equations for I4 are solved by first considering the corresponding
homogeneous equations. A solution of these equations, for e = 0, is given by

1
Ihom — (6.45)

T2\/21V/ Q3
Note that it is singular along the curve QY3 = 0, part of which is inside the physical region
0 <z <1,0 <29 <1. On the other hand, the full solution for 174, which we write as

Ly = Cyq IIY™ (6.46)

cannot be singular inside the physical region. Therefore, the coefficient C14 must vanish
along the curve @3 = 0. In order to solve the differential equations for I4, it is convenient
to consider them keeping x19 = x1 + z9 fixed, so that Q3 = 561(56%2 + 4) — 412 becomes
linear in x1. Using the boundary condition that C'14 must vanish at the point x1 = CC? =
4z12/(x35 + 4), where Q3 = 0, the solution of the differential equation of Cy4 in @7 can

then be written as a one-dimensional integral:

C /xl / NF
14 = d.%'l
B T (2t +4) —dany
22—z x? 24
AP

/ /
1—a) ry—x12 14+

2

D) , 2+.%'12
log(1 —1

+m,1 _m( og(1+ ) —log(z12)) + Lot

log(z12 — x’l)} (6.47)
The integration can be performed analytically in terms of logarithms and dilogarithms.
The final result for I14 is shown in eq. (6.43).

We have presented the result for 114 in a form where all (di)logarithms are real in the
region where (Y3 > 0 and s is real. By construction, /14 has no singularity at @3 = 0.
For @3 < 0, s is imaginary and the arguments of the (di)logarithms that depend on s
become complex. Nevertheless, 14 remains real in this region because the factor Cy4 is
now imaginary.

Finally, it is worth noting that I14 is only needed up to finite order in the hard region.
It is required up to order € in the collinear x; region where it has been calculated separately
using differential equations and direct integration.

b) The collinear regions. The real-real master integrals were calculated in the collinear
regions by deriving a hypergeometric integral representation starting from their definition
as phase space integrals. This allows us to give the results in closed form. We also have
derived these results as an expansion in ¢ using the differential equations method, which
provides an important check on our results. We list below the results of the masters
contributing to the antennae B}, £9, HY in these regions.

e collinear x1
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In this region, only I, I, Iy and Ig require to be expanded up to O(e3) since they contribute
to E1o which starts its power expansion at O(e~?).

| Xkp-pr =1 = (s12) " Np 27275 (1 —20) 725 (1 — 0)? 2% 25° x (6.49)
(1 +ap)~1He 11:((21_25);
E B = I=(s12) FNr27° (1 = 21)' %% (=) 255 (1 4w) 1H° 1{‘((21 :26)52) (6.50)
@ X (—(kj-p1)(k;j-ps)) = I3 = (512)' "> Np27°7° (1 —1)' %7 x (6.51)
I (1— x2)1—2e$2—5(1 )T x
(1=322+222 5Fy (1,1—5;2— 223 1 — 1)) 1F((21—;);)
@ X kj-pr=1Iy=—(s12) 2 Np27 17 (1 —29)'725(1 — 20) ' 7225 ¢ x (6.52)
| (I4ao) M (=142 oFy (1,1 — ;2 — 2651 — x3)) P(1-e)”
(2-2¢)
@ x (—kj-p3) =I5 = —(s19) > Np2~17¢ x (6.53)
: (1 o $1)1—25 (1 - .Tg)l_QE.T;E (1 + x2)—1+a %
(—1+z22F1 (1,1 - 62— 261 —22)) ;‘((21_251_2)
@ =I5 = (s12) "N 27 (1 — 1) 725 (1 —20)' 725 25¢ x (6.54)
| (14 @9)~1F¢ (1 -e)” oF1 (1,1 — 52— 2631 — a0)
(2 —2¢)
LR Ir = —(s12) NP 27 (1 —2q) 725 (1 —w0) 2% 25 1 7° (6.55)

1—z9\ T(1-¢)?
1 CoF1 (1,1 —¢;2—2¢;
( +$2) 2 1( ) N &; 2 ) 1—1(272€>
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1

B = Ig = (812)71726 NF 27178 (1 - 1'1)726 (1 - £E2)172€ 5627176 X (656)

142\ 1T(1—¢)?
1 FoF 1,1 —¢;2—2¢;
(14 22)° 2 1<, &; & 2 2o > el(1-2¢)
ﬂ; =Ty =—(s12) 2 7FNp 27 7 (1= 20) 2 (1 —0) ' 25 17 x (6.57)

1—m9 [(1—e¢)?
1 CoF1 [ 1,1—;2—-2¢; Fi(1,1—¢,2-2¢;1—
( +$2) 2 1( ) &, £ 2 )2 1( ) £, &, 552) F(272€)
e collinear z9

In this region, only the following four masters (all of them are needed up to O(£?)) con-
tribute:

@ X ky-pr =11 = (s12) " Np 27275 (1 — 2q)'72° x (6.57)
Lo _ I(1—e)?
1 _ 2—2¢ € 1 24-¢ 1
(1 —22)" " Fa" (14 21) (1+3m2) r@2—2s)
( : \ _ 12 _ (812)72€NF 275 (1 _ x1)172€ (1 _ x2)172€ x;e % (658)
. D1 —¢)?
1 1+¢
(27 hg 9
& =1I; = —(s12) "ENP 2 (1 — 1) "2 (1 — 29) 7252, ° x (6.59)
e D(1—¢)?
1 1+e
(I+2)™ " pg o
= IlO = —(812)71726]\/?{‘ 27178 (1 — 1‘1)1726 (1 — 1‘2)7261'1_1_8 X
(1 -¢)? 1—z1
1 ¢ Fi(1,1—¢2-—2¢ 6.60
( —|—,I1) F(2—2€)2 1<, €] & 2 ) ( )

c) The soft region. As discussed previously, the master integrals in the soft region are
expected to be needed at most two orders in € higher than in the hard region. It turns out
here that the masters are only needed up to O(¢?®) at most in the soft region. The reason
behind this is the absence of double soft gluon configurations in the antennae B, E and
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H. Furthermore, as can be seen from table 1, only Bio will have a contribution from the
soft region at all. This is due to the fact that only Bpo allows for a singular double soft
configuration, a soft ¢ — ¢ pair. The master integrals which are required in this case up
to O(g3) are either I or I} depending on the basis choice for the masters. The others are
only needed up to O(g?).

In the soft region, the masters are calculated by a direct evaluation of the phase space
integrals. In this case, the results are products of gamma functions and therefore can be
presented in closed form.

Xkp-pr = I = (s12) "% Np (1 — 2) 728 (1 — 29)?72¢ L1 —e)” (6.61)
8T(2—2¢)
. 3 . T(1—e)?
— _ 2e _ 1-2¢ _ 1-2¢
@ = Iy = (812) Nr (1 xl) (1 $2) 2F(2 B 26) (662)

1-2¢ (1 —¢)?

=I; = —(s12) V7ENp (1 — 1) 72 (1 — ) 202~ 20) (6.63)

(1 —¢)?

= Lo = —(s12) "N (1—21)' 72 (1—2g) 3¢ 2(1-2¢)T(1-2¢)

(6.64)

6.2.2 Integrated antennae

In this section, we present the results for the integrated crossings of three final-final four
parton antenna functions BY(q,¢,7,qd), ES(¢,¢,d,9) and H{(q,d,¢,7) defined in [21].
Because the results are too long to present fully here, we show explicitly only the pole
terms (all pole terms higher than 1/¢2, and only the highest pole term if it is 1/¢). The
dimensionful prefactor (s12) ¢ of every integrated antenna is omitted below. The complete
results are included in a Mathematica file appended to the source file of the manuscript.

The integrated form of the initial-initial antenna functions Hio and Hi3 are obtained
by first crossing a pair of identical or non-identical quarks in the final-final antenna
HY(1q,23,3q',4q’) to the initial state, and then calculating the phase space integrals as
described in the previous sections. They take the following form:

1 (129 + 1) ((x%—i— (m%—él) x%—i—l) x%—l—x%)

Hiz = —_{ 3 (0 4 21 brom),  (©65)
1 (2] — 221 42) (23 — 222+ 2) 1

Hiz = 2 { PR }—i—(’) <£> . (6.66)

For the Eg(lq, 2q’,37',4g) antenna, there are four independent expressions, obtained by
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crossing qq’, qg, ¢'q or ¢'g to the initial state, we list the pole terms of the integrated ones:

Eip= © {($§—2x2+2) 6(1—331)}

6.67
g3 41‘2 ( )

+ 5 2:61562 23:13:2 $%+2$1$%

1 1 (
I 2($1 + 1) $2($1 + $2)2
+2x2 + xlxz 2x1m2 — 2m2 2%‘%%‘2 + Qx% —4dxix9 + 4m1)

(23 — 229 4+ 2) Do(z1) (23 — 220 +2) H(—1,2)
— + (5(1 — .%'1)

21‘2 21’2

(323 — 622 +8) H(0,22) N (23 — 229+ 2) H(1,22)
8xo 229

~ 8log(2) 2§ — 723 — 161og(2) x2 + 242 + 1610g(2) — 20) } o (1)
1629 e)’

Ty — T3+ Tz
Euu = 812 {5(1 — 1) <(x2+1)2H(0’x2) (== (i22j7 2+4)> }+O <i> (6.68)

5 1 1)? (2% + 23 — 2 1
523 _ {xle(xle—i_ ) (.%'1+1'2 )}+O<€> , (669)

g2 (561 + $2)4

N 1 1
Eu = _ { 6 4 )’ [(mQ — 1) (122 + 36z22f — 627 + 41z32] — 19202  (6.70)
1

—xl + 192528 — 292328 — 5agaf + 41'21'1 — 20x323 — 26x32) + 155927

—63:2561 303:23:1 + 73x2x1 + 10x2x1 — 2x1 1225 xl + 863 xl + 50x2x1

—3daoad + 322322 + 622322 — 1182222 + 240wy — 1322321 — 483:‘21)]
(2:61 + zox] — 28 + 22321 — 2ox? — 82322 + 2momy + 8x2)

4
Ty

(G(—x2,21) — H(—1,21)) + 22 (256% + x1@ — 1) H(O,CEQ)} +0(1).

Finally, for the B{(1q,3q’,47,2q) antenna, we have three independent crossings, obtained
by crossing either the primary quarks ¢g, the secondary ones ¢'¢’, or a combination of
primary and secondary quarks to the initial state. Below we show the pole terms of Bis
and Bi3, the antenna Bsy is completely finite.

By = —513 {5(1 - xlig(l - mQ)} (6.71)

+€12 {5(1 — ) ( ! Ty 6190(9@2) 3565(1 - x2)>

+ (éDo(xl) . 1“2:”1) 5(1 — m)} +0 (i) ,

1 (1 —z9)(423 + T +4) 1+ 1
Bis = 625(1 561) { 9244 + 4 H(0,$2) + 0O 2] (672)

,32,



7 Conclusions

Within the antenna subtraction formalism, allowing the calculation of higher order QCD
corrections to jet observables, subtraction terms are constructed from antenna functions.
Those functions describe all unresolved radiation between a pair of hard radiator partons.
At NNLO, this formalism has been fully developed and applied so far only for colour-
less initial states. In this paper, we have focussed on the extension of this formalism to
evaluate NNLO corrections to jet observables at hadron colliders and concentrated on the
construction of subtraction terms for the double real radiation contributions. More pre-
cisely, we have considered the subtraction terms needed to account for the radiation of two
colour-connected unresolved partons off two initial state partons. For these subtraction
terms, four-parton tree-level initial-initial antenna functions are required in unintegrated
and integrated form. The integration over the phase space associated with two unresolved
partons has to be performed analytically.

In this paper, we have given a catalogue of all non-identical four-parton initial-initial
antenna functions. Furthermore, after applying standard reduction techniques, we found
that 32 master integrals are necessary to obtain their integrated form. As a step towards
the integration of the full set of integrated initial-initial antenna functions, in this paper
we have focussed on the initial-initial antennae obtained from crossing two partons in the
final-final antenna functions characterised by the presence of two quark flavours. After
reduction, 12 masters were required to obtain those. We presented the decomposition of
the calculation according to four phase space regions: hard, collinear and soft and we gave
the master integrals in these regions. Finally, we presented the results for those integrated
initial-initial four parton antenna functions themselves. Since the results are lengthy, we
have shown only the leading pole terms in the manuscript and have attached the complete
results as a Mathematica file.
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