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1 Introduction

Final states containing hadronic jets are produced at large rates at high energy particle
colliders. Since the distribution of these jets relates directly to the dynamics of the hard
parton-level scattering process, jet observables can be used to probe elementary particle
reactions. Owing to their large production cross sections, various jet observables can be
measured to a high statistical accuracy, thus making them ideal for precision studies [1, 2]:



e~ annihilation to determine the strong coupling con-

for example three-jet production in e
stant as and for quantum chromodynamics (QCD) studies, two-plus-one-jet production in
deep inelastic scattering as a probe of the gluon distribution in the proton and to measure
Q, single jet inclusive production and vector-boson-plus-jet production at hadron colliders
as benchmark reactions, and to measure parton distributions. Experimental data on these
observables often attain an accuracy of a few per cent or better, such that meaningful preci-
sion studies must rely on theoretical predictions accurate to the same level. In perturbative
QCD, this precision usually requires corrections at next-to-next-to-leading order (NNLO).

NNLO calculations of observables with n jets in the final state require several ingre-
dients: the two-loop corrected n-parton matrix elements, the one-loop corrected (n + 1)-
parton matrix elements, and the tree-level (n + 2)-parton matrix elements. For most
massless jet observables of phenomenological interest, the two-loop matrix elements have
been computed some time ago [3-18], while the other two types of matrix elements are
usually known from calculations of next-to-leading order (NLO) corrections to (n + 1) jet
production [19-28].

The one-loop (n+1)-parton matrix elements contribute to n jet observables at NNLO if
one of the partons involved becomes unresolved (soft or collinear) [29-33]. In these cases,
the infrared singular parts of the matrix elements need to be extracted and integrated
over the phase space appropriate to the unresolved configuration to make the infrared pole
structure explicit. Methods for the extraction of soft and collinear limits of one-loop matrix
elements are worked out in detail in the literature [29-39]. Likewise, the (n + 2)-parton
matrix elements contain double real radiation singularities corresponding to two partons
becoming simultaneously soft and/or collinear [40-46]. To determine the contribution to
NNLO jet observables from these configurations, one has to find two-parton subtraction
terms which coincide with the full matrix element and are still sufficiently simple to be
integrated analytically in order to cancel their infrared pole structure with the two-loop
virtual and the one-loop single-unresolved contributions. Often starting from systematic
methods for subtraction at NLO [47-53], several NNLO subtraction methods have been
proposed in the literature [54-64], and are worked out to a varying level of sophistication.

For observables with partons only in the final state, an NNLO subtraction formalism,
antenna subtraction, has been derived in [65]. The antenna subtraction formalism con-
structs the subtraction terms from antenna functions. Each antenna function encapsulates
all singular limits due to the emission of one or two unresolved partons between two colour-
connected hard radiator partons. This construction exploits the universal factorization of
matrix elements and phase space in all unresolved limits. The antenna functions are derived
systematically from physical matrix elements [66-68]. This formalism has been applied in
the derivation of NNLO corrections to three-jet production in electron-positron annihila-
tion [69-72] and related event shapes [73-77], which were used subsequently in precision
determinations of the strong coupling constant [78-84]. The formalism can be extended to
include parton showers at higher orders [85], thereby offering a process-independent match-
ing of fixed-order calculations and logarithmic resummations [81, 86], which is done on a
case-by-case basis for individual observables [87] up to now. The formalism can be extended
to include massive fermions [88]. For processes with initial-state partons, antenna subtrac-



tion has been fully worked out only to NLO so far [89]. In this case, one encounters two new
types of antenna functions, initial-final antenna function with one radiator parton in the
initial state, and initial-initial antenna functions with both radiator partons in the initial
state. In this work, we derive all NNLO initial-final antenna functions and perform their
integration over the appropriately factorized phase space. These functions form part of the
full set of antenna functions needed for NNLO calculations of hadron collider processes,
and are, together with the already known final-final antenna subtraction terms, sufficient
for NNLO calculations of jet observables in deeply inelastic lepton-hadron scattering.

Other approaches to perform NNLO calculations of exclusive observables with initial
state partons are the use of sector decomposition and a subtraction method based on the
transverse momentum structure of the final state. The sector decomposition algorithm [90—
93] analytically decomposes both phase space and loop integrals into their Laurent expan-
sion in dimensional regularization, and performs a subsequent numerical computation of
the coefficients of this expansion. Using this formalism, NNLO results were obtained for
Higgs production [94-96] and vector boson production [97] at hadron colliders. Both reac-
tions were equally computed independently [98, 99], using an NNLO subtraction formalism
exploiting the specific transverse momentum structure of these observables [64].

This paper is structured as follows: in section 2, we construct the subtraction terms
required at NNLO for initial-final configurations with two unresolved partons at tree-level
or one unresolved parton at one loop. They require two new types of antenna functions:
tree-level 2 — 3 and one-loop 2 — 2, each with one parton and one off-shell neutral current
in the initial state. The phase space mappings relevant to these antenna subtraction terms
are discussed in section 3. The analytic integration of the new initial-final antenna functions
is described in section 4, it proceeds through a reduction to a set of master integrals, which
we computed and collect in appendix A. The integrated antenna functions are listed in sec-
tions 5 and 6 for the quark-initiated and gluon-initiated antennae. A strong check on these
results is provided by the rederivation of NNLO coefficient functions for deep inelastic scat-
tering, which we carry out in section 7. Finally, we conclude with an outlook in section 8.

2 Initial-final antenna subtraction at NNLO

Antenna subtraction of initial-final configurations at NLO is derived in detail in [89]. Sub-
traction terms in the case of one hard parton in the initial state are built in the same
fashion as for the final-final case (formula (2.5) in [65]). We have the following subtraction
term associated to a hard radiator parton ¢ with momentum p in the initial state:

. 1
d6s’(2f)(p7r) = N Z d(I)m-f-l(kla .. '7km+1;p77‘)
m+1 Sm+1
X ZXZO,]k ’Mm(kla e ,KK, .. .,km+1;1‘p,7°)’2 Jr(nm)(kl, . ,KK, ey km—l—l) . (21)
J

The additional momentum r stands for the momentum of the second incoming particle,
for example, a virtual boson in DIS, or a second incoming parton in a hadronic collision

process. This contribution has to be appropriately convoluted with the parton distribution



function f;. The tree antenna Xg ik depending only on the original momenta p, k; and
ki, contains all the configurations in which parton j becomes unresolved. The m-parton
amplitude depends only on redefined on-shell momenta k1,...,Kg,..., and on the mo-
mentum fraction x. In the case where the second incoming particle is a parton, there
is an additional convolution with the parton distribution of parton r and corresponding
subtraction terms associated with it.

The jet function, J,SZ”’, in (2.1) depends on the momenta k; and kj, only through K.
Thus, provided a suitable factorization of the phase space, one can perform the integration
of the antennae analytically. Due to the hard particle in the initial state, the factorization
of phase space is not as straightforward as for final-final antennae.

The phase space can be factorized in an m-parton phase space convoluted with a two

particle phase space:

d®,,11(k1, . kg1 ) = d®p(ke, oo Kiey o ooy k152D, 1)
Q2 dx
d(I)Q(k],k:kap’ ) T’ (22)
where Q* = —¢? = —(k;j + kx — p)?. Replacing the phase space in (2.1), we can explicitly
carry out the integration of the antenna factors over the two particle phase space. When
combining the integrated subtraction terms with virtual contributions and mass factoriza-

tion terms, it turns out to be convenient to normalize the integrated antennae as follows

PYINN /d(I) QQXO} (2.3)
LIk O(e) 2op ik -
where
Cle) = (4m) € 2.4)
(€)= {4m)" ¢, (2.

The integrated form of the subtraction term is then

A= (p Zzsm+1 x”k( QY d®,, (K1, ... Kiey oo k1 zp,T)
m+1 j

X M (kiy . Koo ke zp, )2 T (kyy o Kk k) - (2.5)

Finally, the subtraction term has to be convoluted with the parton distribution functions
to give the corresponding contribution to the hadronic cross section. The explicit poles
in the integrated form cancel the corresponding ones in the virtual and mass factorization
contributions. To carry out the explicit cancellation of poles, it is convenient to recast,
by a simple change of variables, the integrated subtraction term, once convoluted with the
parton distribution functions (PDFs), in the following form

) (p d&; [ dé dz 1
do> 0t ZZSm+1/ / /g1 fz/1< ) foy2 (§2)

m+1 g
xC(e) Xy () dgP (&1 Hy, G2 Ha) (2.6)

This convolution has already the appropriate structure and mass factorization can be car-
ried out explicitly leaving a finite contribution. The remaining phase space integration,



implicit in the Born cross section, dé”, and the convolutions can be safely done numeri-
cally. When considering reactions with only one incoming hadron, the second PDF has to
be replaced by a Dirac delta. Reactions with two hadrons will require additional subtrac-
tions containing initial-final antennae involving the second parton in the initial state and
initial-initial antennae as well. This case is discussed to NLO in [89].

At NNLO, two types of contributions to m-jet observables require subtraction: the tree-
level m+ 2 parton matrix elements (where one or two partons can become unresolved), and
the one-loop m+1 parton matrix elements (where one parton can become unresolved). The
corresponding subtraction terms are denoted by dal‘\s}NLO and dal‘\l/fl’l}O' Final-final antenna
subtraction terms for both cases are constructed in [65].

In deSINLO’ we have to distinguish four different types of unresolved configurations:
(a) One unresolved parton but the experimental observable selects only m jets;
(b) Two colour-connected unresolved partons (colour-connected);

¢) Two unresolved partons that are not colour connected but share a common radiator
p
(almost colour-unconnected);

d) Two unresolved partons that are well separated from each other in the colour chain
p P
(COIOUI‘—UDCODHGCted) .

Among those, configuration (a) is properly accounted for by a single tree-level three-parton
antenna function like used already at NLO. Configuration (b) requires a tree-level four-
parton antenna function (two unresolved partons emitted between a pair of hard partons),
while (c) and (d) are accounted for by products of two tree-level three-parton antenna
functions. With radiator parton ¢ in the initial state, the subtraction terms for these
configurations read:

1
doxio = N Z d¢m+2(k17---7/€m+2;1?77")5 i
m—+2 m

X [Z ngk ’Mm+1(/<?1,... ,KK,...,km+2;1'p,T)’2
J

Xj&m—’—l)(kjla"'aKKa"'akm+2)] ’ (27)
S,b 1
dognio =N Z d®pi2(k1, ... kmg2ip, V")Sm+2
m+2
X [Z (XD 00— X0 X0 i — X Xigr)
ik

xme(/ﬁ,...,KL,...,km+2;xp,r)\2J,S,Lm>(k1,...,KL,...,km+2)] . (2.8)

do_l%lfllLO = -N Z dq>m+2(kla ceey kﬂ’hL?;pa T)

m+2 Sm+2



0 0 . 2
X Z Xl,jk‘ LTmlK |Mm(k1’ cee aKK’ KMa cey km+2axpa’r)|
j7l

XJy(nm)(kla 7KK7KM""’km+2)

+ Z Xlglm xng |Mm(k1’ s K K ,km+2);$p,’l“|2
j?l

er(nm)(kl,...,KK,KM,---akm-i-Q) ) (2.9)

1

dgﬁﬁio =-N Z d®y42(k1, .. .,km+2;p,7“)5m+2

m—+2

0 0 . 2
X E : Xz,jk LI Im |Mm(k1’ s K, Ky ,km+2,$p,7‘)|
7,0

I (ks K Koty o)

+ Z X?Jm x?’jk M (ks K, Kpr, ... kmao); zp, 7|
Jil

XJT(nm)(kla-"’KK’KM""’km+2)] s (210)

1
dogio = —N Z d‘I’m+2(/€1,---7/€m+2;P,T)S -
m—+2 m

< | XD Xy M (B, Ky KN, Kp, . kg2 ap, 7))
7,0
xJ,S;”)(kl,...,KK,...,KN,KP,...,km+2)] . (2.11)

As before, the original momenta of the (m + 2)-parton phase space are denoted by j, k, . . .,
while the combined momenta obtained from a phase space mapping are labelled by J, K . . ..

Only the combined momenta appear in the jet function. 2%

abe 18 @ three-parton sub-antenna

function containing only limits where parton b is unresolved with respect to parton a, but
not limits where parton b is unresolved with respect to parton c. daﬁ’lfIlLO applies if the
common radiator is in the final state, while daf{lﬁio applies if the common radiator is
in the initial state. The only genuinely new ingredient here is the four-parton initial-final
antenna function X 3 k1> Which can be obtained by crossing the corresponding final-final an-
tenna functions, and has to be integrated analytically over the appropriate antenna phase
space. The resulting integrated antenna function exploits the phase space factorization

dq>m+2(kla sy kWhL?;pa’r) = d(I)m(kl’ cee >KL’ cey km+2; xp,r)

2 dx

dPs(k;, ki, ki; 2.12
X27T 3( VERALE lap’Q) 7’ ( )



yielding the integrated antenna

1 Q@
Xi(?jkl = [C(E)] /d‘bg zykl (213)

In all products of two three-parton antenna functions, the analytic integration has to
be performed only over the outmost antenna function, yielding the integrated NLO antenna
functions in the appropriate (final-final or initial-final) kinematics.

The one-loop single unresolved subtraction term dal‘\?f;ﬁo must account for three types
of singular contributions:

(a) Explicit infrared poles of the virtual one-loop (m + 1) parton matrix element.
(b) Single unresolved limits of the virtual one-loop (m + 1) parton matrix element.
(¢) Terms common to both above contributions, which are oversubtracted.

With radiator parton ¢ in the initial state, the subtraction terms for these configura-
tions read:

1
do’Nﬁ’I}g - N Z d¢m+1(k17 ceey km-f-l;par)s
m+1 m+1

dz
X [Z Xz]k( tik) ’Mm+1(/€1,...,kk,...,km+1;1‘p,7“)’2

ik
X IO (ko kg k) | (2.14)
1
doynid =N Z d®, 11 (k1, .. -,km+1;p,7°)5 "

m—+1

Z[ ]k‘M kly---,KK,---,km-i-l;xp, )’2 )(kl,...,KK,...,km+1)

+ Xl]k|M (kﬁl,...,f{]{,...,km+1;£€p,’l“)|2!]7(nm)(k1,...,KK,...,karl)] N

(2.15)

1

S

doyais =N Z d®, 11 (k1, .. -77€m+1;p,7°)5
m—+1 m+-1

dx
[Z/ Xv]k‘ —lik Z nop‘M k17---7kk7---7KN7KP7"'7km+1;xp’r)’2
XJr(nm)(kla"'akka"'aKNaKP7""km+1)]’ (216)

1

S

doyais” =N Z d®, 1 (k1, .. -77€m+1;p,7°)5
m—+1 m+1

[Z op(Snp) ZXjk]M (Koo Kiey ok ks ooy gn; 2p, 1) 2



Quark initiated tree level one loop
quark-quark

q— 99 Ag,gq A(;gq’ A;gq’ Aé,gq
q— 994 A2799q7’42799q

q—dqqq B yaq

q — qqd By waw

4499 Couan Coaer Claaz

quark-gluon

q— g9 D} g D49 Digq

q— 999 D g,ggg

q—d7 Eg,q’é’ qu,q’é” E(},q/fi/’ qu,q’é’
q—dqyg Et(l],q’t?’g’ Equ’ti’g

7 —dq Eg’,q’q qu’,q/q’ E(}Cq/q’ qu’,q’q
¢ —dqy Et(l]’,q’qg’ Egﬁq/qg

gluon-gluon

0 1 ~1 A1
q—49 Gq,qg Gq,qg’ Gq,qg’ Gq,qg
0 ~0
q — 499 Gq,qyy? Gq,qgg
/=1 0
494949 Hygqa

Table 1. List of tree level and one loop antenna functions for the initial-final configurations with
a quark in the initial state.

XJ&m)(kla 7KK7"'7kn7kk7"'7km+1) ]’ (217)

In here, X il ik denotes a one-loop three-parton initial-final antenna function, which is the
only new ingredient. These antenna functions can be obtained by crossing from their final-
final counterparts, listed in [65], and have to be integrated over the appropriate phase space:

1 1 Q1

The subtraction terms dafILO, deINLO and dagﬁfo require three different types of an-
tenna functions corresponding to the different pairs of hard partons forming the antenna:
quark-antiquark, quark-gluon and gluon-gluon antenna functions. We derived these an-
tenna functions [66-68] for final-final kinematics in a systematic manner from physical
matrix elements known to possess the correct limits. For the initial-final kinematics, one
parton is crossed into the initial state. Special care has to be taken in these crossings, if we



Gluon initiated tree level one loop

quark-quark

- 0 1 i1 il
9—44 Agaq Ag g Agar Agag
- 0 0
9799 Ag.9a3> Ag.gaa
quark-gluon
0 1 A1
9—499 Dy.gq Dy 9g> Dg,gq
0 0
9999 Dg.999> Dy 4
! 0 0
9494 Eg,qq’t?” Equq’ti’
gluon-gluon
0 1 &1
9—499 Fygq Fg99:F 5.0
0
9 =999 Fg.999
- 0 1 51 A1
9—44 Goaq Gy Gap Ggaq
- 0 50
9 =449 Gy9q90 Gg.aag

Table 2. List of tree level and one loop antenna functions for the initial-final configurations with
a gluon in the initial state.

start from those final-final antenna functions which contain more than one quark/antiquark
or more than one gluon in the final state. In the case of more than one quark/antiquark
pair of different flavour (final-final antenna functions BE, E?? , E‘%—type7 Eg—type), we have
to distinguish the crossing of the primary quark ¢ (which is coupled to the external cur-
rent) and the secondary quark ¢’ (which is not coupled to the external current). The
identical flavour antenna function CJ(1,,3,,44,25) is constructed from the interference of
the four-quark amplitudes with the antiquark-momenta interchanged, and it contains only
the (34,44,25) triple collinear limit. Consequently, it is symmetric in the two antiquark
momenta, but not in the two quark momenta, and has thus three different crossings: C°

(either antiquark crossed), Cp ... (quark (1,) crossed) and C - (quark (3,) cross(g(qiqf
Crossing one of several gluons into the initial state is unambiguous for most antenna func-
tions owing to their symmetry properties. The only exception is the quark-gluon antenna
function DY(1,,34,4,,54), where gluons (3,) and (5,) are colour-connected to the quark,
while gluon (44) is not. We thus distinguish two crossings, Dj) .. (gluon (3,) or (5,)
crossed) and DY (gluon (44) crossed). We list all NLO and NNLO initial-final antenna

functions with gﬁg?;}litial state quark in table 1 and with an initial state gluon in table 2.
It was shown in [71, 72] that these antenna subtraction terms result in an oversubtrac-
tion of large-angle soft gluon radiation. To correct for this oversubtraction, one introduces
the soft antenna function
Spje=2 " (2.19)
sajscj

where a and ¢ label arbitrary hard partons. Those soft factors are associated with an



antenna phase space mapping (i,j,k) — (I, K) (final-final) or (p,j,k) — (zp, K) (initial-
final). In contrast to all previous subtraction terms, the hard momenta a, ¢ do not need
to be equal to the hard momenta of partons 7, k in the antenna phase space - they can be
arbitrary on-shell momenta in the initial or final state.

If parton (a) is in the initial state, and (c, 4, j, k) are in the final state, the integral of
each of the soft antenna function over the antenna phase space can be written as

Sa,c;ik = /dq)Xiijaj

_e T2(1 — €)e® 2 1 1 — Zae 1K
_ € . . 1 Li . ac,
(s1x) (1 — 3¢) ( 6) [ € I (Tac, 1) + €L ( Zac,IK 7
(2.20)

where we have defined
tacSIK

tar + tar)(Ser + Sck)

If parton (i) is in the initial state, while (a,c,j, k) are in the final state, we obtain the

LTac,IK = ( (221)

following integral:

1 (;22
(.; -7 _— (I(I) . y
ac;i,k C(e) / 2k 2 Sajc

2(1—e¢ e)es
o O () o, o

where we have defined

Sac@?

Saic + (1 — 2)5ai) (Seic + (1 — x)8¢i) (2.23)

Yac,iK = (

3 Phase space mappings

As discussed above, the construction of subtraction terms requires mapping the original
set of momenta onto a reduced set. The mappings interpolate between the different soft
and collinear limits which the subtraction term regulates. Appropriate mappings for the
initial-final configurations, both for single and double unresolved configurations have been
discussed in [89], and are only briefly summarized here.

The proper subtraction of infrared singularities requires that the momentum mapping

satisfy
rp —p, K — kg, when j becomes soft ,
xp —p, Kg — kj + kg when j becomes collinear with &,
zp —p—kj, Kg — ky, when j becomes collinear with 7. (3.1)

In this way, infrared singularities are subtracted locally, except for angular correlations,
before convoluting with the parton distributions. That is, matrix elements and subtraction
terms are convoluted together with PDFs. In addition, the redefined momentum, Ky,

,10,



must be on shell and momentum must be conserved, p — k; — ki, = zp — Kk, for the phase
space to factorize as above. This is accomplished by:

815 + S1k — Sjk
815 + S1k
Ki = kj+ ki — (1—2)p, (3.2)

where s1; = (p — k:j)2, etc. If parton j becomes soft or collinear to parton k, x — 1. If
parton j becomes collinear with the initial state parton i, x = 1 — z with z the fraction of
the momentum p carried by parton j.

This mapping is easily generalized to deal with more than one parton becoming un-
resolved. As explained above, the building blocks for the double real radiation in the
initial-final situation are colour-ordered four-parton antenna functions X j.;, with one ra-
diator parton i (with momentum p) in the initial state, two unresolved partons j, k and
one radiator parton [ in the final state:

815+ S1k + 81— Sjk — Sji — Skl
815 + 81k + S11
Ky =kj+ky+k—(1-x)p, (3.3)

)

where kj;, ki and k; are the three final-state momenta involved in the subtraction term. It
satisfies the appropriate limits in all double singular configurations:

1. jand k soft: x — 1, K — ky,

2. jsoft and kg || ki * — 1, K, — kg + ki,

w

. kj=2zp| pand kg soft: © — 1 — 2, Kj, — ki,

W

. k]:szpandkk H kll x—>1_27 KL_>kk+kl7

o

ki |l ki || ki: . — 1, K, — kj + ki, + ki,

(=)

kit kp=z2p||pr—1—2 K1 — ki,

where partons j and k can be interchanged in all cases.

The construction of NNLO antenna subtraction terms requires moreover that all single
unresolved limits of the four-parton antenna function Xj; ji; have to be subtracted, (2.8),
such that the resulting subtraction term is active only in its double unresolved limits. A
systematic subtraction of these single unresolved limits by products of two three-parton
antenna functions can be performed only if the NNLO phase space mapping turns into an
NLO phase space mapping in its single unresolved limits.

In the limits where parton j becomes unresolved, we denote the parameters of the
reduced NLO phase space mapping (3.2) by 2’ and K. We find for (3.3):

1. j becomes soft:

—>Slk+5u_8kl:x', Kp—kp+k—(1-2)p=Kj.
S1k + S

— 11 —



2. k‘j H ky., k:j—Fkk = Kg:

_)le_i_sll_SKl:x', Ki—kx+k—(1-2)p=Kp.
S1Kx + S1

3. kj=zp| p:

(1= 2)(s1k + s1) = skt _ (

1—2)2’, K —kp+k—(1-2"1-2p=K/.
o1t 4+ 53 ) L= ki + ki —( )1 =2) L

xr —
It can be seen that in the first two limits, the NLO mapping involves the original incoming
momentum p, while in the last limit (initial state collinear emission), it involves the rescaled
incoming momentum (1 — z)p. To subtract all three single unresolved limits of parton j
between emitter partons ¢ and k from X ji;, one needs to subtract from it the product
of two three-parton antenna functions Xj ;. - X7 x;. The phase space mapping relevant
to these terms is the iteration of two NLO phase space mappings. Analytical integration
of terms with this mapping is required only over the phase space appropriate to the first
antenna function.

Equally, parton k can become unresolved. Expressing the reduced NLO phase space
mapping by z” and K. We find for (3.3):

1. k£ becomes soft:

s1; + 1 — 8
_, S tsu L Kp—kj+k—(1—z)p=KJ.
S15 + su

2. ky, H kj, /{:j—l-kk = Kg:

x—>81K+Sll_SKl:x/', Ky —kx+k—(1—-2)p=KJ.
S1K + Su
3. ky H ki, ki + k. = Kg:
x_>SlK+51j_5Kj:x//’ KL—>kK+k]_(1_$)p:Kg

S1K + S1j

In all limits, the reduced NLO mapping involves the original incoming momentum p. Con-
sequently, the three single unresolved limits of parton k& between emitter partons j and [
can be subtracted from X; ji; by a product of a final-final and an initial-final three-parton
antenna function Xjz;- X; jr. The phase space mapping relevant to these terms is the prod-
uct of an NLO final-final phase space mapping with an initial-final mapping. Integration
of the final-final antenna phase space yields a constant, not involving an extra convolution.

4 Integration of initial-final antenna functions at NNLO

The initial-final antenna functions all have the scattering kinematics

q+pi — p1+pa(+p3),
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where
Q? 2
1

q2:_Q2<O7 p12:07z: )
2q-pi

=p=p3=0,

and ps is present only for the NNLO real radiation antenna functions. Consequently, inte-
gration over the final-state two-parton or three-parton phase space yields a result which de-
pends only on Q2 and z. From dimensional counting, one can immediately conclude that the
dependence on Q? is only multiplicative, according to the mass dimension of the integral.

The NNLO double real radiation antenna functions X 3 ki have to be integrated over
the inclusive three-parton final state phase space. The NNLO one-loop single real radiation
antenna functions X 21, jk; are integrated over the inclusive two-parton final state phase space,
and over the loop momentum. For both types of integration, we employ the by-now stan-
dard technique of reduction to master integrals. The master integrals are then computed
from their differential equations.

To perform the reduction, we first express all phase space integrals as loop integrals
with cut propagators [100]. Consequently, all NNLO integrals are expressed as cuts of two-
loop four-point functions with two off-shell legs in forward scattering kinematics. Using
integration-by-parts (IBP, [101, 102]) and Lorentz invariance (LI, [103]) identities among
the integrals of any given topology, the large number of different integrals can be ex-
pressed in terms of a small number of master-integrals. This reduction is performed it-
eratively, based on the lexicographic ordering of the integrals, expressed by the Laporta
algorithm [104].

After carrying out the reduction, one finds nine master integrals for the NNLO double
real radiation antenna functions, described in section 4.1 below, and listed in appendix A.1.
For the NNLO one-loop single real radiation antennae, one finds six master integrals, which
we describe in section 4.2 and list in appendix A.2.

We computed these integrals both directly and by using the differential equation tech-
nique [103, 105-111]. To derive the differential equations for each master integral, we

employ
o 1,9 1,0
2 = _q" / 4.1
@Cogz T 2T ggn T o gy (1)
o . 0

to carry out the differentiations at the integrand level. The boundary conditions required
for the solution of the differential equations are either obtained from self-consistency con-
ditions on the integrals, or by explicit evaluation. The explicit evaluation is very similar
to the evaluation of inclusive four-point phase space integrals, described in [112].

Some of the more involved master integrals can be related to phase space integrals
computed by Zijlstra and van Neerven in the context of the NNLO corrections to deep
inelastic structure functions [113, 114]. Where appropriate, we compared our results to the
expressions in the appendix of [113, 114], finding full agreement. Explicit expressions for
all master integrals are listed in appendix A.1-A.2.
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All master integrals contain multiplicative factors of the form (1 — 2)~¢ or (1 — z)~2¢,
which regulate soft endpoint singularities in initial state convolution integrals. These fac-
tors must be left as such in the master integrals, and can be expanded in the form of
distributions

(1—2)71¢ = —1 S1—2)+> (_;!)"Dn(z) : (4.3)

D) = <ln”(1—z)>+,

1—=z

with

only after being inserted into the integrated antenna functions. All other terms in the
master integrals can be expanded, yielding Harmonic Polylogarithms (HPLs,[115-118]) of
argument z.

4.1 Tree-level 2 — 3 antenna functions
For the tree-level 2 — 3 antenna functions, we have the "DIS-like’ process
q+pi—p1+p2+p3.

There are 12 propagators, including the three that are cut in the phase space integration
(D10; D11, Dr2):

Dy = (pi —p1)?,
Dy = (q—p1)?,
Dy = (p2 +p3)?,
Dy = (p; —p2)°,
Ds = (q—p2)*,
D¢ = (p1 +p3)?,
D7 = (pi —p3)”,
Dg = (q—ps)”,
Dy = (p1 + p2)?,
Dy = pi ,

Dy = p3 ,

Diy = p3. (4.4)

To perform the reduction to master integrals, we impose momentum conservation ps =
q + p; — p1 — p2, set p? = 0, ¢> = —Q? and drop any integral where Do, D11 and D1
are not in the denominator. After labelling the inclusive phase space integral as I]0], the
convention for naming the master integrals follows the labelling of the numerators, i.e.

I[1,2,5] = / [dpgl[(g;]g;ps] 6 g +pi—p1 —p2—p3) (4.5)
where ddp
[dp] = 5,67 (") (4.6)

(2m)

— 14 —



I[b] 1f2] 1[2', 6]

1[1,'27 5] 1[2,5, 5] 12, . 9]

1[1,3,4, 6] 1[2,3,5,6] I[1,2,4,5]

Figure 1. Master integrals for the phase space integration of the tree level initial-final antennae at
NNLO. The double line in the external states represents the off-shell momentum, ¢ with ¢ = —Q?,
the single one is the incoming parton. All internal lines are massless. The cut propagators are the
ones intersected by the dotted line.

master deepest pole behaviour at x = 1 known to order

I10] e (R all
12 e (1 —x)"2% all, €
12, 6] et (1 —x)~2 all, €
I]1,2,5] €2 (1 —x)~2 e
1]2,3,5] €2 (1 —z) 172 e
1[2,4,9] e 3 (1 —x)"2 e
I]1,3,4,6] €3 (1—a)~ 172 all, €
1]2,3,5,6] €3 (1 —x)~t72% el
I]1,2,4,5] €2 (1—mz)~2% el

Table 3. Summary of the main properties of the three particles phase space master integrals

When squaring the 2 — 3 antennae, we find at most 4 propagators, plus the 3 cut
ones. All the integrals can be reduced to the set of 9 master integrals shown in figure 1.
All the masters, except I[1,2,4,5], have been computed by direct integration and by
the differential equations method, supplemented, where necessary, by a direct calculation
at x = 1 after factorizing the leading singularity. The x = 1 boundary conditions for
I[1,3,4,6] and I]2,3,5,6] were checked numerically using sector decomposition [90-93].
I[1,2,4,5] has been computed only using the differential equations method. The master
integrals I[1,2,5], I[2,3,5], I[2,3,5,6] and I[1,2,4,5] agree up to order €® with the results
in [113, 114]. We summarize in table 3 some of the properties of the master integrals.

,15,



Topology 1 Topology 2  Topology 3  Topology 4
Dy k? k? k2 k?
Dy (k+p;)? (k + pi)? (k + pi)? (k + p;)?
D3 (k+pi —p1)* (k+pi —p1)? (k+pi —p1)? (k+pi —p1)?

Dy (k—q)? (k —q)? (k + p2)? (k + po)?
D5 (pi — pi)? (g —p1)? (pi — p1)? (¢ —p1)?
Ds 5 P} I3 P}
Dy 3 3 3 3

Table 4. Definition of the topologies for the combined phase space and loop integration.

P

V1,3 V[1,4] V(2,4
V(1,3,4] VI[1,2,3,4,5] C[1,2,3,4]

Figure 2. Master integrals for the loop plus phase space integration of the one loop initial-final
antennae at NNLO. The double line in the external states represents the off-shell momentum, ¢
with ¢?> = —Q?, the single one is the incoming parton. All internal lines are massless. The cut
propagators are the ones intersected by the dotted line.

4.2 One-loop 2 — 2 antenna functions

When interfering the one loop 2 — 2 antennae with the corresponding tree level ones, we
can combine the loop and phase space integrations. The partonic process in this case is

q+pi —p1+p2.

Denoting the loop momentum by k, we can identify four topologies, two planar (Topology
1 and 2) and two non-planar (Topology 3 and 4). The topologies are defined in table 4.
Topologies 1 and 2 only differ in the propagator Ds, as is also the case for Topologies 3 and
4. Subtopologies of the non-planar integrals can be expressed by the planar topologies.

All the resulting integrals can again be reduced to a small set of masters. In this case
we find only six of them. They are shown in figure 2. The notation for the master integrals
follows the propagator definitions of Topology 2 in the planar case (denoted by V') and of
Topology 3 in the non-planar case (denoted by C).

The one loop plus phase-space master integrals have been computed using differential
equations in external invariants, together with a direct calculation at x = 1 after factorizing
the leading singularity at x = 1. Integrals V'[1,2,3,4], V[1,2,3,4,5] and C[1,2,3,4] have
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master deepest pole behaviour at z = 1 known to order

V1, 3] et (I1—z)~° all, €

V[1,4] et (I1—z)~° all, €

V[2,4] et (1 —x)~2 all, €
V1,3,4] e (1—x)"°¢ e
V[1,2,3,4,5] e3 (1 —x)"t72% €3
C[1,2,3,4] e3 (1—x)"°¢ €3

Table 5. Summary of the main properties of the one loop plus two particles phase space master
integrals

been checked, up to order €, against a direct analytic calculation. We summarize in table 5
some of the properties of the master integrals. Explicit expressions for the master integrals
are listed in appendix A.2.

We always integrate the unrenormalized 2 — 2 one-loop squared matrix elements,
divided by a normalization factor C'(e€), relevant to a particular antenna function, which we
denote as lej% The antenna function is obtained after renormalization and subtraction of
the corresponding tree-level antenna function multiplied with the one-loop correction to the
hard radiator pair. Renormalization of the one-loop antenna functions is always carried out
in the MS-scheme at fixed renormalization scale p? = Q2. It amounts to a renormalization
of the strong coupling constant and (in the case of the quark-gluon and gluon-gluon antenna
functions) to a renormalization of the effective operators used to couple an external current
to the partonic radiators. The relation between renormalized and unrenormalized one-loop
squared matrix elements is as follows:

leyllj - legi - beo Xz?jk - 7760 Xio,jk7 (4.7)
Xk =Xk (4.8)
Xiin = Xijn bOéF Xoje — nOE’F XDk (4.9)
where " ,
bo = 6 bo,r = —3 (4.10)

are the colour-ordered coefficients of the one-loop QCD [-function:
Bo = boN + bO,FNF . (411)

The renormalization constants for the effective operators are

no =0, no,r =0 for X = A,

3
770=b0+27 no,r = bo,F for X =D, F,
770=2b0, nO,F:2bO,F fOI‘X:F,G.
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The one-loop antenna functions are obtained from the renormalized one-loop squared
matrix elements by subtracting from them the product of the tree-level antenna function
with the the virtual one-loop hard radiator vertex correction [29-33, 65]:

LR e
Xije = Xj —Re ((=1)7°x) X7, (4.12)
% S1,R e
Xil?jk = Xjjr — Re <(_1) X21> ngka (4.13)
% 1,U —e D
Xilﬂ‘k = X;jx — Re ((_1) e/Y21> Xio,jk- (4.14)

The one-loop corrections to the hard radiator vertex are listed in [65] for AL, DI, YAD%, F}
and .7:"21 From these, the remaining functions follow:

A= AL, Al =0, (4.15)
Dy =0, (4.16)
3 =Dl & =0, &3 =Di, (4.17)
Fa=0, (4.18)
Gi=F) Gi=0, Gs = F}. (4.19)

5 Quark initiated antennae

The quark-initiated initial-final antenna functions are obtained from the final-final antenna
functions by crossing a quark into the initial state. Their unintegrated analytical expres-
sions are obtained by a pure kinematical crossing from the final-final expressions listed
in [65], with no extra symmetry factors or overall signs applied, and no further decompo-
sitions into sub-antennae. This procedure differs from the approach used in our previous
work on initial-final antenna functions at NLO [89]. In the application of the antenna sub-
traction formalism to the calculation of NNLO corrections to ete™ — 37 [69, 70], it turned
out that several decompositions can be circumvented by an appropriate symmetrization
of the real radiation matrix elements in the process under consideration, and that the re-
maining required decompositions can be derived on a case-by-case basis, often not along
the lines of [65, 89]. A systematic decomposition would start from a specific process under
consideration, and is beyond the scope of the present study.

The virtual one-loop antenna functions are obtained from the final-final one-loop an-
tenna functions [65], where some attention has to be paid to the correct analytic contin-
uation of the polylogarithmic functions. In the initial-final kinematics, the relevant final
state phase space consists of three different Riemann sheets [119-126], which have to be
patched together correctly.

All quark-initiated initial-final antenna functions are listed in table 1. We summarize

their integrated forms in the following.

5.1 Quark-quark antennae

The next-to-leading order initial-final antenna functions were already integrated in [89]
through to finite terms of order €. Applying these antenna functions in an NNLO calcula-
tion, one also needs their subleading terms through to €2. To this order, the quark-initiated
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quark-antiquark antenna function is:

.AO

‘qu

+612 {5(1 - z)}

2
+B o1 - z)(z . 12) = UDo(2) £ D)+ HO0) L H(02) 4 H(L)
s —;-l—;H(O,z)—i—;H(l,z))]

2 7 372 TG 7 7w 3 1 3
+6[3— g +6(1—z)(2 ~ 16" 3 )—i— (—4—|— 4 )Do(z)+4D1(z)— 2D2(z)+ 2H(O,z)

3H(1 2+ H(O 0: 2) + H(O,l,z) ; (1,05 2) + H(l,l,z) 1;(31{(0;2)
— H(0,0;2) — H(0,1;2) — H(1,0; 2 ) ( H(0; 2) — ;H(l;z)—i— ;H(0,0;z)
(Olz)+1H(1OZ)+ Hllz }

37T2 7§3 7 7T4 7§3 7 37T2 7(3
2 — — — — —
+e {6 8 6 +o(1 z)<7 16 96 4 + Dy(z) o T 16 + 3

7w 3 1 1 1
+ . Di(2) — Da(2) + D3(2) + 3H(0;2) — _7?H(0; 2) + 3H(1;2) — _7°H(1; 2)
4 4 8 6 8 8
3 3 3 3 1 1
+ JH(0,0:2) + DH(0,1:2) + | H(1,0:2) + 2H(1,1;z)—|— LH(0.0,0:2)+ H(0,0,1;2)
1 1 1 1
+ JH(0,1,0:2) + JH(0,1,1:2) + 2H(1,0,0 2) 4 H(l 0,132)+ ,H(1,1,0:2)
1 1 7 3 3
+ 2H(1,1,1,z) 1 _Z< 4 H(0;2) + 47T 2H(0; 2) — 4 H(0,0; z) — 4H(O,l,z)
3
— | H(1,0:2) = H(0,0,0:2) = H(0,0,1;2) — H(0, 1,0; 2) — H(0, 1, 132) — H(1,0,0; 2)
™ 1, 1, 1
—H(1,0,1;2) — H(1,1,0;2) | + = g " g” H(0;2) — g7 H(1;2) — 2H(O,O;z:)

1 1 1 1 1 1
2H(0, 1;2) — 2H(1,0;z) - 2H(l, 1;2) + 2H(0,0,0;z) + 2H(0,0, 1;2) + 2H(O, 1,0; 2)
1 1 1 1 1 7
+ _H(0,1,1;2)+ _H(1,0,0;2) + _H(1,0,1;2)+ _H(1,1,0;2)+ _H(1,1,1;2) — G
2 2 2 2 2 6
+O(P) . (5.1)

At NNLO, the quark-initiated initial-final quark-antiquark double real radiation antenna
are the crossings of the corresponding final-final quark-antiquark antenna functions. De-
pending on the unresolved particles, they are of the Al-type (two unresolved gluons), BY-
type (unresolved secondary quark pair of different flavour) and C-type (pure interference
contribution for secondary quark pair of identical flavour).

The integrated form of the initial-final (¢, ggq) antenna function reads at leading colour:

.AO —

4,999
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- :35(1 - z)]

[ 1
+ . [3+ 396(1 —z)—GDO(z)—i-Sz]
- 13 12
~ 3 Do(z) +12D4(2) + ) H(0;z) + 6H(1; 2) — ) H(0; 2)
—z

1 [40 1420 772\ 38
1— _
| T Z)( 72 3)

+ z<§ + 123H(0;Z) + 6H(15z)>]

1865 7x2 23959 18172 1429 1472 76
- - - - - D Dy (2)—12D
+6|:18 5 Tl Z)< 432 36 2543)+< 36 T 3 > o(2)+ 4 Di(2) 2(2)

61 80 29
+ ) H(0;2) + 3 H(1;2) + ) H(0,0; z) + 13H(0, 1; z) + 13H(1, 0; 2) + 12H(1, 1; 2)

1

2 55 38 7n2
+ (—” - H(O;z)—26H(0,0;z)—24H(0,1;z)—26H(1,0;z))+z( _

1—=2 3 2 9 3

2
+ 2H(0; z) + §H(1; z) + 29H(0, 0; z) + 13H(0, 1; z) + 13H(1, 0; z) + 12H(1, 1; z))]

[3997 21772
+ —

389623 685772 1637t 1027 23959
o7 18 - + - §3) + Do (2) (

— 31+ o1 - Z)( 2592 432 360 18 216

18172 1429 2872 76 653 71
- D - D D H(0: 2) — 2H(0;
+ 18 +50<3) + ( 18 3 ) 1(2) 3 2(2)+8 3(Z)+ 6 (O,Z) 1271’ ( ,Z)

865 14 395 163
+ 0 H(1;2) — 37r2H(1;z)+ 6 H(0,0;2) + 61H(0,1;2) + 5 H(1,0;2)
160 61
+ H(1,1;2) + 2H(o,o,o;z)+29H(0,o,1;z)+26H(o,1,o;z)+26H(o,1,1;z)

220 2572

—|—29H(1,0,0;z)+26H(1,0,1;z)+26H(1,1,0;z)+24H(1,1,1;z)+z< r T 18

29 71 76 14 71
= 31Gs + ", H(02) - 12772H(0;z) + g Hli2) = mH(1; 2) + ¢ 1(0,052)

19 16 61
+9H(0,1;2) + 3 H(1,0;2) + 3 H(1,1;2) + 9 H(0,0,0; z) + 29H(0,0, 1; 2)
+ 26H(0, 1,0; ) + 26H(0, 1,1; 2) + 29H(1, 0, 0; 2) + 26H(1, 0, 1; 2) + 26H(1, 1,0; 2)
1 [2n? 361
—|—24H(1,1,1;z)) +, ( T
—Z

9 6
161
—55H(0,1;2) — , H(1,0:2) — 54H(0,0,0; 2) — 52H(0,0, 1; ) — 48H(0,1,0; 2)

274
+10¢5 —

; H(0,0; 2)

32
H(0; z) + 3 w2 H(0;2) —
— 48H(0,1,1; 2) — 58H(1,0,0; 2) — 52H(1,0, 1; 2) — 52H(1, 1, 0; z))}
+ O (¢) (5.2)

and at subleading colour

10 _
Aq,ggq -
e
t _46(1 —2)
o
+ 5|4+ 65(1 —2) —8Dg(z2) + 44
€
17 1072 16
+ 3460 —z)(745 - 03” ) ~12Dg(z) + 16Dy (=) + 9H(0; 2) + 8H(1;2) — | _H(0:2)
. _
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42 (1 + 9H(0; z) 4 8H(1; z))]

1 1172 417 116 75 2072
+ [48— ; +o(1 —z)( g 57— 3C3) + (— )+ ; )Do(z) + 24D (2) — 16Dy(2)
€

+ 30H(0; 2) + 26H(1; 2) + 21H(0, 0; 2) + 18H(0, 1; 2) + 16H(1,0; z) + 16H(1, 1; 2)
1172

1
+ (—24H(0; z) — 36H(0,0; ) — 32H(0, 1; 2) — 32H(1, 0; z)) +z (4 -

1—=2

+ 2H(0; 2) + 2H(1; 2) + 21H(0, 0; 2) + 18H(0, 1; z) + 16H(1, 0; 2) + 16H(1, 1; z)ﬂ

7T 170(s 2275 12572 6lat 417 )
+[157 6~ 3 +5(1 —2) 6~ s tooo —64C3 ) + Do(2) - + 107
232 4072 32 59
+ 3C3)+<75 ;)Dl(z)24D2(z)+3D3(z)+103H(0;z)6W2H(O;z)+96H(1;z)
20
- 7?H(1; 2) 4+ 72H(0, 0; 2) + 60H(0, 1; 2) + 50H(1, 0; 2) + 52H(1, 1; 2)

+ 45H(0,0,0; ) + 42H(0,0, 1; 2) + 32H(0, 1, 0; ) + 36H(0, 1, 1; 2) + 32H(1, 0, 0; 2)

1
+32H(1,0,1:2) + 32H(1, 1,0:2) + 32H(L, 1, ;2) + | (+24§3 — 80H(0; 2)
z

52
+ 5 72H(0; 2) — 60H(0,0; 2) — 48H(0, 1; z) — 48H(1, 0; 2) — 76H(0, 0, 0; 2)

— 72H(0,0,1; z) — 56H(0,1,0; 2) — 64H(0,1,1; 2) — 64H(1,0,0; 2) — 64H(1,0, 1; 2)
Tt 170

— 64H(1,1,0; 7
1,02 +2(74 75 <17

59
+ 5H(0; 2) — 6 m2H(0; 2) + 8H(1; 2)

20
- 7?H(1; 2) 4+ 8H(0,0; 2) 4+ 4H(0, 1; 2) + 10H(1, 0; 2) 4+ 4H(1, 1; 2) 4+ 45H(0, 0, 0; 2)
+ 42H(0, 0, 1; 2) 4+ 32H(0, 1,0; 2) + 36H(0, 1, 1; 2) 4+ 32H(1, 0,0; 2) + 32H(1,0, 1; )
+ 32H(1, 1,0; 2) + 32H(1, 1, l;z)>]

+O() . (5.3)

Crossing a primary quark (coupled to the external current) into the initial state, one
obtains the (q,¢'7q) antenna function, whose integral yields

Bg7q/é’q -
+€13 [—;5(1 - z)]
+€12 [—; _ 125(1 a4 ;Do(z) _ ;]
4! [—197 (- >(—f§§ n 517;2) S Do(e) 3 Di(e) H(O:2) — H() P H(O2)
Jrz(g —H(0;2) — ;H(l,z))}
LT (T ) (T Y B
- 139H(0;z) - 394H(1;z) - ;H(0,0;z) —2H(0,1;2) — gH(l,O;z) - ;LH(L 1;2)
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19

27

1 272 22 14 8
+ _ H(0;2) + _ H(0,0;2) +4H(0,1;2) + _H(1,0;2) | + 2| —
1—-=2 9 3 3 3

5 10 7 4 4
+ Ty~ SH0:2) = H(Liz) — JH(0,052) — 2H(0, 1;2) — JH(1L,0;2) - 3H(1,1,z))}
+ 0O (e) . (5.4)

Correspondingly, crossing a secondary quark (not coupled to the external current) into
the initial state, one obtains the (¢, ¢gq’) antenna function, whose integral yields

0 —
Bq ,qqq’
1 . 4 4, :
+€2 1+ 2H(0;2) + 3, 3% + z[ —14 2H(0; 2)
1710 272 1/4 8
— H(0; 2H(1; H ; 4H(0, 1; H(1;
L% ) 4 2R ) + 610,0:2) + 410,12 + | () 4+ J(159))
22 272
+z< - g — TH(0; 2) — 2H(1; ) + 6H(0, 0; z)+4H(0,1,z))
8
+z < 7)) — 3H(1;z)>}
2
Jr{ 9 77r2 — 40+ 838H(0 z) — ;7‘(2H(0;Z)+ SOH(l;z) — 8H(—1,0;2) + H(0,0; 2)
208 128 64 8
+2H(O,1;z)+4H(1,0;z)+22(— o7 + 272 + 9 H(0; z) + 9 H(1;z) — 3H(—l,O;z)

40
— "UH(0,0;2) —

32 16 16
5 H(0,1;2) — 3 H(1,0;2) — 3 H(1, 1;2)) + 4H(1,1; 2) + 14H(0, 0, 0; 2)

3

1/532 272 8
+12H(0,0,1; 2) + 8H(0,1,0; z) + 8H(0,1,1;2) + (27 - g +9H(1;z)
z

133 7n?
+

— 4¢3 — 4H(0;
9 6 C3 (072)

16 16
H(_LO;Z) + 3 H(l,();z) + 3 H(l,l;z)) +Z(—

I
W 3w

44
w2 H(0; 2) — 3 H(1;2) — 8H(—1,0; 2) — 11H(0,0; 2) — 14H(0, 1; 2) — 4H(1,0; 2)
— 4H(1,1; z) 4 14H(0,0, 0; 2) 4+ 12H(0,0, 1; 2) + 8H(0, 1, 0; z) + 8H(0, 1, 1; z))]

+O(e) . (5.5)

As explained in section 2 above, there are three different crossings for the identical
flavour only antenna functions CY, which are symmetrized over the antiquarks, but not
over the quarks.

Crossing either antiquark into the initial state yields the (g, ¢Gq) antenna, whose inte-
gral is:

7T2

1 1 1 1
2 — H(0;2) — _H(0,0;2) — _H(1,0;

3
+ 4H(O; z) + H(0,0; 2)

1

2

7 7w 1 1 1
P10 ) 2] = Ty JHO2) - JH0.052) - yF(1,02) )

— 292 —



1 572 3 1
e 3G

T 67T2H(0;z)+4H(1;z)+2H(—1,0;z)—2H(0,0;z)+H(0,1;z)

3
H(1,0;z) — 2H(0,—1,0;2) — 2H(O,O,O;z) —H(0,0,1;2) — H(0,1,0; 2)

7T2

1 1
H(1,0,0;2)—H(1,0,1; 2)—H(1, 1,0;z)—|—1 < 4 +3C3—|—3H(0;z)—|-3772H(0;z)
—z

NN DN Ot
—_

3
+ 4 H(0,0; z) + 2H(O, 1;2) + 3H(1,0; z) + 4H(0,—1,0; z) + 3H(0, 0, 0; 2)

+2H(0,0, 1; 2) 4+ 2H(0, 1,0; z) + 7TH(1,0,0; 2) + 2H(1,0,1; z) + 2H(1, 1, 0; z)>

7 w27 1 7
+ z<4 + 7;2 ~ 4 H(0;2) — 6772H(0; z) — 2H(l;z) +2H(—-1,0;2) + H(0,0; 2)

3

1
+ H(0,1;2)+ 2H(1, 0;z)—2H(0,—1,0;2)— _H(0,0,0; 2)—H(0,0,1; 2) —H(0, 1, 0; 2)

7
2

[\

2
+O(e) . (5.6)

H(1,0,0;2) — H(1,0,1; ) — H(1,1,0; 2) — 3@”

Crossing the quark which couples to the external current to the initial state yields the
(g, qqq) antenna function, which integrates to:

1 IR
S(1—2) - —
o (=947 ~a)]
175 7% 177*  107¢3 13 72
—5+2m2+6(1—2)( — - D — 2(5 | —5H(0;
—i—[ 54217 46( z)( 162 180 5 )—i— (z)<4 o T C3> 5H(0; 2)
2 1
— 6H(—1,0;2) + 15H(0,0; 2) + 9H(1,0;z) — ,H(-1,0;2) + (—2 + 2H(0; 2)
z z

1 3m?
- 6H(—1,0;z)> + 2(27% — 2H(—1,0; 2) 4+ 9H(0, 0; 2) + 7H(1,0; 2)) + 1 <— ;T
-2z

2
— 6C + 10H(0; 2) +  7°H(1; 2) — 15H(0, 0: 2) — 9H(1, 0; 2) + 4H(0, ~1,0:2)
+8H(1,0,0; z) + 4H(1,1,0; z))]
+ O (e) . (5.7)

Finally, crossing the quark not coupled to the external current (and thus participating
in the collinear splitting), one obtains the (g, ¢¢q) antenna function, integrating to:

0 —
C@q(ﬁ_
g™ H(0; 2)— 2H(—1,0; ) +H(0, 0: ) 7T2+4H( 1,0; 2)—2H(0, 0; 2)

€ 6 72 ) 7Z 7 7Z 1+Z 3 ) 7Z ) 7Z

2

+ z<2 + 7;. — H(0; 2) + 2H(-1,0; 2) — H(0, 0; Z)>]
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15 1 1
+[ 9 + 7; —5C3 +m?H(~1;2) — 2H(0;z) - 371'2H(0;z) —4H(1;z) — 4H(—1,0; 2)

—2H(0,0;2) — 2H(0,1;2) + 4H(—1,-1,0; 2) — 8H(—1,0,0; 2) — 4H(-1,0,1; 2)

2 1
— 4H(0,-1,0; 2) + 3H(0,0,0; 2) + 2H(0,0,1;2) — H(~1,0;2) + (—2 + 2H(0; 2)
z z

8 2
+ 6H(—1, 0; z)> + 142 <+14C3 - 3772H(—1; z) —4H(0; z) + 37T2H(0; z)

— 16H(—1,—1,0; z) + 20H(—1,0,0; 2) 4+ 8H(—1,0, 1; 2) 4+ 12H(0, —1,0; 2)
11 2 19
— 6H(0,0,0;2) — 4H(0,0, 1; z)> + z(— g T 776 +503 — mH(—1;2) + o H(0;2)

1
+ 3772H(0; 2) +4H(1; 2) — 4H(—-1,0; 2) — 2H(0,0; 2) — 2H(0, 1; 2) — 4H(—1,—1,0; 2)
+8H(—1,0,0; 2) +4H(—1,0,1; 2) +4H(0, —1,0; 2) — 3H(0,0,0; z) — 2H(0,0, 1; z)ﬂ

+0O(e) . (5.8)

The integrated one-loop quark-antiquark antenna functions at leading and subleading
colour read:

Ab g =
+€14 _—ié(l —z)]
B0
+€12 163 +o(l - Z)<2112 + 527;2) + ?;DO(Z) —Di(z) - iH(O;z) - ;H(l;z) + SH(0; 2)

2(1—2)
2 3 1
z<3+ 4H(0,z)+ 2H(1,z))]
1[ 27 =2 167 3772 7(s 52 10 14
+ [ Lt +5(1z)< ont s T >+<4 19 >Do(2) g D1(z)+Da(2)— S H(0;2)

3
41 5 3 1 2
[ H2) = 2H(0,0:2) = JH(0,1:2) = DH(L,02) —H(L L) + | (12
49 5 25 7w 1
+ 12H(O,z) +4H(0,0;2) + 2H(0,1,z)+3H(1,0,z)> +z<24 + 6 6H(O,z)
5 5 3
12H(l;z) —2H(0,0;2) — 4H(O, 1;2) — 2H(I,O;z) —H(1,1;2)

L[ 67 677> L 296G 51— 2) _T 237 67nt | 217( 257  13n°
4 = 48 12 48 16 1440 36 24 12

e 53 52 29 2 117 5 5 89
D — D D —-_D - H(0; H(0;z)— _ H(1;
D)oot (<54 )P 1y Pate) - Pate) - T S0 2) - ()
1, 119 43 89 71
H(1;2) — H(0,0;z)— H(0,1;z)— _ _H(1,0;z) — , _H(1,1;
s Lemn - n0.0ce) - PH001:0) - H1,000) - L1
9 9
— JH(0,0,0:2) = 8H(0,0,152) — 3H(0,1,0;2) = H(0,1,1;2) — 4H(1,0,0; 2)
5 1 (7% 5C; 69 5,
— _H(1,0,1;2) — 3H(1,1,0; — H(0;2) — H(0;
005 -3 L0+ (=T T - et

— 24 —



1 47 67 19
+67r2H(1;z)+ 6H(0,0;z)+ 12H(0,1;z)+ SH(1,0;2)+9H(0,0,0;2)

9
+6H(0,0,1;2) + 6H(0, 1,0:2) + | H(0,1,1;2) + 8H(1,0,05 2) + 5H(1,0, 1; 2)

1 572 20¢; 49 5, 23
+6H(1,1,0,z)) +z<8 ~ .8 t 5t 24H(0,Z)+ g™ H(0; z) + 12H(l,z)
4! H(1;2) + 7H(o 0; )+1H(0 1;2) + 1H(1 0;2) + 1H(1 1;2)
37r 72 12 3 ,Z 3 ) 72 12 ) 72 12 3 ,Z
9 9
— 2H(O,O,O;Z) —3H(0,0,1;2) — 3H(0,1,0; 2) — 4H(O, 1,1;2) — 4H(1,0,0; 2)
— 2H(1,0,1;z) —3H(1,1,0;2) — 2H(1,1,1;z)> — 2H(1,1,1;z)]
+ 0O (e), (5.9)
i
Aggq =
1 5 n? 1 H(0;z) 1
1-2)(- — “H(0; — " ZH(0;
T {5( Z)( 16+12) SO F o0 20 47 (O’Z)]
1 2 5  5Cs 5 2 5 1
-1 1-2)( - — ") Do(2) — CH(0;2) — H(0,0;2) —  H(0, 1;
+6{ + q +6( z)( s )+(8 6) o(z) : (0; 2) (0,0;2) A 0,1; 2)
1 72 3 1 1 7 1
+ 1—z<12 + 4H(0,z)+2H(0,0,z)+ 2H(O,1,z)> +z<8 + 8 + 4H(O,z)

A
1
T3

— H(0,0; 2) — iH(O,l;Z))]

T2 9(3 61 2572 437* 5 5 72

—6— 1—2) — — 1 — D, — D

[ 6 + 7 4+5( z)( 16+ 96 1440+ 6§3)+(2 5§3) 0(2)+( 4+ 3) 1(2)
35

24 4
— " TH(0; 2) + 137r2H(0- z) — 7H(1'z) + 17r2H(1'z) — TH(0,0; 2) — 5H(o 1;2)
8 ) 24 ) 8 ) 6 ) Y ) 4 ) I

) 1 1
—2H(1,052) — 2H(O, 0,0;z) —H(0,0,1;2) — 4H(O, 1,1;2) + 2H(1, 0,0;2)

1 1 (72 3¢ T 13, 1,
+ 2H(1,1,0,z) + 1 _Z< 8 + 9 + 4H(O,z) ~ 197 H(0; 2) — 37 H(1;2)
3 3 1
+ 6H(0,0;2) + 4H(0,1;Z)+ H(1,0;2) 4+ 5H(0,0,0; z) + 2H(0,0, 1; 2) + 2H(O,l,l;z)

2
1 2372 9¢ 1 13,
2H(1,0,0,z)2H(1,1,0,z)> +z<8 94 + 4 + 8H(O,z)+ oy H(0; 2)

1 1, 3 1 5 5

+ 4H(l,z) + 67 H(1;2) — 2H(O,O,Z) + 4H(O,l,z) — 2H(I,O,z) — 2H(O,O,O,Z)
1 1 1

—H(0,0,1;z2) — 4H(O, 1,1;2) + 2H(1,0,0;z) + 2H(l, 1,0;2))]

+0(e) . (5.10)

The quark loop contribution is:

1

4,99 —

6 [:1))5(1 - z)]
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+€12 [é + i5(1 — )= Do) + Z]

7 72
y B+5(1_Z><12_ 12> _iDO(ZH;Dl(ZHéH(O;Z)+33H<1sz)—3(11_z)H(o;z)
+ Z<_(1; + éH(O;z) + éH(l;z)ﬂ
? 7T w2 7 7 n2
+[1—24+(1 z)( 16 33>+<—12+12>D0(Z)+i91(2)—éDQ(zH—;H(Q;Z)
1
6

1 1 1 1 1 1
H(1; H H(0, 1; H(1,0:; H(1,1; — H(O;
# o H(152) + gHO.0:2) + HO.12) + (11,009 + L)+ L (=0
1 1 1 ™ 1 1 1
H H(0, 1; H(1,0:; — — H(0:2)— H(1; H :
- QHO.0:2) = RO, 2)= JH(L02) ) (=, - (H0:2) - (Fi(132) 4 H(0,0:)
1 1 1
+ H(0,1;z) + H(1,0;2) + H(1,1;2)
6 6 6
+O(). (5.11)

5.2 Quark-gluon antennae
The integrated NLO quark-gluon initial-final antenna with an initial state quark reads
through to €2 for the gluon radiation:

0
Dq 99 =

612 [25(1 - z)]

+1 [1 + 1615(1 —2)+z— 2730(2)}

7T2
+[1+5<1 _z><§; - ) = Do) 42Dy () B 2) HH(2) — 2 H(:2)

+ z(—=1+ H(0; z) + H(1; z))}

2

7 202 117?  14¢3 67 w2 11
—1—6[1— A +5(1—z)<27— o1~ 3 >+< 18T )DO( )+ 6771(2)—732(2)4‘1{(072)

1/72 1 1

+ H(L; 2)+H(0, 0; 2) + H(0, 1; )+ H(1, 0; 2) + H(1, 1; 2) <9+3H<0;z)+3H(1;z>>
z

2

1 T
4

N <_ 161H(0; Z) _ QH(O’ 0; z) — QH(O, 1; Z) — QH(L 0; Z)) + Z<_

— H(0O:
1—2z (072)

—H(1;2) + H(0,0; 2) + H(0, 1; 2) + H(1,0; 2) + H(1, 1; z)>]

2 1214 2 gt 202 1172 14
T T3 67 77<3>—|—D0(z)<— 0 S Cg)

2
" 1— — "
e [3 g g Z)< 81 72 48 18 27 " 24 3

67 72 11 1 1, I o
+ (18— 0 )D1<z)—12D2<z)+31>3(z)+H<0, 2) =, mH(0;2)+H(1;2) —  mH(1; 2)

+ H(0,0; z) + H(0,1; 2) + H(1,0; ) + H(1,1; 2) + H(0,0,0; 2) + H(0,0, 1; 2)
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+ H(0,1,0;2)+H(0,1,1; 2)+H(1,0,0; 2) +H(1,0,1; )+ H(1,1,0; 2) + H(1, 1, 1; 2)
1/ 13 x* 2 2
( - H(0;2) — 9

1 1 1
27 * 12 9 ( ’Z) 3 (O’O’Z) 3 (0, 72) 3 ( , 0; Z)

1 1 67 1 11 11
— "H(1,1: — " H(0; 2H(0:z) — ~ H(0,0:2) —  H(0,1;
0.2 ) (<00 ¢ e — 0,05 - R0

11
— H(1,0;z) — 2H(0,0,0; 2) — 2H(0,0,1; z) — 2H(0, 1, 0; 2) — 2H(0, 1, 1; 2)

6
A (€

1
—2H(1,0,0;z) — 2H(1,0,1;2) — 2H(1, 1, 0; z)) —i—z( 4 3 " 471'2H(0; z)

1
— 47T2H(1; z) — H(0,0; z) — H(0,1; 2) — H(1,0; 2) — H(1,1; 2) + H(0,0,0; 2)

+ H(0,0,1;2)+H(0,1,0; 2)+H(0,1,1; 2)+H(1,0,0; 2)+H(1,0,1; ) + H(1, 1,0; 2)
+H(1,1,1; z))}
+0 (), (5.12)

while we have to distinguish two cases for the secondary quark radiation. Crossing the

primary quark into the initial state, one obtains

E) g =
-
- [35(1 —a+ 612 - ;Do(z)]
te [5(1 - z)( ;i 4 ”2> + Do(z) D)+ (11_ H(0:2)

- (g + g2 + g )}

1
6
[—l—él z< 164 57T 7C3>—|—<28 7T2)1?@(2)—21)1(2)%— Da(z)+ 1Z<SH(O;Z)

1
81 9 27 12 6 1-
L1 1 Ly 7r2 4 4
H(0, 0; H(0,1; H(1,0; — H(0;2) — H(1;
~ 0,002 = tH0,152) = tHOL002) — tH(L 1)
6 z 6 ) 72 6 z 6 ) 72
+0(€), (5.13)

while crossing the secondary quark results in

&Y

.79
1 1 z
+ [—1+ + ]
€ z 2

+[_3 — H(0;2) — H(1; 2) + i<2 + H(0; 2) +H(1;z)> + zGH(O;Z) + ;H(l;z)ﬂ
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7T2
+e [—3 + -

4 H(0;2) — ;H(l; z) —H(0,0;2) — H(0,1;2) — H(1,0;2) — H(1,1; 2)

NN W

1
+ (4—721 +2H(O;z)+2H(1;z)+H(0,0;z)+H(O,1;z)—i—H(l,O;z)—l—H(l,l;z))
z

™ 1 1 1 1
+z(—-, + 2H(O,O; z) + 2H(O,l;z) + 2H(l,O;z) + 2H(l,l;z)

8
3t 7 1 1 3
+¢? [—6 + g + gg — 3H(0; 2) + 47T2H(0; z) —3H(1;2) + 4772H(1; z) — 2H(O,O; z)
3 3 3
- 2H(O, 1;2) — 2H(l,O; z) — 2H(l, 1;z) — H(0,0,0; z) — H(0,0,1;2) — H(0, 1,0; z)
1 2
~H(0,1,1;2) — H(1,0,0; 2) — H(1,0,1; 2) — H(1,1,0;2) — H(1,1,1;2) + <8 - 7;
z
7C3

1 1
-4 4H(0; 2) — 4772H(0; 2) +4H(1; 2) — 4772H(1; z) + 2H(0,0; 2) + 2H(0, 1; 2)
+ 2H(1,0; 2) + 2H(1,1; 2) + H(0,0,0; 2) + H(0,0, 1; 2) + H(0,1,0; 2) + H(0,1,1; 2)
(s 1

+ H(1,0,0;2) + H(1,0,1;2) + H(1,1,0; 2) + H(1,1, 1; z)> + z(— 6 87T2H(0; z)
1, 1 1 1 1
— g7 H(1;2) + 2H(O,O,O; z) + 2H(O,O,l;z) + 2H(O,I,O; z) + 2H(O,l, 1;2)
1 1 1 1
+ 2H(1,0,0; z) + 2H(1,0,1;z) + 2H(1,1,0; z) + 2H(1,1, 1;2))]
+0 (€ . (5.14)

The NNLO double real radiation quark-gluon antenna functions are of the D type
(quark-gluon-gluon-gluon) and of E{-type (quark-quark-antiquark-gluon). While the for-
mer has only one possible quark-initiated crossing, we have to distinguish several different
cases for the latter.

The integrated form of the initial-final (¢, ggg) antenna function reads:

0 _
Dq,ggg -

+ :10(5(1 - z)]

+ . |10+ 226(1 — z) — 20Dy(z) + 10,2}

~ 40H(0;z) 4

1—=2 z

174+ 6(1 —2) (530 — 8#2) — 44Dy(z) + 40D (z) + 22H(0; z) + 20H(1; 2)

Tz (5 + 22H(0; 2) + 20H(1; Z))}

17107 2572 4 15472 272 11
[ 07 257 51— )< 868 1547% 27 43)+< 80+167r2>D0(z)+88D1(z)40D2(z)

el 3 3 27 9 3 9
113
+ 5 H(0; z) + 34H(1; z) + 50H(0, 0; 2) + 44H(0, 1; z) 4+ 42H(1, 0; z) + 40H(1, 1; 2)
1 22 277 1/ 112
—“ — “"TH(0;2) — 88H(0, 0; 2) — 80H(0, 1; z) — 84H(1, 0; -
+1z( , 5 H(0:2) — 88H(0,0;2) — 8OH(0,1;2) — § (,O,z))+z( 9
252 41
—8H(0;z) —8H(1;2) | + 2|22 — 3 + 3H(O;z)—i—10H(1;z)—1—50H(0,0;z)
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+ 44H(0, 1; 2) 4+ 42H(1, 0; 2) + 40H(1, 1; z))]

565 14572 308 25811 140872 3197 934 9736
- - C3+5(1—)( + - C3)+Do(z)(—

9 18 3 54 21 180 3 27
30872 544 2360 80 4 616
Ty s + —321% | Dy (2) —88Da(2)+ . D3(2)— _m*H(—1;2)+ _ H(0;2)
9 3 9 3 3 9
214
- 6357r2H(0;z)+ 5 H(1;2) — 5307r2H(1;z) — 8H(—1,0;z) + 121H(0, 0; 2)
226

3 H(0,1;2) +96H(1,0; z) + 68H(1, 1;2) — 16H(—1, —1,0; 2) + 8H(—1, 0, 0; 2)

+ 4H(0, -1, 0; ) 4+ 106H(0, 0, 0; z) 4+ 100H(0, 0, 1; z) 4+ 84H(0, 1, 0; 2) + 88H(0, 1, 1; 2)
1 ( 2087  34x?
- +

+ 82H(1,0,0; 2) + 84H(1,0, 1; 2) + 80H(1, 1,0; 2) + 80H(1, 1, 1; 2) + o 0

z

2 224 224
— 4G — 3772H(—1;z) - H(0;2) — 0

44
— 16H(0,0; z) — 16H(0, 15 2) — 3 H(1,0;z) — 16H(1,1;2) — 8H(—1,—1,0; 2)

2
H(1;2) + 37r2H(1;z) — 4H(—1,0; 2)

1 1172
+4H(-1,0,0; 2) + 8H(0,—1,0; 2) + 8H(1,0,0; 2) +4H(1,1,0;z)> + 1— < 37T

2368 116 4 554
+32¢3 — 0 H(0; 2) + 5 7T2H(0;Z)+37T2H(1;Z)f243H(0,0;Z)f 5 H(0,1;2)
620
- H(1,0; 2) + 8H(0, —1,0; z) — 184H(0, 0, 0; 2) — 176H(0, 0, 1; 2) — 152H(0, 1,0; 2)
443
— 160H(0, 1, 1; 2) — 164H(1,0,0; z) — 168H(1,0, 1; 2) — 160H(1, 1,o;z)> +z( 6
2572 320¢3 2 , 391 65
~ 18 " 3 37 H(-1;2) + 9 H(0;z) — 37 H(0; z) + 44H(1; 2)
50 82
- 37T2H(1;z)74H(71,0;z)+47H(0,0;z)+ 3H(0,1;z)+34H(1,0;z)

+20H(1,1;2) — 8H(—1,—1,0; 2) + 4H(—1,0,0; z) + 106H(0, 0, 0; z) + 100H(0,0, 1; 2)
+ 84H(0,1,0; ) + 88H(0, 1, 1; ) + 82H(1, 0, 0; 2) + 84H(1, 0, 1; 2) + 80H(1, 1, 0; 2)

+80H(1,1,1;z))}

+O(e) . (5.15)

For the Eg—type antenna functions, we can either cross the primary quark or the
secondary quark into the initial state. In both cases, we have leading and subleading
colour contributions.

Crossing the primary quark, one obtains the (g, ¢'¢' g) antenna functions, whose integral
reads at leading colour

50

.79
1 5

_95(1 =
+€3 [ 35( z)]

1 A7 10 2
- Do(z) — - —
T [ g 01 =2+ 3 Dolz) =4 —2
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1] 4 557 232\ 94 20 7 29H(0; 2)
S asa-o (- Do(z) — < Di(z) — [ H(0;2) — 2H(1; ’
+e[ 5+l Z)< 36 T 18 )+ g Dolz) = g Dulz) = JH(0:2) = 2H(Liz) + g )

+ i (_296 - gH(O;z) - gH(l;z)) +z(—g — ;H(O;Z) = 2H(1;Z))}

10 =2 28613 2572  118(3 557  237? 188 20
1-2)( - - ~p D
+{9+2+6( z)( st e oo ) (18 0 ) 0(2)= "¢ Pile)+ S Da(2)
1 14 1
- 398H(0;z) — iH(l;z) - 39H(0,0;z) ~ 4 H(0,1;2) — 36H(1,0;z) —4H(1,1;2)
1 50 44 44 1 103 572
22H(0; H ; H(0, 1; H(1,0; —
oL (om0 4 0,00 + Y0050+ Yo )+ (<17
52 52 8 8 8 8
~ H(0;2) — 9 H(1;2) — 3H(O,O;z:) - 3H(0, 1;2) — 3H(l,O;z) - 3H(1, 1;2:))
41 57?32 16 14 13
— — H(0;z) —3H(1;2)— _H ;2)— o H(0,1;2) — _ H(1,0;
b=y T - GO - 3() - 0,002 - SO0 - 0,0:2)
—4H(1, 1;2))]
+ O (e) (5.16)

and at subleading colour
2
1
€3
4 2
)+ . Do(z) — ]

4’79 ~
21
3 z)

{ 3 3z

+J5(1 z)( 3513+579T )+3982>0(z)—gpl(z)+8;(lfo;;)+i(—295—;111(0;2)—3}1(1;@)}

6973 957 64Cs\ (373 1072 76 8 1 (76
1-2)( - - Do(z)— D D H(0;
+[+5( Z)( 34 54 T g ) (27 9 ) 0(z)= g Drlz)+g 2(Z)+lz(9 (0:2)
16 16 16 1/ 523 b5r?
H(0, 0; H(0, 1; H(1,0; -
+HO.0) + RO + H0 o)+ (< T 7
50 50 8 8 8 8
= OVH0:2) - PUH(12) — CH(0,0:2) — CH(0,1;2) — CH(1,0;2) — CH(1,1:
o H(0:2) = (H(L2) ~ JH0,0:2) = JHO.152) - JH(L052) - JH(L1:9) )|
+O(e) . (5.17)

Crossing the secondary quark, one obtains the (¢, ¢’qg) antenna functions, whose in-
tegral reads at leading colour

£ =

q'.q4'ag

1 4
+ |4+ +22
€ z

1 422 1/55
+, |:—15— ; —4H(0; z) — 8H(1; 2) + ( 3 +8H(0;z)+8H(1;z))
€ z

3 13
+z(2 + 5 H(0; 2) +4H(1;z))}
1[ 235 7x?
+ =70+

o g —B9H(0:z)  30H(L;2) +4H(~1,0;2) — 8H(0,0; 2) — 8H(0, 1; 2)

€
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1537

110
26 — 372 + 28H(0; 2) + 3 H(1; 2) + 4H(—-1,0; 2)

1
— 16H(1,0; 2) — 16H(1,1; 2) + (
z

47 T2

)
+ 16H(0,0; 2) + 16H(0, 1; 2) + 16H(1,0; 2) + 16H(1, 1; z)) + 2(12 — g~ 2H(O; 2)

31
+3H (L5 2) + 2H(=1,0;2) + ) H(0,052) + 13H(0, 1; 2) + 8H(L,0; 2) + 8H(L, 1; z))

2 1
+z2<39 - 36H(0;z)— iH(l,z))}

2695 11572  170¢3 337
N +

6

14 235
18 6 g ~ 2m?H(—1; 2) — H(0;2) + 3 ©2H(0; 2) — 3 H(1;2)

20
+ 7y T H(L;2) — 89H(0,0: 2) - T8H(0, 1; ) — 52H(L, 0; 2) — G0H(1, 1;2)
—8H(-1,—-1,0;2)+ 16H(-1,0,0; z) + 8H(—1,0, 1; z) + 8H(0, —1, 0; z) — 16H(0, 0, 0; z)
— 16H(0,0, 1; 2) — 12H(0, 1,0; 2) — 16H(0, 1, 1; 2) — 32H(1,0,0; z) — 32H(1,0, 1; 2)
37925 9172 _ 134(5

1
_ 32H(1,1,0: 2) — 32H(1, 1, 1: _
32H(1,1,0;2) - 3 (”’Z)+z<216 6 3

—2m°H(~1; 2)

193
+ H(0; 2) — 87*H(0; 2) + 18

2
205 220
+56H(0, 15 2) + " H(L,0:2) + “J (L 1 2) — 8H(—1,~1,0;2) + 16H(~1,0,0; 2)

1537 20 4
H(1;2) — 3 ©?H(1; 2) + 3H(—1, 0; z) + 56H(0, 0; 2)

+ 8H(—1,0,1;2) 4+ 8H(0, —1,0; 2) + 32H(0, 0, 0; 2) + 32H(0, 0, 1; z) + 28H(0, 1, 0; 2)

+32H(0,1,1; 2) + 32H(1,0,0; 2) + 32H(1,0, 1; 2) + 32H(1, 1,0; 2) + 32H(1, 1, 1; z))

83
7?H(—1; 2) 4 22H(0; 2) —

47
H(0; H(1;

(1069 37 820
72 4 3

10 23
~ 3 m?H(1; 2) — 4H(—1,0;2) — ) H(0,0; z) — 5H(0,1; z) + 3H(1,0; 2) + 6H(1, 1; 2)
67
~ 4H(=1,1,052) + 8H(=1,0,0;2) + 4H(~1,0,1; 2) + 4H(0, ~1,052) + _ H(0,0,0;2)

+ 31H(0,0, 1; 2) + 24H(0, 1, 0; 2) + 26H(0, 1, 1; ) + 16H(1, 0, 0; 2) + 16H(1, 0, 1; )

2 12 4
+ 16H(1,1,0; 2) + 16H(1, 1, l;z)) + 22< 2078 + 272 + 98H(0;z) + 69 H(1;2)
8 40 32 16 16
- 3H(—1,O;z) ~ 5 H(0,0;2) — 3 H(0,1;2) — 3 H(1,0;2) — 3 H(1, 1;z))}

+ O (e) (5.18)

and at subleading colour

gO

q.q'q9 —

+€13 [2 + z + z]
+€12 [—8 — 5H(0; z) — 4H(1; 2) + i (9 + 4H(0; ) 4 4H(1; z)) + z(z + ;H(O; 2) 4 2H(1; Z))]

1 127
{— 4 + 27% — 16H(0; 2) — 16H(1; 2) — 11H(0,0; z) — 10H(0, 1; ) — 8H(1,0; 2)

€

75 - 572

o — g +18H(0:2) + 18H(L; 2) + 8H(0,0: 2) + 8H(0, 1: 2)

1
— 8H(1,1;2) + (
z
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7 19 7 11
+ 8H(1,0; 2) +8H(1,1;z)) +z(2 e 4 H(0; z) + 2H(l;z) + H(0, 0; 2)

+ 5H(0, 1; 2) + 4H(1,0; ) 4+ 4H(1, 1; z))]

N _429 . 2();2 . 7(;@“3 - 229H(0;Z) N gFQH(O;Z) - 1;71{(1;2) N 1307T2
— 32H(0,0; z) — 32H(0, 1; z) — 32H(1, 0; z) — 32H(1, 1; 2) — 23H(0, 0, 0; )
— 22H(0,0,1; 2) — 20H(0, 1,0; 2) — 20H(0, 1, 1; 2) — 16H(1,0,0; z) — 16H(1,0, 1; z)
565 1572
4 2

H(1;2)

1 1
— 16H(1,1,0;2) — 16H(1,1,1; 2) + ( + 75H(0; 2) — 307r2H(0; 2)
z

10
+T5H(L2) — 72H(1; 2) + 36H(0, 0; 2) + 36H(0, 1; 2) 4+ 36H(1, 0; 2) + 36H(1, 1; 2)
+ 16H(0,0,0; z) + 16H(0,0, 1; z) + 16H(0, 1,0; 2) + 16H(0, 1, 1; ) + 16H(1, 0, 0; 2)

+16H(1,0, 15 2) + 16H(1, 1,0; 2) + 16H(1, 1, 1; ) — 6?’) + z(13 - 155 + TH(0; 2)
- inH(O;z) TH(L ) — ZWQH(l;z) + 443H(0,0;z) + 129H(0, 1;2) + TH(1,0; 2)
+TH(1,1;2) + 223H(0, 0,0;z) + 11H(0,0,1; 2) + 10H(0, 1,0; z) + 10H(0, 1, 1; 2)
+ 8H(1,0,0; z) + 8H(1,0,1; 2) + 8H(1,1,0; 2) + 8H(1,1,1; 2) — 35;3”
+O(e) . (5.19)

The one-loop virtual antenna functions at NNLO are obtained by crossing the results
from [65]. For the (g, gg)-case, we have the leading colour and the quark loop correction,
which integrate to

1
Dggg =
17 1
+64 _ 25(12)}
1[ 1 55 z
iy =2+ o0t - 3
17 7 85 T2 11 4H(0;2) 1
— — D — 2D —2H 1
+62_ 3+5(1 z)( 12+12)+2 o(2) 1(2) (0;2) —H(1;2) + 1 s +32
( — 2H(0; 2) H(l,z))]
1 7 T2 1967 36172 22(3 389 72 22
+e|: 6 19 +0(1 - )(— 108 + 79 + 3 ) (36 6 )Do(z)— 3@1(2’)-1—2@2(,2)
1
63 (0;2) — 67H( ;z) — 6H(0,0; z) — 3H(0, 1; 2) — 3H(1,0; 2) — 2H(1, 1; 2)
1 1/14 4
+ L 11H(0; z) + 12H(0, 0; z) + 6H(0, 15 2) + 6H(1,0; 2) | + o + 3H(O;z)

2 11 772 1 5
+ 3H(1;z)) +z( 0 T 17; + (H(0:2) = JH(1:2) - 6H(0,0;2) - 3H(0, 1;2)

— 3H(1,0; 2) — 2H(1, 1; Z))]
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* B + 108 9

[T, 6 25¢3+5(17 ) 14453 30237 10wt 260G, 3197 5272
37 7 3 i 324 432 7 6

- 44§3)D0(z)+ < 3 + i )Dl (z)+ 121 Da(z)— 4D3(z)— gH(O; z)+ ;WQH(O; z)— 23H(l; 2)

3 4 3 3 6
4 2 1 2
+ _mH(1;2) - 79H(0, 0;2) — 9H(O, 1;2) — 0 H(1,0;2) — 3H(l, 1;2)
3 6 6 6 6
— 14H(0,0,0; 2) — 8H(0,0,1; 2) — 6H(0, 1,0; 2) — 5H(0, 1, 1; 2) — 6H(1, 0, 0; 2)
1 1172 925
—5H(1,0,1;2) —4H(1,1,0;2) — 4H(1, 1, 1; -2 H(0;
) (305 7'2) (a 3072) (a ) 7Z)+12( 18 C3+ 36 (072)
14 1 88 44 95
~ 4 w2 H(0; 2) — 37r2H(1;z) + 3 H(0,0; z) + 3 H(0,1;2) + 3 H(1,0;z)
+ 28H(0,0,0; 2) + 16H(0,0, 1; 2) + 12H(0, 1, 0; 2) + 10H(0, 1, 1; ) + 12H(1, 0, 0; 2)

1/145 11x2
4 10H(1,0,1; 2) + 8H(1, 1,0; z)) + ( i
z

53 5
_ H(0: H(1:
e o1 g0 H(2)

7972 25 11
26y

H .
72 g 1 gH0:2)

10 4
+ 3 H(0,0;z) +2H(0,1; 2) + 3

H(1,0;2) + gH(l, 1; z)) + z(

7 11 4 17 7 1
+ 37r2H(0;z) + 6 H(1;2) + 37r2H(1;z) + 6 H(0,0;2) + 6H(0, 1;2) — 6H(1,0;z)

1
+ 6H(1, 1;z) — 14H(0,0,0; z) — 8H(0,0, 1; ) — 6H(0,1,0; z) — 5H(0, 1, 1; 2)

— 6H(1,0,0; z) — 5H(1,0,1; 2) — 4H(1,1,0; z) — 4H(1, 1, 1;2))}

Lo (5.20)
and
D, =
t B(sa - z)}
+€12 [; + Eé(l —2)— ;Do(z) + ;]
s rsn-a(le-T) - hpea+ 2o+ jroay+ g - 3107 -

+Z<; + ;H(O;z) + ;H(l;Z)ﬂ

2 2 2
#lp-T #0009 (G- r =)+ (St S ) Pea P D)+ yHO:2)

o~ 3

2 324 24 9 27 18

1 1 1 1 1
+ _H(1;2) + 3H(0,0;Z)+ 3H(0,1;z)+ 3H(l,();,z)wL 3H(1,1;z)+ 1—» ( H(0; 2)

18

2 2 1/ 2 1 1 2
H(0,0:2) — LH(0,1:2) - 3H(1,0;z)) + <27 — H(0:2) 9H(1;z)) +z<7;

W = W N W

1 1 1 1 1
H(0; z) — 3H(l;z) + 3H(0,0;z)+ 3H(O,l;z) + 3H(l,();,z) + 3H(1,1;z))}

_|_
S
o

(5.21)

For the (q,¢'7)-case (primary quark in the initial state), there are leading and sub-
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leading colour as well as quark loop contributions. Their integrals are:

51

.q'7

+€12 [125(1 - z)}

I R IO R (+§H(o;z>)]

1 787 1772 2r% 11 1 2
+{6+6(1 <324 94 >+ Do(z) + 18D1(z)— 6H(0,z)+3H(0,0,z)
2 1 2 8 2 4
3H(1 0;2) + - z( 0 18 H(0; 2) — 3H(0,O,z) - 3H(o,l,,z) - 3H(1,0,z)>
1
z

119 7% 37 1 1 1
- H(0;2) — H(1; H(0, 0; H(0. 1: H(1.0:
* (216 18 T 3 H0:2) = gH(Li2) + H(0,0:2) + JH(0, 1;2) + (,o,z))

T 1 1
+z 18 + 6H(0,0,z)+ 6H(1,0,z))}
+0(), (5.22)
Et;qq -
111
+ [65(1 z)]
1119 1 1
+€2 [366(1 —z)— 32)0(2) + 62}
1 173 5r? 19 2 2H(0;z) 1/25 1 ) 1 )
+6 {5(1 Z)<108 ~ 44 ) - 18D0(z)+ 3171(2) T30-2) + ; (36 + 3H(O,z)+ 3H(1,z))]
343 9572 7(3 173 572 19 2 1 19 )
+[5(1z)< 81 " 916 9 >+< 54 + 18 >D0(z)+ 9 Dl(z)3D2(z)+1_z< 9 H(0; 2)
4 4 4 1/62 572 25 25
— 4 H(0,0;2) — 3H(O,l,z) - 3H(1,0,z)> + . (27 ~ 36 + 18H(O,z)+ 18H(1,z)
2 2 2 2
+ _H(0,0;2)+ _H(0,1;2) + _H(1,0;2) + _H(1,1;2)
3 3 3 3
+0(e) (5.23)
and
s
Coqq =
1{5 1 1
0(l—z)— D
T [27 (1=2) = gDol2) + 18z]

o= (8- ) - ipar s e - 107 (4 e+ i)

+0O(e) . (5.24)

Likewise, the (¢, ¢'q)-case (secondary quark in the initial state), there are leading and
subleading colour as well as quark loop contributions, which integrate to:

61

qqq
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+;[3+H@w%+?ﬂh@+i(—i—H®my—?ﬂh@)—z(2+;mm@+iHuw0]

A ™ 000+ TH(1: 2) + 4H(0,0: 2) + 2H(0, 1: 2) + 2H(1,0; ) + “H(1, 1: )
€ 36 3 3 7Z 4 7Z b 7Z b 7’2 b 7Z 2 b) 7Z
1/29 72 8 9
~ PH(0;2) — TH(1;2) — 4H(0,0; 2) — 2H(0, 1; 2) — 2H(1,0;
# 1 (Ga+ Ty~ 505~ JH(12) — 4H(0.052) = 2H(0. 152) - 2H(1, 052
10 2 1
- gH(l,l;z)> +z< 90 + 7; + H(0;2) - zH(l;z) — 2H(0,0; ) — H(0,1; 2)
3
—H(1,0;2) — 4H(1,1;z))]
347 43n? 1 11 49 3 3
- - —5¢ — . H(0;2)—  7*H(0; H(1;2) - 72H(1; H(0,0;
7{ sa T o1 00T g0 = g mH(0 )+ g (H(Li2) = (L) +  H(0,0:2)
11 1 15
+ H0,12) = JH(1L,0:2) + [ H(L 1:2) + 10H(0,0,0; 2) + GH(0,0,1; 2)
4H(0,1,0; 2) + 4H(0,1, 1; 2) + 5H(1,0,0; 2) + 4H(1,0,1; 2) + 4H(1, 1, 0; 2)
7 871 Aln? 31 11 115
H(1,1,1; 5 H(0; H(0;2) — * H(1;
FIHLLL:: (108 12+<3 PH(0;2) + | H052) - (L 2)
3 19 21
+ 471' H(1;z) — (O 0; 2) (O,l;z)— 6 H(1,0;z2) — 4 H(1,1;2)
— 10H(0,0,0; 2) — 6H(0,0, l,z) — 4H(0,1,0; ) — 4H(0,1,1; 2) — 5H(L, 0, o-z)
7 121, or® 56
4H(1,0,1,z)4H(1,1,0,z)2H(1,1,1,z)> (54 + 0+ 9 H(0; 2)
11 10 3 9 1 7
+ 1o ©2H(0; 2) + 9 H(1;2) + ™ H(1;2) + 4H(o 0;2) + 6H(0,1;z) + 6H(1,0;z)
3
— JH(1,152) = 5H(0,0,0:2) — 3H(0,0,1; 2) = 2H(0, 1,05 2) — 2H(0, 1, 1: 2)
Z (1,0,0;2) — 2H(1,0,1; 2) — 2H(1,1,0; 2) — ZH(1,1,1;2))]
+0 (), (5.25)
&1
gqﬁq’q

+1 1 1 z
12 2z 4

+€12 [Z +H(0;2) + ;H(l;z) - i<i +H(0;2) + ;H(l;z)) - z@ + ;H(O;z) 1 iH(m))]

1113 #2 7 7 1
T TH(0;2) + TH(12) + 2H(0,0; 2) + H(0, 15 2) + H(L,0; 2) + L H(L,1; 2)
cl2 4o 4 2
1/ 35 a2 9 9
+ ( Lt i — JH(0:2) = | H(1;2) = 2H(0,0:2) — H(0,132) — H(1,02)
z
1 2 3 1
~ CH(L1 1 3 M0 2) = SHA:2) — H(0,0: 2) — TH(0,1;
5 , ,z)—i—z + s "4 (0;2) g (1;2) (0,05 2) ) (0,1;2)
1
~ 4 H(1,0; 2) H(l 1;2) )}

43 77?13 13 1
+[2 ST (0 ) — (0 ) 4 DB )~ rH (1) + TH(O,0;2)

7 7 7
+ G H(0,1;2) + JH(1,0:2) + | H(L, 1;2) + 4H(0,0,05 2) +2H(0,0, 1; 2) + 2H(0, 1,05 2)
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1 1
+H(0,1,1;2) + 2H(1,0,0;2) + H(1,0,1;2) + H(1, 1,05 2) + , H(1, 1,15 2) + ( i
z

or?  13¢; 35 1, 35 1,
— P H(0; H(0;2) — * H(1; H(1; 2) — 9H(0, 0;
8 + 3 ) (0,z)—|—27r (0;2) 4 ( ,z)+47r (1;z) — 9H(0, 0; 2)
9 9 9
— JH(0,132) = JH(1,052) = H(1, 1:2) — 4H(0,0,052) — 2H(0,0,1; 2) — 2H(0, 1,05 2)

1
—H(0,1,1; 2) — 2H(1,0,0; 2) — H(1,0,1; 2) — H(1,1,0; 2) — 2H(l, 1, 1;2)) + z(—2

32 13(s _ 1o _ 1oy 3 _
16 + 6 —2H(0,z)+47r H(O,z)—H(l,z)+8ﬂ' H(1;2) — 2H(O,O,z)
- iH(O, 1:2) — iH(l,O;z) - zH(l, 1; 2) — 2H(0,0,0: ) — H(0,0, 1; 2) — F(0, 1,0; 2)
_ ;H(O,l,l;z) —H(1,0,0;2) — ;H(l,o,l;z) _ ;H(l,l,o;z) _ iH(l,l,l;z))]
+ O (e) (5.26)
and
a
gq’,q’q_
1713 1 1/8 1 5 1
H(0; 2) — H(0; - H(0;
+e[18+3 (0:2) z<9+3 (’Z)> Z<18+6 (’Z)H
85 w2 35 13 1 1 1/ 118
H(0; H(1; H(0, 0 H(0, 1; H(1,0; —
#or Ty + B0 + T + HO.0:2) 4 JHO.52) + 0,02 + | (=]
72 22 8 1 1
— = "7H(0:2) — H(1:2) —H(0,0:2) — _H(0,1:2) — _H(1,0:
12 9 (0’ Z) 9 ( ’Z) (0?07’2) 3 (0’ ’Z) 3 ( ’0’ Z)>
14 72 5 5 1 1 1
— = UH(0:2) — T H(1:2) — _H(0,0:2) — _H(0,1:2) — _H(1,0:
+0() . (5.27)

5.3 Gluon-gluon antennae

The gluon-gluon antenna functions can contribute to quark-initiated processes, since they
also contain configurations with the splitting of a gluon into a quark-antiquark pair.
At NLO, one has only the (g,qg) gluon-gluon antenna function, whose integral is

0 _
gq,qg -
1 1 z
-14+ 4+
€ z 2

+ [—1 CH(0;2) ~H(L2) + (Z +H(0; 2) + H(1; Z)> + ZGH(O; 2) + ;H(1;2)>]

z

2
+e [—2 + 7; —H(0;z) — H(1;2) — H(0,0;2) — H(0,1;2) — H(1,0;2) — H(1,1; 2)
1(7 = 7 7
t ooy T 4H(O;z) + 4H(1;z) +H(0,0; z) + H(0,1;2) + H(1,0; 2) + H(1,1; 2)

™ 1 1 1 1
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2
7 1 1
+e? | -4+ 7; + §3 —2H(0; 2) + 47T2H(0;z) —2H(1;2) + 47T2H(1;z) — H(0,0; 2)
—H(0,1;2) — H(1,0; 2) — H(1, 1; 2) — H(0,0,0; ) — H(0,0, 1;2) — H(0, 1,0; 2)
1 (s
—H(0,1,1;z) — H(1,0,0;z) — H(1,0,1; ) — H(1,1,0;2) — H(1,1,1; 2) + <7 - 17T6
TG NP DR DR S S
3 + 5 H(0;2) — AT H(0;2) + 2H(l,z) AT H(1;2) + 4H(0,0, z) + 4H(O,l,z)
7 7
+ , H(1,0:2) +  H(1,152) + H(0,0,052) + H(0,0, 15 2) + H(0, 1,0; 2) + H(0, 1,1; 2)
7 1
+H(1,0,0;2) + H(1,0,1; 2) + H(1,1,0; 2) +H(1,1,1,z)> —|—z<— 23 - 87T2H(O;z)
1, 1 1 1
— TH(L2) + H(0,0,0:2) + (H(0,0,1:2) + H(O,l,O 2) + H(0,1,152)
1
+ H(L0,0:2) + YH(1,0,1:2) + H(110z)+ Hlllz)]
+0 (%) . (5.28)

At NNLO, the double real radiation GY-type and Hj=type antenna functions allow
for crossings with initial state quarks.
The (q,qgg) at leading colour integrates to

0 —
gqugg—
Ll 8
3[ 8+ +4z]
€
1] 82 1/104 53 21
— "% _9H(0;z) — 16H(1; 16H(0; 2) + 16H(1; H
62[ 3 9H(0; 2) 6(,,2)—1—2(3 +6(0,z)+6(,z))—|— <12+2 (0;2)
4
+ 8H(1;z)) — 322]
1] 2291 1372 185 164
— — TUH(0;2) — . H(1;2) + 4H(—1,0; 2) — 15H(0, 0;
T = ) - )+ aH(1,0:2) - 1580,
1 /499 164 208
— 18H(0, 1; 2) — 32H(1,0; 2) — 32H(1, 1;2) + (6 — 672 + 3 H(0; 2) + 3 H(1;2)
z
301
+ 4H(—1,0; z) + 32H(0, 0; z) + 32H(0, 1; z) + 32H(1,0; z) + 32H(1,1;2) | + 2 36
2372 61 53 A7
- g o H0:2) + U H(12) + 2H(=1,0:2) + | H(0,052) + 21H(0, 13 2)

32 16

+ 16H(1,0; 2) + 16H(1,1;z)) +22< g ~ 3 H(0:2)— iH(l;Z)ﬂ

6625 2567m2  286(3 9 _ 3181 55 o o 2291
T 97 + 9 + 3 —27°H(-1;2) — 36 H(0;2) + 67 H(0; 2) — 18 H(1;2)
38 373 370 298
+ 3 7?H(1; 2) — 8H(—1,0; 2) — 3 H(0,0;2) — 3 H(0,1;2) — 3 H(1,052)
328
~ 3 H(1,1;2) — 8H(—1,-1,0;2) + 16H(—1,0,0; z) + 8H(—1,0, 1; 2) + 16H(0, —1, 0; 2)

— 27H(0,0,0; 2) — 30H(0,0, 1; 2) — 28H(0, 1, 0; ) — 36H(0, 1, 1; 2) — 60H(1, 0, 0; )
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1/331 25072 2
— 64H(1,0,1; 2) — 64H(1,1,0; 2) — 64H(1,1,1; 2) + (33 67 _ 250m% _ 26863

z \ 108 9 3
1 4
—2m?H(—1; 2) + 633H(O; 2) — 16m*H(0; 2) + §9H(1; z) — 3387r2H(1; 2)
32 328 328 398 416
~ . H(—-1,0;2) + 3 H(0,0;2) + 3 H(0,1;2) + 3 H(1,0;2) + 3 H(1,1; %)

— 8H(—1,—1,0;2) + 16H(—1,0,0; 2) + 8H(—1,0, 1; z) + 64H(0,0, 0; ) + 64H(0,0, 1; )
+ 56H(0,1,0; ) + 64H(0, 1, 1; z) + 60H(1,0,0; 2) + 64H(1,0, 1; 2) + 64H(1, 1,0; 2)

7411 19972 149¢3 511

64H(1,1,1; —
+ (a ’ 7Z))+Z( 18

— m?H(-1;
216 72 g —mH(EL2)+

H(0; 2)

131 , 301 19 , 65 61
— H(0; H(1;2) — H(1; H ; H(0, 1;
50 53
+ 3 H(1,0;2) + 3 H(1,1;2) — 4H(-1,-1,0;2) + 8H(-1,0,0; 2) + 4H(-1,0,1; 2)
99
+ 9 H(0,0,0; z) + 47H(0,0, 1; z) + 38H(0, 1, 0; 2) + 42H(0, 1, 1; z) + 30H(1, 0, 0; 2)
208 128
+ 32H(1,0,1; 2) +32H(1,1,0;z)+32H(1,1,1;z)) +22(— o7 + 272 + 0 H(0; 2)
64 8 40 32 16 16
+ 9 H(1;2) — 3H(71,O;z) ~ 3 H(0,0; z) — 3 H(0,1;2) — 3 H(1,0;z2) — 3 H(1, l;z))]
+ 0 (e), (5.29)

while the subleading colour is
50 _
gq,qgg -
1 4
+ [—4 + + 2z]
€ z

1 1 7
+ [—12 — 10H(0; z) — 8H(1; 2) + (16 + 8H(0; z) + 8H(1; z)) + z(
€ z

,  5H(0;2) + 4H(1; z))]

1 91
+ { 9 + 4m% — 22H(0; 2) — 24H(1; 2) — 22H(0,0; 2) — 20H(0, 1; z) — 16H(1, 0; 2)
€

02

1 1
— 16H(1,1; 67 —
(1, ’z)+z( 3

+ 32H(0; 2) + 32H(1; 2) + 16H(0, 0; 2) + 16H(0, 1; 2)

19
— 2% + ) H(0; z) + TH(1; 2) + 11H(0, 0; 2)

11
+ 16H(1,0; z) + 16H(1, l;z)) + z< )

+ 10H(0, 1; ) + 8H(1,0; z) + 8H(1, 1; z)>]

272 14 4 1
+|—184 + 337T + gCB - 37T2H(—1;z) - §5H(0;z) + 972 H(0; 2) — 91H(1; 2)

+ 87%H(1; 2) + 8H(—1, 0; 2) — 38H(0, 0; 2) — 44H(0, 1; z) — 44H(1, 0; 2)

— 48H(1,1;2) — 16H(—1,—1,0; 2) + 8H(—1,0,0; z) + 16H(0, —1,0; z) — 46H(0, 0, 0; 2)
— 44H(0,0, 1; 2) — 40H(0, 1,0; 2) — 40H(0, 1, 1; z) — 16H(1,0,0; z) — 32H(1,0, 1; 2)
485 40w 80¢s 4

— _mH(—1; 2) + 134H(0; 2)

1
—24H(1,1,0; 2) — 32H(1, 1, 1;
(1,1,0:2) - 32801 1,1:2) + (7 - T 00

20
- m2H(0; 2) 4 134H(1; 2) — 872H(1; 2) 4 64H(0,0; 2) + 64H(0, 1; 2) + 64H(1,0; 2)

+64H(1, 1;2) — 16H(—1, —1,0; 2) + 8H(—1,0,0; z) + 32H(0, 0, 0; ) + 32H(0, 0, 1; 2)
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+32H(0, 1,0; 2) + 32H(0, 1, 1; 2) + 16H(1, 0, 0; 2) + 32H(1, 0, 1; 2) + 24H(1, 1, 0; )

2 4 2
+32H(1,1,1;z)> +z<947 - 7Z - 6;3 - 37r2H(71;z) + 11H(0; z) — 27T2H(0;Z)

31
+ 11H(1; 2) — 47*H(1; 2) + 8H(—1,0; 2) + 5 H(0,0; z) + 19H(0, 1; z) + 16H(1, 0; )

(
+14H(1, 1; 2) — 8H(—1, —1,0; 2) + 4H(—1, 0, 0; ) + 23H(0, 0, 0; 2) + 22H(0, 0, 1; 2)
+ 20H(0,1,0; 2 +20H(o,1,1,z)+8H(1 0,0;2) + 16H(1,0, 1; 2) + 12H(1, 1,0; 2)
(

+16H(1,1,1; 2 )]

+0(e) . (5.30)

The four-quark antenna function contains two different quark flavours. Since it is
symmetric under the interchange of the quark-antiquark pairs, we have to consider only
one crossing, resulting in (¢, ¢q'7’), which integrates to

HO 10—

4,99'q
+1 4 4 2z
13 3z 3
1150 8 8 1 50 8 8 19 4
+6 { 9 + 3H(O,z) + 3H(1,z) + N ( 9 3H(0,z) — 3H(1,z)> +z< 9~ 3H(O,z)
4
- 3H(1;2))]

505 1072 100 100 16 16 16
— H(0; H(1; H(0, 0; H(0, 1; H(1,0;
N )+ R+ R0,02) 4 00159 + VR0,
16 1 505 1072 100 100 16
H(1, 1; - — CUH(0;2) - UH(12) — ) H(0,0;
P+ (00 - 0 - PR - PH0.002
16 16 16 355  bm?
— SH(O,l,z)f SH(l,O,z)— 3H(1,1,z))+z< c4 + 9
38 38

8 8 8 8
~ 9 H(0;2z) — 9 H(1;2) — 3H(0,0;z) - 3H(0, 1;2) — 3H(1,0;z) - 3H(1, 1;z))}
+ O (e) . (5.31)

The quark-initiated one-loop virtual gluon-gluon antenna of the form (g, qg) have a
leading and subleading colour contribution and a quark loop piece. Their integrals are:

g;qg =
113 1 1 3 1 3 1 1
Fa[ o+ jae + (<3 ne - Jaia) ) —o( 4 0 + i) )|

3
H(1;2) +4H(0,0; z) + 2H(0, 1; 2) + 2H(1,0; 2) + 2H(1, 1;2)

= ot

2
— + 3H(0;z)+

1/79 2 13
(72 + 7; — o H(0;2) — 2H(1; 2) — 4H(0,0: 2) — 2H(0, 1; 2) — 2H(1,0; 2)

N W

10 7 1 3
H(1,1;2) | + = 9 + 6 +6H(0;z)—8H(1;z)—2H(O,0;z)—H(O,1;z)

,39,



—H(1,0;2) — 1,1,,2)]
571 3572
[_108_ 12 "% 36 H(0:2) - 6
9
4

1 3
©?H(0; 2) + 36H(1;:<:) - 4772H(1;z) —H(0,0;2)

5 5
+ gH(0,1:2) = (H(1,0:2) +  H(L, 1;2) + 10H(0,0,0; 2) + 6H(0,0, 1; 2) + 4H(0, 1,0; 2)

3
+4H(0,1,1; 2) + 5H(1,0,0; z) + 4H(1,0, 1; 2) + 4H(1,1,0; 2) + ;H(l 1,1;2)

1/3733  37m2 43
( T 5 —

11
72H(O; z) + 6 7?H(0; 2) —

2
5H(l; z) + iﬂQH(l; 2)

432 + 12 9

14 9
— 6H(0,0;2) — 3 H(0,1;2) —  H(1,0;2) — 2H(1, 1;2) — 10H(0,0,0; z)

6
—6H(0,0,1; 2) — 4H(0, 1, 0; ) — 4H(0, 1, 1; z) — 5H(1,0,0; z) — 4H(1,0, 1; 2)

7 121 2372 5 20 11
—4H(1,1,0;z)—2H(1,1,1;z))+z( b C3+9H(0;z)+ w2

H .
1o™ H(0:2)

54 24 2
10 3 3 1 5 3
H(1: 2H(1; H(0, 0; H(0, 1; H(1,0:2) — “H(1,1:
+ 9 (,z)+87r (,z)+2 (0,0,z)+6 (0, ,z)+12 (1,0;2) g (1,1; 2)

5
— 5H(0,0,0; z) — 3H(0,0,1; z) — 2H(0,1,0; z) — 2H(0, 1,1; 2) — 2H(l, 0,0; 2)

—2H(1,0,1;2) — 2H(1,1,0; 2) — zH(l, 1, 1;2))}

+ 0O (e, (5.32)
Q;qg:
1 z
+e3 4
1 o H(0; H 2 + H(0; H1 3 1H 0; 1H 1;
117 #* 5 5 1
+€{4 ~ 4 —|—2H(O;z)—|—4H(1;z)—|—2H(O,O;z)—|—H(O,1;z)+H(1,0;z)+2H(1,1;z)

1 1 2

+ ; ( 34 + 7; —4H(0; z) — 2H(1; z) — 2H(0,0; z) — H(0, 1; 2) — H(1, 0; 2)
1 72 3 3 1

- 2H(1,1,z)> +z<1 + g ~ 4H(O,z) - 8H(1,z) —H(0,0;2) — 2H(O,1,z)
1
2

H(1,0;z2) — iH(l,l;z))}

51 1972 10@, | P 17 T 9. 9 _
+{4 o o PO ) - () | H(2) - L eH( ) 4 H(0,0:2)

5
H(0,1;2) 4+ 2H(1,0; 2) + 4H(1, 1;2) + 4H(0,0,0; z) + 2H(0, 0, 1; z) + 2H(0, 1, 0; 2)

1 1/ 415 10
+H(0,1,1;2) + H(1,0,0:2) + H(1,0,1;2) +  H(L,1,1;2) + (_ Iy L4 3(3
z

1 1

- 32 H(0; 2) + 27r2H(0;z) - 687H(1;z) + 1727r2H(1;z) — 8H(0,0; z) — 4H(0, 1; 2)

—4H(1,0;z) — 2H(1, 1; 2) — 4H(0, 0, 0; z) — 2H(0, 0, 1; z) — 2H(0,1,0; 2) — H(0, 1, 1; 2)
1 572 5

—H(1,0,0;z) — H(1,0,1;2) — 2H(1, 1, 1;z)) + z(—2 + ZZ; + §3 — 2H(0; 2)
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1
+ 47r2H(0;z) —H(1;2) + 2747r2H(1;z) - ZH(O,O;Z) - iH(O, 1;2) — H(1,0; 2)
3 1
— 8H(1,1;z) — 2H(0,0,0; z) — H(0,0,1; ) — H(0,1,0; 2) — 2H(0,1,1;z)
1H(1 0,0;2) 1H(1 0,1;2) 1H(1 1,1;2)
2 b) b 7’2 2 b) b 7’2 4 b b) 7Z
+0(e), (5.33)
51
Ogag =
1[5 1 1/29 1 5 1
H(0; 2) — H(0;2) | — H(0;
+e[9+3 (0:2) z(36+3 (’Z)) z(18+6 (’Z))]
52 w2 13 5 1 1 1/ 415
H(0; H(1;2) + H(0,0; H(0, 1; H(1,0; -
+[27+ g T g HO:2)+ gH{:2) + H(0,0:2) 4+ JHO0 1:2) + (’O’Z)+z( 108
T2 79 29 1 1 14
— 0~ H(0;2) — CH(1;2) — H(0,0;2) — _H(0,1;2) — . H(1,0; -
| pgT(052) = JOTI(1i2)  H(0,0:2) — JHO.132) — JH(1,055)) + (-]
5 5 1 1 1
— " —PH(0;2) — [ H(1;2) — _H(0,0;z) — H(0,1;2) — H(1,0;
L - gH0:2) — LH(G2) — JH(0.0:2) - (HO,152) - (HH(1.0:5)) |
+0O¢(e) . (5.34)

6 Gluon initiated antennae

The gluon-initiated initial-final antenna functions are obtained from final-final antenna
functions listed in [65] by crossing a gluon into the initial state. As in the quark case,
their unintegrated forms are pure kinematical crossings of the final-final expressions, with
no symmetry factors or polarization sums multiplied on them. Also, we do not provide a
decomposition into sub-antennae here. The precise decomposition depends on the require-
ments and symmetries of the process under consideration, and is normally performed in
the context of an actual calculation.

As in the quark-initiated case, some attention has to be paid in the crossing of the vir-
tual one-loop antenna functions from the final-final kinematics [65] to the initial-final kine-
matics. This crossing requires the analytical continuation of the polylogarithmic functions
to the relevant phase space, again consisting of three different Riemann sheets [119-126].

All gluon-initiated initial-final antenna functions are listed in table 2, their integrated
forms are collected in the following.

6.1 Quark-quark antennae
The NLO quark-antiquark antenna function to order €? is:
0o _
Ag,qé -

1 2
+ |1 —2z+4 2z
€

+ [(1 — 224 222) (H(O; z) +H(1; z))]

— 41 —



2
+e[2 - (1 —2z+ 222) (7; +H(0,0; 2) + H(0, 1; 2) + H(1,0; 2) + H(1, 1; z))}
2 . . 2 7C3 1 2 . 1 2 .

+e |4+ 2H(0;2) +2H(L;2) + (1 —22+22° | | — 5 "4 H(0; z) — AT H(1; z)

+ H(0,0,0; 2) + H(0,0,1; 2) + H(0,1,0; z) + H(0,1,1; 2) + H(1,0,0; z) + H(1,0, 1; 2)

+H(1,1,0;2) + H(1,1, 1; z)>}

+0 (%) . (6.1)

For the NNLO double real radiation antenna functions, we have the leading and subleading
colour contributions to (g, gqq), whose integrals read

.AO

9,999

1 2
+ 4|3 —62+62
€

1713 4 7
o

2| 4 s + 2H(O; z) 4+ 6H(1;2) + z<15 — 19H(0; z) — 12H(1; z)>

452 (439 4 12H(0; 2) + 12H(1; Z)ﬂ

1173 27 13 11
+ — 272 + TUH(0;2) + H(1;2) — 2H(—1,0;2) + _ H(0,0;2) + 7H(0, 1; 2)
el 12 4 2 2
1/8 8 89 2272
11H(1, 0; 12H(1, 1; — TH(1; - — 16H(0;
FUHL02) 4 1200011500 + | (- S0 ) (<55 4 < 16m0:2)
— 30H(1; 2) — 4H(-1,0; z) — 43H(0, 0; z) — 38H(0, 1; z) — 22H(1,0; z) — 24H(1, 1; z))
91 177?142 98
+22( g~ ; + 3 H(0;2) + 3H(l;z)—4H(—1,0;z)+26H(0,0;z)+24H(O,1;z)
+22H(1,0;z)+24H(1,1;z))}
1895 677> 9 15 173
— —41 2H(-1; H(0;2) — 2H(0; H(1;z) — 5n2H(1;
e T G R L)+ O - PR + () — 5e )

63 27
+2H(-1,0;2) + 4 H(0,0; 2) + 5 H(0,1;2) + 13H(1,0; z) + 13H(1, 1; 2)

19
+4H(=1,~1,0; 2) — 8H(~1,0,0;2) — 4H(~1,0, 1; ) ~ 8H(0, ~1,052) +  H(0,0,0; 2)

+11H(0,0, 1; 2) + 10H(0, 1, 0; 2) + 14H(0, 1, 1; 2) + 17H(1, 0, 0; ) + 22H(1, 0, 1; 2)

2 1/ 502 272 2

22H(1, 1, 0; 24H(1,1, 1; H(-1,0; - — TH(0;
F2H(0,0:2) 4 200 1,120+ LRG0+ (<574 - D)

16 8 16 16 1135 18572

H(1; H(-1,0;2)— _ H(1,0;2)— _ H(1,1; — 86
+ 9 (7Z)+3 ( ’ 7Z) 3 (7 7Z) 3 (7 72))+z( 18 + 18 + C3
217 121 89

+ 2% H(—1; 2) — A H(0;2) + 6 w2 H(0; 2) — 6 H(1;2) + 107%H(1; 2)

56 116
+ 3H(—1,0;z)— 5 H(0,0; 2) — 32H(0, 1; 2) — 62H(1,0; z) — 60H(1, 1; 2)

+8H(—1,—1,0;2) — 16H(—1,0,0; z) — 8H(—1,0, 1; z) — 91H(0, 0, 0; z) — 86H(0, 0, 1; )
— 68H(0, 1,0; 2) — T6H(0, 1, 1; 2) — 34H(1,0,0; 2) — 44H(1,0, 1; z) — 44H(1,1,0; 2)
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2329 3772
48H(1,1,1;z)) +22< o o
+ 1§2H(1;2’) — 107*H(1;2) + ?H(A,o;z) - 3§8H(0,0;z) - 2§4H(0, 1;2)
+ 1§6H(1, 0;2) + 1§6H(1, 1;2) 4+ 8H(—1,—1,0; 2) — 16H(—1,0,0; 2) — 8H(—1,0, 1; 2)
— 16H(0, —1,0; z) + 54H(0, 0, 0; z) + 52H(0, 0, 1; 2) 4+ 40H(0, 1, 0; 2) 4 48H(0, 1, 1; 2)

4
—92¢3 + 2 H(—1;2) — 896H(0; z) — 307T2H(0; 2)

+ 34H(1,0,0; 2) + 44H(1,0, 1; 2) + 44H(1,1,0; z) + 48H(1, 1, 1; z))}

+ O (e) (6.2)

and

AO

9,994

1
+ 4 [4—8z+8z2}
€
1 [13
+

2] 2

+ TH(0;z) + 8H(1; 2) — = (14 + 14H(0; z) + 16H(1; z))

+ 2%(12 + 16H(0; z) + 16H(1; Z))]

1739 722 15
+ [ 5 ~ 73: + 9 H(0; 2) + 13H(1; 2) + 15H(0, 0; ) + 14H(0, 1; z) 4+ 18H(1,0; 2)
€
75 14x?
FI6H(L Ls2) +2( =)+ ) — 32H(0:2) - 28H(L;2) — 30H(0,0; 2) — 28H(0, 1;2)

1672
— 36H(1,0; 2) — 32H(1, 1; z)) + 22 (38 — ; + 24H(0; 2) + 24H(1; 2) + 36H(0, 0; 2)

+ 32H(0,1; z) 4+ 36H(1, 0; 2) 4 32H(1, 1; z))]

301 97° 86¢; 4
— _ H(—1:
6 4 g tamH(=L2)+

199

37 22
6 H(0;2) — 6 72H(0; 2) + 39H(1; 2) — 3 ©?H(1; 2)

27
— 24H(=1,0:2) + | H(0,0;2) + 15H(0, 1 2) + 30H(1, 0; 2) + 26H(1, 1; 2)

+ 16H(-1,-1,0;2) — 8H(—1,0,0; 2) — 16H(0, —1,0; 2) + 31H(0, 0, 0; 2) + 30H(0, 0, 1; 2)
+28H(0,1,0; 2) + 28H(0, 1, 1; 2) + 26H(1,0,0; 2) + 36H(1, 0, 1; 2) + 28H(1, 1, 0; 2)

4 4 7Tt 76
g~ 3H(O;z)) +z<99+ g -

4 1
32H(1,1,1; H(-1,0;
a0+ a0+ L R

1 44
+ inH(—l;z) - ZBH(O;Z) + 3377r2H(0;z) — 75H(1; 2) + 5 ©?H(1; 2) — 536H(71,0;z)
160

3
— 16H(—1,0,0; z) — 62H(0,0,0; z) — 60H(0,0, 1; z) — 56H(0, 1,0; z) — 56H(0, 1, 1; )

H(0,0; 2) — 64H(0, 1; z) — 60H(1,0; z) — 56H(1, 1; 2) + 32H(—1,—1,0; 2)

— 52H(1,0,0; z) — 72H(1,0, 1; 2) — 56H(1, 1, 0; 2) — 64H(1,1, 1; z)) + 22 (98 — 1072

208 4 44 40
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+ 64H(0,1,1; 2) + 68H(1, 0, 0; 2) + 72H(1,0, 1; 2) + 64H(1,1,0; z) + 64H(1,1, 1; z))}
+O(e) . (6.3)

The one-loop corrections to the (g,¢g) antenna function have a leading and subleading
colour term as well as a closed quark loop contribution. These integrate to
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6.2 Quark-gluon antennae
The integrated gluon-initiated (g, qq) antenna function at NLO is through to order €*:
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In crossing one of the gluons in the DY final-final quark-gluon antenna function into
the initial state, one has to distinguish two cases, depending on whether the gluon is colour-
connected to the quark or not. If the crossed gluon is colour-connected to the quark, we

obtain the following integrated antenna function:
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while the crossing the middle gluon (which is colour-connected to the other two gluons)
results in:
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Crossing the gluon in the Ef-type antenna functions into the initial state results in
(g9,9q¢'@ )-antenna at leading and subleading colour, which integrate to:
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+ O (e) (6.10)
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+62 {1 + 2H(0; ) + 3, +z<1 +2H(0;z)> ~ 4% }

1[10 272 1/44 8 8
F L T L BH(0;2) + 2H(1;2) + + SH(0;2) + CH(1;2) ) + 6H(0,0; 2)
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+0(e) . (6.11)

The integrals of the one-loop virtual corrections to the (g,gq) antenna functions at
leading colour and for a closed quark loop yield:
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Ter|Ta T 000 Do)+ F 2 Z}
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+ 2H(0; 2) + H(1; z)> + z<131 + 4H(0; 2) + 2H(1; Z)> +2° < 131 — 4H(0; 2) — 2H(1; Z>>]

1] 1 3572 197 3972 11¢ 37 T2 10
- I-2){ - — Do(z2)— . D D
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- ;HH(O; z) — 67r2H(1; z) + 337H(0, 0;2) + 39H(0, 1;2) + 67H(1, 0; z) + 14H(0,0,0; 2)

+ 8H(0,0, 1; 2) + 6H(0, 1,0; 2) + 5H(0, 1,1; 2) 4+ 6H(1, 0, 0; z) + 5H(1,0, 1; 2)
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1 2
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+ O (e) (6.12)

and

“q B
9,99 —
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1 —
+€3[35( z)}
1[5 1 1 2 2,
T [6 + 00 =2 = g Po(z) = g = gEd g2 ]
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+ 0O (e) . (6.13)

6.3 Gluon-gluon antennae

The NLO gluon-gluon antenna functions crossed to initial-final kinematics integrate to:
0
'79799
1

- {25(1 - z)}
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1 11 2
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€ z
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+[5(1 z)<67 “2) — D0 (2) 4 2D1 (2) + AH(0; 2) + 4H(1; 2) — , 2 JH(0:2)
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6
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+D0(Z)(— o7 + o4 + 3 )

2) — 72H(0; 2) 4 2H(1; 2) — 72H(1; 2)
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z
11
6
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+0 (63)
for the (g, gg) case and to
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+[—35(1 )+ Do)+ 312]
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H(0; 2) + i (g + ;H(O;Z) + ;H(l;Z))}



H(0,0; 2) + _H(0,1; 2) + H(lOz)) <28 ”2 SH(0; 2) + g

o7 12"

+

e {5(1 ) ( 18614 + ”2 753> + < >D0( )— ng(z)Jr éDQ(zH ! <5H(0;z)
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1
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1 1

3 H(0,1;2) + _H(1,0;2) + 3H(1,1,z))]

O (€) (6.15)
for the (g,qq) case.
The integrated form of the NNLO double real radiation antenna function for (g, ggg) is:
‘70

9:999 —

_105(1 - z)]

1 20
+ . [40+226(1 — 2) —20Dy(2) —  —20z+ 2022]
z

590
- 68+6(1—z)( )

4
- 8#2) — 44Dy(z) + 40D1(2) + 64H(0; z) + 80H(1; 2) — 1 H(0; 2)
z
1 /220
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The (g, qqg) antenna function has a leading and subleading colour contribution. They
integrate to:

gg,qég:
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+ 31)2(,2) + 5 H(0; 2) — 37 7?H(0; 2) + 3 H(1;2) + 3 H(0,0; z) + 6H(0, 1; 2)
16
+ 4 H(L,0:2) + 4H(L,1;2) + 14H(0,0,0: 2) + 12H(0,0, 1 2) + SH(0, 1,0; 2)

76

1
8H(0,1,1;

16 16
H(0; 2) +8H(0,0:) + , H(0, 1;2) +  H(L,0; z))
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809 2872 152 152 32
- H(0; H(1; H ;
(=2 + om0 + a0 + 2 H0.0:2

18 18

14 11 20

1
z

i 32 325 Tn? 4

5 H(0,152) + 8H(1,0:2) + 3H(1,1,z)> +z< —_— — 4Gy + JH(0;2)
7 H(0,0;z) — 2H(0,1; 2) — 3 H(1,0;2) — 4H(1,1; 2)

H(032) =, H(12) —

3
+ 14H(0,0,0; 2) + 12H(0,0, 1; z) 4+ 8H(0, 1, 0; z) 4+ 8H(0, 1, 1; z)> + 22 (

3 3
346 107>
-

27 9

76 76 16 16 16 16
~ H(0;2) — 0 H(1;2) — 3 H(0,0;2) — 3 H(0,1;2) — 5 H(1,0;2) — 5 H(l,l,z))]
+0(e) . (6.18)

Finally, the integrated one-loop antenna functions for (g, gg) at leading colour and for
a closed quark loop read:

1 —
F9.99 =
1] 6(1—2)
+e4 2 ]
1 55 1
+€3 —2—125(1—2)+D0( )+Z+z—z2]
1] 22 77r2 4H(0; 2)
1- Do(z) — 2D — 8H(0; 2) — 4H(1; ’
+€2_ 3+6( Z( 12)+ 0 1() 8 (072) (,Z)+ 1— »

1/11 11
+ ( 5 + 4H(0; z) + 2H( 1,z)) (3 + 4H(0; 2) + 2H(1; z))
z

12 < 131 — 4H(0; z) — 2H(1; Z))}

1 1967 38572 22(3 389 7n? 22
—2 1-2)( - - Do(z) — °D 2D
+€[ + 4 z)( st o t g ) ( ) 0(2) = 5 Di(2) +2Ds(2)

36 6
22 22
— H(0;z) —
0:2) -
T

3
1 11
+ (11H(0; z) + 12H(0,0; 2) + 6H(0, 1; ) + 6H(1, 0; z)) + z( — + _ H(0;2)

T
H(1; 2) — 24H(0,0; z) — 12H(0, 1; 2) — 12H(1,0; z) — 8H(1, 1; 2)

1
1—-=2 6 6 3

11 T2
+ _ H(1;2)+ 12H(0,0; z) + 6H(0, 1; z) + 6H(1,0; z) + 4H(1, 1; z)) + 22( T

3 6
11 11
~ H(0;2) — 3 H(1;2) — 12H(0,0; z) — 6H(0, 1; z) — 6H(1,0; z) — 4H(1, 1; z))
1/389 7n? 22
( 36 76T + 11H(0; 2) + 5 H(1;2) + 12H(0,0; z) + 6H(0, 1; z) + 6H(1,0; 2)

+aR(1, 1) )|

T 16972 N 100¢3 L 5(1—2) 14453 N 315572 B 1174 N 269C3 3197 5572
18 3 i 324 432 72 6 108 9
44 73 T2 11 4 20 28
- 3C3)D0(z)+(— 4 + g )Dl(z)—i— ) Dg(z)—3D3(z)— 5 H(0; z)+ 5 7w2H(0; 2) —4H(1; 2)

16 20 22 20 22
+ 5 w2 H(1; 2) — 5 H(0,0; 2) — 5 H(0,1;2) — 3 H(1,0;2) — 5 H(1,1;2)
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— 56H(0,0,0; z) — 32H(0,0, 1; ) — 24H(0, 1,0; ) — 20H(0, 1, 1; 2) — 24H(1, 0, 0; 2)

1 < 1172 925

—20H(1,0,1; z) — 16H(1,1,0; z) — 16H(1, 1, 1; —2 H(0;
0 (705 ,Z) 6 (5 70’2:) 6 (7 Y ,Z)+1—Z 18 §3+ 36 (O,Z)

14 1 88 44 55

~ ©2H(0; 2) — 37r2H(1;,z) + 3 H(0,0; z) + 5 H(0,1;2) + 3 H(1,0;2)
+28H(0,0,0; 2) + 16H(0,0, 1; 2) + 12H(0, 1,0; 2) + 10H(0, 1, 1; 2) + 12H(1, 0, 0; 2)
1 <3179 14372 ~ 50¢s n 925

108 18 gt 36 H0:2)

+10H(1,0, 1; ) + 8H(I, 1,0;z)> +

14 44
~ 5 72 H(0; 2) + 743H(1; z) — §7T2H(1; z) 4+ 22H(0,0; ) + 3 H(0,1;2) + 11H(1,0; 2)
+ 11H(1, 1; 2) + 28H(0,0,0; 2) + 16H(0,0,1; z) + 12H(0, 1, 0; ) + 10H(0, 1, 1; 2)
11 181x?

+ 12H(1,0,0; ) + 10H(1,0,1; 2) +8H(1,1,0;2)+8H(1’1’1?Z)) +Z(18 T 36

5063 1 14, 1 8 , 7 11

— H(0;2) — H(0; H(1;2) — H(1; H ; H(0, 1;
7 11

+ 3H(l,();z) + 3 H(1,1;2) 4 28H(0,0,0; z) + 16H(0,0, 1; z) + 12H(0, 1, 0; 2)

+10H(0,1,1; 2) + 12H(1,0,0; 2) + 10H(1,0, 1; 2) + 8H(1, 1,0; z) 4+ 8H(1, 1, 1; z))

55m%  50(; 14 8 1 H
+z2( 12 3§3 g HO2) + g H(L2) = S H(0,0:2) = S H(O, 152)

11 11
— g H(1,0:2) =, H(1, 1:2) = 28H(0,0,0: 2) — 16H(0,0,1;2) — 12H(0, 1,0; 2)

— 10H(0,1,1; z) — 12H(1,0,0; z) — 10H(1,0,1; z) — 8H(1,1,0; z) — 8H(1, 1, 1; z))]

o (6.19)
and
‘7}91799 -
s |500-2)]
+€12 [3 + 15136(1 —2)= §D0(2) - 322 - ;Z + ;f]
(i) o207

+ ;H(O;z) + ;H(l;z)) - Z((l)’ * gH(O;Z) i ;H(l;z)) +22<§H(0;2) ’ gH(l;Z))]

4 5r 979 55m%  14¢s 38 br2 11 1
- 5(1— - - - D Di(z) — .D
+[3 5 Tl Z)(324 29 )+( o7t 6) 0(2) + g P1lz) = 3 Pa(2)

+4H(0 0; )+4H(0 1; )+4H(1 0; )+4H(1 1;2) + ! 11H(o- )

3 )7’2 3 77’2 3 )7’2 3 )7’2 172: 18 7’2
2 2 2 1/ 8 572 11 11

— TH(0,0;2) — TH(0,1;2) — _H(1,0:; — — TTH(0:;2) — " H(1;
JH0.0:2) = JH(0.1:2) ~ JHL0i) )+ L (<304 7 < LA - R(e)
2 2 2 2 7 5?1

— TH(0,0;2) — "H(0,1;2) — _H(1,0;2) — "H(1,1; — — TH(0;
JH0.0:2) = JH(0.1:2) = JH(L0:2) ~ 2H(1159)) +2(= 0+ 77~ Jr0:2)
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7T2

H(1;2) — 2H(0,0;z) - 2H(0,1;z) - §H(1,0;z) - §H(1,1;z)> +22<56

1
6
2H(o 0;2)+ H(o,l,z)+ H(1 0;2)+ H(l,l,z))}

T3 3 3 3

Of(e) , (6.20)

while the leading and subleading colour and quark loop contributions to the one-loop
(9,qq) antenna function integrate to:

g;,qq =
&[]
11950~ e < 2109 L (L1 )
=3 - ) - oo - g - s

1 2 1
H(1,0;2) + (” 5 ;i

1 2 4

H ;2)— _H(0,1;2) — _H(1,0;
- (5 - S0 - SH0.02) - J0.12) - JHL0) )
1 83 7T2 31 11 2 2
+Z< s o~ 1gH0:2) = 18H(1,z)2H(0,0,z)3H(0,1,z)3H(1,0,z))

<27T2 +OH(0,0:2) + §H(1 0; z)>]

9
O (e) (6.21)
and
g;qt? =
1[1
1 —
+€3 [65( z)]
119 1 1
+€2 [365(1 —z)— 3D0(z) - 32}
1 173 52 19 2 2H(0;2) 1/ 19 2 2
T {5(1 N Z)<108 T 36 > T PoE Pl gt (18 — gH0:2) - 3H(1’Z))]
2 x2 343 9572 7(s 173 5m2 19
- 1— — — — D D
7{ 57 g T Z)(81 216 9)+( 54t 18) 0(z) + g D1(z) = 3 Da(2)
2 1 1 1 19 4
~ 3 H(0;z) — H(0,0,z) — 3H(l,(),z) + 1— < 9 H(0; z) — 2H(0,0; z) — 3 H(0,1; 2)
4 1/ 355 @2 19 19 4 4
— 4 H(1,0; z)> B ( 108 + 5 " g H(0; z) — 9 H(1;2) — 3H(0,O,z) — SH(O, 1;2)
2 4 272 2 2
~ 3 H(1,0;z) — 3H(l, l,z)) +z< 9 + 3H(0,O,z) + 3H(1,0,z)>]
+0(e) (6.22)
and
g;,qq =
175 1
1 — Do(z) —
Te 2?3 0(2) 92}
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Hloa=a (G + 500 ) - gmer+ youe) - 107 (<) - s - L) )]

+O(e) . (6.23)

7 Rederivation of NNLO coefficient functions

Being derived from physical matrix elements, the integrated antenna functions can be
compared to results from literature for inclusive cross sections or coefficient functions, as
was done previously for the final-final antennae in [66-68, 88]. In the case of the initial-
final antennae, we can compare the integrated quark-antiquark antennae and gluon-gluon
antennae against NNLO corrections to deep inelastic coefficient functions known in the
literature. The former ones can be checked against DIS structure function calculations [113,
114] whereas the latter can be compared to the ¢-DIS structure functions computed in [127,
128]. The quark-gluon antennae, derived from neutralino decay, cannot be associated to
any physical process and only the deepest pole could be checked against a combination of
Altarelli-Parisi splitting functions.

7.1 Deep inelastic scattering: v induced

In deep inelastic scattering (DIS) the hadronic tensor W is contracted with the metric
tensor —g,,,. This corresponds to the trace of the hadronic tensor, which in terms of the
structure functions Fj, and F3 is given by

d—1 d—2

—W[;:— F1, (Z,Q2)+ 9

) Fo (2,Q%) , (7.1)

where the structure functions can be expanded in powers of the strong coupling constant,
following the notation of [113, 114] (but using d = 4 — 2¢, as throughout the rest of
this work):

2\ € 2

ot (B 0 (275 () s
2\ € 2\ 2¢

Fo= R+ S, (gg> A+ () 52<Q2> FP+0@d), (12

and S, = exp [e (In (47) — yg)]. For clarity, we drop the dependence on z and Q>. The
factors S¢ and p are the conventional factors appearing in dimensional regularization.
To zeroth order in «y the structure functions are given by the simple parton model

result

FO _ F0 _ g }-(0) 5(1—2), ]—‘2(?; - 0. (7.3)

7q 79
Since the overall normalization of the antenna functions is given by the leading order an-
tenna A, , = (1 — z), we find that the correct normalization of W} to be checked against
the antennae is

-1
M= . A4
2VV =Fo — 2]:L (7.4)

Cd- d—
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This last equation at order as and o2 can be compared to a linear combinations of NLO
and NNLO antennae respectively. For completeness and clarity, before giving the explicit
relations between the structure functions and the antennae, we report the expressions of
the structure functions in terms of the Altarelli-Parisi splitting functions and the other
coefficient functions ¢; and a;. We take them from [113, 114], adjusting to d = 4 — 2¢ and
Bo="4Ca— 3Np.

Fi) =Np (c(L)g - eza(L”g) , (7.5)
7Y :NF< PO 4 ) - ezag};> , (7.6)
O (& ot -
A= (_2€pq<o> ) eza;};) , (7.8)
4 :NF(i (wocs,; P ol P e )
+? —4Bpal) + PO 0dl) + PO (1’> : (7.9)
e ( (SP;S 0+ ) - r)
oo (am s R e - pr o )
+ ) — 4Bal ;+P<°>®a§};+P;§>®a§§> : (7.10)
P = (1 (2t = LD 0. 2) + 20 — a4 Y 0 )
(7.11)
:< (8 PO @ PO _ ﬁopm))
+ < A (P<1>NS + P + 260l - 2Pq<§> ® é};)
+ N —4Byal)) + PO @ aéﬂi) : (7.12)
FS = <—21 PO C(Ll; LS | pO) g a(1>> ’ (7.13)
A= (o (P e rw) - L(4mrs s p o)
+7 + P @afl)) . (7.14)

The previous expressions are needed to check all the initial-final quark-antiquark antennae.
They are still unrenormalized and are thus to be compared to the unrenormalized antenna
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functions. The following identities hold at NLO:

1 1 3 — 2¢ 1
Cp <}-2(,q) T 9 2€f£7c)1> =4Aggq + 85 (1= 2) F{V N (7.15)

(2 - 26) 1 3 — 2e¢ 1
Np ’7:2(79) - 9 _ 2Efl(”; = = 4"497‘1(?7 (716)

where Fq(l) is the one-loop quark form-factor given in [129]. The notation X|, means that

only the terms of X proportional to a are considered. The corresponding identities at
NNLO are

1 3-2
<]__(2 NS) e]__ﬁINS)>

_ 10 11,U 40 20 20
o o — A .+ 8ALY —dC c c

i 4,999 9,99 4,999 4,999 4,999
N

, (7.17)

1
N

+168 (1 - 2) (R + CrF{)?)

1 NS 3 — 2¢ ,NS
oy (T =3 T )| = 2 8y 16502 (PP 0o
N
(7.18)
L (pens) 32 CFPNS) 218° 166 (1 F@U 4 cppM2 7.19
Cp \7 24 9 _ 9¢ N* a.q'qq T (7Z)<q +COrly ) L (7.19)
F
1 2,PS) 3 — 2,PS)
Cr Nr (B(’q o S ) = Bhvaa; (720
(2 —2¢) 20 33— (2) 0 LU
Np Fag — 9 _ ]:L .9 . =244 490 = 8Aglqq> (7.21)
(2 — 26) (2) 3 — 2¢ (2) 0 1.U
Np Fag — 9_ j:L N = —4Ag g5 — 8Aglaz - (7.22)

The structure functions (7.5)—(7.14) are given in [113, 114] in unrenormalized form. To
compare with our results, we thus considered the one-loop unrenormalized antenna func-
tions (obtained by undoing the renormalization) the two-loop unrenormalized form factor,
both characterized by the label U. Full agreement is found with [113, 114].

7.2 Deep inelastic scattering: ¢-scalar induced

The gluon-gluon F-, G- and H-type antenna functions can be checked with the deep in-
elastic scalar induced structure functions derived in [127, 128]. These structure functions
are obtained in an effective theory with a scalar ¢ coupled to the square of the gluon field
strength tensor. This effective theory is very instrumental in deriving gluonic splitting
functions, and is also the effective field theory describing the coupling of the Higgs boson
to gluons through a loop of asymptotically heavy coloured particles. Since ¢ is a scalar
particle the corresponding hadronic tensor has only one structure function which can be
either quark- or gluon-initiated. Their perturbative expansion reads:

2\ € 2\ 2€
0, W ) L (@52 g2 ) 3
Tpy = T S<Q2> Tm+(w)s<Q2> 7 1+ 0 (o?),

2\ € 92\ 2€
(0) H (1) Qs 2 ( M @) 3
Ty = T, 5<Q2> 7¢7q+( )s <Q2> 72103 . (1.23)
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At NLO and NNLO the structure functions have the following form:

’]:;719) — (-21 P( ) 4 c(l) - 62&5;;) , (7.24)
7l = (-21 PO 4l — da&é) : (7.25)

1 1 N
(1) _ * p0) o oD F p(0) o (1)
+ . < 1 Fos" = 9Feg @5— o Tag © ¢7q>
5 1 1
e 0 e 5l a0

TS = (1 <8P¢1(3)®P(0)+8P(0>®P°)+B°P(°>

L tom 1 W _1p0) 4 0
+ € <_4P9(q) ng(q) ®Chg— QPq(q) ®Chq

+c + PO ®al) + PO @ a(1)> . (7.27)
The explicit expressions for the coefficients Cfpl,z)" a((;z and c((;z, with ¢ = ¢, g are given in ap-
pendix B. They were derived independently in [128], and we find full agreement. In our cal-
culation, they follow from the following identities between structure functions and antennae:

7;; ) _Q(CAfggg"’_NFggqq)+45(1_Z)Fg(1)7 (7.28)
Cr (i —¢) 7:; )=- 4g8 a9 (7.29)
7;;729) N2 :f;),ggg ™ 4*7:91;2 +40(1 - 2) (2F(2) + F(1)2> N (7.30)
.9 ‘NNF :292,@ + 4g;£1 + 4}-;;2 +40(1—2) (2F(2) +F 1)2> ‘NNF , (7.31)
Tdf?g)(%:—équqg+4gglﬁ+4é (1-2) (272 + F{V?) . (7.32)
7,% N2 =46 445 (1 - 2) <2Fg§2> + Fg<1>2> v (7.33)

F
Cr (i — ) qu) v 204,499 — 89q.40 (7.34)
Cr (i —¢) 7:;72(1) 1 - g37q99 + SQ(} Cfg - 4*7qoqqq ) (7.35)
Cp (i —¢) 7:;72‘1) N My aqq — 89445 (7.36)

The antenna jqoqqq comes from the interference of four quark final states with identical

quark flavour, which is not contained in table 1 since it is finite in all limits. It is given by

~ T 7 9 2
jqo,qqq’: <_4 + Az + 8Z + <2 L Z>C3> + O (e) . (7.37)
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The functions Féi) (i = 1,2) are the gluon form factor at one- respectively two-loop given
in [129].

8 Conclusions and outlook

In this paper, we have extended the NNLO antenna subtraction formalism [65] to include
initial-final antenna configurations, where one of the hard radiator partons is in the initial
state. We described the construction of initial-final antenna subtraction terms from antenna

functions, including the required phase space factorization and mappings.

The analytic integration of the NNLO initial-final antenna functions requires the
derivation of inclusive 2 — 3 phase space integrals at tree-level and of 2 — 2 phase space
integrals at one loop. We reduced all these integrals to a small set of master integrals, which
we computed using differential equations or by direct integration. With these, we provide
integrals of all NNLO initial-final antenna functions, as required for the implementation
into a parton-level event generator programme. A highly non-trivial check of our results
is provided by the rederivation of deep inelastic coefficient functions [113, 114, 127, 128],
which can be expressed as particular linear combinations of antenna functions.

The subtraction terms presented here allow the construction of a parton-level event
generator program for the calculation of NNLO corrections to jet production observables
in deeply inelastic electron-proton scattering. Of foremost importance in this context is
the dijet production cross section in deep inelastic scattering [130-135], which has been
used at HERA to measure the gluon distribution in the proton and the strong coupling
constant «g. This cross section is at present only known to NLO [119-124], which is
insufficient for various reasons. The error on the extraction of s from HERA (2+41) jet
data is dominated [136, 137] not by the statistical uncertainty on the data, but by the
uncertainty inherent to the NLO calculation, as estimated by varying renormalization and
factorization scales. Given that the statistical precision of the data will further improve
once all data from the HERA-II run are analysed, the theoretical description requires the
inclusion of the next-to-next-to-leading order (NNLO), i.e. O(a?), corrections. Moreover,
present determinations of parton distribution functions [138-141] at NNLO accuracy [142,
143] can only include data sets for observables where NNLO corrections are known [113,
114, 144-147]. Consequently, the precise HERA deep inelastic dijet data could be used in
global NNLO determinations only once the NNLO QCD corrections to this observable are
computed. Using the subtraction formalism derived here, and the already known matrix
elements [17, 18, 125, 126, 148-154], such a calculation can now be envisaged.

Moreover, the initial-final antenna functions derived here are an important ingredient
to the calculation of NNLO corrections to jet observables at hadron colliders. In this case,
all radiator configurations contribute: final-final (derived in [65]), initial-final (derived here)
and initial-initial. The initial-initial antenna functions are at present known only to NLO,
and work on their extension to NNLO is ongoing.
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A Master integrals

The common prefactor St is defined as:

ot = (16772(?86— e)>2 ' (A-1)

A.1 Master integrals for double real radiation

The double real master integrals expanded to the needed order in € are given by:

To=50 (Q*)' 7 (1—a) > '
13 115 2
{1+e< 9 +2H(0;:c)) +62< e 37T2+13H(0;x)+4H(0,0;x))
865 13 115 4
+e3( - 37r2—1OC3+ ) H(O;x)—3772H(0;x)+26H(0,0;x)+8H(0,0,0;x))
(A.2)
5971 115 865 26
* - 2 - - H(0;2) — " 7* H(0; 2) — 20 H(0;
( T e T+ S H(O) - 2 R H(0r) — 20 H(0; )Gy

8
+ 115H(0,0; 2) — 371'2 H(0,0; ) + 52 H(0,0,0; ) + 16 H(0,0,0,0; x)) +0 (65)] :
—2¢ —2¢
L=Sr(Q%) “(1—a)%*r

{2 H(0; ) — e<§7r2 — 10H(0; ) — 6 H(0,0; ) + 4H(1,0;z)> - 62<107r2 + 4¢3

3
4
— 38 H(0;2) + 2m* H(0; ) — 37r2H(1; x) —30H(0,0; z) + 20H(1, 0; ) + 4 H(0, 1,0; x)

11
— 14H(0,0,0; ) + 12H(1,0,0; 2) — 8 H(1, 1, O;x)) +é < 3387r2 — 206+

7T4

+ 130 H(0; ) — 107? H(0; 2) — 24 H(0; 7) (3 + 2307r2 H(1;2) + 8H(1;2) 3 (A.3)
+ §W2H(O, 1;2) + 114 H(0,0; z) — 1347T2H(0,0;$) — 76 H(1,0; ) + 47> H(1,0; z)

- iﬁ H(1,1;x) — 20 H(0, 1,0; 2) — 4H(0,0, 1,0; 2) + 70 H(0, 0, 0; 2) — 60 H(1, 0, 0; )
+40H(1,1,0;2) + 8H(1,0,1,0; 2) — 12H(0,1,0,0; 2) + 8 H(0, 1,1, 0; z)

+30H(0,0,0,0;2) — 28 H(1,0,0,0;z) + 24 H(1,1,0,0; 2) — 16 H(1, 1, 1,0;x))

+ O (64) ,
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1/ 2n2 2, 2,
s +2H(0,0;z) + 2H(1,0;x) | + 4¢3 — 37 H(O;x)—gﬂ H(1;x)

5
— 4H(0,1,0; z) + 6 H(0,0,0; 2) + 6 H(1,0,0; 2) — 4 H(1,1,0; z) + 6(971-4

4
— 4H(0; 2)¢3 — 4H(1;2)¢3 + 3772 H(0,1;2) — 272 H(0,0; 2) — 27 H(1,0; x) (A.4)

4
+ 37T2 H(1,1;x) — 4H(0,0,1,0;2) — 4H(1,0,1,0; ) — 12H(0, 1,0, 0; x)
+ 8H(0,1,1,0; ) + 14H(0,0,0, 0; ) + 14H(1, 0,0, 0; ) — 12H(1, 1,0, 0; z)

+8H(1, 1, 1,0;z)> +0 (62)] !

e (1 — )" *2?r

s =Sr (Q°)

2 8 1/10
[— H(0; z) + ( 5 72 + 10 H(1, 0; 2) — 22 H(0, 0; x)) + 56(3 + 1072 H(0; z)
€

e €2

10
-~y 72H(1;2) + 20H(0,1,0; 2) — 50 H(0,0,0; ) + 38 H(1,0,0; z) — 20 H(1, 1, 0; 2)

56 20
+ e(—457r4 + 156¢3H(0; ) — 68 H(1; )3 —

3 72 H(0, 1;2) + 2272 H(0, 0; ) (A.5)

20
— 1872 H(1,0; z) + 5 72 H(1,1;2) + 28 H(0,0,1,0; 2) — 52 H(1,0,1,0; 2)
+ 76 H(0,1,0,0; 2) — 40 H(0,1,1,0; ) — 106 H(0,0,0,0; 2) + 94 H(1,0,0,0; z)

— 76 H(1,1,0,0;2) + 40 H(1,1, 1,0;z)> +0 (62)] ,

—2—2¢

1125 = SF (Q2) (1 — ZC)_Qe(l + $)_1.Z'27T

2 1
LQH(O; T) + (WQ — 4H(—1,0;z) + 8H(0,0; 2) — 4H(1, 0; z)) — 143

€

8
— 37r2 H(0;z) 4+ 27% H(1; ) — 8H(—-2,0; x) 4+ 2n% H(—1; ) — 8H(0, 1,0; z)

+8H(-1,-1,0;z) — 16H(—1,0,0; 2) + 8H(—1,1,0; z) + 20H(0, 0, 0; z)

4
+8H(1,—1,0;2) — 16H(1,0,0; ) + 8H(1, 1,0; ) + e< 7;0 +472H(0, —1; 2)

1
+47°H(0,1;2) — 47 H(—1, —1;2) + 367r2H(71, 0;x) — 4n?H(—1,1; x)

20 16
- ©2H(0,0; x) — 47°H(1, —1;2) + 5 2 H(1,0; x) — 4n°H(1,1; 2) (A.6)

+ 28¢3H(—1; x) — 28¢sH(0; z) + 28¢sH(1; ) — 32H(0,0, —1, 0; )

— 8H(0,0,1,0;2) + 16H(0, —1, —1,0; z) — 32H(0, —1,0,0; z) + 16H(0, —1, 1, 0; z)
+16H(—1,0,—1,0;z) + 16H(—1,0,1,0; ) + 16H(1,0, —1,0; 2) + 16H(1,0, 1,0; z)
+16H(0,1,—1,0; ) — 32H(0,1,0,0; z) + 16H(0,1,1,0; 2) — 16H(—1, -1, —1,0; 2)
+32H(—1,—-1,0,0;2) — 16H(—1,—1,1,0;2) — 40H(—1,0,0,0; z)

— 16H(—1,1,—1,0;2) + 32H(—1,1,0,0; z) — 16H(—1,1,1,0; 2) + 44H(0, 0,0, 0; )
— 16H(1,-1,—1,0;2) + 32H(1,—1,0,0; z) — 16H(1, —1,1,0; 2) — 40H(1, 0,0, 0; z)

— 16H(1,1,—1,0;2) + 32H(1,1,0,0; 2) — 16H(1, 1, 1,0;x)) +0 (62)} ,

1235 :Sr‘ (622)_2_2E (1 — $)7172EZE27T
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H(0: 7H(0, 0; 7
- (f) _ TH(0,0;2) +8Gs + 5 H(0;2) — 8H(0, ~1,0:) + 10H(0, 1, 0:)
€ €

2 4
—19H(0,0,0;x)+e(— 75T +20G3H(0; ) — 32H(0,0, —1,0; 2) + 472H(0, —1;2)  (A.7)

19
—27°H(0, 1; ) + 5 72H(0, 0; ) 4+ 10H(0,0,1,0; 2) + 16H(0, —1, —1,0; z)
— 32H(0, —1,0,0;x) + 16H(0, —1,1,0; ) + 16H(0, 1, —1, 0; ) + 22H(0, 1,0, 0; )

—20H(0,1,1,0;2) — 43H(0,0, 0, 0; z)> +0 (62)] ,

11245 :SF (@2)—3—26 (1 _ $)72e(1 + $)71.T37T
H(0: 1 /1072
{8 (g,z) + €< O 8H(—1,0;z) — 28H(0, 0; ) + 16H(1,0;:c)) +28Gs

€ 3

2
i 2H(-1;2) + 387r2H(0;x)7 307r2H(1;x)+8H(0,—1,0;x)+24H(0,1,0;x)
+ 24H(~1,0,0;z) — 16H(—1,1,0;2) — 68H(0,0,0; x) — 16H(1, —1,0;z)

4

+ 56H(1,0,0;x) — 32H(1,1,0;x) + e(— [ 88H(0; x)¢3 — 56H(1; 2)(3

45
4, 28 , 8
— g7 H(0,—1;2) — 3 H(0,1;2) + 16H(0,0,—1,0;2) — 37 H(-1,-1;z) (A.B)
16 68 16
— 87?H(—1,0; ) + 3 7?H(-1,1;2) + 3 72H(0,0; z) + 5 m?H(1, —1; )
- 5367r2H(1,0;z) 2H(1,1;2) + 24H(0,0,1,0; ) + 16H(0, —1, —1,0; z)
+ 16H(0, —1,0,0; 2) — 16H(0, —1,1,0; ) + 16H(—1,0, —1,0; 2) — 16H(—1,0, 1,0; z)

(0,
— 16H(1,0,—1,0; ) — 48H(1,0,1,0; 2) — 16H(0, 1, —1,0; ) + 80H(0, 1,0, 0; z)
748H(0,1,1,0 z) —32H(—1,-1,-1,0;z) + 16H(—1, —1,0,0; z)
+56H(—1,0,0,0;2) — 48H(—1,1,0,0;z) + 32H(—1,1,1,0; 2) — 148H(0, 0,0, 0; z)
— 48H(1,—1,0,0;2) + 32H(1, —1,1,0; ) + 136H(1,0,0,0; 2) + 32H(1,1, —1,0; z)

— 112H(1,1,0,0; ) 4+ 64H(1,1,1,0; z)> +0 (62)] ,

—3—2¢

12356 :SF (QQ) (1 — 1')717261'37'(

2 8H(0;z) 1

28
- - 4 (27r2 — 28H(0,0; ) + 4H(1,0;x)) +32¢ + . 7> H(0; )

€3 €2 € 3
~ 8H(0,—1,0;2) + 24H(0,1,0;2) — 68H(0,0,0; ) + 28H(1,0,0;2) + ¢ (256C3

434 68 28
— 1;; +47°H(0, ~Li@) — 47H(0, Liw) + o 7°H(0,0;2) — " 7?H(1, 02) (A.9)

+88¢3H(0; z) — 32¢sH(1; 2) — 16H(0,0, —1,0; ) + 24H(0,0, 1, 0; z)
+ 16H(0, —1,—1,0;z) — 32H(0, —1,0,0; 2) + 16H(0, —1,1,0; z) + 32H(1,0, —1,0; 2)
— 40H(1,0,1,0;2) + 16H(0,1,—1,0; ) + 96H(0, 1,0, 0; 2) — 32H(0, 1,1, 0; z)

— 148H(0,0,0,0; ) + T6H(1, 0,0, 0; x)) Lo (62)] 7

—3—2¢

T1346 =ST (QQ) (1 — ZE>71726:L'37T
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{ 10 20H(0;z) 1
— - +

207 40
) < ; - 40H(0,0;x)) +926 4, 7 H(0: ) — 80H(0,0,0; )

€3 € €

1
+ e(—37T4 4 184¢3H(0; ) + 8307r2H(0, 0;2) — 160H(0, 0,0, O;x)) +0 (62)] . (A.10)

A.2 Master integrals for one-loop single real radiation

The virtual master integrals are given by:

Vig =27 St (Qz)i26 (1 - x)fe
2

1 ™ 9 271'2
+4+H(0;2) +€( 12 — 6 +4H(0;2) + H(0,0;x) | +€°( 32 — ] — 4G
€

1
+ 12H(0; z) — 67r2 H(0; z) + 4 H(0, 0; z) 4+ H(0,0,0; x)) + ¢ (80 — 21?2 — 16(3

Trt 2 1
- 1;0 +32H(0;2) — 7 H(02) — 4H(0;) G + 12H(0,0;2) — 7 H(0, 0:2)

+ 4H(0,0,0;x) + H(0,0,0,0; x)) +0 (64)] :
(A.11)

Vou =Via(1 — )™ ¢
2

1+ eH(0;z) + € (H(0,0; ) — 77;) +é (H(0,0,0; ) — 7; H(O;m)) +0 (64)} ;

(A.12)

Vis =2mi Sp (Q?) > (1 —a)~
2

5 2
7; +10H(O;m)+4H(0,0;m)> +62<65— i

-8
3 3

1
+5+2H(O;m)+e<19—
€
2 3 19
+38H(0;z) — 37 H(0;2z) + 20H(0,0;z) + 8H(0,0,0;x) | + €’ ( 211 — 37 — 403
7 10 4,
~ 45T + 130H(0;z) — 37 H(0;2) — 16 H(0; z) ¢3 + 76 H(0,0; ) — 37 H(0,0; x)
+ 40 H(0,0,0; ) + 16 H(0, 0,0, 0; x)) +0 (64)} ,

(A.13)
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Vigq =2mi St (Qz)ili26

(1—2) ‘x

1 (2 1, 1,

3 +H(0,0;2z) + H(1,0;z) ) — (3 — 67 H(0;z) + 6T H(1;2) 4+ 3H(0,0,0; z)
€
3,
+4H(1,0,0;2) + H(1,1,0;2) + € 360" 4H(0;z) (3 —5H(1;x) (3
L, 2 L,

— o7 H(0,0;2) — 37 H(1,0;2) + 67 H(1,1;x) + 7H(0,0,0,0; z)

+10H(1,0,0,0;x) +4H(1,1,0,0;2) + H(l,l,l,O;x)) +0 (62)} ,

(A.14)

Clo34 =2mi Sp (Q2)72726 (1- $)76x2
2 6 1 (572 16 ,
{—63 — o H(0:2) + E( 5~ L6H(0,0:) + 2H(L,0: x)) 34+, 7 H(0: )
1
+ 7 H(Liz) + 8 H(0, 1,0:2) — 36 H(0,0,0:2) + 12 H(1,0,0:2) + 2H(1, 1,0;2)
4, 4, 34,
+ € g7 +80H(0;z) (3 — 22H(1; 2)(3 + 37 H(0,1;z) + g7 H(0,0;x)

14 1
- 2 H(1,0;z) + 3772 H(1,1;z) + 16 H(0,0,1,0; z) — 8 H(1,0,1,0; z)
+40H(0,1,0,0; 2) + 8H(0,1,1,0;2) — 76 H(0,0,0,0; z) + 32H(1,0,0,0; z)
+4H(1,1,0,0;z) + 2H(1,1,1,0; m)) +0 (62)} ,

(A.15)

. —3—2¢ —1—2¢
Viogas =27i St (QQ) (1—x) 1723

3 9 1 /1372
—5 2 H(0;2) + e(

+3H(0,1;z) — 22H(0,0; x) + 2 H(1,0; CE)) + 23(3
+ g7 H(0;z) + 37 H(1;x) +10H(0,0,1;2) — 2H(1,0,1;2) + 10H(0, 1,0; z)
— 3H(0,1,1;2) — 48 H(0,0,0;2) + SH(1,0,0;2) + O (e)] .
(A.16)
B ¢-DIS coefficient functions

The coefficient functions for ¢-DIS structure functions derived by comparing them with
the antennae as done in section 7 are given by:

a 67 2\ 11 . . 4H(0;2)
g =N lé(l - z)( o " 3 ) 3 Do(z) + 4D;(z) + 8H(0; z) + 8H(1; 2) — .
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- i (131 + 4H(0; 2) + 4H(1; Z)> -z <4H(0; z) + 4H(1; Z)) +2? <4H(0; z) + 4H(1; z)>]

10 2
+ Np |- 5(1fz)+3D0(z)+ , (B.1)

9

3z

W _y B
Y.9 27 T o4 18 2

148 112 2
2+7T2+5(1z)< 8+ 7T)+<67 "

1 11
—4H(0,0; z) — 4H(0, 1; z) — 4H(1,0; z) — 4H(1, 1;2) + 1 ( 6 H(0; z) + 2H(0, 0; z)
-z

67 w2 11

11
+ H(0;2) + 6 H(1;z) + 2H(0,0; z)

+2H(0,1; 2) + 2H(1,0:2) ) +
e e A\18 2 T 6

2
+ 2H(0, 1;2) + 2H(1,0; 2) + 2H(1, 1; z)) + z(—7T2 + 2H(0, 0; ) + 2H(0, 1; 2)

2
+ 2H(1,0; 2) + 2H(1, 1; z)) + 22 (7; — 2H(0,0; z) — 2H(0, 1; 2) — 2H(1,0; 2)
_ 2H(1,1;z))

28 72 5 1 H(0;2) 1/5 1.
sa-a(5 - T,) - omer+ it - o 07 (D4 L)

+ Np

+ ;H(l;z)) , (B.2)

(1)

c
¢.q

N [2H(0;2) + 2H(1;2) — i (; + 2H(0; z) + 2H(1; z)) + z(l —H(0; z) — H(1; z))]

L1
N

—2H(0; z) — 2H(1; 2) + i <g + 2H(0; z) + 2H(1; z)> + z(l + H(0; 2)

+ H(l;z)) , (B.3)

2

1 s
al)) N[—1+ , —H(0,0:2) —H(0,1;2) —H(1,0:2) — H(1,1;2) + (

7

4 H(0; 2)

w

+ UH(1; z)+H(00z)+H(o,1,z)+H(10z)+H1,1,z) ( — ,H(0;2)

—

— _H(1; )+2H(0 0; z)+2H(0,1,z)+2H(1 0;2) + H 1,1,@)}

2

T H(0,0:2) + H(0,132) + H(L,0:2) + H(L, 132) + (—4+
z

7T2

4

+
Z -
—

|

— N = e W

H(0;2z) — H(1;z) — H(0,0;2) — H(0,1; z) — H(1,0; z) — H(1, 1; z)) + z(ﬂ;

l\D>—‘>J>OJ

+ L H(0:2) + H(1;z)—;H(o,o;z)—;H(o,nz)—;H(Lo;z)_;H(LLz)ﬂ, (B.4)

5150 26672

(2) _N2 _
27 9

.9

30425 38972  101x* 242
—160§3+5(1—z)( Ty C3)

162 27 180 3

,70,



2570 8872 778 20 88

2 44 2 1192 4
3 72 H(—1;2) + 9H(O; z) — 5 w2 H(0; 2) + ) H(1;2) — O7r2H(1; 2)
3 9 3 9 3
532

+16H(~1,0:.2) 4, "H(0, 1;.2) + 202H(0,0; 2) + 136H(L, 0; 2) + 136H(1, 1; 2)

+ 64H(0,0,1; z) — 96H(0,—1,0; z) — 32H(—1,0,1; z) + 112H(1,0, 1; 2)
+ 64H(0,1,0; 2) + 8OH(0,1,1; 2) + 64H(—1, —1,0; z) — SOH(—1,0,0; 2)
778

9 H(0; 2)

1
+80H(L,0,0:2) + 112H(1,1,0:2) + 96H(L, 1, 1s2) +  ~ <68§3 -

28 176 176
+ 5 ©2H(0; 2) — 5 H(0,1; z) — 44H(0,0; z) — 3 H(1,0;z) — 56H(0,0,1; z)

4 24H(0, —1,0; 2) — 56H(1,0,1; 2) — 48H(0,1,0; 2) — 56H(0, 1, 1; 2) — 28H(0, 0, 0; 2)
1 16 4
—40H(1,0,0; z) — 56H(1, 1, 0; z)) + Ltz (28§3 — T2 H(—1;2) + 37r2H(0; z)

— 8H(0,0,1; z) + 24H(0, —1,0; z) + 16H(—1,0, 1; 2) — 32H(—1, —1,0; 2)
2743 17672
9 9

1 16
+ 40H(-1,0,0; z) — 12H(0, 0, 0; z)) + (— + 40¢3 + 3 m?H(—1; 2)
z

1556 340
- H(0; 2) + 872H(0; 2) — 3
88 220 352 352

+ 3H(—l,O;z)— 5 H(0,0;2) — 5 H(1,0;z2) — 5 H(1,1;2) — 48H(0,0, 1; 2)

~16H(—1,0,1; 2) — 56H(1,0,1; 2) — 48H(0,1,0; 2) — 56H(0, 1, 1; 2)

+ 32H(-1,-1,0;2) — 40H(—1,0,0; z) — 16H(0, 0,0; 2) — 40H(1, 0, 0; 2)

4486 " 13672
27 9

20
H(1;2) + 5 7?H(1; 2) — 88H(0, 1; 2)

1
—56H(1,1,0;z) — 48H(1, 1, 1; z)> + z< + 725 + 367r2H(—1; 2)

14 2 2 224
- 977H(0;z) + 5367r2H(0;z) - 63 H(1;2) + 307T2H(1;Z) ~ 5 H(0,1; 2)

+ 16H(—1,0; 2) — 66H(0,0; 2) — 92H(1,0; z) — 92H(1, 1; 2) — 112H(0, 0, 1; 2)
— 16H(—1,0,1; ) — 56H(1,0, 1; z) — 80H(0, 1,0; z) — 88H(0, 1, 1; )
+32H(—1,—1,0; z) — 40H(—1,0,0; z) — 96H(0,0,0; z) — 40H(1, 0, 0; 2)

) (5747 2427

16
56H(1,1,0;z)48H(1,1,1;z)> + - — 960 + H(—1; 2)

27 9
242 32 778 20 484

+ H(0;2) — 37r2H(O;z)+ 0 H(1;2) — 37T2H(1;z)+ 5 H(0,1; 2)
88 572 308 308

+ 3H( 1,0;2) + 5 H(0,0; 2) + 5 H(1,0;2) + 5 H(1,1;2) 4+ 64H(0,0,1; 2)

— 48H(0,—1,0; z) — 16H(—1,0,1; 2) + 56H(1,0, 1; 2) + 48H(0, 1, 0; 2)
+56H(0,1,1; 2) + 32H(—1,—1,0; 2) — 40H(—1,0,0; ) + 40H(0, 0, 0; )

+40H(1,0,0; ) + 56H(1, 1,0; ) + 48H(1, 1, 1; z))]

431 1172 21551 287T2 8(3 233 1672
NN, — 4¢3 — o(1 - —
FNNF| 5y T g TG (324 3) <9 9 ) 0(z)
56 16 113 4 163 22
~ 5 Di(z) + 3 Do(z) — 9 H(0;2z) — 371'2H(0;z) g H(1;2) — 5 H(0,1; 2)
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— 5H(0,0;2) — 14H(1,0; z) — 14H(1, 1; 2) 4+ 8H(0, 0, 1; 2) 4+ 4H(0, 1, 0; 2)

1—2\3 3

32 1/995 2072 296 296 40
+ 3H(1,0,z))+ <18 ~ + 9 H(0; z) + 9 H(1;2) + 3H(O,l,z)

1 56 32
+4H(0,1,1;2) + 10H(0,0,0; 2) + < H(0;z) + _ H(0,1; 2) + 8H(0,0; 2)

z

32 40 40 1 2272 193
+ 3H(0,O,z)+ 3H(1,0,z)+ 3H(1,1,z)>+z<27 9 — 4¢3 + 9 H(0; 2)

4
— _mH(0;2) +

125 44
3 H(1;2) + _ H(0,1;2) + 17H(0,0; z) + 6H(1,0; z) + 6H(1,1; 2)

9 3
-+ 8H(0,0,1; 2) + 4H(0, 1,0; 2) + 4H(0, 1, 1; 2) + 10H(0, 0, 0; z))

2 1672 244 244 2
+22<80 o _ H(0;z) — 9 H(l;z)—33

32
HO,1;2)— _H ;
27 + 9 9 (05 ?Z) 3 (0707’2)

2 2
_ 33 H(1,0;2) — 33 H(1, l;z))]

Np | 521 9 63 43 ) 4 , )
t N l 18 + 7+ 4+ 4(1 z)( A 12(3) Do(z) 3 H(0; z) + 37 H(0; 2)
31
~ 3 H(1;2) — 6H(0,1; z) — 7H(0,0; z) — 2H(1, 0; z) — 2H(1, 1; z) — 8H(0, 0, 1; 2)
1 361  4r? 32
—4H(0,1,0;z) —4H(0,1,1; 2) — 10H(0,0,0; 2) + | — + - H(0; 2)
z 54 9 9
32 8 8 8 8 193 272
9 H(1;2) — SH(O, 1;2) — 3H(0,O,z) - 3H(l,(),z) - 3H(1, 1,z)> + z< 9 + 3

1 4 19
+ 4¢3 + 3H(o; z) + 37r2H(0; z) + 5 H(1; 2) — 4H(0, 1; z) — 5H(0, 0; ) + 2H(1, 0; 2)

+2H(1, 1; 2) — 8H(0, 0, 1; 2) — 4H(0, 1,0; 2) — 4H(0, 1, 1; z) — 10H(0, 0, 0; z)>

248  4x2 68 68 8 8 s
+22< o + o H(02) + g HL:2) 4 g HO, 1i2) + JH(0,0:2) + g H(1,0:2)

27 9
+ iH(l, l;z)>]
+N2|6(1 - z)<18010 - 4;;) - ;Lgl?o(z) + SDl(z) - 9(18_ L HO:2)
— i (;ﬂ; + SH(O;Z) + SH(l,z)) ,
Cff)q =N* ﬁ;m - 191187r2 — 34¢s + 27 H(—1;2) + 152H(0;z) + 237H(1;z) — ISOFQH(L,Z)
4 1211{(0, 1 2) 4 12H(—1,0; 2) + QZQH(O,O;Z) + 1;6}1(1,0;2) + 1331{(1, 1:2)

— 16H(0, —1,0; z) — 8H(—1,0, 1; 2) + 24H(1,0, 1; z) + 6H(0, 1,0; z) + 10H(0, 1, 1; 2)
4+ 8H(—1,—1,0;2) — 16H(—1,0,0; z) — 15H(0,0,0; ) + 20H(1, 0, 0; 2)
1/ 28507 13372
- +

24H(1,1,0; 22H(1,1,1;
20,1002 + 200,115+ L (<700 4

+ 28¢5 + 2m*H(—1; 2)
z
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469 10 89
_ H(0:
¢ HO2)+ o 3
44 106 133
+ 3 H(-1,0;2) — 3 H(0,0;2) — 3 H(1,0;2) — 40H(1,1; 2) — 20H(0,0, 1; 2)

1
72H(0; 2) — 32H(1; 2) + SOWQH(LZ)f H(0,1;2)

— 8H(—1,0,1;2) — 24H(1,0, 1; 2) — 20H(0, 1,0; ) — 24H(0,1,1; 2)
+8H(—1,-1,0; 2) — 16H(—1,0,0; z) — 8H(0, 0, 0; z) — 20H(1, 0, 0; ) — 24H(1,1,0; 2)

329 4x? 10
—22H(1,1,1; z)) + z(— 108 g +19¢3 + m2H(—1; 2) — 24H(0; 2) + 3 72H(0; 2)

227 5 14 55
- 3 H(1;2) + 37r2H(1;z) + 5 H(0,1;2) + 2H(—1,0; 2) + 12H(0,0;z)

17 5
= H(1,0:2) = JH(1,152) = 20H(0,0, 1; ) = 4H(=1,0, 1;2) — 12H(1, 0,15 2)

33
— 15H(0,1,0:2) = 17H(0, 1, 1; 2) + 4H(~1,~1,0; 2) — 8H(~1,0,0: 2) — " "H(0,0,0: 2)

304 4n? 176
— 10H(1,0,0; 2) — 12H(1,1,0;z)—11H(1,1,1;z)) +z2( b ;T -, H(0:2)
88 8 32 8 8
~ 4 H(1;2) + 8H(0,1; 2) + 3H(fl,();,z) + 3 H(0,0; z) + 3H(l,();,z) + 3H(l, 1;2))]

2947 103732 8 4 25 4 5 373
~ o7 + 9 +36¢3 — 3T H(-1;2) — 6 H(0;z) + 37T H(0;z) — 9 H(1;2)

+ 1307r2H(1;z) — 226H(0, 1;2) — 8H(—1,0; 2) — 220H(0,0;z) - 1§0H(1,0;z)

- 1§6H(1, 1:2) — 8H(0,0, 1; 2) + 24H(0, —1,0; 2) + 8H(—1,0, 1; z) — 28H(1,0, 1; 2)
—12H(0,1,0; 2) — 16H(0,1,1; 2) — 16H(—1, —1,0; z) + 20H(—1, 0, 0; z)
+ 10H(0,0,0; z) — 20H(1,0,0; z) — 28H(1,1,0; 2) — 24H(1,1,1; 2) + i (7215 ~ 809”2

242

8 10
—20(3 — 37T2H(—1;z) +7 H(0; 2) — 47*H(0; 2) + 48H(1; 2) — 3 7?H(1; 2)

116 44 106 160
+ 3 H(0,1;2) — 5 H(-1,0;2) + 5 H(0,0; 2) + 5 H(1,0;z) + 52H(1, 1;2)
4 24H(0,0, 1; 2) + 8H(—1,0,1; 2) + 28H(1,0, 1; 2) + 24H(0, 1, 0; 2) + 28H(0, 1, 1; 2)
— 16H(—1,—1,0;2) + 20H(—1,0,0; 2) + 8H(0, 0,0; z) + 20H(1, 0, 0; 2)
2
4
+ 28H(1,1,0;2) + 24H(1, 1, 1; z)> + z<35i7 + 7:9 —16(3 — 37r2H(71; z) + 329H(0; 2)
4 2
— 4% H(0; 2) + 590H(1;z) - gw2H(1;z) + SH(O, 1;2) + 2H(—1,0; 2) — 69H(0,0;z)
1 2

+ 39H(1,0;z)+ 33H(1,1;z)+24H(0,0,1;2)+4H(—1,0,1;z)+14H(1,0,1;z)
+18H(0,1,0; 2) + 20H(0, 1, 15 2) — SH(—1, —1,0; 2) + 10H(—1,0, 0; 2) + 19H(0, 0, 0; 2)
304 47?176

+,

H .
27 7 3 g H(0:2)

+ 10H(1,0,0; 2) + 14H(1,1,0; 2) + 12H(1, 1, 1; z)) + 22 <

88 8 32 8 8
+ H(1;2) —8H(0,1;2) — _H(-1,0;2) — _ H(0,0;2) — _H(1,0;2) — _H(1,1;2)
9 3 3 3 3
1 B2 2, 15 4,
+ N2 26 — 6 — 23+ 37 H(-1;2) + 4 H(0; z) — 37 H(0; z) + 14H(1; 2)
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+ 5H(0, 1;2) — 4H(—1,0; 2) — 3H(0,0; 2) + 8H(1,0; z) + 11H(1, 1; 2) 4+ 8H(0, 0, 1; 2)
— 8H(0,—1,0;2) + 4H(1,0,1; 2) + 6H(0, 1,0; 2) + 6H(0, 1, 1; 2) + 8H(—1,—1,0; 2)
59 32

+

1
—4H(-1,0,0; 2) + 5H(0,0,0; z) + 4H(1,1,0; 2) + 2H(1,1,1; 2) + ; < 5 9

2 5 2
— 83+ 37r2H(—1; 2) — 2H(o; z)+ 37r2H(0; 2) — 16H(1; 2) — 9H(0, 1; 2)

— 9H(1,0; z) — 12H(1, 1; z) — 4H(0,0, 1; 2) — 4H(1,0, 1; 2) — 4H(0, 1,0; 2)
— 4H(0,1,1; ) + 8H(—1, —1,0; z) — 4H(—1,0,0; z) — 4H(1,1,0; ) — 2H(1, 1, 1;2))
2

15 =« 1, 9 2, 3
- - H(-1; H(0; H(0; H(1;
b= =3k 1) ¢ JHO0) 4 SR + (L)

1 7
—6H(0,1;2) —4H(-1,0;2) + H(0,0;2) — _H(1,0;2) — 6H(1,1; z) — 4H(0,0, 1; 2)

4 2
—2H(1,0,1;2) — 3H(0,1,0; 2) — 3H(0,1,1; 2) + 4H(—1,—1,0; 2) — 2H(—1,0,0; 2)
5
- 2H(O,O,O;z) —2H(1,1,0; 2) —H(l,l,l;z))
166 472 26 58 8 16
NNpg|— — H 0 H(1 — _H(0,1;2z)— _ H(0,0;
+ F[ 27+9 (Z) 9('2) 3(57'2) 3(,,2)

4 47 2
- 3H(l,();,z) — 4 H(1,1;2) + <737 gt 33 H(0;2) + 598H(1;z) + iH(O, 1;2)
8 4 14 272 11 29
H(0,0;2) + 3H(1,0,z) + 3H(l, l,z)) +z<27 ~ + 3 H(0; 2) + 9 H(1;2)

4 8 4 2
+ 3H(O, 1;2) + 3H(0,O;z) + 3H(l,O;z) + 3H(1, 1;2))1

Nr [12676 - 47: 36H(0;z) + 598H(1;z) + §H(o, 12) + 136H(0,0;z) + §H(1,o;z)
;lH(l 1;2) + i( 75347 n 47; - 332H(0;z) - 598H(1;z) - iH(O, 1;2) — 136H(0,0;z)
i (1,0;2) — ;LH(1,1;Z)) +z<;i + 27: - 131H(0;z) - 299H(1;z) - §H(0,1;z)
2 (0,0;2) — ;LH(l,O;z)— ;H(l,l;z)>] . (B.6)

They are in full agreement with [128].
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