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Abstract
We study strong-field ionization and rescattering beyond the long-wavelength limit of the dipole
approximation with elliptically polarized mid-IR laser pulses. Full three-dimensional photoelectron
momentum distributions (PMDs) measured with velocity map imaging and tomographic
reconstruction revealed an unexpected sharp ridge structure in the polarization plane (2018 Phys.
Rev. A 97 013404). This thin line-shaped ridge structure for low-energy photoelectrons is correlated
with the ellipticity-dependent asymmetry of the PMD along the beam propagation direction. The
peak of the projection of the PMD onto the beam propagation axis is shifted from negative to
positive values when the sharp ridge fades away with increasing ellipticity. With classical trajectory
Monte Carlo simulations and analytical analysis, we study the underlying physics of this feature.
The underlying physics is based on the interplay between the lateral drift of the ionized electron, the
laser magnetic field induced drift in the laser propagation direction, and Coulomb focusing. To
apply our observations to emerging techniques relying on strong-field ionization processes,
including time-resolved holography and molecular imaging, we present a detailed classical
trajectory-based analysis of our observations. The analysis leads to the explanation of the fine
structure of the ridge and its non-dipole behavior upon rescattering while introducing restrictions on
the ellipticity. These restrictions as well as the ionization and recollision phases provide additional
observables to gain information on the timing of the ionization and recollision process and non-
dipole properties of the ionization process.

Keywords: tunneling ionization, elliptical polarization, rescattering, non-dipole, Coulomb
focusing cusp, laser magnetic field induced drift

1. Introduction

Recently, strong-field ionization in mid-IR laser fields has
gained a lot of attention connected with the possibility of the

production of coherent soft x-rays via high harmonic gen-
eration [1], and with the discovery of a variety of strong field
phenomena, such as low-energy structures [2–4] and holo-
graphic electron interferences [5]. The concept of recollision
and the related two-step model [6] provide a solid ground to
attain a deeper insight into these types of processes. The
simple two-step model proved to be so insightful because it
catches the main feature of the dynamics: the recollision of
the ionized electron during excursion in the laser field. This
recollision is responsible for generating high-order harmonics
[7, 8] or nonsequential double ionization [9–11]. However,
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the vast majority of the recolliding electrons undergoes elastic
forward scattering with a small scattering angle. The omni-
present feature of elastic forward rescattering in photoelectron
momentum distributions (PMDs) is described as Coulomb-
focusing [12, 13], which is also the explanation for low-
energy structures [2–4, 14–21]. From another perspective, the
interference of forward rescattered electrons with different
ionization paths leads to interferometric structures, such as
electron-diffraction [22] and holographic interference struc-
tures [5].

Rescattering effects have been typically observed with
linear polarization of the laser field, even though they exist
and play a role also in the case of elliptical polarization
[23–28]. The recollision signatures appear to be more pro-
nounced when moving from the near-IR to the mid-IR laser
fields, which can be explained by the following simple esti-
mation. The Coulomb effect of the atomic core for the elec-
tron in the continuum can be described via rescatterings if the
Coulomb field is significant only at the tunnel exit and at the
recollision points. The latter requires that the electron quiver
amplitude wE0

2 largely exceeds the tunnel exit ~I Ep 0,
as well as the recollision coordinates w~D̂ . Here,
E0 and ω are the laser field amplitude and the angular
frequency, respectively, Ip the ionization potential, and
D =^ ( )E I2 p0

1 4 the initial transverse momentum spread
from the tunnel ionization theory [29, 30] (atomic units are
used throughout). With the atomic charge number Z, the
conditions above read g  12 , g E E 1a0 , respectively
[31]. Thus, the rescattering picture is valid for the tunneling
regime of ionization, when the Keldysh parameter
g w= I E2 p 0 is small, g  1, and the laser field is small
with respect to the atomic field k=E ,a

3 E Ea0 , with
k = I2 p . Moreover, the increased quiver amplitude of
the electron in these conditions facilitates multiple revisits to
the ionic core. These conditions are strongly dependent on the
laser parameters and more easily fulfilled in mid-IR long-
wavelength laser fields. Therefore, the characteristic sig-
natures of the recollision are expected to be significantly
enhanced in the mid-IR laser fields.

Another important characteristic that changes by moving
from near-IR to mid-IR wavelengths is the increased pon-
deromotive potential w=U E 4p 0

2 2, which boosts the max-
imum kinetic energy of recollision, and in particular, allows
keV harmonics [1], and laser induced electron diffraction with
increased resolution [32]. In these conditions, the Lorentz
force due to the laser magnetic field starts to significantly
disturb the electron dynamics in the ionization process
[33–38]. The role of the laser magnetic field (the leading non-
dipole effect due to the vector potential inhomogeneity) for
the recollision processes is characterized by the so-called
Lorentz deflection parameter [39, 40]:

g
w

G º
D

=
^

⎛
⎝⎜

⎞
⎠⎟ ( )

p U

c
, 1R

zd p
2 2

2

which is determined by the ratio of the averaged drift
momentum along the laser propagation direction due to the
laser magnetic field, =p U czd p , to the electron wave packet

size in the momentum space D̂ (or alternatively, by the ratio
of the drift distance during the laser period to the electron
wave packet size at the recollision [39, 41]). The Lorentz
force along the laser propagation direction is responsible for
the photonʼs momentum transfer to electrons observed in
[42], and for the momentum partitioning between the ion and
the electron during ionization [43–47]. The drift induced by
the laser magnetic field is known to suppress the recollision
and high-order harmonic generation at high laser intensities
[33–36, 48–51], when G 1R ( I 1017 Wcm−2 at a laser
wavelength l = 800 nm). Several methods, with tailored,
focused, or counterpropagating laser pulses and additional
fields, have been proposed to counteract the Lorentz drift and
realize HHG in the weakly relativistic regime [52–63].

It is interesting to note that the recollision in the relati-
vistic regime is not suppressed if a common atom is sub-
stituted by a positronium atom [64]. In this case both the
electron and the positron have a similar drift and recollide
coherently, leading to a concept of a high-energy microscopic
laser collider [65–68], and to the vacuum laser collider
[69–71].

At lower laser intensities, the magnetically induced drift
is not large and recollisions are still possible, however, with a
modified impact parameter in comparison to the dipole
approximation case. The latter not only alters the recollision
dynamics, but also has a back action on the electron drift
properties along the laser propagation direction, i.e. the
Coulomb focusing and the magnetically induced drift
becomes interrelated, which was also noted in [72]. The first
experiment, which demonstrates the modification of the
Coulomb focusing in the non-dipole regime [73], revealed a
counterintuitive shift of the peak of the projection of the PMD
onto the beam propagation axis opposite to the beam propa-
gation direction. The magnetic field induced lateral dis-
placement of the electron and the successive recollision with
the Coulomb potential is shown to cause this effect [73–75].
The role of the modified recollisions due to non-dipole effects
in nonsequential double ionization has been discussed in [76].

In this paper we investigate the recollision process during
strong field ionization in an elliptically polarized laser field at
mid-IR wavelengths in the non-dipole regime. We investigate
a sharp, thin line-shaped ridge structure of low-momentum
electrons in the polarization plane first observed in [77] by
analytical and numerical methods. We observe that it stems
mainly from Coulomb-focused electrons undergoing multiple
revisits of the parent ion with at least one significant rescat-
tering event. The ridge position for longitudinal momenta
corresponding to the slow recollision condition is at vanishing
transverse momentum, whereas the ridge is bent for inter-
mediate longitudinal momenta and is split at large ellipticities.
For even larger ellipticities the ridge disappears. The
appearance and disappearance of the sharp ridge structure is
correlated with the non-dipole signatures of the PMD. In
particular, the shift of the peak of the two-dimensional PMD
with respect to the beam propagation axis is opposite to the
beam propagation direction at small ellipticities and reversed
into the beam propagation direction at larger ellipticities.
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For the presented experimental conditions the non-dipole
effects are expected to be small, because the Lorentz deflec-
tion parameter is small: G » 0.006R . In terms of the photo-
electron momentum shift, the non-dipole effect for the
momentum component along the laser propagation direction
is: d ~ G D ~ »^p U c 0.03z R p a.u. We were able to mea-
sure a momentum shift of this order and provide evidence of
the leading non-dipole correction at nonrelativistic laser
intensities.

The paper is organized as follows. The experimental
results are presented in section 2. Section 3 is devoted to the
theoretical analysis and the conclusion is given in section 4.

2. Experimental results

2.1. The setup

PMDs were recorded with a velocity map imaging spectro-
meter [78–80] with the gas nozzle integrated into the repeller
to achieve high gas target densities in the interaction region
[81, 82]. The target was ionized by an optical parametric
chirped-pulse amplifier system based on chirped quasi-phase-
matching devices. This system can deliver pulses with dura-
tion of 44 fs and pulse energy of 22 μJ at a center wavelength
of 3.4 μm and a high repetition rate of 50 kHz [83, 84]. The
pulses were focused with a backfocusing dielectric mirror
with a focal length of 15 mm into the interaction region. The
polarization of the laser beam was controlled by two custom-
made achromatic MgF2 wave plates. A quarter-wave plate
induces the ellipticity and the subsequent half-wave plate
controls the orientation of the polarization ellipse. The wave
plates were fully characterized via polarimetry measurements
where the power transmitted through a polarizer was recorded
as a function of the angle between the major polarization axis
and the polarizer axis. The polarization state at the desired
orientation was extracted via a fit and interpolation of the
measured values.

The intensity in all experiments was calibrated with
reference measurements at close-to-circular polarization. The
radial maximum of the torus-shaped momentum distribution
was compared with classical trajectory Monte Carlo (CTMC)
simulations [85].

Throughout the article, the following coordinate system
will be used: the coordinate z denotes the direction of beam
propagation, x the major and y the minor axis of the polar-
ization ellipse and p p p, ,x y z the respective electron momenta.

( )W p p p, ,x y z denotes the PMD, i.e. the amplitude of the
photoelectron signal.

The experiments require an accurate determination of the
zero momentum spot, in particular on the beam propagation
axis. This spot was identified via a sharp point in the center of
the PMD, recorded with linear polarization that stems from
the ionization of atoms that were left in a Rydberg state by the
laser pulse and were subsequently ionized by the static elec-
tric field of the spectrometer [86, 87]. As these electrons do
not interact with the pulse, they are guided by the static

electric spectrometer field to the position on the detector that
corresponds to zero momentum in the (p p,x z)-plane. The
exact position of zero momentum in pz-direction was deter-
mined from the projection of the PMD in a small range of
0.05 a.u. in px onto the pz-axis. This projection was fitted with
a Lorentzian profile. This method was applied analogously to
find the center in px-direction.

2.2. Photoelectron momentum distributions

2.2.1. Photoelectron momentum distribution in the polarization
plane. The 3D PMDs at various ellipticities at a laser
intensity of ´6 1013 Wcm−2, a pulse duration of 50 fs and a
center wavelength of 3.4 μm are recorded to study the
ellipticity dependence of rescattering in mid-IR laser pulses.
When the ellipticity is varied, the electron dynamics changes
mainly in the polarization plane, i.e. the ( )p p,x y -plane. To
have access to the polarization plane, we record the full 3D
PMD from strong-field ionization, which is obtained by
applying a tomographic reconstruction algorithm to the
projected PMD measured with velocity map imaging
[42, 88, 89]. The orientation of the 3D PMD with respect
to the detector plane is linked to the orientation of the
polarization ellipse, allowing us to rotate the PMD by rotating
the polarization ellipse. The beam propagation axis is parallel
to the detector plane. The polarization is rotated in steps of
two degrees and a photoelectron image is recorded for each
angular step. Subsequently, for each slice along the beam
propagation direction, a filtered back-projection algorithm is
applied for the tomographic reconstruction.

The ellipticity dependence of the PMDs in the polariza-
tion plane is shown in figure 1, see also [77]. Cuts of the 3D
PMDs through the polarization plane (i.e. =( )W p p,x y

òW ( )W p p p p, , dx y z z
z

) are shown in figure 1 for ellipticities

of 0, 0.03, 0.07, 0.11, 0.15, 0.19, 0.23, 0.26. For the cuts we
integrated over a range of W = <{∣ ∣p 0.06z z a.u.}. The cuts
show, that with increasing ellipticity, the ellipsoidally-shaped
PMD evolves into a torus-like shape that is characteristic for
strong field experiments with elliptically polarized pulses, as
is typically observed for example with attoclock experiments
[90, 91]. The appearance of the two maxima on the short axis
of the polarization ellipse can be explained by a simple manʼs
model [6]. Throughout this article, we will refer to the
electrons ending in these maxima as type A electrons. Within
the framework of this model, the maxima are shifted by ◦90
with respect to the phase at which the maximum of the
electric field occurs. Deviations from ◦90 that are expected
from the simple manʼs model are due to the Coulomb-
interaction of the electron with the ion core [23, 85, 91],
ionization delay times [90–93] and multi-electron effects like
the induced dipole moment due to the ions polarizability [85].

In the evolution of the PMDs as a function of ellipticity,
one can observe the appearance of a sharp, thin line-shaped
ridge structure around =p 0y for small elliptictities, in
particular for  = 0.07 and  = 0.11. To the best of our
knowledge, no such sharp separated structure has been
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observed in near-IR-experiments conducted at wavelengths
around 800 nm in contrast to the study in the mid-IR
presented here. For the rest of this article, we will refer to
the electrons ending on the ridge as type B electrons.

2.2.2. Non-dipole effects. To investigate the interplay
between Coulomb focusing, the ellipticity and the non-
dipole effects, we performed ellipticity-resolved
measurements of the drift induced by the laser magnetic
field. Since our previous results [73] indicate that the non-
dipole effects are independent of the target gas within the
accuracy of our measurement, we perform our studies on a
single species of atoms, xenon. The ellipticity was varied in

steps from linear to close-to-circular ( = 0.97), see figure 2.
For each ellipticity step, projected momentum images in the
(px, pz) plane were recorded. During the measurement we kept
the intensity constant, not the electric field. Thus the total
momentum transfer per cycle onto a free electron from
the field is independent of the ellipticity. Figure 2 shows how
the projected PMD is evolving from the typical cigar-like
shape with the major dimension in px-direction towards a
structure with maxima shifted to high values of px.
Furthermore, the spot in the center stemming from Rydberg
atoms ionized by the spectrometer field disappears with
increasing ellipticity because the selection rules do not allow
the excitation from the ground state into Rydberg states with
circularly polarized light. Thus, reference measurements with

Figure 1. PMDs for xenon in the polarization plane measured at a peak intensity of ´6 1013 W cm−2 for the ellipticities 0.0, 0.03, 0.07, 0.11,
0.15, 0.19, 0.23, 0.26, in (a)–(h), respectively. The central spot stemming from Rydberg states was cut out for illustration purposes. The
shown PMDs are projections from the range <∣ ∣p 0.06z a.u. onto the polarization plane. The PMDs for ellipticities of  = 0.07 and  = 0.11
reveal a sharp line structure that disappears for larger ellipticities   0.15. The panels (a)–(f) were shown also in [77].

Figure 2. Normalized measured 2D PMDs from xenon recorded for various ellipticities at a peak intensitiy of ´6 1013 W cm−2.
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linear polarization were taken right before and after each
ellipticity step. The peaks for reference zero were extracted in
a similar fashion as the method applied in [73] and the one
described in section 2.1. For each reference measurement, we
recorded N=10 photoelectron momentum images. The
uncertainty of the determination of zero momentum scales
with

N

1 due to N repetitive measurements that were weighted

with the error of a Lorentzian fit of the peak of each projected
distribution.

The peak of the projection was identified via a
polynomial fit to the central part (i.e. D »p 0.05y a.u.) of

the PMD ò=
W

( ) ( )W p W p p p p p, , d dz x y z x y, with Ω being the

integration momentum volume. The offset of that peak from
=p 0z is shown in figure 3(b) as a function of the ellipticity.

We observe an increase of the offset with increasing ellipticity
from negative values (i.e. opposite to the beam propagation
direction) to positive values (i.e. in beam propagation
direction). The transition from negative to positive values

occurs at an ellipticity of  » 0.12, which approximately
corresponds to the ellipticity when the ridge structure in the
PMD disappears, see figure 1.

We further proved the correlation of the ridge structure
with the negative shift of the peak of the PMD along the laser
propagation direction. Since we are able to isolate the
electrons undergoing Coulomb-focusing in 3D momentum-
space, type B electrons, we study their response separately
from the mostly unfocused electrons for  » 0.1. We select
type B electrons by choosing a narrow momentum range of

<∣ ∣p 0.05y a.u. from the 3D PMD recorded at an ellipticity of
 = 0.11. The electron signal that lies within this range and
the electron signal from outside this range are separately
projected onto the pz-axis. The central spot stemming from
ionization of Rydberg atoms was removed prior to the
projections by ignoring the photoelectron signal with

<∣ ∣p 0.03 a.u. The position of the peaks from A and B type
electron signals in pz-direction was identified. We observe
that the type A electron signal peaks at a positive value of pz
and the type B electron signal at a negative value of pz, see
figure 3(c) in [77]. Thus, the ridge structure and correlated
with it the non-intuitive behavior of the peak of the
momentum along the laser propagation direction pz at low
ellipticities is connected with recollisions and Coulomb
focusing.

In order to minimize the influence of rescattering processes,
we also studied the projection of the PMD onto the beam
propagation axis for the case of close-to-circular polarization for
helium and xenon. We extract the zero momentum from
reference images recorded with linear polarization as described
in section 2.1. The peak position in pz-direction of the projected
PMDs for circular polarization was extracted via a Gaussian fit.
The results for circular polarization are shown in figure 3(a) and
they are consistent with the results from [87] within the error
bars. Theoretical studies predicted an additional offset of the
order of I c3p at the tunnel exit [43] as well as in the final
momentum distributions [44–46]. However, the experiment
cannot resolve this additional offset. In addition, we show for
comparison the data for linear polarization from [73] in the
figure 3(a). In the case of linear polarization, the PMD peak is
shifted opposite to the beam propagation direction in contrast to
the data for circular polarization.

3. Theoretical analysis

3.1. The nature of the sharp ridge

To understand the nature of type A and B electrons, we have
carried out CTMC simulations using the two-step model of
strong-field ionization. The trajectories of the electrons are
obtained by solving Newton’s classical equations of motion
in the electromagnetic field of the laser pulse and the Cou-
lomb potential of the parent ion, using the initial conditions
provided by the tunnel ionization theory in parabolic coor-
dinates [29, 30, 85, 94]. Subsequently, the trajectories are
binned in momentum space. The simulation results for the
PMD in the polarization plane are shown in figure 4. Both

Figure 3. (a) Offsets of the peak of the PMDs projected onto the
beam propagation axis (pz) for circular polarization together with the
data for linear polarization taken from [73]. We compare our data for
circular polarization with the radiation pressure picture used in [87].
(b) Position of the peak of the PMD projected onto the pz-axis as a
function of ellipticity for a peak intensity of ´6 1013 W cm−2. We
observe a transition from negative to positive values of pz with the
zero crossing at » 0.12. The blue points in (b) are the results of
CTMC simulations. The experimental points in the panel (b) were
shown also in [77].
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type A and B electron signals are reproduced by the semi-
classical treatment. The sharp ridge (type B electrons) is due
to the Coulomb field of the atomic core, but not the laser
magnetic field. In fact, it disappears in CTMC simulations

when the Coulomb field is switched off, but stays unaltered
when the magnetic field is removed, see figure 4. Type A and
type B electrons have different characteristic trajectories as
shown in figures 4(e)–(g). While type A electrons travel

Figure 4. Comparison of experimental polarization plane PMDs with <∣ ∣p 0.05z a.u. (a) and corresponding CTMC calculations (b) from
strong field ionization of xenon at an intensity of ´6 1013 W cm−2, a pulse duration of 50 fs and an ellipticity of  = 0.07. In both, the
experimental data and the simulations, a sharp ridge appears around =p 0y . (c) CTMC simulation where the Coulomb potential was

included, but the magnetic field component was neglected. (d) CTMC simulation where the Coulomb potential was neglected, but the
magnetic field component of the laser field was included. The sharp line around =p 0y disappears. (e) Characteristic trajectory (type B) from
the central part of the PMD containing the focused photoelectrons. The trajectories revisit x=0 multiple times and have a point of
intersection in the ( )x y, -plane. (f) The definition of the type A and B of trajectories. (g) Characteristic trajectory (type A) from the outer part
of PMD, which goes directly to the detector without revisiting x= 0 and does not have a point of intersection in the ( )x y, -plane. Each CTMC
simulation used 108 trajectories.

6
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directly to the detector without revisiting x= 0 (recollision),
type B electron trajectories have a point of intersection in the
( )x y, -plane and, furthermore, they cross x=0 multiple times
(multiple recollisions).

We continue our analysis to understand how recollisions
appear in the elliptically polarized laser field and up to which
ellipticities. The 3D PMD in the polarization plane (the
( )p p,x y -plane) is calculated at different ellipticities  = 0.07
and 0.11, and compared with the case of linear polarization in
figure 5. To focus on the mechanism of the creation of the
ridge, we consider only electrons starting in the central half-
cycle of the laser field to suppress the influence of ionization
from multiple half cycles. Furthermore, we neglect the
magnetic field effects to disentangle the creation of the ridge
in the ( )p p,x y -plane from additional effects in the beam
propagation direction pz.

The features of the PMD can be explained in the terms of
laser-driven classical trajectories recolliding with the parent
ion. In figure 5 we indicate several characteristic points
exhibiting qualitatively different rescattering behavior. Point
A is an example of a type A electron, while points Bn indicate
type B electrons with n rescattering events. Due to the Cou-
lomb interaction, a bunching of electrons occurs and is
imprinted on the PMD in the form of caustics, see figure 5.
There are two kinds of caustics: horizontal and vertical. Each
horizontal caustic line in the PMD corresponds to the slow

recollision, when the longitudinal momentum px of the elec-
tron at the recollision is vanishing (points B2 and B4 in
figure 5). This condition depends on the ionization phase (i.e.
the phase of the laser electric field when the electron appears
in the continuum) and yields to longitudinal bunching of
electrons [18].

In order to interpret the appearance of the vertical ridge,
we analyze the set of initial transverse momentum distribu-
tions at the tunnel exit corresponding to the final transverse
momentum values given by points Bn. The initial PMDs of
corresponding points for linear and elliptical polarization are
compared in figure 6. The ridge originates from a contraction
of the transverse (with respect to the major polarization axis)
momentum space of the ionized electron wave packet. In a
linearly polarized laser field, the electrons contributing to the
ridge are ionized with a nonvanishing transverse momentum
at the tunnel exit, and appear after propagation with a van-
ishing transverse momentum. Their initial distribution is a
ring in the (p p,y z)-initial transverse momentum distribution,
see figure 6 left column. The electrons which are initially
distributed inside this ring undergo hard recollisions and
finally contribute either to the wings of the ridge or to high-
energy region of the PMD, except for specific trajectories
originating from the inner rings in figures 6(a)–(c). These
electrons contribute to the center of the ridge due to multiple
but well-balanced rescatterings (the Coulomb momentum

Figure 5. Comparison of central parts of the PMD ( <∣ ∣p 0.06z a.u.), obtained by CTMC for different ellipticities:  = 0,  = 0.07 and
 = 0.11, respectively. Characteristic points of the PMD depending on the specific longitudinal momenta, correspond in the linear
polarization case, (B2) to the trajectory with two rescatterings, (B3) with three, (B4) with four rescatterings, and (B1) with a single
rescattering. (B2) and (B4) correspond to the slow recollision condition ( =p 0xr ). (A) corresponds to the center of the main lobe and is
originating from recollision-free trajectories. Horizontal caustics are visible around, e.g. the characteristic points B2 and B4. Furthermore, a
vertical caustic due to Coulomb focusing is visible as the line through the points Bn. For  = 0.11, the vertical caustic at point B3 is split. The
dipole approximation is used in the CTMC simulations along with fixed CEP phase. The ionization is restricted to the central half-cycle of the
laser pulse. The cases of  = 0 and 0.07 in the non-dipole regime were shown in [77].
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transfer to the electron changes the sign in consecutive
rescatterings) strongly dependent on the electron initial con-
ditions. The balance gets lost with the introduction of ellip-
ticity, which manifest with suppression and eventual
disappearance of the inner rings in figures 6(d)–(j).

In the case of the elliptically polarized laser field, there
are two modifications to this picture. First of all, for small
ellipticities (quantified in equation (17) below) the rescatter-
ing and Coulomb focusing, similar to the case of linear
polarization, takes place for electrons which initially are
distributed on a shifted ring of initial momenta in the
(p p,yi zi)-plane. The radius of the ring of the initial momentum
space distribution is an indicator for Coulomb focusing. It is
nearly the same for linear and elliptical polarization, i.e.
Coulomb focusing for these trajectories is qualitatively the
same. This type of electron trajectories contributes to the line-
shaped ridge of the PMD in the case of elliptical polarization.
The points B2 and B4 in figure 5 corresponding to the slow

recollision condition do not change their position in the PMD
when changing ellipticity, which is due to the similarity of the
underlying trajectories. Secondly, at non-negligible ellipti-
cities the type A electrons around vanishing initial transverse
momentum have no recollision, no momentum change due to
Coulomb field (besides the initial Coulomb momentum
transfer as the electron leaves the tunnel exit), and contribute
to the lobes of the final ( )p p,x y -distribution. In contrast to the
type B electrons, the initial momentum space of the type A
electrons is a point, see figure 7, indicating the absence of
Coulomb focusing (the initial and the final phase space are the
same). In the case of  = 0.07 and  = 0.11 there are faint
rectangle-like distributions inside the ring of the initial
momentum distribution for B2, which are due to a new type
of recolliding trajectories arising with increasing ellipticity.
However, the number of these trajectories is not high, their
contribution to the features of PMD is minor, and we do not
discuss them further in the paper.

Figure 6. The initial momentum space distribution for trajectories ending in the momentum bins of ´ ´0.01 0.01 0.01 dimensions at the
asymptotic values of longitudinal momentum px: (a) 0.62, (b) 0.44 and (c) 0.3 a.u., corresponding to the points B2, B3, B4 of figure 5,
respectively. The laser field is linearly polarized in (first column), and elliptically polarized: with  = 0.07, in (second column), and  = 0.11,
in (last two columns). Notice the positive offset in the pyi of the structures in the right column due to the ellipticity. For  = 0.11 the ridge
splits into two parts, represented by points ( )lB3 and ( )rB3 in panels (h) and (i), respectively. The pronounced left branch in (h) consists of
electrons following linear-like trajectories, whereas the faint right branch comes from trajectories strongly influenced by the ellipticity. The
points P P P P, , ,T D L R are discussed in the text. In the CTMC simulations the dipole approximation is used along with fixed CEP phase and the
ionization being restricted to the central half-cycle of the laser pulse. The cases of  = 0 and 0.07 in the non-dipole regime were shown
in [77].
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3.2. The structure of the sharp ridge

3.2.1. The shift of the initial momentum space of the ridge
electrons. In this section we investigate the sharp ridge
structure and its properties. First of all, let us determine initial
momenta of the electrons at the tunnel exit which end up on
the ridge. The initial transverse momentum space (p p,yi zi) of
these electrons is a ring with a radius, which corresponds to
the transverse momentum change due to Coulomb focusing
[77]. In a linearly polarized laser field and in the dipole
approximation the ridge is centered at = =p p0, 0y z in the
final PMD due to the symmetry in the transverse momentum
plane. The center of the initial momentum ring is at

= =( ) ( )p p0, 0yi zi
0 0 . The ellipticity causes a momentum shift

along the minor axis y, and the non-dipole effects induce a
momentum shift of the cusp along the z-axis. In [76], such a
shift in initial momentum was referred to as a momentum gate
for double ionization that is imposed by the laser magnetic
field and the recollision process.

In order to find these shifts, let us follow two electrons
from opposite parts of the initial PMD-ring, which finally end
up at the ridge with the same asymptotic momentum. For
illustration, we mark such electrons in figure 6(f). At the
beginning, we choose the left electron PL with =-p p, 0yi zi

and the right electron PR with =+p p, 0yi zi , which both have
the same vanishing final momentum at the cusp:

=- + ( )p p . 2yf yf

Using the solution of the electron equation of motion in the
laser field, see equation (A5) in [77], and accounting for the
Coulomb momentum transfer at the tunnel exit d pyi

C and at

the recollisions d pyr
C , we have for the final momentum


w

h d d= - + + +    ( )p
E

p p pcos , 3yf i yi yi
C

yr
C0

where pyi is the electron momentum at the tunnel exit, ò is the
ellipticity, and hi is the ionization phase. From equation (2)
follows that the radius Rpyi

of the ring in the initial momentum
distribution is determined by the Coulomb momentum transfer:

d d h
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where we used d h» -  ( ) ( )p p E I2 2yi
C

yi i p
2 [31], h ( )E Ei a,

and d d» -+ -p pyr
C

yr
C . Taking into account that the center of the

ridge is at »p 0yf , we can find the initial momenta of the ridge
electrons, i.e. the ellipticity induced recollision gate:


w
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The center of the ring is ellipticity dependent:
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Thus, in the case of elliptical polarization the ring of the initial
momentum distribution for the sharp ridge electrons is shifted
due to the elliptical drift momentum along the minor axis of
polarization. Similar to the ring radius Rpyi

, the initial momenta
of the ridge electrons can be expressed via the Coulomb
momentum transfer at the recollisions:


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The indicator of Coulomb focusing is the radius of the
ring Rpyi

in the initial transverse phase space distribution,
which according to equation (4) is determined by the
Coulomb momentum transfer at recollisions. We have
calculated the Coulomb momentum transfer numerically for
specific trajectories in figure 8. It is determined as the
difference of the exact numerical solution for the momentum
component h( )py

num and that in the laser field, given by
equation (A5) of [77]:

d h h h hº - - +( ) ( ) [ ( ) ( ) ] ( )p p A A p , 8y
C

y y y i yi
num

with the ionization phase hi, and the corresponding initial
momentum pyi. As we can see the Coulomb momentum
transfer at recollisions for all three points B2, B3, B4 is
approximately the same as in the case of linear polarization.
Therefore, the radii of the rings and Coulomb focusing are
also the same.

The magnetically induced drift shifts the initial momen-
tum distribution for the sharp ridge electrons along the z-axis.
To show this, let us first calculate the final momentum along
the laser propagation direction. According to equation (A11)
of [77],

d d= + + + ( )( )p p p p p , 9zf zi zd
i

zi
C

zr
C

where º -h h·( ) ( ) ( )
p pzd

i A

c i c

A

2
i i

2

. The Coulomb momentum
transfer at the recollision can be estimated [31]:

d d» - ( )p
y

R
t , 10yr

C r

r
r3

Figure 7. The initial momentum space distribution of direct electrons
without Coulomb focusing which are ending in the center of the
main lobe, point A in figure 5.
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Figure 8. Typical photoelectron trajectories in a laser field with  = 0.07, as well as initial Coulomb momentum transfer and Coulomb
momentum transfer during recollision. The trajectories originate on the left (left panels) and right part (right panels) of the initial transverse
momentum distribution ring with =p 0zi and end up at the same point B2 (upper group), B3 (middle group), and B4 (bottom group). The
middle panels of trajectories show the case of linear polarization. The slow recollisions are the second one in B2, and the forth one in in B4.
In left panels the slow recollisions have the same impact parameters (y-coordinate) as in the linear polarization case (middle panel).
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where yr, zr, and Rr are the recollision coordinates and the
recollision distance, respectively, and dtr is the recollision
duration. As we analyze the case =p 0zi , the electron trajectory
in the laser field via equations (A16) and (A17) of [77] is
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2
2 d 1

i

r

i

r

h h
w
¢( )]A i

d . In the second line we have taken into account
the condition for the ridge electron from equation (5), as
well as neglected the first term in the brackets (it vanishes at
the slow recollision condition »p 0xr , i.e. at h h»sin sinr i,
see equation (A4) in [77], and it is also small otherwise due
to the relatively large h h-r i). As a consequence, we can
conclude from the second expression of equation (11) that in
the case of =p 0zi ,

d d» - - ( )p p p , 13zr
C

zd zi
C

and from equation (9) the z-component of the final
momentum of the ridge electrons is

» - + ( )( )p p p . 14zf zd zd
i

Further, let us consider another electron pair in the initial
momentum distribution ring, marked as either PT or PD in
figure 6(f). As it belongs to the sharp ridge with the same
final momentum as in equation (14), we can use equations (9)
and (14) to find the z-component of its initial momentum, i.e.
the laser magnetic field induced recollision gate:

d d= - - - ( )p p p p , 15zi zd rz
C

iz
C

while in the dipole limit it is d d= - -p p pzi rz
C

iz
C, i.e. the

non-dipole effects shift the initial distribution ring for the
sharp ridge electrons by -pzd in the z-direction.

The comparison with the linear polarization case
reveals, that the ellipticity induced shift of the initial
momentum distribution corresponding to the ridge electrons
dominates over the non-dipole induced shift in the
considered parameter regime, compare figures 6(g)–(j) with
figures 4(a)–(c) of [77].

The sharp ridge due to recollisions will exist if the
required initial transverse momentum of type B electrons
according to equations (5) and (15), is within the momentum
width of the tunneled electron wave packet D̂ . For the
present laser parameters w ~ -( )p E 10zd 0

2. Then, the
condition above reads

 
w

D̂ ( )E
. 160

From the latter we conclude that the ridge in the PMD can
exist up to ellipticities

  w
»

( )
( )

E I2
0.07. 17

p0
1 4

There are modifications of the rings in figure 6 due to
ellipticity, especially for B3, which we discuss in the next
section based on trajectory analysis. Note that the inner rings
in the linear case in figure 6 are caused by trajectories with
multiple significant rescattering events, which are strongly
suppressed at increasing ellipticity. At larger ellipticities,
when the sharp ridge disappears, the recollision effect is
negligible assuming that the electron final momentum
component along the laser propagation direction is positive
and determined by the non-dipole drift momentum of free
electrons: = ( )p pzf zd

i . We compare the CTMC simulations for
the peak of the PMD projection onto the pz-axis as a function
of ellipticity with the experimental results in figure 3(b).
Qualitatively the CTMC simulations reproduce the experi-
mentally observed trend of the peak position as a function of
ellipticity. The quantitative discrepancy at low ellipticities can
be explained by focal volume averaging, not included in the
simulation.

3.2.2. The ridge modification with respect to the linear
polarization case. Next, we analyze the modifications of
the ridge as a function of ellipticity. For the points B2 and B4
and linear polarization the main Coulomb momentum transfer
during recollision takes place at the slow recollision, =p 0xr .
This corresponds to the second recollision for B2 and the
fourth near B4. Although there are multiple recollision points,

=x 0r (two at B2, and four at B4, see figure 8), the Coulomb
momentum transfer is the largest at the slow recollision in
both cases. In the elliptical polarization case, the Coulomb
focusing for the trajectory coming from the left part of the
ring resembles the linear case, since the slow recollision has
the same impact parameter and the same Coulomb
momentum transfer during recollision. Of the multiple
recollisions that occur for these points, the slow one has the
dominant effect on the final momentum, especially for
elliptical polarization (figure 8). This is because at elliptic
polarization the impact parameter for the fast recollisions is
larger than for linear polarization due to the oscillating part of
the y-coordinate. Therefore, the Coulomb focusing for the left
half-ring in figure 6 (the ring radius) is the same for both
linear and elliptical polarizations, thereby creating the central
ridge in the PMD in both cases.

In contrast, the trajectory from the right part of the ring at
B2 in the elliptical polarization case differs from the linear
one, see figure 8, upper right panel. The first rescattering for
this trajectory, additional to the slow recollision, takes place
with smaller impact parameter than in the linear case due to
the oscillating part of the y-coordinate, resulting in an increase
of the total Coulomb momentum transfer. This explains the
larger radius of the right half-cycle of the ring structure at B2
in figure 6. The right-type trajectories are more sensitive to
the initial conditions and, consequently, the ring width is
significantly smaller. Moreover, the ionization probability is
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smaller for the right part of the ring because of the larger
initial momenta. This explains why the central ridge becomes
less pronounced with increasing ellipticity.

However, the right trajectories for B4, and trajectories
ending up on the central ridge at ∣ ∣px smaller than for B4, start
to resemble the linear case again. This is because for the

ionization phases that are relevant to these trajectories, the
oscillating part of the y-coordinate does not perturb the
recollision coordinates significantly. The condition for this is

 - ∣ ∣ ( )( ) ( ) ( )y y y , 18r r r
0 0

Figure 9. The bent central ridge above the point B2: the comparison of the CTMC simulations with the estimation of the deflected momentum
( )pyf from equation (25) for (a)  = 0.07 and (b)  = 0.11, respectively; (c) typical photoelectron trajectories in a laser field with  = 0.07, as

well as the initial Coulomb momentum transfer and that at recollision. The trajectories originate on the left (left panels) and right part (right
panels) of the initial transverse phase space distribution ring with =p 0zi and end up at the same point B1. The middle panel of trajectories
show the case of a linear polarization.
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with the index (0) indicating the linear polarization, from
which we can estimate the threshold ionization phase. Using
equations (A25) and (A32) of [77], and the approximations
h h=( ) ( )

r r
0 and h h=( ) ( )

i i
0 , this condition reads


w

h h d
h h

w
- +

-
( ) ( )

( )
( )( ) ( )E

p psin sin , 19r i yi yi
C r i0

2
0 0

which can be expressed via the Coulomb momentum transfer
at the recollision dpyr

C:
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The recollision phase is found from the condition h =( )x 0r .
Taking into account that for the first recollision
h p h» - ¢2r r, with h¢  1r , we find

h ph¢ » ( )4 , 21r i

and the condition of equation (20), at which the oscillating
part of the y-coordinate does not perturb the recollision
coordinates significantly, reads


h p

d

w
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⎛
⎝
⎜⎜

⎞
⎠
⎟⎟( )

( )
p

E
0.7, 22i
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C

0

2

for d =p 0.1y
C ,  = 0.07, and the laser parameters of the

experiment »E 0.040 , w » 0.013. The latter means that at
h 0.07i , which assumes  h w »p E 0.2x i0 , the recolli-

sions and Coulomb focusing in the elliptical polarization case
will be similar to the linear one. This estimation fits to the
CTMC calculation in figure 5.

The ring of the initial momenta of point B3 is deformed
in a stronger way than the one for B2. The deformation is due
to the fact that both left and right trajectories are perturbed
with respect to the linear polarization case because of the
quiver motion in the transversal y-direction. The perturbed
trajectories are more sensitive to the initial conditions, which
results in a variable width of the ring in the initial momentum
distribution. Moreover, the recollision coordinates for both
left and right trajectories are different. Therefore, the
Coulomb momentum transfer during recollision for the left
and right trajectories are not symmetric which leads to the

bend of the central ridge. Furthermore, at larger ellipticities,
e.g.  = 0.11, the central ridge at B3 is split, when the left-
and right-side trajectories yield to different ridges B3(r) and
B3(l), respectively, see figures 6(h)–(i). However, this
splitting is not visible in the experimental data due to focal
volume averaging, CEP averaging and the laser pulse
envelope.

Above the point B2, when the photoelectrons rescatter
once only, the ridge is bent, see figure 9, i.e. the final
py-momentum is nonvanishing. The reason one can deduce by
looking at the left trajectory for point B1 in figure 9(c). We
can ignore the role of the second rescattering, since its
importance diminishes with increase of the final longitudinal
momentum, and assume the first rescattering only. For the
single rescattering trajectories above the point B2, the
rescattering coordinate is very similar to the linear polariza-
tion case. In the example presented in figure 9, the electrons
from both sides of the initial momentum distribution ring
ionized with the same phase hi recollide at the same phase hr
and with the same impact parameter, i.e.

 = -- + ( )( ) ( )y y . 23r r

The latter is ensured by proper values of  -( )pyi and  +( )pyi

which can compensate for the transversal dynamics intro-
duced by the ellipticity and hence lead to the same absolute
value of Coulomb momentum transfer for the opposite
trajectories with analogy to the linear case. From the
condition of equation (23), and by using equation (A25) of
[77] with =y 0i , we derive the momentum of the center of
the initial momentum ring of the ridge electrons presented in
figure 10:




 

d

w
h

h h
h h

º
+

=

+ -
-
-

- +

⎛
⎝⎜

⎞
⎠⎟

¯

( )

( )
( ) ( )

( )p
p p

p

E

2

cos
sin sin

, 24

y
yi yi

yi
C

i
r i

r i

0

0

where we have defined the averaged initial Coulomb
momentum transfer for the ringʼs center as d º¯ ( )pyi

C

 d d+- +( )( ) ( )p pyi
C

yi
C1

2
. The final momentum of the ridge in

Figure 10. The initial transversal phase spaces for  = 0,  = 0.07, and  = 0.11 respectively, resulting in trajectory with a single rescattering
event at B1. The ellipticity shifts the initial transverse momentum ring in the py-direction and causes a slight deformation.
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this case equals:
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The estimation of ( )pyf is plotted in figure 9 and shows
agreement with the simulations. Only a slight discrepancy
appears near the point B2 which is caused by the omission of
the second recollision which yields additional momentum
transfer further diminishing ( )pyf . Moreover, the ( )pyf is
positive for all single recollision trajectories and vanishes
for linear polarization as expected.

4. Conclusion

With a detailed analysis, we identified a subspace in the
momentum representation of the tunnel ionized electron wave
packet, which in an elliptically polarized laser field shows
recollision dynamics similar to the linear polarization case.
The electron trajectories originating in this initial PMD sub-
space have multiple revisits, including at least one significant
rescattering event with the parent ion, which causes the large
initial momentum subspace to be squeezed into a small final
momentum space having near vanishing transverse momen-
tum. The effect occurs due to Coulomb focusing, and leads to
the creation of the sharp ridge structure in the momentum
space for linear as well as for elliptical polarization. Thanks to
this feature, we are able to separate the electrons that
experienced strong Coulomb focusing in momentum space
from the unfocused electrons in the case of elliptical polar-
ization, see figure 11. The final momenta of Coulomb-focused
electrons that underwent slow recollisions, and hence
experienced strong Coulomb focusing, are almost unaltered
by the introduction of a small ellipticity. The main difference
for elliptical polarization with respect to the linear case is in
fact the change of the starting condition of the electrons that
end up in the ridge. The ellipticity causes a shift of the initial
momenta of the ridge electrons along the minor axis of

polarization, and the non-dipole effects induce a shift along
the laser propagation direction. The same message is
formulated in [76] in terms of gating: the recollision and
the magnetic field combined act as a gate. While in the latter
the gate imposes a restriction on the initial momenta of the
ionized electron to realize nonsequential double ionization,
here we relate the non-dipole and ellipticity gating to the soft
recollisions and Coulomb focusing. The focus of [76] is the
asymmetry of the whole PMD, but we concentrate mostly on
the peak of the PMD, investigating the Coulomb focusing
cusp and its properties.

We investigated the modifications and the structure of the
Coulomb focusing ridge as a function of the ellipticity of the
laser field. The ridge is bent and split at longitudinal momenta
deviating from the slow recollision conditions. We trace these
properties of the ridge in the modification of the electron
recollision properties in an elliptically polarized laser field
with respect to the linear polarization case. Unfortunately, the
fine structure of the ridge obtained in CTMC simulations is
not visible in the experimental spectra due to focal volume
and CEP averaging, and the laser pulse envelope.

We also learned that the central part of the tunnel ionized
electron wave packet in momentum space provides unfocused
electrons which are steered away by the elliptical polarization
into ellipsoidal shaped side lobes of the final PMD. We use
the full 3D PMD to study the different non-dipole response
for both type of electrons with and without strong Coulomb-
focusing. The separation of the electron trajectories allows us
to disentangle the response of the different photoelectrons to
non-dipole effects and to make the connection between prior
results of Ludwig et al [73] and Smeenk et al [87]. In [87], a
shift of the PMD in beam propagation direction was reported
and a simple radiation pressure picture was used as an
explanation. In [73], the peak of the projection of the PMD
was shifted opposite to the beam propagation direction. Here,
we were able to experimentally isolate the electrons that are
responsible for this counterintuitive shift and to separately
study their non-dipole response. We observed an ellipticity
dependent offset of the position of the peak of the projection
of the PMD on the beam propagation axis. By increasing the

Figure 11. Momentum spread as a function of time for direct and Coulomb-focused electrons with CTMC simulations using the two-step
model of strong-field ionization with adiabatic tunneling theory and both electric and magnetic field included for an ellipticity of  = 0.11.
Coulomb-focused rescattered electrons end up in the ridge and the direct electrons in the lobes of the 3D PMD.

14

J. Phys. B: At. Mol. Opt. Phys. 51 (2018) 114001 J Daněk et al



ellipticity from linear to circular, this offset shifts from
negative to positive values of pz. The appearance of a peak on
the negative or positive side of =p 0z can be considered as a
competition of the type A (direct) and type B (Coulomb-
focused) electrons. In case that the peak is formed mainly by
type A electrons, the projection of the PMD peaks at positive
values of pz whereas in the case that the type B electrons
dominate the peak of the projected PMD, it is shifted towards
negative values of pz. Thus, Coulomb focusing has an
essential influence on non-dipole effects, creating a non-tri-
vial dependence of the PMD shift along the laser propagation
direction on the ellipticity of the laser field. Our results open
up new possibilities to study the photoelectrons experiencing
strong rescattering separately from the direct electrons and the
electrons that experience only weak Coulomb interaction.

We obtained an analytical relationship between the initial
momentum of the ridge electrons, the drift momentum of the
electron due to ellipticity and due to non-dipole effects, and
the Coulomb momentum transfer upon recollision, which
allowed us to identify the range of ellipticity for which the
ridge appears. These findings can be exploited to gain addi-
tional information on the timing of the ionization and recol-
lision process as well as on wave packet properties.
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