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Abstract

This thesis presents an introduction to quantum Markov chains and explains how
this concept is connected to the question of how well a quantum mechanical sys-
tem can be recovered from a correlated subsystem.

Three random variables X, Y, and Z form a Markov chain in order X < Y <
Z if X and Z are independent conditioned on Y. Equivalently, this means that
X has no information about Z if we already know Y which mathematically is
described by the fact that the conditional mutual information /(X : Z|Y') vanishes.
Here, we are interested in a generalization of this correlation structure, called
quantum Markov chains, where the random variables are replaced with quantum
mechanical systems.

A particular challenge is to understand the mathematical properties of quan-
tum Markov chains. This difficulty arises from the fact that quantum mechanical
operators do not commute in general. As a result, we start by explaining two
techniques of how to deal with non-commuting matrices: the spectral pinching
method and complex interpolation theory. Once the reader is familiar with these
techniques a novel inequality is presented that extends the celebrated Golden-
Thompson inequality to arbitrarily many matrices, which answers a question from
matrix analysis that was open since 1973, i.e., if Lieb’s triple matrix inequality can
be extended to more than three matrices.

Our novel inequality directly implies a strengthened version of the data-pro-
cessing inequality. More precisely, it shows that a small conditional mutual infor-
mation is a sufficient criterion for the approximate reconstruction of information.
This enables us to mathematically understand the behavior of quantum Markov
chains which have a vanishing conditional mutual information. We conclude by
discussing properties of quantum Markov chains with an emphasis on their ro-
bustness, i.e., up to which extent they remain valid in case the Markov condition
only holds approximately.
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Zusammenfassung

Diese Dissertation befasst sich mit Quanten-Markov Ketten. Insbesondere wird
erkért wie dieses Konzept mit der Frage verbunden ist wie gut ein quantenmech-
anisches Teilsystem rekonstruiert werden kann von einem anderen korreliertem
Teilsystem.

Drei Zufallsvariablen X, Y und Z bilden eine Markov Kette in der Reihenfolge
X <Y « Z falls bedingt auf Y die zwei Variablen X und Z unabhiingig sind. In
anderen Worten bedeutet dies dass X keine Information tiber Z haben kann falls
wir Y bereits kennen, was mathematisch ausgedriickt wird durch die Tatsache dass
die bedingte gegenseitige Information I(X : Z|Y) verschwindet. In dieser Disser-
tation betrachten wir eine Verallgemeinerung dieser Markov Ketten, sogennante
Quanten-Markov Ketten, wo die Zufallsvariablen durch quantenmechanische Sys-
tem ersetzt werden.

Wie sich herausstellt sind die mathematischen Eigenschaften von Quanten-
Markov Ketten kompliziert zu verstehen. Dies resultiert aus der Tatsache dass
quantenmechanische Operatoren im Allgemeinen nicht kommutieren. Daher starten
wir mit einer Ubersicht von zwei verschiedenen Techniken welche beniitzt werden
konnen um mit nicht kommutierende Matrizen zu arbeiten: die spektrale Pinch-
ing Methode und komplexe Interpolationstheorie. Mit Hilfe dieser Werkzeuge be-
weisen wir eine neue Ungleichung welche die bekannte Golden-Thompson Un-
gleichung fiir beliebig viele Matrizen verallgemeinert. Gleichzeitig beantwortet
diese neue Ungleichung eine offene Frage aus der Matrixanalysis, ndmlich ob
Lieb’s triple matrix inequality” erweitert werden kann auf mehr als drei Ma-
trizen.

Unsere neue Ungleichung impliziert eine verbesserte Version der “data-pro-
cessing” Ungleichung. Im Besonderen zeigen wir dass eine kleine bedingte gegen-
seitige Information eine ausreichende Bedingung ist dass Information rekonstru-
iert werden kann. Dies ermdglicht uns ein mathematisches Versindnis fiir das
Verhalten von Quanten-Markov Ketten welche dadurch charakterisiert sind dass
die bedingte gegenseitige Information verschwindet. Wir schlie-ssen mit einer
Diskussion der Eigenschaften von Quanten-Markov Ketten wobei wir ein beson-
deres Augenmerk auf deren Robustheit legen. Das heisst wir untersuchen in-
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wiefern die Eigenschaften noch gelten falls die Markov Bedingung nur approxi-
mativ erfiillt ist.
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Chapter 1

Introduction

Abstract. This chapter reviews the concept of a Markov chain for random vari-
ables and then introduces a generalization to quantum mechanical systems. We
discuss the subtle differences between classical and quantum Markov chains and
point out difficulties that show up in the quantum case. Unlike the classical case
that has been analyzed and understood well in the past, certain aspects of quantum
Markov chains remained mysterious. Only very recently, it has been recognized
how an entropic characterization of states that approximately satisfy the Markov
condition looks like. This insight justifies the definition of approximate quantum
Markov chains which this thesis is about.

Markov chains are named after the Russian mathematician Andrei Markov (1856-
1922), who introduced them in 1907. Suppose we have a sequence of random
variables (X;),>1. The simplest model is the case where the random variables are
assumed to be pairwise independent. For this scenario many nice results, such as
the law of large number or the central limit theorem, are known. At the same time
the pairwise independence assumption makes the model rather restrictive.

Markov’s idea was to consider a more general dependence structure that how-
ever is still simple enough that it can be analyzed rigorously. Informally, his idea
was to assume that the random variables (X,),>; are ordered in a very specific
way.! This ordering implies that all the information that the random variables
(X1, ,Xk_1) could have about X for any k > 1 is contained in X;_;. More pre-
cisely, we require that the collective entire past (Xi,...,X;_») is independent of
the collective entire future (X, ...) conditioned on the present X;_;. This model
has the advantage that in order to describe X we only need to remember X;_; and
can forget about the past (Xi,...,X;_2). This makes the model simple enough

"We then say (X, ),>1 forms a Markov chain in order Xj > X <> X3 ¢ ... .



Chapter 1. Introduction

that we can prove precise properties and describe its behavior for large values
of n. At the same time, the model is considerably more general than the pair-
wise independence assumption which makes it suitable for many situations (see,
e.g., [4,99,110,115]).

Markov chains are intensively studied and have been generalized to the quan-
tum mechanical setup [1] where random variables are replaced by density opera-
tors on a Hilbert space.” Natural questions that arise are:

What are the main differences between classical and quantum Markov chains?
What do we know about sequences of random variables that approximately
form a Markov chain? Do they approximately behave as (exact) Markov
chains?

This thesis will answer these questions. We will first introduce the reader to
quantum Markov chains and explain how to define a robust version of this concept
that will be called approximate quantum Markov chains.

In the literature there exists the term “short Markov chains” which should
distinguish the Markov chain between three random variables from infinite chains.
Since we only consider Markov chains defined for three random variables in this
thesis we drop the term ““short”.

1.1 Classical Markov chains

Three random variables X, Y, Z with joint distribution Pxyz form a Markov chain
inorder X <+ Y < Z if X and Z are independent conditioned on Y. In mathematical
terms this can be expressed as

Pxyz is a Markov chain <= Pxzy = PxjyPzy (1.1)

where Py|y denotes the probability distribution of X conditioned on Y. Bayes’
theorem directly implies that the right-hand side of (1.1) can be rewritten as
Pxyz = PxyPyy. Operationally, the Markov chain condition tells us that all the
information the pair (X,Y) has about Z is contained in Y. In other words, there
is no need to remember X in order to determine Z if we already know Y. Sup-
pose we loose the random variable Z. The Markov chain condition ensures that
it is possible to reconstruct Z by only acting on Y with a stochastic map.? More

%In Section 1.2 and in particular in Section 5.1 we introduce the concept of a quantum Markov
chain.

3The reconstruction refers to a stochastically indistinguishable copy which means that if we
denote the reconstructed random variable by Z' we require that the probability law of (X,Y,Z’) is
the same as (X,Y,Z).



1.1 Classical Markov chains

precisely,
Pxyz is a Markov chain <= 3 stoch. matrix WZ|Y s.t. Pxyz = PXYWZ|y. (1.2)

Bayes’ theorem directly implies that W7y can be always chosen as W7y = Pzy. A
third characterization of Pyyz being a Markov chain is that the conditional mutual
information vanishes, i.e.,

Pxyz is a Markov chain <= [(X:Z|Y)p =0, (1.3)

where
IX:Z|V)p:=H(XY)p+H(YZ)p—H(XYZ)p—H(Y)p (1.4)
denotes the conditional mutual information and H(X )p := — Y .c 9- Px(x) log Px (x)

is the Shannon entropy.

Exercise 1.1. Verify the three characterizations (1.1), (1.2), and (1.3) for a tripar-
tite distribution Pyxyz being a Markov chain.

We saw above that (1.1), (1.2), and (1.3) are equivalent characterizations for a
tripartite distribution to be a Markov chain. The conditional mutual information
can be written in terms of a relative entropy, i.e.,

I(X ZZ|Y>p :D(nyz||nyPZ|y), (15)
where
O(x) :
D(QHR) — { ZXG&V Q(X) log R(x) lfQ <<.R (16)
+oo otherwise ,

denotes the relative entropy (also known as Kullback-Leibler divergence) between
two arbitrary probability distributions Q and R on a discrete set 2" and Q < R
means that Q is absolutely continuous with respect to R. Interestingly, there is an
exact correspondence between the conditional mutual information and the relative
entropy distance to the set of Markov chains, also known as a variational formula
for the conditional mutual information of the form

I(X:Z]Y)p= mén{D(PXYZHQXYZ) : Oxyz is a Markov chain} . (1.7)

A simple calculation reveals that Qxyz = PXYPZ|Y is the optimizer to (1.7).

Exercise 1.2. Prove (1.7) and show that the optimizer is always given by Qxyz =
PxyPyy.
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1.1.1 Robustness of classical Markov chains

Above we have seen three equivalent characterizations (1.1), (1.2), and (1.3) for
a tripartite distribution Pxyz being a Markov chain. An interesting question is
whether these characterizations remain equivalent if they are satisfied approxi-
mately. This is indeed the case. To see this, let us recall the variational formula
for the mutual information (1.7) which implies that for any distribution Pxyz

I(XZZ|Y)1J:8 S D(PXYZHPXYPZ|Y) =E£. (1.8)

This shows that every distribution Pyxyz such that the conditional mutual informa-
tion is small (but not necessarily vanishing), i.e., [(X : Z|Y)p = €, where € > 0 is
small also approximately satisfies (1.1) and (1.2) and vice versa, since by Pinsker’s
inequality* we have

[Pxzy — Py Pay ||, = [[Pevz — Pey Pyy ||| < \/ZD(PXYZ”PXYPZlY) - (19)
Combining (1.7) with (1.8) gives

I(X:Z‘Y)P:D(PXYZHPXYPZW) (1.10)
= inn{D(PXYZHQXYZ) : Oxyz is a Markov chain}, (1.11)

which shows that distributions with a small conditional mutual information are
always close (in terms of the relative entropy distance) to Markov chains and vice
versa. As a result, we may define a (classical) approximate Markov chain as
a tripartite distribution Pyy7 such that the conditional mutual information /(X :
Z|Y)p is small.

1.2 Quantum Markov chains

So far we considered Markov chains for classical systems that are modeled by
random variables. To describe the more general quantum mechanical setup the
random variables are replaced by density operators on a Hilbert space.

A tripartite state papc on A ® B® C, where A, B, and C denote Hilbert spaces,
forms a quantum Markov chain if the A and C part can be viewed independent
conditioned on the B part — for a meaningful notion of conditioning. General-
izing the classical definition of a Markov chain to the quantum mechanical setup

4Pinsker’s inequality states that ||P — Q||; < 1/2D(P||Q) where ||-||; denotes the total variation
norm [42].



1.2 Quantum Markov chains

turns out to be delicate since conditioning on a quantum system is delicate. Out of
the three equivalent characterizations (1.1), (1.2), and (1.3) for classical Markov
chains we have seen above, it turns out that (1.2) servers best for the definition of
a quantum Markov chain.

A tripartite state pspc on A @ B® C is called a (quantum) Markov chain in
order A <+ B < C if there exists a recovery map #g_,pc from B to B® C such that

pasc = (4 @ Zp—pc)(PaB) s (1.12)

where .#4(+) denotes the identity map on A. A recovery map is an arbitrary trace-
preserving completely positive map. The condition (1.12) says that the C part can
be reconstructed by only acting on the B part.

Petz proved an entropic characterization for the set of quantum Markov chains
[119,121] by showing that

pagc is a quantum Markov chain <= I(A:C|B), =0, (1.13)

where
I(A:C|B), := H(AB), + H(BC), — H(ABC), — H(B), (1.14)
denotes the quantum conditional mutual information and H(A), := —trpalogpa

is the von Neumann entropy. Furthermore, Petz showed that in case I(A : C|B), =
0 the recovery map

1 _1 1 1
IpBC : Xp+r péc (PB 2XBPB ’ ®idC)p§C (1.15)

always satisfies (1.12) (we refer to Theorem 5.2 for a more precise statement).
The recovery map Jp_,pc is called Petz recovery map or transpose map. It is
trace-preserving and completely positive (see Remark 5.3).

The result (1.13) gives an entropic characterization for the set of quantum
Markov chains. Furthermore, (1.13) displays a criterion to verify easily if a certain
tripartite state is a quantum Markov chain, as evaluating the conditional mutual
information is simple. We further note that the algebraic structure of quantum
Markov states has been studied extensively [65] (see Theorem 5.4 for a precise
statement). Quantum Markov chains and their properties are discussed in more
detail in Section 5.1.

1.2.1 Robustness of quantum Markov chains

A natural question that is relevant for applications is whether the above statements
are robust. Specifically, one would like to have a characterization for the set of tri-
partite states that have a small (but not necessarily vanishing) conditional mutual

5



Chapter 1. Introduction

information, i.e., /(A : C|B), < € for € > 0. First results revealed that such states
can have a large trace distance to Markov chains that is independent of € [38, 78]
(see Proposition 5.9 for a precise statement), which has been taken as an indica-
tion that their characterization may be difficult.> This is discussed in more detail
in Section 5.2.1.

As discussed above, states papc such that I(A : C|B), is small are not necessar-
ily close to any Markov chain, however such states approximately satisfy (1.12).
More precisely, it was shown [28,53,85, 142,145,153, 175] that for any state pagc
there exists a recovery map %p_,gc such that

I(A:C|B)p > Dui(pagcl|(Fa @ Zp—pc)(pas)) ; (1.16)

where Dy denotes the measured relative entropy (see Definition 2.33). The mea-
sured relative entropy Dyg(®||7) is a quantity that determines how close @ and ©
are. It is nonnegative and vanishes if and only if @ = 7. The measured relative
entropy and its properties are discussed in Section 2.5.3. We refer to Theorem 5.5
for a more precise statement. Inequality (1.16) justifies the definition of approx-
imate quantum Markov chains as states that have a small conditional mutual in-
formation, since according to (1.16) these states approximately satisfy (1.12). In
Section 5.2 we discuss in detail the properties of approximate quantum Markov
chains.

Unlike in the classical case where the robustness of Markov chains directly
follows from (1.7) which is simple to prove (see Exercise 1.2), Inequality (1.16)
far from trivial. A large part of this thesis (mainly Chapters 3 and 4) are dedicated
to the task of developing mathematical techniques that can be applied afterwards
in Chapter 5 to prove (1.16).

1.3 Outline

The aim of this thesis is to introduce its readers to the concept of approximate
quantum Markov chains, i.e., a robust version of Markov chains for quantum me-
chanical systems. Our exposition does not assume any prior knowledge about
Markov chains nor quantum mechanics. We derive all relevant technical state-
ments from the very beginning such that the reader only needs to be familiar with
basic linear algebra, analysis, and probability theory. We believe that the mathe-
matical techniques described in the thesis, with an emphasis on their applications
to understand the behavior of approximate Markov chains, are of independent
interest beyond the scope of this thesis.

3 As explained in Section 1.1.1 above, classical tripartite distributions with a small conditional
mutual information are always close to classical Markov chains.

6



1.3 Outline

The following is a brief summary of the main results obtained in each chapter:

Chapter 2 introduces the mathematical preliminaries that are necessary to fol-
low the thesis. The advanced reader may easily skip this chapter. We first explain
the notation that is summarized in Table 2.1 before introducing basic properties of
norms (Section 2.2), quantum mechanical evolutions (Section 2.4), and entropy
measures (Section 2.5). Section 2.3 discusses well-known properties of functions
on Hermitian operators.

Chapter 3 presents two different mathematical techniques that can be used to
overcome difficulties arising from the noncommutative nature of linear operators.
Suppose we are given two operators. Is it possible to modify one of the two
operators such that it commutes with the other one without changing it by too
much?

In Section 3.1 we present a first answer to the above question by introduc-
ing the spectral pinching method. For any Hermitian operator H with spectral
decomposition H =Y ; AIT; we can define the pinching map with respect to H as

Py X — Y I XTI, . (1.17)
A

The pinching map satisfies various nice properties that are summarized in Lemma
3.5. For example, #y(X) always commutes with H for any nonnegative opera-
tor X. Furthermore, there is an operator inequality that relates &y (X) with X.
We demonstrate how to use the spectral pinching method in practice by present-
ing an intuitive proof for the Golden-Thompson inequality that is only based on
properties of pinching maps.

Section 3.2 discusses complex interpolation theory which oftentimes can be
used as an alternative to the pinching technique. The basic idea is the following:
consider an operator-valued holomorphic function defined on the strip S := {z €
C:0<Rez< 1}. Complex interpolation theory allows us to control the behavior
of the norm of the function at (0, 1) by its norm on the boundary, i.e., at Rez =0
and Rez = 1. This is made precise in Theorem 3.11, which is the main result of
this section. Interpolation theory is less intuitive than pinching, however can lead
to stronger results as we will demonstrate in Chapter 4.

Chapter 4 shows how to employ the techniques presented in Chapter 3 to
prove novel real-valued inequalities involving several linear operators — so-called
trace inequalities. Trace inequalities are a powerful tool that oftentimes helps us
to understand the behavior of functions of operators.

Arguably one of the most famous trace inequalities is the Golden-Thompson

7



Chapter 1. Introduction

inequality stating that for any Hermitian operators H; and H, we have
trefi iy < refhiefl (1.18)

The main result of this chapter is an extension of (1.18) to arbitrarily many matri-
ces (see Theorem 4.10). As we will show, the intuition for this extension can be
seen from the pinching method whereas the precise result is proven using interpo-
lation theory, i.e., with the help of Theorem 3.11.

Besides the Golden-Thompson inequality there exists a variety of other in-
teresting trace inequalities. For example the Araki-Lieb-Thiring inequality states
that for any nonnegative operators By, B, and any ¢ > 0 we have

r roq 1 1
tr (B}B5B})" <tr(BiB,B})? if re(0,1]. (1.19)
In Section 4.2 we prove an extension of (1.19) to arbitrarily many matrices (see

Theorem 4.7).

Finally, we consider a logarithmic trace inequality stating that for any nonneg-
ative operators By, B>, and any p > 0 we have

1 /4 4 1 P p
—trBylogB3 B/B; <trB|(logB +1logB;) < —trBlogB; B}B} . (1.20)
P P

In Section 4.4 we prove an extension of the first inequality of (1.20) to arbitrarily
many matrices (see Theorem 4.15).

Chapter 5 properly defines the concept of a quantum Markov chain (see Sec-
tion 5.1) as tripartite states papc such that there exists a recovery map Zp_,pc
from B to B® C that satisfies

pasc = (Fa @ Zp—pc)(PaB) s (1.21)

where .74 denotes the identity map on A. Alternatively, quantum Markov chains
are characterized as states pspc such that the conditional mutual information van-
ishes, i.e., /(A : C|B)p = 0 (see Theorem 5.2).

With the help of the extension of the Golden-Thompson inequality to four
matrices (derived in Chapter 4) we show that for any density operator pspc there
exists an explicit recovery map #Zp_,pc that only depends on ppc such that

I(A:C|B)p > Dyvi(pasc||(Fa ® Zp—pc)(pas)) = 0. (1.22)

We refer to Theorem 5.5 for a more precise statement. Inequality (1.22) shows
that states with a small conditional mutual information approximately satisfy the
Markov condition (1.21). This therefore justifies the definition of approximate

8



1.3 Outline

quantum Markov chains as states that have a small conditional mutual informa-
tion. Proposition 5.9 shows that approximate quantum Markov chains, however,
can be far from any Markov chain (with respect to the trace distance).

Inequality (1.22) shows that states pspc with a small conditional mutual infor-
mation can be approximately recovered from p4p by only acting on the B-system,
i.e., a small conditional mutual information is a sufficient condition that a state
reconstruction in the sense of (1.21) is approximately possible. Theorem 5.11
proves an entropic necessary condition involving the conditional mutual informa-
tion that such an approximate state reconstruction is possible. In particular, we
will see that there exist states with a large conditional mutual information such
that (1.21) still approximately holds.

Another reason why (1.22) is interesting is that it strengthens the celebrated
strong subadditivity of quantum entropy which ensures that /(A : C|B), := H(AB), +
H(BC)p —H(ABC), — H(B), > 0. This entropy inequality is well-studied and
known to be equivalent to various other famous entropy inequalities such as the
data processing inequality, concavity of the conditional entropy and joint convex-
ity of the relative entropy. In Section 5.4 we show how (1.22) can be used to prove
strengthenings of the other entropy inequalities.

Appendix A presents an example showing that there exist states pspc with an
arbitrarily large quantum conditional mutual information (i.e., I(A : C|B), is large)
that, however, can be reconstructed well in the sense that there exits a recovery
map Zp—,pc such that papc is close to (4 @ Zp—pc)(PaB)-

Appendix B discusses examples showing that Theorem 5.11 is essentially
tight and therefore cannot be further improved.

Appendix C provides solutions to the exercises stated throughout the thesis.
The exercises are chosen such that they can be solved rather straightforwardly.
The main purpose of the exercises is to give the reader a possibility to check if she
has understood the presented subject.
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Chapter 2

Preliminaries

Abstract. The formalism of quantum mechanics distinguishes itself from clas-
sical physics by being more general. Its main characters are linear operators on
a Hilbert space. To understand these objects, this chapter introduces the basic
concepts and notation that will be used throughout the thesis. We further intro-
duce various entropic quantities that are used to describe the behavior of quantum
mechanical systems.

Our notation is summarized in Table 2.1. The expert reader may directly proceed
to Chapter 3. In this thesis we restrict ourselves to finite-dimensional Hilbert
spaces, even though most of the results covered remain valid for separable Hilbert
spaces. As a result, linear operators on these Hilbert spaces can be viewed as
matrices. We decided to still call them operators, i.e., for example a positive
semidefinite matrix will be called a nonnegative operator on a (finite-dimensional)
Hilbert space.

2.1 Notation

The notational conventions used in this thesis are summarized in Table 2.1. To
simplify notation we try to avoid brackets whenever possible. For example, trA?
has to be read as tr(A”). We will usually drop identity operators from the notation
when they are clear from the context. We would thus write for example pppspPB
instead of (id4 ® pp) pap (ida ® pp).

A Hermitian operator H is called nonnegative (denoted by H > 0) if all its
eigenvalues are nonnegative. It is called strictly positive (denoted by H > 0) if
all its eigenvalues are strictly positive. We partially order the set of Hermitian

11
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operators (Lowner ordering) by defining H; > H, to mean H; — Hp > 0 for two
Hermitian operators H; and H;.

For f : R — C we denote its Fourier tranform by
Flw) = / dr f(1)e 1" @.1)

We use 1{statement} to denote the indicator of the statement, i.e.,

1 if statement is true

1{statement} = ) )
{ } { 0 if statement is false.

(2.2)

Table 2.1: Overview of notational conventions

General

C,R,R.,N complex, real, nonnegative real, and natural numbers
[n] the set {1,2,...,n} forne N

log natural logarithm

¢, 1) bra and ket

A,B,C,... Hilbert spaces are denoted by capital letters

dim(A) dimension of the Hilbert space A

A B,E,... mappings are denoted by calligraphic capital letters
idg, Fa identity operator and identity map on A

tr, try trace and partial trace

poly(n) arbitrary polynomial in n

conv(X) convex hull of the set X

int(X) interior of the set X

0X boundary of the set X

f Fourier transform of f

fxg convolution of f and g

trig triangular function of width x

1X| cardinality of the set X

1 indicator function

Operators

L(A),L(A,B) set of bounded linear operators on A and from A to B
H(A) set of Hermitian operators on A

P(A), P.(A) set of nonnegative and strictly positive operators on A
S(A) set of density operators on A

U(A) set of unitaries on A

V(A,B) set of isometries from A to B

12



2.1 Notation

TPCP(A,B)
MC(A®B®C)
spec(A)
supp(A)
rank(A)
ALB
A.B

Ap

A]

AT

A

AT

A®B
ADB

set of trace-preserving completely positive maps
set of (quantum) Markov chainson A @ B C
set of distinct singular values of the operator A
support of the operator A

rank of the operator A

support of A is contained in the support of B
commutator between A and B, i.e., [A,B] := AB— BA
spectral gap of the Hermitian operator H
modulus of the operator A

conjugate transpose of the operator A

conjugate of the operator A

transpose of the operator A

tensor product between operator A and B

direct sum between operator A and B

Distance measures

Il

Schatten p-norm

-l arbitrary unitarily invariant norm

F(p,o0) fidelity between p and ©

A(p,0) trace distance between p and ¢

Entropies

H(p) von Neumann entropy of the density operator p
H(A|B) conditional entropy of A given B

D(p|lo) relative entropy between p and o

Dy(pllo) measured relative entropy between p and &
Dq(pllo) minimal «-Rényi relative entropy between p and o
I(A:C|B) conditional mutual information of A and C given B
x — h(x) binary entropy function

Abbreviations

POVMs positive operator valued measures

DPI data processing inequality

SSA strong subadditivity of quantum entropy

GT Golden-Thompson

ALT Araki-Lieb-Thirring

13
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2.2 Schatten norms

To deal with linear operators on a Hilbert space, the concept of a norm is useful.

Definition 2.1. A norm of a linear operator L € L(A) is a map ||-|| : L(A) —
[0,00) that satisfies:
1. Nonnegativity: |L|| >0 forall L€ L(A) and |L|| =0iff L=0.
2. Absolute homogeneity: ||aL| = |a|||L|| forall & € C, L € L(A).
3. Triangle inequality: Ly + La|| < ||Ly|| + ||L2]| for all Ly, L, € L(A).
A norm |||-||| is called unitarily invariant if H’ULVTH} = |||Z]||| for any isometries

U,V € V(A,B). In the following we will consider a particular family of unitarily
invariant norms the so-called Schatten p-norms. The modulus of a of a linear
operator L € L(A) is the positive semi-definite operator |L| := VL'L.

Definition 2.2. For any L € L(A) and p > 1, the Schatten p-norm is defined
as

ILI|, = (e |L?)7 . (2.3)

We extend this definition to all p >0, but note that ||| , is not a norm for p € (0, 1)

since it does not satisfy the triangle inequality.! In the limit p — o we recover
the operator norm or spectral norm, for p = 1 we obtain the trace norm, and for
p = 2 the Frobenius or Hilbert-Schmidt norm. Schatten norms are functions of the
singular values and thus unitarily invariant. Furthermore, by definition we have

2
1L, = HUH and |L|3, = HLUH - HULH . (2.4)
p p p
Schatten norms are ordered in the sense that

HLHP < HLHq for 1<g<p. (2.5)

Schatten norms are multiplicative under tensor products, i.e.,

n
L@ L@ @Lall, = [ TILell, (2.6)
k=1

Interestingly, among all possible norms only the Schatten p-norms with p > 1 are

unitarily invariant and at the same time multiplicative under tensor products [13,
Theorem 4.2].2

IFor p € (0, 1) the Schatten p-norm is thus only a quasi-norm.
These two properties are crucial for the pinching method discussed in Section 3.1.
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Exercise 2.3. Show that the Schatten p-norm defined in (2.3) is a norm for p > 1
and verify that it satisfies the properties mentioned above.

Schatten norms can be expressed in terms of a variational formula, i.e., we can
write it as the following optimization problem [23, Section IV.2].

Lemma 2.4 (Variational formula Schatten norm). Let L € L(A) and p > 1. Then
: 11
|Lll, = sup {|wrL'K]: [|K[|,=1} for —+-=1. (2.7)
KeL(A) p g
Schatten norms are submultiplicative, i.e., for Lj,L, € L(A) we have

ILiLall, < |ILi, L], forall p=> 1. (2.8)

A stronger result is obtained by the generalized Holder inequality for Schatten
(quasi) norms [23, Exercise IV.2.7] (see [79, Section 3.3] for a precise proof).

Proposition 2.5 (Holder’s inequality). Let n € N, p,py,....,pp € Ry and a
finite sequence (Ly)}_, of linear operators. Then

(2.9)

n n
[T <TTleel, for Yo —=
k=1 k=1 Pk

p

The function L — ||L||, for p > 1 is convex as the Schatten p-norm satisfies the
triangle inequality. This means that for any probability measure (t on a measurable
space (X,X) and a sequence (L,)ycx of linear operators, we have

/X 1 (dx) Ly

< [ R@)IL, for p=1. 2.10)
X
p

Quasi-norms with p € (0, 1) are no longer convex. However, we show that these
quasi-norms still satisfy an asymptotic convexity property for tensor products of
operators in the following sense [142].

Lemma 2.6. Let p € (0,1), u be a probability measure on (X,X) and consider a
sequence (By)yex of nonnegative operators. Then

1 1 logpol
—log < —log/ u(dx)HB;?m||p+gp—y(m). @.11)
m m X m

\ [ (@

p

15
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Proof. Let A denote the Hilbert space of dimension d where the nonnegative
operators B, act on. For any x € X, consider the spectral decomposition B, =
Y Alk)(k|. Let |v) = Y r/Alk) @ k) € A® A’ be a purification of B,, i.e.,
trar[ve)(vx| = By. Now note that the projectors (|vy)(vy|)®™ lie in the symmet-
ric subspace of (A ®A')®™ whose dimension grows as poly(m).> Moreover, we
have

[ (@B = | (@0t () ()" (2.12)

Carathéodory’s theorem (see, e.g., [50, Theorem 18]) ensures the existence of a
discrete probability measure P on I C X with |I| = poly(m) such that

LA LAWE" and [ w52, = Lrw]s,-
(2.13)

We thus have

) P(x)B"

xel

1
= —log (2.14)
m

1
—log
mn p

' | wiaose"

p

For p € (0,1) the Schatten p-norms only satisfy a weakened version of the
triangle inequality (see, e.g., [91, Equation 20]) of the form

p

n n
Y B <Y IB7. (2.15)
x=1 p x=1
Combining this with (2.14) gives
1
Liog | [ i@ < Liog (¥ o) 2.16)
m X Yl T m e e ‘
= Liog |I]117<iZHP(x)B®me>’1) L@
m |I|x€l * b
As the map 7 — t% is convex for p € (0, 1) (see Table 2.2) we obtain
1 1 19
—1 dx)BZ™|| < —log | |17 P(x)By" 2.18
T R I L 21s)

3This follows from the fact that the dimension of the symmetric subspace of A®™ is equal to
the number of types of sequences of d symbols of length m, which is polynomial in m (as shown
in (3.50)).
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2.3 Functions on Hermitian operators

_l ®m ll__p
_m10g<ZP(X)HBx H,,>+m S loglll - (2.19)

xel
1 1 1
:_10g (/‘u ‘B®mH ) M’ (2.20)
m
where the final step uses that |/| = poly(m). O

Combining Lemma 2.6 with (2.10) shows that for all p > 0 we have the fol-
lowing quasi-convexity property

dx) BZ™|| < logsup ||Bx || +

1 1
logpoly(m) 221)
p xeX m

1
—log
m

Lemma 2.6 will be particularly useful in combination with the pinching technique
presented in Section 3.1.

2.3 Functions on Hermitian operators

The set of Hermitian operators is equipped with a natural partial order, i.e., a
consistent way of saying that one operator is larger than another one or that two
operators are actually incomparable. For H;,H, € H(A) we say H; is larger than
H,, denoted by H| > H, if and only if H| — H> is nonnegative, i.e., Hy —H > 0, or
equivalently H; — H, € P(A). This defines a partial order (called Lowners partial
order) in the sense that two Hermitian operators may be incomparable.

For every Hermitian operator H € H(A) we can write down its spectral decom-
position, i.e.,

H= ) A, (2.22)
A€spec(H)

where IT; denotes the projector onto the eigenspace of A. For any continuous
function f : R — R we define the operator f(H) € H(A) as

fH):= Y fm, (2.23)

Aespec(H)

By definition we thus have f(UHU") = U f(H)U" for any unitary U € U(A). If
we consider a function f : R, — R, its operator-valued version maps nonnegative
operators to Hermitian operators.

17
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Definition 2.7. Let I C R. A function f : I — R is called operator monotone
if

Hl < H2 — f(Hl) < f(Hz), (224)

for all Hy,H> € H(A) with spec(H ), spec(H,) € 11t The function f is
operator anti-monotone if — f is operator monotone.

Definition 2.8. Let I C R. A function f : [ — R is called operator convex if
f(tHy + (1 —t)Hy) <tf(H)+ (1 —1)f(H2), (2.25)

forall ¢ € [0,1] and for all Hy, H, € H(A) with spec(H ), spec(H,) € II5pee(Hi)l,
The function f is operator concave if — f is operator convex.

A two-parameter function is called jointly convex (jointly concave) if it is convex
(concave) when taking convex combinations of the input tuples. For many func-
tions it has been determined if they are operator convex or operator monotone.
Table 2.2 summarizes a few prominent examples.

Table 2.2: Examples of operator monotone, convex and concave functions.

function domain monotone anti-monotone convex concave
t—t® (0,00) o€[0,1] ac[-1,00 ac[-1,00U[1,2] o< (0,1]
t—logt (0,) v X X v
t—tlogt [0,00) X X v X
t—el ICR X X X X

Note that 7 — ¢ is neither operator monotone, convex, nor concave for a < —1
and o > 2.

The following two propositions which can be found in [23, Theorem V.2.5]
and [35, Theorem 2.10] summarize some generic facts about the convexity and
monotonicity of certain functions on Hermitian operators.

Proposition 2.9. Let f: R, — R be continuous. Then, f is operator monotone
if and only if it is operator concave.

Proposition 2.10 (Convexity and monotonicity of trace functions). Let f: R — R
be continuous. If t — f(t) is monotone, so is H(A) > H — trf(H). Likewise, if
t+— f(t) is (strictly) convex, so is H(A) > H — trf(H).
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To show that a certain function is operator convex can be difficult and some-
times leads to deep and powerful results. We next discuss two such statements.

Theorem 2.11 (Peierls-Bogoliubov). The map
H(A) > H + logtre? (2.26)
is conyex.

Proof. The variational formula for the relative entropy (see (2.78)) shows that for
t €10,1] and H,,H, € H(A) we have

10gtr€lHl+(1_l)H2
= max {tr(tH, + (1 —1)H)p — D(p|lida)} (2.27)
pES(A)
<t max {trH;p —D(p|lida)} + (1 —¢) max {trH,p —D(p||ida)} (2.28)
pES(A) peS(A)
= tlogtre + (1 —1)logtre™ | (2.29)
where the final step uses (2.78). ]

For H|,H, € H(A) Theorem 2.11 implies that the function
(0,1] 3¢ — f(t) = logtref1 T1H2 (2.30)

is convex and hence

f(0) - £(0) o

Taking the limit# — O gives the following result which is called Peierls-Bogoliubov
inequality in the literature.

Corollary 2.12. Let H;,H, € H(A). Then

trefitH2  r Hyefh

trefl = trefh (2.32)

log

The next result is a concavity theorem [103]. As we will see later this re-
sult is deeply connected with Lieb’s triple operator inequality that is discussed in
Theorem 4.9 in Chapter 4.
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Theorem 2.13 (Lieb’s concavity theorem). Let H € H(A). The map
P, (A) 3 B s trefl t1osB (2.33)
is concave.

Proof. The variational formula for the relative entropy (see (2.91)) shows that for
t €[0,1] and By,B; € P.(A) we have

tr eH+log(zBl+(l—t)Bz)

= max {tr oH —D(w|[tBi + (1 —1)B,) + tro} (2.34)
weP, (A)
>t max {tra)H D(o||By)+tro}+ (1 —1) max {tra)H D(w||By)+tro}
w€P+ COEP+
(2.35)
= ttrelf 08B (1 _p)refltloeBr (2.36)

where penultimate step uses the joint convexity property of the relative entropy
(see Proposition 2.28). The final step follows from (2.91). L]

Another celebrated inequality for differentiable functions on nonnegative op-
erators is due to Klein.

Theorem 2.14 (Klein’s inequality). Let B1,B, € P(A) and f: (0,00) — R be
differentiable and convex. Then

trf(Bl) — tI‘f(Bz) > tr (B] —Bz)f/(Bz) . (2.37)
If f is strictly convex, there is equality if and only if By =

Proof. Define the function (0,1] > ¢+ g(¢) = tr f(tA; + (1 —t)A;) which accord-
ing to Proposition 2.10 is convex. This implies that

o(1) —g(0) > £ =80 ;g(o) : (2.38)
Taking the limit # — O shows that
—g(0
tl‘f(Al) —'[I‘f(Az) > tlgroloM = dt ( )|t -0 = tr(A1 Az)f/(Az). (2.39)

]

We close the discussion about functions on Hermitian operators by discussing
an operator version of Jensen’s inequality [60].
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Theorem 2.15 (Jensen’s operator inequality). Let [ C R and f : 1 — R be
continuous. Then, the following are equivalent

1. f is operator convex.

2. Foreveryn € N we have

f(Zumq>szyuumq, (2.40)
k=1

k=1

for all Hy € H(A) with spec(Hy) € I and all Ly € L(A,B) such that
Yi_ LiL] = idy.

3. f(VHVT) <V f(H)V forallV € V(A,B), H € H(A) such that spec(H) €
I

4. TIIf(IIHII+¢(1 —I0))II < I1f (H)II for all projectors I1 onto A, t € 1,
H € H(A) such that spec(H) € L.

2.4 Quantum channels

In this section we discuss how to model time evolutions of quantum mechanical
systems. One postulate of quantum mechanics” states that any isolated evolution
of a subsystem of a composite system over a fixed time interval [y, 7] corresponds
to a unitary operator on the state space of the subsystem. For a composite system
with state space A ® B and isolated evolutions on both subsystems described by
Us € U(A) and Up € U(B), respectively, any state pap € S(A ® B) at time 1y is
transformed into the state

s = (Us®@Up)pap(Ui @ US) (2.41)

at time #;. Since unitaries are reversible we see that isolated evolutions are re-
versible, too.

It is helpful to describe the behavior of subsystems in the general case where
there is interaction between A and B. Such evolutions are no longer isolated and
are irreversible. We note that it is always possible to embed the irreversible evolu-
tion into a larger system such that it becomes reversible. For the moment we will,
however, not follow this viewpoint and rather discuss the mathematical frame-
work to describe general physical evolutions. There are two equivalent ways to

4The interested reader can find more information about these postulates in [114, Section 2]
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describe the evolution of a quantum mechanical system, called Schrodinger and
Heisenberg picture. We will mainly work in the Schrodinger picture, the inter-
ested reader may consider [178] for more information about the Heisenberg pic-
ture.

A map & : L(A) — L(B) describes a physical evolution in a meaningful way
if it is linear, trace-preserving, and completely positive. Such maps are called
quantum channels and describe in a most general way a physical evolution. The
set of quantum channels from A to B, i.e., trace-preserving completely positive
maps from A to B, is denoted by TPCP(A, B).

Definition 2.16. A linear map & : L(A) — L(B) is called trace-preserving if
tré(w) =tro for all w € L(A).

Definition 2.17. A linear map & : L(A) — L(B) is called positive if &(w) €
P(B) for all @ € P(A). The map & is called completely positive if for any
Hilbert space R the map & ® % is positive.

Exercise 2.18. Construct a linear map & : L(A) — L(B) that is positive but not
completely positive.

There exist different representations of trace-preserving completely positive
maps. We briefly discuss the three most common ones: the Choi-Jamiolkowski
representation [36, 82], the Stinespring dilation [141], and the operator-sum rep-
resentation (also known as Kraus representation) [95].

For any linear map & : L(A) — L(B) the corresponding Jamiolkowski state is
defined by

Tg = (6 @ I ) (|Q2NARaar) » (2.42)

where

1 dim(A)
Qpp 1= —F———=
Dar = ) k;
denotes a maximally entangled state. The Jamiolkowski state fully characterizes
the map &.

IKK) 407 (2.43)

Proposition 2.19 (Choi-Jamiolkowski representation). The following provides
a one-to-one correspondence between linear maps & : L(A) — L(B) and op-
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erators T € L(B®A)
T = (R I4) (|| gur), tro&(c) =dimA)trts 00", (2.44)

forall ® € L(B), o € L(A) and where the transpose is taken with regards to
the Schmidt basis of Q. The mappings & — Te and Tg — & defined by (2.44)
are mutual inverses.

The Jamiolkowski state has a few nice properties. For example it allows us to
easily verify if a linear map is trace-preserving and completely positive, since

& is trace-preserving <= trpTg = diig?A) , (2.45)
and
& is completely positive <= 1. € P(BRA). (2.46)
We can express the map & in terms of its Jamiolkowski state as
&+ X — dim(A)try 1o (idg @ XT). (2.47)

Another representation of quantum channels shows that they can be viewed as
unitary evolutions by enlarging our space.

Proposition 2.20 (Stinespring dilation). Let & : L(A) — L(B) be linear and
completely positive. Then there exists an isometry V € V(A,B® R) such that

E: X arVXVT. (2.48)

This shows that any possible quantum channel corresponds to a unitary evolution
of a larger system.

We finally discuss another representation that shows that a channel can be
characterized by a sequence of operators.

Proposition 2.21 (Operator-sum representation). Let & : L(A) — L(B) be lin-
ear and completely positive. Then, there exists r < dim(A) dim(B) and a finite
sequence (Ey)ie|y) of operators Ey € L(A,B) such that

&:X— Y EXE]. (2.49)
k=1
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The mapping & is trace-preserving if and only if Y, EZEk = idy.

We note that r = rank(7g), where Tz is the Jamiolkowski state of &, is the Kraus
rank. The operators E} are sometimes called Kraus operators.

Exercise 2.22. Is the finite sequence (Ej) ke[, Of Kraus operators uniquely deter-
mined by &?

2.5 Entropy measures

Entropy measures are indispensable tools in classical and quantum information
theory. They characterize ultimate limits of various operational tasks such as data
compression or channel coding [135, 137]. In this thesis, we mainly use entropy
measures as mathematical objects whose properties are well studied [40,116,165].
We will not discuss the operational relevance of these measures. The interested
reader may consider [76, 165, 174] for more information.

We next define the entropic quantities that are relevant for this thesis. For a
density operator py € S(A) = {X € P(A) : trX = 1} the von Neumann entropy is
defined as

H(A)p =H(pa) := —trpalogpa. (2.50)
For a bipartite density operator psp € S(A ® B) the conditional entropy of A given
Bis

Finally, for a tripartite density operator papc € S(A ® B® C) we define the condi-
tional mutual information between A and C given B as

I(A:C|B), := H(AB), + H(BC), — H(ABC), — H(B), . (2.52)

All these entropy measures can be expressed in terms of the relative entropy. Be-
fore defining the relative entropy we discuss another measure called fidelity that
can be used to determine how close two nonnegative operators are.

2.5.1 Fidelity

The fidelity is measure of distance between two nonnegative operators that is ubig-
uitous in quantum information theory. Oftentimes it is defined for density opera-
tors only, however here we define it for general nonnegative operators and discuss
certain properties.
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Definition 2.23. For p,c € P(A) the fidelity between p and o is defined by
2
F(p,0):=|[vpVol;- (2.53)

The fidelity has various different characterizations.> One that is particularly useful
is due to Uhlmann and relates the fidelity to the notion of purifications [169].

Theorem 2.24 (Uhlmann). Let PAR = |l[/><l[/|AR and Car = |¢><¢|AR be pu-
rifications of pa € P(A) and 64 € P(A), respectively. Then

F(pa,0x) = sup |(w|(ida @ Ug)[9)|*. (2.54)
UREU(R)

Another characterization of the fidelity is due to Alberti [3].

Theorem 2.25 (Alberti). Let p,6 € P(A). Then

F(p,o)= inf (trpw)(trca™!). (2.55)
el (A)

One reason the fidelity plays an important role in quantum information theory
is due to the fact that it has nice properties. In the following we list some of them.
Proposition 2.26. The fidelity defined in (2.53) satisfies:

1. Multiplicativity F(p1 X P2,01Q 62) = F(p1 , G])F(pz, Gz)for all
p1,p2,01,02 € P(A).

2. Nonnegativity F(p,o) € [0,1] forall p,c € S(A) and F(p,0) =1
iffp=o0,and F(p,o)=0iff pc =0.
3. Isometric invar. F(VpVT VoV')=F(p,6)VVEV(A,B), p,ccP(A)
4. DPI F(p,0) <F(&(p),&(0)) ¥V p,0€P(A), £€TPCP(A,B).
5. Joint concavity (p,o)— F(p,0) is jointly concave on P(A) x P(A).
6. Orthogonality: F(tp1+ (1 —t)p2,to1+ (1 —1)02)
= tF(th])_'— (1 _t)F(p2762)

fort €10,1], p1 € S(A), p2 € S(B), 01 € P(A), 02 € P(B)
s.t. both p\ and o are orthogonal to both p> and 0>.

>We would like to draw the readers attention to the fact that in certain textbooks the fidelity is
defined without the square.
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Proof. The multiplicativity property follows from the fact that Schatten norms are
multiplicative under the tensor product

2
F(p18p2,0120) = |[/p18p2v/01263[| = [VP1v/61 ® VPav/Gal] (2.56)
2 2
= veirvailillvevorl| = F(p1,01)F(p2,02). (2.57)
The nonnegativity follows directly from Uhlmann’s theorem. By defintion we see

that F(p, ) = 0 if and only if \/p+/c = 0 which is equivalent to pc = 0. Since
Schatten norms are unitarily invariant we find

F(vpvi,vovh) = H\/VpVT\/VGVTHj - HV\/EVTV\/EVTH? — F(p,0),
(2.58)

which proves that the fidelity is isometric invariant.

We first show that data-processing inequality for the partial trace, i.e., we show
that

F(pAB; GAB) < F(pA, GA) forall pap,0ap € P(A ®B) . (2.59)

Let |W)apr and |@)apg be purifications of psp and o4p, respectively. Uhlmann’s
theorem shows that

F(pag,0ag) = sup |(w]idap® Ug|9)|? (2.60)
UreU(R)
and
F(pa,04)= sup |(wlidy @ Ugg|®)|*. (2.61)
Upr€U(BRR)

This proves (2.59). By the Stinespring dilation (see Proposition 2.20) there exists
an isometry V € V(A, B® R) such that

F(&(p),&(0)) =F(urVpVT,ugVpVh) > F(VpVi vpVvT) =F(p,0),
(2.62)

where the inequality step uses the DPI for the partial trace (as shown in (2.59)).
The final step follows from the isometric invariance of the fidelity.

The joint concavity property of the fidelity follows from Alberti’s theorem.
Fort € [0,1] and py,p, 01,0, € P(A) we have

F(tp1+ (1 —1)pa,to1+ (1 —1)02)
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= igf(A) {t(trpla))(trala)‘l) +(1 —t)(trpza))(trcrzw")} (2.63)
ek

21 ot {(pio)(u Gl )} +(1-1) o2t {(trp2e0)(tr oo ')} (2.64)

=tF(p1,01)+ (1 —1)F(p2,02). (2.65)

It thus remains to prove the final statement of the proposition. The joint con-
cavity of the fidelity implies that

F(tp1+(1—=1)p2,t01+ (1 —1)02) > tF(p1,01) + (1 —1)F(p2,02).  (2.66)

For the other direction, let ITj and I, denote the projectors onto the joint sup-
port of p;, 07 and py, 07, respectively. Furthermore, let p =rp; + (1 —¢)p, and
6 =101 + (1 —t)0y. The orthogonality assumption implies that IT; and IT; are
orthogonal and

Ip) = HlpHI and (1 —t)pz = Hzﬁnz. (267)

Let |) and |@) be purifications of p and &, respectively, such that F(p, &) =
|(]|@)|*. Equation (2.67) thus implies that IT; | ) and IT,| ) are purifications of
tpy and (1 —1t)py, respectively. Similarly, IT;|¢) and IT,|¢) are purifications of
to) and (1 —7)0,. By Uhlmann’s theorem (see Theorem 2.24) we thus have

F(p,6) = |(w|0)|" = |(9|TT1|@) + (¥|TL|¢)| (2.68)
<tF(p1,01)+ (1 —=1)F(p2,02). (2.69)

Combining this with (2.66) proves the assertion.
]

2.5.2 Relative entropy

Many entropy measures can be expressed in terms of the relative entropy.

Definition 2.27. For p € S(A) and o € P(A) the relative entropy between p
and o is defined as

| rp(logp —logo) ifp<o
Dipllo):= { +oo otherwise. il

It is easy to verify that H(A), = —D(pa|lida), H(A|B)p = —D(pag|lida ® pp) and
I(A:C|B) = D(pABCH exp(logpag +logppc — long)) ) (2.71)

As a result, in order to understand the mathematical properties of these several
different entropy measures it suffices to analyze the relative entropy.
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Proposition 2.28 (Properties of relative entropy). The relative entropy defined
in (2.70) satisfies

1. Additivity: D(p1 ®p2H61 X 62) = D(p1 HG]) —l—D(szGz)for all
p1 € S(A), o1 € P(A), p» € S(B), 6, € P(B).

2. Nonnegativity:  D(p||c) > 0 forall p,c € S(A) with equality iff p = .

3. Isometric invar.: D(VpVT||VoVT) =D(p||o) forall V € V(A,B), p € S(A),
o € P(A).

4. DPI: D(p|lo)>D(&(p)||& (o)) for all p € S(A), 6 € P(A),
& € TPCP(A,B).

5. Joint convexity: (p,0) — D(p||o) is jointly convex on P(A) x P(A).

6. Orthogonality: D(tp1 + (1 —t)pz||tor1 + (1 —1)02)

=tD(p1|lo1) + (1 —1)D(p2||02)
fort €[0,1], p1 € S(A), p2 € S(B), 01 € P(A), 02 € P(B)
s.t. both py and o1 are orthogonal to both p, and .

Proof. The properties of the tensor product explained in Exercise 3.10 show that

D(p1®p2||o1®02) =trpilogp; +trprlogps —trpilogo; —trpslogo, (2.72)
= D(p1]|o1) +D(p2|02), (2.73)

which proves the first property. The positive definiteness property of the relative
entropy follows directly from Klein’s inequality (see Theorem 2.14 with f(z) =
tlogt which is strictly convex for ¢t € (0,00)). The relative entropy is invariant
under isometries since logVpV'T = V(log p)VT for every isometry V and since the
trace is cyclic.

The proofs of the data processing inequality and the joint convexity of the rela-
tive entropy require more effort. We postpone the proof of these two properties to
Section 5.4. There we prove strengthened versions of the DPI (see Theorem 5.18)
and the joint convexity property (see Corollary 5.24) that immediately imply the
two statements of the Lemma.

It thus remains to prove the last assertion of the proposition. By the orthogo-
nality assumption we have

log (1p1 + (1 —1)p2) = logtp; +1log(1 —1)p> (2.74)
=logt +log(1—1)+logp; +1logps, (2.75)

which thus implies the desired statement.
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The relative entropy features a variational formula, i.e., it can be expressed a
the following convex optimization problem [19, 120], which will be important in
Chapter 5.

Lemma 2.29 (Variational formula for relative entropy). Let p € S(A) and
o € P(A). Then

D(p|lc) = sup {trploga) —logtrel°g6+l°g“’} (2.76)
o<l (A)

= sup Jtrplogw+1 —trelog"“"g“’} : (2.77)
(DEP+(A)

Proof. We first show that for H € H(A) and ¢ € P, (A) we have

logtrefitlogo — msax {trpH —D(p||o)}. (2.78)
pES(
To see this define
f(p)=trpH—D(p||o). (2.79)

Let p = Y3 espec(p) ALy denote the spectral decomposition of p. Since p € S(A)
we have Y3 copec(p) A < 1 and A > 0. We therefore can write

( ) /1H7L> Y, (AuIl H+AuTlylogo —AlogA) . (2.80)
Aespec(p) Aespec(p)

Since

= oo, 2.81)
A=0

w(.x )
Aespec(p)

we can conclude that the minimizer of (2.78) is a strictly positive operator p with
trp = 1. For any K € H(A) with trK = 0 we have

d
0= f(p+iK)li=o = wK(H +logo —logp). (2.82)

This shows that H +log ¢ —log p is proportional to the identity operator and hence

eH+log0'
P= g and  f(p) =logire™ e, (2.83)
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which proves (2.78).

We are now ready to prove (2.76). Equation (2.78) implies that for @ € P, (A)
the functional

H(A) > H > logtref t1og® (2.84)
is convex.® Let H = logp —log ¢ and consider the function
H(A) > H — g(H) := trpH —logtref’t10¢7 (2.85)

which is concave as explained before. For any K € H(A) we have

d -

&g(H‘HK)h:O =0, (2.86)
since trp = 1 and JtrelsP+K|,_o = trpK. As aresult, A is the maximizer of g
and

g(A) =trp(logp —logo) = D(p| o). (2.87)

Recalling that every H € H(A) can be written as H = log @ for some @ € Py (A)
then proves (2.76).

It thus remains to show (2.77). Note that logx < x— 1 for x € R} and hence
logtrelogotlog® < pelogotlog® _ 1 Consequently, we have

sup {trploga) - logtrelog6+log“’} > sup {trplogw+ 1 —trelog6+l°g“’} :
weP(A) 0eP, (A)

(2.88)

Since trp log ® — logtre!°29+1°2@ 5 invariant under the substitution @ — o for

a € R we can assume without loss of generality that @ is such that trel°2o+10g® —
1. That is, we have

sup {trp logw —log trelogO'Jrlogw}

wePL (A)
= sup {trploga) —logtrel08otlogd . elogotlogd 1} (2.89)
(J)eP+(A)
< sup {trp logw — 1+ tre'°® G+]°gw} . (2.90)
W€ePL(A)
Combining this with (2.88) proves (2.77). [

This can be seen as follows. Let 2 > x ~— f(x,y) be an affine function. Then, g(x) =
max,cq f(x,y) is convex since for ¢ € [0,1] we have g(tx; + (1 —1)x2) = maxyeq { f(tx + (1 —
1)x2,3)} = maxyea {1 (x1,) + (1 =1)f (x2,5)} <18(x1) + (1 =1)g(x2).
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2.5 Entropy measures

Exercise 2.30. Verify that the optimization problem in Lemma 2.29 is convex
optimization problem (i.e., maximizing a concave function over a convex set [25]).

Remark 2.31. Another variational formula for the relative entropy that is similar
to (2.78) has been derived in [167]. It states that for any H € H(A) and 6 € P, (A)
we have

trefflogo — max {roH — D(0||o) +tro}. (2.91)
wc +

Exercise 2.32. For any B € P (A) the trace features the following variational for-
mula [167]

trB= max {trX D(X||B)}. (2.92)
X€P+

Use Klein’s inequality (see Theorem 2.14) to prove (2.92) and show how (2.92)
can be used to verify (2.91).

2.5.3 Measured relative entropy

Another quantity that will be important in this thesis is the measured relative
entropy which is defined as a maximization of the classical relative entropy over
all measurement statistics that are attainable from two quantum states.

Definition 2.33. For p € S(A) and o € P(A) the measured relative entropy
between p and o is defined as

m(pllo) := sup D(Poul|Pon), (2.93)
(X, M)

with POVMs M on the power-set of a finite set X, and Pp p/(x) := trpM(x).

At first sight this definition seems cumbersome because we cannot restrict the size
of 2 that we optimize over. Alternatively, the measured relative entropy can be
expressed as the supremum of the relative entropy with measured inputs over all
POVMs, i.e.,

Dy(pllo) = sup D(M(p)|M(c)) , (2.94)

where . is the set of all classical-quantum channels M(®) = ¥ (tr M @) |x){x|
with (M,) a POVM and (|x)) an orthonormal basis.

As we will see, the measured relative entropy has interesting properties. Fur-
thermore it has a variational characterization, i.e., it can be expressed as the fol-
lowing convex optimization problem [19, 122].
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Lemma 2.34 (Variational formula for measured relative entropy). Let p €
S(A) and 6 € P(A). Then

Dy(pllo)= sup {trplogw—logtrocw} = sup {trplogw+1—-trow}.
(OEP+(A) (DEP+(A)
(2.95)

Proof. We start by defining the projective measured relative entropy, where the
measurements are assumed to be projective, i.e.,

dim(A) 1]
Dp(p|lo):=  sup { Z terplogterI; , (2.96)
M} repgimay (k=1 k

where {Hk}zlzml(A) is a set of mutually orthogonal projectors. Without loss of gen-
erality it can be assumed that these projectors are rank-one as any course graining
of the measurement outcomes can only reduce the relative entropy due to its data-
processing inequality (see Proposition 2.28). We now first show that

Dp(pllo) = sup {trplogmw—logtromw} (2.97)
(OEP+(A)

= sup {trplogw+1—trom}. (2.98)
weP, (A)

If p £ o, all expressions in (2.98) are unbounded. We therefore assume that
p < 0. We can write

sup {trplogow+1—trow}
(UGP+(A)

dim(A)
= sup sup { Y (k) (log A +1) —kkterO')} , (2.99)
{Mk teefdim(a)y {Aebreldimea)y) L k=1

where A; > 0 are the eigenvalues of @ corresponding to the eigenvectors given
by the rank-one projectors II; and we used that trp = 1. Since p < o, for all
k € [dim(A)] such that trIT;c = 0 we also have trIT;p = 0. If trII;c > 0 and
trIzp = 0, then the supremum of the k-th term is sup;, —Atr I = 0 which is
achieved for A; — 0. As a result, the only relevant case is trIT;c > 0 and tr[T;p >
0. Since, A — (trIlgp) (log Ay + 1) — AtrIT; o is concave with maximizer A =

gg;g. Combining this with (2.99) shows that

dim(A) trIT;p
sup {trplogw+1—trow} = sup Z trIT;p log (2.100)
weP, (A) {T Hegim@ay k=1 trIlio
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=Dp(p| o). (2.101)

We note that logx < x—1 for x € Ry and hence —logtro® > 1 —trow. This
shows that

sup {trplogw —logtrow} > sup {trplogw+1—trocw}. (2.102)
weP, (A) weP (A)

Since tr p log @ —logtr o w is invariant under the substitution ® — ot for oc € R
we can assume without loss of generality that @ is such that trow = 1. That is,
we have

sup{trplogw —logtrow}= sup {trplogw —logtrow :trocw =1} (2.103)
W€EP(A) weP, (A)
< sup {trplogw+1—trow}. (2.104)
0eP(A)

Combining (2.101), (2.102), and (2.104) proves (2.98).

It thus remains to show that Dp(p||c) = Dyi(p||o). We note that Dp(p||o) <
Dyi(p|lo) holds by definition and if p &« ¢ we have Dp(p||c) = Dy(p||o) =
+oo. It thus suffices to prove Dp(p||c) > Dyi(p||o) for p < o. Let (Z°,M) be
a POVM that achieves the measured relative entropy and recall that P, p/(x) :=
trM(x)p. For 27 :={x € 2" : Py y(x)Psm(x) > 0} we find

Dyi(pllo) = D(Pp.m||Ps.m) (2.105)
_ Pp m(x)
= xe{g‘,{,Pp,M (x)log Pot () (2.106)
=trp Y M(x) 1ogP”L(x) (2.107)
xeZ"’ Po M( ) -
=trp Z /M (x)log ( )1d ) M(x). (2.108)
xe! M( )

The operator Jensen inequality (see Theorem 2.15) then shows that

P
Dy (pl|o) <trplog< Z M(x p’M(x)> =trplogw+1—trow (2.109)

xeZ'! PGvM(x>
< Dy(plo), (2.110)
f _ M Pp,M(x) .
or W=7y ,cq (x)m, since
FPpm(x)
too= Y Poy@)LZ=Y Py =1. (2.111)
XEZ%” ’ PG7M<X) xezﬂéf’ g
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The final step in (2.109) follows from (2.98). This proves the assertion.
[

The measured relative entropy has remarkable properties. Several of them are
directly inherited from the relative entropy.

Proposition 2.35 (Properties of measured relative entropy). The measured rela-
tive entropy defined in (2.93) satisfies

1. Submult.: Dyi(p1 ® pal|o1 ® 62) > Dyvi(p1]|o1) + Dyvi(p2]|02) for all
p1 € S(A), O] € P(A), P2 € S(B), Oy € P(B).

2. Nonnegativity: Dy (p||o) > 0 for all p,o € S(A) with equality iff p = ©.

3. Isometric invar.: Dy (VpVT||[VoVT) = Dy(p| o) for all V € V(A,B),
p € S(A), o € P(A).

4. DPI: Dyi(pllo) = Dm(&(p)||& (o)) forall p € S(A), 0 € P(A),
& € TPCP(A, B).

5. Joint convexity: (p,o) +— Dy(p||o) is jointly convex on P(A) x P(A).

6. Orthogonality: Dy (tp1 + (1 —t)pzljtor + (1 —1)02)
= tDy(p1][o1) + (1 —1)Dm(p2||02)
fort€10,1], p1 €S(A), p2 € S(B), 01 € P(A), 02 € P(B)
s.t. both p and o are orthogonal to both p> and 0>.

Proof. The submultiplicativity follows by definition of the measured relative en-
tropy. The nonnegativity property is directly inherited from the classical relative
entropy. The isometric invariance can be easily derived from the variational for-
mula (2.95). Let ® € P(B) be the optimizer for Dy;(VpV'||[VoVT). Then,

Du(VpVT|[VeVT) =uVpVilogw —logtrVoV o (2.112)
—trplog(Vi@wV) —logtroV' eV (2.113)
<Du(p|o), (2.114)

where the final inequality step uses that V@V € P(A). Conversely, for @ € P(A)
being the optimizer for Dy (p||o) we find

Du(VpVT|[VeVT) > uVpVilogVeV' —logtrVeV VevT (2.115)
=trplogw —logtrow (2.116)
= Du(p|o). 2.117)

The joint convexity follows from the joint convexity of the relative entropy.
Fort € [0,1], p1,p2 € S(A), 01,02 € P(A) we have

DM(l‘pl—i—(l—l‘)pg”l‘Gr}—(l—l)Gz)
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=D(tPp, p1+ (1 —1)Po, m||tPoy st + (1 —1)Poy i) (2.118)
< tD(Pp, m||Poy 1) + (1 = 1)D(Pp, 1| Po, ;1) (2.119)
<tDy(p1]|o1) + (1 —t)Dyi(oy]|02) . (2.120)
It is well-known (see, e.g. [ 165, Proposition 4.2]) that the joint convexity property

(together with the unitary invariance and the submultiplicativity property) implies
the data-processing inequality.

It thus remains to verify the final statement of the proposition. Recall that
the measured relative entropy can be expressed as (2.94). Let (M) and (Mj) be
POVMs such that

M(tp+ (1= 1)p2) =1 Y eMypr)al + (1) Y urMpaly)yl.  (2.121)
X y

We thus find

Dy (tp1 + (1 —1)p2ltor + (1 —1)02)
> D(M(tp1 + (1 —1)p2) |M (101 + (1 —1)52)) (2.122)

=1tD (ZtrM ><x|)
(1-1)D (Z“§MM@MZW%®M@O (2.123)

where final penultimate step uses Proposition 2.28. As this is valid for all POVMs
(M) and (My), we can take the supremum over those and thus obtain

Dy (1p1 + (1 —1)pa|ltor + (1 —1)62) > tDm(pi]|o1) + (1 —1)Dra(pa[62) -
(2.124)

The other direction follows by the joint convexity of the relative entropy (see
Proposition 2.28). By (2.94) there exists a POVM (M) such that

Dy (tp1 + (1 —1)p2|tor + (1 —1)02)

=D (Z(fU”MxPl + (1 —1)tr Myp2) | x)(x|

X

ZmMm+14MM®WWO

<tD (Zterpl ) (x| ) tr Moy ]x)<x|>
X X
+(1—1t)D (ZtrM )<x|> (2.125)
<tDy(p1l||o1)+ (1 —1)Dyi(p2||02) - (2.126)
Combining this with (2.124) proves the assertion. O
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Unlike the relative entropy, the measured relative entropy is not additive un-
der tensor products. The following proposition states how the measured relative
entropy is related to the relative entropy and the fidelity.

Proposition 2.36. Let p € S(A) and 6 € P(A). The measured relative entropy
defined in (2.93) satisfies

1. Dy(pllo) < D(p||o) with equality if and only if [p, o] = 0.
2. Du(pllo) = —logF(p,0).

3. limy e - Dy (p®"||6®™) = D(p||0).

Proof. The first property of the proposition follows directly from the Golden-
Thompson inequality (see Theorem 4.1) together with the variational formulas
for the relative and measured relative entropy (see Lemma 2.29 and Lemma 2.34,
respectively). To prove the second property, we recall that by Alberti’s theorem
(see Theorem 2.25) there exists @ € P, (A) such that

—logF(p,0) = —logtrp® —logtrom ™! (2.127)
< —logtre'o2PH1oe® _ Jootrge! (2.128)
<trplogow ! —logtrom™! (2.129)
< Dy(pllo), (2.130)

where the first inequality follows from the Golden-Thompson inequality. The
second inequality uses the Peierls-Bogoliubov inequality (see Corollary 2.12 ap-
plied for H| = logp and H, = log ®). The final step uses the variational formula
for the measured relative entropy (see Lemma 2.34). The third statement of the
proposition is proven in [165, Section 4.3.3]. ]

We have seen in Proposition 2.35 that the measured relative entropy is jointly
convex in its arguments. The following lemma shows that the measured relative
entropy also satisfies a weak form of a concavity property in its second argu-
ment [153, Lemma 3.11].

Lemma 2.37. Let X be a compact space. For any probability measure |1 on X,
any sequence (Oy)yex such that o, € P(A) for all x € X, any p € S(A) and any
n €N, we have

| .
r—lDM<p®" /Xu(dx)o;@")> min  Du(p|lo). (2.131)

" oecconv{oy:xeX}
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Proof. The variational characterization for the measured relative entropy given by
Lemma 2.34 implies

Dm(p®” /X u(dx)qé@”)
> sup {tr(p®”loga)®”)—logtr</ u(dx)cj?”w(}@”)} (2.132)
WePL(A)
> sup min{ntr(plogw)—nlogtr(cym)} . (2.133)
weP, () *X

For x € R, clearly logx < x— 1 and thus —logtr(cw) > 1 —tr(cw) for all ® €
Pi(A). This implies that

Dt (p®| [ miavoi”)
>n sup min{tr(plogw)+1—tr(cym)} (2.134)
weP, (4) *<X
>n sup min {r(plogw)+1—tr(cw)} . (2.135)

weP, (4) 9€conv{ o, :xEX}

The function @ — tr(plog®) + 1 — tr(cw) is concave and the function ¢ +—
tr(plogw)+1—tr(cw) is linear. The set conv{ oy : x € X } is compact and convex
and the set of strictly positive operators is convex. As a result we can apply Sion’s
minimax theorem [139] which gives

1
_DM Xn / ‘u ®n>
> min sup {tr(plogw)+1—tr(cw)} (2.136)
oeconv{a::xEX} P, (A)
= min Dy(pllo), (2.137)

oecconv{o:xeX}

where the final step follows by the variational characterization of the measured
relative entropy given in Lemma 2.34. ]

Remark 2.38. We note that Lemma 2.37 is no longer valid if the measured relative
entropy terms in (2.131) are replaced with relative entropy terms. This can be
seen by contradiction. Suppose (2.131) is valid for relative entropies. Theorem 12
from [18] implies that for any papc € S(A ® B® C) we have’

1
I(A: C|B), > lim sup D pABCH dtﬁo VT (pas)® ) (2.138)

n—soo N

This is explained in more detail in Remark 5.8.
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D(pasc||%Zs—pc(pag)) 4 (2.139)
where By is a probability density defined in (3.57), L?B[iBC is a recovery map
defined in (5.2) for all 7 € R, and a recovery map % _,pc € TPCP(B,B®C). In-
equality (2.139) however is in contradiction with [52, Section 5] (see Remark 5.7
for further details) which shows that (2.131) is not valid for relative entropies.

2.5.4 Rényi relative entropy

There exist different families of relative entropies that are useful in quantum infor-
mation theory. Among the most prominent examples are the so-called Rényi rela-
tive entropies that are carefully discussed in several textbooks such as, e.g., [165].
In this section, we review a specific member of this family called the minimal
Rényi relative entropy that has been introduced in [112, 176].

Definition 2.39. For o € (0,1) U (1,00), p € S(A) and 6 € P(A) the minimal
Rényi relative entropy between p and o is defined as

ifp<Koora<l

Do(p|o) := (2.140)

—O
%logHo % po T
o0 otherwise .

The minimal Rényi relative entropy is also known as sandwiched Rényi relative
entropy. It satisfies many desirable properties. We will only discuss those that are
relevant for this thesis. The interested reader can find a more detailed treatment
about this entropy measure in [165].

The family of minimal Rényi relative entropies comprises three particularly
well-known one-shot relative entropies, i.e., the min-relative entropy [128]

Duin(p]|0) == —log | BV} = ~logF(p.0) =Dy (pllo), (2141
the relative entropy
D(p|lo) = lim Dy (p|/0), (2.142)
a—1
and the max-relative entropy [44,128]

Dnax(pllo) :=inf{]l eR:p < 2’16} =log HG_%pG_% (2.143)

o)

= lim Dqy(p||o). (2.144)

o —ro0
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As the names suggest, the min-relative entropy cannot be larger than the max-
relative entropy, or more precisely we have

Dnin(pllo) < D(p||o) < Dmax(pl|o), (2.145)

with strict inequalities in the generic case. The max-relative entropy turns out to
be the largest relative entropy measure that satisfies the data-processing inequality
and is additive under tensor products [165, Section 4.2.4]. It is known that the
minimal a-Rényi relative entropy is monotonically increasing in o [112].

Lemma 2.40. Let p € S(A), 0 € P(A), a,a’ € (0,%0) such that o« < o&'. Then

Da(pHG> SDa’(pHG)- (2.146)

The minimal Rényi divergence vanishes if and only if its two arguments coin-
cide, i.e.,

Dy (pllo) =0 for o€ (5,1)U(1,0) = p=oc. (2.147)

We first note that Lemma 2.40 guarantees that Dy (p||c) = 0 implies D, (p||o) =
0 and hence by Proposition 2.26 we have p = ¢. The other direction fzollows by
definition of the minimal Rényi divergence.

It is well-known that the relative entropy does not satisfy the triangle in-
equality. For the three (classical) qubit states p = |0)(0| + $ids, o = [1)(1] +
lidy, and ® = 1idy, we have D(p||o) > D(p|®) + D(w||c). The following
lemma proves a triangle-like inequality for the minimal quantum Rényi relative
entropy [37, 149].

Lemma 2.41. Let p € S(A), 0,0 € P(A) and let & € [}, ). Then

De(pl|o) < Da(p||®) 4 Dmax (@|0).- (2.148)

Proof. For a € [%, 1), the function 7 — 1 s operator monotone on [0, ) (see
Table 2.2). Furthermore, according to Proposition 2.10, the function P(A) 5 X
trX% is monotone. By definition of the max-relative entropy we find

Dq(pllo) =

1 1 1-a 1\@
110gtr(p20' @ p2> < Dy (p||®) + Dmax (0]|G) . (2.149)

) I~ .
For a € (1,0) the argument is exactly the same, where we note that ¢ — ta is
operator anti-monotone (see Table 2.2). The case o = 1 then follows by continu-
ity. ]
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2.6 Background and further reading

We refer to Bhatia’s book [23, Chapter IV] for a comprehensive introduction to
matrix norms. Functions on Hermitian operators are carefully treated in Carlen’s
book [35], Bhatia’s book about matrix analysis [23] (see also [24] for an empha-
sis on positive definite operators), Hiai and Petz’ book [74], Simon’s book [138],
Ohya and Petz’ book [116], and Zhang’s book [180]. An important result for op-
erator monotone and operator convex function is the Lowner-Heinz theorem [108]
(see also [47] for a more general version) which is summarized in Table 2.2. An
alternative proof for the Peierls-Bogoliubov theorem can be found in [35, The-
orem 2.12]. Lieb’s theorem was proven in the remarkable paper [103]. Tropp
showed how Lieb’s theorem can be derived from the joint convexity of the rela-
tive entropy [167].

Entropy measures are carefully discussed in various books, such as the one by
Ohya and Petz [116], Nielsen and Chuang [114], Wilde [174], Hayashi [63, 64],
Tomamichel [165], and Holevo [76]. The fidelity was introduced by Uhlmann
[169] and later popularized in quantum information theory by Josza [84]. The
fidelity features another characterization that is not discussed here. It can be
expressed as a semidefinite program [173]. Appendix B of [53] discussed fur-
ther interesting properties of the fidelity. The relative entropy was introduced by
Umegaki [171] and then used in mathematical physics by Lindblad [107]. Re-
cently it was shown [111] that the DPI for the relative entropy is valid even for
trace-preserving positive maps. The measured relative entropy was first studied
by Donald [46] as well as Hiai and Petz [71]. More information about quantum
channels can be found in Wolf’s lecture notes [178] and Holevo’s book [76].
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Chapter 3

Tools for non-commuting operators

Abstract. Complementarity is one of the central mysteries of quantum mechan-
ics. In the mathematical formalism this is represented by the fact that different
operators do not necessarily commute. In this chapter we discuss two different
mathematical tools to deal with non-commuting operators.

One eminent difference between classical physics and quantum mechanics is the
principle of complementarity. This phenomenon arises from the fact that quantum
mechanical operators (unlike classical ones) do not commute in general. Com-
plementarity summarizes different purely quantum mechanical features such as
uncertainty relations [39,67] or the wave-particle duality [54].

On a more technical level, the complementarity aspect of quantum mechanics
displays a major hurdle in the rigorous understanding of the behavior of quantum
mechanical systems. To name one example, consider the conditional mutual in-
formation. Let Pyyz denote a classical tripartite distribution. It is straightforward
to verify that the conditional mutual information defined in (1.4) is nonnegative,
ie., I(X :Z|Y)p >0." For quantum mechanical systems this gets more compli-
cated. The celebrated strong subadditivity of quantum entropy (SSA) [104, 105]
ensures that for any tripartite density operator pspc we have

I(A:C|B), := H(AB), + H(BC), — H(ABC), —H(B), >0.  (3.1)

Unlike the classical case, this result is far from being trivial which is mainly due
to the fact that density operators and their marginals do not commute. We will
discuss the proof of SSA in Section 5.2.

IThis follows for example immediately from the variational formula for the (classical) condi-
tional mutual information given in (1.7).

41



Chapter 3. Tools for non-commuting operators

To understand the properties of quantum mechanical systems, we need tools
to deal with non-commuting operators. In this chapter, we will discuss two tech-
niques that can be useful for this purpose — the method of pinching and complex
interpolation theory. Another tool that is helpful are trace inequalities which are
discussed in Chapter 4.

3.1 Pinching

Any Hermitian operator H € H(A) has a spectral decomposition, i.e., it can be
written as

H= ) A, (3.2)

Aespec(H)

where A € spec(H) C R are unique eigenvalues and IT) are mutually orthogonal
projectors. For k¥ > 0, let us define the following family of probability densities
on R

Ui (t) = 12 (3+cos(Kt) —4cos (ﬂ)) : (3.3)

oKt 2

Its Fourier transform fi, turns out to be a convolution of two centered triangular
functions of width x, i.e.,

- 3, . .
fi(®) = E(trlk*tn,c)(a)), (3.4)
where
. -2 <k
t = K - 3.5
ri(¥) { 0 otherwise . (3-3)

We immediately see that [i satisfies the following properties:
1. fie(0) = 1.

fic(w) = 0 if and only if |@| > k.

® — [l(w) is a real valued even function.

® — [l(®) is monotonically decreasing for w € R .

fix(@) € [0,1].

Exercise 3.1. Verify that i, is a probability distribution on R for all k¥ > 0 and its
Fourier transform [l satisfies the properties given above.

A
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3.1 Pinching

3.1.1 Spectral pinching

The motivation for studying the spectral pinching method arises from the fol-
lowing (vague) question: Given two Hermitian operators H; and H; that do not
commute. Does there exist a method to modify one of the two operators such
that they commute without completely destroying the structure of the original op-
erator? The spectral pinching method achieves this task. Before explaining this
method in detail we have to introduce the pinching map.

Definition 3.2. Let H € H(A) with a spectral decomposition given in (3.2).
The pinching map with respect to H is defined as

Py HA) X — ) ILXI,. (3.6)
Aespec(H)

Pinching maps have several nice properties. They are trace-preserving, com-
pletely positive, unital, self-adjoint, and can be viewed as dephasing operations
that remove off-diagonal blocks of an operator.” As a result, if we pinch a Her-
mitian operator H; with respect to another Hermitian operator H;, the resulting
operator &y, (H;) commutes with H,. This will be explained more carefully in
Lemma 3.5.

Exercise 3.3. Verify that the pinching map is trace-preserving, completely posi-
tive and unital.

The pinching map features an alternative representation. It can be written as
an average over commuting unitaries. The spectral gap of a Hermitian opera-
tor H with eigenvalues (Ay) is defined as the smallest distance of two distinct
eigenvalues, i.e., Ay :=min{|Ax — A;| : 4 # A;}.

Lemma 3.4 (Integral representation of pinching map). Let H € H(A) and Ly as
defined in (3.3). Then

Py(X) = / ) depa,, (1) e Xe ™ forall X € H(A). (3.7)

Proof. We start by recalling the spectral decomposition of H, i.e.,

H= Y A, (3.8)
A€spec(H)

ZHence the name pinching map, as it pinches the off-diagonal blocks.
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Chapter 3. Tools for non-commuting operators

and the fact that eigenvectors corresponding to distinct eigenvalues of Hermitian
operators are orthogonal. We thus have for any t € R

= Y (3.9)
Aespec(H)
and
itHyr ,—itH __ —it(A'=2)
fxe™ =Y e IT, XTIy, . (3.10)
A, A espec(H)

With this we obtain
/ dr i, () e xeH = / dipa, () Y, e M1, G
- - A, A'espec(H)

= ) ILXIfa, (A —A), (3.12)
A,A'espec(H)

where in the final step we used the linearity of the integral to interchange the
integral and the summation. Employing Property 1 and Property 2 of fl,, and the
definition of the spectral gap Ay we obtain

/ dtpp, (1) xe " = Y IL XTI, = Pu(X), (3.13)
e A€espec(H)

which proves the assertion.’ ]

As mentioned at the beginning of this chapter, the pinching map can be used
to modify one Hermitian operator such that it commutes with another Hermitian
operator. Pinching maps are user-friendly since they fulfill several nice properties.
The following lemma summarizes the most important ones. In Section 3.1.3,
we demonstrate how pinching maps can be used to prove the Golden-Thompson
inequality (see Theorem 4.1) in an intuitive and transparent way.

Lemma 3.5 (Properties of pinching map). Let H € H(A). Then
1. [Zy(X),H|=0 forallX € H(A).
2. Py(X)> M)TI(H)‘X forall X € P(A). (Pinching inequality)
3. wuPy(X)H=twXH forall X € H(A).
4. f(Pu(X)) < Zu(f(X)) forallX € H(A) and f(-) operator convex.

3We note that every probability measure whose Fourier transform satisfies Property 1 and
Property 2 would work for Lemma 3.4.
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3.1 Pinching

5. 12X < IX|l|  forall X € H(A) and any unitarily inv. norm |||-|||.

Proof. Since eigenvectors corresponding to distinct eigenvalues of Hermitian op-
erators are orthogonal we find

Py(X)H= Y ILXILHAT, = )  AILXII, (3.14)
A, A'espec(H) A€spec(H)
= )  ANIQHILXIL, =HZ4(X), (3.15)

A, A'espec(H)
which proves the first statement of the lemma.

The pinching inequality follows since

Zu(X)= ) ILXII, (3.16)
Aespec(H)
1 specz(m .
. U, XU. (3.17)
spec(H)| &
1
> .
= Tspec()] G198

for all X € P(A), where spec(H) := {A1,..., Aspec(rr)| } @nd

spec(H)| o
VzZ

U, = exp (—) I, (3.19)

= L o (e )

are unitaries, where (3.17) uses the fact that

et iomv(e—
(M) — |spec(H)[1{z =7} . (3.20)

The inequality step in (3.18) follows form the facts that U, X UyJr > 0and Ugpec(m)) =
idy.

The third property of the lemma follows from the cyclic property of the trace
and the fact that e’ commutes with H for all t € R. Lemma 3.4 shows that

tr Py (X)H = / drpa,, (O)tre xe HH = / drua, (O XH — (3.21)
—trXH. (3.22)

The fourth property of the lemma follows form Jensen’s operator inequality
(see Theorem 2.15) which shows that in case f is operator convex we have

f(Zax)=f( L MXM)< ¥ ILfXm (23
)

Aespec(H) Aespec(H
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Chapter 3. Tools for non-commuting operators

= Zu(f(x)). (3.24)

Finally it remains to prove the fifth property of the lemma. Lemma 3.4 shows
that

m / dra, (1)e xe i ||| < / drpia, (1) ‘ eifH xe—itH H (3.25)

= [ atua, 01X (326)

=[x, (3.27)

where the penultimate step uses that e’ is unitary for all r € R. [

3.1.2 Smooth spectral pinching

The pinching map can change an operator considerably. More precisely, there
exist Hermitian operators Hy,H, € H(A) such that Zy,(H;) is far from H;. To
see this let 6 € (0,1) and consider the following two-dimensional operators H; =
10)(0| and Hy = (1 — 8)'% + §|+)(-+|, where |+) := J5(10) +1)). A simple

calculation reveals that Py, (H;) = idTZ and hence |H| — Py, (H))
0€(0,1).

We next discuss a smooth version of the pinching method which guarantees
that the pinching does not change the operator too much at the cost that Property 1
of Lemma 3.5 no longer holds.

= 1 for any

Hoo

Definition 3.6. Let H € H(A) with a spectral decomposition given in (3.2)
and x > 0. The k-smooth pinching map with respect to H is defined as

PE . HA) S X / dr e (1) X e iH | (3.28)
with probability density u, defined in (3.2).
For any k¥ < Ay the x-smooth pinching map coincides with the regular pinching
map given in Definition 3.2. This can be easily seen from the proof of Lemma 3.4.
As a result, whenever k¥ < Ay, we write &y instead of 27f;. The k-smooth

pinching map fulfills several nice properties that are summarized in the following
lemma.
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3.1 Pinching

Lemma 3.7 (Properties of smooth pinching map). Let k > 0, H,X € H(A),

and ||-||| a unitarily invariant norm. Then
1 |[H, Zg I < II[H, X]|ll-
2. IlH, Xl < < IX 1| 1{x > An}.
3. Let |h), |I') be eigenvectors of H with corresponding eigenvalues h, h'
such that |h— | > k. Then, (h| 2} (X)|h') = 0.
1210g2
4. 11X = ZEX)| < IH, X))l =7~
5. 2Ol < IlIXIl-

Properties 2 and 4 suggest that there is a tradeoff between reducing the commu-
tator to zero (by choosing k¥ < Ay) and increasing the distance between X and
2§ (X). Before proving the lemma we state a technical result that is used in the
proof, and which shows that the complex matrix exponential is operator Lipschitz
continuous.

Lemma 3.8. Let L€ L(A), H < H(A) andt € R. Then

(3.29)

itH
iz || < ez, ml.,
Proof. Since H is Hermitian it can be decomposed into H = UAU", where A is
a diagonal matrices containing the eigenvalues of H and U is a unitary matrix
whose rows consist of the eigenvectors of H. Since the operator norm is unitarily
invariant we obtain

L, et H - H [U*Lv,eifA]H < H UTLU,A] H - H IL,UAU"] H (3.30)

= [tlI[LH]l.,  (3.3D)
where the inequality step uses the fact that the function f : x — e!™*
continuous with constant |¢| and the fact that A is diagonal. As a result A +— e
is operator Lipschitz continuous on the set of diagonal matrices with constant |¢|.
Theorem 3.1 in [5] then implies the assertion. ]

is Lipschitz
itA

Lemma 3.7. Since H and X are Hermitian and [i, is an even function it follows
that 27§ (X) is Hermitian. By using the triangle inequality and the fact that el
commutes with A, we find

e, g0l = || |~ ey xe 1

‘ (3.32)
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< [omffmemem]| o
= [ a2, X (3.34
= |l X1 (3.35)

which proves Property 1 of the lemma.

We next prove Property 2 of the lemma. Note that in case k¥ < Ay we have a
perfect pinching and hence [H, Z(X)] = 0. For k > Ay we find

e, g0l = | | ey xe 1 | 336)
= 12 16) (n] (A = ) (£1X |) fixc (Mg — An) (3.37)
ln

where we expressed the term inside the norm in the eigenbasis of H. Properties 2
and 5 of [I, now imply that

ITH, 25O < ||| o16) (nl(€1X )

ln

‘ —xlxll. 63®)

We next prove Property 3 of the lemma. Let |4) and |/') be two eigenvectors
of H such that the corresponding eigenvalues h and /' satisfy |h —h'| > k. By
definition of the Fourier transform together with Property 2 of [, mentioned at
the beginning of this chapter, we find

0= flc(h —h) = / " dre(n)e ) (3.39)

This can be used to show that Property 3 of the lemma indeed holds. By definition
of the K-smooth pinching map, we have

PECOM) = [ draaele) (rle™ e~ ' (3.40)
— (h[X ) / " dte (1)) (3.41)
=0, (3.42)

where the final step follows from (3.39).

We next prove Property 4 of the lemma. The triangle inequality together with
the fact that the operator norm is unitarily invariant give

1X = ZE(X)| < / drp(r) [x — et xe v (3.43)

‘ %)
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:/_w drpa() |, |- (3.44)
Lemma 3.8 then implies that
[ amco||x.e®)|_< [ o ixHL 649)
12]log2
=X H]l (3.46)

It thus remains to prove Property 5 of the lemma. By the triangle inequality
we have

e1tH X e—ltH

250N < [ dracle)

| =i (347)

which thus completes the proof. U

3.1.3 Asymptotic spectral pinching

The spectral pinching method explained in Section 3.1.1 is particularly powerful
if we apply it in an asymptotic setting. To understand what we mean by that let us
first recall two basic statements (given by Remark 3.9 and Exercise 3.10).

Remark 3.9. Let B € P(A). The number of distinct eigenvalues of B®™, i.e.,
|spec(B®™)| grows polynomially in m. This is due to the fact that the number
of distinct eigenvalues of B®™ is bounded by the number of different types of
sequences of dim(A) symbols of length m, a concept widely used in information
theory [40]. More precisely [41, Lemma II.1] gives

m m+dim(A) — 1 (m+dim(A) — 1)dim(A)—1
< (m+ 1)mO (3.49)
= O(poly(m)) , (3.50)

where poly(m) denotes a polynomial in m.

Exercise 3.10. Let L; € L(A), L, € L(B) and C; € P(A),C, € P(B). Verify the
following identities for the tensor product:

1. r Li®QLy = (trLl)(trLz).
2. 1ogC; ®C, = (logC) ®idp+idg @ (logCy).
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3. exp(L;) ®exp(Ly) =exp(L; ®idp+idg ® Ly).

With this preliminary knowledge in mind let us explain what we mean by the
asymptotic spectral pinching method. We apply this technique to prove a famous
trace inequality — the so-called Golden-Thompson (GT) inequality which states
that any two Hermitian operators Hy, H, € H(A) satisfy

re1 T < qrefliefh | (3.51)

We refer to Theorem 4.1 and the subsequent paragraph for more details about this
inequality. We next present a proof of the GT inequality based on the asymptotic
spectral pinching method.

An intuitive proof of the Golden-Thompson inequality

Let By, B, € P(A) be such that B; = exp(H;) and B, = exp(H,). The identities
for the tensor product of the exponential, logarithm and trace function given in
Exercise 3.10 show that

logtrexp(log By +logB;)

1
= —logtrexp(log B{"" +log B5"") (3.52)
m
1 logpol
< —logirexp (1og Pon(BY™) +1ogB§>’") ;. logpoly(m) - 5 5
m m
1 . logpoly(m)
= —logtr Py (BY™)B™ + — = (3.54)
logpol
~ logtrB, B, | 22ROV (M) (3.55)
m

where (3.53) follows by the pinching inequality (see Lemma 3.5), together with
the fact that the logarithm is operator monotone (see Table 2.2) and H — trexp H
is monotone (see Proposition 2.10). Furthermore we use the observation presented
in Remark 3.9, i.e., that the number of distinct eigenvalues of B?’" grows poly-
nomially in m. Equality (3.54) uses Lemma 3.5 which ensures that @ngm (BY™)

commutes with B5"" and hence log Zyem (BY™) +1log BY™ = log Pgem(BY™)B5™.
2 2
Equality (3.55) uses again Lemma 3.5 and the properties of the exponential, log-

arithm and trace function under the tensor product given by Exercise 3.10. Con-
sidering the limit m — oo finally implies the GT inequality (3.51).

We believe that the proof of the GT inequality presented above is intuitive and
transparent. The high-level intuition may be summarized as follows: We know
that the GT inequality is trivial if the operators commute. The spectral pinching
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method forces our operators to commute. At the same time the pinching should
hopefully not destroy the operator which it acts on too much. This is indeed
the case (guaranteed by the pinching inequality) if we lift our problem to high
dimensions, i.e., if we consider an m-fold tensor product of our operators and the
limit m — c0.*

3.2 Complex interpolation theory

Consider a sufficiently well-behaved holomorphic function defined on the strip
§:={z€C:0<Rez< 1}. Complex interpolation theory allows us to control the
behavior of the function at (0, 1) by its value on the boundary, i.e., at Rez = 0 and
Rez = 1. Complex interpolation theory is an established technique that is vast and
extensive. In this section we review a specific interpolation theorem for Schatten
norms, commonly attributed to Stein [140], and based on Hirschman’s improve-
ment of the Hadamard three-lines theorem [75]. In Chapter 4 we will use this
interpolation result to prove multivariate extensions of known trace inequalities.

Before stating the main result let us define a family of probability densities on
R
sin(70)
Bo(t) ==
26 (cosh(mt) + cos(70))

for 6€(0,1). (3.56)

These densities are depicted in Figure 3.1.

1.6 ] =

1.2

0.8

0.4

0

Figure 3.1: This plot depicts the probability density B¢ defined in (3.56) for 6 €
0.5,1,3},

Furthermore, the following limits hold:

Bolt) = lim o dr) = g(cosh(m) +1)7! (3.57)

4This phenomenon is known as the tensor power trick and is described, e.g., in [161].
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and

Br(e) := lim o (r) = 6(1). (3.58)

Here By is another probability density on R and & denotes the Dirac d-distribution.

Theorem 3.11 (Stein-Hirschman). Let po,p; € [1,00], 8 € (0,1), By given
in (3.56), define pg by ﬁ = % + pil, and S:={z€C:0<Rez< 1}. For
any function F : S — L(A) that is holomorphic in int(S), continuous on 98,

and z — ||F (2)|| ,,. . is uniformly bounded on S we have

log |F(O)1], < [ dr(B1-o(®1oglIFir)l,® + Bo () log | F(1+ir) 5, ).
(3.59)

We note that the assumption that z — ||F(z)|
be relaxed to

| pre. 18 uniformly bounded on S can

sugexp(—alm 2)1og||F(2)] . < v forsome constants o <7 and y<eo.
zE

(3.60)

In order to prove Theorem 3.11 we first recall Hirschman’s strengthening [75] (see
also [58, Lemma 1.3.8]) of Hadamard’s three line theorem.

Lemma 3.12 (Hirschman). Let S := {z € C: 0 <Rez < 1} and let f(z) be holo-
morphic on int(S), continuous on dS and uniformly bounded on S. Then for
0 € (0,1) and By given in (3.56), we have

togl£(6)] < | _dr (Br-o(r)log|£(in) '~ + Bo(r)log| (1-+ir)|) . (361)

We note that the assumption that the function is uniformly bounded in the
lemma just above can be relaxed to

supexp (— a|Imz|)log|f(z)] < v, (3.62)
z€s

for some constants @ < 7 and ¥ < co.

Proof. We start by recalling Poisson’s integral formula [131, p. 258] which en-
sures that any harmonic function’ u defined on the unit disk D = {z € C: |z| < 1}

A function f : X — R where X is an open subset of R” is called harmonic if it is twice
continuously differentiable and satisfies the Laplace equation everywhere on X, i.e., Af = 0.
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can written as

q2_r2

1 /@ . .
u(z) = E/_ﬂd(pu(qe“p)m where z=re?, r<g<1. (3.63)

Consider a subharmonic function® v on D that is continuous on the circle |&| =
g < 1 and coincides with u on the circle. In case u = v on the circle |£|, the right-
hand side of (3.63) defines a harmonic function on {z € C: |z| < ¢} that coincides
with v on the circle || = ¢. Since subharmonic functions obey the maximum
priciple [131, p. 362] we find for |z| < ¢ < 1

P —r

| 7 - -
v(z) < —/ dou(ge'?) where z=re'?. (3.64)
2w )z

|ge'? — rel?|
This is valid for all subharmonic functions on D that are continuous on the circle
|E|=¢gforr<g<1.

We note that
+&

D> E s g(E) = %log (li_—é) € (0,1) x iR (3.65)

is a conformal map. Since f o g is a holomorphic function on D we know that
log|f og| is a subharmonic function on D. Applying the maximum principle
(see (3.64)) yields for |z] =r < ¢

-
q*—2rqcos(¢p — @) +r*’

1 [T .
log|(/08)()| < 5 [ dolog|(/og)(ae")| (3.66)

where z = re'?. In case |E| = 1 and £ # +1 we have Reg(&) € {0,1}. By as-
sumption of the lemma (see (3.62)) we have

1 148 o £
log|(f0g)(&)] < yemhEl — ye&ma tog () < yerllelEl 367)

This shows that log|(f0g)(&)] is bounded by a multiple of [1+& =%+ |1—&| =
which is integrable of the set || = 1 as & < m. Let z = re'? with r < ¢ and
consider ¢ — 1 in (3.66). By the dominated convergence theorem we find

1—r2
1 —2rcos(¢p —@)+r

. 1 /= .
log|(o8)(re) < 5 | dolog(Fog)(e) ey

A function f : X — R where X is an open subset of R” is called subharmonic if it is twice
continuously differentiable and satisfies Af > 0.

53



Chapter 3. Tools for non-commuting operators

For x := g(re'?) we obtain

e 1) e%nx_i _ cos(mx) ( cos(mx) )e_ig, (3.69)

e 4 1 + sin(7x) 1 + sin(7x)
from which we see that in case x € (0, 3] we have r = % and 6 = —% and
in case x € (1,1) we have r = li(’:lg(?) and 6 = Z. In both cases we find
172 sin(7x) (3.70)

1—2rcos(p — @) +7r2 1 +cos(mx)sin(e)
Plugging this into (3.68) shows that

sin(7x)

1 4 cos(7x)sin(¢@) log|(fog)(e'?)|. (3.71)

1 T
log| /() <5 [ dp

To conclude we change variables. In case ¢ € [—7,0] we introduce y such
that iy = /1(e'?) or equivalently e'? = — tanh(7y) — W(ﬂy) Since ¢ € [—m,0] we

obtain y € (—oo,00) and dg = cosh( ) dy. As a result we find

1 [0 sin(7x) :
27 /—71: ae 1 +cos(7x) sin(¢) log|(f8)(=")]

2/ sin(7x) log @), (3.72)

cosh (my) — cos(mx)

In case ¢ € [0,7] we define y such that 1 +iy = h(e i®) or equivalently el? =
—tanh(7y)+ m Since ¢ € [0, ] we obtain y € (—oo,00) and dg = dy.
As a result we find

1 /”d sin(7x)

21 Jo (pl—l—cos(itx)sin((p)

sin(7x) _
1 1 . (373
2/ cosh (y) — cos(mx) og|f(1+iy)]. (3.73)

cosh( y)

log|(fog)(e'®)]

Combining (3.71) (3.72) and (3.73) proves the assertion. ]

Theorem 3.11. By assumption, the operator F(6) is bounded for any fixed 6 €
(0,1). Consequently, F(0) has a polar decomposition [123, Theorem VI.10], i.e.,
F(0) = VB, where B is positive semi-definite and V is a partial isometry satisfying
BV'V =VTVB=B. Letx € [0,1] and define ¢, as the Holder conjugate of p, such
that p;l + q;l = 1. By definition of p, (see Theorem 3.11), we have

1 Il—x «x

= + —. (3.74)
qx q90 q1
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3.3 Background and further reading

We next define X (z) by

X(2) = ol tan) ol i)y (3.75)

with k:= ||B|| ,, = [|F(0)]],, <ee. Itis easy to see that z+— X (z) is anti-holomorphic
on § and

IX (x+iy) | & = tr (K—IB)”G%(IQ;OX*%) =t (x'B)” =1. (3.76)

As aresult f(z) :=trX(z)"F(z) is holomorphic and bounded on S since by Holder’s
inequality (see, e.g., [83, Theorem 7.8]) we have

et )] < IX Gt i), IF G, < IFG4 )], 37D

Consequently, our assumptions on F(z) imply that f(z) satisfies the assumptions
of Lemma 3.12.

By definition of X(z) we find

1
f(0)=tuX(0)'F(8)=x "% trBPo~'V'VB = k! "PotrBPe (3.78)

= [1EO)l 5 - (3.79)

Furthermore, according to (3.77) we have
) < [FGn)]l,, and [f(1+i0] < [FO+in], . (380

Plugging this into Lemma 3.12 yields the desired result. ]

3.3 Background and further reading

A question that is related to the topics discussed in this chapter is whether Her-
mitian operators that almost commute are close to Hermitian operators that com-
mute (with respect to the operator norm). This question has a long history that
dates back to the 1950s or earlier (see, e.g., [59, 129]). It has been finally solved
in [106] (see also [55] for a simplified proof). Recent progress has been ob-
tained in [61, 87], where [61] uses the concept of smooth pinching. Lemma 3.7
is similar to Lemma 1 in [61]. The pinching inequality (given in Lemma 3.5)
was proven in [62]. More information about the spectral pinching method can be
found in [35, 165].

Complex interpolation theory is an established technique that is frequently
used by mathematical physicists. Epstein [51] showed how interpolation theory
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Chapter 3. Tools for non-commuting operators

can be utilized in matrix analysis. Recently, the technique attracted attention
in quantum information theory for proving entropy inequalities. Beigi [16] and
Dupuis [48] used variations of the Riesz-Thorin theorem based on Hadamard’s
three line theorem to show properties of the minimal Rényi relative entropy and
conditional Rényi entropy, respectively. Wilde [175] first used complex interpo-
lation theory to prove remainder terms for the monotonicity of quantum relative
entropy. Extensions and further applications of this approach are discussed by
Dupuis and Wilde [49]. Hirschmann’s refinement was first studied in this context
by Junge et al. [85].
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Chapter 4

Multivariate trace inequalities

Abstract. In this chapter we discuss real valued inequalities of functionals of op-
erators. We show how the techniques of pinching and complex interpolation the-
ory discussed in the preceding chapter can be applied to prove such inequalities.
These inequalities will be applied in the next chapter to understand the behavior
of approximate quantum Markov chains.

Trace inequalities are mathematical relations between different multivariate trace
functionals. Oftentimes these relations are straightforward equalities if the in-
volved matrices commute — and can be difficult to prove for the non-commuting
case.

4.1 Motivation

Arguably one of the most powerful trace inequalities is the celebrated Golden-
Thompson (GT) inequality [57,163]. It relates the trace of the exponential of a
sum of two matrices with the trace of the product of the individual exponentials.

Theorem 4.1 (Golden-Thompson). Let Hy,H, € H(A). Then
re1 T < reflief 4.1)

with equality if and only if [H,,H>] = 0.

We note that the GT inequality is relating two nonnegative real numbers. To see
this, we note that the right-hand side can written as tr exp(%) exp(Hl)exp(%),
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Chapter 4. Multivariate trace inequalities

using the cyclic property of trace. This term is always nonnegative because of
exp(%2) exp(H,) exp(%) € P(A).

The GT inequality has found applications ranging from statistical physics
[163], random matrix theory [2, 162, 166], and linear system theory [17] to quan-
tum information theory [104, 105].

There exists a variety of different proofs for the GT inequality. In Section 3.1.3
we presented an intuitive proof that is based on the spectral pinching method dis-
cussed in Section 3.1. The motivation for the use of the pinching technique comes
from the fact that (4.1) is trivial if H; and H, commute.

Theorem 4.1. Inequality (4.1) has been proven in Section 3.1.3 based on the asymp-
totic spectral pinching method. It is immediate to see that (4.1) holds with equality
in case [Hy, H>] = 0. The converse statement is proven in [68, Theorem 2.1].

O

As we will see later, the proof presented in Section 3.1.3 already suggests an
extension of the GT inequality to n matrices by iterative pinching.

Exercise 4.2. Apply the asymptotic spectral pinching method (as shown in the
proof given in Section 3.1.3) to prove the following extension of the GT inequality
to three matrices

L+it 1—it
re1 T < gup treflie™2 H2efbe™2 M2 4.2)
teR

and compare it to (4.25) that we will prove later. [Hint: use the integral represen-
tation of the pinching map given by Lemma 3.4]

The GT inequality can be derived from the more general Araki-Lieb-Thirring

(ALT) inequality [11, 102], which relates the trace of a product of two positive
operators with a global and a local power.

Theorem 4.3 (Araki-Lieb-Thirring). Let By,B; € P(A) and g > 0. Then
r roq 1 1
tr(BiB3B})" <t (BiB:B})? if re(0,1], (4.3)

with equality if and only if [By,B;] = 0. The inequality holds in the opposite
direction forr > 1.

Proof. We present a proof based on the asymptotic spectral pinching method that
is similar as the proof for the GT inequality explained in Section 3.1.3. Using
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4.1 Motivation

basic properties of the tensor product that are stated in Exercise 3.10 we find for
re(0,1]andmeN

(A

r 4
r

L « 1 z . z G
logtr (B} B5B}) " = —logtr ((B])°" (B5)“"(B}) ") (4.4)

1 r r | 1
< Ltogte (B3 7y ((B3) ) (8]) )" 4 12RO,
m m
where the final step uses the pinching inequality (see Lemma 3.5), the monotonic-
ity of the function X — tr X% for a > 0 (see Proposition 2.10) and the fact that the
number of distinct eigenvalues of B?m grows polynomially on m (see Remark 3.9).
Since t — t* for o € (0, 1] is operator concave Lemma 3.5 shows that

NI 5 om myr(psyem) 7, logpoly(m)
logtr(BlszBf)’ S%logtf«Blz)@ QB?"’(B? )(Blz)® ) + m

1 ] 1 ¢ logpol
= Elogtl‘<<@B?m((8f)®m3?m(8f)®m)> +M

m
1 1 1 g 1 1
Y (2 s I R i LR
m m
1 1 1 1
—togtr (Bi BaB7 )" + logpoly(m). (4.6)
m

where the first equality step uses that &g, (B,) commutes with B;. The penulti-
mate step uses Lemma 2.6 (see also (2.21)) together with the integral represen-
tation of the pinching map (Lemma 3.4) and the fact that p-norms are unitarily
invariant for all p > 0. The final step uses basic properties of the tensor product
described in Exercise 3.10. Considering the limit m — oo then proves (4.3). The
fact that (4.3) holds in the opposite direction in case r > 1 follows from the sub-
stitution B], <— By fork € {1,2}, 4 <— ¢, and % < r. That (4.3) is an equality if and
only if the two matrices commute is proven in [68, Theorem 2.1]. ]

The GT inequality is implied by the ALT inequality. To see this we recall the
Lie product formula for operators (see, e.g., [23, Problem [X.8.5]).

Lemma 4.4 (Lie product formula). Let n € N and (Ly)}_, be a finite sequence of
linear operators on A. Then

nor n n
lim H e = exp Z L. 4.7
" \ k=1 k=1

We note that for » — 0 the Lie product formula shows that the ALT inequal-
ity (4.3) simplifies to

1 1

tr(elosBitloeByd < ¢ (B2 B,B7 )1, (4.8)
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Chapter 4. Multivariate trace inequalities

which for ¢ = 1 gives the GT inequality (4.1)

The straightforward logarithmic analog of the GT inequality is a relation be-
tween trlog B1B; and trlog B| +trlog B, for B}, B, € P(A). As the determinant is
multiplicative and since trlog B = logdet B; we find that

[
trlog By +trlog B, = trlog B; B1B; . 4.9)

This trivially extends to n matrices.

Exercise 4.5. Show that tr log B = logdetB for all B € P(A).

The following theorem states a more interesting logarithmic trace inequal-
ity [9,72]. In particular it provides an upper and lower bound for the relative
entropy defined in Definition 2.27.

Theorem 4.6 (Logarithmic trace inequality). Let B;,B, € P(A) and p > 0.
Then

1 P )2 1 )4 )4
—trBylogB3 B/B; < trB)(logB| +1ogB;) < —trB logB{ B}B}, (4.10)
p 4

with equalities in the limit p — 0.

Proof. First, note that both inequalities are invariant under multiplication of the
operators By, B, with positive scalars b1,b; > 0 and hence additional constraints
on the norms of the matrices can be introduced without loss of generality. We thus
assume without loss of generality that trB; = 1.

We start by proving the first inequality. Using the variational formula for the
relative entropy given by Lemma 2.29 we find for any p > 0

tr By (log By +logBy) = D(B1||B; ") 4.11)

= su% {trBl logw+1— trelog“’_loglﬁ} (4.12)

>
_p _D\P

> su%{trBl logw+1—tr <32 ‘0’B, 2) } (4.13)
>
1 i P

> —trBlogB; BYB; (4.14)
p

where the first inequality follows form the GT inequality given in (4.8). The final
)4 D1
step uses that @ = (B3 B{B5 )7 > 0.

The second inequality is proven in [72]. A simplified argument for the case
p = 1 can be found in [79, Section 3.5.1]. O
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4.2 Multivariate Araki-Lieb-Thirring inequality

All the trace inequalities presented in this section involve two operators. It
is a natural question if they feature extensions to arbitrarily many operators —
so-called multivariate trace inequalities. The remaining part of this chapter deals
with this question.

4.2 Multivariate Araki-Lieb-Thirring inequality

The ALT inequality presented in Theorem 4.3 has been extended in various direc-
tions (see, e.g., [9, 14,94, 172]). Recently, an extension of the ALT inequality to
arbitrarily many operators has been proven [142] which was further generalized
in [69].

Theorem 4.7 (n-matrix extension of ALT). Let p > 0, r € (0,1], B, as de-
fined in (3.56), n € N, and consider a finite sequence (By)}_, of nonnegative
operators. Then

n
log ||| ]B% 4.15)
k=1

n "

+1t
[15
k=1

1
< / drB,(¢) log
p

p

Proof. The case r = 1 holds trivially with equality, so suppose r € (0,1). We
prove the result for strictly positive operators and note that the generalization to
nonnegative operators follows by continuity. Furthermore, we assume in a first
step that p > 1. The idea is to prove the assertion by using complex interpolation
theory. To do so, we define the function

F(z):= I_IBZ = Hexp(zlogBk), (4.16)
k=1 k=1

which satisfies the regularity assumptions of the Stein-Hirschman theorem (see
Theorem 3.11). Furthermore we pick 8 = r, pg = o0 and p; = p such that pg = %.
A simple calculation reveals that

n .
logHF(l—l—it)Hf71 =rlog \T]B.™ 4.17)
k=1 p
and
1-6 L
log||F(ir)|,,© = (1=r)log | [IB{|| =0, (4.18)
k=1 oo
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Chapter 4. Multivariate trace inequalities

since the operators B} are unitary. Moreover, we have

1

n r
log ||F (6 = log HBk _rlog HB,Z (4.19)
k=1

pﬂ

Substituting this into Theorem 3.11 yields the desired inequality for p > 1. The
case 0 < p <1 follows from a standard technique called antisymmetric tensor
power calculus. This is explained in detail in [69]. [

Remark 4.8. Using antisymmetric tensor power calculus it can be shown that
(4.15) is true for any unitarily invariant norm (see [69] for more information).

Let us now comment on various aspects of (4.15). For g € R, r € (0,1], and
the substitution p < 2g and By <— /B we can rewrite (4.15) as

S

nPp—1"

logtr (B{ B3 -B} BB, BB} )

1+1t 1+1t

0 lft 1—it q
§/ deB,(¢) logtr <BZB B2 B,B,%,---B,” Bz) . (4.20)

For n = 2 this simplifies to the original ALT inequality given by Theorem 4.3.
By Jensen’s inequality we can remove the logarithm in (4.15). Furthermore, for
g € [0,1] we may shift the integral inside the quasi-norm using the fact that X —
log || X][, is concave for p € [0, 1]', which yields

ror ror\i
H(BfBg---m BB |- -B3B})

n-n—1

q
1+1t 1+4it 1—ir 1-ir 1

H/ dt (1) BZB B2 B,B,%,---B,” B}

4.3 Multivariate Golden-Thompson inequality

Given the usefulness of the GT inequality presented in Theorem 4.1, it is natural to
ask if the GT inequality can be extended to more than two operators. In 1973, Lieb
proved a three operator extension of the GT inequality [103] that attracted a lot of
interest and raised the question if the GT inequality can be extended to more than
three matrices. This has been an open question until recently (see Theorem 4.10).

I'This follows from Proposition 2.10.

62



4.3 Multivariate Golden-Thompson inequality

Theorem 4.9 (Lieb’s triple operator inequality). Let Hy,Hy,Hs € H(A). Then

trefhi T2+ §/ dstret (e7"2 +sidA)_]eH3 (e +SidA)_1 : (4.22)
0

Lieb’s triple operator inequality has been shown to be equivalent to many other
interesting statements such as Lieb’s concavity theorem (see Theorem 2.13) or
strong subadditivity of quantum entropy [104, 105] (see (5.33)).> We postpone
the proof of Theorem 4.9 to the end of this section. It can be verified easily that
in case Hy = 0 (4.22) simplifies to the original GT inequality (4.1).

The n-operator extension of the ALT inequality presented in Theorem 4.7 im-
plies (via the Lie product formula given by Lemma 4.4) an extension of the GT
inequality to arbitrarily many operators.

Theorem 4.10 (n-matrix extension of GT). Let p > 0, By as defined in (3.57),
n € N and consider a finite sequence (Hy)}_, of Hermitian operators. Then

Proof. Follows from Theorem 4.7 together with the Lie product formula (see
Lemma 4.4) when considering the limit r — O. ]

log (4.23)

< - dr () log
N

ﬁ exp((1+ir)Hy)
k=1

p

Remark 4.11. Using antisymmetric tensor power calculus it can be shown that
(4.23) is true for any unitarily invariant norm (see [69] for more details).

If we evaluate (4.23) for n = 3 and p = 2 using the substitution Hy < %Hk we
obtain
Hy+Hy+H ~ m S gy St
logtre! 2T §/ drBo(t)logtre™e 2 "2ee 2 2. (4.24)
By the concavity of the logarithm we can further simplify this inequality to
1—it

e Lt 1t
treHi+HatH; §/ dtﬁo(t)treH'e 7 Mhelse 3 Ha (4.25)

As it happens this inequality coincides with Lieb’s triple operator inequality (4.22).
To see this we consider the following lemma.

2The reason why all these statements are equivalent is explained in [103] (see also [134]).
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Chapter 4. Multivariate trace inequalities

Lemma 4.12. Let B € P(A) and H € H(A). Then, the following two expressions
for the Fréchet derivative of the logarithm are equivalent:

d oo
" Olog(B+rH):/ ds (B+sidy) " H(B+sidy) ! (4.26)
rir= 0

- / dtBo(t)B~ 2 HB™ =" 4.27)

Proof. The first equality in the lemma is well-known and can be derived using
integral representations of the operator logarithm (see, e.g., [35]). To see why the
second equality step is true we expand both terms in the eigenbasis of B. More
precisely, for B = Y A |k){k| we find

/wds(B+sidA) UH(B+sida) ! =Y k\H|€>\k><€|/mds(lk+s)_1(7tg+s)_l
0 k.l 0

I

A simple calculation shows that

1og% (4.28)

* -1 1
/Ods()ws) (Ao+s) _/u—lk

M)
. 4.29
/lkM / Bo(dt ( p” (4.29)

As a result we have

/oods(B+sidA)_1H(B+sidA)_1:/ diBo(t) Y AR (K H 0y k) (0
0 k,l

)

_
SISy

:/ difo(t) B SHB 35, (4.30)
which proves the second equality of the lemma. [

Lemma 4.12 presents two alternative expressions for the Fréchet derivative of
the operator logarithm, one in terms of resolvents and the other one in terms of an
average over unitaries. The lemma also provides further insight in the probability
density By which we obtain from Hirschman’s interpolation theorem. Lieb’s triple
operator inequality (see Theorem 4.9) thus follows directly by combining (4.25)
with Lemma 4.12.

Remark 4.13. Recently it was shown that the right-hand side of (4.23) features
an alternative representation without any unitaries, however in terms of resol-
vents [96] as in Theorem 4.9 for the special case of three matrices.

64



4.3 Multivariate Golden-Thompson inequality

The multivariate GT inequality presented by Theorem 4.10 is valid for Hermi-
tian operators. The following theorem proves an n-operator extension of the GT
inequality for general linear operators.

Theorem 4.14. Let p > 0, By as defined in (3.57), n € N and consider a finite
sequence (Ly)}_, of linear operators. Define the real part of Ly by Re(Ly) :=
S (Ly +LZ). Then

exp ( > Lk)

Proof. We define the imaginary part of L; by Im(Ly) := %(Lk - LZ) Note that
L, =Re(Ly)+iIm(Ly) and that both Re(L; ) and Im(L; ) are Hermitian. The idea is
to prove the assertion of the Theorem via complex interpolation theory. Therefore
we consider the function

ﬁ exp((l + it)Re(Lk))

k=1

log (4.31)

s[wmm%

p

p

n

F(z) := [ ] exp (zRe(Ly) +160Im(Ly)), (4.32)
k=1

which satisfies the regularity assumption of Theorem 3.11. We first suppose that
p>landpick 8 =re (0,1), po = and p; = p such that py = %. Theorem 3.11
thus gives

I

rlog|||exp (r zn: Lk>
k=1
=1og|[|F(6)]|p (4.33)
< [ apyoglF1+in)l, (4.34)
= / " B.(t) log ﬁexp ((1+ir)Re(Ly) 4+ rIm(Ly)) || , (4.35)
- k=1 p

where in the inequality step we used that log ||F (if)||., = 0 as F(ir) is unitary.
Dividing by r and taking the limit » — O then yields the desired result via the Lie
product formula (see Lemma 4.4). As before, the case 0 < p < 1 follows from
antisymmetric tensor power calculus which is described in detail in [69]. ]

We note that (4.35) can be viewed as an ALT inequality for linear operators.
Forn =1 and p = 2, Theorem 4.14 simplifies to

+ g
trefel’ < treftt , (4.36)
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Chapter 4. Multivariate trace inequalities

which was derived in [17]. We further note that for the case of normal operators
N, the matrices Re(N) and Im(N) commute, which allows us to slightly simplify
the above formula by employing the fact that exp(Re(N)) = |exp(N)|. For two
normal operators the result then reads

lexp (N1 +Na) |, < ||| exp(N1) || exp(N2)| Hp, (4.37)

generalizing an inequality derived in [100].

4.4 Multivariate logarithmic trace inequality

The extension of the GT inequality presented in Theorem 4.10 can be used to
derive an extension of the logarithmic trace inequality given in Theorem 4.6 to
arbitrarily many operators [143].

Theorem 4.15. Let g > 0, By as defined in (3.57), n € N, and consider a finite
sequence (By)}_, of nonnegative operators. Then, we have

g(1+it) q(1+it) ¢ g g(-ir) q(1—it)

n 0 1 q 9
ZtrBl log By Z/dtﬁo(t)c—]trBlloan > ...By 2 B3BIBiB,? ---B,?
k=1 -

with equality in the limit g — 0.

For two matrices (i.e., n = 2) (4.38) simplifies to the first inequality of (4.10).

Proof. First, note that the statement that we aim to show is invariant under mul-
tiplication of the operators By, B5,...,B, with positive scalars by,b>,...,b, > 0,
and hence additional constraints on the norms of the matrices can be introduced
without loss of generality.

Let us first show the inequality for ¢ > 0, where we suppose that tr B = 1. By
definition of the relative entropy we have

ki"ltrBllogBk :D(BIHeXp (é]oglgk—l)) (4.39)

w>0

= sup {trBl logw+ 1 —trexp (loga) — Z logBk) } ,  (4.40)
k=2

where we used the variational formula for the relative entropy given in Lemma 2.29.
Now note that the n-operator extension of the GT inequality (Theorem 4.10) can
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4.4 Multivariate logarithmic trace inequality

for pH, =logBy and p = (11 be relaxed to

n (1+u) g(1+ir) q(1—=it)  q(1-ir) q é
trexp | Y log By / dt o (t)tr (B2 ‘By> B,? B{B,? B;° ---Bn>

k=1

[

using the concavity of the logarithm and Jensen’s inequality. Applying this to (4.40)
we find

Z trBy log By, > sup / dtBo(t)trBylogm + 1
k=1 w>0 —oo

q q(1+ir) _ q(1+ir) _q(1-ir) _q(1-ir) q é
_tr<Bz 233 2 "'Bn 2 qun 2 "'B3 2 Bz 2> . (4.41)

Now since

q(1+ir) g(1+it) ¢ q q(l-ir) q(1—it) \ ¢
w:=(B,” -By’ BiBIBIB,” B’ (4.42)

1S a nonnegative operator we can insert this into (4.41), which then proves the
assertion for ¢ > 0.

Next, we show that in the limit ¢ — O the inequality in Theorem 4.15 also
holds in the opposite direction. For the following we suppose that A; > 1 for all
ke {1,2,...,n}. We use that logX > 1— X! for X > 0 and hence

‘](1+1f) q(1—ir)

trBlogB, ’ BquBz ‘B, ?

—q(1-ir) g q _g(1+ir)
> B (1=By © By BBy By 7 ) =iZ,(1). (443)
By assumption on our operators we have that B;” '<1forallie{1,2,...,n} and
thus Zq(t) > 0 for all € R. By Fatou’s lemma (see, e.g., [131]), we further find

liminf [30 dt / Bo(dr) hmlnf q()

q—0 J—
Moreover, since Zy(z) = 0 and

d

—Z,4(1)

n
=) tuBjlogB, forall reR,
dg -

=0 k=1

an application of I’Hopital’s rule yields

Zy(t L
liminfﬁ =) trBjlogB.
=04 S
Since f is normalized this proves the assertion. [
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Chapter 4. Multivariate trace inequalities

4.5 Background and further reading

The GT inequality was proven independently by Golden [57] and Thompson [163]
for an application in statistical physics. It has been generalized in various di-
rections (see, e.g., [10,32,72,92,94,100, 132, 138]). For example, it has been
shown that it remains valid by replacing the trace with any unitarily invariant
norm [98, 136, 164] and an extension to three non-commuting matrices was sug-
gested in [103]. An interesting topic that is not covered here is the question for
reverse GT inequalities [70,72,73] in terms of matrix means [24].

The ALT inequality was first proven by Lieb and Thirring [102] and then
generalized by Araki [11]. It has also been extended in various directions (see,
e.g., [9,14,94,172]). Similarly as with the GT inequality it is interesting to study
reverse ALT inequalities [8, 80].

Lieb’s triple operator inequality (Theorem 4.9) is important as it can be used
to prove many interesting statements such as strong subadditivity of quantum en-
tropy, the monotonicity of the relative entropy, the joint convexity of the relative
entropy, or Lieb’s concavity theorem [103] (see also [133,167]). Lieb’s concavity
theorem is particularly useful to derive tail bounds for sums of independent ran-
dom matrices [166, 168] that can be better than if you derive them via the original
GT inequality, as done in [2]. The multivariate GT inequality (Theorem 4.10)
has been used to derive concentration bounds for expander walks [56]. Recently,
Lemma 4.12 was a key ingredient to prove remainder terms for the superadditivity
of the relative entropy [34].
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Chapter 5

Approximate quantum Markov
chains

Abstract. In this chapter we discuss the concept of quantum Markov chains with a
particular focus on the robustness of their properties. This results in a new class of
states called approximate quantum Markov chains. To understand the properties
of these states the mathematical tools introduced in the preceding chapters will be
helpful. As it happens, the key result that justifies the definition of approximate
quantum Markov chains (see Theorem 5.5) is closely related to various celebrated
entropy inequalities. We explain this connection and show how the new insights
about approximate quantum Markov chains can be used to prove strengthened
versions of different famous entropy inequalities.

In Chapter 1 we informally discussed the concept of a Markov chain and the differ-
ences between the classical and quantum case. Here we formally introduce quan-
tum Markov chains and discuss their properties before explaining which proper-
ties remain valid in the approximate case.

5.1 Quantum Markov chains

We start with the formal definition of a quantum Markov chain.

Definition 5.1. A tripartite state papc € S(A® B®C) is called a quantum
Markov chain in order A <> B <> C if there exists a recovery map #Zp_.pc €
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Chapter 5. Approximate quantum Markov chains

TPCP(B,B®C) such that
paBc = #p—pc(PaB) - (5.1

Informally the definition above states that the C-part can be reconstructed by only
acting on the B-part. It is interesting to further study the structure of Markov
chains — in particular, if there exists an entropic and an algebraic characterization.
The following theorem presents an entropic characterization of quantum Markov
chains [119,121].

Theorem 5.2. A tripartite state papc € S(A® B® C) is a quantum Markov
chain in order A <+ B < C if and only if I(A : C|B)p = 0. Furthermore, in
case I(A : C|B), = 0 the rotated Petz recovery map

1—it

14ir _ 14 _ 1 X
T ne  Xp > Pt (pB > Xapp 2 ®1dc) ppe for 1ER (52)

satisfies (5.1), ie., yB[iBC(pAB) = papc forallt € R.

Proof. One direction of the theorem is almost trivial. Suppose papc is a Markov
chain. The data-processing inequality then shows that

1(A:C|B), = H(A|B), — H(A|BC), < H(A|BC) . H(A|BC), (5.3)

ﬁBC(pAB)
=0. 5.4)
The inequality step is justified by
~H(A|BC)p = D(pascllida @ pic) (5.5)
> D(pag||ida ® pp) (5.6)
> (%LBC (Pas)lids @ T3, 5 (P)) (5.7)
—H(A[BC) | , (5.8)
BHBC( 4B)

where we used that try 9B[iBC(pAB) = ,?B[iBC(pB). The final step in (5.4) uses that
papc 1s a Markov chain and hence papc = ﬁB[i BC(pAB). Together with the strong
subadditivity of quantum entropy (see (3.1)) this implies that /(A : C|B), = 0.

The other direction, i.e., that I(A : C|B), = 0 implies that pspc is a Markov
chain and that in such a case every rotated Petz recovery maps satisfies (5.1) is
more complicated to show. We postpone this proof to Section 5.4.1 (see Re-
mark 5.22). ]
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5.1 Quantum Markov chains

Remark 5.3. The rotated Petz recovery map fB[iBC defined in (5.2) is trace-
preserving and completely positive for all + € R. That the map is completely
positive is immediate. It is also trace preserving as

1 1+t 1t

trfB[%BC(XB) :trch(pB 2 XBPB 2 ®idc) =trXp, (5.9)

where the first step uses the cyclic invariance of the trace and the final step uses
two basic properties of the partial trace, i.e., for Xqp € LA®B) and Y4 € L(A) we
have trXsp = tra trg X4p and trp Xap (¥4 ® idp) = trp(Xap)Ya.

Theorem 5.2 is interesting as it links quantum Markov chains that are defined
in an operational way (i.e., that parts of a composite system can be recovered
by only acting on other parts) with an entropic quantity, the conditional mutual
information. Entropy measures are well studied and obey many nice properties
(as discussed in Section 2.5). More concretely, Theorem 5.2 can be helpful in
practice: Suppose you are given a tripartite state pspc and want to determine if it
is a quantum Markov chain or not. Theorem 5.2 tells us that all we need to do is
to calculate the conditional mutual information I(A : C|B),.

Theorem 5.2 links Markov chains and the conditional mutual information. The
following result further deepens our understanding of Markov chains. It presents
an algebraic characterization of quantum Markov chains [65].

Theorem 5.4. A state papc € S(A®B®C) is a Markov chain in order A <
B < C if and only if there exists a decomposition of the B system as

B=(Pbjeb] (5.10)
J

such that

pasc = D P()Pas: @ Pyic (5.11)
J

with p vk € SA® b?), Piic € S(b§e ®C) and a probability distribution P.
Proof. One direction is trivial. If pspc has the form (5.11) we have I(A : C|B), =
0. Theorem 5.2 then shows that pspc is a Markov chain. It thus remains to

show that any Markov chain can be written as (5.11). For the channel #Zp_,p =
trc o Zp_.gc the Markov condition (5.1) implies

XB—B(PAB) = PAB- (5.12)
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Chapter 5. Approximate quantum Markov chains

Let My € P(A) such that My <id4 and define a state op € S(B) by
pOB = try pAB(MA ®id3) with p= trPAB<MA ®id3) . (5.13)

In case p # 0, (5.12) implies that Zp_,p(0p) = op. Varying My gives a family
M(B) of states on B that are invariant under Zp_ .

Apply Theorem 9 from [65] (see also [93]) gives a decomposition

B=(Prjob], (5.14)

such that every op € M(B) can be written

aB_@P j,0)pj(0) ® w;, (5.15)

with p;(0) € S(b%), @; € S(b¥) and a probability distribution P. By definition of
op this now implies

J

To see this, we define the map
Fp_B ZXBHGB'[I"I)I];(H]'XBHJ’)@(DJ‘, (5.17)
i

where I1; is the orthogonal projector onto the subspace bL ® bR We then find for
My € P(A) such that My < id4 and Np € P(B) such that NB 1dB

trpap(Ms @ Np) = ptrogNp (5.18)
= ptr.#p_,p(0B)Np (5.19)
— ptrop.Z}_ z(Np) (5.20)
= trpap(My ®</’B%B(NB)) (5.21)
=trZp_p(pap)(Ms @ Np). (5.22)

By linearity this is valid for all operators M4 ® Np such that we obtain

paB = FB—B(PAB) - (5.23)

This now implies (5.16) since

Z-5(Xp) @trbR (T1;XBI1)) ® ;. (5.24)
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5.2 Sufficient criterion for approximate recoverability

Let E be a environment such that by the Stinespring dilation (see Proposi-
tion 2.20) we can express the recovery map Zp_,pc as

Rppc : Xp — tpUpce(Xp ®10)(0lc @ 1)U g » (5.25)

for Ugcr € U(B@C@E) and 1¢ € S(E) Since %BﬁBc(pAB) = papc and (5.12)
we see that the unitary Upcg must be of the form

Upce = @idb% ®Uj, (5.26)
i

forU; € U(b§~e ®C®E). Combining (5.16) (5.25), and (5.26) shows that

paBc = #B—Bc(PAB) (5.27)
= trg Upce (Pap ®10)(0]c ® TE)U;CE (5.28)
:EBP<j)PAb§®trEUj(wb§®|0><0|C®TE)U; (5.29)
J
=D P()Par, @ Pyic (5.30)
J
which proves the assertion. ]

5.2 Sufficient criterion for approximate recoverabil-
ity

This section deals with the question whether the properties of quantum Markov
chains discussed in the previous section are robust. In particular we are interested
in the question if the entropic characterization of Markov chains given by Theo-
rem 5.2 is robust. That is, we would like to understand the entropic structure of
tripartite density operators that have a small conditional mutual information. In
particular, if it is possible to relate the conditional mutual information with a mea-
sure of how well the C-system can be recovered by only acting on the B-system
with a recovery map.

The following theorem [28,53,85,142,145,153,175] shows that whenever the
conditional mutual information /(A : C|B), of a quantum state p4pc is small, then
the Markov condition (5.1) approximately holds, i.e, there exists a recovery map
from B to B® C that approximately reconstructs papc from pap. This therefore
justifies the definition of approximate quantum Markov chains as tripartite states
pagc such that the conditional mutual information /(A : C|B), is small.
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Chapter 5. Approximate quantum Markov chains

Theorem 5.5. Let papc € S(AQB®C). Then

I(A:C|B)p > Dyvi(pasc|| Ts—c(Pag)) (5.31)

with the rotated Petz recovery map
Tse= | _dtBo(t) 73 g (5.32)
where By and ‘73[ch are defined in (3.57) and (5.2), respectively.

Proof. This theorem follows from Theorem 5.18 by choosing p = papc, 0 =
idg ® ppc, and & = tre.

]

The recovery map J3_,pc defined in (5.32) that satisfies (5.31) fulfills several nice
properties:

1. It is trace-preserving and completely positive (see Remark 5.3).
2. Itis explicit.

3. Itis universal, i.e., it depends on ppc only.

4. Tt satisfies Tp_.pc(pB) = PaC-

Theorem 5.5 is of interest for various reasons. First and foremost, it shows that
all tripartite density operators pspc with a small conditional mutual information
I(A: C|B), are approximately recoverable in the sense that Ts—Bc(PABC) = PABC
for the recovery map Zp_,pc defined in (5.32). This justifies the definition of
approximate quantum Markov chains as state that have a small conditional mutual
information. In Section 5.2.1 we will see that approximate Markov chains can be
far from any Markov chain, with respect to the trace distance.

Second, Theorem 5.5 immediately implies the celebrated strong subadditivity
of quantum entropy [104,105], i.e.

I(A:C|B), >0, (5.33)

by recalling the nonnegativity of the measured relative entropy (see Proposition
2.35). Theorem 5.5 thus is a strengthening of SSA.
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5.2 Sufficient criterion for approximate recoverability

Remark 5.6. Inequality (5.31) is tight in the classical case. To see this, we recall
that according to (1.7)

PABC is classical - I(A . C‘B)p = D(pABC‘|%—>BC(pAB)) . (5.34)

We recall that the state pypc is classical if it can be written as

pasc =Y, Papc(a,b,c)|a)ala @ |b)(bls|c)(clc, (5.35)

ab,c

for some probability distribution Pypc. Since for classical states the measured
relative entropy coincides with the relative entropy and since the rotated Petz re-
covery map Jp_,pc defined in (5.32) simplifies to the Petz recovery map Zz_.pc
defined in (1.15), we see that (5.31) holds with equality if papc is a classical state.

Remark 5.7. Theorem 5.5 is essentially optimal. It has been shown [52, Sec-
tion 5] that there exist tripartite density operators papc € S(A ® B® C) such that

](A : C‘B)p < %min {D(pABcH%B_ch(pAB)) T #p_pc € TPCP(B,B@C)}.
B—BC

This shows that Theorem 5.5 is no longer valid when replacing the measured
relative entropy in (5.31) with a relative entropy — even if we optimize over all
possible recovery maps.

Remark 5.8. Remark 5.7 just above shows that it is not possible to bound the
conditional mutual information of a tripartite state papc from below by the relative
entropy between papc a a recovered state Zp_,pc(pap). This, however, becomes
possible if we consider a multi-letter formula. More precisely, it was shown [18,
Theorem 12] (see also [28, Theorem 1] and [153, Proposition 3.1]) that

1
I(A: C|B), > lim sup D pABC|| dtﬁo VT L (pag)® ) (5.36)

n—soo 1

where fy and ﬁB[i pc are defined in (3.57) and (5.2), respectively.

5.2.1 Approximate Markov chains are not necessarily close to
Markov chains

Approximate Markov chains are tripartite states pspc with a small conditional
mutual information. Theorem 5.5 shows that such states are approximately recov-
erable in the sense that there exists a recovery map %, gc such that (5.1) approx-
imately holds. Surprisingly, approximate quantum Markov chains are, however,
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Chapter 5. Approximate quantum Markov chains

not necessarily close in trace distance to any Markov chain [38,78]. To see this,
let

1
Alp,0):=llp— ol (5.37)

denote the trace distance between p and ©.

Proposition 5.9. For any d > 1, there exist states papc € S(A ® B® C) with
dim(A) = dim(C) = d such that

(5.38)

N =

2
I(A : C|B)p < I—1 logd and ﬂréllivrlch(pABc,/,LAgc) >

Proposition 5.9 shows that there exist tripartite density operators with an arbitrar-
ily small conditional mutual information, whose distance to any Markov chain,
however, is large. This shows that approximate quantum Markov chains are not
close to Markov chains.

Proof. Let ps, s, = |W)XV¥ls,,.s, on S| ® - ® Sy with dimS; = d > 1 for all
k=1,...,d, where

Wis.si= g T sm@rb)e.lad)  639)

is the Slater determinant, .; denotes the group of permutations of d objects, and
sign(m) := (— 1), where L is the number of transpositions in a decomposition of
the permutation 7. The chain rule for the mutual information shows that

d
I(S1:82...80)p = Y I(S1: Sk[S2...Sk-1)p < 2logd, (5.40)
k=2

where the final step follows by the trivial upper bound for the conditional mutual
information. By the nonnegativity of the mutual information, there exists k €
{2,...,d} such that

2
1logd, (5.41)

I(Sl :Sk|52...Sk_1)p < p

which can be arbitrarily small as d gets large. The density operator pg, s, 18
chosen such that the reduced state pg, s, is the antisymmetric state on S| ® S, that
is far from separable [26, p. 53]. More precisely, for any separable state g, 5, on
S1 ® Sk we have A(ps,s,, Os,s,) > %
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5.3 Necessary criterion for approximate recoverability

Theorem 5.4 ensures that that for any state ug, 5, on S| ®---® S that forms
a Markov chain in order S| <> S2 ® ... ® Sp_1 < Sy, it follows that its reduced
state Ug,s, on S1 ® S is separable. The monotonicity of the trace distance under
trace-preserving completely positive maps [ 114, Theorem 9.2] then implies

1
A(PS, -8, 18, --5,) = A(Ps, 5,5 Ms,5,) = 3 (5.42)
This shows that the state pg,...s,, despite having a conditional mutual information
that is arbitrarily small (see (5.41)), is far from any Markov chain. Relabeling

A=58,C=8,and B=95 ®...®S;_ finally completes the proof. ]

5.3 Necessary criterion for approximate recoverabil-
ity

Theorem 5.5 shows that a small conditional mutual information is a sufficient
condition for a state to be approximately recoverable. In other words, (5.31) gives
an entropic characterization for the set of tripartite states that can be approxi-
mately recovered. In this section, we are interested in an opposite statement. This
corresponds to an inequality that bounds the distance between pspc and any re-
constructed state Zp_,pc(pap) from below with an entropic functional of pspc
and the recovery map %p_,pc that involves the conditional mutual information.
Such an inequality is the converse to (5.31), and gives a necessary condition for
approximate recoverability. Furthermore it gives an entropic characterization for
the set of tripartite states that cannot be approximately recovered [149].

For any & € TPCP(A,A) we denote by Inv(&’) the set of density operators
7 € S(A) which are left invariant under the action of &, i.e.,

Inv(&):={te€S(A): &(t)=1}. (5.43)

We may now quantify the deviation of any state p € S(A) from the set Inv(&’) by
new entropic quantity.

Definition 5.10. For o € (3,1)U(1,%), p € S(A), & € TPCP(A,A) and
Inv(&’) given by (5.43), we define

Aalp|[6) = inf Dalpl7). (5.44)

We further denote the limit cases

Amx(p[|€) = Jim _inf Da(p|lt)= inf Duax(pll2). (5.45)

a—o relnv(&) T€lnv(&)
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Chapter 5. Approximate quantum Markov chains

where in the final step we are allowed to interchange the infimum and the limit as
the sequence {Dy(p||7)}o is monotonically increasing (due to Proposition 2.40)
and hence by Dini’s theorem [130] it converges uniformly in 7. By the same
arguments we also see that

A(p||&) := lim inf D — inf D . 5.46
(pl|€) lim __inf a(p]|7) cinf (pll7) (5.46)

The Ag-quantity has the property that it is zero if and only if & leaves p
invariant (see (2.147)), i.e.,

Aa(pll€)=0 = &(p)=p. (5.47)
We can now state the main result of this section which gives a necessary criterion

for approximate recoverability [149].

Theorem 5.11. Let pppc € S(A®B®C) and Xp—,pc € TPCP(B,B® C).
Then

D(papc||Zs-pc(Pag)) = I(A : C|B)p — Amax(PaB|| ZB8—8) ., (5.48)

where Xp_,p .= trc o XZp_,pc is the reduction of Zp_,pc to the output space B.

Before commenting on this result let us prove it. To do so we recall that the
conditional mutual information of a tripartite density operator is bounded from
above by the smallest relative entropy distance to Markov chains. More precisely,
we have the following upper bound for the conditional mutual information [78,
Theorem 4].

Lemma 5.12. Let papc € S(AQB®C). Then
I(A:C|B), < in D . 5.49
( B)p < R (Pasc||Masc) (5.49)

Lemma 5.12. By definition of the relative entropy and the conditional mutual in-
formation we find for all pppc € S(A®B®C) and all pypc € MC(A®B®C)

D(pascl|ltasc) +D(pal|us) — D(pasllas) — D(pPscllusc) =1(A: C|B)p + v,
where
V.= trpapclog lapc +trpplog tip — trpaplog uap —trppclogupc.  (5.50)

The algebraic structure of Markov chains predicted by Theorem 5.4 shows that

Hasc = D Pty @ typc for B = Dby @by, (5.51)
J J
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5.3 Necessary criterion for approximate recoverability

with Hapt € SA® bf) and Hpkc € S(bﬁ-e ® C). A simple calculation then shows
that v = 0 and thus
I(A: C|B)p = D(pasc|ltanc) +D(psllus) — D(pasl|as) — D(Pac || tac) -

The nonnegativity of the relative entropy (see Proposition 2.28) guarantees that
D(ppcl||tsc) > 0 and by the DPI (see Proposition 2.28) we have D(pp||ug) <
D(pag|/uag)- This then proves the assertion. O

For the proof of Theorem 5.11 we require one more lemma that relates the
distance to Markov chains with the Apax-quantity defined in (5.44).

Lemma 5.13. Let pap € S(AQR B) and Zp_.pc € TPCP(B,BRC). Then

uierll\gCDmaX (L@B%BC(pAB) H/-LABC) < Amax (pAB“c@B%B) y (552)

where Zp—.p := trc o Zp_.pc Is the reduction of Zp_.pc to the output space B.
Proof of Lemma 5.13. The DPI for the max-relative entropy [44, 165] implies that

inf { Dimax (%8 8c(Pas) | Masc) : Mapc € MC}

HaBC
< i&f{DmaX (% Bc(PaB)|| Z8—pc(TaB)) : ZB—c(Tap) € MC,Tap € S(ARB)}
< i&g{Dmax(pABHTAB) :%B%BC(TAB) e MC, 145 € S(A@B)}. (5.53)

The strong subadditivity of quantum entropy (see (5.33)) implies that

H(A‘BC)%BﬁBC(TAB) > H(A|B) 1, (5.54)
for any 745 € S(A ® B) and hence
TAB € IHV(%B%B> — H(A|BC)M > H(A‘B)u (5.55)

for uapc = #p—pc(Tap). The strong subadditivity of quantum entropy together
with the inequality on the right-hand side of (5.55) implies that /(A : C|B), =0
which means that u € MC and hence

TAB € InV(%B_ﬂg) — %B%BC(TAB) e MC. (5.56)
This implication now shows that
Amax(pABHggB%B) = %2£{Dmax(pAB||TAB) :TAB € InV(%B%B)} (5.57)

> %}g{DmaX(pABHTAB) : Xp—pc(tap) € MC, 145 € S(A®B)}.

Combining this with (5.53) completes the proof. ]
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Theorem 5.11. Let uspc € MC(A®B®C). Combining Lemma 5.12 with Lemma
2.41 applied for & = 1, p = papc, 0 = Uapc and @ = Zp_,pc(pap) gives

D(pasc||Zs—pc(pag)) > 1(A: C|B), —uienl\g DPrmax (Z5—5c(Pas)|ltasc)- (5.58)

Lemma 5.13 then proves the assertion of Theorem 5.11. We note that (5.58) is
stronger than (5.48) and therefore may be of independent interest. [

The remaining part of this section is dedicated to comments on Theorem 5.11.
In particular we will discuss the tightness of (5.48) and the role of the Apax-term.

Remark 5.14. In this remark we discuss cases where the Apax-term vanishes. A
recovery map Zp_,pc generally not only reads the content of system B in order
to generate C, but also disturbs it. Apax quantifies the amount of this disturbance
of B, taking system A as a reference. This is the operational significance of the
Amax-quantity. In particular, (5.47) directly implies that Amax(pPas||%Z5—8) =0
if Zp_.pc is “read only” on B, i.e., if pap = Zp—p(pap). Inequality (5.48) then
simplifies to

D(pABC‘|%B—>BC(pAB)) > ](A : C|B)p . (559)

We further note that in case Zp_,pc is a recovery map that is “read only” on B its
output state Gapc := Zp_pc(pap) is a Markov chain since

H(A|B)p <H(A|BC)s <H(A|B)s = H(A|B),, (5.60)

where the two inequality steps follow from the DPI applied for #Zp_,pc and trc,
respectively and hence I(A : C|B)s = H(A|B)s — H(A|BC)s = 0.

5.3.1 Tightness of the necessary criterion

It is legitimate to ask if Theorem 5.11 is tight. To answer this question we need to
have a better understanding about the Apy,x-term. Combining (5.31) with (5.48)
gives

Dwi(pasc|| Ts—pc(pas))

<I1(A:CIB), (5.61)
< %min {D(pasc||%Z—pc(Pag)) + Amax(Pas|| Z—5)} ,  (5.62)
B—BC

where the recovery map Ip_.pc on the left-hand side is given by (5.32) and the
minimum is over all recovery maps %Zp_,pc € TPCP(B,B® C). The main differ-
ence between the lower and upper bound for the conditional mutual information
given by (5.61) and (5.62), respectively, is the Apax-term. In the following we
will show that this term is necessary (i.e., we cannot drop it) as well as optimal
(i.e., we cannot replace it by a similar term that is strictly smaller).
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5.3 Necessary criterion for approximate recoverability

Classical case

Inequalities (5.61) and (5.62) hold with equality in case papc is a classical state,
1.e., it can be written as in (5.35). To see this, we first note that if pspc is classical
(in which case papc and all its marginals commute pairwise) a simple calculation
(see (5.34)) gives

I(A:C|B)p = D(pascl|| Ts—pc(pas)) » (5.63)

for the Petz recovery map 5, ¢ defined in (1.15). Furthermore, if pspc is classi-

cal T5_,5c(Pa) = PrcPy ' Pas. We further see that trc Tp_c(Pas) = Tp—5(Pas)
= pap and hence

Amax (pABH %—>B> =0. (5.64)

This shows that in the classical case (5.62) is an equality and that the Petz recov-
ery map Jp_,pc minimizes the right-hand side of (5.62). Remark 5.6 explains
why (5.61) holds with equality in the classical case.

Necessity of the A x-term

It is natural to ask if tripartite states with a large conditional mutual information
cannot be recovered approximately. Alternatively this can be phrases as the ques-
tion if Theorem 5.11 remains valid when removing the Apy,x-term. Just above we
saw that this is the case for classical states. We next show, however, that the Apax-
quantity is necessary in general, i.e., (5.48) is false when dropping the Ap,x-term.

More precisely, in Appendix A we construct a generic example showing that
for any constant K < oo there exists a classical state papc (i.e., a state of the
form (5.35)) such that

K Dimax (Pasc || Zs—pc(Pag)) <I(A:C|B),, (5.65)

for some recovery map #p_.pc € TPCP(B,B® C) that satisfies Zp_,pc(pp) =
Ppc. A similar construction (also given in Appendix A) shows that there exists
another classical state p4pc such that

K Dimax (%8—8c(Pas) | Pasc) < I1(A:C|B)p, (5.66)

for some recovery map Zp_.pc € TPCP(B,B® C) that satisfies Zp_,pc(pp) =
Pac-

These constructions (which are explained in detail in Appendix A) reveal the
following interesting observations:
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1. The term Amax(paBl|Z%B—p), which measures the deviation from a “read
only” map on B, is necessary to obtain a lower bound on the relative en-
tropy between a state and its reconstruction version. The example has an
even stronger implication. It shows that the Ap,-term is necessary even
if one tries to bound the max-relative entropy between a state and its re-
construction version, i.e., Dmax (Pasc || %5 —sc(Pap))from below.! The two
strict inequalities (5.65) and (5.66) show that the Apax-term is also nec-
essary if one would allow for swapping the two arguments of the relative
(or even max-relative) entropy. Furthermore, restricting the set of recovery
maps such that they satisfy Zg_,pc(pp) = pac still requires the Apax-term.

2. The Petz recovery map can be far from being optimal — even in the classi-
cal case. To see this we recall that for classical states (5.63) holds. Inequal-
ity (5.65) shows that there exists a recovery map that recovers pqpc much
better from p4p than the Petz recovery map.

3. Considering recovery maps that leave the B system invariant (i.e., they only
“read” the B-part) is a considerable restriction.”

We refer to Appendix A for more information about these examples.

Optimality of the A ,«-term

In the previous section we saw that the Apax-term in (5.48) cannot be dropped.
This raises the question if it is possible to replace this term by a strictly smaller
term that has similar properties. The purpose of this section is to present two
arguments why this is not the case. As a result, (5.48) is close to optimal.

First, we show that the Apax-term cannot be replaced by a Ag-term for any
o < . More precisely, for any @ < oo, we construct a tripartite density operator
pasc € S(A®B®C) and a recovery map Zp_,pc € TPCP(B,B® C) such that

D(papc||Zs-pc(pag)) <I(A:C|B)p — Aa(Pagl|Zs—p) - (5.67)

The construction is explained in Appendix B.

Second, we show that the Apax-term in (5.48) cannot be defined as a dis-
tance between pap and Zp_p(pap). Recall that Amax(pal|ZB—p) quantifies the
(max-relative entropy) distance between p4p and its closest state that is invariant

The max-relative entropy and its properties are discussed in more detail in Section 2.5.4. It
is the largest sensible relative entropy measure.

ZRecall that for recovery maps that leave the B system invariant the Apqx-term vanishes as
explained above.
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5.4 Strengthened entropy inequalities

under #Zp_,p. A natural question is if (5.48) remains valid if the Apax-term is
replaced by the (max-relative entropy) distance between pap and Zp_.p(PaB),
i.e., Dmax(PaBl|%—p(pap)).- This however is ruled out. To see this we re-
call that by the example presented above in (5.65) there exists a tripartite state
pasc € S(A® B®C) and a recovery map Zpg_,pc € TPCP(B,B®C) such that

2Drmax (Pasc||Zs—pc(pag)) <I(A:C|B),. (5.68)

The data-processing inequality for the max-relative entropy [44, 165] and the
fact that the max-relative entropy cannot be smaller than the relative entropy
(see (2.145)) then imply

D(pasc||%Zs—pc(Pag)) <I(A:C|B)p — Dmax (Pasl| Z5—5(paB)),  (5.69)

which shows that (5.48) is no longer valid for the modified Apax-term described
above.

5.4 Strengthened entropy inequalities

It is well-known that several fundamental entropy inequalities useful in quantum
information theory are intrinsically related. For example, it was shown that the
following statements

1. strong subadditivity of quantum entropy (see (5.33))

2. data processing inequality (see Proposition 2.28)

3. concavity of conditional entropy (i.e., pap — H(A|B), is concave)
4. joint convexity of relative entropy (i.e., (p,0) — D(p||o) is convex)
5. Lieb’s triple operator inequality (see Theorem 4.9)

6. Lieb’s concavity theorem (see Theorem 2.13)

are all equivalent [103, 133, 167].3 The main result of this section, i.e., Theo-
rem 5.5, presents a strengthening of SSA in terms of recovery maps. It is therefore
natural to ask if the other equivalent statements listed above can also be improved.
This is the purpose of this section.

3Equivalent means that every statement can be derived from every other one by simple ma-
nipulations only.
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5.4.1 Data processing inequality

The data processing inequality (DP1), also known as monotonicity of the relative
entropy, is one of the very fundamental entropy inequalities. It states that the rela-
tive entropy between two density operators cannot increase by applying a quantum
channel to both operators [107,170]. More precisely, for any p € S(A), o € P(A),
and & € TPCP(A,B) we have

D(p|lo) > D(&(p)[|€(0)) - (5.70)
Remark 5.15. For p = papc, 6 =1id4 ® ppc and & = tre, (5.70) simplifies to
I(A:C|B), >0, (5.71)

which is the celebrated SSA, presented in Section 5.1. This substitution provides
a useful link between Section 5.1 and this section.

With this in mind the careful reader will notice that some inequalities dis-
cussed next are generalized versions of inequalities from Section 5.1.

The DPI is well studied. The following proposition gives necessary and suffi-
cient conditions under which (5.70) holds with equality.

Proposition 5.16. Ler p € S(A), 6 € P(A) and & € TPCP(A,B). Then the fol-
lowing are equivalent

1. D(pllo) =D(&(p)l|€(0))
2. 3%s s € TPCP(B,A) s.t. (%5 c08)(p) =p and (%5 c0&E)(0) = 0.
In particular, Zs & can always be chosen to be the rotated Petz recovery map, i.e.,

79 Xy 6%

&t ((g’(o)—%xg g(c)—%) ¢z (5.72)

Proof. To see that 2 —> 1 is simple. The data-processing inequality shows that
D(p|lo) > D(&(p)||&(o)). The other direction also follows from the DPI since

D(&(p)l€(0)) =2 D((Zs.s 0 &) (P)(Zs.s0&)(0)) =D(plo),  (5.73)

where the final step uses 2.
It thus remains to show that 1 = 2. This is more complicated. Note that it is

immediate to verify that (fc[t]@@ o &)(0) = o hence the nontrivial part is to show
that (7,", 0 €)(p) = p which is done in Remark 5.22. 0

o
Exercise 5.17. Convince yourself that Proposition 5.16 implies Theorem 5.2.

The following theorem is the main result of this chapter. It is a strengthening
of the data processing inequality and a robust version of Proposition 5.16.

84



5.4 Strengthened entropy inequalities

Theorem 5.18. Let p € S(A), 0 € P(A) such that p < o, and & € TPCP(A, B).
Then

D(pllo) ~D(E(P)IE(©)) = Dus (p|| Fos0E(p),  (574)

with the rotated Petz recovery map
T 1= /_ atpolr) 7, (5.75)
where By and fc[t]g are defined in (3.57) and (5.72), respectively.

Proof. We first prove a slightly restricted version of Theorem 5.18 where we sup-
pose that & is a partial trace. In a second step we then show how this statement
can be generalized (using the Stinespring dilation) to an arbitrary channel &

Let pap € S(A®B) and o4 € P(A® B) be such that pap < 04p. Let us recall
the multivariate GT inequality (see Theorem 4.10) applied for n =4 and p = 2.
Using the concavity of the logarithm and Jensen’s inequality, it yields

oo 1+ir 1t 1—ir 1—ir
trefliHH2+Hs+Hy S/ deBo(t) treflie > Hre s hellig s Hig 7 M2 (576)

for Hy € H(A ® B) and k € [4]. Moreover, by definition of the relative entropy for
positive definite operators psp and c4p, we have

D(pag||0as) —D(pal|ca) = D(pagllexp(log 645 +log ps ®idp —log 04 ®idp)) .

For positive semi-definite operators p4p and o4, the Hermitian operators log o4,
logps and logoy are well-defined under the convention log0 = 0. Under this
convention, the above equality also holds for positive semi-definite operators as
long as pap < OB, Which is required by the theorem. By the variational formula
for the relative entropy (see Lemma 2.29) we thus find

D(paglloap) — D(palloa)
= sup {trpaplog wap+ 1 —trexp(log oap + logpa ®idp

wspEP, (A®B)
—logoy ®idp +logwap)} (5.77)
> sup  {trpaplogmap+1
wspEPL (A®B

)
° L /L i Lt
—/ dtBo(t)tro, <GA > pac, ®id3) O3 wAB} (5.78)
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* et Lt
= Dy <pAB / dtBo(t) 043 (GA > pacy ®1d3> GAé) (5.79)

= Dui(pascl| Toppi5(Pa)) (5.80)

where the single inequality step follows by the four matrix extension of the GT
inequality in (5.76). The penultimate step uses the variational formula for the
measured relative entropy given in Lemma 2.34.

Let us introduce the Stinespring dilation of &, denoted V, and the states psap =
VpV', osp=VoVTsuchthat &(p) = ps and &(c) = 64. Then, using the fact
that the relative entropy is invariant under isometries (see Proposition 2.28), we
have

D(p|lo) —D(&(p)||6(0)) = D(pasloas) — D(pallca) (5.81)
> Dt (Pasl| Toup,tr5(P4)) (5.82)
=Dy (p(Ts608)(P)), (5.83)

where the inequality is due to (5.80) and the last equality uses again invariance
under isometries and the fact that for all 7 € R and X4 € P(A)

V' T (XaV =VIVe TV (£(0)7F (x0)6(0) " @ids ) Vo VY
—c " (8(0) F (Xa)E(0) ) o (5.84)
= e (Xa). (5.85)
This therefore completes the proof. [

Exercise 5.19. Convince yourself that Theorem 5.5 follows immediately from
Theorem 5.18 by choosing p = papc, 0 = id4 ® ppc, and & = trc.

The recovery map f_g,g from Theorem 5.18 satisfies many desirable proper-
ties [85,116, 175]:

1. Tt is trace-non-increasing and completely positive.*

2. Itis explicit.
3. Itis universal, i.e., it depends on o and & only. (It is independent of p.)

4. It satisfies (J5 50 &)(0) = 0, i.e., it perfectly recovers ¢ from & (o).

*In case &(0) € P.(B) the recovery map J ¢ is trace-preserving.
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5.4 Strengthened entropy inequalities

5. It features a normalization property. For & = .% we have 5 4 (-) =115 (-)I1g,
where Il denotes the projector onto the support of 6. Thus, in case ¢ has
full support 7 is the identity map.

6. It has a stabilization property. For any @ € P, (R), where R denotes a refer-
ence system we have Ts00 c0.7, = Jo.6 @ IR

Exercise 5.20. Verify the six properties stated above.

Using similar techniques as in the proof of Theorem 5.18, we can derive an-
other strengthening of the data processing inequality [85].

Proposition 5.21. Let p,6 € P(A) such that p < o, trp =1, & € TPCP(A,B),
and Py defined in (3.57). Then

Dipllo)~D(E(P)IE() =~ [ _dtbo(t)logF (p. (71 08)(p), (5:86)

with the rotated Petz recovery map 7. G[flg given by (5.72).

We note that the main difference between this proposition and Theorem 5.18
is that in (5.86) the integral is at the very outside, however we have a log-fidelity
measure whereas in (5.74) we have a measured relative entropy with the integral
inside (see Proposition 2.36 for the relation between these two quantities).

Proof. We first show the assertion of the proposition for the case where & is a
partial trace and then explain how this result can be lifted to arbitrary quantum
channels using the Stinespring dilation (see Proposition 2.20).

Let pap, 045 € P(A® B) such that pyp < o4p and trpap = 1. Let us recall
the multivariate GT inequality given in Theorem 4.10 for n =4 and p = 1. By
Jensen’s inequality this reads as

treH1+H2+H3+H4 S/ dtﬁ()(t) HeHle(1+iI)Hze(1+iI)H3eH4 1

(5.87)

Furthermore the Peierls-Bogoliubov inequality (see Theorem 2.11) ensures that

treffstHs  tr Hyels
trefls = treffs

log (5.88)

For Hs = logpap and Hg = %(— logpapg +logoap —logox ®idp + logpa ®idp)
this simplifies to

1

2logtre? (log pap+log opp—log 64 ®idp+log ps®idp)
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> trpap (—logpap +1ogoap —logoy ®idp +logps ®@idp) . (5.89)
We thus find
D(paglloap) — D(palloa)

=1trpPaB (lOgPAB —logosp+1logoy ®idp —logpa ® idB) (5.90)
> _210gtre%(logPABHOgGAB—10g6A®idB+1OgPA®idB) . (5.91)

Applying the four operator extension of the GT inequality given in (5.87) then
gives

D(pal|oap) — D(pal/oa)

00 1o/ Lk 1 2
>~ [~ bl [pigous (o1 ¥ pi wian)

(5.92)

1

o0 14t _ L4 i 1=t
:_/ dtBo(t) log F (pAB,GAg (GA > pacy ®id3> Oz ) (5.93)
— | dtBo(1) 10 F (as, Ty (P)). (5.94)

where the penultimate step follows by definition of the fidelity.

Let V be the Stinespring dilation of & and let pyp = VpV', o453 = VoV’ such
that &(p) = pa and &(0) = 04. Then, using the fact that the relative entropy is
invariant under isometries (see Proposition 2.28), we have

D(p|io)—D(&(p)||&(c)) = D(paslloas) — D(palloa) (5.95)
> — /_ _drfo(r) log F (PaBs Tty ey (P4))  (5.96)

:_/_Zdtﬁo(’)logF(P’(%[%Oé[’)(p)), (5.97)

where the penultimate step uses (5.94) and the final step uses that the fidelity is
invariant under isometries (see Proposition 2.26) together with (5.85). This then
completes the proof.

]

Remark 5.22. Since the mapping R > 7 — ,Zym(p is continuous, Proposition 5.21

shows that D(p||o) = D(&(p)||&(c)) implies that (F 0 &)(p) = p for all
t € R, where we used the nonnegativity property of the fidelity discussed in Propo-
sition 2.26.°

>Choosing p = pagc, 6 = ids ® ppc, and & = tre we obtain that I(A : C|B)p = 0 implies
T o (0as) = pasc for Z. . defined in (5.2).
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5.4 Strengthened entropy inequalities

5.4.2 Concavity of conditional entropy

It is well-known that the conditional entropy is concave, i.e., the function S(A ®
B) > p — H(A|B), is concave. In the following we show that Theorem 5.5 implies
a stronger version of this concavity result.

Corollary 5.23. Let u be a probability measure on a measurable space (X,X)
and (Pagx)xex be a sequence of density operators on A® B. Then

H(A|B)s /u H(A|B)p, /u ) Dri (PaB.xll TB-a8(PBx)) >0,

where Pap = [y u(dx)pap « and Tpap(-) i= ijBJrA(‘) defined in (5.75).

Proof. Consider the classical-quantum state

wxani= [ W(@)[(rlx @ pag.r (5.98)

Theorem 5.5 implies that
H(A|B), / W(dx)H(A|B)p, = H(A|B)o — H(A|BX ) o (5.99)
—I(X:AB)o (5.100)
> Dy (0xas|| Tp—as(@xz)) (5.101)
= [ n(@)Du( (Pss)), (5.102)

where the final step uses Proposition 2.35.

Since J_,ap is trace-preserving and completelj_/ positive (as discussed in Sec-
tion 5.4.1), Proposition 2.35 implies Dy ( (ppx) > 0 for all x € X
which completes the proof.

[]

Results that strengthen the concavity of a function can be extremely useful.
For example in optimization theory the concept of a strict or even strongly concave
function turns out to be important and powerful [25, 113]. For this reason we
believe that Corollary 5.23 may be of interest.

5.4.3 Joint convexity of relative entropy

As discussed in Proposition 2.28, the relative entropy is jointly convex in its two
arguments. As we show next, Theorem 5.18 implies a strengthened version of this
convexity property.
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Corollary 5.24. Let 1 be a probability measure on a measurable space (X,¥),
(Pax)xex be a sequence of density operator on A with py = [y 1(dx)pa and
(Oax)xex be a sequence of nonnegative operators on A with 64 = [y 1(dx)0y 4.
Then

| #(@)D(Pasllon) ~ Dlpallon) 2 Dua(pxall Fxalpa) 20, (5103

for pa i= Jy (&) ) (xlx &P O i= ()W)l 901, and Tiorxa (") i=
Fopy try () defined in (5.75).

Proof. Proposition 2.35 shows that

/H D(pax||oax) —D(palloa) = D(pxalloxa) — D(palloa)  (5.104)
> Dy (pxall Ta-sxa(pa)) (5.105)
>0, (5.106)

where the penultimate step uses Theorem 5.18. The final step follows from Propo-
sition 2.35 together with the fact that the recovery map .74 x4 is trace-preserving
and completely positive. [

5.5 Background and further reading

Quantum Markov chains were introduced in [1] and their properties were studied
carefully [65,119,121]. This raised the question how to characterize states with a
small conditional mutual information. In [78] (see [38] for a simplified argument),
it was realized that such states are not necessarily close to any Markov chain.
This fact has been taken as an indication that the characterization of states with a
small conditional mutual information may be difficult. Subsequently, it has been
realized that a more appropriate measure instead of the distance to a Markov chain
is to consider how well (5.1) is satisfied [20,89, 177, 181]. This was made precise
by the breakthrough result of Fawzi and Renner [53]. This result generated a
sequence of papers [21,28,85,142,145,153,175] which finally led to Theorems 5.5
and 5.18 which were conjectured in [177].

A lower bound that is different to Theorem 5.5 has been obtained by [27, 30],
where it was shown that

I(A:C|B)p > lpac — GACHLOCC (5.107)

max
p= 81In2 oyc separable
1

= 815312 Oacllz » 5.108
8\/F1n2 oac separable HPAC AC||2 ( )
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where ||| occ is the so-called LOCC norm.

Theorem 5.5 already found various applications that we do not discuss in the
book. To name a few, it has been used to solve problems in thermodynamics [6,88]
where for example it was shown that approximate quantum Markov chains are
approximately thermal [88]. This means that for any papc such that (A : C|B), <
€ there exists a local Hamiltonian H = hyp + hpc, where hyp and hpc only act on
A® B and B ® C, respectively, such that

e—H
D (pABCH _H> < 3. (5.109)
tre

Theorem 5.5 is also potentially useful in computational physics as it implies
that systems satisfying a certain locality assumption can be represented efficiently.
More precisely, consider a one-dimensional system consisting of n subsystems
S1,...,S, that feature a certain locality assumption in the sense that for all k € [n]
we have

ISt Skn - SelSk_1)p < €. (5.110)

Theorem 5.5 implies that the state pg, s, describing such a system can be repre-
sented efficiently as we can sequentially build it up. To see this let us start with
the marginal pg,5,. Theorem 5.5 implies that there exists a recovery map s, s, s,
such that

pSISZS3 ~ jgz—)SzSg,(pS]Sg)' (5111)
By Theorem 5.5 there exists a recovery map Js,s,s, such that
Ps18,8384 ~ <7_S3%S3S4 (PS1$ZS3) . (5.112)

By continuing like this we can reconstruct the full state pg, s, . All we need to
store in order to represent ps, s, is a sequence of recovery maps that only takes
linear space. To summarize, one-dimensional systems that satisfy the locality
assumption (5.110) can be efficiently represented by a finite sequence of recovery
maps given by Theorem 5.5.

Theorem 5.5 has been successfully applied in other areas such as high energy
physics [43,45, 117], solid state physics [29, 160, 179], quantum error correc-
tion [66, 118], quantum information theory [7,22,33,90,97,101], and foundations
of quantum mechanics [109].

We note that Theorem 5.5 has been extended to separable Hilbert spaces [85]
(with the caveat that the measured relative entropy is replaced with min-relative
entropy). It is an open question if Theorem 5.5 or Theorem 5.18 remain valid in
the more general algebraic setting. For this purpose the interested reader may have
a look at Araki’s Gibbs conditions [12] (see also [15]) and the Tomita-Takesaki
theory [31].
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Chapter 6

Conclusion and future directions

The two main contributions of this thesis are the following:

1. We establish a set of new multivariate trace inequalities that answer a long-
standing open question in matrix analysis (see Chapter 4).

2. The new inequalities are applied to rigorously analyze the behavior of quan-
tum Markov chains and in particular the approximate case (see Chapter 5).

For future research there are many interesting open questions. Below we mention
two topics that, according to us, are worth to be further explored.

More multivariate trace inequalities

There exist various trace inequalities that are of interest which are not discussed
in this thesis. For example, the Golden-Thompson inequality (see Theorem 4.1)
features a reverse version, i.e., for Hj, H, € H(A) it is known [72] that

2
treH1+H2 ztr(ele#esz)p fOI‘ all p >0, (6'1)

where B#C := B2 (B_%CB_%)%B% denotes the geometric matrix mean [24]. Note
that (6.1) is an equality in case H; and H; commute.

Is it possible to prove (6.1) using the spectral pinching method (see Sec-
tion 3.1) or complex interpolation theory (see Section 3.2)? More importantly,
can we extend (6.1) such that it holds for more than two matrices? We believe
that this would be important as such an inequality could potentially be transferred
into an novel entropy inequality using similar techniques as in the proof of Theo-
rem 5.18.
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Further explore the connections between recovery maps and the conditional
mutual information

Theorem 5.5 is of interest for various reasons some of which are discussed in Sec-
tion 5.2. On a high level, the result is interesting as it allows us to use information
theoretic methods (that are convenient to deal with) to make a statement about
recoverability (that is of operational interest but usually difficult to get directly).

We would like to better understand if there exist applications of this result
in physics, computer science or other related fields, where information theoretic
measures as well as the idea of reconstructing information has been successfully
used. First connections have already been established (see Section 5.5), however,
we believe that there is more to be uncovered.

94



Appendix A

A large conditional mutual
information does not imply bad
recovery

Abstract. In this appendix we construct a state pspc that has a large conditional
mutual information /(A : C|B),, however there exists a recovery map %p_,pc that
approximately reconstructs pspc from psp. More precisely, this example justi-
fies (5.65) and (5.66).

Since the example is purely classical we also use classical notation (i.e., we
will speak for example about a distribution instead of a density operator). Let
2 ={1,2,...,2"} forn € N, p,q € [0,1] such that p+ ¢ < 1, and consider two
independent random variables Ez and Ey on {0,1} and {0, 1,2}, respectively,
such that

P(E;=0)=p+q, P(Ey=0)=p, and P(Ey=1)=gq. (A.1)

LetX ~ % (Z"), where % (Z") denotes the uniform distribution on 2" and define
two random variables by

. _ X if Ey=0
7= X 1 Ez=0 and Y:={ Z if Ey=1 (A.2)
Uz otherwise .
Uy otherwise,

where Uy ~ % (Z") and Uz ~ % (Z") are independent. This defines a tripartite
distribution Pyyz. A simple calculation reveals that

H(X|YEyEz) = pH(X|XEz) +qH(X|ZEz) + (1 — p—q)H(X|UyEz) (A.3)
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q((p+q)H(XX)+(1—p—q)H(X|Uz)) +(1—p—q)H(X)
n(l—p—q)(1+q). (A.4)

Similarly we find

H(X|YZEyEz) = q(1—p—q)H(X|Uz)+ (1 —p—q)(1 — p—q)H(X|Uy)

=n(l-p—q)(1-p). (A.5)

We thus obtain
I(X:Z|Y)p=HX|Y)—H(X|YZ) (A.6)
> H(X|YEyE;) —H(X|YZEyEz) —I(X : EyEz|YZ) (A7)
>n(l—p—q)(p+q)—logb. (A.8)

We next define a recovery map Zy_,y' that creates a tuple of random vari-
ables (Y’,Z') out of Y such that

(V' Z) = (P +q-+pg) (V,Y) + 2 (1— p* — g — pq) (V,U)

2
1
+5(1=p*—q-pg)(U"Y),
where U, U’ are independent uniformly distributed on 2". Let
Oxy'z' := Ry yz/ (Pxy) (A.9)

denote the distribution that is generated when applying the recovery map (de-
scribed above) to Pyy. In the following we will assume that 7 is sufficiently large.
It can be verified easily that Qy/z» = Pyz. Since Pyyz and Qyy'z are classical

Porz(e32)_ e note that
QXY,Z/ (x,y,z)

P(X =Y) = p+ pg+ q* according to the distribution Pyy and hence

Dinax (Pxyz||Qxy'z')

distributions we have Dpax(Pxyz||Qxy'z) = maxy log

:max{log (p—l—q)2 0og U=p-4)q
PX=Y)(P>+q+pg) ~PXAY)(P*+q+pq)’
(ptal-p-a) (L—p—ap
PX=Y)3;(1-p*—q—pq) ~PX=Y)3;(1-p*~q—pq)’
log (1-p—q)* } (A.10)
P(X #Y)(1 - p2—q— pq) '

and

Dmax(QXY’Z’ HPXYZ)
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(p+q)? (1-p—q)q ’
oo PE=13(0=pP —q—pg) | P(X=Y)3(1-p*—q—pq)
T rl-p—q (1-p—a)p ’
P(X #Y)(1—p*—q—pq)
log (1—p—q) } . (A.11)

For Kk < oo, p = %, q = 0, and n sufficiently large we find by combining (A.8)
with (A.10)

n
K Dmax (Pxyz|| %y —yz(Pxy)) = k < 1 —log6 <I(X:Z|Y)p, (A.12)

which justifies (5.65). For kK < oo, p =g = %, and n sufficiently large (A.8)
and (A.11) imply

I5 n
KDmax (%Y%YZ(PXY)HPXYZ) = K10g§ < Z —10g6 S I(X : Z|Y)p, (A13)

justifying (5.66).

These examples show that there exist classical tripartite distributions Pxyz
with a large conditional mutual information /(X : Y|Z)p and a recovery map Zy _yz

such that Zy_,yz(Pxy) is close to Pxyz and Zy_,yz(Py) = Pyz. The closeness is
measured with respect to the max-relative entropy.
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Example showing the optimality of
the A, .-term

Abstract. In this appendix, we construct a classical example showing that (5.48)
is essentially tight in the sense that it is no longer valid if the max-relative entropy
in the definition of Amax(PaB||%ZBs—5) is replaced with Ay (pag||Zs—p) for any
o < oo. In other words, for any & < oo we construct a density operator papc €
S(A®B®C) and a recovery map Zp_,pc € TPCP(B,B® C) that satisfy (5.67).

Our construction is purely classical which is the reason that we switch to the
classical notation. Let . = {0,...,2" — 1} and consider a tripartite distribution
QOxyz defined via the random variables X ~ % () and X =Y = Z. Let Qyy,
be the distribution defined via the random variables X ~ % (), Y ~ % (.¥)
where X and Y are independent, % (.’) denotes the uniform distribution on .&
and Z = (X +Y) mod 2". For p € [0,1] we define a binary random variable E
such that P(E = 0) = p. Consider the distribution

Payz = { giz ne=y B.1)

We next define two recovery maps Ry _y'z and Zy_yr that create the tuples
(Y',Z') out of Y such that

Y'zZ)=(y) and (Y,Z)=(U,(Y-U) mod2"), (B.2)
where U ~ % (.), respectively. We then define another recovery map as

Ry vz = pRy_yz+ (1 —p) Ay vz . (B.3)
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We note that the recovery map satisfies Zy_,y/z (Py) = Pyz. A simple calculation
shows that

HX|YE)p=pH(X|Y)o+(1-p)H(X|Y)g = (1—p)n (B.4)
and
H(X|YZE)p =pH(X|YZ)p+ (1 —p)H(X|YZ)Q/ =0. (B.5)
We thus find
I(X:Z)Y)p=H(X|Y)—-H(X|YZ) (B.6)
>H(X|YE)—H(X|YZE)—I(X :E|YZ) (B.7)
> (1=p)n—h(p). (B.8)

The distribution Zy .y (Pxy) generated by applying the recovery map to Pxy
can be decomposed as

Ry vz (Pxy) = p (pSxyz+(1—p)Sxyz) + (1 —p) (pSxyz + (1 — p)Skyz)
where Syyz = %y yz(Oxy), Sxyz = Ry sy z(0Oxy)s Skyz = %y vz (Qky),

and Sy, = %y_,yz7(Qyy). The joint convexity of the relative entropy [40, The-
orem 2.7.2] then implies

D(Pxyz||Zy vz (Pxy)) < pD(Qxyz||pSxyz + (1 — p)Sxyz)
+ (1= p)D(OxyzllPSxyz+ (1 —p)Sxyz) (B.9)

A simple calculation shows that

D(Qxyz||pSxyz+ (1 —p)Sxyz)

QXYZ(xayaz)
== QXYZ x,y,z)log & = (BlO)
x_zy:_z ( pSXYZ(x,y,Z)+(1_p)SXYZ<X,y,Z)
27" 1
< —— =log— (B.11)
p27" p

and

D(Q%yzIlpSxyz+ (1—p)Sxyz)

Q;(YZ()C?y?Z)
- Q;(YZ(xLy’Z) log G S (B12)
x,y,z—x+2y: mod 2" pSS(YZ(xa%Z) + (1 —p)S&YZ(X,y, Z)
22 1
< m:]ogl—), (B.13)
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We thus have
1
D(Pxyz|| %y vz (Pxy)) < log i (B.14)

We note that the recovery map Zy _.yr = try o Zy_,y1z leaves the uniform distri-
bution QY invariant, i.e., Zy_,y/(Qyy) = Qyy- As a result we find

Ao (Pxy||Zy_y') < Do(Pxy||Qxy) (B.15)

_log 27"(1=p)*(2"—1)+27"(1— p+ p2")%)
n o—1 ’

(B.16)

where the final step follows by definition of the -Rényi relative entropy and a
straightforward calculation.

Recall that we need to prove (5.67), which in the classical notation reads as
D(Pxyz|| %y vz (Pxy)) + Aa(Pxy | %y —y') <I(X : Z|Y)p, (B.17)

for all @ < eo. As mentioned in (2.146), the o.-Rényi relative entropy is monotone
in oo which shows that it suffices to prove (B.17) for all o € (0, 0), where o > 0
can be arbitrarily large.

Combining (B.14) and (B.15) shows that for any a € (qg,) where oy is
sufficiently large, p = a2, and n = o

D(Pxyz|| %y —yz (Pxy)) + Aa(Pxy | %y —y)

Clog (1427%(1+a772%)%) , (B.18)

1
<2logo+
a_

where we used that (1 — a=2)%(2% — 1) < 2% for a > 1. Using the simple in-
equality log(1+x) < logx+)% for x > 1 gives

D(Pxyz||Zy vz (PXY)) + Aa(Pxy || Zy —y)

20 2 0\ ¢
log (14—?) —|——2a <1+$) (B.19)

<210g(x——+ 1

1 —1

o
<2logar— ———+
o —

2¢ o
1 1+— 2- B.20

where the final step is valid since o is assumed to be sufficiently large. Using
once more log (1 +x) < logx+ )—ZC for x > 1 gives

D(Pyyz|| %y —yz(Pxy)) + Aa(Pxy || %y —y')
2

o 2a
<21 — 21 -1+ —— 27% (B.21
< ogOH—a_l(Ot oga +2a)+ (B.21)
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= O —

2
; loga +2~%poly(a), (B.22)

where poly(a) denotes an arbitrary polynomial in &. As a result, we obtain for a
sufficiently large o

2
D (Pxyz|| %y —yz (Pxy)) + Aa(Pxy || By —yr) < ot — P (B.23)
<a—a'—n(a?) (B24)
<I(X:Z|Y)p. (B.25)

The two steps (B.23) and (B.24) are both valid because « is sufficiently large. The
final step uses (B.8).
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Appendix C

Solutions to exercises

Abstract. In this appendix we give solutions to the exercises stated throughout
the thesis. The exercises are chosen such that they can be solved without major
difficulties. They serve the purpose of a verification possibility for the reader to
check if she has understood the presented subject.

Solution to Exercise 1.1

We view statement (1.1) as the definition of a (classical) Markov chain. It thus
remains to show that (1.2) and (1.3) are both equivalent to (1.1). Bayes’ theorem
ensures that Pyyz — Pxzy Py and Pyy — PxyPy. As a result we find that

Pxziy =PxyPzy <= Pxvz=PFPxvPyy, (C.1)

which shows that (1.1) is equivalent to (1.2). By definition of the relative entropy
and the conditional mutual information we have

(X : Z|Y)p = D(Pxzy || Pxy Pzy) - (C.2)
Recalling that D(P||Q) = 0 if and only if P = Q shows that (1.1) is equivalent
to (1.3).
Solution to Exercise 1.2

This solution follows the arguments presented in [77,78]. A simple calculation
shows that

Pyxy (z|xy)
IX:2]¥)p = Y Pryz(x,3,2)log 2 ==

. C3
it Py (zly) (3
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The distribution Pxyz can be decomposed as Pyyz = Py Pz)y Px|yz and any Markov
chain Qxyz can be written as Qxyz = Qy Qz)y Ox|y- We thus find

D(Pxyz||Oxyz)

= ¥ Pz, <1og - 0) 4 1og ZAMED). 1o Prrzlil Z)) (C4)

oy v (y) Ozpy (z]y) o Ox |y (x[y)
_ Py|yz(x[yz)
= D(Py||Qv) +D(Py[|Qzy) +X§ZPXYZ(XO’7 z)log W (C5)
= D(Py||Qy) +D(Pgy||Qzy) + D(Pxy |Qxy) +1(X : Z|Y ) p, (C.6)

where the final step uses (C.3). Since the relative entropy is nonnegative and zero
if and only if the two arguments coincide this proves the assertion.

Solution to Exercise 2.3

That the Schatten p-norm satisfies the nonnegativity and absolute homogeneity
property is obvious from its definition. It thus remains to prove the triangle in-
equality. The Schatten p-norm can be written as the £,-norm of the singular val-
ues, i.e., for L € L(A) we have

dim(L) %
L], = ( O'k(L)”> , (C.7)

k=1

where (Gk(L))zi:ml(L) denote the singular values of L. The Minkowski inequality
(see, e.g., [123, Theorem III.1]) then implies the triangle inequality for Schatten
norms.

The identiy (C.7) shows that [|L|| , = HLJr Hp as singular values are invariant un-
der conjugate transposition. The singular value decomposition ensures that there
exist unitaries U,V € U(A) such that L = UAV, where A is a diagonal matrix con-
taining the singular values of L. Using the fact that Schatten norms are unitarily
invariant gives

dim(L) 2p
HLLTHP _ HLTLHP — |IAA], = ( Gk(L)Zl’) —|ILI3, - (C.8)

k=1

The fact that Schatten p-norms are monotone in p follows directly from the
monotonicity of £,-norms via (C.7). To see this let 0 # x € C4and 1 < p<gand
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define y :=

;- Since [yx| < 1 and [[y||, =1 we find

[

d i [ 7 »
yllg =1 X bl | <{ Xl ] =Ivlz=1. (C9)
k=1 k=1

As a result we have

el = | el ], = el 31, < Dl - (C.10)
dim(Ly) dim(L,) .
If (ox(L1)),—, =~ and (ox(L2)),_, ~ denote the singular values of L; and L,

respectively, then the dim(L;)dim(L,) singular values of L; ® L, are given by
all possible multiplications of a singular values of L; with a singular values of L,.
This directly implies that Schatten norms are multiplicative under tensor products.

Solution to Exercise 2.18

Consider the transpose map .7 : L(A) — L(A) that is given by .7 : X — XT, where
XT denotes the transpose of X with respect to some fixed basis. The transpose map
is clearly positive, since for any state |y) we have

(wIXT|y) = (WX |y) = (w|X|y) = (§|X|¥) > 0. (C.11)

The transpose map is however not completely positive. To see this it suffices to
consider a two-dimensional system, i.e., dim(A) = 2. For the computational basis
{]0),|1)} and the maximally entangled state

0)as = iz (100} a5 + 11)45) (C.12)
we find that
(73 75)(19)(91as) = & (100) (00lag+ [10) (10]15+ 01) O1|ag + |11 (11]s5)

which is not a positive operator as it has eigenvalues i%.

Solution to Exercise 2.22

The finite sequence (Ejy) ke[ of Kraus operators is not uniquely determined by
&. Tt can be shown [178, Theorem 2.1] that two sets of Kraus operators (E}) and
(E;) represent the same map & if and only if there is a unitary U such that E; =
YUk jE;- (where the smaller set is padded with zeros). A proof of this statement
can be found in [178, Theorem 2.1].
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Solution to Exercise 2.30

Since the two optimization problems in Lemma 2.29 are equivalent it suffices
to show that one of them is a convex optimization problem. We do so for the
first optimization problem. Since every Hermitian operator can be written as the
logarithm of a nonnegative operator we can rewrite (2.76) as

D(p|lo) = sup {trpH—logtrelOgG+H} . (C.13)
HeH(A)

The set of Hermitian operators is clearly convex. Furthermore, the function H —
logtre!©29+H s convex on the set of Hermitian operators. To see this, we recall
the variational formula given in (2.78) which shows that for any 7 € [0, 1] and
H,H; € H(A) we have

tlogtre!°€o T 4 (1 —¢)logtreloeotih

> max {tr(tH;+ (1—1)H)p —D(p|o)} (C.14)
pES(A)
— logtrelog0+(1H1+(1*l)H2) . (CIS)

This shows that H — logtrelog"+H is a convex function and hence (C.13) is a
convex optimization problem.
Solution to Exercise 2.32

We first prove (2.92). Klein’s inequality for f(z) = ¢logs (which is strictly convex
for ¢ > 0) implies that

trB>trX —trXlogX +trXlogB, (C.16)
where equality holds if and only if X = B. This already proves (2.92). Apply-
ing (2.92) for B = ef111°29 gives (2.91).

Solution to Exercise 3.1

A simple calculation shows that for any k > 0, i, is a probability distribution on
R, i.e., ux(t) > 0forall € R and [~ u(dr) = 1. Furthermore

oo

(o) = [ puelanye o = %(tri,(*tri,()(a)). C.17)

This then straightforwardly implies the five properties mentioned in Section 3.1.
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Solution to Exercise 3.3

By the operator-sum representation of quantum channels (see Proposition 2.21)
the pinching map defined by (3.6) is trace-preserving and completely positive
since

Y mm= ) I, =id. (C.18)
This also shows that the pinching maps is unital, i.e., g (ids) = id4.

Solution to Exercise 3.10

Let (¢xs) denote the entries of the operator L (if we view it as a matrix). By
definition of the tensor product we find

Ly ®Ly =Y trlyly =) lytrLy = (trLy)(trLy), (C.19)
k k

which proves the first identity.

Every nonnegative operator can be diagonalized, i.e., there exist unitaries
Ui € U(A) and U, € U(B) such that C; = UiA U] and Cy = UsAxUJ for diag-
onal matrices A and A, with nonnegative entries. We then find

logCi ®Cs = log(U; @ Us) (A1 @ A2) (U @ U5) (C.20)
= (U @ Uy) (log A @ Ar) (U] @ UJ) (C.21)
= (U1 @ Us) ((log A1) @idp +ids ® (logA2)) (U @U3)  (C.22)
= (logCy) ®idp +ids ® (logCy), (C.23)

which proves the second identity.

The third identity follows from a known relation between the tensor product
and the direct sum, i.e.,

exp(Ly) @ exp(Ly) = exp(L; ® Ly) = exp(L; ®idp+ids @ Ly). (C.24)

Solution to Exercise 4.2

Let By,B,B3 € P(A) be such that By := logH;, for k € {1,2,3}. Essentially the
same steps as in the proof presented in Section 3.1.3 show that

logtrexp(log By +log B, +log B3)
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1

= —logtrexp(log B +log B5"" + log BY™) (C.25)
m
1 1 1

< —logtrexp (log B +1log BS"" +log Pyem(B3™)) + logpoly(m) (C.26)
m 2 m
1 Lom lomy , logpoly(m)

= n—ilogtrexp (logB}™ +1logB; Pgen (BY™B3 ) + — (C.27)

where the first step uses Exercise 3.10. The inequality step follows from the pinch-
ing inequality (see Lemma 3.5), together with the fact that the logarithm is oper-
ator monotone (see Table 2.2) and H — tre’ is monotone (see Proposition 2.10).
Furthermore we use the observation presented in Remark 3.9, i.e., that the number
of distinct eigenvalues of B?’" grows polynomially in m. The final step uses that
Zc(B) always commutes with C (see Lemma 3.5).

Repeating the same arguments gives

logtrexp(log By +log B, +1log B3)

1 Lom Lom logpoly(m
< logtrexp (log B +log Do (B%® Py (B?m)Bég) ) + ngY()
1 1 1 logpoly(m
= —log trBY" Ppon (B3 ®m93?m (BY™BZ™) + ngY() (C.28)
1 1 1 1 1

where the final step uses Lemma 3.5. The integral representation for pinching
maps given by Lemma 3.4 shows that

logtrexp(log By +log B, +1log B3)
1 *° 1 : m : m 1 m 1 1
~ —log / e (dr)tr BB} “" By " pme—itBy" g2 +%ﬂm> (C.30)

i L Jogpol
<logsuptrB|B,*> B3B,* —|—M, (C.31)

reR m

where the final step uses Exercise 3.10 and that for any B € P(A) and any r € R
there exists a s € R such that e?1°¢8 — ¢8_ Considering the limit m — oo finally
gives

1+ir 1—ir
2

trexp(log By +1log B> +1ogB3) < suptrBiB,* B3B,” , (C.32)
teR

which proves the desired inequality.
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Solution to Exercise 4.5

Every positive definite matrix can be diagonalized, i.e., there exists a unitary U €
U(A) such that B=UAU" where A is a diagonal matrix containing the eigenvalues
(A)x of B. We thus have

trlogB = trU (log A)U" = trlog A = Zlog?tk = longk =logdetB. (C.33)
k k

Solution to Exercise 5.17

If we choose p = papc, 6 = idg ® ppc and &(+) = tre(+), Proposition 5.16 simpli-
fies to the statement that the following are equivalent

1. I(A:C|B), =0
2. 3 Xp—.pc such that Zp_.pc(Pap) = pasc and Zp_.pc(PB) = PpC

In particular the recovery map can be chosen to be the rotated Petz recovery map
given in (5.2). This is exactly the statement of Theorem 5.2.

Solution to Exercise 5.19

This exercise is so simple that it does not require a solution. If we evaluate The-
orem 5.18 for p = papc, 0 = idg ® ppc, and & = tre¢ we immediately obtain
Theorem 5.5.

Solution to Exercise 5.20

The recovery map 9_67@@ is clearly completely positive. It is also trace-non-increasing
as forany r € R

w7 (X)=tro&T (£(c) 2 XE(G) T (C.34)
0,8

= tr&(0)8(0) 21X E (o) 2 (C.35)

= tl‘ng(o-)X (C.36)

<trX, (C.37)

where the final inequality step is an identity in case & (o) has full support. The
recovery map 5 ¢ clearly is explicit, universal and perfectly recovers ¢ from
&(0).
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For & = . we find

Tor ()= [ _atBo)e() Mg = Mo() o ©39)

which proves the normalization property.
Finally for @ € P.(R) we have

go@w,é”@f]e(')
:/ difo(No ' 00t (&) (E(0) oo T ()0) T e

= (6.6 ®IR)("), (C.40)

which proves the last property and thus completes the exercise.
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