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1 Introduction

In studying the quantization of field theories on a general spacetime an important tool
which captures the leading quantum properties of the theory is the heat kernel of the
Laplacian. Even if the full quantum theory is ill-defined or ill-understood (as is the case
for theories of gravity), this leading one loop behaviour is typically well defined and often
under analytic control. Knowing the heat kernel enables one to compute, for instance, the
one loop determinants that contribute to the free energy. The heat kernel also contains
the information about the propagator and other important one loop effects such as the
anomalies of the quantum theory.

In these notes we will study the heat kernel on (Euclidean) AdSs spacetime for particles
of arbitrary spin s. In studying the leading quantum effects for pure gravity or supergravity
on AdSj3 one needs to compute the heat kernel for particles with spin less than or equal
to two. More generally, for a string theory on AdS3 one would need the heat kernel for
particles of arbitrary spin s. With a view to some of these potential applications we obtain
expressions for the heat kernel of the Laplacian A, acting on tensor fields (transverse and
traceless of arbitrary spin s). We will give answers for the cases of S and some simple
quotients as well as for Euclidean AdS3 (i.e. H. gr ) and its thermal quotient. In particular,
we obtain explicit expressions for the heat kernel for coincident points whose integral over
proper time gives the one loop determinant.

As an immediate application of these results we are able to evaluate the one loop con-
tribution from the physical spin ‘3 gravitino in, for example, N' = 1 supergravity on thermal
AdS3. This one loop result together with the answer for the spin two graviton combines
into left- and right-moving super-Virasoro characters for the identity representation

o0 1

1+ ¢" 2]

Zr100p = [ | 1 g (1.1)
n=2

where ¢ = e'™ parametrizes the boundary 72 of the thermal AdSs. This agrees with the
general argument given by Maloney and Witten [1] which was based on an extension of the
results of Brown and Henneaux [2]. Maloney and Witten in fact also argued that (in an
appropriate choice of scheme) this result was perturbatively one loop exact. The bosonic
version of this argument for pure gravity (the denominator term in (1.1)) has been checked
by the computation of Giombi et.al. [3] who have explicitly evaluated the heat kernel for
transverse vectors and spin two fields. Our results for the supergravity case complete this
check of the Maloney-Witten argument.

We now give a broad overview of our methods. As mentioned above, the heat kernel for
AdSj3 and its thermal quotient have been explicitly evaluated for transverse vectors and spin
two tensors [3]. The method of evaluation employed there is however fairly cumbersome
to generalise to arbitrary spin. We will instead adopt a more geometric approach. We will
exploit the fact that S3 = SU(2) = (SU(2) x SU(2))/SU(2) and H; = SL(2,C)/SU(2)
are homogeneous spaces. The fields of arbitrary spin s are therefore sections of what are
known as homogeneous vector bundles on these coset spaces. This will allow us to use
some well-known techniques of harmonic analysis to write down the eigenfunctions of the



spin s Laplacian Ay in terms of matrix elements of representations of SU(2) x SU(2) and
SL(2,C). These have, in fact, already appeared in the physics literature in a series of papers
by Camporesi and Higuchi [4-9] (see also [10-14] for some related work). We will heavily
draw upon these methods and adapt them to obtain the expressions of interest to us.
Given the eigenfunctions of the Laplace operator we can evaluate the heat kernel as

s s s " (s)
K (@,y:0) = (5,82 la,a) = 3 ) (2) 0l%) ()" e (1.2)

for arbitrary pairs of points (x,%) on the space in question (S% or ng ). Here a, b are labels
for the 2s 4+ 1 dimensional representation for spin s. The eigenfunctions v, have been

)

Using the group theoretic origin of the wave functions wr(f()l(x) we can carry out partial sums

labelled by n, which will denote a multi-index, while )\gf is the corresponding eigenvalue.
over degenerate eigenstates (those having the same eigenvalue )\gf)). This manifests itself
as a generalised version of the addition theorems that make their appearance in special
function theory.

Given the heat kernel one can compute the one loop determinant, for instance, by
considering the coincident limit of the heat kernel

Indet(—A)) = Trin(=Ay)) = —/ Cit /\/g >z K(gz)(x,x;t) . (1.3)
0

To compute the heat kernel, as well as one loop determinants, on quotients of S3 or ng we
can use the method of images. The basic quotients we will study are Lens space quotients
of 3 while the analogous quotient in Hj is the one giving Euclidean thermal AdS.

We will describe the S case (and its quotient) in great detail in sections 2, 3 and 4, both
because it is compact and because many of the group theoretic features use only familiar
facts about representations of SU(2). In section 2 we briefly summarize some of the relevant
ideas from harmonic analysis which lead to the explicit forms of the eigenfunctions of the
spin s Laplacian. We go on to give a number of different expressions for these eigenfunctions
as well as their explicit form for low values of the spin. Section 3 uses these expressions
and their group theoretic origin to write down the heat kernel for separated points. Once
again a number of explicit expressions are worked out. Section 4 deals with a Lens space
like quotient of S? and the method of images is applied to obtain the heat kernel.

The case of ng is more subtle since it involves harmonic analysis on a non-compact
group. The relevant representations are infinite dimensional, and the discrete sums in (1.2)
become continuous integrals with an appropriate measure. While these are relatively well
understood in the case of interest to us, namely SL(2,C), we will practically implement
the calculation by performing a suitable analytic continuation of the answers from S3.
Analytic continuation from compact to non-compact groups is often fraught with danger,
and one needs to proceed with caution. In this case, however, it is known from works of
Helgason [15] and Camporesi-Higuchi [7, 9] that analytic continuation works. In fact, S®
and ng are among the simplest examples of ‘dual spaces’ on which harmonic analysis can

'n the case of Hy and its thermal quotient the expression in (1.3) suffers from a trivial volume divergence
which we will ignore; we shall concentrate on the finite piece which contains all the nontrivial ¢ dependence.



be analytically continued. We will elaborate on this in section 5. In section 6, we extend
this analytic continuation to thermal quotients of S% and H;r and obtain an explicit and
relatively simple expression for the (integrated and coincident) heat kernel (see eq. (6.9)).
We check that this answer correctly reproduces all the previously known cases (i.e. spins
s=0,1,2).

Finally, in section 7, we use the results of section 6 to evaluate the one loop partition
function of N/ = 1 supergravity on AdS3. This additionally requires a careful analysis of
the physical quadratic fluctuations of the massless gravitino about the AdS3 background.
We carry this out and show that the final answer takes the expected form (1.1). Various
additional details are relegated to the four appendices.

2 Construction of harmonics on S3

We will be interested in the symmetric traceless divergence free (transverse) tensors of spin
s on S3. This is sufficient information to study fields in arbitrary representations.? To
construct the heat kernel we need the complete set of eigenfunctions of the corresponding
Laplacian A(,). This can be explicitly studied using harmonic analysis on homogeneous
vector bundles which applies directly to homogeneous spaces of the form G/H (see [9] for
an accessible introduction for physicists). The harmonic wavefunctions can be expressed
in terms of matrix elements of particular representations of G. We will start by consid-
ering the case where G is compact as exemplified by S% which can be thought of as the
homogeneous space

S3 22 (SU(2) x SU(2))/SU(2), (2.1)

with the denominator acting diagonally on (SU(2) x SU(2)), i.e.

(9r,9r) — (9L - h,gr - h) , h € SU(2) . (2.2)

We can identify the quotient space, via the projection map 7, with SU(2) = 53 itself,
7:SU(2) x SU(2) — SU(2), (9L,9R) = 91 - 9" - (2.3)

This map is evidently independent of the representative, i.e. it is invariant under replacing

(9z,9r) by (9L - h,gR - h).

Below we will describe the corresponding tensor harmonics on S? in terms of matrix
elements of SU(2) x SU(2).

To write explicit expressions we will also need to choose definite coordinates on S3.
The most common set of coordinates is the spherical system parametrized by (x, 0, ¢) in
which the metric of S3 reads

ds* = dx? +sin? x (df* + sin? 0 d¢?) . (2.4)

2Note that since we are working in three dimensions there are no non-trivial antisymmetric representa-
tions that need to be considered: the two form is dual to a vector and the three form to a scalar.



The corresponding group element in SU(2) is parametrized by

(2.5)

cos X +isinycosf isiny sinf e
isiny sinfe @ cosy — isiny cosf

9(x,0,9) = <

This will be useful for comparing some of the results to known expressions in the literature.
However, for performing the thermal quotient it will be most convenient to use double

polar coordinates (1,7, ¢) in terms of which the metric reads
ds® = dp® + cos® 1 dn? + sin® ¢ dp? . (2.6)

In terms of these coordinates the elements of SU(2) are given by

(2.7)

ie"%sinty €™M cost

(0,1, ) = (e_i”cosqb iewsini/)>

2.1 Tensor harmonics and representation theory

The nature of S® as a homogeneous space allows one to choose tensor harmonics with
respect to a basis which reflects this homogeneity (see below). Though focussing on S?
(and later H3") many of the ideas are general and we will often indicate the generalization
to general homogeneous spaces. We refer to [9] for a more comprehensive discussion.

An important role will be played by sections o(x) of the principal bundle SU(2) x SU(2)
over the base SU(2) (being parametrized by z). That is

o :SU(2) — SU(2) x SU(2), such that moo =idgy() - (2.8)

Obviously, there is no canonical choice of a section. In particular, for any given o, we can
define & via

d=o-(h(z),h(x)), (2.9)

where h(x) is any map from SU(2) — SU(2). From the definition of the quotient ac-
tion (2.2), it is clear that any two sections are related in this manner.

Any given section o(x) actually also determines a natural choice for a basis of tensor
valued functions. Define v, (a =1...2s+ 1) as a basis for a spin s representation of SU(2)
at the origin (of S% viewed as a group). Then a basis of sections of the spin s tensor bundle
can be defined via

Ou(x) = o(x)v, . (2.10)

For the case of spin s = 1, v, can be thought of as a vector in the tangent space of

SU(2) x SU(2) at the identity, and the action of o(x) € SU(2) x SU(2) is the usual push-

forward. The form of the resulting vielbein basis, for some of the sections that we will use, is

summarized in appendix B. The generalization to arbitrary spin s is then straightforward.
We will expand our tensor harmonics in this basis.

U(z) =) Uo()ba(z) . (2.11)



In other words, it is the components W,(x) (with respect to the basis 6,(x)) which will
be the eigenfunctions of the Laplace operator A(,). The arbitrariness we saw above in the
choice of the section reflects a freedom in the choice of basis (see appendix A for more
details). We will see below that this freedom will be reduced in the presence of quotients.
The tensor harmonics that will be explicitly given below are always defined with respect
to some basis {6, (z)} determined by a particular choice of section.

Having identified the basis of tensors, we can now give explicit formulae for the com-
ponent tensor harmonics [9]. Here we will describe the approach for a general compact
homogeneous space. Geometrically, the tensors we are considering are sections of homoge-
neous vector bundles £, associated to the principal bundle G over the homogeneous space
G/H, with structure group H and transforming under some particular representation p of
H. The harmonic analysis of such vector bundles is an extension of the usual harmonic
analysis for scalars.

The crucial point we shall use is that there is a natural embedding of the space of
sections of these bundles into the space of functions on G. We can make this correspondence
one to one if we restrict ourselves to the functions 1,(g) on G, that are equivariant with
respect to H. These functions obey

Yal(gh) = p(h™ ")} 4y (g) (2.12)

for any g € G and h € H, where p(h) is the representation of H acting on the fibres of the
vector bundle. We can thus think of the 1,(g) as components of a vector which lie in the
vector space of a typical fibre (e.g. at the origin with respect to a basis {v,} in our case)
of the associated vector bundle.

Now we can use the section o(x) of the principal fibre bundle G to construct tensor
valued component functions on G/H (with respect to the basis 0,(x) arising from the
section o(z) as in (2.10)) via

U, (2) = a(o(x)) . (2.13)
In our case, with g € G = SU(2) x SU(2), is not difficult to see that the functions
v (9) = UNg ™ (2.14)

are equivariant with respect to H = SU(2). Here A denotes a representation of SU(2)z, x
SU(2)r which contains the spin s representation under the diagonal action of SU(2). The
label a takes values in the spin s representation that is contained in A under the diagonal
action, while I labels the different states in the representation . Finally, U» denotes
the matrix elements of the unitary representation A\. We shall exhibit this formula more
explicitly below, see (2.19) and (2.20). There is also an obvious generalization of this for
arbitrary G and H.

For each such choice of A, we can thus write down, using the above correspondence
(2.13), the components of a tensor section as

XD () = UMNo(z)™DE (2.15)

a

3Technically, this is the statement that L?*(G) decomposes into a union (over representations p, with
some multiplicity) of the spaces L?(G/H,E,). This is familiar to physicists in the study of monopole
harmonics on S? (G = SU(2), H = U(1)) all of which arise from (equivariant) functions on S*.



In fact, these components of (2.14) are actually eigenfunctions of the spin s Laplacian (with
the conventional spin connection in the covariant derivative) for each state in A (labelled
by I) [9]. These constitute a complete set of rank s tensor harmonics, whose components
(with respect to the basis (2.10)) are described by the index a. In order to describe the
transverse and traceless tensors of spin s the representations A must be taken to be of the
form [4, 13]

n n nn
A:( ) )\_:<, ) 2.16
+ o T8, or g1 T8 (2.16)
wheren = 0,1,.... It is clear that these representations contain the spin s representation in

their diagonal. The eigenvalue of the tensor harmonics only depends on A (or equivalently
n), and for A of the form (2.16) is given by [8]

— B =20y (y+5) +Co ()]~ Cals) = (s +m)(s +n+2) =5, (2.17)

where Co(j) = j(j + 1) is the usual second order Casimir for the SU(2) representation
labelled by j.

For each such A (or n), the label I takes (n + 2s + 1) - (n + 1) different values; for
s > 0 there are then 2 - (n + 2s + 1) - (n + 1) different transverse and traceless rank s
tensor harmonics with the same eigenvalue E,(f), whereas for s = 0 (scalar harmonics), the
two choices A+ coincide, and the degeneracy is (n + 1)2, as is familiar from the description
of the hydrogen atom. In the following we shall only be considering the transverse and
traceless tensor harmonics corresponding to the representations (2.16).

To write out (2.14) more explicitly, we specify a section as

o(z) = (gr(x),gr(x)),  where gr(z)-gg'(x) == . (2.18)

The tensor harmonics for A = Ay = (3 + s, ) are then explicitly

. n n D+s), _ n _
W) (@) = 37 (s,al') s ki ko) Dyt (971 (@) DY) (95N @), (2:19)

k:l,ml k‘2,m2
K1,k

while for A = A_ = (3, + s) we have instead

. n n n _ T4s),
W) () = 57 (5,0l )+, k) D (07 (@) DY (05 (@) - (2:20)

k:l,ml k?27m2
k1,k2

In either case I = (my, mg) labels the different states in A and thus denotes different tensor
harmonics. Concentrating for definiteness on A = Ay, (s,a|] + s,k1; 5, k2) is the Clebsch-
Gordon coefficient describing the decomposition of the tensor product (% +s)®(% ) into spin

s, while D%?n(g) is the (m, n)-matrix element of the SU(2) rotation ¢ in the representation
j. The above wavefunctions are normalized so that

)

/ / 2 ’ /
Z/d,u(x) \I/gs)(n+;ml’m2)($)* \IISLS)(nJr;ml,Yng)(x) _ ( +272T (_{2—51—)1-( 1)+ 1) Smmy §mz,my
n S n

(2.21)
where dpu(z) is the Haar measure on S® = SU(2), normalized so that the volume of $3
is 272,



2.2 Choice of section

The formula (2.19) (or (2.20)) obviously depends on the choice of a section o(z) or, in
other words, of (g91(z),gr(z)). We will now concentrate, for reasons that will become
clearer later, on two out of infinitely many choices of sections.

The first, which we call the ‘canonical section’ is in some sense the most obvious choice:

Ucan(x) = (gL(x)agR(x)) = (eaxil) . (222)
With respect to the induced basis of tensor functions, the tensor harmonics labelled by
(n;my,mo) in (2.19) are given as

s)(n+;m1,m n n n_g n
) ) = N (s,al)) + 50 ) DY (€) D (@)

a(can) li,my l2,ma
l1,l2

(%)

a—mi,ms

n,a—m1>D

) (z) . (2.23)

n
= <S’ CL| + 5,my;
2
This answer is simple in some respects, being given purely in terms of single SU(2) rotation
matrix elements.
The second choice of section we will consider is a so-called ‘thermal section’ because
it respects the thermal quotient symmetry. As we shall explain in more detail below, the
thermal quotient is obtained by the group action

z— Az B!, (2.24)

where A and B are fixed elements of SU(2). Given any such group action, there are special
sections that respect this symmetry. By this one means that the quotient acts on the
principal bundle G = SU(2) x SU(2) in a way which commutes with the right action by
H = SU(2). This is achieved by having the quotient act by a left action on G. Not
all sections of the principal bundle will be compatible with this left action in the sense
of obeying

(90(AzB™Y),gr(AzB™")) =0 (AzB™') = (A,B) -o(z) = (A gr(z), B- gr(z)) . (2.25)

The thermal section will turn out to obey this relation in the case of thermal quotients.

In terms of the spherical coordinates of (2.4) and (2.5), a thermal section is given by

o) = SECT ) 220
and ) ,
9r(x.9,9) = <§fgf—sz¢f>z>//22 ;Zig Z—eil((jjj))//; > (2:27)
For the following it will be important that these group elements factorize as
gr(x) = U@)e'27, gr(x) = U(n)e 27, (2.28)



where o3 is the usual Pauli matrix

& P
10 . cos leta —sin et
o3 = <O _1> , and  U(n) = ( S 02 ) . (2.29)

. —3 —
Smge "2 cos, e 2

Note that U(7) can be viewed as a (local) section for the principal U(1) (Hopf) bundle S3
over the base S2. This section is well defined except at the poles 6 = 0, .

Later on we shall also need the thermal section in the double polar coordinates (2.6),
for which it takes the form

ei(@*n)/2 coS 7’21) Z‘ei(@fn)/2 sin gj
gr(¥,n, ) = ' 230
( ) je—e=m)/2 gin @ZZ’ e~ Ue=m/2 cog 7’20 ( !
and
/2 cos Y —ielP /2 5in ¥
gr(,n, ) = ' (2:31)

_rie*i(4p+77)/2 sin 7’21) eii(@+n)/2 COS gj

Note that in these coordinates we can write

i o=, et o _
gL(¢a m, 90) =€ 2 3V(¢) ) gR(¢a 7, 90) =€ 2 3V(¢) ! ) (232)
where
o e
Ccos 5 1sin
V()= ( R A ) : (2.33)
7 S11 2 COS 2

It is straightforward to check that with both sets of coordinates we have indeed
9.(7)gg" (x) = z, where z is of the form (2.5) and (2.7), respectively. ~ The expres-
sion for the components of the tensor harmonics are then given by (2.19) with g1 (), gr(x)
as above. There is no immediate simplification (see however section 2.3.2 below), and the
expressions are more complicated than (2.23).

2.3 Explicit formulae

In order to illustrate the general construction from above we shall now exhibit some explicit
solutions. This will also allow us to connect our formulae to existing results in the literature.
The reader who is not interested in this detailed comparison may proceed directly to
section 3.

2.3.1 The scalar case

The scalar case (s = 0) is the simplest since the answer will be independent of the choice
of section, as we shall verify momentarily. In fact, using the general formula (2.19) for
s =a =0 we get (recall that Ay = A_ in this case)

n ()

. n _ o —
) (@) = 370,000, —ms o) DG, (90@)7") Do (9r(2) ™), (234)

m



where gy (x) and ggr(z) are any section, i.e. satisfy g (x) - gr(z)~! = z. Using

n

n (=1)=2—™

2,m> = il (2.35)

<Oa 0|Z, —mj

as well as the fact that D(_j%lvm1 (9;1) = (—1)m1+mD(_jT)m7m(gL) we can do the sum over m

in (2.34) explicitly, and we obtain

(=12t ()

2

\I}(n;m17m2)(x) = \/n I 1 —mi,m2 (x) :

(2.36)
This is evidently independent of the chosen section. All these functions have eigenvalue
An = —n(n + 2). Since my, my each range over (n + 1) values, we have a total degeneracy
of (n + 1)2. The answer (2.36) is also familiar from the Peter-Weyl theorem as forming a

complete, orthonormal basis for functions on S3.

2.3.2 Factorization

In the spherical coordinates of (2.4) the sphere S° is parametrized in terms of the angles
(0,¢) defining an S?, times a radial coordinate y. Typical results for tensor harmonics
available in the literature (e.g. [8, 9]) are usually given in a factorized form in terms of
these coordinates. However, our group theoretic basis of eigenfunctions (2.19), (2.20) with
the thermal section (2.26), (2.27) does not exhibit such a factorization. To compare with
the results in the literature we will consider particular linear combinations of the group
theoretic eigenfunctions which exhibit this factorization.
For example, for the scalar harmonics, we define

1 .
(I)nlm(x) = " Z <n,m1; n,m2|l,m>\1](n,m1,m2)(x)’ (237)
V22 2 2
mi,ma
where [ = 0,1...n, and m runs over the (204 1) values m = —[...[, thus accounting again

for the (n + 1)? fold degeneracy of the scalar harmonics with eigenvalue
A(0)(I)nlm = —’I’L(’I’L + 2)(I)nlm . (2'38)
A straightforward computation then exhibits the factorized form

1 -
D, 1m(x,0,0) = Chy (sin )1/ Pnil/g/z(cos X) Ylm(é,7 ), (2.39)

were Cp | = \/ (n+1) (?:ljl_)l!)! and P;i;/lz/ ? is the associated Legendre function of the first

kind, which can be expressed either in terms of hypergeometric functions or Jacobi Poly-
nomials (see [16])

Pil*l/z( 5X) = ! sin /2’ 1/2F( 1/2,n 4 3/2,1 + 3/2;sin? x/2)
nt1/2 \COSX I'(l+3/2) \ cosx/2 " o ' PSHEX
= 9712 (n=1)! sin*+2 y P! 24+3) cosx) - 2.40
T(n g) X (cos x) ( )

,10,



Y™ (6, ¢) are the normalized (scalar) spherical harmonics on S2.
For the general case of spin s, we define, using the thermal section,

+(s) — n M (s)(n+;m1,m2)
ynim(:0,0) = (g +smy; 2’m2’l’m>\pa(therm)l (x)

mi,m2

_ n n B
‘I>a7£fl)m(x,9,¢) - Z <2’m1§ 2 +8,mall,m>\lf§s(1§£r$1’m2)(x),
mi,m2
where [ runs over the values
l=s,s+1,...,s+n, (2.41)

while m takes the (20 +1) values m = —I, =l +1,...,1—1,l; altogether we thus have again

s+n
2.3 (2A+1)=2(n+1)(2s +n+1) (2.42)

l=s

different solutions. To see that these solutions are again in factorized form we insert the

definition of \pi?i%r;i:mn;1,m2)(x) from (2.19) and (2.20) into (2.41), and use (2.28) as well

as (A.1). A straightforward computation then shows that

O (60,0) = Q5100 D, (U (R)), (2.43)
where
) ) — n M i (2k—a) " no
Qa,nl(x) Z<s7a’2 +Sak7 2,@ k>€ <2 +S,]€, 2,0, k‘l7a>
: n (2.44)

Qunt() = ;s,aﬂ;k; o Fsa—k)e ROk s a—klla) .

Since U(n) is only a function of (6, ¢), (2.43) thus gives a formula for the harmonics in
factorized form. In fact, the D((I%(U (7)) are equivariant functions on S? under the U(1)
action of the principal U(1) bundle over S?. Thus they correspond to different tensor
harmonics on S2?. They are the same as the usual spin-weighted spherical harmonics of
Newman and Penrose, and essentially the same as the familiar monopole harmonics [17].

%, we have checked that the resulting harmonics agree precisely

For the spinor case, s =
with the explicit formulae given in [9]. Actually, these functions are also eigenfunctions of
the Dirac operator Y with eigenvalues +i(n + g), and thus the eigenvalue with respect to
V?is —(n+ 3)% This differs from B in (2.17) by a constant (independent of n) whose
origin lies in the non-trivial curvature of S3.

We have also worked out (2.41) for the vector harmonics s = 1, and compared them to
the explicit formulae of [8]. In identifying these solutions with each other one has to take
into account, as mentioned in section 2.1, that the components of the harmonics in the
thermal section are defined with respect to the standard vielbein on S3, see eq. (B.9). On
the other hand, the vector harmonics of [8] are given with respect to a coordinate basis. It
follows from (B.9) that the dictionary between the two bases is

1 1
Vg [

= g Wyl , Uy=1V,, 2.45
\/2SinX ¢ F1¥y 0 X ( )

sin 0
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where we have suppressed the [+, (n,l,m)] labels that are common on both sides. Once

+(1)

amim dgree precisely with

this is taken into account, the above group theory solutions ®
(linear combinations) of the harmonics given in [8].

3 Heat kernel on S3

With this detailed understanding of the spin s harmonics we can now calculate the spin s
heat kernel as per (1.2)

*

KO(LZ) (:C, y; t) _ Z CLgls) \I,((ls)(n:t;ml,mg)(x) <\I,gs)(ni;m1,m2)(y)) eET(LS)t’ (3.1)

(nt;m1,ma2)

where = and y are two points of S3, and the sum runs over all spin s harmonics labelled
by (n4;mq,msy) as above. Furthermore, Eﬁf) is defined in (2.17), while the normalisation

constant a(s) equals
n’ equals
4 1 (n+2s+1)(n+1)

mo2n? (25 +1) (32)

This normalizes the heat kernel so that, using (2.21), we get

Z / () KO (e, ait) = 30 Pt (3.3)

n=0

where
d) = (2= 6,0) (n+1) (n+2s+1) (3.4)
(s)

is the total multiplicity of transverse spinor harmonics of eigenvalue Ey,’. (The prefactor

(2 — 050) takes into account that for s > 0 there are two sets of harmonics for each n,
while for s = 0 there is only one.) Note that (3.3) is the ‘trace’ over the heat kernel that
is important for the calculation of the one-loop determinant.

Inserting our general formula for the harmonics, see eq. (2.19), the heat kernel becomes

s (s)
Kéb)(ﬂf,% t) = Z Z (s,ally,p1;l2,p2) (1, q1; 12, ga|s, b) et

l1,la;m1,m2 P1,P2;q1,92
XDy (91.2) ) (Dgilzm (9.)7)
% D), (9r(@) ™) (DY), (9r() ™) (3.5)

where (I1,l2) runs over all pairs of representations of the form (3 +s,%) or (3, + ), and

E,(f), expressed in terms of (I1,l2), equals
E® = (s+n)(s+n+2)+s= —Q[h(zl F1) + bl + 1)] +s(s+1). (3.6)

Since the representations are unitary we have

(DS (01 ) ™) = Do 00@)s (DEhalor@) ™) = Dy (9r() - (3.7)
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Thus we can perform the sum over my and ms and obtain

)
(@yt)=> > al) (s,ally,pr;la,pa) (. qiila, gols, b) e
l1,l2 P1,P2;91,92
x Dy, (gL(w)_lgL(y)) D2, (9r(@) " gr(y)) (3.8)

Written in terms of the more abstract description of the tensor harmonics, eq. (2.15), this
formula takes the form
_ (s)
K3 (@ yit) = 0l UNo(@) o (y)ar ™, (3.9)
A
(s)

where A runs over all the representations of the form (2.16), and a,,’ and E,(f) are as defined

n (3.2) and (2.17), respectively. Furthermore, the matrix elements are taken in the spin
s subrepresentation with respect to the diagonal SU(2). Finally, we can also use (A.1) to
rewrite (3. 8)

K @ yst) =3 DB (gr(x)™) D) (g (y)) (3.10)
~

XZ Z S a|l1ap1al2ap2> <llap1;l2aq2|5)bl> tD](;IQQZIQ(‘Tyil)a
l1,l2 P1,P2;G2

I = ¢ and similarly for .

where we have used that gz, (y)gr(y)~

The un-integrated heat kernel (3.8) and (3.10) obviously depends in general on the
choice of section, as is clear, for instance, from the first line of (3.10). Indeed this de-
pendence just reflects the way the components of the harmonics themselves depend on the
choice of section, see (A.2). For the case of the scalar, this ambiguity is not present and one
can write the final answer explicitly, which we do in the next subsection. For higher spin,
the expression cannot be simplified further unless one makes a specific choice of section (as

also coordinates). We exhibit the answer for the thermal section in section 3.2.

3.1 The scalar case

In the scalar case, s = 0, the representation labels a¢ and b are trivial, and so is the first
line of (3.10). The scalar heat kernel is then of the form

RS noomn a2t p(3) (-
KOty = oy S0 S+ D2 i —ml0,0) 20 D) (o)

n=0 m
1 e}
02 > (4 1)e M T (yat) (3.11)
T n=0
where we have used (2.35). Since
< 1
Tep (yat) = ST D2 (3.12)
2 sin p

where p is the geodesic distance between x and y, we can rewrite the scalar heat kernel as

sm n+1l)p _
KO (p:1) L Z o )P —nnt2)t (3.13)

This reproduces the answer given, for example, in [5].
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3.2 Higher spin

As mentioned above, for larger s, (3.10) does not simplify further, unless we make some
specific choices. In the following we shall use the spherical coordinates (2.4), and consider
the thermal section (2.26) and (2.27).

Since S? is a homogeneous space, we may, without loss of generality, assume the point
y to be at the ‘origin’, i.e. to be represented by the identity matrix

gr(y) = gr(y) =¢ . (3.14)

The thermal section for the other point z is then described by (2.28). Then we can
write (3.8) as

(5)
KC(LZ (z,e;t) Z Z (s,ally, p1;l2,p2) (I, q1; 1o, qo|s, b) 2

l1,l2 P1,P2;91,92

« p@) < —zéoaUT(ﬁ)) DU2) <ei§asUT(ﬁ))

pP1,91 p2,q2
£
= Z Z (s,alli, p1;lo, p2) (I, q1; 12, qo| s, b) "
l1,l2 P1,P2;91,92
% ei(m—pl)xD(ll) (UT(ﬁ)) DI()l22212 (UT(ﬁ))
(5) B
- ZDb/b UvT Z (Z ¢
l1,l2
X Z<8,a|ll,p1;l2,P2> (11, p1; la, pas, b) e P2—PX
P1,P2
= DU () K (x, 0:1) . (3.15)

In the penultimate line we have employed the identity (A.1), and in the last line we have
used that the Clebsch Gordan coefficents vanish unless ' = a. Finally, we have defined

(s),
V0:8) = 303 al) (b, prs o, pols, a)? 5 X2 (3.16)

l1,l2 P1,p2

We should mention in passing that this form of the heat kernel in spherical coordinates
can also be deduced from the alternative factorized form of the eigenfunctions @, ( ) that
we obtained in (2.43).

The radial part of the heat kernel KU(LS) (x,0;t) can be evaluated using the explicit form
of the Clebsch-Gordan coefficents appearing in (3.16); this is carried out in appendix C.
The final answer is

1 1 (n+1)!(2s + 1)! (s)
(s) E (s) Byt
Ka” 00 0t) = 2m? (25 +1) <= (n+2s)! Kan(e ’ (3.17)

where KéS%(X) is given in terms of Gegenbauer polynomials in (C.7). It follows from the

explicit formula for K}ﬁ%(x) that

(n+2s+1)!

K& (x=0) = (2~ 8s0) n!(2s + 1)1’

a;n

(3.18)
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and thus for x = 0 the complete heat kernel simplifies to

O e Oty L L e ) B
Ky (x = 0.0,0),e:t) = D) (UT(2)) ,,_, (28+1)n§%dne : (3.19)

where U(n) was defined in terms of (0, ¢) in (2.29), and the mutliplicity d\? was introducted
n (3.4).

3.2.1 The spinor case

As a cross check we can compare with some of the existing results in the literature. We
have already evaluated the scalar case. The next simplest case is then the spinor case
(s = 3). This has been obtained explicitly in, for instance [9]. The only small difference
is that they evaluate the heat kernel for the operator Y2 rather than the spinor Laplacian.
The eigenvalues of the former are —(n + 3)? while that of the latter are —(n + 35)2 + 3.
Taking this shift into account, the result given there (see e.g. eq. (3.4) of the published

version of [9] or eq. (4.12) of the arXiv version) is

1

1 oo
K (060,00, 6:0) =0y |,y S0+ 1)+ 20n() e D2 (3.20)
n=0

where ¢, () is given in terms of Jacobi polynomials as

nT(3) X ,0
a(x) = Pn2’2 . 21
Pn(X) o+ 2) 2 (cos x) (3.21)
Using the recursion

P(é,i)( _P(éyé) . 2XP 33) ] 3.99

n Cos X) —in (COS X) — sin 9" nt (C05 X) ’ ( : )
and the relation of the Jacobi polynomials Py(Lm’m) to the Gegenbauer polynomials we find

2 X [ ~2 2
n(X) = - Cr_ 3 . 2
On(X) (n+1)(n +2) cos [Cn(cos x) — C;_1(cos X)] (3.23)

Putting this back in (3.20), we find that it agrees precisely with the general expression

in (3.17) for the special case of (s = %)

3.2.2 The vector case

As a last example we write the answer for the vector case (s = 1) in full detail. We again
consider the heat kernel for the points between the north pole e, and the point (x, 6, ¢) on
S3. The heat kernel is obtained from (3.15) and (3.17)

(1) . (1 T (1 —t((n+1)(n+3)—1
K ((x.0,9),e;t) = D, (U'( WQZ n+2K) X) e HeFDEE=1) (3 99)

an

and (C.7) implies that the explicit expressions for Ké}%(x) are

Kf}%(x) = K(jl);n(x) =2 [cosx Ca(cosx) — 2Cp_1(cos ) + cos x Ca_y(cos x)] , (3.25)
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and
1
K (x) =2C2(cos x) - (3.26)
It is also useful to rewrite this expressions in terms of trignometric functions. Using (C.9)

and the recursion relations satisfied by the Gegenbauer polynomials we find that

0(1,)1( )= . . 3 <(n +3)sin(n+1)x — (n+ 1) sin(n + 3)X) , (3.27)
’ 2sin” y
1
Kg)l(x) = K(_ll)m(x) = gsin? . [(2 +n)(3 +n)sinny — 2(2 + 4n + n?)sin(n + 2)x

+(n+2)(n+ 1) sin(n + 4);4 .

The above form of the radial heat kernel is suitable for analytical continuation to AdSs
(see section 5.3.3).

4 Heat kernel on thermal S3

In perparation for the calculation on thermal ng we now want to study the heat kernel
on the thermal quotient of S3, i.e. on the manifold S3/T', where I' describes a specific
group of identifications. These identifications are most easily described in the double polar
coordinates (2.6), where the action of the generator v of T', is given by

v omen+B, e et (4.1)
In order for this group action to be globally well-defined, we should take I' to be of finite

order, I' & Zy, i.e. vV = 1. This corresponds to a Lens space quotient of S3. The generator
v acts on the group element g in (2.7) as

- ez 0 ez 0 1
gHg—<O e_,;>g< ei;>—AgA : (4.2)

T=En—Tn=0-0 T=n+n=0+p (4.3)

A:<62 _0> A:<62 O4T>. (4.4)
0 e’ 0 e 2

The section that is compatible with this group action must satisfy (compare (2.25))
o(y(z)) = (A, A) - o() . (4.5)

As explained above (2.25), such a choice of section is necessary for the compatibility of the

)

where

and

thermal quotient with the coset space identification on the principal bundle G. Another
way to understand this requirement is as follows. The group action (4.2) induces a natural
map (via push forward) relating the tangent basis at ¢ to that at g. On the other hand, the
choice of section specifies a vielbein (see (2.10)) for all g € G. The condition (2.25) implies
that the vielbein at g agrees precisely with the push-forward via (4.2) of the vielbein at g.

Obviously, (4.5) is not satisfied by every section; in particular, it is not true for the
‘canonical’ section (2.22). On the other hand, one easily checks that it is satisfied by the
thermal section (2.30) and (2.31).
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4.1 Method of images

The heat kernel on the quotient space can be calculated from that on S? by the method
of images. We can fix one of the points (say x) and sum over the images of the second one
(y). This is to say, we have

S K @A)t (4.6)

mELN

where N is the order of 7. We will be interested in obtaining the determinant of A(,) on
S3 /T, which means that we need to find the integrated traced heat kernel for coincident
points on the orbifolded space, i.e.

(s) M (z);t) . .
%‘NZ/W v) K (™ ()1 (4.7

Here we have traced over the group theory indices a, b with a simple Kronecker delta since
we are working in a tangent space basis (such as the usual vielbein basis for the s = 1 case).

If we were working in a coordinate basis, then the expression would be more complicated,

involving a Jacobian factor such as a'é(fy)ﬂ [3].

Since we are considering the identification (4.1), we need to understand the heat kernel
evaluated at two points  and y = 4™ (z) that have the same value for the ¥-component
(and only differ in their n- and p-component). In this case it follows from (2.32) that

gr(@)tor(y) =V (@) V(Y).  gr(2) gr(y) = V() U2 V() ™, (4.8)
where V() is defined in (2.33) with ¢ = ¢(z) = ¥ (y), and U; and U; are of the form

Ap— A Ao+ A
Ul_exp<( @2 n) 3>_ezm o Uz_exp<( so-; n) 3>_e@m I (4.9)

with Ay = p(y) — ¢(x) = md and An = n(y) — n(x) = mpB, and additionally using the
definition (4.3). With these conventions (3.8) for the particular case of y = " (x) becomes

s (s)
Kéb)( Z Z (s,ally, p1;l2,p2) (I, q1; Lo, ga|s, b) Pt

l1,l2 P1,P2;91,92
x Dty (vw)—lmvw») D, (V) U2y ()7

We can write the trace over a = b more abstractly as
pOLCIIRER,

=St o | (v wve) s (v vy )| @

l1,l2

where the trace is only taken over the spin s subrepresentation in the tensor product
(l1 ®12). Conjugation with the operator V(¢) ® V() does not modify the trace (since the
subpresentation s is invariant under the action of g®g¢), and thus (4.10) can be rewritten as

ZK Oz, yit) = 3 al) Bt TrS[Ul(ll) ® (V(w)QUQV(w)—Q)(l”} . (4.11)

l1,l2
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Let us denote a general diagonal group element by

D(a) = <e;a eg@) . (4.12)

Since both U; and Us are diagonal, it follows that
D(a)UiD(a)"t =U;,  D(B)U;D(B)t=Us . (4.13)

Taking o = —(p —n)/2 and f = —(¢ + 1n)/2, and using the same argument as in going
o (4.11), we then obtain

5 Kl = ) T [0 0 )]

l1,l2

where

e “costy e siny
g= D((so - 77)/2> V(¢)2D<—(s0 + 77)/2> = <Z.e_w sind o cost > =g(¥,n,¢),

(4.15)
and g(1,n, @) is defined in (2.7). Next we perform the integral over S3/T in (4.7). This
amounts to integrating (4.14) over 1 in the fundamental domain of S/I". Equivalently, we
may integrate ¢ over the full range v € [0, 7], and divide by the appropriate volume factor.
In addition, since (4.14) is actually independent of n and ¢ — this is obvious from (4.11)
— we may also integrate 7, ¢ € [0, 27]. But then the second group element in (4.14) equals

/dg(gU g )" = S (U2)1 (4.16)
53 2 dim(ls) (2)32) Sha s '

where we have used Schur’s lemma, observing that the operator on the left hand side
commutes with all group elements. Thus the integrated heat kernel becomes

— n t (ll) (l2)
=TTy Z dim (lz) Tr(l2)(U2)e Tr [U ®1 ] (4.17)

where the prefactor mmy = 272 52 comes from the relative volume of S3/T to S3. The final

trace can now be easily done (for example using similar arguments as above), and it equals

l 2s+1
Trs[Ulm ® 1<z2>] = Tr 4,y(Uh) dim(ly) (4.18)
Plugging this back into (4.17) we therefore obtain
(S m 7TT2 )t
o dp(z ZK x)it) = Z Tr 1) (U1) Tr 1) (Ua) €50 F (4.19)

l1,l2
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(s)

where we have used the formula for a,’ from (3.2). Finally, doing the sum over m leads to

S %[ @K )

meZn a s3/r
T2 > _ _ E(S)t
=0 > Z[X(g)(mT)X(ngs)(mT)_"X( +s)(mT)X(g)(mT)]€ "
mEZNn—O
= KU(r,7,1), (4.20)

where we have assumed that s > 0; otherwise the second term in the middle line of (4.20)
is absent. We have also used the notation

. (2417
sin *7

X@y(7) = Trgy(e'27%) = (4.21)

T
Sll’l2

for the SU(2) character in the representation .

5 Heat kernel on AdS;

Having derived the heat kernel for an arbitrary tensor Laplacian on S% as well as on
its ‘thermal’ quotient, we will now extend the analysis to the case of H. ; the thermal
quotient of H?:F will be discussed in the next section. As mentioned in the introduction,
this is simplest done by performing a suitable analytic continuation to H. ?'f (and its thermal
quotient). Since this is, in general, a tricky procedure we will motivate and describe in
some detail how it is to be carried out. As will become clear, for the particular case
of H;r , the central ingredients in our calculation (such as the eigenfunctions, eigenvalues
and their measure) have been independently computed and checked to obey the analytic
continuation from their S? counterparts, see in particular the series of papers by Camporesi
and Higuchi [7-9]. These explicit results can be taken as the ultimate justification for our
use of the analytic continuation procedure.

5.1 Preliminaries

Euclidean AdSs is the hyperbolic space H?:F which can be thought of as the homoge-
neous space

Hy = SL(2,C)/SU(2), (5.1)

where the quotienting is done by the usual right action. We can view SL(2,C) as an
analytic continuation of SU(2) x SU(2) in a way which will be made explicit below.

As in the case of S? we will need to choose coordinates for explicit expressions. Cor-
responding to the spherical coordinates on S3 (2.4) we have now

ds®> = dy? + sinhy* (df? + sin® 0 d¢?) (5.2)

which is obtained by the continuation y — —iy and ds?> — —ds?, of (2.4).
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The coset space representative of SL(2,C)/SU(2) (for a given (y,0,¢)) can be taken
to be the continuation of (2.5)

9(y,0,0) = < (5.3)

coshy + sinhy cosf  sinhy sinf e'®
sinhy sinfe~*  coshy — sinhy cos 6

For the thermal quotient it will be convenient to work in the double polar coordinate
analogue of (2.6), i.e. to use the metric

ds®> = dp* + cosh? p (dt)? + sinh? p (dp)? . (5.4)

This is related to (2.6) by the continuation v — —ip, n — it and ds®> — —ds?. Therefore

corresponding to (2.7) we now have the coset space element

A 5.5
e sinhp e !coshp (5:5)

. el cosh p e’ sinh p
9(p,t, @) = ( :

To carry through the construction of eigenfunctions as described in section 2, we will
first need an appropriate choice of section. As is familiar from the analysis of the Lorentz
group in four dimensions, the representations of SL(2, C) are most easily described in terms
of SU(2) x SU(2). The Lie algebra of the former is a complexified version of the latter.
More precisely, if we write the Lie algebra of SO(4) as so(4) ~ su(2)® su(2) with generators
a) and a®, respectively, then the diagonal SU(2) by which we quotient SO(4) to obtain
S3 is generated by h = a(!) + a?. Defining k = a) — a@, the complexification k — —ik
describes then the continuation from S to H;r . This is equivalent to the continuation
x — —1y described above.

Thus it will still be useful to describe the coset representative of SL(2,C)/SU(2) in
terms of pairs of group elements (g1, gr) that live in the appropriately complexified version
of SU(2) x SU(2). The relevant expressions for the complexification are obtained from
those on S3 precisely by the analytic continuation of the coordinates described above. In
particular, the analogue of the thermal section is now described by (g1 (z), gr(z)), where
in spherical coordinates we have (compare with (2.26) and (2.27))

;0 pi(o—iy)/2 _gin ? eilotiy)/2
~ o COS 2 & S1n 9 e . N Yo
gL(y) 9, ¢) - (Sin g e_i(¢+iy)/2 cos g e—i(¢—iy)/2 ) = U(n)€2 3 (56)
and
0 oi(p+iy)/2 _gip ? eile—iy)/2
- - COS 2 e S1n 2 e o PO
QR(y,9a¢) = <sin g e~ i(o—iy)/2 coS g o—i(d+iy)/2 ) = U(n)e 293 (5.7)

In the double polar coordinates which we use for the quotienting, we have similarly (com-
pare with (2.30) and (2.31))

et/2e/2 cosh g et/2¢%/2 sinh g

?]L P, t, P) = . .
( ) e t/2¢1%/2 ginh g e t/2¢71%/2 cosh g
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and
e 1/2ei0/2 cogh g —et/260/2 ginh g

gR(p’taSD) = (59)

—et2e7 /2 ginh g et/2e=/2 cogh g

One can check that with both sets of coordinates we have indeed gr,(z) - §5'(z) = §(z),
where g(z) is given in (5.3) and (5.5), respectively.

5.2 Harmonic analysis on H?jr

As was described in section2.1, to obtain the eigenfunctions of the Laplacian A, on G/H,
we need facts from the harmonic analysis on G. For a general noncompact semi-simple
G this is an intricate subject (see e.g. [18]). However, the results for G = SL(2,C) are
relatively well known to physicists since SL(2,C) is the Lorentz group in four dimensions.
Some useful general references on the subject, particularly for the infinite dimensional
representations which we will need below, are [19, 20].

The component eigenfunctions of the tensor harmonics are given in terms of matrix
elements of appropriate unitary representations of SL(2,C). One of the major differences
between the compact and the noncompact cases is that the (nontrivial) unitary repre-
sentations of the latter are necessarily infinite dimensional. Recall that the usual finite
dimensional (and hence non-unitary) representations of SL(2,C) are labelled by (j1,j2),
where j; and jy are the half-integer spin representations of the two SU(2)s. In fact, the
most general representation (or the ‘complete series’) of SL(2,C), including the unitary
representations, can also be labelled by (j1, j2), where j1, jo are now complex but subject
to some constraints such as (j; — j2) being a half integer.

The unitary representations come in two series: the so-called ‘principal series’ and
the ‘complementary series’. However, only the principal series will play a role in what
follows. This is because they are the only representations that arise in the decomposition
of functions on SL(2,C) and therefore (see the discussion around (2.12)) for sections of
bundles on SL(2,C)/SU(2).* These correspond to j; and jo taking the values

2 =s—1+i\,  2o=—s—1+iA, (5.10)

where A € RT and s is half-integer, see for example [18, section 11.4]. When restricted to
the diagonal SU(2) subgroup, these representations decompose into an infinite number of
SU(2) representations of spin s,s + 1,5 + 2,... [19, 20]. Thus these representations play
the role of the representations (% + s, %) in the S® case and will describe the transverse,
traceless spin s tensors on H. ?'f . Comparison to (5.10) suggests that the appropriate analytic
continuation for n is [§]

n— —s—1+1i\. (5.11)

Thus eigenfunctions of A(,) are given (in the thermal section) by the matrix elements
of the SL(2,C) element (g (z),gr(x)) in these representations labelled by a continuous

“In general, additional (normalizable) representations - the ‘discrete series’ - could also appear when
considering even dimensional hyperbolic spaces.

— 21 —



parameter A € R (for fixed s). Their eigenvalues are, up to a sign, given by the same
analytic continuation (5.11) applied to (2.17),

EY = —(\+4s+1). (5.12)

The sign is a consequence of the fact that the metric has changed sign under the ana-
lytic continuation, ds? — —ds?. Thus the analytic continuation of (2.17) gives minus the
eigenvalue of the Laplacian on H ?‘f .

5.3 The heat kernel on HgL

In computing the heat kernel the sum over n in (1.2) is now to be replaced by an integral
over A. The measure for the integration is determined from the so-called Plancherel mea-
sure which describes the decomposition of the space of functions on G into its irreducible
representations. We will continue to refer to the measure thus obtained for the decompo-
sition of the sections on G/H with spin s (in the case of G = SL(2,C) and H = SU(2)) as
the Plancherel measure and denote it by du(®)(\).

This Plancherel measure for H;' (or more generally, the hyperbolic spaces Hy) has
been computed by Camporesi and Higuchi (see for example [7, 8]). The explicit expression

is given by 0 :
R 1 +s

- on2
which is, up to a sign and the prefactor (2 — d50), precisely the analytic continuation of

the S° normalisation constant agf) = 271r2 (n+2(821i)1()n +1)

tion (5.11). (The origin of this sign is again the change of sign in the analytic continuation

X, (5.13)

(see (3.2)) by our analytic continua-

of the metric ds?> — —ds?. The origin of the prefactor (2 — Js,0) is also the same as before,
namely that there are two choices Ay for s > 0 (see (2.16)), which fall together for s = 0.)
The H. gL heat kernel for spin s fields then takes the form

K (@, y;t) = / A () ) (@, y) e T Fs ) (5.14)
0 b

where qﬁf\s’lb(x,y) = U;‘I;S(a(x)*la(y)) are the matrix elements of the representation (A, s)
projected onto the spin s representation of the diagonal SU(2) (cf. (3.9)). In particular, the
index a still labels the components of the spin s field and takes values from —s to s. The
functions U;‘b’s(g) are sometimes known as generalised spherical functions (for spin s) and
have many important properties. For example, they are determined completely by knowing
the values on a maximal torus.® In spherical polar coordinates this is the statement that
we know the complete answer to the heat kernel once we know the value for one of the
points at the origin and the other at some (y,0,0) for S? (cf. (3.15)) and (y,0,0) for H .
The spherical functions also satisfy simple radial Laplacian equations, which ensures that
we can also have a simple analytic continuation for them. We refer the reader to section 5.3
of [9] for more properties of these spherical functions.

®We can decompose a general SL(2,C) element g as g = hit h2, where hi,he € SU(2) and ¢ lies in the
maximal torus.
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For our purposes it is sufficient to make the following observations. In the thermal sec-
tion, using the spherical coordinates (5.2), we can use a similar reasoning as in section 3.2.
We can choose one point to be at the origin and factor out the S? angular dependence as
in (3.15). Then the other point can be taken to be (y,0,0) and we obtain

K& (y,0:t) = /0 duD (N) ) (y) et oY) (5.15)

where qﬁf\sl(y) is the analytic continuation of K(gs%(x) in (3.17) under x — —iy. These func-
tions are expressed in terms of Gegenbauer polynomials in (C.7). In order to perform the
analytic continuation explicitly, we can use the definition of the Gegenbauer polynomials

in terms of hypergeometric functions

I'2a+n)

Cn(€0SX) = bt 1)1 (20

F <2a +n,—n,a+ 1;sin2 X> . (5.16)
) 2 2
The right hand side can be defined for complex values of the arguments and in particular
under the continuation n — —s—1+4A. Note that the index « takes the values s+a+1 in
(C.7) and therefore continues to be an integer. Also the sum there continues to be a finite
one with an upper limit given by 2a. It is not easy to perform the integral over A for general
spin and give an explicit form of the heat kernel on AdSs;. However, we can do this integral
for a few simple cases and check that the above prescription gives the correct result.

5.3.1 The scalar case

The heat kernel for the case s = 0 can be easily evaluated. In this case, we can in fact write
the answer slightly more generally, namely directly in terms of the geodesic separation r
between the two points. Instead of (3.15) we can start with the expression (3.13). Since
the metric ds? — —ds? in the analytic continuation we continue p — —ir. Together with
the continuation n — —1 + i\, we find that (3.13) becomes

1 o 2., 1) sin Ar
KO(r;t) = / dA X et 5.17
(1) 272 Jo © sinhr’ (5.17)
where we have absorbed a sign into the A\ measure, see (5.13). After integrating over A
we obtain ,
et rem

KO(@rt) = (5.18)

(47t)3/2 sinhr
The explicit form of the geodesic distance on H; between the points (y,, ¢) and (v, ¢', ¢')
is given by

cosh 7 = cosh 9/ cosh yy — sinh 9/ sinh 9y cos 6’ cos § — sinh ¢/ sinh / sin @ sin 6’ cos(¢’ — ¢) .
(5.19)
The expression (5.18) agrees with the heat kernel determined in [3] for the case m? =0 —
the general case is easily obtained from this since the mass only contributes an additive
term to the exponent in (5.18).
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5.3.2 The spinor case

For (s = ;) we can again take the answer for the sphere, in this case worked out in (3.20),
and perform the above analytic continuation. Instead of writing it in terms of Gegenbauer
polynomials we can directly use, for the analytic continuation, the hypergeometric form of

the Jacobi polynomial appearing in (3.21)

n+a+1)

plesd) —
n ) = L (e 4 1)

F(n+a+ﬁ+1,—n,a+1;sin2>2<> . (5.20)
After the continuation n — —3 + i), (3.20) then becomes
! 1 & 1
Ky = ba / A (N + ) oaly) e NHD| (5.21)
@ 271'2 0 4

with ¢y (y) = cosh gF(g +1, g — A, g, — sinh? y). Here we have again absorbed an overall
minus sign into the measure, see (5.13). This agrees with eq. (5.14) of [6] (apart from the

same shift in the exponent, see the discussion before (3.20)).

5.3.3 The vector case

For s = 1 we can analytically continue the answer for the 3-sphere given in (3.24) and
(3.27) using

n— =241\, X — —1y . (5.22)
For the case where we evaluate the heat kernel between the north pole and the point

(y,0,0) = (x,0,0), the geodesic distance r agrees with y. Using the above prescription we
then obtain after some straightforward manipulations

-2t 1 »2  coshr [" 22
KW 0.4) = —]7°€ ~ / dae™ 5.23
0o (r, 0;%) t 272 si1r1h27“6 b sinh? r 0 ve ") ( )

K (r,0:t) = K4 (r,050),

—2t 2 2 T 2
e m r o _r . _r . _z
= 5.3 e~ 1t sinh? 7 4+ e~ 4t sinhr coshr — / dre™ at | .
dm?sin®r \ t \ 2t 0

To check that this result satisfies the heat equation for vectors we recall that the heat
equation for a U(1) gauge field is given by (see for instance [3] which we follow by also
adding the constant two to the Laplacian)

0

- (A(l) + 2)Kuu’(x>x/; t) = _6t

K (z,2'5t), (5.24)

where z = (y,0,¢) and 2’ = (v, ¢, ¢') are two points on H; . We are interested in the heat

kernel satisfying the Lorentz-gauge condition
VHE i (z,2'5t) =0, V”lKH,,/(x,x';t) =0. (5.25)
Thus the initial condition at ¢t = 0 is

K (2,2'50) = g () 83 (x,2") + V, V. 83 (x, ') . (5.26)
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Since H;r is a maximally symmetric space, we can write the heat kernel, following [3], as
K (z,2'5t) = F(t,u)0,0,u+ 0,0,/ S(t,u), (5.27)

where 1 + u = coshr, and r is the geodesic distance between the points x and 2’ given
by (5.19). The heat equation (5.24) then reduces to

(Aqy + D)F(t,u) = 0,F(t,u), (5.28)
AqyS(t,u) — 2/00 F(t,v)dv = 9;S(t,u),

u

while the Lorentz gauge condition (5.25) becomes

(?95(1 bu)+ F+8,0,5 =0, (5.29)

and the initial conditions on F' and S are

1 1
F(0,u) = —8%(z, 2') S(0,u) = 83(z,2') = - cothr . (5.30)
A(O) 471'
The correct solution is then
7‘2
e 4t T
F(r,t) = — 31
n8) (47t)3/2 sinh 7’ (5.31)
2 coshr [T 22
t) = — -
S(rt) (47)3/2/t sinhr/o ¢

Note that this solution differs form that found in [3], for which the Lorentz gauge condition
was not implemented and which therefore satisfied the boundary condtion K,/ (z,z’;0) =
9 ()8 (z,2'), which is different from (5.26). In fact, [3] had to subtract out a scalar
degree of freedom from the trace of their heat kernel to obtain the physical one loop
determinant for vectors. This is unnecessary for the solution given in (5.31) since the
Lorentz gauge condition guarantees that only the physical degrees of freedom contribute.

In order to compare (5.27) to (5.23) we need to convert the coordinate basis implicit
in (5.27) to the tangent space indices of (5.23). For the case where x is the north pole and
a2’ = (r,0,0) the relations turn out to be

2

or?

1
KV 050) = KN (r,058) = —F(r, ) — 0

K (r,0:t) = —F(r,t)coshr — S(rt), (5.32)

S(r,t),

sinhr Or

where we have used (2.45). Substituting (5.31) we then reproduce indeed (5.23) up to an
overall factor of e=?!. The origin of this factor is that in (5.24), following [3], we have
analyzed the heat equation for (A(l) + 2), rather than for the Laplacian Ay itself.
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5.4 The coincident heat kernel

It is difficult to do the integrals over A for the heat kernel in general. However it is easy
to obtain the expression for the coincident heat kernel for arbitrary spin s. One need only
consider the integrand of (5.14) to notice that the coincident traced heat kernel K(gz)(x, x;t)
is given by

K (x,251) = (2s+1)/ A (\) BVt
0

1 [e.9]
— (2 o 53,0) ) / d\ ()\2 + 82) e—t(A2+S+1)
2 0
1
=yt G B (20 (5.33)
7t) 2

For s = 1,2 this agrees precisely with the answers of Giombi et.al. [3] (up to shifts in the
exponent which come from mass terms), as well as with the general expression for the zeta
function in [9)].

6 Heat kernel on thermal H;

6.1 The thermal identification

We are actually interested in determining the heat kernel for thermal AdS3. Thermal AdSs
is obtained from Euclidean AdSs (i.e. H3) described above by identifying points under a Z
action. To identify the relevant Z action it is useful to write H. ;‘ in double polar coordinates

(5.4), which were obtained from the corresponding coordinates on S? by the continuation

i =np, in=—t. (6.1)

Translating the thermal identifications (4.1) of S% into the analytically continued variables
then corresponds to

t~t—1if3, d~p+9 . (6.2)
Thus S has the interpretation of the inverse temperature. In addition, the analytically
continued variables, 7 and 7 of (4.3) are now

T=094+1i0, T=19—1i3, (6.3)

and are indeed complex conjugates of one another.

6.2 The heat kernel

As discussed in section 5, we could analytically continue the harmonic analysis on S3 to
that on H;' . We are now considering quotients of these two spaces. The identifications
being made in the quotienting are also analytic continuations of each other, as seen in
the previous subsection. We therefore expect that the expressions for the heat kernel on
the thermal quotient of S? described in section 4 should be analytically continued as well.
However, it should be pointed out that the group I' = Zy generated by v in the S3 case
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is finite in order for the identifications to make global sense. There is no such constraint
in the case of the identifications on H. §L , and therefore the group is just Z. This difference
however only plays a role when taking into account the sum over the images to obtain the
full heat kernel: in the thermal S® case (4.6) is a finite sum, while the corresponding sum
for Hi (see below) will involve an infinite sum over m.

However, this is a global aspect of the quotienting which we expect to be irrelevant
to the analytic continuation of a particular image point to the heat kernel. Indeed, the
analysis of section 4.1 was essentially algebraic, and thus can be equally applied for the case
of H ;‘ . There we had written the expressions in terms of group integrals and as traces over
the appropriate SU(2) representations. These group theoretic operations carry over into
the noncompact case though care should be taken in the group integrals and definitions of
the trace. This is normally accomplished through the various ingredients of the harmonic
analysis on the noncompact groups that we have mentioned so far. The additional feature
we need to use in our analytic continuation of the results of section 4.1 is the trace. For
a noncompact group one can define what is called the the Harish-Chandra (or global)
character which is defined as a distributional analogue of the usual trace. In the case of
SL(2,C) this has been worked out and will be explained more explicitly below.

Using these ingredients we will assume the analysis of section 4.1 can be carried through
in an identical fashion for SL(2,C); in the following we shall consider, for ease of notation,
the case s > 0 — the calculation for s = 0 is almost identical. Instead of the SU(2) x SU(2)
character given in (4.20) we now end up with a character of the SL(2,C) element M =
diag(ez ,e 2 ). The SL(2,C) character for an element with diagonal entries (o, a™') is
given by (see e.g. [19, p. 100] or [20, p. 117] — note that there is a typo in [20])

a2i1t1a2j2+1 o (=2j1-15-2j2—1

X(j1.g2) (@) = la — a 1|2 (6.4)

Thus the final answer for the integrated heat kernel for the case of thermal AdSs takes the
form (cf. (4.20))

00 )
KO(r,7:6) =2 27; Z /O d\ X)\,S(Q”ZT)e*t(ﬂJrerl) (6.5)
meZ
imT COS(M ST — MMATY
_ 6.6
0ale ) =0 g oo

which is just the character of M evaluated for j; = (s —1+i)) and jo = 3(—s — 1 +i\).
Since s > 0 we also have to consider the contribution where the roles of j; and jo are
interchanged, and this is responsible for the overall factor of 2 in (6.5). For fixed m the
integral over A of

Ty & CH\24s
mr 2 /0 dX cos(msty — mAry)e A 5D (6.7)

27 | sin

can be peformed by Gaussian integration, and we obtain

2 =TT (st
cos(msty)e” 4 e . 6.8
4+/mt| sin "7 |2 ) 08
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The term with m = 0 diverges; it describes the integrated heat kernel on H;r since for
m = 0 the two points y = 7" (z) = = and z coincide. The divergence is then simply a
consequence of the infinite volume of H;r . In any case, the contribution with m = 0 is
independent of 7, and therefore not of primary interest to us. Subtracting it out, the final
result is then

m?r3

K©) (1,71 Z \/47rt\ cos(smr)e” a e (It (6.9)

sin "7 |2

This is the central result of the paper which we shall use extensively below.
For the case s = 1, (6.9) gives exactly the answer of [3] for the transverse components as
given in their egs. (4.16) and (4.17). (Note that their 277 is our 7; furthermore the relative

factor e?t

comes from the curvature contribution in their eq. (2.15).) For the case of s = 2,
while the contribution from the transverse components is not separately considered in [3],
it can be inferred from their result eq. (4.25) (together with eq. (4.22)). In fact the first
term in their eq. (4.25) is exactly equal to (6.9) with s = 2 (again up to a relative factor
of €?! coming from the curvature contribution). In the next section we also check that the
correct one loop graviton determinant is reproduced by this result.

The expression (6.9) for the case of s = 0 and s = 1 is of the form given by the Selberg
trace formula for scalars and transverse vectors. In fact, the heat kernel for these cases were
written down in [21] using the Selberg trace formula — see their egs. (B.1) and (B.2). (A
general reference for the trace formula in this context is [22], section 3.4, see also [23, 24]).
The trace formula essentially gives a path integral like interpretation to the heat kernel
answer. To summarize the salient points we note that the sum over m is a sum over closed
paQt};s of non-zero winding number m and of length mmy weighted with a classical action
at
semiclassical (or van-Vleck) determinant. Finally, from the explicit form of the s = 1 case

. The denominator in (6.9) is proportional to |1 — ¢™|? (with ¢ = €'"). This is the

quoted in eq. (B.1) of [21], one interprets the cos mm piece of (6.9) as a monodromy term.
This suggests that the general spin s answer given by us here can be understood in terms
of a general Selberg trace formula for symmetric traceless tensors of rank s. We should
like to mention though that the Selberg trace formula is generally applied to quotients
of ng of finite volume. In such cases there is an additional finite piece coming from the
m = 0 (or ‘direct’) term. As mentioned earlier, for the thermal quotient this is a trivial (¢
independent) volume divergence.

7 Partition function of N/ = 1 supergravity

As an interesting application of the formalism we have developed in the previous sections
we can now evaluate the one loop partition function of N' = 1 supergravity in thermal H;'
and explicitly check the argument of Maloney and Witten [1]. We will, in the process, also
derive the expressions for the one loop determinant in the bosonic (pure gravity) sector
reproducing the results of the check of [3].

The field content of N' = 1 supergravity consists of the graviton of spin s = 2, and the
Majorana gravitino of spin s = 3/2. The complete one loop partition function of N’ =1
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supergravity is therefore the product of the graviton and gravitino contribution

__ rygraviton = ,ygravitino
Zl*IOOP - Zlfloop Zlfloop ' (71)

The calculation of the two contributions will be described in detail below, first for the
graviton (section 7.1), and then for the gravitino (section 7.2). In each case we can reduce
the calculation of the one loop partition function to determinants of the form det(—A(S) +
m?), where A(s) denotes an appropriate spin s Laplacian, while m; is a mass shift. In turn
these determinants can be easily deduced from the heat kernel since we have

— log det(—A ) + m?) = / Cit K©) (1,71 e_mgt, (7.2)
0

where K is the spin s heat kernel that was determined above (6.9). Thus the knowledge
of the heat kernel allows us to calculate the one loop partition functions fairly directly.

7.1 The one loop determinant for the graviton

The one loop contribution of the graviton to the effective action has been evaluated by
several authors [25-27]. Including the gauge fixing terms and the ghosts, the one loop
partition function for the graviton in D spacetime dimensions is given by [27]

Zgraviton _ det—l/Q(A%QI)J _ QR/D) . detl/Q(A%ll)’ _ QR/D) , (73)

1—loop

where Ag; and AH; denote the Lichnerowicz Laplacians on rank 2 symmetric traceless
and vectors, respectively, while R is the scalar curvature. For H §L the curvature tensors,
in units of the radius of AdSs, are

R R
Rpvo = 6 (g;wgpa - g;wgl/p)7 Ry = 3 Guv R=-6. (7.4)

Note that the convention for the scalar curvature used in [27] differs by a sign from the
above (conventional) definition.
To convert the Lichnerowicz Laplacian to the ordinary Laplacian we use the rela-
tions [25]
AW Ty = =A)Tuw = 2Rypuo T + Ry T, + Ry, TP (7.5)
LL
Ay Tw = AT + RupT”

where T}, and T, are arbitrary symmetric traceless tensors and vectors, respectively. Us-
ing (7.4) we then find

(A%QI)‘ - 2R/D) TMV = (_A(Q) - 2) Tw/ (76)
(AQ —2R/D)T, = (—Ap) +2) T, .

Thus the one loop partition function of the graviton is given by

Zgraviton _ det—l/Q(_A(Q) _ 2) i detl/Q(—A(l) + 2), (77)

1—loop
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which can be directly evaluated in terms of the heat kernel. In fact, using (7.2) we sim-
ply have

raviton 1 1
log Z&raviton — log(det(—A) —2)) + 5 log(det(—Ay +2)) (7.8)

1—loop
1 [dt
=4 /0 . <K (2)(7,?; t) et — K(l)(Tﬁ';t) ef2t> .

Using the expression (6.9) for the heat kernel, and performing the t-integral with the help of

1 > dt a? 2 1
—od g _ 1 _ap
Py /0 13/2¢ at 00 (7.9)
we then obtain
1 — 1
raviton — -2
log ZY on = ) Zl m sin "7 |2 (cos(2mr)e ™™ — cos(mmi)e” ") (7.10)
o0
1 q2m
= log |1 —
mzzlm<1—qm+1—q ) ZOg'

where ¢ = exp(i7), and in the last line we have expanded out the geometric series. Thus

the one loop gravity partition function is given by
graviton __
Zl loop H ‘1 —q" ’2 : (711)

This was argued to be the result for pure gravity in [1] by a quantum extension of the
argument of Brown and Henneaux [2]. It also reproduces precisely the calculation of [3].
Including the tree level contribution |¢|~2*, the total one loop gravity partition function is
just the product of a left- and a right-moving Virasoro vacuum representation at ¢ = ¢ =
24F [1]. Since there are no bulk propagating states in 3d gravity, the perturbative partition
function simply counts the contributions of the so-called boundary Brown-Henneaux states
which are obtained by acting on the SL(2, C) invariant vacuum by the Virasoro generators
L_, (with n > 2).

7.2  One loop determinant for the gravitino

The calculation for the one loop gravitino partition function is slightly more complicated.
The gravitino that is of relevance to us is a Majorana gravitino, but it is actually easier to
study first the case of a Dirac gravitino. Its action is given by [28]

S =— / B2\/g 0 (T*P Dy, + 1 TH )b, (7.12)

Here I'* are defined as I'* = y%l with e being the vielbeins, and
0 —1 01 10
70 (z 0>, ga! (1()), 72 <0_1> ( )
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The I'-matrices satisfy the usual Clifford algebra, {T'#, TV} = 2¢"”, and we define
1
™ = 2(I’“I’” —I"r*) (7.14)
1
e = 31 (THTYT? —TYTHTP + cyclic) .

Furthermore the covariant derivative is given by

1 .
Dytby = Oty + (@i e Wl — Ty, (7.15)
where f’ﬁy are the Christoffel symbols, while wzb refers to the spin connection. For a
massless gravitino m is related to the radius of AdS3 by
1
m? = L (7.16)

The gravitino Lagrangian has the gauge symmetry
0, = Dye —ml e, (7.17)

and thus we need to worry about isolating the gauge invariant degrees of freedom. To do
so we shall fix a gauge and use the Fadeev-Popov method, following [29]. To start with we
remove from 1), the gauge trivial part

r
Vu=ut S0, (7.18)

where I'"¢,, = 0 and 1 = I'*1),,. The remaining field ¢, we then further decompose as
1 .
o=y + (D“ - 31“#1)) ¢, where  Dlo, =Tler =0. (7.19)
Here D = I'“D,,, and D, is defined by

1
Dy = au¢ + 8wﬁb[%,%]¢) . (7.20)

With respect to this decomposition the gravitino Lagrangian (7.12) then becomes (the
details are described in appendix D)

§ = = [ @y (94D — iyt — 26D — 382~ 34 (721)

+§§[A(1/z) —3/4]¢ — 31/; (A2 —3/4 € + 31/; (D — 31m) ¢> :

Furthermore, the change in the measure is equal to [29]
Dy, = Dy, DEDY det™? [Agy2) — 3/4] (7.22)

where the power of —2 comes from the fact that we are dealing with a two-component
Dirac fermion. It follows from (7.17) that the components transform under a gauge trans-
formation as

Spy =0, =€, 6= (D-3me. (7.23)
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In particular, we can therefore fix the gauge ¥ = 0, for which the corresponding Fadeev-
Popov determinant is

App = det~3(D — 3m) . (7.24)

To perform the one loop integration we also need to add a gauge fixing term in the action
in (7.21). This is done by treating m as an independent variable not given by the rela-
tion (7.16) in the intermediate steps of the one loop integration; this amounts to adding
an explicit gauge fixing term [29]. After performing the integration over cpt, &, and ¢ we
then obtain the one loop determinant

ZP1ae = det™2 [Ay ) — 3/4] det (D — 31) (7.25)
xdet?(D — ), det?(D — 3m) det® [A(y /o) — 3/4] ‘ det™2(D — 31n)y,

where the first line arise from the change in the measure and the Fadeev-Popov determinant,
while the terms in the second line come from integrating out ¢, ¢ and 1, as indicated by
the suffices. Simplifying and taking the square of the operators in the determinants then
leads to (see eq. (D.19) and (D.20))

Dirac  _ det®(D — i) 3j2)  det(—Agz) — 1)

o _ : _ , 7.26
1-loop det?(D — 3im) 19y det(=Agyz) + ) 720

The actual one loop determinant for the Majorana gravitino that appears in NV = 1
supergravity is the square root of (7.26), i.e.

1/2
gamaiting _ ((4et(=Byn =) (7.27)
—loop det(—A(l/Q) + i)

and its logarithm is hence given by
ravitino 1 1
log Z8H&vitmo. 0 log(det(—A3/9) —9/4)) — N log(det(—A9) +3/4))  (7.28)

17100p
0 t T.T: t t

Since we are dealing with fermions of spin s = % and s = ‘;, the heat kernels K (1/2) (1,7;t)
and K /2 (1,7;t) that appear here differ slightly from (6.9). Indeed, for the thermal par-
tition function one has to impose antiperiodic boundary conditions for the fermions along
the thermal circle. In our heat kernel calculation we have summed over the images (labelled
by m) that describe the contribution from wrapping the thermal circle m times. Thus for
fermions we need to introduce an additional factor of (—1)". With this modification, and
after performing the t-integral with the help of (7.9) we then obtain

0o
log Zgravitino _ 1 Z (_1)m |:COS (ngl) e m27'2 — COS (ZLTI) e 3";"’2}

1-loop 2 :1m|sin"§T|2
S IE N L B ]
S =) log|l +¢" 2|2 7.29
SO | = Desarie. o
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where the sum over n comes again from the geometric series. Thus the partition function
of the N' =1 gravitino is given by

(e 9]
zsiye = T+ aip (7.50)

Together with (7.11) and the tree level contribution this then gives

1+ qn—2 2
comblned ’q‘ 2k H ‘ _q ’2‘ ; (731)

’f2k

where the factor |g is the contribution of the tree level partition function. This partition

function has indeed the form of a trace

Z = Tr(qLO— s1glo- 54> (7.32)
over the irreducible vacuum representation of the N' = 1 super Virasoro algebra at ¢ = ¢ =
24k, as argued on the basis of a quantum Brown-Henneaux reasoning in [1].

Incidentally, if we impose instead periodic boundary conditions for the fermions along
the thermal circle, we would obtain (7.29) without the factor of (—1)". Performing the
same steps as above this would then lead to

1
1 - q 2 _ ¢ _J7._ ¢
comblned ’(J‘ 2 H ’ - Tr((_l)FqLO 24 qLO 24) s (733)

which corresponds, as expected, to the introduction of a (—1)* factor in the dual conformal
field theory partition function.

8 Final remarks

We have seen how the heat kernel (and therefore the one loop determinants) for arbitrary
spin s fields on (thermal) AdSs can be obtained in a group theoretic way. The simplicity
of the final answer (6.9), expressed in terms of characters of SL(2,C) (see (6.5)), is a
reflection of the underlying symmetry of the spacetime. It is interesting to observe that
the computation of the one loop (super)gravity answers of section 7 essentially assembles
these SL(2, C) characters into a (super) Virasoro character, where the SL(2, C) is the global
part of the asymptotic isometry group given by the two copies of the Virasoro algebra. We
therefore believe there is useful insight to be gained by viewing the one loop heat kernel
answers in this group theoretic way.

Amongst the potential applications of the results given here are checks of the conjec-
tures made in [30] for the one loop behaviour of chiral or log gravity. An explicit calculation
of the one loop fluctuations of the chiral (log) gravity action should be amenable to a sim-
ilar analysis.

Moving further onto more nontrivial theories of gravity, the heat kernel can be expected
to play a useful role in a better understanding of one loop string theory on AdSs [31]. This
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was, in fact, one of the prime motivations for this work. One expects the one loop string
computation to be assembled as a sum of heat kernel contributions of different spin (and
mass). The exact answer of [31] does actually reflect this property. These and related
matters are currently under investigation [32], and we hope to report on them soon.
Finally, the considerations of this paper can be generalized, using a similar group the-
oretic approach, to higher dimensional AdS spacetimes (and their quotients). Once again,
this is likely to be useful in the investigation of the one loop quantum string/M dynamics
on these spacetimes. Another case of interest is AdSy where the methods of this paper
could be useful in evaluating Sen’s quantum entropy function (see, for instance, [33-35]).
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A Change of sections as change of basis

In this section we show that the tensor harmonics are completely independent of the choice
of the section. A different choice of section just results in a different choice of the basis in
which the tensor harmonics are expressed. We demonstrate this by evaluating the tensor
harmonics given in (2.19) for the section &, where ¢ is defined via (2.9). Instead of (2.19)

we obtain
ol n n n
W) (g) = S (s,al )+ s,pus o pa) Doty (54 g7) Dygina (B4 g771)
P1,P2
n
= Z<S7a‘ +Sap1727p2>
P1,P2

+s) 5 _ S+s), 5) —
x 37 Dy2a () D2y () Dt (97") D na (97" -

41,92
Next we observe that

n n nys), n
Z<37a’2 + 5, D13 27p2> D1!(712,q18)(h YD p27q2 ZD (s b’ + 8, q1; 27‘12>

P1,p2
(A.1)
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since the Clebsch-Gordon coefficients describe the decomposition of the tensor product into

the spin s representation. Thus we obtain

T (nymy,m s — n n (%) - (%) -
W) (g) = S DG () D (s, bl + s.a1s o1 62) Dl (97 Dadama (971)
q1,492

b
= > DSy wmmg) (A.2)
b

On the other hand, the basis (2.10) with respect to which this tensor harmonic is defined
also changes as we change the section. In fact, it follows directly from (2.10) that

ba(z) =Y o(@) D) (h) vy, = > DS () b4 (w) - (A.3)
b

b

This basis thus transforms precisely in the opposite way to the tensor harmonics, so that
D Wby => W, 0, . (A.4)
a a

Thus the actual tensor harmonic is completely independent of the choice of the section, as
had to be the case.

B Vielbeins for the thermal section

In this section, we will obtain the vielbein for the thermal section using the two different
coordinates (2.5) and (2.7). For the case of G = SU(2), a natural basis for the tangent
space at the identity of SU(2) x SU(2)/SU(2) is given by T, = (Ty, —T14), a = 1,2, 3, where

0 2 01 10
T =1 Ty =1 T3 =1 . B.1
1 Z(_“)), 2 1<10>, 3 Z<0_1> ( )

In the coordinates (2.5) the thermal section is given by (2.26) and (2.27). The tangent
vector o(g)(T,, —Ty) describes the variation

gr — gL =9gr +egr 1y (B.2)
gr — Gr = 9gr — €9r 1, (B.3)

and this leads to

9L dg" = (90 + €9 To) - (95" + €Tugy")
=91 95 +egrTagy' +egrTagn + O(€%) . (B.4)

Hence the corresponding tangent vector for (G x G)/G is simply

69 =grTag5" - (B.5)
For the above section one then finds
eX cos? ¥ — e~ X gin? ! cos x sin 6 e?
,0,0)T: 0,0)7 L =i 2 2 :
91.0x,0,9) T gr(x, 0,¢) ( cos x sinf e~ e'X sin? g — e X cog? g
=0y g (B.6)
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as well as

—sind cos 0 ' 1
0,6)T 0,0)"t =i S = 9 B.7
gL(X7 7¢) 29R(X7 7¢) 1 (COSHG_Z¢ sin @ SiDX g, ( )
and
(0 Tianteto = (0,7 = 1 g (B5)
grix,v, 19R\X, Y, - i - sin y sin 6 »9 - :
Thus the corresponding vielbein is the standard vielbein defined by
— 9 -1y - by (B.9)
e = 9 eQ_sinX v el_sinxsin@ ¢ )

In the double polar coordinates (2.7) the thermal section is given by (2.30) and (2.31).
The same arguments as above then imply that the corresponding vielbein is

o) Tranone)t = [ 0,797 ) = L (B.10)
gr\w,n,¢) L1 gr\w, 1, ¢ - e~ 0 _sinw 03> .
_ —e Msiny i€’ cos
T N A -y B.11
gL(¢ana SD) 29R(¢a’r/a SD) (Z-e_up COS¢ _ein Sin¢> (R ( )
and
() 1
T ST i [ 9 B.12
g(¢7777 SO)L 3gR(¢7777 SO) ? ( 0 6“7> COST,Z) m9, ( )
leading to
_— 0 e =0, e3 = ! (B.13)
~ sing 7 2= % BT T osy 1 '

C Evaluation of the radial heat kernel on S3

To evaluate (3.16) it is convenient to write [; = g:l: 5 2 = SLZFS, where n = n+s. Then the
Racah formula for the Clebsch-Gordan coefficent appearing in (3.16) is particularly simple

(e b K )

2
B (ﬁ—s)!(2s+1)!} y ("7 —k+a)/("T* + k—a)
L (a+s+1) ("5 = BN + k) (s +a)l(s —a)!

,—k +als,a)* = [

(C.1)

The sum we need to carry out — we are suppressing for the moment the k-independent

bracket [ in (C.1), as well as a%s)eEr(’zs)t — is

KO0 = L S (kY k)
ain (s+a)l(s—a) = = ("7 =k + k)
=" 2
% <ei(2k—a)x +e—i(2k—a)x) 7 (C.2)
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where the two terms in the last line come from the two different choices Iy = g + 3
and [y = g F ;.(We are assuming here that s > 0 — for s = 0 the second term is not
present.) Note that this expression is symmetric under a — —a, since this can be absorbed
into relabelling k — —k. We may therefore, without loss of generality, restrict ourselves
to a > 0.

Putting p = k + ﬁgs, the first exponential in (C.2) becomes

n—s

(p+s—a) (A-p+a) Lopnta)
ng pl(s—a)! (A—s—p)(s+a) i), (C.3)

where we have written z = e’X. To evaluate this sum let us define the generating function

Foaw,2) = [T 5 ™ Pp | w [S2UFS TNyl (e

’ = pl(s —a)! = q'(s+a)!

—S

whose w"* coefficient is precisely the sum in (C.3) (without the prefactor of z=%). The

sums in (C.4) can be worked out straightforwardly, and we obtain

1 1 1 %,
Foo(w, 2) = (1 — wz)s—at+l (1 — z—1)s+a+l - (1 —wz)(1 — wz—1)]s+a+l (1 —wz)
1 2

(1 — 2w cos x + w?)s+atl (1 —w2) (C.5)

The first term in Fy,(w,z) is precisely the generating function for the Gegen-
bauer polynomials

1 > N
(1 — 2wcos x + w?)* - Zcp (cos x) w” (C.6)
p=0

(see 8.930 of [16]), and thus we find for (C.2)

mln(2a,n

K00 = (2~ 3ug) P e el = G eosn) (€1
=0

<

where we have now restored the 27 term from (C.3) and included the second exponential
n (C.2), i.e. added in the term with x — —x. (For prefactor (2 — ds) guarantees that the
result is also correct for s = 0.) In addition we have used that n—s = n. We note in passing
that for a = 0 this simplifies to Ko(i)l(x) = (2—05,0) C2(cos x). We also remind the reader
that this expression is only valid for ¢ > 0, and that Ké‘f%(x) is invariant under a — —a.
Including the prefactors that were left out in going to (C.2) we then obtain for (3.16)

(n+1)!
K( t K(s —((n+s)(n+s+2)—s)t ] C.8
()= s Z ) Ko (C3)
In the scalar case, s = 0, we have a = 0, and the formula agrees with (3.13) since the first
Gegenbauer polynomial simply equals

sin(n 4+ 1)x

Clcosx) = in x

(C.9)
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D Gravitino action

In this appendix we provide the details for the derivation of the action (7.21). We start
with the gravitino Lagrangian (7.12), and express ¢ in terms of ¢, &, and v, using (7.18)
and (7.19). The resulting terms are all quadratic in these fields, and we shall analyze them
in turn.

The quadratic term in @ is given by

— / d*2/g @, (T*P Dy, + I ), | (D.1)

where in Euclidean space @~ = (¢1)!. Using that I‘“gpi =0 as well as {I'"*, T} = 2¢"*
and the definition (7.14), we find

- / d*2/g e (TV D, — )g;; . (D.2)
The cross term between ¢ and & is of the form
— / d3z\/g <¢LPFMDMDP§+DP§TWDW;> , (D.3)

where we have used that F“gpi = D“goi = (0. Both terms actually vanish. For the first
term we use

1
(DuDp = DpDu)€ = ¢ Rypos 17, T°¢ (D.4)

to move D, to the left of D, where it vanishes (up to a total derivative) since Dpchp =0.
Thus the first term equals

1
- 8 /dgz\/g @LpruRupgé [Faa P6]§ ) (D5)

which is seen to vanish upon using (7.4) and I’“goj = 0. Similar manipulations can be used
to show that the second term in (D.3) also vanishes.

The cross term between @ and 1) vanishes directly upon using D“gpi = F“gpi = 0.

The quadratic term involving the spinor component £ arises from

— / d*2\/g (D) (T*P D, + )D€ , (D.6)
where Dp =D, — ng D is the differential operator that appeared in the defining equation

for &, (7.19). Using I‘“f)uf = 0, and performing the same steps as in the analysis leading
to (D.2), we can rewrite (D.6) as

— [ @=s(Dre) 00D, i) Dy (D.7)

Next we integrate by parts to move the operator D* to the right. Using I‘“]_N?ug = 0 the
term proportional to m reduces to

- m/d3z\/g <§Du <D“ - I;:f)> g) , (D.8)
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where we have written out D* in terms of the covariant derivative D* and D. For the first
term in (D.7) integration by parts leads to

/ d*2\/g& D,(T° Dy) D*¢ —; / d*2\/g€(TPD,)T,(T7D,) DV ¢ . (D.9)
X « - \B, -

For B we use {I';,, "7} = 247, as well as T, D"¢ = 0 to obtain

B= _§ / d*2\/g€(T"D,)D, (D“ - ;r“ﬁ) £. (D.10)
For A we use the commutation relation
(DD, — D,D,)D"¢ = R,,, D"€ + ;Rw,,(; [TV, ) DHE . (D.11)
to rewrite it as
A= / d32\/g <§(F(’D0)DMD“§ +ETR,,,DHE+ € raéRwé v, rﬂ[wg) . (D.12)

Substituting the explicit expressions (7.4) for the the curvature tensor and Ricci tensor of
H, the last two terms of (D.12) become

R _ ~ _ -
s [ #va (0D - yEriDLe) =0, (D.13)

which vanish because of I‘“]_N?ﬂg = 0. The first term of A in (D.12) has the same form as
B in (D.10), and thus the total contribution quadratic in £ equals

/d3z\/g [;g(roDU)DM (D“ — 1;: D) ¢ —méD, (D“ — 1;: D) g] . (D.14)
Using (D.4) we can simplify
D, (D“ - I;:f)> ¢£=D, (D“ - ;)F“P"DU> €= ; (A(l/g) + ?) £. (D.15)
Thus the final answer for the quadratic & term takes the form
3 /dgz\/g E(L7Dy — 3mm) (A j2) + R/B)E . (D.16)

The cross term between £ and v can be analyzed similarly, and it leads to

2

o [ @=va [5Bazm + RISE— 6Bz + R/ (D.17)
The quadratic term in 1) reduces with similar manipulations to
2

0 /d?’z\/g&(f) + 3m)Y . (D.18)
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Combing (D.2), (D.16), (D.17) and (D.18), and setting R = —6 then finally leads to
eq. (7.21).
For the derivation of (7.26) we also need the identities

. A 5R 9
—(T*D,,+m)(TPD,—1m) gz = (—D“DM + 1 +m2> o = (—A(3/2) - 4) ot (D.19)

and
17D, +3m)(T°D, — 3im) € = (—DrD, + ' 4 9m?) € = (—a s D.20
—(["Dy +3m)(I?D, —3m) & = | — pt TS E= (At ¢ . (D.20)
They follow upon using (D.4) and the analogue for spin 3/2
1
(DMDP - DPDM)QOL% = RO-VngOi + SR,upU(s[Faa Pé]gpi ) (D21)

as well as (7.4). We have also substituted the value of m? from (7.16).
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